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Diffraction studies of atoms and molecules from surfaces using
DFT-based potential energy surfaces

by Marcos del Cueto

There is a huge interest in developing surfaces and improving
analysis techniques that allow a proper description of the interac-
tion between these surfaces and different adsorbates, due to the large
amount of technological processes based on these interactions.

This PhD thesis is focused on the proper characterization of
one of these analysis techniques, diffractive scattering of atoms and
molecules from surfaces. This work has been motivated by the cur-
rent lack of knowledge in several aspects of these diffraction pro-
cesses, such as the role of long-range van der Waals (vdW) forces or
the distribution of internal energy of the projectile.

We have used a state of the art methodology to study the pro-
jectile/surface interaction and their dynamics. This methodology al-
lows us to make a detailed analysis of the diffraction processes of
these systems, which can be tested through a direct comparison with
new experimental results, as well as with previous results available
in the literature.
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In this work, density functional theory (DFT) is used to construct
the potential energy surface (PES) describing the projectile/surface
interaction. The dynamics of these systems is studied with dif-
ferent state of the art quantum dynamical methods, such as a six-
dimensional time-dependent wave packet (TDWP) method, and
the multi-configuration time-dependent Hartree (MCTDH) method,
which allow us to calculate state-to-state diffraction probabilities of
specific different channels.

Special attention is given to the treatment of vdW forces in our
simulations. A comparison with experimental measurements allows
us to make an assessment of the accuracy of the main available meth-
ods to include vdW forces into DFT. We conclude that some of the
current vdW-DFT methods are able to make a proper description of
Ne diffraction process, although the currently available methods still
struggle to make a correct description of He diffraction, as they tend
to overestimate the He/surface interaction.

We also study grazing incidence fast molecule diffraction
(GIFMD) from ionic surfaces. One of the main limitations in the cur-
rent GIFMD experiments is that neither the initial nor the final ro-
vibrational distribution of the projectiles is known. We study the role
of the projectile incidence direction and its initial internal state. We
show that specific symmetric incidence directions and ro-vibrational
levels lead to intense high-order diffraction peaks, which means that
one can potentially extract additional surface information by tuning
these values. In addition, our methodology allows us to study the ro-
vibrational excitation taking place during the diffraction process, and
we are able to show that the ro-vibrational inelastic contributions are
minimal.
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Diffraction studies of atoms and molecules from surfaces using
DFT-based potential energy surfaces

por Marcos del Cueto

Hay un gran interés en desarrollar superficies y mejorar técnicas de
análisis que permitan una descripción correcta de la interacción entre
estas superficies y diferentes adsorbatos, debido a la gran cantidad
de procesos tecnológicos basados en estas interacciones.

Esta tesis doctoral está centrada en la correcta descripción de
una de estas técnicas de análisis, difración de átomos y molécu-
las en superficies. Este trabajo está motivado por la actual falta de
conocimiento en algunos aspectos de estos procesos de difracción,
tales como las fuerzas de largo alcance de van der Waals (vdW) o la
distribución de energía interna del proyectil.

Hemos usado metodología de vanguardia para estudiar la interac-
ción proyectil/superficie y la dinámica del sistema. Esta metodología
nos permite hacer un detallado análisis de los procesos de difracción
de estos sistemas, los cuales se evaluan a través de una comparación
directa con nuevos resultados experimentales, así como de resultados
disponibles en la literatura.
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En este trabajo, se ha usado la teoría del funcional de la densi-
dad (DFT por sus siglas en inglés) para construir la superficie de
energía potencial (PES por sis siglas en ingles). La dinámica de es-
tos sistemas se estudia con diferentes métodos de dinámica cuántica,
tales como un método de propagación de paquetes onda dependiente
del tiempo (TDWP por sus siglas en inglés), y el método de Hartree
multi-configuracional dependiente del tiempo (MCTDH por sus si-
glas en inglés), los cuales nos permiten calculas probabilidades de
difracción estado-a-estado para canales de difracción individuales.

Se ha prestado especial atención al tratamiento de las fuerzas de
vdW en nuestras simulaciones. Una comparación con medidas ex-
perimentales nos ha permitido hacer una evaluación de la exactidud
de los principales métodos para incluir fuerzas de vdW en DFT en
estos procesos de difracción de átomos en superficies. Concluimos
que algunos de los métodos vdW-DFT actuales son capaces de hacer
una correcta descripción de los procesos de difracción de Ne, mien-
tras que estos métodos aun no son capaces de hacer una correcta de-
scripción de la difracción de He, ya que tienden a sobreestimar la
interacción He/superficie.

También estudiamos difracción de moléculas rápidas a inciden-
cia rasante (GIFMD por sus siglas en inglés) en superficies iónicas.
Una de las principales limitaciones de los actuales experimentos de
GIFMD es que ni el estado ro-vibracional inicial ni el final se conocen.
En este trabajo estudiamos el papel de la dirección de incidencia del
proyectil y su estado interno. Mostramos que ciertas direcciones de
incidencia con alta simetría, y ciertos estados ro-vibracionales devuel-
ven intensos picos de difracción de orden alto, lo cual indica que uno
podría obtener información de la superficie ajustando estos parámet-
ros. Además, nuestra metodología nos permite estudiar la excitación
ro-vibracional que tiene lugar durante los procesos de difracción, y
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somos capaces de mostrar que las contribuciones ro-vibracionales in-
elásticas son mínimas.
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1Chapter 1
Introduction

1.1 Background

There are many technological processes that rely on the interaction
between atomic/molecular adsorbates and solid surfaces. Such pro-
cesses range from surface corrosion and oxidation to heterogeneous
catalysis, and have uses in communication science and computing
(epitaxial growth of silicon and other surfaces), automobile industry
(automobile exhaust catalysts), environmental sciences (adsorption
of air pollutants), medical science (implant biomaterials and biosen-
sors) and many others fields [1–4].

Therefore, there is a huge interest into describing the electronic
structure of surfaces and their interaction with different adsorbates,
as this would increase the understanding and efficiency of the pro-
cesses mentioned before. There has been a lot of effort to develop
techniques that allow surface analysis and characterization as accu-
rately as possible, and nowadays there are many techniques available
[5].

Shortly after the de Broglie wave-particle duality hypothesis in
1923 [6–8], Davisson and Germer [9, 10] measured diffraction pat-
terns of electrons from surfaces. A step further in this direction was
given by Estermann and Stern and in 1930 [11], with experiments
showing scattering of helium atoms from surfaces. These studies
proved that particles (electrons, atoms...) could diffract from surfaces,
and therefore one could extract structural information from the re-
sulting diffraction patterns. From these studies, several new surface
analysis techniques were born in the following decades: low energy
electron diffraction (LEED), helium atom scattering (HAS), neutron
diffraction etc.
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We must remember that diffraction of a particle from a surface
takes place when the associated de Broglie wavelength, λdB, of the
particle has the same order of magnitude than the lattice parame-
ter, a, of the surface. Thus, heavier particles such as helium atoms
would require a lower kinetic energy than lighter particles like elec-
trons to achieve a wavelength similar to the usual lattice parame-
ter values. For example, a wavelength of 1.4 Å would correspond
to electrons with incidence energies of 20 − 500 meV, whereas one
would need He atoms with an energy of just 10 meV to have the same
de Broglie wavelength value. Thus, HAS presents some advantages
with respect to other techniques, because it allows the use of slow,
neutral, non-reactive projectiles. As a result, HAS is a sensitive non-
destructive technique, with classical turning-points of about 2− 3 Å,
that allows to sample the top-most layer of the surface. e During the
late 60’s and early 70’s, these techniques were further developed, and
beams with other atomic projectiles such as Ne, Ar, Kr and Xe [12, 13]
and molecular projectiles such as H2 and D2 [14, 15] were used. More
recently, further improvements of the experimental setup allowed to
measure out-of-plane diffraction peaks 1 with high resolution [16], in-
creasing the amount of information that one may potentially extract
from the diffraction patterns.

A new major step further in atom scattering from surfaces oc-
curred in 2007, when two groups [17, 18] independently reported
atomic diffraction from LiF(001) and NaCl(001) of projectiles with an
energy up to several keV. Atomic diffraction was not expected under
such conditions, as the wavelength associated with such fast projec-
tiles is much lower than the lattice parameter, a, of the target surfaces.
As an example, one may take a 4He atom with a kinetic energy of 1

1The diffraction plane is defined as the plane containing the incidence direction
and the normal to the surface.
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keV, whose associated de Broglie wavelength is λdB = 0.45 pm, which
is three orders of magnitude lower than the usual lattice parameters,
at the order of Å.

If the projectile is impinging the surface at grazing incidence con-
ditions, with a small incidence angle with respect to the surface, the
projectile’s motion is described by a fast motion parallel to the surface
and a slow motion perpendicular motion to the surface. These two
motions are decoupled, which means that even if the projectile has a
total large energy (resulting in λ� a), as long as it is impinging with
a small incidence angle with respect to the surface, its perpendicular
energy would be much smaller, and the resulting de Broglie wave-
length of the perpendicular motion, λ⊥dB, would have the same order
of magnitude than the surface lattice parameter, allowing diffraction
to take place. If we take the previous example of 4He with a total ki-
netic energy of 1 keV, but its incidence angle is 1◦ with respect to the
surface, its perpendicular wavelength would be λ⊥dB = 0.26 Å, which
has a similar order of magnitude to the usual lattice parameters.

This phenomenon takes place at high symmetry incidence direc-
tions, under axial surface channeling conditions [19], where the pro-
jectile feels a periodic potential along the incidence direction. As a
result, any change of parallel momentum would come from motion
perpendicular surface, to the motion parallel to the surface, and per-
pendicular to the incidence direction. This means that the diffraction
process would only be affected by the perpendicular motion.

In the last years, grazing incidence fast atom diffraction (GIFAD)
and grazing incidence fast molecule diffraction (GIFMD) techniques
have been used to study the surface structure, adsorbate movement
or surface phonons of a variety of systems. As already mentioned, GI-
FAD was first observed in insulator surfaces [17, 18], and since then,
GIFAD and GIFMD techniques have been applied to other insulator
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surfaces [20–26], semiconductors [27, 28], oxides [29–32], metal sur-
faces [33–38], ultra-thin films [39, 40] and covered surfaces [41–46].
There has also been several theoretical studies that have studied GI-
FAD from ionic surfaces [21, 47–51], metal surfaces [37, 52] and semi-
conductors [28], as well as a few GIFMD srudies from ionic surfaces
[53, 54].

From a theoretical point of view, a correct simulation of the
diffraction process of noble gases from surfaces requires a correct de-
scription of the projectile / surface interaction, so one needs to make
sure that weak dispersion forces, or van der Waals (vdW) forces, are
described properly. The first theoretical model to describe this in-
teraction was proposed by Esbjerg and Norskov in 1980 [55], who
considered the He / surface interaction to be proportional to the sub-
strate electron density at the adsorption site. However, this approach
was unable to make a correct corrugation description of some He
scattering experiments [56].

More sophisticated methods used a jellium model to describe the
surfaces [57, 58]. Although these methods achieved some success in
describing different systems corrugation, they are unable to repro-
duce the correct potential for some systems such as He/Cu(001) [59].
These methods fail to give a general description of the system, and
are unable to describe critical parameters of the surface lattice struc-
ture.

Another method has been recently proposed by Martínez-Casado
and co-workers [60], where the He / surface interaction is studied us-
ing first principles calculations, by combining periodic local second-
order Moller-Plesset perturbation theory with high order corrections
obtained from coupled cluster calculations performed on finite clus-
ters. However, this method is not able, at the moment, to make a
correct description of conducting surfaces.
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Thus, ideally we would like to have the noble gas / surface inter-
action correctly described by a general method capable of giving de-
tails about the surface. Density functional theory (DFT) is such a gen-
eral method for periodic systems. However, standard functionals do
not take into account vdW interactions, although the correct descrip-
tion of these forces within DFT has been a very active field in the last
years. Prior to the last 15 years, there were few attempts to describe
these long range interactions within a DFT scheme (see [61–67] for
some examples), and it was not until the early 2000’s that standard-
ized general methods to include vdW forces into DFT were proposed.
Nowadays, there is a plethora of methods that can be classified into:
i) semi classical pairwise methods, which make use of external data,
such as the DFT-D method of Grimme and co-workers [68–71], the
exchange-dipole moment (XDM) method of Becke and Johnson [72–
78], and the Tkatchenko - Scheffler (TS) method [79–81]; and ii) the
nonlocal density functionals (DF) derived from first principles, such
as the original vdW-DF approach by Lundqvist and co-workers [82],
its later improvements [83–89], and the vdW-DF-inspired function-
als by Vydrov and van Voorhis, VV09 [90], VV10 [91] and vdW-DF09
[92], although the latter introduces some degree of empiricism.

1.2 Thesis outline

In the first chapter of this manuscript, we have introduced the topic
of atomic and molecular diffraction from surfaces and presented the
topics that have motivated this work.

In Chapter 2, we present the general methodology used during
this thesis, and intends to be a guide to understand the different
methods that have been used to study diffraction at different systems.
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In Chapters 3-5, we introduce our work studying noble gas atoms
diffraction from metal and semi-conductor surfaces. Each chapter in-
cludes a brief introduction to the topic, a brief review of the specific
methodology used in that particular study, the discussion of our main
results, and a conclusion summarizing the main points.

In Chapters 6-7, we discuss grazing incidence fast atom/molecule
diffraction at ionic surfaces for several projectiles. We follow a similar
structure than in previous chapters, where the discussion of our main
results and conclusions is preceded by a introduction to the specific
topic of each chapter and a short description of the specific method-
ology used.

The general structure of this manuscript can be summarized as
follows:

• Chapter 2: in this chapter we make a general introduction to
the methodology that has been used in our dynamical study of
atoms and molecules interacting with surfaces.

– Section 2.1: we introduce the Born-Oppenheimer (BO)
approximation and how it results into i) the electronic
Schrödinger equation that allows us to obtain the poten-
tial energy surface (PES) of a system, and ii) the nuclear
Schrödinger equation that describes the nuclei dynamics
of the system.

– Section 2.2: we introduce the periodic DFT approach used
to solve the electronic Schrödinger equation and calculate
the PES describing the system. We discuss all the approxi-
mations used to calculate the PES values.

– Section 2.3: we discuss two different methodologies, cor-
rugation reducing procedure (CRP) and modified Sephard
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(MS) interpolation, to interpolate the PES values and ob-
tain a continuous description of the PES in which to carry
out the dynamics of the system.

– Section 2.4: we discuss two different methods, a time-
dependent wave packet (TDWP) propagation method
and the multi-configuration time-dependent Hartree
(MCTDH) method that allows us to study the dynamics
of the different systems and calculate state-to-state diffrac-
tion probabilities.

• Chapter 3-5: in these chapters we present our results of noble
gas atom diffraction from metal and semi-conductor surfaces.

– Chapter 3: we study the diffraction of Ne from a Ru(0001)
surface. We use different approaches to include vdW cor-
rections to DFT and study how they affect the resulting
diffraction probabilities

– Chapter 4: we use a similar approach than in previous
chapter to study the effect of different vdW corrections
in the diffraction probabilities of He from Ru(0001). In
this case, the projectile/surface interaction is weaker than
when using Ne, and the current approaches tested fail
to reach a quantitative agreement with the experimental
diffraction probabilities.

– Chapter 5: we study He diffraction from a highly corru-
gated methyl-covered Si(111) surface, and make a com-
parison with new diffraction measurements of the system.
Experimentally, only low-order in-plane diffraction peaks
can be observed, but our results show that the most intense
peaks correspond to higher-order out-of-plane peaks, so a



8 Chapter 1. Introduction

direct comparison with the experiments proves problem-
atic, as one cannot draw clear conclusions from the com-
parison with the scarce available data.

• Chapter 6-7: in these chapters we present our results of atomic
and molecular grazing-incidence fast atom/molecule diffrac-
tion from ionic surfaces.

– Chapter 6: we present our results of H2 diffraction from
a LiF(001) surface under fast grazing incidence condi-
tions. We study the dependence of the resulting diffrac-
tion patterns on the incidence directions, as well as the ro-
vibrational state of the projectile.

– Chapter 7: we study grazing incidence fast atom/molecule
diffraction of several projectiles from a KCl(001) surface.
We compare our atomic projectile results with previous ex-
perimental data and theoretical simulations. Due to the
good agreement for the atomic projectiles, we proceed to
study H2 diffraction, and we use a direct comparison with
the available experimental data to make a detailed study
of the influence of the initial ro-vibrational level on the
diffraction patterns.
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General Methodology

2.1 Born-Oppenheimer approximation

To make a correct description of complex physical systems, one
has to make a proper description of the system’s interactions. The
Schrödinger equation [93] provides a way to study these interactions.

In general, a system composed of nuclei with R coordinates and
electrons with r coordinates, would be described by the wavefunction
|Ψ(r, R, t)〉. The time evolution of such system would be described by
the time-dependent Schrödinger equation:

h̄i
∂

∂t
|Ψ(r, R, t)〉 = Ĥ |Ψ(r, R, t)〉 , (2.1)

where Ĥ is the Hamiltonian operator that describes the interac-
tions between N nuclei and n electrons, given by the expression:

Ĥ = T̂n(R) + T̂e(r) + V̂nn(R) + V̂ee(r) + V̂ne(R, r)

= −
N

∑
α=1

h̄2

2Mα
∇2

α −
n

∑
i=1

h̄2

2me
∇2

i +
N

∑
α=1

N

∑
β>α

ZαZβq2
e

rαβ
+

n

∑
i=1

n

∑
j>i

q2
e

rij

−
N

∑
α=1

n

∑
i=1

Zαq2
e

rαi
, (2.2)

where α and β refer to the nuclei, i and j to the electrons, Mα and
Zα are the mass and charge of nucleus α respectively, me and qe are
the electronic mass and charge, rij refers to the distance between the
two particles indicated in the subindex, and ∇2 corresponds to the
Laplace operator.

In Eq. 2.2, T̂n(R) and T̂e(r) are the kinetic nuclear and electronic
operators respectively; V̂nn(R), V̂ee(r) and V̂ne(R, r) are the potential
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operators describing the nuclear repulsion, electron repulsion and
nuclei-electrons attraction respectively.

As observed in Eq. 2.2, the Hamiltonian has no explicit depen-
dence on time, so one could separate the time-dependent wavefunc-
tion of the system into the product of a time-independent wavefunc-
tion and a time phase factor:

|Ψ(r, R, t)〉 = |Ψ(r, R)〉 e−
i
h̄ Et. (2.3)

This way, the time-dependent Schrödinger equation (Eq. 2.1) is
simplified into the time-independent Schrödinger equation:

E |Ψ(r, R)〉 = Ĥ |Ψ(r, R)〉 , (2.4)

where E corresponds to the energy of the state represented by the
wavefunction |Ψ(r, R)〉.

In order to solve this time-independent equation for real sys-
tems, one may separate the wavefunction into a nuclear wavefunc-
tion |φ(R)〉, and an electronic wavefunction |χ(r; R)〉, where the semi-
colon indicates a parametric dependence on the nuclear coordinates:

|Ψ(r, R)〉 = |φ(R)〉 |χ(r; R)〉 . (2.5)

Introducing Eq. 2.5 in Eq. 2.4, one obtains:
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E |φ(R)〉 |χ(r; R)〉 = Ĥ |φ(R)〉 |χ(r; R)〉
= [T̂n(R) + T̂e(r) + V̂nn(R) + V̂ee(r)

+ V̂ne(r; R)] |φ(R)〉 |χ(r; R)〉 . (2.6)

Solving this time-independent equation for real systems is still
cumbersome due to the term V̂ne(R, r) in the Hamiltonian (see Eq.
2.2), since this term affects both the nuclear and electronic coordi-
nates due to the parametric dependence of |χ(r; R)〉, so one would
have:

T̂n |Ψ(r, R)〉 =−
N

∑
α=1

h̄2

2Mα
|χ(r; R)〉∇2

α |φ(R)〉

−
N

∑
α=1

h̄2

Mα
∇α |φ(R)〉∇α |χ(r; R)〉

−
N

∑
α=1

h̄2

2Mα
|φ(R)〉∇2

α |χ(r; R)〉 . (2.7)

However, one can make use of the Born-Oppenheimer (BO) ap-
proximation [94], which takes advantage of the great mass difference
between nuclei and electrons me =

Mα
1836 . With this approximation, we

consider that the electrons adapt instantaneously to any change in the
nuclei positions, which means that the electronic wavefunction gra-
dient with respect to the nuclei positions is zero: ∇α |χ(r; R)〉 = 0.
This way, Eq. 2.7 simplifies to:

T̂n |Ψ(r, R)〉 = −
N

∑
α=1

h̄2

2Mα
|χ(r; R)〉∇2

α |φ(R)〉 . (2.8)
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Therefore, the time-independent Schrödinger Equation (Eq. 2.6)
can be written as:

E |φ(R)〉 = [T̂n(R) + Ĥel(r) |χ(r; R)〉] |φ(R)〉 , (2.9)

where Ĥel refers to the electronic Hamiltonian:

Ĥel = T̂e(r) + V̂nn(R) + V̂ee(r) + V̂ne(r; R) (2.10)

Thus, we will first solve the electronic Schrödinger equation:

Ĥel |χ(r; R)〉 = EPES(R) |χ(r; R)〉 , (2.11)

to calculate a set of energies EPES(R) that will form our Potential
Energy Surface (PES) at a grid of nuclei positions R. Sections 2.2 and
2.3 of this chapter will deal with the construction of continuous PESs.

Then, once we have a well defined PES; we can solve the time-
independent Schrödinger equation showed in Eq. 2.9, which can be
rewritten as:

Etot |φ(R)〉 = [T̂n(R) + EPES(R)] |φ(R)〉 , (2.12)

For a given PES, we could apply Eq. 2.12 to the time-dependent
Schrödinger equation (Eq. 2.1):
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h̄i
∂

∂t
|φ(R, t)〉 = Ĥnuc |φ(R, t)〉

Ĥnuc = [T̂n(R) + EPES(R)]. (2.13)

This way, we can use Eq. 2.13 to calculate the nuclei dynamics of
our system in a given PES. Section 2.4 of this chapter will deal with
these dynamical processes.

2.2 Electronic structure calculations

2.2.1 Density Functional Theory in brief

There are many ways to solve approximately the electronic time - in-
dependent Schrödinger equation (Eq. 2.11) to calculate the PES de-
scribing the electronic structure of our system. To that end, taking
into account the semiperiodic nature of the systems we are interested
in, we have chosen to use the Density Functional Theory (DFT) [95],
which we will briefly describe in this section.

The main idea behind DFT is that the ground state energy of a sys-
tem could be expressed as a function of the electron density function
n(r). Therefore, the energy would be defined only by the three spatial
coordinates of the electron density, instead of the 3N coordinates of
the N electrons. This approach lets us maintain a reasonable accuracy
while being computationally efficient.

DFT is based on the Hohenberg-Kohn theorems [96]. The first of
these theorems states that the ground state wave function |ψ(r)〉 of
a system, as well as its ground state energy is a unique functional of
the electron density. The second Hohenberg-Kohn theorem states that
the exact ground state energy is determined by the minimum value
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of the energy functional, given by the electron density of the ground
state. Therefore, these theorems provide a variational principle that
would easily lead to the energy of the system by varying the electron
density, provided that one knows the exact form of the energy func-
tional E[n(r)]. However, the exact form of this functional is not know,
and one must make compromises to obtain accurate approximations.

In order to make this problem feasible, Kohn and Sham [97] in-
troduced a methodology in which one considers a system formed
by N non-interacting electrons whose ground state electron energy is
equal to the one of the real system formed by N interacting electrons.
This allows one to simplify the problem by using single electron wave
functions ψi(r):

|Ψ(r)〉 = 1√
N!
|ψ1(r)ψ1(r)...ψn(r)| , (2.14)

so the total electron density is given by:

n(r) =
n

∑
i=1
|ψi(r)|2 . (2.15)

Therefore, the energy functional would be defined by:

E [n(r)] = Te [n(r)] + EHartree [n(r)] + EeN [n(r)] + EXC [n(r)] , (2.16)

where T̂e is the electron kinetic functional; EHartree is the Hartree
potential, which defines the interaction between the electron con-
sidered and the total electron density defined by all electrons; EeN
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describes the electrons-nuclei interaction; and EXC is the exchange-
correlation energy term, which accounts for the rest of the interaction
effects such as electronic exchange and correlation.

In Eq. 2.16, T̂e can be expressed as a function of the kinetic energies
of the single particle wave functions:

Te [n(r)] = −
h̄2

2me

n

∑
i=1

〈
ψi(r)

∣∣∣∇2
∣∣∣ψi(r)

〉
, (2.17)

whereas all other energy terms depend on the electron density.
The exchange-correlation energy functional, EXC [n(r)], can be ap-

proximated with different methodologies. The simplest approxima-
tion in the local density approximation (LDA) [98–100], in which
EXC [n(r)] at a particular point only depends on its electronic density,
which is approximated as the electronic density of an homogeneous
electron gas. In this work, we have used the generalized gradient ap-
proximation (GGA) [101], such that the energy depends on the elec-
tron density n(r) and its gradient ∇n(r):

EXC [n(r)] =
∫

n(r)εXC [n(r),∇n(r)] dr, (2.18)

where the exact form of εXC [n(r),∇n(r)] depends on the specific
exchange-correlation functional used.

Therefore, a general form of the Kohn-Sham equations describing
our system would be:

ĤKSψi(r) = εiψi(r), (2.19)
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where ψi is a Kohn-Sham orbital with eigenvalue εi, and the
Hamiltonian has the form:

ĤKS = T̂e + VKS(r) (2.20)

= T̂e + VNe(r) + VHartree(r) + VXC(r).

The process of finding the ground state energy involves an iter-
ative procedure. One has to make an initial electron density n(r)
guess, calculate the effective potential VKS(r), and solve the Kohn-
Sham equations (see Eq. 2.19). Then, we use those KS solutions to
re-calculate n(r), and repeat the process until the desired n(r) con-
vergence is reached. This schematic process is presented in Figure
2.1

2.2.2 Dispersion forces in DFT

It should be noted that the GGA exchange-correlation functionals
do not return a correct description of dispersion interactions, as it
does not include the attractive electrostatic interaction between dis-
tant fragments. We will indistinctly refer to these interactions as van
der Waals (vdW) or dispersion interactions.

In this thesis, we have studied the dynamics of different atoms
and molecules on surfaces. Some of the projectiles used are noble gas
atoms, and therefore the correct description of dispersion interactions
has been a critical point in those studies. Most of the available meth-
ods to include vdW corrections are pairwise methods, and only in
recent years, there have been more sophisticated theoretical models
[68–70, 79–82, 85, 102, 103].
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FIGURE 2.1: Schematic flow chart with the iterative procedure
used to calculate the ground state energy of a system with DFT.

In this section, we briefly review different approaches available in
the literature trying to describe these vdW interactions in DFT. We
focus on the approaches used in our calculations.

2.2.2.1 Pairwise methods

2.2.2.1.1 D2 approach Stefan Grimme introduced the D2 correc-
tion in 2006 [69]. This approximation calculates the two body dipole-
dipole dispersion energy as:
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ED2
disp = −s6 ∑

AB

CAB
6

R6 f Fermi
damp (R), (2.21)

where s6 represents a scaling parameter specific of each func-
tional, and R is the distance separating the two bodies A and B. The
CAB

6 coefficients are calculated as the mean of the homoatomic values
CAA

6 and CBB
6 :

CAB
6 =

√
CAA

6 CBB
6 , (2.22)

where the homoatomic coefficients are calculated as:

CAA
6 = 0.05NIAα0

A, (2.23)

where N is a scaling factor, IA is the first ionization potential,
and α0

A is the static dipole polarizability. These parameters are pre-
computed with the PBE0 [104] functional.

