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Abstract

This thesis explores the spectrum of states charged under global and gauge symme-
tries in String Theory, and the constraints that they pose on specific phenomeno-
logical models. On one hand, we use supercritical theories (those with more than
10 or 26 dimensions) to embed discrete gauge symmetries of the critical theory into
continuous ones in a supercritical extension, and use this description to construct
the associated charged objects. Supercritical string theories are related to the usual
critical ones via a process of closed-string tachyon condensation. This picture can be
extended to construct several other objects as solitons of the supercritical tachyon,
such as the NS5-brane in the heterotic theory or the C2/Z2 orbifold in type II the-
ories. In both cases, we unveil a real K-theory structure in the supercritical theory
which allows us to classify and construct the the topologically protected solitons of
the theory. A supercritical perspective on Gauged Linear Sigma Models and some
connections to Matrix Factorizations are pointed out.

We also discuss the constraints on large field inflation models coming from
gravitational instantons in the effective field theory. These instantons are related
to and motivated by the Weak Gravity Conjecture, which demands the existence of
light charged objects in any gauge theory consistently coupled to quantum gravity.
We constrain both single and multiple axion models of inflation, and these con-
straints make the obtention of parametrically large axion field ranges very difficult.
We highlight a simple loophole to these arguments which however requires the strong
form of the Weak Gravity Conjecture to be false.

Finally, we solve some issues of the relaxion proposal as a solution to the
hierarchy problem by embedding it in an axion monodromy setup. Generically, in
monodromic models there are membranes which may mediate transitions between
the branches of the potential. These can be dangerous to the relaxion proposal,
depending on the precise value of the tension of the membranes. The WGC provides
an upper bound for this tension, in such a way that the membrane constraints are
sufficient to rule out the simplest versions of the relaxation mechanism. We also
provide the first steps towards an embedding of the relaxion proposal in D-brane
models.



Resumen

Esta tesis explora el espectro de estados cargados bajo simetrías en teoría de cuerdas,
tanto globales como gauge, y las ligaduras que suponen dichos estados en modelos
fenomenológicos específicos. Por una parte, se emplean teorías supercríticas (que
viven en más de diez o veintiséis dimensiones) para embeber simetrías gauge discre-
tas de la teoría crítica en simetrías gauge continuas de una extensión supercrítica,
usando esta descripción para construir también los objetos cargados asociados. Las
teorías de cuerdas supercríticas se relacionan con sus compañeras críticas mediante
un proceso de condensación de taquión de cuerda cerrada. Esta imagen se utiliza
también para construir otros objetos como solitones del taquión supercrítico, como
la brana NS5 en la teoría heterótica o el orbifold C2/Z2 en teorías de tipo II. En
ambos casos, se descubre una estructura de teoría K real subyacente a la teoría su-
percrítica, la cual permite clasificar y construir explícitamente solitones del taquión
protegidos topológicamente. Se enfatiza también la perspectiva supercrítica en los
modelos sigma lineales gaugeados, así como ciertas conexiones con factorizaciones
de matrices.

En segundo lugar, se obtienen cotas sobre ciertos parámetros en modelos infla-
cionarios de campo grande, provenientes de instantones gravitacionales presentes en
la teoría efectiva. Estos instantones están motivados por la Conjetura de la Gravedad
Débil, que exige la existencia de objetos cargados ligeros en cualquier teoría gauge
acoplada de manera consistente a gravedad. Se discuten efectos sobre modelos tanto
de uno como de varios axiones, y en ambos casos las cotas obtenidas dificultan signi-
ficativamente la construcción de inflación de campo grande. Se señala un resquicio
en el argumento que sin embargo implicaría la falsedad de la forma fuerte de la
Conjetura de la Gravedad Débil.

Finalmente, se resuelven algunos problemas de la propuesta del relaxión para
resolver el problema de la jerarquía electrodébil mediante su incorporación a un
modelo de axión monodrómico. De manera genérica, los modelos monodrómicos
incluyen membranas que pueden mediar transiciones entre las diferentes ramas del
potencial, las cuales pueden comprometer la viabilidad del relaxión dependiendo del
valor concreto de la tensión de las membranas. La Conjetura de la Gravedad Débil
proporciona en este caso una cota superior para dicha tensión, de tal forma que las
cotas basadas en membranas son suficientes para descartar las versiones más simples
del relaxión. También se presentan los primeros pasos hacia un embebimiento de los
modelos relaxiónicos en teoría de cuerdas, en el contexto de modelos de D-branas.
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1
Introduction

The XX century undoubtedly witnessed impressive progress in every field of physics.
While a physicist from the early 1800s could understand many (though by no means
all) of the interesting open problems of fin de siècle, a physicist of the first decade of
the XX century would be alien to almost any research problem in modern physics.
Two of the four fundamental interactions and all of the particles regarded today as
the fundamental blocks of matter were discovered starting in 1897 with the discovery
of the electron by J. J. Thompson. 19th century cosmology was dominated by
steady-state theories, with the discovery of the expansion of the universe and the
Big Bang paradigm all belong to the 20th century.

Though all these changes were driven by an intense interplay between the-
ory and experiment, they ultimately rely on two basic paradigm shifts: Quantum
mechanics and special relativity. The first comprises a radical change of our under-
standing of the world, shifting from a deterministic to a probabilistic perspective,
while the second tells us that space and time mix in a very specific way. These two
basic aspects of the world are most powerful when working together: The formalism
of quantum field theory restricts enormously the allowed matter and its interactions.
The Standard Model of particle physics, a typical example of a quantum field theory,
provides a unified description of three of the four fundamental forces and most of
the interactions of matter. It is the most accurate physical theory ever produced.

Luckily for newcomers to physics, this is far from the end of the story. On one
hand, there are many interesting open problems whose solution likely lies within the
framework of quantum field theory, such as the nature of dark matter, the origin of
neutrino masses, or the strong CP problem. Hopefully the LHC and its successors
will provide us with new particles and phenomena, for which the most natural
explanation will be in terms of a QFT. On the other hand, the framework of quantum
field theory, so successful in the description of strong, weak, and electromagnetic
interactions, does not work so well for gravity. It only provides meaningful answers
when the energies per particle are much lower than the Planck scaleMP ≈ 1019 GeV .
Technically, an interacting theory of a massless spin 2 boson is non-renormalizable.

A similar problem was encountered in the development of the theory of the
weak interactions. Fermi’s theory is non-renormalizable, providing an accurate de-
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CHAPTER 1. INTRODUCTION

scription of the physics only at scales below ≈ 70 GeV . At this scale, the theory
is superseded by the Standard Model, a different quantum field theory valid on a
larger energy range: We say the SM is an ultraviolet completion of Fermi’s theory.
We do not know where the predictions of the Standard Model start to fail (more
precise measurements of the mass of the top quark may put an upper bound to
this scale, and heavy neutrino masses suggest another upper bound no bigger than
1016 GeV ), but the theory itself is mathematically consistent up to the Planck scale
and beyond.

The difference between Fermi’s theory and gravity is that the former admits
an ultraviolet completion which is a weakly coupled QFT, whereas the latter does
not: Since any theory weakly coupled theory with a massless fundamental spin 2
field is nonrenormalizable, the only possibility would be to have the graviton to be a
composite particle, which is forbidden by the Weinberg-Witten theorem. Therefore
to find an ultraviolet completion of gravity we are forced to drop either field theory or
weak coupling. The former is the approach taken in the asymptotic safety scenario
(see [1] for a review), in which gravity is described by an ultraviolet fixed point
under renormalization group flow. So far we only know of one example of a weakly
coupled UV completion of gravity, and that is string theory.

String theory is, by any account, one of the most fruitful fields of physics of
the last decades. The different vibration modes of the string provide us not only
with gravity, but also with every other kind of particle observed and indeed with
every kind of particle allowed in quantum field theory. In hindsight, it is reasonable
to expect a quantum theory of gravity to include other particles; gravity couples
to the stress-energy tensor, which is sourced by every kind of matter. Quantum
corrections to e.g. graviton-graviton scattering include loops of every other field in
the theory. On top of this, string theory has been a constant source of insight into
other branches of physics, such as gauge theory, supersymmetry, extra dimensions,
holography and condensed matter physics or even quantum information. It naturally
includes gauge coupling unification, provides us with solutions to the dark matter
and strong CP problems, neutrino masses, a sensible anthropic explanation of the
value of the cosmological constant and the hierarchy problem. There is also a rich
interplay with the mathematics community, with some branches of mathematics such
as algebraic geometry becoming essential part of the toolkit of the string theorist,
and some surprising mathematical results such as the so-called monstrous moonshine
being established via string theory.

Whether or not string theory is the right quantum theory of gravity, it is at
least one consistent example of such. Unique or not, studying it we can expect
to learn a great deal about quantum gravity, in much the same way as we first
learnt about many important features of quantum field theories from the study of
a particular example, QED. Of the many aspects of string theory still under active
research, this thesis focus broadly on the properties of solitonic and charged states
in the theory, both at the formal and at a more phenomenological level. Two main
tools will be used to achieve this: Supercritical string theories (whose study is also
an end in itself), and the Weak Gravity Conjecture.
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CHAPTER 1. INTRODUCTION

Supercritical string theory

One of the main breakthroughs in string theory is the realization that it is not a the-
ory of strings. The theory includes a plethora of other extended objects, the branes,
essential to define the non-perturbative regime, in which they are on equal footing
with the fundamental string. The best known such objects are D-branes, which
admit a perturbative description in terms of open string sectors, and which under-
lie several deep connections, like the microstate interpretation of the Bekenstein-
Hawking entropy for certain black holes and the AdS/CFT or gauge/gravity corre-
spondence.

However, D-branes are far from exhausting the non-perturbative sector of
string theory. There is also a plethora of other nonperturbative states in string
theory, which are often non-BPS. This means that they are out of reach of stan-
dard supersymmetric techniques which have proven so useful to analyze D-branes
and other supersymmetric solitons. It is important and also uncommon to have a
handle on non-supersymmetric sectors of string theory at the nonperturbative level.

One of the more famous features of string theory is that spacetime dimension
is not a free parameter, but rather it is fixed by the theory. Bosonic string theories
fix the spacetime dimension to be 26 and the more phenomenologically interesting
superstring theories fix it to be 10.

However, to constrain the dimension of the theory is essential to assume
Lorentz invariance. There is no motivation for Lorentz invariance in D > 4 di-
mensions, since if there are other dimensions present they must be compact, small,
and presumably without a Lorentz-invariant metric. Therefore, it is not surprising
that noncritical string theories (which live in any D > 1 spacetime dimensions) have
a long and rich history. Most of the early research in noncritical string theories was
focused on 2-dimensional models which, it was hoped, could provide a tractable toy
model of quantum gravity.

Another interesting possibility is to consider supercritical string theories, that
is, string theories which live in more than 10 or 26 dimensions. These theories are
manifestly not Lorentz invariant; the central charge of the sigma model is compen-
sated by a linear dilaton background which explicitly breaks Lorentz invariance.
Since the dilaton changes in time, supercritical theories constitute a time-dependent
exact solution of string theory, in which the theory becomes strongly coupled in
some region of spacetime.

These theories also have a tachyon in their spectrum. This tachyon is similar
in nature to the tachyon of the bosonic string in 26 dimensions. This means that the
supercritical string theories are unstable, and describe a phase of the theory sitting
on the top of a potential, much like the Higgs field in the Standard model before
electroweak symmetry breaking. In a similar fashion, the tachyon may condense and
reach a new, stable minimum throughout spacetime. This stable minimum turns out
to be a critical, ten-dimensional string theory. In other words, different supercritical
string theories living in different spacetime dimensions are connected to each other
via a process of tachyon condensation. Tachyon condensation also allow us to reach
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the familiar critical string theories, thus embedding the well-known dualities among
these in a much richer web of connections between supercrtitical string theories.

These supercritical theories can be used to acquire new insights about the
nonperturbative sector of critical string theory. For instance, Calabi-Yau compacti-
fications often have discrete isometries which descend to discrete symmetries of the
low-energy effective field theory. In some cases these isometries can be embedded
into continuous ones in the supercritical theory. This has the implication that the
low-energy discrete symmetries are actually discrete gauge symmetries, the reminder
of a continuous gauge symmetry which is incompletely Higgsed by the supercritical
tachyon.

By considering particular profiles for the fields in the supercritical theory, we
may reach interesting states in the critical theory. There is no reason to expect
that these objects will be supersymmetric in general, so we are studying the nonper-
turbative, non-supersymmetric sector of string theory. In particular, it is possible
to construct objects charged under discrete symmetries of the original theory. Al-
though one expect such objects to exist in a quantum theory of gravity, it is hard
to characterize them explicitly. Tachyon condensation provides a systematic way of
explicitly constructing new nonperturbative massive states in string theory which
would be difficult to describe otherwise.

The classification of these states is helped by the mathematical tool of real
K-theory. The supercritical theory of both heterotic and type II theories includes
an orbifold action which splits the dimensions into two different classes. In the
heterotic case, the tachyon gradient is charged both under the real gauge bundle
and the tangent bundle to one of these dimensions, whereas in the type II case it
is charged under two geometrical bundles. This means that the tachyon describes
a K-theory equivalence class of real bundles. Hence, the task of classifying all the
solitons which may arise from tachyon condensation becomes the task of classifying
real K-theory groups, a task which was already done in the context of tachyon
condensation of D9−D9 pairs in type I string theory.

The Weak Gravity Conjecture

Gravity is the weakest of all the fundamental forces. From the point of view of a
particle physicist which works with effective field theories, there is no special reason
for this; it is equally consistent to have a force weaker than gravity. However, as
mentioned above, gravity is beyond the scope of quantum field theory1. While at low
energies any realistic theory including gravity must resemble a quantum field theory,
the converse is not true: There are examples of effective field theories which are
perfectly fine as quantum field theories, but which can never arise as the low energy
limit of a quantum theory of gravity. It is very easy to write down such theories,
which leads to the picture of a landscape of many bad quantum field theories without

1At least conventional QFT on the same spacetime; the AdS/CFT correspondence actually
instructs us that gravity on an AdS spacetime is equivalent to a quantum field theory in one
dimension less.
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gravitational UV completion, and a few nice ones with. This picture has often been
poetically referred to as the Swampland.

The Swampland can be good or bad news, depending on who you ask. It is a
nuisance to the effective field theorist who wants to address questions such as the
hierarchy problem or the origin of the cosmological constant purely within the frame-
work of effective field theory, since any candidate solution may lie in the Swampland.
But it represents a great opportunity for the string theorist. By studying generic
properties of different effective field theories which arise from string theory, one can
hope to characterize the set of good theories.

As a particular example, it has been suggested, based on arguments related
to black hole evaporation, that gravity does not allow global symmetries. Hence,
any effective field theory with a global symmetry is in the Swampland; the global
symmetry must be broken at some scale. This is verified in every model coming from
string theory, and for a large class of global symmetries one can give an exact proof of
this fact within string theory. Another example comes from particles in continuous
spin representations. These are perfectly fine to an effective field theorist, but can
be shown to be absent in string theory [2].

The above examples, while very useful, are qualitative requirements that a
good theory should satisfy. There is, to my knowledge, only one proposed quanti-
tative feature of theories outside the Swampland: The Weak Gravity Conjecture.
Roughly speaking, the WGC demands the existence of light enough objects for ev-
ery weakly coupled interaction in the theory. Equivalently, we can expect any field
theory not including these particles to fail (in effective field theory terms, there is
a cutoff) at a scale of the order of the tension of this object. This conjecture can
be justified by recognizing that in the limit of extremely weak coupling, the the-
ory recovers a global symmetry. This can be reconciled with the absence of global
symmetries described above by demanding the existence of such light objects.

Arguments relying on black hole evaporation are often shaky, and this is even
more so in the case of the WGC. As in the other cases above, string theory provides
most of the concrete evidence for the conjecture: it is true so far in every string
model in which we have enough control to test the conjecture, and for a restricted
class of models it is possible to provide a formal proof. Significant effort has been
devoted recently towards finding a more compelling and general argument for the
WGC, but if it is not an actual constraint on the Swampland, it likely is a constraint
for the stringy Swampland. As discussed above, this is the only kind of Swampland
we can check right now.

For an ordinary U(1) gauge interaction in four dimensions with coupling g, the
WGC demands the existence of a particle of mass . gMP . For two such particles,
the gauge force is bigger than the gravitational attraction. This explains the name
“Weak Gravity Conjecture”; there is always some particle in the theory for which
gravity is the weakest force indeed.

Every particle in the Standard Model satisfies the WGC by a huge margin.
However, one can also apply the Weak Gravity Conjecture to other kind of interac-
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tions arising in four dimensions, and these turn out to have important phenomeno-
logical consequences.

A version of the WGC conjecture applies to axions, scalar particles with a
discrete shift symmetry. In this case, and with some caveats, the WGC implies that
the axion decay constant f of a single axion must be lower than MP . Axions are
important in inflationary cosmology, in which they are often used as an inflaton
because the shift symmetry provides some degree of protection against unwanted
corrections to the potential. This protection is however limited by the WGC, in
such a way that inflationary models based on periodic axions are unable to predict
a large value of the scalar-to-tensor ratio r. There are several experiments, notably
BICEP3 and the Keck Array, which will continue to explore the region of large r in
the near future. If r & 0.01 is indeed measured, models of inflation based on a few
periodic axions would be unlikely to work, due to the WGC.

Another version of the conjecture applies to three-forms, a more exotic kind of
four-dimensional field which does not have propagating degrees of freedom. In spite
of this, three-forms are important to model builders. They help solve the cosmolog-
ical constant problem in string theory in an antropic way, providing a landscape of
allowed values for the cosmological constant. They are also important to inflation,
since when mixed with an axion they give rise to a non-periodic field which inherits
much of the protection of the axion against corrections. These models, collectively
known as “axion monodromy”, are the main class of single-field inflationary models
which can predict a large r while remaining consistent with quantum gravity con-
straints. Axion monodromy is also an important to give a sensible UV embedding
of the relaxation mechanism, a novel proposal to solve the hierarchy problem. In
both these models, the WGC predicts the existence of “membranes”, domain walls
which mediate a sharp change of the value of the field strength of the three form.
The effects of these membranes turn out to be very suppressed in axion monodromy
inflation scenarios, but they are very significant to the relaxion case.

Plan of the thesis

This thesis will be divided in two parts, plus conclusions and appendices:

• Part I will begin in Chapter 2 with an introduction to supercritical string
theory, describing the supercritical theories which will be the main tool which
will be the main tools employed in this part of the thesis. After this, Chapter 3
describes the use of supercritical string theories to embed discrete symmetries
into continuous supercritical extensions, as well as the construction of objects
charged under such symmetries. Chapter 4 then extends these tools to the
construction of the heterotic NS5 brane, and unveils a K-theory structure in
supercritical theories. Chapter 5 discusses condensation of nontrivial tachyon
profiles in type II theories, describing some topological supercritical couplings
as well as another real K-theory structure in the theory.

• Part II is devoted to the applications of the Weak Gravity Conjecture to
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constrain effective field theories. Chapter 6 introduces the Weak Gravity Con-
jecture, discussing its justification, the evidence for it, and the different forms
of the conjecture currently used in the literature. Chapter 7 discusses con-
straints posed by gravitational instantons inspired by the WGC to large-field
inflation axionic models. Chapter 8 provides a monodromic UV completion
of the relaxion proposal for a solution of the hierarchy problem, which then
receives additional constraints from nucleation of monodromic membranes.

• Finally, Chapter 9 presents the main conclusions of this thesis. Finally, the
Appendices provide relevant technical details of the results presented in the
thesis, omitted from the main text to ease its reading. Appendix A provides
some partition functions of the supercritical string theories. Appendix B is
an informal review of the K-theory focused on its applications to the main
text. Appendix C describes the Atiyah-Bott-Saphiro construction essential
for Chapters 4 and 5. Appendix D contains a review of axion monodromy
models, focusing on the Kaloper-Sorbo protection of the potential. Appendix
E provides the essential details behind the bubble nucleation formulae of Chap-
ter 8. Finally, Appendix F discusses the details of the partial embedding of
relaxion models in string theory presented in Chapter 8.
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Supercritical string theory
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2
Supercritical string theories and tachyon

condensation

Supercritical string theories [3, 4, 5] provide a significant extension of the familiar
duality web between supersymmetric string theories. They are related to these the-
ories via a closed-string tachyon condensation process in which the tachyon “eats
up” the extra dimensions. This Chapter provides a review of the supercritical theo-
ries which will be of use throughout this thesis as well as the tachyon condensation
process. Original references for most of the results in this Chapter are [4, 5].

2.1 A survey of supercritical string theories

2.1.1 Beyond the critical dimension

As its name suggests, String Theory is a theory of fundamental 1-dimensional ob-
jects, the strings, in contrast with the pointlike particles of quantum field theory.
The particular string theory is defined by the field content in the two-dimensional
worldsheet of the propagating string. One of the most characteristic features of
string theory is the prediction of a fixed spacetime dimension, which depends solely
on this field content. Some of the most well-known possibilities are:

• Bosonic string theory: The simplest and oldest string theory, it simply takes
the embedding functions X : Worldsheet → Spacetime describing how the
string is embedded into physical spacetime as its worldsheet content. The
action of this theory is the Polyakov action

SP = − 1
4πα′

∫
d2σ

√
det[g]gabGµν∂aX

µ∂bX
ν , (2.1.1)

where we have used latin indices a, b . . . to indicate worldsheet fields, and greek
indices µ, ν . . . to indicate spacetime labels.

• Type II theory: A simple supersymmetrization of the bosonic theory above, to
the embedding functions Xµ it also adds the superpartner fermionic fields ψµ,
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to achieve (1, 1) supersymmetry. The action is the supersymmetric version of
Polyakov,

SII = − 1
4πα′

∫
d2σ

√
det[g]

[
gabGµν∂aX

µ∂bX
ν − iα′ψ̄µΓc∂cψµ

]
. (2.1.2)

Type II theories further split into IIA and IIB theories. Both have the world-
sheet content described above, but are distinguished by the chirality of the
supersymmetries in spacetime. In worldsheet terms, they correspond to dif-
ferent choices of GSO projection.

• SO(32) heterotic: This theory has half the supersymmetry of type II theories.
The worldsheet content in the so-called fermionic formulation consists of the
embedding coordinates and its right-moving superpartners ψµ, plus a set of 32
left-moving fermions λ in the fundamental representation of SO(32).

• Type I theory: This theory contains both closed and open strings. It preserves
the same supersymmetry as the heterotic theory and may be regarded as a
particular background of type II theory, containing an orientifold O9− and 32
spacefilling D9-branes.

All of these examples are CFT’s, invariant under the action of the conformal group.
To have meaningful scattering amplitudes, it is necessary that the theory is invariant
under the larger diff×Weyl symmetry which includes arbitrary local rescalings as well
as diffeomorphisms. However, for a generic CFT the Weyl symmetry is anomalous,
with the anomaly being measured by the total central charge c − cg of the theory,
including a universal ghost sector which only depends on the particular version of
string theory under consideration. For the bosonic string the central charge c of
the matter has to be 26, whereas for type II superstrings it is 15. Heterotic strings
have different left and right-moving central charges, which have to be 26 and 15
respectively.

Any CFT with the right central charge is a valid background for string theory.
We will focus on a particular class of models, the linear dilaton backgrounds with
action given by

S = 1
4πα′

∫
d2σ
√
−g

[
gab∇aX

µ∇bXµ + α′RVµX
µ
]
. (2.1.3)

This is just like the Polyakov action (2.1.1), but with an extra term coupling the
target space coordinates directly to the worldsheet curvature scalar. This coupling
is precisely what results from a dilaton vertex operator [6], and so the action (2.1.3)
can be interpreted as a linearly growing dilaton background coupled to the string
worldsheet. The theory has different spacetime regions in which the string coupling
(which is the expectation value of the dilaton) can be as low or high as we want. We
may regard (2.1.3) as the action for the Polyakov string in a particular background
state.
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While (2.1.3) is actually not conformally invariant at the classical level, it
becomes a nice CFT once quantum effects are taken into account [6]. The central
charge of the bosonic linear dilaton theory, including the ghost sector, is

c− cg = D − 26 + 6α′VµV µ = 0. (2.1.4)

Therefore, by tuning VµV µ to the right value, we can achieve any value of D we are
interested in:

• Theories with a timelike (VµV µ < 0) dilaton gradient live in spacetime dimen-
sions greater than 26, or 10 in the case of supersymmetric theories. These are
called supercritical string theories. These are cosmological solutions of a sort,
since the dilaton of the theory changes monotonically with time in an appro-
priate coordinate system. They describe a spacetime evolving from strong to
weak string coupling or vice-versa.

• Theories with a spacelike dilaton gradient have D < 26, 10 and are called sub-
critical string theories. We will not be very much concerned with them in this
work. They describe static but spatially inhomogeneous solutions. A particu-
larly interesting example is D = 2, for which (2.1.3) reduces to the so-called
Liouville field theory [7, 8], which has been used as a model of quantum grav-
ity and appears in the classical geometric problem of uniformizing Riemann
surfaces [9].

• Theories with a null (VµV µ = 0) dilaton gradient do not change the dimension
of the theory, and are best described as particular classical states of the critical
string theory. Like supercritical backgrounds, these field configurations cor-
respond to cosmological solutions in which the string coupling rolls to either
zero or infinite value. However, since in this case there is no reference frame in
which the dilaton gradient V µ has only time components, the solution is not
spatially homogenous either, and describes a domain wall which propagates at
the speed of light and acts as a boundary between two regions at strong and
weak coupling .

Having described the general idea behind supercritical string theories, we de-
scribe those which will be of use in later Chapters. Many of these details can be
found in [4, 5].

2.1.2 Mass in a linear dilaton background

For our purposes, the relevant information we need to extract from a given super-
critical string theory is the spectrum of its lowest energy excitations. In Lorentz-
invariant theories this is typically encoded in terms of the mass (and spin) of each
excitation. However, the linear dilaton CFT breaks the Lorentz group and in partic-
ular no Casimir element m2 can be found. Thus, we need to define mass in another
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way. We will follow [4]: A field φ has mass m when the low-energy effective la-
grangian describing its dynamics has the right mass term m2φ2 (or linear term for
fermions).

String theory effective actions encode tree-level string amplitudes [6, 10], and
since the string coupling constant for closed strings is gs = eΦ in terms of the dilaton
Φ, an action for φ generated via tree-level amplitudes will be of the form

L ∝ e−2Φ

2 [−∂µφ∂µφ+m2φ2], (2.1.5)

which has a modified equation of motion

−2∂µΦ∂µφ+ ∂2φ+m2φ = (∂µ − Vµ)2φ+ (m2 − ∂µΦ∂µΦ)φ = 0. (2.1.6)

When we refer to a mass throughout this work, we mean that the corresponding
field satisfies an equation of motion like (2.1.6). To determine the masses of each
field in a particular theory, we will use CFT methods to obtain spacetime equations
of motion, and read off the mass terms from there. As we will see below, CFT
computations yield a value for (∂ − V )2; to determine the mass of the state it is
essential how is each particular field related to the lagrangian.

To compute the spectrum of a theory in a linear dilaton background, it is
useful to observe that the linear dilaton term in (2.1.3) is

SLinear dilaton = −Vµ2π

∫
d2σδ(0, 0)Xµ(σ, τ) = −VµXµ(0, 0). (2.1.7)

This has the form [6] of the dilaton vertex operator associated in the worldsheet
to a “state” with momentum iV µ. This momentum is imaginary and so cannot
correspond to a physical state. The best way to think of this is as a formal ma-
nipulation showing that the linear dilaton theory behaves as the ordinary Polyakov
string with momenta shifted by iV . The spectrum can of course be computed also
in a rigorous manner in covariant quantization, imposing the Virasoro constraints
on physical states and quotienting out null states [4].

This is all we need to compute the spectrum. In covariant quantization, one
decomposes the theory into left and right moving sectors. Physical state conditions
are that the states are annihilated by both the left and right-moving Hamiltonians
HL and HR. We have

HL = 2
α′

(p+ iV )2 +NB +NF + A, HR = 2
α′

(p+ iV )2 + N̄B + N̄F + Ā, (2.1.8)

where the NB and NF are the number operators of bosons and fermions, respectively,
and A, Ā are zero-point energies which are determined above.

2.1.3 Bosonic supercritical string theory

This theory is the proptotypical example of a supercritical string theory, and has a
long history [6, 7]. As discussed above, the worldsheet field content is D embedding
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scalars Xµ (plus ghosts), together with a linear dilaton background with

VµV
µ = 26−D

6α′ . (2.1.9)

For supercritical string theories, D > 26 and so the linear dilaton is timelike. We
may compute its lowest-lying excitations using the mass formula

−(p+ iV )2 = 4
α′

[∑
n>0

αµ−nα
µ
n −

D − 2
24

]
= 4
α′

[∑
n>0

ᾱµ−nᾱ
µ
n −

D − 2
24

]
, (2.1.10)

where the second equality is due to the level matching constraint. We find the
following states:

• |0〉: Acting with no oscillators results in a scalar field T in spacetime, whose
equation of motion is

(∂µ + iVµ)T = D − 2
6α′ T , or ∂2T − 2Vµ∂µT = − 4

α′
. (2.1.11)

This equation of motion comes from a scalar field with a mass term m2 = − 4
α′
,

that is, a tachyon. Its mass is independent of D, and therefore it is still there
at the critical dimension D = 26 even if V = 0; it is the familiar tachyon of
closed bosonic string theory [6, 11, 10]. We will come to condensation of this
tachyon later in the chapter.

• αµ−1ᾱ
ν
−1|0〉: These correspond to a symmetric rank two tensor (the metric), an

antisymmetric rank 2 tensor (the B field) and a scalar (the dilaton itself, Φ).
The mass formula now reads

p2 + 2iV · p = 0, (2.1.12)

which means that the corresponding fields are massless.

In all, the qualitative features of the low energy spectrum of the bosonic theory are
not affected by the inclusion of extra dimensions.

2.1.4 Heterotic HO(+n)/ theory

This theory was introduced by Hellerman in [4] and dubbed HO(+n)/ theory. It is a
higher dimensional analog of the SO(32) heterotic string theory, being related to it
via tachyon condensation as we will show explicitly later on.

The hallmark of heterotic string theories is the presence of (0, 1) supersymme-
try in the worldsheet [12]. There are two multiplets of (0, 1) supersymmetry in two
dimensions,

• The scalar multiplet composed of a boson and a right-moving fermion (and
corresponding superfield X ≡ X + θ+λ).
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• A fermion multiplet composed of a left-moving fermion and an auxiliary field
F with no dynamics (with superfield λ ≡ λ + θ+F ). This multiplet is also
called the Fermi multiplet.

The worldsheet content in the fermionic formulation [10] thus consists of D = 10+n
embedding coordinates Xµ, and their right-moving superpartners ψµ, plus a set of
32 + n left-moving fermions λa. It also has a linear dilaton gradient

VµV
µ = 10−D

4α′ = − n

4α′ (2.1.13)

to ensure invariance under infinitesimal Weyl transformations. As it stands, how-
ever, the theory is not consistent as a string theory: it is not modular invariant, i.e. it
is not invariant under large diffeomorphisms of the worldsheet [6, 10]. This property
is essential for unitarity of perturbative string scattering amplitudes. There may
be several different ways to achieve modular invariance with the same worldsheet
field content [6] which will result in different spacetime theories1. In the HO(+n)/,
modular invariance is achieved by gauging the worldsheet R-parity g1 which acts
on the fields of the theory as shown in table 2.1. This results in a diagonal parti-
tion function which is automatically modular invariant [13]. Gauging a worldsheet
symmetry allows new boundary conditions for the fields, such as

X(0, τ) = g1X(`, τ). (2.1.14)

These are realized as new sectors in the theory, called twisted sectors. Modular
invariance also requires us to sum over all these sectors. In particular, spin fields
may be odd (NS boundary conditions) or periodic (R boundary conditions) as we
follow a closed loop on the worldsheet, and both have to be taken into account. Often
all left and right-moving fields have the same periodicity and thus is customary to
talk about RR sectors, R-NS sectors, and so on. In this particular case, g1 forces
all spin fields to be either periodic or antiperiodic at the same time, so we will only
have RR and NS NS sectors.

Gauging a discrete symmetry also constrains the states of the theory to be
invariant under the action of the symmetry. Therefore, some of the states of the
parent theory are projected out [10]. The spectrum of the theory may be obtained
as before from the mass formulae, which will be different for each twisted sector.
We have

• Untwisted (NSNS) sector: In this sector mass formulae are

−(p+ iV )2 = 4
α′

[∑
n>0

nαµ−nα
µ
n +

32+n∑
a=1

(
n+ 1

2

)
λa−n− 1

2
λan+ 1

2
− 1− n

16

]

= 4
α′

[∑
n>0

nᾱµ−nᾱ
µ
n +

(
n+ 1

2

)
ψ̄a−n− 1

2
ψ̄n+ 1

2
− 1

2 −
n

16

]
. (2.1.15)

The lowest-lying excitations in this sector are:
1For instance, the HO(+n) which will be studied next has the same worldsheet content as the

HO(+n)/ and only differs in the way modular invariance is achieved.
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– λa−1/2|0〉, with mass term m2 = −2/α′. These fields constitute a tachyon
T a with an SO(32 + n) perturbative symmetry, which becomes a gauge
symmetry in spacetime.

– λa−1/2λ
b
−1/2ψ̄

µ
−1/2|0〉, whose mass term vanishes. These are SO(32 + n)

gauge fields Aµ.
– αµ−1ψ̄

ν
−1/2|0〉: From these massless states we get the usual NS-NS fields,

namely the metric gµν , B field, and dilaton Φ.

• Twisted (RR) sector: In this sector mass formulae are

−(p+ iV )2 = 4
α′

[∑
n>0

nαµ−nα
µ
n +

32+n∑
a=1

(
n+ 1

2

)
λa−n− 1

2
λan+ 1

2
+ 1

]

= 4
α′

[∑
n>0

nᾱµ−nᾱ
µ
n +

(
n+ 1

2

)
ψ̄a−n− 1

2
ψ̄n+ 1

2

]
. (2.1.16)

Every state in this sector has a mass squared of at least 4(1 + n/16)/α′, and
therefore only contains massive states.

As it stands, the theory does not contain spacetime fermions. These arise from
mixed NS-R and R-NS sectors, which are absent in the theory. However, there is a
particular Z2 orbifold of the HO(+n)/ theory which contains fermions living in a 10d
submanifold in spacetime. “Orbifolding” here means that the worldsheet discrete
gauge group is enlarged, in this case to include an action g2 which is described in
table 2.1. Since this breaks the Lorentz symmetry down to SO(1, 9) × SO(n), we
use indices µ = 0, . . . , 9, m = 10, . . . , n. Notice that this Lorentz symmetry was
already broken by the linear dilaton anyway.

HO+(n)/ HO+(n)//Z2
Field g1 g2
Xµ + +
Xm + −
ψ̃µ − +
ψ̃m − −
λa − −

Table 2.1: Charge assignments for the worldsheet discreete gauge group for the HO(+n)/ theory
and its orbifold version. For convenience we use the indices µ = 0, . . . , 9, and m = 9, . . . D − 1.

Gauging g2 has the effect of introducing g2-twisted sectors, as well as forcing
the original HO(+n)/ states to be orbifold-invariant. In other words, states must
be invariant under the combination Xm → −Xm, ψm → −ψm, λa → −λa. If a
particular field does not vanish at the fixed locus Xm = 0 of the orbifold, its normal
derivative will since it carries an extra index affected by the orbifold. This forces
either Dirichlet or Neumann boundary conditions for the untwisted sector fields at
Xm = 0, which are listed in table 2.2.
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Field Boundary condition
T a Dirichlet

gµν , Bµν , Φ Neumann
gµm, Bµm Dirichlet
gnm, Bnm Neumann

Aabµ Neumann
Aabm Dirichlet

Table 2.2: Boundary conditions for the bulk fields of the HO(+n)/ as a result of the g2 orbifold
[4].

The boundary conditions in the twisted sectors force the center-of-mass term
in the Xm oscillator expansion to vanish. As a result, the twisted fields are localized
to the Xm = 0 plane and do not propagate in the bulk. We may think of the
HO+(n)//Z2 as the regular HO+(n)/ theory containing a 10-dimensional “brane”
which carries localized degrees of freedom. There are two new sectors, whose field
content is:

• g2-twisted sector: This sector contains NS fields (ψ̄µ), as well as R fields λa, ψ̄m.
It is therefore a R-NS sector of a sort. Mass formulae are

−(p+ iV )2 = 4
α′

[∑
n>0

nαµ−nα
µ
n +

32+n∑
a=1

(
n+ 1

2

)
λa−n− 1

2
λan+ 1

2
+ 1 + n

16

]

= 4
α′

[∑
n>0

nᾱµ−nᾱ
µ
n +

(
n+ 1

2

)
ψ̄a−n− 1

2
ψ̄n+ 1

2
− 1

2 + n

16

]
. (2.1.17)

States in this sector have a mass of at least 4(1 + n/16)/α′.

• g1g2-twisted sector: This sector is an NS-R sector. Zero point energies are
−1 for left movers and 0 for right movers. We also have a set of Ramond
zero modes, spanned by ψ̄µ0 . As usual [6, 11, 10], this gives rise to spacetime
spinors. In our case, we only have Ramond zero modes for the coordinates
µ = 0, 1, . . . 9, which span the orbifold fixed locus. Fields in this sector will be
10d spinors of this fixed locus. Lowest-lying states are:

– λa−1/2λ
b
−1/2{ψ̄

µ
0}|0〉, where the notation {ψ̄µ0}|0〉 means that any number

of Ramond zero modes may be acting on the vacuum. We must impose
invariance under g1 and g2, which constrains the number of Ramond zero
modes to be odd. This fixes a particular chirality (say left-handed) for
the 10d spinors [10]. The resulting state is a spinor charged in the adjoint
of the bulk gauge group.

– λa−1/2ᾱ
m
−1/2{ψ̄

µ
0}|0〉. Imposing orbifold invariance results in a spin field of

right-handed chirality. This spin field is in the vector of the gauge group,
and also in the vector representation of the SO(n) acting on the normal
coordinatesm = 10, 11, . . . 9+n. We may say that this field is a section of
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the tensor product of the gauge and the tangent bundle to the orbifolded
coordinates.

– αµ−1{ψ̄
µ
0}|0〉. This state is a 10d vector spinor, of left- handed chirality,

which may be decomposed into a gravitino2 (pure spin 3/2) and a spinor
of right-handed chirality.

– αm−1/2ᾱ
n
−1/2{ψ̄

µ
0}|0〉. This state is another spinor, of left-handed chirality,

living in a two-index symmetric representation of the normal SO(n) gauge
group.

The above matter content is very similar to that of type I theory in the presence
of n extra D9 − D9 brane pairs. This observation was used in [4] as grounds
for proposing an S-duality between these two theories, generalizing the well-known
duality between type I and heterotic SO(32) theory. A detailed analysis of the
spectrum of type I theory can be found in [14, 15]. The duality is not straightforward;
for instance, heterotic bulk fields propagate in 10 + n dimensions, whereas all type
I fields propagate in 10 dimensions. Thus if the duality is to hold it has to involve
the restriction of bulk heterotic fields to the orbifold fixed locus.

One may also see [4] that the low-energy effective action in the heterotic side
is consistent with the proposal. This S-duality proposal will be one of the main
motivations in Chapter 4 of the construction of the supercritical NS5-brane as a
closed-string tachyon soliton.

2.1.5 Type HO(+n) heterotic theory

The HO(+n)/ theory described in the previous section has gauge group SO(32 + n)
and as such is a natural generalization of the heterotic SO(32) theory. However,
modular invariance prevents us from making a similar construction for the E8 ×E8
string. To obtain this gauge group, one would have to partition the 32 left-moving
fermions into two sets of 16 and specify a different action of the worldsheet gauge
group on them; a diagonal modular invariant theory like the HO(+n)/ can never
achieve this.

In [4], another modular-invariant heterotic theory was introduced, the so called
HO(+n) theory. Its worldsheet field content and linear dilaton background is exactly
the same as for the HO(+n)/ theory, and only differs on the choice of discrete world-
sheet gauge group. This new action distinguishes between some of the left movers
and accordingly we will relabel the left-moving fermions as λa, a = 1, . . . 32, and χb,
b = 1, . . . n.

The discrete worldsheet gauge group is no longer Z2, as it was in the bulk
HO(+n)/ theory, but rather Z2 × Z2, with two generators g1 and g2 whose action

2Strictly speaking there can be no gravitino in this theory, which lacks supersymmetry. However,
as we will see later on, this theory is connected via tachyon condensation to the SO(32) heterotic
string theory. The heterotic gravitino descends from this supercritical spin 3/2 field, hence the
name.

19



CHAPTER 2. SUPERCRITICAL STRING THEORIES AND TACHYON
CONDENSATION

Field g1 g2
Xµ + +
ψ̄µ + −
λa − +
χb + −

Table 2.3: Charge assignments for the worldsheet discrete gauge group for the HO(+n) theory.
For convenience we use the indices a = 1, . . . 32, and χb, b = 1, . . . n.

on worldsheet fields can be found in table 2.3. In accordance with the discussion in
the previous section, the theory has four twisted sectors, which must be analyzed
separately:

• Untwisted sector: The field content and boundary conditions in this sector are
the same as in the untwisted sector of the HO(+n)/ theory discussed above,
so the zero point energies are the same: E0 = −1 − n/16, Ē0 = −1

2 − n/16.
The different worldsheet discrete gauge group however selects a different set
of physical states:

– χb−1/2|0〉: This is a tachyon living in the vector of SO(n), in contrast with
the tachyon of theHO(+n)/ theory which lived in the vector of SO(32+n).

– λa−1/2λ
b
−1/2ψ̄

µ|0〉: These massless states funish the adjoint representation
of SO(32) and correspond to gauge bosons.

– αµ−1ψ̄
µ|0〉: These states are also massless and give us the usual dilaton+B-

field+metric.

• g1-twisted: In this sector, the λa’s are periodic, and so the left-moving zero
point energy is E0 = 1− n/16. Taking into account the linear dilaton contri-
bution, this means that all states in this sector have a mass of at least 4/α′
and are therefore very massive.

• g2-twisted: In this sector, E0 = −1, and Ē0 = 0. Since in this sector there
are periodic Ramond fields, it may contain massless fermions. The orbifold
projection selects the following states:

– αµ−1{χb0}{ψ̄
µ
0}|0〉, where the total number of R zero modes is odd. No-

tice that left and right Ramond zero modes together furnish the Clifford
algebra of SO(1, 8 + n), and thus this is a vector-spinor, which may be
further decomposed into spin 3/2 and spin 1/2 fields.

– χb−1{χb0}{ψ̄
µ
0}|0〉, where the total number of R zero modes is even, since

the χb−1 field is also seen by the g2 projector. This states are spacetime
spinors of opposite chirality to those discussed above.

– λa−1/2λ
b
−1/2{χb0}{ψ̄

µ
0}|0〉, where the total number of R zero modes is odd

again. These would-be “gauginos” are sections of the adjoint representa-
tion of the SO(32) bundle, and also spacetime spinors.
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• g1g2-twisted: Similarly to the g1-twisted sector in the HO(+n)/ theory, all left-
moving fermions are now periodic. Hence E0 = 1 + n/16 and all states in this
sector are very massive.

Unlike its cousin HO(+n)/, this theory already contains spacetime fermions
without adding an orbifold with a geometric action.

Finally, we note that all of the above construction may be repeated step by
step to yield a supercritical version of the heterotic E8 × E8 string. To do this
[10], we substitute the g1 action λa → −λa by two independent actions λa → −λa,
λa
′ → −λa′ where we have partitioned the λa into two sets of 16 left-moving fermions.

The discrete worldsheet gauge group is now Z2×Z2×Z2, but one can check that the
resulting spectrum is exactly the same as above except for the fact that the gauge
group changes from SO(32) to E8 × E8. This flexibility of the HO(+n) theory will
allow us to discuss together the two different gauge groups simultaneously.

2.1.6 Type 0/type II theory

One can also describe [5] a supercritical string theory related to type II strings.
However, the construction is much less straightforward than in the bosonic and
heterotic cases, because type II GSO projections (necessary to achieve a modular
invariant theory) do not give a modular invariant theory unless the spacetime di-
mension D satisfies D ≡ 2 mod 8. This may be seen from the partition function of
type II strings (this is a one-loop vacuum amplitude evaluated on a torus, on which
modular transformations act as the Möbius group on the complex structure τ of the
torus) which can be constructed from the quantity [10]

Z±(τ) =1
2(4π2α′τ2)−

D−2
2 η−D−2η−

D−2
2 ·ϑ [ 0

0

]−D−2
2

− ϑ
[

0
1/2

]−D−2
2

− ϑ
[

1/2
0

]−D−2
2

± ϑ
[

1/2
1/2

]−D−2
2
 .

(2.1.18)

Type II A strings have the partition function Z+Z̄−, while IIB strings have Z+Z̄+ as
their partition function. Under modular transformations, the theta function factors
acquire phases e− iπ4 which must be a sign for the theory to be modular invariant.

There is another kind of GSO projection with the worldsheet spectrum of type
II which yields a modular invariant theory in an arbitrary number of dimensions,
that of type 0 theory. The theory can be made conformal invariant in an arbitrary
number of dimensions by adding a linear dilaton with

VµV
µ = 10−D

4α′ = − n

2α′ . (2.1.19)

Much like in our supercritical heterotic string, the GSO projection of type 0 theory
can be described as the gauging of a global worldsheet symmetry, namely fermion
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number (−1)F . As a result, we again have only NSNS and RR sectors. The spectrum
in 10 + 2n dimensions may be computed by now familiar techniques:

• In the NS-NS sector, zero point energies are E0 = Ē0 = −8+2n
16 . There are only

two kinds of low-energy states satisfying the GSO projection: |0〉, which as
usual yields a tachyon with m2 = − 2

α′
, and ψµ−1/2ψ̄

ν
−1/2|0〉, which corresponds

to the usual massless NS-NS fields Φ, gµν , Bµν .

• In the RR sector, zero point energies vanish. We also have two sets of Ra-
mond zero modes, which can be combined to yield a generic bispinor state
{ψµ0}{ψ̄

µ
0}|0〉. There is a sign ambiguity in the action of the GSO projec-

tion (an elementary example of discrete torsion [6, 16]), which may be taken
as 1

2(1 − (−1)F ), resulting in the so-called type 0A theory, or we may take
1
2(1+(−1)F ) to yield 0B theory. The only difference is that in 0A the bispinor
is constrained to have an odd number of fermion operators, whereas in 0B
it must have an even number. In either case, a bispinor field is a reducible
representation of the Lorentz group. It can be shown [12] that a bispinor χ1χ2
in even spacetime dimension (henche the notational change from 10 + n to
10 + 2n) whose spinors χ1, χ2 have the same chirality decomposes into a tower
of even rank p forms, from 0 to D − 2/2. For p = (D − 2)/2 the p-form is
(anti)self-dual, depending on the chirality of the spinors. If the spinors have
opposite chiralty, the bispinor decomposes into a tower of odd-rank p-forms
from p = 1 to p = (D − 4)/2. Thus, the RR spectrum of each theory is:

– For 0A, the states surviving the orbifold projection comprise two bispinors
with χ1, χ2 having opposite chiralities. Hence we get a pair of p-forms,
from p = 1 to p = (D − 4)/2.

– For 0B, we get two bispinors with χ1, χ2 of the same chirality, one positive
and another negative. Thus we get pairs of p-forms from p = 0 to p =
(D − 6)/2, and also one self-dual and one anti-selfdual (D − 2)/2-forms,
which may be combined in a single nonchiral (D − 2)/2-form.

We can recognize the RR sector of type 0 theories as a doubled version of the
corresponding type II RR sector [17].
There is a last point which requires further explanation. The fields in the
RR sector are bosonic, obeying second-order equations of motion. From the
discussion in section 2.1.2 one would think that they would have a mass term
−VµV µ = n/(2α′), and hence be massive. The spacetime action for a massive
p-form is generically of the form

S =
∫
e−2Φ[F ∧ ∗F − VµV µC ∧ ∗C]. (2.1.20)

This is not an acceptable action coming from string tree-level amplitudes, since
[12, 18] fundamental strings do not carry RR charge and hence must couple
only to RR fieldstrengths F , with no terms in the RR potential being allowed.
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Field g1 g2
Xµ + +
Xm + −
ψµ − −
ψm − +
ψ̄µ − +
ψ̄m − −

Table 2.4: Charge assignments for the worldsheet discreete gauge group for the type 0 theory and
its orbifold version. For convenience we use the indices µ = 0, . . . , 8 + n, and m = 9 + n, . . .D− 1.

However, only for the particular mass (2.1.20), one may redefine C ′ = e−ΦC,
in terms of which F = eΦ[F ′ + dΦ ∧ C ′] and so

S =
∫
F ′ ∧ ∗F ′ + [∗(dΦ ∧ ∗dΦ)− VµV µ]C ′ ∧ ∗C ′

+ F ′ ∧ ∗(dΦ ∧ C ′) + (dΦ ∧ C ′) ∧ ∗F ′. (2.1.21)

Now, the last two terms may be rewritten as 2 ∗ dΦ ∧ d(C ′ ∧ ∗C ′), and since
d ∗ dΦ = 0 for the linear dilaton background, the last terms are a total deriva-
tive. Since ∗(dΦ ∧ ∗dΦ) = VµV

µ, we see that the field C ′ is actually massless,
and does not couple to the dilaton at tree level. This agrees with computa-
tions coming directly from worldsheet amplitudes [18, 19], which also provide
a geometrical understanding of this peculiar behaviour: RR vertex operators
are built cutting a hole in the worldsheet and specifying that fields must be an-
tiperiodic around it. Each such hole lowers the Euler characteristic of the Rie-
mann surface by 1, and since the kinetic term of the gauge fields is quadratic,
a tree-level computation requires two such holes in the sphere, which gives an
effective Euler characteristic of 0. Since the dilaton power appearing in front
of the action is e−χΦ, where χ is the Euler characteristic of the surface on
which the amplitude is evaluated, kinetic terms for RR p-forms do not have
the ordinary dilaton dependence.

Type 0 theories do not have spacetime fermions. Much as in the heterotic
case, this can be traced to the choice of diagonal GSO projection, which ensures
that left-moving worldsheet spinor zero modes (responsible for spacetime fermions
[10]) always show up together with right-moving zero modes. Fermions may be
introduced, as in the heterotic case, by further orbifolding the theory in a way
which breaks target spacetime Lorentz invariance. We will orbifold by the worldsheet
action g2, whose action on different worldsheet fields is given in table 2.4.

The geometric action of the orbifold consists in flipping n of the coordinates.
As in the heterotic case, this acts on the bulk fields of the theory, imposing various
boundary conditions, which are summarized in table 2.5.

Having discussed the bulk fields, we now turn to the localized fermions which
live in the 10 + n fixed locus of the orbifold. As before, the only real issue is to
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Field Boundary condition at Xm = 0
T a Dirichlet

gµν , Bµν , Φ Neumann
gµm, Bµm Dirichlet
gnm, Bnm Neumann

Cµν...mn..., #m,n, . . . =even Neumann
Cµν...mn..., #m,n, . . . =odd Dirichlet

Table 2.5: Boundary conditions for the bulk fields of the type 0 as a result of the g2 orbifold.
Last lines refer to RR fields.

compute the zero point energies of the different sectors. In this case details are more
subtle, so we compute zero point energies in detail:

• g2-twisted: In this twisted sector

E0 = − 1
24 · (8 + n)︸ ︷︷ ︸
Untw. bosons

+
(
− 1

24 + 1
16

)
· n︸ ︷︷ ︸

Tw. bosons

+
( 1

24

)
· (8 + n)︸ ︷︷ ︸

Tw.fermions

+
( 1

24 −
1
16

)
· n︸ ︷︷ ︸

Tw.fermions

= 0,

Ē0 = − 1
24 · (8 + n)︸ ︷︷ ︸
Untw. bosons

+
(
− 1

24 + 1
16

)
· n︸ ︷︷ ︸

Tw. bosons

+
( 1

24 −
1
16

)
· (8 + n)︸ ︷︷ ︸

Unt.fermions

+
( 1

24

)
· n︸ ︷︷ ︸

Tw.fermions

= −1
2 .

(2.1.22)

We have SO(8 + n) fermion zero modes from the left-movers, and SO(n)
fermion zero modes from the right movers. Let us study the GSO projection
in more detail. To this effect, let gRX be the operator which swaps the sign
of right-moving Xµ fermions, gLY the one which does the same for left-handed
ψm fermions, and so on. Let αRX be similarly defined for bosons. Then the
GSO+orbifold projection is

PGSO+orb. = 1
4(1 + gRY g

L
Y g

R
Xg

L
X)(1− gLXαRY αLY gRY ). (2.1.23)

If we restrict to massless states, it is clear that αRY and gRY act trivially. Fur-
thermore level-matching implies αLY gXL = −1. Substituting above, the GSO
for the massless sector is simply

PGSO+orb. = 1
2(1 + gLY g

R
Xg

L
X). (2.1.24)

The states surviving this projection are bispinors of SO(8 + n)× SO(n), with
overall chirality determined by the eigenvalue of gLX . That is, we will have one
vector-bispinor of overal SO(8 + n) × SO(n) negative chirality, and another
bispinor of SO(8 + n)× SO(n), of opposite chirality, and charged as a vector
of SO(n).
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• g1g2-twisted:

E0 = − 1
24 · (8 + n)︸ ︷︷ ︸
Untw. bosons

+
(
− 1

24 + 1
16

)
· n︸ ︷︷ ︸

Tw. bosons

+
( 1

24 −
1
16

)
· (8 + n)︸ ︷︷ ︸

Tw.fermions

+
( 1

24

)
· n︸ ︷︷ ︸

Tw.fermions

= −1
2 ,

Ē0 = − 1
24 · (8 + n)︸ ︷︷ ︸
Untw. bosons

+
(
− 1

24 + 1
16

)
· n︸ ︷︷ ︸

Tw. bosons

+ 1
24 · (8 + n)︸ ︷︷ ︸
Unt.fermions

+
( 1

24 −
1
16

)
· n︸ ︷︷ ︸

Tw.fermions

= 0.

(2.1.25)

Upon detailed analysis, this sector turns out to give the same spectrum as
the g2-twisted. The sign of the g2 projection ensuring invariance of the states
under the orbifold action is related via modular invariance to the discrete
torsion specified above when discussing 0A and 0B theories.

This completes the survey of the supercritical string theories which will be
employed in this thesis. For more details, the reader can consult [3, 4, 5, 20].

2.2 Tachyon condensation

All of the supercritical string theories described in the previous section share two
outstanding features: They are not Lorentz-invariant due to the presence of a linear
dilaton background, and have a tachyon in their perturbative spectrum. In this
section we will see that the two are closely related, by following the tachyon con-
densation procedure to its lowest energy state, which will turn out to be a (possibly
different) string theory in a different number of spacetime dimensions. First we will
briefly describe open tachyon condensation in D-brane systems. We then proceed to
analyze in detail the closed string tachyon condensation taking place in the different
supercritical string theories.

2.2.1 Open string tachyon condensation

As is well-known, type II and type I string theories admit sectors with open strings
[12, 10]. The spacetime loci where these open strings may end are known as D-
branes. These extended states are one of the outstanding features of string theory
and one of our main handles on its nonperturbative physics.

It turns out [12, 10] that these D-branes are dynamical objects of their own.
They turn out to be BPS states [12] and carry charges under the RR fields of the
closed-string sector of the theory. As such, CPT invariance guarantees the existence
of anti D-branes, which we will call Dp-branes. These branes have opposite charges
with respect to RR fields and preserve exactly those supercharges not preserved by
ordinary D-branes. As a result, a Dp−Dp system carries the conserved charges of
the vacuum, and in principle nothing prevents the system to decay into this state
(or rather, to a bunch of perturbative excitations over the vacuum).
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Interactions of a system of two D-branes are described in terms of the open
strings stretching between them, and this is also true of a Dp−Dp system. The only
difference between the two is that the sign of the GSO projection is reversed. This
can be ascertained by using open-closed duality, in which an open string diagram
is regarded as a closed string one, and using the different RR charges of the two
branes [21]. For a stack of D-branes, the action of the Chan-Paton projection on the
boundary labels is also modified [14, 15]. Another way of showing all of this is by
considering branes at an angle; standard quantization gives a non-supersymmetric
spectrum with a tachyon. At θ = π, the orientation of one of the branes is reversed
and the brane becomes an antibrane [12]. It may seem weird that one can turn
an object into an anti-object via ordinary rotations; this is not exclusive of string
theory and will happen for any theory with extended objects. The charges of these
objects are integrals of their worldvolume, and by swapping the sign of one of their
worldvolume coordinates one can change the sign of their charges. This is of course
a formal operation; one cannot rotate objects that extend to infinity for it would
cost infinite energy.

The result in any case is the appearance of some fermions and, crucially, a
tachyon with m2 = −1/α′. This tachyon is charged in a bifundamental representa-
tion of the gauge bundles of the branes: In type II it lives in the bifundamental of
U(n)×U(m), whereas in type I it is a section of the bivector of SO(32+n)×SO(m).

This open string tachyon is very similar to the examples studied above: it
represents an instability of the Dp − Dp system. Although the whole process is
very similar to the Higgs mechanism, there are some differences. In a field-theoretic
Higgs mechanism, the scalar getting the vev only gives mass to fields under which
it is charged. In the present case (take type II and m = n = 1 for simplicity),
the tachyon is only charged under the antidiagonal U(1), while its U(1)diag. charge
vanishes. So U(1)diag. cannot be Higgsed and yet it disappears from the spectrum
after tachyon condensation. It has been suggested that some sort of confinement
[22] is responsible for making U(1)diag. massive.

One of the first, simplest arguments to find the endpoint of tachyon conden-
sation was described by A. Sen in [23]. The idea is to use well-established dualities
in string theory to relate the Dp −Dp system to a certain gauge theory, on which
the endpoint of the tachyon condensation can be found using field-theoretic tech-
niques. The endpoint of the condensation process was the string theory vacuum; the
brane and antibrane annihilate, leaving behind nothing but closed-string radiation.
Relying on these results, Sen conjectured that, for any brane-antibrane system [24],

• The endpoint of homogeneous tachyon condensation on the world-volume of
the D-brane is the closed string vacuum.

• the condensation of inhomogeneous modes of the tachyon field leads to lower
dimensional D-branes.

