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Resumen

Este trabajo trata de una colaboración teórico-experimental que permitió por primera vez 
seguir el movimiento de los electrones en una molécula con una resolución temporal en la 
escala de los attosegundos (10-18 segundos), escala de tiempo natural con la que se mueven 
os electrones dentro de una molécula. La molécula de prueba utilizada fue el H2, la cual 
permite,  por  su  número  reducido  de  partículas  constituyentes,  ser  descrita  mecano-
cuánticamente con muy pocas aproximaciones. 

Para observar el movimiento interno de sus electrones, la molécula fue rápidamente ionizada 
y disociada por la acción de un pulso láser de duración de unos cientos de attosegundos 
dando lugar a la siguiente reacción: 

H2 + hν → H + H+ + e- 

Antes de que las partículas se separaran y se diera por terminada la reacción, un segundo 
pulso láser fue utilizado para monitorear cómo se localiza el electrón en uno de sus centros 
nucleares. el experimento se repite varias veces para distintos tiempos de retrazo entre el 
primer pulso y el segundo. La localización del electrón en uno de los centros nucleares en 
función del tiempo de retrazo entre los pulsos revela distintos mecanismos por los cuales se 
produce la ionización de la molécula. Nuestro grupo se encargó de la parte teórica de la 
investigación, en la cual se desarrollaron programas de superordenadores para resolver la 
ecuación de Schrödinger  dependiente del tiempo para la molécula de H2 perturbada por 
pulsos láseres. Esta investigación deja abierta la puerta a una nueva rama de la ciencia con 
multitud de posibilidades: la attoquímica. 
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Chapter 1

Introduction

Since the beginning of the civilizations the humanity had the necessity of control
the time. Control it means measure the temporal interval between two events
in some way. Perhaps the first manner was using the notion of day and night.
Latter, lunar phases were discovered, with applications on agriculture, since po-
sition of the moon would indicate the moment of harvesting after sowing. After
lunar phases the first clocks arrives. The word clock refer to an instrument
used to measure intervals of time. The first clocks were the solar clock and the
clepsydra1. In the middle of XVII century, the invention of the pendulum clock
by Christiaan Huygens opened the minutes and seconds timescale. It permitted
accurate measurements in experiments which can be explained by the Newton’s
laws. At the end of the XIX century, there was a controversy among horse
racing community. Some of them claimed that all four of a horse’s hooves are
off the ground at the same time during the galloping. Because a horse’s legs
are moving so fast during the galloping, it was impossible to take a decision
just by looking. Then in 1878, the photographer Eadweard Muybridge modified
a camera by increasing the shutter speed, being able to reduce the exposure
time to less than 1/2000 of a second. It permitted to him capture images of
a galloping horse without being blurred. Figure 1.1 contains the sequence of
the 16 images captured by Eadweard Muybridge, one of them reveals the four
horse’s hooves were off the ground at the same time. Latter at the beginning
of the XX century, with the acceptation of the electronic structure of the atom,
new processes without precedent appeared. Figure 1.1 shows (on the left) an
approximated time–space classification of the processes experimented by some
organism and components of the universe. Processes like radioactive decay and
electronic transitions happening in a reduce space and short times needed new
techniques to be measured. In fact, the impossibility of being measured by using
conventional clocks and rules was one of the inspiration and basis to develop the
spectroscopy and to found the quantum mechanics. Once the quantum mechan-
ics being able to explain the results obtained by spectroscopist, it was accepted,
and thus its predictions. Predictions as the timescale in which nuclei vibrate
into the molecules encouraged to experimentalist to measure new processes, for
example, how long takes a chemical reaction from a molecular point of view.
The basis of the spectroscopy is the interaction of the electromagnetic radiation

1Greek word for water clock.
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with the matter. Then was necessary study such interaction in order to obtain
information of the processes happening into the atom. Thus, electromagnetic
radiation becomes soon the a fundamental tool to measure magnitudes in the
atomic world, for instance, ionization potentials by looking at the photoelectron
spectra or distances between two nuclei in a crystal by using X-ray diffraction.
Latter, the electromagnetic radiation will become also the clock for the atomic
world.
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Figure 1.1: On le left: time–space classification of some organism and compo-
nents of the universe. On the right: photograhps of a galloping horse.

After invention of lasers in 1960, the pulsed lasers arrives. In the 1980,
Ahmed H. Zewail using laser pulses of durations of femtoseconds (1 fs = 10−15

s) studied the dissociation of iodocyanide: ICN→ I + CN. His team could estab-
lishes that the complete reaction takes about 200 femtoseconds. This achieve-
ment was the birth of a new area in science named femtochemistry. In 1999
Ahmed H. Zewail was laureated with the Nobel prize. Thus laser pulses of
durations of attosecond (1 as = 10−18 s) open a new possibility to of study
processes occurring in this timescale. In this time scale we find the electronic
motion inside atoms and molecules.

Nowadays, attosecond pulses can be combined with reaction microscopes
in order to study processes happening in the this timescale. In fact a lot of
effort have been done to study electronic process in atoms and molecules (citar).
Up to our knowledge, there is not theoretical support for electronic processes
happening in the attosecond timescale into a molecule. Since H2 molecule is
the simplest molecule, its study with attosecond pulses becomes the starting
point for the understanding of electronic processes happening into the molecule,
which can eventually compete with the nuclear motion. Such competing process
requires theoretical efforts beyond the Born–Oppenheimer approximation, and
accurate description of the electronic correlation, pushing up to us to improve
the standard quantum chemistry techniques which were able to give theoretical
support for the femtochemistry. Just to show the importance of describing
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theoretically the H2 molecule interacting with the attosecond laser pulses, let
us consider the photoabsorption reactions for the H2 molecule:

• Non dissociative ionization

H2(ν = 0) + ~ω → H+
2 (ν

′) + e− (1.1)

• Dissociative ionization

H2(ν = 0) + ~ω → H(nℓ) + H+ + e− (1.2)

• Dissociation into neutrals

H2(ν = 0) + ~ω → H(nℓ) + H(n′ℓ′) (1.3)

• Double ionization

H2(ν = 0) + ~ω → 2H+ + 2e− (1.4)

• Dissociation into ions

H2(ν = 0) + ~ω → H−(1s, nℓ) + H+ (1.5)

The last two reactions can be neglected, given the fact the reaction (1.4)
at the photon energies used in this thesis is prohibited (at least by absorption
of one photon), and the probability of occurring the reaction (1.5) is too low.
However, the remaining reactions may occur depending on the energy of the
photon. In addition, those reactions can compete and therefore interfere as
shown in the scheme of figure 1.2.

H2(ν = 0) + ~ω

H+
2 (ν)+e− H(nℓ)+H++e−

H∗∗
2

H(nℓ)+H(n′ℓ′)

Photoionization
(∼ 98%)

Autoionization

Autoionization

Dissociation
into neutrals

(∼ 1%)

Dissociative
photoionization

(∼ 1%)

Double
excitation

Figure 1.2: Competing processes in the photoabsorption reactions of H2.

Dissociative and non dissociative photoionizaton, which give us access to the
electronic structure of the H2 can be studied by using conventional spectroscopy
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and standard quantum chemistry techniques. However, the study of the au-
toionization, requires sophisticated experimental techniques nowadays available.
Moreover, if determination of the natural timescale in which autoionization oc-
curs is desired, radiation of duration of attosecond is required, starting to being
available. Actually these experiments are being carrying out, therefore, theoret-
ical support is essential to its interpretation. This thesis is devoted to solve the
time dependent Schrödinger equation describing the photoionization of the H2

molecule. Autoionization processes are also taken into account. In this thesis,
you will find that state–of–art electronic structure techniques combined with
high performance computational tools are serves to reach our goal.

1.1 Physical background

In order to introduce the concepts that will be used throughout this thesis, let
us give a brief quantum mechanical description of the helium atom. Consider
the non-relativistic Hamiltonian without the mass polarization term:

Ĥ = ĥ1 + ĥ2 +
e2

r12
(1.6)

where

ĥi =
p̂i
2me

− Ze2

ri
(1.7)

is the Hamiltonian for one electron, with me and e the mass and charge of the
electron and Z = 2 the atomic number. The spectrum of ĥ can be separated
into two parts. The discrete bound states ψnℓm satisfies:

ĥψnℓm(r) = Enψnℓm(r), with En < 0 (1.8)

where ψnℓm(r) = Rnℓ(r)Yℓm(Ω), and the continuum states satisfies:

ĥψεℓm(r) = εψεℓm(r), with ε > 0 (1.9)

where ψεℓm(r) = Rεℓ(r)Yℓm(Ω). Considering an independent particle model the

exact eigenfunctions of the Hamiltonian ĥ1+ĥ2 for a given atomic state (2S+1L)
may be written as:

ΨLS(x1,x2) = A
[

Rnℓm(r1)Rn′ℓ′m′(r2)YLML

ℓℓ′ (Ω1,Ω2)Θ
SMs(ω1, ω2)

]

(1.10)

where A is the antisymmetrizer, YLML

ℓℓ′ is the total angular function given by:

YLML

ℓℓ′ (Ω1,Ω2) =
∑

mm′

〈ℓmℓ′m′|LML〉Yℓm(Ω1)Yℓ′m′(Ω2) (1.11)

with 〈ℓmℓ′m′|LML〉 being the Clebsch-Gordan coefficients and ΘSM (ω1, ω2) is
the total spin eigenfunction.

These states can be characterized according to their eigenvalues as follows:

• Bound states (100,n′ℓ′m′) with n′ ≥ 1: all those states with energy below
the first ionization threshold. The states are i) the ground state, i.e.,
both electrons occupying the lowest orbital ψ100, and ii) the single excited
states, i.e., one of the electrons occupies the ground state orbital ψ100 and
the other one occupies an excited orbital ψn′ℓ′m′ with n′ > 1.
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• Doubly excited states (nℓm, n′ℓ′m′) with with n, n′ > 1: all those discrete
states with energy above the first ionization threshold.

• Continuum states (nℓm, εℓ′m′): all those states with eigenfunctions of the
form of equation (1.10) but where Rn′ℓ′(r) is replaced by Rε′ℓ′(r), with
energy above one or several ionization thresholds.

All these states are exact solutions of ĥ1 + ĥ2, but not of Ĥ in equation (1.6).

The eigenfunctions of ĥ1+ ĥ2 form a complete basis set, and therefore the exact
eigenfunction of H can be expanded in terms of this basis as follows:

ΦLS
j (x1,x2) =

∞
∑

i

cijΨ
LS
i (x1,x2) (1.12)

This ansatz is the origin of the variational Configuration Interaction (CI) method.
In practice, the sum appearing in the above equation has to be truncated, and
therefore one obtains an approximated solution for the eigenfunctions of Ĥ. In
turn, the eigenfunctions ΦLS

j can also be characterized according to their eigen-

values in a similar way as for ΨLS
i . Due to the interaction term Ĥ′ = 1/r12

the energies and the properties of all states change. The more dramatic corre-
sponds to the doubly excited states, which lie above one or several ionization
thresholds and become discrete states embedded in the continuum. Due to the
electron–electron interaction doubly excited are then metastable states, which
means that they have a finite lifetime. Note that, in the neighborhood of Er

(energy for a given doubly excited state), an eigenfunction of the full Hamil-
tonian Ĥ in this energy region can be approximated by a superposition of a
(localized) resonant and (continuum) non-resonant part as follows [14]:

Ψ(Er) ∼ a(Er)χr +

∫

b(Er, E)ξ(E)dE (1.13)

The term Ĥ′ causes the discrete state χr to interact with the nearby continuum
state ξ(E). This interaction is the responsible a dissipative radiationless tran-
sition from the doubly excited state to the underlying degenerated continuum,
the latter corresponding to a given ionization channel. By channel we mean a
final reaction branch in which one electron escapes and the other one remains at-
tached to a residual target ion in a given atomic state, e.g., He+(n = 1, 2, 3, . . . ).
We remark that this radiationless decay process, He∗∗ → He+(nℓ) + e−, is en-
tirely due to the electron correlation. And it is known as autoionization, since
no external interaction is the source of the decay. Due to autoionization, sharp
peaks may appear in the photoionization atomic spectra.

Figure 1.3 contains the energy correlation diagram for the hydrogen molecule
as a function of the internuclear distance R. Note that, the helium atom is the
united atom limit for the hydrogen molecule when R → 0. In figure 1.3 the
lowest two ionization thresholds for helium atom are shown, the first one corre-
sponds to one electron in the continuum and the He+ ion in the ground state;
the second one, the He+ atom remains in the first excited state, i.e., n = 2.
Below the second ionization threshold, the positions of a selected number of
doubly excited states are shown in red dashed lines. This Rydberg series of
doubly excited states converge to the second ionization threshold. In fact, an
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Franck-Condon region

0 Internuclear distance ∞

2H++2e−He+++2e−
E(a.u.)

-3

-2

-1

0

E(eV)

-79.0

-54.4

-27.2

0

Bound
states

Resonant
states

He(11S)

He+(n=1)+e−

He+(n=2)+e−

H(1s)+H(1s)

H(nℓ)+H(n′ℓ′)

H(1s)+H++e−

H(n = 2)
+H++e−

hν=61eV

hν=29eV

X1Σ+
g

1sσg

2pσu

2pπu
2sσg

Figure 1.3: Energy correlation diagram for the hydrogen molecule. Energy
spectrum of helium atom is also shown. Solid lines represent bound states,
dashed lines represent resonant states and shadow areas represent ionization
thresholds. Only some of resonant states below the second ionization threshold
are included.

infinite number of Rydberg series of resonant states is present below the com-
plete break up of the system (He++ + 2e−).

Figure 1.3 also shows the Franck-Condon region, in which, the doubly ex-
cited and continuum states can be populated from the ground state. Note that,
photons of ∼ 29 eV are needed to populate the first molecular doubly excited
states whereas for the helium atom photons of ∼ 61 eV are required to populate
these excited states.

The first remark in the case of the hydrogen molecule when compared with
helium atom is that, the energies of bound, doubly excited and continuum states
now depend on the internuclear distance. The ground state of the hydrogen
molecule, denoted by X1Σ+

g is connected with the ground state of the helium
atom 11S for R → 0 and with two hydrogen atoms in their ground state H(1s)
for R→ ∞. In a similar way, the single excited states of the hydrogen molecule
(in green solid lines) are correlated to the single excited states of the helium
atom at R → 0 and with a pair of two hydrogen atoms at R → 0 one of them



7

in the ground state H(1s) and the other one in an excited state H(nℓ). More
interestingly the degeneracy of the ionization thresholds in helium disappear
for finite internuclear distances. For instance in helium the first two ionization
thresholds, He+(n = 1) and He+(n = 2) correspond to the He+(1s) + e− and
the four degenerated He+(2s)+e−, He+(2p0)+e

− and the two He+(2p±1)+e
−

ionization channels (shown in solid black lines). In the hydrogen molecule, these
atomic channels correlate to the H2(1sσg) + e−, H2(2sσg) + e−, H2(2pσu) +
e−, and the two degenerated H2(2pπ

±
u ) + e− ionization channels respectively.

Since the eigenstates of the H2 molecule are not eigenstates of the total angular
momentum operator L2, the degeneracy of ionization channels is broken, and
the energy of some states of H+

2 are now located below the atomic threshold and
this is the case of the 2pσu state of H+

2 . The atomic resonances below He+(n =
2) + e− now exploit off in two series of molecular resonances namely Q1 and
Q2 located below and in above the 2pσu respectively. Accordingly, molecular
resonances may now decay into two final states of molecular ion target H+

2 , 1sσg
and 2pσu. In one photon ionization of helium, the transition corresponds to
1Se →1 P o and the final continuum state (He+(1s)+ e−(εp)) includes a p–wave
for the ejected electron. In molecular hydrogen the transition may correspond
to X1Σ+

g → Σ+
u and two final channels are possible (H+

2 (1sσg) + e−(εσu)) and

(H+
2 (2pσu) + e−(εσg)) which implies that the electron may ejected with odd

parity partial waves εσu and even parity partial waves εσg. Due to this, the
continuum of the hydrogen molecule becomes a multichannel problem rather
than one channel problem as it happens in helium.

Other feature to be remarked is the fact that now the Q1 doubly excited
states of the hydrogen molecule may cross the 1sσg ionization thresholds, so
that, beyond a given internuclear distance R these doubly excited states do not
autoionize. Since they enter in the region of bound states. Besides, the lifetime
of the molecular doubly excited states also depend on R at variance with the
atomic case. For instance, the lifetimes of the lowest doubly excited states in
H2 are in the range of a few femtoseconds, which is also the time scale of the
vibrational motion. Consequently the nuclear motion plays an important role
in the description of the autoionization process during molecular dissociation.
Development of novel strategies to monitor the decay of doubly excited states
as a function of the internuclear distance, and hence as a function of the time,
is one of the goal of this thesis.

As we mentioned before, in molecules, the nuclear motion washes out the
peaks to be expected in the photoelectron spectra when a resonant state partici-
pates in the photoionization process. However in 1979, by looking at the proton
kinetic energy spectra, S. Strathdee and R. Browning [15] were able to give first
experimental evidence of the so-called2 Q1 doubly excited states of H2. In 1986
M. Glass-Maujean [16] measured the formation of H(n = 2) or D(n = 2) coming
from the Q1 and Q2 doubly excited states of H2 (or D2). In 2004 T. Aoto,
et.al. [17] gave evidence for the existence of Q3 and Q4 doubly excited states
in H2 by analyzing the proton kinetic energy spectra in a combined theoretical
and experimental study.

2The notation Qi indicates doubly excited states lying above the i and bellow the i + 1
ionization threshold.
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1.2 Motivation and aim of this thesis

Vector momenta of charged particles coming from photo-induced fragmentation
of atomic and molecular systems can be fully determined in coincidence with
sophisticated reaction microscopes [18]. The technique is able to reconstruct
the non-relativistic kinematic initial conditions when the system suffered the
fragmentation at the moment of the photon impact. For example, in a diatomic
molecule, the relative orientation between the molecular axis and the polariza-
tion vector of the light can be determined easily in the axial recoil approximation
as we will explain through this section. For this reason this technique is able to
deal with fixed-in-space molecular systems. Cold target recoil-ion momentum
spectroscopy, namely COLTRIMS, a reaction microscope, has marked in the last
ten years a decisive step forward to investigate many-particle quantum dynamics
occurring when atomic and molecular systems are exposed to electromagnetic
fields.

In a experiment with a COLTRIMS setup, a well collimated beam of atoms or
molecules is crossed with a projectile beam of any kind, for example photons, if
a photoionization experiment is being carried out. The region of crossing beams
defines an effective volume where a weak electrostatic field is turned on in order
to extract the charged fragments of the reactions. In this way, the recoiling ions
and the electrons are diverted to the detectors due to the acceleration produced
by the electrostatic fields. From the time of fly measurements of fragments
arriving to the detectors this technique is able to reconstruct the molecular
orientation at the time of prompt photoinduced fragmentation.

In the photoionization of the hydrogen molecule, the absorbed photon es-
sentially deposits its energy into the target giving several possibilities of reac-
tions involving at least one charged particle. Usually, the photon momentum
is neglected when compared with the momenta of the molecular fragments. In
this approximation, the total momentum is considered to be conserved. There-
fore, from the reaction microscope data one may determine the vector momenta
(direction and magnitude) of the proton and the electron produced in the pho-
toionization of H2. The vector momentum of the residual hydrogen atom can
be estimated if momentum conservation is invoked, consequently the fully dif-
ferential probabilities can be extracted for each event. Now, if the rotational
motion of the molecule is neglected when the dissociation takes place (axial
recoil approximation), one expect that, the dissociated nuclear fragments will
follow the molecular axis line. Thus, reconstruction of the relative orientation
between the molecular axis and the polarization vector of the light can be done.

With the advent of reaction microscopes, kinematically complete resolved
photoionization experiments have become a formidable task for the experi-
mentalist. These experiments are drawn to measure the momentum of all the
ejected charged particles in coincidence. In the last decade, these experiments
have provided unprecedented insight on the dynamics of molecular photoioniza-
tion [18–25]. In other hand, the development of attosecond laser pulses opens up
the possibility of study photoionization processes in its natural timescale, since
attosecond laser pulses can be used to initiates the chemical reaction and being
traced by a second laser pulse, normally an infrared laser pulse. Thus, combi-
nation of ultrashort laser pulses with reaction microscopes permit us to study
the interaction of the matter with the electromagnetic radiation accompanied
with a level of details never before accessed. Modeling of the mentioned exper-
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imental set-up becomes a challenge to the theoreticians. From the beginning of
the application of quantum mechanics to molecular systems, H2 was the most
accessible molecule for which reasonable calculation could be performed. It is
a benchmark to understand the fundamental mechanism of photoionization, to
be extended to more complicated molecules. Even H2, which is the simplest
molecule where electron correlation plays an important role, different approx-
imations have to be done in order to treat it in a quantum mechanically way.
Thus, in this thesis we study the photoionization of H2 with ultrashort laser
pulses, motivated for having to deal with not only bound molecular states, but
also with continuum states in order to represent the photoionization process,
by means of calculating all the observables as possible which can be measured
with a reaction microscopes.