The damping function f Fermi
damp (R) in Eq. 2.21 decreases the disper-

sion energy for small interatomic distances. It is defined as:

f Fermi
damp (R) =

1
1 + e20(R/(sRRvdW)−1)

, (2.24)

where sR is a scaling parameter and RvdW is the sum of the vdW
radii of the two atoms. These values are obtained from the electron
density of restricted open shell HF calculations of the free atoms.

Therefore, one only needs to know the molecule geometry to cal-
culate the D2 dispersion correction, which makes this approach very
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general and computationally efficient, although it means that it does
not present any dependence on the molecular environment.

2.2.2.1.2 D3 approach The group of Grimme proposed the D3 ap-
proach in 2010 [70] taking the molecular environment into account
using fractional coordination numbers (CNs):

CNA =
Natom

∑
B 6=A

1
1 + e−16(4(RA,cov+RB,cov)/(3RAB)−1)

, (2.25)

where RA,cov and RB,cov are the scaled covalent radii of atoms A
and B respectively, taken from Ref. [105]. Thus, the CNs values will
change for different molecular geometries, accounting for the molec-
ular environment.

The energy dispersion correction is approximated as:

ED3
disp = −∑

AB
∑

n=6,8
sn

CAB
n

Rn f (n)damp(R), (2.26)

where sn are scaling factors, f (n)damp(R) are damping functions sim-
ilar to the one used in the D2 approach:

f (n)damp(R) =
1

1 + 6(R/(sr,nRAB
0 ))an

, (2.27)

where a6 = 14, a8 = 16, with sr,6 and sr,8 being functional-specific
parameters, and R0 defined as a function of the dispersion coefficients
CAB

6 and CAB
8 :
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R0 =

√
CAB

8

CAB
6

. (2.28)

The dispersion coefficient CAB
8 is obtained as a function of CAB

6 :

CAB
8 = 3CAB

6

√
QAQB

QA =
√

ZA

〈
r4

A
〉〈

r2
A
〉 , (2.29)

where ZA is the atomic number of A, and
〈
r4

A
〉

and
〈
r2

A
〉

are
multipole-type expectation values derived from atomic densities.

The CAB
6 coefficients are a function of the CNs:

CAB
6 (CNA, CNB) =

∑NA
i ∑NB

j CAB
6,re f (CNA

i , CNB
i )Lij

∑NA
i ∑NB

j Lij
, (2.30)

where Lij = e−4[(CNA−CNA
i )2+(CNB−CNB

j )
2]. As shown in Eq. 2.30,

the CAB
6 coefficients are a function of reference dispersion coefficients

CAB
6,re f , which are calculated for atoms A and B in reference molecules

AmHn and BkHl as:

CAB
6,re f (CNA, CNB) =

3
π

∫ ∞

0

1
m

[
αAm Hn(iω)− n

2
αH2(iω)

]
· 1

k

[
αBk Hl(iω)− l

2
αH2(iω)

]
dω, (2.31)
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where α(iω) are the electric dipole polarizability of the differ-
ent reference hydrides with specific CNs. These values have been
precomputed with non-empirical calculations performed at different
imaginary frequencies at the TDDFT level [106–108] for all elements
with Z ≤ 94.

2.2.2.1.3 Tkatchenko-Scheffler method Tkatchenko and Scheffler
proposed another pairwise dispersion correction in 2009 [79], referred
as TS, with the general form:

ETS
disp = −∑

AB

CAB
6

R6 f Fermi
damp (R), (2.32)

where the damping function f Fermi
damp (R) is equivalent to the one

used in the D2 dispersion correction method (see Eq. 2.24). In the TS
method, the chemical environment is taken into account in the cal-
culation of the atomic polarizabilities αA

0 , dispersion coefficients CAA
6

and van der Waals radii RA
vdW :

αA = αA
f ree

Ve f f (n)
Vf ree

CAA
6 = CAA

6, f ree

(
Ve f f (n)

Vf ree

)2

RA
vdW = RA

vdW, f ree

(
Ve f f (n)

Vf ree

) 1
3

, (2.33)

where the ratio
Ve f f (n)

Vf ree
between the effective volume of A in the

molecule and its volume as a free atom is calculated with with a
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Hirshfeld partitioning method [109]. The free-atom polarizabilities
αA and dispersion coefficients CAA

6, f ree are calculated with a time-
dependent DFT methodology, as specified in Ref. [110]. The free-
atom vdW radii RA

vdW, f ree are obtained from X-ray diffraction data, as
specified in Ref. [111].

The total vdW radii used in the damping function are calculated
as:

RvdW = RA
vdW + RB

vdW . (2.34)

The heteroatomic dispersion coefficients are calculated from the
homoatomic as:

CAB
6 =

2CAA
6 CBB

6(
αB
αA

)
CAA

6 +
(

αA
αB

)
CBB

6

. (2.35)

2.2.2.1.4 Improvements to the Tkatchenko-Scheffler method The
group of Tkatchenko proposed in 2012 an extension to the original TS
method [80], referred as self-consistent-screening (SCS), in which the
effect of the chemical environment on the screening of the dispersion
interaction is taken into account. In this method, all atoms are rep-
resented as a collection of spherical quantum harmonic oscillators,
whose coupling affects the dynamical polarizabilities at a given imag-
inary frequency iω. Screened polarizabilities, αSCS

A (iω), are obtained
self-consistently, according to:

αSCS
A (iω) = αA(iω) + αA(iω) ∑

A 6=B
τSR

ABαSCS
B (iω), (2.36)
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where τSR
AB is the dipole-dipole interaction tensor, and αTS

A (iω) is
the unscreened dynamic polarizability, obtained as:

αA(iω) =
α0

A

1 +
(

ω
ω̄A

)2 , (2.37)

where ω̄A is an effective frequency, calculated from the values of
the dispersion coefficients:

ω̄A =
4
3

CAA
6(

α0
A
)2 . (2.38)

The group of Tkatchenko also proposed another improvement in
2014 [81] to include many-body dispersion (MBD) effects. In this
method, the dipole-dipole interaction tensor τAB is damped with a
Fermi-type damping function, fdamp, to obtain a smooth separation
into short range, τSR

AB, and long range, τLR
AB, terms:

τAB = τSR
AB + τLR

AB = (1− fdamp)τAB + fdampτAB. (2.39)

2.2.2.2 Nonlocal density functionals

2.2.2.2.1 vdW-DF functional The family of vdW density function-
als (vdW-DF) intends to provide a good description of vdW effects
for many-electron systems without relying on empirical or external
data.

In the vdW-DF scheme, the exchange-correlation energy func-
tional can be split into a semilocal functional E0

xc[n] and a nonlocal
functional Enl

c [n]:



24 Chapter 2. General Methodology

EvdW−DF
xc [n] = E0

xc[n] + Enl
c [n], (2.40)

where E0
xc[n] is obtained from the sum of LDA correlation and the

revPBE [112] variant of GGA exchange. The general expression of
Enl

c [n] [113] is given by a six-dimensional integral:

Enl
c =

1
2

∫
d3rd3r′n(r)Φ0(r, r′)n(r′), (2.41)

where Φ0(r, r′) is the correlation kernel. In our calculations, we
have used the implementation proposed by Román-Pérez and Soler
[114], which express Enl

c as an integral convolution using splines, so
it is simplified into a three dimensional integral that contains Fourier
transformed quantities:

Enl
c =

1
2 ∑

αβ

∫
d3rd3r′θα(r)φαβ(

∣∣r− r′
∣∣)θβ(r′) (2.42)

=
1
2 ∑

αβ

∫
d3kθ∗α(k)φαβ(k)θβ(k), (2.43)

where θα(r) = n(r)pα(q0(r)) and θ∗α(k) is its Fourier transform;
and φαβ(k) is the Fourier transform of φαβ(r) = φ(qα, qβ, |r− r′|); qα

are fixed values and pα are cubic splines.

2.2.2.2.2 Variations of vdW-DF The original vdW-DF [82] method
was used to describe vdW bonds and used the revPBE exchange
functional. However, some of the shortcomings of vdW-DF can be
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overcome by using a different exchange functional. In our calcula-
tions, we have used the optB86b functional, so we will refer to it as
vdW-DF-optB86b, following the notation suggested by the group of
Lundqvist [115].

A different way to improve the original vdW-DF is to vary the
correlation functional. This is the case of the vdW-DF2 method [85],
which uses the PW86r functional [116] and introduces a large-N
asymptote gradient correction [117].

2.2.3 Periodic systems

2.2.3.1 Periodicity in real space: Bravais lattices

Atomic positions of periodic systems in 3D space can be identified
by a linear combination of three non-coplanar vectors, a1, a2 and a3,
referred as primitive vectors:

R =
3

∑
i=1

niai , i = 1, 2, 3 , ni ∈ I (2.44)

This set of points R is referred as a Bravais lattice. The minimal
repeat unit needed to construct a periodic system by translation along
the primitive vectors is known as primitive unit cell. The primitive
cell and Bravais lattice of a system will allow us to describe the 3D
discrete set of atoms forming a crystal or the 2D discrete set of atomic
positions in a surface.

Each of the materials we have worked with, adopts one of the
possible 14 Bravais lattices in 3D space. We show in the top panel of
Fig. 2.2 the BCC (body-centered cubic), FCC (face-centered cubic) and
HCP (hexagonal close-packed) lattices, which have been used in our
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work. Then, one can obtain different surfaces by cleaving the crystal
at different directions. To identify these different surfaces, we use the
so-called Miller indices, generally referred as (h, k, l).

In a 3D crystal, Miller indices (hi, ki, li) can be used to identify a
plane that contains the inverse of the coordinates xi, yi, zi where the
plane intersects the primitive vectors a1, a2 and a3, respectively:

hi =
1
xi

; ki =
1
yi

; li =
1
zi

(2.45)

An example of this usage is given in Fig. 2.2, where we show how
to obtain a [111] layer from a FCC solid, by replicating, in the (x, y)
directions, the atoms contained in the plane formed by the points
(1, 0, 0), (0, 1, 0) and (0, 0, 1) of the solid.

2.2.3.2 Reciprocal lattices: plane wave basis and k-points

The fact that our crystal lattice is periodic implies that other proper-
ties, such as the potential, should also be periodic. Thus, a function
f (r) that depends on a Bravais lattice of periodicity R would fulfill:

f (r) = f (r + R). (2.46)

That periodic relation is given by a plane wave f (r) = eikr, with
wave vectors k such that eik(r+R) = eikr, which implies that eikR = 1.
This is fulfilled in a periodic crystal if:

k ·R = 2πN , N ∈ Z (2.47)
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FIGURE 2.2: Top panel: we show three example of Bravais lat-
tices, BCC, FCC and HCP, used in the work described in this
thesis; lattices are shown as black solid lines, and lattice points
are indicated with gold spheres. Bottom panel: for a FCC solid,
a plane with Miller indexes [111] is shown in blue. If one repli-
cates the atoms contained by that plane, one obtains a [111]

layer.

The wave vectors k form a reciprocal lattice, defined by the recip-
rocal lattice vectors bi, such that:

bi · aj = 2πδi,j. (2.48)

For a 3D lattice defined by (a1, a2, a3), according to Eq. 2.47, the
reciprocal lattice vectors are defined as:
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FIGURE 2.3: We show different 2D periodic lattices (in blue)
and their reciprocal lattices (in red). Shaded regions show the
Wigner-Seitz cell (light blue) and first Brillouin zone (light red)
around a specific lattice point. Top panel shows a square lattice,

and bottom panel shows a hexagonal lattice.

b1 = 2π
a2 · a3

a1(a2 × a3)

b2 = 2π
a3 · a1

a2(a3 × a1)

b3 = 2π
a1 · a2

a3(a1 × a2)

k =
∞

∑
i=1

nibi , i = 1, 2, 3. (2.49)

As an example, we show in Figure 2.3 the reciprocal lattice of a
rectangular and hexagonal 2D direct lattice. For each of these Bravais
lattices, we show a shaded region corresponding to the Wigner-Seitz
cell, which represents the minimum region needed to reproduce the
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whole cell. The Wigner-Seitz cell around a lattice point is given by the
area delimited by the lines crossing perpendicularly the lines joining
neighbor lattice points at their midpoints. Similarly, one can obtain
the region of the reciprocal lattice that is closest to a specific reciprocal
lattice point than to any other, that is, a Wigner-Seitz in reciprocal
space, which is known as the first Brillouin zone (BZ).

Taking advantage of our system’s periodicity, we make use of
Bloch’s theorem, which states that the infinite wave functions of Eq.
2.19 can be expressed in a plane wave basis:

ψi,k(r) = ∑
G

ci,k+Gei(k+G)r, (2.50)

where ci is a function with the system’s periodicity. For practical
reasons, the sum over the reciprocal lattice points G has to be trun-
cated. As a result, we only take into account the plane waves whose
kinetic energy is lower than a chosen cutoff energy Ecuto f f :

|k + G|2

2
< Ecuto f f . (2.51)

The value of Ecuto f f needs to be chosen carefully for each system,
so that the energy obtained with that plane wave basis set is con-
verged to a particular value, i.e., the energy change when increasing
Ecuto f f is below a particular threshold.

At this point, it is important to notice that the first Brillouin zone
of a specific reciprocal lattice (see Figure 2.3) defines the primitive cell
of that reciprocal lattice, from which one can obtain the whole lattice
by space translations.

When calculating the electronic density of a system, the Brillouin
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zone is of critical importance, since one only needs to calculate the
electronic density in this region. The value at any other point can be
obtained with translational symmetry. Thus, the general expression
of the electronic density n(r) is:

n(r) =
1

ΩBZ

∫
BZ
|ψi,k(r)|2 dk, (2.52)

where ΩBZ is the volume of the Brillouin zone. This integral is
approximated by a sum over a set of k-points. One can use different
schemes to choose this grid of k-points. In our case, we have used
the Monkhorst-Pack approach [118], which uses a homogeneously-
distributed set of k-points. The exact number of k-points chosen will
vary for each system, and one should perform convergence tests to
reach the desired accuracy.

2.2.4 Pseudo-potentials

Even with the energy cutoff and finite k-point grid, it would still be
impossible to work with real systems beyond a few atoms. Therefore,
we only consider valence electrons explicitly and approximate the ef-
fect of core electrons with an effective function. To do this, we have
used the projector augmented wave (PAW) [119], in which a pseudo
wavefunction ψ̃(r) is used. This pseudo wavefunction is equal to the
all-electron wavefunction ψ(r), although it changes inside the cutoff
radius into a nodeless function, which reduces the number of plane
waves needed to represent the wavefunction accurately.

The strength of the PAW method is that one can map any operator
A acting on the all-electron wavefunction into a pseudo operator Ã
acting on pseudo wavefunctions, using a linear transformation τ:
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Ã = τ† Aτ

τ = 1 + ∑
s

(
|ψs(r)〉 −

∣∣ψ̃s(r)
〉)
| p̃s(r)〉 , (2.53)

where | p̃s(r)〉 are projectors functions that fulfill that ∑i
∣∣ψ̃i
〉
〈 p̃i| = 1

and
〈

p̃i| ψ̃i
〉
= δij.

Therefore, the evaluation of any observable is performed on the
pseudo wavefunctions ψ̃(r), which are more convenient than the all-
electron wavefunctions ψ(r), as ψ̃(r) are smoother than ψ(r) and are
nodeless.

2.2.5 Super-cell model

Up to now, we have explained how to solve a 3D periodic problem
using DFT. However, we will be working with surfaces with a 2D
periodicity, which is broken in the z direction, perpendicular to the
surface plane. Therefore, the periodic cell that we use in our calcu-
lations has some peculiarities, and it will be referred to as super-cell.
Our super-cells have a much larger length in the z direction, as shown
in Figure 2.4.

Having a super-cell with a large z coordinates avoids artificial in-
teractions between a surface and its periodic image along the z di-
rection. Furthermore, our electronic calculations include a projectile
atom or molecule, in addition to the surface, so that the use of a super-
cell with a large primitive vector along z also avoids spurious inter-
actions between the atom and the periodic image of the surface.

We also use an artificially large unit cell in the x, y coordinates
(see Figure 2.4) to avoid interactions between the projectile atom, or
molecule, and its periodic images along the x, y plane.
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FIGURE 2.4: Scheme of a super-cell model containing a 2 × 2
(x, y) hexagonal cell, with extra vacuum in the z direction. Black
lines represent the periodic super-cell which is replicated in
space. The projectile atom and surface atoms inside the super-
cell are represented in darker color; periodic images are lighter.

Working with periodic surfaces has another significant drawback.
To simulate the bulk below the top layer of the surface, one should
in principle add an infinite number of layers. However, for practical
reasons, one has to use a number of layers small enough to make the
calculations feasible, and large enough to account accurately for bulk
effects. Therefore, for each system treated, one must perform another
convergence test, to make sure that bulk effects are accounted for, to
the accuracy level wanted.
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FIGURE 2.5: Degrees of freedom for a mono-atomic projectiles
(left panel), and di-atomic projectiles (right panel).

2.3 Potential energy surface interpolation

As discussed in Section 2.1, we are working within the BO approxi-
mation. However, if we considered all the degrees of freedom in our
projectile + surface DFT calculations, the computational cost would
still be prohibitive, even with the approximations mentioned in Sec-
tion 2.2. Thus, we first optimize the surface geometry, and then keep
that geometry fixed for all our projectile + surface calculations and
subsequent dynamics calculations. This approximation is referred as
static surface (SS), and we use the term BOSS (Born-Oppenheimer
static surface) approximation to indicate that we are working within
both the BO and SS approximations.

Thus, the only degrees of freedom of our PESs would be the ones
of the projectile, i.e. we have 3D PESs, V(x, y, z), for mono-atomic
projectiles and 6D PESs, V(x, y, z, r, θ, φ), for di-atomic projectiles.
The labels used for these degrees of freedom are specified in Figure
2.5.

This section is devoted to give some general details about the dif-
ferent methodologies used to calculate the PESs of the systems used
in our work.
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2.3.1 Corrugation reducing procedure

PESs may exhibit large oscillations caused by strong repulsions at
some configurations, for example when the projectile is close to the
surface. If one made a direct interpolation of such corrugated PESs,
V6D or V3D

1, there would be numerical instabilities that would re-
quire the use of very dense grids, which would translate into a large
computation effort.

Numerical instabilities in the interpolation can be reduced using
the corrugation reducing procedure (CRP), developed by Busnengo
et al [120]. Within this methodology, one first removes the most corru-
gated part of the potential, and then interpolates the resulting smooth
PES I . Since a large part of the repulsion comes from the projec-
tile/surface interaction, we subtract that function to the total PES.

In the case of a 6D PES for di-atomic molecules AB, the smooth
function I6D is obtained by interpolating the smooth data set

{
Ṽ
}

6D
.

This smooth data set is obtained by subtracting the corrugated atomic
potentials, VA

3D and VB
3D, to the initial 6D DFT data set, {V}6D:

{
Ṽ
}

6D
= {V}6D −VA

3D −VB
3D. (2.54)

Then, we perform an interpolation of the
{

Ṽ
}

6D
data set, to ob-

tain the function I6D. This interpolation is carried out over all six
degrees of freedom, using different approaches:

• (r, z) interpolation: numerical interpolation of (r, z) cuts by a
2D spline method. This numerical interpolation solves the issue
that may arise from the high repulsion at low r values.

1For convenience, we will drop the V(x, y, z, r, θ, φ) and V(x, y, z) notation, in
favor of V6D and V3D respectively.



2.3. Potential energy surface interpolation 35

• φ interpolation: carried out with trigonometric functions, with
a fixed molecular center.

• (x, y) interpolation: carried out with a Fourier expansion f (ρ):

f+(ρ) = ∑
G

f+G cos(G · ρ)

f−(ρ) = ∑
G

f−G sin(G · ρ), (2.55)

where G is a reciprocal lattice vector and ρ = x + y.

• θ interpolation: also carried out with trigonometric functions.
The atom closer to the surface is fixed while varying the angle
θ, to prevent the projectile getting closer to the surface while
rotating the molecule.

One can finally obtain the 6D potential of the system, V6D, adding
again the corrugated atomic potentials to the interpolated smooth
function I6D:

V6D = I6D + VA
3D + VB

3D. (2.56)

What sets CRP apart form other interpolation methods is the fact
that we are subtracting a corrugated function, V3D

2, to the initial 6D
data set (see Eq. 2.54). However, this 3D potential is also very corru-
gated, for example at low z values, so we would apply again the CRP
methodology to interpolate V3D. This means that one does not obtain
V3D by a direct interpolation of a 3D DFT data set, but we interpolate

2Since we are only working with homo-nuclear di-atomic molecules, we will
simply refer to V3D, instead of VA

3D and VB
3D.
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a smooth 3D data set,
{

Ṽ
}

3D
, obtained by subtracting a corrugated

function to the 3D DFT data set, {V}3D:

{
Ṽ
}

3D
= {V}3D −

n

∑
i=1
Q(Ri), (2.57)

where Ri is the distance between the projectile atom on top of the
ith surface atom and that atom, and Q(Ri) is the potential resulting
of that interaction. The sum is performed over the n nearest neighbor
surface atoms, where n needs to be large enough to allow a correct
description of the surface symmetry.

Then, using the same procedure mentioned before, we perform a
spline interpolation in z and a Fourier expansion in (x, y) to obtain
the smooth function I3D. Finally, the 3D potential, V3D, is obtained
simply by adding the corrugated function to this interpolated func-
tion:

V3D = I3D +
n

∑
i=1
Q(Ri), (2.58)

Thus, when working with mono-atomic projectiles, the 3D PES
interpolation can be summarized in the following steps:

1. Calculate a set of 3D DFT energies {V}A
3D

2. Calculate a 1D DFT set of energies for the projectile on top of
atom surface Q(Ri).

3. Obtain a 3D smooth data set,
{

Ṽ
}

3D
, according to Eq. 2.57.

4. Interpolate
{

Ṽ
}

3D
to get a smooth interpolated function I3D.
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5. Recover the final 3D potential, V3D, according to Eq. 2.58.

The interpolation of the 6D PES of a di-atomic projectile can be
summarize as follow:

1. Perform same steps as in the mono-atomic projectile case, to
obtain V3D.

2. Calculate a set of 6D DFT energies {V}6D.

3. Obtain the 6D smooth data set,
{

Ṽ
}

6D
, according to Eq. 2.54.

4. Interpolate
{

Ṽ
}

6D
to get a smooth interpolated function I6D.

5. Recover the final 6D potential, V6D, according to Eq. 2.56.

The exact number of DFT points used in the interpolation, and
their geometries, will vary from system to system, and will be speci-
fied in each of the chapters devoted to discuss our results. It is worth
mentioning that in any case, CRP returns average errors lower than
10 meV when comparing the interpolation with the corresponding
DFT results at geometries not included in the data set used for in-
terpolation.

It should noted that we have used a modified version of CRP [53]
to interpolate the potential of our 6D PESs, where the expression in
Eq. 2.56, is substituted by:

V6D(R) = I6D(R) + VA
3D(R1)Lzo,δz(R1) + VB

3D(R2)Lzo,δz(R2) (2.59)

where Lzo,δz is a logistic function that reduces the amount of
CRP correction that is applied at large projectile-surface values, to
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avoid numerical inaccuracies at regions where the potential is already
smooth:

Lzo,δz(Ri) =
(

1 + e
zi−zo

δz

)−1
, (2.60)

where zo and δz are two parameters controlling where the func-
tion is centered, and how fast it decays, respectively.

2.3.2 Modified Shepard interpolation

The modified Shepard interpolation is an interpolation method based
on local expansions around geometries where the energy, and its
first and second derivatives have been calculated explicitly. This
methodology was developed initially to calculate the PESs for gas
phase reactions [121, 122], and was later adapted to study gas-surface
systems [123–129]. We have used the implementation proposed by
Frankcombe and co-workers [130], which rigorously accounts for the
surface symmetry.

Within this methodology, one calculates the energies, their first
and second derivatives at a set of Ndata points. In our case, the ener-
gies have been obtained with DFT, as explained in Section 2.2. From
the energy value at a specific geometry, E(X), we obtained the first
and second derivatives, ∂E(X)

∂Xi
and ∂2E(X)

∂Xi∂Xj
, using the finite differences

method:

∂E (X)

∂Xi
≈ E (Xi + h)− E (Xi − h)

2h
∂2E (X)

∂Xi∂Xj
≈

E
(
Xi + h, Xj + h

)
− E

(
Xi − h, Xj + h

)
4h2

−
E
(
Xi + h, Xj − h

)
− E

(
Xi − h, Xj − h

)
4h2 (2.61)
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One should choose a sensible step size, h, to obtain accurate first
and second order energy derivatives. One should choose a value
small enough to obtain an accurate approximation to the derivative
values, and large enough to avoid numerical inaccuracies. Thus, one
should perform convergence tests on each system, to find the appro-
priate step size value.

It should also be noted that Cartesian coordinates X, are not a con-
venient choice for accurate interpolation of a PES with N adsorbate
atoms, and its symmetry implementation [131]. Thus, a set of 3N
local internal coordinates is used [130], which is defined as a linear
combination of redundant internal coordinates, Z. This set of redun-
dant internal coordinates, Nred, is formed by:

• A full set of N(N−1)
2 inverse nuclear distances between adsor-

bate atoms.

• The inverse of the distance between adsorbate atoms and the
surface plane.

• A redundant set of sine and cosine functions of the reciprocal
coordinates of each adsorbate atom.

Some of the advantages of this coordinate set, Z are:

• It covers the complete 3N Cartesian space.

• It allows a faithful representation of the adsorbate permutation
group, and the surface plane group.

• It is invariant to lattice transition.

• It gives the correct adsorbate description in vacuum.



40 Chapter 2. General Methodology

The local internal coordinates are obtained from Wilson B matrix,
which is obtained from the relation between the redundant internal
coordinates Z and the Cartesian coordinates X. For the ith Ndata point,
this value would be:

Bαβ(i) =
∂Zα

∂Xβ
, (2.62)

where 1 ≤ α ≤ Nred and 1 ≤ β ≤ 3N.
The 3N local internal coordinates are defined for each Ndata point

as:

ζi = Λ−1
i UT

i Z, (2.63)

where Λ and U are obtained from a singular-value decomposition
(SVD) of the Wilson B matrix:

B(i) = UiΛiVT
i , (2.64)

where U and V are Nred × Nred and 3N × 3N unitary matrices,
respectively. Λ is the Nred× 3N diagonal matrix with the 3N singular
values of B in the diagonal.