The second conjecture is justified by the fact that the open string tachyon admits
solutions with nontrivial topological charges which must be preserved by the con-
densation process. Thus, tachyon condensation of these configurations can never
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lead to the vacuum. As an example, the tachyon effective action for type II brane-
antibrane systems must be invariant under T → eiθT , since this is just a global
gauge transformation. As a result, if the vacuum expectation value of the tachyon
is Tmin, a profile which winds around some R2 at infinity n times, i.e. is of the form

T (r →∞) = einθTmin (2.2.1)

where r is a radial coordinate in two dimensions, will asymptote to a configuration
which is the vacuum everywhere except at the vicinity of r = 0; in this region a
nontrivial field profile will carry the winding charge. Since the real codimension of
this object in the brane-antibrane system is 2, it has the right dimensionality to
describe a D(p − 2) brane; this is further supported by the fact that the profile
(2.2.1) requires some flux turned on in the antidiagonal U(1) of the brane-antibrane
system, in order to have a finite energy configuration. This worldvolume flux will
couple to a RR (p− 2)-form field, via the Chern-Simons couplings on the brane [12]∫

Dp
F ∧ Cp−2. (2.2.2)

If the field configuration sources Cp−2 before tachyon condensation, it must continue
to do so afterwards. As a result, this codimension 2 object carries precisely the RR
charge of a D(p − 2) brane. If it smells like a D(p − 2) brane and tastes like a
D(p− 2) brane, it probably is a D(p− 2) brane.

It is difficult to provide solid evidence for these conjectures, since they involve
nonperturbative physics. String theory is only defined (if we exclude dualities for
the time being) in a perturbative manner, as a set of rules for computing scattering
amplitudes. To study tachyon condensation, we will need to study off-shell config-
urations, in a non-perturbative way. This may achieved via the use of string field
theory, a formalism which second-quantizes open strings to yield a field theory with
a well-defined action and in which nonperturbative questions may be addressed.

For a long time, evidence for the first Sen conjecture was based on numerical
approximations [24, 25]. However, in 2005 Schnabl [26] found an exact tachyon pro-
file corresponding to the energy minimum, proving analitically Sen’s first conjecture.
[27] proposes a dynamical solution describing explicitly the condensation process.
Numerical verification of Sen’s second conjecture is also possible, see e.g. [28], and
also in type II superstrings [29, 30].

2.2.2 Closed-string tachyon condensation

As discussed above rigorous treatment of open-string tachyon condensation relies
heavily on open string field theory. The problem of closed-string tachyon condensa-
tion is much more difficult due to the fact that no simple closed string field theory is
known (in fact any covariant closed string field theory would have an infinite number
of interaction vertices [31]) and also because the spacetime picture here is not clear
at all. Since closed-string tachyons propagate in the bulk of spacetime, closed-string
tachyon condensation should be somehow related to the decay of spacetime itself,
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although there are some examples [32] in which closed-string tachyons living in a
fixed locus in spacetime have much milder behaviour.

In [4, 5], Hellerman and Swanson showed how, in supercritical string theories,
closed-string tachyon condensation in supercritical string theories can be studied
even in the absence of closed string field theory. Their ideas are the main tool
employed in the first part of this thesis.

2.2.3 Tachyon condensation in bosonic string theory

The simplest example to show the mechanism of closed-string tachyon condensation
is the bosonic string theory studied in section 2.1.3. We saw that the spectrum of
the supercritical string theory included a tachyon T of mass squared −2/α′. We will
study tachyon condensation by turning on a nontrivial tachyon profile, which also
satisfies the equations of motion, and analyzing its effects on a probe worldsheet.

We first need to discuss how the tachyon background couples to the worldsheet.
A general recipe is that a background for any field can be coupled to the string
in a unique way, by means of the state-operator mapping. The background is a
semiclassical, i.e. coherent state and will therefore correspond to a certain operator
in the worldsheet. The standard prescription is that [12], whenever we have a
classical background for a field φb(x), with vertex operator V (X), the corresponding
worldsheet interaction is (up to some constants)

Sint. =: exp(φb(X)V (X)) : (2.2.3)

so the vertex operator determines uniquely in which way can any background couple
to the string. For closed-string tachyons, the vertex operator is the identity [6], and
so a nontrivial tachyon background is seen in the CFT as an extra term

∆L = − 1
2π : T (X) : (2.2.4)

The fact that T (X) obeys the spacetime equations of motion ensures that the per-
turbation (2.2.4) is marginal and the resulting theory is still a CFT. We will be
interested in the case of lightlike3 tachyon condensation with nontrivial dependence
along some coordinate. For instance, a profile of the form

T = µ2
0 exp(βX+)− µ2

k cos(kX2) exp(βkX+) (2.2.5)

is a solution of the tachyon equation of motion (2.1.11) if

β = −
√

8/(V0α
′), βk = −

√
2

V0

(
2/α′ − 1

2k
2
)
. (2.2.6)

Here, X+ = (X1 +X0)/
√

2, X− = (X1−X0)/
√

2 are a pair of light-like coordinates.
The timelike linear dilaton gradient is just (−V0, 0, . . . , 0).

3We focus on lightlike instead of timelike tachyon condensation because the former is dissipative
in nature [27] and thus we do not have to worry about “reheating” of the tachyon condensate.
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The dynamics of a string propagating in the background (2.2.4) is easy to
study, at least at the classical level in the limit k2 � 1/α. It is precisely in this
limit where we expect (2.1.11) to be a good approximation to the exact equations
of motion. In this case, βk ≈ β and the tachyon potential simplifies to

T = µ2

2α′ exp(βX+)X2 − µ2X+

α′VµV µ
√

2
exp(βX+) + (µ2

0 − µ2
k) exp(βX+). (2.2.7)

The first term is just a mass for X2 which increases exponentially with X+. The
resulting physics is rather simple: At X+ → −∞, the string is free to propagate in
all D− 1 spatial dimensions. At X+ ∼ 0, it starts to feel a potential which confines
it to the X2 = 0 slice from then on. Thus, at least for the perturbative degrees
of freedom which may be described in terms of closed strings, the tachyon has the
effect of removing one dimension; it is indeed causing a partial ‘decay of spacetime’.
The two regions are separated by a wall which moves at the speed of light along the
X1 direction.

The other terms in (2.2.7) can be dealt with in different ways: We will fine-
tune the last term to 0 (even after quantum corrections are taken into account).
The middle term cannot be fine-tuned to zero, but will cancel against a one-loop
correction in the worldsheet (as it must, since it is not conformal invariant at the
classical level).

A detailed analysis of the solutions of the equations of motion coming from
(2.2.7) shows [5] that any state with X2 6= 0 will, upon meeting the wall, accelerate
along with it and will never reach the interior, since by the time the wall reaches it
has a very large potential energy which is converted into kinetic. If we are interested
in the dynamics within the wall, in the region where X2 is very massive, we should
integrate this field out. In general, the coupling (2.2.4) defines an interacting 2d
quantum field theory in which integrating out some field is a rather difficult task.
However, for the particular profile (2.2.7) the classical theory is exactly solvable [5],
which implies that the Feynman diagram expansion terminates at the one-loop level.
Alternatively, we may expand the field X2 in a basis of solutions to the equations
of motion. After doing this, the path integral is gaussian. In any case, integrating
out X2 results in the following changes to the effective action:

• There is a correction of the form X+ exp(βX+) which precisely cancels the
middle term of (2.2.7).

• There is a shift in the linear dilaton term,

Φ→ Φ + β

12X
+. (2.2.8)

• The metric also changes, as

gµν → gµν + α′β2

24 δ+
µ δ

+
ν . (2.2.9)
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• The tachyon profile in the final state is T = 0 since we have fine-tuned it away.

We end up with a theory in one spacetime dimension less, with modified metric and
linear dilaton term. The norm of the new dilaton gradient is

g′µν(V ′)ν(V ′)µ = VµV
µ + V−

β

6V− + α′β2

24 (V+ + β

12)2 = VµV
µ + 1

6α′ , (2.2.10)

where we have used that V+ = −V0/
√

2, V− = −V0/
√

2. The new central charge
associated to the linear dilaton is

c′dilaton = −6α′g′µν(V ′)ν(V ′)µ = cdilaton − 1. (2.2.11)

This mechanism, which was dubbed ‘central charge transfer’ in [4], ensures that the
theory is conformal at the quantum level after the condensation procedure, since we
have one less boson contributing to the central charge.

To sum up, we now know the endpoint of closed-string tachyon condensation
in supercritical bosonic string theory - it is another bosonic string theory with one
spacetime dimension less. The mechanism, which has been dubbed “dimension
quenching” [20], does not depend on V µ being timelike, and so it can be applied
also to critical and subcritical string theories - providing an interpretation of the
usual bosonic string tachyon (albeit only in a very special background in which the
dilaton has a lightlike constant gradient).

An obvious question now is when does all this stop? As shown in section
2.1.3 there is always a tachyon in bosonic string theories, so can we “condense” all
spacetime dimensions? The answer is that we can, until we reach D = 2. In two
dimensions, the tachyon is stabilized due to its modified dispersion relation in the
background of the linear dilaton [7]. For this value of D, −VµV µ = (D− 26)/6α′) =
− 4
α′
, so the dilaton gradient is equal and opposite to the mass of the tachyon. We

may repeat the trick used for RR fields in section (2.1.6) to show that the field eΦT
is uncoupled to Φ and massless. The resulting theory is the well-known Liouville
field theory, as mentioned earlier.

2.2.4 Tachyon condensation in HO(+n)/ heterotic theory

Having studied tachyon condensation in the bosonic theory, we now turn to the more
interesting case of the superstring. We also expect tachyon condensation to remove
some spacetime dimensions and leave us with a lower dimensional heterotic theory,
but there are several important differences from the start. The tachyon T a is now
charged under the gauge group, so tachyon condensation will break it. This makes
sense as the SO(32+n) gauge group of the heterotic theory is dimension-dependent.
Another difference is worldsheet (0, 1) supersymmetry, which changes the way the
tachyon background couples to the worldsheet. The only possibility which respects
both supersymmetry and gauge invariance is

∆L = − 1
2π

∫
dθ+

∑
a

λaT a. (2.2.12)
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We use the superspace formalism [33] to simplify the task of obtaining supersymmet-
ric actions. To compute the action, we expand the superfields as T a = T a+θ+∂µT λa,
λa = λa + θ+F

a, yielding

∆L = − 1
2π

∑
a

(
F aT a(X)− i

√
α′2 : ∂µT a(X)λaψµ

)
. (2.2.13)

As usual in supersymmetric field theories, the auxiliary fields F a appear only alge-
braically in the action, without their derivatives. They can therefore be integrated
out to obtain an effective potential

∆L = − 1
2π

∑
a

(
T aT a(X)− i

√
α′2 : ∂µT a(X)λaψµ

)
. (2.2.14)

The tachyon profile must obey the equations of motion for the tachyon,

∂µ∂
µT a − 2V µ∂µT a + 2

α′
T a = 0. (2.2.15)

By analogy with the bosonic case, we will be interested in a profile

T a(X) =
∑
ν

µaν exp(βX+) [Xν ] +O(kX2), (2.2.16)

where as before we will work in the long wavelength k → 0 limit and drop the
quadratic terms in the tachyon potential. The corresponding bosonic lagrangian is

Lint. = − 1
4π

(∑
a

µaµµ
a
ν

)
exp(2βX+)XµXν +

iµaµ
2π exp(βX+)λa(ψa + βX+µaνX

νψ+).

(2.2.17)

The first term is a mass term for the bosonic coordinates, with mass matrix µ2.
Depending on the rank of this matrix, several bosonic coordinates will become mas-
sive and will be integrated out, as we did in the bosonic case. The second terms
are Yukawa couplings pairing left and right-moving fermions, thus giving a mass to
the supersymmetric partners of the Xµ and some of the λa. Thanks to worldsheet
supersymmetry, the masses of bosons and fermions are the same. The last term is
just a coupling between bosons and fermions.

As in the bosonic case above, the classical theory is exactly solvable [5], which
means that one can integrate-out the massive fields from the quantum theory in an
exact manner. We will end up with a theory with 10 + n− rank(µ) dimensions, as
rank(µ) bosons and right-moving fermions will become massive. The process will
also break the gauge group to SO(32+n−rank(µ)) for the same reasons. Integrating
out the massive fields now produces a shift in metric and dilaton gradient, given by

∆V+ = +rank(µ)β
4 , ∆G++ = +rank(µ)β2α′

4 , ∆G−− = −rank(µ)β2α′

4 .

(2.2.18)
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An interesting thing is that this time we do not have to fine-tune several back-
grounds, as we did in the bosonic string, in order to have a vanishing potential in
the leftover theory. Supersymmetry has done this for us, since we are integrating
out complete supermultiplets and their contributions to zero-point energies must
vanish.

Finally, computing the new dilaton central charge, it turns out to be

cdilaton = 3
2[rank(µ)− (D − 10)], (2.2.19)

while it originally was 3
2(D − 10). Integrating out the massive fields has resulted in

a transfer of 3/2 rank(µ) units of central charge from the dynamical fields to the
dilaton.

As in the bosonic theory, we can choose rank(µ) to be any integer from 1
to D − 2. We always end up at X+ = +∞ with a consistent string theory in
10+n− rank(µ) dimensions with total central charge equal to (26, 15). If rank(µ) <
n, the final theory is another supercritical theory. If rank(µ) > n, we end up with a
subcritical theory with a spacelike linear dilaton. In both cases there is a tachyon in
the fundamental representation of the unbroken gauge group. If rank(µ) = n, our
final theory is a critical, unstable heterotic string theory with gauge group SO(32)
and a lightlike linear dilaton rolling to weak coupling in the future. In particular,
the tachyons from the NS sector still survive.

This picture of tachyon condensation does not significantly change in the orb-
ifolded HO(+n)/Z2 theory: We still have the worldsheet superpotential (2.2.12) and
the structure of fields becoming massive and central charge transfer is the same.
There is however one important difference: As discussed in section 2.1.4, the orb-
ifold forces the tachyon to vanish at the orbifold fixed locus. Before the orbifold, we
were free to specify where the tachyon would condense -at any specific locus of our
choosing, or nowhere at all-. The orbifold ensures that the 10d fixed locus where
the fermions live is always preserved by tachyon condensation.

This has dramatic consequences for the particular case rank(µ) = n. In this
case, all the coordinates on which the orbifold acts geometrically are gone, its only
effect in the worldsheet being swapping the sign of the λa. The worldsheet discrete
gauge group is generated by the actions (−1)F , global fermion number, and (−1)FL ,
left-moving fermion number. But this is precisely the spacetime-supersymmetric
GSO projection, and thus our theory is none other than (a linear dilaton background
of) the standard SO(32) heterotic.

All this structure may be seen in spacetime terms, by using the rule of thumb
that any field with an index along the supercritical directions (which are eaten up
by the tachyon) will not be there after condensation. Physically, this means that
any such field will have arbitrarily high energy levels due to its interactions with
the tachyon condensate. Only fields which live entirely on the 10d locus, where the
tachyon vanishes thanks to the orbifold projection, will be protected. The same
holds in the gauge sector: Only fields lying in the SO(32) left invariant by the
tachyon vev will remain massless.
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This means, at the massless level, that the tachyon and mixed components of
the metric and B-field are gone, as are gauge field components along the supercritical
directions and those which do not lie in SO(32). The surviving fields comprise the
bosonic sector of the SO(32) heterotic. As for the fermions living in 10d, recall that
they were actually bispinors of the tangent and normal bundle to the orbifold fixed
locus: The tachyon condensate will couple to normal bundle spinors via couplings
of the form χ̄nΓµχn∂µT , so only fermions which are not charged under the normal
bundle will remain massless. This selects the vector-spinor (which, as advertised
in section 2.1.4, becomes the gravitino+dilatino) and the SO(32) adjoint fermions
(gauginos).

Remarkably, introducing the orbifold has the effect of removing the tachyons
from the critical theory, and the tachyon condensation procedure reaches a stable
endpoint.

2.2.5 Tachyon condensation in the HO(+n) theory

All of the above discussion carries over in a very similar fashion to the other su-
percritical version of heterotic string theory, the HO(+n) theory discussed in section
2.1.5. In this case, the tachyon couples only to the χb superfields,

∆L = − 1
2π

∫
dθ+

∑
b

χbT b, (2.2.20)

so the gauge group (be it SO(32) or E8 × E8) is manifestly unbroken. A tachyon
profile with nontrivial dependence on some coordinates may be approximated, near
a minimum, by a profile of the form µbρX

ρeβX
+ . Upon computing the potential

exactly as we did after (2.2.12), we see that k = rank(µbρ) coordinates get a mass, as
do k χ fermions which get Yukawa couplings with the supertparners of the massive
coordinates. At large times, we may integrate out all these fields, going from the
HO(+n) theory to the HO(+(n−k)) theory with the appropriate central charge shift.
Unlike in the previous examples, this process can only take us as far as the critical
dimension n = 0, since after that we run out of χ fermions.

2.2.6 Tachyon condensation in type 0 theory

Tachyon condensation can also take place in type 0 theories. The main idea is iden-
tical to the bosonic and heterotic examples, although there are significant technical
differences. The tachyon couples to the worldsheet as a (1, 1) superpotential

∆L = i

2π

∫
dθ+dθ−T (X) (2.2.21)

where T (X) depends on the (1, 1) superfields Xµ + iθ−ψµ + iθ+ψ̄µ + iθ−θ+F µ (see
e.g. [34]). Upon integrating out the auxiliary fields F µ, the terms in components
describe a worldsheet potential and Yukawa couplings

Lpot ∼ ∂µT (X)∂µT (X) , LYuk ∼ ∂µ∂νT (X) ψ̄µψν (2.2.22)
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As in the heterotic example above, condensation of this tachyon can produce dimen-
sion quenching in type 0 theories, but cannot connect down to 10d type II theories.
A perhaps surprising result is [35] that a tachyon profile of the form exp(βX+)
does not change spacetime dimension, but instead changes the type of string theory,
connecting type 0 superstrings to (supercritical) bosonic strings.

The equation of motion for the type 0 tachyon is the same as for the type II
tachyon, so again we will focus on solutions of the form (2.2.16). From (2.2.22),
we see that a linear tachyon profile would only contribute as a worldsheet vacuum
energy. Interesting physics starts to show up at quadratic order, and hence we will
take a tachyon profile of the form T ∼ µµνX

µXν . This will yield a mass matrix
µµν both for bosons and fermions, which can be integrated out in a by now familiar
fashion. The resulting endpoint of the tachyon condensation procedure is again type
0 theory with a lower number of dimensions.

However, as in the heterotic case, things change drastically if we consider the
orbifolded cousin of type 0 theory presented in section 2.1.6. Recall that in this
case the orbifold fixed locus has dimension 10 + n. The tachyon profile has to
be an odd function of the spacetime coordinates normal to this fixed locus, which
means that a tachyon profile quadratic in these coordinates is forbidden. Thus, one
cannot annihilate the normal coordinates leaving the 10 + n-dimensional theory as
we did in the heterotic case4. However, we may pair a supercritical coordinate with
coordinates of the fixed locus, via a term T ∼ XY eβX

+ (here, Y is a supercritical
coordinate and X lives along the critical slice). This generates a mass term of the
form (X2 +Y 2)eβX+ for both bosons. The Yukawa couplings in (2.2.22) ensure that
the superpartners get the right masses.

At late times, all these fields become very massive and should be integrated
out. The dilaton and metric shifts per supermultiplet are the same as in the heterotic
theory. If we integrate out all the supercritical coordinates, we are left with a 10d
theory without tachyons, since the 10 + 2n tachyon vanishes at the fixed locus as
in the heterotic case. The surviving orbifold action is just (−1)FL , overall left-
moving fermion number. Together with the type 0 (−1)F orbifold, these constitute
the worldsheet GSO projection of type II strings. Thus, tachyon condensation in
orbifolded type 0A (B) theory leads to (a lightlike dilaton background of) type IIA
(B) theory.

2.2.7 Final comments

We conclude the discussion with some generic remarks: Dimension quenching is
drastically different from Kaluza-Klein dimensional reduction. From the spacetime
viewpoint, dimension quenching causes the extra dimensions to completely disap-
pear from the theory. In particular, there remain no towers of extra-dimensional
momentum modes. Even at the level of massless modes, its effect on spacetime

4There is a good reason why this should not be possible: The fermion spectrum in orbifolded
0B is chiral, meaning that the resulting theory suffers from gravitational anomalies [36] and is
therefore inconsistent .
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bosons differs from a truncation to the zero mode sector; for instance, mixed com-
ponents Gµm disappear completely (whereas they can survive in KK dimensional
reduction).

The natural order parameter measuring the tachyon condensation process is
whatever couples to the spacetime fermions, namely ∂mT a in heterotic, and ∂m∂nT
in type 0/II. The symmetry breaking pattern is mostly encoded in the quantum
numbers of this quantity. For instance, in section 2.2.4 the background ∂mT a
breaks the SO(32 + n) × SO(n) gauge and rotational symmetries down to SO(32)
(times a diagonal SO(n)diag). Similarly, in section 2.2.6 the background ∂m∂nT
breaks the SO(n)×SO(n) rotational symmetries (seemingly with a left-over diago-
nal SO(n)diag). Although the diagonal symmetries SO(n)diag would seem unbroken
from a Higgsing perspective in spacetime, the microscopic worldsheet computation
shows that they actually disappear. This is reminiscent of the similar situation in
open string tachyon condensation described in section 2.2.1. If we take the S-duality
described in section 2.1.4 seriously, as well as the proposal of [22] for the type I phe-
nomenon, we would conclude that SO(n)diag is removed from the spectrum thanks
to the condensation of unstable heterotic 7-branes described in [37] and which will
be studied in detail in Chapter 4.

Finally, the interested reader can find the partition functions of the supercrit-
ical theories discussed in the text in Appendix A.
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3
Discrete gauge symmetries from

closed-string tachyon condensation

In the context of string theory model building, one is often faced with seemingly
global discrete symmetries of the effective field theory. On general grounds, one
would expect these symmetries to be gauged, but it is difficult to argue that this
is the case in general. In this Chapter we will employ supercritical string theories
to embed any discrete symmetry we may be interested in into a continuous one in
the supercritical theory. We will first discuss the rationale behind the dislike for
global symmetries in consistent quantum theories of gravity. After that, we will
describe the main strategy to embed discrete symmetries into continuous ones while
discussing a variety of examples.

Most of the results of this Chapter are published in [13].

3.1 Global symmetries in quantum gravity

There is a standard argument [38, 39, 40, 41, 42, 43] against the existence of contin-
uous symmetries in any quantum theory of gravity. This is implemented by a group
action on the theory which leaves the Hamiltonian and every transition amplitude
invariant.

Suppose there is one such symmetry and take one object charged under the
nontrivial representation r. A collection of n such objects will live in an irreducible
representation Rn ⊂ r ⊗ . . . ⊗ r. Since the group is continuous, for each n we get
at least one new irreducible representation. In other words, we have infinitely many
inequivalent irreducible representations as well as the means to build objects charged
under them.

By collapsing these objects into black holes, we can achieve black holes charged
in the irreducible representation Rn and of arbitrary mass up to Mp. If we want to
increase or decrease the mass we may simply add neutral matter or wait until the
BH evaporates enough mass1.

1This argument relies on Hawking’s computation [44] to allow the black hole to evaporate. This
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Now, take any object, living in a rep. Ro of the symmetry group. Generically,
we can expect a nonzero amplitude for the object to tunnel into a pair of BH’s into
reps. Rn, Rn′ such that Rn ⊗ Rn′ = Ro, since the process is classically allowed.
Since the two final state BH’s are far apart and by hypothesis the symmetry is
global, i.e. does not affect the dynamics, the physics must be invariant under the
action of the symmetry group on each of the black holes separately. In other words,
the amplitude is the same no matter the values n, n′, as long as Rn ⊗Rn′ = Ro.

To compute the total decay width to a pair of black holes, we should sum
over all possible n, n′. It can be shown that a continous group has infinitely many
irreducible representations2, and so the number of possible final states for this pro-
cess is unbounded, which means that the decay width to a pair of black holes is
not bounded. In other words, if one believes this argument, an exact continuous
symmetry means that everything should have decayed to black holes long ago. The
requirement for the symmetry to be continuous is crucial in this argument: Discrete
symmetries only have a finite number of inequivalent irreducible representations,
and so there is only a finite number of BH final states.

There is a refinement of the argument, proposed by Susskind [43], which does
not rely on arguments about black hole decay rates we cannot compute anyway. As
discussed above, in a theory with an exact global symmetry we can build an arbi-
trarily number of black hole states, charged under arbitrarily high representations of
the symmetry. If all of these large black holes evaporate following Hawking’s calcu-
lation all the way to the Planck scale, we will have a large (formally infinite) number
of stable remnants of Planckian mass. On the other hand, Unruh [48] showed that
a uniformly accelerated observer in the vacuum state sees a thermal bath at the
Unruh temperature T = a

2π . If there are infinitely many remnants almost degen-
erate in mass their contribution will dominate the partition function of the Unruh
thermal bath, no matter how small the temperature. This is clearly a theory out of
theoretical control.

Admittedly, the above arguments are not watertight. In particular they rely
on the validity Hawking’s calculation all the way to the Planck scale, or at least
to some scale independent of the black hole mass. If black holes with arbitrarily
high charges under the global symmetry leave the semiclassical approximation at
arbitrarily high masses, then the above conclusions can be avoided. But then one
has to explain the existence of very large black holes which are nevertheless outside
the semiclassical approximation.

calculation was done in the context of quantum field theory in curved classical backgrounds. The
argument will not hold in any model in which it is invalid. Most recently, the proposals in [45, 46]
allow for global symmetries in quantum gravity by having even macroscopic black holes behave as
quantum objects.

2The order of a group is the sum of the squares of the characters of its irreducible representations.
If this order is infinite, as is the case for a continuous group, there must be infinitely many
inequivalent irreducible representations. For a nice introduction to index theory, see [47].
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3.1.1 No global symmetries in the worldsheet

String theory is a quantum theory of gravity, in which Hawking’s calculation seems
to hold for large black holes. Hence, it should be devoid of continuous global sym-
metries. Indeed, this can be proven explicitly, at least in perturbative setups which
admit a worldsheet description [12]. In string perturbation theory, amplitudes are
computed as correlators of the 2-dimensional CFT describing the worldsheet of the
particular string theory we are concerned with. Any continuous symmetry of the
theory therefore gives rise to a continuous symmetry of the worldsheet effective
action and, by Noether’s theorem, to a conserved charge, which may be written as

Q = 1
2πi

∫
(jzdz − jz̄dz̄) (3.1.1)

in the bosonic string (an analogous expression holds for the superstring). Q must
be conformally invariant, since it takes physical states (represented by conformally
invariant vertex operators) to physical states. This implies that jz is a (1, 0) tensor,
and we can construct the vertex operators

jz∂̄X
µeikX , ∂Xµjz̄e

ikX (3.1.2)

which correspond to spin 1 particles charged under the continuous symmetry under
consideration, the gauge bosons. These considerations extend to open strings [49],
in which gauge bosons may be constructed via vertex operators

λab∂X
µeikX , (3.1.3)

where λab is a Chan-Paton label (telling us on which D-branes the open string starts
and ends).

As mentioned above, this argument has a loophole in that the chargeQmust be
nonvanishing, i.e. strings must be charged under the symmetry. There are several
examples of symmetries in string theory which do not satisfy this. For instance,
type IIB theory contains an axion C0 in its Ramond-Ramond sector. There is a
perturbative U(1) Peccei-Quinn symmetry which acts by shifting the axion field.
This does not contradict the above argument since strings do not carry Ramond-
Ramond charges and therefore do not see the above symmetry. Nonetheless, the
symmetry is broken at the nonperturbative level via D-instanton effects.

3.1.2 Discrete symmetries versus discrete gauge symmetries

Discrete symmetries, unlike continuous ones, are not forbidden by principle in a
quantum theory of gravity. In fact, there are several examples of these in string
theory: The nonperturbative SL(2,Z) S-duality of type IIB strings, ordinary T -
duality for strings, the Z2 symmetry in heterotic string theory which acts by −1 on
the massive spinor states of the theory. Consider also diffeomorphisms and gauge
transformations of the B or any Ramond-Ramond field which do not vanish at
infinity.
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For some of these symmetries, especially the last ones, it is apparent that they
are elements of the global part of a gauge symmetry. Thus, configurations related by
a gauge transformation are identified and the physical objects of the theory are the
resulting equivalence classes. To be specific, a gauge transformation is a mapM→
G from spacetime to the gauge group which vanishes at infinity. Transformations
which do not vanish at infinity constitute the global part of the gauge group and act
as a symmetry relating physically inequivalent configurations. These configurations
may be distinguished from each other by the gauge flux they create at infinity [50].
For instance, for a U(1) gauge theory, states fall into representations of the global
part of the gauge group. This global part is precisely U(1), and the integer indexing
the representation is electric charge.

The global part of the gauge group may be broken by our choice of background.
In general, the global gauge group will be broken to a discrete subgroup. We will
call such a group a discrete gauge symmetry, to remember its origin as the global
part of a gauge group. Continuing with the U(1) example discussed above, now
couple the gauge field to an axion φ ∼ φ+ 2π with the usual Stuckelberg coupling:

L = − 1
2g2F ∧ ∗F + v2(dφ− pA) ∧ ∗(dφ− pA). (3.1.4)

The gauge symmetry in this theory acts by A→ A+dλ, φ→ φ+pλ. It has a set of
degenerate vacua with A = 0, φ = constant, which we may parametrize by the value
of φ. Different vacua of this sort are related by global gauge transformations λ = λ0
which are constant throughout spacetime, since they take φ0 to φ0 +pλ0. The vacum
will be preserved whenever pλ0 is a multiple of 2π, by virtue of the periodicity of φ.
This will happen for λ0 = 2π n

p
for some integer n. Now, λ0 is a map from spacetime

to U(1), which means it is also an angle and defined only modulo 2π. If p = 1, no
global gauge transformations other than the trivial one preserve the vacuum. But
for p > 1, there are p global gauge transformations which do. These constitute the
discrete gauge symmetry of our configuration.

Given a discrete symmetry, it is not easy to tell if it is gauged or not. It will
be if we can find a continuous gauge symmetry whose global part is partially broken
by the choice of background to our discrete symmetry. For instance, T -duality at
the self-dual radius R =

√
α′ is enhanced to an SU(2) gauge symmetry. We may

then say that T -duality is a Z2 remnant of the self-dual radius SU(2).
This strategy however fails for the IIB SL(2,Z) symmetry. There is no simple

way to embed this in some continuous gauge symmetry, as can be seen from a
more geometric perspective: The SL(2,Z) of type IIB acts on the axio-dilation
τ ≡ C0 + i

gIIB
as a Möbius transformation, exactly as large diffeomorphisms would

on the complex structure of a torus. By compactifying IIB on a circle and T -
dualizing to the IIA theory, after which we take the M theory limit[51], we arrive at
M theory on T 2, with τ indeed being its complex structure parameter. The SL(2,Z)
of IIB is in this way geometrized to the group of large diffeomorphisms of the M-
theory torus. As diffeomorphisms are gauged in a quantum theory of gravity, this
shows that the the IIB SL(2,Z) is indeed a discrete gauge symmetry.
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For the heterotic Z2 swapping the sign of massive spinors, there is no (known)
chain of dualities that would allow us to embed the symmetry in a continuous group,
or at least in a group which is manifestly gauged. We will use supercritical theories
to show that this is indeed the case for this and other symmetries which often arise
in string model building.

3.2 Discrete gauge symmetries as quenched rota-
tions

In general, discrete symmetries cannot be regarded in an evident way as a discrete
subgroup of a continuous group action on the theory. This happens for instance for
discrete large isometries in compactifications, namely discrete isometries associated
to large diffeomorphisms of the compactification manifold (diffeomorphisms which
cannot be continuously deformed to the identity). In compactifications, discrete
isometries of the internal space become discrete gauge symmetries of the lower-
dimensional theory, much like continuous isometries become gauge symmetries à la
Kaluza-Klein [52]. Hence, discrete gauge symmetries from large isometries cannot
in principle be regarded as unbroken remnants of some continuous gauge symmetry
of the effective field theory.

We will now show that such discrete symmetries can be embedded into con-
tinuous groups, which however act on extra dimensions in a supercritical extension
of the theory. The continuous orbits come out of the critical spacetime slice, and
are quenched by a closed string tachyon condensation process, which thus breaks
the continuous symmetry, yet preserves the discrete one (see Figure 3.1). This pro-
cess is similar to a Higgs mechanism, but with some important differences. The
appearance of extra dimensions is very intuitive in extending discrete isometries to
a continuous action, since these symmetries are related to properties of the metric;
still our constructions apply to fairly general discrete symmetries.

..

..

Figure 3.1: Schematic description of the quenched rotation construction. The original theory
lives in the horizontal plane, and has a discrete reflection symmetry which cannot be connected
to the identity. By adding an extra, supercritical dimension, we are able to embed this discrete
action into the enlarged rotation group.
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3.2.1 Spacetime parity

A prototypical example of large diffeomorphisms it that of orientation reversing
actions, for instance, and most prominently, spacetime parity. Consider the action

(X0, X1, . . . , X2n−1)→ (X0,−X1, . . . ,−X2n−1) (3.2.1)

in 2n-dimensional Minkowski spacetime. It has determinant −1, so it lies in a
disconnected component of the Lorentz group. For convenience, we equivalently
focus on the action X2n−1 → −X2n−1 (with other coordinates invariant), which lies
in the same component disconnected from the identity.

It is easy to embed this symmetry into a continuous one, by adding one extra
dimension X2n, and considering the SO(2) rotation in the 2-plane (X2n−1, X2n).
Since this changes the number of dimensions, any string theory implementation will
require us to work in a supercritical theory. We now show this for the supercritical
bosonic string (since superstrings are actually not parity-invariant, due to chiral
fermions in type IIB or Chern-Simons couplings in the quantum effective action for
type IIA; still, parity can be combined with other actions to yield symmetries of
such theories, see the CP example in Section 3.3.3).

Consider the supercritical bosonic string theory with one extra dimension,
denoted by X26, with the appropriate timelike linear dilaton. The theory is invariant
under continuous SO(2) rotations in the 2-plane (X25, X26). As in Section 2.2.3 we
can connect it with the critical 26d bosonic theory by a closed string tachyon profile

T (X+, X26) ∼ µ2

2α′ exp(βX+) (X26)2. (3.2.2)

At X+ → −∞ the tachyon vanishes and we have a 27d theory with a continuous
SO(2) rotational invariance in the 2-plane (X25, X26). At X+ →∞, the onset of the
tachyon truncates the dynamics to the slice X26 = 0, breaking the SO(2) symmetry
to the Z2 subgroup X25 → −X25. Hence the Z2 parity symmetry can be regarded
as a discrete subgroup of a continuous higher dimensional rotation group, broken by
the tachyon condensation removing the extra dimension.

The analogy of this breaking with a Higgs mechanism can be emphasized by
using polar coordinates, W = X25 + iX26 = |W |eiθ. Then X26 ∼ W − W̄ and

T ∼ (X26)2 ∼ W 2 − 2WW̄ + W̄ 2 ∼ e2iθ − 2 + e−2iθ. (3.2.3)

In these coordinates, the θ angle behaves as an axion coupled to the rotational U(1)
symmetry. The tachyon sets a potential for this axion which is invariant under
θ → θ + π, hence a Z2 symmetry remains. This description will be useful for the
construction of Z2 charged defects in Section 3.2.3.

Finally, note that although this construction embeds the discrete group into a
continuous one, there is no actual 26d SO(2) gauge boson, since space is noncompact.
This will be achieved in a slightly different construction in Section 3.3.
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3.2.2 A heterotic Z2 from closed tachyon condensation

In the 10d SO(32) heterotic string, the gauge group is actually Spin(32)/Z2, and
there is a Z2 symmetry under which the (massive) spinor states are odd, while fields
in the adjoint are even3[10]. Namely, in the fermionic formulation, this symme-
try acts by swapping the sign of all the fields coming from a Ramond left-moving
worldsheet sector. We now propose a realization of this Z2 symmetry as a dis-
crete remnant of a continuous U(1) symmetry, exploiting the supercritical heterotic
strings introduced in Section 2.1.4.

For that purpose, it suffices to focus on the case of D = 12, i.e. two extra
dimensions, denoted X10, X11. We complexify the extra worldsheet fields into a
complex scalar Z ≡ X10 + iX11, and a complex fermion Λ = λ33 + iλ34. We consider
the U(1) action

Z → eiαZ , Λ→ e−iαΛ (3.2.4)
namely, the anti-diagonal SO(2)anti ⊂ SO(2)rot×SO(2)gauge ⊂ SO(2)rot×SO(2+32).
The idea here is that as we rotate along the extra dimensions the fermions pick the
right phase so as to recover the original Z2 symmetry when a full turn is completed.
Consider now the tachyon background which condenses to the SO(32) heterotic,
namely
T 33(X) ∼ eβX

+
X10 , T 34(X) ∼ eβX

+
X11 → T (X) ∼ eβX

+
Z, (3.2.5)

which we have recast in terms of a holomorphic complex tachyon T ≡ T 33 + iT 34.
The order parameter ∂ZT transforms in the bifundamental of SO(2)rot×SO(2)gauge,
and breaks the SO(2)rot×SO(34) symmetry down to SO(32) (times a diagonal factor
which ‘disappears’). The anti-diagonal SO(2)anti, generated by Qanti = QSO(2)gauge −
QSO(2)rot , is broken by a charge +2 the tachyon background. To show that there
is an unbroken Z2 acting as −1 on the SO(32) spinors, it suffices to show that
they descend from states with SO(2)anti charge ±1. Indeed, they descend from the
massive groundstates in the g2 twisted Ramond sector (see Section 2.1.4), which
has λa, ψm fermion zero modes paired together; the states transform as a SO(34)×
SO(2)rot bi-spinor, hence have SO(2)anti charge ±1, and descend to Z2 odd SO(32)
spinors.

A slightly unsatisfactory aspect of the construction is that there are actually
no gauge bosons associated to the SO(n)rot group because the extra dimensions are
noncompact, as in the bosonic case. We could achieve this by curving the geom-
etry of the extra dimensions in the radial direction, with the angular coordinates
asymptoting to a finite size Sn−1. Its SO(n) isometry group would then produce an
SO(n) gauge symmetry (in 11d). Although the geometric curvature will render the
worldsheet theory non-solvable, we expect basic intuitions of the flat space case to
extend to the curved situation, in what concerns the relevant topology of symmetry
breaking. In any event, we will eventually turn to a more general construction, with
physical gauge bosons, in Section 3.3.

3Recall that the Z2 by which Spin(32) is quotiented prevents the presence of states in the vector
representation; also notice that this is not the Z2 discrete gauge symmetry we are interested in.
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3.2.3 Topological defects from closed tachyon condensation

In the embedding of a discrete symmetry into a continuous one acting on extra
dimensions, all relevant degrees of freedom are eventually removed by the closed
string tachyon condensation. We may therefore ask what we gain by such construc-
tion. The answer is that, in analogy with open string tachyon condensation, certain
branes of the final theory can be constructed as solitons of the tachyon field. In-
deed, discrete gauge symmetries are often identified via the procedure of finding
objects charged under them. Since our focus is on aspects related to Zn discrete
gauge symmetries, in this Section we describe the tachyon profiles corresponding
to the codimension-2 Zn charged defects (real codimension-2 objects around which
the theory is transformed by a discrete Zn holonomy, e.g. in 4d we would have
Zn strings). The interesting question of constructing other possible defects, and
the possible mathematical structures underlying their classification is the focus of
Chapters 4 and 5.

Focusing back on the construction of Zn defects, let us consider again the
analysis of parity in the bosonic theory above. This Z2 symmetry is embedded
into a U(1) rotating the 2-plane (X25, X26). The critical vacuum is recovered by
a tachyon background T ∼ (ImW )2 c.f. (3.2.3), with W ≡ X25 + iX26 = |W |eiθ,
whose zero cuts out the slice sin θ = 0. In order to describe a Z2 defect transverse to
another 2-plane, e.g. (X23, X24), we write Z ≡ X23 + iX24 = |Z|eiϕ and consider a
closed string tachyon background vanishing at the locus sin θ′ = 0, with θ′ = θ− 1

2ϕ.
To put it another way, the condition sin θ′ = 0 is equivalent to

√
ZW =

√
ZW (3.2.6)

so we are just choosing a tachyon profile with nontrivial dependence along all the
coordinates. The critical slice defined by (3.2.6) is non-flat, and if we turn by an
angle δϕ in the (X23, X24)-plane, to remain at the tachyon minimum locus we must
also turn on θ. As we make a full turn on ϕ, we only make half a turn in θ, so in terms
of these coordinates a full turn on the (X23, X24)-plane results in a parity action. In
other words, any object sensitve to parity transformations (such as e.g. the volume
form of spacetime) will pick up a phase upon following a closed path encircling the
Z = 0 locus, where (3.2.6) degenerates. This is one of the characterizations of a
charged object (namely, that the dual object sees the relevant holonomy).

Other similar examples will be discussed in Section 3.3.2.

3.3 Discrete gauge symmetries as quenched
translations

The set of discrete symmetries amenable to the quenched rotation construction
in the previous Section is limited, since we need actions which are geometric in
nature. Additionally, the gauge nature of these symetries was unclear as there was
no gauge boson associated to the continuous symmetry. We now present a far more
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universal embedding of discrete symmetries into continuous ones, which are realized
as continuous translations in an extra (supercritical) S1 dimension. The extra S1 is
subsequently eaten up by closed string tachyon condensation, which breaks the KK
U(1) symmetry down to the discrete subgroup. The basic strategy is to use periodic
tachyon profiles to yield condensation processes which are well-defined on S1. In
doing this it will be impossible to write down exactly marginal tachyon profiles as we
did in Section 2.2, since the spacetime equations of motion will become convoluted.
We do not mind giving up exact solvability of the worldsheet CFT, and rely on the
main lesson that condensation truncates dynamics to the vanishing locus of the 2d
potential energy4. This can be justified in a nonrigorous manner by the observation
that, locally, the tachyon condensation process happens in a flat target spacetime,
and therefore our previous analysis applies.

3.3.1 The mapping torus

The basic ingredient in the construction is the mapping torus, whose construction
we illustrate in fairly general terms. Although we apply it in the string theory setup,
most of the construction can be carried out in the quantum field theory framework5;
the ultimate removal of the extra dimensions by tachyon condensation is however
more genuinely stringy.

The mapping torus may be defined as follows: Consider an N -dimensional
theory on a spacetime XN (which includes gravity), and let Θ be the generator of
an abelian discrete gauge symmetry Zn. We consider extending the theory toXN×I,
where I is a one-dimensional interval6 parametrized by a coordinate 0 ≤ y ≤ 2πR.
We subsequently glue the theories at y = 0 and y = 2πR, but up to the action of
Θ, as illustrated in Figure 3.2. The final configuration is the theory on XN non-
trivially fibered over S1. The fibration is locally XN × R, but there is a non-trivial
discrete holonomy implementing the action of Θ. For example, if Θ is a discrete
large isometry, the (purely geometric) glueing is

(x, y = 0) ∼ (Θ(x), y = 2πR). (3.3.1)

Returning to the general situation, the compact extra dimension produces a
KK U(1) gauge boson from the N -dimensional viewpoint. The orbit of the associ-
ated translational vector field ∂y clearly contains the discrete Zn transformations,
which are thus embedded as a discrete subgroup ZN ⊂ U(1). Since our discrete
symmetry has been embedded into a KK U(1), states of the theory XN transform-
ing nontrivially under the discrete symmetry generator Θ must carry a nontrivial

4This is analogous to the applications of open string tachyon condensation in annihilation
processes, even if they are not exactly solvable BCFTs.

5Incidentally, the mapping torus is widely used in the study of anomalies [53, 54, 55].
6This is easily implemented in the supercritical bosonic and heterotic HO+(n) theories; for the

supercritical type 0 orbifolds decaying to type II we must add another extra dimension, which can
be kept non-compact; for the HO+(n) / theory, the orbifolding breaks the translational invariance
and there is no actual continuous KK gauge symmetry, so we do not consider it here.
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y = 0 y = 2πR

x ∼ Θ(x)

Figure 3.2: Mapping torus construction. The theory at y = 0 is glued to the theory at y = 2πR
modulo the action of the discrete symmetry Θ(x).

KK charge, i.e. momentum. In fact, states transforming with phase e2πi p/n under
the Zn symmetry extend as states with fractional momentum p/nR (mod Z) along
S1, since a state with momentum P picks up a phase e2πiPR upon a 2πR translation.
We note that the minimal U(1) charge unit is 1/nR, since upon transversing the
circle n times all states must be periodic; hence nRP must be an integer.

In the supercritical string theory construction, the extra dimension is removed
by a tachyon profile with periodicity 2πR, which truncates the theory to the slice
y = 0 (mod 2πR). For instance, in the bosonic string theory, we sketchily write7

T ∼ µ2
[

1− cos
(
y
R

) ]
= 2µ2 sin2

(
y

2R

)
(3.3.2)

and similarly in other supercritical string theories. Concretely, we use the heterotic
HO+(n) theory (since the HO+(n) / breaks translational invariance in the extra di-
mensions) and take T ∼ sin( y

2R); for type II extended as supercritical type 0 orbifold,
we take T ∼ sin( y

2R)X ′. Here we assume that R � α′, namely that the variation
of the tachyon profile is slow enough so that the low-energy equations of motion in-
volved in the construction of these profiles can be trusted. Of course, all of them are
dressed by a eβX+ factor ensuring the onset of the dynamical condensation process.

The Higgsing picture can also be recovered in this construction. Since the
tachyon profile has a periodicity of 2πR, it only excites components of integer KK
momentum. We showed above that the theory had states with fractional momentum;
these will survive the condensation process, in which the U(1) symmetry is broken
only by fields of integer charge. Normalizing the minimal charge to +1, the breaking
is implemented by fields of charge n. Hence, the continuous symmetry is broken to
a discrete Zn symmetry in the slice y = 0, i.e. to the Zn of the original theory at
XN .

3.3.2 Topological Zn defects and quenched fluxbranes

A basic property of theories with discrete Zn gauge symmetries with particles
charged under them is the existence of Zn charged defects, real codimension-2 objects

7Note that the radius R can be kept arbitrary; for instance, the operator can be made marginal
by turning on a lightlike dependence and adjusting the β coefficient appropriately.
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around which the theory is transformed by a discrete Zn holonomy. This non-trivial
behaviour of the theory around the S1 surrounding the Zn defect, is identical to
the fibration over S1 in the mapping torus in the previous sections; both of them
pick an action of the discrete symmetry generator when going full circle. This may
be regarded as an underlying reason for the universality of the mapping torus con-
struction, which applies to fairly general discrete symmetries (as opposed to those in
Section 3.2). In this Section we use this relation to construct tachyon condensation
profiles which produce the Zn charged defects of the theory, generalizing Section
3.2.3 to the more universal mapping torus setup.

The construction is very reminiscent of the fluxbranes8 in [57, 58, 59, 60],
as we now explain. In compactifications on an S1, parametrized by a coordinate
y with period 2πR, a fluxbrane is a brane-like configuration with two transverse
real coordinates constructed as follows. Pick a 2-plane, denoted by (X8, X9) for
concreteness, and use polar coordinates Z ≡ X8 + iX9 ≡ |Z|eiϕ. The fluxbrane
configuration is obtained by performing dimensional reduction not along the original
Killing vector ∂y, but rather along ∂y′ , where y′ = y− ϕR parametrizes a combined
S1. In the resulting solution, the orthogonal combination ϕ′ = ϕ + y/R plays the
role of angular coordinates in a 2-plane transverse to the fluxbrane, and there is a
non-trivial magnetic flux for the KK gauge boson Aµ ∼ Gµy′ (hence the name). In
other words, circumventing the fluxbrane by rotating ϕ′ secretly rotates in ϕ and
translates along y, such that the total holonomy is a whole shift in the original S1

parametrized by y.
The Zn defects can be constructed by using the same strategy in dimensional

quenching, rather than in dimensional reduction, as described in Figure 3.3. We start
with the mapping torus of XN fibered over a S1 parametrized by y, as described in
Section 3.3.1. We choose a 2-plane (X8, X9), or Z ≡ X8 + iX9 ≡ reiϕ. Finally, we
turn on a closed string tachyon profile (3.3.2), but now depending on y′ = y−ϕR, to
remove one extra S1 dimension. The resulting configuration contains a Zn defect at
the origin of the 2-plane, since a rotation in ϕ′ results in a Zn holonomy. Note that
the disappearance the KK gauge bosons in dimensional quenching (as compared
with dimensional reduction), implies that there is no actual magnetic flux on the
2-plane, yet there is a non-trivial holonomy, as required to describe a Zn charged
object. This is precisely the nontrivial holonomy specified in the construction of the
mapping torus. We refer to these Zn defects as ‘quenched fluxbranes’.

Note that, in contrast with actual fluxbranes, we do not require quenched
fluxbranes to solve the equations of motion of the spacetime effective theory. We use
the construction to characterize the relevant topology describing Zn defects. That
is, tachyon condensation has provided us with a new topological sector of the theory,
characterized by some charges. Solving the equations of motion in this sector will
yield the actual on-shell configuration which realizes these charges. These solutions
may be interesting on their own as they could be unstable (it could be energetically

8Here, ‘fluxbrane’ means ‘extended solution with non-trivial (compactly supported) magnetic
field in the transverse dimensions’. This is not to be confused with the more recent use of the term
as branes carrying worldvolume magnetic flux [56].
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ϕ Θ

ϕ′ = 0

ϕ′ = 2π

y
′ =

0

y = 0

y = 2π

Figure 3.3: A schematic representation of the quenched fluxbrane construction. ϕ is the polar
angle in the (X8, X9) plane, while y is the coordinate of the mapping torus. The theory at y = 0
is glued to the theory at y = 2π modulo an action of the discrete symmetry generator Θ. Ordinary
tachyon condensation would eliminate the critical dimension and constrain the theory to live in the
critical slice y = 0. The fluxbrane is constructed by choosing a different tachyon profile depending
on a tilted coordinate y′, such that the condensation leaves the y′ = 0 slice instead. By choosing
a new coordinate ϕ′, orthogonal to y′, we see that upon a full turn on φ′ the theory we reach the
right side of the rectangle and therefore pick a Θ action. Since this construction is valid everywhere
except at the origin in the (X8, X9) plane, it describes a string-like defect located at the origin in
this plane, such that by circling it we pick the action of the discrete symmetry Θ.

favourable for the string to become thicker and thicker).
The construction makes manifest that Zn defects are conserved modulo n.

Indeed, n Zn defects correspond to a fluxbrane with trivial monodromy: going
around it once implies moving n times around S1 in the mapping torus in Figure
3.3. The configuration can be trivialized by a coordinate reparametrization.

3.3.3 Examples

We now provide some specific examples of the mapping torus construction.

Spacetime parity revisited

Consider the realization of a spacetime Z2 parity in e.g. the bosonic theory. Dif-
ferently from Section 3.2.1, the 27d supercritical geometry has the dimension X25

fibered non-trivially along an extra S1 parametrized by y, forming a Möbius strip.
In this non-orientable geometry, spacetime parity is a Z2 subgroup of a continuous
KK U(1). The symmetry breaking is triggered by closed string tachyon condensa-
tion. The Z2 defects of the 26d theory, regions around which spacetime parity flips,
can be constructed as quenched fluxbranes with a tachyon condensate (3.3.2), with
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the replacement y → y′ = y−Rϕ, where ϕ is the angle in the 2-plane transverse to
the defect.

Z2 symmetries of heterotic theories

We can easily implement the mapping torus construction to realize continuous ver-
sions of certain discrete symmetries of 10d heterotic theories. In order to have an
extra (translational invariant) S1, rather than an orbifold, we exploit the HO+(1)

theory of Section 2.1.5. For instance, we can propose a different U(1) embedding9 of
the Z2 symmetry of the 10d SO(32) theory of Section 3.2.2, as follows. To reproduce
the Z2 holonomy along the S1, the supercritical HO+(1) theory should have an Z2
Wilson line (a constant gauge field background which however is not pure gauge and
has effects on the physics) along the mapping torus S1, introducing a −1 phase on
SO(32) spinors, e.g.

A = 1
R

diag ( iσ2, 0, . . . , 0) → exp
(

1
2

∫
S1
iσ2 dy

)
= −1 (3.3.3)

where the factor 1
2 corresponds to the charge of spinors.

By constructing the quenched fluxbrane associated to this symmetry, we only
take the tachyon profile to depend on y′ instead of y, as usual. The resulting 7-brane
is a gauge defect around which spinors pick a −1 phase. This defect can be analyzed
in familiar gauge theory terms, as is done in [37]. It is a singular representative of
the class of gauge bundles associated to the nontrivial element of the homotopy
group π1(SO(32)) = Z2. This solution is unstable, and tends to decay into gauge
flux.

Consider a second example, given by the Z2 symmetry exchanging the two
E8’s in the 10d E8 × E8 heterotic, i.e. an outer automorphism. The gauge nature
of this symmetry, argued in [61], can be made manifest using the mapping torus
construction in the supercritical E8 ×E8 theory mentioned in Section 2.1.5. In this
case, we must introduce a permutation Wilson line along the S1, similar to those in
CHL strings in lower dimensional compactifications [62, 63] (see also [64, 65, 66] for
permutation Wilson lines in toroidal orbifolds).

Discrete isometries of T 2

We now give new examples based on discrete isometries of T 2. To prevent a nota-
tional clash, we use β ' β + 2π to parametrize the supercritical S1.

The construction of the mapping torus for T 2 is basically an orbifold of T 3 =
T 2 × S1, by a discrete isometry in T 2 and a simultaneous shift in S1. These kind
of models are described in string theory by free worldsheet CFTs and are familiar
in orbifold constructions (in critical strings), see e.g. [67]. Instead, we recast the

9Incidentally, the same discrete symmetry may have different supercritical embeddings into con-
tinuous symmetries. This is similar to embedding the same Zn symmetry into different continuous
U(1) groups, in fixed dimension.
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S1
z = 0

C− {0}
Figure 3.4: The mapping torus construction for T 2 can be regarded as a nontrivial torus fibration
over S1. We may embed this S1 as the |w| = 1 locus of the complex plane, and extend the fibration
to C∗ to yield a torus (in fact, elliptic for our purposes) fibration in the complex plane.

construction in a language which will admit an easy generalization to Calabi-Yau
spaces in projective spaces10. In order to exploit the power of complex geometry,
let us extend S1 to C∗ ≡ C − {0}, by introducing a variable w = |w|eiβ (which
can eventually be fixed to |w| = 1 to retract onto S1). The mapping torus is now
associated to an elliptic fibration over C∗, with constant τ parameter on the fiber,
and suitable SL(2,Z) monodromies around the origin (see Figure 3.4). This allows
us to harness the power of algebraic geometry and in particular all the technology of
elliptic fibrations common in F-theory [68]. It turns out that holomorphic fibrations
suffice for our purposes. Indeed, the constant τ holomorphic fibrations discussed in
the context of F-theory [69, 70], can be readily adapt to the present (non-compact)
setup.

Consider a Weierstrass fibration over a complex plane w

y2 = x3 + f(w)x+ g(w). (3.3.4)

This defines a torus fibration as follows. The coordinates x, y, z are defined on
a weighed projective space P[3,2,1], such that points (x, y, z) and (λ3x, λ2y, λz) for
any complex λ 6= 0 are identified For each w, the equation (3.3.4) defines a torus
embedded in P[3,2,1], see for instance [71]. From a constant τ fibration is achieved
by [69]

f(w) = αφ(w)2 , g(w) = φ(w)3 (3.3.5)

with φ(z) some polynomial. The value of τ is encoded in α.
In order to describe the Z2 x→ −x, y → −y, which exists for generic values

of τ , we simply choose φ(w) = w, and have

y2 = x3 + αw2 x + w3 (3.3.6)

Moving along S1 (namely, w → eiδβw), the coordinates transform as x → eiδβx,
y → e3iδβ/2y. The holonomy along S1 is x → x, y → −y, precisely the desired Z2
action.

10Recall [10] that Calabi-Yau spaces are of phenomenological interest since they preserve some
supersymmetry in the low-energy effective field theory.
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The construction of Z2 defects is now straightforward. We simply introduce
a complex coordinate z for the two real transverse dimensions, and consider the
configuration obtained from (3.3.6) by the replacement w → w + z (the tachyon
profile will be a radial extension of the profile around S1 and hence will force |z| =
|w|. The condition =(z + w) = 0 then enforces y′ = ϕ− y/R = 0, as usual) . Note
that two Z2 strings are described by a fibration with φ = w2 (since we must pick
up twice the phase as we move around the string), which can be made trivial by a
reparametrization,

y2 = x3 + αw4 x + w6 −→ y′2 = x′3 + αx′ + 1 with y = w3y′, x = w2x′.
(3.3.7)

This represents the physical fact that two Z2 string can annihilate.

A similar discussion can be carried out for the other holomorphic Zn actions
of the torus. Skipping further details, we simply quote the relevant fibrations:

Z4 : y2 = x3 + w x

Z6 : y2 = x3 + w

Z3 : y2 = x3 + w2 (3.3.8)

These fibrations differ slightly from those in [70], because the latter describe crystal-
lographic actions on global geometries. We note that the local behavior of their fi-
brations around fixed points on the base is equivalent to ours, modulo reparametriza-
tions describing creation/annihilation of n Zn defects.

Discrete isometries in Calabi-Yaus: the quintic

The above strategy generalizes easily to more general Calabi-Yau spaces, as we
illustrate for the quintic X6 = P5[5]. This is complex dimension three Calabi-Yau
space defined by a rank-five polynomial on five-dimensional projective space P5 in
which (z1, z2, z3, z4, z5) ∼ λ5(z1, z2, z3, z4, z5). Its expression at the so-called Fermat
point is

z5
1 + z5

2 + z5
3 + z5

4 + z5
5 = 0. (3.3.9)

This polynomial guarantees that the resulting space is Calabi-Yau [72]. Compact
Calabi-Yau spaces do not have continuous isometries11, but can have discrete ones.
This fact is apparent from (3.3.9); the equation is invariant under several diffeomor-
phisms such as for instance permutation of two coordinates. We simply focus on the
Z5 generated by z1 → e2πi/5z1, with z2, . . . , z5 invariant. The fibration associated to
the mapping torus can be written

w z5
1 + z5

2 + z5
3 + z5

4 + z5
5 = 0 (3.3.10)

11If they did, lowering the index of the Killing vector via the metric tensor would yield a holo-
morphic (1, 0)-form, but h1,0 = 0 for Calabi-Yau manifolds.
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Setting w = eiδy, moving along the S1 gives w → eiδyw and z1 → e−iδy/5z1, so
that completing the circle implements the desired Z5 monodromy. The construction
of Z5 strings in the 4d theory amounts to a reinterpretation of w in terms of the
transverse coordinates, as in the previous section.

Note the important point that motion in w does not correspond to changing
the moduli of X6. Complex structure moduli are described by deformations of the
defining equation corresponding to monomials ∏i(zi)ni ’s with ni < 412. This means
that as one moves around the string there is no physical scalar which is shifting. This
is fine because the monodromy is not part of a continuous gauge symmetry acting
on any scalar of the 4d theory (as it disappears from the theory in the tachyon
condensation).