This thesis is organized as follows: Chapter 2 is dedicated to give an overview
of the novel light sources employed to study the dissociative photoionization of
H2. It includes description of the of the electromagnetic radiation (in a classical
way), the interaction of the electromagnetic radiation with charged particles to
ends up in the dipole approximation. Laser which can reach the femto and at-
tosecond timescale are also introduced. Chapter 3 is devoted to the discussion
of the formalism used to describe the nuclear and electronic motion. For the
nuclear motion, Born–Oppenheimer approximation is invoked and rotational
motion is neglected. For the electronic motion, Feshbach formalism is applied.
This formalism leads to eigenvalues equations which can be solved by using in-
teraction configuration method for each subspace (bond and unbound states).
In chapter 4 description of the basis sets used to represent the molecular bound
and continuum states of the H2 are given. Chapter 4 is a complement of chapter
3. However, this chapter is not essential to the understanding of the physical
processes involved in photoionization. So chapter 4 can be skipped if the reader
is not interested in the machinery of the method employed here. Chapter 5 gives
the details of the framework employed for the time–dependent description of the
photoionization of the H2 by solving, of course, the time–dependent Schrödinger
equation. The method is based on the expansion of the wave function in terms
of the H2 correlated stationary vibronic states including all electronic and vi-
brational degrees of motion. Combination of the time–dependent framework
with the Feshbach formalism permit to us overcome the Born–Oppenheimer
approximation. In chapter 6 all the quantities calculated to be compared with
experiments are given in a general way. Chapter 7 gives an overview of the
papers included in this thesis. Appendix A gives a brief description of the B–
splines functions, it is used as basis set for the construction of the molecular
orbitals of H+

2 . Atomic units will be used throughout this thesis unless otherwise
stated.
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Chapter 2

Laser Pulses

2.1 Classical description of the electromagnetic
radiation

The classical description of the electromagnetic radiation is given by the Maxwell
equations in the vacuum (without charges and currents):

∇ ·E = 0 (2.1)

∇ ·B = 0 (2.2)

∇×E = −∂tB (2.3)

∇×B =
1

c2
∂tE (2.4)

where E(r, t) and B(r, t) are the electric and magnetic fields respectively. Given
the fact that the operator ∇ · (∇× ) = 0 (div rot = 0) for any vector we can
define the magnetic field as:

B = ∇×A (2.5)

since the last expression satisfy the equation (2.2) for anyA(r, t). From equation
(2.3) we have:

∇×E = −∂t(∇×A) (2.6)

or,
∇× (E+ ∂tA) = 0 (2.7)

Since the vector operator ∇× (∇ ) = 0 (rot grad = 0), we can take E+∂tA =
−∇ϕ for any arbitrary function ϕ(r, t) in order to define the electric field as:

E = −∇ϕ− ∂tA (2.8)

From the last definitions, equation (2.1) transforms into:

−∇2ϕ = ∂t∇ ·A (2.9)

and equation (2.4) into:

∇× (∇×A) =
1

c2
∂t(−∇ϕ− ∂tA) (2.10)

11
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and then using equation (2,4) we obtain a partial differential equation for the
vector potential A:

∇2A−∇ · (∇ ·A) =
1

c2
∂t(∇ϕ) +

1

c2
∂2A

∂t2
. (2.11)

Equations (2.5),(2.8),(2.9) and (2.11) are the same Maxwell equations but now
in terms of the auxiliary functions A(r, t) and ϕ(r, t) which are known as vector
potential and scalar potential, respectively. These auxiliary functions also de-
scribe the electromagnetic radiation in the vacuum, and they are useful in the
transformations of the electromagnetic field.

2.1.1 Gauge transformations

By defining a new vector potential A′ as:

A′ = A+∇χ (2.12)

we can show that

B′ = ∇×A′ = ∇× (A+∇χ) = ∇×A+∇× (∇χ) = ∇×A = B

(2.13)

which means that the transformation A → A′ given by the function χ has no
effect in the magnetic field. In equivalent way, by defining a new scalar potential
ϕ′ as:

ϕ′ = ϕ− ∂tχ (2.14)

we have that

E′ = −∇ϕ′ − ∂tA
′ = −∇(ϕ− ∂tχ)− ∂t(A+∇χ) = −∇ϕ− ∂tA = E (2.15)

i.e., the transformation ϕ → ϕ′ given by χ does not affect the electric field.
Therefore E and B, which are quantities with physical interpretation are invari-
ants under any gauge transformation carried out by the function χ.

Coulomb gauge

The Coulomb gauge is given by defining ∇ · A = 0 with the supplementary
condition ϕ = 0. Under these conditions the electric and magnetic fields read:

E = −∂tA (2.16)

B = ∇×A (2.17)

and the wave equation (2.11) transforms into

∇2A− 1

c2
∂2

∂t2
A = 0. (2.18)
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2.1.2 Polarization of an electromagnetic wave

A monochromatic plane wave solution of 2.18 corresponding to the angular
frequency ω is

A(r, t) = A0(ω)ε̂ cos (k · r− ωt+ δω) (2.19)

where k is the propagation (or wave) vector and δω is a phase. The vector
potential A has an amplitude A0(ω) and it is in the direction specified by the
unit vector ε̂, called the polarization vector.

In the following it is convenient to use the electric field instead of the vector
potential. Suppose that we have two waves propagating along the z−axis, one
of them with electric field along the x− and the other one with electric field
along y−axis. These two waves can be represented by the following equations:

Ex(t) = E0
x cos (ωt− kz) (2.20)

Ey(t) = E0
y cos (ωt− kz + δ) (2.21)

where δ is the phase shift between Ex(t) and Ey(t).
Using the identity cos (α± β) = cosα cosβ ∓ sinα sinβ in equation (2.21) one
obtains:

Ey(t)

E0
y

= cos (ωt− kz) cos δ − sin (ωt− kz) sin δ (2.22)

and from equations (2.20) and (2.22) is easy to show that:

Ex(t)

E0
x

cos δ − Ey(t)

E0
y

= sin (ωt− kz) sin δ. (2.23)

Multiplying equation (2.20) by sin δ and adding the square of the resulting
equation to the square of equation (2.23) one arrives to:

E2
x(t)

(E0
x)

2
+
E2

y(t)

(E0
y)

2
− 2

Ex(t)Ey(t)

E0
xE

0
y

cos δ = sin2 δ (2.24)

The last equation represents an ellipse whose eccentricity and orientation only
depends on δ but not on t. The resulting superposition of two of these waves is
known as elliptically polarized wave. Thus, Ex(t) and Ey(t) vary in an oscilla-
tory manner as a function of t, while the total vector E(t) = Ex(t)êx +Ey(t)êy
follows an ellipse. Moreover, the vector E(t) changes in a rotating manner, which
can be left-handed (counter-clockwise) or right-handed (clockwise). To estab-
lish the polarization (left- or right-handed), it is enough to analyze E in t = 0
and z = 0, equations (2.20) and (2.21) leads to Ex = E0

x and Ey = E0
y cos δ.

Note that (∂tEy(t))t=0 = −E0
yω sin δ which means that, if 0 < δ < π, Ey(t)

will decrease. Thus, an observer looking at E from the positive z−axis will see
that E describes an ellipse in clockwise manner, i.e., these wave corresponds to
a right-handed polarized light. On the contrary, if π < δ < 2π, the observer
will see a left-handed polarized light. Moreover, if δ = nπ with n an integer,
the ellipse collapses into a straight line and the wave will correspond to a lin-

early polarized light. Finally, if δ = (2n + 1)π/2 and E0
x = E0

y we will have a
right-handed circularly polarized light for even values of n including n = 0 or
left-handed circularly polarized light when n takes odd values. Figure 2.1 shows
the different cases depending on the values of δ.
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′
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Figure 2.1: Different polarizations of the light depending on the phase shift δ.

2.1.3 Stokes parameters

The Stokes parameters are a set of values that describe the polarization state
of the electromagnetic radiation. They are defined by:

S′
0 = (E0

x)
2 + (E0

y)
2 (2.25)

S′
1 = (E0

x)
2 − (E0

y)
2 (2.26)

S′
2 = 2E0

xE
0
y cos δ (2.27)

S′
3 = 2E0

xE
0
y sin δ (2.28)

and it is easy to show that

S′
0 =

√

S′2
1 + S′2

2 + S′2
3 (2.29)

The meaning of the Stokes parameters is the following: S′
0 corresponds to the

intensity of the light. S′
1 determines which component of the field prevail, i.e.,

for positive values of S′
1, the Ex component prevails, while for negative values

Ey prevails. If S′
1 = 0, then we may have circularly polarized light or elliptically

polarized light but with E0
x = E0

y . S
′
2 indicates if χ→ +π/4 or χ→ −π/4 (see

red ellipse in figure 2.1). Finally, the sign of S′
3 indicates the polarization of

the radiation, i.e., right- or left-handed polarized light for positive or negative
values of S′

3 respectively, and linearly polarized light when S′
3 = 0. The Stokes

parameters can be normalized as follows:

S0 = 1 (2.30)

S1 =
(E0

x)
2 − (E0

y)
2

S′
0

(2.31)

S2 =
2E0

xE
0
y cos δ

S′
0

(2.32)

S3 =
2E0

xE
0
y sin δ

S′
0

(2.33)



15

Polarization of the radiation Stokes vector (S0, S1, S2, S3)
Linearly polarization (horizontal) (1, 1, 0, 0)
Linearly polarization (vertical) (1,−1, 0, 0)
Linearly polarized (+45o) (1, 0, 1, 0)
Linearly polarized (−45o) (1, 0,−1, 0)
Right-handed circularly polarization (1, 0, 0, 1)
Left-handed circularly polarization (1, 0, 0,−1)
Unpolarized (1, 0, 0, 0)

Table 2.1: Some Stokes vectors for common states of polarization of light.

moreover, the Stokes parameters are often combined into a vector, known as
the Stokes vector:

S =









S0

S1

S2

S3









. (2.34)

2.2 Charged particles in an electromagnetic field

The classical Hamiltonian for a particle of mass m and charge q immersed in an
electromagnetic field is given by

Ĥ =
1

2m
(p− qA)2 + qϕ. (2.35)

In order to write the quantum mechanical Hamiltonian we use p = −i~∇ to
obtain

Ĥ =
1

2m
(i~∇− qA)2 + qϕ

=
1

2m
(−~

2∇2 + i~q∇ ·A+ i~qA · ∇+ q2A2) + qϕ. (2.36)

It is worthy to note that, the time dependent Schrödinger equation for this
Hamiltonian, (Ĥ − i~∂t)Ψ = 0, is invariant under the gauge transformations
(2.12) and (2.14), which also transform the wave function as Ψ′ = Ψeiqχ/~.
Using the Coulomb gauge (∇̇A) and ϕ = 0, the Hamiltonian reads:

Ĥ = − ~
2

2m
∇2 +

i~q

m
A · ∇+

q2

2m
A2. (2.37)

If the system is composed by n particles which interact among them and with
the vector potential A, then the quantum mechanical Hamiltonian is

Ĥ = −~
2

2

n
∑

j=1

1

mj
∇2

j + i~
n
∑

j=1

qj
mj

A(r, t) · ∇j +
1

2

n
∑

j=1

q2j
mj

A2(r, t) + V

(2.38)

where V corresponds to the interaction potential among the particles. For
instance (the Coulomb interaction).
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2.2.1 The dipole approximation

In the last section, the Hamiltonian for a system of interacting particles im-
mersed in a electromagnetic field was built up. However, the coupling with the
field can be simplified by expanding the vector potential A(r, t) in a Taylor
series assuming |k · r| ≪ 1 as follows:

A(r, t) = A0(t)e
−ik·r

= A0(t)
(

1− ik · r+ 1

2
(ik · r)2 − · · ·

)

. (2.39)

Since, |k| = 2π/λ with λ the wavelength of the light, we have that |k · r| =
2π|r|/λ. Thus, when λ >> |r| (long wavelength approximation) one may drop
all terms in the Taylor series but unity. As a result the vector potential A only
depends on time A(r, t) → A(t). This approximation is also known as dipole

approximation, and can be applied for quantum systems whose dimensions are
much smaller as compared with the wavelength λ of the radiation. Now, the one
particle time dependent Schrödinger equation (TDSE) in the Coulomb gauge
and within dipole approximation for one particle reads:

i~∂tΨ(r, t) =
[

− ~
2

2m
∇2 +

i~q

m
A(t) · ∇+

q2

2m
A2(t)

]

Ψ(r, t) (2.40)

which known as the TDSE in the velocity gauge.

With the Goeppert-Mayer gauge transformation [26]

Ψ(r, t) = ei(q/~)r·A(t)ψ(r, t) (2.41)

and by taking the derivatives

∂tΨ(r, t) = ei(q/~)r·A(t)
[ iq

~
r · dA(t)

dt
+
∂

∂t

]

ψ(r, t)

∇Ψ(r, t) = ei(q/~)r·A(t)
[ iq

~
A(t) +∇

]

ψ(r, t)

∇2Ψ(r, t) = ei(q/~)r·A(t)
[

∇2 +
2iq

~
A(t) · ∇ − q2A2(t)

~2

]

ψ(r, t)

we obtain the transformed TDSE:

i~∂tψ(r, t) =
[

− ~
2

2m
∇2 + qr · d

dt
A(t)

]

ψ(r, t). (2.42)

Since we are using the Coulomb gauge 2.16, the TDSE in the so called length

gauge is finally obtained:

i~∂tψ(r, t) =
[

− ~
2

2m
∇2 − qr ·E(t)

]

ψ(r, t). (2.43)

In the case of a system of n particles the TDSE reads:

i~∂tψ(r1, r2, . . . , rn, t) =
[

− ~
2

2

n
∑

j=1

1

mj
∇2

j + V −
n
∑

j=1

qjrj ·E(t)
]

ψ(r1, r2, . . . , rn, t). (2.44)
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Since the TDSE is gauge invariant within the Coulomb gauge, the length and
velocity forms should give identical results for exact eigenfunctions. In practice,
approximated wave functions are used instead and this forms may yield slightly
different results. The closer the comparison is between the two gauges the better
is the approximated the wave function.

2.3 Lasers

As it is well known, the term laser originated as an acronym for Light Ampli-

fication by Stimulated Emission of Radiation. A laser was then considered as
a device that emits light through a process of optical amplification based on
the stimulated emission of photons. Light emitted by a laser has the following
properties:

• High monochromaticity. Because the amplification process is carried out
for a selected wavelength.

• Coherency. This means that the waves leaving the laser remain in phase
for a very long time.

• Directionality. This means that the beam of light emitted does not spread
much with distance.

• Ability to reach extremely high intensities. Nowadays, intensities over
1022 W/cm2 may be reached. Total Solar Irradiance (TSI) upon earth is
about ∼136 W/cm2 [27].

Actually, the concept of laser is rather used for devices that emit light with more
or less all of those previously mentioned characteristics, even when the process
of generation of such a light may vary notably. Lasers have many scientific,
military, medical and commercial applications. In science, the immediate appli-
cation of the laser, after their invention dated 1958 [28], was for the spectroscopy
studies, followed by applications in photochemistry, laser cooling, nuclear fusion
and microscopy.

Ultrashort laser pulses are considered to be shorter than the thermal vibra-
tional period of molecules, around tens of femtoseconds (1fs = 10−15s). Pulses
with durations of a few picoseconds (1ps = 10−12s) were already produced in
the 1960’s [29], shortly after the laser invention, using the mode-locking tech-
nique [30,31]. In the next decade, refinements on this pulse generation scheme,
and the use of bulky dye lasers with large emission bandwidths, shortened the
pulses to the timescale of hundreds of femtoseconds [32,33]. In the 1980’s, pulses
with durations below 10 fs were generated from dye lasers [34,35]. However new
applications had to wait for the Ti:Sapphire Kerr-Lens mode-locked laser [36,37]
and the Chirped Pulse Amplification (CPA) technique [38]. The large Kerr ef-
fect and the broad emission bandwidth available in the Ti:Sapphire [39], and
the diode pumped solid state lasers [40, 41] that became available shortly af-
ter greatly simplified the setup needed to generate ultrashort pulses, and they
promptly replaced the dye lasers technique. Finally, the invention of the CPA
technique in 1985 allowed the generation of high intensity ultrashort pulses in
solid state laser systems, and disseminated these short of laser systems due to
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its simplicity of operation when compared to preceding systems, to its stability
and relatively low cost.
Laser oscillators cannot generate pulses shorter than a few femtoseconds due
to the wavelength and bandwidths necessary for this, in the ultraviolet spec-
trum. Nevertheless, the use of High Harmonic Generation techniques allow the
creation of pulses down to a few hundreds of attoseconds [42].

2.4 Free electron laser

A Free Electron Laser (FEL), is a laser that shares similar optical properties as
conventional lasers such as emitting a beam of light consisting of coherent elec-
tromagnetic radiation which can reach high power, but which uses some very dif-
ferent operating principles to create the beam. Unlike gas, liquid and solid state
lasers, in which electrons are excited in bound or molecular states, FELs use a
relativistic electron beam as the lasing medium which moves freely through a
magnetic field. Due to the fast oscillatory magnetic field, the electron subject to
the Lorentz

Figure 2.2: Sketch of a free electron laser.

force, emitting photons when
it is accelerated in an os-
cillatory trajectory as shown
in figure 2.2. The idea
comes from research initiated
by Hans Motz who proposed
the wiggler magnetic configu-
ration which is at the heart
of a free electron laser. The
wiggler, or undulator, is pro-
duced by arranging magnets
with alternating poles along the beam path. In 1976, John Madey invented the
free electron laser at Stanford University. Madey used a 24 MeV electron beam
and 5 m long wiggler to amplify a signal. But it was in 1977 when the first oper-
ating free electron laser device was reported [43]. The experiment demonstrated
the capability of a FEL to operate at high power and almost to any arbitrary
wavelength.

2.5 High Harmonic Generation (HHG)

Harmonic generation is considered the process whereby laser radiation of fre-
quency ω is used to produce radiation at higher frequencies which are odd
integer multiples of the original one. This process was first discovered in 1961
by Franken et al. [44], with a ruby laser and crystalline quartz as the nonlinear
medium. In 1967 New et al. [45], observed the first third harmonic generation
in a gas. Harmonic generation in a perturbative (weak field, I0 ∼ 1012 W/cm2)
regime is characterized by the rapid decreasing of the intensity with increasing
harmonic order. Harmonics up to 11th order were observed under these condi-
tions [46]. The first High Harmonic Generation (HHG) was observed in 1977
in the interaction of intense CO2 laser pulses with plasma generated from solid
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targets [47]. HHG in gases, far more widespread in applications today, was ob-
served in 1988 [48], with surprising results: the high harmonics were observed
to decrease in intensity at low orders, as expected. For higher energies they
were found to form a plateau, with the intensity of the harmonics remaining ap-
proximately constant over many orders [49]. This plateau ends up abruptly at a
position called High Harmonic Cut-off (HHC). Nowadays, all the HHG spectra
show, more or less, the same behavior (see figure 2.3) and in a non-perturbative
regime (strong field, I0 ∼ 1014 W/cm2) harmonics up to 128th order have been
reported [50].

Figure 2.3: Number of photons obtained per laser pulse in xenon, argon, neon
and helium as a function of the harmonic order. Experimental results (from
Anne L’Huillier and Ph. Balcou, Phys. Rev. Lett. 70, 6, 1993).

2.5.1 Semiclassical description of the HHG

One of the most interesting features of the HHG is the the position of the HHC,
since it determines the maximum frequency that can be emitted. A semiclassical
approach proposed by Kulander et al. [51] and Corkum [52] predicts the HHC
energy to be

Ec = Ip + 3.17Up (2.45)

where Ip is the atomic ionization potential and Up = E2
0/4ω

2
0 is the ponderomo-

tive energy, i.e., the kinetic energy acquired by a free electron in the oscillating
infrared (IR) laser field of amplitude E0 and frequency ω0.

The approach involves basically three steps. Briefly, in the first step, the
strong infrared laser field suppresses the atomic potential barrier and the bound
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electron tunnels out as Keldysh predicted in 1965 [53]. The electron may scape
by tunneling when the Keldysh parameter γ < 1, with γ being the Keldysh
parameter1,2. Then, in the second step, the electron is driven back by the
laser field gaining kinetic energy by acceleration. Finally, in the third step, the
electron is captured by the atomic potential emitting electromagnetic radiation.
This process is illustrated in figure 2.4, and is often called the three-step model.
Although the model predicts successfully the HHC, it fails to explain the plateau
structure observed in the spectra.

1. Tunneling

2. Acceleration

3. Recombination

Atomic potential + IR field

XUV

Ip

V(z,t)

z

Figure 2.4: Scheme of the three steps appearing in the rescattering model.

However, the rescattering (or three-step) model can be complemented by
the Bremsstrahlung3 effect, which considers emission of photons by deflecting
off the electron when it crosses the atomic potential but avoiding their capture.

The rescattering model combined with the Bremsstrahlung process is able
to explain the main features of the HHG spectra:

• The HHC is given by the highest returning energy.

• Only odd harmonics are created.