Then, one can define the second-order Taylor expansion near the
ith Ndata point as:

Ti(Z) = Ei + ∆ET
i ∆ζi +

1
2

∆ζT
i Fi∆ζi, (2.65)
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where Ei is the energy at point i, ∆Ei and i) are the vector of first
derivatives and the matrix with second derivatives of Ei with respect
to ζi, respectively, and ∆ζi is the distance between point Z and Zi in
ζi coordinates:

∆ζi = Λ−1
i UT

i [Z− Zi] . (2.66)

The PES value at any geometry Z is calculates by a weighted sum-
mation of second-order Taylor expansions (see Eq. 2.65) at each Ndata

point:

V(Z) =
Ndata

∑
i=1

∑
g∈GCNP×GPG

w(g◦i)(Z)T(g◦i)(Z), (2.67)

where GCNP and GPG are the molecular permutation and plane
group symmetry groups, respectively; and (g ◦ i) indicates that the
weights (w(Z)) and Taylor expansions (T(Z)) have been transformed
according to the symmetry groups GCNP and GPG. The weight func-
tions, w(Z), are forced to fulfill:

w(g◦i)((Z)(g ◦ i)) = 1 (2.68)
Ndata

∑
i=1

∑
g∈GCNP×GPG

w(g◦i)(Z) = 1,

which is achieved by defining them as a function of primitive
weights, v(Z):
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wi(Z) =
vi(Z)

∑Ndata
j=1 ∑g∈GCNP×GPG

v(g◦j)(Z)
, (2.69)

such that limZ→Z(ivi(Z)→ ∞, and lim‖Z−Zi‖→∞vi(Z)→ 0.
When Ndata is small, one-part weights are used:

vi(Z) = ‖Z− Zi‖−2p , (2.70)

whose decay ratio depends only on the value of p.
When one has a larger Ndata, the potential description can be im-

proved using an elliptical confidence volume for the Taylor expan-
sions around Zi. To do that, we use a two-part weight function:

vi(Z) =
[
εi(Z)2p + εi(Z)2q

]−1
, (2.71)

with q < p, and εi(Z) being a local weighted distance:

εi(Z)2 =
Nred

∑
j=1

(
Zj − Zj(i)

dj(i)

)2

, (2.72)

where Zj, Zj(i) and dj(i) are the jth elements of Z, Z(i) and d(i),
respectively, and the vector d(i) contains the lengths defining the con-
fidence volume for the ith data point of Ndata, which are derived from
Bayesian arguments [122], which result from considering the dis-
tances that include the M points whose Taylor expansion has an error
below Etol with respect to the actual potential and derivatives values
at that point. The expression describing the confidence lengths, dj(i),
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is obtained from a Bayesian analysis of the errors in the gradients
[122]:

dj(i)−6 =
1
M

M

∑
n=1

[(
∂E
∂Zj

∣∣∣
Z(n)
− ∂T

∂Zj

∣∣∣
Z(n)

) (
Zj(n)− Zj(i)

)]2

E2
tol ‖Z(n)− Z(i)‖

(2.73)

Such a two-part weight function results into the q term dominat-
ing inside the confidence volume, and the p term, with a faster decay,
dominating outside the confidence volume.

2.3.2.1 GROW algorithm

We have seen that the potential can be approximated as a weighted
sum of second-order Taylor expansions at each Ndata point. However,
we have not mentioned how to choose the Ndata set. To build that set
of points, we have used the GROW algorithm [132].

In this algorithm, one has to choose an initial set of data points,
using the methodology discussed in Section 2.2 to obtain the energy
and its derivatives at a specific geometry. For the systems we have
studied, we have chosen this initial set to be formed by 50-100 geome-
tries distributed homogeneously in the configuration space. Then, we
run a small (102) set of classical trajectories, Ntraj, at incidence condi-
tions similar to the ones that will eventually be used to calculate the
diffraction probabilities. From all the geometries visited during those
trajectories, we choose a few geometries that fulfill one of the two
following criteria:

• Geometries frequently visited by the trajectories, i.e. geometries
that are dynamically relevant. This is achieved using the quan-
tity h(k):
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h(k) =
∑

Ntraj
m=1 vm [Z(k)]

∑Ndata
i=1
m 6=k

vi [Z(k)]
. (2.74)

From Eq. 2.74, one can observe that h(k) is larger when Z(k)
is near other geometries sampled by the trajectories, and away
from the geometries of other points already in the Ndata set.

• Geometries which have an inaccurate interpolation. The inter-
polation inaccuracy is estimated by the uncertainty of the in-
teprolation at each of the Ntraj configurations as:

σ2(k) =
Ndata

∑
i=1

wi [Z(k)] (Ti [Z(k)]− E [Z(k)])2 , (2.75)

where E [Z(k)] is the interpolated energy from Eq. 2.67.

Then, one performs electronic structure calculations to calculate
the energy and its derivatives at those chosen geometries, and include
them in the existing Ndata set.

This procedure is repeated several times, growing the PES by
adding more points to the Ndata set. Periodically, one has to check
if the observable studied has reached convergence. In our particu-
lar case, this is done by using the PES grown until that moment to
run quantum dynamics (see Section 2.4) and calculate the diffrac-
tion probabilities for some particular incidence conditions. When the
diffraction probabilities variation is below a convergence threshold,
the PES is considered to be converged with respect to that property
at the incidence conditions used in the growing process. This iterative
procedure used in the GROW algorithm is shown in Figure 2.6.
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FIGURE 2.6: Schematic flow chart with the iterative procedure
used by the GROW algorithm to converge a PES.

2.4 Dynamics and diffraction analysis

2.4.1 Time-dependent wave packet propagation

We presented in Section 2.1 the time-dependent Schrödinger equation
that governs the dynamics of our system (see Eq. 2.13), where the
solutions, for a time-independent Hamiltonian, are given by:

φ(R, t) = e−iĤtφ(R, 0). (2.76)

These time-dependent wave functions can be expressed as a su-
perposition of stationary scattering states, φ(R, E) according to:



46 Chapter 2. General Methodology

φ(R, t) =
∫ ∞

−∞
φ(R, E)e−iEtdE. (2.77)

Performing a Fourier transform of Eq. 2.77, one obtains that the re-
lation between the time-dependent and time-independent wave func-
tions is given by:

φ(R, E) =
1

2π

∫ ∞

−∞
φ(R, t)eiEtdt. (2.78)

For all the 6D systems studied in our work, we have found the
solutions to the time-dependent Schrödinger equation with the time-
dependent wave packet (TDWP) method proposed by the group of
G.-J. Kroes [133], which is divided in three major steps:

• Setting up initial wave packet, φ(R, 0).

• Study scattering process propagating initial wave packet in
time, according to Eq. 2.76.

• Use time-to-energy Fourier transform to get φ(R, E), and per-
form asymptotic analysis of scattered wave packet, using the
Balint-Kurti formalism [134–136].

We will give some general details about this wave packet propa-
gation, although a more detailed review can be found in Ref. [133].

2.4.1.1 Initial wave packet

The initial wave packet is set up at a region far from the surface,
where the interaction between projectile and surface is negligible.
The form of the 6D initial wave packet is:
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φ(R, 0) = φvJ(r)ΥJmJ (θ, φ)
1√
A

eiK0(x,y)
∫

dkzb(kz)
1√
2π

eikzz, (2.79)

where φvJ(r) and ΥJmJ (θ, φ) are the vibrational and rotational
eigenfunctions, respectively, of the projectile with quantum numbers
(v, J, mJ) in gas phase; 1√

A
eiK0(x,y) is the plane wave defining the mo-

tion parallel to the surface, with parallel moment K0, normalized to
the xy unit cell area, A; and b(kz) defines the Gaussian distribution of
momentum perpendicular to the surface:

b(kz) =

(
2σ

π

)2

e−(kav−kz)2σ2+i(kav−kz)z0 , (2.80)

where σ is the width of the wave packet in momentum space, kav

is the average moment, and z0 is the center z coordinate of the initial
wave packet.

2.4.1.2 Time propagation

The initial wave packet is propagated using Eq. 2.76. This propa-
gation has been carried out using the split-operator (SPO) method,
which splits the kinetic and potential operators symmetrically:

φ(R, t + ∆t) = e−iK̂ ∆t
2 e−iV̂e−iK̂ ∆t

2 φ(R, t), (2.81)

where V̂ is the continuous PES described in Section 2.3, and K̂ is
the kinetic operator:
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K̂ = − 1
2M

∂2

∂z2 −
1

2M sin2 γ

(
∂2

∂x2 − 2 cos γ
∂

∂x
∂

∂y
+

∂2

∂y2

)
− 1

2µ

∂2

∂r2 +
ĵ2

2µr2 , (2.82)

where M is the total projectile mass, γ is the skewing angle be-
tween x and y, µ is the reduced mass associated with the vibration
motion, and ĵ is the angular momentum operator.

Due to the kinetic and potential energy operators split, these op-
erators do not commute, and the error of the SPO method is propor-
tional to ∆t3, so a small time step, ∆t, must be chosen to avoid large
cumulative errors.

Thus, the wave function is propagated by evaluating the action
of the kinetic and potential energy operators on the wave function.
To maximize the efficiency of this evaluation, the wave packet is de-
scribed using discrete variable representation (DVR) and finite basis
representation (FBR) descriptions. The wave function is described
in x, y, z and r using a DVR [137, 138], and is described in θ and φ

using a FBR in momentum space. The transformation between DVR
and FBR is performed with Gauss-Legendre polynomials and Fourier
transformations [139, 140].

The general scheme of a time-step propagation is:

1. Apply K̂ operator in momentum space, for half a time-step:

ψK = e−iK̂ ∆t
2 φ(R, t). (2.83)

2. Transform ψK from momentum space to coordinate space.
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3. Apply V̂ operator for a time-setp:

ψV = e−iV̂∆tψK. (2.84)

4. Transform ψV from coordinate space to momentum space.

5. Apply K̂ operator for another half time-step:

φ(R, t + ∆t) = e−iK̂ ∆t
2 ψV . (2.85)

The wave function is propagated using this scheme from the ini-
tial position, towards the surface. Then, as the wave function scatters
back to the asymptotic region, where the projectile/surface interac-
tion is negligible, it is analyzed with an asymptotic analysis at zA. To
make a significant analysis, one should analyze at least ∼ 99 % of the
scattered wave function. However, that would mean that the faster
(high-energy) part of the wave function could potentially reach the
end of the grid before the slow (low-energy) part of the wave func-
tion has reached zA. One cannot just destroy the wave function after
reaching zA, because that would introduce discontinuities in the in-
tegration. To solve this issue, a complex absorbing potential (CAP) 3

is introduced. CAPs dampen the wave function through a relatively
small z range (∼ 5-20 Å), which avoids the use of excessively large
grids while keeping the continuity of the wavefunction. The CAPs
used here have a quadratic form, as suggested by Vibók et al [141]:

3Complex absorbing potentials (CAPs) are also referred as optical potentials,
negative imaginary potentials, or absorbing boundary condition in other texts.
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VCAP =

 −iη
(

z−zmin
zmax−zmin

)2

0

i f zmin ≤ z ≤ zmax

i f z < zmin,
(2.86)

where the (zmax − zmin) range is the range where the CAP is de-
fined, and η is the strength of the CAP, which will be chosen for each
system, depending on the length of the CAP and incidence energy, to
optimize the wave function absorption.

2.4.1.3 Analysis of wave function

The stationary wave functions that fulfill flux conservation at the
asymptotic region, z = zA, are given by:

φ(R, E)|zA
= χi −∑

f

√
kzo

kz f

Si→ f (E)χ f , (2.87)

where χi and χ f represent the initial and final states of the wave
function, respectively:

χi = χ0,0,v,J,mJ =
e−ikzo zA
√

2π

eiKoς

√
A

φv,J(r)ΥJmJ (θ, φ)

χ f = χn,m,v′,J′,m′J
=

e−ikz f zA

√
2π

ei(Ko+Gnm)ς

√
A

φv′,J′(r)ΥJ′m′J
(θ, φ) (2.88)

where Si→ f (E) is the scattering matrix, containing state-to-state
scattering information; (v, J, mJ) and (v′, J′, m′J) represent the initial
and final rovibrational states of the projectile, respectively; (n, m) in-
dicate the indexes of the corresponding reciprocal lattice vector, Gnm;
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kzo and kz f indicate the initial and final momentum in the z direction,
respectively; Ko is the initial momenta in the x and y directions, and

ς is the corresponding (x,y) vector;
√

1
A is a normalizing parameter

with respect to the surface unit cell’s area, A; φv,J(r) and ΥJmJ (θ, φ)

are the vibrational and rotational wave functions.
The wave function is analyzed using the Balint-Kurti formalism

[134–136], in which the wave function is projected onto the free par-
ticle states, at z = zA, to get the time-dependent coefficients:

C f (zA, t) =
〈

χ f

∣∣∣φ(R, t)|zA

〉
. (2.89)

Then, after the total propagation time, T, these coefficients are
Fourier transformed to the energy domain:

A f (zA, E) =
∫ T

0
C f (zA, t)eiEtdt. (2.90)

The energy-dependent coefficients are used to obtain the state-to-
state elements of the scattering matrix:

Si→ f (E) = δvv′δJ J′δmJm′J
δ0nδ0me−2ikzo zA −

√
kzo kz f

2π

A f (zA, E)
Mb(−kzo)

e−ikz f zA ,

(2.91)

where the Kronecker delta functions are used to cancel the inci-
dent wave function contribution to the integral in Eq. 2.90.

Finally, the state-state scattering probability at a specific energy
can be calculated from the corresponding term of the scattering ma-
trix
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Pi→ f (E) =
∣∣Si→ f (E)

∣∣2 . (2.92)

2.4.2 Multi-configuration time-dependent Hartree

The solutions of the time-dependent Schödinger equation for the 3D
systems studied here, have been approximated with the Heidelberg
multi configuration time-dependent Hartree (MCTDH) package [142,
143]. In this sub-section, we sketch the main features of MCTDH;
a more detailed review of MCTDH’s ansatz and its applications for
wave propagation problems is given in Refs. [142, 144].

In the MCTDH method, the wavefunction of the system, φ(R), is
expressed as a summation of Hartree products of nk time-dependent
basis functions, ϕk, known as single particle functions (SPFs), for each
mode k:

φ(R, t) = φ(Q, t) =
n1

∑
j1=1
· · ·

np

∑
jp=1

Aj1,···jp(t)
p

∏
k=1

ϕ
(k)
j1
(Qk, t), (2.93)

where the wave function is not expressed as a function of the array
of spatial coordinates R, but as a function of the p-dimensional array
of modes Q. In principle, a mode can correspond to any combination
of the system’s degrees of freedom. Each SPF is expanded in a time-
independent basis set, χ

(k)
m (Qk), which is often referred to as primitive

grid:

ϕ
(k)
jk
(Qk) =

Nk

∑
m=1

a(k)m,jk
(t)χ(k)

m (Qk). (2.94)
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We can use the multi-index J = j1, . . . , jp to simplify the notation:

AJ =Aj1,··· ,jp

ΦJ =
p

∏
k=1

ϕ
(k)
jk

. (2.95)

Applying the Dirac-Frenkel variational principle [145, 146], one
obtains the MCTDH working equations [142], which provide a vari-
ational solution for the expansion coefficients:

iȦJ = ∑
L

〈
ΦJ
∣∣Ĥ∣∣ΦL

〉
AL, (2.96)

and the SPFs:

iϕ̇(k) = (1− P(k))(ρ(k))−1 〈H〉(k)ϕ(k), (2.97)

where L is a multi-index similar to J, ϕ(k) = (ϕ
(k)
1 , · · · , ϕ

(k)
nk )

T,

P(k) = ∑nk
j

∣∣∣ϕ(k)
j

〉 〈
ϕ
(k)
j

∣∣∣ is the projector onto the space spanned by

the SPFs of the kth mode, and 〈H〉(k) is the mean-field operator matrix,
whose terms are defined as:

H(k)
jl =

〈
φ
(k)
j

∣∣∣φ(k)
l

〉
, (2.98)

where φ
(k)
j is the single-hole function, which is the wave function

associated with the jth SPF of the kth mode: φ
(k)
j =

〈
ϕ
(k)
j |φ

〉
.
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Once we have the MCTDH working equations, the MCTDH dy-
namics procedure can be divided in three main steps, as in any other
wave packet propagation method: i) initial wave packet setup, ii)
wave packet propagation, and iii) wave packet analysis. After we
explain this three main steps of MCTDH, we make a general explana-
tion about how to transform our multidimensional PES into a linear
combination of one-dimensional functions, to increase the efficiency
of the MCTDH approach

2.4.2.1 Initial wave packet setup

We have used MCTDH only to study the dynamics of 3D systems,
in which we used no mode combination, meaning that each MCTDH
mode corresponds to one of the system’s degrees of freedom, x, y and
z. The initial wave packet was defined with plane waves for x and y,
and a Gaussian distribution in z:

φ(Q, 0) = Neipxxeipyye−(
z−zo
2∆z )eipz(z−zo), (2.99)

where N is a normalizing factor, and px, py and pz are the initial
momentum values in the x, y and z modes, respectively. The zo and
∆z values correspond to the center and width, respectively, of the
Gaussian distribution in the z mode.

2.4.2.2 Wave packet propagation

MCTDH equations of motion (Eqs. 2.96 and 2.97) are a system of
coupled non-linear ordinary differential equations of first order. A
way to simplify these system of equations and speed up the MCTDH
integration process is achieved with the constant mean-field (CMF)
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integrator. The CMF integration scheme takes advantage of the
fact that the Hamiltonian matrix elements,

〈
ΦJ
∣∣Ĥ∣∣ΦL

〉
, and the

product of the inverse density matrix and the mean-field matrices,
(ρ(k))−1 〈H〉(k), have much slower time-variations than the MCTDH
coefficients, AJ , and SPFs, ϕ

(k)
jk

. This means that one may keep the〈
ΦJ
∣∣Ĥ∣∣ΦL

〉
and (ρ(k))−1 〈H〉(k) values constant for a time τ larger

than the time-step used in the AJ and ϕ
(k)
jk

integration.
By using the CMF scheme, the set of coupled equations of motion

(Eqs. 2.96 and 2.97) is separated into p + 1 smaller sets, which are
not coupled to each other over a time-step. The first of these sets of
equations would be similar to Eq. 2.96, but the constant

〈
ΦJ
∣∣Ĥ∣∣ΦL

〉
term simplifies it into a linear set of differential equations. The other
p set of equations are equivalent to Eq. 2.97, but the constant product
(ρ(k))−1 〈H〉(k) makes the equation for each of the k SPFs decouple
from one another, as well as from the equation for the MCTDH coef-
ficients.

The fact that the system of equations of motion is now decoupled,
means that one can use different integration schemes for the MCTDH
coefficients and the SPFs integration. The linear set of equations for
the coefficients is solved with a short iterative Lanczos (SIL) integra-
tor, and the set of equations for the SPFs is solved with a Bulirsch-
Stoer integrator.

Once the wave packet has scattered back from the surface, it is
absorbed by a CAP at the asymptotic region in the z mode. As ex-
plained in the TDWP methodology, the use of CAPs is convenient
because allows to analyze the complete scattered wave function once
it has reached vacuum, without the need of exceedingly large grids.
The CAPs that we have used in MCTDH are second-order imaginary
functions, equivalent to the ones used within the TDWP scheme:
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VCAP = −iη (z− zc) θ (z− zc) , (2.100)

where η is the strength of the CAP, chosen to minimize the wave
function reflections while absorbing the whole wave packet, in the
region going from zc to the end of the z grid, and θ is the Heaviside’s
step function, which returns a value of 0 for negative arguments, and
1 for positive arguments. This means that the CAP takes the follow-
ing form:

VCAP =

 −iη (z− zc)
2

0

i f z > zc

i f z < zc,
(2.101)

2.4.2.3 Wave packet analysis

Diffraction probabilities are calculated through the S-matrix (scatter-
ing matrix), which contains information about state-to-state probabil-
ities. Its elements are defined as:

Si→ f (E) =
〈

χi(E)| χ f (E)
〉

, (2.102)

where χi and χ f are the initial and final states of the wave func-
tion, respectively. In MCTDH, S-matrix elements are calculated by
augmenting the system’s Hamiltonian, H, with a CAP at the asymp-
totic region defined above:

H̃ = Ĥ + VCAP|z>zc
. (2.103)



2.4. Dynamics and diffraction analysis 57

The flux operator associated with this scattering CAP is defined
as the commutator of the augmented Hamiltonian, H̃, and the Heav-
iside function defining the CAP location (see Eq. 2.100):

F̂ = i
[

H̃, θ(z− zc)
]

, (2.104)

and is related to the S-matrix via the relation:

〈
χi(E)

∣∣F̂∣∣ χi(E)
〉
=

1
2π ∑

f

∣∣Si→ f (E)
∣∣2 . (2.105)

This expression can be rearranged [142] to obtain the total scatter-
ing probability, Ptot(E):

Ptot(E) = ∑
f

∣∣Si→ f (E)
∣∣2 =

2

π |∆E|2
Re
∫ ∞

0
g(τ)eiEτdτ

g(τ) =
∫ ∞

0

〈
φ(t)

∣∣∣η(z− zc)
2
∣∣∣ φ(t + τ)

〉
. (2.106)

The scattering probability of individual states can be calculated
using projectors to those states:

Pf =
∣∣χ f
〉 〈

χ f
∣∣ , (2.107)

so Eq. 2.106 transforms into:
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Pi→ f (E) =
∣∣Si→ f (E)

∣∣2 =
2

π |∆E|2
Re
∫ ∞

0
g f (τ)eiEτdτ

g f (τ) =
∫ ∞

0

〈
φ(t)

∣∣∣Pf

[
η(z− zc)

2
]

Pf

∣∣∣ φ(t + τ)
〉

. (2.108)

2.4.2.4 Product representation of PESs

The MCTDH code is more efficient, from the computational point of
view, if the underlying PES of the system is also represented as a lin-
ear combination of products of one-dimensional functions. However,
as we have seen in Sections 2.2 and 2.3, our PESs have a non-separable
multidimensional nature. Thus, we have employed the POTFIT algo-
rithm [147, 148] to approximate our PESs as a linear combination of
products of one-dimensional functions.

The potential energy values are given on a product grid:

V(Q(1)
i1

, . . . , Q(p)
ip

) ≡ Vi1,...,i f , (2.109)

where p is the total number of modes, Q(k) is the coordinate of the
kth mode, and ik represents the ith

k grid point of the kth one-dimensional
grid, 1 ≤ ik ≤ Nk, which is the same primitive grid used in the
MCTDH calculation.

Then, we define the symmetric positive semi-definite potential den-
sity matrices, D(k) as:

D(k)
jl =

N1

∑
i1=1
· · ·

Nk−1

∑
ik−1=1

Nk+1

∑
ik+1=1

· · ·
Np

∑
ip=1

Vi1,...,ik−1,j,ik+1,...,ipVi1,...,ik−1,l,ik+1,...,ip ,

(2.110)
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which have orthonormal eigenvectors v(k)
j (natural potentials), and

eigenvalues λ
(k)
j (natural potential populations).

Thus, one can approximate the potential as a function of the
one-dimensional natural potentials, with a set of expansion orders
(m1, . . . , mp):

V(Q(1)
i1

, . . . , Q(p)
ip

) ≈ Vapprox(Q(1)
i1

, . . . , Q(p)
ip

)

=
m1

∑
j1=1
· · ·

mp

∑
jp=1

Cj1,··· ,jp v(1)j1
(Q(1)

i1
) · · · v(p)

jp
(Q(p)

ip
),

(2.111)

where the expansion coefficients Cj1,··· ,jp are calculated as the over-
laps between the potential and the natural potentials:

Cj1,··· ,jp =
N1

∑
i1=1

· · ·
Np

∑
ip=1

Vi1,...,ip v(1)j1
(Q(1)

i1
) · · · v(p)

jp
(Q(p)

ip
). (2.112)

The accuracy of the potential fit can be estimated by the root-
mean-square (rms) error, defined as:

∆rms =

√√√√ 1
Ntot

N1

∑
i1=1

· · ·
Np

∑
ip=1

(Vi1,...,ip −Vapprox
i1,...,ip

)2, (2.113)

where Ntot is the total number of grid points, Ntot = ∏
p
k=1 Nk.
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2.4.2.4.1 Mode contraction. In order to reduce the number of ex-
pansion terms in Eq. 2.111, contracted expansion functions can be de-
fined for one of the modes:

Dj1,...,jk−1,jk+1,...,jp(Q
(k)
ik

) =
mk

∑
jk=1

Cj1,··· ,jp v(k)jk
(Q(k)

ik
). (2.114)

Using this expression, Eq. 2.111 can be rewritten as:

Vapprox(Q(1)
i1

, . . . , Q(p)
ip

) =

m1

∑
j1=1
· · ·

mk−1

∑
jk−1=1

mk+1

∑
jk+1=1

· · ·
mp

∑
jp=1

v(1)j1
(Q(1)

i1
) · · · v(k−1)

jk−1
(Q(k−1)

ik−1
)

× Dj1,...,jk−1,jk+1,...,jp(Q
(k)
ik

)v(k+1)
jk+1

(Q(k+1)
ik+1

) . . . v(p)
jp

(Q(p)
ip

). (2.115)

The accuracy of this mode contraction can be increased by using
the full set of natural potentials in the contraction over the kkt mode,
setting in mk = Nk in Eq. 2.114.

2.4.2.4.2 Iterative optimization in relevant potential regions In
order to increase the accuracy of the potential approximation, one
can modify the potential to be approximated, using a p-dimensional
function ω that assigns every grid point a weight between 0 and 1. A
modified reference potential Ṽ is calculated by a linear combination
of the exact potential V and the potential fit Vapp:

Ṽi1,...,ip = ωi1,...,ipVi1,...,ip + (1−ωi1,...,ip)V
approx
i1,...,ip

. (2.116)
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We can define a region of the total grid that is expected to be
more relevant in the subsequent dynamics, and assign a weight of
1 to those points, whereas all other points outside that region has a
smaller weight. Then, we can perform a certain number of iterations
of the following cycle, to improve the potential approximation inside
the relevant region, until a specific convergence threshold is reached:

1. Initialization:

1.1. The relevant region and ω function are defined.

1.2. The potential is expanded as a function of natural poten-
tials, as in 2.111 (or in 2.115 if mode contraction is used).

1.3. Set iteration step counter c = 0 and Ṽ(0),approx
i1,...,ip

= V(0),approx
i1,...,ip

2. Define the modified reference potential:

Ṽ(c+1)
i1,...,ip

= ωi1,...,ipVi1,...,ip + (1−ωi1,...,ip)Ṽ
(c),approx
i1,...,ip

. (2.117)

3. For each mode k, perform separable iteration cycle:

3.1. Diagonalize D(k) and calculate all natural potentials v(k)
jk

3.2. Set v(k),old
jk

= v(k)
jk

3.3. The coefficients Cj1,··· ,jp are calculated as overlap of the
modified potential Ṽ(c+1) and old potential vectors vk,old

jk
:

Cj1,··· ,jp =
N1

∑
i1=1

· · ·
Np

∑
ip=1

Ṽ(c+1)
i1,...,ip

v(1),old
j1

(Q(1)
i1

) · · · v(p),old
jp

(Q(p)
ip

).

(2.118)
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3.4. Modified potential density matrices D̃(k)
are calculated as:

D̃(k)
jl =

m1

∑
j1=1
· · ·

mk−1

∑
jk−1=1

mk+1

∑
jk+1=1

· · ·

mp

∑
jp=1

Cj1,...,jk−1,j,jk+1,...,jp Cj1,...,jk−1,l,jk+1,...,jp . (2.119)

3.5. Diagonalize D̃(k)
:

D̃(k)
diag = U(k)T

D̃
(k)

U(k), (2.120)

where U(k) is the orthogonal matrix of eigenvectors of the
kth mode.