These discrete isometries are phenomenologically relevant, since they often cor-
respond to discrete R-symmetries of the 4d effective theory. The discussion of possi-
ble applications of our tools to phenomenologically interesting discrete R-symmetries
will not be addressed in this work.

Antiholomorphic Z2 and CP as a gauge symmetry

A final class of discrete isometries of Calabi-Yau compactifications are given by
antiholomorphic Z2 actions, e.g. zi → z̄i, which are large isometries of the Calabi-
Yau spaces with defining equations with real coefficients. These are orientation-
reversing, and hence are not symmetries of the superstrings, but can be actual
symmetries if combined with an extra action. For instance, their combination with
4d parity gives a discrete symmetry, which in heterotic compactifications corresponds
to a CP transformation [73]. Applying the mapping torus construction to this Z2
symmetry results in a description of CP as a discrete gauge symmetry explicitly
embedded in a (supercritical) U(1) symmetry. This is a new twist in the history of
realizing CP as a gauge symmetry, see e.g. [61, 74]. Of course, CP is not a symmetry
of 4d physics, so if it is a gauge symmetry it must be explicitly broken by some field.

Zn symmetries already in U(1) groups

Although we have focused on discrete symmetries from (large) isometries, the con-
structions can be applied to general Zn discrete symmetries, even those embedded
in continuous U(1) factors already in the critical string theory (see [75, 76, 77, 78,
79, 80, 81] for such symmetries in string setups). Focusing on the 4d setup for con-
creteness, recall [42] (also Section 3.1.2) that the key ingredient is a U(1) group with
potential A, acting on a real periodic scalar φ ' φ+ 1 as

A→ A+ dλ , φ→ φ+ nλ (3.3.11)

12These deform the projective surface defined by (3.3.9); changing the embedding of the tangent
space at each point. This changes the complex structure of the manifold, which is PJP where P
is projection onto the tangent space to the manifold and J is the complex structure of the ambient
space.
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There is an unbroken Zn, preserved even by non-perturbative effects, since it corre-
sponds to a global gauge transformation. For instance, the axion field will couple in a
natural way to instanton fields via a coupling of the form φF ∧F in the lagrangian.
The coupling is anomalous, and in order to have gauge-invariant amplitudes, the
amplitude in the presence of an instanton at a point P must be dressed as

e−iφ exp(2πin
∫
L
A) (3.3.12)

which describes the emission of electrically charged particles of total charge n (i.e.
preserving the Zn) along semi-infinite worldlines L starting at P .

Let us now consider embedding this Zn symmetry as a mapping torus con-
struction in a supercritical extension of the theory. Along the extra S1 there is a
non-trivial U(1) transformation (integrating to the Zn generator) and a correspond-
ing shift φ → φ + 1. In other words there is one unit of flux for the field strength
1-form F1 = dφ ∫

S1
F1 = 1 (3.3.13)

Notice that the mapping torus of length 2πR and the n-cover circle of length 2πnR
provide a physical realization of the two S1’s in [77], associated to the periodicity of
φ and of the U(1).

Fields with charge q under the Zn have S1 boundary conditions twisted by
e2πi q/n, hence have KK momenta k + q/n, with k ∈ Z, and so carry charge under
the KK U(1). This piece allows to recover (3.3.12) in this picture, as follows. The
operator e−2πiφ at a point in the S1 (and at point P in the critical spacetime) picks
up phase rotations under translation, i.e. under a KK U(1) transformation, which
must be cancelled by those insertions of KK modes, with total KK momentum 1,
e.g. n states of minimal Zn charge.

The discussion in the previous paragraph has a nice string theory realization
in the context of Zn symmetries arising from the U(1) gauge groups on D-branes. In
particular we focus on D6-brane models c.f. [75], where A is the gauge field on D6-
branes, φ is the integral of the RR 3-form C3 over some 3-cycle Σ3, and the instanton
is an euclidean D2-brane on a 3-cycle Σ3. The non-trivial shift of φ, namely the flux
(3.3.13), corresponds to a 4-form field strength flux∫

Σ3×S1
F4 = 1 (3.3.14)

The D2-brane instanton on Σ3 is not consistent by itself, but must emit particles
with one unit of total KK momentum. This is more clear in the T-dual picture,
which contains a D3-brane on Σ3 × S1 with one unit of F3 flux over Σ3, which
must emit a fundamental string with one unit of winding charge [82]. Another way
to see this inconsistency is directly from the Chern-Simons couplings in the D6-
brane worldvolume. An euclidean instanton can be constructed as a gauge field
configuration with nontrivial F ∧ F in the 4 noncompact dimensions. Then, the
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Chern-Simons coupling

SCS ⊃
∫
D6
C3(F ∧ F ) =

∫
R4

(∫
Σ3
C3

)
F ∧ F =

∫
R4
F ∧ F, (3.3.15)

which is precisely the kind of axion-instanton coupling discussed above.

3.3.4 Dual versions

All the previous examples involve discrete symmetries which may be realized in
geometric terms, as gauge field or metric configurations. The mapping torus con-
struction is however much more general, and can also accomodate genuninely stringy
discrete symmetries. In this Section we focus on this class of discrete large sym-
metries, which involve stringy non-geometric transformations. The corresponding
mapping torus constructions can be regarded as containing non-geometric fluxes, in
analogy with the duality twists in e.g. [67].

Quantum symmetry in orbifolds

Consider an orbifold compactification to four dimensions with parent space Y6 and
orbifold group Zn with generator Θ (which may also act on the gauge bundle in
heterotic models). A general result from the structure of worldsheet amplitudes is
the existence of a ‘quantum’13 Zn discrete symmetry (different from the Zn gener-
ated by Θ). The generator g acts on fields in the Θk-twisted sector with a phase
e2πi k/n. Invariance under this Zn leads to restrictions in amplitudes usually known
as ‘point group selection rules’, and have been discussed in the context of heterotic
compactifications (see [83, 10] for reviews, and e.g. [84, 85] for early and recent
applications). These symmetries have not been embedded in a continuous group.

For the present purposes, we may focus on the simple non-compact setup of
C3/Zn, and take C3/Z3 as illustrative example. In fact, the quantum symmetry
in this case is part of the ∆27 discrete symmetry analyzed in [86] (see [87] for
generalizations involving Zn). It is straightforward to apply the mapping torus
construction in Section 3.3 to derive this symmetry from a continuous U(1) acting
on an extra S1. The construction is however particularly interesting because it
involves a non-geometric Zn action.

It is worthwhile to point out that the quantum symmetry can be geometrized
by application of mirror symmetry [88]. For instance, focusing on C3/Z3, the theory
is dual to a mirror geometry described in e.g. [89] (in the setup of D3-branes at
singularities), and can be recast as the Calabi-Yau manifold described by

z = uv, y2 = x3 + zx+ 1. (3.3.16)

13It is quantum in the sense of the worldsheet α′ expansion. The symmetry is not visible in
the large volume limit, because blow-up modes (which control the volume of the compactification
manifold) are in twisted sectors and thus Zn-charged, so their vevs break the symmetry.
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This is a Weierstrass fibration, similar to the ones studied in the previous section.
The geometry is a double fibration over the complex plane z, with one C∗ fiber
parametrized by u, v (degenerating over z = 0), and the second fiber being a T 2,
degenerating over three points on the z-plane.

Since mirror symmetry is a duality transformation of the full string theoy,
the original Z3 symmetry must be also present in some way. Indeed, its mirror is
generated by

x→ e2πi/3x , z → e−2πi/3z , u→ e−2πi/3u (3.3.17)

This preserves the holomorphic 3-form Ω = dx
y
∧ du

u
∧ dz. Note that the action

restricted to z = 0 is given by the Z3 isometry of T 2 generated by x → e2πi/3x.
Therefore, mirror symmetry renders the embedding of this Z3 symmetry similar to
the examples analyzed in Section 3.3.3.

T-duality in type II T 2 compactifications

T-duality is a fundamental duality, i.e. a discrete transformation implying the equiv-
alence of different string models, or different points in the moduli space of a single
string model. In systems mapped to themselves by a T-duality transformation, the
latter should manifest as a discrete symmetry of the configuration. For instance,
the 26d closed bosonic string theory on an S1 of radius R =

√
α′ is self-T-dual. In

this case, the Z2 symmetry is actually part of an enhanced SU(2)2 gauge symmetry
at the critical radius [6, 90].

For 10d type II theories we can obtain self-T-dual configurations by considering
an square T 2 with equal radii R =

√
α′, and vanishing B-field, i.e. T = B + iJ = i.

This configuration is fixed by a Z4 subgroup of the SL(2,Z) duality group, generated
by (

0 −1
1 0

)
. (3.3.18)

However, there is no enhanced continuous gauge symmetry at this point, and the
gauge nature of the Z4 symmetry is not as manifest as in the bosonic case.

This is however easily achieved in terms of a mapping torus configuration in
a supercritical extension of the theory. The Z4 symmetry is thereby embedded in a
continuous KK U(1), making its gauge nature manifest.

Notice that the above matrix (3.3.18) corresponds to the Z4 isometry of T 2

given by x→ −x; y → iy. Rather than a coincidence, this is because both systems
are related by application of one-dimensional mirror symmetry (T-duality along
one dimension), which exchanges the T 2 Kähler and complex structure parameters
T ↔ τ . Therefore the mapping torus construction in this Section is mirror dual to
one of the torus isometries considered in Section 3.3.3.

We conclude with a final remark regarding the mapping torus construction
for the Z4 self-T-duality. It provides an example of non-geometric fluxes in extra
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supercritical dimensions. Namely, as the theory moves along the extra S1 it suffers
a non-geometric transformation, which is not a diffeomorphism, but is a symmetry
of string theory. This is a particular instance of the non-geometric (but locally geo-
metric) Q-fluxes in [91], which have been concretely considered in orbifold language
in e.g. [67]. Clearly the appearance of non-geometric fluxes along the supercritical
S1 will occur in the mapping torus construction of any discrete symmetry described
by a non-geometric symmetry on the underlying compactification space.

Type IIB SL(2,Z) S-duality and F-theory

Type IIB supergravity has a continuous SL(2,R) symmetry group, which shifts
the sign of the dilaton field. Since the dilaton is related to the string coupling
as gs = exp(Φ), this is a weak-to strong coupling duality, or S-duality. In the full
string theory, only a SL(2,Z) lattice survives and constitutes the quantum S-duality
group of type IIB string theory. This is related to the existence of Dirac quantization
conditions which are absent in the classical theory.

This S-duality group acts on the complexified axio-dilaton τ = C0 + i e
−Φ

2π
via Möbius transformations. It has an abelian subgroup consisting of C0 shifts
τ → τ + 1, which may be embedded via a standard mapping torus construction.
In fact, as discussed in the introduction, the axio-dilaton may be regarded as the
complex structure parameter of a torus and so the symmetry may be embedded
via the Weierstrass fibrations discussed as an example in the previous section14.
Specifically, the monodromy τ → τ + 1 corresponds to the Weierstrass fibration [68]

y2 = x2 + xz + w3 + w

4 (3.3.19)

Notice that, unlike in previous cases, the monodromy cannot be readily seen from
the Weierstras equation as some action on x and y as we turn around. This is so
because the uniformization mapping [71] which takes us from the torus coordinates
to the Weierstrass form automatically respects this periodicity. A way to see that
it indeed carries the right monodromy is to compute the j-invariant,

j(τ) = 4(24f 3)
27g2 + 4f 3 = 96w3

27w2 + 35
2 w

3 + 27
16w

4 . (3.3.20)

This function has a pole at w ∼ 0 of order one. Since j(τ) only diverges near =(τ)→
±∞, we may use the asymptotic expansion j(τ) ∼ e2πiτ . From this expression,
τ ∼ 2πiw, and we see that near the origin τ picks a monodromy τ → τ + 1, as
expected15.

14Notice that supercritical type 0 theory forces us to include two extra dimensions to achieve this.
The extra two dimensions are, however, not related in any way to the 12-dimensional description
of F -theory.

15The discriminant of the elliptic fibration (3.3.19) also vanishes at other loci far from the origin.
We consider our fibration to be defined on a disk with |w| small enough so that these points are
outside of it. Recall that the mapping torus in this case is defined by retraction to an S1 within
the complex plane, so there is no problem in doing this if the S1 is close to the origin.

56



CHAPTER 3. DISCRETE GAUGE SYMMETRIES FROM CLOSED-STRING
TACHYON CONDENSATION

The charged codimension 2 object associated to this symmetry are D7-branes
(since around these objects the RR 0-form shifts by a period). Notice that these
charged objects do not have fractional momentum along the compact direction as
the states in the previous Section did. This is so because the index of the abelian
discrete symmetry group is not finite, and the covering torus of radius nR described
in the previous Section is actually the real line; there is no requirement that the
wavefunctions be periodic after some number of turns around the mapping torus.
Physically, upon an axion field shift all observables acquire a trivial phase. Mon-
odromies may be detected however by looking at fieldstrengths; the force between
a stack of D7-branes and a D7 brane is a direct measure of the axio-dilaton mon-
odromy around the first.

Similarly, one can try to embed the other generator of SL(2,Z), a Z2 which
acts on the axio-dilaton as τ → −1/τ . This actually corresponds to the Z4 symmetry
discussed in the previous section. This Z4 symmetry is realized as a Z2 in F-theory
because the modular group is more nearly PSL(2,Z) than SL(2,Z) [71]. This means
that modular transformations that differ by the nontrivial element of the center of
SL(2,Z), namely the action x→ −x, y → −y are physically equivalent.

The codimension 2 object associated to this discrete symmetry is a Z2 string
around which there is no well defined weak-coupling region; the monodromy takes
a weak coupling region to a strong coupling one. In fact, the particular constant τ
fibration discussed in Section 3.3.1 is not very interesting, since the axio-dilaton τ
is fixed to τ = i (hence physics is everywhere nonperturbative). The most general
fibration with this monodromy has τ of the form

τ = ie
√
f(w,w̄), (3.3.21)

where f(w, w̄) has a zero of order 1 at the origin and vanishes nowhere else on the
subset of C − {0} where the fibration is defined. Taking for instance f(w, w̄) = w
one can achieve regions where physics is locally perturbative (large imaginary part
of τ), although globally regions of strong coupling are unavoidable.

Two of these 7-branes can ne nucleated form the vacuum, as can be seen as
follows: Consider the elliptic fibration with τ = iew, with smooth f and a asymptot-
ically flat metric. This is a trivial fibration describing some nontrivial dilaton profile
over otherwise flat space. Now, parametrize w =

√
z2. We have done nothing as

the function
√
z2 = z throughtout the complex plane. However we can smoothly

deform the fibration to w =
√
z2 − a2 =

√
(z + a)(z − a). Near z ≈ a, the fibra-

tion has the form (3.3.21). Notice that the coordinate w for which the metric is
asymptotically locally flat suffers a monodromy w → −w. By making a very large,
one can get an asymptotically locally flat metric in w around z ≈ a to arbitrarily
good accuracy. Therefore, these Z2 7-branes may be regarded as a particular C/Z2
orbifolds. Finally, we note that this object has the same monodromy as a config-
uration of two (1, 0) 7-branes on top of a (1,−1)-brane, and the same monodromy
as the Z8 orbifold supporting tensionless strings described in [92]; the difference in
spacetime curvature of both defects is due to the fact that the defects studied in
that the elliptic fibration is required to be Calabi-Yau in that reference.
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4
Heterotic NS5-branes from closed-string

tachyon condensation

In this Chapter we continue the study of the condensation of tachyon profiles other
than the vacuum in a more geometrical setup than in the previous chapter. We
will focus on the HO(+n)/ model, which is especially interesting because via the
S-duality proposal of [4] (see Section 2.1.4), we can identify defects constructed in
the HO(+n)/ with some brane in type I string theory.

The classification of possible topological defects in type I theory was tackled by
Witten in [37], where he showed that all these defects are classified by real K-theory.
We will see that a similar classification holds for the heterotic theory, in a manner
consistent with the S-duality. We will start by providing an exact CFT description
of the heterotic NS5 in the supercritical theory, giving several arguments based
on anomaly cancellation both from spacetime and worldsheet perspectives. We
will then describe other solitons which can be obtained from tachyon condensation,
corresponding to different K-theory classes.

The results of this Chapter are published in [93]. Appendix B contains a short
review on K-theory and its applications to tachyon condensation.

4.1 NS5-branes from tachyon condensation

Every string theory has among its massless fields an antisymmetric tensor B, which
couples directly to the string worldsheet Σ as

∫
Σ B. It is believed [42] that in

a consistent quantum theory of gravity, for any field there are both electric and
magnetic sources. For the B-field, whose gauge-invariant fieldstrength is called H,
this would be an H-monopole, a codimension 4 object which is commonly referred
to as NS5-brane, since the B field comes from a NS-NS sector in the worldsheet.

Most topological defects in string theory do not have a simple perturbative
description or other tractable tools to construct them, except as supergravity solu-
tions. This includes the heterotic NS5-brane, whose near-core region is inherently
non-perturbative due to a blowing-up coupling, even if the asymptotic coupling con-

59



CHAPTER 4. HETEROTIC NS5-BRANES FROM CLOSED-STRING
TACHYON CONDENSATION

Y m

T a = 0

Xµ

Figure 4.1: Schematic representation of tachyon condensation. The region where the tachyon
vanishes is shaded in blue. In the homogeneous process described in Chapter 2, the tachyon only
vanishes along the critical slice Y m = 0. However, with a non-homogeneous profile, the tachyon
has nonvanishing rank also at Xµ = 0; formally, the extra dimensions “survive” there. The low
energy theory after tachyon condensation describes this as soliton.

stant is kept perturbative [94]. Because of this, no general worldsheet description of
a single heterotic NS5-brane has been found (see, however, [95] for a CFT descrip-
tion of an heterotic background containing NS5-branes in a double scaling limit).
This is not true in the type II context, where the CHS worldsheet CFT [96] de-
scribes a stack of N ≥ 2 NS5 branes. These can also be related in an indirect way
to tachyon condensation in non-supersymmetric backrounds [32]. However, such a
CFT cannot exist for heterotic NS5 branes. An argument due to Witten [97] starts
with the observation that a heterotic NS5 is essentially a supersymmetric zero-size
instanton, and one can guess part of the matter content of the theory by demanding
that the moduli space includes that of a pointlike instanton. The resulting matter
would have a far too large central charge to be described by a CFT.

To evade the above argument, one must give up either the central charge
requirement or supersymmetry. Both things happen in the context of supercritical
string theories. We will show that NS5-branes are associated to non-trivial instanton
backgrounds in these bundles (all the other possible cases will be discussed in Section
4.2). One can motivate this by noticing that S-duality turns D5-branes into NS5-
branes. If, presumably, the rotational and gauge bundles of the supercritical theory
correspond to the D9 and D9 gauge bundles, it seems natural to assume that a type
I D9 worldvolume gauge instanton, which describes a D5, should describe an NS5
in the heterotic theory.

In Chapter 2, we described how by turning on the appropriate tachyon profile
one may recover the SO(32) heterotic vacuum from the HO(+n) theory. The matrix
Ma

µ = ∂µT a, responsible for giving masses to the supercritical worldsheet fields, was
taken to be position-independent. We now generalize the analysis to X-dependent
tachyon background matrices, with rank jumping at particular loci. The idea is
illustrated in figure 4.1
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In principle, one could just write down tachyon profiles with rank jumps any-
where. However, there is no reason to expect that there is an actual marginal
perturbation with these properties; the rank jumps may disappear once we flow to
the IR to get an exactly marginal profile. A simple way around this difficulty is to
consider cases in which the tachyon matrix zeroes are topologically protected. This
is the case if we allow for non-trivial bundles V , V ′ for the SO(n) ⊂ SO(32 + n)
gauge group and the geometric SO(n)rot rotation group.

The matrix M = ∂T is a section of V ⊗ V ′∗, and necessarily has zeroes over
particular loci in the 10d slice, as discussed in AppendixB. Tachyon condensation
leads to the appearance of topological brane defects located at those loci, allowing
for the description of heterotic branes as closed string tachyon solitons.

The above argument assumes that the tachyon profile will be nonsingular
throughout space, at least at early times before the onset of the condensation. We
can argue that this is the case via an adiabatic argument: Consider an instanton of
very large size. Classical equations of motion, which imply a nonsingular tachyon
profile, are then valid to an arbitrarily good accuracy.

To build the tachyon profile, we need to know the topological charges of the
NS5-brane. The Poincaré dual 4-form to the NS5-brane worldvolume is

δ4(NS5) = trF 2
gauge − trR2

rot. (4.1.1)

The tachyon profile can be specified by the Atiyah-Bott-Shapiro construction [98],
described in detail in AppendixC, which we summarize briefly now. Take a 4d
subspace of the 10d slice, parametrized by coordinates ~X, in the theory with n = 4
extra dimensions, and regard the SO(4) bundles V , V ′ as chiral spinor bundles S±.
Take the (derivative of the) tachyon as the map S+ → S− (determined by Dirac
matrices Γ)

∂mT a ∼ ~Γma · ~X. (4.1.2)

This tachyon soliton carries the appropriate topological charge, and upon tachyon
condensation leaves a codimension 4 defect localized at the vanishing locus ~X = 0.

In order to show that this defect is actually an NS5-brane, the difference of
instanton numbers in the bundles must be a magnetic source for the 2-form B2, i.e.
it must obey an anomalous Bianchi identity

1
α′
dH3 = trF 2

SO(32+n) − trR2
10d − trR2

rot (4.1.3)

The first two terms are a generalization of the coupling in the critical 10d heterotic
theory; the extension to SO(32+n), required by gauge invariance and already noted
in [4], reproduces the first term in (4.1.1). The second term is expected from invari-
ance under diffeomorphisms mixing the 10d slice and the supercritical dimensions in
the theory before the orbifold projection. We will show how its presence is required
by anomaly cancellation from a number of different viewpoints. In addition, we also
give a worldsheet argument that the physics at ~X = 0 indeed corresponds to the
NS5-brane singular CFT [94].
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4.1.1 Anomalies in 2d worldsheet

As discussed in Section 2.1.1 for the conformal symmetry, some worldsheet sym-
metries are often anomalous. In the case of a continuous global symmetry in
the worldsheet, it was argued in Section 3.1.2 that these correspond to gauge
anomalies in spacetime. Hence, we must demand cancellation of anomalies of con-
tinuous global symmetries in the worldsheet. The HO(+n)/ theory has a global
SO(32 +n)×SO(n)×SO(1, 9) global symmetry, where the first factor corresponds
to gauge transformations and the second to (normal) target space diffeomorphisms.
The Bianchi identity (4.1.3) is in fact essential in the cancellation of anomalies of
these two factors, as we now show. Gauge anomalies in 2n dimensions can be easily
studied via the so-called anomaly polynomial [99], a 2n + 2 form which will vanish
in a non-anomalous theory. Using the worldsheet content, the relevant anomaly
polynomial is

I4 = α′(trF 2
SO(32+n) − trR2 − trR2

rot) ≡ dQ3, (4.1.4)

where we have introduced the gravitational, normal bundle and gauge Chern-Simons
3-forms (defined locally by trF 2 = dωYM, etc), via

Q3 ≡ ω3 YM − ω3 L − ω3 rot. (4.1.5)

The 2d anomaly δΛS2d ≡ ΛI2 is obtained from the descent relations δΛQ3 = ΛdI2,
with Λ a transformation parameter. This is canceled by an anomaly inflow as follows.
The Bianchi identity (4.1.3) implies that

H3 = dB2 +Q3 (4.1.6)

with the same Chern-Simons form Q3. The kinetic term produces interactions (in
conventions of [6])

SB2 =
∫

10+n
|H3|3 →

∫
10+n
∗H3 ∧Q3 (4.1.7)

Since the string worldsheet Σ2 is electrically charged under B2, its Poincaré dual
δ(Σ) acts as a source

d ∗H3 = δ(Σ2) (4.1.8)

Target diffeomorphisms and gauge transformations produce a variation of (4.1.7)
given by ∫

10+n
∗H3 ∧ δΛQ3 = Λ

∫
10+n
∗H3 ∧ dI2 = −

∫
Σ2
I2 (4.1.9)

where in the last step we integrated by parts and used (4.1.8). This cancels the
anomaly from (4.1.4).
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4.1.2 The 10d anomaly argument

The anomalous Bianchi identity for H3 is a crucial ingredient in the Green-Schwarz
anomaly cancellation mechanism in the critical 10d heterotic theory. The extension
(4.1.3) can therefore be obtained by extending the anomaly cancellation analysis
to supercritical theory in the presence of a non-trivial normal bundle. Using the
fermion spectrum of the HO(+n)/Z2 theory described in Section 2.1.4, the anomaly
polynomial can be shown to factorize as I12 = Y4Y8, where Y8 is a degree-8 polyno-
mial in curvatures and field-strengths, and

Y4 = α′(trR2
10d − trF 2 + trR 2

rot) (4.1.10)

Incidentally, the computation is isomorphic to that in [14, 100] in a different system
1. Anomaly cancellation is achieved through a Green-Schwarz mechanism which
involves a coupling

∫
B2Y8 and the Bianchi identity (4.1.3).

As a further consistency check, the integrated version of the Bianchi identity
can be probed by compactifying the 10d slice into a 4-manifold X4, for instance
K3[101] (as is familiar from supersymmetric compactifications). The K3 compact-
ification of the gravitinos produces an anomaly exactly as in the critical case, see
e.g. [102]. A direct test of eq. (4.1.3) is the computation of the pure gravita-
tional anomaly, whose cancellation requires a net multiplicity of 244 positive chiral-
ity fermions in the theory. The spectrum of 6d massless fermions is determined by
the index theorem in terms of characteristic classes of the tangent bundle, the gauge
bundle, and the normal SO(n)rot bundle.

Consider the theory with n = 4 supercritical dimensions, and introduce arbi-
trary instanton numbers k, k′ in SU(2) ⊂ SO(4) factors of the gauge and normal
bundles. The decomposition of the charged fermion spectrum of the HO(+n)//Z2
under the SO(32) and instanton SU(2) groups is

SO(36)× SO(4)rot ⊃ SO(32)× SU(2)× SU(2)rot

Ferm+ ( , 1) → ( , 1, 1) + 2( , 2, 1)+
+(1, 3, 1) + 3(1, 1, 1)

Ferm− ( , ) → 2( , 1, 2) + 4(1, 2, 2)
Ferm+ (1, ) → 3(1, 1, 3) + (1, 1, 1)

The net multiplicities we get for the different SO(32) representations are:

#( ) = −1 , #( ) = k − k′ , #(1) = −2(k − k′) (4.1.11)

Cancellation of the gravitational anomaly requires that k − k′ = 24. This is the fa-
miliar statement that heterotic K3 compactifications requires instanton/NS5-brane
number 24. In our setup, this number includes contributions from the extra gauge
and normal bundles, which thus carry instanton/NS5-brane charge. Since the 10d

1Actually, this is because the fermion quantum numbers of the HO(+n)/Z2 theory are identical
to those arising in type I with additional D9−D9 brane pairs [100], as noticed in [4].
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gauge group SO(32) is unbroken, configurations with different instanton numbers in
the bundles V , V ′ flow upon tachyon condensation to the critical heterotic theory
with explicit NS5-branes (rather than finite size instantons).

4.1.3 The worldsheet argument

What the above arguments really show is that the codimension 4 leftover of tachyon
condensation carries the right NS5-charge, but this is not the same as actually
showing it is an NS5. To show this, let us return to the case of flat non-compact 10d
space, with n = 4 supercritical dimensions, and non-trivial gauge and/or normal
bundles. We will analyze the worldsheet dynamics near the vanishing locus of the
(derivative of the) tachyon. As above, we take the instanton to be nontrivially fibered
over a R4 ⊂ R9,1, parametrized by Xµ coordinates, and take the gauge bundle to be
nontrivial only for a SO(4) ⊂ SO(36) subgroup. The normal coordinates are still
denoted by Y m. In the ABS ansatz (4.1.2) (see also AppendixC), ∂nT a vanishes at
X = 0, so near the vanishing locus the Y coordinates remain massless and seemingly
parametrize an extra branch of the CFT. In other words, tachyon condensation is
unable to “kill” the extra dimensions precisely at its vanishing locus.

As show in AppendixC, the tachyon with the right charges is

T a = Xµ(η̄µ)amY m, (4.1.12)

where the η̄τ are the ’t Hooft matrices, defined in AppendixC. This conclusion
is independent of which bundle has been twisted, be it the normal or the gauge
bundle. This tachyon profile couples to the worldsheet fields through (2.2.12). In
this case, the only fields with non-trivial coupling to the tachyon profile are the
(4 + 4) bosons Xµ, Y m, their right-moving fermion superpartners, and the 4 left-
moving fermions λa of SO(4) ⊂ SO(36). This matter content can be arranged
in (0, 4) multiplets (containing either four real right-moving fermions and four real
scalars, or one left-handed fermion). The theory actually has (0, 4) susy at the level
of interactions as well, since the Yukawa couplings and the F-term potential turn
out to obey the ADHM equations, as in the analysis in [103] (not surprisingly, since
our system describes instanton backgrounds). Moreover, the precise sigma model
arising from (4.1.12) can be shown to correspond to the singular CFT arising in
the zero instanton size limit in [94] (times the decoupled extra bosons and fermions,
which are not relevant for the discussion).

This can be shown as follows: First, we can use the identity

(η̄)µam = Tr[εσaεσµεσn], (4.1.13)

where ε is the totally antisymmetric 2× 2 matrix. Substituting this in (4.1.12), we
may write

λaT a = 1
2Trε[σ̄

aεσµεσm]λaXµY m = 1
2(λaσaY Y ′)εY

′Z′(XµσµBZ)εY Z(Y mσmB′Z′)εBB
′

= λ̄Y Y ′X
Y
BY

Y ′

B′ (
1
2ε

BB′), (4.1.14)
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where uppercase letters are SU(2) indices. This peculiar notation is used to facilitate
comparison with eq. (3.2) of [103], with cBB

′ = 1
2ε
BB′ . This explicitly shows that

the above choice of tachyon profile results in the zero-size instanton nonlinear sigma
model of [103], whose Yukawa couplings obey the ADHM equations ensuring (0, 4)
SUSY.

Thus, the infrared behavior of the system near the vanishing locus of the
tachyon profile (4.1.12) is exactly the CFT in a zero size instanton (by definition,
NS5-brane) background. Deformations of this tachyon profile lead to marginal de-
formations in the IR CFT. As argued in [103], the Coulomb branch parametrized by
the Y is decoupled from the physical (in our setup) Higgs branch parametrized by
the X coordinates. Rather than physical spacetime coordinates sticking out from
X = 0, the Coulomb branch signals that the worldsheet theory is the singular CFT
describing the presence of a background NS5-brane (small instanton as in [97]) at
X = 0.

In the next Chapter we will se a similar example laid out in more detail in the
context of type 0 supercritical theories.

Notice that, even though we have seen the NS5 manifest itself as a singular
CFT, this is due to the quadratic approximation (4.1.12) for the tachyon profile,
which breaks conformal invariance. A dynamical tachyon profile will be an exactly
marginal perturbation. Therefore supercritical string theory provides an exact, non-
singular worldsheet description of strings propagating in the background of a NS5-
brane, even though we are not able to provide an explicit example.

4.2 K-theory and other heterotic topological de-
fects

Closed string tachyon condensation allows for the nucleation/annihilation of pairs
of bundles associated to the supercritical geometry and the gauge group. Specif-
ically, the pair of bundles (V, V ′) and (V ⊕ H, V ′ ⊕ H) for any real bundle H of
rank k will yield the same state after tachyon condensation, since one can first do
tachyon condensation in the HO+(n+k)/ theory along the H-twisted directions to
yiend the original HO+(n)/ theory. Physically, this corresponds to the nucleation of
brane-antibrane pairs from the vacuum. This process does not change the topolog-
ical charges of the state and thus one should regard two configurations related by
brane-antibrane annihilation as equivalent. As discussed in AppendixB, the equiv-
alence classes of bundles (V, V ′) over a base manifold M modulo addition of real
bundles of arbitrary rank conform the real K-theory group KO(M). As advertised,
the discussion is very similar to that of D-brane charges in type I theories, as sug-
gested by the S-duality proposed in [4] and discussed in Chapter 2. Two signficant
differences are that the K-theory class representatives in the type I case contain two
gauge bundles, whereas in our case they contain a gauge bundle and a geometric
one, and that different representatives of the same K-theory class actually live in
spacetimes of different dimension.
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The corresponding real K-theory thereby classifies the charges of topological
defects realized as closed string solitons. For instance, our construction of the NS5-
brane relates it toKO(S4) = Z, and unveils a K-theoretic structure in the anomalous
Bianchi identity for H3, refining its earlier interpretation [104] in de Rahm or integer
cohomology — analogous to the fact that RR fluxes in type II theories are best
understood in the context of K-theory [105].

The non-trivial real K-theory groups motivate the construction of other defects
as closed tachyon solitons. In particular, the fundamental string can be identified
as a soliton whose charge is KO(S8) = Z, i.e. the second Pontryagin class at the
cohomological level. This approach can also be exploited to construct Zn charges
in the heterotic. For instance, the non-trivial element in KO(S2) = Z2 corresponds
to a Z2 charged 7-brane, built from tachyon condensation in n = 2 supercritical
dimensions, with normal or gauge SO(2) ≡ U(1) bundles with∫

R2
Fgauge −

∫
R2
Rrot = 1 mod 2Z (4.2.1)

This charge can be detected by considering its relative holonomy with the dual
torsion object, a particle classified by KO(S9) = Z2. The latter is actually realized
as a perturbative massive state, transforming as a bi-spinor of the SO(32+2) gauge
group and the normal SO(2), which indeed picks up a −1 holonomy when moved
around the defect associated to bundles satisfying (4.2.1). It is also possible to show
that the 7-brane Z2 charge is detected as a global gauge anomaly [53] on an NS5-
brane probe of the system, in the spirit of [106]. The tachyon soliton realization of
this 7-brane was proposed in [13]. Similarly, the groups KO(S1) = KO(S10) = Z2
are associated to closed tachyon solitons describing an 8-brane and an euclidean
instanton.

The Z2 charged objects can all be related to properties of the gauge group
which are manifest in perturbative heterotic string theory. The 7-brane describes
a gauge bundle with a nontrivial holonomy for fermions, which as discussed above
implies that the dual object is a fermion and the gauge group must actually be
(a quotient of) a spin cover of SO(32). The 8-brane actually describes an O(32)
bundle, and the fact that there is a dual object (the instanton) means that the
O(32) is broken to SO(32).
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5
Closed tachyon solitons in type II string

theory

In the previous Chapter we used tachyon condensation to construct interesting soli-
tons of SO(32) heterotic string theory, but as discussed in Chapter 2 we also have
a supercritical version of type 0 superstring theories. Furthermore, a particular
orbifold of the supercritical type 0 is also related to type II theories.

In this Chapter we will explore supercritical string theories, their rich anomaly
structure, and the branes constructed as solitons of the tachyon. Similarly to the
heterotic example, the charges of these branes are classified by real K-theory. We also
apply these ideas to reinterpret the worldsheet gauged linear sigma model (GLSM),
regarded as a supercritical theory on the ambient toric space with closed tachyon
condensation onto the CY hypersurface. We also suggest the possible applications
of supercritical strings to the physical interpretation of the matrix factorization
description of F-theory on singular spaces.

5.1 Codimension four solitons

As for the heterotic tachyons of Chapter 4, nontrivial tachyon profiles in type 0 or
type II theories can be associated to different kinds of solitons. In order to connect
with the 10d type II theories, we consider the orbifolded version of supercritical type
0 theory described in Section 2.1.6. We split the coordinate fields as the ‘critical’Xµ,
µ = 0, . . . , 9, and the ‘supercritical’ xm, ym, with m = 1, . . . , k. The orbifold action
flips k extra coordinates ym → −ym, while leaving the others invariant xm → xm.

As discussed in Chapter 2 around equations (2.2.21) and (2.2.22), the type 0
tachyon gives a potential term

V = α′

16πG
MN∂MT ∂NT (5.1.1)

One can now study tachyon profiles which lead to dimension change within type 0
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theories. This is achieved by pairing the extra coordinates, with mass terms

W = T = µ exp(βX+)Tmn xm yn. (5.1.2)

where we take Tmn to be a matrix of rank k at generic points of the critical dimen-
sions, given in terms of the tachyon as

Tmn = ∂xm∂ynT (5.1.3)

where in this last expression we ignore the dependence in X+.
As discussed in Appendix C, the different topological classes of tachyon soli-

tons are classified by homotopy groups. Let us consider the tachyon background
associated to Π3(SO) = Z, which describes supercritical bundles with non-trivial
first Pontryagin class. For concreteness, we consider 4 + 4 supercritical dimensions,
and fiber them such that the SO(4)x×SO(4)y bundles have non-trivial trR 2

x−trR 2
y

over an R4 in the 10d critical slice.
Using the ABS tachyon as prototype, the tachyon condensation removes the

supercritical dimensions everywhere except at the origin in R4. Just like for open
string tachyon solitons, we expect this to signal the presence of a left-over real
codimension-4 topological defect. One may be tempted to propose that this is an
NS5-brane, as occurred in the supercritical heterotic case of the previous chapter. In
the following we show that it rather corresponds to a gravitational soliton, carrying
the gravitational charges of C2/Z2, namely, a localized contribution to trR2, where
here R is the curvature 2-form of the tangent bundle in R4.

The tachyon and its condensation proceeds essentially in the same way in both
type IIA and type IIB theories. We focus on the latter case, since the nature of the
endpoint and the corresponding charges are easier to identify. This is because in
type IIB theory ADE geometries localize chiral field content at the singularities,
whereas for type IIA theory the localized modes inherit the non-chiral nature of the
ambient 10d theory. The result of type IIB theory can be translated to type IIA
theory by a T-duality along the worldvolume dimensions of the defect (even in the
supercritical setup).

In addition, in setups with one compact S1 dimension transverse to the defect
it is possible to T-dualize the gravitational instantons into NS5-branes. The corre-
sponding configurations and relevant technical details are discussed in appendix C.2.
This hence provides a realization of the NS5-brane as a closed tachyon soliton.

5.1.1 Chiral worldvolume content

Although the tachyon condensation process is highly non-trivial, one could hope
to compute the worldvolume chiral spectrum by simple dimensional reduction of
the 10d fields using the coupling to the physical tachyon background, as done in
[4]. However, although our ABS-like profile (taking (5.1.2) of the form (4.1.2), see
Appendix C) specifies the right K-theory class of the soliton, and it is expected to
flow to the physical tachyon background, as it stands it does not solve the spacetime
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equations of motion. Therefore, even if we focus on the chiral sector, the compu-
tation of the spectrum is not safe against leaking of modes off to infinity in the
supercritical dimension, as we now describe.

If we attempt the dimensional reduction of the fermions using the ABS tachyon
profile, the following picture emerges. For each fermion, which in the supercritical
theory lives in the 10+k-dimensional orbifold fixed locus (we remind the reader that
k = 4 in this section), one can construct two different sets of zero modes. One of
them is localized along a 10-dimensional slice which will become the critical type II
spacetime after tachyon condensation. Presumably these describe the 10d fermion
content of the theory, as happens for the heterotic in [107]. There is a second set,
which is instead localized along a different 10-dimensional slice, which intersects
the critical slice on the worldvolume of the defect. This different set of fermions is
associated with the Xµ = 0 branch of the superpotential obtained from the ABS
tachyon matrix (4.1.2); they may be thought of as a supercritical version of the
localized worldvolume fermions of the gravitational instanton, before condensation.
From the point of view of the critical slice, they are 6d localized fermions, even
though they propagate in 4 extra supercritical dimensions. It is expected that the
physical tachyon localizes the modes in the latter, leading to genuinely 6d chiral
modes; this phenomenon is however not robust, as such modes can leak off to infinity
along the 4 supercritical dimensions. From a different but related perspective, the
computation of the chiral spectrum using the index theorem is ambiguous due to
contributions from the η-invariant at infinity.

This picture suggests that localized fermions indeed arise from tachyon con-
densation with the ABS-like superpotential (4.1.2), but as stressed above, we cannot
trust this tachyon profile in spacetime. Fortunately, other arguments, which we now
proceed to review, show clearly that the endpoint of the condensation is a gravita-
tional instanton.

5.1.2 Induced D-brane charges

The problem of tachyon condensation in supercritical type 0 theories with a codi-
mension 4 ABS profile is in principle similar to what happened in the supercritical
heterotic tachyon solitons of the previous chapter, with non-trivial first Pontrya-
gin class in the supercritical dimensions. There, the localized defect was argued to
be an NS5-brane, which actually carries the same charges as trR2. What allowed
to read the charges of the soliton more easily there was the existence of couplings
such as B6 trR2 (where B6 is the potential dual to the 2-form), which survived in
the supercritical setup and included contributions such as B6+ntrR2

N , where RN is
the curvature of the normal bundle the critical slice. However, a similar argument
does not apply straightforwardly to type 0 theories, since there are no topological
couplings of this kind.

We can however use a different strategy to detect the physical charges carried
out by supercritical dimension bundles with non-trivial first Pontryagin class. The
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key idea is to introduce D-brane probes, on which the topological charge trR2 will
induce lower-dimensional D-brane charges.

D-branes in type 0 theories are discussed in e.g. [108, 109]; most of these results
apply to the supercritical theories in a straightforward manner. Basically, there
is one Dp-brane per RR gauge potential (hence, two D-branes, dubbed ‘electric’
and ‘magnetic’ for each allowed value of p). On a Dp-brane stack of fixed kind,
the spectrum is given by gauge bosons and scalars associated to the transverse
dimensions. For overlapping electric and magnetic Dp-branes, the mixed sector
gives rise to a Majorana-Weyl fermion of the rotation group of the full (10 + 2n)-
dimensional space (we assume n ∈ 4Z here), suitably decomposed with respect to
the worldvolume Poincaré group.

We now consider D-branes in the Z2 quotient describing the supercritical type
II configuration. Specifically, we will consider only supercritical D-branes which are
localized on a submanifold contained in the 10d critical slice, and which span all
supercritical directions, including the orbifolded ones. In this way, tachyon conden-
sation takes place along the worldvolume of the D-brane and we avoid the tricky
question of determining what happens to other RR charges which exist in the su-
percritical theory but not in the type II endpoint.

Since the supercritical type II theories are constructed as Z2 orbifolds of super-
critical type 0 theories, the D-branes of supercritical type II arise in the parent type
0 theory Z2 as invariant pairs of D-branes 1. Since the Z2 exchanges the electric and
magnetic D-branes of the parent type 0 theory, the supercritical type II D-brane is
a coincident pair of electric and magnetic supercritical type 0 D-branes of the cor-
responding dimension. Note that we have to include electric and magnetic branes
to guarantee invariance under the Z2 at the orbifold fixed locus; if the brane were
away from it, it would be completely consistent to have a single electric or magnetic
brane.

For concreteness, we focus on type 0B theory, in 10+4+4 dimensions, and con-
sider a pair of electric and magnetic D13-branes (denoted e and m in the following)
along the directions x0, x1 and the R4 parametrized by (x6, . . . , x9) in the 10d critical
slice, and extending over the 4 orbifold-even x coordinates as well as the 4 orbifold-
odd y coordinates. We are interested in computing the worlvolume Chern-Simons
couplings to the curvatures, in order to read out the D-brane charges induced by the
curvature of the normal supercritical dimensions. Such couplings are intimately re-
lated to the worldvolume fermion content, as required by anomaly inflow arguments
[110, 111], so we determine the latter. As reviewed above, the D13e-D13e and D13m-
D13m sectors do not contain fermions, while the mixed D13e-D13m (and D13m-D13e)
give rise to two fermions (one per sector) of fixed chirality with respect to the total
SO(1, 9+4+4) group, decomposed under the SO(1, 5)×SO(4)2345×SO(4)x×SO(4)y
group. This worldvolume spectrum is non-chiral in 14 dimensions but at the orb-
ifold fixed locus only one linear combination of the fermions survives, leading to a
localized contribution to the 10d anomaly.

1In fact, this is completely analogous to what happens for critical 10d type II theories, con-
structed as Z2 orbifolds of type 0 theories [108, 109].
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To be more precise, the theory has two 14d fermions, of opposite 14d chirality.
They can be decomposed in terms of 10d and 4d spinors as |C〉10|C〉4 + |S〉10|S〉4 and
|C〉10|S〉4 + |S〉10|C〉4, where |C〉 and |S〉 denote spinors of opposite chiralities. The
Z2 orbifold flips the sign of the second 14d spinor, which implies that one cannot
regard the Z2 orbifold as having a simple geometric action on the 4d spinors (this
would swap the sign of one of the two 4d spinors). Hence, the computation of the
localized anomaly at the y = 0 locus is subtle, but can be dealt with as follows. In
fact, the action of the orbifold on the chiral fermions is a single copy of its action on
the bispinor generating the bulk RR forms. Later, in Section 5.2, we will see that
both anomaly cancellation in 0B theory and reduction to the anomaly polynomial
in IIB after condensation requires a specific form for the anomaly polynomial of the
RR forms.

Inspired by the form of this RR anomaly polynomial, a natural guess for the
anomaly polynomial of the chiral fermions turns out to be

P10 = Â(RD13∩{y=0}
T )

Â(RD13∩{y=0}
N )

e(Ry), (5.1.4)

where RD13∩{y=0}
T is the curvature of the tangent bundle to the intersection of the

y = 0 locus and D13-brane worldvolume, and R
D13∩{y=0}
N its normal bundle. The

last factor, e(Ry), is the Euler class of the y-bundle, which will localize anomalies in
a 6-dimensional locus. This will become the D5-brane after tachyon condensation
(see Section 5.2).

One can now apply standard anomaly inflow arguments [110, 111], consider-
ing two branes intersecting along the critical slice, to describe the Chern-Simons
coupling on the D13-brane worldvolume in terms of curvatures of the corresponding
bundles. We denote by R, RN , Rx, Ry the curvatures of the tangent bundle along
the D13-brane, and along the normal bundles in the directions 2345 and the super-
critical x and y directions, respectively. Since the Â-genus is a multiplicative class,
we have

Â(RD13∩{y=0}
T ) = Â(R)Â(Rx) , Â(RD13∩{y=0}

N ) = Â(Rn)Â(Ry). (5.1.5)

The resulting Chern-Simons couplings are

SCS =
∫

D5

∑
p

Cp ∧ ch(F )
 Â(R)
Â(RN)

Â(Rx)
Â(Ry)

 1
2

(5.1.6)

(The Euler class contribution is rewritten here as the localization to the D5 slice
on the critical directions.) Notice that the x and y bundles appear asymmetrically
in this expression. This difference between the x and y bundles is crucial for the
K-theory picture advocated throughout this Chapter to make sense. Namely, iso-
morphic bundles in the x and y dimensions should not generate new charges in the
system, and indeed the contribution of isomorphic x and y bundles to induced D-
brane charges cancel in (5.1.6); see below for an explicit example of this. Similar
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expressions can be obtained for other Dp-branes. Note that in the critical case this
reduces to the familiar expression in [112].

Consider now a D13-brane in flat space, R = RN = 0, but in the presence of
non-trivial bundles in the supercritical dimensions. Expanding the above we have

1
48

∫
D13

C10 ∧ (trR 2
y − trR 2

x ). (5.1.7)

This implies that in the presence of supercritical bundles with non-trivial first Pon-
tryagin class, there is an induced (supercritical) D9-brane charge on the volume of
the D13-brane. Upon tachyon condensation, the extra dimensions disappear every-
where except at the core of the tachyon soliton, while each brane loses 8 worldvolume
directions along the x, y directions2. The left-over defect in the endpoint critical type
II theory must be such that it reproduces the induced D1-brane charge on a D5-
brane probe. This nicely fits with the interpretation of the soliton as a localized
defect supporting a non-trivial trR2 along the tangent directions of critical type II
theory.

5.1.3 Worldsheet CFT

The above arguments show that the endpoint of tachyon condensation is the critical
type II theory with a localized, real codimension-4 object characterized by a nonva-
nishing trR2, i.e. a gravitational instanton. We will now argue that the worldsheet
theory with the ABS tachyon has the right properties for reproducing, after tachyon
condensation, the singular worldsheet CFT for a C2/Z2 singularity.

The first piece of the argument concerns the topological charge of the gravita-
tional instanton that we just found. As we describe in appendix C the supercritical
tachyon T is obtained by embedding the SU(2) instanton into SO(4). The induced
brane charge is given by the Pontryagin class of the real bundle, which is defined
to be the second Chern class of its complexification, so the real embedding of the
ABS instanton induces two units of topological charge, compatible with a C2/Z2
singularity.

A detailed analysis of the supercritical CFT gives further support for this
identification, as follows. As usual, take Xµ to be the critical slice coordinates, yn
the four supercritical orbifold-odd coordinates, and xm the supercritical orbifold-
even coordinates. As discussed above, the matrix T (5.1.3) of tachyon derivatives
with respect to the supercritical coordinates may be regarded a mapping between
the orbifold-odd and orbifold-even supercritical tangent bundles. If we regard these
as nontrivial bundles over the critical slice parametrized by the Xµ, the tachyon
describes a K-theory class over the critical slice, as described in Appendix B. In

2This follows from applying the worldsheet arguments in Chapter 2 to the open string sector
describing the D-branes, i.e. the 2d fields associated to the x, y directions are very massive and
can be integrated out.
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particular, the ABS tachyon (see Appendix C) (C.1.38)

T = Xτ (ητ )abxayb = 1
2tr (x̃Xy) (5.1.8)

describes the K-theory class of a gravitational instanton. Notice the similarity to the
heterotic tachyon (4.1.12) which yielded the heterotic NS5-brane. We have argued
for this interpretation using spacetime considerations. In the following we will study
the effects of this tachyon superpotential as a worldsheet perturbation.

The equations of motion coming from (5.1.8) (which, recall, couples to the
worldsheet as a superpotential) give a branch structure. Consider for example y 6= 0.
By a combined SO(4)3 rotation we can put y = (y0, 0, 0, 0) with y0 6= 0 without
changing T . Now consider the equation of motion for x̃µ, which is

∂T
∂x̃µ

= 1
2tr (σµστ ) y0X

τ = ±y0X
µ = 0 (5.1.9)

for all µ. (The sign is determined by 1
2tr (σµστ ) = diag (1,−1,−1,−1).) Since

y0 6= 0, we have Xµ = 0, and from the X equation of motion also x̃µ = 0. A
completely analogous argument holds when X or x̃ are non-vanishing, so at the
classical level we find a three-branch structure, with each branch being determined
by which of X, x̃, y is non-vanishing, and the other two fields vanishing on that
branch. The three branches meet at X = x = y = 0. This situation is very
similar to that analyzed in [103], and for the same reasons as those given in there,
we expect the branch structure to disappear quantum mechanically (we will review
the details of the argument momentarily). This can occur in the full CFT once we
include quantum corrections: the sigma model metric is corrected, and the branch
intersection is pushed to infinite distance down an infinite throat developing at
X = 0. Such an infinite throat behavior close to X = 0 is suggestive of light degrees
of freedom (coming from wrapped branes) living there, again indicating a singularity
in the target description. The real ABS instanton (5.1.8) is the minimal instanton
we can construct starting with a SU(2) instanton, so it is perhaps not surprising
that the resulting configuration is the minimal CY two-fold singularity.

Finally, we will show that the sigma model given by (5.1.8) has (4, 4) worldsheet
supersymmetry, as befits type II on C2/Z2. The argument is very similar to that
presented in Chapter 4 for the heterotic case; however, the peculiarities of the type
0 tachyon make the comparison to known CFT’s less straightforward and thus we
lay out the argument in more detail.

Actually, proving (0, 4) will be enough; since the arguments will be completely
left-right symmetric, this will also prove (4, 0). The fields come in supermultiplets
of (4, 4) containing four bosons and four fermions of each chirality; we only have to
show that the interactions preserve this supersymmetry. A (1, 1) superfield

X ≡ X + ψ+θ+ + ψ−θ− + Fθ−θ+ (5.1.10)

can be decomposed as two (0, 1) superfields

X ≡ (X + ψ+θ+) + θ−λ−, λ− ≡ ψ− + Fθ+. (5.1.11)
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Then one can compute the (0, 1) superpotential from the (1, 1) superpotential (5.1.8)
by integrating over θ−, which yields:

W(0,4) =
∫
dθ−T = Xµη

µ
mn(λx)myn + (λX)µηµmnxmyn +Xµη

µ
mnx

m(λny ). (5.1.12)

To show that the theory with superpotential W(0,4) actually has (0, 4) supersymme-
try, it is enough to show that the ADHM equations are satisfied [103]. Following
[93, 103], it is convenient to write down the indices of the above superfields in
terms of the would-be SU(2) × SU(2) R-symmetry. Uppercase unprimed indices
will transform as a doublet over the first factor, whereas uppercase primed indices
will transform in the same way under the second. We will choose the R-symmetry to
act on the scalar superfields in such a way that X transforms as XAB, x transforms
as xY Y ′ , and y transforms as yA′B′ . The three fields transform differently under R-
symmetries3, and this choice will ensure the (0, 4) symmetry of the theory. We still
have to choose how the Fermi superfields transform under the R-symmetry; there is
no need to be consistent with the rules we set up above for the scalar superfields4.
We will take

λXA′B′ , λxY ′Y , λyAB. (5.1.13)

With this choice in mind, one may now use the identities

2ηµmn = Tr[εσmεσµεσn] = σmE′Aε
ABσµBCε

CC′σnC′D′ε
D′E′

= −σmCD′εD
′A′σµA′B′ε

B′E′σnE′C′ε
CC′ = −σmEC′εCC

′
σµCAε

ABσnBDε
DE, (5.1.14)

to rewrite the superpotential (5.1.12) as

W(0,4) = 1
2((λx)mσmE′A)εAB(XµσµBC)εCC′(ynσnC′D′)εD

′E′

− 1
2(xmσmCD′)εD

′A′((λX)µσµA′B′)εB
′E′(ynσnE′C′)εCC

′

− 1
2(xmσmEC′)εCC

′(XµσµCA)εAB((λy)nσnBD)εDE

= 1
2ε

CC′
[
λxE′AX

A
C y

E′

C′ − λXA′B′xA
′

C y
B′

C′ − λ
y
BDX

B
C x

D
C′

]
. (5.1.15)

Defining cCC′ = 1
2ε
CC′ , the above may be rewritten as

W(0,4) = cCC
′

 ∑
a=X,x,y

Ca
CC′λ

a

 ,
Cx
CC′ = XA

C y
D′

C′ , CX
CC′ = −xA′C yB

′

C′ , Cy
CC′ = −XB

C x
D
C′ . (5.1.16)

3There is another scalar multiplet of (0, 4) not considered in [103], namely xY Y ′ . The super-
symmetry transformations are δηxY Y

′ = iεX′B′ηXX
′
ψB

′Y ′

− , δηψ
B′Y ′

− = εY Bη
BB′

∂−X
Y Y ′ .

4Indeed, doing so would ruin (0, 4) supersymmetry.
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Showing that the theory has (0, 4) supersymmetry amounts to showing that
the C’s satisfy the ADHM equations, explicitly given by (2.13) and (2.20) of [103],
which is easy. The first constraints are

∂Ca
AA′

∂XBY
+ ∂Ca

BA′

∂XAY
= ∂Ca

AA′

∂xY Y ′
+ ∂Ca

Y A′

∂xAY ′
= ∂Ca

AA′

∂yB′Y ′
+ ∂Ca

AB′

∂yA′Y ′
= 0 (5.1.17)

where a runs over X, x, y and we have omitted the upper indices. The three different
C’s above satisfy the equations. Secondly, we have to show that the constraint∑

a

Ca
AA′C

a
BB′ + Ca

BA′C
a
AB′ = 0 (5.1.18)

is satisfied. Even though (5.1.18) involves a sum over the three different sets of
fermions, for (5.1.16) the sum is identically zero for each fermion. This proves that
the lagrangian under consideration actually has (0, 4) supersymmetry. In the same
way we may prove that it has (4, 0), and since left and right-handed supercharges
anticommute this shows (4, 4) supersymmetry.

We can now argue as in [113], and follow what happens to the right-handed
SU(2)× SU(2) R-symmetry as we flow to the IR (equivalently, as tachyon conden-
sation takes place). The endpoint of the condensation must be a (4, 4) nonlinear
sigma model, and one of the two R-symmetry SU(2)’s must be included as part of
the superconformal algebra. If we focus on the branch on which X is nonzero, the
SU(2) factor which acts nontrivially on X cannot be conserved and thus it must be
the factor acting nontrivially on x, y the one which becomes part of the supercon-
formal algebra. The same argument then shows that in this sigma model x, y must
not show up: even if semiclassically there is a throat at X = x = y = 0 through
which the three branches join, quantum mechanically they are split and there is no
way to transition from one to the other. This is exactly what happened, in a simpler
setup, in the heterotic case of the previous chapter.

To sum up, the theory perturbed by (5.1.8) flows in the IR to a superconformal
(4, 4) model, with the same topological charge as C2/Z2, and with singular behavior
at the origin. It seems fairly natural to identify this theory as type II string theory
on C2/Z2.

5.2 Codimension eight solitons

Let us consider the tachyon backgrounds associated to Π7(SO) = Z, which describe
supercritical bundles with non-trivial second Pontryagin class. Using e.g. the profile
(5.1.8) as prototype, the tachyon condensation removes the supercritical dimensions
everywhere except at the origin in R8. We will argue that, in type IIA/0A theory, the
left-over real codimension-8 topological defect actually corresponds to a fundamental
string (upon T-duality on a circle, the winding string turns into a momentum mode
in type IIB/0B theory). In order to show it, we derive a supercritical analog of
the familiar 10d IIA 1-loop term B2X8 [114], which shows that a configuration with
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nonvanishing second Pontryagin class in the supercritical dimensions carries the
charge of an F1 string. The strategy to compute the 1-loop Chern-Simons term is
to relate the computation, via a T-duality on a circle, with an anomaly cancellation
computation in the supercritical type IIB theory (i.e. the Z2 orbifold of supercritical
0B).

5.2.1 The one-loop Chern-Simons term in 10d type IIA

Recall that 10d type IIA theory has the one-loop Chern-Simons term for its NSNS
2-form B2 [114]

B2X8(R) (5.2.1)
where X8 is a polynomial in the curvature 2-form R. It can actually be shown to
correspond to the anomaly polynomial of the 6d worldvolume field theory on a type
IIA NS5-brane, since the above coupling cancels this anomaly by inflow [115], as we
now review for completeness. The coupling induces an anomalous Bianchi identity
for the field strength H7 of the dual gauge potential

dH7 = X8 , H7 = dB6 +Q7 (5.2.2)

where Q7 is the Chern-Simons form obtained from descent X8 = dQ7.
The kinetic term of B2, recast using the dual potential B6, and field strength

H7, displays an anomalous variation

Skin =
∫

10d
H3 ∧H7 , δSkin =

∫
10d

H3 ∧ δQ7 =
∫

10d
H3 ∧ dX6 = −

∫
10d

dH3 ∧X6

(5.2.3)
where we have used the descent δQ7 = X6, and integration by parts. In the presence
of an NS5-brane, dH3 = δ4(NS), where δ4 is a bump 4-form transverse to the NS5-
brane volume. Hence the variation is

δSkin = −
∫

10d
δ4(NS) ∧ X6 = −

∫
NS

X6 (5.2.4)

and cancels the chiral anomaly of the NS5-brane worldvolume field theory if X8 is
the anomaly polynomial, as anticipated.