• Below the HHC, yields are almost constant (Bremsstrahlung spectra is
relatively flat away from the cutoff).

Moreover, this basic model was confirmed by also explaining the lack of HHG
if pure circularly polarized light is used as incident radiation. This can be well
understood from the rescattering model, since the tunneling electron will never
come back to the parent ion core due to the circular trajectories imposed by the
electric field.

1Keldysh parameter is defined as γ = ω0
√
2mWb/|e|E0 where E0 and ω0 stand for the

amplitude and angular frequency of the laser electric field, and e, m and Wb the charge, mass
and binding energy of the electron.

2In 2001, G L Yudin and M Yu Ivanov [54] suggested that tunneling may occur even for
γ substantially exceeding one. In 2007 experiments of M Uiberacker et al. [55] confirmed this
idea, observing tunneling up to values of the Keldysh parameter as high as γ ∼ 3.

3Bremsstrahlung (German): from bremsen ”to brake” and Strahlung ”radiation”, i.e.,
”breaking radiation” or ”deceleration radiation”, is electromagnetic radiation produced by
deceleration of a charged particle, when deflected by another charged particle.
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2.5.2 Quantum mechanical description of the HHG

In principle, one should be able to obtain the HHG spectra by solving the TDSE.
Briefly, the solution of TDSE can be expressed formally as

|Ψ(t)〉 = U(t,−∞)|Φ0〉 (2.46)

where Φ0 corresponds to the initial state, and U(t, t′) is the time evolution
operator,

U(t, t′) = e−
i
~

∫

t

t′
H(τ)dτ (2.47)

which contains the Hamiltonian in the dipole approximation,

H(τ) =

[

−~
2∇2

2m
+ V (r)− er ·E(τ)

]

(2.48)

This Hamiltonian represents the motion of the electron in the atomic potential
V (r) driven by the IR field E(t). By assuming no depletion of Φ0, the escaping
electron is driven only by the laser field. M. Lewenstein et al. [56] developed
a fully quantum model based on the rescattering picture and the strong field
approximation (SFA), in which the equation (2.46) was propagated in the basis
of the momentum states |Ψp〉:

|Ψ(t)〉 =
∫

U(t, t1)|Ψp〉〈Ψp|U(t1,−∞)|Φ0〉dp (2.49)

From the above propagation, the time dependent induced dipole was found to
be:

µ(t) = 〈Ψ(t)|r|Ψ(t)〉 (2.50)

=

∫∫

dt1dpµ(p
′)U(t, t1)µ(p)

∫ t1

−∞

dτE(τ)e
i
~
(p2/2m+Ip)τ + c.c.

with an interesting physical interpretation: the electron is promoted into a
continuum state by the laser field at t1 by the dipole interaction

µ(p) = 〈Ψp|r|Ψ0〉 (2.51)

Then, the electron propagates mainly in the laser field until the time t. The
effect of the atomic potential is assumed to be negligible between t1 and t. How-
ever, note that the evolution operator U incorporates some effects of the binding
potential through the atomic ionization potential Ip. Finally, the electron re-
combines at time t through the dipole interaction µ(p′), with

p′ = p−
∫ t

−∞

E(τ)dτ +

∫ t1

−∞

E(τ)dτ (2.52)

Thus, from the Fourier transform of µ(t), one should be able to obtain the
harmonic components as a sum of contributions from different trajectories of
the electron in the continuum. Other advances in the quantum description of
HHG can be found in [57,58] and references therein.
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2.5.3 Attosecond pulses

In the last section, the main energetic features of the HHG was briefly discussed.
Here proceede to describe the radiation coming from the harmonic generation
but in the time domain. First of all, let us recall how HHG is produced. When
an intense IR laser pulse is focused into a beam of a rare gas, one electron is
tunnel-ionized owing to the laser electric field, then the electron gains kinetic
energy while traveling in the laser field and finally, the electron comes back to
the nucleus to be recombined, releasing the gained energy in form of radiation,
whose duration lies in the attosecond time scale. This three-step process repeats
every half period of the driving laser field. Consequently the emitted radiation
would then consist of a sequence of pulses separated by half the laser period (a
train of pulses), i.e., one obtains an Attosecond Pulse Train (APT). Actually
one obrains an APT dressed by the parent IR field as a result of the HHG pro-
cess (see figure 2.5 (a)).
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Figure 2.5: (a): electric field E(t) of the APT (blue line) and their parent IR field
(red line). The attosecond pulses inside the train are created on the maxima
and minima of the IR electric field and their intensity is modulated by the IR
envelope. (b): Fourier transform of the isolated APT electric field (in blue) and
the APT+IR (in black). The parent IR field with photon energy ~ωIR = 1.589
eV produces a power spectrum of odd harmonics Hn belonging to the APT and
centered at the 19th harmonic (~ωIR = 30.2 eV).

By controlling the time delay (with attosecond resolution) between the APT
and the IR pulse, one may study the response of a quantum system ionized by
the energetic APT and subsequently being monitored by the low frequency IR
field. Figure 2.6 shows an scheme of how to prepare the sequence of APT pump
and IR probe laser pulses before reaching the molecular target H2.
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Figure 2.6: Pump-probe laser scheme to photoionize the hydrogen molecule.
The APT is generated from the HHG of a parent few cycle IR field. A time
delay τ > 0 makes to reach the hydrogen target before the arrival of the IR
field.

APT themselves can also be characterized through this kind of pump-probe
experiments with atoms or molecules. The related techniques are called RA-
BITT (Reconstruction of Attosecond Beating by Interference of Two-photon
Transitions). In a typical RABITT experiment, the photoelectron spectrum
is recorded after the photoionization as a function of the time delay between
the APT and the IR field. This photoelectron spectrum shows peaks located
at energies εodd(n) = (2n − 1)~ωIR − IP for odd-harmonics. In addition due
to the absorption/emission of IR photons by the ionized electron sideband sig-
nals corresponding to even harmonics may also appear. These sidebands are
located at energies given by εeven(2n) = εodd(2n± 1)∓ ~ωIR. As illustrated in
figure 2.7 these sidebands are the result of a constructive interference between
two IR transitions from adjacent continuum energy levels already populated by
the absorption of XUV odd harmonics, i.e., a photoelectron peak located at
the position of absorbed even harmonics, say 2n, results from (i) ionization by
the (2n − 1)th harmonic followed by the absorption of a ~ωIR photon, or (ii)
ionization by the (2n+1)th harmonic followed by the emission of a ~ωIR photon.

To produce an isolated attosecond pulse is even more challenging than APTs.
In principle, one may generate a single attosecond pulse (SAP) by using IR fields
with an extremely low number of cycles (∼ 7 fs, 770 nm driving pulse [59]). An
alternative scheme is to isolate a single attosecond pulse from the attosecond
pulse train by using a polarization gating technique [60]. Figure 2.8 shows a
picture analogous to figure (2.5) but for a SAP.

The shortest attosecond pulse which one may conceive is the one composed
by only one optical cycle. This ultrashort attosecond pulse was produced for the
first time in 2006 [42] with a duration of 130 attoseconds with a central photon
energy of ∼ 36 eV. A fuller description of the production and characterization of
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Figure 2.7: Schematic energy dia-
gram of the APT+IR photon ab-
sorption process above the ioniza-
tion threshold, relevant to explain
the RABITT–like experiments. The
APT firstly populates continuum en-
ergy levels with energies correspond-
ing to the odd harmonics absorption
(blue lines). Secondly population is
transferred to continuum states lying
in the region of even harmonics by the
absorption or emission of IR photons
(red arrows).

2n− 1

+1

2n+ 1−1
E(~ωIR)

2n

Ip

0

H2

time

time
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Few cycle
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APT SAP
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generation

Delay and
focusing

Figure 2.8: Pump-probe laser scheme to photoionize the hydrogen molecule
similar with the figure 2.6 but with an isolated attosecond pulse.

attosecond pulses with their application to the spectroscopy can be found in [61].

2.6 Modeling the pulses

We made use of several forms of the vector potential A(t). For cases involving
a pulse with cosine shape, we use

A(t) =

{

êµ cos
2
(

πt
T

)
∑

iAi cos
[

ωi(t)
(

t+ T
2

)]

, −T/2 < t < T/2

0, elsewhere
(2.53)
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with T the pulse duration, ωi the radiation frequency, Ai the vector potential
peak intensity defiden by

Ai =
ai
ωi
E =

ai
ωi

√

I

Iau
(2.54)

in which E is the electric field amplitude, Iau = 3.5095 × 1016 W/cm2 is the
atomic unit of intensity, I is the laser field peak intensity, ai is a dimensionless
quantity and êµ the polarization vector of the light. The inclusion of a sum-
mation in the right-hand side of the last equation allows us to define different
pulses representing the following physical situations:

1. One-color radiation: only one term in the summation is used, ai = δi1,
and ω is independent of time. In this case, ω represents the central photon
energy in the spectrum that results from the Fourier transform of A(t).
The corresponding full width at half maximum (FWHM) is given by δω =
4π/T .

2. Multicolor radiation: the summation is expanded in several frequencies ωi

independent of the time but weighted by the ai coefficients. The latter
satisfy

∑

i a
2
i = 1.

3. Chirped radiation: only one term in the summation is used, ai = δi1, and
ω is time dependent and its temporal evolution can be given by

ω(t) = ω0 + (ω1 − ω0) sin

[

π

2T

(

t+
T

2

)]

(2.55)

or either by equation (2.57)

An extensive study of the response of the H2 (or D2) ionized by the different
pulse shapes defined above can be found in [3].

2.7 Chirped pulses

The chirp of a laser pulse is usually understood as including a time depen-
dency in the carrier frequency ω(t) Specifically, an up-chirp (down-chirp) means
that the instantaneous frequency increases (decreases) with time inside the laser
pulse. A chirp can be incorporated to the laser after propagation of the laser in
a transparent medium due to the effects of chromatic dispersion and nonlineari-
ties (e.g. self-phase modulation arising from the Kerr effect4). In semiconductor
lasers or amplifiers, chirps can also result from changes in the refractive index
associated to modifications in the carrier density. In attosecond pulses coming
from HHG, chirping is due to the time shift between emissions of two consecu-
tive harmonics (emission of high harmonics is not synchronized on an attosecond
time scale). Mairesse et al. [62] revealed that higher harmonics are emitted af-
ter the lower ones, and one may then expect up-chirp in these attosecond pulses.

4The Kerr effect, also called the quadratic electro-optic effect (QEO effect), is a change in
the refractive index of a material in response to an applied electric field.
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As an example, consider a pulse with a cosine square envelope with a dura-
tion between −T/2 and T/2:

E(t) = E0 cos
2

(

πt

T

)

cos

[

ω(t)

(

t+
T

2

)]

(2.56)

with E0 the peak field amplitude of the laser and ω(t) the time dependent
frequency. Then, frequency of an up-chirped pulse can be modelized as follows

ω(t) = ω0 +
(ω1 − ω0)

T

(

t+
T

2

)

(2.57)

with ω0 < ω1, which means that the pulse starts at t=−T/2 with a frequency ω0

and ends up at t = T/2 with a frequency ω1. Figure 2.9 illustrates an example
for an up-chirpes pulse.
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Figure 2.9: Schematic shape of an up-chirped pulse.

2.8 Applications on atomic and molecular physics

The applications of ultrashort laser pulses derive mainly from two character-
istics of such pulses: firstly, their very short duration, which can be used to
induce and measure ultrafast phenomena with temporal resolution of hundreds
of attoseconds. Secondly, the huge electric and magnetic fields associated to the
pulses that can surpass the ones that bind electrons to atoms, resulting in large
ionization that lead to material modifications. In fact these applications derive
into the Attosecond Physics [63].



Chapter 3

Electronic and nuclear
structure of H2

This chapter provides a brief description of the method employed to calculate
the states needed to expand the time dependent wave function according to the
spectral method used in this work. The Born–Oppenheimer approximation is
invoked to treat in a separated way the nuclear and the electronic motion. For
the nuclear motion, only the vibration is taken into account given the fact that
propagation of the time dependent Schrödinger equation will not exceed tens
of femtoseconds. After the photon impact, molecular dissociation is promptly
achieved without enough time for the molecular rotation (which happens to oc-
cur in the picoseconds timescale). For the electronic motion, not only bound
states are needed in the description, but also doubly excited states (which can
autoionize) and molecular continuum states. These three kind of states have to
be present in the expansion of the time dependent wave function in order to rep-
resent autoionization and direct ionization processes which are the main scope
of this thesis. The rigorous Feschbach formalism [64] is used to project the total
wave function into two half spaces: A localized resonant part and the continuum
non resonant part. The TDSE builds up in time a complex wave packet that
eventually mix up both half spaces. In this chapter we describe the equations
and the properties related to these stationary states that conform a basis set
to be used in the spectral method. Atomic units will be used throughout this
chapter unless otherwise stated.

3.1 The Born–Oppenheimer approximation

Let us consider the total non-relativistic Hamiltonian without the mass polar-
ization term for the H2 molecule:

H = −∇2
R

2µ
+

1

R
+Hel (3.1)

where the electronic Hamiltonian Hel reads:

Hel = −∇2
r1

2
− ∇2

r2

2
+

1

r12
(3.2)

27
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~r1
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X
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Y
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Figure 3.1: Coordinate system for a two-electron diatomic molecule. Position
vectors r1 and r2 employed to describe the electrons with respect to the nuclear
center of mass (CM). The vector of the nuclear separation is R.

Here µ is the reduced mass of the molecule, r1, r2 and R are, respectively, the
position vectors of the two electrons relative to the center of mass of the two
nuclei and the vector of the nuclear separation (see figure (3.1)). Then, the
electronic wave function satisfies:

[

Hel − Eel
i (R)

]

Ψi(r1, r2;R) = 0 (3.3)

Now consider the total wave function Φ expanded in terms of the eigenfunctions
Ψi of the electronic Hamiltonian:

Φ(R, r1, r2) =
∑

i

Fi(R)Ψi(r1, r2;R) (3.4)

where the Fi(R) wave function represents the nuclear (vibrational and rota-
tional) motion of the molecule within the potential energy surface given by
Eel

i (R).
Thus, the total wave function satisfies:

[

−∇2
R

2µ
+

1

R
+Hel − E

]

Φ(R, r1, r2) = 0 (3.5)

By replacing equation (3.4) into equation (3.5) and projecting with Ψj one
arrives:

−
∫

Ψj(r1, r2;R)
∇2

R

2µ

∑

i

Fi(R)Ψi(r1, r2;R)dr1dr2

+

(

1

R
+ Eel

j (R)− E

)

Fj(R) = 0 (3.6)

After carrying out the derivatives and integrating by parts, the last expression
leads to the equation for the nuclear wave function Fj(R):

[

−∇2
R

2µ
+

1

R
+ Eel

j (R)− E

]

Fj(R) =
1

2µ

∑

i

OjiFi(R) (3.7)
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with

Oji = 2aji · ∇R +∇R · aji − bji (3.8)

aji =

∫

Ψj(r1, r2;R)∇RΨi(r1, r2;R)dr1dr2 (3.9)

bji =

∫

(∇RΨj(r1, r2;R)) · (∇RΨi(r1, r2;R)) dr1dr2. (3.10)

Here one may identify the nonadiabatic terms through the operator O, which
couples two electronic states Ψi and Ψj and permits momentum transfer from
the electronic to the nuclear motion and viceversa.

By neglecting the nonadiabatic couplings, i.e., Oji = 0, and also the rota-
tional motion of the molecule, i.e., Fj(R) → Gj(R) = R−1χj(R) one arrives to
the radial equation for the nuclear motion

[

− d2

2µdR2
+
J(J + 1)

2µR2
+

1

R
+ Eel

j (R)− E

]

χj(R) = 0 (3.11)

The last one dimensional Schrödinger equation represents the vibrational motion
of the molecule inside the potential Eel

j + 1/R. It can be solved by expanding
the wave function χj(R) in a basis set and solving the corresponding algebraic
eigenvalue problem, therefore obtaining a set of bound vibrational and contin-
uum dissociative wave functions {χνj (R)} with energies E = Wνj . The set of
product combinations {Ψjχνj} is referred as the basis of vibronic states. The
χj functions describe the molecular vibration and dissociation in the electronic
state Ψj within the adiabatic Born–Oppenheimer approximation.

3.2 Electronic continuum states

In this section we introduce a fully L2 integrable method to describe the elec-
tronic continuum states. The Feshbach formalism [64] is used to divide the whole
space into two orthogonal half spaces P and Q. For the P half space, we use
a close–coupling formalism to deal with the solution for the multichannel non
resonant continuum states. For each channel in the close-coupling expansion, we
require a discretized representation of the uncoupled continuum states (UCS).
To properly satisfy the scattering boundary conditions in the multichannel case
the Lippmann–Schwinger equation is invoked and solved. The interchannel cou-
pling is then introduced by solving a system of linear equations associated to the
representation of the Lippmann–Schwinger equation in the basis of UCS’s. A
fuller description of the method can be found in [65,66] and references therein.
On the other hand, the resonant Q half space is built up from standard con-
figuration interaction wave functions using molecular orbitals of H+

2 as basis
set.

3.2.1 Feshbach projection operators

Consider the Schrödinger equation for the electronic motion at fixed nuclei po-
sitions

[Hel − E] Ψ(r1, r2) = 0 (3.12)
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in the energy domain where the wave function does not vanish at infinity, .i.e,

lim
ri→∞

Ψ 6= 0 (3.13)

Then the Feshbach projection operators P and Q are defined such that

Ψ = PΨ+QΨ (3.14)

where PΨ and QΨ correspond to, the scattering-like part and the L2 integrable
part of the total electronic wave function respectively. Feshbach operators have
the properties of completeness:

P +Q = 1 (3.15)

idempotency:
P2 = P, Q2 = Q (3.16)

orthogonality:
PQ = QP = 0 (3.17)

and the asymptotic properties:

lim
(r1 or r2)→∞

PΨ = lim
(r1 or r2)→∞

Ψ (3.18)

lim
(r1 or r2)→∞

QΨ = 0. (3.19)

the latter equation indicates that the QΨ corresponds to the discrete bound–like
resonant wave function.

3.2.2 The P half space: discretization of the electronic
continuum and boundary conditions

In this section the projected Schrödinger equation in the P half space

[PHP − E]PΨ(r1, r2) = 0 (3.20)

is described following [67], where the polarization term has been neglected.
Hereafter H will represent the electronic Hamiltonian Hel.

Let ΨΩ−
µE be the incoming scattering wave function that represents one elec-

tron that ionizes from the hydrogen molecular ion. These continuum wave func-
tion can be decomposed in partial waves according to standard scattering the-
ory [68]. The wave functions ΨΩ−

µE are built up to be eigenfunctions of the set of

operators Ω̂ = {Ŝ2, Ŝz, L̂z, σ̂, π̂} with eigenvalues Ω = {S(S + 1),Ms,±Λ, σ, π},
where S is the total electronic spin, Ms is its z-component, Λ the absolute value
of the z-component of the total electronic angular momentum (Σ,Π,∆, . . . ), σ
is the reflexion symmetry with respect to xy plane (+ or −) and π the inversion
symmetry (gerade or ungerade). The channel index is defined as µ = (α, ℓ),
where α stands for the set of quantum numbers that label an electronic state of
the target, i.e., a molecular state of the H+

2 with energy Eα, and ℓ is the angular
momentum of the scattered electron with energy εµ, such that E = Eα + εµ.
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The projected PΨ wave function in equation (3.20) for the channel µ and
energy E may be built through a close-coupling as follows:

PΨΩ−
µE (r1, r2) = Θ

Nc
∑

µ′

(

ψΩ
µ′(r1, r̂2)F

Ω−
µµ′ (r2)

)

(3.21)

where Θ is the symmetrization (antisymmetrization) operator for singlet (triplet)
states, Nc is the number of open channels, and the channel functions, ψΩ

µ′ , cor-
respond to target states coupled with the angular functions of the scattered
electron to form eigenfunctions of Ω̂.

For open channels with k2µ = 2εµ > 0 where

εµ = E − Eα (3.22)

corresponds to the energy of the free electron in the channel µ (note that Eα

represents the energy of a molecular ionization thresholds). The radial wave
functions FΩ−

µµ′ for the ionized electron has the following asymptotic behavior:

lim
r→∞

FΩ−
µµ′ (r) =

1
√

kµr

(

δµµ′eiθµ − SΩ†
µµ′e

−iθµ
)

(3.23)

where

θµ = kµr −
1

kµ
ln(2kµr)−

1

2
ℓµπ + arg Γ

(

ℓµ + 1− i

kµ

)

+ ηµ(kµ) (3.24)

and SΩ†
µµ′ is the scattering S-matrix. In the latter equation, ηµ(kµ) corresponds to

the non Coulombic phase due to the short range part of the molecular potential.
When the number of open channels, Nc, is greater than one, direct diagonal-

ization of equation (3.20) in a basis set cannot provide a correct discretization
of the multichannel continuum, since there is no asymptotic proportionality be-
tween the correct continuum wave functions ΨΩ−

µE and those resulting from the
diagonalization [69].