3.6. Use the v(k),old
1 vectors to define the V (k),old matrix, and cal-

culate the matrix V (k),new containing the v(k),new
1 potential

vectors:

V (k),new = V (k),oldU(k) (2.121)

3.7. Calculate new expansion coefficients as overlap of the
modified potential Ṽ(c+1) and new potential vectors vk,new

jk
:

Cnew
j1,··· ,jp

=
N1

∑
i1=1

· · ·
Np

∑
ip=1

Ṽ(c+1)v(1),new
j1

(Q(1)
i1

) · · · v(p),new
jp

(Q(p)
ip

).

(2.122)

3.8. Prepare potential vectors of kth mode for next separable iter-
ation step: v(k),old

jk
= v(k),new

jk

3.9. Repeat steps 3.1-3.8 until convergence is reached (Uk ma-
trices sufficiently close to unit matrices).
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4. Increase step counter c = c + 1

5. Repeat Steps 2-4 until convergence threshold is reached.
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the diffraction of noble gases from
metal surfaces

This chapter is based on:

• M del Cueto, A S Muzas, G Füchsel, F Gatti, F Martín, C Díaz. Phys.
Rev. B, 2016, 93, 060301-1/060301-6

Abstract:
The role of van der Waals (vdW) forces in the description of scattering pro-

cesses of noble gases from metal surfaces is currently under debate. Although fea-
tures of the potential energy surface such as anticorrugation or adsorption ener-
gies are sometimes found to be well described by standard density functional theory
(DFT), the performance of DFT to describe diffraction spectra may rely on the ac-
curacy of the vdW functionals used. To analyze the precise role of these vdW forces
in noble gas diffraction by metal surfaces, we have thoroughly studied the case of
Ne/Ru(0001), for which accurate experimental results are available. We have car-
ried out classical and quantum dynamics calculations by using DFT-based poten-
tials that account for the effect of vdW interactions at different levels of accuracy.

From the comparison of our results with experimental data, we conclude that

the inclusion of vdW effects is crucial to properly describe diffraction of noble gases

from metal surfaces. We show that among the vdW-DFT functionals available in

the literature, not all of them can be used to accurately describe this process.
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3.1 Introduction

The diffraction of noble gases is largely used in surface science as
a non-destructive analytical tool to investigate, for example, surface
morphology and surface phonons (see [149, 150] and refs. therein).
Furthermore, this tool can also be used to study the dynamics of
adsorbate/surface systems [151, 152]. In order to extract the maxi-
mum amount of information from experimental diffraction spectra, a
detailed comparison with theoretical simulations is often desirable.
However, from a theoretical point of view, the description of the
electronic structure of noble-gas atom/surface systems, in particu-
lar when metal surfaces are involved, is not a trivial matter due to
the possible prominent role of van der Waals (vdW) interactions. The
first theoretical approach to treat these kind of systems was reported
in the early 80’s by Esbejerg and Nrskov [55], who proposed the use
of an interaction potential proportional to the unperturbed electron
density of the substrate at the position of the atomic projectile. But
this approach was questioned only two years later by experimental
results showing anticorrugation effects in He scattering from Ni(110)
[56] that could not be reproduced with this simple model. Later on,
in the 90’s, first principles calculations were performed using a jel-
lium model to describe the substrate [58, 59]. Although this simple
model is good enough to reproduce some general properties, to take
into account the lattice structure is essential to analyze many other
properties such as the corrugation amplitudes of the system, which
are responsible for diffraction scattering phenomena.

The periodic lattice structure of a noble-gas atom/surface system
can be well described by density functional theory (DFT) with peri-
odic boundary conditions. However, standard DFT functionals do
not include, per se, the effect of the van der Waals forces. Despite this
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fact, it has been already shown that standard DFT calculations, within
the generalized gradient approximation (GGA), are able to account,
for example, for the anticorrugation observed in the scattering of He
atoms from several transition metals [153, 154]. A recent study of
adsorption of Xe on metal surfaces [155] suggests that standard DFT
may be suitable to describe physisorption energies of nobles gases on
surface. However, this is arguable as standard functionals do not ac-
count for vdW interactions, which are expected to play some role in
noble gas/surface interactions. It has been even suggested that stan-
dard DFT calculations might also provide an appropriate description
of scattering of He and Ne from a metal surface, due to the small in-
teratomic distances at the classical turning point [155]. However, to
our knowledge, this hypothesis has never been tested by performing
a direct comparison with experimental diffraction spectra obtained
for the same system and by using exactly the same incidence condi-
tions. Recent theoretical results [60, 156] suggest that the inclusion
of vdW interactions is indeed important to describe the diffraction of
He on MgO (insulator) surfaces.

In this paper we present a detailed theoretical study of diffraction
of noble-gas atoms from metal surfaces, based on state-of-the-art DFT
calculations, with explicit inclusion of vdW effects. We focus on the
scattering of Ne as it shows a higher sensitivity to structural details of
the surface than He, and experimentally derived corrugations ampli-
tudes are typically twice as large as those of He. [157–159]. Indeed,
due to its higher sensitivity, Ne diffraction can be used to probe struc-
tural details of surfaces consisting of different types of atoms. For
example, scattering experiments of Ne from NiAl(110) [160] reveal
the presence of the two types of atoms, Ni and Al, whereas diffrac-
tion of He only reveals one of them depending on the specific inci-
dence conditions. Also, in the case of Ni(110) [157], Cu(110) [158],
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and, more recently, Ru(0001) surfaces [161], diffraction by Ne leads to
richer diffraction spectra than those from He. In this work, we have
chosen the latter Ru(0001) surface to perform our systematic theoret-
ical study.

For this, we have made use of the methods already available in
the literature (see Refs. [115, 162–164] and Refs. therein) that in-
corporate vdW forces in DFT electronic structure calculations, ei-
ther through novel exchange-correlation functionals or as additional
potential terms in the Kohn-Sham Hamiltonian. In surface science,
these methods have been rather successfully used in describing mul-
tilayer systems involving graphene and boron-nitride [165], organic
molecules adsorbed on metal [85, 166–178] and non-metal surfaces
[179–181], graphene adsorbed on metal surfaces [182–184], and even
organic molecules adsorbed on graphene adsorbed on metal surfaces
[185]. These vdW methods have also been used to study the interac-
tion of polyatomic [186–188] and diatomic[189–191] molecules with
surfaces, and even with aromatic systems [192]. However, to the best
of our knowledge, so far they have not been used to study the diffrac-
tion of noble gases from metal surfaces. Here we show that not only
inclusion of vdW interactions is essential to properly describe this
process, but also that not all available methods are able to do it accu-
rately, despite their remarkable performance in other contexts.

3.2 Methodology

To perform our study, we have worked within the Born-
Oppenheimer static surface (BOSS) approximation. The use of the
BO approximation is justified by the low incidence energy (Ei) of the
projectile. The SS approximation is a reasonable assumption in view
of the low surface temperature at which the experiments are carried
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out, around 100 K. Within the BOSS approximation, we first compute
a continuous potential energy surface (PES), and then use it to per-
form both classical and quantum dynamics. To built each of the five
PESs used in our study, we have applied the corrugation reducing
procedure (CRP) [120] to a set of DFT data. DFT electronic struc-
ture calculations have been computed using the plane wave based
code VASP [193–196]. In these calculations, the electron-ion interac-
tion is described through a projector augmented wave (PAW) [119,
197]. To describe the exchange-correlation energy of the electrons,
we have applied the generalized gradient approximation in two dif-
ferent ways: (i) by using the PBE functional for exchange and corre-
lation [198] plus Grimme’s corrections[69, 70] PBE+D2 and PBE+D3
to account for dispersion forces (in Grimme’s approach the effect of
the vdW forces is taken into account by adding a correction term
to the Kohn-Sham DFT energy), and the, here called, PBE+TS func-
tional developed by Tkatchenko et al. [79, 80], which includes the
many-body collective response of substrate electrons, the so-called
screening; (ii) by using vdW-DF functionals, developed originally
by Lundqvist et al [82], which include the effect of dispersion forces
through a non-local electron correlation function that is added to the
usual exchange-correlation functional. In the latter case, we have
tested the optB86b-DF (hereafter called vdW-DF-optB86b) [83, 86]
and the vdW-DF2 functionals [85]. To model the adsorbate/substrate
systems, we have used a 5-layer slab and a (2×2) surface unit cell.
To avoid spurious results on the z direction due to the imposed pe-
riodicity, a vacuum layer of 20 Å has been used. The first Brillouin
zone has been sampled using 11×11×1 Gamma centered k-points. A
cutoff energy of 700 eV has been set for the plane wave basis.

The dynamical calculations have been performed by using both
classical and quantum methods. The classical trajectory (CT) method



70
Chapter 3. Role of van der Waals forces in the diffraction

of noble gases from metal surfaces

x

y

z

FIGURE 3.1: Cartesian (x,y,z) and crystal(u,v) coordinate sys-
tems.

allows us to explore the PES and to get a simple dynamical picture
of the scattering process. It also facilitates the determination of the
dynamically relevant regions of the PES. A classical trajectory is com-
puted by solving the Hamilton classical equations of motion. In order
to ensure low statistical errors, we have run of the order of 2× 105

trajectories for each incidence energy (Ei) and incidence angles (θi,
φi) -see Fig. 3.1 for the definition of coordinates. Quantum calcu-
lations have been performed by using the multiconfiguration time-
dependent hartree (MCTDH) method [142, 144, 199], more precisely
the Heidelberg MCTDH package [143]. In the MCTDH method, the
nuclear wave function of the system is written as a sum of products
of single-particle functions (SPFs), in such a way that both expan-
sion coefficients and the SPFs are optimized by a variational prin-
ciple and are time-dependent. Finally, the SPFs are represented by
linear combinations of time-independent primitive basis functions
(plane waves). A Fast Fourier Transform (FFT) representation is used
for each of the three degrees of freedom. Using MCTDH, diffrac-
tion probabilities are obtained through a flux analysis of the reflected
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TABLE 3.1: MCTDH calculations parameter as a function of
the initial incidence conditions. Ei is the overall total en-
ergy of the wave packet, Nu,v and Nz are the FFT primitive

points/functions for coordinates u, v and z, respectively.

Ei=43 meV Ei=64 meV
θi = 45◦ θi = 47◦

φi = 30◦ φi = 30◦

Initial wave packet
Width, ∆z0 (Å) 0.4 0.4
Position, z0 (Å) 8.5 8.5

u∗ and v∗ Momentum (a.u.) 6.6978 8.2210
z Momentum (a.u.) -7.6214 -8.9679

Grid parameter
Type u,v,z FFT FFT

u,v-range (Å) 0.00 - 10.92 0.00 - 10.92
Nu,v 720 720

z-range (Å) -0.75 - 15.00 -0.75 - 15.00
Nz 324 324

SPFs per degree of freedom 10 10
Propagation time (fs) 4000-5000 4000-5000

Complex absorbing potential
z-range (Å) 8.5 - 15.0 8.5 - 15.0

Strength (a.u.) 4.58×10−6 4.58×10−6

∗ Crystal coordinate (see Fig. 3.1)

wave function upon absorption by a complex absorbing potential,
which is placed in the non-interacting z region. The parameters used
in the MCTDH calculations are listed in Tab. 3.1.

3.3 Results

In Fig. 3.2 we display the classical turning points for 3 different ex-
perimental conditions [161] and for all the DFT functionals used in



72
Chapter 3. Role of van der Waals forces in the diffraction

of noble gases from metal surfaces

FIGURE 3.2: Average classical turning points (CTP) as a function
of the DFT functional used to build the PES, for several experi-

mental incidence conditions

this work to build the different PESs. This Fig. shows that the clas-
sical turning point (CTP) barely depends on the incidence conditions
in the angular and energy ranges considered in this work, but varies
considerably with the underlying DFT functional used. As expected,
functionals including vdW forces attract the atoms towards the sur-
face (smaller value of the CTP). The PBE+D2 PES is the most attrac-
tive one and the PBE PES the least of all of them. Atoms moving
on the PBE+D3, vdW-DF-optB86b, vdW-DF2 and PBE+TS PESs ex-
plore similar regions of their corresponding PESs. Features expected
to have an important effect on the diffraction spectra, which will also
depend on the DFT functional used to describe the atom surface in-
teraction, are the topology and shape of the PES. In Fig. 3.3, we have
plotted 2D PESs along u and v coordinates at the CTP obtained from
all five DFT functionals. A closer inspection of the PESs region from
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FIGURE 3.3: (u,v) Electronic landscape at the corresponding av-
erage and minimum CTP found in our classical dynamics simu-
lations. Orange spheres indicate the position of the Ru atoms in

the unit cell. ∆=2.73 Å.
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which the atoms scatter (back) reveals some interesting characteris-
tics. (i) We observe anticorrugation (i.e. a more repulsive potential
for the hollow than for the top site) for all PES except for the PBE+D2
one. At first sight, this result seems to be in contradiction with pre-
vious experimental and theoretical results [153, 157], which showed
normal corrugation for Ne diffraction from Ni and Rh surfaces. In this
respect, it is important to point out that all our PESs do exhibit normal
corrugation in regions close to the ruthenium surface, although these
regions are dynamically inaccessible at the incidence energies con-
sidered in this work. In fact, we have checked that at higher Ei than
those considered in Ref. [161], and in this work, the Ne atoms would
feel normal corrugation instead of anticorrugation. (ii) The PBE+D2
PES, the only one showing normal corrugation (even in the attrac-
tive region of the PES), is by far the most corrugated one -defining
corrugation as the difference between top and hollow potentials. In
fact, our results indicate that the DFT-D2 approach not only shifts the
whole repulsive part of the PBE PES downwards, but it also affects it
in a complex way. The PBE and DFT+D3 PESs exhibit very small cor-
rugation, whereas the corrugation displayed by the vdW-DF-optB86b
and vdW-DF2 PESs is about two and three times larger, respectively,
than that observed for the PBE PES. The PBE+TS PES exhibits a cor-
rugation slightly larger than the DFT+D3 one.

From the different characteristics of the calculated PESs, one can
already anticipate that diffraction intensities will be very different.
Now the question is which one, if any, can yield accurate diffraction
intensities. To answer this question, we have plotted 0th and 1st or-
der diffraction probabilities in Fig. 3.4, for two sets of experimental
incidence conditions. From a comparison with experimental results
we can already see that PBE, PBE+D3 and PBE+TS PESs substantially
underestimate diffraction. In the case of the PBE+D2 PES, measured
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FIGURE 3.4: Diffraction order probabilities for Ne/Ru(0001)
under several experimental incidence conditions. Solid bars:
Quantum dynamics simulations; violet horizontal lines: Exper-
imental data taken from Ref. [161]. The inset shows the recipro-

cal lattice for Ru(0001).

diffraction probabilities are largely overestimated. The best agree-
ment with experiment is obtained with the vdW-DF-optB86b and
vdW-DF2 PESs. In the case of the vdW-DF2 calculations, we observe,
similar to a previous work for more complex molecule/surface sys-
tems [200], that the strength of the asymptotic vdW attraction is less
than a half compared to the one obtained from the vdW-DF-optB86b
calculations. But long range effects close to the asymptotic region
(z > 7) seem to play a minor role in the case of atomic diffraction.

However, an accurate PES should not only yield good total
diffraction intensities, but also accurate diffraction peak probabilities.
Thus, we have evaluated the individual diffraction peak intensities
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for each of the four first-order peaks observed experimentally. The
results are plotted in Fig. 3.5, and show that experimental trends
and peak intensities can be fairly well reproduced with the vdW-
DF-optB86b PES, but even better with the vdW-DF2 PES. Discrepan-
cies between experiment and theory may arise from the experimen-
tal surface temperature (100 K), which may lead to lower peak in-
tensities. Therefore, the quantitative better agreement obtained with
the vdW-DF2 functional should not be taken as a conclusive proof
that this functional is more appropriate than the vdW-DF-optB86b
one to account for dispersion forces, in gas noble atom diffraction
phenomena. They both give qualitative good results. On the other
hand, PBE+D3 and PBE+TS underestimate diffraction probabilities
and barely reproduce experimental trends. Although PBE+D3 and
PBE+TS PESs yield similar 1st order diffraction probabilities, the cor-
rugation felt by the projectiles is rather different. For the PBE+TS
PES, we have also found non-negligible 2nd order diffraction proba-
bilities that are not observed in the experiment. The PES+D2 results
largely overestimate experimental peak intensities and deviate con-
siderably from the experimental trends. This holds true for all consid-
ered incident conditions. At this point, we note that the PBE+vdWs

functional has been found to accurately describe, for example, the ad-
sorption of heavy noble atoms and organic molecules on metal sur-
faces [201, 202], whereas PBE-D functionals do not. However, our
results suggest that the description of diffraction peaks, which rely
on the proper description of the surface corrugation, is still a chal-
lenge for pairwise-based correction methods. Here, it is important to
point out that diffraction probabilities obtained by coupling the vdW-
DF dispersion correction with the PBE functional (denoted vdW-DF-
PBE in Fig. 3.5) are in good agreement with the vdW-DF-optB86b
and vdW-DF2 ones, as well as with the experimental results (see Fig.



3.3. Results 77

FIGURE 3.5: First order diffraction peak probabilities for
Ne/Ru(0001). Dashed lines with symbols: Quantum dynam-
ics simulations; solid lines with symbols: Experimental results

taken from Ref. [161].

3.5). This further supports our conclusion that a proper description
of vdW forces, that goes beyond pairwise-based corrections, is a req-
uisite for an accurate description of noble-gas diffraction from metal
surfaces.
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3.4 Conclusion

In summary, we have performed a systematic theoretical study of Ne
diffractive scattering from a Ru(0001) metal surface using 3D DFT-
based potential energy surfaces (PESs), in which the effect of van
der Waals dispersion forces is taken into account. We have used
seven of these PESs, which have been obtained by one of the follow-
ing two different approaches, successfully used in the past to study
molecule/surface systems: in the first approach, the van der Waals
dispersion energy is added to the DFT energy [69, 70, 79], and, in
the second one, a non-local correction term is added to the usual
Kohn-Sham exchange-correlation functional [85, 86]. Using these
PESs we have carried out classical and quantum dynamics calcula-
tions, showing that the inclusion of vdW forces is essential to accu-
rately reproduce measured diffraction spectra. Interestingly, among
the vdW corrections considered in this work, we have found that the
vdW-DF-optB86b[86] functional performs qualitatively well, while
almost quantitative agreement with experiment is obtained by using
the vdW-DF2[85] functional. Our analysis suggests that the PES re-
gions probed by the atomic beam exhibit relative small amplitudes
(≈ 10 meV) and anticorrugation. To the best of our knowledge, an-
ticorrugation effects have only been described previously in the case
of He diffraction from metal surfaces.

We hope that the present study will inspire new theoretical work
on diffraction of noble gases by metal surfaces. These systems have
been widely studied from an experimental point of view (see [149]
and refs. therein), but accurate theoretical analyses are still in their
infancy [59, 203].
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Abstract:
The ability of the different approaches proposed to date to include the effects of

van der Waals (vdW) dispersion forces in density functional theory (DFT) is cur-
rently under debate. Here, we used the diffraction of He on a Ru(0001) surface
as a challenging benchmark system to analyze the appropriateness of several repre-
sentative approaches, from the ones correcting the exchange-correlation generalized
gradient approximation (GGA) functional, to the ones correcting the DFT energies
through pairwise-based methods. To perform our analysis, we have built seven con-
tinuous potential energy surfaces (PESs) and carried out quantum dynamics sim-
ulations using a multi configuration time-dependent Hartree method. Our analy-
sis reveals that the existing vdW-DFT methods largely overestimates He/Ru(0001)
diffraction probabilities. In fact, our analysis indicates that standard DFT within
the GGA framework yields the best results in comparison with available experimen-
tal measurements.
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4.1 Introduction

He-atoms scattering (HAS) from surfaces is a widespread experimen-
tal technique in surface science [149, 150], which allows analyzing, in
a nondestructive manner, surfaces properties, such as the size and
orientation of the surface unit cell, the geometrical arrangement of
the surface atoms, surface impurities, and even dynamics processes
at surface. Since the first pioneering works on HAS by Peter Toennies
[204, 205] to the most sophisticated ultrahigh-resolutions spin-echo
measurements [152], the interaction of He with surfaces has been
used to study a large variety of phenomena at surfaces (see for ex-
ample [56, 59, 151, 203, 206–210]).

To obtain as much information as possible from the experimental
measurements, a detailed comparison with theoretical simulations is
often advisable. However, the theoretical description of the electronic
structure of He/surface systems presents a real challenge, due to the
possible prominent role of van der Waals (vdW) interactions. Sev-
eral methods, with a varying degree of success for specific sort of
surfaces, have been proposed along these years. The first, and sim-
plest, theoretical approach is based on the use of an interaction po-
tential proportional to the unperturbed electron density of the sur-
face at the position of the atomic projectile [55], however this model
is not able to reproduce the anticorrugation effects observed in He
scattering from several metal surfaces, for example, Ni(110) [56] and
Rh(110) [153]. Models based on the description of the surface as a
jellium have also been proposed [57, 58], but it has been already
shown that these jellium-based models fail, for example, in repro-
ducing the interaction of He with Cu(001) [59], and by extension
with similar surfaces. A more elaborate method has been recently
proposed [60] based on a hierarchical first-principle computational
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protocol, which combines periodic local second-order Moller-Plesset
perturbation theory (MP2) calculations with high order corrections
obtained by performing coupled-clusters, CCSDT(Q), calculations on
a finite cluster. Although this method has yielded fairly good results
reproducing diffraction of He on MgO(100), it cannot be straightfor-
wardly extended to describe He scattering on conducting surfaces.

Density functional theory (DFT), on the other hand, is a general
method that, in principle, can be used to describe any periodic lat-
tice structure, disregarding its nature. However, although DFT has
been shown to provide a good description of reactive scattering in the
case of diatomic projectiles [211] achieving even chemical accuracy in
comparison with experimental results [212, 213], its ability to ade-
quately describe the electronic structure of systems in which the van
der Waals forces are expected to play a, more or less, prominent role
is currently under debate. As is well known, vdW forces are poorly
described by standard DFT functionals. Nevertheless, some studies
on He-surface interactions based on standard DFT calculations can
be found in the literature. The potential energy surface (PES) for He-
LiF(001) has been computed using DFT within the local density ap-
proximation (LDA) [21]. Despite the fact that, in general, LDA gives
rise to an overbinding in polyatomic systems, dynamics simulations
based on this PES yields reasonable diffraction probabilities at fast
grazing incidence, in comparison with experimental measurements.
In the case of conducting surfaces, DFT within the generalized gra-
dient approximation (GGA) has been used to study the electronic
structure of He/Rh(110) [153], He/Cu(111) and He/Ag(111) [154].
These studies show potential wells in reasonable agreement with ex-
perimental data. For He/Rh(110), the potential wells computed with
LDA are shown to be too deep. According to these results, vdW
forces seem to play a minimum role in the interaction for He with
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metal surfaces. However, quantum dynamics studies based on GGA-
DFT have not been performed to further corroborate this statement.

A few methods that explicitly include vdW interaction have been
recently proposed and tested for noble gases interacting with sur-
faces. In Ref. [214], the authors show that the inclusion of vdW
corrections using several approaches [82, 215] improves the binding
energies of Ne, Ar, Kr, and Xe on Cu(111) and Pd(111) with respect to
the energies obtained by a standard GGA approach. Van der Waals
corrections to DFT have also been shown to reproduce reasonably
well the interaction of Ar with Au(111) [216]. And more recently, we
have shown that the vdW-DFT approach [85], which adds a nonlocal
correction term to the usual Kohn-Sham exchange-correlation func-
tional, is able to accurately reproduce measured diffraction spectra
for Ne/Ru(0001) [217]. However, to our knowledge, the performance
of these different approaches to describe HAS has not been tested yet.

In this paper, we have performed new experimental measure-
ments of helium diffraction on Ru(0001), which, along with previ-
ously available experimental measurements [161], serve as a bench-
mark to test the performance of several representative vdW-DFT ap-
proaches in describing HAS experiments. We have computed diffrac-
tion probabilities, at the experimental conditions, carrying out quan-
tum dynamics on seven different PESs. To built these PESs, we have
used two standard GGA functionals and five functionals that include
the effect of vdW dispersion forces, either by correcting the exchange-
correlation functional, adding a nonlocal term, or by correcting the
DFT energies, using a pairwise-based method.



4.2. Methodology 83

4.2 Methodology

Taking advantage of the fact that the projectile atoms are light and
have low incidence energy (Ei < 100meV), and the measurements
are performed at low temperature (100 K), we have worked within
the framework of the Born-Oppenheimer static surface (BOSS) ap-
proximation. Within this approximation, we have first calculated the
3D PESs and then perform classical and quantum dynamics on them.

For each PES, we have performed 280 single-point DFT calcula-
tions by placing the He atom at different R = (x, y, z) coordinates
over the Ru(0001) surface. These calculations were performed with
the plane wave based software-package VASP [193–196]. In our sim-
ulations, we have used a periodic super-cell containing a five-layer
slab, 20 Å of vacuum in the z direction, and a (2× 2) surface unit cell.
The cutoff energy for the plane wave basis was set to 600 meV, and the
Brillouin zone was sampled using a grid of 9x9x1 Gamma-centered k-
points. The electron interaction with the ion cores has been described
by a projector augmented wave (PAW) method [119, 197].

Then, we applied the corrugation reducing procedure (CRP) [120]
to each set of DFT data to get a continuous PES describing the pro-
jectile/surface interaction for each of the functionals used. Using this
procedure, numerical instabilities resulting from a direct interpola-
tion are reduced by separating the total 3D PES, V3D, according to:

V3D(R) = I3D +
n

∑
i=1
Q(Ri), (4.1)

where Q(Ri) is a corrugated function describing the 1D potential be-
tween the atomic projectile and the ith surface atom, separated by a
distance Ri. I3D is a smoother function, which is interpolated in z
using cubic splines, and in (x, y) using a symmetry-adapted Fourier
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expansion.
To compute our PESs, we have used two different GGA function-

als, PBE [198] and rPBE [218]. These functionals do not describe long-
range interactions properly, which, as mentioned above, may play a
significant role in the helium diffraction processes. Taking advan-
tage of the recent work performed in this area [102, 103], we have
included vdW dispersion forces in our calculations, using two main
approaches:

i) Pairwise methods: we have improved the PBE description us-
ing the Tkatchenko-Scheffler (TS) method [79], which calculates two-
body dispersion energy, and accounts for the molecular environment
via the electron density. We have also used the many-body dispersion
(MBD) extension [80, 81] to the original TS approach. We will refer to
these two approaches as PBE-TS and PBE-MBD respectively.

ii) Non-local density functionals: we have also used different
functionals from the family of vdW density functionals (vdW-DF)
developed originally by Lundqvist et al. [82]. Improvements to the
original vdW-DF functional have been proposed by changing the ex-
change functional Ex, which we will indicate as vdW-DF-Ex, as sug-
gested by the group of Lundqvist in a recent review [115]. In our
case, we have used the vdW-DF-PBE and vdW-DF-rPBE functionals.
A further improvement to the original vdW-DF approach is obtained
by changing both correlation and exchange functionals [116], as well
as using a large-N asymptotic gradient correction [117], the so-called
vdW-DF2 functional [85].