A simple way to compute the coupling (5.2.1) is to compactify on S1. In the
resulting 9d theory, there is a coupling A1X8(R), where A1 arises from B2 with one
leg on S1. In the T-dual IIB, the A1 field is a graviphoton and the corresponding
coupling involves the KK gauge field coming from the metric. This coupling appears
not from dimensional reduction of a one-loop 10d coupling, but rather as a genuinely
9d Chern-Simons coupling appearing from the parity anomaly [116, 117]. It can be
easily obtained from the chiral type IIB field content, by integrating out the infinite
towers of KK modes (which are charged under the KK gauge field) [118], as we now
review.

Chiral fields harged fermions and four-forms in 9d suffer from a parity anomaly
[116, 117]. The theory cannot be regulated in a gauge and parity-invariant way. The
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fermion determinant is not invariant under large gauge transformations and from
the index theorem one gets that there is a term in the effective action of the form
1
2
∫

9d I9, where dI9 = X10, the standard anomaly polynomial in 8d for Weyl fermions
and self-dual 3-forms, respectively.

Within this I9 term to the effective action there is an A1X8 term, coming from
the FX8 term in X10. Here, X8 is the 6d anomaly 8-form. The A1X8 contribution
can be rewritten as a F2I7 contribution, via integration by parts.

This means that a very massive fermion or 4-form in 9d will yield the above
effective action when integrated out, apart from other terms which die with inverse
powers of the mass. All KK modes of chiral 10d fields contribute to the anomaly.
The contribution to the effective action coming from I9 is weighted by the sign of the
9d mass. The contribution to a term linear in F such as the one we are concerned
with is also proportional to the charge. This means that the KK reduction of a 10d
chiral field yields a contribution

1
2

∞∑
n=−∞

n sign(n)
∫
F2I7 =

( ∞∑
n=1

n

)∫
F2I7, (5.2.5)

which is divergent. We can use zeta function regularization, which yields −1/12 for
the sum. A way to justify this would be that Zeta-function regularization is the
result of any regularization procedure which preserves diffeomorphism invariance
along the S1.

As a simple consistency check, the anomaly of a Weyl fermion should be
the same computed in 10d or with the full KK tower in 9d. In 10d we get an
anomalous variation of the action which includes a term coming from descent from
− 1

24
∫
p1(F )X8(R), where we have factorized the 12d curvature in terms of a 4d cur-

vature F = F0−Adθ, dθ being the P.D. to the S1, and an 8d curvature. This yields
a term in 9d of the form − 1

24
∫
dΛX8, where Λ is a U(1) gauge transformation. On

the other hand, the KK tower above yields an effective action which changes, upon
a gauge transformation, as S

2
∫
dΛX8, where S is the regularized sum over the KK

tower. Equality of both anomalies clearly demands S = −1/12.
We now repeat the above procedure for all the IIB bulk fields:

• For the vector-spinor, we should get a term coming fromX10 = Â[ch9(R)−1] =
Â[ch10(R) − 2]. The reason we only remove the contribution of one spinor
instead of two is that one of the constraints (invariance under ψ → ψ + kξ,
with ξ a spin 1/2 field) is absent for a massive spinor. The KK modes are not
independent due to the reality condition in 10d, so we should count only half
of the KK modes, say those of positive momentum. But we got two identical
vector-spinors, which cancels the preovious effect and overall we are left with
the contribution

Xv−s
8 = − 1

12[Â[ch10(R)− 2]]8 (5.2.6)
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• For the 4-form, we get a tower of complex massive KK forms in 9d. The reality
condition makes us sum only over positive momenta. We should also drop the
factor of 1/2 in the anomaly polynomial since the 9d 4-forms are complex.
Finally, the dimension of the Dirac rep. in 9d is the same as that of one Weyl
in 10d, so unlike in standard anomaly cancellation we don’t have to divide
the index by two. So the parity anomaly will be obtained through descent
procedure from a complex self-dual 4-form in 10d. The chiral anomaly of this
is −1

2L(R), and adding up all the states in the tower we get a contribution

Xform
8 = 1

24[L(R)]8. (5.2.7)

The total contribution to the A ∧ X8 term after integrating out all these massive
modes is

A ∧ (Xform
8 +Xv−s

8 ) = A ∧
( 1

48(trR2)2/(4π)4 − 1
12(trR4)/(4π)4

)
, (5.2.8)

which is the correct A ∧ X8 term that we expect from T-duality. The type IIA
polynomial X8 is thus also given by the 9d type IIB parity anomaly, which in turn
is directly related to the 10d type IIB anomaly polynomial by the descent relations.

In the coming sections, we use this logic (in reverse) to show that the super-
critical IIA has a coupling that generalizes (5.2.1) and that includes the curvature
of the normal bundle to the critical slice. We start with the computation of the
supercritical IIB anomaly polynomial, compactify on S1 and compute the parity
anomaly by the descent relations. Upon T-duality and decompactification, this al-
lows to obtain the Chern-Simons coupling in supercritical IIA theory. We further
show that the generalized polynomial is given by the anomaly polynomial of the
NS-brane of supercritical IIA, as required by (a straightforward generalization of)
the above worldvolume anomaly cancellation argument.

5.2.2 Anomaly cancellation in supercritical 0B

We start with the computation of anomaly cancellation of (10 + 2k)-dimensional
supercritical IIB theory. The relevant sector is localized in the (10 + k)-dimensional
fixed locus Σ of the Z2 orbifold; although the field content is non-chiral with re-
spect to (10 + k) diffeomorphisms, it is chiral if we also consider diffeomorphisms in
the directions of the k-dimensional normal bundle NΣ, and there is an associated
anomaly polynomial. We denote by R and F the curvature 2-forms of the tangent
bundle TΣ and the normal bundle NΣ. Spinors of positive chirality will be denoted
by |s〉, and those of negative chirality by |c〉.

The chiral spectrum (in the above sense) in the (10 + k)-dimensional fixed
locus of the supercritical IIB theory is (see Chapter 2 for further details):

• (a) Two negative-chirality spinors of SO(10 + 2k), with a Majorana condition,
and charged in the vector representation SO(10 + k). The spinor decomposes
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as |s〉|c〉+ |c〉|s〉 in terms of SO(10 + k)× SO(k) reps. There is also a reality
condition, giving a factor of 1/2 in the anomaly computation (which cancels
with the fact that we have two such fields).

• (b) Two spinors of SO(10 + 2k), charged as a vector of SO(k). These become
|s〉|s〉+ |c〉|c〉 in terms of SO(10 + k)× SO(k) reps.

• (c) A RR self-dual (4 + k)-form, and an anti-self dual RR (4 + k) form.

To compute the anomaly polynomial, we introduce the Chern characters in the
vector and spinor representations of SO(n), c(F ),cs(F ), cc(F ). The contributions
from the different fields are

• (a) There are (10 + k)-dimensional gravitinos transforming as spinors of the
normal bundle, which give:

−
[
Â(R)

[
ch(R)− 2

]
(cc(F )− cs(F ))

]
12+k

=
[
Â(R)
Â(F )

[ch(R)− 2]
]

12
e(F ).

(5.2.9)

Here, we have used the identity (cc(F ) − cs(F )) = e(F )/Â(F ) for the Chern
character for the spin cover of a bundle, with e(F ) being the Euler class of the
normal bundle.

• (b) There are (10 + k)-dimensional spinors, transforming as vector-spinors of
the normal bundle, and give:[

Â(R)(cc(F )− cs(F ))c(F )
]

12+k
= −

[
Â(R)
Â(F )

c(F )
]

12
e(F ). (5.2.10)

• Self-dual forms: These are trickier to compute, as we need to know how the
orbifold affects the forms to compute the anomalies. Recalling the earlier
behaviour of spinor contributions, the natural result is

[ 1
8
L(R)
L(F )

]
12
e(F ). (5.2.11)

Note that for k = 0 this reproduces the standard result for 10d type IIB theory
(using e(F ) = 1). The above generalization to arbitrary k is also consistent
with all our other computations. Indeed, this is the only choice ensuring
cancellation of all anomalies, which are anyway located on the critical slice
thanks to the e(F ) factor.

The total anomaly is[
Â(R)
Â(F )

[ch(R)− 2− c(F )]− 1
8
L(R)
L(F )

]
12
e(F ) (5.2.12)
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In any situation leading to 10d IIB upon tachyon condensation, the bundles
are such that e(F ) is merely localized onto the critical 10d slice. Hence, the above
is the IIB anomaly polynomial, but with the characteristic classes evaluated for the
K-theory element (TΣ, NΣ) (rather than just the tangent bundle TΣ). Notice that
this invariance depends crucially on the ansatz (5.2.11), which also ensures anomaly
cancellation and reduction of the anomaly polynomial to the 10d one when the
supercritical bundles are trivial.

5.2.3 Chern-Simons couplings

The strategy now is to compactify supercritical IIB theory on an S1, i.e. take
supercritical 0B theory in S1 × R9+k × Rk/Z2, and to compute the parity anomaly
in the lower-dimensional theory. The only contributing fields are the KK modes of
those fields entering into the anomaly of the uncompactified theory, by descent from
the anomaly polynomial in 10 + 2k dimensions, as explained below.

All the fields contributing to the anomaly are sections of TΣ⊗NΣ. Upon KK
reduction we have the splitting TΣ = TΣ′ ⊕ U(1), while NΣ stays the same. We
will refer to the curvature and gauge potential of the U(1) factor as G, AG, and
denote by R′ the curvature of TΣ′.

Associated to each chiral field there is an anomaly polyform P (R,F ). Its
degree-(12 + k) part is the anomaly polynomial, whereas the degree-(10 + k) part
(modulo some factors which depend on the reality conditions for each field and
which will be discussed later on) is the exterior derivative of the parity anomaly, as
discussed above for the 10d case [116, 117]. The way to compute the CS term we
are interested in is to expand ch(G)[P (R′, F )]10+k, take the term linear in G, that
is GP (R′, F ), and then the anomaly term is AGP (R′, F ) where dAG = G. We now
compute these contributions from the different (KK towers of) fields:

• (a) For the vector-spinors of SO(1, 9+k) with negative chirality, we get a term
from

P10+n = e(F )Â(R′)
Â(F )

[c(R′)9+k − 1] = Â(R′)
Â(F )

[c(R)10+k − 2]. (5.2.13)

We only remove the contribution of one spinor instead of two because one of
the constraints (invariance under ψ → ψ+ pξ, with ξ a spinor field, and p the
momentum) is absent for a massive spinor. The KKmodes are not independent
due to the reality condition in 10d, so we should count only half of the KK
modes (say the positive ones), but this factor will cancel with the fact that
there are two identical vector-spinors. Using a zeta function regularization∑∞
n=0 n = −1/12, we are left with the contribution

P
(a)
8+n = 1

12

[
e(F ) Â(R′)

Â(F )

[
c(R′)10+k − 2

] ]
8+k

. (5.2.14)
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• (b) Similarly, for the vector-spinors of SO(k), we get an anomaly

P
(b)
8+k = − 1

12

[
e(F ) Â(R′)

Â(F )
c(F )

]
8+k

. (5.2.15)

• (c) The self-dual forms are trickier, but the natural guess is that they mimic an
anti-self dual form for which the Chern character factor coming from the NΣ
contribution is precisely e(F )

L(F ) [Σ
′]c(G). With this proviso, we may analyze the

parity anomaly. For the (4 + 2k)-form, we get a tower of complex massive KK
forms in 9 + 2k dimensions. The reality condition restricts the sum to positive
momenta, and we also drop the factor of 1/2 in the anomaly polynomial since
the 9d (4 + 2k)-forms are complex. Finally, the dimension of the Dirac spinor
in 9 + 2k dimensions is the same as that of one Weyl spinor in 10 + 2k, so
unlike in standard anomaly cancellation we don’t have to divide the index by
two. So the parity anomaly is obtained through descent procedure from the
chiral anomaly of a complex anti self-dual (4+2k)-form in 10+2k dimensions,
namely −1

2L(R). Adding up all the states in the tower plus the normal bundle
contribution we get a contribution

P
(c)
8+n = − 1

24

[
L(R′)
L(F ) e(F )

]
8+n

. (5.2.16)

The total parity anomaly is

P8+k = P
(a)
8+k + P

(b)
8+k + P

(c)
8+k = e(F )

12

[
Â(R′)
Â(F )

[
c(R)10+k − 2− c(F )

]
− 1

2
L(R′)
L(F )

]
8
.

(5.2.17)

Notice this nicely respects the K-theory invariance of the class (TΣ′, NΣ), as
it only involves characteristic classes of the difference bundle.

The parity anomaly induces a Chern-Simons coupling AGP8+n(R′, F ) in the
supercritical type IIB theory. Upon T-duality on the S1, the gauge field AG becomes
a component of the higher-dimensional NSNS 2-form B2, so the above term arises
from the KK reduction of a Chern-Simons coupling in the supercritical IIA theory
of the form

B2 P8+n(R,F ) (5.2.18)
Note that for F trivial we recover the familiar B2X8 term of 10d type IIA theory
(5.2.1)

5.2.4 NS-brane worldvolume anomaly cancellation

The 10d type IIA CS coupling B2X8 is a crucial ingredient in the cancellation of the
NS5-brane worldvolume 6d anomalies by inflow, and explains that X8 is actually the
anomaly polynomial of this 6d theory [115]. In a similar spirit, we will show that
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the above CS coupling in the supercritical IIA theory precisely produces the inflow
cancelling the worldvolume anomalies of the NS(5 + 2k)-brane (the object charged
magnetically under B2).

The chiral field content on the worldvolume of an NS(5 + 2k)-brane in super-
critical type IIA theory can be guessed by the requirement that upon bulk closed
tachyon condensation it becomes the standard NS5-brane worldvolume field content
of 10d type IIA theory. Namely, this spectrum consists of two fermions of same
chirality in 6 dimensions, plus a self-dual 2 form. The fermions should arise out
of localized modes of supercritical fermions in the tachyon background, as briefly
discussed in Section 5.1.1 and argued in [4]. As for the self-dual form, in the critical
theory it arises as the reduction of the bulk anti self-dual 4-form along the anti self
dual 2-form of the Taub-NUT background. One may expect the same logic to hold
in the supercritical picture, so one expects to have a self-dual (4 + k)-form in the
supercritical theory, along with other lower p-forms. This sector will, upon tachyon
condensation, yield the self-dual 2-form and one scalar.

In what follows we prefer to provide a more direct and rigorous derivation,
from T-duality with a Taub-NUT configuration in supercritical IIB (which is easily
understood to hold as in the critical case e.g. using Buscher’s worldsheet derivation
of T-duality). In fact, the set of localized modes at the center of Taub-NUT spaces
can be obtained, for k coincident centers, by replacing the near-center region of the
Taub-NUT by an Ak−1 singularity, i.e. a C2/Zk orbifold. Since we are interested in
the chiral content, the anomaly is given by n copies of that in a single Taub-NUT
center (i.e. a single NS-brane in the type IIA theory).

For simplicity, we focus on the supercritical type IIB theory with a C2/Z2 along
the critical slice. Since supercritical IIB is already a Z2 orbifold of supercritical 0B,
we have to compute the spectrum in a Z2×Z2 orbifold. As in Chapter 2, we denote
by g the generator of the Z2 to become the IIB GSO projection; we also use h for the
additional Z2 action X → −X on four of the 10d coordinates, and their worldsheet
superpartner fermions. Let us now discuss the spectrum in sectors twisted by h and
gh, which lead to the localized matter:

• h-twisted sector: This contains NSNS and RR sectors, and chiral matter arises
only from the latter. The zero point energies vanish, and there are fermion
zero modes in all directions except those twisted by h. Massless states are
the tensor product of two SO(6 + 2k) spinors (with same relative chirality
in the 0B theory). This produces a set of even-degree RR p form potentials,
including a chiral (2+k)-form, self-dual in the (6+2k)-dimensional fixed locus.
These forms can be regarded as arising from the bulk RR forms supported on
the harmonic 2-form associated to the collapsed 2-cycle, e.g. the self-dual
(2 + k)-form arises from integrating the bulk self-dual (4 + k)-form over the
2-cycle.

Using the latter interpretation it is clear that the contribution to the anomaly
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polynomial is

X
(d)
8+k = −1

8

[
L(R)
L(F ) e(F )

]
8+k

. (5.2.19)

• gh-twisted sector: This contains NS-R and R-NS sectors, and behaves as a
g-twisted sector with k + 4 twisted dimensions instead of just k. The zero
point energies vanish in both the NS and R sectors, so massless states arise
from degenerate groundstates from the fermion zero modes.
The spectrum consists of two (6 + 2k)-dimensional spinors of SO(1, 2k+ 5) of
definite chirality, transforming as (1/2, 0) spinors of the SO(4) normal to the
fixed locus. The anomaly polynomial of the chiral matter of this sector is

X
(e)
8+k = 2

[
Â(R)
Â(F )

e(F )
]

8+k
. (5.2.20)

The total worldvolume anomaly polynomial of the NS(5 + 2k)-brane is

XNS
8+k = X

(d)
8+k +X

(e)
8+k = e(F )

[
2Â(R)
Â(F )

− 1
8
L(R)
L(F )

]
8

(5.2.21)

We have the amazing fact that XNS
8+n = P8+n, ensuring cancellation of anomalies by

inflow from the Chern-Simons coupling (5.2.18). This is just the ordinary cancella-
tion condition for the 8-form part of IIB anomaly polynomial, but the characteristic
classes evaluated at the K-theory classes.

5.2.5 Other closed string tachyon solitons

In the previous subsections, we have described the endpoint of tachyon condensation
for profiles carrying nontrivial charges in the integer-valued real K-theory groups
KO(S4) and KO(S8). We have also provided evidence of the K-theory equivalence
picture between the supercritical bundles upon tachyon condensation, for instance
verifying that the anomaly polynomial of supercritical IIB or the B2X8+2k coupling
in supercritical IIA depend on the supercritical dimension bundles only through
their K-theory class.

Keeping up with this picture, one should also be able to study solitons charged
under the Z2-valued K-theory groups KO(Sk) for k = 1, 2, 9, 10. Such objects
are necessarily non-supersymmetric, and therefore much less understood than their
integer-valued counterparts which, as we have seen, correspond to familiar objects
in type II string theory. The great advantage of the K-theory description of the
supercritical theory is that, once established, it allows us to describe these stable
but exotic solitons on the same footing as the more well-known ones.

• Associated to KO(S10) we have a Z2 instanton. In the type II theory, this can
be constructed as a gravitational instanton associated to the first factor of the
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homotopy group π9(SO) = Z2⊕Z of the tangent bundle. The second factor is
unstable, meaning that a representative of a nontrivial class of it can be made
trivial by the addition of extra supercritical dimensions.
To our knowledge, this non-supersymmetric object has not been described
before in the literature. It is a gravitational instanton which in principle
should provide nonperturbative contributions to the 10-dimensional type II
couplings, albeit to higher-derivative terms due to many fermionic zero modes
due to the broken supersymmetries.

• For KO(S9) = Z2 we have a non-BPS particle in both type II theories. It
is clearly different from the familiar (Z-valued) type IIA D0-brane, or the
(uncharged non-BPS) type IIB D̂0-brane. Standard analysis as in [37, 119]
suggest it transforms as a spinor (of both the supercritical bundles, and of
the critical spacetime). As we argue later, the Z2 charge is fermion number
mod 2, so it is possible that this particle simply decays into a perturbative
spinor. If not, it would be interesting to follow this particle in dual pictures,
in particular in the M-theory lift of type IIA.

• For KO(S2), we get the dual string for the particle described above. Before
the tachyon condensation it corresponds to a geometric configuration in which
an R2 in the supercritical dimensions picks up a 2π rotation as one moves
around the core of the soliton. This a non-trivial action on the spacetime
fermions, which survives even after tachyon condensation. Therefore the string
is associated to a Z2 discrete (gauge) symmetry under which only fermions are
charged. It also acts non-trivially on the non-BPS particle described above,
in nice agreement with our statement that it is a spinor (and thus a fermion).

• Finally, KO(S1) corresponds to a domain wall. Before the condensation, it cor-
responds to a geometric configuration with one supercritical dimension fibered
as in a Moebius strip. In analogy with the heterotic setting of Chapter 4 it
seems reasonable to conjecture that amplitudes containing an instanton and a
domain wall will get an extra phase when crossing each other.

5.3 A supercritical viewpoint on GLSMs

Non-trivial Calabi-Yau threefolds are often constructed as (complete intersections
of) hypersurfaces in toric varieties. When these Calabi-Yau threefolds are taken to
be backgrounds for type II string theory, the toric construction admits a beautiful
realization in string theory [120]. Instead of trying to construct the CFT describ-
ing the non-linear type II sigma model in the target Calabi-Yau, we construct a
particular non-conformal field theory in the worldsheet, the (2, 2) Gauged Linear
Sigma Model (GLSM). At low energies this field theory will flow to the non-linear
sigma model, so we recover the previous physics, but the UV description makes
the geometric construction as a hypersurface manifest. (Remarkably, the GLSM
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description does, in addition, allow for exploration of the aspects of string theory
not captured by classical geometry, but this will not concern us here.)

A simple example is the quintic Calabi-Yau threefold, which can be constructed
as a degree five hypersurface in the ambient toric space P4. In the GLSM description
a slightly different description arises. We consider a U(1) gauge group in our (2, 2)
worldsheet theory, and take a set of six (complex) chiral superfields zi, P with charges

z1 z2 z3 z4 z5 P
U(1) 1 1 1 1 1 −5 (5.3.1)

In order to be in the geometric phase of the quintic, we also choose a value for
the Fayet-Iliopoulos term for the U(1) which forces ∑ |zi|2 > 0, or in other words
it disallows all the zi from vanishing simultaneously. We introduce, in addition, a
superpotential of the form

WGLSM = f5(zi)P (5.3.2)

where f5(zi) is a homogeneous polynomial of degree 5 in the zi. We now look to the
classical set of vacua for this theory. The set of fields in (5.3.1), plus the D-term
constraint, parameterize a Calabi-Yau fivefold given by the O(−5) bundle over P4.
The F-terms coming from (5.3.2) then impose f5(zi) = 0, and for smooth quintics
(i.e. such that df5 = f5 = 0 has no solutions) also P = 0. Geometrically, it is most
natural to take P = 0 first, which restricts us to the P4 base of the fibration, and
then f5(zi) = 0 reproduces the classical description of the quintic.

This construction will be familiar to most readers, but given the focus of this
Chapter we would like to reformulate it from the following supercritical type II
viewpoint. We consider the GLSM in (5.3.1), initially with no superpotential, as
describing a supercritical type 0 on the resulting O(−5) → P4 fivefold (therefore
suitably dressed with a linear dilaton background). To connect with type II, we
impose a Z2 quotient chosen to act as P → −P , leaving the zi invariant. Notice
that differently to previous cases, we make no distinction between “critical” and
“supercritical” zi coordinates, all of them enter equally in the construction.5

Type 0 on the fivefold has a real closed string tachyon. We choose a profile for
this tachyon given by

T = Re (WGLSM) = Re (f5(zi)P ) , (5.3.3)

ignoring as usual the lightlike profile. The solution of the equations of motion at
late times is the subvariety cut out by

∂T
∂xk

= ∂T
∂yk

= ∂T
∂p

= ∂T
∂q

= 0 (5.3.4)

5Up to the same point in the argument, morally the same was true in our previous cases, since
the distinction between x and X coordinates only mattered once we chose a tachyon profile and a
branch of the resulting moduli space. In the current case, due to the non-trivial topology, it makes
no sense to partition the zi coordinates, even in principle.
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where we have introduced zk = xk + iyk, P = p + iq. (Some subtler details of the
dynamics of this system were worked out in [5].) Since WGLSM is holomorphic in
zi, P , one easily sees that (5.3.4) is equivalent to6

∂WGLSM

∂zk
= ∂WGLSM

∂P
= 0 . (5.3.5)

In words, we perfectly reproduce the GLSM construction, and end up at late times
with ten-dimensional type II string theory on P = f5(zi) = 0 (for smooth f ; see
later for comments on singular cases).

Besides providing an interesting alternative viewpoint on the usual GLSM
construction, the supercritical viewpoint has an interesting application to the study
of discrete symmetries in string theory. The idea is a straightforward generalization
of the discussion in Chapter 3: before the tachyon starts condensing, we have a rather
large continuous symmetry group acting on O(−5) → P4 (in particular acting on
the P4). The choice of the tachyon (5.3.3) breaks down this continuous group into
a discrete subgroup for appropriate choices of f5(zi). For instance, take the Fermat
quintic

f5(zi) = z5
1 + z5

2 + z5
3 + z5

4 + z5
5 − ψz1z2z3z4z5 (5.3.6)

where ψ is a complex structure parameter, which we take to be nonvanishing. In this
case we have a non-abelian symmetry group given by (S5 n (Z5)4)/Z5 with S5 the
permutation group of 5 elements (see for example [121] for a detailed discussion of
this point, and generalizations). This groups survives in the final type II background,
and has now a natural embedding into the isometry group of the original non-
compact Calabi-Yau fivefold.

The embedding of the discrete symmetries into a continuous group allows for
a direct construction of the 4d charged strings (see [13] for a related but different
approach). For a given Zp string, one simply constructs a vortex of the Kibble
mode associated to the corresponding U(1) symmetry in the continuous group. It
would be interesting to explore the string creation effects associated to mutually
non-commuting strings.

It is also interesting to consider what happens to the background when the
discrete symmetry gets enhanced to a continuous one, i.e. when we approach the core
of the vortex. Choose for instance a continuous deformation of the Fermat quintic
taking us to the singular space Xs given by f5(zi) = ψz1z2z3z4z5. In this limit the
discrete symmetry is enhanced to a continuous group containing (S5 nU(1)5)/U(1).
Topologically Xs is a set of 5 intersecting P3s given by zi = 0. This manifold
is singular, and in fact it is an example of the ground state varieties with non-
transversal polynomials described in [122]. Classically, in addition to the non-linear

6Here is an argument: write WGLSM = u + iv. Since it is holomorphic on zi, P , one has
the Cauchy-Riemann conditions ∂u

∂xk
= ∂v

∂yk
, ∂u
∂yk

= − ∂v
∂xk

, and similarly for P . The supercritical
equations of motion (5.3.4) are just ∂u

∂xk
= ∂u

∂yk
= ∂u

∂p = ∂u
∂q = 0. These equations together

imply (5.3.5), if we expand it in real components. The reverse implication is also straightforward:
using the real decomposition of ∂WGLSM

∂zk
= 0, together with holomorphy, one gets ∂u

∂xk
= ∂u

∂yk
= 0.
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sigma-model branch, the P 6= 0 branch of the CFT opens up at the singularities,
i.e. whenever two P3 components intersect. In related contexts [103, 123] there is
evidence that the appearance of these branch structure signals the breakdown of
worldsheet CFT, and that we need to include the effects of light brane states. This
is also the case here. In the original quintic we had 204 independent homology
three-cycles. These all become localized at the singularities of Xs, since P3 does
not support any non-trivial three-cycle. In the type II theory the branes wrapping
these cycles will become massless. Notice that differently from the usual conifold
transition, here both electric cycles and their magnetic duals are becoming massless,
so we expect string theory in this background to be described in four dimensions by
a theory without a Lagrangian description.

The reinterpretation of the GLSM generalizes easily to spaces beyond the
quintic. As a simple example, let us consider the non-compact Calabi-Yau sixfold
given by the GLSM

z1 z2 z3 z4 x y z P
U(1)1 1 1 1 1 8 12 0 −24
U(1)2 0 0 0 0 2 3 1 −6

(5.3.7)

Choose as above T = Re (WGLSM) with

WGLSM = P
(
y2 + x3 + f(zi)xz4 + g(zi)z6

)
(5.3.8)

which after tachyon condensation, for a suitable choice of FI terms, leaves us with
an elliptically fibered fourfold, with base P3. For homogeneity we need that f(zi)
and g(zi) are homogeneous polynomials of zi of degrees 16 and 24 respectively. If
we want to engineer a background with non-abelian discrete symmetries, we could
choose for instance, in analogy with our discussion for the quintic

f(zi) =
4∑
i=1

z16
i + ψ1(z1z2z3z4)4 (5.3.9)

g(zi) =
4∑
i=1

z24
i + ψ2(z1z2z3z4)6 (5.3.10)

which are invariant under a manifest symmetry group S4 n Z4
2 acting on the P3

coordinates, leaving (x, y, z, P ) invariant. Richer configurations can appear if we
can induce discrete symmetries acting non-trivially on the fiber, which becomes
particularly easy if we choose different realizations of the torus fiber [124, 125], such
as a cubic in P2, or a quartic on P112. This construction has potential applications
to the realization of non-abelian symmetries in F-theory.7

Another interesting observation in this context is that closed string tachyon
condensation on flat space can give an alternative supercritical construction of ADE

7See [126, 127, 128, 129, 130, 131, 132, 133] for recent work on abelian discrete symmetries in
F-theory, and [134] for work on non-abelian discrete symmetries in F-theory.
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singularities for appropriate choices of the tachyon profile. For instance, start with
C4 parameterized by (z1, z2, z3, P ), with the Z2 orbifold acting as (zi, P )→ (zi,−P ).
We choose a tachyon profile T = Re

(
(z2

1 + z2
2 + z2

3)P
)
. After the tachyon condenses

we end up with z2
1 + z2

2 + z2
3 = 0 ⊂ C3, a well known description of C2/Z2.

5.4 Supercritical bundles for F-theory matrix fac-
torizations

In [135, 136], type IIB tachyons describing particular backgrounds were related to
particular matrix factorizations (MF) of polynomials living on an ambient auxiliary
space sharing some resemblance to the total space of F-theory fibrations. The ma-
trices of the matrix factorization are sections of bundles defined over the ambient
space, much like our tachyon matrix T above is a section of the x, y bundles over
the critical slice. It is therefore tempting to try to give a physical meaning to this
ambient space, and the associated matrix factorizations, by somehow reinterpreting
it as a supercritical type 0 background, with tachyon condensation reducing again
the dynamics to the type 0 critical slice (the ambient space).

We will first briefly review the recipe of [135] in the type F-theory context. An
F-theory geometry is commonly specified by a possibly singular Calabi-Yau fourfold
X4 with a torus fibration. This fourfold is part of an M-theory background X4×R2,1

which is related to the four-dimensional F-theory model by taking a limit in which
the size of the torus fiber shrinks to 0. Enhanced gauge groups and chiral matter
may arise at singularities of the fiber. As discussed above, a convenient class of
backgrounds X4 can be constructed in terms of a hypersurface f = 0 on an ambient
toric space A.

The polynomial f specifies the geometry of the fibration. However, this does
not fully specify the M/F-theory background; the profile of the M-theory 3-form C3
must also be specified. For backgrounds without G-flux the choice of C3 is equivalent
to picking a particular element in the Deligne cohomology of H3(X4,Z) [137]. For
singular fourfolds, there may be vanishing cycles on which one can wrap C3; these
backgrounds typically correspond to T-branes in the type IIB setup [137].

The proposal of [135] is that these “T-brany” degrees of freedom of the singular
fourfold are captured by the different matrix factorizations of the polynomial P . A
n× n MF of a polynomial P is a pair (A,B) of matrices satisfying

A ·B = B · A = f · In×n. (5.4.1)

A particular (stable) matrix factorization gives a particular T-brane background.
The reverse is not quite true: a T-brane background modulo complexified gauge
transformations corresponds to a particular equivalence class of matrix factorizations
(which furnish the so-called category of stable matrix factorizations).

The MF is naturally associated to a complex of vector bundles over the am-
bient space A, which is formally very similar to those appearing in open tachyon
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condensation in brane-antibrane systems. In the present setup, however, there are
no open string sectors. This seems to demand a setup in which there is there are
bundles associated to geometry, and a mechanism to annihilate them. It is very tan-
talizing to suggest that the tachyon condensation of bundles in the complex defined
by the MF is physically realized in terms of supercritical strings. In the following
we give some suggestive hints in this direction.

A first step is to connect F-theory to the supercritical string setups considered
here. This can be done by defining F-theory from M-theory on X as described
above, and further compactifying on an extra S1 to connect with type IIA on X.
Conversely, we start with type IIA on an elliptically fibered variety X, lift to M-
theory on X × S1, decompactify the S1, and subsequently8 shrink the elliptic fiber
to connect to F-theory on X. As usual, holomorphic information is preserved under
these operations, so the physics of F-theory at singularities of X will be directly
described by the physics of type IIA at singularities of X.

We can describe these type IIA compactifications in terms of a (2, 2) GLSM
with ambient space A and superpotential determined by the defining polynomial f .
In this context, there is a natural proposal to realize the inclusion of the degrees
of freedom of the MF. A typical trick to introduce extra bundles is to introduce
extra (2, 2) multiplets in the GLSM, specifically n pairs of multiplets Xa, Ya, with
a = 1, . . . , n (possibly charged under the 2d gauge group). Alternatively, these can
be physically understood as extra supercritical dimensions9 in a supercritical type
0 theory (or a supercritical type II theory, by simply orbifolding by Y → −Y ). In
this language, the interpretation of the complex of bundles associated to the MF as
a tachyon condensation motivates the introduction of closed tachyon background in
the supercritical theory given by

T = Re (
∑
ab

XaMabYb ) (5.4.2)

Namely, the matrix M in the MF plays as the tachyon matrix T . This tachyon
background leads to the annihilation of the extra supercritical dimensions, except at
special loci at which the rank of the matrix drops, which occur precisely at singular
points of X. From the viewpoint of the supercritical worldsheet description, there
are extra dimensions left over at these loci, which describe singular CFTs as we
have described in earlier sections. A careful study of such singular CFTs should
reproduce the formal prescription of looking to matrix factorizations (5.4.1). (Not
entirely unlike how type II CFT reproduces the classification of D-branes by matrix
factorizations [138], although we expect the details to differ significantly).

Some interesting hints from translating results of the previous sections to this
setup are that complex codimension 2 defects are associated to the singular CFT
of An singularities, and therefore are naturally associated to the appearance of en-
hanced gauge symmetries. Also, complex codimension 4 defects are associated to

8We do not consider other limiting procedures, which may lead to other possibly interesting
outcomes.

9This is in addition to possibly including the normal dimension to X in A as supercritical, as
in Section 5.3.
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the presence of F1’s in the type IIA picture, which maps under the dualities to the
presence of D3-branes in the F-theory setup; this nicely connects with the presence
of (anti) D3-brane sources detected in [135, 136] by the presence of matter localized
at points.

Clearly, there are many points that deserve further clarification. For instance,
the fact that F-theory MFs are defined by the stable category requires that widely
different tachyon backgrounds lead to equivalent physics, at least in what concerns
the singular structure of the model. Also, we have been deliberately ambiguous
about whether the supercritical string theory is defined on X or on A (times the
extra ‘bundle’ dimensions). Finally, it is not clear what computations in the (even-
tually singular) CFT could match the remarkably tractable computation of non-
perturbative spectra in [135, 136] in terms of exact sequences.
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6
The Weak Gravity Conjecture

In the second part of this thesis, we will focus on a very different tool for obtaining
information about interesting charged states in string theory: The Weak Gravity
Conjecture. This conjecture, first proposed in [139], has turned out to be a very
powerful tool for constraining phenomenological models. Its power relies on its
generality: whereas the constructions of the first part of the thesis construct charged
states explicitly, the WGC demands the existence of certain charged states in any
theory. Arguably, then if a theory does not include such states its in trouble with
quantum gravity, likely belonging to the Swampland mentioned in Section 3.1.

This Chapter reviews the essentials of the WGC which will be used in Chap-
ters 7 and 8. We will start with a motivation and introduction to the WGC, and
then proceed to survey the different versions of the conjecture in different scenar-
ios. Finally we will summarize in a convenient way the relationships between the
different versions of the conjecture.

6.1 Rationale for the WGC & the electric form

The WGC is closely related to the considerations about global symmetries and
quantum gravity discussed in Chapter 3. There, it was argued that under mild
assumptions one cannot have a global symmetry in a quantum theory of gravity,
since that would lead to infinitely many black hole remnants and a pathological
theory.

Then, in any theory with a U(1) symmetry this symmetry must be gauged (as
described in Chapter 3, this means that the symmetry is the global part of a U(1)
gauge group). For concreteness, let us focus on the four-dimensional case. A U(1)
gauge symmetry is described by a dimensionless gauge coupling g. The coupling
enters into the covariant derivative, so that the lagrangian for a field of charge q is
built using

Dµφq ≡ (∂µ − iqgAµ)φq. (6.1.1)

The global part of the gauge group acts on the field φq as φ→ exp(2πiqα)φq.
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Now, consider tuning the gauge coupling all the way to 0. Then the gauge
field decouples from the rest of the system, but we retain the symmetry acting on
charged fields as multiplication by a phase exp(2πiqα). This is a forbidden U(1)
gauge symmetry, so it follows that it is not consistent to tune the gauge coupling to
zero in a quantum theory of gravity.

This argument in fact works for non-abelian gauge fields in any number of
dimensions, and it is easy to verify in many examples in string theory. For instance,
consider heterotic string theory, which has a non-abelian gauge field in 10 dimensions
with coupling [10, 12]

g2 = 4
α′
κ2, (6.1.2)

where κ is the square of the 10-dimensional Newton’s constant. We see that taking
g = 0 amounts to either κ = 0, so that gravity is decoupled and there are no black
holes to give us trouble, or α′ = 0 so that the strings are tensionless and we do not
have a local effective field theory description. In other words, one cannot take g = 0
without decoupling gravity. This is just a particular example of a generic behavior
in string theory.

The WGC stems from exploring what happens in the g → 0 limit without
actually reaching this value. For a global symmetry, we have the problem that we
can build black holes with arbitrarily high values of the charge under the global
symmetry, and they are mass-degenerate. For a gauge symmetry we can also build
charged black holes, described by the famous Reissner-Nordstrom solution [140, 52]

ds2 = −fRN(r)dt2 + dr2

f(r) + r2dΩ2, fRN(r) ≡ 1− 2M
M2

P r
−
(
gQ

MP r

)2
. (6.1.3)

This metric presents two coordinate horizons at the roots of fRN . The causal struc-
ture of the solution is controlled by the discriminant of fRN(r) = 0, which turns out
to be (in terms of the non-reduced Planck mass MP )

∆ = 4
M2

P

[
M2 − (gQMP )2

]
. (6.1.4)

For ∆ > 0, spacetime is globally hyperbolic. There are two coordinate horizons;
the exterior one is an usual event horizon, while the interior is a Cauchy horizon
which will be “covered” by matter in any charged black hole produced via spherical
collapse [140]. We will not speculate about the physics behind the horizon. These
black holes are called subextremal.

At ∆ = 0, the two horizons coincide; the black hole is said to be extremal. An
extremal black hole has a number of interesting properties. For instance, its Hawking
temperature is zero, so that it does not radiate; it is a stable object. Its entropy
computed by the usual Bekenstein-Hawking formula vanishes. In string theory,
extremal solutions are often the supergravity limit of interesting nonperturbative
objects such as D-branes.
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For ∆ < 0, the black hole is superextremal. There is no event horizon; instead,
a naked singularity is visible to asymptotic observers. This spacetime is highly
pathological, having timelike curves and the associated loss of global hyperbolicity.
This is not to say that objects resembling superextremal black holes do not exist, but
rather that they cannot be described by the weakly coupled semiclassical description
we have been using. The Cosmic Censorship hypothesis (see [140, 141] among many
others for a review) states that no naked singularities can form dinamically within
the confines of general relativity coupled to classical fields.

Given a charged black hole of massM and chargeQ, it will lose both charge and
mass via Hawking evaporation [142, 44, 143, 144], in such a way that it will only stop
radiating when approaching the extremal limit. In a theory with a charged particle it
is easy to build a very massive subextremal charged black hole with whatever charge
we want; then, it will Hawking-evaporate all the way to the extremality bound.

We thus arrive at the conclusion that, in a theory where Hawking’s calculation
can be trusted for large enough black holes, we will have extremal black holes of
mass M = gMPQ for every value of Q or, at least, for every Q large enough so that
the semiclassical approximation and the description in terms of the metric (6.1.4) is
valid.

Now, imagine tuning the coupling g close to zero, while keeping MP constant.
The number of extremal black holes with masses in the range [M,M + ∆M ] is

n(g) = ∆M
gMP

, (6.1.5)

which goes to infinity as g → 0. If these extremal black holes are exactly stable (we
have seen that they seem to be at the semiclassical level), as g → 0 they become
exactly the kind of remnants that posed trouble for global symmetries in Chapter 3.
Namely, the thermal bath at the Unruh temperature will see these objects suppressed
by a factor n(g) exp(−M/T ). For g sufficiently small their contribution will overrun
the partition function, leading to a theory out of control.

A simple way out of this trouble is to demand the existence of a decay channel
for extremal black holes, so that they are not stable. We expect unstable states to
only contribute significantly to a thermal bath for temperatures larger than their
decay width Γ(it is only then that the particle can exist in the thermal bath for a
sufficiently long time). Semiclassically, an extremal black hole is exactly stable, but
quantum-mechanically it may have a finite lifetime. These lifetimes can conspire
to make the overall contribution of the extremal black holes to the thermal bath
negligible.

This is far from actually showing that extremal black holes do not become
remnants. For this, one should actually compute Γ, the decay width of each black
hole, and show that in the IR they decouple from the physics. Nonetheless, de-
manding the existence of a decay channel turns out to be a very powerful tool for
analyzing theories with gauge symmetry coupled to gravity.

Let us work out the constraints on the particle which allows the black holes
to decay. For this, it is useful to define the charge-to-mass ratio ξ of an object as
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ξ = (QgMP/)M , so that extremal black holes have ξ = 1. An extremal black hole
of mass M and charge Q decays via emission of a particle of mass m and charge q.
We require the final black hole to also be subextremal, so that we remain in control
of the effective field theory. We then have

gMP (Q− q) ≥M −m ⇒ m ≤ qgMP (6.1.6)

where we have used the fact that the original black hole was exactly extremal, M =
QgMP . This is the Weak Gravity Conjecture: in a U(1) theory in four dimensions,
there should be a charged superextremal particle (extending the nomenclature from
charged black holes) in the theory. Although the argument has been made in four
dimensions, nothing is particular to this case: In D dimensions, the gauge coupling
has dimension gD2 −2, and the WGC demands the existence of a particle with mass
lower than g/

√
G, where G is Newton’s constant in D dimensions.

We emphasize that the WGC is a kinematical requirement, meant to allow
the charged black holes to decay in principle via the emission of a charged particle.
Whether or not they actually do this is a much more complicated question.

There is ample evidence for this conjecture in various string theory setups.
For instance, in type IIA string theory, there is a U(1) gauge field in 10d. The
WGC conjecture is saturated by the D0 brane, which indeed is charged under this
U(1). Satisfaction of the inequality is not so surprising in theories with extended
supersymmetry, since in this context the extremality condition M = QgMP is pre-
cisely the BPS bound. Thus, superextremal objects are forbidden in these theories,
and it is enough that they contain BPS objects to satisfy the WGC. This is not a
trivial requirement; from a field theory point of view it is perfectly fine to have a
supersymmetric theory without BPS multiplets.

There is one interesting nonsupersymmetric example, introduced in the original
WGC paper [139], in which the WGC is satisfied by superextremal states. Consider
again heterotic string theory in 10 dimensions, and let us focus on the U(1)16 Cartan
torus. This theory has only N = 1 in ten dimensions, so it does not have an exact
BPS bound.

The excited levels of the fundamental string are charged under the Cartan
U(1). The left-moving part of a heterotic worldsheet contains a current algebra,
which gives rise to the spacetime gauge group. The allowed string states have their
charges living on an even, self-dual lattice; we will take the SO(32) example in what
follows. The contribution of the current algebra to the Virasoro generators is given
by the Sugawara construction [10, 12], so that

α′

2 M
2
L = 1

2 |
~QL|2 − 1 +NL. (6.1.7)

Here, NL is the oscillator number of the higher harmonics of the string. Let us focus
along a single U(1) out of the 16 present in the Cartan algebra, such as the first one,
to keep in line with the discussion of previous paragraphs. In this case, the massive
states of the string give a family of charged states, with charge vector of the form
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(Q, 0, . . .) and Q even. They have a charge-to-mass ratio (M2 = 2M2
L due to level

matching)

ξ2 =
Q2g2

U(1)

κ2M2 = Q2

Q2 − 2 , (6.1.8)

where the U(1) gauge coupling g2
U(1) = g2/2, where g was given in (6.1.2). The

extra factor of two comes from the canonical normalization Tr(T aT b) = 2δab of the
generators of SO(32). The charge-to-mass ratio of these perturbative heterotic states
is bigger than one, and so the state is superextremal. These arguments depend only
on the fact that the heterotic sigma model has a nontrivial current algebra, which is
true for any heterotic model. This can be used to prove the Weak Gravity Conjecture
for any perturbative heterotic compactification.

The above arguments are sketchy and at best constitute a mere motivation for
the WGC. They have serious loopholes. On one hand it has been noted that they
rely on the validity of the semiclassical description of black hole evaporation all the
way to the extremal limit. On the other hand, to make the WGC argument we also
need to take the g → 0 limit. But maybe this is not a possibility in a quantum
theory of gravity. In that case there is no justification for WGC particles coming
from generic black hole decay and remnant considerations. However this does not
seem to be the case in string theory, at least in generic situations. It is easy to build
supersymmetric configurations in which the gauge coupling is a modulus and we
can get arbitrarily close to g = 0 in moduli space, while keeping Newton’s constant
fixed. For instance, consider again heterotic string theory in 10 dimensions. This is
a N = 1 SYM plus gravity, with coupling g satisfying (6.1.2). It is possible to take
g → 0 while keepingMP constant at the expense of lowering the string scale (α′)−1/2,
which acts as a cutoff of the EFT theory (incidentally, this is the cutoff predicted
by the magnetic form of the WGC, as we will discuss in the next section). However,
since the Schwarzschild radius grows with the mass, the effective field theory (valid
over distances greater than

√
α′) contains large near-extremal black holes of charge

Q & (κ−1/
√
α′) and mass M & (gQκ−1) = 2Q/

√
α′, to which the above arguments

apply.
The version of the WGC discussed in this Section is the mild, electric version

of the conjecture. It is mild because there are stronger versions of the conjecture,
not motivated by remnant considerations, as we are about to discuss. It is electric
because it predicts the presence of light objects coupled electrically to the gauge
field; we will discuss now the magnetic version.

6.2 The magnetic WGC

A U(1) gauge theory can couple to both electric and magnetic sources. Reissner-
Nordstrom solutions with magnetic charge do exist [52], so we can apply the same
arguments as above to magnetic charges. In this case, the WGC demands the
existence of a monopole with mass M . MP/g. However, this is now true in the
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strong coupling g → ∞ limit. It is not an interesting statement for the weakly
coupled theory (although it is for the magnetic dual).

What is usually called the magnetic WGC comes instead from a related but
different line of reasoning. In a weakly coupled theory, monopoles are described as
solitonic solutions to the equations of motion. Since the monopole charge enclosed
by a surface Σ is measured by the integral∫

Σ
F, (6.2.1)

we can specify that this integral is nonvanishing at infinity, and integrate the field
equations all the way to r = 0 to obtain a solution describing a monopole. For a
weakly coupled U(1) gauge theory, with lagrangian 1

2 |F |
2, the magnetic field goes

as 1/r2, so that the energy density diverges at the origin. If the field theory has
a cutoff at some scale Λ, then at a distance of roughly Λ−1 from the core the UV
completion takes over, smoothing out the description. A prototypical example of
this is the SU(2) ’t Hooft-Polyakov monopole [145, 146]. It describes a particular
configuration of nonabelian SU(2) gauge theory, Higgsed down to a U(1). At scales
below the Higgs vev, the solution describes an abelian magnetic monopole. As
the core of the monopole is reached the symmetry is restored, and the solution is
everywhere smooth.

In these circumstances, it is possible to estimate the mass of the monopole as
the sum of two contributions,

Mmon = MUV +Mouter, Mouter ∼
(
n

g

)2 ∫ ∞
Λ−1

dr

r2 ∼
n2Λ
g2 . (6.2.2)

Here, we have split the mass of the monopole into an UV contribution coming from
the core region, and another coming from the outer layers in which our effective
theory is valid. n is the monopole charge; by Dirac quantization it is an integer, if
we normalize the dual gauge coupling to 2π/g.

Now, as mentioned above, we do have Reissner-Nordstrom black holes with
magnetic charge, with an extremality condition M & 2πMP/g. The semiclassical
description is impervious to Dirac quantization, which is a quantum effect. As a
result, we expect these magnetic RN black hole solutions to be valid only in the
regime of large magnetic charge. Put another way, the n = 1 monopole should not
be black, meaning that its Schwarzschild radius is lower than the cutoff length scale
Λ−1. Using (6.2.2) and assuming MUV ≥ 0, we arrive at the so-called magnetic
Weak Gravity Conjecture,

Λ . gMp. (6.2.3)

Thus, the effective field theory must have a cutoff lower than the mass of the electric
particle. Like the electric form, this also extends to higher dimensions.

Equation (6.1.2) is precisely the magnetic WGC for the 10d heterotic theory;
the mass of the electrically charged particle is of order the string scale 1/

√
α′, pre-

cisely when the supergravity effective description with action quadratic in the fields
starts to fail. Similar considerations can be made for the other examples.
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Like its electric counterpart, one can make objections to the reasoning which
led to (6.2.3). Notably, the existence of a low cutoff (6.2.3) does not always mean
that we lose control of the theory. The argument above merely tells us that by the
time we reach the scale gMP , the theory is no longer the quadratic action 1

2 |F |
2

that we took. But in some circunstances this is just fine; for instance, in D-brane
setups the Dirac-Born-Infeld action takes into account all the α′ corrections in the
open-string sector in the limit of low acceleration. In fact, the argument leading
to (6.2.3) is very dependent on canonical kinetic terms. For isntance, take instead
nonlinear DBI electrodynamics, with lagrangian

L ≡ −T
∫

(
√
− det(η + σF )− 1), σ ≡ 2πα′. (6.2.4)

We will now compute the mass and field of a DBI monopole solution, in order to
try to reproduce the argument which led to (6.2.3). The determinant in (6.2.4) can
be evaluated explicitly in 4d (e.g. treating it as a characteristic polynomial in σ) to
yield

T
∫

(1−
√

1− 2|σF |2 − |(σF )2|2). (6.2.5)

For a monopole, the equations of motion give

Td

 2σ2F√
1− 2|σF |2 − |(σF )2|2

 = δ(3)(r) (6.2.6)

which can be integrated to

T

 2σ2F√
1− 2|σF |2 − |(σF )2|2

 = dΩ. (6.2.7)

From this, we get F ∧ F = 0 and therefore

2(σF )2 = 1
1 + 2T 2σ2r4 . (6.2.8)

The field is everywhere finite, and the mass of the monopole is

M = −4πT
∫ ∞

0

 1√
1 + (2T 2σ2r4)−1

− 1
 r2dr ≈ 4.6T (σT )−3/2. (6.2.9)

Unlike in the previous case, the mass does not have an UV divergence. The
fact that DBI electrodynamics makes the self-energy of the electron (and also that of
the monopole) finite is in fact the reason it was first considered by Born and Infeld.
As a result, the mass of the elementary monopole and hence its Schwarzschild radius
are not sensitive to any further cutoff that the theory might have. So there is no
magnetic WGC for DBI electrodynamics. (6.2.3) does hold with Λ ∼ 1/

√
α′, since

from the point of view of the quadratic theory we have a cutoff at a scale Λ−2 = 2πα′.
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But now the theory is under control and there is no reason for any new physics at a
scale gMP , apart from the presence of the charged particle predicted by the electric
version of the WGC, which in principle poses no trouble.

Other loopholes are the assumption MUV ≥ 0, which does not always hold in
string theory (for instance, orientifold planes source RR fields but their overall ten-
sion is negative), or the fact that in the end there is no evident logical inconsistency
with having the n = 1 monopole being an extremal magnetic RN black hole. In
spite of these considerations, the magnetic WGC holds in many examples in string
theory.

6.3 Extension to p-forms

Both the electric and the magnetic forms of the WGC studied above are valid for
U(1) gauge fields in an arbitrary number of dimensions. However, string theory
contains a wider class of generalized gauge fields, of which the B-field and the
Ramond-Ramond forms are examples. A p-form gauge field Cp can couple to an
extended object of worldvolume V as

g
∫
V
Cp, (6.3.1)

generalizing the coupling of an electric particle to a 1-form gauge field familiar from
electrodynamics. g is the gauge coupling which, for a canonically normalized p-form
potential in D dimensions, has dimension D−2

2 − p so that (6.3.1) is dimensionless.
In many cases, one can write down charged black p-brane solutions, analogous

to the RN metric (6.1.4). These black branes evaporate via Hawking radiation much
like their lower-dimensional counterparts, in such a way that the argument in Section
6.1 still works, albeit replacing mass with tension of the brane. Thus, the WGC can
be extended to some p-form fields to demand the existence of a charged object with
superextremal tension.

We now summarize, following [147], for which p-forms is this argument possible
and what does subextremal exactly mean in this context. The action in the Einstein
frame will be taken to be

S =
∫ R

2κ2 + 1
2 |F |

2. (6.3.2)

As explained in [147] one can obtain the solution for general p and D from dimen-
sional reduction of the Horowitz-Strominger solution in [148] (for more literature on
dilatonic black branes, see [149, 150, 151, 152, 153, 154, 155]). We will construct a
membrane with magnetic charge n; the electric one will follow by considering the
dual gauge potential. A magnetic source for a p-form potential in D dimensions has
a worldvolume of dimension D−p−2. The black brane solution is obtained by split-
ting the spatial coordinates into yi, i = 1, . . . D− p− 3, parallel to the worldvolume
of the brane, and using generalized spherical coordinates for the p + 2 transverse
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spatial directions. The metric is

ds2 = −fBB+(r)fBB−(r)
2p
D−2γ + f−1

BB+(r)f−1
BB−(r)dr2 + r2dΩ2

p+1 + δijdy
idyj, (6.3.3)

γ ≡ D − 2
p(D − p− 2) . (6.3.4)

Here, r± are directly the location of the horizons, which can be determined in terms
of the asymtotic charge and mass. These can be determined in a standard way [147],
and after combining all the results we obtain an extremality condition

γ
4π2

g2 n
2 = κ2T 2

p . (6.3.5)

By electric-magnetic duality we also obtain the extremality condition for electric
branes with electric charge Q,

γg2Q2 = κ2T 2
p . (6.3.6)

From these, one can write down the WGC for p-form fields,

Tp ≤
√

D − 2
p(D − p− 2)

gQ

κ
. (6.3.7)

The formula has the same parametric dependence than the WGC for U(1) gauge
fields, as expected. This is not suprising since one can obtain ordinary gauge fields
from dimensional reduction of higher gauge fields; in that case the formula (6.3.7)
must reduce to (6.1.6). Also, in the context of string theory, different p-form fields
are related by T -duality; the WGC formula has to be covariant under this operation
if it is to hold in string theory.

We can also mention the higher form version of the magnetic WGC discussed
in Section 6.2: We simply claim there is a cutoff roughly at a mass scale Λ ∼ T

1/p
el.

given by the tension of the electric brane. The same derivation and caveats as in
Section 6.2 apply here as well.

An important point is that (6.3.7) (and thus the magnetic WGC) clearly cannot
hold for any value of p and D. For p = 0, D−2, D−1, D it gives nonsensical results.
The solution (6.3.4) is not valid in these cases. This can be understood in physical
terms: for p = 0, the electrically charged object is an instanton. Instantons do not
decay via Hawking radiation, nor have an event horizon, so WGC considerations
do not apply directly. The cases p = D − 2, D − 1 correspond to a string and a
domain wall, respectively. The codimension of these objects is so low that they
cannot have flat asymptotics, nor a horizon in the usual sense. Thus, the WGC is
again ill-defined. For p = D the object fills the entire spacetime (and is also subject
to charge cancellation conditions), so this is not a very interesting case.

We will return to the cases p = 0, D − 1 in four dimensions in the next two
Chapters. Although they pose trouble for the black hole rationale for the WGC
advocated in this Chapter, the T-duality argument above suggest that some form
of the conjecture holds at least in string theory. We will see that these two case in
fact turn out to be the ones of greatest phenomenological relevance.
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6.4 Strong and mild forms

So far, we have discussed the only form of the WGC supported by black hole evapo-
ration arguments, which says there should be a superextremal object in the theory.
Henceforth we will call this the mild version of the WGC. Although very interesting,
this form of the conjecture is not very useful for the phenomenologist: It can never
constrain any field theory model, since it only constrains the charge-to-mass ratio
of the WGC particle. One can satisfy it in principle with a charged object with
arbitrarily high mass, far above any cutoff our effective field theory might have.

In the original WGC paper [139], other two possibilities were considered:

• The state of least charge under the p-form already satisfies (6.1.6); we will
call this the first strong form of the WGC. One can always define the gauge
coupling so that the state of least charge in the theory actually has Q = 1;
hence, this form of the WGC tells us that there is a state with unit charge
which is superextremal. The tension of this state gives the magnetic WGC
cutoff.

• The lightest state charged under the p-form field already satisfies (6.1.6); this
is the second strong form of the WGC.

Clearly, the first strong form implies the second, for any charged state lighter than a
superextremal state with Q = 1 must also be superextremal. The converse does not
hold; picture a theory in which the state with Q = 1 is very massive and does not
satisfy the WGC, but the state with Q = 2 does. Both strong forms naturally imply
the mild form, and as noted above the converse is not true: A theory in which every
state of low charge is below the extremality bound, but there is some high charge
state which is not would satisfy the mild WGC but neither of the strong forms. All
this is illustrated in Figure 6.1.

The original WGC paper [139] claimed to have a counterexample for the first
strong form. It is based on the heterotic example of Section 6.1. There, we consid-
ered a U(1) along the Cartan generator (1, 0, 0 . . .). The charge of any state under
this Cartan is the first component of their charge vector ~QL. However, the lattice
also allows a vector (1

2 ,
1
2 , . . . ,

1
2), which by this normalization would have charge

1/2. This vector has norm | ~QL|2 = 4, so that its mass squared is 8/α′. According
to the formulae of Section 6.1, its squared charge-to-mass ratio is 1/16. However, it
has been recently noticed [147] that this counterexample involve a particle charged
under several U(1)’s. Once this fact is properly taken into account, as we will do in
the next section, the first strong form of the WGC still survives.