On the other hand, discretization of a single open channel (µ′ = µ) contin-
uum can be performed easily, since one can make use of the static exchange
approximation1. In this case, diagonalization of the Hamiltonian in a basis
of configurations Θ

(

ψΩ
µ (r1, r̂2)ωµn(r2)

)

, where {ωµn}Nn=1 is a set of L2 radial

functions of the H+
2 , leads to a discretized energy spectrum {Eµn}Nn=1 and the

corresponding continuum states:

χ̃µn(r1, r̂2) = Θ
(

ψΩ
µ (r1, r̂2)F

Ω−
µn (r2)

)

(3.25)

where

FΩ−
µn (r) =

N
∑

i

cµni ωµi(r) (3.26)

1In the static exchange approximation, the colliding electron cannot excite the target, i.e.,
one considers an elastic collision.
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As it is well known, discrete states coming from the diagonalization in terms
of L2 basis set are usually normalized to unity,

〈χ̃µn|χ̃µn′〉 = δnn′ (3.27)

whereas continuum states are normalized to a Dirac delta function

〈χµEµn |χµEµn′ 〉 = δ(Eµn − Eµn′) (3.28)

In the single channel case, discretized χ̃µn and continuum wave functions χµEµn

are identical up to a normalization factor:

|χµEµn〉 = ρ1/2µ (Eµn)|χ̃µn〉 (3.29)

where ρµ is usually called the density of states which is defined by:

ρµ(Eµn) =

∣

∣

∣

∣

∂Eµn′

∂n′

∣

∣

∣

∣

−1

n′=n

(3.30)

Evaluation of this derivative is not difficult and can be easily done using standard
numerical procedures. However, in most applications, the above expression can
be further simplified to a three point formula [70]:

ρ(En) =
2

En+1 − En−1
(3.31)

3.2.3 Lippmann–Schwinger equation and the interchannel
coupling

We recall equations (3.21) and (3.25). From the energy normalized χµEµn wave

functions, one can build the correct non resonant wave function PΨΩ−
µE through

the Lippmann-Schwinger equation [68], which automatically incorporates the
correct boundary conditions for the multichannel case

P|ΨΩ−
µE 〉 = |χµEµn〉+G−

P(E)V |χµEµn〉 (3.32)

where G−
P(E) is the Green operator associated to equation (3.20)

G−
P(E) =

1

E − PHP − iη
(3.33)

and

V =
∑

µµ′

Pµ(H− E)Pµ′ (3.34)

represent the interchannel coupling potential. The χµEµ wave functions repre-
sent a set of orthogonal and uncoupled continuum states (UCS) for each individ-
ual channel µ according to the preceding section. Discretized UCS (see equation
(3.29)) are formally eigenfunctions of a projection Pµ = |χµn〉〈χµn| operator for
the channel µ satisfying Pµ|χµn〉 = |χµn〉 and the eigenvalue equation

[PµHPµ − Eµn]Pµ|χµn〉 = 0 (3.35)
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We also assume that the discretized and orthogonal2 UCS satisfy the closure
relation in P–space:

∑

µn

|χ̃µn〉〈χ̃µn| =
∑

µ

Pµ = P (3.36)

By incorporating the interchannel coupling potential V in the Lippmann–Schwinger
equation (3.32) it now becomes energy discretized

P|ΨΩ−
µE 〉 = |χµEµn〉+G−

P(E)
∑

µ′′n′′

|χ̃µ′′n′′〉〈χ̃µ′′n′′ |(H− E)

∑

µ′n′

|χ̃µ′n′〉〈χ̃µ′n′ |χµEµn〉 (3.37)

and using the orthogonality relation between UCS,

〈χ̃µ′n′ |χµEµn〉 = ρ1/2µ (Eµn)δµµ′δnn′ (3.38)

one arrives to

P|ΨΩ−
µE 〉 = |χµEµn〉+G−

P(E)
∑

µ′′n′′

|χ̃µ′′n′′〉〈χ̃µ′′n′′ |(H− Eµn)|χ̃µEµn〉ρ1/2µ (Eµn)

(3.39)
Projecting now with P (equation (3.36)) on the last equation and using again
the orthogonality of UCS one gets

P|ΨΩ−
µE 〉 = ρ1/2µ (Eµn)

(

|χ̃µn〉

+
∑

µ′n′

µ′′n′′

|χ̃µ′n′〉〈χ̃µ′n′ |G−(E)|χ̃µ′′n′′〉〈χ̃µ′′n′′ |(H− E)|χ̃µEµn〉
)

(3.40)

At this point is useful to define the matrix elements of the representation of the
Green and V operators in the basis of discretized UCS as

G−
µn,µ′n′ ≡ 〈χ̃µn|G−

P(E)|χ̃µ′n′〉 (3.41)

Vµn,µ′n′ ≡ 〈χ̃µn|(H− E)|χ̃µ′n′〉 (3.42)

thus equation 3.40 can be written in a compact form:

P|ΨΩ−
µE 〉 = ρ1/2µ (Eµn)

(

|χ̃µn〉+
∑

µ′n′

µ′′n′′

|χ̃µ′n′〉G−
µ′n′,µ′′n′′Vµ′′n′′,µn

)

(3.43)

The calculation of the V matrix is straightforward, whereas the calculation of
G− matrix requires special treatment. From the formal scattering theory one
can use the equation [68]

G−(E) = G−
0 (E) +G−

0 (E)V G−(E) (3.44)

2Non orthogonality of UCS appear in many cases and for different reasons. However, one
always can perform linear combinations of the non-orthogonal vectors to generate orthogonal
vectors.
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where G−
0 is the Green operator associated to the uncoupled Hamiltonian:

G−
0 (E) = lim

η→0

1

(E −∑µ PµHPµ − iη)
(3.45)

In the basis of discretized UCS the latter operator takes the form

G−
0 (En) =

∑

µ′n′

Ξµ′(En′)|χ̃µ′n′〉〈χ̃µ′n′ | (3.46)

where

Ξµ′(En′) =

{

iπρµ′(Eµ′) if En′ = En

1/(En − En′) if En′ 6= En

(3.47)

Projecting the equation (3.44) in the basis of UCS, using the closure relation
for P-space and using equation (3.43) one gets the matrix equation:

G−
µ′n′,µn = δµµ′δnn′Ξµ′(En′) + Ξµ′(En′)

∑

µ′′n′′

Vµ′n′,µ′′n′′G−
µ′′n′′,µn (3.48)

which can be rewritten in a more convenient form:
∑

µ′′n′′

(δµ′′µ′δn′′n′ − Ξµ′(En′)Vµ′n′,µ′′n′′)G−
µ′′n′′,µn = δµµ′δnn′Ξµ′(En′). (3.49)

Defining

Cµ′n′,µ′′n′′ ≡ δµ′′µ′δn′′n′ − Ξµ′(En′)Vµ′n′,µ′′n′′ (3.50)

Dµ′n′ ≡ δµµ′δnn′Ξµ′(En′) (3.51)

one arrives to
∑

µ′′n′′

Cµ′n′,µ′′n′′G−
µ′′n′′,µn = Dµ′n′ (3.52)

Equation (3.52) represents a system of linear equations in the complex plane for
each channel µ. Note that the coefficient matrix C multiplying the unknowns
G−
µ′′n′′,µn is the same for all µ, so that each system of equations differs exclusively

in the right–hand side column vector D. Therefore, only one matrix inversion
is required to solve equation (3.52).

So far, a way to calculate continuum part of the wave function from the
UCS has been described. The UCS can be built in a basis of L2 functions. As
an illustrative example we consider continuum states of total symmetry 1Σ+

u

constructed with configurations of the type (1sσg, ǫu) representing one electron
attached to the H+

2 in the 1sσg molecular orbital and the other electron in
the continuum with energy ε and angular momentum ℓ. Only odd values of
ℓ for the angular momentum of the electron in the continuum are compatible
with the target orbital 1σg to fulfill the total symmetry Σu. In the forthcoming
description, only ℓ = 1 and ℓ = 3 angular momenta for the outgoing electron are
taken into account, so that only two channels (µ = α, ℓ) are open. Specifically
the first channel µ = 1 corresponds to (1σg, 1) and the second channel µ = 2
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to (1σg, 3). Thus the corresponding P projection operator takes the following
form

P = P1 + P2 (3.53)

=
∑

n

|χ̃1n〉〈χ̃1n|+
∑

n′

|χ̃2n′〉〈χ̃2n′ | (3.54)

and the associated UCSs:

χ̃1n(r1, r2) = Θ
(

φ1σg (r1)Y0
1 (r̂2)

∑

i

c1ni ωi(r2)
)

(3.55)

χ̃2n′(r1, r2) = Θ
(

φ1σg (r1)Y0
3 (r̂2)

∑

i

c2n
′

i ωi(r2)
)

(3.56)

In this context, the channel functions are ψΩ
1 (r1, r̂2) = φ1σg (r1)Y0

1 (r̂2) and
ψΩ
2 (r1, r̂2) = φ1σg (r1)Y0

3 (r̂2). The molecular orbital φ1σg is an eigensolution

of the one electron Schrodinger equation for the H+
2 for a fixed internuclear

distance
[

ĥ− E1σg

]

φ1σg (r) = 0 (3.57)

whereas the UCSs obey the projected eigenvalue equations

[P1HP1 − E1n] χ̃1n(r1, r2) = 0 (3.58)

[P2HP2 − E2n] χ̃2n(r1, r2) = 0 (3.59)

with H the electronic Hamiltonian for the H2. Solution of the above eigenvalue
equations does not suppose a complicated task. In chapter 4, solution of those
eigenvalue equations in terms of L2 basis functions will be discussed in detail.
So far, one has:

P|ΨΩ−
1E 〉 = ρ

1/2
1 (E1n)

[

|χ̃1n〉+
∑

n′n′′

(

|χ̃1n′〉G−
1n′,1n′′V1n′′,1n + |χ̃1n′〉G−

1n′,2n′′V2n′′,1n +

|χ̃2n′〉G−
2n′,1n′′V1n′′,1n + |χ̃2n′〉G−

2n′,2n′′V2n′′,1n

)]

(3.60)

P|ΨΩ−
2E 〉 = ρ

1/2
2 (E2n)

[

|χ̃2n〉+
∑

n′n′′

(

|χ̃1n′〉G−
1n′,1n′′V1n′′,2n + |χ̃1n′〉G−

1n′,2n′′V2n′′,2n +

|χ̃2n′〉G−
2n′,1n′′V1n′′,2n + |χ̃2n′〉G−

2n′,2n′′V2n′′,2n

)]

(3.61)

where E1n = E2n = E since εµ is the energy for any angular momentum of
the outgoing electron (see equation 3.22). In general, none of Eµn eigenvalues
coincide with E, because direct diagonalization of equations (3.58) and (3.59) in
the basis set in which the UCSs is expanded gives different eigenvalues. However,
there are several ways to impose Eµn = E for any index n. One of them [71],
is to add a potential well, i.e., W (r) = 0 for r < r0 and W (r) → ∞ for r > r0,
and then use r0 as parameter to obtain the desired eigenvalue, the procedure
will be described in the next chapter.
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3.2.4 The Q half space

According to the Feshbach method of projection operators, to obtain the wave
function that describes the electronic motion in the Q half space, it is necessary
to solve the eigenvalue equation for the projected Hamiltonian QHQ:

(QHQ− En)φn = 0 (3.62)

The solution of equation 3.62 with squared integrable basis set L2 is appro-
priated, since the Q half space contains the localized part of the resonances
(Qφn → 0 when ri → ∞). One of the most accurate method to solve the
eigenvalue equation (3.62) is the configuration interaction method based on
configurations built from H+

2 molecular orbitals. Feshbach partitioning requires
that Qφn be orthogonal to the non resonant continuum PΨΩ−

αℓE . A way to do
this is to associate a Qα projection operator to each Pµ = Pαℓ operator channel
by spanning the Qα space with configurations that contains all the H+

2 orbitals
ϕk that lie above the target orbital ϕα

3 in the energy scale, i.e.,

Qα =
∑

i>α
j>α

|ϕiϕj〉〈ϕiϕj | (3.63)

In order to check out that full orthogonality between Q and P space is
fulfilled (equation (3.17)) when several channels µ = αℓ are simultaneously
included one has to evaluate:

QP =
∑

α

Qα

∑

α′ℓ

Pα′ℓ =
∑

αℓ

QαPαℓ +
∑

αα′ℓ
α6=α′

QαPα′ℓ. (3.64)

Assuming that ϕαξnℓ represents the set of static exchange configurations ex-
panding the Pαℓ subspace then the first term (α = α′) in the last equation
vanishes identically as follows:

QαPαℓ =
∑

i>α
j>α

|ϕiϕj〉〈ϕiϕj |
∑

n

|ϕαξnℓ〉〈ϕαξnℓ|

=
∑

i>α
j>α

∑

n

〈ϕiϕj |ϕαξnℓ〉|ϕiϕj〉〈ϕαξnl| (3.65)

=
∑

i>α
j>α

∑

n

(δiα〈ϕj |ξnℓ〉 − δjα〈ϕi|ξnℓ〉) |ϕiϕj〉〈ϕαξnℓ| (3.66)

= 0 (3.67)

However the second term (α 6= α′) leads to a non vanishing part for α < α′:

∑

αα′ℓ
α6=α′

QαPα′ℓ =
∑

α<α′

nℓ





∑

j>α

〈ϕj |ξnℓ〉|ϕα′ϕj〉〈ϕαξnℓ| −
∑

i>α

〈ϕi|ξnℓ〉|ϕiϕα′〉〈ϕαξnℓ|





(3.68)

3This is equivalent to the standard of Feshbach projection operators Qα(1, 2) = 1−Pα(1, 2)
where Pα(1, 2) = Pα(1)+Pα(2)−Pα(1)Pα(2) and Pα(i) = |ϕα(i)〉〈ϕα(i)|. The Qα projector
operator removes the H+

2 orbitals from the full CI space.
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which means that QP = 0 only when α > α′. In practice making (equation
3.68) equal to zero is an approximation. However in principle it is possible to
impose orthogonalities like 〈ϕk|ξnℓ〉 = 0 but it is difficult in practice. In par-
ticular cases, when Qα and Pα′ℓ correspond to subspaces of different molecular
symmetry Ω and Ω′, the orthogonality is fulfilled automatically for any pair of
(α, α′). As an illustrative example, the doubly excited states Q2

1Σ+
u are orthog-

onal to the continua 1Σ+
u (1σg, nℓu) and

1Σ+
u (1σu, nℓg). On the other hand, the

doubly excited states Q1
1Σ+

u are orthogonal to the continuum 1Σ+
u (1σg, nℓu)

but not to the 1Σ+
u (1σu, nℓg).

In the practice, the eigenvalue equation (3.62) transforms into:

(QαHQα − Eα
n )φ

α
n = 0 (3.69)

and it is solved for each α (according to the number of open channels Nα) using
the standard configuration interaction method with configurations spanned with
the Qα space. Table 3.1 contains the configurations for Qα used in this thesis for
α = 1, 2. Notice that, by partitioning the Q half space in such a way, one has to
select only those statesQαφ

α
n whose eigenvalues Eα

n lie below the α+1 ionization
threshold of H+

2 , the remaining states lying above the α+1 threshold belong in
rigor to the P space. As a consequence of the separated diagonalization for the
different Qα subspaces, the φαn and the φα

′

n are not necessarily orthogonal.

State Configurations
Q1

1Σ+
g 1σunσu(n = 1, 70), 1πunπu(n = 1, 70), 2σgnσg(n = 2, 35),

2σunσu(n = 2, 18), 3σgnσg(n = 3, 18), 1πgnπg(n = 1, 10),
1δgnδg(n = 1, 10) and 2πunπu(n = 2, 10)

Q1
1Σ+

u 1σunσg(n = 2, 70), 1πunπg(n = 1, 70), σgnσu(n = 2, 35),
2σunσg(n = 2, 18), 3σgnσu(n = 1, 18), 1πgnπu(n = 1, 10),

1δgnδu(n = 1, 10) and 2πunπg(n = 1, 10)
Q1

1Πu 1σunπg(n = 1, 70), 1πunσg(n = 2, 70), 2σunσg(n = 2, 35),
2σunπg(n = 1, 18), 3σgnπu(n = 2, 18), 1πgnσu(n = 3, 10),

1δgnπu(n = 1, 10), 2πunσg(n = 4, 10) and 4σgnπu(n = 2, 10)
Q2

1Σ+
g 1πunπu(n = 1, 70), 2σgnσg(n = 2, 70), 2σunσu(n = 3, 18),

3σgnσg(n = 3, 18), 1πgnπg(n = 1, 10), 1δgnδg(n = 1, 10)
and 2πunπu(n = 2, 10)

Q2
1Σ+

u 1πunπg(n = 1, 70), 2σgnσu(n = 2, 70), 2σunσg(n = 3, 18),
3σgnσu(n = 3, 18), 1πgnπu(n = 2, 10), 1δgnδu(n = 1, 10)

and 2πunπg(n = 2, 10)
Q2

1Πu 1πunσg(n = 2, 70), 2σgnπu(n = 2, 70), 2σunπg(n = 1, 18),
3σgnπu(n = 2, 18), 1πgnσu(n = 3, 10), 1δgnπu(n = 1, 10),

2πunσg(n = 4, 10) and 4σgnπu(n = 2, 10)

Table 3.1: Configurations included in the expansion of the wave functions of the
molecular states Qα

2S+1Λσ
π.
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3.3 Electronic bound states

Bound states of H2 can be calculated by diagonalizing the total electronic molec-
ular Hamiltonian

H = −∇2
1

2
− ∇2

2

2
+

1

r12
(3.70)

in the basis of configurations |ϕiϕj |, where ϕi represents an molecular orbital
of the H+

2 . Bound states of H2 belong to the P subspace, i.e.,

lim
(r1 or r2)→∞

Pψb = lim
(r1 or r2)→∞

ψb = 0 (3.71)

So far, bound states satisfies

Pψb =
∑

k

cbk|{ϕiϕj}k| (3.72)

where each {ϕiϕj}k configuration has to be compatible with the total symmetry
2S+1Λσ

π imposed to the bound state. Table 3.2 shows the configuration space of
the bound states used through this thesis.

State Configurations
Bounds 1Σ+

g nσgnσg(n = 1, 9), nσunσu(n = 1, 9),
nπgnπg(n = 1, 6), nπunπu(n = 1, 5),
nδgnδg(n = 1, 3) and nδunδu(n = 1, 3)

Bounds 1Σ+
u nσgnσu(n = 1, 9), nπgnπu(n = 1, 9)

and nδgnδu(n = 1, 5)

Table 3.2: Configurations included in the expansion of the wave functions of the
bound molecular states 2S+1Λσ

π.



Chapter 4

Basis sets

Method of solutions for the time dependent Schrödinger equation TDSE based
on spectral methods with basis expansions require a large set of states, specially
for molecules when dealing with:

• General multihphoton dissociative ionization.

• Ultrashort attosecond or few femtosecond pulses with a large bandwidth.

• Probing with infrared few cycle pulses.

In this PhD work to describe general photoionization processes in H2 it may be
required to take into account the bound the continuum and the doubly excited
states; all these states may be calculated by solving a corresponding eigenvalue
problem associated to each Hamiltonian H, PHP and QHQ respectively, using
the interaction configuration method. Configurations for bound and doubly ex-
cited states can be built as antisymmetrized products of H+

2 orbitals whereas
configurations for the continuum states can be built as antisymmetrized prod-
ucts of the target orbital (an orbital of the H+

2 ) and scattering wave function of
the scaping electron. In this chapter we describe how the H+

2 orbitals and the
scattering states for the (H+

2 ,e
−) system can be calculated using expansions in

term of one–center basis sets. Our expansion makes use of the B-splines basis
sets, at variance with standard electronic molecular calculations that uses mul-
ticenter expansions to describe molecular orbitals. Atomic units will be used
throughout this chapter.

4.1 The molecular orbitals of H+
2

The H+
2 orbitals can be expanded in a one–center basis set composed of N

B–splines of order ks for the radial part defined within a finite box [0, rmax]
combined with spherical harmonics of angular momentum up to ℓ = ℓmax as
follows:

ϕnm(r) =

ℓmax
∑

ℓ=0

N
∑

i

cℓmni
Bks

i (r)

r
Ym
ℓ (Ω). (4.1)

A single B-spline function, Bks
i (x), is a piecewise polynomial function of order ks

defined in an interval x ∈ [a, b] (appendix A gives a brief description of B-spline

39
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functions). Detailed description of B-splines functions can be found in [72], and
their use in atomic and molecular physics in [73,74].

This one–center basis set is then used to diagonalize the H+
2 electronic Hamil-

tonian:

ĥ = −∇2

2
− 1

|r−RA|
− 1

|r−RB |
(4.2)

The expansion coefficients cℓmni and the eigenvalues of ĥ may be obtained from
the solution of the secular equation:

(h− ES) c = 0 (4.3)

The matrix elements of the Hamiltonian and the overlap matrix are given by:

hiℓ,i′ℓ′ =

∫ rmax

0

∫ 2π

0

∫ π

0

Bks
i (r)Ym∗

ℓ (r̂)ĥBks
i′ (r)Ym

ℓ′ (r̂)dr sin θdθdφ (4.4)

Siℓ,i′ℓ′ = δℓℓ′

∫ rmax

0

Bks
i (r)Bks

i′ (r)dr (4.5)

respectively, and they are easily computed to machine accuracy employing
Gauss-Legendre quadrature integration, given that B–splines are polynomial
functions.