Thus, in total, we have built seven interpolated PESs, based on
these seven functionals described above, on which we perform clas-
sical and quantum dynamical calculations. The classical dynamics
simulations have been used to sample the PESs landscapes, obtain-
ing a quick glimpse at some dynamical properties of our system, such
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as the classical average turning point where projectiles are scattered
from the surface. For each incidence condition (Ei, θi, φi), we per-
formed 2x105 trajectories, each of which was computed by solving
the Hamilton classical equations of motion.

Quantum dynamics were performed using the Heidelberg multi
configuration time-dependent Hartree (MCTDH) method [142, 143,
219]. MCTDH makes an efficient representation of the wave function
of the system as a sum of products of time-dependent single-particle
functions (SPFs), ϕ

(k)
jk
(Qk, t), given by the expression:

φ(Q1, ..., Q f , t) =
n1

∑
j1=1

...
np

∑
jp=1

Aj1,··· ,jp(t)
p

∏
k=1

ϕ
(k)
jk
(Qk, t), (4.2)

where Q1, ..., Qp are the projectile coordinates, and Aj1,··· ,jp(t) are
the MCTDH expansion time-dependent coefficients. The SPFs are ex-
panded in a primitive time-independent basis χ

(k)
ik

(Qk), according to
the expression

ϕ
(k)
jk
(Qk, t) =

Nk

∑
m

a(k)m,jk
(t)χ(k)

m (Qk). (4.3)

A complex absorbing potential (CAP) is placed at the non-
interacting region of the potential, to absorb the scattered wave func-
tion. Eventually, diffraction probabilities for different channels are
obtained through a flux analysis of the absorbed wave function. De-
tails of the initial wave function set-up, the grid used to describe the
primitive basis, and the CAP are given in Table 4.1.

It should also be noted that MCTDH requires the potential to be
expressed as a sum of products of one-dimensional functions to in-
crease the efficiency of the algorithm. To express our multidimen-
sional non-separable potential in this, more convenient, form, we
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TABLE 4.1: MCTDH calculations parameters.

PBE rPBE, vdW-DF-rPBE
Parameter PBE-TS, vdW-DF-PBE,

PBE-MBD vdW-DF2
Initial wave packet

Width, ∆z (Å) 0.40 0.40
Position, zo (Å) 10.00 8.50

Grid parameters
Type u,v,z FFT FFT

u,v-range (Å) 0.00-10.92 0.00-10-92
Nu,v 620 720

z-range (Å) -0.75-25.00 -0.75-15.00
Nz 540 324

SPFs per degree of freedom 10 10
Propagation time (fs) 5000-7000 5000-7000

Complex absorbing potential
z-range (Å) 13.00-25.00 8.50-15.00

Strength (a.u.) 1.10x10−6 3.70x10−6

have used the POTFIT algorithm [147, 148], which approximates the
potential as a function of one-dimensional natural potentials, v(k)jk

:

V ≈ Vapprox =
m1

∑
j1=1

· · ·
mp

∑
jp=1

Cj1,··· ,jp v(k)j1
(Q1) · · · vjp(Qp), (4.4)

where the expansion coefficients, Cji are obtained from the over-
laps between the potential V and the natural potentials vj f . The po-
tential fit can be further improved in the dynamically relevant region
by performing a specific number of iterations Niter, systematically im-
proving the potential fit accuracy in the relevant fit region. A modified
reference potential Ṽ, calculated as a linear combination of the exact
potential V and the potential fit Vapp, is used in these iteration steps:
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TABLE 4.2: Parameters used in POTFIT procedure for represen-
tation of PES. ∆rmsr and ∆rms represent the root-mean-square
error on the relevant fit region and on all grid points, respec-
tively. max(εr) and max(ε) represent the maximum error on the

relevant fit region and all grid points, respectively.

Natural potential basis
mx,my,mz 50,50,contr

Relevant fit region
z (Å) < 0.00

V (eV) < 3.00
Niter 2− 6

POTFIT accuracy
Vmax (eV) 5.00

∆rmsr, ∆rms (meV) 0.07, 1.52
max(εr), max(ε) (meV) 10.41, 127.01

Ṽi1,...,ip = ωi1,...,ipVi1,...,ip + (1−ωi1,...,ip)V
approx
i1,...,ip

, (4.5)

where ω is a weight function whose value is 1 inside the relevant
fit region, and < 1 in all other regions. In addition, the potential at all
points with a potential larger than a maximum value Vmax was set to
Vmax, so we save computational resources and avoid numerical inac-
curacies trying to fit the potential at very repulsive configurations.

All relevant parameters used in the POTFIT procedure are shown
in Table 4.2.

4.3 Experimental details

The experimental measurements have been carried out in a so-called
fixed-angle apparatus, described in detail in Ref. [220]. Briefly, in this
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experimental setup the angle between the incident and the reflected
beam (θs) remains fixed at 105.4◦. Thus, during the data acquisition
the incidence angle is varied, while θs remains constant. After being
scattered, the projectiles travel along a time-of-flight drift tube of 1.7
m long through three differentially pumped stages. At the edge of
the tube, the particles are ionized by electron bombardment, and the
ions are mass-selected by a home-made mass spectrometer and col-
lected by an electron multiplier. The most outstanding characteristic
of this experimental setup is that, due to the large crystal-detector dis-
tance, the background signal is strongly reduced allowing to measure
diffraction intensities of the order of 10−5 of the incoming beam. The
angular resolution, determined by the detector acceptance angles, is
about 0.1◦.

Finally, it should be pointed out that the Ru(0001) surface was pre-
pared by standard sputtering/annealing cycles followed by oxygen
exposure at 1150 K, and a final flash to 1500 K. After this procedure,
the cleanliness and order of the surface were analyzed using both
low-energy electron diffraction (LEED) and HAS.

4.4 Results and discussion

4.4.1 Analysis of the PESs

First of all, we have performed a DFT energy scan by placing the pro-
jectile helium atom at different heights on top of a ruthenium atom,
following the methodology explained previously. We then calculated
the physisorption well depth for each of the tested functionals, fitting
the DFT data with a two-parameter Morse potential.

V(z) = D(e−2α(z−z0) − 2e−α(z−z0)), (4.6)
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TABLE 4.3: Physisorption well depth D, and potential range α
resulting from a Morse fit of the DFT potential of He on top of a

Ru surface atom.

Method Da (meV) α(Å−1)
PBE 8.72 (6.69) 0.93
rPBE 3.63 (1.60) 1.32

PBE+TS 14.21 (11.87) 1.16
PBE+MBD 17.64 14.80) 1.09

vdW-DF-optB86b 21.05 (18.26) 1.08
vdW-DF-rPBE 35.66 (31.47) 0.95

vdW-DF2 14.28 (11.49) 1.25
Experimentalb 13 1.10

a Values in brackets include ZPE correction.
b Expimental values form Ref. [161].

where D is the physisorption well depth, α is the potential range,
and z0 is a fixed value for each functional, corresponding to the z
value at which the minimum potential is reached.

The Morse fit results are shown in Table 4.3, where the D val-
ues including zero point energy (ZPE) are indicated in brackets. The
ZPE was evaluated by solving the eigenvalue equations of the mono-
dimensional Hamiltonian using B-spline functions [221]. Our values
are compared with those obtained from a fit of experimental values,
as reported in Ref. [161]. It is interesting to note that the PBE and
rPBE functionals predict shallow wells, whereas PBE-TS, PBE-MBD,
and vdW-DF2 yield results comparable with the experimentally in-
ferred value. On the other hand, vdW-DF-optB86b and vdW-DF-
rPBE amply overestimate physisorption wells, especially this latter
functional.

To further analyze the corrugation of the system, we have run
2x105 classical trajectories for each PES, at the incidence conditions
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Ei = 64 meV, θi = 41.1◦, φi = 30◦. From the analysis of these trajec-
tories, we obtained the average classical turning points, zav, for each
PES. In Figure 4.1, we show the 3D potential cuts for each PES as
a function of the unit cell crystalline coordinates (u, v) at the corre-
sponding zav. These plots illustrate the potential felt by the projectile
at the dynamically relevant regions. From this figure, it is clearly ob-
served that the corrugation of the system is increased when one takes
into account dispersion forces. Defining energetic corrugation, at this
zav height, as ∆E = Etop − Ehollow, we obtained a minimum corruga-
tion of 4 meV for the rPBE PES and the maximum of 14 meV for the
PBE-TS, PBE-MBD and vdW-DF-rPBE PESs.

FIGURE 4.1: Potential as a function of (u, v) for the average turn-
ing point zav obtained with classical dynamics simulations for

each functional. ∆ = 2.73 Å.
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It is interesting to note that all the 3D cuts shown in Figure 4.1 ex-
hibit anticorrugation, with the potential at the hollow position being
larger than the potential at the top position. This anticorrugation ef-
fect has been previously observed for other He/metal surface, such
as Ni(110) [56] and Rh(001) [153]. We have also described anticorru-
gation effects in our previous study on Ne diffraction from a Ru(0001)
surface [217], where we also observed anticorrugation at the regions
explored by the projectile (zav ∼ 2.8− 3.1 Å). Although for this latter
case, a change to normal corrugation was observed at z values lower
than ∼ 2.4 Å, whereas for the present case normal corrugation is only
observed at z values lower than ∼ 1.63 Å, as discussed below.

To study in detail this anticorrugation / normal corrugation tran-
sition, we have analyzed ∆E. By definition, a negative ∆E value in-
dicates anticorrugation, and a positive value normal corrugation. In
Figure 4.2 we have displayed the variation of ∆E as a function of the
projectile-surface distance z, for each functional. From this figure we
observe that anticorrugation becomes corrugation, i.e., the top site be-
comes the most repulsive part of the PES, at z ∼ 1.63 Å in the case of
the vdW-DF2 and vdW-DF-rPBE PESs, and at even lower values for
the other five PESs. This region of the PESs is never explored by the
projectile, at our incidence conditions. The inset in Figure 4.2 shows
the corrugation (∆E) obtained from each functional at the dynami-
cally relevant region, corresponding to the classical turning points
(zav) region, as shown in Figure 4.1.

4.4.2 Diffraction results

In Figure 4.3, we show the experimental spectra for He/Ru(0001) ob-
tained at different incidence conditions, for two crystallographic in-
cidence directions (see inset Figure 4.3).
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FIGURE 4.2: Difference between the potentials at the top and hol-
low positions, ∆E, as a function of z. Negative values (bellow the
dashed line) indicate the regions which present anticorrugation.
Inset shows ∆E at the z range corresponding to the average clas-

sical turning points region, zav.

For all four conditions studied, only the first-order in-plane peaks
are observed along with the specular peak. The probabilities of all
of these first-order diffraction peaks are several orders of magnitude
lower than the specular peak, which already indicates that an accu-
rate description of these probabilities may prove challenging. From
these spectra, we extract the diffraction intensities by fitting the peaks
to Lorentzian functions with FWHM of 0.15◦ ± 0.05◦, after back-
ground subtraction. The experimental best-fit intensities, normalized
to the specular intensity, are shown in Figure 4.4.
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FIGURE 4.3: Diffraction intensity as a function of the incidence
angle θi. The inset displays the reciprocal lattice of Ru(0001) to-
gether with the peak labels, and the crystalline incidence direc-

tions along which the spectra have been recorded.

We have simulated these diffraction probabilities, at the same ex-
perimental conditions, using MCTDH. We show the comparison be-
tween our theoretical results and the experimental intensities in Fig-
ure 4.4. From this figure, one observes first that experimental diffrac-
tion probabilities are very low, lower than 10−3 in all conditions, as
anticipated from the measured spectra. And second, that only the
PES computed with the standard GGA functional PBE predicts prob-
abilities within the same order of magnitude, although overestimat-
ing experimental probabilities by a factor two. The probabilities ob-
tained from the rPBE PES are one order of magnitude smaller than
the experimental ones. And the probabilities obtained from the PES
including van der Waals effects overestimate the experimental ones
by a factor that goes from 5 to 9. It is also worth noticing that among
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the five PESs that include vdW interactions, the functional that better
reproduces the trend observed in the experiment is PBE-TS.

FIGURE 4.4: Normalized diffraction probabilities of first-order
in-plane peaks. Solid line joins experimental values, and dashed

lines join theoretical values for each functional.

These results contrast with those of Ne diffraction from Ru(0001)
[217], where dispersion forces were found to be critical for a proper
description of diffraction probabilities. The origin of this difference
seems to be the fact that vdW forces are more prominent for Ne than
for He, which can be easily seen from the comparison of the exper-
imental physisorption well depths, D = 22meV and D = 13meV
for Ne and He, respectively [161]. Furthermore, due to the strength
of vdW forces, the Ne/Ru(0001) PES is more corrugated than the
He/Ru(0001) PES.

From our results, we can conclude that one should be careful
when simulating He diffraction spectra, as one may obtain more
accurate results ignoring dispersion forces. This is a result of the
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He/surface interaction being very subtle, and it is very easy to over-
estimate this interaction when including dispersion forces, at least
with the approximations currently available in the literature. Even a
small overestimation translates into large relative errors in the calcu-
lated diffraction probabilities.

4.5 Conclusions

We have studied helium diffraction from a Ru(0001) surface using the
multi-configuration time-dependent Hartree (MCTDH) method, and
several potential energy surfaces (PESs), which have been calculated
using standard GGA DFT, which does not describe van der Waals
(vdW) dispersion forces properly, and DFT approaches that include
the effect of these forces.

From the comparison between our results and the experimen-
tal measurements, we conclude that the PBE PES, which does not
include vdW interactions, is the one yielding the best quantitative
agreement with experimental data. The diffraction probabilities ob-
tained from vdW DFT approaches, based on pairwise methods or
non-local density functionals, overestimate the experimental values.

Our results suggest that despite the effort made, and the progress
achieved, to include vdW interactions in DFT during the last years,
these methods are still far away from providing an accurate descrip-
tion of a subtle process such as He-atoms scattering (HAS). Therefore,
one should be careful when trying to study this kind of processes
with the theoretical tools currently available.
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Abstract:
Organic-terminated surfaces, such as CH3 − Si(111), have extensive applica-

tions in photoelectrodes and electrochemical cells, due to their electrochemical and
oxidative stability. Therefore, there is a great interest in the correct characterization
of these organic-terminated surfaces. Helium atom scattering (HAS) can be used
to make a non-destructive analysis of such surfaces. Here, we have performed an
experimental and detailed theoretical analysis of HAS on CH3 − Si(111). Time-
of-flight and diffraction measurements provide us with the relative intensities of
in-plane diffraction peaks. However, theoretical simulations, based on density func-
tional theory (DFT) for the electronic description of the system in combination with
the multi-configuration time-dependent Hartree (MCTDH) method to obtain quan-
tum state-to-state diffraction probabilities, show that most of the diffraction taking
place in this system correspond to high-order out-of-plane diffraction peaks. The
limitations of the present configuration of the experimental setup do not allow us
to perform a definitive assessment of the theoretical data, which prevents us from
carrying out a fully meaningful analysis of the role of van der Waals (vdW) forces
on He/CH3 − Si(111) interactions.
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5.1 Introduction

The use of unsaturated hydrocarbons to tailor semiconductor inter-
faces properties has been widely studied since the 90’s [222]. Among
these organic-terminated semiconductor surfaces, CH3 − Si(111) has
received quite a lot of attention due to its capacity of passivation of
surface reconstruction and improved properties respect to hydrogen-
terminated silicon [223, 224]. For example, this kind of surface ex-
hibit electrochemical and oxidative stability quite suitable for ap-
plications, such as photoelectrodes [225] and electrochemical cells
[226, 227]. Due to its intrinsic interest and possible application,
CH3 − Si(111) has been the subject of numerous experimental stud-
ies. Scanning tunneling microscopy (STM) studies have shown that
the CH3-terminated Si(111) is atomically flat and features a complete
(1× 1) methyl termination of its underlying lattice [228, 229]. A more
detailed characterization of this interface has been performed, for ex-
ample, by spectroscopy methods[230–233].

Beyond these spectroscopy techniques, helium atom scattering
(HAS) experiments make accessible static and dynamical properties
that are inaccessible by other techniques. As it has been widely
demonstrated [149, 150], HAS allows one to analyze the structure and
low-energy vibrations, in a nondestructive way, with unique surface
sensitivity. HAS has been used, for example, to analyze the surface
structure, gas-surface interaction potentials, and the interfacial vibra-
tional dynamics of both CD3- and CH3-Si(111) surfaces [234]. This
technique has been also used to characterize the surface phonon dis-
persion relations across the entire surface Brillouin zone [235, 236].
More recently, a detailed analysis of diffraction spectra of D2 molec-
ular beams has revealed a large corrugation and anisotropy in the
interaction potential [129].
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To further analyze the corrugation of these methyl-terminated
Si(111) surfaces, we have performed a detailed theoretical study of
HAS, scrutinizing both in-plane and out-of-plane diffraction. Out-of-
plane diffraction has been found to represent a non-negligible part of
diffraction spectra [212, 237, 238], even to play a prominent role [239,
240], for highly corrugated molecule/surface systems. However, to
our knowledge out-of-plane diffraction has never been considered
in HAS, because, on the one hand, fixed angle-like setups, as the one
used in Refs. [129, 234–236], do not allow this kind of measurements,
and on the other hand, the detection limits of rotating detector setups
[241] are of the order of 10−3 of the total incident beam intensities,
which are typically higher than the out-of-plane-diffraction probabil-
ities that could be expected from HAS.

To perform our analysis, we have built two continuous poten-
tial energy surfaces (PESs) based on density functional theory (DFT)
periodic boundary conditions (PBC) calculations. To built the first
PES, we have used a standard functional within the generalized gra-
dient approximation (GGA) [198], which, in principle, does not de-
scribe properly van der Waals (vdW) dispersion forces. Whereas to
built the second PES, we have used the so-called vdW-DF2 functional
[85], which includes the effect of dispersion forces through a non-
local electron correlation function that is added to the usual GGA
exchange-correlation function. Eventually, the multi-configurational
time-dependent Hatree (MCTDH) method is used to obtain diffrac-
tion probabilities, which, in order to assess the reliability of our theo-
retical tools, have been compared with available in-plane diffraction
experimental data.
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5.2 Theoretical methodology

All our calculations have been performed within the Born-
Oppenheimer static surface (BOSS) approximation, which is justified
by the low incidence energy (Ei < 100 meV) of the projectile, and
the mass mismatch between the He projectile and the methyl group.
Thus, the potential energy surface (PES) of our system will depend
only on the three degrees of freedom of the projectile (x, y, z). Once
we have built the 3D PES describing the electronic structure of our
system, we have performed classical and quantum dynamics on it.

To describe the interaction of He with CH3-Si(111), we have taken
two different approaches. In the first approach, we have included the
effect of vdW dispersion forces using the so-called vdW-DF2 func-
tional [85], which is an improvement of the original van der Waals
density functional (vdW-DF) developed by Lundqvist et al. [82]. This
functional has been found to describe accurately, for example, the in-
teraction of Ne with metal surface [217]. In the second approach, we
have used the GGA functional PBE, which does not describe properly
vdW forces. However, it has been recently shown that a PBE-based
PES yielded diffraction probabilities for He/Ru(0001) in reasonable
agreement with experimental results [242]. In fact, in this latter study,
it has been found that vdW-DFT-based PESs, disregarding the ap-
proach taken to include vdW effects, yielded diffraction probabilities
overestimated respect to the experimental ones. Using these two ap-
proaches, we have constructed continuous 3D PESs.

These continuous PESs have been obtained by interpolation of a
set of DFT energies, computed for a relative small number of configu-
rations (x, y, z). The DFT calculations have been performed with the
plane-wave based software package VASP [193–196]. The periodic
super-cell used in our calculations is formed by five layers of Si(111),



5.2. Theoretical methodology 101

with a CH3 group on top of each silicon atom of the top layer -in Fig-
ure 5.1, we show the top view (panel A1) and side view (panel A2)
of our system. To avoid spurious results due to interactions between
the periodic images of the surface and the projectile atom, we have
used a 21 Å layer of vacuum in the z direction, and a (2× 2) surface
unit cell is used to avoid interactions between projectile images. We
have used a cutoff energy of 800 meV for the plane wave basis set,
and a 7 × 7 × 1 Gamma-centered k-point mesh to sample the Bril-
louin zone. The projector augmented wave (PAW) method [119, 197]
has been used to describe the electron interaction with the ion cores.

FIGURE 5.1: A1) top view of periodic cell. A2) Side view of pe-
riodic cell, showing 5 layers of Silicon, with a 1× 1 coverage of
CH3. Si atoms: gold; C atoms: black; H atoms: white. B) Scheme
of reciprocal lattice, with Γ− K and Γ−M incidence directions
shown as dotted lines, and labels for different diffraction peaks,

whose diffraction order is indicated by different colors.

We have used the modified Shepard (MS) method to interpolate
a set of 419 DFT points in the case of the PBE-PES, and a set of 735
points in the case of the vdW-DF2-PES. This methodology was orig-
inally developed by Collins et al. [121, 122] to deal with gas phase
reactions, and subsequently adapted to atom and molecule/surface
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reactions [124–126, 243]. Here, we have used a recent implemen-
tation of the MS method, which explicitly takes into account plane
group symmetry and translational periodicity [130], which has been
recently used to study D2 diffraction on CH3-Si(111) [129]. In this im-
plementation, we use a set of redundant internal coordinates Z whose
relation with the Cartesian coordinates is given by the Wilson B ma-
trix. The potential at any geometry is approximated by an averaged
summation of second order Taylor series expansions centered on the
Ndata DFT points:

V(Z) =
Ndata

∑
i=1

∑
g∈GCNP×GPG

wg◦i(Z)Tg◦i(Z), (5.1)

where g ∈ GCNP and GPG refer to the molecular permutation and
plane-group symmetry groups respectively, and Tg◦i is the Taylor ex-
pansion at the ith PES point, with a weight wg◦i. The Taylor expansion
of the ith data point is defined according to the symmetry operation
g ∈ GCNP × GPG, as:

T(i)(Z) = Ei + ∆ET
i ∆ζi +

1
2

∆ζT
i Fi∆ζi, (5.2)

where Ei is the energy at data point i, ∆Ei is the vector of first
derivatives for the ith data point, and Fi is the matrix of second deriva-
tives at data point i, with respect to the elements of ςi, which are local
coordinates obtained by a linear combination of the redundant inter-
nal coordinates Z.

The set of Ndata points included in the MS interpolation is cho-
sen with the so-called GROW algorithm. Within this algorithm, we
proceed as follow:

(i) An initial set of DFT points is computed (60 DFT points for
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the PBE PES, and 100 points for the vdW-DF2 PES), and sub-
sequently used to build a preliminary interpolated potential.

(ii) A set of classical trajectories, typically of the order of 500, is run
to sample the PES. This sampling serves to identify regions of
the PES which fulfill one of the following two criteria [132]:

(a) regions which are frequently visited by the trajectories.

(b) regions where the variance of the interpolated potential is
large.

This means that one can in principle identify regions that are
dynamically relevant for the conditions used, granted that one
chooses carefully the conditions of the classical trajectories to
mimic the conditions that will eventually be used in our wave-
packet propagation; as well as regions where there is a poor
description of the potential.

(iii) New DFT points are computed and added to the previous set, at
the regions previously identified as relevant, and new classical
trajectories are run to sample the new PES.

(iv) This iterative procedure is followed until one considers the PES
to be converged. The convergence is checked by computing a
desired observable (in our case diffraction probabilities) period-
ically while growing the PES. The PES is considered converged
when the observable does not change within a given tolerance.
This convergence procedure is illustrated in Figure 5.2, where
we show diffraction probabilities as a function of number of
DFT data used in the interpolation (Ndata). From this Figure,
where we display diffraction probabilities as a function of the
number of points used to obtain the interpolated PESs, we can
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clearly see that convergence is reached faster for the PBE PES
than for the vdW-DF2 PES.

FIGURE 5.2: Top-panels show convergence of the different
diffraction orders probability, as a function of the number of
points included in the Ndata set used for interpolation. Bottom
panels show convergence for the 0th− and 1st−order peaks (see

Figure 5.1 right panel).

Once the PESs have been converged, we have calculated he-
lium diffraction probabilities on the CH3 − Si(111) surface using the
Heidelberg Multi Configuration Time-Dependent Hartree (MCTDH)
method [142, 143, 219]. In MCTDH, the wave function of the system
is expressed as a sum of products of time-dependent single-particle
functions (SPFs), ϕ

(k)
jk
(Qk, t), given by the expression:
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φ(Q1, ..., Q f , t) =
n1

∑
j1=1
· · ·

np

∑
jp=1

Aj1,··· ,jp(t)
p

∏
k=1

ϕ
(k)
jk
(Qk, t), (5.3)

where Q1, · · · , Qp are the system’s degrees of freedom, and
Aj1,··· ,j f (t) are the MCTDH time-dependent expansion coefficients.
The time-dependent SPFs are expanded in a primitive time-
independent basis χ

(k)
m (Qk):

ϕ
(k)
jk
(Qk, t) =

Nk

∑
m

c(k)m,jk
(t)χ(k)

ik
(Qk). (5.4)

Within the MCTDH methodology, the equations of motion for
both the SPFs and the expansion coefficients are derived from the
Dirac-Frenkel variational principle, leading to a set of coupled equa-
tion that are solved with less computational effort than in standard
time-dependent wavepacket propagation (TDWP) methods, because
the number of SFPs used to expand the nuclear wave function in
MCTDH is usually smaller than the number of time-independent ba-
sis functions required in standard TDWP methods. Finally, diffrac-
tion probabilities are obtained by performing a flux analysis of the
scattered wavepacket once it is absorbed by a complex absorbing po-
tential (CAP) located at the non-interacting region of the potential.
Details of the initial wave-packet, primitive grid and CAP are given
in Table 5.1.

From a computational point of view, MCTDH is more efficient
when combined with a potential also expressed as a sum of products
of one-dimensional functions. The POTFIT algorithm [147, 148] has
been used to express our non-separable potential in this form. This al-
gorithm approximates the potential as a function of one-dimensional
natural potentials, v(k)jk

:
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TABLE 5.1: MCTDH calculations parameters.

Initial wave packet
Width, ∆z (Å) 0.40

Position, zo (Å) 10.20
Grid parameters a

Type u,v,z FFT
u,v-range (Å) 0.00-15.50

Nu,v 240
z-range (Å) -0.30-19.70

Nz 480
SPFs per degree of freedom 16

Propagation time (fs) 10000
Complex absorbing potential
z-range (Å) 6.70-19.70

Strength (a.u.) 9.10x10−7

a We define z = 0 as the location of the carbon atoms of the CH3 layer.

V ≈ Vapprox =
m1

∑
j1=1

· · ·
mp

∑
jp=1

Cj1,··· ,jp v(k)j1
(Q1) · · · vjp(Qp), (5.5)

where the expansion coefficients, Cj are calculated from the over-
laps between the potential V and the natural potentials vj. In order to
improve the efficiency of the fit, we did not fit the potential at config-
urations with very repulsive potential values, by setting a maximum
potential value Vmax.

All relevant parameters used in the POTFIT procedure are shown
in Table 5.2.
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TABLE 5.2: Parameters used in the POTFIT procedure for rep-
resentation of PES. ∆rms and max(ε) represent the root-mean-

square error and the maximum error, respectively.