It is notoriously difficult to find counterexamples to the second strong form in
string theory; to my knowledge, none are known. Again, we get some help whenever
there is extended supersymmetry, since presence of BPS states with every value of
the charge then guarantees both strong forms to hold. Nevertheless, with the only
counterexample to the first strong form gone, so far both strong forms are fine in
the string theory context.

102



CHAPTER 6. THE WEAK GRAVITY CONJECTURE
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1ststrong
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No WGC

Figure 6.1: An illustration of the charge-tension relationship of theories satisfying different ver-
sions of the WGC. The extremality bound is the dashed diagonal line; states above it are subex-
tremal, whereas those below are superextremal. Although we have depicted continuous lines, actual
theories only have states at integer values of the charges due to Dirac quantization.

6.5 The WGC for several U(1)’s
So far we have only been concerned with theories with a single U(1). However, as
hinted at the end of the previous section, this is not the end of the story. In theories
with several U(1)’s, we can have black holes charged under several of them at the
same time. This has consequences both for the strong and mild forms of the WGC,
which we now review.

6.5.1 The Convex Hull Condition

The extension of the mild WGC to the case of several U(1)’s was worked out in [156],
and it goes under the name “Convex Hull Condition”. Consider, for simplicity, an
example with two U(1) gauge fields in four dimensions, and couplings g1, g2. A RN
black hole can be charged under both U(1)’s, with integer charges (Q1, Q2) living
on an integer lattice. The extremality condition is now (assuming canonical kinetic
terms for both U(1)’s)

Mextremal =
√

(g1Q1)2 + (g2Q2)2MP . (6.5.1)

Instead of a single charge-to-mass ratio, we now have a charge-to-mass vector, ~ξ,
with components ξi = giQiMP/M . The extremality condition becomes |~ξ| = 1.
Subextremal black holes lie in the region |~ξ| < 1, while superextremal states satisfy
the opposite inequality |~ξ| > 1.

In more general setups, however, extremal black holes will not lie on a sphere
in ~ξ-space. In general, (6.5.1) will be replaced by a complicated relationship between
mass and the charges,

Mextremal = fe(giQi)MP . (6.5.2)
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The classical low-energy theory is invariant under a rescaling of every gauge cou-
pling and mass scale by the same constant. This means that fe is homogeneous of
degree 1 in every variable. As a result, we can rewrite the extremality condition as
fe(giQiMP/M) = 1, or fe(~ξ) = 1, a function of the charge-to-mass vector only. We
will call this curve in the ~ξ plane the extremal curve. As an important particular
example, take the black holes to be mutually BPS. Then,

Mextremal = (g1|Q1|+ g2|Q2|)MP , (6.5.3)

so that the extremal black holes describe a diamond in the ~ξ plane. However we will
stick to (6.5.1) for the examples in the remainder of this section.

With an extremality bound, we can redo the WGC argument. To avoid trouble
with remnants, we clearly should allow black holes with charges (Q1, 0) and (0, Q2)
to decay via the corresponding WGC particle. This is just applying the mild WGC
to the two U(1)’s separately, but it is not enough. Consider a black hole with
identical charges under both U(1)’s, and let us imagine it tries to release its charge
by emitting a WGC particle of charges (q1, 0) and mass m1, with charge-to-mass
ratio vector ~ξp. After the emission, the black hole sees a change in its charge-to-mass
vector (here ~ui is the unit vector in direction i)

∆~ξ ≈ 1
M

(
gi∆Qi~uiMP −∆M~ξ

)
= m1

M

(
~ξ − ~ξp

)
(6.5.4)

so that

∆|~ξ|2 = 2~ξ ·∆~ξ = 2m1

M

(
1− q1g1MP√

2m1

)
. (6.5.5)

This should be ≤ 0, to ensure that the black hole remains subextremal. However,
the WGC for the first U(1) only demands m1 ≤ q1g1MP , which is not enough.
Clearly, the WGC for several U(1)’s poses more stringent requirements than just
applying the WGC to each particle individually.

For a general extremality relation fe(~ξ) = 1, we should demand that, for each
point on the extremality bound, there should be a particle allowing the black hole
to decay while remaining subextremal. This just means that for every ~ξ on the
extremality curve, there is a particle with a ~ξp so that

∇fe|~ξ · (~ξ − ~ξp) ≤ 0. (6.5.6)

This is the general statement of the WGC for several U(1)’s. It has a nice geometrical
interpretation, illustrated in Figure 6.2.

Phrased in this way, it would seem that we need an infinite amount of new
particles to satisfy the WGC. While one can build examples in which this is the case
[147], it is not a necessity. Imagine we have two particles with charge-to-mass vectors
~ξp1 ,

~ξp2 . The black hole can emit these two particles at once, and the bound state
behaves as a new particle. If we neglect any interaction energy between the emitted
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Subextremal
BH’s

~ξ

~ξp

Figure 6.2: For any point on the extremal curve, draw the tangent hyperplane to the curve. The
hyperplane partitions space in two regions, and the WGC demands the existence of a particle with
charge-to-mass vector in the region not containing the subextremal black holes in a neighborhood
of the chosen point.

particles (this will be the case if both are mutually BPS, or in the far future if the
two particles end up far away from each other), then the charge-to-mass vector of the
composite particle is simply the mass-weighted average of the two charge vectors.
In the general case when we have n1 particles of type 1 and n2 particles of type 2,
the charge-to-mass vector of all the particles together is

~ξcomp. =
~ξp1n1m1 + ~ξp2n2m2

n1m1 + n2m2
. (6.5.7)

By taking large enough n1,n2 we can cover densely the line x~ξp1 + (1 − x)~ξp2 , for
x ∈ [0, 1]. Thus, considering the bound states of a finite set of particles, with charge
vectors Ξ = {~ξpi}, we obtain every charge-to-mass vector lying on the boundary of
the convex hull of Ξ. We will suppose that Ξ contains at least as many linearly
independent vectors as there are U(1)’s in the theory. In this case, any line α~ξ will
intersect the boundary of the convex hull of Ξ.

In (6.5.6), let ~ξp the intersection of the line generated by ~ξ with the boundary
of the convex hull. Then (6.5.6) is satisfied if the convex hull of Ξ contains the
region fe(~ξ) ≤ 1. This is the Convex Hull Condition, which allows us to satisfy the
WGC with a finite number of particles. It is clearly a sufficient condition to satisfy
(6.5.6); it is necessary for any differentiable extremal curve, since any branch of the
extremal curve outside the convex hull contains at least one point for which (6.5.6)
is not satisfied, as illustrated in Figure 6.31. Figure 6.4 shows one example that
satisfies the convex hull condition and another which does not.

The CHC works for any p-form field, just like the electric mild form does. The
cutoff of magnetic version of the CHC could be taken as the smallest cutoff obtained
for any bound state in the convex hull of Ξ.

1The differentiability condition is essential for this argument, but relaxing it does not lead
to counterexamples since all the analysis surrounding (6.5.6) then becomes invalid. In any case,
one should be able to replace any extremal curve by a smooth approximation to arbitrarily good
accuracy, so this really covers the general case.
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Convex hull

Figure 6.3: The CHC is necessary to satisfy (6.5.6) for a smooth curve. If the extremal curve,
depicted in red, does not lie completely within the convex hull (the blue shaded region), the black
dot in the Figure does not satisfy (6.5.6) (there are no superextremal particles above the dashed
line).

ξ1

ξ2

1

2
ξ1

ξ2

1

2

Figure 6.4: Illustration of the CHC condition. In the first picture, the extremal curve, in red, is
contained within the convex hull spanned by particles 1 and 2, and so the WGC is satisfied. In
the second case, it is not.

6.5.2 Strong forms for several U(1)’s: the Lattice WGC

Unlike in the previous case, there have recently been essentially two different pro-
posals for a strong version of the WGC for many U(1)’s [157, 158, 147]. Just as in
the case of a single U(1), these stronger forms are not supported by black hole decay
arguments.

The most natural extension of the second strong form is demanding that, for
any direction on the charge lattice, the lightest state (be it a single particle, or a
bound state of several particles) is superextremal. In this way, the usual strong form
of a single U(1) is satisfied for any particular U(1) we might choose in the charge
lattice. This was proposed by the Madison group in [157], and hence we will call
it the Madison strong form. Notice that, unlike the mild version for several U(1)’s,
which can be satisfied by a finite set of particles and their bound states via the CHC,
the Madison strong form is a statement about an infinite set of particles (one per
direction in the charge lattice).

Another candidate to strong WGC for several U(1)’s was briefly mentioned in
[158]: the lightest set of particles whose charge-to-mass vector span the whole space
must satisfy the CHC. This has the advantadge that it is again a statement about
a finite set of particles. However, it does not imply the single U(1) strong form
for every U(1), as the Madison form does. To show this, consider a theory with
two identical U(1)’s such that two lightest particles along the directions (1, 0) and
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(0, 1) have charge vectors (q, 0) and (0, q), and indentical mass m = q√
2gMP . These

particles satisfy the CHC, and let us assume that they are the lightest particles that
do so. The WGC particle along the charge direction (1, 1) has mass 2m and charge
(q, q). But then, suppose the theory has a particle with mass 2m − ε and charges
(1, 1). This particle is very subextremal, and can also be the lightest particle along
the direction (1, 1), so that the usual second strong form does not hold for this U(1).
In any case, this candidate strong form has been ruled out by a explicit M-theory
example in [147].

The previous examples try to generalize the second strong form to systems of
several U(1)’s. The reason these proposals did not tackle the first strong form was
because for a long time it was thought not to be correct, based on the heterotic
example given at the end of Section 6.4. However, in [147] it was pointed out that
this example actually does not disprove the strong form, since it essentially involves
particles charged under several U(1)’s at a time.

A “Madison-like” first strong form of the conjecture would be to require that,
along every direction in charge space, there is a superextremal object with lowest
possible charge. As in the single U(1) case, this automatically implies the Madison
strong form described above. It is now clear how the would-be counterexample to
the first strong form given in Section 6.4 does not actually apply: The troublesome
vector (1

2 ,
1
2 , . . .) does not lie in the same direction in the charge lattice as the U(1)

under consideration, which was (1, 0, . . .). In fact, for any vector in the heterotic
charge lattice with NL = 0, we have, generalizing (6.1.8) slightly,

|ξ|2 = | ~QL|2

| ~QL|2 − 2
> 1, (6.5.8)

so that the strong form for several U(1)’s is indeed satisfied. While the charge-to-
mass ratio diverges for | ~QL|2 = 2 (the SO(32) W bosons), this can be remedied by
the introduction of Wilson lines which break the non-abelian gauge group to the
Cartan torus, introducing a shift in the denominator of (6.5.8) which removes the
divergences. One should do this anyway, since the whole analysis of the WGC has
been restricted to abelian gauge groups.

In fact, in light of (6.5.8), a stronger version is satisfied in this case: We see
that for every point in the charge lattice there is a superextremal particle. This last
statement goes under the name of the Lattice WGC [147], and it is the most general
conjecture of the WGC family formulated so far. Like all the other candidates, it
holds in every example in string theory known so far. This version of the conjecture
blurs the distinction between black holes and elementary particles: along a given
direction in the charge lattice, the states satisfying the LWGC for large charges
will be (approximately) extremal black holes, whereas for low charges they become
elementary particles.

The Lattice WGC is true in any perturbative heterotic CFT: The same ar-
gument that holds for the mild WGC in this case, as described in Section 6.1, can
be applied to arbitrary points in the charge lattice, since the argument around eq.
(6.5.8) works for any current algebra.
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The extra assumption compared to the Madison first strong form, i.e. the exis-
tence of charged states at every point as opposed to at every direction in the charge
lattice, is motivated if one requires the WGC to be covariant under compactification,
as we now review.

Consider a theory with a U(1) in D + 1 dimensions, which satisfies the (mild
WGC). Upon dimensional reduction on a circle to D dimensions, there will be two
different U(1)’s in the system: One coming from dimensional reduction of the higher-
dimensional U(1), and the KK photon coming from the metric. The electric charge
coupled to this U(1) is precisely the KK momentum. The kinetic terms are diagonal,
so that the extremal curve is a circle of radius 1.

If the WGC is well behaved under dimensional reduction, the theory in D
dimensions should satisfy the CHC. For a particle of mass mD+1 and charge q in
D + 1 dimensions, we will obtain particles with charge

(q, k) and mass m2 = m2
D+1 +

(
k

R

)2

, (6.5.9)

the KK tower associated to the D + 1-dimensional particle. If the gauge coupling
of the U(1) in D + 1 dimensions is D + 1, then in D dimensions it is gD+1/

√
2πR,

and Newton’s constant is corrected by the same factor. The gauge coupling of the
KK photon is simply 2κ2

D/R, but the extremality condition for KK black holes has
an extra factor of 1/2 because of the coupling to the radion. Putting everything
together we find particles with charge-to-mass ratios given by [147]

~ξq,k = (mD+1RξD+1, n)√
m2
D+1R

2 + n2
, (6.5.10)

where ξD+1 = gD+1/κD+1 is the charge-to-mass ratio of the particle in D+ 1 dimen-
sions.

No matter what the value of ξD+1 is, the set of charge vectors (6.5.10) will
never satisfy the CHC (see [147] for a detailed proof). This proves that the WGC
is not covariant under dimensional reduction. However, if the D + 1-dimensional
theory satisfies the Lattice WGC, there is actually an infinite number of KK towers
in the dimensionally reduced theory; these are enough to satisfy the WGC.

In this sense, demanding a good behavior under dimensional reduction provides
evidence for the Lattice WGC. An interesting observation is that particles of high
charge in the D+1 theory must have at least some KK modes outside of the convex
hull of particles of lower charge, and which are hence stable. In general, the parent
D + 1 dimensional particles which give rise to these KK modes will be unstable, so
that dimensional reduction has stabilized them. To decay, the KK modes should
emit some particle with KK momentum, but this also increases its mass, in such a
way that the decay channel is no longer available. This is similar to the inhibition of
spontaneous emission for atoms placed between two mirrors, which greatly enhances
the lifetime of some short-lived excited atomic states [159].
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Figure 6.5: The different forms of the WGC and the relationships among them. In blue, forms of
the WGC motivated by black hole evaporation arguments; in red, forms that are not. In green, the
magnetic forms, which are supported by semiclassical considerations plus some mild assumptions
about the effective field theory. Only a slight generalization of the Madison form (replacing “lightest
charge” with “least charge”), not discussed in [157], implies the first strong form.

6.6 Summary and final comments

There are many forms of the WGC which apply in different contexts. While only
the mild form and the Convex Hull Condition are motivated by generic quantum
gravity considerations, all the other forms are conjectured to hold at least in string
theory examples. This is supported by a variety of evidence. Figure 6.5 illustrates
the different versions of the WGC reviewed in this Chapter and the relationships
among them.

There are two possible generalizations of the WGC which come to mind which
have not been discussed. The first is a WGC-like statement for angular momentum.
Black holes carry angular momentum as they carry electric charge. Like electric
charge, it is quantized in the quantum theory. However, there is no analog of the
gauge coupling which we can tune to zero to get some remnant trouble: the number
of extremal black hole states below a mass scale M is fixed by the theory, and
can only be tuned by changing MP . On the other hand, in Minkowski space, it is
possible to emit any given particle with orbital angular momentum, and thus as long
as there is a fermion in the theory (to allow for the emission of half-integer angular
momentum) a rotating black hole can kinematically lose its angular momentum
without the addition of extra particles.

The second is the generalization to non-abelian gauge groups. While we have
discussed in depth an heterotic example in which the underlying gauge group is non-
abelian, the standard technique in this case is to turn on Wilson lines to break the
gauge group to the Cartan torus. Representations of a non-abelian gauge group are
indexed by their Dynkin labels, which are the charges under the Cartan generators of
the group. Since the WGC is only concerned with conserved charges, it is reasonable
to think there will not be much difference between U(1)rank g with a particular metric
(Killing form) on the charge lattice and the full G as far as the mild WGC is
concerned. Nevertheless, this is an interesting question to explore.
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Another interesting project would be finding evidence for the WGC outstide
of the umbrella of string theory, to figure out whether it is a property of the general
QG Swampland, or just of the stringy portion of it. This will be difficult to ascertain
in the near future, both because all of the QG Swampland might actually be stringy,
and because as mentioned in Chapter 1 string theory is so far the only framework in
which the WGC conjecture predictions can be checked. Holography may also shed
new light on the WGC [160, 161].

The WGC and its many forms constitute an interesting crossroads at which
generic quantum gravity considerations, string phenomenology, holography and field
theory meet. No full formal proof of the conjecture has been given so far, and as
discussed throughout this Chapter the arguments in its favor are not devoid of
loopholes. Are some of its assumptions, such as weak coupling, validity of effective
field theory, etc. essential, or can they be relaxed? Is the conjecture really valid
for p-forms of low codimension or axions? These questions make the WGC an
interesting and active area of research. In any case all, the stringy evidence gathered
so far points out to the correctness of the conjecture, and as we will see in the next
Chapters it has important implications for phenomenology.
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7
Transplanckian axions

In this Chapter we will apply the ideas of the WGC, developed in the previous
Chapter, to axion models of inflation. The first obstacle we meet is that the WGC
does not directly apply to axion theories, since the charged objects are instantons.
Nevertheless, one can still construct electrically charged solutions of the Einstein-
axion system, and these instantons are enough to constrain the model in some cases.

We will start with a brief introduction, motivating the popularity of large field
inflation models recently. We will then describe the shortcomings of the WGC in
this system, and discuss the gravitational instanton solutions which show up for
large charges in their stead. After that, these gravitational instantons (or their
stringy counterparts, when needed), will be used to constrain some models of large-
field inflation, notably the Kim-Nilles-Peloso (KNP) alignment proposal [162]. We
will also discuss other popular models of large-field inflation which can evade our
constraints.

The results of this Chapter were presented in [163], which appeared at around
the same time as other works discussing quantum gravity constraints to large field
inflation [164, 165, 166, 163, 157, 167, 168, 169, 170, 158, 171, 147, 172, 173, 174].

7.1 Why transplanckian axions?

The present precision era in the measurement of CMB observables is triggering a
vigorous activity in model building of early universe inflationary models (see [175]
for a recent string-motivated review). The most recent example is provided by
the possibility of a sizable tensor to scalar ratio r, raised by the initial BICEP2
detection claim of B-mode polarization from primordial gravitational waves [176],
and still allowed by the joint Planck/BICEP2 upper bound r < 0.12 [177]). In single
field inflation models, this ratio is correlated with the inflaton field range in a very
direct way by the Lyth bound [178],

∆φ
MP

≈ N

√
r

8 , (7.1.1)
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where ∆φ is the inflaton field range traversed during inflation, and N is the number
of e-folds. Because of this, there has been an intense activity in building inflation
models in which the inflaton travels transplanckian distances in field space. The
notes [179] provide a self-contained and clear introduction to the Lyth bound and
large field inflation.

Such large-field inflation models are sensitive to an infinite number of correc-
tions to the inflaton potential even if they are suppressed by the Planck mass scale,
so their construction requires accounting for corrections due even to quantum grav-
ity effects. Given the difficulties in addressing the latter, a sensible approach is to
invoke symmetries protecting the model against such corrections; therefore, many
large-field inflation models are based on axions, i.e. scalars φ with an approximate
continuous shift symmetry, broken by non-perturbative effects eiφ/f to a discrete
periodicity

φ ∼ φ+ 2πf. (7.1.2)

This idea was originally proposed at the phenomenological level in so-called natural
inflation [180], assuming a cosine gauge instanton potential, and requiring axions
with transplanckian decay constant f (see [181] for recently suggested exceptions).
The ‘empirical’ case-by-case realization that this requirement is not obviously real-
ized in string theory compactifications [182] (which provide a template for a quan-
tum gravity framework, as discussed in Chapter 6), motivated the construction of
models with multiple axions and potentials from gauge instantons, in which some
axion linear combination effectively hosts a transplanckian field range in its ba-
sic period, even if the original periodicities are taken sub-planckian [162, 183] (see
[184, 185, 186, 187, 188, 189, 190, 191, 192, 193] for recent works).

These models are formulated in purely phenomenological field theory terms,
and therefore there remains the question of whether their features survive in actual
embeddings in theories including quantum gravitational corrections i.e. whether
they are in the Swampland or not. If one were to apply the WGC naively to the axion
case, there would be additional instanton effects leading to higher harmonics in the
axion potential, i.e. einφ, in any consistent theory of quantum gravity (see [165, 166]).
Because the presence of gravity is essential in the argument, these contributions may
be beyond those captured by gauge instantons in the phenomenological model. If
sufficiently strong, such contributions could spoil the transplanckian field range by
introducing additional maxima along the axion period.

However, as mentioned in the previous Chapter, one cannot apply directly the
WGC to axions. To go around this we undertake a direct approach to this problem,
by considering euclidean Einstein gravity and explicitly constructing gravitational
instantons coupling to the relevant axions, and evaluating their contributions to
the axion potential. The configurations are wormhole solutions, and for sufficiently
large axion charge have low curvature and should provide good effective descriptions
of the corresponding configuration in any UV quantum theory containing Einstein
gravity. [157] takes a different approach, arguing for the validity of the WGC for
axions in string theory by turning them into more ordinary p-forms via a chain of
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dualities. While this approach is more precise, it is automatically restricted to the
string theory context. However, we will see in the next Chapter that the approach
taken here does not work for 3-forms. In that case, the T-duality argument still
holds.

The gravitational instantons are effective descriptions of configurations in con-
crete models of quantum gravity like string theory. For instance, in realizations of
natural or aligned inflation, similar effects can arise from euclidean D-brane instan-
tons beyond those corresponding to gauge instantons (dubbed exotic or stringy [194,
195, 196], see [197, 198] for a review). An important aspect, which we emphasize and
has seemingly been overlooked in the literature (see [199, 200, 201, 202, 203, 204] for
recent attempts to embed such models in string theory), is that the corresponding
instantons may not correspond to BPS instantons in the vacuum. Non-BPS instan-
tons are not often discussed in the literature, because in supersymmetric setups they
do not lead to corrections to the superpotential, but rather to higher F-terms (higher
derivative or multi-fermion terms) [205]. However, in non-supersymmetric situations
like inflation, their extra fermion zero modes are lifted or equivalently the external
legs are saturated (by insertions of susy breaking operators), and their contributions
descend to the scalar potential [206]. These considerations should be implemented
to analyze actual string theory realizations of natural and aligned inflation (see [207]
for a possible exception).

7.2 Weak gravity conjecture and axions

As discussed in the previous Chapter, the electric WGC implies that for any abelian
p-form field there must be a charged p-dimensional object with tension

T .
g√
GN

. (7.2.1)

Here, g is the coupling of the p-form field to its sources, and it has dimensions of
[mass]p+1−D/2. For p = 0, that is, an axion, the coupling g is nothing but the inverse
of the axion decay constant f , and so the above conjecture formally implies the
existence of an instanton with action S . MP

f
. This is usually taken to imply [139]

that the axion cannot have a parametrically flat potential. However, as mentioned
in the previous Chapter, there is a very strong difference between p = 0 and p > 0;
whereas in the latter we do have stable black hole (in general, black brane) remnants
unless an object satisfying (7.2.1) exists, there is no similar argument for the axion,
since there is no would be stable black hole solution: the electrically charged object
is a gravitational instanton. When f � MP , we have many such instantons with
small action, and computing their effect will be a challenge; however, there does not
seem to be any inconsistency of the kind described in [139].

Although this shows that the WGC for axion fields is not on such a firm
ground, it does highlight the fact that in a consistent quantum theory of gravity one
expects to have gravitational instantons coupled to the axion. These can be found
just by solving the Euclidean equations of motion for the axion-gravity system, while
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specifying the right asymptotic charge. This is in accordance with the considerations
in [42] that in a quantum theory of gravity one expects to have all possible charged
objects.

A similar argument works also for Euclidean theories. As discussed above,
one can build a solution to the euclidean equations of motion with nontrivial axion
charge. This is an instanton. The question now is wether it is possible to build
a consistent theory in which these instantons are excluded of the path integral, or
on the contrary their presence cannot be avoided. This seems unlikely, since in a
quantum theory of gravity we are expected to add up all geometries with the right
asymptotics [208]. Although a single instanton does not fulfill this condition, since its
axionic electric charge may be measured at infinity, an instanton- anti instanton pair
does. Once we allow the instanton- anti instanton amplitude in the path integral, it
is difficult to exclude the single instanton as a configuration mediating a transition
between two different states; one could always cut a time slice between the instanton
and the anti-instanton. This constant time configuration defines a state within the
theory, so it makes sense to consider finite action configurations connecting it to the
vacuum (that is, a single instanton).

The smallest such instanton will involve Planckian geometries, and so it should
not be taken very seriously. However, some instantons may turn out to be within
the reach of semiclassical Einstein gravity. Their effects on axion dynamics can be
safely studied even in the absence of an UV completion.

We will now start constructing gravitational instantons coupling to axions, and
their effects, in theories of gravity coupled to axions. These do not include other
fields like scalar partners of the axions to turn them into complex fields, fermions or
other superpartners, etc. The motivation for this is twofold: First, for applications
to single-field inflation, the inflationary dynamics requires the axion to be the only
(non-gravitational) dynamical field; in fact, the main challenge in realizing inflation
in UV complete theories, like string theory, lies in giving hierarchically large masses
to all fields except for the inflaton, so that they do not interfere with inflation.
Hence, gravity coupled to axions provides the appropriate setup to address questions
pertaining the possible gravitational corrections to the flatness of the inflationary
potential. Second, we would like to keep our framework as minimal and general as
possible, to explore the interplay of gravitational instantons, axions, and the Weak
Gravity Conjecture in general gravitational theories, in a model-independent way.

Throughout this Chapter we assume that the axion which is to act as the
inflaton somehow has an adequate potential to provide successful inflation. In typical
models this comes e.g. from a gauge sector coupled to the axion. We will not address
how this potential is obtained: we will take it as given and then ask ourselves if
gravitational effects can spoil it.

We first study the consequences of gravitational instantons for a single axion
with periodicity φ ∼ φ+ 2π. The Minkowskian action for the theory is

∫ (
−1

16πGRdV + f 2

2 dφ ∧ ∗dφ
)

+ . . . (7.2.2)
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where the dots stand for any extra light fields. The euclidean counterpart of (7.2.2)
is ∫ (

−1
16πGRdV −

f 2

2 dφ ∧ ∗dφ
)

+ . . . (7.2.3)

Notice that naive Wick rotation would have produced the opposite kinetic term for
the axion. This extra minus sign for an axion as compared to a standard scalar
field is related to it being dual to a three-form; duality involves the Hodge star
operator and since ∗2 = (−1)k(n−k)s for k-forms in n-dimensional space with metric
signature s, dualizing to a three-form and Euclidean rotation do not commute. The
best semiclassical approximation is obtained by first dualizing to a three-form, then
performing euclidean rotation, and then dualizing back to a scalar; as a result the
extra minus sign arises. For a detailed explanation of this point, see [209].

7.2.1 The instanton

We are looking for a solution of (7.2.3) which is asymptotically flat and with an
axion profile which at large distances from its core has the asymptotic form

φ ∼ n

4π2f 2
1
r2 . (7.2.4)

This means it has electric charge n, since asymptotically ∗dφ = n
2π2f2dΩ3.

With everything discussed above, we only need to find the right gravitational
instanton. This will be a spherically symmetric solution with the right axionic
charge. To do this we take a spherically symmetric ansatz for the metric,

ds2 = fI(r)dr2 + r2ds2
S3 , (7.2.5)

where we have redefined the radial coordinate so that constant-r surfaces behave
like proper spheres. The only dependence of the metric is through the radial factor
f(r). Similarly, the axion profile will be taken as a function only of r. We thus get
a system of two coupled second-order ODE’s which is easy to analyze in detail.

The stress-energy tensor of an axion field is

f−2Tµν = ∂µφ∂νφ−
1
2(∂µφ∂µφ)gµν . (7.2.6)

The only nonvanishing components of these are

Trr = 1
2f

2(φ′)2, Tii = − 1
2fI

(fφ′)2gii, i = ψ, θ, φ. (7.2.7)

Einstein’s equations yield
3
r2 (1− fI) = −4πG(fφ′)2,

−fI + 1− rf
′
I

fI
= 4πGr2(fφ′)2. (7.2.8)
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The solution is

fI(r) = 1
1− a

r4
, dφ(r) = n

2π2f 2

√
f(r)dr

r3 , a ≡ n2

3π3
G

f 2 = n2

3π3

(
MP

f

)2

M−4
P .

(7.2.9)

The parameter a1/4 gives the typical size of the instanton; at this radius the metric
seems to become singular. This is a coordinate singularity, as the curvature scalar

R = 8πGT = 8πGf 2∂µφ∂
µφ = 8π G

f 2

(
n

4π2

)2 1
r6 = 3

2
a

r6 . (7.2.10)

is perfectly regular there. Notice that for r = a1/4, which corresponds to the max-
imum curvature at the throat of the wormhole, R = 3

2a
−1/2. Thus the single pa-

rameter controlling wether the solution can be trusted is a; it has to be larger than
the Planck scale for the solution to be reliable within the context of effective field
theory. Notice also that the wormhole radius ∼ a1/4 is of order Planck for n = 1;
we need wormholes with higher axionic charge.

Since we have defined our radial coordinate in terms of the areas of 3-spheres,
what is happening is that as we go to r = a from infinity these areas reach a
minimum, then start growing again. In fact, by making the change of coordinates
r4 = a+ t2, the metric becomes

ds2 = r2
[1
4dt

2 + ds2
S3

]
, (7.2.11)

which is conformally equivalent to a flat metric on S3×R; in other words, our instan-
ton is actually a wormhole. In fact, we have just rederived the Strominger-Giddings
wormhole [210]. As discussed there, it is up to us to choose which geometries is
the wormhole connecting: Two asymptotically flat regions is clearly unphysical. We
might think of an euclidean wormhole connecting two points of spacetime, with an
arbitrarily long tube between them; thus, we might better think of half our solution
describing the “entrance” of a wormhole (instanton), and a solution with negative
axionic charge describing the exit (anti-instanton).

In [210], these half-wormholes are regarded as describing the nucleation of baby
universes, which then evolve on their own towards a Big Crunch. The interpretation
is very similar to a gauge instanton, which changes the asymptotic configuration of
the gauge fields, in particular the Chern-Simons number of the vaccum

nCS = 1
3

∫
R3

A ∧A ∧A. (7.2.12)

Since two states with different nCS are degenerate in energy, the true vacuum
is a |θ〉 vacuum of the form

|θ〉 =
∑
nCS

einCSθ|nCS〉. (7.2.13)
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The analog of the Chern-Simons number in the gravitational case would be
the number of connected components of space. A half-wormhole nucleates a baby
universe which undergoes a Big Crunch; after the wormhole has closed, we end up
with a Universe with two connected components. The instanton thus increases this
number by one. Again by analogy with the gauge case, one could think that the
actual ground state is one of the so-called “α-states” of Coleman [211, 212, 213];
in this case, the half-wormholes would generate a potential for the axion in exactly
the same way as the instantons in gauge theory. We will discuss the effect of the
instanton in the axion potential further below.

The only other relevant quantity of the solution is its action. This can be
computed by noting that the equations of motion imply R = 8πGT , and T =
−f 2(∂φ)2, so that1

SE = f 2

2

∫
dV ∂µφ∂

µφ = π2f 2
∫ ∞
a1/4

f(r)−1/2r3(φ′(r))2 dr =
√

3π
16

MPn

f
. (7.2.14)

where in the first equality we have divided by two to take into account the fact that
our instanton is only half a wormhole.

We now have to argue that this gravitational instanton can indeed generate
the right potential for the axion. Let us expand the axion field in the background
of an instanton of charge n as φ ≈ 〈φn〉+ ϕ, where ϕ is the fluctuation. The axion
kinetic term thus yields

d(〈φn〉+ ϕ) ∧ ∗d(〈φn〉+ ϕ)
= d〈φn〉 ∧ ∗d〈φn〉+ dϕ ∧ ∗dϕ+ d〈φn〉 ∧ ∗dϕ+ dϕ ∧ ∗d〈φn〉. (7.2.15)

The last two terms may be rearranged as

d〈φn〉 ∧ ∗dϕ+ dϕ ∧ ∗d〈φn〉 = 2dϕ ∧ ∗d〈φn〉 = 2d(ϕ ∧ ∗d 〈φn〉)− 2ϕ ∧ (d ∗ d〈φn〉)
∼ −2nϕ ∧ (d ∗ d〈φn〉), (7.2.16)

where we dropped the total derivative term. We thus get the usual axion-instanton
coupling term, with the instanton supported on the form (d ∗ d〈φn〉). In the dilute-
gas approximation, summing over all these instantons and fluctuations around them
gives a contribution to the path integral of the form (switching back from ϕ to φ)

Sinst. =
∫
d4x
√
−gPe−SE cos(nφ), (7.2.17)

where P is a prefactor whose computation whose precise computation has only been
achieved in a few cases [214, 215]. We will take |P| ∼ M4

P , since it is at this scale
when the effective description breaks down. This is in accordance with previous
literature, see [166].

However, it is also essential to know whether or not P has an imaginary part.
This will be the case if the spectrum of fluctuations around the instanton background

1We thank [167] for pointing out a missing factor of 1/2 in an earlier version of this manuscript.
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has a negative eigenmode. In this case, (7.2.17) does not have an interpretation as a
potential. The instanton is not mediating transitions between different vacua, rather
it is telling us that Minkowski space is an unstable configuration which can decay
to something else, in the spirit of Witten’s bubble of nothing [216] and of Coleman
and DeLuccia’s [217, 218] bounce solutions.

In [219, 220], it is argued that the Giddings-Strominger wormhole has exactly
one negative eigenmode, and thus P is purely imaginary. However, as discussed
above, the instanton under consideration would be something like half a Giddings-
Strominger wormhole; we would rotate back to an Euclidean solution after the
wormhole throat. It is not clear that the negative mode survives this cutting; how-
ever, since we have not computed the instanton prefactor, we do not know wether
this solution is truly an instanton or a bounce.

Although the physical effects of an instanton and a bounce are very different,
the distinction is not very important if we are concerned only with the possibility
of transplanckian axions as candidates for inflation. The instanton would generate
a huge potential, cutting down the effective field range to φ’s satisfying

|P|e−SE cos(nφ) ∼ V0, (7.2.18)

where V0 is the required height of the inflaton potential in our model. Similarly, the
bounce will initiate a decay to the true vacuum, spoiling inflation and the Universe
with it, unless we restrict ourselves to the same field range (7.2.18). For convenience
from now on we will take P to be real and discuss the physics in terms of axion
potentials. The reader should keep in mind the possibility that we are actually
talking about bounces.

7.2.2 Consequences for a transplanckian axion

If we want the full range of the axion f to be available for inflation, we need (7.2.17)
to be very suppressed. In other words, SE � 1. By looking at (7.2.14), this means
MPn � f . Thus, effects of gravitational instantons constrain the effective axion
decay constant. If f ∼ MP , the gravitational instantons with low n will not be
suppressed. Although strictly speaking we cannot trust our computation for low n
since the wormhole throat is of Planckian size, it is reasonable to say f ∼ 10MP

is ruled out. In any case, this kind of effects do rule out parametrically flat axion
potentials, within the regime of low energy effective field theory.

The effective field range for the action is determined by the first instanton
contribution to become relevant. This is around SE ∼ 1, or in other words n ∼

16f√
3πMP

≈ 5 f
MP

. This generates a potential of the form cos(nφ) which means that in
terms of the canonically normalized axion ζ = fφ, the effective field range is just
∼MP/5.

This bound is quite similar to those obtained directly from the WGC (7.2.1),
where it was argued that there should be instantons in the theory which creates
a potential with higher harmonics which makes the field range subplanckian, for
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all intends and purposes. The gravitational instantons discussed here are not those
demanded by the WGC; the latter are postulated to allow the “decay” of the former.

Axions arising from string theory compactifications typically couple to ex-
tended instantonic objects in the theory, for instance euclidean D-branes. The
supergravity perspective regards D-branes as extended, extremal black hole solu-
tions [52], and so they are in a sense the stringy version of the instantons discussed
above. On the other hand euclidean D-branes are often claimed to be the instantons
required by the WGC. We will elaborate further on this point in Section 7.5.

The above calculations assumed the validity of Einsteinian gravity up to the
Planck scale. This is not generically true in string compactifications, for which this
description breaks down at the compactification scale. To be more specific, the
range of validity of the instanton calculation is bounded by both sides: In order to
trust the gravitational instanton solution the wormhole throat should be larger than
some scale Λ at which extra moduli become light or we start to see stringy physics
in some way; at the same time the above computations neglect the contribution of
the axion potential coming from the gauge instantons to the stress-energy of the
solution. As most of the contribution to the action comes from the vicinity of the
throat, we must demand that it is larger than V −1

0 , where V0 is the scale of the
inflationary potential. Thus, we have the bounds

Λ−1 < a1/4 < V −1
0 ⇒ Λ−1 <

√
n

(3π3) 1
4
√
MPf

< V −1
0 . (7.2.19)

7.3 Gravitational instantons for multiple axions

These bounds on transplanckian decay constants coming from purely quantum grav-
itational arguments agree with the difficulties found in string theory to provide a
transplanckian axion. In [182] was shown for several examples that in order to have
a transplanckian decay constant for an axion, one is always forced to go beyond
the safe and controlled regime of the effective theory. New contributions, usually
in the form of higher harmonics to the potential, become relevant at scales O(MP ).
In [221] the same question was addressed in the context of F-theory, finding simi-
lar harmonics that would forbid parametrically large decay constants. People have
tried to evade these difficulties by considering models of multiple axions in which you
might hope to engineer a direction in the moduli space with an enhanced effective
field range. However there is not a completely successful embedding of any of these
models yet in string theory (see [199, 200, 201, 202, 203, 204] for recent attempts).
While the failure to get a single transplankian axion in string theory is quite widely
accepted, the same question when there is more than one axion is not clear at all.
Here we generalize the computation of the previous Section to the case of multiple
axions and study the gravitational constraints that our instanton imposes over the
effective field range available for inflation. We will see that while parametrically
flat directions are inconsistent with the presence of gravitational instantons, we can
still have a certain numerical enhancement proportional to

√
N with N being the
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number of axions, which survives to the gravitational effects.

7.3.1 Axion-driven multiple field inflation

Let us consider an effective field theory containing N axions φi. The shift symmetries
will be broken by non-perturbative effects inducing a scalar potential which is still
invariant under discrete shifts φi → φi + 2π. The periodicities of the axions define
a lattice in the field space of side length 2π. The effective lagrangian of the system
takes the form

L = 1
2(∂µ~φ)G(∂ν~φ)−

N∑
i=1

Λ4
i (1− cos(φi)) (7.3.1)

where in general the kinetic term is not necessarily canonical. We will refer to this
basis as the lattice basis. We can go now to the physical or kinetic basis, in which
the kinetic terms are canonically normalized by making a rotation to diagonalize

G = RTdiag(f 2
i )R , ~ζ = R~φ (7.3.2)

followed by a field redefinition given by ζ̂i = fiζi. The effective lagrangian in the
kinetic basis reads

L = 1
2(∂µζ̂i)2 −

N∑
i=1

Λ4
i (1− cos(Rjiζ̂i/fi)) . (7.3.3)

If we diagonalize now the potential we get a new lattice which depends non-trivially
on the kinetic eigenvalues fi and the rotation angles. The maximum physical dis-
placement in field space is given by half of the diagonal of this new lattice. If Λi = Λ
for all i, this theory gives rise to N fields with masses m2

i = Λ4/f 2
i and it turns out

that the lightest field is also the one with the largest available field range. In general,
in order to obtain successful inflation along the largest direction in field space we
need to tune the parameters Λi. This can lead to some difficulties when trying to
embed the model in string theory. However, since this issue is very model depen-
dent, we will ignore it and assume that the parameters Λi can always be tuned such
that inflation would occur along the direction of interest. Our focus will be in find-
ing out whether the flat direction survives or it is shortened when the gravitational
instantons are taken into account.

The different ways to achieve large field inflation with multiple axions can be
divided in three main classes:

• N-flation [183]

• Kinetic alignment [188]

• Lattice alignment [162]
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In N-flation models the kinetic metric is assumed to be diagonal already in the
lattice basis. Then both lattice and kinetic bases are proportional to each other
and related by the field redefinition ζ̂i = fiφi, so the original lattice is mapped to
a new rectangular lattice with side lengths 2πfi (see fig.7.1 (left)). The maximum
displacement is then given by a collective mode traveling along the diagonal,

∆Φ = π
√
f 2

1 + · · ·+ f 2
N . (7.3.4)

In the favorable case in which all the decay constant are of similar order f1 ∼ · · · ∼
fN we get an enhancement of

√
N .

In models based on kinetic alignment the kinetic metric is not assumed to be
diagonal when written in the lattice basis. In fact, one can used this freedom to
choose the eigenvector ζi with the largest eigenvalue f 2

i pointing along a diagonal
of the lattice, such that the maximum displacement is then given by π

√
Nfi. This

relaxes the requirements to get large field inflation with N axions, since it is enough
to have one entry of the kinetic matrix large, while the others can remain small. For
concreteness let us consider two axions. The kinetic basis is given by

~̂
ζ =

(
f1 0
0 f2

)
R~φ =

(
f1(φ1 cosα + φ2 sinα)
f2(φ2 cosα− φ1 sinα)

)
(7.3.5)

where f1, f2 are the eigenvalues of the kinetic matrix and we have parametrized the
rotation matrix of (7.3.2) as

R =
(

cosα sinα
− sinα cosα

)
(7.3.6)

It can be easily checked that the maximum physical displacement can be achieved
if the eigenvector ζ1 (assuming f1 > f2) points in the direction of the diagonal of
the new lattice, ie. α = π/4, obtaining

∆Φ = π
√

2f1 . (7.3.7)

The situation of perfect kinetic alignment is depicted in fig.7.1 (right), in which the
inflationary trajectory (red arrow) coincides with the direction determined by ζ̂1.
For later use the metric in the lattice basis can be written in general as

G =
(
f 2

1 cos2 α + f 2
2 sin2 α (f 2

1 − f 2
2 ) cosα sinα

(f 2
1 − f 2

2 ) cosα sinα f 2
1 sin2 α + f 2

2 cos2 α

)
(7.3.8)

where α = π/4 for perfect kinetic alignment and α = 0 for the original models of
N-flation.

The Kim-Nilles-Peloso proposal of lattice claims to achieve a parametrically
flat direction in the potential starting from subplanckian decay constants. However
this large direction, although hidden in some choice of basis for the lattice, is there
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Figure 7.1: Different choices of basis for N-flation (left) and kinetic alignment (right) models.

from the beginning and can be made manifest by going to the kinetic basis. Let us
consider the lagrangian proposed in the original paper [162]

L = 1
2(∂µθ1)2 + 1

2(∂µθ2)2 − Λ4
1

(
1− cos

(
θ1

f1
+ θ2

g1

))
− Λ4

2

(
1− cos

(
θ1

f2
+ θ2

g2

))
(7.3.9)

Consider for simplicity f = f1 = f2. Perfect lattice alignment occurs if in addition
g1 = g2, leading to a flat direction in the potential corresponding to the linear
combination ξ ∝ θ1

g1
− θ2

f
which is orthogonal to the one appearing in (7.3.9). A

slight misalignment g1 − g2 ' ε gives rise to a nearly flat direction in field space
with effective field range parametrized by feff = g2

√
f 2 + g2

1/ε. This effective decay
constant can be done a priori parametrically large by sending ε→ 0. The problem is
that by doing this we are also making the kinetic metric diverge. Let us reformulate
the model in terms of the lattice and kinetic basis introduced above. The KNP basis
θi is related to the lattice basis as follows

~φ = M~θ , M =
(

1/f 1/g1
1/f 1/g2

)
(7.3.10)

In the lattice basis the kinetic term is not canonical and is given by

G = (MT )−1M−1 = 1
(g1 − g2)2

(
g2

1(f 2 + g2
2)2 −g1g2(f 2 + g1g2)

−g1g2(f 2 + g1g2) g2
2(f 2 + g2

2)2

)
(7.3.11)

By diagonalizing G we can get the kinetic eigenvalues f1, f2 and the rotation angle
α in terms of the initial decay constants f, g1 and g2. Interestingly it turns out that
one of the eigenvalues scale as f1 ∼ 1/ε while the other as f2 ∼ ε. Hence an effective
transplanckian field range (ε < 1) is possible only if one of the kinetic eigenvalues
is transplanckian. Besides in the limit ε → 0 we also have that tan(α) → 1 so the
rotation angle α→ π/4 and the system approaches perfect kinetic alignment.

In fact, by diagonalizing the metric and doing the field redefinition explained
in (7.3.2) (to go to the kinetic basis) it can be checked that the kinetic eigenvector
with the largest eigenvalue corresponds indeed to the flat direction that KNP uses

122



CHAPTER 7. TRANSPLANCKIAN AXIONS

4 2 0 2 4 6

6

4

2

0

2

4

0.5 0.0 0.5 1.0 1.5 2.0

0.5

0.0

0.5

1.0

1.5

2.0

Figure 7.2: Different choices of basis in KNP models. The red line always correspond to the
inflationary trajectory.

for inflation, ie. ζ̂1 ≡ ξ. Therefore the maximal displacement is still given by (7.3.7)
with the crucial difference that now the eigenvalue f1 is transplanckian.

Figure 7.2 illustrates the relation between the different choices of basis which
play a role in the discussion. In the left Figure we show the lattice generated by the
potential (basis {φ1, φ2}), and the transformation required to go to the KNP basis.
In the right Figure we take the KNP basis as canonical and show its relation with
the other basis. The degeneracy of the matrix M in the limit of lattice alignment is
pictorially translated into the almost degenerate vectors {φ1, φ2}.

To sum up, a priori we could get a parametrically large flat direction by do-
ing ε → 0 which is equivalent to increase parametrically the value of the kinetic
eigenvalue f1, so the large scale is hidden in the model from the beginning and is
not a consequence of a clever change of basis. The remaining question is then if a
transplanckian f1 is consistent in a quantum theory of gravity.

In the following we turn to study the effects of the gravitational instantons
over these multiple field inflationary models.

7.3.2 Gravitational effects

Let us generalize the computation performed in Section 7.2 for the case of N axions
with generic non-canonical kinetic terms. The gauge potential sets the periodicities
of the axionic fields, but has no relevant effect in the resolution of the Einstein’s
gravitational equations as was discussed at the end of Section 7.2.2. Hence we
neglect it from now on as was done in the single field case. The stress-energy tensor
of the axion system is now

Tµν = ∂µ~φG∂ν~φ−
1
2(∂µ~φG∂µ~φ)gµν (7.3.12)

with nonvanishing components

Trr = ∂r~φG∂r~φ, Tii = − 1
2f(r)∂r

~φG∂r~φgii, i = ψ, θ, φ. (7.3.13)
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Recall that the fields φi are adimensional and define a lattice of periodicities 2π.
Dirac quantization then implies ∫

S3
d~φ = G−1~n (7.3.14)

with ~n some vector of integer entries. This implies that at large distances the axions
must have have an asymptotic profile of the form

~φ ∼ G
−1~n

4π2
1
r2 (7.3.15)

By solving the Einstein’s equations we get

fI(r) = 1
1− a

r4
, ∂r~φG∂r~φ = ~nTG−1~n

4π4
f(r)
r6 , a ≡ ~nTG−1~n

3π3 G (7.3.16)

which reduces to the solution of a single field obtained in Section 7.2 upon setting
G = f 2. The action of the gravitational instanton becomes

SE =
√

3π
16 MP

√
~nTG−1~n (7.3.17)

and induces a potential for the system of axions given by

V = P ′e−SE cos(niφi) (7.3.18)

Notice that the fundamental periodicities of the potential generated by the grav-
itational instantons are the same as those of the original lattice. Thus if there is
some vector ~n for which the action SE ∼ 1, the corresponding gravitational induced
potential will spoil inflation. Since we have encoded all the information about the
periodictiies of the physical lattice in G, the effect of gravitational instantons on
the realization of large field inflation reduces to see if the “tricks” used to get large
displacements in multiple field inflation also imply that SE is small.

The situation of two axions is depicted in Figure 7.3 for α = 0 (left) and
α = π/4 (right), the latter corresponding to the perfect kinetic alignment situation
described above. The Figure illustrates the dual lattice, so for instance the vectors
~n1, ~n2 correspond to the instantons with integer charges (1,0) and (0,1) respectively.
The blue ellipse represents the region for which S̃E = 16√

3πSE ≤ 1 and the gravita-
tional instantons induce a non-negligible potential for the axions2. The axis lengths
of the ellipse are determined by twice the eigenvalues of the kinetic matrix G and
it is rotated with respect to the fundamental lattice by an angle given by α. The
red line represents the would be inflationary trajectory in each case. If the physical
lattice is such that some point corresponding to a vector ~n lies inside the ellipse,
then the gravitational instantons will induce a potential which spoil inflation if the
vector ~n is close enough to the inflationary trajectory. This is not the case if the
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Figure 7.3: Instanton action for a model of N-flation with two axions (left) and a model of kinetic
alignment (right). The red line corresponds to the direction of the inflationary trajectory.

metric eigenvalues remain subplanckian and therefore no point lies within the el-
lipse, as can be deduced from fig.7.3 for the cases under consideration. But let us
take a closer look to understand how this works in general.

In N-flation or kinetic alignment, all the eigenvalues remain subplanckian and
the enhancement is generated by traveling along a diagonal of the field space. For
simplicity let us consider two axions in the most favorable situation of perfect kinetic
alignment, ie. α = π/4. The kinetic metric is given by (7.3.8), leading to

~nTG−1~n = 1
2f 2

1 f
2
2

(
f 2

1 (n1 − n2)2 + f 2
2 (n1 + n2)2

)
(7.3.19)

The maximum displacement takes place along the direction of the eigenvector with
the largest eigenvalue. For concreteness, let us consider f1 > f2 so this eigenvector
is ζ̂1 = f1(φ1 +φ2)/

√
2, corresponding to a direction with n ≡ n1 = n2 in the lattice

basis. Along the inflationary trajectory, the action for the gravitational instanton
becomes

SE =
√

3π
16 MP

√
~nTG−1~n =

√
3π

16 MP

√
2n
f1

(7.3.20)

Notice that this action is a factor
√

2 bigger comparing to the one obtained in the
single field case (7.2.14), while the maximum displacement (7.3.7) is a factor

√
2

larger. This result can be generalized to N axions obtaining that the same factor√
N which enhances the effective field range, also appears in the instanton action

suppressing the amplitude of the induced gravitational potential.
The same results apply for N-flation, where the only difference is that both

kinetic and lattice basis are proportional so α = 0 and the decay constant entering
in SE is not the largest one but the Pythagorean sum of all of them.

2The prefactor
√

3π
16 is characteristic of the gravitational instanton under consideration, so it is

the same both for one or multiple axions. Hence we plot S̃E (the action ommiting
√

3π/16) in
order to compare directly the constraints for multiple axions with those for a single axion.
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The case of lattice alignment is however different. We have seen that a large
effective decay constant in the proposal of KNP implies a parametrically large eigen-
value of the kinetic matrix G. Hence the inverse of the metric has a nearly zero
eigenvalue and the effects of the gravitational instantons are huge. In more detail,
along the kernel direction the action will scale as SE ∼ ε2 being ε the misalignment
parameter, so if ε < 1 (in order to have a transplanckian effective field range) then
the action is automatically SE . 1. It can be checked that the kernel direction is
indeed the nearly flat direction used for inflation, so there is no way out. A vector
~n, no matter how big its components, will have nearly vanishing action as long as
it is close enough to the kernel direction and will spoil inflation.

The result becomes even more clear by looking at Figure.7.4. In the limit
of lattice alignment one of the kinetic eigenvalues tends to zero while the other
diverges. This implies that the ellipse is very thin in one axis and very long in the
other one, so it captures most of the points with n1 = −n2 (all of them if there is no
misalignment). This implies that the instantons with charges n1 = −n2 will have
a nearly zero action and will induce a huge potential for the axions. In addition,
the inflationary trajectory is identified with the direction of the eigenvector with the
largest eigenvalue, implying that these instantons indeed generate a potential along
the inflationary trajectory and spoil inflation. Each of the points lying within the
ellipse can be seen as a higher harmonic contribution which reduces dramatically
the field range.

One could hope to engineer a concrete model in which all these contributions
are suppressed enough to get successful inflation, but then the advantage of invoking
an axion in order to have control over higher order corrections is partially lost. One
should really keep trace of all these non-negligible non-perturbative effects, which is
clearly not an easy task. In this sense a model based in lattice alignment does not
provide any improvement with respect to a model of a single axion.

2 0 2 4 6
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4

2
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4

Figure 7.4: Gravitational effects for a model of lattice alignment. The blue ellipse represents the
region for which the instanton action is small and its effect over the axion can not be neglected.
The red line corresponds to the direction of the inflationary trajectory.

These results indicate that having multiple axions might help to relax the
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gravitational constraints found for the effective field range of a single axion, as long as
there are not intrinsic transplanckian scales hidden by any change of basis. To check
that, one can always go to the lattice basis such that all the information about the
length scales is encoded in the kinetic matrix, and check that the eigenvalues remain
subplanckian. If this is the case one can still have an enhancement of the decay
constant by traveling along a diagonal of the field space. However this enhancement
is given at most by a factor of

√
N , so for N fixed one can never get a parametrically

large field range. Even so, one could think that this result is in contradiction with
the results of Section 7.2, since one could always integrate out all massive degrees
of freedom, except the one corresponding to the inflationary trajectory, ending up
again with a single inflationary model with a transplanckian field range but this
time without a gravitational instanton to constrain it. Therefore we must be missing
some information when integrating out naively the massive degrees of freedom. The
solution to this ’paradox’ is clarified in Section 7.4, but before that, let us comment
about two assumptions we have made in our computation.

First, we have assumed that the fundamental periodicities of the axions are the
ones determined by the scalar potential. However, if V ∝ cos(φ/f), the potential is
also periodic under shifts ∆φ = 2πmf where m can be any positive integer. This is
indeed what happens in most of the attempts to embed alignment inflation in string
theory, where the induced potential is V ∝ cos(mφ/f ′) with f ′ = mf and m > 1.
Thus a natural question would be what changes in the study of the gravitational
instantons if m > 1. The answer is that all of our results still apply in the same way,
but we are missing in addition some gravitational instantons which could modify
the profile of the potential but not reduce the field range. The generalization of the
potential induced by the instantons if m > 1 reads

V ∼ e−SE cos
(
nφm

f ′

)
, SE ∼

nMP m

f ′
(7.3.21)

The instanton to which we were assigning the unit charge n = 1 actually would
correspond to that of charge n′ = m. It is clear from (7.3.21) that by redefining
f ′ = mf we are still capturing the effects of all instantons with n′ ≥ m, but we
are missing the information about instantons with n′ < m. However these latter
instantons induce a potential periodic only under bigger shifts ∆φ > 2πf . Hence
although they might modulate the inflationary potential in a non negligible way if
the instanton action is small enough, they are not relevant for our discussion since
they do not reduce the effective field range. This can be easily generalized to more
than one axion. The periodicities set by the potential generate a lattice L, but they
are also compatible with any sublattice S ⊂ L. Since the dual lattice L∗ ⊂ S∗ is
contained in the dual of S, S∗, by considering L we are missing some instantons
present in S∗ but not in L∗, which do not respect the periodicity of the potential
but instead have a bigger period.

Finally, here we have assumed MP to be a constant. However, the Planck
mass will also receive quantum corrections from diagrams involving the N axions
running in the internal loops, so MP will grow as

√
N , canceling the Pythagorean
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enhancement from traveling along the diagonal [183, 199]. It has been argued that
suitable cancellations can occur such that even if a parametrically large field range
is not possible, one might still get a sufficient large field range to provide inflation.
Studies regarding the diameters of axion moduli spaces in Calabi-Yau manifolds have
been carried out in [165], showing the difficulties arising to have an enhancement
of a moduli space diameter while keeping the overall volume small (see also [191]
for a more optimistic view). We just want to remark that the gravitational effects
which are usually argued to be behind the difficulties from getting transplanckian
field ranges in string theory might actually be suppressed for the case of multiple
axions. Some of the gravitational instantons which are assumed to be present in the
IR, might actually not exist due to the selection rules of some ZN discrete gauge
symmetries in the UV, as we proceed to explain in the following.

7.4 Discrete symmetries in multiple axion sys-
tems

We now want to point out what seems to be a paradox between the results of sections
7.2 and 7.3. We will consider a system with two axions ~φ. In the basis in which the
lattice is diagonal, we will have a nontrivial kinetic term G. The lagrangian will be

L = 1
2(∂µ~φ)G(∂ν~φ)−

N∑
i=1

Λ4
i (1− cos(φi)). (7.4.1)

We will couple this system minimally to gravity, and also assume Λi � MP . As
discussed above, kinetic alignment provides successful inflation. In other words, we
take Λi = Λ and

G = RT

(
f 2 0
0 g2

)
R, (7.4.2)

where R is the rotation matrix which takes the vector (1, 0) to the diagonal 1√
2(1, 1).

Indeed, if one defines ~ζ = R~φ, then the potential becomes

Λ4

2−
2∑
j=1

cos(2πRjiζi)
 = 2Λ4

[
1− cos( ζ1√

2
) cos( ζ2√

2
)
]
. (7.4.3)

By changing to ζ̂1 =
√

2fζ1, ζ̂2 =
√

2gζ2, we see that this field theory describes 2
fields with masses Λ4/g2 and Λ4/f 2. If g � f , we may take the latter as an inflaton.
The potential along its direction has a periodicity

√
2f .

So far, we have only described again the kinetic alignment mechanism of [188]
discussed in the previous section. However, we may now integrate out all degrees of
freedom with mass Λ4/g2 and higher, as long as we are away of ζ1 ∼ π/

√
2, which is

where inflation ends. We will be left with a theory of a single transplanckian axion
which would seem to have an enhanced periodicity

√
2f .
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From the results of Section 7.2, we know that such a theory has gravitational
instantons contributing potentials of the form cos

(
n ζ̂1√

2f

)
, with n any integer. As

discussed there, these gravitational instantons reduce the effective field range, con-
straining f < MP and thereby spoiling inflation.

However, the gravitational instantons contributing to the action can also be
studied before integrating out the heavy axion, and we know from the results of
Section 7.3 that in this case inflation with a transplanckian field range is indeed
possible. What is going on?

A look at the instanton action (7.3.17) tells us that any instanton not in the
direction of (1, 1) will pick up a contribution proportional to 1/g and hence will
be tremendously suppresed. When computing instanton corrections to the path
integral, a consistent criterion is to pick all the configurations with action smaller
than some pre-stablished value; in this Section we will drop any instantons whose
action goes as 1/g, in accordance with our initial statement that f � g. Notice
however that configurations with actions of order MP/f will be large (since f is
subplanckian) but will be retained nevertheless; otherwise, we would not be able to
analyze the potential generated by the gravitational instantons. Also, MP/f � 1
is the regime when the instanton throat, etc. are larger than the Planck length and
so our effective field theory computations can be trusted.