Since the Hamiltonian does not commute with L̂2 but it does with L̂z (or

equally ĥ is invariant under the rotation of the internuclear Z axis), the eigen-

states ϕnm can be constructed to be simultaneous eigenfunctions of ĥ and L̂z and
therefore, symmetry properties can be associated to the eigenstates. According
to spectroscopic notation Greek letters are associated to eigenstates of L̂z with
eigenvalues λ = |m| where λ takes the values 0 (σ orbitals), 1 (π orbitals), 2
(δ orbitals), 3 (φ orbitals) and so on. Besides we are working with a homonu-
clear molecule, and there is a center of symmetry located at the midpoint of
the distance between the two nuclei, and after inversion operation r → −r the
Hamiltonian remains invariant under the transformation. However, when the
eigenstates are unaltered after this inversion operation they are called gerade
states, or if they change the sign by this operation they are called ungerade
states. The gerade states are labeled with a g subscript and the ungerade states
are labeled with a u subscript.

4.1.1 Matrix representation of the Hamiltonian

Using the multipole expansion for the molecular Coulomb potential

Vq = − 1

|r−Rq|
= −

∞
∑

j=0

4π

2j + 1

rj<

rj+1
>

j
∑

m=−j

Ym∗
j (Ωq)Ym

j (Ω) (4.6)

with r< = min(r,Rq), r> = max(r,Rq) and Rq the distance from the nucleus
q to the origin located at the midpoint between the two nuclei (see figure 4.1).
Note that Ωq = (θq, φq) gives the orientation of the nucleus q = A or B with
respect to a laboratory reference system, and Ω = (θ, φ) the electron angles
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with respect to the molecular reference system. The Hamiltonian of the H+
2

(equation 4.2) in spherical polar coordinates now reads:

ĥ = − d2

dr2
+
L2

2r2
−

B
∑

q=A

∑

j

4π

2j + 1

rj<

rj+1
>

j
∑

mj=−j

Ymj∗

j (Ωq)Ymj

j (Ω) (4.7)

Accordingly the matrix elements of equation (1.4) transforms into:

hiℓi′ℓ′ = 〈iℓ|T |i′ℓ′〉δℓℓ′ − 〈iℓ|VA|i′ℓ′〉 − 〈iℓ|VB |i′ℓ′〉 (4.8)

where

〈iℓ|T |i′ℓ′〉 =
(

−1

2

∫ rmax

0

Bks
i (r)

d2

dr2
Bks

i′ (r)dr +
ℓ(ℓ+ 1)

2

∫ rmax

0

Bks
i (r)Bks

i′ (r)

r2
dr

)

δℓℓ′

(4.9)
and

〈iℓ|Vq|i′ℓ′〉 =
∞
∑

j=0

4π

2j + 1

∫ rmax

0

Bks
i (r)

rj<

rj+1
>

Bks
i′ (r)dr

j
∑

mj=−j

Ymj∗

j (Ωq)

×
∫ 2π

0

∫ π

0

Ymℓ∗
ℓ (θ, φ)Ymj

j (θ, φ)Ymℓ′

ℓ′ (θ, φ) sin θdθdφ (4.10)

θ

φ

r

X

Z

Y

A

B

Figure 4.1: The Molecule AB is oriented along the Z–axis in a right–handed
reference system. The angular coordinates for the vector position of the electron
are indicated.

Since we are dealing with a linear molecule it is convenient to take the
molecular axis along the Z–axis of the laboratory frame (see figure 4.1). By
doing so, the angular coordinates for the nucleus A are (θA = 0, φA = 0) and for
the nucleus B are (θB = π, φB = 0) and consequently the spherical harmonics
Ymj∗

j (θq, φq) in equation (4.7) take the values

Ymj∗

j (θA = 0, φA = 0) =

{
√

2j+1
4π if mj = 0

0 if mj 6= 0
(4.11)
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and

Ymj∗

j (θB = π, φB = 0) =

{

(−1)j
√

2j+1
4π if mj = 0

0 if mj 6= 0.
(4.12)

1σg 1σu 1πu 2σg
ℓmax = 2 -1.0836524 -0.61800302 -0.42574279 -0.35844257
ℓmax = 4 -1.0963628 -0.65596447 -0.42860926 -0.36003744
ℓmax = 6 -1.0998398 -0.66331016 -0.42874899 -0.36049093
ℓmax = 8 -1.1010881 -0.66548314 -0.42876619 -0.36065587
ℓmax = 10 -1.1016245 -0.66631754 -0.42876988 -0.36072714
ℓmax = 12 -1.1018850 -0.66669443 -0.42877097 -0.36076186
ℓmax = 14 -1.1020233 -0.66688452 -0.42877137 -0.36078032
ℓmax = 16 -1.1021019 -0.66698845 -0.42877154 -0.36079082
Exact value* -1.1026342 -0.66753439

Table 4.1: Energies (in atomic units) of the first four molecular orbitals of the
H+

2 obtained for different values of ℓmax in the equation (4.1). The radial part
of the orbitals was expanded with a basis set of 540 B-splines of order ks = 8
within a sphere of radius rmax = 180 atomic units. The internuclear distance is
2 atomic units.

4.2 Scattering states

In section 3.2, the close-coupling procedure to calculate continuum states was
described. We recall that the single-channel uncoupled continuum states, UCSs,
are obtained first and then interchannel coupling is introduced by using the
Lippmann-Schwinger equation. Here we describe the asymptotic behavior of

the UCSs in the basis of configurations Θ
(

ψΩ
µn(r1, r̂2)ωµn(r2)

)

with L2 func-

tions. Here, Ω corresponds to the set of eigenvalues associated to the operators
{Ŝ2, Ŝz, L̂z, σ̂, π̂} which specifies the symmetry of a total state of the H2, and
the channel index µ = (α, ℓ), where 1 α = (nλg,u) labels a molecular orbital
of the H+

2 . In this section, the asymptotic behavior of UCSs wave functions is
analyzed by looking at the properties of ωµn(r) when r → ∞. The method used
to build such UCSs is briefly described [67]. For simplicity, in the forthcoming,
only singlet states will be considered.

Let

χ̃µn(r1, r̂2) = Θ
(

ψΩ
µ (r1, r̂2)F

Ω−
µn (r2)

)

(4.13)

be the UCS wave function that obeys the projected Schrödinger equation for
channel µ:

[PµHPµ − Eµn] χ̃µn = 0 (4.14)

1λ is the eigenvalue of the L̂z of the H+
2 molecule and n gives the energy ordering for the

set of molecular orbital λg,u
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The channel function ψΩ
µ (r1, r̂2) = ϕα(r1)Ym

ℓ (r̂2) contains the ϕα wave func-

tion corresponding to a molecular orbital of H+
2 and FΩ−

µn (r2) is the scattering
wave function for the scaping electron. By projecting the equation (4.14) with
〈ϕα(r1)Ym

ℓ (r̂2)| one gets the radial equation:

[

〈Ym
ℓ (r̂2)|ĥ(r2)|Ym

ℓ (r̂2)〉+ Vd
µ(r2)− (Eµn − Eα)

]

FΩ−
µn (r2) = 0 (4.15)

where ĥ(ri) is the Hamiltonian of the H+
2 (see equation (4.7)), Eα = 〈ϕα|ĥ|ϕα〉

corresponds to the energy of the target orbital, and

Vd
µ(r2) =

∫

Ym∗
ℓ (r̂2)

(∫

dr1
ϕ∗
α(r1)ϕα(r1)

|r1 − r2|

)

Ym
ℓ (r̂2)dr̂2 (4.16)

from which one may recognize the direct electron-electron potential which ap-
pears in the Hartree-Fock equations. For the case of triplet states, exchange
electron-electron potential also appears.

Inserting uµn(r) = rFΩ−
µn (r2) in equation (4.15) the radial equation for

uµn(r) reads
[

d2

dr2
− ℓ(ℓ+ 1)

r2
− 2Uµ(r) + k2µn

]

uµn(r) = 0 (4.17)

where kµn =
√

2εµn is the magnitude of the linear momentum of the elec-
tron, εµn = Eµn − Eα is the excess energy of the scattered electron above the
thresholds Eα, and Uµ(r) the potential2 generated by the residual H+

2 ion in
the channel µ:

Uµ(r) = −
B
∑

q=A

∑

j

4π

2j + 1

rj<

rj+1
>

j
∑

mj=−j

Ymj∗

j (Ωq)〈Ym
ℓ |Ymj

j |Ym
ℓ 〉+ Vd

µ(r) (4.18)

where A and B stand for the two nuclei. Asymptotically Uµ(r → ∞) behaves
like 1/r, so we are looking for a solution of a modified Coulomb potential. Con-
sequently uµn(r) follows the asymptotic form of a Coulomb partial continuum
wave function [68,75–77]

uµn(r → ∞) =

√

2

πkµn
sin [φℓ(kµn, r) + η(kµn)] (4.19)

where

φℓ(kµn, r → ∞) = kµnr −
(Z − 1)

kµn
ln(2kµnr)−

1

2
ℓπ + σℓ(kµn) (4.20)

with ℓπ/2 the phase shift due to centrifugal potential ℓ(ℓ+1)/r2, σℓ(kµn) is the
long range Coulomb phase shift:

σℓ(kµn) = arg Γ

(

ℓ+ 1− iZ∗

kµn

)

(4.21)

2In fact, Uµ(r) would be the effective potential generated by a molecular ion M+ in a
(M+, e−) system, with M a molecule with more than two electrons.
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and η(kµn) is the short range phase shift due to Uµ(r) (to be more precise, η is
the non Coulombic phase shift due to Vd

µ potential). Z∗ refers to the asymptotic
charge as seen by the scattered electron and in this case Z∗ = ZA+ZB −1 = 1.
By defining the total phase shift δµ(kµn) = σℓ(kµn) + η(kµn) − ℓπ/2, one may
impose the incoming-wave boundary condition [68]:

e−iδµ(k)uµn(r) =

√

2

πkµn
e−iδµ(kµn) sin (φℓ(kµn, r) + δµ(kµn))

=

√

2

πkµn

1

2i

(

eiφℓ(kµn,r) − S†
µ(kµn)e

−iφℓ(kµn,r)
)

(4.22)

where S†
µ(kµn) = e−i2δµ(kµn)δµµ′ is the diagonal of the adjoint of the S-matrix [68].

In practice, one has solve the differential radial equation (4.17) subject to the
asymptotic constraint of equation (4.19). There are several approaches to tackle
this problem [78–82]. One of them [79], used here, rises from the representation
of the wave functions uµn in a L2 basis set which leads after diagonalization to
a discretized spectrum of energies εµn, and then adjusting one of the eigenvalue
to a given continuum energy ε by varying some parameters in the basis. By
doing so, one imposes two boundary conditions: uµn(0) = 0 and the fixing of
the energy εµn = ε. Actually one can determine the phase shift η(kµn), by
matching the eigenfunctions obtained in the diagonalization with the correct
asymptotic behavior of equation (1.20).

Lets summarize the method in three stages:

1. In the first step, one obtains the molecular orbitals ϕℓm
i by solving the one

electron eigenvalue equation associated to the projected Hamiltonian for
an specific angular momentum ℓ

[〈Ym
ℓ |ĥ|Ym

ℓ 〉 − Ei]ϕ
ℓm
i (r) = 0 (4.23)

with ĥ the Hamiltonian of the H+
2 (equation (4.7)). These functions are

expanded in a basis set of N B-splines:

ϕℓm
i (r) =

N
∑

j

aℓmij
Bks

j (r)

r
(4.24)

Then, one uses a set of p orbitals ϕℓm
i (p 6 N) orbitals to expand the

wave function ũµn normalized to unity, i.e.,

ũµn(r) =

p
∑

i

bnirϕ
ℓm
i (r) (4.25)

which diagonalizes the eigenvalue problem corresponding to equation (4.17).
After diagonalizing one gets:

ũµn(r) =

N
∑

j

cℓnjB
ks
j (r) (4.26)
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where cℓnj =
∑

i bnia
ℓm
ij . In fact, one may obtain the ũµn functions straight-

forwardly by expanding them in a set of B–splines, but the number of
eigenvectors and eigenvalues that one would obtain in this case is high
compared with the number of eigenvalues required to describe the portion
of the continuum in which one is interested in. Figure 4.2 shows the dis-

0 L
r

Eα

u
i

u
i+1

Figure 4.2: Radial part of the scattering wave functions ũµn(r) obtained from
equation (4.26) that lie above the ionization threshold Eα. Each curve corre-
sponds to ũµn(r) + Eµn. Notice that the functions ũµn do fulfill the boundary
conditions ũµn(0) = ũµn(L) = 0, corresponding to a particle in a box.

cretized scattering states ũµn with positive energies εµn = Eµn −Eα > 0.
Negative values of ε appearing from the diagonalization are rejected.

2. In the second step, one has to calculate the short range phase shifts ηi =
η(kµn) for each wave function ũi = ũµn obtained from the diagonalization
in step 1. Then, calculation of ηi can be achieved easily by fitting of the
ℓ-partial continuum wave function to the radial scattering functions ui,
i.e.,

√

2

πki
[Fkiℓ(kir) cos(ηi) +Gkiℓ(kir) sin(ηi)] ∼ Aiũi(r) = uεi (4.27)

with Ai a normalization factor and Fkiℓ and Gkiℓ are the regular and
irregular Coulomb functions. Note that functions ũi are normalized to
unity, 〈ũi|ũi′〉 = δii′ , instead of the required normalization to energy, i.e.,
〈uεi |uεi′ 〉 = δ(εi − εi′). With a non-linear least squares method, one
should be able to find the correct values for Ai and ηi. Figure 4.3 shows
the fitting of the Coulomb functions to a given radial scattering function
ũi. The normalization factor Ai behaves like ρ1/2(εi) ∼ 2/(εi+1 − εi−1),
where ρ corresponds to the density of states.

3. So far, discretized scattering states have been calculated within a box
of length rmax = L, with the correct energy normalization (to the en-
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Figure 4.3: Fitting of the ℓ-partial continuum wave function to the radial scat-
tering function uεi = Aiũi.

ergy) a long with the short range phase shift η at each continuum en-
ergy εi. However, scattering states uµn coming from diagonalization of
different channel Hamiltonians, do not share the same energy spectrum.
The solution of the multichannel case by solving the Lippmann-Schwinger
equation(section 3.2.3). requires a energy matching among the continuum
energies Eµn and Eµ′n′ of different channels. To avoid this inconvenience,
an strategy to adjust the discretized energy εi to a selected fixed ε value
becomes necessary.

Let uε be the scattering state with energy ε in which we are interested
in, for instance, lying between to discretized energies εi 6 ε 6 εi+1 (see
figure 4.2). This state satisfies:

uε(r) =

√

2

πk
[Fkℓ(kr) cos(η) +Gkℓ(kr) sin(η)] (4.28)

from which one may expect that η → ηi when ε → εi and similarly
η → ηi+1 when ε→ εi+1. In this way a simple interpolation formula

η =
(ε̃i+1 − ε)ηi + (ε− ε̃i)ηi+1

ε̃i+1 − ε̃i
(4.29)

provides the phase shift η in equation (4.28). Given the values for η and
ε, uǫ(r) in equation (4.28) can be evaluated in the boundary region close
to the box length L. Note that uǫ(r) is zero for a value r0 close to L
(see figure 4.4). In this way, r0 may define a new boundary condition for
which uε → 0. By adding an step potential W (r, r0) = MΘ(r − r0) to

the Hamiltonian 〈Ym
ℓ |ĥ|Ym

ℓ 〉, with M → ∞ and Θ the Heaviside function,
one should be able to obtain the desired eigenfunction such that uε̃i ∼ uε
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Figure 4.4: Coulomb function (black dashed line) in equation (1.30), and the
eigenfunction uε̃i=ε (red solid line) obtained by diagonalizing the Hamiltonian
H[r0(ε̃)].

with ε̃i ∼ ε.

Thus, the set of Hamiltonians H[r0(ε̃i)] = 〈Ym
ℓ |ĥ|Ym

ℓ 〉 +W [r, r0(ε̃i)] de-
termines the set of scattering wave functions {uǫi}Ni=1 with a preselected
energy spectrum {ε̃i}Ni=1.
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Chapter 5

Dynamics of
photoionization of H2

5.1 Solving the time dependent Schrödinger equa-
tion

Provided the Schrödinger equation i∂tΨs(t) = H̃Ψs(t), which describes quantum
mechanically the photoionization of H2, we switch into the interaction picture
by dividing the Schrödinger picture Hamiltonian into two parts, H̃ = H0+ I(t),
where

H0 = QHQ+ PHP (5.1)

I(t) = QHP + PHQ+ V (t). (5.2)

Here, H = QHQ+ PHP +QHP + PHQ is the field free total Hamiltonian of
H2 and V (t) represents the interaction potential of the H2 with the laser field.
By doing this separation, the unitary transformation

Ψ(t) = eiH0tΨs(t) (5.3)

satisfies the equation

i∂tΨ(t) = eiH0I(t)e−iH0Ψ(t) (5.4)

Therefore, Ψ(t) is time-dependent, but this dependence is entirely due to the
interaction I(t), which means that the temporal evolution of the vector Ψ(t) is
goverden by equation (5.3) when I(t) = 0. This representation prevents to us to
have propagate the Schrödinger equation in time when the interaction remains
turned off.
Then, by expanding the wave function Ψ(t) in the basis of BO vibronic functions
associated to H0,

Ψ(t) =
∑

n

cn(t)|ψn〉 (5.5)
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replacing equation (5.5) into (5.4) and projecting the resulting equation onto
〈ψm|, one arrives to the following set of coupled fisrt order differential equations:

i
d

dt
cm =

∑

n

e−i(En−Em)t (〈ψm|QHP|ψn〉+ 〈ψm|PHQ|ψn〉+ 〈ψm|V (t)|ψn〉) cn

(5.6)
which can be solved using standard numerical techniques.

Let us recall to the eigenvalue equations that the states involved in equation
(5.6) shall satisfy:

1. Bound states. All vibronic states conformed by the ground states and
the single-excited states. Although, they belong to the P subspace, they
are obtained from diagonalization of the total unprojected Hamiltonian:

(H− Eb)ψb = 0 (5.7)

2. Non-resonant continuum states. All vibronic states that belong to
the P subspace obtained by

(PHP − Eµ)ψµ = 0 (5.8)

3. Autoionizing (doubly excited) states. States belonging to the Q
subspace, i.e.,

(QHQ− Er)ψr = 0 (5.9)

With the states mentioned above in mind, and taking into account that
semiclassical dipole approximation should be used in the laser-molecule inter-
action potential V (t), the set of differential equations (5.6) can be rewritten in
the following matrix form:

i
d

dt



















c
g
b
c
g
r
c
g
µ
cu
b
cur
cuµ
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0 0 0 〈ψ
g
b
|V |ψu

b
〉 〈ψ

g
b
|V |ψur 〉 〈ψ

g
b
|V |ψuµ〉

0 0 〈ψ
g
r |H|ψ

g
µ〉 〈ψ

g
r |V |ψu

b
〉 〈ψ

g
r |V |ψur 〉 〈ψ

g
r |V |ψuµ〉

0 〈ψ
g
µ|H|ψ

g
r 〉 0 〈ψ

g
µ|V |ψu

b
〉 〈ψ

g
µ|V |ψur 〉 〈ψ

g
µ|V |ψuµ〉

〈ψu
b
|V |ψ

g
b
〉 〈ψu

b
|V |ψ

g
r 〉 〈ψu

b
|V |ψ

g
µ〉 0 0 0

〈ψur |V |ψ
g
b
〉 〈ψur |V |ψ

g
r 〉 〈ψur |V |ψ

g
µ〉 0 0 〈ψur |H|ψuµ〉

〈ψuµ|V |ψ
g
b
〉 〈ψuµ|V |ψ

g
r 〉 〈ψuµ|V |ψ

g
µ〉 0 〈ψuµ|H|ψur 〉 0
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cuµ



















(5.10)

where the superscripts g or u stands for the inversion symmetry of each
states, and we have made use of the fact that H is an even operator and V (t)
an odd operator within the dipole approximation. Notice that, although ψb

functions belong to P subspace, their couplings through QHP vanish1, since
〈ψr|H|ψb〉 = Eb〈ψr|ψb〉 = 0.

From the matrix equation (5.10) one can identify two kind of couplings act-
ing, the ones owing to the laser-field interaction, i.e. V (t), whose temporal
variation is impossed by the shape of the electric field E(t) of the radiation, and
the ones owing to the interaction of the resonances with the continuum, i.e.,

1This is no entirely true, since when they belong to the same inversion symmetry (g or u),
their orthogonaity has to be imposed after the diagonalization, since they come from different
diagonalizations and of course from different Hamiltonians.
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through the total Hamiltonian H, which does not depend on time.