Natural potential basis
mx,my,mz 50,50,contr

POTFIT accuracy
Vmax (eV) 5.00

∆rms (meV) 0.97
max(ε) (meV) 70.52

5.3 Experimental details

The apparatus used to carry out our Helium diffraction measure-
ments have been described elsewhere [244]. Briefly, the experimen-
tal setup is divided in three main sections, a differentially pumped
beam-source manifold, an ultra high vacuum (UHV) crystal chamber,
and a rotatable mass spectrometer detector. Monoenergetic (∆v/v
≤ 1%) supersonic neutral helium beams are obtained by expanding
high pressures of ultra-high purity He gas through a 15 µm diame-
ter nozzle source that is cooled by a close-cycle helium refrigerator.
The nozzle temperature determines the beam energy, which can vary
in the range of 35-90 meV. In order to collect the time-of-flight data,
the beam is modulated with a pseudorandom chopping sequence for
cross-correlation analysis [245]. The crystal is mounted onto a six-axis
manipulator, which can be positioned to control the incident polar
and azimuthal angles (θi, ϕi), and the tilt with respect to the scatter-
ing plane. The scattered atoms travel along a 1.0234 m triple differen-
tially pumped rotatable detector arm, with an angular resolution of
0.29◦ FWHM, before reaching the detector, where they are ionized by
electron bombardment. Finally, the ions pass through a quadrupole
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filter where they are mass-selected before being collected by an elec-
tron multiplier. Using this experimental setup, angular distributions
are obtained by scanning the detector at 0.1◦ increments, while the
incident angle is kept at a fixed value. With this setup configuration
only in-plane diffraction peaks can be recorded.

The CH3-terminated Si(111) surface was prepared following the
procedure described in Ref. [246]. X-ray photoelectron spectroscopy
(XPS) has been used to analyze the quality of the surface. XPS results
have confirmed that the surface is fully terminated with Si-C bonds
and that there is not trace of surface oxidation.

5.4 Theoretical results and discussion

We have used the MCTDH algorithm to propagate 12 different wave
packets corresponding to 12 available experimental conditions. These
conditions correspond to six different (Ei, θi) values for two incidence
crystallographic directions, Γ−K and Γ−M (see Figure 5.1B). For all
these incidence conditions, we have calculated the diffraction prob-
abilities of each diffraction order. These results are displayed in Fig-
ures 5.3 and 5.4, for the Γ− K and Γ−M incidence crystallographic
directions, respectively, for the two PESs obtained based on the PBE
and vdW-DF2 functionals. From the results shown in these Figures,
one can observe that high diffraction orders, especially 2nd − 4th or-
ders, have a larger diffraction probability than low diffraction orders.
Although this trend is observed for both PESs, PBE-PES and vdW-
DF2-PES, there are noticeable differences between them. Dynam-
ics run on the PBE-PES predict that the 2nd-order diffraction is the
most probable one, followed by 3rd-order and 4th-order diffraction at
high energies. However, at low energies, 1st-order diffraction exhibit
larger probabilities than 4rd-order diffraction, for the Γ− K direction;



5.4. Theoretical results and discussion 109

and larger probabilities than both 3rd- and 4th-order diffraction, for
the Γ−M at low energies. However, dynamics run on the vdW-DF2-
PES at the Γ− K incidence direction, predict the 3rd-order diffraction
as the most probable one, followed by the 4th- and 5nd-orders at high
incidence energies, although 2nd-order diffraction takes over the 5th

and 4th orders for lower energies. At this direction, 1st-order diffrac-
tion probabilities remain lower, close to 5th-order diffraction for low
energies. The results obtained with the vdW-DF2-PES at the Γ − M
incidence direction are similar to the ones obtained at the Γ−K direc-
tion, as the 3rd-order diffraction is the most probable one, followed by
the 4th- and 5nd-orders at high incidence energies, although the 2nd-
order diffraction takes over the 5th, 4th and 3rd orders for lower en-
ergies, becoming the predominant diffraction order at low energies.
The differences between the PBE and vdW-DF2 PESs are due to the
higher corrugation displayed by the latter PES. Similar differences
have been recently observed for diffraction of He on Ru(0001) [242].

To further analyze diffraction in this system, we have compared
in-plane and out-of-plane diffraction probabilities. In-plane diffrac-
tion refers to the sum of the diffraction peaks that lay on the scatter-
ing plane, which contains the incidence direction and the normal to
the surface. Following the diffraction peaks definition of Figure 5.1B,
in-plane diffraction probabilities at the different incidence directions
are defined as:

PΓ−M
in−plane = ∑

n,m
P(n,m) , m = n, n = 0,±1,±2,±3, . . .

PΓ−K
in−plane = ∑

n,m
P(n,m) , m =

n
2

, n = 0,±2,±4,±6, . . . ,
(5.6)

P(n,m) being the probability of the (n, m) diffraction peak.
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FIGURE 5.3: Diffraction probabilities at the Γ− K incidence di-
rection for different diffraction orders at several (Ei, θi) inci-
dence conditions, for the PBE-PES (top panel) and vdW-DF2-

PES (bottom panel).

In Figure 5.5, we show in-plane and out-of-plane diffraction or-
der probabilities, for (Γ − K, θi=22.12◦,Ei=55.21 meV) and (Γ − M,
θi=22.19◦,Ei=55.35 meV). At this point, it should be noted that for the
Γ− K crystallographic direction in-plane diffraction can only be ob-
served for even diffraction orders (see Figure 5.1B). From the results
displayed in Figure 5.5, we can see that out-of-plane clearly surpasses
in-plane diffraction, with in-plane diffraction only accounting for ∼
5-25 % of the total diffraction observed. From these results, it can
also be observed that 0th and 1st order diffraction only accounts for a
small percentage (∼ 15 %) of the total diffraction observed, as already
shown in Figures 5.3 and 5.4. Similar results have been obtained for
the other (Ei, θi) experimental conditions analyzed in Figures 5.3 and
5.4.
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FIGURE 5.4: Diffraction probabilities at the Γ − M incidence
direction for different diffraction orders at several (Ei, θi) inci-
dence conditions, for the PBE-PES (top panel) and vdW-DF2-

PES (bottom panel).

The predominance of high-order diffraction peaks over low-order
peaks is also observed when one looks at individual peaks. We show
in Figure 5.6 the 10 most intense out-of-plane diffraction peaks and
the specular (0, 0) peak as solid bars, and the in-plane peaks that are
experimentally observed for each (Ei, θi) value as striped bars, for
the two incidence directions considered in this study. The colors of
each bar in Figure 5.6 identifies the diffraction order of each peak,
following the color-coding used in Figure 5.1B.

From Figure 5.6, we can see that the most intense peaks are out-of
plane peaks (solid bars), whereas the in-plane peaks observed exper-
imentally (striped bars) tend to have much lower probabilities. Most
of these high-intensity diffraction peaks are 2nd − 4th order peaks. As
mentioned before, the vdW-DF2-PES displays a higher corrugation,
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FIGURE 5.5: Diffraction probability as a function of diffraction
orders. Black columns indicate in-plane diffraction, and red
columns represent out-of-plane diffraction. Each panel corre-
sponds to a different incidence condition, for PBE (top panels)

and vdW-DF2 (bottom panels).

which can also be observed in the fact that the most intense peaks
for the vdW-DF2-PES tend to belong to a higher order than the most
intense peaks found for the PBE-PES.

5.5 Comparison with experiment

We have seen that, at the studied incidence conditions, most diffrac-
tion corresponds to high diffraction orders, with most diffraction tak-
ing place for diffraction orders larger than 2. In addition, we have also
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FIGURE 5.6: Diffraction probability for the most probable
diffraction peaks (solid bars), and the in-plane peaks experimen-
tally observed at the corresponding incidence condition (striped
bars). The color of each bar indicates the diffraction order of
the corresponding peak, following the color labeling indicated
in Figure 5.1B. Each panel corresponds to a different incidence
condition, for PBE (top panels) and vdW-DF2 (bottom panels).

seen that most diffraction correspond to out-of-plane peaks, whereas
in-plane diffraction peaks account for less than a quarter of the total
diffraction probability. In fact, the most intense peaks tend to be out-
of plane peaks in the 2nd− 4th order range. This may be an issue when
trying to extract information from the experimental diffraction spec-
tra since, as explained in Section 5.3, only low-order in-plane diffrac-
tion can be observed with the current experimental set-up.
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Due to the experimental resolution, only one diffraction peak is
observed in the Γ−K incidence direction, and two peaks in the Γ−M
direction. The comparison between the experimental values and our
theoretical results, obtained with PBE and vdW-DF2, are shown in
Figure 5.7.

FIGURE 5.7: Diffraction probabilities relative to the specular
peak at different incidence conditions. Top and bottom panel
correspond to the results for the Γ − K and Γ − M incidence
directions respectively. Black columns indicate experimental
values, red columns correspond to PBE, and green columns to

vdW-DF2.

The fact than only one diffraction peak is observed at the Γ−K in-
cidence direction (see Figure 5.7), limits significantly the information
that one can extract from the diffraction spectra at that direction. We
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have tried to surpass that limitation by studying several experimental
conditions.

In Figure 5.6, we have shown that the diffraction probabilities of
the low-order peaks, which are the ones observed experimentally,are
quite small. This means that small variations in our PES description
would have a significant effect in the relative diffraction values of
these peaks.

At this point, it is worth noticing that the experimental probabili-
ties were extrapolated to a surface temperature of 0 K with the Debye-
Waller correction. Furthermore, due to the configuration of the exper-
imental setup used here, the direct measurement of the absolute in-
cidence beam flux is not allowed, and therefore the diffraction prob-
abilities are evaluated as ratios of diffraction to specular intensities
[247, 248]. This means that any small variations in the diffraction
probabilities will also translate into a large relative error.

In Figure 5.7, we compare P(n,m)
P(0,0) theoretical and experimental ra-

tios. From this Figure we can see that the theoretical simulations re-
produce fairly well the experimental ratios for some incidence con-
ditions, but fail completely to reproduce these ratios for other exper-
imental conditions, that are only slightly different from the former
ones. For example, along the Γ−M incidence direction, both the PBE
and vdW-DF2 PESs are able to reproduce qualitatively the general
trend of the two experimental peaks measured (1, 1) and (1̄, 1̄) (or
(2, 2)). Thus, the PBE-PES yields diffraction results that are able to re-
produce the experimental trend, P(1, 1) > P(1̄, 1̄), at (Ei = 66.76 meV,
θi = 29.15 ◦), (Ei = 55.35 meV, θi = 28.63 ◦) and (Ei = 44.12 meV,
θi = 29.05 ◦); and P(1, 1) > P(2, 2) at (Ei = 66.76 meV, θi = 22.17 ◦)
and (Ei = 55.35 meV, θi = 22.19 ◦). But predicts the opposite trend,
((1, 1) > P(2, 2), at (Ei = 44.22 meV, θi = 22.14 ◦). Similar trends
are obtained for the vdW-DF2-PES. In this case, experimental trends
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are reproduced at (Ei = 66.76 meV, θi = 29.15 ◦), (Ei = 55.35 meV,
θi = 22.19 ◦), (Ei = 55.35 meV, θi = 28.63 ◦) and (Ei = 44.22 meV,
θi = 22.14 ◦), but fails to reproduce experimental results at (Ei =

66.76 meV, θi = 22.17 ◦) and (Ei = 44.12 meV, θi = 29.05 ◦).
We should point out that, as was observed in Figure 5.3 and Fig-

ure 5.4, vdW-DF2 reduces 1st− and 2nd−order diffraction, in favor of
higher order diffraction orders. However, this is not necessarily true
for individual peaks, as observed in Figure 5.6, where the vdW-DF2-
PES returns a higher probability for the (2, 1) peak than the PBE-PES
at (Γ− K, Ei = 55.21 meV, θi = 22.12 ◦). This means that one cannot
deduce any trend about vdW effects from a comparison with current
experimental data.

The large corrugation of the CH3 − Si(111) surface has already
been reported with molecular diffraction measurements [129]. Its
large corrugation makes this system specially challenging, as the
peaks exhibiting higher intensities are out range of the apparatus
used in this study. The small number of diffraction peaks accessible
with the current experimental setup, as well as the small probabilities
of these peaks may prevent us from doing a reliable comparison with
experiments.

All these factors suggest that extra experimental work, with a dif-
ferent configuration of the experimental setup allowing the recording
of out-of-plane diffraction peaks, would be needed to draw convinc-
ing conclusions from the theory/experiment comparison. A possi-
ble solution to this issue, may be to use the so-called rotating detector
setup [212, 239], which allows to analyze a range of φi angles for a
specific incidence angle.
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5.6 Conclusions

We have studied helium diffraction from a methyl-covered Si(111)
surface, using a standard GGA functional (PBE) and other functional
(vdW-DF2) that includes vdW interactions. We have built a PES for
each of these functionals, and eventually used MCTDH to calculate
diffraction probabilities at different incidence conditions.

Our theoretical study shows that most of the diffraction in this
system corresponds to high-order out-of-plane diffraction peaks.
However, the current configuration of the experimental setup used
in this work is only able to measure low-order in-plane diffraction.
Thus, our comparison between theoretical and experimental results
are inconclusive, and does not allow to fully validate our theoretical
tools, which prevents us from drawing a categoric judgment about
this system. For example, we cannot conclude whether the PBE-PES
or the vdW-DF2-PES yields a more accurate result. Therefore, we can-
not draw conclusive judgments, for example, about the corrugation
of the PES, or the role of the dispersion forces in this system, and by
extension in other similar systems.

In summary, our results suggest that further experimental mea-
surements, using a configuration of the experimental setup allowing
for out-of-plane diffraction recording, would be needed to validate
our theoretical tools, and therefore to perform a detailed analysis of
this system, and similar highly corrugated systems.
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Abstract:
Atomic diffraction by surfaces under fast grazing incidence conditions has been

used for almost a decade to characterize surface properties with more accuracy
than with more traditional atomic diffraction methods. From six-dimensional so-
lutions of the time-dependent Schrödinger equation, we show that diffraction of H2

molecules under fast grazing incidence conditions could be even more informative
for the characterization of ionic surfaces, due to the large anisotropic electrostatic
interaction between the quadrupole moment of the molecule and the electric field
created by the ionic crystal.

Using the LiF(001) surface as a benchmark, we show that grazing incidence fast
molecule diffraction (GIFMD) of H2 strongly depends on the initial rotational state
of the molecule, while rotationally inelastic processes are irrelevant. We demon-
strate that, as a result of the anisotropy of the impinging projectile, initial rotational
excitation leads to an increase in intensity of high-order diffraction peaks at inci-
dence directions that satisfy precise symmetry constraints, thus providing a more
detailed information on the surface characteristics than that obtained from low-order
atomic diffraction peaks under fast grazing incidence conditions. As quadrupole-
ion surface potentials are expected to accurately represent the interaction between
H2 and any surface with a marked ionic character, our analysis should be of general
applicability to any of such surfaces.
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6.1 Introduction

Following the observation in 2007 of atomic and molecular diffrac-
tion by surfaces under fast (0.2-20 keV) grazing (1-3◦) incidence con-
ditions [17, 18], the potential to characterize surface properties with
more accuracy than with traditional atomic diffraction techniques
was immediately realized [19, 249]. The physical mechanism respon-
sible for diffraction at such high incidence energies is the decoupling
between the fast motion along the incidence direction, parallel to the
surface, and the slow motion perpendicular to the surface, so that
the momentum change in the projectile is primarily due to momen-
tum transfer from the slow motion perpendicular to the surface to
the motion parallel to the surface and perpendicular to the incidence
direction. As the wavelength associated with the slow motion is com-
parable to the surface lattice constant, out-of-plane diffraction is thus
expected to appear (see Ref. [250] for more details).

Diffraction under fast grazing incidence (DFGI) has been used to
study a large variety of surfaces, from pure ideal insulator [17, 18, 24],
semiconductor [28], oxide [29, 31, 251, 252], and metal [33, 34, 36, 37,
39] surfaces, to reconstructed surfaces [27], superstructures adsorbed
on metal surfaces [42–46], and even graphene adsorbed on various
substrates [253]. As in traditional low energy diffraction, most exper-
iments have been performed by using light atomic projectiles, mainly
H and He, since their internal structure is preserved upon scattering
by the surface, thus simplifying the analysis of the measured spec-
tra. Nevertheless, DFGI has also been reported by using H2 and D2

molecular projectiles [17, 18, 39, 41, 46], although the complications
arising from the additional degrees of freedom (molecular rotation
and vibration) and the lack of theoretical support to understand their
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role in this context has prevented further developments in this direc-
tion.

The use of molecular projectiles in DFGI, in particular H2, opens
very interesting perspectives. First, H2 is easier to generate than
atomic hydrogen and is lighter than He, thus reducing the relative im-
portance of surface-phonon inelastic processes arising from head-on
projectile-surface collisions. More importantly, as experiments per-
formed at thermal energy show, the additional degrees of freedom
available in H2 usually allow for a more in-depth exploration of the
surface characteristics, since, e.g., the anisotropy associated with dif-
ferent molecular orientations can reveal aspects of the surface land-
scape that remain hidden for isotropic atomic projectiles [254–257].
This may be important to understand, e.g., recently reported failures
of traditional low-energy He diffraction on surfaces exhibiting mul-
tiple periodicities, like graphene/Ru(0001) [183, 258]. Furthermore,
as recently shown [259, 260], the decoupling between the fast and the
slow motions in H2 DFGI can also be useful to determine dissociative
adsorption probabilities at thermal energies, from the threshold up
to the saturation limit, where traditional sticking experiments are not
feasible.

One of the main problems in interpreting H2 DFGI experiments
is that the initial ro-vibrational state of the molecule is not known, in
contrast with diffraction experiments performed at thermal energies
where the (usually narrow) rovibrational distribution of the molec-
ular beam can be easily inferred from Maxwell’s distribution [261].
Indeed, to acquire the high kinetic energy required in DFGI experi-
ments, one has to first ionize the projectile, then accelerate the result-
ing ion (H+

2 in our case) until it acquires the desired kinetic energy,
and finally neutralize it before impinging on the surface [19, 262]. In
the neutralization process, usually achieved through charge transfer
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collisions with alkalis, the resulting H2 molecules can be vibrationally
and rotationally excited due to the large amount of energy available
in the collision and the absence of specific selections rules. Lack of
knowledge on the actual projectile ro-vibrational distributions and
the role played by vibrational and rotational excitations in DFGI is
therefore the current bottleneck in the field, which prevents experi-
mentalists from exploiting the huge potential of molecular projectiles.

In this context, help from theoretical modeling with real predic-
tive power is crucial to guide experimental research. This modeling
requires, at least, the evaluation of accurate potential energy surfaces
(PES) to describe the H2-surface interaction and the solution of the
time-dependent Schrödinger equation (TDSE) that governs the scat-
tering dynamics in which all the H2 molecules degrees of freedom
are taken into account. Although the former requirement can be cur-
rently met by using a variety of interpolation methods [120, 130, 263,
264] based on (expensive) first-principles theoretical calculations [50,
251], the latter is still a very challenging task and, in fact, it has only
been achieved at thermal energies, where TDSE calculations are much
less expensive. Thus, to describe the scattering dynamics of H2 at fast
grazing incidence, all previously reported theoretical studies have
made use of classical [259, 260, 265] and semiclassical [266] methods,
which are very valuable to get insight on the relevant mechanisms,
but may be not appropriate for quantitative predictions of molecular
diffraction spectra.

To theoretically investigate the role of initial vibrational and ro-
tational excitations in H2 diffraction experiments performed under
fast grazing incidence conditions, we have chosen the LiF(001) target
surface, for which inelastic processes due to electronic excitations are
expected to be negligible [23] and experimental measurements are
available [19, 267]. From calculations that meet the two minimum
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requirements described in the previous paragraph, we show that
diffraction strongly depends on the initial H2 rotational state, while
it barely depends on the initial vibrational excitation. This behav-
ior is entirely due to elastic scattering processes in which the initial
rotational angular momentum of H2 is preserved, thus greatly sim-
plifying the analysis of the observed spectra. At specific incidence di-
rections, the unusually large intensity of high-order diffraction peaks
reveals a high degree of rotational excitation in the incident molecular
beam, which must therefore be taken into account to correctly inter-
pret experimental spectra, but provides, in the absence of inelastic
processes, the ideal scenario for a detailed characterization of the sur-
face. These conclusions are supported by the qualitative agreement
between our results and those of recent experimental measurements
[267].

6.2 Methodology

The theoretical calculations have been performed within the Born -
Oppenheimer static surface approximation (BOSS) [213], in which,
consistently with the low mass and the high parallel momentum of
the impinging H2 projectile and the insulating character of LiF(001),
surface atoms are not allowed to move and electronic excitations of
either the projectile or the surface are forbidden. Thus the degrees of
freedom (DOF) that are explicitly treated are the center-of-mass po-
sition, the orientation and the internuclear distance of the molecule.
The corresponding six-dimensional (6D) PES that describes the H2-
LiF(001) interaction has been obtained by applying a modified ver-
sion [53] of the corrugation reducing procedure [120] to a set of 4116
density functional theory (DFT) data. The DFT energies have been
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computed by using the semi-local PW91 exchange-correlation func-
tional [268] as implemented in the plane-wave based code VASP [196,
197]. The interaction of the valence electrons with the atomic cores
has been described by using the projector augmented wave method
[119]. The cut-off energy of the plane-wave expansion has been set
to 800 eV, and the Brillouin zone has been sampled by employing a
5×5×1 k-point grid. To model the adsorbate/substrate system, we
have used a five-layer slab and a (2×2) surface unit cell. To avoid
artifacts caused by the use of periodic boundary conditions in the di-
rection perpendicular to the slab, we have placed a vacuum layer of
20 Å in between slabs. As in more standard applications of the CRP
procedure, typical energy differences between interpolated and DFT
energies not included in the fit are of the order of a few tens meV,
which is good enough for an accurate description of the scattering
dynamics [120]. More details about the accuracy of the PES will be
given elsewhere [53]. For the present purpose, it is enough to indi-
cate that it leads to diffraction spectra in very good agreement with
those obtained in previous work at thermal energies [254, 255].

The quantum nuclear dynamics simulations have been performed
by using a time-dependent wave packet (TDWP) method [269] as im-
plemented in Ref. [270], which has been successfully used to describe
the dynamics of a number of H2-surface systems at low incidence
energies [211, 271]. This method makes use of the split-operator
formalism to propagate the initial wave packet, by combining dis-
crete variable (DVR) and finite basis (FBR) representations. Fourier
grids are used for the translational and vibrational DOFs, and spher-
ical harmonics for the rotational ones. Fast Fourier [272] and Gauss-
Legendre [139] transformations are used to change the wave function
from FBR to DVR, and viceversa. The grid spacing in the parallel
coordinates has been set to ∆x=∆y=0.2269 au (∆kx=∆ky=1.154285 au),
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which is significantly more dense than the typical ones used at ther-
mal energies. The reflected wave packet is scrutinized by means of a
scattering amplitude formalism [135].

6.3 Diffraction results at Ei = 300 meV

Fig.6.1a shows the calculated diffraction spectra for incidence along
the crystallographic direction [100] (see inset in Fig. 6.1) for four dif-
ferent initial rovibrational states (vi, Ji), where vi and Ji denote the
initial vibrational and rotational quantum numbers, respectively. The
spectra have been obtained for a total incidence energy of 204 eV and
an incidence angle of 2.2◦ with respect to the surface, i.e., normal
incidence energy E⊥i =300 meV. Our results are compared with ex-
perimental data obtained under the same incidence conditions but
in which the initial rovibrational distribution of the molecule is not
known [267]. As the experiment does not distinguish contributions
from rotationally elastic and inelastic processes, the calculated prob-
abilities include both. Fig. 6.1b shows the diffraction probabilities for
vi = 0 in a much wider range of Ji’s. One can see that the calculated
diffraction spectra are in very good agreement with the experimental
one (Fig. 6.1a) and that diffraction probabilities barely depend on the
initial rovibrational state (Fig. 6.1b).

The corresponding results for the [110] incidence direction are
shown in Fig. 6.2. Again, the calculated diffraction probabilities
are qualitatively similar for different initial vibrational states vi but,
in contrast with those for the [100] direction, they strongly depend
on the initial rotational state Ji. As can be seen, some of the calcu-
lated spectra agree better with experiment than others. For exam-
ple, whereas for H2(vi,Ji=0) the specular peak clearly dominates the
spectrum, in marked disagreement with the experimental result, for
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FIGURE 6.1: (a) Diffraction spectra of H2/LiF(001) along the
[100] crystallographic direction. Solid lines: present results;
circles: experimental data from Ref. [267]. (b) Probability of
diffraction peaks as a function of the initial rotational state. To
take into account the experimental resolution our theoretical re-
sults in (a) have been convoluted by using a Gaussian function
with σ = 0.8 Å−1 (fwhm=1.88 Å−1). The experimental spec-
trum has been normalized to the theoretical specular peak for

H2(vi = 0,Ji = 3).

H2(vi,Ji=3) the intensity of the specular peak is substantially smaller



6.3. Diffraction results at Ei = 300 meV 127

-10 -5 0 5 10
Transverse momentum (Å

-1
)

N
or

m
al

iz
ed

 p
ro

ba
bi

lit
y 

 (
ar

b.
 u

ni
ts

)

Exper.
vi = 0, ji = 0
vi = 1, ji = 0
vi = 0, ji = 3
vi = 1, ji = 3

-1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
j
i

0.05

0.10

0.15

0.20

D
if

fr
ac

tio
n 

pr
ob

ab
ili

ty
<110>

(0,1)

(0,2)

(0,0)

(0,3)

(0,4)

Ez = 300 meV
θ = 2.2°

(a)

(b)

(0,2)

(0,1)

(0,0)

(0,3)

(0,1)
(0,2)

(0,3)

(0,4) (0,4)

_
_

_

_

_

_

_

_

FIGURE 6.2: Same as Fig. 6.1 but along the [110] crystallographic
direction.

and higher order diffraction peaks become dominant, in qualitative
agreement with the experimental results (see Fig. 6.2a). The lat-
ter behavior is also observed in diffraction spectra obtained from H2

molecules with Ji values between 1 and 9 (see Fig. 6.2b). However, for
higher initial rotational states, Ji > 15, the specular peak is expected
to become dominant again. This result suggests that most molecules
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in the H2 beam used in the experiment of Ref. [267] are likely in rota-
tional states with Ji = 1− 9.

The comparison between Figs. 6.1 and 6.2 shows that DFGI exper-
iments are ideal for revealing the effect that the electrostatic interac-
tion between H2 and the surface ions can have on molecular diffrac-
tion. Indeed, the dominant contribution to this potential comes from
the interaction between the quadrupole moment of the molecule and
the electric field created by the ionic crystal (Vels). As shown by Hill
[273], by using an analytical representation of the H2-LiF(001) PES,
the Vels potential is proportional to ∑n,m cnm(θi, φi)[1 − (−1)n+m],
where cnm is a coefficient (whose specific form is irrelevant for the
present discussion) that depends on the molecular orientation (θi, φi),
and n and m are the indexes of the corresponding diffraction peaks.
For purely sideways diffractive transitions (the only ones occurring
in DFGI), n + m is always even for incidence along the [100] direction
(see inset in Fig. 6.1), while n+m may also be odd for incidence along
the [110] direction thus leading to a nonzero Vels. Consequently, only
in the second case, higher order diffraction peaks are expected (pos-
sibly involving consecutive transitions in which m changes by 1 each
time). Notice that, in contrast with the present results, diffraction of H
and D atomic projectiles leads to the opposite behavior [48, 49]: more
intense high-order diffraction peaks are observed along the [100] di-
rection than along the [110] one. This suggests that the differences
observed in the case of H2 projectiles are indeed due the interaction
of the molecular quadrupole with the surface electrostatic potential.
Nevertheless, the fact that the intensity of the (1 1̄) and (1̄ 1) peaks
along the [100] direction is not exactly zero indicates that, apart from
the dominant quadrupole-ion interaction, there are residual interac-
tions of a different kind that are responsible for the appearance of
these peaks. Such interactions play an important role in diffractive
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scattering at thermal incidence energies, e.g., in H2+Pd(100), whose
diffraction spectra exhibit intense (1 1̄) and (1̄ 1) peaks [274].