Let us compute the action of an instanton with ~n = n(1, 1):

Sinstanton
E (n) =

√
3π

16
n
√

2MP

f
=
√

3π
16

MP√
2f

(2n). (7.4.4)

The instanton generates a potential of the form cos
(
2n ζ̂1√

2f

)
. That is, gravitational

instantons only generate even harmonics in terms of the periodicity of the effective
transplanckian axion established by the gauge potential.

Clearly, the effective field theory of one axion is missing some constraint coming
from the UV. A selection rule forbidding odd-order harmonics is highly reminiscent
of a discrete symmetry [42, 75, 76, 77]. We will now study the precise way in which
the IR theory forbids the presence of these odd charge instantons: it can do so
because in the g → 0 limit there is another set of instantons of low action which
contribute the path integral, namely, charged axionic strings.

7.4.1 The string

Gravity not only enables us to build an instanton for any axion we may have, but
it also allows us to build the dual object: a string around which the axion has the
asymptotic profile ~φ = θ~m, where θ is the angle around the string. The instanton
couples electrically to the axion field, whereas the string has a magnetic coupling of
the kind ∫

string
d~φ. (7.4.5)
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So, we are led to study solutions of the coupled Einstein-axion system with
cylindrical symmetry and monodromy 2π~m as we circle around the string. Solutions
to this system have been considered before in the literature [222, 223, 224, 225].
Asymptotically, the stress energy tensor in cylindrical coordinates is of the form

T νµ = C

r2diag(1,−1, 1, 1). (7.4.6)

It turns out [224] that of the solutions of Minkowskian Einstein’s equations cor-
responding to the above mondromy only one has locally flat asymptotics, and it
corresponds to a very unphysical configuration in which there is an event horizon
outside which the metric is not static. Physically, what happens is that the constant
stress-energy implied by an asymptotic profile with the above monodomy acts as a
fluid with larger and larger stresses as we go away from the string, which in turn
curves the space at asymptotic regions. To compensate and get a flat solution one
must put large negative sources of stress-energy at the core of the string, and these
cause the losss of staticity of the solution.

Although it is not possible to have an asymptotically flat Minkowskian metric
describing one such string, it may be possible to have one describing two strings
with opposite monodromies, so that asymptotically the stress-energy vanishes. This
suggests (and this is indeed the case) that although there are no asymptotically flat
Minkowskian solutions, there might be asymptotically flat Euclidean ones. Physi-
cally, these would describe the nucleation of a string- anti string pair, or one could
have closed strings as loop diagrams contributing to vacuum to vacuum amplitudes.
The crucial element ensuring the existence of well-behaved asymptotically flat Eu-
clidean solutions when there are no Minkowskian ones is the swap of the sign of
the kinetic term of an axion when continued to the euclidean [209]. This was also
crucial to ensure the existence of our instantons above.

We thus propose to consider a metric tensor for the string of the form (analytic
continuation of [224, 222], whith “wrong” kinetic term sign)

ds2 =
(

1 + 1
σ

log
(
r

r0

))
dt2 + dz2 +

(
1 + 1

σ
log

(
r

r0

))−1
dr2 + µσr2dθ2 (7.4.7)

The axion string must satisfy
∫
S1 d~φ = 2π~m, where the S1 is any S1 which encloses

the string. This immediately implies by symmetry that ∂θ~φ = ~m, or ~φ = ~mθ. Also,
µ = ~mTG ~m. Notice the branch cut for the axion; this creates a “Dirac domain
wall”, similar to the Dirac string in the singular gauge description of monopoles.
Instantons crossing this wall should contribute a trivial phase. The parameter r0
can be related to the total length of the Dirac string in some contrived way; we will
leave it and study the results as a function of r0.

This metric will describe the near-field limit of a closed string. The Dirac
domain wall will therefore be a disc, whose boundary is the actual string (see Figure
7.5).

The metric (7.4.7) has a coordinate singularity at rh = r0 exp(−σ), but as
usual when continuing to the Euclidean the space is much nicer. We must take the

130



CHAPTER 7. TRANSPLANCKIAN AXIONS

Figure 7.5: Pictorial representation of the euclidean string (thick black line) and its associated
Dirac domain wall (blue shaded circle). When we move an instanton around the dashed circle, it
picks an extra phase as it crosses the domain wall. This phase must be trivial for the theory to be
consistent.

time coordinate as periodic in order to avoid a conical singularity [140]. The period
of the imaginary time coordinate is 4πrh, i.e. 2π times twice the horizon radius, as
usual.

On the other hand, the metric we have built for the euclidean string is not
asymptotically flat. This is not a problem, as it describes the fields near the core
of the string; one expects that an asymptotically flat solution exists for a closed
string, and that the above metric is a well approximation near the core of the string.
However, this means that for realistic solutions one should impose an upper cutoff
R after which the approximation (7.4.7) is no longer good; typically, R will be of
order of the radius of the closed string.

We have

1
2
√
g(∂µ~φ)G(∂µ~φ) = µ

√
gθθ

=
√
µ

2
√
σr
. (7.4.8)

And thus the action per unit length is

Sstring
E

2πR ≈ 8π2rh

∫ R

2rh

√
µdr√
σr

=
8π2rh

√
µ√

σ
log

(
R

2rh

)
=

8π2rh
√
µ√

σ

[ 1
σ

+ log
(
R

2r0

)]
.

(7.4.9)

The point here is that, as a function of σ, the action of the string can be made
arbitrarily small for σ → ∞, which corresponds to vanishing small mass per unit
length. So in principle the action of the above instanton can be made arbitrarilly
small. A cutoff however is imposed by the fact that rh should be greater than the
Planck length, otherwise the above solution should not be trusted. Since r0 will be
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of order R, this imposes σ < log(r0/lp) so we arrive at

Sstring
E

2πR > 8π2√µ 1√
log

(
r0
lp

)
 1

log
(
r0
lp

) + log
(
R

2r0

) (7.4.10)

The good thing about the logarithms is that they contribute things of order 1, 2 at
most. Also, the radius of the string must be several orders of magnitude larger than
the Planck length (i.e, R & lp), so we end up with a bound (restoring the Planck
mass)

Sstring
E & 16π3

√√√√ ~mTG ~m
M2

p

. (7.4.11)

7.4.2 Putting everything together

Now that we have the action of the Euclidean strings, we have to ask ourselves under
which circumstances do they contribute significantly to the path integral. Recall,
as discussed above, that we will neglect contributions to the path integral of action
∼MP/g but not those which depend on f .

With this criterion, instantons with ~n = (n1−n2) with n1 +n2 have an action
which scales asMP/g and are therefore suppressed. However, their dual strings (say,
the string with ~m = (1, 0)) are not suppressed; from (7.4.11) their action goes as

Sstring
E & 16π3MP

√
f 2(m1 +m2)2 + g2(m1 −m2)2

2 . (7.4.12)

Thus, when we compute the IR effective theory for ζ̂1, it is not consistent to integrate
out ζ̂2 and retain the gravitational instantons which generate the even-harmonics
potential for ζ̂1. If we want the latter, we must allow for any other configuration
which goes as f/MP in the path integral, such as the strings. The effective theory
in the IR is not a single axion of periodicity

√
2f coupled to gravity; it also contains

euclidean strings which change the quantum theory.
These strings constrain the allowed gravitational instantons, forbidding those

of odd charge. As discussed above, the strings generate a Dirac domain wall. Con-
sider a configuration with a string with vector ~m and an instanton with ~n. If we
move the instanton so as to cross the Dirac domain wall, the phase should be (a
multiple of) 2π. Actually, the phase the instanton gets upon moving along an S1

with linking number 1 with the string is∫
S1
~n · d~φ = 2π ~n · ~m. (7.4.13)

To write this amplitude in terms of IR quantities, we must substitute ~n = n
2 (1, 1).

n could be any integer and still respect the periodicity of the lattice. However, for
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~m = (1, 0) that the above phase becomes just πn. Consistency of the path integral
thus requires that only even-order harmonics contribute.

From the UV point of view, what is happening is clear. The instanton discussed
in the previous paragraph would lift to an instanton with ~n = 1

2(1, 1). This is not a
vector of the instanton lattice, and hence the instanton is not allowed. However, the
Z2 discrete symmetry operating in the IR is harder to see. Notice that the absence
of odd harmonics in the potential is only strictly true in the limit g → 0; otherwise
we have gravitational instantons breaking the Z2 symmetry, even if they are very
suppressed.

In the limit g → 0, the two antidiagonal corners of the axion lattice are at zero
distance from each other. The lattice in which the canonically normalized fields ~φ
live, which is spanned by the vectors 1√

2(f, g) and 1√
2(f,−g) degenerates to a single

straight line generated by 1√
2(f, 0) (see Figure 7.6). As a result, an extra lattice point

appears on the diagonal of the unit cell. So although it indeed seems that the axion
lattice has a diagonal of length 2π

√
2f , in the degenerate limit the extra lattice point

cuts that periodicity by half. As a result, only even-order harmonics are allowed in
the potential. In other words, a theory with two axions in which one becomes very
massive cannot be reduced to the effective theory of the remaining axion, but rather
requires the inclusion of something else, an additional Z2 symmetry.

(
f√
2 ,

g√
2

)

(
f√
2 ,−

g√
2

)
PO (√

2f, 0
)

Figure 7.6: Basis of the axion lattice with canonically normalized axions. The diameter of the
axion lattice is given by the red dashed line. As g → 0, the two elements of the lattice basis move
along the blue dashed line to degenerate to the segment OP , resulting in a one-dimensional lattice
with half the periodicity.

If we had actually taken the g → 0 limit the Z2 gauge symmetry would have
been exact and even the gauge potential used for inflation would have had to obey
it. The theory would contain a single effective axion of subplanckian periodicity
2πf/

√
2, and that would be the end of the story. By allowing a small, explicit

breaking of the symmetry, we can have a transplanckian axion with highly sup-
pressed gravitational contributions, allowing for tranplanckian inflationary regimes.
Speaking loosely, one may degenerate the axion lattice in a precise way so that the
gravitational effects “think” that the effective axion is subplanckian, but the gauge
effects know it is not.
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The above discussion generalizes in a straightforward manner to N axions. In
this case, there will be a ZN gauge symmetry, which in the UV will come from the
degeneration of all the lattice basis vectors to the form 1√

N
(f, 0, . . .).

This “loophole”, which allows for axions with large decay constants, works
because we have assumed the existence of two separate sets of instantons: the gravi-
tational ones (which for low charges will be superseeded by their stringy counterparts
related to the WGC, as described in the next section) and the gauge ones, whose
action we are taking as a free parameter. This is only possible if the strong forms of
the WGC for several U(1)’s discussed in the previous Chapter do not hold. This is
discussed in detail in [169], but it is easy to see: The gauge potential (7.4.3) must
have the right value of Λ to result in successful inflation. But this means that the
instanton generating it has an action bigger than 1 in units of MP/f . Thus, the
“lightest” charged object in the theory is subextremal (in the sense that its action
is bigger than that of the gravitational instantons), so that the second strong form
does not apply.

However, this does not mean that transplanckian axions are excluded the mo-
ment we require any strong forms the WGC. There are several caveats, all of them
related to the fact that there is no clear definition of extremal curve for 0-forms
(indeed, this is why we avoided discussion of charge-to-mass ratios in this context).
For instance, [164] provides a controlled example in which instanton prefactors are
smaller than assumed here, and as a result one can have a slightly transplanck-
ian axion. [226] provides a recent example in a controlled setup in string theory
where the effects of many instantons are taken into account, resulting in a slightly
superplanckian field range. Taking all of this into account, the question of exactly
which models of multiple axion inflation allow for transplanckian displacements is
still open.

7.5 Aspects of string theory realizations

In earlier sections of this Chapter we have considered gravitational instantons in
theories of gravity coupled to axions, as part of the effects present in a complete
quantum gravitational theory. In this section, we focus on the interplay between
our results and expectations in string theory compactifications realizing the axion
models described.

7.5.1 Generalities

A first observation is that, in order to produce viable single-field inflation models,
the string theory compactifications must deal with the challenge of rendering all
fields except the axion(s) massive at a hierarchically large scale, so that they do not
interfere with the axion inflationary scenario. This typically requires a relatively
large breaking of supersymmetry, in order to get rid of the saxion superpartners.
Therefore, in our consideration we pay special attention to often-forgotten features
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arising in the absence of supersymmetry.
In string theory, axions are ubiquitous. For instance they can arise very generi-

cally from the KK compactification of higher-dimensional p-form fields over p-cycles
in the internal space (see e.g [227, 228, 229, 230, 231, 232, 233, 234, 235, 236]
for such axions as inflaton candidates); they also arise from D-brane positions in
toroidal compactifications or in large complex structure limits of Calabi-Yau com-
pactifications (see [237, 238, 239, 240] for such axions as inflaton candidates). For
concreteness and for their genericity, we focus on axions coming from the RR p-form
potentials integrated over p-cycles.

In general, many of these axions can get masses from fluxes in general com-
pactifications. In applications to inflation, one assumes that this happens at a high
scale3, so that one is left with a low energy theory with a reduced set of axions.

The non-perturbative contributions to the potential for these axions (the gaug-
ino condensate in phenomenological models like natural inflation or its diverse
aligned multi-axion variants) are realized in terms of non-perturbative effects on
gauge sectors arising from wrapped D-branes in the model. For instance, many
models are based on type IIB theory with axions coming from the RR 4-form
on 4-cycles, and the 10d type IIB axion. The relevant gaugino condensate non-
perturbative effects arise from gauge sectors on D7-branes on 4-cycles (and possibly
with worldvolume gauge backgrounds inducing D3-brane charge coupling to the 10d
type IIB axion).

In addition to these field theory non-perturbative effects, there are nonper-
turbative effects from euclidean D-brane instantons. In general, for any axion in
string theory there are such D-brane instanton effects which induce corrections in
the 4d effective action 4. In the above example, of type IIB with axion from the
RR 4-form (and the universal axion), the corresponding instantons are euclidean
D3-branes wrapped on 4-cycles (possibly magnetized, inducing D(-1)-brane instan-
ton charge, coupling to the universal axion). Actually, the non-perturbative gaugino
condensate superpotential can be described in terms of “fractional”5 D3-brane in-
stantons wrapped on the D7-brane 4-cycle (and with the same worldvolume gauge
background). D3-brane instantons which do not have a gauge theory counterpart
are dubbed exotic or stringy in the literature [194, 195, 196, 197].

In supersymmetric backgrounds, the kind of superspace interaction induced
by euclidean D-brane instanton effects depends on the structure of exact fermion

3Actually, is is possible to consider models in which some axion receives a hierarchically small
contribution to its potential from the fluxes. In those cases however the structure of the flux
potential is such that it induces axion monodromy (e.g. the F-term axion monodromy inflation
models [232], see also [233, 234]), for which our analysis does not apply.

4Actually, for axions made massive by fluxes, the corresponding instantons are absent due
to Freed-Witten consistency conditions [241]; but these are precisely the axions which we have
assumed have been integrated out in our effective theories.

5The fractionalization of instantons in an SU(N) gauge theory is manifest in the F-theory lift,
in which the elliptic fibration over N D7-branes pinches off into N component 2-cycles, each of
which can be wrapped by an instanton (described as an M5-brane on the 2-cycle of the elliptic
fiber fibered over the base 4-cycle).

135



CHAPTER 7. TRANSPLANCKIAN AXIONS

zero modes (see [205] for discussion). For instance, superpotential terms (and there-
fore contributions to the scalar potential) are generated only by instantons with
exactly two fermion zero modes (to saturate the d2θ measure) [242]. Instantons
with additional fermion zero modes induce non-perturbative corrections to higher
F-terms (which locally in moduli space can be written like D-terms), namely higher-
derivative terms or multi-fermion operators [243]. However, in the presence of su-
persymmetry breaking effects, these higher F-terms can descend to contributions to
the superpotential (or in non-susy language, to the scalar potential), by contracting
the additional external legs with insertions of the supersymmetry breaking opera-
tors [206]; more microscopically, the susy breaking sources can lift the additional
fermion zero modes of the instanton, to allow them to contribute to the scalar po-
tential (see e.g. [244, 245] and references therein). Therefore, a general lesson in
non-supersymmetric situations is that fairly generically all D-brane instantons in-
duce corrections to the scalar potential; the only price to pay is the appearance of
suppression factors in Msusy/Ms, where Msusy is the susy breaking scale. Since our
main interest lies in applicactions to large-field inflation, in which the inflation scale
is high and supersymmetry is broken substantially (e.g. to remove the saxion degrees
of freedom), our setup is that all D-brane instantons contribute to the potential of
the corresponding axions6. We will often omit the very model-dependent prefactors
depending on Msusy/Ms.

7.5.2 D-brane instantons and gravitational instantons

String theory thus provides a set of non-perturbative objects coupling to the low-
energy axions, and inducing non-perturbative contributions to the scalar potential
of the form

VD−inst ∼ Pe−SD−inst [ 1− cos(
∑
i

niφi) ] (7.5.1)

where ni are integer charges under the axions φi, normalized to 2π periodicity, P is
an instanton dependent prefactor, and SD−inst is the D-brane instanton action.

For instance, in the example of axions arising from the RR 4-form (and the
universal axion), we can introduce a basis of 4-cycles Σi, i = 1, . . ., and define

φi =
∫

Σi
C4 (7.5.2)

and let φ0 denote the universal axion. In this setup, the instanton generating (7.5.1)
is an euclidean D3-brane wrapped on the 4-cycle ∑i niΣi, and with a worldvolume
gauge background with second Chern class n0.

The close resemblance of (7.5.1) and (7.3.18), suggests the gravitational instan-
tons may correspond to an effective description of non-perturbative effects which are

6This is similar to the implicit assumption we are taking for gravitational instantons, which
in the presence of supersymmetry may have extra fermion zero modes and contribute to higher-
derivative terms [246].
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microscopically described in terms of D-brane instantons. This would be much in the
spirit of the correspondence between gravitational black hole solutions and systems
of D-branes. In the following we provide some hints supporting this interpretation,
at the semi-quantitative level (which is presumably the best one can hope for, in
these non-supersymmetric setups).

An interesting observation is that BPS euclidean D-brane instantons (in gen-
eral spacetime dimensions) can be described as solution to the euclidean supergrav-
ity equations of motion. These solutions source only the gravitational field and the
axion(s) (complexified by a dilaton-like partner), have precisely the axionic charge
structure of our solutions, and moreover in the string frame they are described by
wormhole geometries, see e.g. [247, 248], see also [249, 250]. It is tantalizing to pro-
pose that our wormhole solutions correspond to a low-energy version of the D-brane
instanton wormhole solutions, once the dilaton-like scalar partners are removed (by
a hypothetical integrating out mechanism once these fields are made massive in the
string setup). Notice that in the absence of dilation-like scalars, the string and Ein-
stein frames are equivalent, so the wormhole nature of the D-brane instanton gravity
solution becomes more physical.

An interesting hint in this direction comes from the dependence of the in-
stanton actions on gs. Let us consider the single axion case for simplicity. For
gravitational instantons, the dependence of the action (7.2.14) on gs is hidden in the
4d quantities MP and f . To make it explicit, let us consider the case of an axion
from the RR 4-form, and perform the KK reduction of the 10d action for gravity
and the RR 4-form, which (modulo the familiar self-duality issues) has the structure

S10d ∼
1
α′4

∫
d10x
√
−G (e−2ΦR + |F5|2) (7.5.3)

with Φ the 10d dilaton. Defining the axion by C4 = φω4 for some harmonic 4-form,
in 4d we get

S4d ∼
∫
d4x

(
M2

P

√
−g R + f 2 |dφ|2

)
(7.5.4)

with

M2
P '

V6

α′4g 2
s

, f 2 ' 1
α′4

∫
X6
|ω4|2 (7.5.5)

Hence the charge-n gravitaional instanton action has a parametric dependence

SE ∼
MP n

f
∼ n

gs
(7.5.6)

where in the second equation we have ignored the ω4-dependent prefactor.
The above expression has the precise parametric dependence expected for a

charge-n euclidean D-brane instanton (namely, a D3-brane multiply wrapped n times
on the corresponding 4-cycle). We take this agreement as a suggestive indication of
the above indicated relation between gravitational instantons and D-brane instan-
tons.
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This analysis for the dependence on gs generalizes straightforwardly to the
multi-axion case, using the action (7.3.17). The agreement on the parametric de-
pendence is in general not exact, but holds for large charges as follows. Consider an
euclidean D-brane with axion charge vector of the form ~n = p ~n0, i.e. a large multiple
of a basic vector ~n0. On general grounds, we expect the D-brane instanton action
to scale as SD−inst ∼ p S0, with S0 the action of the D-brane instanton associated to
~n0. The parametric dependence on p is straightforwardly reproduced from (7.3.17).

In some particularly simple instances, the action of D-brane instantons agrees
with the precise dependence of the charges in (7.3.17), as we describe in a particular
setup in the next section.

7.5.3 Charge dependence in flat multi-axion setups

In some very specific models, the specific dependence of the gravitational instanton
action (7.3.17) on the charges of the axion lattice can be shown to survive the
embedding into string theory.

Consider an euclidean (p − 1)-brane wrapping a p-cycle C of the compactifi-
cation manifold. Even if the brane is not BPS, one may estimate the action of the
instanton via the usual Dirac-Born-Infeld action. In the particular case there are no
gauge or B-fields turned on the brane worldvolume, this is just

SDBI ≈
µp
gs

∫
C
dVp = µp

gs
Vp, (7.5.7)

proportional to the volume of the p-cycle. We will now see that, under some (ad-
mittedly very specific) circumstances, the action (7.5.7) has a dependence on the
charges of the axion lattice similar to that of (7.3.17).

In order to do this, it will be convenient to have an alternative expression for
the volume element dVp of the brane. Let us assume that a globally defined (n− p)
form exists such that ∗ωn−p = λdVp, where λ is a constant and n is the dimension
of the ambient space (typically n = 6, although we may also consider submanifolds
of the compactification manifold if we like). That is, ∗ωn−p is proportional to the
volume form of the p-cycle. Using the condition dVp ∧ ∗dVp = dVn, one gets λ =√
∗(ωn−p ∧ ∗ωn−p), and thus we may write

dVp = ∗ωn−p√
∗(ωn−p ∧ ∗ωn−p)

. (7.5.8)

The usefulness of the above expression depends largely on the possibility of finding a
suitable ωn−p. This is a hard thing to do in general, since ωn−p cannot be guaranteed
to exist, but it is a particularly simple thing to do for tori. In what follows, we will
take the ambient space to be T n, the n-dimensional torus, and the p-cycle will be a
flat p-dimensional hiperplane.

As discussed above, an easy way to obtain axions in the effective theory coming
from this string compactification is via the zero modes of RR p-forms. Namely, one

138



CHAPTER 7. TRANSPLANCKIAN AXIONS

expands
Cp =

∑
φiβi (7.5.9)

with {βi} being the harmonic representatives of a basis of Hp(T n,Z). Grouping the
axions into a vector ~φ, their kinetic term will be of the form ~φT G~φ, with

Gij = 〈βi, βj〉 =
∫
Tn
βi ∧ ∗βj. (7.5.10)

The instantons coupled to these axions will be euclidean (p − 1)-branes wrapped
on cycles of T n. Hp(T n,Z) and Hn−p(T n,Z) are naturally isomorphic via Poincaré
duality. There is a single flat hyperplane in each class of Hp(T n,Z), and these may
be expanded as C = ∑

niα̃i, where {α̃i} is the basis of Hp(T n,Z) dual to {βi}. Then
ωn−p =

∑
niαi (7.5.11)

satisfies that ∗ωn−p ∝ dVp. Here, αi is the (unique) covariantly constant represen-
tative of the image of α̃i via Poincaré duality. Furthermore, the αi are harmonic.
This means that the action of the instantons is, in this case

SDBI ≈
∫
C

∗ωn−p√
∗(ωn−p ∧ ∗ωn−p)

=
∫
Tn

∗ωn−p ∧ ωp√
∗(ωn−p ∧ ∗ωn−p)

=
√
VTn

√∫
Tn
ωn−p ∧ ∗ωn−p, (7.5.12)

where the volume factor arises because ∗(ωn−p ∧ ∗ωn−p) is constant, and hence

∗(ωn−p ∧ ∗ωn−p) = 1
V

∫
Tn
ωn−p ∧ ∗ωn−p. (7.5.13)

However, we now have ∫
Tn
ωn−p ∧ ∗ωn−p = G−1

ij n
inj, (7.5.14)

since 〈αi, αj〉 is the inverse matrix to 〈βi, βj〉 by virtue of the duality between the
two bases.

In this way, the dependence of the gravitational instanton action on its axionic
charges is reproduced in the stringy setup. Strictly speaking however this result only
holds for a torus. Exact computation of the action of euclidean non-BPS D-brane
instantons in a generic Calabi-Yau manifold is a challenging matter into which we
will not delve.

One expects the gravitational instanton solution to be approximately valid
when the charges are large and the curvature at the throat of the wormhole is low.
If we fix a particular p-cycle and wrap n branes around it, the action (7.5.12) scales
with n, as it did in the single-axion case, and at the end of the previous section.

Notice that to recover the precise matching of the charge dependence it is cru-
cial that the internal geometric objects are actually constant, so that the integrands
are constant and integration amount to picking up volume factors. In this sense, the
gravitational instanton can be regarded in the general case as an average assuming
the internal geometric information is truncated to constant pieces.
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7.5.4 D-brane instantons and alignment

Let us now apply the D-brane instanton viewpoint to the analysis of string theory
realizations of transplanckian alignment models. In particular, we now show that
string realization of the lattice alignment models described in Section 7.3 necessarily
contain D-brane instantons which spoil the naive transplanckian inflaton field range
allowed by the gauge non-perturbative axion potentials. In other words, the D-
brane instantons take up the job carried out by the gravitational instantons in the
description in earlier sections.

Given the close relation between the axion charges of D-brane instanton and
gravitational instanton, the analysis is simple. For a lattice alignment model, we
recast it in the form shown in Figure 7.4, and consider D-brane instantons corre-
sponding to the charges (n1, n2) = p(1,−1), which in fact is of the form considered
above for D-brane instantons in multi-axion setups. This effectively corresponds to
a single-axion model with a transplanckian decay constant f , so that the D-brane
instanton action

SD−inst ∼
p

gs
∼ pMP

f
(7.5.15)

becomes small for any point inside the ellipse.
It is illustrative to consider a concrete setup. Several attempts to embed these

alignment models in string theory are based on considering two stacks of D7-branes
wrapped (possibly a multiple number of times n) on homologous 4-cycles (i.e. in
the same class [Σ4]), and carrying worldvolume gauge backgrounds with slightly
different instanton numbers, k, k′. In terms of the homology class of the 4-cycle and
the class of the point, the non-perturbative effects on these gauge sectors correspond
to D-brane instantons with charge vectors ~v1 = (n, k), ~v2 = (n, k′). Actually, we are
interested in considering the lattice generated by these vectors, namely n1~v1 +n2~v2,
i.e. we use the potential to define the periodicities of the axions (using the more
refined lattice defined by the homology amounts to including more instanton effects,
but these do not reduce the field range, as explaine at the end of Section 7.3.2). The
relevant D-brane instantons are given by n1 = −n2, namely are of the form p(~v1−~v2)
which in terms of the underlying homology lattice corresponds to (0, p(k − k′)). In
other words, the D-brane instanton is, at the level of charges, a superposition of
p D3-branes on Σ4, each with gauge instanton number k, and p anti-D3-brane on
Σ4 with worldvolume instanton number k′. The lowest-energy state in this charge
sector is a set of p(k− k′) D(−1)-brane instantons, whose action is essentially given
by p(k − k′)MP/f .

The bottomline is that in string theory D-brane instantons provide the micro-
scopic description of the effects which have been interpreted in terms of gravitational
instantons in the effective theory in the earlier sections. As in the case with higher
p-form gauge fields, one may relate the existence of these small instantons with the
WGC (the connection becomes clearest when one uses dualities to transform the
axions into p-form gauge fields, p > 0).
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8
Monodromic relaxation

In this Chapter we continue to apply the WGC to derive interesting phenomeno-
logical consequences. Here we will focus on a different problem from inflation, but
where too cosmology and large field ranges for axions are relevant: The relaxion
proposal [251] to resolve the hierarchy problem.

We will start with a brief discussion of the hierarchy problem and of the pro-
posed relaxion solution. We will argue that single-field relaxion models immediately
lie in the Swampland, unless they are examples of what is called axion monodromy
models. We will describe these models and their nice properties. Monodromy mod-
els include a 3-form in the spectrum, to which one can apply the WGC. This turns
out to have interesting consequences in the relaxion scenario, providing stringent
constraints in the parameter space of the model. Lastly, some ideas towards an
embedding of the relaxion in string theory are discussed.

The results of this Chapter are published in [252].

8.1 Relaxions and the hierarchy problem

The electroweak hierarchy problem (see [253] among many others) is perhaps one
of the most famous fine-tuning questions in physics, leaving aside perhaps the cos-
mological constant problem. To pose it, let us regard the SM as an effective field
theory valid until some cutoff scale, Λ. The fact that the SM lagrangian observed
experimentally is renormalizable suggests strongly that this scale Λ must be some-
what above the electroweak (EW) scale of around 100 GeV. This is so because one
generically expects the physics above the cutoff scale to induce non-renormalizable
operators in the effective field theory, suppressed by some power of Λ. Since the
effects of such operators have not been detected conclusively so far, their suppression
cannot be too small.

Physics at the cutoff however not only enters the low energy effective field
theory by inducing non-renormalizable operators: it also generates contributions
to renormalizable ones, which are however not observable because they should be
renormalized to match the theory to experimental data. In spite of this, the structure
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of these corrections can give us hints about the physics at the cutoff scale.
For instance, the physical Higgs quartic coupling or the Yukawa couplings in

the SM are logarithmic, depending on the cutoff only via log(Λ). In this way, we
get values for these parameters of roughly the same order of magnitude, no matter
what the value of the cutoff is.

The case for the m2 of the Higgs boson is different, since it receives quadratic
corrections, proportional to Λ2. Thus, if we take a large cutoff, say of the order of
the Planck scale, we will get a quantum correction of 1019 GeV which will have to
cancel up to 18 significant digits with the bare contribution to give the observed
mass of 126 GeV. Equivalently, we would expect the theory at the cutoff scale to
produce parameter values which are “natural”, by which we mean of the same order
of magnitude than the appropriate power of the cutoff. This is clearly not the case
for the Higgs mass, if the cutoff is very large, and the resulting fine-tuning problem
is called the hierarchy problem.

The hierarchy problem is not a problem from the effective field theory point
of view: There is no inconsistency in taking the bare mass to cancel the quantum
corrections to any desired precision. It is a problem for the UV completion, which
has to explain this extreme cancellation. For instance, typical string compactifica-
tions with the gauge structure and Higgs mechanism of the SM generically do not
solve the hierarchy problem, unless some extra ingredients such as a low scale of su-
persymmetry breaking or a Randall-Sundrum mechanism are assumed. Therefore,
the hierarchy problem is giving the string phenomenologist a clue, namely to look
for atypical compactifications which can accommodate these large hierarchies.

Many solutions to the hierarchy problem, such as low-scale supersymmetry,
can be posed purely in field-theoretic terms. Recently [251] (see also [254, 255, 256,
257, 258, 259, 260, 261, 262, 263] for later versions) proposed a new mechanism to
solve the EW hierarchy problem under the name of “cosmological relaxation”. Its
main appeal is that it does not require the presence of new physics near the EW
scale, while providing at the same time a natural dynamical mechanism to keep the
Higgs hierarchically lighter than the cutoff of the theory. Basically the proposal is
to extend the SM Higgs scalar potential by including a coupling to an axion field,
leading to a potential

V = V (gφ) + (−M2 + gφ)|h|2 + Λ4 cos
(
φ

f

)
. (8.1.1)

Here V (gφ) = gM2φ + g2φ2 + . . . , and Λ = Λ0 + Λ(h) depends on the vev of the
Higgs field h. Also, f is the usual axion decay constant, and M2 is a cutoff coming
from SM loop effects.

In the minimal version the field φ is the QCD axion, the cosine potential arises
from the usual SU(3) instanton effects breaking the Peccei-Quinn symmetry, and
ΛQCD ∼ Λ(h = v) depends on the Higgs vev through quark masses. We will however
also consider more general axion-like particles to play the relaxion role.

During inflation, the non-perturbative effects are negligible, hence the dynam-
ics of φ is controlled by V (gφ); the axion φ starts out at a large positive value and
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φ

V (φ)

Relaxion
rolls down

Relaxion
stabilizes

Figure 8.1: Pictorial representation of the relaxion mechanism. At early times, the relaxion φ
rolls down its potential, until ≡ (−M2 + gφ) vanishes and triggers EW symmetry breaking (in
the plot this happens where the two axes meet). This in turn switches on nonperturbative effects
which stabilize the relaxion.

slow rolls down its potential, thus scanning values for the Higgs mass. When cross-
ing mh ∼ 0, namely at φ ∼ M2/g, the Higgs develops a vev, triggering electroweak
symmetry breaking, and the barrier of the cosine potential increases stabilizing the
axion shortly after mh ∼ 0, as illustrated in Figure 8.1. Hence the Higgs mass is
dynamically set to a value much lower than the cutoff M . In order for the instan-
ton term to stop the rolling of φ, the barrier Λ(h) evaluated at h = v should be
comparable to the slope of the axion potential. Parametrizing Λ(h)4 = ch2, this
requires

gM2 ∼ Λ4(h = v)
f

−→ g ∼ cv2

fM2 (8.1.2)

For the relaxion being the QCD axion, c = f 2
πy

2
u, and f > 109 GeV according to

astrophysical bounds, leading to a very small coupling

g ∼ 10−16m
2
EW
M2 GeV. (8.1.3)

Therefore a big hierarchy between the cutoff M and the EW scale is translated into
a very small coupling g. In fact, the smallness of this parameter is common in all
the versions of the cosmological relaxation mechanism, with g ∼ 10−34 GeV being a
typical value.

This mechanism to generate a hierarchically small Higgs mass is argued to
be technically natural, since the smallness of mh comes from the smallness of the
parameters g and Λ, which are associated to symmetry breakings. Indeed, the
parameter g is the only source of breaking of the global shift symmetry of the axion,
and therefore its smallness is expected to be technically natural.

There are two important questions unanswered by the above description:
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• The smallness of g implies a field excursion ∆φ during inflation much larger
than the UV cutoff of the theory. This possibly endangers the stability of the
potential against higher dimensional operators, a familiar issue in large field
inflation models (see [175] for a review). One may argue that this problem
is solved by appealing to the continuous perturbative axion shift symmetry.
However, given the general belief that quantum gravity violates all global
symmetries, this mechanism seems unrealizable in actual embedding of this
effective theory in UV completions including quantum gravity.

• On the other hand, for φ to describe an axion, it should have a discrete pe-
riodic identification under φ → φ + 2πf . As emphasized in [258], this should
correspond to a gauge symmetry in a consistent theory of quantum gravity
1. This is however not respected by the coupling to the Higgs field in (8.1.1),
implying that φ can not be a pseudo-Nambu-Goldstone boson (pNGB).

It is interesting that these two questions have already been addressed in the
context of axion monodromy inflation models [227, 228, 264, 265, 232, 234] (see
also [229, 266, 231, 233, 238, 237, 267, 235, 236, 268, 239, 240, 269, 270, 271, 272,
273, 274]), and this motivates the suggestion to UV-complete relaxion models in
this framework. In this Chapter we take several important steps towards fleshing
out this proposal, and analyzing the problems of embedding it into a consistent
quantum theory of gravity like string theory. Among other things, we will study the
constraints that the Weak Gravity Conjecture implies in the viability of the models.

8.2 Axion monodromy

In [258] the authors argue that the discrete shift symmetry of φ has to be neces-
sarily gauged in a consistent quantum theory of gravity and therefore can not be
broken by any term in the action. This implies that if φ is an axion or a pseudo-
Nambu-Goldostone boson (pNGB), the coupling g is not naturally small but indeed
theoretically inconsistent. However, the authors in [258] miss the possibility that
φ is not a pNGB but an xion with multi-branched potential, so that the theory
is consistent with a mass term and interactions for the axions while preserving an
underlying discrete shift symmetry (see e.g. [227, 228, 264, 234, 232, 265], also
[229, 266, 231, 233, 238, 237, 267, 235, 236, 268, 239, 240, 269, 270, 271, 272, 273]
for applications to inflationary potentials). Our present work is the first concrete
proposal to implement a monodromy realization of relaxion models, and explore its
implications.

In this Section we briefly review axion monodromy models, explaining the
mechanism by which periodic scalars get multi-branched potentials from the intro-
duction of a coupling to a 3-form field. It also serves to fix notation and conventions.

1One could try to drop the requirement that φ is an axion, by declaring it to take values in
R rather than in S1. This however makes the PQ-symmetry group a ( nonlinearly realized) R,
instead of the usual S1 = U(1). Noncompact symmetries are again notoriously in conflict with
quantum gravity [42].
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A more detailed discussion of the monodromy mechanism would take us too far away
from the topic and is thus postponed to Appendix D.

As described in [264] (see [275] for related ideas in a different context), an
efficient way to describe the introduction of potential terms for axionic scalars is to
couple them to a 3-form gauge field. Consider for instance the simplest case, which
eventually describes a massive axion. It corresponds to the lagrangian

L = −1
2(∂µφ)2 − 1

2 |F4|2 + gφF4, (8.2.1)

where F4 = dC3 the field strength of the 3-form. Since the 3-form field has no
propagating degrees of freedom in 4d, we can integrate it out via its equation of
motion

∗ F4 = F0 + gφ, (8.2.2)

leading to an induced scalar potential for the axion

VKS = 1
2(F0 + gφ)2. (8.2.3)

Notice that even if the 3-form in four dimensions does not have propagating degrees
of freedom, it can still yield a non-vanishing field strength giving a positive contri-
bution F0 to the vacuum energy. The discrete identification of the scalar is a gauge
symmetry which involves a change in F0, as follows

φ→ φ+ 2πf , F0 → F0 − 2πgf (8.2.4)

At the quantum level2, the vacuum value of the 4-form flux F0 is quantized in
units of membrane charge (we will come back to these membranes in Section 8.4)

F0 = nΛ2
k , n ∈ Z (8.2.5)

Hence we have the following consistency condition [278]

2πfg = kΛ2
k , k ∈ Z (8.2.6)

which will be important when discussing explicit relaxion monodromy models.
This structure underlies the axion monodromy inflationary models (see e.g.

[227, 228, 264, 265, 232, 234]), in which the scalar potential is multivalued with a
multibranched structure dictated by the above discrete shift symmetry, akin to the
“repeated zone scheme” familiar from solid-state physics [278, 279] (see Figure 8.2
for a qualitative picture). Each branch is labelled by the value of F0. Once a specific

2At the classical level, F0 can take an arbitrary constant value implying that the continuous
shift of the axion is also a symmetry of the action. However, as emphasized in [276] and in
Appendix D the actual value of the 4-form field strength in four dimensions (and not only its shift
when crossing a membrane) satisfies Dirac quantization. When embedding the model in string
theory, this quantized value indeed corresponds to the integer flux of the magnetic dual in higher
dimensions [276, 277]
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Figure 8.2: Multi-branched structure of a typical axion monodromy model.

branch is chosen, one can go up in the potential away from the minimum and travel
a distance ∆φ larger than the fundamental periodicity f . This is specially useful for
large field inflationary models in which one needs a transplanckian field excursion for
the inflation even if all the scales of the theory remain sub-Planckian. The relation
between F-term axion monodromy and a Kaloper-Sorbo (KS) potential like (8.2.1)
was explicitly shown in [232], and further generalized in [277] for any axion of a
given string compactification.

The above system can also be generalized to multiple axions

L = Kijdφ
i ∧ ∗dφj − F4 ∧ ∗F4 + C3 ∧ j (8.2.7)

where jµ = ∂µθ(φi) is an external current satisfying dj = 0 and θ(φi) can be a
polynomial function mixing the axions. This leads to more generic potentials than
(8.2.3) containing also quartic or higher couplings between the axions. The system is
then invariant under a set of discrete transformations in the axions combined with
some integer shifts on the parameters appearing in θ(φi) (which in string theory
correspond to the internal fluxes of the compactification). The relation (8.2.6) then
becomes

δθ(φ) = kΛ2
k , k ∈ Z (8.2.8)

where δθ(φ) is the integer shift that has to be reabsorbed by each 4-form background.
This is indeed the situation that naturally arises in string theory flux compactifi-
cations [277], in which the full axionic dependence of the scalar potential can be
written in terms of 4d couplings of the 4-forms.

The above system of a single axion admits an alternative description in which
the scalar is dualized into a 2-form. The 3-form then gets massive by “eating up"
the 2-form in a gauge invariant consistent way [232]. We review this (standard)
description in Appendix D. The description in terms of 2-forms is valid for the
simple monodromic models studied in this Chapter, but has not appeared in the
literature for more general monodromic models such as those in [277].
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The appealing feature of this mechanism is that the gauge invariance of the
3-form protects the potential from Planck-suppressed operators. More concretely,
consider higher-dimensional operators which appear as powers of the gauge invari-
ant field strength F4/M

2, with M the cut-off scale (or the Planck mass in mon-
odromy inflation). After integrating out the 3-form the corrections to the scalar
potential will also appear as powers of the leading order potential itself, namely
δV ∼ ∑

n V0(V0/M
4)n, so they will be subleading as long as the potential remains

below the cut-off scale, even if the field takes large values. Therefore it is a very
efficient mechanism to keep a scalar field light, in a way consistent with interactions,
and without adding new degrees of freedom or new physics at the EW scale.

This is another motivation to construct a relaxation model by rewriting all the
couplings in terms of 3-form fields. The parameter g of relaxation could be safely
argued to remain naturally small even for a large field excursion of the axion.

8.3 A minimal relaxion monodromy model

As mentioned in Section 8.1, monodromic or multi-branched potentials have been
suggested as a way out of certain puzzling features of the naive relaxion models.
However, there is actually no explicit relaxion model with a built-in monodromy
structure in the literature. We no describe the simplest relaxation model with an
axion monodromy structure. We also revise the issue of the smallness of g in the
context of monodromy. Clearly, the construction admits many generalizations, and
the model in this Section is proposed as a simple illustration. In this sense, we
emphasize that the analysis in forthcoming sections is actually meant for general
constructions, rather than the precise model in this section.

8.3.1 Seesaw-like scales and stability

The scales in axion monodromy show an interesting see-saw structure which has not
been pointed out in the literature.

As discussed in the previous section, requiring that an axion potential has
a monodromic structure amounts to requiring that it is invariant under a discrete
axion shift symmetry which acts non-trivially on the parameters of the potential.
In the previous Section we saw in (8.2.6) that

g = k
Λ2
k

2πf . (8.3.1)

So we see that g is quantized in units of Λ2
k/(2πf). The structure in (8.3.1) is

reminiscent of the seesaw mechanism for neutrino masses (for a review, see e.g.
[280]), where the very small neutrino mass arises as a quotient m2

W/Mν between two
different mass scales; as long as Mν � mW (typically Mν ∼ 1010 − 1016 GeV in the
neutrino context), the resulting neutrino mass will be much lower than both mW ,
Mν .
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Similarly, (8.3.1) can explain one of the troubling aspects of the relaxation
mechanism, namely the tiny value of g. This is typically required to be as small as
e.g. 10−34 GeV, so that, even if relaxation works, we seemingly must introduce a
new energy scale far smaller than any other in an unmotivated way. However, the
smallness of g is nicely explained by the seesaw mechanism in (8.3.1). For f ' 1010

GeV one obtains for the flux scale Λk:

g = 10−34 GeV −→ Λk '
√
gf ' 10−3 eV . (8.3.2)

So for typical relaxionic values the new fundamental scale is rather Λk ' 10−3 eV,
and the smallness of g appears as a derived very small quantity determined by the
effective see-saw relation g ' Λ2

k/f . This beautifully follows from the monodromy
version of the axion symmetry, via the discrete shift symmetry and the quantization
of F0. The new fundamental scale Λk is much larger than g, by about 20 orders of
magnitude.

Before moving on we should notice an interesting numerical coincidence in
this minimal example. The new scale Λk ' 10−3 eV is in the order of magnitude
to the observed cosmological dark energy scale Λdark ' (10−3eV)4. It is tantalizing
to speculate that both scales are physically related, perhaps through the intimate
relation between (free) 4-forms and their contributions to the cosmological constant
[281, 282, 283, 276].

In any case, the smallness of Λk is yet to be explained. A perhaps interesting
observation along this line is that, by combining (8.1.2) and (8.3.2), we arrive at

Λk ∼
Λ2
v

M
, (8.3.3)

This resembles a further seesaw between the nonperturbative scale Λv and the SM
cutoff scale M . However, in absence of any direct coupling between QCD and F4,
(8.3.3) remains accidental. Indeed, (8.1.2) means that the nonperturbative barri-
ers are able to stop the relaxion, and thus constitute a purely phenomenological
requirement for the relaxion picture to work.

This see-saw structure can provide an explanation for the originally tiny value
of g. But one should also address the question of the stability of this parameter,
both at the classical level (taking into account non-negligible higher dimensional
operators due to the large field excursion of the relaxion) and at the quantum level
due to loop corrections. The former makes reference to the infinite tower of non-
renormalizable operators which a priori become relevant when the field takes values
larger than the cut-off of the theory (as required in relaxation), while the latter refers
to the quantum stability of the classical Lagrangian. The argument for which g is
technically natural since it is associated to a symmetry breaking is not valid in the
context of monodromy, or at least, the underlying protection is more subtle, because
indeed the discrete shift symmetry of the axion remains unbroken at the level of the
action (so g is not associated to the breaking of the discrete shift symmetry).

However, monodromy provides a new mechanism to guarantee the stability
of the effective potential. First, as explained in the previous Section and in Ap-
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pendix D, the gauge invariance of the 3-form shields the potential against non-
renormalizable higher dimensional operators, implying that those should come as
powers of the potential itself. Therefore they will remain subleading (due to the
original smallness of g) even if the field excursion of the relaxion is bigger than the
cut-off scale. Let us remark that the stability of the full scalar potential can only
be guaranteed if the complete perturbative potential for the axion (including mass
terms and interactions) arises from a coupling to a single 3-form field. Therefore,
not only V (gφ) has to be rewritten in terms of a coupling to a 3-form field, but also
the axion-Higgs coupling term. This will be the subject of Section 8.3.2.

In addition, the stability of the potential at the quantum level appears as a
natural consequence of the previous argument, because all the classical perturbative
couplings involving the relaxion φ are then controlled by g. Therefore the quantum
corrections will only give rise to a renormalization of the parameter proportional to
itself, implying that g is technically natural and will remain small if was originally
small.

8.3.2 Coupling a multi-branched axion to the SM

Let us start by recalling the minimal relaxion model (8.1.1),

V = V (gφ) + (−M2 + gφ)|h|2 + Λ4 cos
(
φ

f

)
. (8.3.4)

The simplest option for a monodromy invariant version of this coupling one
could think of is

V = VSM + VKS − ηF4|H|2 + Vcos (8.3.5)

with η some constant of order one and

VKS = 1
2 |F4|2 − gφF4 (8.3.6)

One obtains, after eliminating F4

V = −µ2|H|2 + λ|H|4 + (F0 + gφ + η|H|2)2 + Vcos = (8.3.7)
= λ̃|H|4 + (F0 + gφ)2 + 2η(−M2 + gφ)|H|2 + Vcos, (8.3.8)

where we define
M2 = µ2

2η − F0 . (8.3.9)

An important point to remark is that µ is of order the UV cut-off, includes all
loops, and is not quantized in general.Then F0 is not required to be large, and no
enormous quanta are required. It only has to shift appropriately and will generically
be of order F0 ' Λ2

k.
The structure just obtained is similar to the relaxion model, with a certain

KS-like potential for the axion. Now, as the axion rolls down, it meets first the
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point at which φ = M2/g as usual. But still goes down because the KS potential
has not yet reached its minimum. But then eventually the cosine piece enters into
the game and stops the relaxation, as usual.

This minimal monodromy version of relaxation improves the original in several
respects. The gauge shift symmetry is preserved, even though the axion has a non-
trivial quadratic potential. This symmetry also protects the relaxion from Planck
suppressed corrections which appear in powers of F 2

4 /M
4. Furthermore, the minute

mass scale g appears as derived from a much larger fundamental scale Λk ' 10−3

eV via the relationship g ' Λ2
k/f .

It is clear that many other models may be constructed by introducing different
couplings of the 4-form strength to the Higgs field. Also the values of the mass scales
involved, the cut-off M and the 4-form scale Λk may be very different from the ones
in this simple example. As an example, in Section 8.6 we show a model derived from
a string setting in which the coupling of F4 to the Higgs system is quite different.

We refrain from entering a detailed model-building search, and instead turn
to the interesting question of whether the general idea of a monodromy relaxion is
viable, by studying new model-independent constraints. In particular, the multi-
branched structure of the axion potential implies the existence of tunneling between
vacua corresponding to different axion branches. We have to explore whether this
tunneling is sufficiently suppressed so that the relaxion indeed proceeds smoothly
through slow roll to reach the point in which it induces a massless Higgs. We study
these issues in the next two sections, in particular exploiting the implications of the
Weak Gravity Conjecture.

8.4 Membrane nucleation and the Weak Gravity
Conjecture

Axion monodromy models, in particular those involving a large number of axion
windings along a branch, must address the question of possible tunneling transi-
tions between branches (mediated by membrane nucleation) which can reduce the
effective field range of the axion (see e.g. [264, 265, 232, 235] for discussion in the
axion inflation setup). However a quantitative estimate of the tunneling probabil-
ity requires information from the UV completion, which determines the tension of
the corresponding membrane. As we argue in Appendix D, in theories containing
quantum gravity, a version of the WGC can provide useful information on the para-
metric dependence of the membrane tensions, in a fairly model-independent way,
and therefore can yield generic constraints on relaxion models.

8.4.1 Membranes and monodromy

In a generic relaxion model, an immediate question is how large a hierarchy we can
obtain between ∆φ, the field range traversed by the relaxion during inflation, and f ,
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the relaxion decay constant. Can one really restrict to a single branch and go up the
potential to make the field range parametrically large? The answer is no, in general.
As is well-known in the monodromy literature [232], in the presence of membranes
there are dynamical processes which make the field jump from one branch to a lower
one, spoiling the slow rolling 3. However, as for any non-perturbative tunneling
process, the probability for this to happen is in principle exponentially suppressed
(see [278, 235] for some discussion in the context of axion monodromy inflation).

Let us describe the process in more detail. During inflation, and the rolling of
the relaxion, a bubble may nucleate, bounded by a membrane. The value F0 of the
4-form will jump by Λ2

k upon crossing the membrane. Since the vacuum energy is
lower within the bubble than outside, the bubble will expand indefinitely, provided
that it is initially large enough so that the pressure associated to the difference
in vacuum energies beats the surface tension. The smallest bubble for which this
happens is the so-called critical bubble.

Bubbles smaller than the critical radius cost energy to produce, since the
surface tension overcomes volume. As a result, they cannot be produced in the
vacuum. The critical radius bubble costs no energy, and hence it can be produced
by an instanton effect. One can estimate the transition rate for this process in the
thin wall approximation. There is a well known expression for this

P ∼ exp (−B) , B = 27π2T 4

2(∆V )3 (8.4.1)

where T is the tension of the membrane which induces a shift on F0 and ∆V is the
variation in the potential energy, in our case

∆V = Vi − Vf ∼ Λ2
kgφ. (8.4.2)

This formula however neglects gravitational effects. As discussed in [218], it is only
valid when the gravitational backreaction of the energy density in the bubble can be
ignored. This will be the case whenever the bubble radius4 r ∼ T/(∆V ) is smaller
than the de Sitter radius H−1 associated to the energy density of the bubble. In
other words, gravitational effects are negligible if

q ≡ 1
rH
∼ ∆V
TH

> 1 (8.4.3)

where the variable q parametrizes the importance of the gravitational effects and
will be useful later. We will see in Section 8.5.2 that relaxionic models correspond
to precisely the opposite regime. For typical parameters, q = (rH)−1 ≤ 1 and
gravitational effects are significant.

We therefore need to use the more general expression for vacuum decay which
can be found in [218], see Appendix E for details. It turns out that the approximate

3There are other processes which may spoil too large windings of the axion, see e.g. [265].
4Notice that r ∼ T/(∆V ) is the radius that the bubble would have in flat space. When

gravitational effects are important, the expression for the bubble radius is modified, as explained
in Appendix E.
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expression valid in the relaxation regime is

B ≈ w(q)2π2T

H3 . (8.4.4)

Here, w is a certain function of q defined in Appendix E and ranging from one to
≈ 0.1 in the relaxation regime. Notice that unlike (8.4.1), (8.4.4) depends strongly
on the Hubble constant H, signalling the importance of gravitational effects.

Formulae like (8.4.1) or (8.4.4) are useless without additional information,
because they give the tunneling probability in terms of the membrane tension T ,
which cannot be constrained from just effective field theory. It is here where the
WGC can be helpful, allowing us to constrain the model even if we do not know the
exact UV completion. If the WGC predicts the existence of a membrane with very
small T , we have B � 1. Even though we would be outside of the semiclassical
approximation inherent to any instanton computation, a small value of B would
generically mean that membranes are produced copiously, since their nucleation is
not suppressed by exponential effects. Since inflation lasts for so long in relaxation
models, we would produce enough membranes so as to completely spoil the slow-roll
of the relaxion. Generically, if a strong enough form of the WGC holds, we can use
it as a tool to discern which effective field theories might be a priori UV completed
when including gravity and which ones would be in the Swampland instead.

8.4.2 WGC and membranes

We now briefly discuss the application of the WGC to 3-form fields, particularly in
the context of relaxion monodromy models5.

As discussed in Chapter 6, important subtleties arise when trying to apply the
WGC to p = d − 1, where the corresponding objects are domain walls, as noted
by [147]. Let us particularize to p = 3, d = 4, for which the relevant object is a
membrane in 4d, separating vacua with different value of 4-form flux, F4 → F4 +Λ2

k,
and (since a three-form field is nondynamical [281, 282, 283, 276, 275, 277]) thus
different cosmological constant. In General Relativity, a solution describing a black
membrane with nonvanishing cosmological constant Λ is [284]

ds2 = −Hdt2 +H−1dr2 + r2(dx2 + dy2), H ≡ −2mT

r
− 1

3Λr2. (8.4.5)

where mT is a measure of the brane tension, which should be taken positive. Since r
is always timelike, this solution describes a time dependent background which is not
asymptotically flat. Furthermore, the solution only has a single coordinate horizon,
at r3 = −6mT

Λ , so for Λ > 0, the only coordinate horizon is behind the singularity at

5One could also try to apply this conjecture to axion monodromy models in inflation (see [157]
for partial attempts). However, the constrains derived in that case are too weak and do not pose
a serious problem for inflation. It is the particular interplay between the scales in relaxation what
makes these constraints relevant.
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r = 0. In a sense, the membrane is always superextremal and hence the validity of
its effective field theory description is questionable.

This fits with the naive extrapolation of the extremality condition for dilatonic
membranes obtained in [147]. For p = d− 1 the extremality condition is given by[

α2

2 −
d− 1
d− 2

]
T 2 ≤ g2q2

GN

. (8.4.6)

Here α measures the strength of the dilaton coupling. We see that for α = 0 the
equation has no solution; the membranes are always superextremal.

From (8.4.6), it seems that a non-trivial dilaton profile can solve the pathologies
of the membrane solution (as is the case for domain walls solutions in string theory).
Alternatively, consistency of the membrane solution is sensitive to the particular
matter coupled to gravity in effective field theory. This sensitivity prevents us
from constructing a generic black membrane and studying its decay to formulate a
WGC; for some theories it might well be that no nonpathological membranes can
be constructed at all.

In string theory, there is another way to go around these issues and derive a
WGC for membranes: one may use a chain of dualities, such as T duality, which
change the codimension of objects charged under p-form fields. This approach was
pioneered in [157], which used a chain of dualities to derive a WGC for 0-form fields
(producing bounds on instanton actions), which also escapes the naive extrapolation
of the p-form WGC.

This will also work for (d − 1)-forms fields coming from RR fields in string
theory. In this case, the membranes will be D-branes wrapping some cycle of the
compactification manifold. If we perform a T -duality along some circle direction,
the (d − 1) form will become a (d − 2) form. Charged objects in this case are
cosmic strings which, like the domain walls we were considering, cannot have flat
asymptotics either. If we perform another T -duality along another circle direction,
the (d − 2) form will turn to a (d − 3)-form. Charged objects are (d − 3) branes,
for which an extremality condition and WGC bound can be defined without further
issue. Now we can T -dualize back. In this way, the original WGC for (d− 3) forms
can be rewritten in terms of T-dual to give a formulation of WGC for (d− 1)-forms.

To sum up, although the effective field theory arguments which support the
WGC for p < d − 2 cannot be applied straightforwardly to domain walls, these
difficulties seem due to the high codimension of the charged object preventing a
smooth solution within effective field theory. As soon as one includes a (strong
enough) dilaton coupling or allows for stringy dualities, p = d− 1 does not seem to
be very different from the other cases. We conclude that the WGC is plausible (up
to order 1 factors) in the 3-form case case as well. Furthermore, we will assume the
validity of the Lattice WGC discussed in Chapter 6, so that we have a superextremal
membrane of unit charge. As mentioned in Chapter 6, although the black hole
arguments above only motivate the mild form of the conjecture, no counterexamples
to the strong form are known in string theory. In fact, the membranes predicted by
the WGC are present in any stringy model we can think of.
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In terms of 3-form data, the gauge coupling g3 is none other than Λ2
k, the 4-form

flux quantum, which as argued in Section 8.2 equals 2πfg in monodromic relaxion
models. The strong form of the WGC applied to 3-form fields in four dimensions
implies that the membrane which shifts the flux F0 by one unit must have a tension
lower than

T ∼ 2πfgMP (8.4.7)

where we have restored the Planck mass, f is the decay constant of the axion, and
there might be additional O(1) factors. The tunneling probability associated to
membrane nucleation is given by eq. (8.4.4)

B ≈ 4π3w(q)fgMP

H3 . (8.4.8)

One can now take a particular effective relaxation model and compute the
tunneling probability between different branches. If the tunneling is not suppressed,
many such transitions will take place over the exceedingly large number of e-folds
that inflation lasts in the original relaxion proposal, spoiling the simple slow roll
picture of the relaxion dynamics.

This mechanism will not stop with the appearance of the QCD barriers, since
periodic potentials coming from nonperturbative effects have (approximately) the
same value at φ and φ+ 2πf ; only the monodromic part of the energy changes. As
a result, ∆V remains the same and so does the transition rate.

