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Introduccion

En los dltimos cinco aflos se ha acrecentado el interés en el estudio de problemas no lineales
en los que aparecen potencias fraccionarias de operadores diferenciales parciales de segundo
orden. Esta renovada atencién en operadores fraccionarios se inicié con los trabajos de L.
Caffarelli y L. Silvestre y sus colaboradores [67, 68, 23, 22, 26] sobre estimaciones de regu-
laridad para soluciones de problemas no lineales que involucran al Laplaciano fraccionario.

La teoria de potencias fraccionarias de operadores en espacios de Banach es hoy en dia
un tema cldsico del Andlisis Funcional. Nombres histéricos en el campo son M. Riesz, S.
Bochner [9], W. Feller, E. Hille, R. S. Phillips, A. V. Balakrishnan [4], T. Kato [48], K.
Yosida, J. Watanabe, M. A. Krasnosel’skii y P. E. Sobolevskii, y H. Komatsu. El articulo
de H. Komatsu [51] contiene algunas notas histéricas y mds referencias detalladas. La teoria
puede verse en el cldsico libro de K. Yosida [89].

El ejemplo béasico de operador fraccionario es el Laplaciano fraccionario. Denotemos por
A al Laplaciano en R™, n > 1. Para una funcién f de la clase de Schwartz la transformada
de Fourier nos da

(CAF(E) = [E2F(E),  EeR™

Est4 claro entonces cé6mo definir las potencias del Laplaciano: para un nimero no negativo
o el Laplaciano fraccionario (—A)° actiia mediante

(CA)Of(E) = |EP° F(E),  EeR™, (0.1)

y andlogamente para las potencias negativas (—A)~°, ver [72, p. 117]. Es bien conocido que
el Laplaciano fraccionario juega un papel importante en conexién con los espacios de Sobolev
en R™ [72, 73] y en los intentos de definir derivadas fraccionarias en espacios generales como
son los espacios de tipo homogéneo [39]. La referencia bdsica para la Teoria del Potencial
para el Laplaciano fraccionario es el libro de N. S. Landkof [52]. Dada la fuerte relacién que
existe entre (—A)° y los procesos de Lévy (ver Seccidn 0.1) la teoria se desarrollé en los
ultimos afios usando un enfoque probabilistico [6, 7, 10, 11, 12, 14, 44, 71], véase también el
libro de K. Bogdan et al. [13] que presenta un panorama completo acerca del estado actual
del tema.

Respecto a potencias fraccionarias de operadores mds generales, debemos decir que un
logro muy importante en la dltima década fue la solucién del problema de la raiz cuadrada
de Kato por P. Auscher et al. [2]. El problema de Kato tiene sus origenes en el trabajo de T.
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4 Introduccién

Kato [48]. La conjetura establece que el dominio de la raiz cuadrada de un operador complejo
uniformemente eliptico L = —div(AV) con coeficientes medibles y acotados en R™, n > 1, es
el espacio de Sobolev H!(R™) y se tiene la estimacién HﬁfHLz(Rn) ~ |Ifll 2 (gn)- Después de
40 afios la conjetura fue demostrada con una respuesta positiva en [2]. Para darnos cuenta
de su importancia citamos a Carlos Kenig en su resefla MR1933726 de [2]: “/el articulo]
provee una solucién completa a cuestiones importantes que aparecen naturalmente en
ecuaciones en derivadas parciales, y constituye una hermosa contribucion al andlisis”.
En esta tesis no consideraremos el problema de caracterizar el dominio de las potencias
fraccionarias de operadores.

0.1 Ejemplos de problemas que involucran operadores frac-
cionarios

Describimos brevemente algunos de los problemas donde surgen potencias fraccionarias de
operadores diferenciales.

I. Teoria de procesos de Lévy. Sea X = (X¢;t > 0) un proceso de Lévy empezando en
cero con valores en R™, simétrico y x-estable (0 < « < 2). Por la férmula de Lévy-Khintchine
(un resultado profundo en la teoria de procesos estocasticos) la funcién caracteristica de X
toma la forma

E(etéXt) = ¢ t<IET £ e R™ >0,

para alguna constante positiva k que por simplicidad tomamos igual a 1. Para f € § ponemos
th(X) = E(f(Xt + X)), X € Rn, t>0.

Entonces, por el Teorema de Fubini,

TF(8) = 1 —ix-E gy — 1 Ci(z-X0)E,
th(Ev) == EW JRn f(Xt + X)e dx = EW JRn f(Z)e t dz
1 . . ~ «
B (27t)“/2J f(z)e % dz B(e'X) = f(g)e %",
Rn

Por tanto,
Tef(x) = e 2 f(x) = v(x, 1),

es la solucién a la ecuacién de difusion fraccionaria

v =—(—A)*2y, en R™ x (0, 00),
v(x,0) = f(x), en R™.

Notar que 0 < «/2 < 1. Véase D. Applebaum [3] o J. Bertoin [8].
Un enfoque sencillo y muy bonito considerando caminos aleatorios con saltos largos puede
verse en [86].
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II. El problema de Signorini. En “Questioni di elasticita non linearizzata e semili-
nearizzata (Cuestiones de elasticidad no lineal y semilineal)”, Rendicont: di Matematica e
delle sue applicaziont 18 (1959), 95-139, Antonio Signorini propuso encontrar la configu-
raciéon de una membrana elastica en equilibrio que se encuentra por encima de un obstdculo
fino dado, digamos de codimensién 1. En términos matemadticos el problema se puede formu-
lar como sigue: dada una funcién suave @ en R™ que tiende a cero en el infinito, la solucién
del problema de Signorini es la funcién u = u(x,y) que satisface

Oyyu+Au=0, en R™ x (0, 00), (0.2)
u(x,0) = o(x), en R",
dyu(x,0) <0, en R™,
ayu(x;o) = O; €n {U(X,O) > (P(X)};

y es cero en el infinito. Véanse [18, 38, 49] y [67, 68].

Una observacién muy sencilla proporciona una descripcién equivalente del problema
donde aparece el Laplaciano fraccionario. La solucién de (0.2) con dato de frontera f(x) :=
u(x,0) viene dada por convolucién con el nicleo de Poisson en el semiespacio superior:

u(x,y) = e_y(_AX)l/zf(x).
Tomamos la derivada de u con respecto y y la evaluamos en cero para obtener

oyulxy)| = —(—A)Y2E(x).

Luego, el problema de Signorini se puede reescribir como

Oyyu+Au=0, en R™ x (0, 00),
u(x,0) > e(x), en R™, (0.3)
(—A)?u(x,0) = 0, en R™, (0.4)
(—Ax)Y?u(x,0) =0, en {u(x,0) > @(x)}, (0.5)

con condicién de frontera cero en el infinito.
Consideremos un problema de Signorini donde el Laplaciano —Ay en (0.2) se reemplaza
por un operador diferencial parcial de segundo orden L = L, en R™. El semigrupo de Poisson

asociado
o L1/2
u(x,y) =e ¥ f(x),

es la solucién de

Oyyu—Lyu=0, enR"™ x (0, 00),
u(x,0) = f(x), en R™,
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Por tanto en esta situacién el problema se puede formular en términos de una potencia
fraccionaria de L:

Oyyu—Lyu =0, en R™ x (0, c0),
u(x,0) > o(x), en R™,
L}/Zu(x, 0) >0, en R™,
LY ?u(x,0) =0, en {u(x,0) > @(x)}.

Se puede proponer también un caso completamente no lineal donde (0yy + Ax)u se
reemplaza por F(D?u(x,y)), véase E. Milakis y L. Silvestre [58].

ITII. Problemas de obstaculo. Dado un proceso de Lévy X simétrico, x-estable, con
Xo = 0, consideremos el tiempo 6ptimo de parada T que maximiza la funcién

v(x) =supE[p(X;) : T < 0]

Entonces se puede ver que v es una solucién del problema de frontera libre

v(x) = @(x), en R™,
(—A)°v(x) >0, en R™,
(—A)%v(x) =0, en {v(x) > ¢@(x)},

con condicién de borde cero en el infinito y 0 := «/2. Este tipo de problema aparece en
Matemaética Financiera como un modelo para asignacién de precios de opciones americanas
[29, 67, 68]. Nétese que o = 1 es el problema del obstdculo cldsico en R™ [38, 49, 20]. Como
hemos visto el problema de Signorini da lugar al conjunto de ecuaciones (0.3)-(0.4)-(0.5) que
es el problema del obstdculo para el Laplaciano fraccionario con o = 1/2 y v(x) := u(x, 0).

Las propiedades de regularidad de la solucién y la frontera libre del problema del obstaculo
para el Laplaciano fraccionario fueron estudiadas por L. Silvestre [67, 68] y por L. Caffarelli,
S. Salsa y L. Silvestre [22].

IV. Mecanica de fluidos. La ecuacién quasi-geostréfica (QG para abreviar) disipativa es
de la forma
B¢ +u-V0=—x(—A)0, x € R?, t>0,

donde k > 0,0 <0< 1y06 =06(x,t) es una funcién escalar. El campo vectorial u es un
campo de velocidades 2-dimensional determinado a partir de 6 mediante una funcién de flujo
1V a través de las relaciones

u = (u17u2) = (_aXZIb) axlll))7 (—A)1/211) = e)

con lo cual
(ug,uz) = (—R26,R;0),
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siendo los operadores R; las transformadas de Riesz clasicas axi(—A)_l/ 2 1{=1,2. Esta
ecuacién modela la evolucién de la temperatura en la frontera 2-D de un flujo quasi-geostréfico
3-D y a veces se la conoce como ecuaciéon QG de superficie. Véanse las notas de curso de P.
Constantin [27] y el libro de A. Majda y A. Bertozzi [56].

La ecuacién QG también es importante porque se puede ver como un modelo juguete
para investigar las propiedades de regularidad de las ecuaciones de Navier-Stokes, véanse
[66, 19] y [27] y referencias en el mismo. Bajo la hipétesis de incompresibilidad del fluido las
ecuaciones de Navier-Stokes, que determinan la velocidad v y la presién p del fluido son

u+ (u-V) u+ Vp = Au+f, divu = 0.

QG es una ecuacién de tipo “Navier-Stokes” en 2D. En dimensién 2, las ecuaciones de Navier-
Stokes se simplifican considerablemente ya que la incompresibilidad, divu = 0, implica
que (—us,uy) es el gradiente de alguna funcién: (—us,u;) = Vi, y rotu es un escalar,
0 = rot u = A\. Luego, aplicando el rotacional, las ecuaciones de Navier-Stokes se convierten
en un sistema:

0t +u- VO = A0, rotu =0.

En el modelo QG todavia tenemos (—us,u;) = V1 pero el potencial 1 estd relacionado con
la vorticidad mediante 8 = (—A)/2 y el sistema final es

Oc+u-VO=—(—A)20,  (—uzu) = (R10,R:0).

Motivados por este problema L. Caffarelli y A. Vasseur mostraron en [26] que la ecuacién
de difusién-dispersién con difusién fraccionaria

0y +v-VO0 =—(—A)%0, divv =0, x € R™,

donde v; = T;0 para T; un operador de integral singular y 0 = 1/2 (caso critico) tiene
soluciones clasicas para cualquier dato inicial en [2. El método de la prueba consiste en
localizar al Laplaciano fraccionario (—A)!/2 via la extensién arménica 8*(x,t,y) de 0(x,t)
al semiespacio superior afiadiendo una nueva variable y y usando entonces las ideas de De
Giorgi [31, 42| para el problema localizado. La técnica también fue aplicada, por ejemplo, en
[28] y [65] para el caso supercritico 0 < 1/2. Usando otros métodos se muestra en [50] que
cuando o = 1/2 y el dato inicial es suave, existe una tdnica soluciéon de QG que también es
suave.

Nuestra lista de problemas dada anteriormente no pretende ser exhaustiva. Soélo por
mencionar algunos mds, ademds de los modelos en Matemadtica Financiera [29] y en mecénica
de fluidos [56, 27], hay aplicaciones en la Fisica Moderna, por ejemplo, cuando se consideran
cinéticas fraccionarias y transporte anémalo [90, 70], cinéticas raras [64], mecédnica cudntica
fraccionaria [53, 54] y procesos de Lévy en mecdnica cudntica [61].
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0.2 Motivacion

Describamos algunas de las propiedades especiales del Laplaciano fraccionario.

Lo primero a notar es que para una funcién f € § y o no entero, (—A)°f no es una
funcién de la clase de Schwartz debido a la singularidad introducida en (las derivadas de) su
transformada de Fourier (0.1). Para el resto de este trabajo restringiremos nuestra atencién
a0 < o<1, que es el caso que aparece en las aplicaciones.

Claramente la definicién (0.1) no es apropiada para estimaciones de regularidad en espa-
cios de Holder, ya que querriamos manejar diferencias de la forma

(—A)7f(x1) — (=A)%f(x2),  x1,x2 € R™

Por lo tanto es necesaria una férmula puntual para (—A)°f(x). Si aplicamos la transformada
de Fourier inversa en (0.1) obtenemos

f(x) —f(z)

a0 4% x € R™, (0.6)

(—A)°f(x) = cn.o P. V. JRn o

donde ¢, €s una constante positiva que depende sélo de la dimensién y de 0. Puntualicemos
que tal constante es importante cuando por ejemplo queremos tomar el limite 0 — 1~ para
recuperar el Laplaciano —A en R™ o 0 — 0" para obtener la identidad (un hecho trivial si
f € 8). Usando (0.6) se puede estudiar la interaccién de (—A)° con espacios de Holder C*.
En particular, si f € C%*(R™) y 0 < 20 < o entonces (—A)°f € CH*—20(R") y

(—A)F(x1) — (—A) F(x2)| < Clflce xg —x2* 727, x1,x2 € R™, (0.7)

donde C depende sélo de o, o y n, y resultados similares valen para los espacios C*%,
véanse [67, 68]. Para mds aplicaciones de las estimaciones de Schauder para el Laplaciano
fraccionario ver por ejemplo [22, 25].

A partir de (0.6) observamos que (—A)° es un operador no local: el valor de (—A)°f(x)
para un x € R™ dado depende de los valores de f en el infinito. Esta propiedad crea complica-
ciones: los métodos locales clasicos en EDPs del Calculo de Variaciones no se pueden aplicar
al estudio de problemas no lineales que involucran (—A)®. Para superar esta dificultad L.
Caffarelli y L. Silvestre mostraron en [23] que cualquier potencia fraccionaria del Laplaciano
se puede caracterizar como un operador que envia una condicién de frontera Dirichlet a una
condicién de tipo Neumann a través de un problema de extensién. Expliquemos cémo se
hace esto. Consideremos la funcién u = u(x,y) : R™ x [0, 00) — R que resuelve el problema
de contorno

u(x,0) = f(x), x € R™, (0.8)

1-2
Au+ TG Uy + Uyy =0, x € R™, y>0. (0.9)
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Nétese que (0.9) es una ecuacidn eliptica degenerada. Entonces, salvo una constante multi-
plicativa que depende sélo de o,
— lim ylfwuy (x,y) = (—=A)°f(x), x € R™.
y—0+

Podemos interpretar este resultado diciendo que la nueva variable y que agregamos a través
de (0.9) para extender f al semiespacio superior codifica los valores de f en el infinito que
se necesitan para calcular (—A)°f. El problema de extensién localiza al Laplaciano frac-
cionario: basta conocer u en alguna (semi) bola (superior) alrededor de (x,0) para obtener
(—A)°f(x). Los problemas no lineales para el Laplaciano fraccionario (no local) se pueden
localizar agregando una nueva variable, véanse [22, 26, 28, 65] para ejemplos de la técnica.

En [26] se usa el problema de extensién con o = 1/2: (0.8)-(0.9) se convierten en el
problema de la extensién armoénica de f al semiespacio superior y, como vimos en la seccién
anterior, a través de la condicién de Neumann recuperamos (—A)Y/2f(x).

Se puede aplicar el problema de extensién para probar (entre otras propiedades de regula-
ridad) la desigualdad de Harnack para (—A), véase [23]. El cardcter no local del Laplaciano
fraccionario hace que en la desigualdad de Harnack tengamos que suponer que f(x) > 0 para
todo x € R™, y no sélo para los x en alguna bola como es usual, véase [46].

Consideremos la situacién en que hemos derivado un modelo (normalmente un problema
de EDPs no lineal) que involucra una potencia fraccionaria de algin operador diferencial
parcial de segundo orden L. Entonces tenemos que responder al menos a las siguientes
cuestiones:

(I) Definicién y férmula puntual para operadores fraccionarios. Para un operador
general L, el Andlisis Funcional cldsico nos brinda varias maneras de definir L° de acuerdo
con sus propiedades analiticas. Sin embargo, una férmula abstracta no es 1til a la hora de
tratar problemas concretos de EDPs y se necesitard una expresiéon puntual mas o menos
explicita para L°f(x). Para el Laplaciano fraccionario empezamos con la definicién con la
transformada de Fourier (0.1) y tomando su inversa obtuvimos (0.6). ;Qué se puede hacer
en el caso general donde la transformada de Fourier no estd disponible?.

(IT) Teoria de regularidad para operadores fraccionarios. Avanzando hacia ejemplos
concretos de operadores diferenciales de segundo orden L, podriamos preguntarnos por las
estimaciones de Schauder “correctas” para L° o, mds precisamente, el espacio de Holder
apropiado/adaptado en el que buscar propiedades de regularidad de L. Otra cuestién es la
validez de desigualdades de Harnack, una herramienta importante en la teoria de EDPs [45].

(ITI) La naturaleza no local. En general, las potencias fraccionarias de operadores di-
ferenciales parciales de segundo orden son operadores no locales. Serfa muy itil en las
aplicaciones tener una caracterizacién de L° andloga a la de Caffarelli-Silvestre, como un
operador de tipo Dirichlet-to-Neumann a través de un problema de extensién. De ser asi,
icémo usar esa caracterizacién para obtener estimaciones de regularidad?.

En esta tesis tenemos como objetivo responder a estos interrogantes.
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0.3 Descripcion de los resultados

Sea L un operador diferencial parcial de segundo orden definido en algiin espacio L?(Q, dn),
donde Q es un subconjunto abierto de R™, n > 1, y dn es una medida positiva sobre Q.

A no ser que estemos trabajando con el Laplaciano en R™, la transformada de Fourier
no serd muy util para estudiar operadores fraccionarios. Necesitamos encontrar un lenguaje
que pueda explicar los conceptos, férmulas y propiedades con las que queremos tratar de una
manera clara y unificada.

Adoptamos el lenguaje del semigrupo del calor, en el que el operador central es el
semigrupo de difusién del calor generado por L que denotamos mediante

et for t > 0.

Como pretendemos mostrar en esta tesis, tal escenario resulta ser muy adecuado: nos
da la comprensién acerca de las férmulas correctas (con constantes explicitas y facilmente
calculables) y también es bastante general. Aparecerd una relacién interesante con funciones
especiales como las funciones Gamma y de Bessel, mostrando la armonia que hay detras.

Bajo este punto de vista repasaremos el Laplaciano fraccionario y también estudiaremos
las preguntas que nos pusimos antes para un operador general L. La caracterizacién de L°
como un operador de tipo Dirichlet-to-Neumann a través de un problema de extensién se
obtendrd gracias al lenguaje adoptado. Las consideraciones de regularidad las analizamos en
un caso: las potencias fraccionarias del oscilador armoénico

H=—A+x?, en R™.

Este es un operador importante en mecanica cudntica, véase por ejemplo el libro de R. P.
Feynmann y A. R. Hibbs [37]. Para H® = (—A + |X|2)G obtendremos la desigualdad de
Harnack y las estimaciones de Schauder adaptadas.

Procedamos a describir los préximos capitulos.

0.3.1 Capitulo 2: Preliminares

tL generado por un operador

Como ya puntualizamos, el semigrupo de difusién del calor e™
de segundo orden L es el operador clave en nuestro trabajo.
En este capitulo mostramos cémo expresar varios operadores asociados a L como semi-
grupos de Poisson e_yﬁ, integrales fraccionarias L™, potencias fraccionarias L° y trans-
formadas de Riesz asociadas a L en términos de e ', véanse férmulas (2.3), (2.5), (2.8),
(2.9) y (2.10). Las expresiones estdn basadas en la definicién de la funcién Gamma. Para el

operador fraccionario tenemos la siguiente fé6rmula bonita y manejable con la cual comenzar:

1
r'(—o)

dt

LOf(x) = L (et f(x) — f(x)) o (0.10)
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Los conceptos dados anteriormente se entienden muy bien en dos ejemplos particulares
(v al mismo tiempo generales), a saber, cuando L tiene espectro discreto y cuando L = —A,
el Laplaciano en R™, que tiene espectro continuo.

Mostramos cémo el lenguaje de semigrupos simplifica e ilumina el ejemplo béasico, el
Laplaciano fraccionario. En efecto, usando (0.10) con L = —A se deriva la férmula puntual
(0.6) con la constante exacta ¢, ¢ sin necesidad de aplicar la transformada inversa de Fourier
(Lema 2.1). La Proposicién 2.3 establece que

(—A)°f(x) = —Af(x), cuando 0 — 17,
para todo x donde f es C? y la Proposicién 2.5 dice que
(—A)%f(x) — f(x),  cuando 0 — 07,

para cualquier x que sea un punto de continuidad Holder de f.
Se presentan los preliminares sobre el oscilador arménico H (espectro discreto).
Finalmente recolectamos la teoria espectral bdasica que necesitaremos. El contexto abs-
tracto es muy ttil ya que nos permite tratar ambos ejemplos (espectro discreto y continuo)
de forma unificada.

0.3.2 Capitulo 3: Definicion y problema de extensién para potencias frac-
cionarias de operadores diferenciales parciales de segundo orden

Este capitulo contiene parte de los resultados del articulo [79].

Una vez que LY estd dado a través del semigrupo del calor e t" mediante (0.10), explo-
ramos una caracterizacién en el espiritu de [23].

Para resolver (0.8)-(0.9) Caffarelli y Silvestre se dieron cuenta que (0.9) se puede pensar
como la extensién armoénica de f a 2 — 20 dimensiones. A partir de ahi establecieron la
solucién fundamental I';(x,y) de (0.9), que tiene la propiedad de que I'5(x,0) es la solucién
fundamental de (—A)°, esto es, la solucién fundamental de la extension es una extension
de la solucion fundamental (—A)~°. Entonces, usando una ecuacién conjugada, obtuvieron
una férmula de Poisson para w:

u(x,y) :J PS’A(X—Z)f(Z) dz.

n

La funcién PS ’A(z) es el niicleo de Poisson.

Nuestro enfoque de semigrupos clarifica el caso del Laplaciano y establecerd un escenario
general para el problema de extensién que nos permitird incluir otros operadores L.

Como sugieren los ejemplos, suponemos que L es autoadjunto. Entonces obtenemos en
el Teorema 3.1 la caracterizacién de L° que generaliza el resultado de Caffarelli-Silvestre.
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Esto es, consideremos el siguiente problema de extensién al semiespacio superior:

u(x,0) = f(x), en Q;

1—2
—LXU+TU Uy + Uyy =0, en Q x (0, 00).

Mostramos que una solucién u viene dada explicitamente mediante

1 © y2 d
u(x,y) = WL e (Lo (et

= (0.11)

Esta férmula es una de las principales novedades aqui. Entonces se demuestra que para cada

x € Q,
. u(x,y) —u(x,0) I'—o) 1 1.9
1 = Lof(x) = —— 1 o .
in>I01+ y2o 4°T (o) () 20 gEI()l+y Uy (%, Y)

La expresién para u (0.11) requiere conocer la accién de L en f. Para mejorar esa situacién
derivamos la férmula de Poisson:

20

S 2
u(x,y) = 4‘?1“(0) L e thf(x)e &

dt
t1+c

- J PoL(x,2)f(z) dn(z),  (0.12)
Q

donde no aparece ninguna potencia fraccionaria de L y Plj ’L(x, z) es el niicleo de Poisson.

Cuando L = —A se recuperan el resultado de extensién y el niicleo de Poisson de [23].
Vale la pena mencionar que en [23] no se establecen ni la férmula explicita (0.11) ni la primera
identidad de (0.12), sino la férmula de Poisson de convolucién con el niicleo de Poisson como
explicamos mds arriba.

La demostracién de la caracterizacién mediante la extensién estd siempre dada en nuestro
lenguaje de semigrupos y usa de manera esencial el Teorema Espectral. Sin embargo, antes
de presentarla y por propésitos de exposicidén, probamos el resultado para L con espectro
discreto y para el Laplaciano.

En el Teorema 3.2 se describen mas propiedades que conciernen a la férmula de Poisson,
como principios del maximo y estimaciones en LP para el problema de extensién. Mostramos
que la férmula de Poisson para u se puede derivar con la idea inteligente de [23]: usar la
solucién fundamental (que involucra al niicleo del semigrupo del calor generado por L) y una
ecuacién conjugada apropiada para inferir el nicleo de Poisson.

Se estudia la ecuacién conjugada en detalle. Para ello se definen ecuaciones de Cauchy-
Riemann adaptadas a la ecuacién de extension, véase (3.15).

Se proporcionan ejemplos.