The same simple model allows us to understand why, in the case
of the [110] direction, the spectrum obtained for Ji = 0 looks so dif-
ferent from those obtained for Ji > 0 and is dominated by specular
reflection as for the [100] direction. For this, we follow arguments
used for diffraction at quasi-thermal energies and quasi normal inci-
dence [254, 255]. Since the cnm(θi, φi) coefficient only involves second
order spherical harmonics Y2ml [273], due to the nature of the charge-
quadrupole interaction, one has < Y00|Vels|Y00 >= 0, and there-
fore the average electrostatic interaction between the surface and a
molecule with Ji = 0 is negligible. This reflects the fact that for Ji = 0
all molecular orientation are equally probable. Rotationally excited
molecules, on the other hand, have a net orientation and are thus af-
fected by the electrostatic interaction.

Fig. 6.3 shows the variation of the diffraction peak intensities with
normal incidence energy E⊥i , for the [110] incidence direction and two
representative initial rotational states, Ji = 2, 3. As can be seen, the
relative intensities of the diffraction peaks strongly depend on E⊥i .
As expected, when E⊥i increases, the specular peak is progressively
less important while higher order peaks become more and more rel-
evant. Interestingly, for Ji=2, the second order peak becomes slightly
higher than the first order one for E⊥i ≥ 300 meV, whereas, for Ji=3
(and larger Ji’s), it does so at higher E⊥i . In the experimental spectrum
shown in Fig. 6.2, the second order peaks are higher than the first or-
der ones at E⊥i = 300 meV, while theory predicts that they should
have a similar height. The results of Fig. 6.3 thus suggest that the ori-
gin of this discrepancy might be the contribution from higher impact
energies and/or larger incidence angles in the incoming H2 beam.
Also, we cannot discard the possibility that (part of) this discrepancy
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FIGURE 6.3: Probability of diffraction orders as a function of
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tion [110], for an initial rotational state (a) Ji=2, vi=0 and (b) Ji=3,

vi=0.

is due to small deficiencies in the calculated PES.
Finally, it is worth pointing out that the observed peaks are almost

entirely due to rotationally elastic diffraction processes, in which rota-
tional excitation and de-excitation do not play a significant role. This
is illustrated in Fig. 6.4, which shows diffraction spectra resolved
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FIGURE 6.4: Diffraction spectra resolved in the final rotational
state, J f , for several initial rotational states, Ji., along the [100]

and [110] crystallographic directions.

in the final rotational angular momentum, J f , for different initial ro-
tational states, Ji, and for both the [100] and [110] incidence direc-
tions. As can be seen, rotational excitation only shows up for Ji ≤ 1,
and rotational de-excitation is only visible for Ji=3. Therefore, for all
practical purposes, the calculations suggest that rotationally inelas-
tic diffraction can be safely ignored when interpreting H2 diffraction
experiments at fast grazing incidence. Interestingly, one can see that
these rotationally inelastic spectra follow the typical pattern where
peak intensities decrease with diffraction order, so that, if observed,
would bring much less information about the surface characteristics
than the rotationally elastic spectra.
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6.4 Diffraction results versus Ei

From Figures 6.1 and 6.2, we observe that indeed the simulated
spectra essentially do not depend on the initial rotational state
along the [100] direction, whereas they strongly depend on Ji along
the [110] direction. Furthermore, along this latter direction only
molecules with Ji > 0 are significantly influenced by Vels , be-
cause for Ji = 0 all orientations are equally possible, so that
〈Y00(θi, φi) |An,m(θi, φi)|Y00(θi, φi)〉 = 0. In fact, as shown in Fig. 6.2,
the spectrum for Ji = 0 is dominated by the specular speak, whereas
the intensity of this peak drastically decreases for Ji = 3. Note that
small inaccuracies in the PES description may slightly influence the
relative intensity of the diffraction peaks. In view of these results, we
can conclude the following about the incident beam of H2 molecules,
of which the rotational state population is unknown due o its spe-
cial formation mechanism: molecules with Ji = 0 would appear to
be present in the beam, and they may well dominate its composition.
Therefore, any attempt to reproduce experimental spectra along the
[110] direction should consider rotationally excited molecules.

In Fig. 6.5, we have displayed the simulated spectra along the
[100] and the [110] crystallographic directions, as a function of the
wavelength associated with the projectile normal energy, for three ini-
tial rotational states, Ji = 0, 1, and 3. From this figure, we can see that
along the [100] direction [see Fig. 6.5, panels (a), (b), and (c)] the shape
of the diffraction spectrum does not depend significantly on Ji . Fur-
thermore, the evolution of the spectra from the lower normal energies
(the higher λ values) to the higher ones is rather smooth and the prob-
ability of the specular peak decreases, while the probability of the first
order peaks increases slowly. For diffraction along the [110] direction
[see Fig. 6.5, panels (d), (e), and (f)], the evolution of the spectra as
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FIGURE 6.5: Theoretical simulated spectra for H2 diffracted
from LiF(001) as a function of the wavelength for motion nor-
mal to the surface. To take into account the experimental reso-
lution our theoretical results have been convoluted by using a
2D Gaussian function with σx = 0.4 and σy = 0.01. The white
dashed line indicates the wavelength associated to H2 at 300

meV, the 1D cuts of which are shown in Figures 6.1 and 6.2.

a function of the normal energy is more complex. First, the shape of
the spectrum depends strongly on the initial Ji values, the differences
being more evident between Ji = 0 and Ji > 0. Second, the varia-
tion of the spectra with normal energy is far from being monotonous,
especially for Ji = 0 [Fig. 6.5(d)]. From Fig. 6.5(d), it can be clearly
seen that the first order peaks dominate the spectra for the lowest
normal energies (the highest λ values). These peaks almost disap-
pear when the energy (λ) increases (decreases), but for the highest
energies considered here they become the dominant ones once again.
A similar qualitative behavior is observed for the specular, second or-
der, and third order peaks: they increase and decrease alternatively
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as a function of the incidence energy. In the case of rotationally ex-
cited molecules [Figs. 6.5(e) and 6.5(f)], the diffraction spectra also
show some structure, especially for the highest energies (the lowest
λ’s). Interestingly, by comparing Figs. 6.5(d), 6.5(e) and 6.5(f), we
can infer that a combination of these spectra (cJ0 PJ0 + cJ1 PJ1 + cJ2 PJ2)

will yield results rather different from the individual ones, and will
strongly depend on the weights (cJ0 ,cJ1 cJ2 ). This fact reveals the need
for further experimental developments aiming at characterizing the
rotational distribution of the initial molecular beam.

Besides the different role played by the initial rotational state and
the V els potential for different incidence directions, one might won-
der why the spectra for Ji = 0 along [100] and [110] directions [Figs.
6.5(a) and 6.5(d)] are so different, in view of the fact that Vels(z) = 0
in both cases. As already discussed in Ref. [48] for H/LiF(100), these
differences can be understood in terms of the geometrical structure
factor, Sg , which also modulates the intensity of diffraction peaks in
polyatomic surfaces. Sg can be written as a function of the atomic
form factor, f , as

Sg = fLieiGdLi + fFeiGdF (6.1)

where G represent the reciprocal lattice G = mb1 + nb2 and dLi/F

the atomic basis set vectors. Thus Sg is equal to fLi + fF if n + m is
even and Sg = fLi − fF if n + m is odd. For diffraction along [100],
n + m is always even, i.e., for all diffraction peaks S0g = fLi + fF ,
whereas, for diffraction along [110], n + m is even and odd alterna-
tively, i.e., Sg is equal to fLi + fF and fLi − fF for alternate diffraction
peaks. Furthermore, the atomic form factors, fLi and fF , depend on
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the corrugation of the PES, which varies as a function of the crystal-
lographic direction. Thus this mechanism may explain the stronger
modulation obtained for diffraction along the [110] crystallographic
direction [Fig. 6.5(d)]. Note that for another alkali-halide surface,
such as KCl(100), the experimental diffraction patterns show the op-
posite behavior, i.e., the stronger modulation is observed for diffrac-
tion along the [100] direction [275].

FIGURE 6.6: Theoretical simulated spectra for H2 (Ji = 3, mJi )
diffracted from LiF(001), along the [110] crystallographic direc-
tion, as a function of the wavelength for motion normal to the
surface. To take into account the experimental resolution our
theoretical results have been convoluted by using a 2D Gaus-
sian function with σx = 0.4 and σy = 0.01. The white dashed
line indicates the wavelength associated to H2 at 300 meV, the

1D cuts of which are shown in 6.2

To further analyze the role of Vels in the interaction of H2 with
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LiF(001), we have also studied the variation of the diffraction spec-
tra with incidence energy for different initial Ji and mJi values. As
mentioned above, Vels depends on the molecule orientation through
the coefficient An,m(θi, φi); thus the influence of V els should be dif-
ferent for molecules with different mJi values. In fact, from Fig. 6.6,
where we display the diffraction spectra for H2 (Ji = 3, mJi = 0, 1, 2,
3) along the [110] crystallographic direction, we can see that the spec-
trum is far more structured when the molecular bond lies parallel
to the surface (mJi = Ji ). This result further suggests that the interac-
tion between the quadrupole moment of the molecule and the surface
electric field depends on the orientation of the molecule. However,
we should also take into account the geometrical structure factor, be-
cause the atomic form factors depend on the electronic density, i.e.,
on the corrugation of the PES, and the corrugation felt by a cartwheel
molecule (mJi = 0) is, indeed, different from the one felt by a heli-
copter molecule (mJi = Ji ). As already discussed in Ref. [276], the size
of the ions is such that a neutral projectile would stay further away
from F than from Li. Helicoptering H2 molecules stay even further
away from F, due to the repulsive interaction between the negative
F ion and the excess of negative charge located in the H2 bond, and
get even closer to Li, due to the attractive interaction between the H2

bond and the positive Li ion. The opposite is true for cartwheeling
H2 molecules, which see an almost flat surface. Therefore, we can
consider both Vels and Sg responsible for the differences observed in
the diffraction spectra as a function of mJi . At this point, it is worth
mentioning that a similar analysis performed for diffraction along the
[100] direction (results not shown here) does not show any signifi-
cant difference for diffraction as a function of mJi . This is due, on the
one hand, to the minor role that the quadrupole interaction plays for
diffraction along this direction and, on the other hand, to the similar
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corrugation that helicopter and cartwheel molecules feel along this
direction.

FIGURE 6.7: Rotational excitation and deexcitation probabilities
as a function of the normal incidence energy, E⊥i .

Finally, we have analyzed the probability of rotational inelastic
diffraction. In Fig. 6.7, we show the total rotational excitation of H2

upon scattering from LiF(001) as a function of the initial normal en-
ergy, for the three Ji states investigated here. From this figure, we
can see that only molecules in the rotational ground state undergo a
significant rotational exci- tation when the incidence normal energy
increases, whereas the rotational excitation (or deexcitation) proba-
bility is rather small for H2 (Ji > 0), much smaller for Ji = 3 than for
Ji = 1. For example, the rotational excitation probability observed
for Ji = 1, at the highest E n investigated here, 572 meV, is 27 % (23
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%) along the [110] ([100]) direction [Fig. 6.7(b)], whereas for Ji = 3
rotational excitation probability is lower than 10and rotational deex-
citation lower than 15 %, over the whole energy range [Fig. 6.7(c)]. In
the light of these results, and taking into account that the experimen-
tal molecular beams are expected to contain a large amount of rota-
tionally excited molecules, we can conclude that rotational inelastic
diffraction does not play an important role, at least for normal inci-
dence energies below 600 meV. This is an important advantage when
analyzing experimental spectra, because due to the limitations of the
experimental techniques, presently it is not possible to disentangle
elastic from inelastic diffraction in GIFMD measurements.

6.5 Conclusion

In conclusion, from full-dimensional quantum mechanical TDSE cal-
culations performed within the BOSS approximation, we have shown
that diffraction of H2 on LiF(001) surfaces under fast grazing inci-
dence strongly depends on both the incidence direction and the ini-
tial rotational state of the molecule, but not on the initial vibrational
state. The observed dependence is mainly the consequence of rota-
tionally elastic processes in which the rotational angular momentum
of H2 remains constant. Due to the symmetry of the H2-surface in-
teraction potential, which resembles that of a simple H2/ion-surface
quadrupole one, the appearance of prominent high-order diffraction
peaks at specific incidence directions can be anticipated, thus provid-
ing the ideal conditions to extract maximal information on the surface
characteristics, in particular, on the rather large electrostatic potential
associated to an ionic surface. As this type of electrostatic interaction
is expected to accurately represent the interaction between H2 and
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D2 molecular beams with any surface having a marked ionic char-
acter, our analysis should also be applicable to any of such surfaces.
It is also important to point out that DFT gets the main effects re-
sponsible for the electrostatic interaction between the molecule and
the ionic surface, but that additional developments are necessary to
obtain quantitative agreement with experiment.

Finally, we have also shown that more detailed information about
the diffraction phenomenon, and therefore about the characteristics
of the molecule/surface interaction, would be obtained by resolving
the initial rotational state of the molecule, i.e., Ji and mJi . This is al-
ready possible in molecular beam diffraction experiments performed
at thermal incidence energies [277–279]. We hope that the results pre-
sented in this work will stimulate similar developments in experi-
mental methods used in GIFMD.
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Abstract:
Grazing incidence fast atom and molecule diffraction (GIFAD and GIFMD)

techniques have been used during the last decade to analyze a wide variety of sur-
faces. GIFMD techniques allow one to use higher incidence energies than in usual
molecular diffraction techniques, which allow one to obtain a more thorough explo-
ration of the surface by the projectile. However, one of the main limitations when
analyzing the resulting experimental diffraction patterns is the fact that the initial
and final ro-vibrational states of the projectile are unknown. However, theoretical
simulations are called to play an illuminating role in the issue. To perform our
study, we have built the corresponding continuous potential energy surfaces by
applying the corrugation reducing procedure (CRP) to a set of density functional
theory (DFT) energies, and subsequently we have carried out our dynamics simu-
lations, using the multi-configuration time-dependent Hartree (MCTDH) method
for 3D systems and a time-dependent wave packet propagation (TDWP) method for
6D systems, to obtain state-to-state diffraction probabilities. The simulations on the
3D systems have allowed us to assess the validity of our methodology by comparison
with previous experimental and theoretical results.

From the comparison between our simulations for H2/KCl(001) and the avail-
able experimental data, we have seen that the diffraction results are not affected sig-
nificantly by the initial vibrational level vi, whereas the results are strongly affected
by the crystallographic incidence direction and the initial rotational level (Ji, mJi).
The analysis of our results seems to indicate that the molecules on the molecular
beam present a mJi -orientation preference. Our results suggest that some improve-
ments of the experimental techniques are required to achieve the fine-tuning of the
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rotational state of the molecular beam would be hugely beneficial for GIFMD tech-
niques as surface analysis tools.
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7.1 Introduction

Grazing incidence fast atom diffraction (GIFAD) and grazing in-
cidence fast molecule diffraction (GIFMD) techniques have been
widely used since the first experiments were performed in 2007 [17,
18]. These experiments are performed at high incidence energies
(Ei ≈ 0.2 − 20 keV) and at grazing incidence angles (θi = 1 − 3°).
Although it has been recently discussed, based on a thorough theo-
retical analysis [53], that the grazing incidence regime can be reached
at incidence angles up to θi = 8°, larger than the usual value in GI-
FAD and GIFMD experiments. Diffraction takes place at these high
energies due to the decoupling of the fast motion parallel to the sur-
face and the slow motion perpendicular to it, and the fact that the
perpendicular de Broglie wavelength λ⊥i associated to the projectile
has the same order of magnitude than the surface lattice parameter.
More details about this diffraction mechanism and its applications
can be found in Ref. [19].

Here we have focused on a KCl(001) surface, motivated by the
recent experimental measurements [275] performed in this surface,
as well as its convenience due to the surface electronic excitations
being negligible [23]. In addition, we have recently reported that
H2 GIFMD results for LiF(001) [54] depend strongly on the projec-
tile incidence crystallographic direction, due to the interaction of the
surface electrostatic potential and the molecular quadrupole, which
makes ionic surfaces very versatile and ideal benchmarking systems.

As a validation of our methodology, we have first calculated
diffraction of atomic projectiles (D, 3He and 4He) and compared them
with available experimental results [275] and previous theoretical
simulations [51]. To calculate the diffraction probabilities of these
atomic projectiles, we have worked within the Born-Oppenheimer
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static surface (BOSS) approximation, taking advantage of the insu-
lating character of the surface, which allows one to neglect electronic
excitation, and the fast motion parallel to the surface, which allows
one to neglect surface phonons, as the projectile feels an average po-
tential. Within the BOSS, we have first calculated the 3D potential en-
ergy surfaces of each projectile using the corrugation reducing proce-
dure (CRP) [120], and then we have studied the dynamics of the sys-
tem with the multi configuration time-dependent Hartree (MCTDH)
method [143]. We have calculated the diffraction probabilities of each
projectile for an energy range equivalent to the one used in the exper-
iments. We have used the match between our results and the avail-
able diffraction patterns to validate our DFT-based PESs, and subse-
quently used a similar methodology to study H2 diffraction from the
KCl(001) surface.

To calculate the diffraction probabilities of H2, we have also
worked within the BOSS, calculating the 6D PES within the CRP
framework. Then, we have used a time-dependent wave packet
(TDWP) propagation method [133] to study the dynamics of the sys-
tem and calculate state-to-state diffraction probabilities.

It is worth mentioning that the actual ro-vibrational state of the
projectile is not known in the current experimental setup. The molec-
ular beam is first ionized and accelerated to high kinetic energies,
before being neutralized through collisions with alkali. Thus, there
may have been any number of rotational or vibrational excitations
during the process, and this missing information is one of the main
current GIFMD limitations, as prevents us from extracting as much
information as possible from the surface.

We have performed several dynamics runs, for different vibra-
tional and rotational levels, analyzing the resulting diffraction pat-
terns. Through a direct comparison with the experimental data, we
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have been able to confirm that there is no dependence on the initial vi-
brational state, although the diffraction patterns are strongly affected
by the initial rotational level, in agreement with our previous studies
of H2 diffraction on LiF(001) [54]. From a direct comparison with the
experimental data, we could, in principle, be able to suggest the initial
ro-vibrational state distribution of the projectiles. Finally, we should
point out that our detailed theoretical analysis reveals that further
developments in the GIFMD experimental setup, in the direction of
selecting the initial ro-vibrational state of the molecule, may have a
huge impact in the potential use of GIFMD as a surface analysis tool.

7.2 Methodology

As already discussed, due to the low mass and high parallel mo-
mentum of the impinging molecules, and the insulating character of
the KCl(001) surface, we have worked within the Born-Oppenheimer
static surface (BOSS) approximation. Within the BOSS approxima-
tion, all surface atoms are frozen, which means that the only degrees
of freedom of the system would correspond to those of the projectile.
In the case of atomic projectiles, D, 3He and 4He, the system would
be described by a 3D PES, whereas it would be described by a 6D
PES for di-atomic projectiles, H2. Once we had built the PES of each
of these systems, we performed quantum dynamics to eventually ob-
tain state-to-state diffraction probabilities.

7.2.1 PESs construction

To perform dynamics on these projectile/surface systems, one needs
a continuous representation of the PESs. The PES of each system
has been calculated by an interpolation of a set of DFT energies at
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different geometries of the 3D or 6D configuration space, using the
corrugation reducing procedure (CRP) [120]. The set of DFT ener-
gies has been computed with the plane wave based software package
VASP [193–196]. Within the VASP framework, the interaction of the
electrons with the ionic surface has been described with the projector
augmented wave (PAW) method [119, 197]. The plane wave expan-
sion has been limited with a cutoff energy of 550 eV for the H and
H2 PESs, and 750 eV for the 3He and 4He PESs. The Brillouin zone
has been sampled with a 3× 3× 1 k-point grid. The KCl(001) surface
has been simulated by a 5-layer slab, and a (2× 2) surface unit cell,
to avoid interactions between the projectile and its periodic images.
The interaction between the projectile and the periodic image of the
surface has been minimized by including a 20 Å layer of vacuum in
the z direction, perpendicular to the surface.

In the case of atomic projectiles, we have calculated DFT ener-
gies for 97 z coordinates at 6 different (x, y) positions (see Figure 7.1).
Then, the continuous 3D PES of each system, V3D, was interpolated
using CRP. Using this method, the 3D PES, V3D(R), can be written as:

V3D(R) = I3D(R) +
n

∑
i=1
QK(Ri) +

m

∑
j=1
QCl(Rj), (7.1)

where R represents the (x, y, z)-coordinates vector of the atomic
projectile, Ri and Rj are the distances between the projectile and the
ith K and jth Cl surface atom respectively, Q is the 1D potential of the
projectile atom on top of the ith K or jth Cl surface atoms, and I3D(R)

is a three-dimensional smooth function that has been interpolated in
z using cubic splines, and in (x, y) with a symmetry-adapted Fourier
expansion. For the 6D H2 PES, we have computed a total of 7392 DFT
points, grouped in 21 (x, y, θi, φi) sets, each containing 352 DFT points
in the intervals: 0.25 Å≤ z≤ 5.00 Å, and 0.40 Å≤ r≤ 2.30 Å. We have
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FIGURE 7.1: Representation of the irreducible KCl(001) unit cell
in green. Green dots indicate the (x, y) geometries of the 6 po-
sitions used in the CRP interpolation, as a function of the lattice

parameter, a.

used a modified version of CRP [53] to interpolate these DFT points,
where the continuous PES, V6D, is calculated as:

V6D(R) = I6D(R) + V3D(R1)Lzo,δz(R1) + V3D(R2)Lzo,δz(R2) (7.2)

R being the coordinates vector, (x, y, z, r, θi, φi), of the molecu-
lar projectile, V3D(Ri) is the 3D potential of the ith projectile atom,
obtained according to Eq. 7.1, I6D(R) is a six-dimensional smooth
interpolated function, and Lzo,δz is a logistic function that reduces
the amount of CRP correction that is applied at large projectile-
surface values, which allows to avoid numerical inaccuracies at re-
gions where the potential is already smooth. This function has the
form:

Lzo,δz(Ri) =
(

1 + e
zi−zo

δz

)−1
, (7.3)
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where zo and δz are two parameters controlling where the func-
tion is centered, and how fast it decays, respectively.

The I6D(R) function is interpolated for each (z, r) set using cubic
splines, then a Fourier interpolation is performed in θi and φi for each
(x, y) site, and finally another Fourier interpolation is performed in
(x, y) to get the final continuous 6D PES.

7.2.2 Quantum dynamics

Once we have built the PESs of the different systems, we can study
their dynamics by solving the time-dependent Schrödinger equation:

Ĥφ(R, t) = i
∂φ(R, t)

∂t
, (7.4)

where the 3D and 6D Hamiltonian operators, for the systems with
atomic and molecular projectiles, respectively, are:

Ĥ3D = − 1
2M

(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
+ V3D

Ĥ6D = − 1
2M

(
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

)
− 1

2µ

∂2

∂r2 +
Ĵ

2µr2 + V6D,
(7.5)

where M and µ are the total and reduced mass of the projectile,
respectively, Ĵ is the rotation operator, and V3D and V6D are the con-
tinuous PESs obtained with the methodology explained previously.

The solutions of the time-dependent Schrödinger equation for
the 3D systems were obtained using the multi configuration time-
dependent Hartree (MCTDH) method [142], and we used a standard
time-dependent wave packet propagation (TDWP) method [133] for
the 6D systems.
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7.2.2.1 3D dynamics - MCTDH

We have used the Heidelberg MCTDH package [143], in which the
time-dependent wave function is represented as a sum of Hartree
products of time-dependent single-particle functions (SPFs), ϕ

(k)
jk

.
Thus, the 3D wave function is expressed as:

φ(Q1, Q2, Q3, t) =
n1

∑
j1=1

n2

∑
j2=1

n3

∑
j3=1

Aj1,j2,j3(t)
3

∏
k=1

ϕ
(k)
jk
(Qk, t) (7.6)

where Qk represents the kth mode1, and Aj1,j2,j3 are the MCTDH
expansion coefficients. The SPFs are expanded in a primitive time-
independent basis set:

ϕ
(k)
jk
(Qk) =

Nk

∑
m=1

a(k)m,jk
(t)χ(k)

m (Qk). (7.7)

MCTDH allows us to calculate state-to-state diffraction probabil-
ities for these systems through a flux analysis of the scattered wave
function, once it has been absorbed by a complex absorbing potential
(CAP) at the non-interacting region. Details about the initial wave
packet, SPFs, primitive grid and CAP are given in Table 7.1

The MCTDH algorithm is more efficient when the potential is ex-
pressed as a sum of one-dimensional functions. We have used the
POTFIT algorithm [147, 148] to transform our non-separable 3D PESs
into this form. POTFIT approximates the potential as a function of
one-dimensional natural potentials, vjk :

1In MCTDH, a mode can be any combination of degrees of freedom. In this
particular case, each mode corresponds to a degree of freedom, and both terms will
be used interchangeably.
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TABLE 7.1: MCTDH calculations parameters.

Initial wave packet
Width, ∆z (Å) 0.40

Position, zo (Å) 8.50
Grid parameters a

Type x,y,z FFT
Nx, Ny 720,720

x,y-range (Å) 0.00-4.50
z-range (Å) -0.75-15.00

Nz 324
SPFs x,y,z 20,20,10

Propagation time (fs) 300-3000
Complex absorbing potential
z-range (Å) 6.50-15.00

a We define z = 0 as the location of the top-layer.

V ≈ Vapprox =
m1

∑
j1=1

m2

∑
j2=1

m3

∑
j3=1

Cj1,j2,j3vj1(Q1)vj2(Q2)vj3(Q3), (7.8)

where the expansion coefficients, Cj are calculated as the overlaps
between the potential V and the natural potentials vj. We improve the
accuracy of the potential fit by performing Niter iterations to improve
the potential description inside a relevant fit region. In these iterative
process, we use a modified reference potential Ṽ, defined as a linear
combination of the exact potential V and the potential fit Vapp:

Ṽi1,...,ip = ωi1,...,ipVi1,...,ip + (1−ωi1,...,ip)V
approx
i1,...,ip

, (7.9)

where ω is a weight function whose value is 1 inside the relevant
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TABLE 7.2: Parameters used in the POTFIT procedure. ∆rms
and ∆rmsr represent the root-mean-square error in all grid
points and in the relevant fit region, respectively; max(ε) and
max(ε)r represent the maximum error in all grid points and in

the relevant fit region, respectively.

Natural potential basis
mx,my,mz 60,60,contr

Relevant fit region
V (eV) < 3.00

Vmax (eV) 5.00
z (Å) > 0.00
Niter 4
POTFIT accuracy

∆rms, ∆rmsr (meV) 0.84, 0.05
max(ε), max(ε)r (meV) 53.49, 3.00

fit region, and < 1 in the rest of the grid. In order to reduce the com-
putational resources used and avoid numerical inaccuracies in the
potential fit procedure of the repulsive regions, a maximum potential
value Vmax was used. We show in Table 7.2 all relevant parameters
used in the POTFIT procedure.