The WGC membrane is a kind of domain wall different from the field-theoretic
“bounces” which arise once the QCD barriers switch on (for a study of the impli-
cations of these field-theoretic domain walls in the context of axion monodromy
inflation, see [285]). These are fully accounted for by low-energy effective field the-
ory, have a tension T ∼ fΛ2

v (where Λv is of order of the strong coupling scale of the
gauge group coupled to the relaxion) in relaxionic models, and are already discussed
in [251]. Their decay rate [217, 218] can be safely computed within effective field
theory and is not an issue for the relaxion proposal over most of its parameter space.
These field-theoretic membranes can appear as “holes” on the surface of the 3-form
WGC membranes we have been discussing, as explained in Appendix D. On the
other hand, the effect of the membranes we consider cannot be computed within
effective field theory, and we need additional input like the explicit value of T , or
the WGC bounds on it.

8.5 Constraints on the relaxion

When studying the viability of relaxation in a UV completion using monodromy
there are two issues to address. First, the stability of the full scalar potential can
only be guaranteed if the complete potential for the relaxion (including also the
axion-Higgs coupling term) is rewritten in terms of a coupling to a 3-form field.
This has been the subject of Section 8.3 from a pure effective field theory point of
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view. First attempts to find such a structure in string theory will be given in Section
8.6.

Secondly, if one indeed succeeds in constructing such a model, one should study
the tunneling probability by membrane nucleation before making any claim about
the effective field range available to relaxation.

A priori it makes no sense to address the second issue without having a com-
plete realization of monodromic relaxation, since one needs the tension of the mem-
brane (and more generally, the action of the instanton) to be able to make any
concrete claim. However, it turns out that the typical scales involved in the theory
to address the EW hierarchy problem are in general so extreme that we can already
draw some conclusions just focusing on the pure relaxion potential V (gφ). Taking
g to be the 3-form coupling, one can apply the formulae in the previous Section to
constrain specific relaxion models.

8.5.1 Constraints on the relaxion parameter space

The original relaxion model [251] has a parameter space specified by the cutoff
M , the axion coupling g, the axion decay constant f , the Hubble scale H during
inflation, and the energy scale Λ of the gauge group providing the nonperturbative
effects which stop the rolling of the potential. If we want the relaxion to also solve
the strong CP problem, then f and Λ are constrained to have their QCD values.
This parameter space is however very constrained. We now review these constraints
as established in [251].

In order for the relaxation mechanism to provide a dynamical solution to the
EW hierarchy problem for generic initial conditions of the relaxion φ, inflation must
last long enough for φ to scan the entire range of the Higgs mass. This implies that

∆φ &M2/g (8.5.1)

leading to a lower bound in the number of efolds

N &
H2

g2 (8.5.2)

about Ne > 1037 − 1067, depending on the specific details of the model and fur-
ther constrains on inflation. The relaxion will stop rolling when the barrier of the
non-perturbative potential becomes comparable to the slope of the perturbative
potential, i.e.

gM2 ∼ Λ4
v

f
(8.5.3)

where Λ4
v ≡ Λ4(h = v) = cv2 being c = f 2

πy
2
u if φ is the QCD axion. If we require

M � mW (to have a EW hierarchy problem to solve), the relation (8.5.3) implies
an upper bound

g � Λ4
v

fm2
W

(8.5.4)
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For the minimal field content in which the relaxion is the QCD axion, the above
bound reads g � 10−16 GeV, where we have used Λv ∼ ΛQCD ∼ 200 MeV and
f ∼ 109 GeV. For instance, a cutoffM ∼ 107 GeV implies g ∼ 10−26 GeV. Combining
eqs.(8.5.1) and (8.5.3) we get

∆φ
f
� M4

Λ4
v

∼ M4

cv2 (8.5.5)

Therefore a big hierarchy between the EW scale and the cutoff of the theory implies
in turn an even bigger hierarchy between the axionic field range and the fundamental
periodicity f . Notice that this is independent of whether the relaxion is the QCD
axion. In terms of the monodromic model, this implies that the axion must travel its
fundamental domain an extremely huge number of times, between at least 104−1040

times for a cutoffM ∼ 104−1013 GeV. It is then reasonable to expect a non-negligible
tunneling probability so that it is more efficient to decrease the energy by jumping
from one branch to another than by slowly rolling down the potential. In the next
section, we explicitly compute this probability by plugging the above constraints
in the formulae derived for the transition rate in the previous section. But before
that, let us recall that the Hubble constant is also highly constrained in the relaxion
models. For the QCD-like barriers to form, we must have

H < Λv. (8.5.6)

Also, energy density during inflation must be dominated by the inflaton, rather than
the relaxion. As a result

H >
M2

MP

. (8.5.7)

This already imposes an upper bound on the cutoff given by M . (ΛvMp)1/2 ∼ 109

GeV for Λv taking the QCD value. This constraint can even be a bit stronger if we
also impose that quantum fluctuactions are subleading with respect to the classical
rolling, leading to M . 107 GeV .

8.5.2 WGC constraints

The above constraints were already discussed in the original relaxion paper. We want
to study whether membrane nucleation provides extra constraints on the relaxion
parameter space.

If the transition rate is not exponentially suppressed, we can expect a large
number of membranes being produced during inflation. If this number is larger than
the number of times the relaxion winds its fundamental domain, ≈ 104−1040, mem-
branes will efficiently take φ to 0, thus spoiling the solution to the hierarchy problem.
Therefore, in order to have successful relaxation we must have P ∼ exp(−B)� 1.

Inserting the relations between f, g,H and M found in the previous Section
(given by eq.(8.5.3)) into (8.4.8) and using φ ∼M2/g, we get

B ≈ 4π3w(q)q3 Λ4
vMP

M2 (8.5.8)
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The variable q was defined in (8.4.3) and parametrizes the importance of the gravi-
tational effects. If q = 1 we recover the flat-space formula (8.4.1). In particular, we
have

q = ∆V
HT

= gφ

HMp

∼
(

φ

M2/g

)
M2/Mp

H
< 1 (8.5.9)

which is always smaller than one at the end of relaxation, since for relaxion models
satisfying φ ∼ M2/g, the value of q is controlled by the ratio between the density
energy for relaxion and inflation. Therefore gravitational effects may play a role
suppressing the value of B in (8.5.11) and increasing the tunneling probability.
Since H < Λv (see (8.5.6)) we also have a lower bound for q given by

M2

MpΛv

< q < 1. (8.5.10)

Using (8.5.9), and taking into account φ ∼M2/g during relaxation, we may rewrite
(8.5.8) as

B ≈ 4π3w(q)q3
(

ΛvMP

M2

)4

. (8.5.11)

Requiring a suppressed tunneling probability with P ∼ exp(−B) � 1, yields
a constraint

M ≤ (4π2w(q)q3)1/8
√

ΛvMP ∼ (w(q)q3)1/8 2.5 · 109 GeV (8.5.12)

where we have used Λv ≈ ΛQCD. This constraint forM , based only on the tunneling
rate, is slightly weaker than those already discussed in [251], unless q � 1. However,
it can be checked that due to the lower bound for q in (8.5.10) it is not possible to
get a stronger constraint for the cutoff than M < 109 GeV.

The bounds above pose no problem for relaxionic models. However, we still
have to take into account that in relaxion models the inflation period is extremely
large and the number of efolds N enormous. Thus we have to consider that bubbles
can form at any moment at any point in the expanding universe. In this connection
note first that, as shown in Appendix E, the radius of a bubble changes with time
as

r(t) =

√√√√ r2
min

cosh2(
√

Λt)
+ 1

Λ tanh2(
√

Λt) (8.5.13)

with Λ ≈ H2 being the associated cosmological constant. This shows that, within
a few Hubble times, the bubble reaches the cosmological horizon at r = H−1. Intu-
itively, the bubble expands at almost the speed of light, and it takes a time of order
H−1 to reach the horizon. This is true for bubbles nucleated at any time; although
later bubbles start with exponentially suppressed rmin to account for the expansion
of spacetime, they always become of cosmological size in one e-fold. Therefore the
exponential expansion does not wash out the effects of the bubble.
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O

B3

B1

B2

Initial singularity

Figure 8.3: Conformal diagram showing the past light cone of some observer O.Since the bubbles
Bi expand so fast, approximately at light speed, we will be within any bubble nucleated in the
past light cone.

On the other hand, although bubble nucleation is suppressed, inflation lasts
an enormous amount of time in relaxionic models. In principle, many membranes
can be produced. The average number of bubbles nucleated in a spacetime region
R of de Sitter space must be

Nb ∼ Vol(R)e−B (8.5.14)

where we have not written an equality because of an instanton prefactor whose
computation requires an ultraviolet completion of the theory. Typically it is set
by some scale of the theory, so we might think of it as a function of Λ, f, g,M . . ..
Ultimately, the precise value of this factor will not be relevant for our conclusions
(as long as it is nonzero of course).

The bottomline of the discussion is that if R is our past light cone during
inflation, then its spacetime volume scales as Vol(R) ∼ e3N where N is the number
of e-folds. Since bubbles grow up to the Hubble radius within one e-fold (and
actually start pretty close to it), by the end of inflation we will be within roughly
Nb bubbles6. This is illustrated in Figure 8.3.

For bubble nucleation not to spoil relaxation, we must require Nb � 1.
Parametrically, this is equivalent to the requirement N < B. Since in relaxation
N ∼ (H/g)2, one has

B

N
∼ 4π3w(q)q5 Λ12

v M
6
P

f 2M16 (8.5.15)

which sets a new constraint for relaxionic models,

M .

(√
4π3w(q)q5 Λ6

vM
3
P

f

) 1
8

' (w(q)q5)1/16 300 TeV (8.5.16)

6A similar argument would not work for the field-theoretic domain walls of tension T ∼ Λ2
vf

discussed in the previous section, since these can only appear in the final stages of inflation when
the QCD barriers become significant.
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where we have used typical QCD values Λv ' 10−1 GeV and f ' 109 GeV in the last
step. In this case, any hierarchy between the Hubble scale and M2/MP (leading to
q smaller than one) would scale down this bound and can even rule out any possible
hierarchy between the cutoff M and the EW scale.

This constraint is more restrictive than the constraints discussed in the original
relaxion papers, and it applies to any relaxation model, independent of the nature
of the relaxion or the origin of the scale Λv. Let us remark that the only constraints
coming from the relaxion proposal that we have used are: the fact that φ ∼ M2/g
(necessary to get a light effective Higgs mass), the relation (8.5.3) derived from
imposing that the non-perturbative barrier eventually stops the running of φ, and
the requirement that the energy density is dominated by inflation instead of relaxion,
leading to (8.5.7). Hence the result is quite independent of the specific relaxion
proposal, as long as it satisfies the three previous conditions and has a built-in
monodromy structure.

For instance, the minimal relaxion model described in Section 8.3 includes a
new parameter η parametrising the coupling of the Higgs field to the Minkowski
4-form. The constraints for relaxation are modified so that the bound in the cut-off
becomes

M .

(√
4π3w(q)q5 Λ6

vM
3
P

f

) 1
8 √

η. (8.5.17)

One could a priori think of relaxing the constraint on the cut-off by having an
extremely large η. However this leads the theory out of perturbative control, since
η2 is a coefficient for the Higgs quartic coupling.

In Figure 8.4 (right) we plot the dependence of the transition rate on the
cut-off scale M and the Hubble scale H (which enters in the formulae through the
dependence on q). In the left Figure we plot the constraints directly in terms of q,
to show explicetely the relevance of the gravitational effects. The blue and orange
regions correspond to the allowed regime with B > 1 and B > N respectively. The
constraints on the Hubble scale (yielding (8.5.10)) put an additional constraint on
the cut-off represented by the green region. This latter constraint is the one already
appearing in [251]. Unlike B > 1, the constraint B > N motivated above, indeed
leads to stronger bounds than those already discussed in [251]. In particular, the
bigger is H, the stronger are the constraints. Therefore, depending on the exact
value of the Hubble constant, cosmological relaxation could still be used to explain
the Little hierarchy problem (with M < 300 TeV) or instead be totally ruled out.

Let us also finally comment that the minimal version of cosmological relaxation
is already ruled out by the strong CP problem. The minimization of the axionic
potential implies

θQCD ∼ 〈φ〉 ∼ gM2f 2/Λ4
v ∼ O(f) (8.5.18)

while the experimental constraint imposes θQCD < 10−10. There are mainly two
proposals to solve this problem still keeping the relaxion to be the QCD axion.
Either the slope of the perturbative axionic potential decreases dynamically after
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Figure 8.4: Plot of constraints B > 1 (blue) and B > N (brown) including the w(q) dependence.
The blue and brown zones correspond to the regions surviving the tunneling constraints in the
parameter space spanned by the cut-off scale M and the parameter q ' M2/(HMp) (left) or the
Hubble scale (right). Only B > N leads to stronger constraints on M than those already coming
from eqs.(8.5.6) and (8.5.7), plotted in green.

inflation [251], or the non-perturbative potential induced by QCD instantons is
suppressed during relaxation and grow afterwards to force θQCD to small values
[259]. In the former case, the constraint (8.5.16) is modified to

M .

(√
4π3w(q)q5 Λ6

vM
3
P

f
θ

9
4
QCD

) 1
8

≈ 500 GeV. (8.5.19)

In this case the bound of M is so restrictive that there is no hierarchy problem
to solve: Bubble nucleation rules out the original relaxation proposal. We stress
however that this bounds only apply to the particular solution of the strong CP
problem in [251]; other solutions, such as the one in [259], might still be viable.

The third option is to consider an additional new strong group coupled to
the Higgs which stops φ from rolling. The scale Λv can be then increased until a
few hundred GeV [251], so the tunneling probability is further suppressed and the
constraint for the cut-off is relaxed to M . 108 GeV, again times the cosmological
suppression factor (w(q)q5)1/16. These latter constraints are comparable (perhaps
slightly stronger) to the ones obtained in [251].

8.6 Monodromy relaxions and string theory

Many of the ingredients of the relaxion models discussed in previous sections are
present in string theory. Periodic axion-like fields appear in all string compactifi-
cations, and their shift symmetries are typically remnants of gauge invariance of
higher dimensional antisymmetric fields (see [10] for review). In particular in Type
II orientifolds axions appear from expanding D=10 Ramond-Ramond (RR) anti-
symmetric fields CMN..Q on harmonics over the 6D compact space, see e.g.[199].
They also appear upon dimensional reduction of Neveu-Schwarz(NS) antisymmet-
ric 2-forms BMN . The field strengths of these antisymmetric fields as well as the
magnetic fluxes of FMN regular gauge fields are quantized when integrated over the
compact space. All these integer quanta are inherent discrete degrees of freedom
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for any string compactification. This leads to a landscape of string vacua for any
given particular compact space, which has been argued to be at the root of the
understanding of the smallness of the value of the cosmological constant [276].

As we mentioned above, it has been realized that in large classes of Type
IIA/IIB string compactifications the axions may have non-trivial perturbative scalar
potentials without spoiling the gauge discrete shift symmetries. This is true as long
as not only the axion gets shifted, but also the (quantized flux) parameters of the
potential transforms appropriately. The structure is similar to the Kaloper-Sorbo
type of potential discussed above generalised to include multiple axions and higher
order polynomial interactions. Thus the structure is again that of monodromic
axions, whose symmetries are again better described in terms of 4d 3-forms. See
[277] for a more general discussion.

So string theory contains two of the required ingredients to construct relaxion
models: 1) there are axions and 2) they have the required multi-branched structure
so that the axion potential does not spoil the shift symmetry. In this Section we try
to take a further step and attempt to build a string construction with the required
axion-Higgs couplings appearing in a relaxion model. We use Type IIB orientifolds,
which have a rich structure of axions, and exploit D-brane physics to engineer the
monodromy in an eventually semirealistic construction. We will just provide an
explicit example of the required structure within a toy model, and will not pursue
the building a complete model. We will also see the limitations of the approach and
the prospects for a more realistic structure.

The setup we consider is a stack of 3 parallel D5-branes wrapping a 2-cycle in
a Type IIB orientifold compactification7 with an orientifold with O3/O7-planes. In
this type of compactifications there are axion fields ba arising from the expansion of
the NSNS field BMN on harmonic 2-forms ωa which are odd under the orientifold
reflection. We choose our axion φ to be one of this kind, B2 = φω2. This structure
is similar to the one appearing in the original axion monodromy models of string
theory in [227, 228].

Let us now describe the realization of the SM gauge and Higgs fields. The
initial gauge group associated to the three D5-branes is U(3), and in general there
are adjoint scalar fields Φi which parametrize the motion of the D5-branes in the
four compact dimensions transverse to the branes. The dynamics of these scalars is
described by the Dirac-Born-Infeld (DBI) plus Chern-Simons action. The details of
the computation are presented in Appendix F. After some simplifications the DBI
action applied to the mentioned system has the structure

SDBI = −µ5g
−1
s STr

∫
d6ξ I, (8.6.1)

I =
√(

1 + 2σ2∂µΦi∂µΦ̄i
) (

1 + 1
2g
−1
s FabFab

)
(1− 4σ2|[Φ1,Φ2]|2)2 , (8.6.2)

where µ5 = (α′)3/(2π)5 is the D5-brane tension, gs is the string coupling (dilaton)
7See Chapters 11 and 12 in [10] for a detailed discussion of this class of string vacua.
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and
Fab = σFab −Bab , (8.6.3)

where σ = 2πα′ and (α′)−1 is the string tension. We allow for magnetic flux quanta
along the U(1) of the U(3), F2 = q ω2, and also assume there is an axion zero mode
B2 = φω2. Here ω2 is an odd 2-form Poincare dual to the 2-cycle Σ2 wrapped by
the D5’s. Expanding this expression to second order in 4d derivatives we obtain

gsSDBI
µ5

= −STr
∫
d6ξ

(
1− 4σ2|[Φ1,Φ2]|2

)(
1 + σ2∂µΦi∂µΦ̄i + 1

4g
−1
s FabFab + . . .

)
(8.6.4)

where we have neglected higher order terms in F . Now take the adjoints Φ1, Φ2 as

Φ1 =

 0 0 h1

0 0 h2

(h1)∗ (h2)∗ 0

 , Φ2 =

 0 0 0
0 0 0
0 0 m

 ,

[Φ1,Φ2] =

 0 0 mh1

0 0 mh2

−m(h1)∗ −m(h2)∗ 0

 . (8.6.5)

This correspond to one of the 3 D5-branes getting slightly displaced from the rest,
giving rise to a configuration with a gauge group SU(2)×U(1). Herem is generically
of order the string scale, i.e. m−2 ' α′. Now, the potential for the axion arises from

1
4g
−1
s FabFab ∝ (σF2 − B2)2 ∝ (q − g̃φ)2 . (8.6.6)

This potential may be understood as arising from a Kaloper-Sorbo structure [271].
The relevant 4-form F4 is the dual of F2 in the D5-brane worldvolume, and has
a cross coupling F4 ∧ B2, which upon using the equations of motion for F4 and
B2 = g̃φω produces the above expression. On the other hand using the matrices for
Φ1,Φ2 above and tracing over gauge indices, we get

Tr|[Φ1,Φ2]|2 = −m2|h|2 (8.6.7)

leading to a scalar potential

VDBI = µ5VΣ2g
−1
s

(
1 + 4σ2m2|h|2

) (
1 + (q − g̃φ)2

)
. (8.6.8)

There is a built-in KS symmetry which enforces the dependence on the axion to
necessarily appear in powers of F4 = (q− g̃φ). However, that is not the case for the
Higgs field, so that a large mass term of order the cut-off is expected to appear at
the quantum level, beyond the original DBI contribution to its mass. Including this
one obtains

V = −µ2|h|2 + VDBI = M4(q − g̃φ)2 + (−µ2 + 4M4σ2m2(1 + (q− g̃φ)2) |h|2
(8.6.9)

where we have assumed that the quantum correction of the Higgs mass is negative
and M4 = µ5VΣ2g

−1
s , and have ignored a constant term which is not relevant for
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the discussion. The Higgs kinetic term is not canonical, and after redefining to the
canonically normalized Higgs h̃ one finally gets a potential

V =
(
− µ2

1 + (q − g̃φ)2 + 4M4σ2m2
)
|h̃|2 + M4(q − g̃φ)2 . (8.6.10)

The structure of this potential is of relaxion type, although not of the minimal class
we discuss in the text. At large φ the Higgs mass-squared is positive, the axion then
starts decreasing and at a certain point the Higgs mass vanish, a vev develops and
then the non-perturbative QCD (or other) condensate8 stops the vev. Note that
one can obtain the above potential if a 4-form F4 in a KS term couples also to the
Higgs field through a term in the action of the form F 2

4 /(1 + 4σ2m2|h|2).
This is an interesting toy model with some similarities with the simplest relax-

ion model, but still far from a fully realistic realization. The most obvious difficulty
in a string embedding of the original relaxion dynamics comes from the required
mass scales. The natural scale in the above potential is the string scale, whereas in
a relaxion model like that in Section 8.3 the 4-form scales are of order 10−3 eV. One
could perhaps consider models with low string scale, but that would also lower the
cut-off scale M .

To see this in more detail, let us compute the relaxion couplings M , g and f
which we used in previous sections in terms of stringy parameters. First, let us fix
the axion decay constant. The IIB supergravity part of the action relevant here is
[12, 10]

− 1
4κ2

10

∫
d10x|H3|2, (8.6.11)

where κ2
10 = 1

2(2π)7α′4. The B field couples to worldsheet instantons wrapping Σ2
[12, 10] as

1
2πα′

∫
Σ2
B2 (8.6.12)

We now expand B2 = g̃φω2, where we remind the reader that ω2 is the volume
form of Σ2. We choose g̃ so that (8.6.11) is canonically normalized, and hence
g̃2V6/(4κ2

10) = 1
2 , where V6 is the volume of the compactification manifold. With

this choice of g̃, we may read the canonical axion decay constant f from (8.6.12), to
have

g̃2 = 2κ2
10
V6

, f = 2πα′
g̃VΣ2

=
√

V6

2κ2
10

2πα′
VΣ2

. (8.6.13)

One may also get the value of Λ2
k, the 4-form quantum, using the above and

the DBI action. If we momentarily take F2 = 0, we may obtain g from the DBI by
8This can arise from non-perturbative gauge dynamics on D-branes to which the axion couples,

or from euclidean D-brane instanton effects, see [10] for background.
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substituting B2 = g̃φω2 and expanding to second order in φ, from which we get

SDBI ≈
1
2
µ5

gs
VΣ2 g̃

2φ2, ⇒ g2 = µ5

gs
VΣ2 g̃

2 = 2
√
π

4π2α′
VΣ2

V6gs
κ10. (8.6.14)

From this, we get Λ4
k = (2πgf)2 as

Λ4
k = 4π2α′

√
π

gsVΣ2κ10
=∼ M2

s

gsVΣ2

. (8.6.15)

This same value of Λ2
k can be obtained in a different way. Allowed values of the flux

of the D5 gauge field F2 are F2 = 2πn
VΣ2

ω2 for integer q, so that
∫

Σ2
F2 is an integer

multiple of 2π (this ensures that the lower D-brane charges induced by the D-brane
Chern-Simons terms satisfy the right Dirac quantization condition). Plugging this
back into the DBI action, we get an action of the form 1

2Λ2
kn

2, with Λk given by
(8.6.15), as expected.

Admittedly, we have no control over µ2, which is why the model falls short from
a stringy realization of relaxation. One possible way out is to locate the relevant
branes into warped throats which can exponentially reduce the mass scales M,σ,m
through a warping factor [286, 287, 288]. This is in fact used in KKLT-like moduli
fixing models [289], in which this exponential suppression is also important in order
to fine-tune the cosmological constant. It is however not obvious that this proposal
does not turn the relaxion proposal into a Randall-Sundrum solution of the hierarchy
problem, as the quantum corrections to the Higgs mass µ2 will also be warped. We
speculate that this may not be the case if µ2 receives contributions from sources
outside of the throat; however, we have no explicit implementation of this idea.

The WGC membrane must already be there in string theory. Indeed, this is the
case: the membrane is the object coupling to the 4d 3-form, which is the magnetic
dual potential of the gauge field on the D5-brane worldvolume. Hence, the WGC
membrane is a monopole on the D5-brane worldvolume gauge theory, realized as a
D3-brane ending9 on the D5-brane [292].

An additional improvement to achieve a more realistic model would be to
realize the full SM gauge group and matter, and achieve full moduli fixed. This would
require a global embedding, in particular with cancellation of RR tadpoles, and
hence possibly requiring anti-D5-branes, thus complicating the construction. Note
finally that the assumption of a large negative Higgs mass-squared from quantum
corrections is crucial to have the relaxation effect, since otherwise the potential would
have been positive definite and the Higgs would never reach a zero mass point.

In summary, string theory has in principle many of the ingredients of the
simplest relaxion models. However, the detailed realization should address the dif-
ficulties of obtaining a viable example, in particular producing the very peculiar
structure of mass scales in relaxion models.

9One may wonder where the other boundary of the D3-brane is. Actually, the worldvolume U(1)
gauge field whose dual has KS coupling must have no Stuckelberg couplings [78], and the latter
condition implies that the U(1) resides on a combination of D-branes with a homology relation,
which thus defines a chain [290, 291], on which the monopole D-brane actually wraps.
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9
Conclusions

9.1 English

The results presented in this thesis are admittedly heterogeneous, but the approaches
followed in both parts nevertheless share one basic trait: the focus on gauge symme-
tries as a tool to construct and understand interesting charged states in the theory.

In Part I, we have introduced a variety of different supercritical string theories,
and explained how they are related to the different critical string theories via a
process of tachyon condensation. Using these supercritical string theories, we have
shown how several discrete symmetries of the 10d string theory can actually be
embedded into continuous ones in a supercritical version of the theory, which is
broken by a Higgs-like mechanism triggered by the closed string tachyon. The
examples include outer automorphisms of the gauge group, discrete isometries of the
compactification space, quantum symmetries at orbifolds, etc. By embedding these
symmetries into continuous ones we establish beyond doubt their gauge character
(as expected in a quantum theory of gravity) and gain a tool to build the topological
solitons charged under the original discrete symmetry. We have analyzed in detail
these charged massive objects, which in some cases were already known and in others
were new.

The possibilities of supercritical string theories with regards to the construction
of charged objects are not limited to those related to discrete symmetries. We
have constructed the heterotic NS5-brane as a closed-string tachyon soliton, which
remarkably can be well understood using the perturbative worldsheet description of
the supercritical string. We have checked the consistency of the construction using
a variety of arguments both from the spacetime and worldsheet points of view.

In the process of building the NS5 we have learned that heterotic NS charges
naturally take values in real K-theory, much like their RR counterparts. This clas-
sification of charges is morally the S-dual of the same clasification for type I branes,
and allows us to systematically build other NS solitonic objects in a perturbative
manner in terms of closed string tachyons. This perturbative worldsheet description
is a powerful tool which may be used to study the strongly-coupled dynamics of
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these objects. It also provides a K-theoretic understanding of the heterotic anoma-
lous Bianchi identity, and thus of the involved charges.

A similar description holds in the type II context, although the solitons con-
structed are very different. The tachyon profile which gave rise to the heterotic NS5
now gives a singular C2/Z2 orbifold in the critical theory. Again, this is argued from
several points of view, using D-brane probes to measure the charge of the object,
and also analyzing the nonlinear sigma model of the supercritical theory, showing
that in the IR it flows to a (4, 4) singular CFT, as expected for an A1 singularity.

We also studied a codimension 8 soliton which corresponds to a fundamental
string in the critical theory. To argue this, we had to generalize the well-known
B2X8 coupling of type IIA theory to the critical setup, carefully analyzing the parity
anomaly of all the fields in the supercritical theory. The B2X8+2n coupling of the
supercritical theory has an structure which suggests the presence of a real K-theory
group classifying the charges of the solitons of the supercritical theory, similar to
what happened in the heterotic context. We use the K-theory picture to classify the
different solitons which can be obtained, providing explicit tachyon profiles for all
of them.

The tachyon condensation picture works in general spacetimes. In fact, it is
possible to give a physical meaning to the ambient space commonly employed in
GLSM’s as a supercritical background; by choosing a suitable tachyon, dynamics is
constrained to the critical CY embedded in the ambient space. This allows us to
embed discrete isometries of the CY (even nonabelian ones) into continuous ones
in the supercritical manifold, providing a picture in which they are broken by the
tachyon.

Finally, we speculate about a possible connection between the closed-string
tachyon we use and a recent proposal which uses Matrix Factorizations to explain
type II T-brane backgrounds.

In part II, we have introduced the Weak Gravity Conjecture as the sharpest
tool we currently have to cut out the bad weeds in the Swampland. We have intro-
duced the different forms of the conjecture currently in use, discussed the generic
arguments based on black hole evaporation supporting it, the evidence within String
Theory, and how the different versions of the conjecture relate to each other.

We have then tried to use WGC-like argument to constraint (non-monodromic)
large field inflation models based on axions. Since the WGC for axions is on loose
ground, we have focused instead on gravitational instantons of the effective theory
of Einstein gravity coupled to the axion, which induce corrections to the axion
potential. Morally, these gravitational instantons are to WGC instantons what
charged black holes are to ordinary WGC particles. Focusing on them is enough
to ascertain the generic form of the corrections to the axion potential. Although
the existence of the euclidean instantons is in principle independent of the validity
of the WGC, we need to take them outside the regime of validty of effective field
theory if we want to place strong constraints on effective field theories: it is in this
regime when the WGC instantons become important.
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In single-axion models, gravitational instanton effects spoil transplanckian ax-
ion decay constant f , since the instanton action decreases with f . In multiple axion
setups, we have considered different scenarios of axion alignment. We have shown
that in models of lattice alignment, the parametrically transplanckian axion suffers
gravitational instanton effects which jeopardize its transplanckian field range, so in
this sense there is not advantage with respect to the single field case. Finally, we
have shown that kinetic alignment can be used to achieve moderately transplanck-
ian field ranges, of the form

√
Nfmax, where N is the number of axions and fmax

the maximum axion periodicity, corresponding to travelling along a diagonal in the
lattice. In the effective single-axion model along this transplanckian direction, the
gravitational instantons which would spoil the transplanckian range are absent due
to a ZN discrete gauge symmetry. To be able to exploit this “loophole”, however,
we need to violate the 0-form strong versions of the WGC. These forms are true in
every String Theory example considered so far.

We have also used the WGC to place new constraints on the relaxion proposal
to solve the electroweak hierarchy problem. The simplest implementations based
on this idea have however a number of problems, including the inconsistent explicit
breaking of the axion discrete gauge symmetry, as well as the stability of extremely
large trans-Planckian excursions of the relaxion. We have described how one can
construct relaxion type models with a monodromy structure built in, which avoids
these two problems. The simplest way to achieve this is by coupling a Minkowski 3-
form, with a quantized flux F4 coupling both to the relaxion and the Higgs field. The
gauge symmetries of the 3-form guarantee the stability of the axion potential under
Planck suppressed corrections, similar to the Kaloper-Sorbo structure applied in
large field inflation. This allows for large trans-Planckian excursions of the relaxion
field. In these constructions the axion shift comes along with shifts of the F4 quanta,
so that there is a branched structure of axion potentials. The shift symmetry is in
this way consistent with the presence a non-vanishing potential for the relaxion.

An interesting consequence of the monodromy version of relaxion is that the
mass parameter g is related to the 4-form flux by g = F4/f , so that one may
understand the smallness of the g parameter from a sort of see-saw structure. Thus,
e.g., values of the 4-form flux F4 ' (10−3eV)2 and axion decay constants f ' 1010

GeV give rise to values g ' 10−34, in the ballpark of simplest relaxion models.
The fact that this value for F 2

4 is of order of the observed cosmological constant
Λdark ' (10−3eV)4 is intriguing.

We also describe how in explicit string constructions the main ingredients of
the relaxion mechanism are present. There are axions arising from the dimensional
reduction of RR and NS antisymmetric tensors, and these axions may have couplings
to Higgs doublets with a structure similar to relaxion models. A toy model from
the DBI dynamics of D5-branes in Type IIB orientifolds is presented. However the
natural scale for the 4-forms in string theory is the string scale F4 ' M2

s , whereas
realistic relaxion models have rather very low values, e.g. F4 ' (10−3eV)2. It
would be interesting to see whether the presence of strong warping effects or other
mechanisms could explain this difference in scales.
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We have also studied the constraints on the relaxion parameters coming from
membrane nucleation. In particular there are membranes coupling to the 3-forms
which induce changes on the 4-form quanta, while also changing the axion branch.
These jumps make the slow roll of the relaxion unstable, so that we must impose
that the rate for these processes is sufficiently suppressed. To check whether the
nucleation of membranes is suppressed or not we need to know the membrane tension
T . The Weak Gravity Conjecture provides for an upper bound for the tension of
order T ≤ gfMp. This implies that the transition rate from one relaxion branch to
another is indeed suppressed if the cut-off scale is below a certain scale (M . 109

GeV in the simplest axion model) which is comparable to other limits. However,
taking into account the extremely large period of inflation in which bubbles may be
generated in relaxion models, one finds that the upper bound on the cut-off scale
becomes much tighter, of order M . 300 TeV. This would imply that the simplest
implementations of the relaxion mechanism are able to generate a small hierarchy
not much above the EW scale, but not to explain the hierarchy problem itself.

Overall, the work presented in this thesis is aimed at understanding Quantum
Gravity from two complementary points of view. On one hand, we have explored
aspects of String Theory which are not commonly emphasized, such as the existence
of a supercrtitical landscape and its relation to the critical theories via closed-string
tachyon condensation. String Theory is so far the only candidate quantum theory
of gravity in which we have enough theoretical control so as to perform complicated
checks and computations. We should therefore try to understand as much of the
theory as we can.

On the other hand, we have used the Weak Gravity Conjecture as a means
to weed out the Swampland, constraining effective field theories of both large field
inflation and relaxation. We are lucky that such a thing as the Swampland exists,
at least in String Theory. The scale of gravity is enormously high, at 1019 GeV. It
is very difficult to imagine that we will be able to access these scales experimentally
within our lifetimes, even in an indirect way. Although we may be unexpectedly
fortunate, it is possible that until we reach the Planck scale every bit of new physics
that shows up can be nicely explained within the realm of effective field theory. In
that case, narrrowing the Swampland then constitutes our best shot at checking our
ideas about Quantum Gravity and String Theory.

9.2 Español

Los resultados presentados en esta tesis son decididamente heterogéneos, pero las
metodologías seguidas en ambas partes comparten un rasgo común: Ambas se cen-
tran en emplear simetrías gauge como herramienta para construir y entender parte
del espectro cargado de la teoría.

En la Parte I, se ha introducido las diferentes teorías supercríticas, explicando
su relación con las teorías críticas mediante un proceso de condensación del taquión.
Usando estas teorías supercríticas, se ha mostrado cómo varias simetrías discretas de
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la teoría de cuerdas en diez dimensiones pueden embeberse en simetrías continuas en
una versión supercrítica de la teoría, que después se rompe mediante un mecanismo
similar al de Higgs iniciado por el taquión de cuerda cerrada. Los ejemplos pre-
sentados incluyen automorfismos externos del grupo gauge, isometrías discretas del
espacio de compactificación, simetrías cuánticas de orbifolds, etcétera. Al embeber
estas simetrías discretas en simetrías continuas, se estable más allá de toda duda el
carácter gauge de las primeras (como era de esperar en una teoría cuántica de la
gravedad). Al mismo tiempo, se obtiene una herramienta para construir solitones
topológicos cargados bajo la simetría discreta original. Estos objetos cargados ma-
sivos han sido analizados en detalle. En algunos casos ya eran soluciones conocidas
y en otros no.

Las posibilidades de las teorías de cuerdas supercríticas como herramienta
para la construcción de objetos cargados no se limitan a ejemplos relacionados con
simetrías discretas. También se ha construido en esta tesis la brana NS5 heterótica
como un solitón del taquión de cuerda cerrada, el cual puede entenderse utilizando
la descripción de hoja de mundo de la cuerda supercrítica. Se ha comprobado la
consistencia de esta construcción usando diferentes argumentos, tanto desde el punto
de vista del espaciotiempo como desde el punto de vista de la hoja de mundo.

El proceso de construir la NS5 ha revelado que las cargas Neveu-Schwartz
heteróticas toman valores de manera natural en una teoría K real, de manera similar
a sus contrapartidas Ramond-Ramond en tipo I. Esta clasificación de cargas es,
moralmente, S-dual a la clasificación similar para branas de tipo I, y permite la
construcción sistemática de otros solitones NS de manera perturbativa, en términos
de taquiones de cuerda cerrada. El punto de vista perturbativo es una poderosa
herramienta que puede ser usada para analizar las dinámicas a acoplo fuerte de
estos objetos, al tiempo que proporciona una nueva perspectiva sobre la identidad
de Bianchi anómala de la teoría heterótica, a través de teoría K.

En el contexto de teorías de cuerdas de tipo II se ha encontrado una descripción
similar, aunque los solitones construidos son muy diferentes. El perfil del taquión
que da lugar a la NS5 en el contexto heterótico constituye un orbifold C2/Z2 en
la teoría de tipo II crítica. De nuevo, esto se argumenta desde diferentes puntos
de vista, usando D-branas como sondas para medir la carga del objeto, así como
analizando el modelo sigma no lineal de la teoría supercrítica, mostrando que en el
infrarrojo fluye a una teoría conforme con supersimetría (4, 4) y singular, como se
espera para una singularidad de tipo A1.

También se estudió un solitón de codimensión 8 que corresponde a una cuerda
fundamental en la teoría critica. Para argumentar esto, se generalizó el acoplo B2X8
de la teoría tipo IIA al contexto supercrítico, mediante un cuidadoso análisis de la
anomalía de paridad de todos los campos de la teoría supercrítica. La estructura
del acoplo B2X8+2n de la teoría supercrítica sugiere, de manera similar al caso het-
erótico, una estructura de teoría K real que clasifica las cargas de los solitones en la
teoría supercrítica. Esta perspectiva de teoría K se usa para clasificar los diferentes
solitones obtenidos, proporcionando perfiles del taquión explícitos para todos y cada
uno de ellos.
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El mecanismo de condensación del taquión funciona en espaciotiempos gen-
erales, lo que posibilita dar un significado físico al espacio ambiente empleado habit-
ualmente en modelos sigma lineales gaugeados: Al escoger un perfil del taquión ade-
cuado, la dinámica acaba restringida a la variedad de Calabi-Yau crítica embebida
en el espacio ambiente. Ello permite embeber isometrías discretas del Calabi-Yau,
incluso isometrías no abelianas, en isometrías continuas en el espacio supercrítico,
que luego rompe el taquión.

Finalmente, se ha especulado sobre una posible conexión entre el taquión de
cuerda cerrada empleado en esta tesis y una propuesta reciente que utiliza factor-
izaciones de matrices para explicar configuraciones de T-brana en teorías de cuerdas
de tipo II.

En la parte II, se ha presentado la Conjetura de la Gravedad Débil (CGD)
como la herramienta más afilada de que disponemos actualmente para cortar las
malas hierbas del Pantano. Se han presentado las diferentes formas de la conjetura
en uso, discutiendo los argumentos genéricos a su favor basados en evaporación
de agujeros negros, la evidencia en el contexto de teoría de cuerdas, y cómo las
diferentes versiones de la conjetura se relacionan unas con otras.

A continuación, se ha empleado argumentos similares a la CGD para acotar
modelos axiónicos no monodrómicos de inflación de campo grande. Dado que la
CGD no tiene fundamentos sólidos en el caso de axiones, se ha puesto el énfasis en
instantones gravitacionales de la teoría efectiva de gravedad de Einstein acoplada
al axión, los cuales inducen correcciones al potencial axiónico. Moralmente, estos
instantones son a los instantones predichos por la CGD como los agujeros negros
cargados ordinarios a las partículas CGD. El estudio de estos instantones es suficiente
para determinar la forma genérica de las correcciones al potencial axiónico. Aunque
la existencia de estos instantones es en principio independiente de si la CGD es
correcta o no, para acotar significativamente los parámetros de la teoría efectiva del
axión es necesario considerarlos fuera del régimen de validez de dicha teoría efectiva.

En modelos de un solo axión, los instantones gravitacionales impiden que la
constante de decaimiento f del axión adquiera valores transplanckianos, dado que
la acción del instantón decrece al crecer f . En modelos con múltiples axiones,
se han considerado diferentes posibilidades de alineamiento. En modelos de alin-
eamiento de red, el axión que sería paramétricamente transplanckiano siente efectos
de instantón gravitacional que destruyen esta propiedad, por lo que estos modelos
no presentan ventaja alguna sobre los modelos de un solo axión. Los modelos de
alineamiento cinético pueden conseguir constantes de decaimiento moderadamente
transplanckianas, de la forma

√
Nfmax, donde N es el numero de axiones y fmax la

máxima periodicidad posible para un axión, que corresponde a viajar a lo largo de
una diagonal en la red. En la teoría efectiva de un único axión a lo largo de esta di-
rección transplanckiana, los instantones gravitacionales que impedirían obtener una
constante de decaimiento transplanckiana no están presentes debido a una simetría
gauge discreta ZN . Para poder explotar este resquicio en el argumento, es necesario
sin embargo violar las versiones fuertes de 0-forma de la CGD. Sin embargo, estas
formas se cumplen en todos los ejemplos construidos en teoría de cuerdas hasta la
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fecha.
También se ha usado la CGD para obtener nuevas cotas en los parámetros

de la propuesta relaxiónica para resolver el problema de las jerarquía electrodébil.
Las implementaciones más simples de la idea sufren de varios problemas, incluyendo
la inconsistencia de romper explícitamente la simetría gauge discreta del axión, así
como mantener la estabilidad del potencial a lo largo de la excursión del relaxión,
que es increíblemente transplanckiana. Se ha descrito cómo construir modelos re-
laxiónicos con estructura monodrómica, lo cual evita estos dos problemas. La forma
más sencilla de conseguir esto es mediante el acoplo de una 3-forma Minkowskiana
con un flujo F4 cuantizado, el cual acopla al mismo tiempo al relaxión y al campo
de Higgs. Las simetrías gauge de la 3-forma garantizan la estabilidad del potencial
relaxiónico frente a correcciones suprimidas por la escala de Planck, similares a la
estructura Kaloper-Sorbo de uso frecuente en modelos monodrómicos de inflación
de cambo grande. Ello permite excursiones transplanckianas del relaxión. En estas
construcciones, la simetría de desplazamiento del axión viene acompañada de de-
splazamientos del cuanto de F4, de tal forma que hay una estructura de ramas en el
potencial del relaxión. La simetría de desplazamiento es de este modo consistente
con la presencia de un potencial no periódico y no nulo para el relaxión.

Una consecuencia interesante de la versión monodrómica del relaxión es que
el parámetro con unidades de masa g se relaciona con el flujo de 4-forma según g =
F4/f , de tal forma que se puede entender la pequeñez de g mediante un mecanismo
de tipo balancín. Así, valores del flujo de 4-forma F4 ' (10−3eV)2 y constantes de
decaimiento f ' 1010 GeV dan lugar a valores g ' 10−34 GeV, que son típicos de
los modelos relaxiónicos más simples. Es intrigante que el valor de F 2

4 es del orden
de la constante cosmológica observada, Λdark ' (10−3eV)4.

Los ingredientes principales de un modelo de relaxión están presentes en teoría
de cuerdas: Hay axiones que surgen de la reducción dimensional de tensores anti-
simétricos tanto en el sector RR como en el sector NS, y dichos axiones pueden tener
acoplos a dobletes de Higgs con una estructura similar a la presente en modelos re-
laxiónicos. Se ha presentado un modelo simplificado que proviene de la dinámica,
regida por la acción Dirac-Born-Infeld, de D5-branas en orientifolds de tipo IIB.
Sin embargo, la escala natural de las 4-formas en teoría de cuerdas es la escala de
la cuerda, F4 ' M2

s , mientras que un modelo relaxiónico realista debe tener val-
ores muy bajos, del orden de F4 ' (10−3eV)2. Sería interesante determinar si esta
diferencia en escalas puede explicarse mediante efectos de curvatura fuertes u otros
mecanismos.

También se han estudiado las cotas en los parámetros del relaxión provenientes
de nucleación de membranas. En particular, existen membranas que se acoplan a
las 3-formas, las cuales inducen cambios en el cuanto de 4-forma y cambian la
rama del relaxión. Estos saltos vuelven inestable la condición de rodadura lenta
del relaxión, por lo que se vuelve necesario imponer que la tasa de producción de
dichas burbujas sea lo bastante pequeña. Para determinar esto, es necesario conocer
la tensión de las membranas, T . La CGD proporciona una cota superior a dicha
tensión, del orden T ≤ gfMp. Ello implica que la tasa de transición de una rama
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del potencial a otra está muy suprimida si la escala de corte de la teoría efectiva
está por debajo de una cierta escala (igual a 109 GeV en la clase más sencilla de
modelos relaxiónicos), comparable a otras cotas ya existentes en dicho parámetro.
Sin embargo, se ha de tener en cuenta la enorme duración de la fase inflacionaria
en los modelos relaxiónicos, durante la cual la producción de burbujas es posible.
Teniendo esto en cuenta, la cota en la escala de corte se vuelve mucho más pequeña,
del orden deM . 300 TeV en el modelo más sencillo de relaxión. Ello implicaría que
estas implementaciones sencillas del mecanismo del relaxión son capaces de generar
una pequeña jerarquía no mucho más allá de la escala electrodébil, pero no pueden
resolver el problema de las jerarquías por completo.

De manera general, la finalidad del trabajo presentado en esta tesis es afianzar
nuestro entendimiento de la gravedad cuántica desde dos puntos de vista comple-
mentarios. Por un lado, se han explorado aspectos de la teoría de cuerdas que no
reciben atención frecuentemente, como la existencia de una red de teorías supercríti-
cas conectadas a las teorías críticas y entre sí mediante condensación del taquión de
cuerda cerrada. La teoría de cuerdas es, hasta ahora, la única candidata a teoría
cuántica de la gravedad en la que hay suficiente control matemático como para re-
alizar cálculos y verificar resultados complicados. Deberíamos por tanto intentar
entender tanto de la teoría como podamos.

Por otro lado, hemos usado la Conjetura de la Gravedad Débil como medio
para quitar las malas hierbas del Pantano, poniendo cotas a los parámetros de ciertas
teorías efectivas tanto de inflación de campo grande como de modelos de relaxión.
Tenemos suerte de que el Pantano exista, al menos en teoría de cuerdas. La es-
cala característica de la gravedad es enormemente elevada, 1019 GeV. Es muy difícil
imaginar un experimento que proporcione acceso a esta escala, incluso de manera
indirecta, en este siglo. Aunque quizá seamos inusitadamente afortunados, también
es posible que toda la nueva física que se descubra hasta la escala de Planck pueda
ser explicada en el contexto de teoría efectiva. En tal caso, entender mejor el Pan-
tano constituye nuestra mejor baza para comprobar nuestras ideas sobre gravedad
cuántica y teoría de cuerdas.
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A
Partition functions of supercritical strings

Despite the long history of supercritical strings [3], their detailed construction may
be unfamiliar to most readers. In this Appendix we complement the main text
references therein (e.g. [4, 293]) by providing their partition functions, which help
in visualizing the diverse GSO-like projections. Their construction is standard, with
the linear dilaton simply readjusting the zero point energy to reproduce the masses
used in the main text.

We start with the supercritical bosonic string in D dimensions, for which we
have

Z(τ) = (4π2α′τ2)−D−2
2

|η|2(D−2) (A.1)

For the supercritical type 0A/B in D = 10 + n dimensions, the partition function
reads

Z(τ)=1
2

(4π2α′τ2)−4−n2

|η|16+2n|η|8+n

(∣∣∣∣ϑ[0
0

]∣∣∣∣8+n
+
∣∣∣∣ϑ[ 0

1/2

]∣∣∣∣8+n
+
∣∣∣∣ϑ[1/2

0

]∣∣∣∣8+n
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= 1
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(A.2)

In the last line we have introduced the notation from [12]

Za
b (τ) =

ϑ
[
a/2
b/2

]
η(τ) (A.3)

Consider now type 0 supercritical theories in D = 10 + 2k dimensions, and orbifold
by the Z2 flipping k extra dimensions, and worldsheet fermions as described in the

175



APPENDIX A. PARTITION FUNCTIONS OF SUPERCRITICAL STRINGS

text. The partition function sums over untwisted and twisted sectors, and reads
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This can be written compactly as

Zorb.
0 = (4π2α′τ2)−4

|η(τ)|16
1
4
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Zabcd. (A.5)

by defining generalized partition functions for different sectors
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Here we have introduced “bosonic” theta functions, which are the partition functions
of the orbifolded bosons. They must be replaced by η(τ)3(4π2α′τ2)−1/2 in the b =
d = 0 sector.

Let us move on to the heterotic theories. For the HO(n) theory, the partition
function is
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Note the familiar SO(32) sector in the last factor of the first line. The familiar
change of GSO projections in these 32 fermions can be used to directly construct
the E8 × E8 version of the theory used in chapter 2.

For the HO+(n) / theory, the partition function is
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The orbifold can be written compactly using the generalized functions (A.6), as
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176



B
A brief review of K-theory and its

physical applications

Consider a system of n D9 −D9 branes in either type IIB or type I theories1. As
discussed in Section 2.2.1, this system contains a tachyon describing the annihilation
of the two stacks of branes into the vacuum. As also discussed there, by turning on
nontrivial worldvolume fluxes on the branes one can reach lower-dimensional branes
after tachyon condensation.

The rationale behind this nonhomogeneous tachyon condensation process is
that if there is a charge which may be measured at infinity, it cannot be changed by
the process of tachyon condensation. The K-theory proposal in [37] is a systematic
classification of the global charges that may be carried by a pair of gauge bun-
dles (E,F ), corresponding to the brane and antibrane stacks, respectively, modulo
tachyon condensation.

A first observation is that pairs of bundles (E,F ) and (E⊕H,F⊕H) carry the
same charges. The physical interpretation of this operation is the nucleation of extra
m = rank(H) D9 branes and extra m D9 branes, over the brane configuration we
started with. Since the extra branes are identical, carrying the same gauge bundle
H, they carry the same worldvolume fluxes, etc. The two bundles are isomorphic
and the bifundamental bundle (of which the tachyon is a section) is trivial. In other
words, a configuration (E⊕H,F⊕H) is related to (E,F ) via tachyon condensation,
hence should be considered as equivalent for the aim of classifying charges.

Pairs of unitary bundles (E,F ) over a given manifold, modulo the equivalence
relation (E,F ) ∼ (E ⊕H,F ⊕H) form a group, called the K-theory group of the
manifold. Similarly, SO bundles define the real K-theory group KO of the same
manifold. Possible asymptotic charges in type IIB string theory are classified by K
theory, whereas in type I they are classified byKO theory. To describe a codimension
p defect, the gauge bundles should be nontrivially fibered over the transverse R9−p2.

1An extension of these techniques to IIA is possible, but involves the use of unstable D9-branes.
2In many of our examples the critical slice is Rn, so strictly speaking there are no non-trivial

bundles. As we discuss momentarily, we always impose finite energy at infinity for our bundles, so
effectively we have in mind bundles on the compactification of flat space.
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Both in open string as well as in supercritical constructions, the tachyon (or
its derivative) lives in a bifundamental of (E,F ). This means it is is sensitive to the
K-theory class: The loci where the tachyon matrix decreases its rank corresponds
to the presence of extra degrees of freedom associated to a tachyon soliton. Tachyon
profiles describing solitons are in one-to-one correspondence with K-theory classes
of the E, F bundles. A tachyon matrix T specifies a K-theory class uniquely as
follows: Given a tachyon T over some compact3 base space X, one may construct a
complex vector bundle E by finding an open cover {Uj} of X such that the tachyon
has full rank on the overlaps Ui ∩ Uj (for instance one in which one of the Ui is a
tubular neighbourhood of the detT = 0 locus) and setting the transition functions
to be just T . From this we can further construct a K-theory class representative as
(E, 1) where 1 is a trivial vector bundle.

However, one must show that this mathematical correspondence has some
physical meaning, for instance showing that the tachyon profile requires the x, y
bundles to form a representative of the tachyon K-theory class. Physically, the
equivalence between topologically nontrivial tachyon profiles and the supercritical
x, y bundles arises from two assumptions about the theory:

• Tachyons describing a localized soliton must relax to the vacuum far away
from the core. In practical terms this means that T → T0 as r → ∞, where
T0 is the vacuum expectation value of the tachyon.

• Configurations of finite action on Rk can be extended to differentiable config-
urations on its one-point compactification Sk, modulo gauge transformations.
This is an assumption about the form of the action near the vacuum. For
instance, in Yang-Mills theory in k dimensions, one must have

Fµν → 0 (B.1)

faster than r−k/2 for the action to be finite. Since this implies that the con-
nection is flat at infinity, the configuration can be extended to Sk, possibly in
a singular gauge. Similarly, assuming that near the tachyon vev the action
takes the form

S =
∫
|DT |2 − V (T ) (B.2)

for some effective potential V (T ) with a minimum around T0, finite action
means that DT → 0 faster than r−k/2.

We should remark that whereas the first assumption is quite reasonable and
could be considered as part the definition of a soliton, the second is a strong state-
ment about the action in a regime we do not really control. The supercritical de-
scription is valid for small vevs of T and even though it is possible to ascertain the
endpoint of the condensation for several different profiles, we know nothing about
the effective action there. This is the case in supercritical tachyon condensation but
also in the context of brane-antibrane annihilation in type IIB, where the tachyon

3Recall footnote 2.
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profiles which yield D-branes asymptote to the vacuum expectation value of the
tachyon. Although some is known about the effective action of the tachyon in this
case (see [294] for a review), it is difficult to argue in a controlled way that the co-
variant derivative of the IIB tachyon should vanish at infinity to satisfy finite energy
conditions.

In any case, once we assume that DT → 0, we obtain a link between the
tachyon and the supercritical bundles. We will review the argument in the more
familiar case of D9-D9 tachyon condensation in type IIB this more familiar case
first, and then briefly discuss the the closed-string version of the phenomenon.

In type IIB in the presence of extra D9-D9 pairs, there is a tachyon TIIB in
the bifundamental of the gauge group. A tachyon vev |TIIB| → ∞ corresponds to
complete annihilation to the type IIB vacuum. Different tachyon profiles describe
different configurations in the critical theory after tachyon condensation.

The tachyon asymptotics impose constraints on both D9 and D9 connections.
For concreteness, consider a single brane-antibrane pair and a tachyon profile of the
form TIIB = z. This is well-known to describe a D7-brane sitting at z = 0 after
condensation. Far from z = 0 the tachyon is non-vanishing, indicating complete
annihilation. However, there is one extra requirement to be imposed. As discussed
above, one should have DµT → 0 sufficiently fast. Plugging the tachyon profile we
have chosen, this means that

∂zT − (AD9 − AD9)T → 0 (B.3)

or, in other words, that asymptotically

AD9 − AD9 →
1
z
. (B.4)

One may measure the first Chern class of the K-theory class (E,F ), where E is the
D9 gauge bundle and F the D9 gauge bundle, by integrating the Chern-Simons form
of the connection (B.4). In this case, one obtains an induced D7-brane charge of
1, as befits a D7-brane after condensation. We thus see that in order to be able to
draw the correspondence between a tachyon profile and a particular configuration
after condensation it is essential to specify the behaviour at infinity.

We will assume that an analogous discussion holds in supercritical theories.
The projection of the covariant derivative ∇µT to the critical slice (in supercritical
type 0) and the gradient of the tachyon ∇µT a (in HO(+n)/) are analogous to the
covariant derivative of the tachyon in the IIB example above. We will hypothesize
that ∇µT → 0 plus terms of order rk/2 as we near infinity for tachyon profiles
describing solitons of codimension k. By expanding the covariant derivative as in
(B.3), we get a sum of Christoffel symbols which act as connection coefficients over
the E,F bundles. The same arguments as above show that a particular tachyon
matrix specifies a pair (E,F ) of bundles.

Finally, the real K-theory groups of spheres which are of interest in this thesis
have been computed by mathematicians. They areKO(S1) = KO(S2) = KO(S9) =
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KO(S10) = Z2, KO(S4) = KO(S8) = Z. Thus, in type I theory we can have topo-
logical defects of spatial dimension −1 (an instanton), 0, 1, 5, 7, 8. The dimension
1 and 5 objects are the well-known D1 and D5-branes of type I theory. Indeed,
D-brane charge is Z valued, as the relevant KO groups show. The other defects are
all Z2 objects and thus more exotic. The particle is a spinor of SO(32), and is a
perturbative massive state of the fundamental string. It flips sign when circling the
Z2 7-brane. The 7-brane is in fact the gauge object S-dual to the the 7-brane of
Section 3.2.2.

This concludes the lightning review of the K-theory tools necessary for this
thesis. For more information, the reader is referred to [37] and [295, 296] for a more
mathematical introduction.
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C
The Atiyah-Bott-Saphiro construction in

supercritical theories

An essential technical tool in building the tachyon profiles used in Chapters 4 and
5 is the Atiyah-Bott-Saphiro construction [98], which we now review. While the
original ABS construction works for complex bundles, it can be employed in the real
context with suitable modifications, as described beloww.

C.1 Real Atiyah-Bott-Saphiro profiles

As discussed in Appendix B, tachyon profiles are in one to one correspondence
with K-theory classes. In the U(n) case, a simple representative of the non-trivial
homotopy classes is obtained by the Atiyah-Bott-Shapiro (ABS) construction [297].
In this case, the K-theory group is K(Sk−1) = Z for even k, k = 2p. The two bundles
are taken to describe the chiral spinor bundles S± over Rk, namely U(n) bundles
with n = 2p−1, and the tachyon background generating the K-theory group is

T = Γ · ~x (C.1.1)

where Γ denote the Dirac matrices in Weyl representation, so we indeed have a map
M : S+ → S−. The Z-valued charge can be identified with the non-trivial Chern
classes trF p, k = 2p along Rk.

We are interested however in generators of the real K-theory groups KO(Sk).
Throughout this Section k = 2p will be the dimension of the transverse space to the
soliton we wish to construct.

The main tool we will use is the embedding from U(n) to SO(2n) given by
treating real and imaginary parts independently (this embedding process sometimes
goes under the name “realification”). Given any n-dimensional complex vector bun-
dle, it can be regarded as a 2n-dimensional real vector bundle via the mapping

r : (z1, z2, . . .) → (x1, y2, x2, y2, . . .), where zk ≡ xk + iyk. (C.1.2)
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A mapping M between two complex vector bundles E,F , such as the tachyon,
induces a mapping MR = rF ◦ r∗EM from r(E) to r(F ). Given M , MR is just
obtained by the replacement

1→
(

1 0
0 1

)
, i→

(
0 −1
1 0

)
. (C.1.3)

in the matricial expression for M . If the complex bundles are U(n) bundles, their
realifications are SO(2n) bundles: At the level of the algebra, one can see that
(C.1.3) sends a n×n anti-hermitian traceless matrix to a 2n×2n real antisymmetric
matrix, so that it indeed defines an algebra embedding from u(n) to so(2n). Since
U(n) is a connected Lie group, the algebra embedding extends to a group embedding
via the exponential mapping.