El lector podria preguntarse cémo adivinar la férmula explicita (0.11) para la solucién u.
Presentamos una prueba muy bonita del resultado de extensién en términos de expansiones
ortogonales y también las derivacién de soluciones de Neumann locales. Las ecuaciones
resultantes son ecuaciones de Bessel cuyas soluciones en términos de funciones de Bessel nos
darén la clave para (0.11).
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0.3.3 Capitulo 4: Definicién, propiedades basicas y desigualdad de Har-
nack para las potencias fraccionarias del oscilador armoénico

Aqui recogemos resultados de [79].

Se aplica la férmula (0.10) con L = H = —A + [x|*, el oscilador arménico, para derivar la
férmula puntual

HOf(x) = J (f(x) — f(z))Fs(x,z) dz + f(x)Bs(x), x € R™,

n

donde el niicleo Fy(x,z) y la funcién B (x) estan dadas en términos del nticleo del calor para
H, véase el Teorema 4.3. Luego el oscilador armdnico fraccionario es un operador no local.
Se obtienen algunos principios del méximo y de comparacién (Teorema 4.6 y Corolario
4.7).

Estudiamos en detalle el problema de extensién para H® (Teorema 4.13) ya que usamos
las ideas de [23] para probar la desigualdad de Harnack para H®: para cada R > 0y xo € R™,
existe una constante positiva C = Cs r n,x, tal que

sup f<C inf f,
Br/2(x0) Br,2(x0)

para todas las funciones no negativas f : R — R que son C? en Br(xo) y que satisfacen
H9f(x) = 0 para todo x € Br(xp), véase el Teorema 4.10.

Para demostrar la desigualdad de Harnack para (—A)° los autores de [23] aprovechan
la teoria general de ecuaciones elipticas degeneradas desarrollada por E. Fabes, D. Jerison,
C. Kenig y R. Serapioni en 1982-83. En nuestro caso no es necesaria la teoria general, sino
la desigualdad de Harnack para operadores de Schrodinger degenerados probada por C. E.
Gutiérrez en [41].

0.3.4 Capitulo 5: Interaccién del oscilador armoénico fraccionario con los
espacios de Holder adaptados a H y estimaciones de Schauder

Este capitulo corresponde a [80].

Para derivar estimaciones de Schauder para HY (del tipo (0.7)) primero necesitamos
encontrar el espacio de Holder correcto naturalmente asociado a H.

Se introduce una nueva clase de espacios de Holder Ctl’“, 0 < o<1, k €Ny, adaptada
a H, que llamamos espacios de Hermite-Holder. Estos espacios (mds pequefios que las
clases C*(R™) clasicas) estdn definidos de forma tal que permiten a las funciones que
contienen algin crecimiento en el infinito, siendo la moral detrds de esto que el Laplaciano
—A dicta la regularidad y el potencial x| en el operador juega un papel relevante sélo en el
infinito. Véase la Definicién 5.1 para la definicion de Cp;*.
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La factorizacién del oscilador arménico en términos de operadores diferenciales de primer
orden

H= [(axi +xi) (_axi+xi)+(_axi +Xi) (axi +Xi)]:

n
=1

N | =

1
nos proporciona la definicién correcta del operador “derivada” naturalmente asociado a H, a
saber
A= axi + Xi, A= —axi -+ Xi.

Entonces los espacios Clﬁl’“ se definen de la forma usual como el conjunto de todas las fun-
ciones diferenciables cuyas A 1 i-derivadas hasta orden k pertenecen a Cg’[“ (Definicién 5.2).
El primer teorema principal, Teorema A, basicamente dice que

. ~0,x 0,x—20
H?: Ch™ — Cy , 20 < «,

o.rLlx 0,x—20+1
H® : Cii" — G} , 20 > «,

continuamente, y similarmente para espacios de orden superior. Luego H® actia como una
deriwvada fraccionaria.

El resultado anterior se puede interpretar diciendo que los espacios de Holder C]ﬁ[’“ son
las clases razonables para derivar estimaciones de Schauder para H°. En efecto, esto es lo
que asegura el segundo resultado principal (Teorema B)

H™Y: C?f‘ — C%“HU, x+20<1,
H™o:CH% = Ch*¥™P7 !, 1<a+20<2,
y
H=o: Ch% 5 CH*¥F2972 0 2 < x420<3,

continuamente. Luego H™° es un operador derivada fraccionaria inversa en C]ﬁl’“.
Una de las tareas principales en el capitulo serd derivar las férmulas puntuales para los
operadores H°uy H™°u (y sus derivadas) cuando u pertenece al espacio de Hermite-Hélder.
Para demostrar nuestros resultados también tenemos que considerar las transformadas
de Hermite-Riesz R; y Ryj, 1,j = 1,...,n, cuando actiian en Ci’[“. Como C?f‘ es el espacio
correcto, se prueba el resultado esperado:

. ~0,x 0,x
Ri,yij : CH — CH )

continuamente.

En algunos articulos recientes, B. Bongioanni, E. Harboure y O. Salinas estudiaron la
acotacion de las integrales fraccionarias [15] y de las transformadas de Riesz [16] asociadas
a una cierta clase de operadores de Schrodinger £ = —A + V, en espacios de tipo BMOE,
0 < B < 1, utilizando técnicas de Andlisis Arménico. En [15, Proposition 4] mostraron que
los espacios BMOE coinciden con un espacio de tipo Holder /\E, 0 < p < 1, con normas
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equivalentes. En el caso V = |x|2, nuestro espacio C?ﬂ’B coincide con su espacio AE{: para
0 < 3 < 1. Los espacios BMO asociados a £ fueron definidos y estudiados por primera vez
en [33], véase también [57]. Para la acotacién de operadores relacionados con el oscilador
armoénico en el espacio Euclideo BMO clasico véase [76].

Muy recientemente supimos del articulo de R. F. Bass [5] donde el autor, motivado por
el Laplaciano fraccionario, considera lo que él denomina stable-ltke operators y estudia
su interaccion con los espacios de Holder clasicos C* para « no entero. Nuestro oscilador
armonico fraccionario no es un ejemplo de ese tipo de operadores ya que el Lema 4.8 del
Capitulo 4 hace que la Assumption 1.1 en [5] no valga. Véanse también [66, 24, 25, 47, 21].

Notacién. A lo largo de esta tesis S es la clase de Schwartz de funciones C*°(R™) con
decaimiento rdpido en el infinito, la letra C denota una constante que puede cambiar en cada
aparicién y dependeré de los pardmetros involucrados (cuando sea necesario puntualizaremos
esta dependencia con subindices) y I es la funcién Gamma [1, 34]:

I'(z) :J e 'L dt, Rz > 0.
0

Sin mencionarlo, aplicaremos en repetidas ocasiones la desigualdad r¥e " < Cye /2, v > 0,
T > 0.
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Chapter 1

Introduction

During the last five years it has been an increasing interest in the study of nonlinear problems
in which fractional powers of second order partial differential operators appear. This renewed
attention on fractional operators started with the works by L. Caffarelli and L. Silvestre and
collaborators [67, 68, 23, 22, 26] on regularity estimates for solutions of problems involving
the fractional Laplacian.

The theory of fractional powers of operators on Banach spaces is nowadays a classical
topic in Functional Analysis. Historic names in the field are M. Riesz, S. Bochner [9], W.
Feller, E. Hille, R. S. Phillips, A. V. Balakrishnan [4], T. Kato [48], K. Yosida, J. Watanabe,
M. A. Krasnosel’skii and P. E. Sobolevskii, and H. Komatsu. The paper by H. Komatsu [51]
contains some historical notes and more detailed references. The subject can be found in the
classical book by K. Yosida [89].

The basic example of fractional operator is the fractional Laplacian. Let A denote the
Laplacian in R™, n > 1. For a Schwartz’s class function f the Fourier transform gives

(CA)(E) = 6P F(),  E£eR™

Then it is clear how to define the powers of the Laplacian: for a nonnegative number o the
fractional Laplacian (—A)° acts as

(CA)Of(E) = 6P F(E),  EeR™, (1.1)

and analogously for the negative powers (—A)~ 7, see [72, p. 117]. It is well known that
the fractional Laplacian plays an important role in connection with Sobolev spaces in R™
[72, 73] and in the attempts to define fractional derivatives in general spaces like spaces
of homogeneous type [39]. The basic reference for the Potential Theory for the fractional
Laplacian is the book by N. S. Landkof [52]. Because of the strong relation between (—A)°
and Lévy processes (see Section 1.1) the theory was developed in the last years using the
probabilistic approach [6, 7, 10, 11, 12, 14, 44, 71], see also the book by K. Bogdan et al. [13]
that presents a complete overview on the actual state of the field.

17
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Regarding fractional powers of more general operators, we must point out that a very
important achievement of the last decade was the solution of the Kato square root problem
by P. Auscher et al. [2]. The Kato problem originates from the work by T. Kato [48]. The
conjecture states that the domain of the square root of a uniformly complex elliptic operator
L = —div(AV) with bounded measurable coefficients in R™, n > 1, is the Sobolev space
H!(R™) with the estimate ||\/tf||]_2(]Rn) ~ |Ifll 2 (gn)- After 40 years the conjecture was proved
with positive answer in [2]. To notice its importance we quote Carlos Kenig in his review
MR1933726 of [2]: “[the paper] provides a complete solution to important questions that
arise naturally in partial differential equations, and constitute a beautiful contribution
to analysis”. In this dissertation we will not consider the problem of characterizing the
domain of fractional powers of operators.

1.1 Examples of problems involving fractional operators

We briefly describe some of the problems where fractional powers of differential operators
arise.

I. Theory of Lévy processes. Let X = (X¢;t > 0) be a symmetric x-stable (0 < « < 2)
R™-valued Lévy process starting at 0. By the Lévy-Khintchine formula (a deep result in the
theory of stochastic processes) the characteristic function of X takes the form

E(e'eX) = ™ET L eR™, t>0,
for some positive constant k that for simplicity we take equal to 1. For f € S set
th(X) = E(f(Xt + X)), X € Rn, t>0.

Then, by Fubini’s Theorem,

i " emn? s = 1J —i(z—Xy)-&
Tef(E) = E(Zﬂ)n/Z J ) f(X¢ +x)e dx=E 275 o f(z)e dz
- MJ flz)e % dz E(e™™X) = f(g)e !1*I",

Therefore,
Tef(x) = e 12 f(x) = v(x, 1),

is the solution to the fractional diffusion equation

v =—(—A)*2y, in R™ x (0, 0),
{ v(x,0) = f(x), on R™,

Note that 0 < o/2 < 1. See D. Applebaum [3] or J. Bertoin [8].
A nice and simple approach by considering long jump random walks is given in [86].
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II. The Signorini problem. In “Questioni di elasticita non linearizzata e semilineariz-
zata (Issues in non linear and semilinear elasticity)”, Rendicont: di Matematica e delle sue
applicaziont 18 (1959), 95-139, Antonio Signorini posed the question of finding the configu-
ration of an elastic membrane in equilibrium that stays above some given thin obstacle, say
of codimension 1. In mathematical terms the problem can be formulated as follows: given a
smooth function ¢ in R™ that goes to zero at infinity, the solution of the Signorini problem
is the function u = u(x,y) that satisfies

Oyyu+Au =0, in R™ x (0, 00), (1.2)
u(x,0) > e(x), on R™,
dyu(x,0) <0, on R™,
dyu(x,0) =0, in {u(x,0) > @(x)},

and is zero at infinity. See [18, 38, 49] and [67, 68|.

A very simple observation gives an equivalent description of the problem where the frac-
tional Laplacian appears. The solution to (1.2) with boundary data f(x) := u(x,0) is given
by convolution with the Poisson kernel in the upper half space:

u(x,y) = e*U(*AX)mf(x).
Take the derivative of u with respect to y and evaluate it at zero to get

ol y)| = (-8 ().

Hence, the Signorini problem can be rewritten as

Oyyu+Au=0, in R™ x (0, 00),
u(x,0) > @(x), on R™, (1.3)
(—Ax)Y?u(x,0) >0, on R™, (1.4)
(—Ax)Y?u(x,0) =0, in {u(x,0) > @(x)}, (1.5)

with zero boundary condition at infinity.
Let us consider a Signorini problem where the Laplacian —Ay in (1.2) is replaced by a
second order partial differential operator L = L in R™. The associated Poisson semigroup

wx,y) = e Y f(x),

is the solution to
Oyyu—Lyu=0, in R™ x (0, 00),
u(x,0) = f(x), on R™,
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Then the problem in this situation can be formulated in terms of a fractional power of L:

Oyyu—Lyu=0, in R™ x (0, 00),
u(x,0) > @(x), on R™,
L}/Zu(x, 0) >0, on R™,
L,l/zu(x,o) =0, in {u(x,0) > @(x)}.

A fully nonlinear case where (3yy+Ax)u is replaced by F(D?u(x,y)) can also be proposed,
see E. Milakis and L. Silvestre [58].

III. Obstacle problems. For a symmetric o-stable Lévy process X with Xq = x consider
the optimal stopping time T to maximize the function

v(x) =supE[@(X:):T < o0].

Then it can be seen that v is a solution of the free boundary problem

v(x) = @(x), on R™,
(—A)°v(x) >0, on R™,
(—A)°v(x) =0, in {v(x) > @(x)},

with zero boundary condition at infinity and o := «/2. This type of problem appears in
Financial Mathematics as a pricing model for American options [29, 67, 68]. Note that o =1
is the classical obstacle problem in R™ [38, 49, 20]. As we have seen above the Signorini
problem gives rise to the set of equations (1.3)-(1.4)-(1.5) which is the obstacle problem for
the fractional Laplacian with 0 = 1/2 and v(x) := u(x, 0).

The regularity properties of the solution and the free boundary for the obstacle problem
for the fractional Laplacian were studied by L. Silvestre [67, 68] and by L. Caffarelli, S. Salsa
and L. Silvestre [22].

IV. Fluid mechanics. The dissipative quasi-geostrophic (QG for short) equation has the
form
By +u-V0=—k(—A)%9, x € R?, t>0,

where k > 0, 0 < 0 < 1 and 0 = 0(x,t) is a scalar function. The vector field u is a
2-dimensional velocity field determined from O by a stream function 1 through the relations

u= (u’17u2) = (_aXZIb) axlll))7 (—A)1/211) = e!

so that
(ug,uz) = (—R26,R;0),

the operators R; being the classical Riesz transforms axi(—A)*1/2, i = 1,2. This equation

models the temperature evolution on the 2-D boundary of a 3-D quasi-geostrophic low and
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is sometimes referred to as the surface QG equation. See the lecture notes by P. Constantin
[27] and the book by A. Majda and A. Bertozzi [56].

The QG equation is important also because it can be seen as a toy model to investi-
gate regularity properties of Navier-Stokes equations, see [56, 19] and [27] and references
therein. Under the assumption of incompressibility of the fluid the Navier-Stokes equations,
determining the fluid velocity u and the fluid pressure p, read

u+ (u-V) u+ Vp = Au+f, divu = 0.

QG is a 2D “Navier-Stokes” type equation. In dimension 2, Navier-Stokes equations simplify
considerably since the incompressibility, divu = 0, implies that (—us,u;) is the gradient of
some function: (—us,u;) = V1, and curlu is a scalar, © = curlu = AY. Hence, by taking
the curl Navier-Stokes equations become a system:

B¢ +u- VO = A0, curlu = 0.

In the QG model we still have (—uy, u;) = V1 but the potential 1 is related to the vorticity
by 6 = (—A)Y/? and the final system is

0 +u-VO=—(—A)20,  (—us,;) = (R16,R20).

Motivated by this problem L. Caffarelli and A. Vasseur showed in [26] that the drift
diffusion equation with fractional diffusion

0 +v-V0=—(—A)°09, divv=0, xcR"

where v; = T;0, T; being a singular integral operator, and o = 1/2 (critical case) has classical
solutions for any [? initial data. The method of the proof is by localizing the fractional
Laplacian (—A)Y/2 via the harmonic extension 8*(x,t,y) of 0(x,t) to the upper half space
by adding a new variable y and then using the ideas of De Giorgi [31, 42| for the localized
problem. The technique was also applied for instance in [28] and [65] for the supercritical
case 0 < 1/2. By using other methods it is shown in [50] that when o = 1/2 and the initial
data is smooth, there exists a unique solution to QG that is also smooth.

Our list of problems above does not pretend to be exhaustive. Just to mention a few
more, besides modeling in Financial Mathematics [29] and fluid mechanics [56, 27], there
are applications in Modern Physics, for instance, when considering fractional kinetics and
anomalous transport [90, 70|, strange kinetics [64], fractional quantum mechanics [53, 54]
and Lévy processes in quantum mechanics [61].

1.2 Motivation

Let us describe some of the special features the fractional Laplacian has.
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The first thing to note is that for a function f € 8§ and o not an integer, (—A)°f is
not a Schwartz’s class function because of the singularity at the origin introduced in (the
derivatives of) its Fourier transform (1.1). For the rest of this work we will restrict our
attention to 0 < o < 1, that is the case that appears in applications.

Clearly definition (1.1) is not well suited for regularity estimates in Holder spaces, since
we would like to handle differences of the form

(—A)7f(x1) — (=A)%f(x2),  x1,x2 € R™

Therefore a pointwise formula for (—A)°f(x) is needed. If we apply the inverse Fourier
transform in (1.1) we get

f(x) —f(z)

(—A)°f(x) = cn.o p.v.J =

dz, x € R™, (1.6)
Rn [x — z]

where cn, o is a positive constant depending only on dimension and o. Let us point out
that such a constant is important for instance when we want to take the limit o0 — 17 to
recover the Laplacian —A in R™ or 0 — 0" to get the identity Id (a trivial fact if f € 8).
Using (1.6) the interaction of (—A)° with Holder spaces C* can be studied. In particular, if
f € C%*(R™) and 0 < 20 < « then (—A)°f € C%*~29(R™) and

(—A)f(x1) — (—A)“f(xa)| < Clflca Ixg —x2|* 27, x1,x2 € R™, (1.7)

where C depends only on «, o and n, and similar results hold for C** spaces, see [67, 68].
For more applications of Schauder estimates for the fractional Laplacian see for instance [22]
and [25].

From (1.6) we observe that (—A)° is a nonlocal operator: the value of (—A)°f(x) for a
given x € R™ depends on the values of f at infinity. This property creates complications: the
classical local PDE methods from the Calculus of Variations cannot be applied to the study of
nonlinear problems involving (—A)°. To overcome this difficulty L. Caffarelli and L. Silvestre
showed in [23] that any fractional power of the Laplacian can be characterized as an operator
that maps a Dirichlet boundary condition to a Neumann-type condition via an extension
problem. Let us explain how it is done. Consider the function u = u(x,y) : R™ x [0, 0) — R
that solves the boundary value problem

u(x,0) = f(x), x € R™, (1.8)

1
Au+

o
Uy +Uyy =0, x € R™, y>0. (1.9)

Note that (1.9) is a degenerate elliptic equation. Then, up to a multiplicative constant
depending only on o,

— lim ylfwuy(x,y) = (—A)°f(x), x € R™.

y—0+
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We can interpret this result as saying that the new variable y added to extend f to the
upper half space via (1.9) encodes the values of f at infinity needed to compute (—A)°f.
The extension problem localizes the fractional Laplacian: it is enough to know u in some
(upper half) ball around (x,0) to already obtain (—A)°f(x). The nonlinear problems for the
(nonlocal) fractional Laplacian can be then localized adding a new variable, see [22, 26, 28, 65]
for examples of the technique.

In [26] the extension problem with o = 1/2 is used: (1.8)-(1.9) become the problem of
the harmonic extension of f to the upper half space and, as we saw in the previous section,
via the Neumann condition we recover (—A)Y/2f(x).

The extension problem can be applied to prove (among other regularity properties) the
Harnack’s inequality for (—A)?, see [23]. The nonlocal character of the fractional Laplacian
makes us to assume in the Harnack’s inequality that f(x) > 0 for all x € R™, and not just
for x in some ball as usual, see [46].

Consider the situation where we have derived a model (normally a nonlinear PDE prob-
lem) that involves a fractional power of some second order partial differential operator L.
Then we have to answer at least the following questions:

(I) Definition and pointwise formula for fractional operators. For a general operator
L, classical Functional Analysis gives us several ways to define L® according to its analytical
properties. Nevertheless, an abstract formula is not useful to treat concrete PDE problems
and a more or less explicit pointwise expression for L9f(x) will be needed. For the fractional
Laplacian we started with the Fourier transform definition (1.1) and by taking its inverse we
got (1.6). What can be done in the general case where the Fourier transform is not available?

(IT) Regularity theory for fractional operators. Going to concrete examples of second
order differential operators L we may ask for the “right” Schauder estimates for L® or, more
precisely, the proper/adapted Holder space to look for regularity properties of L°. Another
question is the validity of Harnack’s inequalities, an important tool in the theory of PDEs
[45].

(III) The nonlocal nature. In general, fractional powers of linear second order partial
differential operators are nonlocal operators. It would be very useful in applications to have
an analogous Caffarelli-Silvestre characterization of L° as a Dirichlet-to-Neumann map via
an extension problem. If so, how to use such a characterization to get regularity estimates?

In this dissertation we aim to answer these questions.

1.3 Description of the results

Let L be a second order partial differential operator defined in some L2(Q), dn) space, where
() is an open subset of R™, n > 1, and dn is a positive measure on Q.

Unless we are dealing with the Laplacian in R™, the Fourier transform will not be very
useful to study fractional operators. We need to find a language that can explain in a clear
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and unified way the concepts, formulas and properties we want to deal with.
We adopt the heat semigroup language, in which the central operator is the heat-
diffusion semigroup generated by L that we denote by

e_tL, fort > 0.

As we pretend to show in this dissertation, such a setting turns out to be very well suited:
it gives the insight in the correct formulas (with explicitly and easily computable constants)
and it is also very general. An interesting relationship with special functions such as Gamma
and Bessel functions will appear, showing the underlying harmony.

Under this point of view we will revisit the fractional Laplacian and we will also analyze
the questions posed above for a general operator L. The characterization of L¢ as a Dirichlet-
to-Neumann type operator via an extension problem will be obtained thanks to the language
adopted. To go to regularity considerations we move to a case study: fractional powers of
the harmonic oscillator

H=—-A+x?, inR™

This is an important operator in quantum mechanics, see for instance the book by R. P.
Feynmann and A. R. Hibbs [37]. For H® = (—A + x|?)° Harnack’s inequality and adapted
Schauder estimates will be obtained.

Let us proceed to describe the next chapters.

1.3.1 Chapter 2: Preliminaries

tL generated by a second order

As we already pointed out, the heat-diffusion semigroup e~
operator L is the key operator in our work.

In this chapter we show how to express several operators associated to L like Poisson
semigroups e*Uﬁ, fractional integrals L~°, fractional powers L° and Riesz transforms as-
sociated to L in terms of e 'L, see formulas (2.3), (2.5), (2.8), (2.9) and (2.10). The
expressions are based on the definition of the Gamma function. For the fractional operator

we have the following nice and handle formula to start with:

Lof(x) = - JOO (e () — f(x)) 2L (1.10)
r(—G) 0 tlt+o

The concepts given above are well understood in two particular (and at the same time
general) examples, namely when L has a discrete spectrum and when L = —A, the Laplacian
in R™, that has a continuous spectrum.

We show how the semigroup language simplifies and clarifies the basic example, the
fractional Laplacian. Indeed, using (1.10) for L = —A the pointwise formula (1.6) with
the exact constant c,, ; is derived without need of applying the inverse Fourier transform
(Lemma 2.1). Proposition 2.3 establishes that

(—A)°f(x) = —Af(x), as o — 17,
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for all x where f is C? and Proposition 2.5 says that
(—A)f(x) — f(x), as o — 0",

for x being any point of Holder continuity of f.
The preliminaries about the harmonic oscillator H (discrete spectrum) are presented.
Finally we collect the basics of the spectral theory we will need. The abstract context is
very useful since it allows us to treat both examples (discrete and continuous spectrum) in
an unified way.

1.3.2 Chapter 3: Definition and extension problem for fractional powers
of second order partial differential operators

This chapter contains part of the results of paper [79].

Once LY is given via the heat semigroup e ‘" by (1.10), we explore a characterization in
the spirit of [23].

To solve (1.8)-(1.9) Caffarelli and Silvestre noted that (1.9) can be though as the harmonic
extension of f in 2 — 20 dimensions more. From there they established the fundamental
solution I's(x,y) for (1.9), that has the property that I's(x,0) is the fundamental solution
of (—A)°, that is, the fundamental solution of the extension s an eztension of the
fundamental solution (—A)~°. Then, by using a conjugate equation, a Poisson formula for
u was obtained:

u(x,y) = J § PS’A(X —z)f(z) dz.
The function PS’A(z) is the Poisson kernel.

Our semigroup approach gives light to the Laplacian case and will establish a general
setting for the extension problem that will allow us to include other operators L.

As examples suggest, we assume that L is self-adjoint. Then we get in Theorem 3.1 the
characterization of L° that generalizes the Caffarelli-Silvestre result. That is, consider the
following extension problem to the upper half space:

u(x,0) = f(x), on Q;

1—-2
—Lxu+TG Uy +uyy =0, in Q x (0, 00).