7.2.2.2 6D dynamics - TDWP

We have calculated the solutions for the time-dependent Schrödinger
equation for the 6D systems using the TDWP method proposed by
by the group of G.-J Kroes [133]. This method can be divided in three
major steps:

• Setup of initial wave function. The wave function at time 0 is
placed at the asymptotic region of the PES, where there is no
interaction between the projectile and the surface, and it is de-
scribed by:
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φ(R, 0) = φvJ(r)ΥJmJ (θi, φi)
1√
A

eiK0(x,y)
∫

dkzb(kz)
1√
2π

eikzz,

(7.10)

where φvJ(r) and ΥJmJ (θi, φi) are the vibrational and rotational
eigenfunctions, respectively, of the adsorbate with quantum
numbers (v, J, mJ) in gas phase; 1√

A
eiK0(x,y) is the plane wave

defining the motion parallel to the surface, with parallel mo-
ment K0, normalized to the xy unit cell area, A; and b(kz) de-
fines the Gaussian distribution of momentum perpendicular to
the surface.

• Wave function propagation. The initial wave function is prop-
agated in time using the split operator (SPO) method, in which
the kinetic (K̂) and potential (V̂) parts of the Hamiltonian are
split symmetrically:

φ(R, t + ∆t) = e−iK̂ ∆t
2 e−iV̂e−iK̂ ∆t

2 φ(R, t). (7.11)

Since the two operators, K̂ and V̂, do not commute, the error
of the SPO method is proportional to ∆t3, which means that one
should use a small time step, ∆t, to avoid cumulative errors dur-
ing the propagation.

• Wave function analysis. After the wave function has been scat-
tered from the surface, it is absorbed by a second-order CAP
placed at the z asymptotic region, and it is analyzed with a
Balint-Kurti formalism [134–136] to get state-to-state scattering
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probabilities. Another CAP is placed at large r values to study
any possible reactivity, although none was observed.

We show in Table 7.3 the parameters used for the TDWP dynam-
ics.
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TABLE 7.3: TDWP calculations parameters. All values are in
atomic units, unless specified otherwise.

Initial wave packet
Width ∆zo 0.23-0.64
Position zo 20

Grid parameters a

z minimum value 1.5
Grid points Nz 224

Specular grid points Nsp
z 480

Grid spacing ∆z 0.10
r minimum value 0.6

Grid points Nr 40
Grid spacing ∆r 0.15

Grid points Nx, Ny 24, 24
Maximum J in rotational basis 14-15

Time propagation
Time step, ∆t 2

Total propagation time 15000 - 65000

CAP in z (zsp)
Initial value, zmin (zsp

min) 13.50 (26.50)
CAP length 10.30 (22.90)

CAP in r
Initial value, rmin 3.60

CAP length 2.85

Other parameters
Analysis value, z∞ 13.50

a Details about the grid parameters can be found in Ref. [270]
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7.3 Initial incidence conditions

We have shown in Tables 7.1 and 7.3 the grids used for the dynam-
ics of atomic and molecular projectiles, respectively, as well as the
general parameters of their initial wave packets. However, we have
performed dynamics at a wide range of initial energies, to match
the range measured in the experiments. For that purpose, we have
run 11 dynamics for each incidence direction, [110] (φi = 0°) and
[100] (φi = 45°), and (vi, Ji, mJi) state. The 11 dynamics for each
(φi, vi, Ji, mJi) correspond to 11 normal energy values, E⊥i , in the range
of 50− 600 meV, which corresponds to the range experimentally stud-
ied. The corresponding parallel energy for each condition is chosen
so that the incidence angle with respect to the surface is kept constant

at θi = 2 ° : E‖i =
E⊥i

sin2 θi
cos2 θi

This way, we could make 3D plots for each (φi, vi, Ji, mJi) com-
bination, as a function of the perpendicular incidence energy, E⊥i ,
and diffraction order, n. However, to display our results in the same
format as the experimental diffraction spectra, we transformed the
(n, E⊥i ) data into (Θ, λ⊥i ), Θ being the deflection angle, and λ⊥i the
perpendicular incidence wavelength of the projectile.

The transformation from E⊥i to λ⊥i is straightforward, and is given
by the relation:

λ⊥i =
h√

2mE⊥i
, (7.12)

where m is the mass of the projectile atom/molecule, and h is the
Planck constant.

The relation between the deflection angles, Θ, and the diffraction
orders, n, is given by the Bragg condition for the normal motion:
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d sin Θ = nλ⊥i , (7.13)

where d is the channel periodicity at that particular incidence di-
rection.

A schematic representation of the diffraction process and the vari-
ables mentioned in this section, is shown in Figure 7.2.

FIGURE 7.2: Schematic representation of the diffraction process
of H2 from a KCl(001) surface, with the projectile path repre-
sented in red. We indicate in the detection plane both the deflec-
tion angles, Θ, and the diffraction orders, n. The inset shows a
top view of the surface, indicating the two incidence directions
used in our study, [110] and [100], as well as their corresponding

φi value.
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7.4 Results and discussion

7.4.1 Diffraction of atomic projectiles

We have studied the diffraction of different atomic projectiles, at the
incidence energies specified above. In Figure 7.3, we show the com-
parison between our results and the experimental diffraction results
reported by Meyer [275] for D diffraction from KCl(001) .

FIGURE 7.3: Experimental D/KCl(001) diffraction patterns
(top-row) and our theoretical diffraction patterns (bottom-row)
for the [100] (Panel A), and [110] (Panel B) incidence directions,

as a function of (Θ, λ⊥i ).
* Exp: from Ref. [275].

From Figure 7.3A, we can see that our theoretical simulations re-
produce fairly well the experimental results for D diffraction along
the [100] crystallographic direction. The same maxima and minima
appear at the same (Θ, λ⊥i ) values. However, when one looks at the
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experiment/theory comparison along the [110] incidence direction
(Figure 7.3B), one observes that, although there is still a qualitative
agreement, our results present a shift towards higher λ⊥i values with
respect to the experimental results. This shift at the [110] direction
has also been recently reported for simulations of 4He diffraction on
KCl(001) [51], and it may have been caused by an overestimation of
the surface rumpling.

We have also performed simulations for 3He and 4He diffraction
(see Figures 7.4 and 7.5). In these cases, anticipating a possible influ-
ence of van der Waals (vdW) dispersion forces, we have carried out
our simulations using two different PESs, based on DFT calculations
using: i) the PBE functional, and ii) the vdW-DF2 functional [82, 85].
In the vdW-DF2 functional, the effect of dispersion forces are taken
into account through a non-local electron correlation correction to the
exchange-correlation functional.

For both incidence directions, [100] in Figure 7.4A and [110] in
Figure 7.4B,

Results for 3He are shown in 7.4. In this case, for both inci-
dence crystallographic directions, [100] (Figure 7.4A) and [110] (Fig-
ure 7.4B), we observe a quantitative agreement between the experi-
mental results [275] (top-row panels) and our PBE-PES simulations
(second-row panels) with almost identical maxima and minima at
the whole range studied. If one looks at the results obtained with
the vdW-DF2-PES (bottom panels), a similar overall structure is ob-
served, although a shift towards higher λ⊥i is observed. This suggests
that the projectile/surface interaction is better described by the PBE-
PES, which agrees with previously reported results [242] suggesting
that current vdW corrections to DFT overestimate the He / surfaces
interaction, and one can obtain diffraction probabilities that best fit
experiments with the standard GGA functional PBE.
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FIGURE 7.4: Experimental 3He/KCl(001) diffraction patterns
(top-row) and our theoretical diffraction patterns (second-row:
PBE-PES; bottom-row: vdW-DF2-PES) for the [100] (Panel A),
and [110] (Panel B) incidence directions, as a (Θ, λ⊥i ) function.

* Exp: from Ref. [275].

Our theoretical results for 4He, together with experimental results
reported by Meyer [275], are shown in Figure 7.5. For the sake of
completeness, in this Figure we have also introduced recent theoret-
ical results [51] obtained with the surface initial-value representation
(SIVR) methodology.



160
Chapter 7. Surface analysis with diffraction

techniques: H2/KCl(001)

FIGURE 7.5: Experimental 4He/KCl(001) diffraction pat-
terns (top-row), our theoretical diffraction patterns (second-
row: PBE-PES; third-row: vdW-DF2-PES) and previous theoret-
ical simulations (bottom-row) for the [100] (Panel A), and [110]

(Panel B) incidence directions, as a (Θ, λ⊥i ) function.
* Exp: from Ref. [275].
** SIVR: from Ref. [51].
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From Figure 7.5, we observe that for both incidence directions,
PBE displays a semi-quantitative agreement with the experimental
results, although our results seem to display a small shift to smaller
λ⊥i with respect to the experiments. As in the 3He case, one still ob-
serves that the vdW-DF2-PES displays maxima and minima equiva-
lent to the experiment, but with a shift towards larger λ⊥i .

It is also worth comparing our results, with previous theoretical
simulations[51], shown in the bottom row of Figure 7.5. These pre-
vious results show a good agreement with the experimental scans,
as well as with our results, as both studies are based on DFT-PESs
built with a CRP interpolation of a set of GGA calculations. The
small differences between these previous simulations and our simu-
lations could be caused by the different methods used to calculate the
diffraction probabilities (MCTDH in our case, and SIVR in the previ-
ous study), or in the different parameters (cut-off energy of the plane
wave expansion, k-point mesh etc.) used to obtain the DFT points
that form the PESs.

In summary, for all atomic projectiles studied here, we have been
able to reach a good agreement with the experimental results, and
previous theoretical studies in the case of the 4He projectile. These
good results have allowed us to validate the accuracy of our method-
ology to describe the projectile/KCl(001) interaction. The next step
has been to study diffraction of molecular projectiles using an equiv-
alent methodology.

7.4.2 Diffraction of molecular projectiles

Due to the extra degrees of freedom (DOF) of the H2 molecular projec-
tiles (the ro-vibrational DOF) with respect to the atomic ones, we have
to consider different initial states (vi, Ji, mJi) of the projectile. The first
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effect we have studied is that of the initial vibrational state vi. To that
end, we have run simulations for (vi = 0, Ji = 0) and (vi = 1, Ji = 0),
at the [100] and [110] incidence directions. In Figures 7.6A and 7.6B,
we represent results obtained with a PBE-PES, along the [100] and
[110] crystallographic incidence directions, respectively. From this
Figure, we can observe that the diffraction results for the vibrationally
excited projectiles (bottom panels) are equivalent to the one obtained
for the vibrational ground state (top panels), with just minor changes
in the relative intensities and minor wavelength shifts. This result
agrees with our previous study of H2 diffraction on LiF(001) [54],
where we observed a negligible dependence on the initial vibrational
state. Thus, have studied the effect of the initial rotational (Ji, mJi)

states on the diffraction patterns, keeping always vi = 0.

FIGURE 7.6: Theoretical H2/KCl(001) diffraction patterns as
a (Θ, λ⊥i ) function, for the [100] (Panel A) and [110] (Panel B)
incidence directions. Top-row shows (vi = 0, Ji = 0) results,

and bottom-row shows (vi = 0, Ji = 0) results.
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Trying to shed some light on the role of the initial rotational dis-
tribution of the projectiles, we have run simulations for H2 molecules
in several rotational states Ji. For each Ji value, we have computed
diffraction probabilities for all allowed Ji, mJi quantum numbers, and
obtained the mJ-averaged results. We show the comparison between
the experimental data and theoretical results for different Ji states in
Figure 7.7. For incidence along the [100] direction (Figure 7.7A), we
have found that results for Ji = 0 are able to reproduce the experi-
mental diffraction patterns strikingly well. However, our simulations
for Ji > 0 do not yield such good agreement, and are not able to re-
produce the maxima and minima present in the experimental spectra.
For the [110] incidence direction (Figure 7.7B), we observe that the
experimental trend is nor correctly described for any of the the indi-
vidual Ji states. This indicates that the experimental molecular beam
may correspond to a distribution of different Ji rotational levels.

To make a more detailed analysis of the diffraction spectra as a
function of the rotational state of the projectile, we have analyzed our
results as a function of the individual mJi states. We display in Fig-
ure 7.8 the results for the [100] direction. We show the experimental
diffraction spectrum in panel A, and in panels B, C, D and E the cor-
responding theoretical spectra for (Ji = 0), (Ji = 1, mJi), (Ji = 2, mJi)

and (Ji = 9, mJi) respectively (note that we do not show all mJi states
for Ji = 9 for the sake of clarity, but just some of them, which show
the transition from low mJi to high mJi). For the Ji > 0 case, all states
with mJi = 0 display a good agreement with the experimental pat-
terns, although Ji = 1 displays a shift to larger λ⊥i and a slightly
different relative intensity than other Ji’s. However, as one increases
the value of mJi , the modulation observed is lost, and for mJi = Ji one
gets a nodeless structure which does not resemble the experimental
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trend. This seems to suggest that the molecular beam has an orien-
tation selection, with a predominance of molecules with a cartwheel
orientation (mJi = 0), although we expect the molecular beam to dis-
play a Ji distribution, due to the experimental setup.
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FIGURE 7.7: Experimental H2/KCl(001) diffraction patterns
(top-row), compared with our simulations at the Ji = 0, 1, 2, 9
states. Panel A shows results for the [100] incidence direction,
and Panel B shows results for the [110] direction, as a (Θ, λ⊥i )

function.
* Exp: from Ref. [275].



166
Chapter 7. Surface analysis with diffraction

techniques: H2/KCl(001)

If we look at the mJi-resolved results for the [110] direction in Fig-
ure 7.9, we observe that specific (Ji, mJi) states do not reproduce the
experimental trend. In fact, diffraction results for Ji = 0 display a
minimum at the specular peak (Θ = 0°), which is precisely where
we observe a maximum in the (Ji = 1− 9, mJi = 0) cases. However a
merge of the different Ji states, averaged on mJi would show a pattern
similar to the experimental one.
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FIGURE 7.8: H2/KCl(001) diffraction patterns, as a (Θ, λ⊥i )
function, at the [100] direction, comparing the experimental re-
sults (Panel A) with our simulations at Ji = 0, 1, 2, 9 states (Pan-

els B, C, D and E respectively) as a function of mJi .
* Exp: from Ref. [275].
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FIGURE 7.9: H2/KCl(001) diffraction patterns, as a (Θ, λ⊥i )
function, at the [110] direction, comparing the experimental re-
sults (Panel A) with our simulations at Ji = 0, 1, 2, 9 states (Pan-

els B, C, D and E respectively) as a function of mJi .
* Exp: from Ref. [275].
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7.5 Conclusions

We have first constructed DFT-based 3D PESs describing the interac-
tion between different atomic projectiles and a KCl(001) surface, and
calculated their state-to-state diffraction probabilities using MCTDH.
By comparison with previous experimental and theoretical results,
we have validated the potential description. In addition, we were
able to study the effect of adding vdW forces in our simulations,
using the vdW-DF2 functional. The use of this vdW-corrected func-
tional seems to overestimate the projectile/surface interaction, as al-
ready observed in other systems.

In a second step, we have constructed a 6D PES for the
H2/KCl(001) system and calculated diffraction probabilities with a
TDWP methodology for a wide range of (λ⊥i φi, vi, Ji, mJi) conditions.
By a direct comparison between our simulations and the experimen-
tal diffraction spectra, it seems that our simulations tools may be able
to give us information about the experimental beam ro-vibrational
distribution, which is currently unknown. From our thorough analy-
sis, we have been able to conclude that:

• Diffraction patterns do not depend on the vi state.

• Different incidence directions lead to a different Ji dependence.

• The experimental molecular beam seems to have an orientation
preference: mJi = 0.

Finally, we argue that it would be immensely beneficial to im-
prove the current experimental setup, to be able to measure and, con-
ceivably, to choose the initial ro-vibrational state of the molecule. This
would allow us, first, to corroborate our theoretical results, and sec-
ond, to choose specific states in the experiments aiming to retrieve
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specific surface information. Preparing molecular beams with spe-
cific (Ji, mJi) quantum states may prove difficult, but an experimental
method to do so, for low incidence energies up to a few eV, has been
recently proposed [279].
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In this thesis, we have studied several diffraction processes,
such as noble gas atoms diffraction at low incidence energy (Ei <

100 meV), and grazing incidence fast atom and molecule diffraction
at high incidence energy (Ei > 50 eV). To perform our study, we have
worked within the Born-Oppenheimer static surface (BOSS) approxi-
mation, and we have used a density functional theory (DFT) method-
ology to study the interaction between several atoms and molecules
with different surfaces. The potential energy surface (PES) describing
the projectile/surface interaction of each system is obtained through
an interpolation of the DFT points, by means of the corrugation re-
ducing procedure (CRP) or the modified Shepard (MS) interpola-
tion. These PESs are used to study the dynamics of the different sys-
tems, using one of the two following methods: i) a time-dependent
wave-packet (TDWP ) method, and ii) the multi-configuration time-
dependent Hartree (MCTDH). These methodologies have allowed us
to calculate the state-to-state diffraction probabilities of each system.
We have made a direct comparison of these diffraction results with
experimental measurements in order to gain new insight in different
aspects of the gas/surface interaction.

We have studied Ne diffraction from a Ru(0001) surface, using a
standard GGA functional (PBE), as well as pairwise vdW corrections
(PBE+D2, PBE+D3 and PBE-TS) and non-local density functionals
(vdW-DF and vdW-DF2). We have seen that a standard GGA func-
tional is not able to reproduce the experimental diffraction results.
Among the functionals tested, vdW-DF2 returns the most accurate
results, reproducing the experimental diffraction values. The results
obtained with vdW-DF2 show that the potential in the regions ex-
plored by the beam display anticorrugation, and small amplitudes,
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of 10 meV approximately.
In addition, we have studied He diffraction from a Ru(0001) sur-

face, using standard GGA functionals (PBE and rPBE), pairwise cor-
rections (PBE-TS and PBE-MBD) and non-local density functionals
(vdW-DF and vdW-DF2). These results have been compared with
new experimental measurements, and we have observed that the best
agreement with the experiment is achieved by PBE, whereas we over-
estimate the diffraction probabilities when vdW corrections are intro-
duced. Our results suggest that the current methods to include vdW
forces overestimate the He/surface interaction, resulting into larger
diffraction probabilities.

We have also studied He diffraction from the highly corrugated
surface CH3 − Si(111), and we have showed that most of the diffrac-
tion yielded by this system corresponds to high-order out-of-plane
diffraction peaks. However, it seems that one can only measure low-
order in-plane diffraction peaks with the current configuration of the
experimental setups. This means that we cannot make a conclusive
comparison between theory and experiment to extract surface infor-
mation. In this case, we have also used a standard GGA functional
(PBE) and a vdW-corrected functional (vdW-DF2) to build the PESs of
the system, although, in this case, we cannot draw a conclusive judg-
ment about the vdW forces relevance, due to the difficulty in compar-
ing the theoretical and experimental results. We propose that a differ-
ent experimental configuration allowing for out-of-plane diffraction
measurements would be hugely beneficial in the analysis of this sur-
face and similar highly corrugated surfaces.

Regarding molecular diffraction, we have studied H2 diffraction
from a LiF(001) surface under fast grazing incidence conditions.
We have observed that the diffraction results depend strongly on
the crystallographic incidence direction and the initial ro-vibrational
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state of the projectile, as a result of the electrostatic potential com-
ing from the interaction of the molecular quadrupole moment and
the ionic surface. However, the initial vibrational state of the pro-
jectile does not change significantly the resulting diffraction results.
We have also observed that most of the diffraction taking place in
the system comes from ro-vibrational elastic processes, which sim-
plifies the process of extracting surface information. We also argue
that one could obtain more surface information if the experimental
setups were able to resolve the initial (Ji, mJi) rotational state of the
projectile.

Finally, we have extended our study of diffraction under fast graz-
ing incidence to the KCl(001) surface. We have first studied D and He
diffraction, and we have used a comparison of these results with pre-
vious experiments and theoretical studies to validate the methodol-
ogy used. In addition, we have studied the effect of vdW forces for He
diffraction, showing once again, that the available methods to include
the vdW effects in DFT tend to overestimate the He/surface interac-
tion. We have also studied H2 diffraction from this surface, drawing
similar conclusions to our diffraction analysis of H2 from LiF(001),
where the diffraction results do not vary significantly with the initial
vibrational state vi, but are strongly affected by the initial rotational
state Ji. In this case, we have made a detailed analysis as a function
of (vi, Ji, mJi). From the analysis of our results, we suggest that the
experimental molecular beam seems to be mostly in the mJi = 0 state,
indicating a net orientation of the beam molecules. Our results show
that the diffraction probabilities are significantly affected by the mJi

state, so one could maximize the amount of surface information re-
trieved by choosing specific (Ji, mJi) states. This (Ji, mJi) fine-tuning is
not possible in the current experimental setups. However, looking at
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our results, we strongly encourage experimentalists to work on over-
coming this limitation, as their success would be hugely beneficial to
increase the surface analysis efficiency of GIFMD techniques.
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Conclusiones

En esta tesis hemos estudiado varios procesos de difracción, tales
como difracción de gases nobles a baja energía de incidencia (Ei <

100 meV), y difracción de átomos y moléculas a incidencia rasante a
alta energía (Ei > 50 eV). Para llevar a cabo nuestro estudio, hemos
trabajado con las aproximaciones de Born-Oppenheimer y superficie
estática (BOSS por sus siglas en inglés), y hemos usado la teoría del
funcional de la densidad (DFT por sus siglas en inglés) para estudiar
la interacción entre diferentes proyectiles y superficies. La superfi-
cie de energía potencial (PES por sus siglas en inglés) que describe
la interacción proyectil/superficie para cada sistema se obtiene inter-
polando los puntos DFT, usando el procedimiento de la corrugación
reducida (CRP por sus siglas en inglés) o la inteprolación de Shep-
ard modificada (MS por sus siglas en inglés). Estas PESs se usan
para estudiar las dinámicas de diferentes sistemas, usando uno de
los siguientes métodos: i) un método de propagación de onda depen-
diente del tiempo (TDWP por sus siglas en inglés), y ii) el método de
Hartree multi-configuracional dependiente del tiempo (MCTDH por
sus siglas en inglés). Estas metodologías nos han permitido calcu-
lar las probabilidades de difracción estado-a-estado de cada sistema.
Hemos hecho una comparación directa de estos resultados de difrac-
ción con medidas experimentales para obtener nueva información so-
bre diferentes aspectos de la interacción gas/superficie.

Hemos estudiado difracción de Ne en una superficie de Ru(0001),
usando un funcional estándar (PBE), así como correcciones por pares
de átomos (PBE+D2, PBE+D3 y PBE-TS) y funcionales de densidad
no-locales (vdW-DF y vdW-DF2). Hemos visto que un funcional
estándar no es capaz de reproducir los resultados de difracción ex-
perimentales. Entre los funcionales estudiados, vdW-DF2 devuelve



176

los resultados más precisos. Los resultados obtenidos con vdW-DF2
muestran que el potencial en las regiones exploradas por los proyec-
tiles presenta anticorrugación, y unas amplitudes pequeñas, de 10
meV aproximadamente.

Además, hemos estudiado difracción de He en una superficie de
Ru(0001), usando funcionales estándar (PBE y rPBE), correcciones
por pares de átomos (PBE-TS y PBE-MBD) y funcionales de densi-
dad no-locales (vdW-DF y vdW-DF2). Estos resultados se han com-
parado con nuevas medidas experimentales, y hemos observado que
el mejor acuerdo con los experimentos se logra con PBE, mientras que
las correcciones de vdW sobreestiman las probabilidades de difrac-
ción. Nuestros resultados sugieren que los métodos actuales para in-
cluir fuerzas de vdW sobreestiman la interacción He/superficie, cau-
sando mayores probabilidades de difracción.

También hemos estudiado difracción de He en una superficie alta-
mente corrugada, CH3 − Si(111), y hemos mostrado que la mayoría
de la difracción del sistema corresponde a picos de difracción de or-
den alto y fuera del plano de difracción. Sin embargo, uno solo puede
medir picos de difracción de orden bajo en el plano de difracción
con el montaje experimental actual. Esto quiere decir que no pode-
mos hacer una comparación concluyente entre teoría y experimento
para extraer información de la superficie. En este caso hemos usado
un funcional estándar (PBE) y un funcional que incluye fuerzas de
vdW (vdW-DF2) para construir las PESs del sistema, aunque, en este
caso, no podemos hacer ningún juicio definitivo sobre la relevancia
de las fuerzas de vdW, debido a la dificultad en comparar los resul-
tados teóricos y experimentales. Proponemos que una configuración
diferente del montaje experimental, que permita medir picos fuera
del plano de difracción sería muy beneficioso para el análisis de esta
superficie y similares superficies altamente corrugadas.
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Con respecto a la difracción molecular, hemos estudiado difrac-
ción de H2 en una superficie de LiF(001) en condiciones de alta en-
ergía e incidencia rasante. Hemos observado que los resultados de
difracción dependen fuertemente en la dirección de incidencia y el es-
tado ro-vibracional inicial del proyectil, como resultado del potencial
electrostático que surge de la interacción del momento cuadrupolar
de la molécula y la superficie iónica. Sin embargo, el estado vibra-
cional inicial de la molécula no afecta significativamente los resul-
tados de dofracción del sistema. También hemos observado que la
mayor parte de la difracción del sistema viene de procesos elásticos
en los que el estado ro-vibracional del proyectil no se ve afectado,
lo cual simplifica el proceso de extraer información de la superficie.
También discutimos que uno podría obtener más información dobre
la superficie si el montaje experimental permitiera seleccionar el es-
tado rotacional inicial (Ji, mJi) del proyectil.

Finalmente, hemos extendido nuestro estudio de difracción a alta
energía e incidencia rasante a una superficie de KCl(001). Primero,
hemos estudiado difracción de D y He, y hemos usado una com-
paración de estos resultados con resultados experimentales y teóricos
previos para validar la metodología usada. Además, hemos estudi-
ado el efecto de fuerzas de vdW en la difracción de He, mostrando
una vez más que los métodos disponibles para incluir estas fuerzas
en DFT tienden a sobreestimar la interacción He/superficie. Tam-
bién hemos estudiado difracción de H2 en esta superficie, extrayendo
conclusiones similares a las obtenidas en nuestro análisis de la difrec-
ción de H2 en LiF(001), donde los resultados de difracción no varían
significativamente con el estado vibracional inicial vi, pero presen-
tan una fuerte dependencia con el estado rotacional inicial Ji. En
este caso, hemos hecho un análisis detallado en función del estado
ro-vibracional inicial (vi, Ji, mJi). A la vista de nuestros resultados,
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sugerimos que el haz molecular se encuentra mayoritariamente en el
estado mJi = 0, indicando una orientación neta de las moléculas del
haz. Nuestros resultados muestran que el estado mJi afecta significa-
tivamente a las probabilidades de difracción, por lo que uno podría
maximizar la información de la superficie extraída de los resultados
de difracción seleccionando específicos estados (Ji, mJi). Este ajuste
de (Ji, mJi) no es posible con el montaje experimental actual. Sin em-
bargo, a la vista de nuestros resultados, sugerimos que hay un gran
interés en superar esta limitación experimental, ya que implicaría una
gran beneficio en el uso de GIFMD como técnicas de análisis de su-
perficies.
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