Special attention should be paid to the 〈ψπ
r |H|ψπ

µ〉 and 〈ψπ
µ |V (t)|ψπ′

µ 〉 cou-
plings (π labels the inversion symmetry). The first, because are responsible of
the autoionization, and the second, because are responsible of the continuum-
continuum transitions, two processes in which one should be interested in. The
two following sections will be dedicated to the discussion of the mentioned cou-
plings.

5.2 Resonances and autoionization

In section 3.2, Feshbach formalism was used to develop wave functions that
describe electrons with enough energy to escape from the attractive nuclear
potential. This formalism leads a partition of the total Hamiltonian into the
different subspaces generated by the projection operators P and Q, i.e., H =
QHQ+ PHP +QHP + PHQ. Then, in section 5.1, the QHP and PHQ cou-
plings appeared in the set of coupled differential equations as interaction po-
tentials between the two subspaces P and Q. As was mentioned before, those
couplings are responsible of the autoionization and recombination processes.
The first, the autionization ones, arise from the decay of doubly excited states
H∗∗

2 into the continuum H+
2 +e−, while the second ones, arise from the electron

capture by one H+
2 molecule that leads to the system in a doubly excited state of

H2. Although, both processes happen in time, that one observes under normal
conditions in a photoionization experiment, is an enhancement of the ionization
when doubly excited states are involved, so that the auotoionization prevails
over electron capture. Autoionization processes of electronic states are of large
interest in atomic and molecular physics. The decay of doubly excited states
may occur in the time scale of the nuclear motion, a few of femtoseconds. For
this reason, in molecules, nuclear motion plays an important role in the descrip-
tion of autionization processes.

I. Sánchez and F. Mart́ın have extensively worked in the description of doubly
excited states of H2 [71, 83] and their role in the dissociative photoionization
process [84, 85]. They developed a time-independent fully ab-initio theoretical
framework for the description of such process. A detailed description of their
theory is completely out of the scope of this thesis. However some comments
should be discussed.
Roughly speaking, their results may be inferred qualitatively from the energy
position and widths of the doubly excited states. Let Γr(E,R) be the energy-
and internuclear-distance-dependent width of the doubly excited state ψr. Then,
such width is given by

Γr(E,R) =
∑

µ

Γr
µ(E,R) = 2π

∑

µ

∣

∣

∣〈ψr|QHP|ψΩ−
µE 〉

∣

∣

∣

2

(5.11)

where µ stand for the reaction channel and Ω for the total symmetry of the
continuum state. Notice that the dependence in R is imposed parametrically
by the Hamiltonian H within the Born–Oppenheimer approximation.

Figure 5.1 displays the energy positions Er and the total widths (at the
energy Er) of the doubly excited states Q1

1Σ+
u as a function of the internuclear
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Figure 5.1: Energy position and total widths of the Q1
1Σ+

u doubly excited
states of H2 as a function of the internuclear distance.

distance. Since at the equilibrium internuclear distance, R = 1.4, the energy of
the ground state is −1.887 a.u. and the energy for the first Q1 is −0.780 a.u.,
ionization with photon energies of ∼ 30.9 eV should show up an enhancement in
the dissociative photoionization yield. However such an enhancement starts to
appear at photon energies of ∼ 25.3 eV, due to the difference of energy between
the ground state and the first doubly excited state in the outer Franck-Condon
region, i.e. at R ∼ 1.8 a.u. More relevant information reveals the widths of the
resonances. Observe that they reflect the strength of our 〈ψr|H|ψµ〉 couplings.
Since the width of the 1QΣ+

u state is almost five orders of magnitude great than
the width of the 2Q1Σ

+
u or 3Q1Σ

+
u states, all the autoionization observed can

be attributed mostly to the 1Q1Σ
+
u state.
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Figure 5.2: Energy position and total widths of the Q2
1Σ+

u doubly excited
states of H2 as a function of the internuclear distance. As can be seen from the
widths, the 1Q1Σ+

u and the 1Q1Σ+
g doubly excited states are the most likely to

autoionize.

Figures 5.2, 5.3 and 5.4 show, respectively, the widths for theQ1
1Σ+

u , Q1
1Σ+

g

and Q2
1Σ+

g doubly excited states.
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Figure 5.3: Energy position and total widths of the Q1
1Σ+

g doubly excited
states of H2 as a function of the internuclear distance.
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Figure 5.4: Energy position and total widths of the Q2
1Σ+

g doubly excited
states of H2 as a function of the internuclear distance.

5.3 Photoabsorption in the continuum

Fisrt of all, let us recall that due to lack of spherical symmetry in the H+
2 molecu-

lar potential, a continuum states of the (H+
2 ,e

−) system with well–defined energy
is formed by the combination of an infinite number of degenerated states with
different angular momentum (assuming spherical polar coordinates). Each state
with a given angular momentum and correct asymptotic boundary condition
was defined as an Uncoupled Continuum State (UCS), representing a scatter-
ing state. Calculation of UCS was explained in section 4.2. Once calculated
the UCSs, one should invoke the Lippmann-Schwinger formalism (explained in
section 3.2.3) in order to couple those UCSs and get a continuum state within
the static exchange approximation. Since each UCS is obtained from a different
diagonalization, the energy spectra of different UCSs (different values of ℓ) are
not necessarily the same. This lack of degeneracy in the energy spectra was
tackled by varying the box size L of the B-splines basis set, more precisely, by
varying smoothly the potential of the (H+

2 ,e
−) by using a step potential in the

neighborhood of L (see section 4.2). Although from such a procedure one does
not expect significant changes in the inner part of the box, thus no changes in
the interaction between bound states (localized in the inner part of the box) and
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the continuum should be expected. For the continuum-continuum interaction
one should take special care, given the fact that they are delocalized along the
box and big changes may happen. This numerical problem has been discussed
by Nikolopoulos [82]. However, our procedure can be tested by looking at the
cross–section for the two photon ionization of the hydrogen atom. Two regions
of the photoabsorption spectrum should be identified, Below the Threshold Ion-
ization (BTI) and Above Threshold Ionization (ATI). Briefly, Sanz-Vicario et
al. (citar, Alicia) calculated the two-photon ionization cross-section as

σ(cm2s) =
(ω

I

)2 C(2)

T
PTDSE
ion (5.12)

where the photon energy ω is given in Joules, the laser intensity I in W/cm2, the
laser duration T in seconds and C(2) is a dimensionless factor that considers the
time dependence of the pulse envelope, and it takes the value C(2) = 128/35 for
two photon absorption, and PTDSE

ion the ionization probability calculated from
solving the time dependent Schrödinger equation representing the continuum
wave function in a similar way that we do. Figure 5.5 shows the two-photon
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Figure 5.5: Two photon ionization cross section of H(1s) as a function of photon
energy. Comparison between the lowest order perturbation theory (LOPT) and
the time–dependent result (TDSE) by using laser pulses of intensity I = 1010

W/cm2 and duration T = 20 fs. TDSE result is calculated in length and velocity
gauges.

ionization cross section as a function of the photon energy. By two–photon the
authors means that final states of angular momenta of ℓ = 0 (s–wave) and ℓ = 2
(d–wave) are taken into account in the cross–section. In the method, spectrum
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energy of p-waves have been matched to the spectrum of the s-waves as we ex-
plained in section 4.2. When the photon energy excess the ionization threshold
of H(1s), i.e. 0.5 a.u., the continuum-continuum transition are involved. When
velocity gauge is used, the result is practically the same as LOPT and the ac-
curate results reported by Karule [86], while by using length gauge the results
diverge at high photon energies. In summarizing, figure 5.5 represents a test of
the method used to calculate continuum wave functions from UCSs by matching
the spectrum of different partial waves.

Figure 5.6 shows the continuum–continuum (cc) dipole matrix element in
velocity gauge within the box. The couplings correspond to the transition from
the εa = 13.6 eV (s–wave) initial state to the final εbp (p–wave). Due to the
Lippmann Schwinger equation, both, s– and p–wave result from combination of
higher angular momenta waves (see equation (3.32)).
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Figure 5.6: Real (in black) and imaginary (in red) part of the continuum–
continuum dipole matrix element (velocity gauge) from the initial εas (εa =
13.6 eV) continuum partial wave to the final εbp continuum partial wave. The
internuclear distance is R = 2.0. A basis set of 540 B–splines per angular
momentum (ℓmax = 16) was used within a box length of L = 180 a.u. Five UCS
was coupled through the Lippmann-Schwinger equation.

Note the divergence for transitions between degenerated states (εa = εb).
Moreover, note that the couplings oscillate with decreasing amplitude as a func-
tion of the energy difference εab. These oscillations appears because only the
inner region of the cc couplings have been taken into account, note that we
have calculated it withing a box of length L = 180 a.u. but continuum wave
functions take non zero values beyond the boundaries impossed by the box.
Nikolopoulus [82] have shown that such oscillations dissapear in the total dipole
matrix element by including the surface dipole matrix element component, i.e.,
when the outer region of the box are taken into account. However, it does not
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suppose a problem for us. Since we are working in a TDSE context, there is
no need for the calculation of the outer contribution to the cc dipole matrix
element provided that the duration of the pulse is such that the fastest electron,
which is ionized, does not reach the boundaries during the interaction, meaning
that the time–dependent wave function has negligible values out of the box, as
pointed out van Enk et al. [87].



Chapter 6

Observables

In this chapter we deal with the different physical quantituies one can to access
after the molecule-laser interaction.

6.1 Basic observables from photoionization pro-
cesses

Let us rewrite the time dependent wave function (5.5) in the following way:

Ψ(r1, r2, R, t) =
∑

n

Cnνn(t)φn(r1, r2;R)χνn(R)e
−iWνn t

+
∑

r

∫

∑

νr

Crνr (t)φr(r1, r2;R)χνr (R)e
−iWνr t

+
∑

αℓm

∫

dε

∫

∑

να

Cεℓm
ανα (t)ψ

εℓm
α (r1, r2;R)χνα(R)e

−iWνα t

(6.1)

where φn, φr and ψεℓm
α represent the bound states (states that lie below the

ionization threshold), doubly excited satates and continuum electronic states of
H2, respectively. α respresents the full set of quantum numbers for the electronic
state of the residual molecular ion H+

2 with BO energy Eα(R) and the indices ε,
ℓ and m correspond, respectively, to the kinetic energy, angular momentum and
the Z-component of the angular momentum of the ejected electron. From the
coeficients Ci one should be able to calculate any observable. The coefficients
are found by solving the set of differential equations (5.10).

So, to evaluate the different observables, the time dependent wave function
given in equation (6.1) must be projected onto different asymptotic states. In
dissociative ionization experiments in which the electron and proton momenta
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are fully determined, one must project onto singlet states of the following form:

|R〉 =
1√
2

∑

ℓm

iℓe−iσℓ(ε)Ym∗
ℓ (k)[ψεℓm

g (r1, r2;R)χνg (R)e
−iWgt

+ψεℓm
u (r1, r2;R)χνu(R)e

−iWut]

|L〉 =
1√
2

∑

ℓm

iℓe−iσℓ(ε)Ym∗
ℓ (k)[ψεℓm

g (r1, r2;R)χνg (R)e
−iWgt

−ψεℓm
u (r1, r2;R)χνu(R)e

−iWut] (6.2)

where |R〉 stands for protons ejected to the right (H + H+) and |L〉 for pro-
tons ejected to the left (H+ + H), g and u stand for 1σg and 1σu respectively,
σℓ(ε) = argΓ

(

ℓ+ 1− i/
√
2ε
)

is the Coulomb phase shift and Ym
ℓ is a spherical

harmonic. The corresponding differential (in electron energy, electron emission
direction, proton energy, and proton emission hemisphere) dissociative ioniza-
tion probability is given by

d3PΓ

dEH+dεdΩ
=

1

2

∣

∣

∣

∣

∣

∑

αℓm

i−ℓeiσℓ(ε)Ym
ℓ (Ω)Cεℓ

αν

∣

∣

∣

∣

∣

2

(6.3)

where Γ stands for R or L1.

Notice that, in writing eq. (6.2), we have taken into account that, below
∼35 eV, the R and L paths mainly result from the combination of the 1σg and
1σu H+

2 molecular states into 1s orbitals localized in just one of the protons:

1sL,R =
1√
2
(1σg(r1)± 1σu(r1)) (6.4)

When the experiment does not determine the electron energy, the dissocia-
tive ionization probability is obtained by integrating eq. (6.3) over electron
kinetic energy:

d2PΓ

dEH+dΩ
=

1

2

∫

dε

∣

∣

∣

∣

∣

∑

αℓm

i−ℓeiσℓ(ε)Ym
ℓ (Ω)Cεℓm

αν

∣

∣

∣

∣

∣

2

(6.5)

When the electron emission direction is not determined either, one must inte-
grate the latter equation over the electron solid angle to obtain:

dPΓ

dEH+

=
1

2

∫

dε
∑

ℓm

∑

αα′

Cεℓm∗
α′να′

Cεℓm
ανα (6.6)

In order to compare with experiments, we have also evaluated the proton
asymmetry parameter defined as:

β(EH+) =

(

dPL

dE
H+

− dPR

dE
H+

)

(

dPL

dE
H+

+ dPR

dE
H+

) (6.7)

1We set the R direction by Cεℓm
(α=u)να

→ Cεℓm
uνα

and the L by Cεℓm
(α=u)να

→ −Cεℓm
uνu

.
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where

dPR

dEH+

=
1

2

∫

dε
∑

ℓm

(

|Cεℓm
gνg |

2 + 2Re[Cεℓm∗
gνg Cεℓm

uνu ] + |Cεℓm
uνu |

2
)

(6.8)

dPL

dEH+

=
1

2

∫

dε
∑

ℓm

(

|Cεℓm
gνg |

2 − 2Re[Cεℓm∗
gνg Cεℓm

uνu ] + |Cεℓm
uνu |

2
)

(6.9)

(6.10)

and

dP

dEH+

=
dPR

dEH+

+
dPL

dEH+

=

∫

dε
∑

ℓm

(

|Cεℓm
gνg |

2 + |Cεℓm
uνu |

2
)

(6.11)

Substituting the latter equations in the definition of the proton asymmetry
parameter one obtains

β(EH+) =
2
∫

dε
∑

ℓm

(

Re[Cεℓm∗
gνg Cεℓm

uνu ]
)

dP
dE

H+

(6.12)

Notice that the asymmetry arises from the interference beetwen the 1σg and
1σu channels in the numerator.

As explained above, equation (6.5) gives the Molecular Frame Photoelec-
tron Angular Distributions (MFPADs) for the dissociation channels H+H+ and
H++H. We may also define an electron asymmetry parameter as:

αΓ(EH+) =

(

dPΓl

dE
H+

− dPΓr

dE
H+

)

(

dPΓl

dE
H+

+ dPΓr

dE
H+

) (6.13)

where

dPΓr

dEH+

=

∫ π
2

0

sin θdθ

∫ 2π

0

dφ
d2PΓ

dEH+dΩ
(6.14)

dPΓl

dEH+

=

∫ π

π
2

sin θdθ

∫ 2π

0

dφ
d2PΓ

dEH+dΩ
(6.15)

Equation (6.13) defines the asymmetry related to the electron angular dis-
tributions for protons escaping to the left αL or to the right αR.

Figure 6.1 shows the main features involved in a dissociative photoionization
experiment with H2 molceules involving 1σg and 1σu ionization channels. The
figure includes the energy level diagram as a function of the internuclear distance
(panel (a)), which is useful for interpreting the results. The photon energy is
represented with a vertical blue arrow, which populate the direct ionization
channels mentioned above, but also populate the doubly excited state 1Q1

1Σ+
u .

The probability of ionization as function of the nucleus energy (Kinetic Energy
Release, KER; or Proton Kinetic Energy, PKE) is shown in panel (b), meanwhile
the probability of ionization as a function of the electron energy is shown in panel
(c). In an experiment, the ionization probability can be measured as function
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Figure 6.1: Energy levels diagram and common observables in photoionization
experiments of H2. Panel (a): potential energy curves as a function of the
internuclear distance for the H2 and their continuua, only 1σg (orange shadow)
and 1σu (green shadow) ionization thresholdsands are shown. A doubly excited
state is also included (red curve). Panels (b) and (c): ionization probabilities as
a function of the nucleus and electron energies respectively. Panel (d): Molecular
Frame Photoelecton Angular Distribution (MFPAD). Red sphere represents to
H+ and black sphere represents to H(1s).

of the mentioned energies, but, for dissociative ionization, the experiment can
not distinguish between 1σg (orange shadow) and 1σu (green shadow) channels.
However, theory enables one for distinguish between them. Panel (d) shows an
example of molecular frame photoelectron angular distribution (MFPAD), red
and black spheres represent the H+ ion and the H(1s) atom respectively.

6.1.1 Parametrization of the molecular frame photoelec-
tron angular distributions

Molecular Frame Photoelectron Angular Distributions (MFPADs) have been
evaluated by made use of the Dill’s formula [88]:

d2Pµ0

dEH+dΩe
=

∑

αaαb

∑

µaµb

∑

ℓama

∑

ℓbmb

(−1)mb+µa−µ0

∑

Le

√

(2ℓa + 1)(2ℓb + 1)

(2Le + 1)

×i(ℓa−ℓb)〈ℓaℓb00|Le0〉〈ℓaℓb −mamb|LeMe〉YMe∗
Le

(θe, φe)

×
∑

L

√

1

(2L+ 1)
〈11− µaµb|LN〉〈11− µ0µ0|L0〉YN

L (θn, φn)

×
∫

dεei(σℓb (ε)−σℓa (ε))
(

Cεℓamaµa
αaν

)∗ (
Cεℓbmbµb

αbν

)

(6.16)
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with

µa,b = 0,±1, N = −µa + µb, Me = −ma +mb,

ℓa + ℓb > Le > |ℓa − ℓb| and 2 > L > 0

and we have made use of the fisrt order perturbation theory2. In the last equa-
tion, µ0 = ±1 for circularly polarized light, α denotes the electronic state of
the residual molecular ion, i.e., 1σg or 1σu, ε is the photoelectron energy, Ωe =
(θe, φe) is the photoelectron emission direction (see figure 6.2), 〈j1j2m1m2|JM〉
denotes a Clebsch-Gordan coefficient, and Cεℓmµ

αν is the amplitude of probability
of the continuum vibronic state ψεℓm

α (r1, r2, R)χν(R).
Moreover, the Fµ0

LN functions can be written as an expansion in terms of Leg-
endre polynomials and the amplitudes of probability

Fµ0

LN (Wν , θe) =
∑

Le

Dµ0

LeLN (Wν)P
N
Le (cos θe) (6.17)

with

Dµ0

LeLN (Wν) =
(−1)N (−i)δL,1δN,1

1 + δN,0
×
∑

αaαb

∑

µaµb

∑

ℓama

∑

ℓbmb

(−1)mb+µa−µ0

×
√

(2ℓa + 1)(2ℓb + 1)(Le −N)!(L−N)!

(Le +N)!(L+N)!
× 〈ℓaℓb00|Le0〉

×〈ℓaℓbma −mb|Le −N〉 × 〈11− µaµb|LN〉〈11− µ0µ0|L0〉

×i(ℓa−ℓb)

∫

dεei(σℓb (ε)−σℓa (ε))
(

Cεℓamaµa
αaν

)∗ (
Cεℓbmbµb

αbν

)

(6.18)

from which one should be able to compare the Fµ0

LN functions directly with these
obtained from the experiment.

6.2 Dynamics of interfering wavepackets

Dynamics and interference of wave packets have been studied in [89]. Interferene
of vibrational wave packets using NaH as prototype molecule has been studied
in [90], while dynamics and interference of autoionizing wave packets has been
studied in [91]. This section is dedicated to study the interference of vibronic
wave packets created by a train of attosecond pulses. As the intensity of each
attosecond pulse is very low, the ionization probability will be small and, con-
sequently, the population of the initial state will remain close to one after each
attosecond pulse. Since all attosecond pulses in the train are identical (except
for the peak intensity and the π phase difference between consecutive pulses),
we can consider that, after each pulse, an identical electronic wavepacket (up to
a global intensity and phase factor) is formed. Indeed, a particular attosecond
pulse only differs from the others in the train by a relative phase, amplitude of

2The transition matrix elements between the vibronic ground state φ0χ0 and the vi-

bronic continuum state ψεℓm
α χνα is related to the amplitudes of probabilities by Cεℓmµ

αν =
〈ψεℓm

α χνα |∇|φ0χ0〉
∫
∞

−∞
A(t)ei(Wνα−W0)dt for the velocity gauge and dipole approximation

at first order of perturbation theory.
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Figure 6.2: Set of axis in the molecular frame. The molecule is oriented along
Z axis. The light propagation direction is represented by the vector k along the
X axis. The electron is ionized in the direction given by Ωe = (θe, φe) and has a
momentum ke. The proton is ejected in the upward direction (χ = 90o) along
the molecular axis n.

the field and of course the time at which it interacts with H2. Hence we should
be able to reconstruct the KER spectrum coming from a train of attosecond
pulses by using the wave function produced by only one of the pulses contained
in the train (hereafter called the Reference Wave Function, RWF).