We show that a solution u is given explicitly by

1 [® e w2 dt
u(x,y)zr(g)L e tH(Lof)(x)e To (1.11)

This formula is one of the main novelties here. Then it is proved that for each x € Q,

. ulx,y) —u(x,0)  T(-0o) 4 1 .. 1-20
| = =—1 .
yinol+ y2° 49T (o) () 20 yiﬁ)l+y Uy (%, Y)
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The expression for u (1.11) requires to know the action of L on f. To improve that situation
the Poisson formula is derived:

20

* _y? dt -
u(x,y) = 43],(0) L e thf(x)e = ro :JQ Py’L(x,z)f(z) dn(z), (1.12)

where no fractional power of L is involved and Py ’L(x, z) is the Poisson kernel.

When L = —A the extension result and the Poisson kernel of [23] is recovered. It is worth
mentioning that in [23] the explicit formula (1.11) and the first identity of (1.12) are not
established, but the Poisson convolution formula with the Poisson kernel as explained above.

The proof of the extension characterization is given always in our semigroup language
and uses the Spectral Theorem in an essential way. Nevertheless, before presenting it and
for exposition purposes, we prove the result for L having a discrete spectrum and for the
Laplacian.

In Theorem 3.2 more properties concerning the Poisson formula, as maximum principles
and LP estimates for the extension problem, are described. We show that the Poisson formula
for u can be derived with the clever idea of [23]: use the fundamental solution (that involves
the kernel of the heat semigroup generated by L) and an appropriate conjugate equation to
infer the Poisson kernel.

The conjugate equation is studied in detail. To that end Cauchy-Riemann equations
adapted to the extension equation are defined, see (3.15).

Examples are also provided.

The reader could ask how the explicit formula (1.11) for the solution u can be figured out.
We present a very nice proof of the extension result in terms of orthogonal expansions and
also the derivation of local Neumann solutions. The resulting equations are Bessel equations
whose solutions in terms of Bessel functions will give us the clue for (1.11).

1.3.3 Chapter 4: Definition, basic properties and Harnack’s inequality for
the fractional powers of the harmonic oscillator

Here we collect results from [79].

Formula (1.10) is applied with L = H = —A + |x|2, the harmonic oscillator, to derive the
pointwise formula

Hf(x) = J (f(x) — f(z))Fs(x,2) dz + f(x)Bs(x), x € R™,
RN
where the kernel Fs(x,z) and the function Bs(x) are given in terms of the heat kernel for
H, see Theorem 4.3. Hence the fractional harmonic oscillator is a nonlocal operator. Some
maximum and comparison principles are obtained (Theorem 4.6 and Corollary 4.7).
The extension problem for H is studied in detail (Theorem 4.13) because we use the
ideas from [23] to prove the Harnack’s inequality for H®: for every R > 0 and xg € R™, there
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exists a positive constant C = Cs g n,x, such that

sup f<C inf f
Bgy2(xo0) Brya(xo)

for all nonnegative functions f : R™ — R that are C? in Br(xg) and satisfy H°f(x) = 0 for
all x € Br(xp), see Theorem 4.10.

To prove the Harnack’s inequality for (—A)° the authors of [23] take advantage of the
general theory of degenerate elliptic equations developed by E. Fabes, D. Jerison, C. Kenig
and R. Serapioni in 1982-83. In our case such a general theory is not needed, but the
Harnack’s inequality for degenerate Schrodinger operators proved by C. E. Gutiérrez in [41].

1.3.4 Chapter 5: Interaction of the fractional harmonic oscillator with the
Holder spaces adapted to H and Schauder estimates

This chapter corresponds to [80].

To derive Schauder’s estimates for HY (of the type (1.7)) we first need to find the right
Holder space naturally associated with H.

A new class of Holder spaces Clﬁl’“, 0 < x <1, k € Ng, adapted to H is introduced,
that we call Hermite-Holder spaces. These spaces (smaller than the classical C**(R"™)
classes) are defined to allow some growth at infinity of the functions they contain, the moral
being that the Laplacian —A dictates the regularity and the potential x| in the operator
plays a relevant role only at infinity. See Definition 5.1 for the definition of C?f‘.

The factorization of the harmonic oscillator in terms of first order partial differential

operators
n

H= 5 Z [ (O 4+ %) (—0x; +xi) + (—0x; +xi) (Ox, +xi) ],

i=1

gives us the right definition for the “derivative” operator naturally associated to H, namely
Ai = axi + X4, A_i = —bxi + Xq.

Then the spaces C],j’“ are defined in the usual way as the set of all differentiable functions
whose A.i-derivatives up to order k belong to C};* (Definition 5.2).
The first main theorem, Theorem A, basically says that

o.~0,x 0,x—20
H® : C5" — G ) 20 < «,

and
HO: Cp% — CR 297 20>«

continuously, and similarly for higher order spaces. Hence H® acts as a fractional derivative.
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The result above can be interpreted as saying that the Holder spaces Clﬁ’“ are the rea-
sonable classes for deriving Schauder estimates for H°. Indeed, this is what the second main
result (Theorem B) asserts:

H7 o CH* - CH* P29 a4 20 <1,
Ho:Ch* e, 1<a+20<2,
and
H™O:CH* - CH*292 2<a+20<3,

continuously. Hence H™° is an ¢nverse fractional derivative operator in Clﬁl’“.

One of the main tasks in the chapter will be to derive the pointwise formula for the
operators H°u and H™°u (and their derivatives) when u belongs to the Hermite-Hdlder
space.

To prove our results we will have to consider also the Hermite-Riesz transforms R; and
Rij, 1,j =1,...,n, when acting on Cg’l“. Since Cg’l“ is the correct space, the expected result
is proved:

fRi, fRij : C%l“ — C?i(x,

continuously.

In some recent papers, B. Bongioanni, E. Harboure and O. Salinas studied the bound-
edness of fractional integrals [15] and Riesz transforms [16] associated to a certain class of
Schrodinger operators L = —A + V, in spaces of BMOE type, 0 < B < 1, using Harmonic
Analysis techniques. In [15, Proposition 4] they showed that the BMO % spaces coincide with
a Holder type space /\%, 0 < B < 1, with equivalent norms. In the case V = |x|2, our space
C%B coincides with their space /\ﬁ, for 0 < 3 < 1. The BMO spaces associated to £ were
first defined and studied in [33], see also [57]. For the boundedness of operators related to
the harmonic oscillator in the classical Euclidean BMO see [76].

Very recently we were aware of R. F. Bass’ paper [5] where the author, motivated by the
fractional Laplacian, considers what he calls stable-like operators and studies its interaction
with the classical Holder spaces C* with o not being an integer. Our fractional harmonic
oscillator is not an example of such an operator because of Lemma 4.8 in Chapter 4 makes
Assumption 1.1 in [5] fail. See also [66, 24, 25, 47, 21].

Notation. Throughout this dissertation 8 is the Schwartz class of rapidly decreasing C*°(R™)
functions, the letter C denotes a constant that may change in each occurrence and it will
depend on the parameters involved (whenever it is necessary we point out this dependence
with subscripts) and I' stands for the Gamma function [1, 34]:

I(z) :J e tt*71 dt, Rz > 0.
0

Without mention it, we will repeatedly apply the inequality Ve ™" < Cye ™2, v >0, 1 > 0.



Chapter 2

Preliminaries

In Section 2.1 we introduce the heat-diffusion semigroup generated by a linear second order
partial differential operator L. We show how it can be used to define several operators related
to L. To make the presentation more readable, in a first step the operators L considered are
those which have a discrete spectrum. Secondly, the case of the Laplacian in R™ (continuous
spectrum) is taken into account. We analyze in some detail the properties of the fractional
Laplacian (—A)°. Section 2.2 is devoted to the preliminaries on the harmonic oscillator
H=—-A+ le2 in R™ and the operators associated to it. In Section 2.3 we explain the basics
of spectral theory we will use to give a unified approach.

2.1 The heat semigroup and related operators

We start with a naive presentation to make clear the ideas.

Let L = Ly be a positive linear second order partial differential operator, acting on
functions f = f(x) defined in a certain domain Q C R™, n > 1. Consider the diffusion
equation

{ vi +Lv=0, for (x,t) € Q x (0, 00), (2.1)

v(x,0) = f(x), for x € Q. '
The linear operator that maps each initial datum f to the solution v of the problem above is
the heat-diffusion semigroup generated by L (or heat semigroup for short). We write

e thf(x) i=v(x,t), xe€Q, t>0.

This notation very convenient: we can (formally) differentiate 9;e~'Ff(x) = —LetLf(x), and

take the limit lim;_,o+ e tHf(x) = f(x), so e t"f(x) represents the solution v. The family

{e~tT} - satisfies the semigroup property: e 1l (e7t2Lf) = e~ (Ltta)lf for all t1,t, > 0.
Several operators related to L can be expressed in terms of the heat semigroup:

Poisson semigroup. The solution to the equation
Wyy —Lw =0, for (x,y) € Q x (0,00),
w(x,0) = f(x), forx e Q.

29
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can be written as
w(x,y) :efyﬁf(x), xeQ, y=0.

Once again this notation is convenient, as formal differentiation shows. The family of linear
operators {e™ Y ﬁ}y>o forms a semigroup and it is called the Poisson semigroup generated
by L. The way to express the Poisson semigroup via the heat semigroup is by using the
following Bochner’s subordination formula which is valid for all A > 0:

*yﬁ: y * —tA 7y2/4t E 22
e 2M(1/2) L e e /3 y > 0. (2.2)

Making the formal substitution A = L into (2.2) we get

o
V) — Y —tLp(y)e—v?/at Ot
e f(x) = 21(1/2) L e ““f(x)e el xe€Q, y>0. (2.3)
This formal computation can be made rigorous in each specific example by considering the
eigenfunctions of L, or in general by means of the Spectral Theorem, as we will show later.
Negative powers of L. The operators L=, o > 0, are known as fractional integrals
associated to L. As for the Poisson semigroup, we will use a formula involving the Gamma

function that relates A=, for positive A and o, with e **, and then we will replace A by L.
The expression is
A dt
ANO=——| e — 0. 2.4
o) ¢ N 24)
Therefore,
LOf(x) = —— ro ethix) I e, 050 (2.5)
~ T(0) Jo tio? ’ ' '

Fractional (positive) powers of L. The main objects of our study will be the operators
LY, where we restrict to the range 0 < 0 < 1. A formula that relates A°, for positive A and
0< o<1, withe Yis

1 o dt
AT = 1 0 1 2.6
o), €0 G 0<os< (26)
where r ) -, q
—0 _ 3
r(-o) = D = L (€7 ~1) 5 <0 (2.7)
Putting A = L into (2.6),
Lf(x) = 1 JOO (et f(x) — f(x)) _dt xe, 0<o<1 (2.8)
r(—o) J, tito’ J . :

Riesz transforms related to L. These operators are useful for instance to get a prior:
estimates for solutions to the Poisson problem for L. The idea is the following. Assume that
L can be factorized as a finite sum L = ) ; D{D;, where D} and D; are first order partial
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differential operators in the ith direction, that are our derivatives. For a given function f
defined in Q, let u be a solution of the Poisson problem for L in Q:

Lu="f, in Q.
Then
u =L, in Q.

Assume that f is in some LP(Q) or C*(Q) space and denote by ||| the norm in any of such
spaces. Since L is a second order operator, we expect for u to have two more derivatives
than f has or, in other words, L™! has to integrate twice. So u should have two derivatives
in LP(Q) or in C*(Q):

IDDjuf| ~ [|D:D L]

But then the question to answer is whether an estimate of the kind
DDy~ e
holds, since the only information we have is that f belongs to LP(Q) or C*(Q). The operators
Ry = D;D;L 1, (2.9)

are the second order Riesz transforms associated to L. We can also define first order

Riesz transforms as
Ri = D;L'/2, (2.10)

the moral being L ~1/2 integrates once. Note that the derivatives have to be adapted to the
operator L in order for the integration-derivation game to be consistent. Typical examples

are the classical Riesz transforms, that are associated to the Laplacian —A = —div V: for
i=1,...,n,

~ —i& ~ B

Rif(8) = (7 F(8) e Rifl) = 0, (—4)H/2H().

The ideas explained above to relate the Poisson semigroup, the negative powers and the
Riesz transforms with the heat semigroup are contained in the book by E. M. Stein [74]. He
studied these operators (and also the g-function, but not the fractional powers) related to
the Laplacian in a compact Lie group (that has a discrete spectrum).

Other examples of Riesz transforms are those associated with orthogonal expansions. We
just mention here the Hermite function expansions case that is presented in Section 2.2.

For the rest of this section we explore the heat semigroup and the related operators listed
above in two particular cases. The first one is when L has a discrete spectrum in (). This
requirement is fulfilled, for instance, by an elliptic operator on a bounded domain [35, 40] or,
more generally, by operators that give rise to orthogonal expansions [81, 55]. The technique
to use in this situation is the Fourier expansion method. The second case is L = —A, the
Laplacian in R™, which has a continuous spectrum. The natural tool here is the Fourier
transform.
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2.1.1 Discrete spectrum

Suppose that there exists a family of (smooth) real-valued functions {¢py : k € Ny} defined in
Q that are eigenfunctions of L with positive eigenvalues {Ay : k € Ng}:
L (x) = Acdr(x), x € Q, k € Np.

We also assume that the set {¢y : k € Ng} is an orthonormal basis of L2(Q, dn), for some
o-finite positive measure dn defined in Q.

Let f be a finite linear combination of eigenfunctions, f = Y 4 ... (f, x)dk, where we
write (f, dy) = IQ fdy dn. To solve the diffusion equation (2.1) for this f we apply Fourier’s
method. Set v(x,t) =Y | ck(t)di(x) into (2.1) to derive an equation for the coefficients:

{ ck(t) +Akck(t) =0, fort>0
Ck(O) = <f7 (I)k>7

for each k. The solution to this ODE is ¢y (t) = e " % (f, ¢y), k € Ng. Therefore,

vixt) = e Hx Ze P P)br(x),  x€Q, t>0
The sum above contains finitely many terms. To get an integral expression for the heat
semigroup we have to assume some mild conditions on the eigenfunctions ¢y. Suppose that

the functions ¢ and their derivatives have a polynomial growth with respect to Ay, i.e. for
each multi-index € Ny there exists a nonnegative integer m = mg such that

DPpry =0 (A"),  forall k € No.
Under this hypothesis, by Fubini’s Theorem,

e t(x) = ) et U (2)r(z) d (z)] i (x)

finite

— JQ LZ_O e—t?xkdm(x)(bk(z)] f(z) dn(z) = JQ Ke(x, 2)f(z) dn(z).

We call the function Ki(x, z) the heat kernel associated to L.
The Poisson semigroup can also be derived by Fourier’s method:

wx,y) = e YVH(x) Ze—yffcbkm() x€Q, y20

To relate e YVT with e L we apply (2.2) with A = Ay into the last sum, so that,

e 9VTf(x) = { [ e e ‘;1:2] (F, 1) brex)

J !Ze (F, i) b x )] e
k

_ Yy * i _y2/ae At
_ £ y2/at 9t
2r(1/2) L e fxe 3/2°

2r(1/2)
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which is (2.3) in this case.
Since L is a linear operator, the action of L on f is given by its action on each eigenfunction:

Lf(x) = ) _(f, di) L (x ZAk (f, ) br(x),  x€0.

k

It is now clear how to define [P, for p € R:

LPf(x Z)\ f, br)br(x),  xe€Q.

Take p = —o for 0 > 0 and use (2.4) with A = Ay in the last expression to get

. L[, dt
L f(x)—%[r(c)L e & M )b (x)

1™ Lo dt 1 (® . dt
_WJO [;e ¢ <f,¢)k>d)k(X)] tlo - F(U)J € ¢ f(X) tl—o?

0

and we have (2.5). For the case p =0, 0 < 0 < 1, we use (2.6) into the sum defining L° to
arrive to formula (2.8):

LoF(x) = [ j (e — tldfo} (F, bre) b [x)

J [Z e M, i) b (x) — Z<f:¢k>¢k(x)] tld:c
K
(

k

dt
—tL
e f(X) — f(X)) m, x € Q.

I
=
| | =
D
° g

2.1.2 Continuous spectrum: the Laplacian in R"

The classical heat equation in R™,

(uomn R, o

x,0) = f(x), for x € R™,

can be solved using the Fourier transform in the x variable. For the sake of simplicity we
take f in the Schwartz’s class 8. The analogous representation of f as a sum of eigenfunctions
is then

flx) = — J flE)e™® dE,  xeR™,

(2m)n/2 [

where the Fourier transform of f is given by

f(&) = - J f(x)e ™% dx, £ eR™

(2m)"/2 g
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Denoting by cg(t) the Fourier transform of v(x, t) in the x variable for each t, we can write

1 )
v(x, t) = J ce(t)e™E dE, x € R™, t >0,

(2m)™/2 Jg

Plugging this expression into the heat equation (2.11), we obtain an ODE for the function

cg(t), with initial condition cg(0) = f(&), for each & € R™. Solving the ODE we get
2~

ce(t) = e HETF(E). Thus,

tAgoy 1 J ey aixE qp L J —t[g)? (J iz ) ix-g

e f(x) = 27 ) e f(&)e dé¢ = o ne nf(z)e dz)e dé
_ 1 CHER —izE ixE _J _
= JRn ((27{)“ J . e e e dé) f(z) dz = . Wi (x — z)f(z) dz,

where (see [32, 72])
1 2

Wt(X) = W e

(2.12)
is the Gauss-Wezierstrass kernel.

Formulas (2.3), (2.5) and (2.8) are valid if L = —A. We can check this as we did for
the discrete spectrum case: replacing the corresponding numerical formulas into the Fourier
transform definition of each operator. Since the heat kernel (2.12) is available, we are going
to show how the classical well known formulas can be easily recovered.

The harmonic extension of f to the upper half space is given by the Poisson semigroup
acting on f. Indeed, for each x € R™ and y > 0, applying Fubini’s Theorem and the change of
variables s = W#, we obtain the classical convolution formula with the Poisson kernel
in the upper half space, see [32, 72]:

e YVTA(x) = Y Joo etAf(x)e Y /4t at
2I'(1/2) Jo 3/2
= 27‘[1/2 . J'Rn 7(47‘[t)n/2 e 4t f(Z) dz e t37

B y o 1 _Ix—2?+y? dt
_J N |:7-t(n+1)/2 L (4t) (1172 e " T f(z) dz

_ y $ _s ds
_J ) !ﬂ(n—i—l)/Z L (|X_22 +y2> e ® = ] f(z) dz

_ r((n+1)/2)J Yy
o nn+1)/2 n (|X*Z|

f(z) dz.

n+1

Py

2
For the fractional integrals in the case n > 20, we use the change of variables s = lxztz |
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to get (see [72])

(—A)F(x) = r(lg)L etA(x)

B 1 &0 1 _\x;tzP dt f(2) d
= Jgn [7220T(0) Jy (at)h20)/2 © 7|7 ¢z

00 (n—20)/2
1 d
:J J s 5 e s @ f(z) dz
n | T/24°T(0) Jo \|x —Z] s

_ T(n/2—o0) J f(z)
R

- m/24°T (o) n—20

dz.

n[x —z|
Let us concentrate on the fractional Laplacian. Recall that for f € § the fractional
Laplacian (—A)°f is defined as a pseudo-differential operator

(CA)F(E) = 27 f(E), E€R™ 0<o<l. (2.13)
The natural way to obtain a pointwise (integro-differential) formula for (—A)°f(x) would be
by taking the inverse Fourier transform in (2.13). However, as we already mentioned in the
Introduction, our heat semigroup language provide us the way to derive such a formula in
an very simple way, without the aid of the inverse Fourier transform.

Lemma 2.1. Forfe 8 and0< o<1,

- 1 & dt f(x) —f(z)
(—A) f(X) = ro_) JO (etAf(X) - f(X)) m = CTL,O' :P.\/-.J]RTL m dZ, (214)

with
N 4°T(n/2 + o)
™o /21 (—o)
Proof. Observe that by applying the Fourier transform and making the change of variables
s = t|&/> we have

|l o0 s <en ]

0

—Ca | [ Tlens 1) o P RE)

0 glto

> 0.

(e Ve _1)fg)eit| ag 3t

tl+o

—Co | IEP7IE)] dE < oo,
RTL
Hence, by Fubini’s Theorem,

I RN a1 © e At o
r—o) Jo (e300 = 100) tite ~ T(—o) J nL C D) e f(E)e™" d&

o JRJ (e75—1) ds E]2° F(&)et™ & dE

I'—o) sito

= | P fiee e ae = -a)tix),
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because of (2.7). This justifies the first equality in (2.14). It is easy to check that

e21(x) = J Wi(x —z) dz =1, for all x € R™,

n

where W is given in (2.12). Then,

00 dt 00 dt
JO (etAf(X) — f(X)) {ito = JO JRH Wt(X — Z)(f(Z) — f(X)) dz m = I]_ + 12, (215)
where
e dt
I = Wi(x —y)(f(z) — f(x)) dz aro
0 Jlx—z|>1
Use the change of variables s = ‘thz ® to see that
& 1 _ k2?2 dt 4°T(n/2 + o) 1
L (47tt)n/2 € " T = /2 ' X — Z" 20 (2.16)

So, since f is bounded, I; converges absolutely. Passing to polar coordinates,

dt

00 1 1 2
I, _J J e apnl J|z/|_1(f(x+r2') —f(x)) dS(z') dr tito

o (4mt)n/2 ]y

By Taylor’s Theorem,
J (f(x +12') — f(x)) dS(z) = Cnr?Af(x) + O(r3),
|z'|=1

thus

1

1 %) _2
1 e 4t dt 1-2
|12| < Cn,Af(x) JO i J;) m T dr = Cn,Af(x),G JO T S dr = Cn,Af(x),G:
and I, converges. Finally apply Fubini’s Theorem in (2.15) together with (2.16) to get
(2.14). O

Remark 2.2. Lemma 2.1 gives the exact value of the positive constant ¢,  in (1.6). Observe

that 4T (n/2 )
Y n/2+o n _

Cn’o——m—)(), aso—0"oro— 1. (217)

When f € 8 it is clear (by Fourier transform) that lim, ,;- (—A)°f = —Af and also

limg_,q+ (—A)°f = f. The next two Propositions show that this is in fact valid for f € C2

and f € C%, respectively. Even if (—A)°f ¢ 8 when f € 8, we still have (—A)°f € C®. It

can be checked that for every B € N the function (1 + [x|""2°)DP(—A)°f(x) is bounded.

Therefore the set

lu(z)|

n 1+|Z|T1+20' dz < OO}’

Lo {u:R“ SR ufy, = JR
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consists of all locally integrable tempered distributions u for which (—A)°u can be defined.
If f € Ly is C?°F€, ¢ > 0, in an open set O then it can be proved that (—A)°f is a continuous
function in O and its values are given by the second integral in (2.14). For all the details see
[67, 68].

Proposition 2.3. Let f € C?(By(x)) N L®(R"™) for some x € R™. Then

lim (—A)°f(x) = —Af(x).

o—1—
Proof. Since f is bounded (—A)°f is well defined for all 0 < o < 1. Fix an arbitrary ¢ > 0.
Since f € C?(By(x)) there exists 5 = 5, > 0 such that

|D2f(w) — D*f(w')| <, for all w,w’ € By(x) such that |[w—w’'| <. (2.18)
Write (—A)°f(x) = cn,o(I+ 1I) where

- | M-t

dz.
Z|n+2(r

[x—z|>6 |X —

We have
C

R L[y

so applying (2.17), cn,6I — 0 as 0 — 1. Using polar coordinates, Taylor’s Theorem and
recalling that

J (1) ds(z) = W2 DT
lz/|=1

Nn/2+2)
we get
rd r
[I=| r12° (f(x) — f(x —rz")) dS(z’) dr
Jo Jiz'|=1
ré r
= | r 1720 Rif(x,rz’) dS(z) dr
Jo J|z'|=1
P 120 [—Af(x)(n/2 4 1)t/212
Jo i 2I'(n/2 +2)
2
+ <R1f(x,rz’) —;(sz(x)z',z’>> dS(z’)] dr
|z’ |=1

—Af(x)(n/2 4 1)"/252720
ar(n/2+2)1— o)
5 2
+J T_1_20J (le(x, rz') — ;(sz(x)z’,z/>) dS(z’) dr
0 |z'|=1
— 11 + 1L,
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where R;f(x,1z’) is the Taylor’s remainder of first order. Then

_ —Af(x)o(n/2+ 1)T(n/2 + 0)8*2° (m/2+1)F(n/2+1)

II; = —Af = —Af
Cnotht 4al-oT(n/2 + 2)7(2— 0) AR ey (),
as 0 — 1. By (2.18),
2
Rif(x,1z") — %(D2f(x)z/,z’> < Cpr?e,
and
Tl € Cnd?729(1— o) le.
Therefore, limg ;-1 |cn,olla| < Cre. O

Remark 2.4. For f € C?(By(x)) N Ly the second identity in (2.14) is also valid. Indeed, the
steps of the proof of Lemma 2.1 can be reverted since, because of the continuity of D?f, by
Taylor's Theorem,

J (f(x +rz") — f(x)) dS(z') = O(r?), asTt— 0.
|z/|=1

Proposition 2.5. Let f € CO%(By(x)) N Ly for some 0 < a <1 and x € R™. Then
lim (—A)°f(x) = f(x).

o—07t

Proof. Since Ly C Ly for all 0 > 0, (—A)°f is well defined. Note that, as we take the limit
o — 0", (—A)°f(x) is given by the second integral of (2.14), since eventually 20 < «. Let
R > 0 such that (1 + [x|)/R < 2. Without loss of generality and for simplicity of writing we
take R = 1. Because of the Hélder continuity of f and (2.17),

f(x) —f(z) (1+ [x))*—2°
c T VE | < enolflew 9B (0) S g 2.19
™o Jlxz<1+|x Ix — z|™ 20 metie 1(0) x—20 ( )
as o — 0. The kernel |z~ ™29 is integrable at infinity and
(1+ )2
dz = [0B;(0)] ————.
J|xz>l+x Ix — 2|20 20
Therefore,
f(x) 4°(n/2)F(n/2+ o)
c S ol P Sf(x), (220
: sz|>1+x| ez T e R ey e T (220)

as 0 — 0. Finally we note that [x —z| > 1 + |x| implies
14zl <14+ x4+ x—2z <2x—2z,

so that

f
J _f&) dz| < cn, 2™ 2 |fll, =0, o—07. (2.21)

Cn,o
) n+2c
[x—z|=14]x| |X — Z|

From (2.19), (2.20) and (2.21) the Proposition follows. O
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2.2 The harmonic oscillator and related operators

We denote by H the harmonic oscillator (also known as Hermite operator) in R™, n > 1:
H=—-A+x?.