We may now take the tachyon (5.1.8) (which for each point with | ~X| = 1
defines an element of U(2p−1)) and turn the mapping between U(2p−1)-bundles to
a mapping between SO(2p) bundles over the same base. However, we now have to
show that the maps constructed in this way indeed represent nontrivial elements of
the KO groups.

To do this, we can now complexify again the bundles (which, for a given real
bundle ER, means taking the tensor product with the complex numbers ER⊗C). A
generic section of the complexification of r(E) is of the form

sEx + is′Ex + sEy + is′Ey = (sEx + is′Ey) + i(s′Ex − isEy) = e+ e′, (C.1.4)

where Ex and Ey are the real and imaginary parts of E, s and s′ are sections of the
corresponding bundles, and e and e′ are sections of E and E respectively. Thus the
complexification is isomorphic to E ⊕ E.

The complexification of r(E) is trivial if r(E) is or, in other words, r(E) can
only be trivial if E ⊕ E is. The above discussion carries over to pairs of bundles
(E,F ) and to K theory classes in a straightforward manner, using the map from
tachyon profiles to K-theory classes described in the main text. If T represents the
K-theory class (E,F ), then T ⊕ T represents the K-theory class (E ⊕ E,F ⊕ F ).
Therefore, if the K-theory element represented by T ⊕T turns out to be nontrivial,
then the realification of T describes a nontrivial element in KO.

In k = 4, 8 dimensions, the ABS tachyon has nontrivial (k/2)-th Chern class.
Since ck(E) = (−1)kck(E), this means that T ⊕ T has nontrivial (k/2)-th Chern
class (in fact, it is twice that of the ABS tachyon). This means that the real
tachyons obtained from these indeed describe nontrivial elements of KO. Since the
k-th Pontryagin class of a real bundle is defined as the (k/2)-th Chern class of its
complexification, we see that the Pontryagin classes of these tachyons are even.

In k = 2 dimensions T ⊕ T is a trivial bundle so the above considerations
do not apply, and in k = 1 the ABS construction (which strictly speaking is only
defined for even dimensions) does not apply. We will consider these cases in detail
below. Notice that once we have constructed generators for the KO-theory groups
from k = 1 to 8 we can get generators for any other KO-group via Bott periodicity
[37].
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We now turn to the explicit construction of real tachyons using the above
recipe.

For k = 4, the ABS construction provides a tachyon, written in terms of Γ
matrices

T = ΓµXµ (C.1.5)

where Γµ are 4× 4 SO(4) Dirac matrices. However, as stated in the text, we should
regard the above tachyon as a map between chiral spinor bundles S±, which are
complex 2-dimensional. This means that a more appropriate 2×2 form of the above
tachyon may be obtained. Define the following matrices:

σµ = (1, iτ 1, iτ 2, iτ 3) (C.1.6)
σµ = (σµ)† = (1,−iτ 1,−iτ 2,−iτ 3) (C.1.7)

with τ i the Pauli matrices. Then, when mapping chiral spinor bundles, (C.1.5)
becomes

T = σµXµ. (C.1.8)

Applying the homomorphism (C.1.3), we get the 4× 4 real tachyon

T = r(σµ)Xµ = ηµX̌
µ (C.1.9)

with X̌µ = (X0, X3,−X2, X1) and ηµ the set of 4× 4 real matrices1

η0 = r(σ0) = I4×4 ; η1 = r(σ3) =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 ;

η2 = −r(σ2) =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 ; η3 = r(σ1) =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 .
(C.1.10)

As stated above, this tachyon has Pontryagin class equal to two (when defined over
the sphere); it thus describes a two-center Taub-NUT. This is the tachyon profile
used in the main text to construct the A1 singular CFT.

For k = 8, the Dirac matrices appearing in the expression of the ABS tachyon
are 16-dimensional, which translates into 8-dimensional chiral spinor bundles. The
homomorphism (C.1.3) turn these to real 16 × 16 matrices. In 8 dimensions, one
can take a Majorana-Weyl condition of spinors. If the original matrices used in the
ABS tachyon are in this representation, then the homomorphism (C.1.3) will yield

1This somewhat strange definition of X̌ and the η matrices will arise naturally from the con-
struction in Section C.1.1.
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two irreducible 8-dimensional blocks, each of which will constitute a Majorana-
Weyl representation of the SO(8) Clifford algebra. This means that the soliton
constructed via turning the ABS tachyon into an SO(8) tachyon via (C.1.3) describes
twice the generator of KO(S8), in accordance with general considerations above. In
this particular case, one could directly take the ABS tachyon with real 8×8 Gamma
matrices and that would describe the generator of KO(S8) [37]:

T = Xµ(Γ8×8)µ. (C.1.11)

Dirac matrices in k = 2 dimensions can be taken as τ 1, τ 2. The ABS tachyon
is then τ 1X1 + τ 2X2 which, when restricted to chiral spinors, yields simply TABS =
X1 + iX2 ≡ Z. The real tachyon is then

T =
(
X1 −X2
X2 X1

)
= |X|

(
cos θ − sin θ
sin θ cos θ

)
. (C.1.12)

This tachyon has winding one around infinity. This winding cannot be undone
with SO(2) gauge transformations, but if embedded in SO(n) for n > 2 (in the
K-theoretic spirit) the winding can be undone in pairs. To be more specific, the
tachyon specifies a closed curve in SO(2), which can be embedded in SO(n). A
closed curve in SO(n) is contractible if and only if it lifts to a closed curve in the
universal cover Spin(n). A curve of winding 1 lifts to a curve connecting the identity
in Spin(n) to minus the identity, whereas a curve of even winding lifts to a closed
curve. Thus, KO(S2) = Z2 with the generator being precisely (C.1.12), as desired.

For k = 1, the ABS construction strictly does not apply, since we are in odd
dimension. Nevertheless, one can formally write an ABS tachyon ΓµXµ, with Γµ
furnishing a representation of the SO(k) Clifford algebra. For k = 1, the complex
tachyon is just T = X. The realification prescription tells us that the real tachyon
is x12×2. The determinant of this tachyon is +1 everywhere. The two classes of
KO(S1) = Z2 correspond to orientable vector bundles and non-orientable vector
bundles, which is directly measured by the sign of the determinant of the tachyon.
Therefore, the tachyon constructed forcing the ABS prescription in this case does
not generate KO(S1).

However, the above discussion also suggests a solution, similar to what hap-
pened in the k = 8 case above: simply take T = X as the real tachyon. The sign
of the determinant indeed changes, so this corresponds to a non-orientable bundle
over S1. In a sense the ABS prescription still works, only that like in the k = 8
case it generates an order two element of the KO group, which happens to vanish
identically in KO(S1).

C.1.1 An alternative embedding for the k = 4 instanton

In the particular case of k = 4, there is another natural route to arrive at the
tachyon (C.1.9) in a different way, using the fact that SO(4) can be double covered
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by SU(2)×SU(2). Along the route we will develop technology which will be essential
for the arguments in Section 5.1.3.

Using the σ matrices (C.1.6) we can construct a bijection between 4-vectors
V µ of SO(4) and bispinors Vαα̇ (we will omit the subindices for conciseness, and call
the bivector simply V), given by

V = σµV µ (C.1.13)

V µ = 1
2tr (σµV) . (C.1.14)

We take a summation convention in which any repeated index, independent of
whether it is “up” or “down”, is to be summed over. A generic element (g1, g2) =
(eilkτk , eirkτk) of SU(2)× SU(2) acts on V as

V→ g1Vg−1
2 = V + i(lkτ kV − rkVτ k) + . . . . (C.1.15)

Acting on the vector representation this is

V µ → 1
2tr

(
σµg1Vg−1

2

)
= V µ + i

2
[
litr

(
σµτ iσν

)
− ritr

(
σντ iσµ

)
+ . . .

]
V ν .

(C.1.16)

It is now convenient to introduce the ’t Hooft matrices

ηµνi = i

2tr
(
σµτ iσν

)
, (C.1.17)

ηµνi = i

2tr
(
σντ iσµ

)
. (C.1.18)

From the definition it is clear that these are real matrices. Explicit expressions are

η1 =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 ; η2 =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 ; η3 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0


(C.1.19)

η1 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 ; η2 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 ; η3 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0


(C.1.20)

from which we see that these matrices are antisymmetric, and one can also check that
ηi is anti-self-dual, and ηi is self-dual. In this way, the mapping of SU(2) × SU(2)
gives a natural construction for the η matrices showing up in (C.1.9), while also
providing expressions in terms of σ matrices which are essential in Section 5.1.3. In
terms of these matrices we have

V µ → V µ + (liηµνi + riη
µν
i + . . .)V ν . (C.1.21)
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This provides the desired embedding of the SU(2)× SU(2) element (liτ i, riτ i) into
the Lie algebra of SO(4), which is generated by the 6 real antisymmetric matrices
η, η. More explicitly, a finite SO(4) rotation Λ can be written as

Λ = eliηi+riηi = eliηieriηi = eriηieliηi (C.1.22)

using that [ηi, ηj] = 0. A last couple of relations that will be useful are

[ηi, ηj] = −2εijkηk ; [ηi, ηj] = −2εijkηk . (C.1.23)

The ABS SU(2) tachyon determines a representative of the generator ofK(S4).
The gauge connection in a representative of the form (E, 0) of this K-theory class
must be the famous BPST SU(2) instanton. In regular gauge, this can be written
as

Aµ = xν
x2 + ρ2η

µν
i τ

i (C.1.24)

where we have fixed the instanton at the origin, denoted the instanton size by ρ and
picked a particular orientation in SU(2). We now need to pick an embedding of this
SU(2) into SO(4). Choosing to embed it in the first factor, we identify li = ηµνi .
From the discussion above, the self-dual SO(4) instanton in regular gauge is then
given by

Aµ = xν
x2 + ρ2G

µν (C.1.25)

with Gµν a set of 6 SO(4) matrices of the form

(Gµν)αβ = ηµνi η
αβ
i . (C.1.26)

Finite-energy considerations require that the connection must be pure gauge
at infinity

Aµ → U−1∂µU + . . . (C.1.27)

with U a gauge transformation. In the case of the SU(2) instanton we have that
[298]

U−1∂µU = −σµν xν
x2 (C.1.28)

with σµν = iηµνi τ
i the generator of the Lorentz group in the spinorial representation.

The generalization to the vector embedding is straightforward, we have

U−1∂µU = Gµν xν
x2 . (C.1.29)

In the SU(2) case we can solve for U in (C.1.28), obtaining

U = σµxµ√
x2
≡ x̂µσ

µ . (C.1.30)

What makes this rewriting possible is the following familiar fact. Any SU(2) = S3

element can be specified by three numbers λi, with U = exp(iλiτ i). But it can also
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be expressed as a unit quaternion U = βµσ
µ, as long as β · β = 1. This gives a

natural one-to-one map between the 3-sphere at infinity and SU(2) (in the spinor
representation).

The generalization of the exponential representation to the vector representa-
tion is straightforward

U = exp(iλiηi) (C.1.31)
with the λi determined from xµ as before. For the generalization of the quaternion
representation, rewrite

x = x̂µσ
µ . (C.1.32)

This defines an element of a SU(2) ⊂ SO(4), as before. Acting on any vector
V = Vµσ

µ this acts as (in our conventions)

V→ xV (C.1.33)

which extracting components gives

(V ′)µ = 1
2tr (σµxV)

= 1
2V

ρx̂τ tr (σµστσρ)
(C.1.34)

We read off the explicit mapping in this way:

Uµρ = 1
2 x̂

τ tr (σµστσρ) . (C.1.35)

Defining η0 ≡ 1, this can be neatly rewritten as

U = x̂τητ (C.1.36)

which using {ηi, ηj} = −2δij, η2
0 = 1 can be easily seen to lay in O(4) (and explicit

computation, or using that the S3 is generated continuously from x̂ = (1, 0, 0, 0),
shows that it is in SO(4), i.e. detU = +1).

If we want to construct the instanton based on tachyon condensation with a
non-trivial tachyon profile, finite-energy considerations impose that T is basically
just U , given by (C.1.36), with the replacement x̂→ x (accounting for the fact that
the actual tachyon vacuum for brane condensation is at T =∞):

T = xτητ . (C.1.37)

For the supercritical closed string case we choose Xµ as our base directions,
and we view the SO(4)× SO(4) symmetry as the rotation group acting on the x, y
dimensions. By analogy with the gauge instanton case we then take a tachyon profile
of the form

T = Xτ (ητ )abxayb = 1
2tr (x̃Xy) (C.1.38)

where X = Xµσ
µ, y = yµσ

µ as before, and in order to display the symmetries
of the system more manifestly, we have introduced x̃ = x† = x̃µσ

µ, with x̃µ =
(x0,−x1,−x2,−x3).
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Restriction to a spinor representation. We have focused in the case of SO(4),
so V is naturally a bispinor. If we are interested just in one SU(2) subgroup, for
example the one acting on the left, we can think of V as a couple of spinors V1

and V2, by taking (Vi)α = Vαi. Under a SU(2) transformation in the left subgroup
V → gV, which implies Vi → gVi. Looking to the explicit form of the σµ matrices,
we have V1 = (x0 + ix3, ix1− x2) and V2 = (ix1 + x2, x0− ix3). One may now show
that the tachyon constructed by embedding an SU(2) instanton into SO(4) comes
just from taking the real part of the ABS construction. The SO(4) tachyon profile
is

T = Xτ (η̄τ )abxayb = 1
2tr

[
(xaσ̄a)(Xτστ )(ybσb)

]
= 1

2tr
[
(xaσ̄a)TABS(xbσb)

]
.

(C.1.39)
Now, as above, we may regard the bispinors (xbσb) as a pair of SU(2) spinors so
that, as a matrix,

(ybσb) = (V1
y V2

y), (xaσ̄a) = (V1
x V2

x)† =
(

(V1
x)†

(V2
x)†
)
, (C.1.40)

where Vi
x,Vi

y are the column vectors defined above. Now expanding the product in
(C.1.39), we get

(xaσ̄a)TABS(ybσb) =
(

(V1
x)†TABSV1

y (V1
x)†TABSV2

y

(V2
x)†TABSV1

y (V2
x)†TABSV2

y

)
. (C.1.41)

Now, since (assuming the Xµ are real as well)[
(V1

x)†TABSV1
y

]∗
= (V1

x)TT ∗ABS(V1
y)∗ = ((V1

x)T τ 2)TABS(τ 2(V1
y)∗)

= (V2
x)†TABSV2

y

(C.1.42)

using that
σ∗µ = τ 2σµτ

2 ; σ∗µ = τ 2σµτ
2 . (C.1.43)

and τ 2(V1)∗ = iV2. This means that (C.1.39) can be written as

T = Re
(
(V1

x)†TABSV1
y

)
. (C.1.44)

where V1
x and V1

y are unconstrained Weyl spinors. In other words, the real tachyon
is just the real part of the complex ABS tachyon.

C.2 The caloron solution

The ABS construction discussed above, together with its real version, provides us
with a tachyon which is used in chapter 4 to describe the heterotic NS5-brane and
in chapter 5 to describe the C2/Z2 orbifold. Via deformation we obtain a two-
center Taub-NUT solution. The standard multi-center Taub-NUT metric [52] has
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an asymptotic circle at infinity, whose radius is formally infinite in the C2/Z2 orbifold
and its deformations. Nevertheless, the theory at finite radius has very interesting
properties which disappear in the infinite radius limit. For instance, the system is
T-dual to a configuration of two coincident NS5-branes.

It is interesting to think about what happens to the ABS tachyon when we
take one of the dimensions periodic. We still expect a SO(4) instanton to exist in
this case, but clearly (C.1.24) will not do, since it is not periodic. This problem was
solved by [299], who dubbed the solution they found “caloron”. The basic idea is
simple: one uses the solution for instantons along a line (see for instance [300]), taken
in the limit where there are infinite instantons along the direction to be compactified,
with periodicity equal to the compactification radius. The resulting solution has the
right periodicity.

In our case, we are directly interested in the tachyon profile, so it will be
convenient to write A = (∂T )T−1. The caloron recipe instructs us to sum over an
infinite periodic array of solutions of the form

An = (∂Tn)T−1
n , Tn = (τ − τ0 + n)I + i~τ · ~X√

(τ − τ0 + n)2 + | ~X|2
, (C.2.1)

where τ is the soon-to-be compact direction and ~τ the usual vector of Pauli matri-
ces. τ0 labels the position of the caloron in the compact circle. We are interested
in a periodic, pure gauge configuration (except at the locus where the tachyon is
not invertible), such that the integral of the Chern-Simons three form around each
point of the form (τ0 + n,~0) is one. Precisely these properties are satisfied by the
configuration

Ac =
∞∑

n=−∞

∏
k<n

Tk

An
∏
k<n

Tk

−1

= (∂T c)(T c)−1, T c =
∞∏

n=−∞
Tn. (C.2.2)

Thus, the tachyon we are looking for is precisely T c. It is easy to evaluate it by
noting from (C.2.1) that, given ~X, the matrices I, i~τ · ~X/| ~X| form a representation of
the algebra of the complex numbers. This turns the definition of T c into an infinite
product of complex numbers of norm 1, whose argument θc is readily evaluated as
follows. Since we are only interested in the argument, we can compute it changing
the normalization of the Tn. Since

Tn = n+ z

|n+ z|
, with z ≡ τ − τ0 + i| ~X|, (C.2.3)

we may write

θc = arg
[ ∞∏
n=−∞

n+ z

|n+ z|

]
= arg

[
z
∞∏
n=1

(
n+ z

n

)(−n+ z

n

)]
= arg

[
z
∞∏
n=1

(
1− z2

n2

)]
,

(C.2.4)
where in the last line we have changed the sign of every term in the product. This
may introduce a sign in the final result for Tc which is in any case irrelevant, as we
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will argue below. The product in the last term is the Weierstrass product form of
sin(πz)/(πz), so that

θc = arg
[

sin(πz)
π

]
. (C.2.5)

From this, one can construct the periodic caloron tachyon

T c = e
iθc~τ · ~X

| ~X| = cos(θc) I + i sin(θc)~τ ·
~X

| ~X|

=
tan(π(τ − τ0)) I + i tanh

(
π| ~X|

)
~τ · ~X

| ~X|[
tanh2

(
π| ~X|

)
+ tan2(π(τ − τ0))

] 1
2

=
T cµ
|T cµ|

σµ.

(C.2.6)

with T cµ =
{

tan(π(τ − τ0)), tanh
(
π| ~X|

)
~X

| ~X|

}
. In writing the expression in terms of

tangents one needs to make a choice of branch cut in the square root in (C.2.6),
we have chosen the sign that agrees with (C.2.5) on |τ − τ0| ≤ 1

2 . Relatedly, notice
that τ → τ + 1 sends θc → θc + π, or equivalently T c → −T c. When we view the
caloron as a configuration in SO(4) Yang-Mills theory this is fine, since the physical
object, the connection Ac, is invariant under this transformation. In the context of
the supercritical string the tachyon T c is physical, transforming in a bifundamental
of SO(4)×SO(4), and T c → −T c is simply a gauge transformation in the center of
the gauge group.

An interesting point is that on general grounds we expect the endpoint of
the condensation (in type 0) with tachyon (C.2.6) to be an ordinary two-center
Taub-NUT space. This solution has a U(1) isometry along the compact direction
which appears to be broken explicitly (C.2.6). Indeed, (C.2.4) and therefore (C.2.6)
have a free parameter τ0, which corresponds to moving the center of the instanton
in the compact direction. Thus, changing τ0 either corresponds to an irrelevant
perturbation of the CFT, or describes some deformation of the ordinary Taub-NUT
space. Evidence for the latter comes from noticing that if we separate the two
centers of the Taub-NUT space, the theory is no longer singular. In the UV, we
could imagine separating the coincident centers of the Pontryagin number 2 solution
constructed above into two configurations with Pontryagin number one. Presumably
this would correspond to tuning the difference τ 1

0 − τ 2
0 of the S1 position of the two

Taub-NUT centers away from zero. In the IR, the modulus which desingularizes
the CFT is B field on the vanishing 2-cycle of the configuration. The parameter
τ0 = τ 1

0 +τ 2
0 of our tachyon profile therefore seems to correspond to turning a B-field

on the center-of-mass normalizable two-form in the IR.
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D
Review of axion monodromy

Axion monodromy models are unique in their ability to mix the suppression of
unwanted operators unwanted characteristic of axion models and the avoidance of
trouble with instantons via a small axion decay constant. This appendix is devoted
to a more in-depth review of axion monodromy than that given in Chapter 8, and
from a slightly different perspective

We start with the construction of monodromic models, paying special attention
to details such as the fate of the discrete axion symmetry.

D.1 The Kaloper-Sorbo lagrangian

Our starting point is the Kaloper-Sorbo action[264, 278]

SKS =
∫
M

1
2 |dφ|

2 − 1
2 |F4|2 +mφF4 +

∫
∂M

C3 ∧ (∗F4 −mφ), F4 ≡ dC3 (D.1.1)

where M is spacetime. This system has two gauge symmetries:

φ ∼ φ+ 2πf, C3 ∼ C3 + dλ2 (D.1.2)

The boundary part of (D.1.1) is composed of two terms. The first term is essential for
the variational problem of F4 alone (when m = 0) to have a solution with variations
of dC3 vanishing at the boundary. Variations not satisfying this would have infinite
action and not contribute to the path integral anyway. The second term is necessary
to guarantee invariance of the action under the discrete axion shift symmetry.

The discrete gauge symmetry of the axion of (D.1.2) is just telling us that φ
is not valued on a real line but rather on a circle of radius f . We find most natural
working on the covering space of the circle (therefore taking φ as a real-valued
coordinate) and only imposing gauge equivalence at the end. This will simplify our
computations a little bit. Of course, one could just take φ to be circle-valued from
the start and obtain the same results.

Gauge invariance of C3 kills 3 degrees of freedom of C3. This can be seen as
follows: C3 has four different polarizations. The two-form gauge parameter λ2 has
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φ

∗F4

(∗F4 −mφ = C)

Figure D.1: Configuration space of the Kaloper-Sorbo model. It contains two parameters: The
(dual of the ) 4-form field strength, which is real-valued, and the periodic scalar φ. The equation
of motion for F4 is actually a constraint which forces all the physics to take place on the line
∗F4 −mφ = C.

six, although three of these are of the form λ2 = dλ1 and therefore do not change
C3. Therefore by an appropriate choice of λ2 we can kill 3 components of C3.

The fourth component is actually eliminated by the equation of motion of C3.
We can find it by plugging an arbitrary variation C3 +δC3 (with d(δC3) = 0 at ∂M)
in (D.1.1) and seeing how the action changes1

δS =
∫
M
d(∗F4 −mφ) ∧ δC3. (D.1.3)

Therefore the equation of motion is (at least if H1(M,Z) = 0)

∗F4 −mφ = C (D.1.4)

where C is a (so far unspecified) constant. Actually, (D.1.4) is not an equation of
motion. It is a constraint, which has to be imposed on every state in order for them
to be physical. In fact, it is the 3-form equivalent of Gauss’ law of electrodynamics.
The constraint removes the final degree of freedom of C3 and we are left with only
one degree of freedom, the scalar φ. This is depicted schematically in figure D.1.

Since the equation of motion is just a constraint, finding the effective action
for φ is very simple: one just has to plug back (D.1.4) in the action (D.1.1). Before
doing that however, it is illustrative to introduce the linear combinations

ξ± = 1
2

(
φ± ∗F4

m

)
. (D.1.5)

In terms of these coordinates, (D.1.1) takes the form form

SKS =
∫
M

1
2 |d(ξ+ + ξ−)|2 + m2

2 |ξ+ − ξ−|2 −m2(ξ2
+ − ξ2

−)− 2m
∫
∂M

C3 ∧ ξ−.
(D.1.6)

The constraint (D.1.4) is now simply that ξ− is a constant which we will call c. This
allows us to replace the boundary term −2m

∫
∂M C3∧ξ− by a bulk term −2m

∫
M F4∧

ξ− = 2m2 ∫
M ∗(ξ+ − ξ−) ∧ ξ−, with the final result

SKS =
∫
M

1
2 |dξ+|2 −

m2

2 |ξ+ − c|2. (D.1.7)

1We remind the reader that in four dimensions with Lorentzian signature, ∗dV = 1, ∗1 = −dV .
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We therefore see that the effect of the constraint is to give a quadratic potential for
the coordinate ξ+. In monodromy inflation models, the actual inflaton is ξ+, not φ.
If we mistook ξ+ by φ, it would seem that the discrete symmetry has been broken.
This is clearly impossible as this symmetry is gauged (it is just an artifact created
by the fact that φ is naturally a coordinate on the covering space of the axion circle).
In fact, one can compute its action in ξ± coordinates to be to identify

(ξ+, ξ−) ∼ (ξ+, ξ−) + πf(1, 1). (D.1.8)

Therefore, the discrete shift symmetry corresponds to shifting both ξ+ and c πf in
the above description. This is not an actual symmetry of the theory with action
(D.1.7); a symmetry would act on the fields while leaving the parameters of the
lagrangian invariant. This is rather a coordinate change, and in fact one can (in
the classical theory) replace the shift by πf for any other real number. Note also
that, unlike φ, ξ+ is actually real-valued: The discrete shift symmetry identifies the
line ξ− = c with ξ− = c + πf but along a given line points with different ξ+ are
identified. This is illustrated in figure D.1.

Once one has implemented the constraint, it does not matter to use ξ+ or φ
(regarded as a coordinate in the covering space) as a coordinate, as it is commonly
done in monodromy inflation models; we have introduced ξ+, which is clearly not
periodic even before imposing the constraint, to emphasize that the field range is
actually R. We can forget about the discrete symmetry the moment we impose the
constraint, as depicted in figure D.1.

The classical picture therefore is that the theory is just that of a massive,
real-valued scalar field ξ+ − c, with an arbitrary value of c. There are not infinitely
many different “copies” of the potential; all of them are really the same, being
identified by a gauge symmetry. By combining the axion φ with the (dual of the)
4-form F4 we have removed the constraint posed by the axion discrete symmetry on
the potential. It is easy to understand what is going on in figure D.1; The field ξ+
varies along the tilted lines which, thanks to the identification provided by the axion
discrete shift symmetry, are actually infinitely long. As we move towards m = 0 the
lines degenerate to vertical lines; when m vanishes we have infinitely many separate,
compact branches.

D.2 Kaloper-Sorbo protection

It is commonly argued that monodromy protects the potential of ξ+ against correc-
tions. We can see how this happens exactly. In (D.1.1) we have assumed a canonical
kinetic term for F4, but this need not be the case. For a more general kinetic term
−K(|F4|2) the derivation above remains unchanged2, to yield a real-valued scalar
with potential

V K
KS = m|ξ+ − c|(K ′)−1(m|ξ+ − c|)−K((K ′)−1(m|ξ+ − c|)). (D.2.1)

2We just replace ∗F4 by ∧ ∗K ′(F0) in the boundary term and in the definition of ξ±.
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K(|F4|2) ≈ 1
2 |F4|2

Figure D.2: When m is very small, the line allowed by the constraint (D.1.4) is almost vertical.
As a result, it winds many times around the axion circle before moving too far along ∗F4; within
the region spanned by the double arrows, the potential for ξ+ can be approximated as quadratic,
even if it traverses a transplanckian distance.

Thus, corrections coming from a more general kinetic term are always a function of
the original potential 1

2m
2|ξ+ − c|2. If we expand K on a power series where higher

order corrections are suppressed by powers of some cutoff Λ, we have

V K
KS =

(
1
2 −

∞∑
n=2

kn

(
m

Λ2 |ξ+ − c|
)2(n−1)

)
m2|ξ+ − c|2. (D.2.2)

Higher order terms become relevant not when ξ+ − c ≈ Λ, as might have been
expected, but rather at the much higher value ξ+ ∼ Λ

m
Λ. In this way, if m� Λ and

Λ ∼MP , monodromy models are able to attain transplanckian field ranges. What is
happening physically is shown in figure D.2. As m→ 0, one can travel an arbitrarily
large distance along ξ+ without straying too far along F4; if the potential comes solely
from the nontrivial kinetic term K(|F4|2), it is a very good approximation to replace
it by the canonical term 1

2 |F4|2, and thus by the quadratic potential.

D.3 The quantum theory

Here we briefly recount how the above picture is affected by quantum effects. In
the classical theory, the parameter c is unconstrained, although once it is fixed, it is
fixed for good; it is part of the boundary conditions of the theory and to change it
would require infinite energy. This changes in the quantum theory in the presence
of membranes, which couple to the 3-form field as

kq
∫
X
C3, (D.3.1)

where k is an integer and X is the membrane worldvolume. The membrane with
lowest charge, k = 1, defines the three-form gauge coupling q. Assuming that
membrane charge is quantized in units of q is equivalent to saying that the three-
form gauge group is compact; it is U(1) rather than R. Noncompact gauge groups
generically lead to trouble with quantum gravity [42], arguably even in the case of
higher form potentials [301]. We will assume that the membrane gauge group is
compact in what follows.
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Membrane

Figure D.3: A membrane is an electric source for C3; therefore, the value of ∗F4 shifts by q as
one crosses the membrane. When n = 1, this is equivalent to the transition depicted in the figure,
from one branch to itself. In inflation one would like the inflaton ξ+ to gently slow roll along the
potential; too many of these membrane transitions could spoil this behavior.

If the membrane worldvolume X wraps a nontrivial 3-cycle (for instance, if
there is a nontrivial gravitational instanton in the theory, as discussed in [276]),
then there is the possibility of taking large gauge transformations for C3

C3 → C3 + 2π
q

Λ3, Λ3 ∈ H3(M,Z). (D.3.2)

Large transformations are quantized in units of 2π/q so as to guarantee that (D.3.1)
shifts by an integer multiple of 2π, rendering the path integral well-defined. But then
we can also perform large gauge transformations on the boundary term of (D.1.1).
Since the periodicity of these is already fixed, requiring that the shift in the action
is an integer multiple k of 2π amounts to

c = kq

2m, (D.3.3)

that is, the value of c is quantized in units of q2 . The axion shift symmetry identifies
c ∼ c+ πf ; this imposes an extra condition

nq = 2πmf, n ∈ N (D.3.4)
which was heavily used in Chapter 8 to constrain relaxion models. The integer n
in (D.3.4) corresponds to a Zn discrete symmetry in the theory, precisely the one
discussed in [232]. Notice that all the curves ξ− = (k + nl) q

2m , with l ∈ Z, are all
gauge copies of one another; thus, while in the classical theory infinitely many lines
were possible, quantum-mechanically only n different branches are allowed; the full
theory consists of n copies of the classical theory, or “branches”, with membranes
mediating transitions among these. The Zn symmetry is spontaneously broken by
the choice of branch. We will take n = 1 from now on, so that only one branch
is present. All the effects that could spoil monodromy (bubble nucleation, nonper-
turbative contributions to the potential) become stronger as n increases; therefore
n = 1 is the most conservative option.

As is well-known, membranes can mediate tunneling between different values
of ξ+ by changing the value of ∗F4, as depicted schematically in figure D.3. The
nucleation rate of these bubbles has been shown in several cases [157, 235] not to be
large enough so as to constitute an issue for monodromic inflation: the chances of
nucleating a bubble within our horizon during inflation are simply too low. Inter-
estingly, this is not the case for the relaxion scenario (see Chapter 8), which shares
many similarities with models of monodromy inflation.
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D.4 Axion monodromy in the dual 2-form view

The system described in Section D.1 admits an alternative description in which
the scalar is dualized into a 2-form. Let us recall the duality in the absence of
monodromy. Consider an axion field with action

1
2

∫
dφ ∧ ∗dφ. (D.4.1)

As is well-known, the above theory is dual to that of a massless 2-form field B, as
follows (see e.g. [275]). The path integral for the axion field is equivalent to the
path integral of a closed 1-form v. This is described by the action

S =
∫ 1

2v ∧ ∗v +B2 ∧ dv. (D.4.2)

where v is an unconstrained 1-form. Integrating out B, it acts as a Lagrange mul-
tiplier imposing dv = 0, and by then setting v = dφ we recover the original action.
If on the other hand we integrate out v we obtain the action

S = 1
2

∫
dB2 ∧ ∗dB2. (D.4.3)

The Kaloper-Sorbo proposal allows us to extend this duality framework for
the case of an axion with a potential. Consider the particular case of an scalar field
with a mass term

1
2

∫
dφ ∧ ∗dφ− 1

2m
2φ2. (D.4.4)

To establish the duality [275], notice that the path integral for massive axion action
can be rewritten (at least in flat space) as

1
2

∫
dφ ∧ ∗dφ+ gφF4 −

1
2F4 ∧ ∗F4. (D.4.5)

Repeating the argument above for the axion, we then get

S =
∫ 1

2 |dB2 − gC3|2 −
1
2F4 ∧ ∗F4. (D.4.6)

This describes a massless three-form C becoming massive by eating up a massless
two-form B. Note the gauge invariance

C3 → C3 + dΛ2 , B2 → B2 + gΛ2 (D.4.7)

The relationship (D.3.4) also arises in the dual formulation. The operator

exp
(

2πif
∫
∂Σ
B2 − kΛ2

k

∫
Σ
C3

)
(D.4.8)
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Figure D.4: There is no reason for the constraint equation m = 0 to be just a straight, vertical
line; it can wiggle as one moves around φ. If the wiggles are too large the inflaton will stray too far
away on F0 in one period, reaching the region where correcctions to the kinetic term of the 4-form
are important and we lose perturbative control.

is gauge-invariant both under large B-field gauge transformations and C gauge trans-
formations, provided that kΛ2

k = 2πgf . Physically the operator describes the contri-
bution of an euclidean membrane instanton wrapping Σ and ending in an worldsheet
instanton wrapping ∂Σ. kΛ2

k is then the membrane charge, which by Dirac quanti-
zation is an integer multiple k of the fundamental 3-form coupling, Λ2

k, as we saw
in Section D.3.

This formulation, in which the strings charged under B2 manifestly have to
be boundaries of membranes charged under C3 because of gauge invariance, also
allows us to connect the membranes charged under C3 with the field theory bubbles
mentioned in Chapter 8. Imagine a flat membrane with a hole in it. One can cross
the membrane to achieve a shift of q in F0, or one can cross the hole, which amounts
to a shift of 2πf in the axion. However, as we have discussed, the two are related
by the constraint (D.1.4), so that both changes are physically equivalent. It follows
that the profile of the axion around the region of the hole is precisely a “kink”
field theory solution just like the bubble walls of the field theory bubbles in (8) and
discussed in [285].

D.5 Generalizing the KS lagrangian

In Section D.2, we saw where the Kaloper-Sorbo protection comes from. The con-
straint

K ′(F0) = mφ (D.5.1)

generates almost vertical lines, for m small. Therefore one is protected from dan-
gerous excursions to large values of F0.

However, this only protects the potential as long as one can guarantee that
when m = 0 the lines are indeed vertical. m is the shift-symmetry breaking param-
eter; we assume that when m→ 0 monodromic effects disappear. The lines defined
by the constraint are then forced to be periodic, but nothing prevents them from
wiggling dangerously across different values of F4. This is illustrated in figure D.4.
This would correspond to a constraint

F0 = Λ2P ′(φ/f, F0), (D.5.2)
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where Λ is some energy scale and P ′ is a periodic function of its first argument, with
period 2π. At the lagrangian level, this would correspond to adding a term

Λ2P (φ/f, F0) (D.5.3)

to (D.1.1), where P is the primitive of P ′ with respect to F0. Notice that the
boundary term must be modified accordingly. Such a term is perfectly fine with all
the symmetries of the theory and hence it will generically be there. For practical
purposes, the term Λ2P ′ just renormalizes m to m + Λ2P ′. Via the equation q =
2πmf , it will also affect the coupling of membranes, which now have a φ-dependent
gauge coupling.

Both the appearance of a new scale Λ and the fact that the function P must
respect the axion shift symmetry suggest that these terms come from novel non-
perturbative phenomena. Notice however that, at least in principle, the effects
described by (D.5.3) include, but are not restricted to, ordinary corrections to the
kinetic term of the 4-form.

Let us now explore what terms show up now in the effective potential of in-
flation. For simplicity, we will take P ′ to be independent of F0, something like
P ′ = Λ2 cos(φ/f), and we return to canonical kinetic terms for F4, for simplicity.
The constraint is now F0 = mφ + Λ2 cos(φ/f). Plugging back in (D.1.1), we get a
potential (for Λ small)

V = 1
2
(
mφ+ Λ2 cos(φ/f)

)2
(D.5.4)

which includes terms φ cos(φ/f) not typically discussed in the monodromic litera-
ture. These terms can totally spoil the potential for transplanckian inflation if Λ is
comparable to

√
mMP ≈ 10−3MP . We need Λ to be much smaller than that.

What kind of effects can generate a nontrivial P ′? Generically, we expect to
have instantons which couple to φ via terms of the form

i

f

∫
p
φ. (D.5.5)

In the dilute-gas approximation, these will generate a potential for φ. These instan-
ton effects are known not to be an issue for monodromy inflation models because,
even though they are not constrained by KS-like arguments, their contributions to
the potential are exponentially suppressed. If we use bounds to the instanton action
coming from the Weak Gravity Conjecture, this suppression is enormous.

However, this corresponds to a P above with no F0 dependence. More general
possibilities should be studied. We need to consider the coupling to instantons to
F0 via the φF0 term; perhaps bound state of an euclidean membrane, wrapping
a pointlike instanton which sits at its center (see figure D.5), if it exists. The
membrane couples to C3 as in (D.3.1), while the instanton couples to φ as (D.5.5).
This would-be bound state would couple as

iq
∫
S3
C3 + 1

f

∫
p
φ ≈ qV4F0 + φ

f
, (D.5.6)
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Instanton

Membrane (wraps a S3)

R

Figure D.5: If it were possible to have a bound state of an membrane wrapping a S3 of finite
radius centered around a pointlike instanton which couples to φ, we could generate a nontrivial
P ′(φ, F0).

where we have assumed that fluctuations of F0 do not vary significantly within the
membrane. In the dilute-gas approximation, this would give a potential

Pre−S cos
(
qV4F0 + φ

f

)
, (D.5.7)

where Pr is the usual uncomputable instanton prefactor. In any case, we can prob-
ably take f of order S ∼MP/f , and thus these effects are suppressed whenever the
usual wiggles on top of the Kaloper-Sorbo potential are.

D.6 Some quirks of monodromy

Here we discuss some more peculiarities of monodromic models.

D.6.1 Gaps between branches?

One might be tempted to say that the different branches of monodromy (meaning
the different disconnected segments in figure D.1) can become disconnected from
one another, in analogy to the mass gaps of solid state physics [279]. This comes
from the misconception of parametrizing the constraint F0 = mφ + C using φ and
thinking that it is somehow still periodic. As argued in Section D.1, it is not.

To make gaps appear in figure D.1, we would have to change the homology class
of the 1-cycle wrapped by the constraint. Although changes in topology are common
in string theory, it cannot happen in the effective field theory we are describing, since
the line described by the constraint would somehow have to “break”. Hence, barring
some important stringy effects which are beyond the scope of this discussion, no gap
will develop between branches.
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D.6.2 Correction of the KS-potential and modulations

From the above discussion it would seem that there is no clear distinction between
KS-protected terms in the potential and those who are not. For instance, a term
m2φ2 can have corrections, as a term e.g. Λ2F0 sin(φ/f) can be expanded in series
to give a contribution ∆m = Λ2

f
.

However, these corrections are an artifact of the modulations. For small m,
the constraint is

F0 = mφ+ C + Λ2P ′(φ). (D.6.1)

If we run over a transplanckian field range ∆φ, the effective value of m is

meff = m+ Λ2P ′(∆φ/f) (D.6.2)

so that the corrections to m are small whenever the modulations are small and
vice-versa. In other words, a large modulation washes out the KS protection of the
potential, but if it is small, then KS does a great job in protecting it.

D.7 An example: Monodromy from Stuckelberg

In this Section we look at monodromy in 4d arising from a Stuckelberg lagrangian
in 5d, as an interesting example. The lagrangian is

1
2 |dC0 − fC0e5dA|2 + 1

2 |F |
2 (D.7.1)

We can get monodromy from this via dimensional reduction on a circle of radius R,
as follows. Let dC0 ≡ 1√

2πRF0dθ and let f−2 ≡ 2πRe2
5d, A = (2πR)−1/2φdθ. Then

upon dimensional reduction we get

1
2 |dφ|

2 − 1
2 |F0 − fC0e5dφ|2 (D.7.2)

from which we can read the monodromy parameter m ≡ fC0e5d. The gauge symme-
try of the higher-dimensional Abelian Higgs model gets mapped to

F0 → F0 + 2πfC0e5df, φ→ φ+ 2πf (D.7.3)

from which we see that we have actually arrived at something similar to the ξ±
coordinates above. Notice that we have not yet imposed the equations of motion
for F0.

Let us look at what nonperturbative effects might arise from weak gravity
objects in 5d. The electric WGC gives us a 5-d particle of mass

mWG5 = e5dM5 = MP

f

1
2πR (D.7.4)
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which upon integrating over the compact dimension gives an instanton of action
MP/f , as predicted directly by weak gravity in 4d. Here we have used the relation-
ship between 5d and 4d Planck masses, M5 = MP√

2πR .
On the other hand, we might have instantons charged under C0. In the Stuck-

elberg model, these have to spit out a electrically charged particle for consistency.
The potential coming from instantonic effects is generated by configurations with
a non-zero net instanton charge which asymptote to the vacuum at infinity, but in
the Stuckelberg model this can only be the case if each electric particle emitted by
an instanton is absorbed by another, with the result that there is no potential for
C0 in this case. This makes sense with the fact that, from the point of view of the
4d theory, the five-dimensional C0 is morally a “(−1)-form”, dual to the 4d 3-form,
for which there is no object coupling magnetically.

We can also consider the magnetic WGC for the U(1) in 5d. This tells us that
there is a hidden scale Λ ∼ MP

f
1

2πR . This is just the mass of the monopole of the
massive 4d U(1).

Finally, we should also consider membranes coupled to C0 in 5d, which should
become the membranes which change F0 in 4d. The tension of these membranes is
again set by the WGC

T = fC0M5 = mfMP (D.7.5)

which is the standard 3-form WGC.
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E
Analysis of the bubbles

Here we study in detail several aspects of 4-form membrane and bubble physics
which are important for the analysis in Chapter 8. Specifically, we derive the tun-
neling probability formulae such as (8.4.4), and analyze the nucleation and growth of
the bubbles, emphasizing the cosmological effects which take over when the bubble
radius is comparable to the de Sitter radius.

E.1 Coleman-DeLuccia formulae

We are interested in computing the nucleation probability in the thin-wall approx-
imation for a membrane of tension T which transitions from a vacuum with Vi to
another with Vf , Vf < Vi and both positive. This is e−B, and for B, there is a
slightly complicated formula by Coleman and DeLuccia [218],

B = 2π2Tr3 + 12π2

κ2

{
1
Vf

[
(1− 1

3κVfr
2) 3

2 − 1
]
− 1
Vi

[
(1− 1

3κVir
2) 3

2 − 1
]}

,

(E.1.1)

where κ ≡ 8πG, and MP = G−1/2. One is supposed to minimize B with respect to
r, and then the bubble nucleation rate is exp[−B(rmin)]. The expression simplifies
for Vi = 0 and it has been used recently in the literature of WGC constraints to
large field inflation [157].

However, we are interested in a different case, since for us Vf = Vi − 2πfg2φi
and we assume Vf − Vi small. Note that both Vf and Vi include contributions from
the inflationary potential, and are indeed dominated by them. As a result, we will
take

κ

3Vf ≈
κ

3Vi ≈ H2 (E.1.2)

in terms of the Hubble constant during inflation.
Let us now find the extrema of B(r). The condition for stationary point is,
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discarding the trivial one at r = 0,

−
√

1− r2Λf +
√

1− r2Λi + κT

2 r = 0 (E.1.3)

where following Coleman’s notation, Λi = (κVi)/3 and analogously Λf are the cor-
responding cosmological constants.

We now solve this equation carefully. Squaring once, we get

γr = −κT
√

1− r2Λi, γ ≡
(

(κT )2

4 + Λf − Λi

)
. (E.1.4)

Existence of nontrivial solutions now depends crucially on γ < 0. If this is not the
case, the would-be bubble would have a radius so large it would extend beyond the
cosmological horizon. Fortunately, in relaxation we have Λf−Λi = −κ

3 2πfg2φ0 with
φ0 = M2/g. For this to overcome the WGC membrane tension (κT )2 ∼ (fg/MP )2,
we must have φ0 > f , the original vev of the relaxion must be larger than the
fundamental decay constant, which is always satisfied in any reasonable relaxionic
model.

One may wonder what happens for more generic monodromy models. For
instance, [228] provide examples of monodromic models which have a linear potential
at large fields. For a generic potential, the requirement that bubbles can form is
that the change ∆V in the potential upon crossing of a membrane ∆V & (fg)2.
Parametrizing a linear potential as X2gφ, for some mass scale X, we get a condition
φ0 > f M

X
, which is only troublesome if X � M . However, both for the original

relaxation proposal and the monodromic models in Chapter 8, we take X = M . To
do otherwise means introducing a new mass scale, X, very different from M . In a
sense, this shifts the problem from explaining the hierarchy between mW and M to
explaining the hierarchy between X and M .

We now may take squares in (E.1.4) to obtain

r2
min = 1(

γ
κT

)2
+ Λi

(E.1.5)

Plugging back in (E.1.1) we get our exact expression

B = 2π2


2
 1

κ2T2Λf
γ̃2 +1

 3/2 − 1


κΛf

+ T(
Λi + γ2

κ2T 2

)
3/2
−

2
((

1
κ2T2Λi
γ2 +1

)
3/2 − 1

)
κΛi


(E.1.6)

where we have defined

γ̃ ≡
(

(κT )2

4 + Λi − Λf

)
. (E.1.7)
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When Λi → 0, it reduces to the transition-to-Minkowski limit

B → 216πT 4

V (4V + 3κ2T 2)2 . (E.1.8)

We are instead interested in a different limit in which the difference ∆Λ = Λi − Λf

is very small compared with either Λi,Λf , while also being very large compared to
(κT )2. The parameter

p ≡ κT√
Λ

= fg

MPH
.

fg

M2 = f

φ0
(E.1.9)

(where we have used H &M2/Mp, and renamed Λi ≡ Λ as our reference cosmolog-
ical constant) is very small in relaxionic models, so it is a nice variable to expand
B. We also introduce

q ≡ 1√
Λ

(
∆Λ
κT

)
∼ gφ

MPH
.

φ

φ0
. (E.1.10)

Unlike p, q can be of order 1 or larger, but its introduction simplifies formulae1. p
is precisely the inverse of the parameter A in [157].

After expansion for small p, we get

κB = w(q)2π2p

Λ +O(p2), w(q) ≡ 1 + 2q2
√

1 + q2 − 2q. (E.1.11)

The function w(q) goes from 1 at q = 0 to ≈ 0.1 at q = 1. Substituting p, when
studying membranes in relaxion scenarios, it is a good approximation to take

B ≈ 2π2T

H3 w(q) (E.1.12)

which is precisely (8.4.4). Notice that the radius of the bubble is always large. From
(E.1.5),

r2
min = 1

Λ
1

1 +
(
p
4 − q

)2 , (E.1.13)

which is very close to the de Sitter radius (Λ)−1/2 for small p and p/q.
Substitution of typical relaxionic values, while also using fgM2 ∼ Λ4

v,MPH &
M2, yields

B . 2π2w(q)
(

Λ4
vM

4
p

m8
W

)(
Λv

ΛQCD

)4 (
mW

M

)8
∼ 1057w(q)

(
Λv

ΛQCD

)4 (
mW

M

)8
.

(E.1.14)
1There is a numeric factor of 1/3 in (E.1.10), which we have ommitted. This does not affect

our results, which are all order-of-magnitude estimates.
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where we have used ΛQCD ∼ 0.2 GeV , MP ∼ 1019 GeV , mW ∼ 102 GeV . This is
another form of equation (8.5.11), which highlights the enormous scales involved.

A final but important comment is in order. The results of [218] which we used
as starting point rely on the thin-wall approximation. As discussed in that reference,
this means that the thickness of the membrane L should be much lower than the
de Sitter radius Λ−1/2 = H−1. Here we are at a loss: although the WGC gives the
value of the tension of the membrane, it does not provide a value for L.

We have no proof that the bubbles we consider satisfy the thin-wall approxi-
mation. However, we can give a plausibility argument. Generically, we expect the
effective field theory to be a valid description of the physics up to scales of order the
cutoff M2. If the membrane is thicker than M−2, it should arise as a soliton of the
effective field theory. However, there are no such solitons 2. So either the EFT we
were using is incomplete, or we can trust the thin-wall approximation.

For the stringy models similar to the one in Section 8.6 we can be a little more
explicit, since the membrane is generically a D-brane wrapping some cycle or chain
in the compactification manifold. Then the membrane thickness will generically
be of order

√
α′gs [302, 303]. In any successful stringy embedding of relaxation,

this must be much smaller than the de Sitter radius to claim control of the theory
(otherwise the tower of excited string states and winding modes stretching around
de Sitter space become light during relaxation). Otherwise we would have e.g. low
tension fundamental strings which should be included in the effective field theory
during inflation.

In other words, if the thin-wall approximation for the WGC membrane does
not hold, we likely cannot trust field theory for scales of order ∼ H anyway. Hence
we expect to be able to trust the formulae of this Appendix in the relaxionic context,
if the relaxion proposal indeed admits an UV completion.

E.2 Bubble growth, energy balance, and cosmo-
logical effects

The bubble solution is obtained in the so-called hyperbolic coordinates [304]. One
may change to global coordinates, more natural in the inflationary context, by re-
calling the definition of de Sitter space as the hyperboloid

Λ−2 = w2 − τ 2 + x2 + y2 + z2 = w2 − τ 2 + ρ2 (E.2.1)

as done in [218]. These coordinates are related to the usual ones by

Λρ2 = − sinh2(
√

Λt) + cosh2(
√

Λt)Λr2 (E.2.2)

where r is a dimensionful coordinate such that the metric on the 3-sphere of t = 0
is just the flat metric in R4 restricted to the locus Λ−2 = w2 + r2. The worldvolume

2Barring the field-theoretic bubbles which arise when the wiggles in the relaxion potential
become large; as discussed in the main text, these are not the bubbles we are concerned with.
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of the membrane boundary is given by ρ = rmin, where rmin is given by (E.1.5).
Therefore, the bubble is indeed a ball in global coordinates, whose radius expands
according to

r(t) =

√√√√ r2
min

cosh2(
√

Λt)
+ 1

Λ tanh2(
√

Λt). (E.2.3)

For small enough rmin, we recover the Minkowski limit, but for late times the mem-
branes reach the cosmological horizon. At this point they are frozen by the exponen-
tial expansion of de Sitter space. Similarly, membranes initially larger than the de
Sitter radius contract instead of expanding. This may give some insight as to why
no bubbles exist for γ > 0; for γ = 0, rmin is precisely (Λ)−1/2, the de Sitter radius.
Bubbles with γ > 0 should therefore have an initial radius larger than this, and
therefore would initially contract. But the critical bubble is precisely the smallest
one which can expand; hence no critical bubbles exist for γ > 0.

The expression (E.1.5) tells us that gravitational effects make the critical bub-
ble radius smaller than it would have been otherwise: The flat-space expression

r2
min,flat space =

(
T

∆Λ

)2
>

1(
γ
κT

)2
+ Λi

= r2
min. (E.2.4)

The flat-space expression can be obtained straightforwardly by demanding that the
total energy of the bubble vanishes, since in tunneling (or in any other transition)
energy is conserved. In the thin-wall approximation one can take

E ≈ 4πTr2 − 4
3πr

3 = 0, (E.2.5)

which results in (E.2.4).
A similar argument holds when gravitational effects are taken into account.

This is because in asymptotically de Sitter spacetimes the (ADM) mass is well-
defined, thanks to the presence of a timelike Killing vector (within the horizon).
Consider a spherical region of radius r at a constant time slice in de Sitter. Initially,
we have empty de Sitter space with cosmological constant Λi. The ADM mass of
this region is given by [140]

GM =
∫ r

0
4πr2ρ(r′)dr′ = 1

2Λir
3. (E.2.6)

This expression already takes into account the gravitational self-energy of the system
(which precisely cancels the effect of the warping of the geometry within the bubble).
Now, this region is replaced by a thin-wall bubble whose cosmological constant is
Λi. We have a contribution 4

3πΛir
3 to the energy, analogously to (E.2.6). However,

this is not the end of the story. The bubble is bounded by a membrane, which
self-gravitates. If the tension of the membrane is T , close to it the energy density is
T00 = Tδ(l), where l is the normalized normal coordinate to the membrane. We have

207



APPENDIX E. ANALYSIS OF THE BUBBLES

δ(l) = δ(r)(grr)1/2. Since (grr)1/2 jumps precisely at the location of the membrane,
its value can be taken as the arithmetic mean of the values at both sides of the
membrane3 . As a result, the total ADM mass of the bubble is

GM = 1
2Λfr

3 + κT

4 r2
(√

1− Λfr2 +
√

1− Λir2
)
. (E.2.7)

Demanding equality with (E.2.6) yields precisely (E.1.5). Since (E.2.7) is a full
expression for the energy of the membrane including gravitational backreaction, we
may expand it for small Λi,Λf to see the effect of the first corrections:

GM ≈ 4
3πΛfr

3 + 4π2Tr2 − 2πT
(

Λi + Λf

2

)
r4 +O(Λ2). (E.2.8)

The r4 term is precisely the Newtonian gravitational interaction energy between a
membrane of tension T and radius r with a ball of energy density 1

2(Vi+Vf ). We now
have a clear picture of what is happening: The membrane feels the gravitational field
of the bubble interior, which pushes it inwards4. The gravitational field sourced by
the energy density outside of the bubble is zero via Gauss’ law. For large bubbles,
this gravitational attraction is strong enough so as to diminish the radius of the
critical bubble significantly.

3There is some ambiguity here, as the product δ(r)(grr)1/2 involves a product of two distribu-
tions which must be conveniently regularized. The arithmetic prescription used here comes from
using exactly the same smoothing for the membrane δ as the one used for the change in vacuum
energy.

4We are neglecting the gravitational field sourced by the membrane itself, but it would be easy
to include. All we would have to do is to replace the

√
1− Λir2 term above by

√
1− Λfr2 − 2m/r,

where m = 4πTr2 is the ADM mass of the membrane alone. Nevertheless, in relaxion models with
WGC membranes, this contribution is negligible, again of order f/φ0.
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F
DBI D5-potential for the axion

Here, we give the details of the computation of the potential (8.6.2) in Section
8.6. The effective action for the microscopic fields of a system of D5-branes in the
10d Einstein frame is given by the Dirac-Born-Infeld (DBI) + Chern-Simons (CS)
actions

S

µ5
= −g−1

s STr
∫
d6ξ

√
−det (P [EMN + EMi(Q−1 − δ)ijEjN ] + 2πα′FMN) det(Qi

j)

+ STr
∫
P [C6 + C4 ∧ F2] (F.1)

where

EMN = g1/2
s GMN −BMN ; Qi

j = δij + i2πα′[Φi,Φk]Ekj (F.2)
σ = 2πα′ ; µ5 = (2π)5α′−3g−1

s ; F2 = 2πα′F2 −B2 (F.3)

P [·] denotes the pullback of the 10d background onto the D5-brane worldvol-
ume and ‘STr’ is the symmetrised trace over gauge indices. The indicesM,N denote
the directions extended by the D5-brane while i, j denote the transverse directions.
In the absence of NS and RR fluxes the Chern-Simons action plays no role in the
discussion.

We are interested in the scalar potential for the position moduli of the D5’s,
since the Higgs field will later appear as off-diagonal fluctuations of the adjoint field
parametrizing the position of a stack of D5-branes. Therefore we will neglect all the
terms involving the 4d gauge bosons and the Wilson lines. We are going to assume
for the moment no warping, diagonal Minkowski and compact metric and no mixed
Minkowski-internal tensors. We also consider vanishing 3-form G3 fluxes but allow
for an open string background given by the magnetic worldvolume field strength

F2 = qω2 , (F.4)

where ω2 is the orientifold-odd volume form of the 2-cycle Σ2 wrapped by the D5-
brane. Even if there is no B-field induced by G3 on the brane, we can still have a
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coupling of the D5 position moduli to the axion coming from dimensionally reducing
B2 in the same 2-cycle

B2 = φω2 , (F.5)
as we will see in the following.

Neglecting derivative couplings, the determinant in the DBI action can be
factorized between Minkowski and the internal space as follows

det(P [EMN ] + σFMN) = g2
s det

(
ηµν + 2σ2∂µΦ∂νΦ̄

)
· det

(
gab + g−1/2

s Fab
)

(F.6)
where µ, ν label the 4d non-compact directions and a, b the internal D7-brane di-
mensions, and

Fab = σFab −Bab . (F.7)

Then, using the matrix identity

det(1 + εM) = 1 + ε tr M − ε2
[1
2tr M

2 − 1
2(tr M)2

]
(F.8)

+ ε3
[1
3tr M

3 − 1
2(tr M)(tr M2) + 1

6(tr M)3
]

− ε4
[1
4tr M

4 − 1
8(tr M2)2 − 1

3(tr M)(tr M3)

+ 1
4(tr M)2(tr M2) + 1

24(tr M)4
]

we obtain on one hand that
−det

(
ηµν + 2σ2∂µΦ∂νΦ̄

)
det

(
gab + g−1/2

s Fab
)

=
(
1 + 2σ2∂µΦ∂µΦ̄

)(
1 + 1

2g
−1
s FabFab

)
, (F.9)

where we have neglected terms with more than two derivatives in Minkowski. On
the other hand we have that

det(Qm
n ) = g2

sdet (δmn + iσ[φm, φp]δpn) = g2
s

(
1 + 1

2σ
2[φm, φn][φn, φm] + . . .

)
(F.10)

In a supersymmetric configuration with vanishing D-terms [Φ,Φ∗] = 0 we get
Tr([φm, φn]2) = [φm, φn][φn, φm] = −4|[Φ1,Φ2]|2 (F.11)

and the quartic terms combine with the quadratic terms to complete a perfect square
(see e.g. [240, 305]) . To do the computation more explicit we took the transverse
space to the branes to be T 4, and Φ1,Φ2 the two adjoints parametrizing the position
in the torus.

Putting everything together we find that the relevant part of the DBI action
is given by

SDBI = −µ5g
−1
s STr

∫
d6ξ I, (F.12)

I =
√(

1 + 2σ2∂µΦi∂µΦ̄i
)(

1 + 1
2g
−1
s FabFab

)
(1− 4σ2|[Φ1,Φ2]|2)2 , (F.13)

which are precisely equations (8.6.1) and (8.6.2).
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