Let us define an operator that creates replics of the RWF at different times
when it acts over the RWF:

Ω̂ =
∑

k

λke
−i(Ĥ0−Eg)τk (6.19)

Here, the k index runs over the number of pulses, λk = (−1)(k+1)Ak/Ar where
Ar is the peak amplitude of the potential vector field A(t) used to obtain the
RWF and Ak is the peak amplitude of the k-pulse, Ĥ0 is the field-free Hamilto-
nian, τk is the time delay of the k-pulse with respect to the reference pulse (the
one used to create the RWF) and Eg is the energy of the initial state, i.e. the

energy of the vibronic ground state of H2. The justification of the Ω̂ operator
lies on the fact that, in the absence of the IR field, the H2 wave function propa-
gates freely before and after each attosecond pulse. The operator that describes
propagation of the wave function in the absence of an external field is given
by exp[−iĤ0(t − t0)], where t0 is the origin of time. Taking into account time
reversibility of free propagation, application of the latter operator to the initial
and final states at t = t0 + τ leads to an exponential factor as that included in
equation (6.19).
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We now write the RWF as an expansion in a basis of vibronic states:

|Ψ〉 =
∑

m

cm|ψm〉 (6.20)

By applying Ω̂ on |Ψ〉 and projecting onto the 〈ψn| vibronic states one obtains:

〈ψn|Ω̂
∑

m

cm|ψm〉 = 〈ψn|
∑

k

∑

m

cmλke
−i(Ĥ0−Eg)τk |ψm〉

= cn
∑

k

λke
−i(En−Eg)τk (6.21)

This equation allows one to calculate the KER spectrum (in fact all the observ-
ables) for a given train of attosecond pulses from the known amplitudes cn for
a single attosecond pulse. The corresponding ionization probability to the state
|ψn〉, P̃n, can thus be written in terms of the ionization probability for a single
pulse, Pn:

P̃n = |cn|2
(

2
∑

k′<k

λk′λk cos [ωn0(τk′ − τk)] +
∑

k

λ2k

)

= Pn

(

2
∑

k′<k

λk′λk cos [ωn0(τk′ − τk)] +
∑

k

λ2k

)

(6.22)

So, the effect of the APT is to introduce additional coherence with respect
to Pn through crossed terms in the summation. Notice that the interference
term depends only on the parameters of the train (λk, τk) and on the Bohr
angular frequency ωn0 = En − Eg. The latter causes the oscillations observed
in the a spectrum since it depends on the energy of the vibronic state En. The
dependence on the photon energy and the XUV pulse duration comes exclusively
from the cn coefficients, i.e., from the Pn corresponding to the single pulse.
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Chapter 7

Results

This chapter is addressed to show applications of the theory presented in the
precedent chapters. The method is validated by reproducing results obtained
with a time–independent formalism also developed in our group, which were
compared soon with experimental results. We explore the evolution on time
of the observables when the H2 molecule is single ionized by: a) absorbing
one photon from linearly polarized XUV pulses b) absorbing one photon from
circularly polarized XUV pulses and c) absorbing two photons from linearly
polarized XUV pulses. Then, we move to photoionization with ultrashort laser
pulses. With ultrashort we mean laser pulses of few of femtoseonds. We study
how the observables changes with the duration and shape of the pulses. Effect
of chirped pulses are also explored. We found that duration of the pulses may
produce changes in the observables, for instance in the photoelectron angular
distributions. The shape of the pulses does not produce big changes. The
effect of the chirped pulses on the photoionization spectra can bee understood
from the Fourier transform of the pulse in the energy domain. By passing
to the to the attosecond time scale, we start to using isolated and trains of
XUV attosecond pulses. We found that results coming from the photoionization
with trains of attosecond pulses can be inferred from the photoionization with
isolated attosecond pulses under perturbative regime, i.e., population of the
ground state is maintained close to unity. Once understood how the system
responds to attosecond pulses, we explore the pump–probe scheme, in which all
the photoreactions of the H2 are promptly launched by a XUV attosecond pulse
and, subsequently monitored by a few cycle infrared field. The intensity of the
infrared field is such as multiphoton ionization by absorbing tens of photons
can be completely neglected. Only the attosecond pulse is able to ionize the
molecule. Then we study how the system responds to the presence of the infrared
field by varying the time delay between the tho two pulses. It permitted to us
establish different mechanisms of charge localization in the H2 + hν → H + H+

+ e− or H2 + hν → H+ + H + e− photoreaction. Finally, in the pump–probe
scheme, we replace the isolated attosecond pulse by a train of attosecond pulses.
With this new scheme by looking at the photoelectron spectra, we found similar
behaviors to the RABBITT oscillations observed early in atoms. Results were
compared directly with recent experiments.
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7.1 One photon single ionization with ultrashort
pulses

7.1.1 Ionization with linearly polarized light [1–3]

This section is devoted to investigate the following questions:

• What does ultrashort pulses mean for the H2 molecule? In the sense
that how changes the observables (mainly the photoionization spectra and
photoelectron angular distributions) when the duration of the pulses are
reduced. If a 10 fs XUV (∼ 33 eV) pulse is used to ionize the H2 molecule,
the expected results in the practice are identical to those one obtained
with continuous wave radiation, i.e., beyond 10 fs the time–dependent
formalism converge to the time–independent formalism. Below 10 fs, a
time–dependent calculation is required.

• Which kind of observables should be account for the study of ultrafast
response of a system when ultrashort pulses ionizes? Expectation values
of observables by ionization with continuous wave radiation are contained
in the the wave functions representing ionization with single ultrashort
pulses.

The shorter pulses available nowadays are produced from high-order harmonic
generation. Typical wavelengths and duration of these pulses vary from vacuum
ultraviolet to the soft X-ray region, and from the attosecond to the femtosecond
timescale.
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ELECTRON ANGULAR DISTRIBUTIONS IN DISSOCIATIVE
PHOTOIONIZATION OF THE HYDROGEN MOLECULE

DISTRIBUCIONES ANGULARES ELECTRÓNICAS EN LA FOTOIONIZACIÓN
DISOCIATIVA DE LA MOLÉCULA DE HIDRÓGENO

DISTRIBUIÇÕES ANGULARES DE ELÉTRONS NA FOTOIONIZAÇAO
DISSOCIATIVA DA MOLÉCULA DE HIDROGÊNIO

Jhon F. Pérez-Torres1,2, José L. Sanz-Vicario3, Fernando Martín2

Recibido: 07/11/08 – Aceptado: 03/04/09

A method to calculate angular distributions
for electrons ejected from fixed-in-space
molecular hydrogen molecules subject to
ultrashort intense laser pulses is proposed,
based on the ab initio solution of the
time-dependent Schrödinger equation. This
method of solution allows for a temporal
picture of interferences arising in the
dissociative ionization channel (in the pro-
ton kinetic energy spectrum) due to the
presence of the autoionizing double excited
states in the Hydrogen molecule. In particu-
lar, we show how this autoionization during
the dissociative photoionization process
may also induce a counterintuitive asym-
metry in the angular distribution of the ion-
ized electron with respect to nuclei inver-
sion, in spite of dealing with an
homonuclear system.

: Ab initio calculations,
hydrogen molecule, molecular photoioni-
zation, electron angular distributions.

Se propone un método para calcular dis-
tribuciones angulares de electrones ioni-
zados en la molécula de hidrógeno fija en
el espacio sometida a pulsos láser inten-
sos y ultracortos, basado en la solución
desde primeros principios de la ecuación
de Schrödinger dependiente del tiempo.
Esta solución nos permite tener una vi-
sión temporal de la interferencias genera-
das en el canal de ionización disociativa
(en el espectro de energía cinética de los
protones) debido a la presencia de la au-
toionización de estados doblemente exci-
tados de la molécula de hidrógeno. Se
muestra específicamente cómo la autoio-
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nización durante el proceso de fotoioniza-
ción disociativa también puede inducir
una asimetría en la distribución angular
del electrón ionizado con respecto a la
inversión nuclear, un efecto no intuitivo a
pesar de estar tratando con un sistema
homonuclear.

: cálculos ab initio,
molécula de hidrógeno, fotoionización
molecular, distribuciones angulares
electrónicas.

Propõe-se um método para calcular as
distribuições angulares de elétrons ioni-
zados de uma molécula de hidrogênio fixa
no espaço, sujeita a pulsos de laser inten-
sos e ultra-curtos, baseado na soluçao
desde primeiros princípios da equaçao de
Schrödinger dependente do tempo. Esta
soluçao nos permite ter uma visão tempo-
ral das interferências geradas no canal de
ionizaçao dissociativa (no espectro de
energia cinética dos prótons) devido á
presença da auto-ionização de estados du-
plamente excitados da molécula de hi-
drogênio. Mostra-se especificamente
como a auto-ionização durante o processo
de foto-ionização dissociativa pode tam-
bém induzir uma assimetria na distribuiç-
ão angular do elétron ionizado com res-
peito á inversão nuclear, um efeito não
intuitivo apesar de estar se tratando de um
sistema homonuclear.

: cálculos ab initio,
molécula de hidrogênio, fotoionização
molecular, distribuições angulares eletr-
ônicas.

For decades the main concern of quantum
chemistry has been the development of
methodologies to calculate ab initio bin-
ding energies and stable geometrical
structures from simple to complex mole-
cules, mostly in their ground state. In
dealing with chemical reactivity, quan-
tum chemistry also begins to envisage
models and methods for dynamical pro-
cesses in which not only the ground state
but also excited states are involved in the
reaction mechanisms. In particular, when
molecules are subject to radiation, one
opens the way to multichannel reaction
phenomena which is the area of study of
photochemistry. Nevertheless, even for
simple molecules, the processes appea-
ring in laser-molecule interactions may
be quite involved indeed and it is quite de-
sirable to have a detailed temporal picture
of reactions. In this work we study the io-
nization photo dynamics of the hydrogen
molecule H2 subject to intense ultra short
laser pulses with a quantum time-depen-
dent method, specifically when the pho-
ton energy takes the molecule to the re-
gion where doubly excited states lie
above two ionization thresholds. At va-
riance with atoms, the absorbed photon
energy is shared between electronic and
nuclear degrees of freedom, so that the
residual molecular ion H2

+ may be left vi-
brationally excited or in a dissociative
state. Keeping the scheme as simple as
possible, the reactions of H2 under a laser
radiation with photon energies above ~
23 eV may be summarized as follows:

� �H H nl H e2 � � � �
� �

�� [1]

H H e2 2� � �
� �

�� [2]
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� � � �H H H nl H n l2 2� � � � � ���
** [3]

i.e., dissociative ionization [1], non dis-
sociative ionization [2], and the last reac-
tion [3] denotes that dissociation into neu-
trals which is only mediated by
previously populated double excited sta-
tes H2

**
. These superexcited states are ca-

lled Q1 resonances (lying above theH2
+(1

�g) ionization threshold), Q2 resonances
(above the H2

+ (2p�u) limit) and so on(see
Figure 1). Since these states are immer-
sed into an electronic continuum, they are
metastable, a short lifetime in the scale of
femtoseconds (fs) is associated to them
andafter being populated, they autoionize
to produce also dissociative ionization [1]
or non dissociative ionization [2], which
implies a strong interference with the di-
rect absorption reaction. Only
those molecules that survive wit-
hout being autoionized follow
the dissociative path to produce
excited hydrogen atoms H(nl)
[3]. The imprint of the key role
that resonant states play in the
photo dynamics may be directly
appreciated in the distributions
of the kinetic energy of protons
released after molecular disso-
ciation in reaction [1] and also in
the production of atomic excited
states H(nl), which eventually
decay radiatively. Both events
were the subject of recent mea-
surements. Ito et al. (1) measu-
red kinetic energy distributions
of the ejected H+ at different
photon energies and J.D. Bozek
et al. (2) measured the produc-
tion of Lyman � and Balmer �

fluorescence from H(nl) after
photodissociation of H2. A sop-
histicated time dependent theo-

retical? method to deal with such photo-
processes in H2 has already been develo-
ped by? our group (3) and it reproduces
the experimental data fairly well (2, 3, 4).

With the recent advent of COLTRIMS
spectroscopic techniques (5), kinemati-
cally complete experiments, where the
momenta of all charged particles is deter-
mined at each single event, are becoming
available and now they represent a
challenge to the theorist. Inparticular, for
the dissociative ionization process [1],
the experiment is able to determine the
orientation of the hydrogen molecule at
the time of electron ejection by photon
impact. Since the orientation at a given
time is known, one may claim that the
electron came from a fixed-in-space mo-
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. Potential energy curves of H2 and H2
+. The lowest two

series of Q1 and Q2 autoionizing doubly excited states of H2 with
1
�u symmetry are included. The vertical arrow indicates a

one-photon transition of 33 eV from the ground state energy level
within the Frank-Condon region.



lecule. Therefore, we develop a procedu-
re to compute such angular distributions
for the ionized photoelectrons and, since
electronic and nuclear motions are cou-
pled, we show their explicit dependence
on the proton kinetic energy release.

Our method is based on the solution of the
time dependent Schrödinger equation
(TDSE), which is appropriate when the
laser-molecule interaction happens to oc-
cur in the time scale of atto- and femtose-
conds (fs) and the laser intensity is large
enough to invalidate perturbative approa-
ches. Thus we solve the TDSE for the
hydrogen molecule,

� � � �H V t i
t

r R t0 0� �
	



�

�


�

�
�

�

� , , [4]

where H0 is the field-free Hamiltonian of
H2 in the body-fixed frame and V (t) = p
A(t) represents the field interaction po-
tential in the velocity gauge. A cosi-
ne-square modulated pulse with photon
energy � and duration T is switched
on/off in the interval [0, T]. We then per-
form a close-coupling expansion of the
time-dependent molecular wave function:

� � � �� r R t C t egv g v

iW

g g

gv
gt, , �

�

� �

[5]

in terms of vibronic (electronic � and nu-
clear �) states of the ground g, continuum
for each channel � with energy �� and an-
gular momentum l

�
of the ionized elec-

tron, and resonant states r of H2. By inser-
ting this expansion into the TDSE, a set of
coupled differential equations is obtained

and solved numerically from time t = 0
(when the laser pulse starts) up to a time t
> T when the pulse is already gone. To
compute total energies Wn,v and electro-
nic and vibrational wave functions inclu-
ded in [5] we cannot rely on the plethora
of standard computational codes availa-
ble for the theoretical chemist. In particu-
lar, the calculation of resonant and conti-
nuum states of molecules are still a no
man’s land in standard chemical compu-
tations, so that one has to tailor his own
computer codes. The ground state of H2 is
evaluated by expanding the electronic
wave function �g in a basis of configura-
tions built from H2

+ orbitals, which are
represented in a one-center expansion in
terms of B-splines basis within a radial
box. The continuum wave functions �

�
�

�
l

are calculated using a L2 close-coupling
method by using the same set of H 2

� orbi-
tals but with a well-defined angular mo-
mentum l for the escaping electron,
which ensures that correct boundary con-
ditions are imposed. The series of Qn re-
sonant states are obtained from the QH0Q
Feshbach-projected electronic Hamilto-
nian, with a configuration interaction
method too. Vibrational wave functions
were also computed in terms of B-splines
basis for each electronic state. For further
details the reader is referred to Ref. (3).

The ionization cross section,W v�
� �

dif-
ferential in the energy, for one photon ab-
sorption is computed from the coeffi-
cients � �C t

v

l

�
� �

� for t >T with the
expression:

[6]

where the photon energy � is given in
Joules, the laser intensity I in W/cm2 and
the laser duration T in seconds. In order
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to compute electron angular distributions
in the ionization channel, the final wave
function [5] at time t > T must be projec-
ted onto the asymptotic incoming wave
function (expanded in partial waves) that
represents a free electron with energy ��

plus a residual ion H 2
� left in channel �.

After some algebra, one arrives to the fo-
llowing expression for the density of pro-
bability differential in both proton kinetic
energy EH+ and the solid angle 	 for the
ejected electron:

[7]

where �
�

l corresponds to the Coulomb pha-
se shift. Short-range phase shifts are al-
ready included in the coefficients C

v

l m

�
� �

� du-
ring the propagation. Note also that for
dissociative ionization, W v�

� �

is related to
the center-of- mass energy of the ejected
protons, E W E

H v�
� �

 

� �
� �

where E
�

 is
the asymptotic energy of an H atom separa-
ted from an H+ for the channel �.

To illustrate the performance of our met-
hod we provide results for the dissociati-
ve ionization of H2 subject to a laser pulse
with a photon energy of � = 33 eV, in-
tensity I = 1012 W/cm2 and pulse duration
T = 10 fs, perpendicularly polarized to
the internuclear axis. Dipole selection ru-
les imply that only the 1


g�
1
�u transi-

tion takes place. At this photonenergy the
ground state is excited to the Q2 series of
resonances (see Figure 1) along with the
underlying two nonresonant continua co-
rresponding to the open channels
H2

+(1s�g)+e(�l) and H2
+(2p�u)+e(�l).

Figure 2 shows the kinetic energy distri-

butions (KED) for the final 1
�u conti-

nuum calculated following (6) at photon
energy � = 33 eV and pulse duration T =
10 fs, with separate contributions from
H2

+(1s�g) and H2
+(2p�u) thresholds and it

is compared with the experimental results
by Ito et ál. (1), for protons observed at
90o with respect to the field polarization
axis. The peaks structure in the KED for
1s�g and 2p�u curves only appears due to
the presence of the autoionization of the
Q1 and Q2 resonances, that produces
H2

+(1s�g)+e(�l) (both Q1 and Q2) and
H2

+(2p�u)+e(�l) (only Q2). Closing the
autoionization pathway, one should ob-
tain simple Frank-Condon absorption
profiles without peaks structure.

The origin of asymmetric electron an-
gular distributions is attributed to the Q2

autoionization decay into the two open
channels mentioned above and the due in-
terference between these two pathways.
To satisfy the final 1

�u symmetry, the an-
gular momentum for the emitted electron
must be l = 1,3,5,... (p-,f-,.. ungerade

waves) for the H2
+(2sg) gerade threshold,

and l=2,4,... (d-,g-,.. gerade waves) for
the H2

+(2p�u) ungerade threshold. Elec-
tron angular distributions included in Fi-
gure 3 are taken at proton kinetic energies
2.31 eV, 4.16 eV and 6.46 eV and when
the residual ion is left either in the
H2

+(1s�g) state or in the H2
+(2p�u) state.

At 2.31 eV, for instance, the 1s�g case
clearly shows a dominant contribution of
the p-wave and the 2p�u, of a d-wave.
One observes that these distributions are
fully symmetrical with respect to nuclei
inversion. However, molecular states as
built in the LCAO model of the chemical
bond dissociate into a mixture of atomic
orbitals, i.e., 1s�g �[1sA+1sB]/!2 and
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2p�u�[1sA-1sB]/!2. These delocalized
molecular orbitals are not truly connected
with what one expects from a
COLTRIMS experiment. Asymptoti-
cally, any experimental device will mea-
sure a localized electron bound in an H
atom in a well-defined atomic state H(nl)
plus a proton, a picture not provided by
gerade or ungerade states. Accordingly,
we must then project the total wave func-
tion onto the correct 1sA ~ 1s�g + 2p�u

linear combination that breaks the gera-

de-ungerade symmetry. Ultimately this
amounts to amend expression [7] by un-
doing the g-u mixing. Consequently,
electrons coming from the two g-u chan-
nels interfere, even and odd electron an-
gular momenta l contribute now simulta-
neously and as a result, the angular

distributions become asymmetric with
respect to nuclei inversion, mainly when
the contributions from the two thresholds
overlap at ~ 4 eV and none of them is do-
minant (see Figure 2 for the correct angu-
lar distributions). This fundamental re-
sult on symmetry breaking has already
been predicted by a time-independent
method and confirmed experimentally
(6). Nonetheless, the main advantage of
the present time-dependent method is the
possibility to understand in the time do-
main the formation and evolution of KED
spectra and electron angular distribu-
tions. For instance, Figure 4 includes
four snapshots at different propagation ti-
mes during the pulse duration, in which
one may appreciate the onset of the au-
toionization process in the formation of
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1
�u proton kinetic energy distribution (KED) in the dissociative ionization of H2 for protons detec-

ted at 90o with respect to the laser polarization axis and photon energy 33 eV. Solid line: contribution from the
2

g

+(1s�g) ionization channel; dashed line: contribution from the 2

u

+(2p�u) ionization channel; dots: expe-
rimental data from Ref. [1] must be compared with the sum of both contributions. Correct electron angular dis-
tributions (EADs) are in display for three selected proton energies. In the EADs the laser polarization vector is
perpendicular to the molecular axis within the plane of the figures and the proton is pointing upwards. Mb
stands for Megabarn (1 barn = 1024 cm2).
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Electron angular distributions (EADs) contributed from the 2

g

+(1s�g) + e( �u) and the 2

u

+(2p�u)
+ e(�g) ionization channels for the three proton energies quoted in Figure 2. Explanations for EADs in Figure
2 also apply here.