For the following we refer the reader to the book by S. Thangavelu [82]. The eigen-
functions of H (with zero boundary condition at infinity) are the multi-dimensional Hermite
functions defined for all x € R™ by h,(x) = W, (x) - e_"“2/2, for v = (v1,...,vn) € Ng,
where W, are the multi-dimensional Hermite polynomials. The corresponding eigenvalues
are positive:

Hhy (x) = (2]v] + n)hy(x), x € R™, v e Ng.

Here |v| = vi+---+Vv. Note that h, € 8. The set of Hermite functions forms an orthonormal
basis of L?(R™). Let f € 8. The Hermite series expansion of f given by

D> (Fh)hy(x) =) > (fhy)hy(x), x€RM, (2.22)
v k=0 |v|=k

with (f,hy) = [gn fhy dx (which converges to f in [*(R™)) converges uniformly in R™ to f.
This uniform convergence is a consequence of the fact that |[hy||{«rn) < C for all v € N,
and the following estimate: for every m € N,

|(H™f, hy)| - [H™ | L2 ()

f,hy )| = < , 2.23
= R < G+ (2:23)
since H is a symmetric operator.
The heat-diffusion semigroup. If f € § then
e tMfx) =) e teMIf h)hy(x), x€RM, t>0, (2.24)
v

the series converging uniformly in R™. By writing down the integral in (f, hy) and applying
Fubini's Theorem, the heat semigroup can be given as an integral operator, and the formula

extendsto fe |J LP(R"™) (see also [78]):
1<p<oo

e tHf(x) :J Gi(x, z)f(z) dz

00 2 : ef[%\xlezcoth2t+x-ztanht]
— —t(2)+n —
- J X Y hyGohy(2)]| f(z) dz = JRn ez 1) &
j=0 lvl=j
(2.25)
In particular, (see [43])
e tHI(x) = 1 et (2.26)

(cosh 2t)n/2



40 Chapter 2. Preliminaries

With S. Meda’s change of parameters defined by

1 1
t=—1log +S,
2 1—s3s

t e (0,00), s € (0,1), (2.27)

the heat-diffusion kernel can be written as

& _ j+n/2 2 n/2
Gi(sy(x,2) =) (1 S) > hyx)hy(z) = <1 > ) e~ [shx+zP+1x—27]

£ 1+4+s ) 478
j=0 Ivl=j

(2.28)
and we also have

1-s2\"? s e
e_t(S)Hl(X) = <1—|—S2> e 1+s2 x , (229)

for all s € (0,1). The following estimate for the size of the heat kernel Gy(s)(x,z) has a
simple but technical proof which is given in Chapter 5, Section 5.5.

Lemma 2.6. For all s € (0,1) and x,z € R™,

1—s\"v Ixlx—zl  |x—zl?
Gis)(x,2) < C s e C e GCs . (2.30)
In particular,
n/2 _ Ixllx—z| _|X*Z\2 _\sz\z
Gi(s)(x,2) S am (1—s)™2%e” © e T e . (2.31)
X—z

The negative powers H™9. For f € 8 the fractional integral H™°f, o > 0, is given by

. _ 1 b © H dt
HET100 = 5 e (W) = g | et 5

The second identity above follows from (2.4) and Fubini’s Theorem. By writing down the
expression of the heat-diffusion semigroup and applying Fubini’s Theorem,

—oey = | [ [T gt _
H™%f(x) —J N [F(U)J G(x, z) U} f(z) dz J nF_g(x,Z)f(z) dz.

0 th
In [17] it is shown that the definition of H™° extends to f € LP(R™), 1 < p < oo, via the
previous integral formula.
The Hermite-Riesz transforms R; and Ri;. We can write

1 n
H=2 Z(AiAq +A AL,

i=1

where
A= axi +xi, A_j= AT = —axi + X4, i=1,...,n (2.32)
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Here A} denotes the formal adjoint of A;. The factorization above suggests the definition of
the Hermite-Riesz transforms. In fact, in the Harmonic Analysis associated to H the operators
Ai, 1 < [i| < m, play the role of the classical partial derivatives 0, in the Euclidean Harmonic
Analysis, see [82, 83, 17, 43, 76, 77, 78]. The first order Hermite-Riesz transforms are given
by

Ri=AH Y2 1<l <n (2.33)

These operators where first introduced and studied by Thangavelu [82], see also [83, 78]. The
second order Hermite-Riesz transforms are (see [43, 77])

Rij = AAHT, 1<l < (2.34)

2.3 Spectral Theory and Functional Calculus

The general theory and all the missing details can be found in [62, Ch. 12 and 13].

Let Q be an open subset of R™, n > 1, and let dn be a positive o-finite measure defined
on (). We denote by L?(Q) the space L?(Q, dn), and for f,g € L?(Q) we write (f, g);2(q)
to denote the inner product [, fg dn. Let L be a linear second order partial differential
operator defined in some domain Dom(L), that we assume to be a dense subset of L2(Q).
The operator L will always be taken to be nonnegative:

<Lf, f>]_2(_Q) =0, f € Dom(L).

Recall that this is equivalent to the fact that the spectrum of L is contained in [0, co).
Motivated by our concrete examples, we add the condition that L is self-adjoint, i.e. L equals
its adjoint L*. Under these hypotheses, the Spectral Theorem is valid: there exists a unique
resolution of the identity E, supported on the spectrum of L such that

L= ro A dE(A). (2.35)
0

In our context, a resolution of the identity E is a mapping
E : {Borel subsets of (0,00)} — {Bounded linear operators on L*(Q)},
such that
1. E(2) =0, E((0,00)) = Id:
2. Each E(B) is a self-adjoint projection (E(B)? = E(B));
3. E(By N Bz) = E(B1)E(B2);

4. If B]_ N B2 = & then E(Bl U Bg) = E(Bl) + E(Bg),
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5. For every f, g € L?(Q), the set function E¢ g defined by

Ef g(B) = (E(B)f,g)12(q)s
is a complex measure on the Borel subsets of (0, o).

Condition 2. above implies that E¢¢(B) = (E(B)f,f)i2(q) = HE(B)f||2L2(Q), for all f €
L2(Q), so each Ey ¢ is a positive Borel measure on (0, c0) whose total variation is ||Ey || =

E¢,¢((0,00)) = ||f”2L2(Q)-
The identity (2.35) is then a shorthand notation that means

(Lf,9)12(0) —J AdErg(A),  feDom(L), g e L2(Q),
0

where, by the definition above, dE¢ 4(A) is a regular Borel complex measure of bounded
variation concentrated on the spectrum of L, with d |E¢ g| (0,00) < [Ifl|2(q) l9lli2(0)-

Once the Spectral Theorem is established, the Functional Calculus can be defined. If
®(A) is a real measurable function defined on [0, co) then the operator ¢(L) is given formally
by

o(L) = J 6N dE(). (2.36)

0

That is, ¢(L) is the operator with domain

Dom(¢(L)) = {f e*(Q): Jm b dEf¢(A) < oo},

0

defined by

<d>(Uﬂ9>L2(Q)=<J b(A) dE(?\)f,9> = J (M) dE¢q(N). (2.37)

0 L2Q) Jo

The set Dom(¢p(L)) is dense in L2(Q). If f,g € [2(Q) then

00 00 1/2
L SO d[Erg| ) < llgllisio (jo PP dEf,fm) . (2.38)

If ¢ is a bounded function then the domain of ¢(L) is all L2(Q).
At this point we can define the relevant operators in the general setting.

Heat-diffusion semigroup generated by L with domain [?(Q),

etk = J e N dE(N), t >0,
0

The contraction property in L?(Q) holds: [|e™*"f| ., o, < [Ifll2(q)-
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Poisson semigroup generated by L also with domain [2(Q),
o
e yvL :J e UvA dE(A), y = 0.
0

If in the formula above we apply (2.2) then, using (2.38), we get (2.3).

Negative powers of L can be expressed using the heat semigroup by applying (2.4) in the
definition:

© 1 (® dt
L =| A dEN) = —— —th .
Jy o =g, et e e

Fractional powers of L with domain Dom(L°) C Dom(L). Recalling (2.6),

%0 1 (™ dt
L= | A° dE(A) = “tL_14 0 1.
L WM =g Jo (e ) grer 00
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Chapter 3

Extension problem for fractional
operators

In this chapter we study fractional powers of second order partial differential operators L in
a fairly general class. In Section 3.1 we describe any fractional operator L°, 0 < 0 < 1, as
an operator that maps a Dirichlet condition to a Neumann-type condition via an extension
problem. The corresponding properties are developed in Section 3.2. Some examples of
operators L for which our results can be applied are given. The solution of the extension
problem in terms of Fourier expansions and Bessel equations is presented in Section 3.3.

3.1 The extension problem

Let O be an open subset of R™, n > 1, and let dn be a positive o-finite measure defined
on Q). Throughout this chapter L denotes a nonnegative and self-adjoint linear second order
partial differential operator densely defined in [2(Q) = L2(Q, dn). As shown in Chapter 2,
the fractional powers L°, 0 < 0 < 1, can be defined using the Spectral Theorem.

The main result of this chapter is the following.

Theorem 3.1. Let f € Dom(LY). A solution of the extension problem

u(x,0) = f(x), on Q; (3.1)
1—20 .
—Lou+ Uy +uyy =0, in Q x (0, 00); (3.2)
15 given by
I (* w2 dt
— 1° t — .
uboy) = o | e L e ¥ (33)
and
_ I(—
lim uboy) —ulx,0) _ T(=o) Lof(x) = 1 lim ylfzcuy(x,y). (3.4)

Y0+ y2° ~ 49T7(0) 20 y—0+

45
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Moreover, the following Poisson formula for uw holds:

(3.5)

20 o] 2 t 1 60 2
wixy) = o | - | e ar
0

4°T(0) € th(X)e & tlto - m 0

All identities above are understood in [?(Q). Note that a solution u to the degenerate
boundary value problem (3.1)-(3.2) is written explicitly in terms of the heat semigroup e~ t"
acting on L°f, but in the Poisson formula (3.5) no fractional power of L is involved.

When L = —A, the extension result of [23] is recovered, see Examples 3.15. We show in
Remark 3.7 that the Poisson kernel for the general case can also be derived with the method
of [23].

For simplicity of reading we present first the proof of Theorem 3.1 for the discrete spec-
trum case and f a finite linear combination of eigenfunctions of L. Secondly, we sketch the
proof for L = —A and f € 8. In these contexts all identities in the statement of Theorem 3.1
also hold pointwise. Finally the general proof is given.

Proof of Theorem 8.1 (Discrete Spectrum Case). If L has discrete spectrum (as in Sub-
section 2.1.1 of Chapter 2) the definition of L® in [2(Q) is the natural one: if f € [?(Q) has

the property that
2

SN 0l = 3 ||t dn| <ox,
k k Q
then
Lof = Z AR (f, dr) dx, sum in [2(Q). (3.6)
k

Assume for the rest of the proof that f is a finite linear combination of ¢ ’s. Hence the sum
in (3.6) contains finitely many terms and L°f(x) is defined for all x € Q). Then (3.3) is well
defined:
(oe]
)

2
e tH(Lof)(x)e 4t e e

dt © dt
_ <ZL e 2L 30 o ()
k

=T(0) )_lexlldpr(x)] < oo,
k

and

We have
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and, by integration by parts,

o = —tA v dt
AR Ak P (%) Jo e e ti—o

_ = Y Wl
——ngﬁcm(x)ﬁ] oufeMe i
1

© 2 (y? o-—1 dt
~ 1oy gt (Y2
k kd)k(x) JO 4t2 + t tl*G

so u given by (3.3) solves (3.1)-(3.2). Note that

2

e~ a —1 )\ dt
ey )t
(%)

1 v e "—1)\dr
=, ¢ F e () 5

u(x,y) —u(x,0) 1 e
o = ot |y ¢

47

therefore, since lim¢_,q+ e *H(Lf)(x) = Lf(x), by the Dominated Convergence Theorem,

we obtain the first identity in (3.4). The second equality of (3.4) follows because

2

I 4 20, i~ (Y T at
R - - ke at ~ —
5o Y y(x,y) = § Arckdr(x J e ke 1 <4t> .

le?\ -7 1_0dT‘
Zwk |, el

implies
—I'(1— o)
490T (o)

I'—o)
4°T (o)

1
— lim yl_zcuy (x,y) = Lof(x) = Lof(x).

20 y—0+t

Finally, u can be written as in (3.5): indeed, using the change of variables r = y?2/(4tAy),

wioy) = 5 Y ( |Te e s df) o (x)

k
_ 1 © 7}]3 y2 ’ 71"7\]{ dT
= o) & <L e <4r> e - ) exdr(x)
20 o _ 2 _ dT
:43”0)2 e e M T1+G> ckdr(x)
K

20 00 2 20 0 2
_ Yy —TAk -5 dr _ Yy J —rL -+ dr
29T (0) J (Z e ckd)k(x)> e s e = 89T(o) ), e " f(x)e o

O]
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Proof of Theorem 3.1 (The Laplacian in Rn). Let f be in 8. Then u is well defined since

m ) J J e (1]gf)7 & ar

o) [[fllcs (mr)
By Fubini’s Theorem we can write

e el |20 1x£’ df e i

_ 1 20 2oy amine [0 g2 —y2  dt
u(X,U)—W%JRn|5| f(&)e . e e " ao de.

Now the proof follows the same lines as in the discrete spectrum case, but with the obvious
modifications: the sum replaced by the integral, the coefficients cx by the Fourier transform
f(&), the exponentials e *'& by the eigenfunctions ¢y and |&® in the place of A. O

Proof of Theorem 3.1 (General Case). Before starting we suggest the reader to review
Chapter 2, Section 2.3.
1. First we prove that u(-,y) € L?(Q) and, for all g € L?(Q),

(), 90D = 7 | (e LT 0) oy € ¥ i (3.7)

For each R > 0 let

I w2 dt
uRr(x,y) = F(G)L e "H(Lof)(x)e 1t o
2
Since f € Dom(L?), e tF(L°f) € [2(Q). Moreover, e_lﬁ/’cl_‘j is integrable near 0 as a
function of t. Then, using Bochner’s Theorem, (2.37), the fact that dE¢ 4(A) is of bounded
variation and the change of variables t = r/7\ we have

1 v dt
(ur(4Y), 90D 12 () = (o) Jo <e L, 9) o) € o

1R —tA _ﬁ dt

= ey |y ¢ e
1 [ R G 2 dt

-~ T(o) Jo Jo ¢ * t dEr,g(A)
1 roo rRA B 2 dr

= Fg)Jy Jy ¢ T R

so that
(ur (), 902 000| < gy L JO e e ) < Ifll2ga) lgllisq)

Therefore, for each fixed y > 0, ug(-,y) is in Lz(Q), and [[ur(,Y)llzq) < [fll2q) U
0 < Ry < R; then

R2A

oy dr
<uR2("U) _uR1(')y)’g(')>L2(Q) = I J J e ],Ue %}\ . dEf:QU\)'
0 JRiA T
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Note that

Rz)\ 2 d
_ _ys T

J e "% v —| 50 as Ry, Ry — o0,
T

and

—| < T(0), for all A.

Hence, by dominated convergence,

Rl,]i%?ioo <UR2 (7U) — UR, (';U): g()>L2(Q) =0
Therefore, for any sequence {Rj}). < Of positive numbers such that R?  co we have that
the family {ug; (-,y)}jGN is a Cauchy sequence of bounded linear operators on L?(Q). Thus,
ur(-,y) = u(-,y) weakly in 12(Q), as R — oo, and u(-,y) € L?(Q). Moreover,

1 & y?

= lim —— A (tA)%e s — dE¢ (A

B |, J, e e E e
_ 1 e tA o _y? i

1 %[> —tAy O 2 dt
—7]1(0) . Jo e A dEng\) e 4 e

1 © _y2 dt
=T ), (e M (Lf), g)r2(qre = pypr

where the limit can be taken inside the integral because the double integral converges abso-

lutely. Hence, (3.7) follows.
2. Next we show that u(-,y) € Dom(L), that is,

—sL,, (. _ .
lim <e ul,y) —ul ’y),g(-)> exists for all g € L2(Q).
L2(Q)

s—0* S

As e st is self-adjoint, by (3.7) we have
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Hence, (3.7), (2.37) and Fubini’s Theorem give

<e—sLu(.,y)—u(-,y) g()> 1 r°°<e—sLe—tLLGf—e—ﬂLGf 9> _y2 dt
! L2 !

S F(O') Jo S L2 tl—U
1 rOO 0O efs?\eftA)\cr_eftA)\o y2 dt

= dEs q(A)e 2
Mo) Jo L 5 e s

1 (00 J'oo efs}\eft}\xc _ eft?\AU y2 dt

- F(O') Jo Jo S tl—o

Finally, by dominated convergence

e_SLU(';U) —U(;U) 1 i —tA T
< s ’g(')>L2(Q) Sj+ WJ di(e” M)A o dEf,gO\)

o) Jo Jo ti-o
1 (> 2 dt
— - L 7tLLO'f
F(O') JO < € ’9>L2(Q) e 4 tl—o

3. We check the boundary condition (3.1): for g € [2(Q), by (3.7),

(uly),g()) = r(lg)L L e M (tN)° dE;g(A) e % titc
1

:WL L e o T dEng (N — (f9)o)

4. The function u is differentiable with respect to y and

uy(x,y) = o) e ML) (x) dy(e” %)

00 _y?

_ dt
L J e tL(Lof)(x) Y& At
o 2t t-o

1 JOO y? dt

0 tl—cr

- T(o)

(3.8)

Take y from the interval (y1,y>) and fix 0 < hg < yi. For all h such that 0 < |[h| < hg, by
(3.7),

<u(-,y +h) —u(-,y)

1 —tL(70 e ;
. — | (e tE(LOf), :
h 19( )>L2( | r(O') JO < ( ) g>L2(Q) h tlfo-

2
Applying the Mean Value Theorem to e~ o as a function of h, we get

_ (y+h)?
e i —e 1

h < C91792,h01+t'

21
| N
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Hence, by dominated convergence and Bochner’s Theorem,

u(,y+h) —u() L[, e e
< - ’9(')>L2(Q)‘WL (€L, 9)1s() Dyle™ ™) 555

1 JOO —tL(1 0 _y? dt
=(=—| e "(Lf)oy(e &) —, .
<F(6) 0 Y =9/ 0)

5. The function u verifies the extension equation (3.2). Observe that the integral defining
uy in (3.8) is absolutely convergent as a Bochner integral, and it can be differentiated again
with respect to y. Hence,

lim
h—0

<1_y2“ 1y (1Y) + (10, 9(-)>

L2(Q)

1 (), .o o—1 y?\ 2 dt
ety (O (T )

T Hetier g et
= o) L at[<e L f,g>]e e

_ e tA _y?dt
- ro)J U a dEf’gm]e Yo

2 dt
J J _t)\AG —L t d fg()\)
0

1
= fo
< et (Lof)e tld_tc,g> = (Lu(4Y),9( )2 (q) -

6. Let us check (3.4). Note that, for all g € [2(Q), by (3.7) and the change of variables
t=1y?/(4r),

Sy) —ul-0 1 (®) 2 T 1\ d
Y 12(q) 4°T(0) Jo 12(Q) T T

therefore, since lim_ o+ <e_tLL‘7f, g>L2(Q) = (L°f, g}Lz(Q), by dominated convergence, we
obtain the first identity in (3.4). Using (3.8) and the same change of variables, the second
equality of (3.4) also follows because

1 1-20 _ —1 ~ —tLyo —
%<U Uy(',y),g(’)>L2(Q) _WL <€ L f’9>L2(Q)e

4°0T(0) Jo /o) T’

e
VR
B|<,
N———
v
Q
|5

implies that

—I'(1—o0)
490T (o)

_ T(-o)
) ™ 49T (0)

(yt2 (L°f, 9120

uy(';y))g(')>]_2(g) = <L0f7 9>L2(Q)
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7. Let us derive the Poisson formula (3.5). By (3.7), (2.37), Fubini’s Theorem and the
change of variables t = y2/(4rA), we get
‘J2

() 0 Disio) = o |, | & T S BN

1 0 oo 2 y2 o o dr
- . S aE, (A
oty Jo 7 (3) € aEol

20 o0 2 d],
_ —tL -
o 49T (o) Jo <e f, 9>L2(Q) e 4 rlit+o

= Y= Joo e tf et dr .9 .
40]“(0—) 0 rito 12(Q)

The last equality is due to Bochner’s Theorem.
The second identity of (3.5) follows from the first one via the change of variables r =
y2/(41). O

3.2 Poisson formula, fundamental solution and Cauchy-Rie-
mann equations

In what follows we assume that the heat-diffusion semigroup generated by L, that is defined
in a spectral way, is given by integration against a nonnegative heat kernel K¢(x, z), that is,
for f € L2(Q),

e thf(x) = J K¢ (x,2)f(z) dn(z), t>0.
Q

Since e T is self-adjoint, K¢(x,z) = K¢(z,x). The second assumption we make is that the

heat kernel belongs to the domain of [ and 9:K¢(x, z) = LK¢(x, z), the derivative with respect
to t is understood in the classical sense. This implies that

atJ Ki(x,z)f(z) dn(z) =J 0¢K¢(x, z)f(z) dn(z), f € [*(Q).
Q Q

Motivated by concrete examples, we add the hypotheses that given x there exists a constant
Cy and ¢ > 0 such that

[Ke(x, Mlz(a) + 110eKe (%, )12 q) < Cx(T+t5)t7°.

Theorem 3.2 (Poisson formula). Denote by PJf(x) the function u(x,y) gwen in (3.5).
Then:
(1) We have

Pt = | Pglx,2flz) dnia)
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where the Poisson kernel

Po(x,z):=

Yy

40_r(()_) Kt(X,Z)ei 4t m, (39)

0

15, for each fized z € Q, an L?(Q)-function that verifies (3.2).
(2) supy>q |PYf| < supiso e, in Q.

(8) If e 'L has the contraction property in LP(Q) then Hﬂ’ngLp(Q] < fllp (), for all
y = 0.

4) Iflimi_gr e M = f in LP(Q) then limy_,q+ POf =f in LP(Q).
y Yy

Proof. The integral formula in (1) can be verified by using (3.5), Bochner’s and Fubini’s
Theorems:

20 o0 2
_ Y —tL -3 dt
(750,9) = gomig7 ). (& 9o e ¥ s

B y20' 00 _% &
— 40‘[“(0_) JO J_Q_ JQ Kt(X; Z)f(Z)g(X) d‘l’](Z) d]’](x) e Tro

20 (%] 2 dt
:JQ JQ [4(fyr(o) L Kelx,z)e st 5| f(z) dn(z) g(x) dn(x).

The last identity above is justified by observing that the triple integral of the modulus of
the integrand is bounded by Co,y Iflli2(0) [I9ll12(q)-

In order to see that the Poisson kernel satisfies (3.2) we begin by showing that it belongs
to the domain of L. By the assumptions established on the L2-norm of the heat kernel,
Po(,2) € L2(Q), for each z, and, by Bochner’s Theorem,

—sL G(_,Z): Y

> 0.
€ My 49T (o) s

20 00 Py dt
—sL _u-
J e S Ki(x,z)e = dro

0

With this,

L e e (3.10)

= e ar .
S 4°T (o) Jo S rito

Using the Mean Value Theorem, the fact that K¢(-,z) € Dom(L), and the contraction property
of e st we get

e Sty (,2) — Ke(+, 2)

s = HLeieLKt(',

L2(Q)
<[ILKe(2) [ 2(0) = [10tKe( 2) [l 2 q) < C2(1+t9)t°.

Z)HL2(Q) = HeieLLKt("Z)HL%Q)
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Hence, the Dominated Convergence Theorem (for Bochner integrals) can be applied in (3.10)
to see that the limit as s — 0" of both sides exists and

20

Py %2 = o L

o0

dt
ti+o’

2
Ot (Ke(x,z)) e 4t

Now we are in position to check that P(x,z) verifies (3.2). Note that, by dominated con-
vergence, the derivatives with respect to y of P (x,z) exist and can be computed by differ-
entiation inside the integral sign in (3.9). Then, using integration by parts,

1—20 y2° Jo" ;ﬁ<y2 1—1—0) dt

0y Pg(x, z) + anyS(x, z) = Ki(x,z)e 4t

y 4°T(0) Jo 42t ti+o
20 00 2
y _y? dt
e ), Kk e ET ~LPEi2)

thus (1) is proved. (2) follows from the second identity of (3.5). The contraction property
of the heat semigroup gives (3):

1 [, v . dr
125lo 0 < 7 |, e F Hlhuncne ™ 755 < Il

Observe that
1 dr

0 2
25t =) < g ), e = Flinare™ 7
so (4) follows. O

Remark 3.3. Note in (3.5) that, when o0 = 1/2, ﬂ’i,/Qf = e~ YVLf is the Poisson semigroup
generated by L acting on f, see Chapter 2.

Proposition 3.4 (Fundamental solution of (3.2)). The function

1 (® _y?2 dt
YEay) = 7 | Kalmale ¥ (3.11)

satisfies equation (3.2), ¥Y2(z,y) =¥Y?J(x,y), and

. 1 1 9g o _
ylﬂ,l+ <20 yl? aywx(.,y),f(.)>L2(Q) = 4Gr(6)f(x). (3.12)

Proof. As in the proof of Theorem 3.1, it can be checked that for each x,

. 1 R _y? dt o
lim <]_‘(0_)J’ Kt(x,')e & t]__aig(')>l_2(ﬂ) :<Wx(:9):9()>L2(Q)

R—o0 0
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and that (3.11) satisfies (3.2). Differentiation with respect to y inside the integral in (3.11)
can be performed to get

1-20 00 o\ 1—o
E o —1 _v: (y dt
——— | K 2 -
2 ay\yX (Z;y) 4GUF(U) J;] t(X7 Z)e 4t <4t> t
-1 o dr
=—— | ¥ - =
4°0T(0) L %(x,z)e 10
Therefore we obtain (3.12):
1-20 S 2
E o —1 . _p dr
f(z) dn(z) = i =
o | 22wl ane) = o [T e T G
—T'(1—o0) I'(—o) 4
— = f(x) = f :
1o0(o) M = gor(g) ¥ YO

Remark 3.5. It can also be proved that
Yo, y) —v¥o(
< X(Jy)2 X(,O)’f‘)> — f(X),
Y2 12() 4°T(0)

Proposition 3.6. Let v(x,y) := y' 2%uy(x,y), where u solves (3.2). Thenv is a solution
of the following “conjugate equation”

lim
y—0+

2 .

Proof. The computation is analogous to the one given in [23], with the obvious modifications:

1—20

—Lv— (1 =20y ?uy +y' 2%uyy)

_ 1—20 _
Vy +Vyy =Y Luy

—20(1—20)y 2% tuy + 2(1 — 20)y 2uyy + Yy *Tuyyy

(1—20)2u 1—25u 20(1—20)u +2(1—20)u u )
92 Yy y vy 92 Y y yy Yyy
1—20 1—20

v Uy + " uyy+uyyy>

— 20
Uy —i—uyy) =0.

— y1—20' (—Luy _

= 91_26 ((_Lu)y -

= 91*26813 (—Lu +
O]

Remark 3.7. As in [23] the fundamental solution (3.11) and the “conjugate equation” (3.13)
(which coincides with the conjugate equation given in [23] when L = —A) can help us to find
the Poisson kernel (3.9). Indeed, we want to write

u(x,y) = Pyf(x) = Lz Py (x, 2)f(z) dn(z),
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where the Poisson kernel P{(x, z) must be a solution of (3.2) for all z and lim,, o+ Pyf(x) =

f(x). The right choice would be
41-°7(1 - o)

2(1 —o)l'(—(1—0))

PS(x,2) = Yyl 207903, Wm0 (2, y) = Cp oyt 2700, W02, y),

(3.14)
since it solves the “conjugate equation” (3.13) with 1 — o in the place of o (thus it verifies
(3.2)) and by (3.12) and the choice of C;_g,

lim claj Y2000 Y0 (2, ) f(2) dn(z) = ().
Q

y—0+
A simple calculation shows that (3.14) coincides with (3.9).

For the following discussion we shall assume that the operator L can be factorized as
L = DiDj, where D; = a;(x{)0; +bi(x{), is a one dimensional (in the ith direction) partial
differential operator and D} is the formal adjoint (with respect to dn) of D;. In this case we
give a definition of n conjugate functions related to the Poisson formula for u.

Let Eg :=—L+ 1;2" 0y + 0yy. Then the factorization

n
Ee=—) DiDi+y 7299, (y' 299y),
i=1
suggests the following definition of Cauchy-Riemann equations for a system of functions
U, vi,...,vn : Q x (0,00) = R such that E;u =0:

Yy 299 u =Djvi + - - + Divn,

Diu:y*“*%)ayvi, i=1,...,n, (3.15)
Dkvi:Din, i,kzl,...,n.
Proposition 3.8. Let u be a solution of Ecu = 0 in Q X (0,00). If vq,...,vn veryy
(3.15) then each vi solves the ith conjugate equation
; 1-2
Ei svi = —Lvi + [Df, Dilvi — ° dyVi + Oyyvi =0, i=1,...,n, (3.16)

where [Df,D;] = D{D; — DD}

Proof.
—I_vi + [DT, Di]vi = — Z DkaVi — DiD?Vi
k#i
n

= — Z DiDivk — Din\li = —Di (Z D?;Vk>

k#1 k=1
=—D; (y' 299 u) = —y'7279,(Diu)

_ (11— 1—-20

=—y'299,(y (1 Zc)ayvi) = — OyVi — OyyVi.
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Remark 3.9. The ith conjugate equation (3.16) is not the same as the “conjugate equation”
(3.13). They will coincide only when [D}, Di] = 0. This is the case if L = —A: the conjugate
equation established in [23] is equal to each ith conjugate equation (3.16).

Proposition 3.10. Fiz z € Q and choose u(x,y) = PJ(x,z). Then a solution to (3.15)
15 gwen by the n conjugate Poisson kernels defined by

. -2 o0 _y? dt .
vilx,y) = Qytx,z) i= ‘WDiJ'o Ki(x,z)e 4t o i=1,...,n (3.17)

Proof. From (3.14) and the second equation of (3.15),
C1-0Di0y ¥y 7(z,y) = 9y Q7" (x, 2),
so in view of (3.11), Qg’i(x, z) can be chosen as in (3.17). Clearly
D Q' (x,2) = DiQJ*(x,2).

Moreover, the first equation of (3.15) holds:

DiQy (x,2) -+ + DR QY™ (x, 2) = 4;?0) gD?Di J:O Ke(x, Z)e*% %
= 40;?0) j:o LK¢(x, z)e*% %J:
= ey Jp el
- 40;?6) j:o Kilx,zle & <1£ - G> t1d+ta

:ylfmayPg(x,z).

Corollary 3.11. The Poisson integral of f, u(x,y) = PJf(x), and the n conjugate Poisson
integrals of f defined by

Vil y) = 07 H(x) 1= JQ 7, 2)f(z) dn(z) = 40}?6)&]0 e tiixe d S (318)

fori=1,...,n, solve (3.15).

Remark 3.12. When 0 =1/2, Qb/Q’if(x) is the ith conjugate function of f associated to L,
see [74, 82, 83, 78]. A natural question arises: what is the limit of Q"'f(x) as y — 0"? The
answer is contained in the next result.

Theorem 3.13. For each x € Q,

—2I'(1 — o)

DL~ 190 (x).
4°T(o) ¢ )

lim Qg’if(x) =

y—0+
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Proof. From the expression of Qg’if(x) in (3.18) and (2.5),

. : —2I'(1— o) 1 o dt
1 o,lf — Di th By
Jm 90 = —ere) D= o) L R by
Car(1-0) o
= " 2oT(o) D;L f(x).

O]

Remark 3.14. The conclusion of Theorem 3.13 can also be obtained from the following
observation: except for a multiplicative constant, the last formula of (3.18) is just the D;-
derivative of the solution of the extension problem (3.2) for [1~° with boundary value
L~ (1=9)f(x), see (3.3). For o = 1/2, Theorem 3.13 establishes the boundary convergence
to the Riesz transforms D;L~!/? (which in case L = —A are the classical Riesz transforms
dx, (—A)71/2). See [74, 72] and [82, 83, 78).

Examples 3.15. We present some examples of operators L for which our results apply.

The Laplacian in R™ Recall that the heat semigroup e**f(x) is given by convolution
with the Gauss-Weterstrass kernel (2.12). We can recover the Poisson formula

2
gwen wn [23]: use the change of variables % =1 1n (3.9) to see that the
Poisson kernel in this case 18

_x—z?+y?2

PU:*A(X 2) — y20' JOO e~ &t  dt B rn/2+ o) yZO'
y ) - 46]"(0) 0 (47’(’()“/2 tlt+o - 7.[n/2r(0_) \ 2o -
<|X—Z| +y2)
The function P;/z’_A(X,Z) coincides with the Poisson kernel for the harmonic

extension of a function f to the upper half space, see Chapter 2. The Cauchy-
Riemann equations read

Ulimyayu = - (axlvl + -+ axnvn) )
O =y 17299 v, i=1,...,n, (3.19)

Ox, Vi = Ox, VK, i,k=1,...,n.

The case 0 = 1/2 1s the classical Cauchy-Riemann system for the n conjugate
harmonic functions to u, see [72, 75]. In dimension one (3.19) reduces to

{ Yy 299 u = —oyv,

O = y*“*%)ayv,

which already appeared in a paper by B. Muckenhoupt and E. M. Stein [59].
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Classical expansions L can be each one of the operators arising in orthogonal expan-
sions, like the Ornstein- Uhlenbeck operator (Hermite polynomaials arise under the
2
Gaussian measure dn(x) = e~ X" dx, see also [69]),

—A+2x-V =) (=0 +2x1) (3x);

the harmonic oscillator (Hermite functions and Lebesgue measure dn(x) = dx),

1
A+ = 2 Y [0 +x0) (Bx, %) + (0, + %) (<0, +x0) ]
i
the Laguerre operator (Laguerre polynomaials on the cartesian product of n half
lines (0,00)™ and measure dn(x) = ixf‘ie_xi dx),

+1/2
D %02+ (o +1—x3)dy, —Zﬁ(axﬁ <°‘1 / >>\/7Tiaxi§

l

Jacobi and ultraspherical on (—1,1); etc. For classical orthogonal expansions see
[81] and [55].

Elliptic operators Let L be a positive self-adjoint linear elliptic partial differential
operator on 12(Q) with Dirichlet boundary condition and bounded measurable
coefficients. Then its associated heat kernel exists and it verifies our assumptions
stated at the beginning of this section. Moreover, such a heat kernel has Gaussian
bounds [30, p. 89]. We can also consider Schrdodinger operators with nonnegative
potentials in a large class [30, Section 4.5].

3.3 Existence and uniqueness results for the extension prob-
lem

In this section we derive the solution of the extension problem in the case of discrete spectrum.
We also find solutions with zero Neumann-type condition. This is done in an elementary
way: using Fourier’s method.

The same kind of computations can be carried out if L = —A in R™, by using the Fourier
transform.

3.3.1 L2 theory

Recall the definition of L% in [2(Q) given in (3.6). Let f € 12(Q) and look for solutions u

to (3.1)-(3.2) of the form
%Y) = cr(y)drx). (3.20)
k
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Then for each k € Ny we have to solve the following ordinary differential equation:

Yy

—AxCy + =29 ¢, +cf =0, fory>0,
ck(0) = (f, dx).

According to the book by N. N. Lebedev [55, p. 106] (the reader may also consult [34, 87]),
this last equation has a general solution of the form

cly) =y Zo(+in/ %y, (3.21)
where Z; is a linear combination of Bessel functions of order 0. To have uniqueness of the
solution we include the boundary condition limy_,. u(x,y) = 0 weakly in L[2(Q), which
translates to the coefficients as

lim cx(y) =0. (3.22)

y—o0

From [55, p. 104] we see that Z, can be written as

Zo(2) = A1Jol(z) + A2HY (2) = B1Jo(2) + BoHE (2) (3.23)
— CiJo(2) + Co]_o(z) = D1HY (2) + DoHE (2), (3.24)

where ]+, denotes the Bessel function of the first kind and HE;l ) and ng) are the Hankel
functions. To fulfill condition (3.22) we need to review the asymptotic behavior of the Bessel
functions. When |argz| < m— 9,

1/2
Jo(z) = ( 2 ) [cos <z— 2072?“) (1 + O(Iz\fz)) (3.25)

iz
2 402 —1
—sin (z— 25T (2T 22 oY) ) |
4 8z

o2
Hgl)(z):< ) =25 (14 0(27),

iz

1/2
HP) (2) = ( 2 ) e—i(z—257) (1 T O(Iz\_l)).

iz

Note that for purely imaginary z — oo, Jo(z) — oo exponentially and Hgl)(z) — 0 or oo
depending on the sign of the imaginary part of z. Putting z = i?\11</2y in (3.21) we see that
the only possible choice as solution is the first linear combination of (3.23) as soon as A; = 0:

cr(y) = Az y"HY (AL 2y).

If K, denotes the modified Bessel function of the third kind then Hgl) (iz) = 2 Ui K4 (2)

and

21701
Ko(AY2y).

ck(y) = Az y°
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To determine Ay we use the initial condition. The asymptotic behavior of Ks(z) as z — 0

reads 1
Ko(z) ~ r(0‘)26717.

z

So that, when y — 0, ci(y) = Ag 29 i %~ Mo Ay /2 Therefore
T[i1+0 o/2
Asy = A f .
Thus
21—0’

o

ck(y) =y A2 (F, dr) Ko (A %y).

o) *

Kol(z) ~ (2%)1/2 e (1+0( ),

Since as |z| — oo,

(3.26)

(3.27)

the series in (3.20), with cy as in (3.27), converges in [2(Q) for each y € (0,00). Finally,

(3.26) implies that (3.1) is fulfilled in the [2(Q) sense.
On the other hand, by using the properties of the derivatives of K
as y — 0 we have

1 15 1—2 2l—¢ d 1/2 1/2 2
—y % (y) = —y' ¢ A Ko(AY —k 7
20_U Ck(y) 209 r( )< q)k> ( 1/2y) ( k U) ( ‘J)
1 5o 217C N

= 559" ey B oK CD ) Ko PN

- —iF?U) (f, dr) Ay A2 1k/291 “Ki1- (Allcmy)
= ﬂj;gmhﬁ dr) = :él“( )) AR (T, drc)-
As a consequence,
;jggay Ty (5 y) M b dulx) = 4”;(?)

the limit taken in [%(Q), see (3.6).

Remark 3.16. The Fourier’s method also gives us the explicit formula (3.3).

plying the representation formula [55, p. 119]

z

O =2 dr s
_ — 4T
Ko(z) = Sita J e e g larg z| < y

0

55, p. 110] and (3.26),

Indeed, ap-
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to (3.27) we get

y20' - o0 _}ﬁ)\ . dT
wlxy) = Y elylduln) = o YA ol | e e
k

K 0

1 . S
= o) SN bl [ e H

2

= r(la)J (Z e AL, Cbk><|>k(7<)> e it tld_tg

0 Kk

L [T st opy .-t At
- JO e tL(LoF)(x)e

tl—o’
In particular, the unique solution of (3.1)-(3.2) with zero boundary condition at infinity is

the one given by Theorem 3.1.

3.3.2 Local Neumann solutions

Let us find a solution to (3.2) such that

1. 1-2
2 yli)nol+ y %y (x,y) =0, for all x € Q. (3.28)

Writing w(x,y) = >y di(y)dx(x), condition (3.28) implies that lim,_,o+ y*~2°d; (y) = 0.
Therefore, as (see (3.21))

e A ' | |
4 (y) = (Ao [P Zo (N Py | = NPy Ze (0 %),
d(irg y)

we require
Y d (y) = NPy Ze s (A Py) 50,y .

When z — 0 (see [55]),

z° (1) 2°T(0) 1 (2) 2°T(o) 1
~— S ~ Tl d H ~2 0
Jolz) 2°T(1+0)’ o (2) in zo0 0 o (2) im z°
Then, as y — 0,
1/2 (i)\t/z)a_l

1— .
Yy o1 (N TY) — 20-1T(0) !

2170‘1“ 1— 20—1
( o)i (v\t/2)1—cr,
21-9T(1 — o)i~(20+1)

Tt

Yo HY (A 2y) =yt oo H (A 2y) -

yl_O_HE)?_)]_(i}\]l{/zy) :yl—O':L—ZO'H](-Z_)O_(i)\]l(/Zy) — (i)\]l{/z)l—O',
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but

.)\1/2 1—0o
Yy T o (N Py) & (A ) 2-20 _,

T ol-oT(2 — o)

Consequently, we choose the first linear combination in (3.24) with C; = 0. Thus

di(y) = Coy°T o (iIA?y),

verifies limy o y* ~2°d; (y) = 0 and u formally reads

uxy) =y° Y CoxJ-oliNy)dr(x).
k

In order to have a convergent series (at least for small y) let us determine C,: taking into
account (3.25) it is enough to fix R > 0 and put Cyx = Ce MR,
In this way we obtained a solution u to equation (3.2) in Q x (0,R) that satisfies the

required property (3.28).
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Chapter 4

The fractional harmonic oscillator:
pointwise formula and Harnack’s
inequality

In Section 4.1 we study the definition and basic properties of the fractional harmonic oscillator
H¢. We obtain the following pointwise formula

HOf(x) = J (f(x) — f(z))Fs(x,z) dz + f(x)Bs(x), x € R™,

n

where the suitable kernel F;(x,z) and the function Bs(x) are given in terms of the heat
kernel for H. Some maximum and comparison principles are derived. Using the extension
problem of Chapter 3 the Harnack’s inequality for H® is proved in Section 4.2.

4.1 Pointwise formula for H° and some of its consequences

We suggest the reader to recall the notation and basic facts related to the harmonic oscillator
H established in Chapter 2.

Let f € 8 and 0 < 0 < 1. Since [hy||{w(gn) < C for all v € Nt and (2.23) holds, the
series defining the fractional harmonic oscillator

HOf(x) = ) (2[v[+1)°(f,hy)hy(x),  x€R™, (4.1)

v

converges uniformly in R™. Note that, by using Hermite series expansions, we can check that
(H7f,g) = (f,H%g),

for all f,g € 8, and H'f = Hf, H’f = f. Moreover, H=°f = (H°)1f, f € §.

Lemma 4.1. For f € 8§,

Hf(x) = F(ia) L (e7™f(x) — f(x)) tld‘%, x € R™.

65
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Proof. Let ¢y = (f,h,). Because of the uniform convergence of the series of (2.22), (2.24)
and (4.1) we get

[, e =) 55

0

J (Z etV b ch ) t1d+t0
Z J |:e—t(2\v|+n] _1:| %
r—

)Z(2lv|+n) vhy (%) = T(—0)Hf(x).

O

Next we show that the fractional harmonic oscillator is a bounded operator on 8. This
fact contrasts with the case of the fractional Laplacian, that does not preserve the class 3.

Lemma 4.2. H® s a continuous operator on S.
Proof. Recall the operators A; and A_; defined in (2.32). It is well known that

Aihy(x) = (2vi)Y2hy e (%), A_ihy(x) = (2vi +2)Y%hy e (x), x€R™,  (4.2)
where e; is the ith coordinate vector in N, see [82]. Hence Hf € C*°(R™) and for all k € N,

Ag - AGHOE) =) 2V +1) ()AL - Ayhy(x), =21, 1=1,...,%, (4.3)

"
the series converging uniformly on R™. Since

ActAs_, M A L i=1 o, (4.4)

2 2 '

!Bl
axfl axbn
combination of operators A; and A_;. Therefore, to check that xYDPHOf € L®(R") it is
enough to verify that for each k € N, Ay, --- A HOf € L*°(R"™), where {iy,...,1x} C {1, 1}
The identities in (4.2) easily imply the following commutation relations for Hermite functions
and thus for f € 8:

for each multi-index v, p € N we can write xYDP = X)Xyt as a finite linear

?

AiHGf = (H+ 2)0Aif, 1<ign
1< —1.

i
Angf = (H — 2)GAif, —n <1

Here (H+2)°Aif:=) | (2]v[+n £ 2)°(Aif, hy)h,. Hence, in (4.3),
Aqp A HOE =D (21 + 1+ 2§)%(g, hy)hy,

v

for some j € Z and g := Ay, --- Ay f € 8. For m € N sufficiently large, using the symmetry
of H as in (2.23), we have

> 21V +n+25)%(g, hy)hy (%)

v

(2[v[+n+25)°
<IH™gllizen 2 e = CIH gl -
v
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Therefore xYDPHf € L>°(R"). Moreover,
YDPHTFX)| = |3 oA, - A HTfx)| < €Y I(H+2))Aq, - Ay fx)
< C (seminorms in 8 of (A4, --- Ay, f)) = C (seminorms in § of f).

O]

Lemma 4.2 together with the symmetry of H° on 8 allow us to give a distributional
definition of H: for u € 8’, define H°u € 8’ through

(Hu, f) :== (u, H°f), fes.

Therefore, HC is well defined for all functions u that are tempered distributions. In particular,
u can be taken from the space Lﬂ defined for 1 < p < oo and N >0 as

uaP N\
LR, =S uw:R" = R:|ul;r = J —FS— dz <00 p. 4.5
Using Lemma 4.1 and the formula for e *"'f(x) given in terms of a heat kernel (2.25) we
can sketch the derivation of the pointwise formula for H°f(x), for f € § and x € R™. Since
e tH1(x) is not a constant function (see (2.26)), we have

(>, _ dt 1 (= dt
o J (e ™Mf(x) — f(x)) dre = F(—G)L (J . Gi(x,z)f(z) dz—f(x)) io

= F(ic) J:O U X Gi(x,z)(f(z) — f(x)) dz + f(x) (J X Gi(x,z) dz — 1>] tld%
1 dt 1o, dt
~ 2 [ e — ) az i i [ e - 1)

where we have defined the nonnegative functions

1 Joo dt 1

Fo‘(X,Z) = m Gt(x, Z) m, B()-(X) = r(_o_) JO (eitHl(X) — 1) t].d:rto' (46)

0

The subtle point in the chain of computations above is to justify the last equality. If 0 < 0 <
1/2 the last integral is absolutely convergent and Fubini’s Theorem can be applied directly.

In the case 1/2 < 0 < 1 a cancelation is involved that allows to show that the integral
converges as a principal value.

Theorem 4.3. Let f be a function in L% that is C? in some open subset © C R™. Then
H°f s a continuous function in O and

HOf(x) = Sof(x) + f(x)Bg(x), x € 0,
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where
Sof(x) = P.V.J (f(x) — f(z))Fs(x, z) dz, x € 0. (4.7)

n

Remark 4.4. From (4.7) we see that H® is a nonlocal integro-differential operator.

Remark 4.5. The condition f € C2? ensures that the integral in (4.7) is convergent. In gen-
eral, for f being just continuous (4.7) will diverge. In fact, roughly speaking, the borderline
convergent case is f € C2° around x, as happens for the fractional Laplacian (—A)°. See

Chapter 5.
Before giving the proof of Theorem 4.3 we establish some easy consequences.

Theorem 4.6 (Maximum principle for H). Let f be a function in L& that is C? in an
open set O CR™, Assume that f > 0 and f(xg) =0 for some xg € O. Then H°f(xq) < 0.
Moreover, H°f(xg) =0 only when f = 0.

Proof. By Theorem 4.3, since f,Fs > 0,

H“f(xO)zj (f(x0) — £(2))Fo (x0, 2) dz+f(xO)Bo(xO)=—j f(2)Fo(x0,2) dz < 0.

n n

If f(z) > 0 in some set of positive measure, then the last inequality is strict. O

Corollary 4.7 (Comparison principle for H?). Let f,g € LY, NC?(0O) be such that f > g and
f(xo) = g(xo) at some xg € O. Then H°f(xq) < Hg(xg). Moreover, H°f(xq) = Hg(xo)
only when f = g.

For the proof of Theorem 4.3 we need some estimates on F; and Bs. First we derive
some equivalent formulas for these kernels. For p € R, S. Meda’s change of parameters (2.27)
produces

dt ds
=du,(s) == t € (0,00), s € (0,1). (4.8)
1 P 1+p? ) ) )
v (1-5?) (3logit3) "

Then, from (4.6) and (4.8) with p = o,

__ 1 ' S T ey
Fal2) = —rgy |, Gute)(02) dialsl, Bolx) = oy | (71000 = 1) disa(s)
Observe in (4.8) that when p € R,
d d
()~ (o 50, dlS) ~ T e ST (49)

Lemma 4.8. For all x,z € R™,

C Ixllx—zl  [x—z[2
Fol(x,2z) < e € e ¢, and Bg(x)<C (1 + |x|20> ) (4.10)

Ix —z]

Moreover, By € C®(R™).
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Proof. Estimate (2.31) gives

e ¢ (! 5 _Ix—z?
Fo(x,z) < CJ (1—s)™2e™ o dug(s).

Then (4.9) implies

o V2 L, i 2 <
J (1—s)™/2e="ch- dug(s)<CJ o ml _ds <C{ P

~ x—z|2
0 0 stto e T , if x—z| > 1;
and
1 2 2 rl 2
|[x—z| [x—z| dS |[x—2z|
1—s)"2e o d <Ce <© J =Ce © .
L/z( * Hols) 2 (1= ) (—log(1—s)ie

Thus the first inequality in (4.10) follows.
Up to the factor 1/T'(—o), by (2.29), we can write

1 2\ /2 1
1_ __Ss _ s
Bo(x) :J < 5 ) 1] e Tzl duo(S)+J (e 1+52|X\271) dpe(s) =1+ 1L

0 1+S2 0

To estimate I and II we use (4.9) and the Mean Value Theorem. For I we have

/2] 71 _ g2 n/2 ds 1 1/2 ds
2 _
|I| < CJO (]_—i—32> —1 Slﬁ +J1/2 dlicy(S) < CJ;J S sito +C = C.
In II we consider two cases. Assume first that le2 < 2. Then
1/2 R 9 d 1 1/2 d
——S x| S 2 S
IIllng0 ’e 1152 _1’ 51+G+L/2 dug(s)gCJO [x|“s SHG—l—CgC.
In the case x> > 2,
1 1
2 ds L N ! ds
|H|<|x2J s+J du (s)<|x|J s “ds+j
0 glto % ¢ 0 1 (1—s) (—log(l—s))lﬂr

[x [x|

—O0
=CIx*°+C [—log (1—|1|2>] < C X,
X

since —log(1—s) ~ s as s — 0. Therefore the second estimate of (4.10) follows. The function
B is differentiable since the gradient of the integrand in its definition is bounded by

S 1— S2 n/2 — s _x|? 1
2|X‘W <1+82> e 1+s? < Clxls e L7 ((0,1); duo(s)),
thus we can differentiate inside the integral:
1 2\ n/2
S 1—s s |2
VBO‘(X) =2x JO 1+ 32 (1—’_52> e 1+s? x| dHU(S)

For higher order derivatives we can proceed similarly. O
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Proof of Theorem 4.3. Take first f € 8. By the computation preceding Theorem 4.3 and
(4.8),

L (e M) — () o = L |, Gue 2 (F(z) ~ 1)) dz dusals) + F(xBalx).
Due to Lemma 4.1, the integral in the left hand side above is well defined and converges
absolutely. Write the double integral of the right hand side as Is + Isc with

1

o= | | G 2) (1) — £0x) dz due(s),
0 Jx—z|>6&

for some 6 > 0 (in this step & is arbitrary, but we will fix it later). Estimate (4.10) implies

that Isc is absolutely convergent and |Isc| < C|[f||{~gn). Pass to polar coordinates in I5 to

get

1 1— 82 n/2 ) - ,
Is = —Lslx+zlP+1|x—z|?] B 3
° Jo < 47ts ) JX_Z|<56 (f(z) —f(x)) dz due(s)

' 1 — 82 n/2 ® r2 s 12
:J < 47ts > J rnle“J e a2  (f(x 4 12') — f(x)) dS(z') dr due(s).
0 0 lz/|=1

To estimate
s 72
Ign 1 ::J e a2+ (x4 12') — £(x)) dS(2),
|z'|=1
use the Taylor expansions of f and Vs (w) := e_%|w‘2 and cancel out terms:
Igns = J (&7 4 Rows (x,72)) (VF(X)(r2") + Reflx, 72')) dS(2)
|z'|=1

= J [e_%mPle(x, 12") + Rows (x, 12" )VF(x) (v2") + Rows (x, 12" )R f(x, m2') | dS(2').
|z'|=1

2 2

Since [RoWs(x,12’)| < s1/2r, and |[Rif(x,7z/)| < HD2fHL°°(Bé(X , we have |Ign1| < Cr2

Thus

N

1 1—32 n/2 s ) 2
I5] < N te s [[gn-a| dr d
<] (Por) | e Fitsesl dr duelo

5 1 2 5 1
< CL ol Jo Ve e & dug(s) dr < CJO T“Hm dr = C6272°.
Hence [ converges. The conclusion follows, for f € 8, by Fubini’s Theorem.

Now assume that f € LY, N C?(0), for some 1 < p < co and N > 0. Then Hf is well
defined as a tempered distribution. Fix an arbitrary x € O and take & > 0 so that Bs(x) C O.
Observe that the integral in (4.7) is well defined: just apply Taylor's Theorem (as above) in
I5, and the L%, condition together with (4.10) in Isc. Let fi, k € N, be as in Lemma 4.9
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bellow and fix ¢ > 0. Since By is a continuous function, fx B, converges uniformly to fBy in
Bs(x). Let 0 < p < 6/2 be such that for all k

J (Fr(x) — fic(2))Fo(x, 2) dz| < &, and J (f(x) — f(2))Fo(x,2) dz| < £,
B, (x) 3 B, (x) 3

For k sufficiently large, by Holder’s inequality,

J (fi(x) — i (2))Folx,2) dz—j (f(x) — 1(2))Folx,2) dz
§(x) B§(x)

< [fi(x) — f(x)|j

B§(x)

< € (Ifib) = )1+ i — Fliy, ) <

Fo(x,2z) dz + J [T (z) — f(2)| Fo(x,2) dz

B§(x)

Thus
Sofi(x) = j (f(x) — f(2) Folx, 2) dz

n

in Bs(x). But H°fxy — H°f in 8’. By uniqueness of the limits, S;f(x) coincides with the
integral in (4.7). Moreover, H°f is continuous in Bs(x) because it is the uniform limit of
continuous functions. O

Lemma 4.9. Let f € L} N C?(O). Take & > 0 such that Bs(x) C O, x € O. Then there
ezists a sequence fi € CX(R™), k € N, such that:

- 2 2
(%) HD kaL"O(Bé(x]) < HD fHL"O(Bg(x)) for all k,
(11) fx converges uniformly to f in Bs(x) and
(111) fx — f in the norm of LY, as k — .

Proof. Let 1 be a bump function at the origin, that is, \ is a nonnegative C2°(B;(0)) function
defined in R™ with integral 1. Set Py (x) := k™ (kx), k € N. Note that Py € CX(B;/(0))
for all k. The convolution gx(x) := Py * f(x) is well defined and

gr(x) = J P (z)f(x — z) dz, x € R™.
B1/x(0)

Let ¢ be a smooth nonnegative cutoff function: 0 < ( <1, { =1 in B4(0), ¢ = 0 in B§(0)
and [V{| < C. Put (x(x) := ¢(x/k). Define

fk(x) = Ck(x)gk(x)) X € an ke N.

Each fy is a smooth function with compact support. By the choice of ¢ and since Py has
integral 1, for large k,

HD2kaL°°(B5(x)) = HngkHLW(Bé(X)) < HszHL‘X’(Bé(X))’
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and (z) holds. Let ¢ > 0. Since f is uniformly continuous in Bs(x), there exists T > 0 such
that [f(y —z) — f(y)| < € for all y,z € Bs(x) such that |z| < T. Set kg € N so that 1/k < T
and (x(x) =1 in Bs(0) for all k > ko. Then

|fk(y>—f(y)|<JB Gy 2 )] dz<e,  forally € Bolx)
1/k

for k > ko, and we have (4z). To prove (211) we first show that gx — f as k — oo in the norm
of LY. By Minkowski’s integral inequality
P 1/p
flx—z)—of
fx=2) =1l ). dx)

1/p
gr(x) — f(x)IP _
(L{n (1+ [xP)Np dx) a (JJR“ JBl/k(o)lbk(Z) (1+x*HN

1/p
If(x —z) — f(x)[P
Jz<1/k <JRn (1+ |X|2)NP dX) dz

:J J = itraP (N7
|z\<1/k no (14 [x +zP)NP
= J )-I(z) dz.
\z|<1/k

As

f(x) —f(x +z) 1 _ 1 f(x) _ f(x + z)

(1+px+zHN (L+x+zZHN (14 XN (L+ XN (L4 x+2zHN
we have

1/p
1 1P
N N dx
(14 |x+z|*) (1+[x]7)

P 1/p
dX) =:I1(z) + I2(2).

1(2) < (JR P

(l.

Let ¢ > 0. There exists k; € N such that for all k > kq,

f(x) B f(x +z)
L+ PN (14 x+ 2N

1
II2(z)] < %, for all |z| < X (4.11)
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because of the continuity in LP of the translations. For I;(z) we note that

P
1 1
|f(X)|p P} - p]
(L+Ix+2z")N (14 )N
P
If(x)[P (1+ PN = (1 + [+ 2PN
(1+ [x*)Np (1+x + 2N
P
cc F)P 1+ x4+ 2PN + 12PN + 1+ x4+ 2PN
X ,N
P14 xP)Ne (1+ Ix 4 z)N
P
“con )P |24 2x+ 2PN + k2N N I£(x)|P c L{R™)
ST 4 kPN (14 x + 2N ST (L4 kPN ’
and that
1 1 P
If(x)|P — — 0, z— 0.
2 2
(L+x+z*)N (14 [x]*)N

Therefore, by the Dominated Convergence Theorem, lim, ,q|I;(z)| = 0, so there exists ks € N
such that for all k > ks,

1
L(z)] < % for all [z] < - (4.12)
Let k = max{kj, ko). Then for all k > k, by (4.11) and (4.12),
1/p
lgk (x) — f(x)|P
| =R o) <] @+ ) 6
Rr (14 [x[*)NP lzl<1/k

< £J Py (z) dz =.
lz|<1/k

We finish the argument noting that

I — gxlley, < lixBg (0 9xlly, =0,  ask— oo,

and the same for f in the place of gy, because of dominated convergence. O

4.2 The Harnack’s inequality for H°

The result we are going to prove in this section is the following.

Theorem 4.10. Let xg € R™ and R > 0. Then there erists a positive constant C
depending only on n, o, xg and R such that

sup f<C inf f
Bry2(xo0) Brya(xo)

for all nonnegative functions f : R™ — R that are C2 in Br(xg) and such that Hf(x) =0
for all x € Br(xq).
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The Harnack’s inequality is valid for 0 < o < 1 and the proof we give is based on the
extension problem and the Harnack’s inequality for degenerate Schrodinger operators proved
by C. E. Gutiérrez in [41]. The idea, that is also contained in [23] for the case of the fractional
Laplacian, is the following: let u be the solution of the extension problem (3.1)-(3.2) posed
for L = H, dn = dx and Q = R™. Then the extension {i of u by reflection to R™*! satisfies
a degenerate Schrodinger equation in Bgr(xg). We apply Gutiérrez’s result to {t and we get
the estimate for ti(x, 0) = f(x).

We point out that the Harnack’s inequality for H (0 = 1) follows from general results,
see the classical paper by N. S. Trudinger [85].

Let us first study the problem (3.1)-(3.2) for the harmonic oscillator. In order to do that,
we collect some useful facts about et in the next Proposition.

Proposition 4.11. For f € LY, the heat semigroup e t"f(x) is well defined and

(14 IXIP) 1l

‘e*tHf(x)} <C v

, x €R™, t >0, (4.13)

where p > 0 depends on p and N. Moreover, (3 + H)e tHf(x) = 0 for all x € R™ and
t>0, and fori,j=1,...,n,

1+ [x°) | 1+ [xI®) |
(1+ xI°) [[fl] e (1)) b Iy
tnt+1)/2 i b t(n+2)/2

[x (e M0 < C

If f is also a C? function in some open subset O C R™ then lim_.oe *Mf(x) = f(x) for
all x € 0.

Proof. By (2.27), (2.30) and Hélder’s inequality,

Cliflliz ixf? S\ (1 +xI°) [Ill e
‘e*t(s)Hf(x)’ < T/zN (J e c (1+ [z)NP dz> <C /2 N

For (4.13) note that if 0 < s < %, then s < t(s) < §s. The equality

dre tHe(x) = J 0:Gy(x,2)f(z) dz

n

is valid if the last integral is absolutely convergent for all t in some interval. But
0tGi(x, 2)f(z) = —Hx Gt (x, 2)f(z),

therefore we have to verify that the integral [pn. HxGy(s)(X,2)f(z) dz converges absolutely
for all s in some interval. This last statement is true since

1—s /2 1 —C[s\x+z|2+l|x—z\2]
‘vat(s)(X;Z)‘ < SYZ] € s )
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and

2 1—s "2 1 —C[sIx4+z*+1|x—z?]
‘Dth(s)(X;Z)‘ < S ; € $

which give estimates similar to (2.30) for VG () and DQGt(S) (see Lemma 5.20 in Chapter
5). Hence 0re~ 'Hf(x) = —Hy e 'Hf(x) and (4.14) follows. Observe that t(s) — 0 if and only
if s -+ 0. For x € O we have

et (x) — £x)| <

| suatuartiz) — 1) az

+|f(x)|’e*“““1(x)—1 .

The last term above tends to 0 as t(s) — 0 because of (2.29). Let & > 0 be such that

Bs(x) C O. Then, as f € C(Bs(x)),

_Ix—yl?
e

Cs
< CJ ——|z—x|dz
Bs(x) S™/2

2

J Guio) (%, 2)(F(2) — (%)) dz
Bs(x)

e_\ng\
< CJ P—— dz — O,
Bs(x) |z — x|

when s — 0, by the Dominated Convergence Theorem. On the other hand, by Holder’s

inequality,
1/p
x—z|2 P P
[ et (tar il 3,
B (x) (T+12°)NP (1 +[2[F)NP

&
1/p’
C Mx—z[2 /x—z|2 /
J em o e e (1+ |z2HNP" az
B¢(x)

| Gua it — ) az

§(x)

X S“/Z

=1 xIL

Clearly I < oo and, by dominated convergence,

p’lez\Q 1/P,
e Cs _p/hxzl? 2\ Np/
II<cC — e T (14 1z°)"P dz — 0, as s — 0.
BS(x) x —2|"P
]
Remark 4.12. If f € L}, N C%(O) then, for each x € O,
o tH dt ' H
L e (x) — ()] g = L et () — f(x)| dutols) < oo.

Indeed, by (4.13),

o0 (o.¢]
J le M (x) — f(x)] 1d:6 < C(X)J % < 00,
llog3 t llogs t
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76
and
Llog3 dt 1/2
2
L 7 0x) — (0] 155 =J et () — ()| dusol(s)
1/2 ds
<c| "] Guom et — fixdz| 55
1/2 1— S2 n/2 R d
— x| S
—i—C|f(X)|J0 [1— <1+s2> e 1+s2 site

Both integrals above are finite: the first one by the arguments of the proof of Theorem 4.3
in the previous section (Taylor's Theorem) and the second one because of the Mean Value

Theorem. Moreover, Lemma 4.9 allows us to show that

HYf(x) = F(ic) J:O (e_tHf(x) — f(x)) tId%, for f € LY, N C%(0), x € 0.

The relevant observation in the following statement is that all identities are understood

in the classical sense.
Theorem 4.13. If f € LY, is a C? function in some open subset O C R™ then
20 0 2
Y —tH _y?dt
u(x,y) := 2T o) L e i f(x)e 4t ira (4.15)

18 well defined for all x € R™, y >0, and

1-2 .
—Hyxu+ TG Uy +Uyy =0, mn R™ x (0, 00);
lim u(x,y) = f(x), forx € 0.
y—0+

In addition, for all x € O,

1o 12 _ [ at

% ylinohy “uy(x,y) = 25T (0) Jo (e f(x) — f(x)) o = HYf(x). (4.16)
Proof. Estimate (4.13) implies that the integral defining u is absolutely convergent and

and uyy can be computed by taking the derivatives inside the integral sign. Moreover, by

using (4.14), we have
2 dt

y

y20 0 H
Hyu(x,y) = (o) Jo He tf(x)e 4t Tro

in the classical sense. Hence, for each x € R™, u verifies the extension problem in the classical
sense. To check that identity (4.16) is also classical, we begin by recalling that integration

4t

by parts gives us
o) 42 2 dt
J e*J < Y ) =0.
0
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Thus

1 19 _ 1 * tH —y? y?\ dt
25 Y Uuy(x,y)—wr((ﬂjo e "f(x)e 4t (20— =— {ire

1 ®  _in v y2\ dt
= 302°T(0] L (e tf(x) — f(x)) e (20— 5 ) wre

As we already pointed out in Remark 4.12, the integral in (4.16) is absolutely convergent
for all x € O and f as in the hypotheses. Therefore the first identity of (4.16) follows by
dominated convergence and, by Remark 4.12, also the second one. 0

Remark 4.14. Theorem 4.13 is valid if H is replaced by —A and the function f, having
the same smoothness in O, belongs to Ly =L See the discussion on (—A)° given in
Subsection 2.1.2 of Chapter 2.

1
n/2+o’

Lemma 4.15 (Reflection extension). Fiz R > 0 and xo € R™. Let u be a solution of

1—20

—Hy,u+ BT Uy +Uyy =0, m R™ x (0, R),
with
1in01+y1*26uy(x,y) =0, for every x such that |x — xq| < R. (4.17)
y—
Then the extension to R™ x (—R,R) defined by
. ux,y), y=0;
= 4.1
ay) { u(x,—y), y<o (4.18)

verifies the degenerate Schrodinger equation
div(jyl* 2o vit) -y 2 kP =0, (4.19)
in the weak sense in B := {(x,y) e R x —xol2 +y2 < RZ}.

Proof. A nontrivial solution u can be found with the method of Chapter 3, Subsection 3.3.2.
Given @ € CX(B) we want to prove that

[:= J (Vﬂ Vo + X2 ﬂ(p) y* 2% dx dy =0.
B
For 6 > 0 we have

div(jy* 2° eVii) dx dy + J
BN{lyl<&}

Vi Ve + |X|211(p> y' 2% dx dy.

- J (Vit- Vo + P i) [yl 2" ax dy
Bn{lyl>s}

@821y (x, 8) dx + J

JBQ{Iy_é} Bn{lyl<s} (

As & — 0, the first term above goes to zero because of (4.17) and the second term goes to

zero because <|Vﬁ|2 + [x? ﬁ) Iyll_20 is a locally integrable function. O
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The last ingredient we need to give the proof of Theorem 4.10 is Gutiérrez’s Harnack’s
inequality for degenerate Schrodinger equations [41]. The version we will use reads as follows.
Consider a degenerate Schrodinger equation of the form

Lu—Vu =0, (aij(x)dxu) — V(x)u =0, (4.20)
where x € R™, a = (ayj) is a symmetric matrix of measurable real-valued coefficients and
M) < (alx)E, &) < Aw(x) [,

for some A > 0, for all £ € R™. The function w is an Ap-weight and the requirement for the
potential V is that V/w € L}, locally, for some large p. Let Q be an open, bounded subset
of R™. Then there exist positive constants rg and y (depending on Q, w, A and n) such that
if u is any nonnegative weak solution of (4.20) in Q then for every ball B, with By, C Q
and 0 < r < rg we have

supu < v inf u.

Br/2 Br/z
Proof of Theorem 4.10. Let u be as in Theorem 4.13. Since f is a nonnegative function,
from (2.25) and (4.15) we see that u > 0. By virtue of (4.16) its reflection extension (4.18)
satisfies Lemma 4.15. Note that (4.19) is a degenerate Schrodinger equation with A, weight
w = |y* 2° and potential V = [y|* 27 |x|* such that V/w € L, locally for p large enough.
So Gutiérrez’s result just explained above applies to obtain the Harnack’s inequality for i
and thus for f. O



Chapter 5

Regularity theory for the fractional
harmonic oscillator

We prove regularity estimates in Holder spaces for the fractional harmonic oscillator H®. The
new classes of Holder spaces C]ﬁl’“ adapted to H are defined. The main results are Theorem
A, where the action of H® on C],z’“ is studied, and Theorem B, that contains the Schauder
estimates for H°. The proof of both statements require to show that the Hermite-Riesz
transforms are bounded in Cg’[“.

5.1 Hermite-Holder spaces and main results

We introduce our spaces of smooth functions adapted to H.

Definition 5.1. Let 0 < o < 1. A continuous function u: R™ — R belongs to the Hermate-

Holder space Cg’l“ associated to H if there exists a constant C, depending only on u and
«, such that

hu(x1) —u(xa)] < Clxy —xa|* and |u(x)| < _c

1 2 ~ 1 2 ? ~ (1 + |X|)“’

for all x1,%a,x € R™. Defining

uw(xg) —u(xz)]

(U] co,a = supR ol and [ulpme = suIRE) (14 [x])*u(x)],
, X2 € n - ER™
Xlx?;éxz h

the norm in the spaces C?f‘ is given by
HuHC%a = o + [Ulme.
Using the natural derivatives (2.32) associated to H:
Ai:’axiﬁ—xi, A,i:—axi—f—xi, i=1,...,n,

the classes C]]j’“ are defined in the natural way.

79
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Definition 5.2. For each k € N, we define the Hermate-Holder space C]ﬁ’“, 0<a<l,as
the set of all functions u € C*(R™) such that the following norm is finite:

lll e = Tudms + Z [Aiy - Aq ulme + Z [Ai; - Ay ulco.

1<)y imI<n 1<) likI€<n
1<m<k

Remark 5.3. Clearly CE’“ is continuously embedded into C**(R™), k >0, 0 < « < 1.

Let us present the two main results. First the interaction of H® with Ch“.

Theorem A. Let « € (0,1] and o € (0,1).

(A1) Let u e C)™ and 20 < «. Then H°u e C%* %7 and

IHTW| ez < C ] e

(A2) Let ue C;™ and 20 < «. Then H°u e C;* %% and

IHW| a2 < C ] e

(A3) Let u e Ch“ and 20 > «, with x —20+ 1 #0. Then H°u € C%a—mﬂ and

"ch||caa—2c+1 <C ||u||Cha .

(A4) Let u € C]}f[’“ and assume that kK + o« — 20 s not an integer. Then Hu € Chﬁ
where | s the integer part of k+ «—20 and p =k+ «x—20—1.

Schauder’s estimates read as follows.

Theorem B. Let u € C?{’“, for some 0 < a<1, and 0 < o< 1.

(B'Z) If x+20<1, then H °u ¢ C(l)_,loc+20 and

HH_GuHC%’“”U < C |’u|’C%a .

(B2) If 1< a+20<2, then H °ue C}l{,oc+2071 and

HHio-uHChoHr2o—1 <C HuHC(')f( .

(B3) If 2 < a+20 <3, then H ue Ci,loc+2o—2 and

HH_O—uHCi{,oHr2cf2 g C ||u||C(])—[,oc .
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Remark 5.4. If in Theorem B (B3) we take 0 = 1, we get the Schauder estimate for the
solution to
Hu = f, in R™,

0,x
for f € 3.
The Hermite-Riesz transforms preserve the spaces Cg’l“:

Theorem 5.5. The Hermite-Riesz transforms Ry and Rij, 1 <|il,[jl < n, are bounded
operators on the spaces C;%: if u € C;%, for some 0 < a < 1, then Riu, Riju € C\°,
and

HﬂQiuHC%a + HfRi]-uHC?{,a <C HuHC(])_{,EX .

The first main task will be to obtain explicit pointwise expressions for all the operators
involved when they are applied to functions belonging to the spaces Cl]f{’“ and the second
one is to actually prove the estimates. Section 5.2 contains two abstract Propositions dealing
with these two aspects: Proposition 5.6 takes care of the pointwise formulas and Proposition
5.8 contains a regularity result. We will apply, in a systematic way, both Propositions in
order to reach our objectives: see Section 5.3 for all the pointwise formulas, and Section 5.4
for the proofs of Theorems 5.5, A and B. In Section 5.5 we collect all the computational
Lemmas used in the previous sections.

5.2 Two abstract results

Proposition 5.6. Let T be a bounded operator on § such that (Tf,g) = (f,Tg) for all
f,g € 8. Assume that

Tf(x) = J (f(x) —f(2))K(x,z) dz + f(x)B(x), x € R™,

where the kernel K verifies the size condition

C CIxllx—zl _ Ix—zI? "
Ty © e <, x,z € R"™, (5.1)

Kx,z2)| € ————=
Ix — z|

for some —n < v < 1 and B 1s a continuous function with polynomaial growth at infinity.
Letue COY" with0 <y +e<1ande>0. Then Tu is well defined as a tempered
distribution and it coincides with the continuous function

Tu(x) = J (u(x) —u(z))K(x,z) dz + u(x)B(x), x € R™, (5.2)

Proof. By (5.1) and the smoothness of u, the integral in (5.2) is absolutely convergent.
Since B has polynomial growth at infinity, the right hand side of (5.2) defines a tempered
distribution. Let us take -7- < p < oo. Then the finiteness of [uJpv+c implies that
u € LP(R™) and Tu is well defined as a tempered distribution. Fix arbitrary positive
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numbers 11 and R. We use an approximation argument parallel to the one given in the proof
of Theorem 4.3, Chapter 4. Let fj(x) = ((x/j) (u*Wl/]-) (x), j € N, where W¢(x) is the
Gauss-Weierstrass kernel (2.12) and ( is a nonnegative smooth cutoff function (see the proof
of Lemma 4.9 in Chapter 4). Note that each f; belongs to §. It is easy to check that the
sequence {fj 1y € N} converges to win LP(R™) and uniformly in Bg(x) for each x € R™, and
[fjlcov+e < C ”u”c?ﬁ“ =:M. Asj — oo, Tf; — Tu in 8’. Since B is a continuous function,
;B converges uniformly to uB in Br(xo), xo € R™. There exists 0 < 6 < R/2 such that

MJ ZE dz <
B;(0) 3
For x € Bg/5(xo) we write
| e -femkmz a=| 4] o =1em
" Bs(x) B§(x)
Then, by the choice of 6,
2
14|t~ u@Ki ) dzf < 2
Bs(x) 3

We also have

<

(@]

1 — J (u(x) —u(z))K(x,z) dz
B§(x)

|fj(x) — u(x)’ +C (J

B (x)

< 5

w3

for sufficiently large j, uniformly in x € Bg /5(xo). Therefore,

| 00— fEKxD de= | - u@KixD dz oo,
in Bg/a(xo). Hence, by uniqueness of the limits, Tu is a function that coincides with (5.2),
and it is a continuous function, because it is the uniform limit of continuous functions. [

Remark 5.7. In the context of Proposition 5.6 assume that, instead of having estimate
(5.1) on the kernel, we just know that |K(x,z)| < ®(x —z), where @ € LP'(R™) and p’ is the
conjugate exponent of some p such that yie < p < oo. Then, it is enough to take u € C?f‘,
for some 0 < o < 1, to get the same conclusion, since the approximation procedure given in

the proof above can also be applied in this situation.

Proposition 5.8. Let T be an operator satisfying the hypotheses of Proposition 5.6,
with0<yvy<1land 0<v+e<1 for some0<e<1. Assume that the kernel K and the
function B also satisfy:
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Ix1 — X2l _‘ZHX%,Z@ e_‘ngzﬁ

5 — Z|TL+1+Y

(a) [K(x1,z) — K(xz,z)| < Clx

, when [x; —z| > 2[x1 — xal.

(b) There exists a constant C such that

J K(x,z) dz| < Cr7Y, for all x € R™.
[x—z|>71

(c¢) For all x € R™, [B(x)| < C(1+[x])Y, and VB € L*(R").
Then T maps CY" ¢ into C3° continuously.

Proof. Given x1,xo € R™, let us denote B = B(x1,2[x1 — xal), B = B(xa,4|x1 —x2|) and
B’ = B(xa, [x1 — x2|). We write

Tu(x) = JB (u(x) —u(z))K(x,z)dz + JBC (u(x) —u(z))K(x,z)dz + u(x)B(x)
=1I(x) + II(x) + III(x).

By (5.1) we have

[I(x1) — I(x2)] <

:—

. I(w(x1) —u(z))K(xg,2)| dz+ JE I(wlx2) —u(z))K(x2,z)| dz

g — 2| "¢ xg — 2| "¢
[u] cov+e J —— dz + ———— dz
< B |xy — 2™ B Ixg —2z™"Y

N
@)

= Clulcovte X1 —xal°.

For the difference I1(x;)—1I(x5), we add the term +u(x5)K(xy,z) and we use the smooth-
ness and cancelation properties of the kernel K(x, z) (hypotheses (a) and (b)) to get:

TI(x1) — I (x2)|

I X2
[(u(x2) —u(z))(K(x1,2) — K(xz,2))[ dz +

J, i) = w2z

<
BC
Y+e |X1 _X2‘ Y+e
< Clufcoy+e |:JBC Ix2 — z| W dz + [x1 — xol . K(x1,z)dz
X1 — X2
< C[u]co,ws [J(B,)C |X2 ~ Z‘n+1_£ dz + |X1 —X2|€

= Clulcoyre [xg —xof°.
If |X1 _X2| < ﬁ) by (C)x

ITII(xg) — MI(x2)| _ lulx1) —u(x2)l
3 < Y+e
|X1 _X2‘ |X1 —X2|

[B(x1) — B(x2)
Ix1 —7<2|E

1B(x1)]Ix1 — xal” + [u(x2)]

< C[u]CO,y+e -+ [u]My+€ HVB”LQO(Rn) |X]_ — X2|1_£ < C HuHC(')_{’Y+E .
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Assume that [x1 — xs| > Then 1+ |x1| <14 [xo + |x1 — X2/, which implies

1+\x [
14 [x4] X1 — Xal
1+ xo| 1+ |xo|’
and hence,
1 1 X1 — Xal

<2|X1—X2 .

<
TPl = T4Pal (14 xa)(1+[x2f)
With this and hypothesis (c¢) we have
ITIT(x;) — I1I(x2)]
X1 — x|

< u(xg)B(xg) (14 x1))® 4 hu(x2)Bo(x2)|2°(1 + [xa])® < Clulpgye.

Let us finally study the growth of Tu(x). For the multiplicative term uB we clearly have
lu(x)B(x)| < Clulpy+e(1 + |x])~¢. Consider next the integral part in the formula for Tu(x),
(5.2). Since Tu and B are continuous functions, it is enough to consider [x| > 2. We write

J —i—J dz|.
[x— z\<1+‘x‘ |X_Z‘>ﬁ

J (u(x) —u(z))K(x,z) dz

On one hand,

_ S |YtE
J lu(x) —u(z)|[K(x,z)| dz < Clulcoy-+e J % dz
Ix—zl< 35 Ix—z|< 5y X x — 2|
= CO,era (1 + |X|)£ .
On the other hand, by (b),
[LL] MY+e C
[u(x)] J K(x,z) dz| £ —————— C(1+ x])Y =[] f—
Ix—zl> 1 (14 [x))y+e MY+ (1+|x|)¢
Since |x —z| > 1+|X| implies that 1+\z\ < 2|x — z/|, applying (5.1) we get
1 o Lxllx—zl o \x—czwz
(2 K(x,2)| dz < Clulagree | dz
J’lX 2‘2 1+|x| v |X Z‘/ 1+‘ ‘ (1 + |Z‘|)’Y_'_8 |X - Z‘TL‘F'Y
o Ixllx—| - 'XEZ‘Z
< Clulpmrre J Ix —z|Yte oy dz
[x—z|> 1+1\x\ |X_Z|

%) Cxlix—z  |x—z|?
= C[LL] MY+e Z J ; € c ¢ < dz

j=0 I =z~ pe—2[**

C
< [u] e 2ee™ & e ——————,
Mt |x| Z mres e

where in the last line the constant C’ appearing in the exponential is independent of x
because |x||x — z| ~ 2). Therefore, by pasting the estimates above, the result is proved. [
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5.3 The operators

In this section we give the pointwise definitions in C],fl’“ of all the operators involved.

5.3.1 The fractional operators H® and (H £2k)°, ke N

Since Cﬁ’“ C 8’, by the results of Chapter 4, Hu is well defined for u in C],j’“. The following
Theorem says that in this case the pointwise formula for H°u is the same as the one given
in Theorem 4.3 of Chapter 4.

Theorem 5.9. Let0<a <1 and0<o<1.

(1) If0<a—20<1 and ue C3* then
Hu(x) = J (u(x) —u(z))Fo(x,z) dz +u(x)Bs(x), x € R™, (5.3)

and the integral converges absolutely.

(2) If -1<x—20<0anduc Clk’l“ then Hu(x) is given by (5.3), where the integral
converges as a principal value.

3) When —2 < «— 20 < —1, it 18 enough to take u € Ch! to have the conclusion o
H
(2).
In the three cases H°u € C(R™).

Proof. If 0 < ¢ —20 < 1 then o < 1/2. The properties of Fs and B, established in Lemmas
5.21 and 5.22 (see Section 5.5) allow us to apply Proposition 5.6 with K(x,z) = Fs(x,z),
B=Bsand y=20<1, to get (1).

Under the hypotheses of (2), we will take advantage of a cancelation to show that the
integral in (5.3) is well defined. Let 6 > 0. By Lemma 5.21,

_Ix—zl?

J lu(x) —uw(z)|Fe(x,z) dz < Cs ||u||Loo(Rn)J e” ¢ dz< oo
Ix—z|>8

[x—2z|>6

Recall that Meda’s change of parameters (2.27) gives (2.28) and (4.8). Hence

1 1/1—¢2 /2 1[s 2,1 2
= isix+zlP+1x—z/?]
Fo(x,2) X )Jo ( ims > e ¢ dug(s). (5.4)

Up to the multiplicative constant 1/(—I'(—0c)) we have

I:= J (u(x) —u(x —z))Fs(x,x —z) dz
|z|< b

o L/1—s2\™2 . {s|2x—rz’\2+ﬁ]
— n—1 . _ / 4 s /
= L T Jz/l—l(u(X) u(x —rz ))J0 < s ) e dug(s) dS(z") dr.
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By the smoothness of u,

u(x) —u(x —1z') = Vu(x)(rz') + Riu(x,vz'), with  |[Riu(x,2")| < [Vulcoar! T,

1 2, 12
We apply the Mean Value Theorem to the function P(x) = Ps.(x) =e * {SM *s }

that

, to see

1 2, r2 1 2, r2
e—z[s\2x—rz’| —0—%} _ e—z[s\2x| +%}

2
+Rob(x,7z"), with [Rop(x,1z)| < Cs/?re s,

Therefore,

S 1 n/2
I:J r“1J Vu(x)(rz’)J <1 _ S2> Ro(x,7z") dug(s) dS(z’) dr
|z'|=1

0

(72

5 1/1_g2 n/2 _l[s\2x|2+ﬁ}
+J T“1J R1u(X,Tz’)J ( > [e * ]+ Rob(x,712') | dpe dS(z') dr
0 |z’|=1

= I]_ + 12.

With the estimates on Ryu and Rpy given above and (4.9), we obtain

6 1 1 —s TL/2 'r2

|11|<C|Vu(x)|J r“*lj (S) S2e— B dug(s) dr
0 0

TT1+1

)
<C IVu(x)IJ dr = C5372°,
0

rn—1+20

and

® L/1—s\™2
2| < C[Vu]co,ch r“+°‘J ( S > e % dug(s) dr
0 0
& nta Coot1
g C[VU]CO,cx JO m dr = Céo‘ o )
Thus, the integral in (5.3) converges as a principal value. The same happens if we take
u e CIF’[lz we repeat the argument above, but applying in I, the estimate [Ryu(x,rz’)| <
[Vu] co.1 - T2.
To obtain the conclusions of (2) and (8) we note that the approximation procedure used
in the proof of Proposition 5.6 can be applied here (with the estimate [Vfj]co.« < Cl[uf[c1,a =
H

M). 0

Remark 5.10. As in Chapter 4 the maximum and comparison principles for H° can be
derived from Theorem 5.9. For instance, take 0 < a« < 1, 0 < 0 < 1, and u,Vv in the class
C?f‘ (or Cho‘, depending on the value of o — 20) such that u > v in R™ with u(xg) = v(xo)
for some xo € R™. Then Hu(xg) < Hv(xq). Moreover, H°u(xg) = H°v(xg) only when
u=v.
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In order to prove the regularity estimates for H®, we will have to work with the derivatives
of H®, that is, with operators of the type A;{H?, 1 < [i] < n. Recall that by (4.2) we have

Aif =) 2v)Y2(fh)hy e, Aif=) (2vi+2)Y2(f,hy)hy e,

v v

for all f € § and 1 < i< n, and both series converge uniformly in R™.

Remark 5.11. Let b € R. Then, by using Hermite series expansions, it is easy to check
that for all f € S and 1 <1< n, we have

A{HPf = (H + 2)PA;f, HPAf = A{(H —2)°f,
A_iHPf = (H—2)°A_;f, HYA_if = A_{(H +2)°f,

where we defined (H £+ 2)°h,, := (2|v| +n £+ 2)Ph,.

Consequently, we need to study the operators (H 4+ 2k)°, k € N.
Let us start with (H + 2k)9, k a positive integer. For f € § and k € N we define

(H+2K)°f(x) = > (2lv|+n+2k)°(f,hy)hy(x),  x€R™

v

The series above converges in L2(R™) and uniformly in R™, it defines a Schwartz’s class
function and

dt

n
m, x € R™.

(H+2k)°f(x) = F(io) J:O (e Z<te Hf(x) — f(x))

By using Lemmas 5.21 and 5.22 stated in Section 5.5, the following result can be proved
in a parallel way to Theorem 5.9.

Theorem 5.12. Let u be as in Theorem 5.9. Then (H+2k)°uc 8’ N C(R™) and

(H+2k)%u(x) = J (u(x) —u(z))Fak,o(x,2) dz +u(x)Bak,o(x), x € R™,
where
1 0 dt 1 1/1—s\*
Faraln) = o [ e G e = = | (s Gz duols)
and

1
B2k,0(x) = ! JO

k P n/2
1—s 1—s ——s _|x|?
- - $2 _
<1—|—S) (27_[(1+32)) e 1+ 1] dpe(s).
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Consider next the operators (H —2k)?, k € N. We say that a function f € § belongs to
the space Sy if

J f(z)hy(z) dz=0, for all v € Ny such that |v| < k.

For f € 8y we define

(H—2K)7f(x) = Y (2[v]+n—2k)°(f, hy)hy(x).

[vIZk

Note that on Sy the operator (H — 2k)° is positive. Let

k—1 1—s j+n/2
P2ic(x) = dax(x,2,8) = | 3 <1+s> 2 iy (2) | Xayza)(s),
j=0 IvI=j

the sum of the first (k — 1)-terms of the series defining Gy (s)(x,z) for s € (1/2,1), see (2.28).
Then the heat-diffusion semigroup generated by H — 2k:

e t(H=2K)¢(y) :J e?®Gy(x, 2)f(z) dz

1+s\*
- J <1 s> Gt(s)(X, z)f(z) dz = e*t(S)(Hfzk)f(X)’
R™ —

can be written as

k
t(s)(H— 1+s
e 21100 = [ (155) [Guio 2]~ banlxzs)] 12) a2, fE S

Moreover,

(H—2k)f(x) = 1 J:o (e—t(H—Qk)f(X) _ f(x)) ti}o

_ r(lcr) Jl (e—t(S)(H—zk)f(x)—f(X)) do(s).
- 0

The following idea is taken from [43]. By the n-dimensional Mehler’s formula (see [81, p. 380]
or [82, p. 6]),

> . 1 L LT1or gy g2 T )2
Mi(x,2):=> P Y hy(x)hy(z) = A © i hrelPriie2P] (55

j=0  |v|=j

for r € (0,1). Then for all r € (0,1/3),

o Ixllx—zl _ x—z|?

k _1[1—x 2 147 _ 2
§C(1—|—|X—|—Z|2+|X—Z|2> e A Itz H L x z\]<Ce T C e c

k
‘ C Meix2)

drk
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where in the second inequality we applied Lemma 5.19 of Section 5.5, with s = i— Thus,

=
by Taylor’s formula,

0 . X|[X—zZ X—Z2
YUY hhz)|<Cfe Te T, re(0,1/3).

=k |vl=j
Therefore, letting v = L‘r—i above, we obtain
00 1—s j+n/2
Guoxz) = dmlxzs)| =Y (15) X minae) (5.5)
j=k IvI=j
1—s\*T™2 s e
<C<1+s> e < e < s€(1/2,1). (5.7)

Ifue C]ﬁ’“ then we have
J A_i, - A_ju(x)hy(x) dx =0, 1<y, ..., ik <, [v[<k
Theorem 5.13. Let 0 < ax <1 and 0 < 0 < 1. Assume that 0 < o« — 20 < 1 and take

we CH* Ifvix) = (A --A u)(x), 1 <ip,...,ix <N, then Ay, ---A_,Hu €
8’ N C(R™) and for all x € R™,

7ik

A_i, - A Hu(x) = (H—2k)°v(x)

= JRn (v(x) =v(z))F2k,6(x,2) dz+v(x)B_2x,c(x),  (5.8)

where

1 k
Fanaln ) = o [ (150) [Guaxz) = danlxz,s)] dua(s),

and

k
<1+S> Jn[Gt(s)(X,Z)_¢2k(XxZ:S)] dz—1] due(s).

1 1
Boana(d = 0o | | (3
0 —S

r'(—o)

The integral in (5.8) s absolutely convergent.

Proof. Even if we have good estimates for F_oy o and B_gy o (see Lemmas 5.21 and 5.22), we
can not apply directly Proposition 5.6 here because the test space for (H—2k)° is not 8 but
Sk. Nevertheless, the same ideas will work. Indeed, using Lemmas 5.21 and 5.22 it can be
checked that the conclusion is valid when u is a Schwartz’s class function (and then v € 8y),
and, for the general result, we can apply the approximation procedure given in the proof of
Proposition 5.6 noting that (A_;, --- A_;, fj)(x) can be used to approximate v(x). O
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5.3.2 The negative powers H™°
Observe that

H™%(x) = JRn(f(z) —f(x))F_o(x,z) dz + f(x)H™1(x), for f €8, x e R™,

where

1 (*® d
H™%1(x) = o) L e tH1(x) tlfd :J § F_o(x,2) dz, x € R™. (5.9)

The fractional integral operator H™° can be defined in C[;’l“ precisely by this formula:

Theorem 5.14. For u € Ci’l“, 0<ax<land0<o<1 Hue8 NCR") and
H™%u(x) = J (u(z) —u(x))F_o(x,z) dz +u(x)H°1(x), x € R™.

Proof. Using Hermite series expansion and (4.4) it can be checked that H™¢ is a symmetric
and continuous operator in 8. In Lemmas 5.23 and 5.24 we collect the properties of the
kernel F_(x, z) and the function H °1(x). When n > 20, an application of Proposition 5.6
with v = —20 and ¢ = « + 20 gives the result. For the case n < 20 we use Remark 5.7. [

We shall also need to work with the derivatives of H™°u.

Theorem 5.15. Take 0 < x <1 and 0 < 0 < 1 such that «+20 > 1. Ifu e C?f‘ then
for each 1 < [i| < n we have AiH °u e 8’ N C(R™) and

AiH %u(x) = J (u(z) —u(x))AiF_o(x,z) dz +u(x)A;H 71(x), x € R™.

n

Proof. Let us first prove the result when u =1f € 8. It is enough to consider 1 <i < n. We
have

AiH™%f(x) = Aij (f(z) — f(x))F_5(x,2) dz+ 0x, F(x)H™71(x) + f(x)A;H % 1(x).

n

We want to put the A; inside the integral. In order to do that, we apply a classical approx-
imation argument given in the proof of Lemma 4.1 of [40], that we sketch here. By estimate
(5.19) of Lemma 5.24 (see Section 5.5) and the fact that « + 20 > 1, the function

g(x) ZJ . Ox; [(f(2) = f(X))F o (x,2)] dz
- J (£(2) — Fx))0n Fo(x,2) dz — Dy, FO)HOL(x),

is well defined. Fix a function ¢ € C'(R) satisfying 0 < ¢ <1, dp(t) =0for t <1, ¢(t) =1
for t > 2, and 0 < ¢’ < 2. Define, for 0 < ¢ < 1/2,

he(x) = JRn(f(z) —f(x))F_s(x,2)d (571 [x — ZD dz, x € R™.
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Then estimate (5.18) in Lemma 5.23 implies that, as ¢ — 0, he(x) converges uniformly in
R™ to
J (f(z) — f(x))F_s(x,2) dz, x € R™.

Moreover, h, € C'(R™) and, again by (5.18) and (5.19),
[g(x) — Ox; he(x)] < J 0%, [(f(2) = F(X))F_o(x,2) (1= (e M Ix—2l))]| dz

<CfJ

< Ce- ch,cr(£);

1
Foalz) + k=2l ol 2+ bl Folx,2)2 ] 2

[x—z|<2¢e

where @, s(e) — 0 as ¢ — 0, uniformly in x € R™. Thus,

a, J (f(2) — F(0))F_o(x,2) dzzj (£(2) — Fx))0n Fo(x,2) dz — Dy, F)H1(x),

n

and the Theorem is valid when u is a Schwartz function. For the general case u € Cg’l“ we
argue as follows. If n > 20 —1 then, by (5.19), we can apply Proposition 5.6 with y =1—20
and ¢ = «+ 20— 1 and, if n =20 — 1 we can use Remark 5.7. 0

5.3.3 The Hermite-Riesz transforms R; and R;;

Using Hermite series expansions it is easy to check that the first and second order Hermite-
Riesz transforms (2.33) and (2.34) are symmetric operators in 8§ and that they map 8 into §
continuously.

Taking 0 = 1/2 in Theorem 5.15 we get:

Theorem 5.16. If u € C?f‘, 0<a<1, then for all 1 <|i| < n, Ryue 8 NC(R™) and

Riu(x) = J (u(z) —u(x))AiF_y/2(x,z) dz + u(x)AiH_1/21(x), x € R™.

n

By using the properties of the kernel of the second order Hermite-Riesz transform
Rij(x,z) = A{A;F_1(x, 2)

given in Lemma 5.25 bellow, it is easy to get a pointwise description of Ry;f, f € 8. Hence
we can use Proposition 5.6 with vy =0 and ¢ = « to have the following Theorem.

Theorem 5.17. If u € C?f‘, 0 < « < 1, then for all 1 < lil,[jl < n we have Rijju €
8N C(R™) and

Riju(x) = JRn(u(z) —u(x))Ryj(x,z) dz + u(x)AiAjH_ll(x), x ¢ R™.



92 Chapter 5. Regularity theory for the fractional harmonic oscillator

5.4 Proofs of the main results

5.4.1 Regularity properties of Hermite-Riesz transforms

Proof of Theorem 5.5. By Lemmas 5.23, 5.24, and 5.27 of Section 5.5 and Theorem 5.16,
the result for R; can be deduced applying Proposition 5.8 with v =0 and ¢ = «.
Let us consider the operator Ri; for some j € {1,...,n}. Then by Remark 5.11 we have

fRij = AiA]'H_l =A; (A]'H_l/2> H_1/2

= A¢ [(H+2) A HOV2 = A(H 4 2) 7 0%,

Therefore, it is enough to prove that A;(H+2)~'/? is a continuous operator on C?f‘. When
f € § we can write

n

Ai(H+2)712f(x) = J (f(z) — f(x))AiFg,_1/2(x,2) dz + f(x)A(H +2)"1/21(x),

where

1 [(Y/1-
F2,—1/2(X: z) = r(1/2) L (1 T z> Gt(s)(X, Z)dH—1/2(S)

and
(H + 2)71/21(7(.) = J F2771/2(X, Z) dz.

RN
Following the proof of Lemmas 5.23 and 5.24, it can be checked that the kernel A;F, _; /2(x, z)
and the function (H 4 2)~1/21(x) share the same size and smoothness properties than the
kernel AiF_;/5(x,z) and the function H~1/21(x) stated in the mentioned Lemmas. Thus,
as a consequence of the results of Section 5.2, Aj(H +2)"1/2: Cg’l“ — C?f‘ continuously.
Therefore Ri; is a bounded operator on C%* when j € {1,...,n}.

Note that

Rij = 0%, H T 4 x0x HH 4 %10 HH - xiHT 4 835 H 7Y,
which at the level of kernels means that
Rij(x,z) = aii,xj Fo1(x,2) +%j0x, F-1(x,2) + xi0x;F-1(x, 2) +xixjF-1(x, z) + 8i5F-1(x, 2),

By the estimates given in Lemmas 5.23, 5.25 and 5.26, we can apply the statements of
Section 5.2 to show that the operators x;dx;H™*, xixjH ™ and H™' are bounded on C%o‘.
Hence, 0%, ,,H™* maps C%* into C%* continuously. Observe now that the operator R _j,
for j €{1,...,n}, can be written as

Ri,—j = =03, H T+ x50 Hh = %0 Hh +xigH T+ 8y H T

The observations above give the conclusion for Ry _j, j € {1,...,n} O
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For technical reasons we have to consider the first order adjoint Hermite-Riesz trans-
forms that are defined by

REf(x) = HY2Af(x) = J F_1/2(x,2)(Aif)(z) dz, fe§, xeR™, 1<|il<n.
Rn

Theorem 5.18. The operators R}, 1 < [i| <n, are bounded operators on C[;’[“, 0<a<l.

Proof. If 1 < i < n then, by Remark 5.11, R*, = H™¥/2A_; = A_;(H +2)~%/2. This
operator already appeared in the proof of Theorem 5.5 and there we showed that it is a
bounded operator on C?f‘.

On the other hand, R* ; = —H™/23,, + H~/2x;. But by Lemmas 5.23, 5.24, and 5.26
of Section 5.5 and Proposition 5.8, we can see that the operator f — H~™/?x;f, initially
defined on S, maps Cg’l“ into itself continuously. Therefore, we obtain the same conclusion
for the operator f — R*.f — H71/2x;f = —H"1/29,,f. Consequently, R} = H¥/2A; =
H=1/29,, + H™'/2x; is a bounded operator on C?f‘. O

5.4.2 Proof of Theorem A

We start with (A1). By recalling the results in Lemmas 5.21 and 5.22, if we put y =20 < 1
and ¢ = o — 20 in Proposition 5.8, we get the conclusion.
Consider now (A2). Using Remark 5.11 and Theorem 5.13 we have

Hou e C* 2% & AjHu, A_{Hu e C% 2% & (H+2)°Aqu, (H—2)°A jue Ch* 20,

By Theorem 5.12 together with Lemmas 5.21 and 5.22, we can apply Proposition 5.8 with
vYy=20<1and ¢ = x—20 in order to get (H+2)°: Ci’lo‘ — Ci’lo‘_zg continuously and then

||(H + Z)GAiuHC%ocfzo < C ||A1LLHC?_{cx < C ||U,||C]1_l,oc .

An application of Theorem 5.13, Lemmas 5.21 and 5.22 and Proposition 5.8 gives us the
estimate ||(H — 2)UA_iu||C(]J—[,oc—2d <C ||u||Ch,o¢. Thus, ||HGuHC:.—(,o<72U <C Hu”ch“'
Let us prove (A3). We can write
1 n
HO = HO V2o H /20 H = HO /2, 5 > (REGA+RIAL),
i=1

where R’ ; are the first order adjoint Hermite-Riesz transforms, that are bounded operators
on C;* (Theorem 5.18). Consequently,

(R*_;LA_;LLL + RfAlu) =veE C%{a

n
=1

N |~

1

Now we distinguish two cases. If 0 —1/2 > 0 then 0 < « —2(0 — 1/2) < 1 by hypothesis, so
we can apply (A1) to obtain that HO~1/2v € C%* 2! and MW coazort < C ] e



94 Chapter 5. Regularity theory for the fractional harmonic oscillator

If o —1/2 < 0 then 0 < ot + 2(—0 + 1/2) < 1 and we will get H—(—9+1/2)y ¢ C%[OH%H
and [[Hu|| coa2011 < C ||u||C]];{,zx after we have proved Theorem B (B1). If o0 = 1/2 the
result just follows from the boundedness of the first order adjoint Hermite-Riesz transforms
on Ci’l“.

By iteration of (A1), (A2), (A3) and using Remark 5.11 and Theorems 5.12 and 5.13
we can derive (A4). The rather cumbersome details are left to the interested reader.

5.4.3 Proof of Theorem B

To prove (B1) note that if « +20 < 1 then 0 < 0 < 1/2. Let us write

n

H™%u(x1) — H %u(x2) = J [w(z) —ulx1)] [Foo(x1,2) = Foo(x2,2)] dz
+u(x1) [H_Gl(xl) - H_Ul(XQ)] .

By Lemma 5.24 the second term above is bounded by Clu]pm« [x1 —x2|“+20. We split the
remaining integral on B = B(x1,2[x; — x2|) and on B€. We use Lemma 5.23 to get

Ixg —z|*

x+20
n—2o B X2‘ '

JB lu(z) —u(x1)|F_g(x1,2) dz < Culco,m J dz = Clu]cox X1

B [x1 —z|

Let B’ = B(xo,4|x; — x2|). Then, by the triangle inequality,

x
X1 —2Z
J u(z) —u(x1)|Fg(x2,2) dz < CMCMJ “711[26 Az
° B’ [x2 —Z]
x
< Clulcon U Dol [ e g
B/ |x2 — | B/

= Clu]com [xg — x2|* 27
Denote by B the ball with center x5 and radius |[x; — xp|. Note that, for z € EC, lz — x| <
2|z —x2|. Then Lemma 5.23 gives

X1 — Xallz — x2|* _hee?

dz
n+l—2o0
— Xa

J |u(z>—u(xl)||F_c(xl,z)—F_G(X2,z)|dz<cmco,«jg :

< Clul coe xq — xo|*¥H29

Thus, [H™u]coar20 < C|[uf| 0.« . For the decay, we put
H

H %u(x) = JB(u(z) —u(x))F_g(x,z) dz+ JBC (w(z) —u(x))F_g(x,z) dz+u(x)H “1(x),

where B = B <x, %le) We have

|z —x|* C
JB |U(Z) — U(X)| F_O—(X, Z) dz < C[LL] CO,x JB m dz < [LL] COY“W’
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and

JC (u(z) —u(x))F_o(x,z) dz+u(x)H 71(x)
B

< J w(z) F_olx,2) dz
BC

+ 2 [u(x)] ‘H_Gl(x)’ .

To estimate the very last integral we can proceed as we did for the integral part of the
operator T in the proof of Proposition 5.8, by splitting the integral in annulus and we skip
the details. By Lemma 5.24, [u(x)H °1(x)| < Clulpma(1 + [x])~(**+29) This concludes the
proof of Theorem B (B1).

In order to prove (B2) we observe that by using the boundedness of the first order
Hermite-Riesz transforms on CV;* we get

||A1H_UuHC$io<+2a—1 = ‘|RiH_G+1/2uHC%“+2U—1 < C||H_U+1/2u”cgi,oc+za—1 <C ”u”cgi,oc,

where in the last inequality we applied Theorem A (A1) if —o+1/2 > 0 and the case (B1)
just proved above if —0+ 1/2 < 0. The case 0 = 1/2 is contained in Theorem 5.5.

Under the hypotheses of (B3) we have to prove that A;A;H~%u belongs to C%*"2°72,
But AjAjH u = Rinl_Gu. Therefore, Theorem A (A1) and Theorem 5.5 give the result.

5.5 Computational Lemmas

Lemma 5.19. For each positive number a let

1l)§1,Z(X) _ e—a[s|x+z\2+%|x—z|2], X,z € Rn, s€(0,1).
Then,
a a Ix—z/2
¢(x) < emalxxmElema T (5.10)

Proof. We have

a lx—z|? a Ix—2z|2

e, (x) < e s e slsheralP izl g B g ixzlixra]

The first inequality above is obvious. For the second one we argue as follows: if [x + z| <
Ix — z| then it is clearly valid; when |x —z| < |x+ z| we minimize the function 0(s) =
5 [s Ix +z? + % \x—zlﬂ, s € (0,1), to get 6(s) > §Ix—z|[x+zl. To obtain the desired
estimate let us first assume that x - z > 0. Then |x + z| > |x| and

—z|2 2
e 80T e gzl ¢ 0§ P o gIxlixal,

If x-z <0 then |x —z| > |x| and

Ix—z|? a a lx—z2 a [x|lx—z| a lx—z2 a
soe ezl o T e T Cemd s e alxlixE

—a
2

e

Thus, (5.10) follows. O
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Proof of Lemma 2.6, Chapter 2. Follows directly from Lemma 5.19. O

Lemma 5.20. Letn,p € R. Then for all x,z € R™,

1 n/2
1— 1 Ixllx—zl _ |x—z?
| ( ) e Clberfetiezl] g s) < Cem e e L1 p(x,2),

0 S sM
where
1 :
W, 'Lf n/2—|—n+p>0,
Inp(%2) =1{ 14 10g (ﬁ)x{‘f‘2>l}(x—2), if n/24n+p=0,
1, if n/24+4n+p<0.

Proof. By (5.10),

1 n/2
1—s 1 2, 1142
J < > e C[slirz\ +5Ix zl} dlvlp(s)
0 S sn

1/2 2 2l
Ix|lx—z| 1 x—z2 ds Ix—z|
< Ce —————e G —4¢e ¢ (1 —s)“/2 dp,(s)
= o sn/2m+e S 1/2 P
 Ixlix—zl C > o dr x—zI?
=Ce ¢ | ——mras |, TP 4 Ce T
|X — Z| n P \XEZ\ T
Ix—z|2
[xllx—z| e C °° dr |x—z|? Ixllx—z|
<Ce ¢ | —iur VAP T L em T | = Cem < -
= |X o Z|TL+2T]+2D ‘XEZ|2 T
Ifn/24+n+p>0,
[x—z|2 00
—EE 2 22
I < € J TTL/2+Tl+pe—T' E + e Ix CZ‘ < —C e_lx 2l
|X . Z|n+211+2p T |X o Z|TL+2T]+2p

2
Suppose now that n/2 +1n+ p < 0. Consider two cases: if @ > 1 then,

x—z|2 1 o dr
oo [Fomre
|X . Z|Tl+21’]+2p 1 T
o Ix—z|2 C
= Ce c W +1| <C,

_ 2
and when % < 1 we have

o 1 1 0 dr
et 1 /24n+p T
I[<e ¢ ['X — gnRnt2e (Jxﬁ T T * C) i

C

[x—z|?

X—Zz C 1 =
gCe*‘ I 1—|—10g< ), if n/24+n+p=0,
1, if n/24+m+p<0.
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Lemma 5.21. Denote by J any of the kernels Fs(x,z) (defined in (4.6)) or Fiox o(X,z)
(given in Theorems 5.12 and 5.13). Then,

C CIxllx—zl  x—zf?
|F(x,z)| < X2 e e” <, (5.11)
for all x,z € R™ and
Clxg —xal _lzllxg—zl  |xp-z®
|F(x1,2) — Flxa,2)| < m c e < (5.12)

for all x1,x3 € R™ such that |x; — z| > 2[x; — xa|.

Proof. Let us first consider ¥ = F;. The estimate in (5.11) for F = F4 is already stated
in Lemma 4.8 of Chapter 4. Nevertheless, we can prove it here quickly by using, in (5.4),
Lemma 5.20 with n = 0 and p = 0. To get (5.12) we observe that, by the Mean Value
Theorem,

1—s n/2 1 _1 2,11z 2
\Gt(s)(xl,Z)—Gt(s)(Xz,Z){<CIX1—XQ|( ; ) v slslerzPrile—zl’] (5 13)

for some & = (1 — A)xy + Axa, A € [0,1]. Then, by Lemma 5.20 withn =1/2 and p = o,

[Fo(x1,2) — Folx2,z)| < Ix1 — x2 sup IVxFol(&,2)l
{&=(1—A)x1+Ax2:A€[0,1]}

1 1_5 TL/2 1 1[ | ‘2 1‘6 |2}
< Clxq —X2lsupJ ——— e slslErEIETE gy (s)
&

o\ s si/2
<C| | L R
< Clx1 —xolsup ————<—- ¢ e
+1+20
£ |&—z]
[x1 — X2l lllxg—zl  Ixp—zf
cC e T,

|X2 . Z|TL+1+2O‘
where in the last inequality we used that & —z| > %Ixz —z|, since |x; —z| > 2|x; —xs|. In
a similar way we can prove both estimates for J = Foi o because 0 < Fax o(X,2z) < Fo(x, 2).
Note that, by (5.6)-(5.7), up to a multiplicative constant we have

/ k
Jl 2 (1“) Gi(e)(%,2) dite(s)

0 1—s

|F—2k,O‘(X7 Z) | =

1 k
+J <1+S> [Gi(s)(x,2) — dax(x)] dpo(s)

Cdixez ez (T /1 — s\
Fo(x,z)+e ¢© e C duc(s) | -

1/2

<C
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Therefore, (5.11) is valid for F_g . By (5.13),

V2 /145 K
J (1 S) |Gi(s)(x1,2) — Gy(s)(x2,2)| dpo(s)
. —

S TSN N SR T RN
<C|x1—x2|s1;pJ'0 S 517e g SISTZETSISTZ0] qug(s). (5.14)

Recall the definition of M, (x,z) given in (5.5). It can be checked that

dk o bxdlx—zl x—zf?
FVXMT(x,z) <Ce T e <, r € (0,1/3).
Thus, by Taylor’s formula,
1—s\ T2 s e
}vx [Gt(s)(xxz) - (bZk(X: sz)” < C <1 T+ S) e ¢ e <, s € (1/2; 1)7

(5.15)
and consequently, when |x; — z| > 2[x; — x|,

1 14s\¥
L/z (1 _ s> ’(Gt(s)(xlyl) — dak(x1,2,8)) — (Gy(s)(x2,2) — dar(x2, z, s))‘ dite(s)

1 k
<Chy —XleupJ <1+S> |V [Gi(s)(&:2) — b2k (&, 2,8)]| duo(s)

3 1/2 1—s
Clalli—zl ez Clllxp—zl [xg—2f?
< Clxy —xolsupe” © e < < Clxy—xole c e < . (5.16)
£
Pasting estimates (5.14) and (5.16), (5.12) follows for ¥ = F_gy ¢. O

Lemma 5.22. Denote by B any of the functions Bs or Bisk,o defined in (4.6) and in
Theorems 5.12 and 5.13. Then B € C*°(R"™) and for all x € R™,

x| if x| <1
< 20 < ) ’
|B(x)| <C (1 + x| ) , and |VB(X)| <C { |X|2(r—17 lf Ix| > 1.

(5.17)
Proof. The first inequality in (5.17) for the case B = B, is contained in Lemma 4.8 of

Chapter 4. Identity (2.29) gives
1— o\ N/2 e e
( S ) e 1M1 dpo(s).

1 1
Bolx) = I'—o) L 1+ s2

We differentiate under the integral sign to see that B € C*°(R™) and

2x (Y s 1-s2\™?% o e
J 2 ) e e dug(s)
MN—0o)Jg1+s2\1+s

IVBg(x)| =

1
< C|X|J se‘élx‘2dug(s) =: 1(x).
0
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By (4.9),
~ 2 2 ds 2 1 bf dr [xI2
I(x) < Clx| J e s = 4 e_CJ duo(s)| = C|x|261J e — +Clxle <.
0 S 1/2 0 T
If [x] < 1,
T oar (Y a
T T _
e — < — =CRKP?7,
0 T “Jo 77
and if [x| > 1,
bf dr /4 ar b IxI2
e_TG<J U+J e "dr=C—e C <C.
0 T 0 T 1/4

Hence, (5.17) for B = B, is proved.

We can write
k o\ N/2
1—s 1—s s 142
<1+s> <1+52> _1]e =7 g (s)

1
J (efwjlxl2 — 1) dug(s) = I+ 1L
0

1 1
sz,c(x) = J
0

I'(—o)

The bounds for I and II can be deduced exactly as in the proof of Lemma 4.8 of Chapter 4.
On the other hand, observe that |VBay o(x)| < I(x). Thus, (5.17) follows with B = By o-

When B = B_sy g,
k 2\ N/2
1 1— s _x?
<1tz> <1+22> ¢ e _1] dhels

1/2
B_ak,olX) = — J
+ r <1+S>kj (Ges)(x,2) — dak(x,2,8)) dz—1| due(s)

I'(—o) 1/2 1—s R t(s) 2k\% % Ho

= [T+ IV.

If up to the constant 1/T'(—o) we write III as

— sz b
L (1—8) <1+52> 1 dUU(S)+JO (e 1+ 1) due(s),

then we can handle these two terms as we did for I and II above to get |I1I] < C (1 + |X|2U).
By (5.6)-(5.7), IIV| < C. For the gradient of B_oy ; similar estimates to those used for VB
can be applied for the term V,III. Finally, (5.15) implies that [V,IV| < C. The proof is
complete. 0
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The following Lemma contains a small refinement of the estimate for the kernel F_;(x, z)
given in [17, Proposition 2].

Lemma 5.23. Take o € (0,1]. Then for all x,z € R™,

1 CIxllx—z|  [x—z|? R
W e c e c 'Lf n > 20_,
Cxllx—zl  x—z? .
0<F 5(x,2)<Cq e c e < [1—|—log<|X 7 >X{Xc22>1}(x—z)} ,  ifn =20,
X[ X—Z X*Zz
e“”c ‘e_| S , if n < 20.
(5.18)
If F(x,z) denotes any of the kernels ViF_s(x,2), xiF_s(x,2) or ziF_s(x,z) then,
X||IX—Z X—Zz
Wei‘uc ‘ei‘ C‘ , an>20——1,
‘F(X;Z” < C Ix||x—z| Ix—z[¢ Z\ -
e C e 1—|—10g< Z‘2> (x—2z)|, ¥Yn=20-—1.
(5.19)
Moreover, when |x; —z| > 2[x1 — xal,
IF_o(x1,2) = F_o(x2,2)]
\sz 77“ ‘x 7z|2 )
W e g e 2C , 'Lf (0} ;é 1,
< Clxy —xal gl bl . (5.20)
e” ¢ e [1 + log ( |2) x{ <2 n(x—=2)|, fo=1,
and | | ,
X1 — X _lellxg—zl [xp—zf”
|F(x1,2) — F(x2,2)| < C|X2 —1z|”+§*2‘7 ¢ e < . (5.21)
Proof. By (2.27),
1t
Foolx,2) = 1oy | Guge)(02) ditafls)
n/2
J < ) emilshrzlPriix=zl q (s). (5.22)

Then apply Lemma 5.20 with n =0 and p = —o to get (5.18). Differentiation with respect
to x inside the integral in (5.22) gives

1715 n/2 1 1 2,1 2
IViF_o(x,2)| < CJ ( - ) 7 e slshrzlPrih—zl qy (s), (5.23)
0

and then Lemma 5.20 with 1 =1/2 and p = —o implies (5.19) when F(x,z) = ViF_s(x, z).
Take x,z € R™. If x-z > 0 then |x| < |[x + z| and in this situation |x| F_;(x,z) is bounded by
the RHS of (5.23). If x - z < 0 we have [x| < |x — z| and in this case

1—s
S

—Lix—z|? ' n/2 —Llslx+zlP+1x—z|?]
X|F_o(x,2) < Clx —z|e 8 e s s du_o(s).
0
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Therefore, by Lemma 5.20, we obtain (5.19) for F(x,z) = xiF_s(x,z). The same reasoning
applies to F(x,z) = ziF_s(x, z) since |z| < |z — x| + |x|. To derive (5.20) we follow the proof
of (5.12) in Lemma 5.21 with —o in the place of 0, and we use Lemma 5.20. Estimate (5.21)
for F(x,z) = VxF_s(x,z) can be deduced by using the Mean Value Theorem and Lemma
5.20, since

1 1 /12 n/2 1 2,1 2
2 _ ——[s\x—b—zl +5Ix—z| ]
otz = o | () ¢ .

x [(_;(Xi+zi) - 218(Xi_7~i)> <—;(Xj +25) - %(Xj —Zj)> =0y <;+ ;sﬂ dp—o(s),

gives that

9 L/1—s\™v21 [ 2,1 2)
[D2F_4(x,2)| < C J < s > Ce S =  ay o). (5.29)
0
Similar ideas can also be used to prove (5.21) when F(x, z) is either x;F_4(x, z) or ziF_(x, z).
We skip the details. O
Lemma 5.24. The function H™°1 belongs to the space C*°(R™) and
C C
H™°1 < —5- d VH™°1 < ———-.
| ()] (1+ x)2°" an | (%] (14 x|)i+20

Proof. Observe that (2.27) applied to (5.9) gives
1 1 L/1—¢2 n/ — s |x[?
H™1(x) = WL et (x) du_o(s) = CL <1+s2> e 12 du_4(s). (5.25)
Since
1—s2
1+s2

‘Vxe_t(s)Hl(x)‘ =2 _5 <

n/
e M < cst/2eE, (5.26)
1+s2

differentiation inside the integral sign in (5.25) is justified. By repeating this argument we
obtain H™91 € C*(R™). To study the size of H™°1 note that we can restrict to the case
Ix| > 1 because H™°1 is a continuous function. By (4.9),

1/2 .2\ /2 . 1/2 .
J <1 S ) e—m\x\Zduio(S) < CJ e_quzﬁ

0 1 + 52 0 Slid
x2 d
_ 2C T _
— CK 2“J N
0 L

and

1 2\ /2 1 n/2—1
1— s _|x|? 1—
J < Sz) e 2 Map o(s) < Ce—C|X|2J (1—5) — ds = Ce CF°,
1/2\1+s 1/2 (—log(1 —5s))

Plugging these two estimates into (5.25) we get the bound for H™°1. For the growth of the
gradient, (5.26) and similar estimates as above can be used to obtain the result. O
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Lemma 5.25. For 1 < |i|,[j| < n, denote by R(x,z) any of the following kernels:

ii’ijfl(X,Z), xi0x;F-1(x,2) or xixjF_1(x,z). Then

C _ Ixllx—zl  |x—z/?

|R(X, Z)| < W e cC e <, (527)
X—2z
and when |x; —z| > 2|x; — x|,
X{ — X lzllxg—z|  |xg—z|?
|R(X1,Z] — R(Xg,Z” < Cm e Cz e 2C . (528)
y —

As a consequence, the kernels Rij(x,z) = AjA5F_1(x,z) of the second order Hermaite-
Riesz transforms also satisfy these size and smoothness estimates.

Proof. We put 0 =1 in (5.24) and we use Lemma 5.20 with 1 =1 and p = —1 to obtain the
desired estimate for D2F_;. From (5.23),

1 1—s n/2 1 _l[s\x+z|2+llx—l\2]
‘Xiaij—l(X; Z)‘ < CHx| S $1/2 e 8 s du_1(s), (5.29)
0

If [x| < 2 then Lemma 5.20 with 1 =1/2 and p = —1 applied to (5.29) gives

C C Ixllx—zl  |x—z/?
\xianF,l(x,z)}g e < e <

|X - Z|Tl.—1

Assume that [x| > 2 in (5.29). Consider first the case [x| < 2|x —z|. Then by Lemma 5.20,

P(L=8\™? ol s dixp]
‘xiaijl(x,z)‘gCJ ( S > e~ ClshxtzlP+3x==F] q,,  (s)
0

C I R
C

S 7|X_Z|n72 e c e

In the other case, namely |x| > 2[x — z|, we use the fact that [x| > 2 to see that x +z? =
2Ix — x — zI* + 2|z1* > [x|*. Hence,

}Xj Ox, F—1(x, Z)’ <C ——— e ClbAEiE = gy (s)
j 0 s 31/2

C et
<—x e

x —z["
Collecting terms we have (5.27) for R(x,z) = xj0x;F_1(x,z). Finally, to obtain (5.27) with
R(x,z) = xixjF_1(x, z) note that by (5.22),

2 [P (L=8\™? ifeherstetixezp]
‘XinF_l(X, Z)| < C|X| J <S> e 8ls X+z|"+5Ix—z dH—l(S);
0
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and consider the cases |x| < 2 and [x| > 2 as before. In the second situation assume first that
Ix| < 2|x — z| and then that x| > 2 |x — z| (which implies x| < [x + z|) and use the method of
the proof given for x;0«,F 1 above.

To prove (5.28) we can use the Mean Value Theorem and Lemma 5.19 (see the proof of
(5.12) and (5.21)). We omit the details. O

Lemma 5.26. Denote by K(x,z) any of the functions [x|*° F_q(x,z), 12*° F_s(x,z), 0 <
0 < 1, or the kernel xi0x;F—1(x,z). Then

supJ K(x,z)] dz < C.

X
Proof. Consider the function |x[*° F_q(x,z). If [x| < 2 then, by (5.18),

lezsj F o(x,z) dz < C.

If [x| > 2 we consider two regions of integration: [x| < |[x —z| and |x| > |x —z|. In the first
region, by Lemma 5.20,

- 1/1_g\™2 1 ol . . .
W oz <o (A50) Ay e Sl (s < ol 2),
0

with @ € L}(R™). To study the second region of integration, namely |x| > |x — z|, we use the
fact that [x + z| > [x| and we split the integral defining F_ into two intervals: (0,1/2) and
(1/2,1). To estimate the part of the integral over the interval (0,1/2) we note that, by using
(4.9) and three different changes of variables, we have

1/2 /2 1 1 21 21 ds
G x,z) du_g(s) dz< C 1 e alshkPagix—zl] 95 4,
LX'?H'J woa) el azsc| [T &

0 [x|>[x—z|

2
2 2
M= o[ L x—zl?]

- 2 e 4
= Clx" 2”J J e drdz
[x|>[x—z| Jo T

. 1x12 1

2
= CIx[ 7% e alrt Pl
JIx12=lwl Jo

olx|? 1x2 . 9
_cpe | [T L et A

_ e s
cow [ k]

= Cx[7%° J e 41 dr} U e /2 dt]
LJo T 0 t

= Clx|72°.
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The integral over the interval (1/2,1) is bounded by

1 \xfz\z |X72‘2
|x”J (1—s)™2e I e="E" du_o(s) < Cem © € LMRM).
1/2

Hence we get the conclusion for K(x, z) = |x|*° F_¢(x, z). To prove the result for the function
|2|2® F_4(x, z) observe that [z]*° < C (Iz —x[29 + IX\Z‘T), so we can apply the estimates above.

When F(x,z) = xiaijfl(x, z) we can argue as we did for Ix|?° F_o(x,z) above, because of
(5.29). O

Lemma 5.27. For all 1 <|il<n and 0 <11 <19 < 00,

sup <C,

X

AiF_q/0(x,2) dz

Jn<x—z|<rg
where C > 0 1s independent of 1 and 7».

Proof. By estimate (5.19) given in Lemma 5.23 it is enough to consider v, < 1. From Lemma
5.26 with o0 = 1/2 we have that

J xiF_1/2(x,2z) dz < C.
Rn

We can write

J Ox;F_1/2(x,2) dz:J I(x,z) dz—i—J II(x, z) dz,
T <|x—zl<ry i <|x—z|<ry T <|x—2z|<Ty
where

I(x,2) == 1 [F(1=s\"" —glsherz+ b=z (LS4

w g |, () ¢ oo (3t 20) dusaale)

Lemma 5.20 shows that

L/1—s\™? 1 1] 241 7]
|I(X7Z)| < CJ ( S > 3771/2 e 4ls Xzt gIx—z dH_1/2(S) < q)(X—Z),
0

for some integrable function @. To deal with II(x, z) we consider the integral

~ 1 1/1—¢2 n/2 1 [g]ox|?+1 21 —(xy — zi)
_ —L[sl2xP+1[x—z|?] i i

which verifies
ﬁ(x,z) dz| =0.

Jr1<x—z<r2
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Therefore, by applying the Mean Value Theorem and some argument parallel to the one used
in the proof of Lemma 5.20,

~ L/1—s\™2 1 Ix—zI2 1 2 1g1ox|?
I1(x, z) — II(x, Z)) < CJ ( s ) Ve e |emdslxtzl® _ g—isl2x| du_q/5(s)
0

n/2 22
> e G du_yp/a(s) < V¥Y(x—1z),

N
0
= a—
N\

-
@ |
w

for some W € L}(R™).
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