Time evolution for the 1
�u proton kinetic energy distribution (KED) and for the electron angular dis-

tributions (EAD) at three proton energies in the dissociative ionization of H2 mediated by a laser pulse with du-
ration of T = 10 fs and photon energy � = 33 eV. The propagation time for each snapshot is indicated. Results
for t = T = 10 fs are those included in Figure 3.



peaks interference structures in KED and
also in the symmetry breaking in the elec-
tron angular distributions. Furthermore,
this asymmetry seems to be independent
to the direction in which the proton is
emitted (compare the oscillating nature
from t = 5.0 fs and t = 7.4 fs angular dis-
tributions at EH+ = 4.16 eV) precluding
any explanation of this effect in terms of a
post-collisional electron-proton electros-
tatic interaction.

We present a time dependent method to
compute proton kinetic energy distributions
and electron angular distributions coming
from photodissociative ionization of H2,
just the theoretical ingredients to fully com-
pare with kinematically complete experi-
ments (COLTRIMS). Asymmetric photoe-
lectron angular distributions may arise in
H2 (in general, in any symmetric molecule)
due to the interference between the gerade

and ungerade electron waves, when the ex-
cited molecule decays through autoioniza-
tion onto two dissociative ionization chan-
nels pertaining to different gerade or
ungerade symmetries of the residual mole-
cular ion H2

+.
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Asymmetric electron angular distributions in resonant dissociative photoionization
of H2 with ultrashort xuv pulses
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Photoelectron angular distributions from fixed-in-space H2 molecules exposed to ultrashort xuv laser pulses
have been evaluated. The theoretical method is based on the solution of the time-dependent Schrödinger
equation in a basis of stationary states that include all electronic and vibrational degrees of freedom. Asym-
metric angular distributions are observed as a consequence of the delayed ionization from the H2 doubly
excited states, which induces interferences between gerade and ungerade ionization channels. The analysis of
this asymmetry as a function of pulse duration can provide an estimate of the corresponding autoionization
widths.

DOI: 10.1103/PhysRevA.80.011402 PACS number�s�: 33.20.Xx, 33.80.�b, 42.65.Re

Kinematically complete experiments, in which the mo-
mentum of all ejected electrons and atomic ions is deter-
mined in coincidence, have provided unprecedented insight
on the dynamics of molecular photoionization �1–8�. In par-
ticular, they have opened the way to obtain fully differential
photoelectron angular distributions �PADs� for specific ener-
gies of the ejected electrons or atomic ions and for well-
defined orientations of the molecule with respect to the po-
larization direction of the incident radiation.

An important experimental effort has been devoted to
study H2 ionization with synchrotron radiation �3,6,9–14�
due to its simplicity and the possibility of comparing with
accurate theoretical calculations �6,15,16�. A striking finding
has been the observation of photoelectron angular distribu-
tions that do not respect the inversion symmetry of H2. In
Ref. �6�, asymmetric angular distributions have been ob-
served and theoretically predicted for linearly polarized light
of 33 eV and H2 molecules oriented perpendicularly to the
polarization direction. Evidence of a similar asymmetry was
reported earlier for molecules oriented parallel to the polar-
ization direction �3�. Calculations performed in the frame-
work of stationary scattering theory have shown that the
asymmetry only appears when molecular doubly excited
states are efficiently populated �6�. This is because ionization
channels in which the residual H2

+ ion is left in states of
different inversion symmetry, 1s�g and 2p�u, interfere effi-
ciently. In contrast, in the absence of doubly excited states,
the electron angular distributions are perfectly symmetric
�16�. It was then suggested �6,16� that the requirement for an
efficient interference between g and u channels of the re-
sidual molecular ion could be the delayed ionization from the
H2 doubly excited states.

To prove unambiguously that this is indeed the origin of
the asymmetry, one has to follow the evolution of the pho-
toelectron angular distribution with time. This is not a mere
curiosity because, if true, one could use this strategy to esti-
mate autoionization lifetimes. In this Rapid Communication
we show that molecular autoionization lifetimes can be rea-
sonably estimated by using ultrashort xuv pulses and by
measuring the asymmetry of the photoelectron angular dis-
tributions as a function of pulse duration. This result applies
to any homonuclear diatomic molecule in which ionization

leaves the remaining molecular ion in states with different
inversion symmetry. Ultrashort xuv pulses are currently pro-
duced by high-order harmonic generation from gases ex-
posed to intense infrared lasers. Thus, the combination of
these radiation sources with multicoincidence detection tech-
niques would be the obvious experimental approach to
implement this idea. Such a strategy should be relevant to
obtain autoionization lifetimes in more complex molecules.

In spite of the apparent simplicity of H2, the study of
ionization by using a time-dependent treatment is a formi-
dable task. Autoionization is the result of electron correlation
and, consequently, theoretical modeling must thus account
for it. Furthermore, since H2 doubly excited states are disso-
ciative and autoionization is slow, the nuclei have enough
time to move outside the Franck-Condon �FC� region before
the electron is effectively ejected �see Fig. 1�. Therefore, the
theory must also account for the nuclear motion. Finally,
since direct ionization and autoionization interfere, a fully
quantum mechanical treatment of both the electronic and

H2
+
, X

2Σ+
g(1sσg)

H2, X
1Σ+

g

0 1 2 3 4 5 6
Internuclear distance (a.u.)

0

5

10

15

20

25

30

35

40

E
ne

rg
y

(e
V

)

2Σ+
u(2pσu)Q1

Q2

2Σ+
g(1sσg)

FIG. 1. �Color online� Potential-energy curves of H2 and H2
+.

Q1 denotes the lowest 1�u
+ doubly excited state above the 1s�g

threshold and Q2 denotes the lowest 1�u doubly excited state above
the 2p�u threshold. The thick vertical line illustrates absorption of a
33 eV photon. Semiclassical paths describing autoionization from
the Q1 and Q2 states are also shown.
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nuclear motions is required. A time-dependent theoretical
method that fulfils the above requirements, i.e., that provides
a quantum description of electrons and nuclei with inclusion
of electron correlation in full dimensionality, has been re-
cently proposed �17,18� and subsequently adapted to treat H2
autoionization �19�. We have extended it here to account for
the special boundary conditions associated with multicoinci-
dence experiments.

Briefly, we have solved the time-dependent Schrödinger
equation

�H0�r,R� + V�t� − i
�

�t
���r,R,t� = 0, �1�

where r represents the electronic coordinates r1 and r2, R is
the internuclear distance, H0 is the H2 field-free nonrelativ-
istic Hamiltonian,

H0�r,R� = − �R
2 /2� + Hel�r,R� , �2�

Hel is the electronic Hamiltonian, and V�t� is the laser-H2
interaction potential in the dipole approximation

V�t� = p · A0 sin2��t/T�cos���t − T/2�� ,

0 	 t 	 T = 0, elsewhere, �3�

with T as the pulse duration and � as the pulse frequency. In
all calculations reported below we have considered a pulse
with �=33 eV, T=1–10 fs, and I=A0

2�2=1012 W /cm2.
The time-dependent wave function ��r ,R , t� is expanded in
a basis of �21 000 fully correlated vibronic stationary states
of energy Ei, 
i�r ,R�, which include the bound states, the
nonresonant continuum states ��19 000� and the doubly ex-
cited states of H2 ��1000�:

��r,R,t� = �
i

ci�t�
i�r,R�exp�− iEit� . �4�

The vibronic stationary states are written as products of an
electronic wave function and a vibrational or dissociative
wave function �18�. The former are obtained from configu-
ration interaction calculations �for bound and doubly excited
states� and L2 close-coupling calculations �for nonresonant
continuum states� performed within a box and for a dense
enough grid of internuclear distances �19�. Assuming the va-
lidity of the Born-Oppenheimer �BO� approximation, the

i�r ,R� states are eigenstates of the field-free Hamiltonian at
t=�. Thus, projection of ��r ,R , t� onto the 
i�r ,R� states at
t=� leads without any ambiguity to amplitudes that can be
written in terms of the ci expansion coefficients and can
therefore be used to obtain the fully differential angular dis-
tributions in the usual way �16�. In a typical experiment in
which the momentum of all ejected electrons and protons is
detected in coincidence, angular distributions associated to
the H+H+ and H++H dissociative ionization channels can be
distinguished �20�. To properly account for these boundary
conditions, the ��r ,R , t� wave function must be projected
onto stationary continuum states that localize one of the elec-
trons in a given proton. At t→�, the latter states are simply
a linear combinations of the H+

2 states associated with the
1s�g and 2p�u ionization channels. In practice, the system of

coupled differential equation that arises upon substitution of
expansion �4� into Eq. �2� is integrated up to tmax
�T , 1 /r, where r is the autoionization width of the rth
doubly excited state. Nonadiabatic couplings have been ne-
glected. As a result of enclosing the system in a box, the
continuum spectrum becomes discrete. To avoid artificial re-
flections of electrons and nuclei in the box boundaries, the
energy spacing between discrete levels in both the electronic
and dissociative continua must be smaller than the band-
width of the pulse and the autoionization widths of the rel-
evant doubly excited states.

Figure 2 shows the ionization probability as a function of
the proton kinetic-energy release �KER� for a pulse of 10 fs
and protons emitted at 0° and 90° with respect to the polar-
ization vector. The figure also shows the PAD at three se-
lected proton energies. For both orientations, the angular dis-
tributions are symmetric at very low KER ��2 eV�. In this
region, nonresonant ionization through the 1s�g channel is
by far the dominant process �21,22�. The asymmetry be-
comes apparent in the regions of the KER spectrum where �i�
autoionization is the dominant process and �ii� the overlap
between the 1s�g and 2p�u channels is significant. This con-
firms that the asymmetry of the PAD results from the inter-

FIG. 2. �Color online� Proton kinetic-energy spectrum and pho-
toelectron angular distributions for H2 exposed to a xuv laser pulse
of 33 eV, intensity of 1012 W /cm2, and duration of 10 fs. H2 is �a�
parallel �final 1�u

+ symmetry� and �b� perpendicular �final 1�u sym-
metry� to the polarization direction. Thick solid line: ionization
probability; thin solid line: contribution from the 1s�g ionization
channel; thin dashed line: contribution from the 2p�u ionization
channel. The angular distributions are shown for proton kinetic en-
ergies �a� 0.6, 6.1, and 7.1 eV and �b� 0.9, 4.1, and 6.6 eV. H+ and
H are indicated by red �upper� and gray �lower� balls, respectively.
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ference between ionization channels involving H2
+ states of

different inversion symmetry �6�. The present results are very
similar to those obtained with synchrotron radiation �6,16�,
thus indicating that all relevant physical processes induced
by the radiation field occur in less than 10 fs. Nevertheless,
some differences are apparent in KER regions of the order of
the pulse bandwidth ��0.8 eV� in which the angular distri-
butions vary rapidly with electron energy �e.g., at �4 eV for
the parallel orientation�.

To better understand the origin of the asymmetry, Fig. 3
shows the evolution of the KER spectra and the PADs with
time. As can be seen, at very short times, the PADs are to-
tally symmetric. In this case, only nonresonant ionization is
possible, which leads to two peaks: one at low KER due to
ionization through the 1s�g channel and another one at high
KER due to ionization through the 2p�u channel. These
peaks do not overlap because nonresonant ionization occurs
exclusively in the FC region and the energy of the ejected
electron �viz. the KER� is very different in each channel �see
Fig. 1�. Consequently, interference between these two chan-
nels is not possible. In the low KER region, the PAD remains
symmetric forever because nonresonant ionization is always
dominant �22,23�. However, as soon as autoionization ap-

pears in other regions of the KER spectrum and the electron
energy becomes more similar in the 1s�g and 2p�u channels,
the PAD becomes asymmetric because the latter two chan-
nels interfere. For the parallel orientation, the largest contri-
bution to autoionization comes from the lowest Q1

1�+
u dou-

bly excited state, which can only decay through the 1s�g
channel; for the perpendicular orientation, it comes from the
lowest Q2

1�u state, which can decay through both the 1s�g
and 2p�u channels �at 33 eV, contribution from higher dou-
bly excited is negligible�. In the first case, the asymmetry
results from the interference between autoionization through
the 1s�g channel and nonresonant ionization through 2p�u
channel, while, in the second case, it mainly results from the
interference between the above two autoionization channels
�see Fig. 1�. It can be seen that the asymmetry is larger and
develops faster in some regions of the KER spectrum than in
others, which is due to the variation in the relative phase in
the g and u channels and of the autoionization lifetime with
internuclear distance. This evolution of the PADs with time
shows that it is indeed the delayed ionization from the H2
doubly excited states that is responsible for the asymmetry of
the PADs.

The above results suggest that measuring the asymmetry

FIG. 3. �Color online� Time
evolution of the proton kinetic-
energy distribution and the photo-
electron angular distributions for
H2 exposed to a xuv laser pulse of
33 eV, intensity of 1012 W /cm2,
and duration of 10 fs. Left col-
umn: parallel orientation. Right
column: perpendicular orientation.
Angular distributions are only
shown for probabilities that are
significantly different from zero.
Notations as in Fig. 2.
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of the PAD for different pulse durations can provide an esti-
mate of the autoionization lifetimes. Figure 4 shows the
asymmetry of the PAD in the parallel orientation as a func-
tion of KER for different pulse durations. The inset of the
figure shows the variation in the asymmetry with the pulse
duration for a specific KER. The asymmetry is defined as the
normalized difference between the probabilities for an elec-
tron to escape in the direction of H+ or H. Thus it can only
take values between −1 and +1. For pulses longer than 10 fs,
the asymmetry remains constant, thus indicating that one has
reached the stationary regime. The magnitude of the asym-
metry decreases as the pulse duration decreases. For a pulse
duration of 2 fs, the asymmetry has practically disappeared,
suggesting that there is no interference between the g and u
ionization channels, i.e., between autoionization and direct
ionization. This means that autoionization takes 2 fs and that,
when it occurs, the pulse is no longer present to produce

direct ionization with which it can interfere. Hence, one can
conclude that the lifetime of the lowest Q1

1�u
+ doubly ex-

cited state should be �2 fs. This is consistent with the av-
erage value of the autoionization width in the FC region
�24,25�. The situation is quite different in the perpendicular
case because autoionization from the Q2 states proceeds
through both the 1s�g and 2p�u channels �see Fig. 1�. Since
the two channels are populated both during and after the
pulse, they will always interfere irrespective of the pulse
duration. Therefore, the asymmetry never disappears except
if, by chance, the relative phase is such that it leads to no
effective interference �as for the proton energies leading to
nodes in Fig. 4�. Hence the necessary condition to obtain
symmetric angular distributions by reducing the pulse dura-
tion is that either the g or the u channel is mainly populated
by direct ionization.

In conclusion, we have shown that the asymmetry in the
photoelectron angular distributions produced in dissociative
photoionization of H2 is due to the delayed ionization from
doubly excited states. We have also shown that ultrashort
xuv pulses can be used to estimate the autoionization life-
times of the lowest doubly excited states by studying the
variation in that asymmetry with pulse duration. Another,
more involved, possibility would be to perform pump-probe
experiments with a xuv pump pulse much shorter than 2 fs
and a probe pulse that is delayed from the former in a con-
trolled way. Which observables should be analyzed in this
case is the subject of current investigations.
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a b s t r a c t

We present a theoretical study of dissociative ionization of H2 and D2 produced by xuv atto and femto-
second laser pulses. We pay special attention to the analysis of the autoionization dynamics and inves-
tigate the effect of the pulse characteristics (spectrum, duration and chirp) on the proton kinetic energy
spectrum and the fully differential electron angular distributions. We show that very short pulses, e.g. of
400 as, lead to angular distributions that are nearly independent of the pulse spectral shape and chirp.
However, these angular distributions are practically symmetric, which provides little information on
the autoionization dynamics. In contrast, for pulses of a few fs, the angular distributions depend signif-
icantly on the spectral shape. In particular, when the bandwidth is narrow and the pulse is not chirped,
strong asymmetries in the angular distributions are observed. These asymmetries vary with pulse dura-
tion, which is relevant to investigate the autoionization decay dynamics of these states.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

Ultrashort laser pulses produced in high-order harmonic gener-
ation (HHG) from atoms and molecules have become a standard
tool to investigate ultrafast phenomena. Typical wavelengths and
durations of these pulses vary from the vacuum ultraviolet (vuv)
to the soft X-ray region, and from the attosecond (as) to the femto-
second time scales. Therefore, they are ideal to induce electronic
excitations, including ionization, and to analyze the electron and
nuclear dynamics at the atomic time scale. The progressive in-
crease in intensities (from 109 up to 1014 W/cm2) makes also these
pulses ideal to investigate non-linear phenomena [1–3].

The measurement of time-resolved spectra at the atomic/
molecular time scales can be used to understand fundamental
problems in atomic and molecular physics. For example, recent
experiments on rare gas atoms using attosecond xuv pulses have
been able to visualize in time the exponential autoionization
(Auger) decay of core excited states, which only takes a few femto-
seconds (fs) [4]. Similarly, attosecond pulses should also be appro-
priate to investigate the decay of autoionizing states in molecules.
This is even more interesting than in atoms because molecular
vibrations and dissociation typically occur in the fs time scale
and, therefore, can significantly affect the autoionization process
[5].

The theoretical description of the dynamics of simple molecules
subject to ultrashort laser pulses is still a challenge due to the com-
putational difficulty in accounting for all electronic and vibrational
(including dissociative) degrees of freedom. Thus, apart from low
dimensionality models (Ref. [6]), most theoretical efforts have con-
centrated on the simplest molecular ion Hþ2 (Refs. [7,8] and refer-
ences therein). For H2, the prototype used in many experiments,
theoretical investigations are much scarcer due to the additional
difficulty to properly account for electron correlation and the mul-
tichannel scattering problem. Autoionization is the result of elec-
tron correlation and, consequently, theoretical modeling must
thus account for it. Furthermore, since H2 doubly excited states
are dissociative and they autoionize slowly, the nuclei have enough
time to move outside the Franck–Condon (FC) region before the
electron is effectively ejected (see Fig. 1). Therefore, the theory
must also account for the nuclear motion. And last but not least,
since direct ionization and autoionization interfere, a fully quan-
tum mechanical treatment of both the electronic and nuclear mo-
tions is required.

A time dependent theoretical method that fulfills the above
requirements, i.e., that provides a quantum description of electrons
and nuclei with inclusion of electron correlation in full dimension-
ality, has been recently proposed [9,10] and subsequently adapted
to treat H2 autoionization [11,12]. Evidence of autoionization can
be found by looking at the fully differential electron angular distri-
butions (FDEAD) for specific orientations of the molecule with re-
spect to the polarization field. This is feasible by performing
kinematically complete experiments in which the momentum of
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all ejected electrons and atomic ions is determined in coincidence
[5,13,14]. The work of Refs. [5,12,15] has shown that the FDEAD
can be asymmetric when the H2 doubly excited states are effi-
ciently populated. This is because ionization channels in which
the residual Hþ2 ion is left in states of different inversion symmetry,
1srg and 2pru, can interfere efficiently due to the delayed ioniza-
tion from the H2 doubly excited states. Since the degree of asym-
metry depends on this delay, measuring the asymmetry of the
photoelectron angular distribution as a function of pulse duration
can be used to estimate the corresponding autoionization lifetimes
[12].

The latter conclusions were obtained by using pulses with a
perfect cosine square shape and null phase. This is an idealistic sit-
uation, because, in real experiments, both the pulse characteristics
are complicated or even unknown. Also, in many experiments,
ultrashort pulses can be chirped, i.e., the frequency varies with
time. Thus, in view of ongoing experimental work aimed at inves-
tigating H2 autoionization with ultrashort pulses [16], it is highly
desirable to study the effects of the pulse spectral shape, phase
and chirp in the measured kinetic energy release (KER) spectra
and the FDEAD for different pulse durations. This is the problem
we address in this paper. For that, we consider a photon energy
of 33 eV and molecules oriented parallel to the polarization direc-
tion. Under these conditions, only the lowest Q1 doubly excited
states of 1Rþu symmetry are significantly populated (see Fig. 1).
We also investigate the differences between H2 and D2, because
D2 is preferred in most experiments but, since dissociation takes
longer in D2 than in H2, the experimental observations could be
significantly different in both systems.

Atomic units are used throughout unless otherwise stated.

2. Theory

We have computed the solution of the time dependent Schrö-
dinger equation

H0ðr;RÞ þ VðtÞ � i
@

@t

� �
Uðr;R; tÞ ¼ 0; ð1Þ

where r represents the electronic coordinates r1 and r2, R is the
internuclear distance, H0 is the H2 field-free non-relativistic
Hamiltonian

H0ðr;RÞ ¼ �r2
R=2lþHelðr;RÞ; ð2Þ

Hel is the electronic Hamiltonian, and VðtÞ is the laser–H2 interac-
tion potential in the dipole approximation and velocity gauge

VðtÞ ¼ p � AðtÞ: ð3Þ

We used several forms of the vector potential A(t). For calculations
involving a pulse with cosine square shape, we have used

AðtÞ ¼
êl cos2ðpt=TÞ

P
i

Ai cos½xiðtÞðt þ T=2Þ�; �T=2 6 t 6 T=2;

0; elsewhere

8<
:

ð4Þ

with T the pulse duration, xi the radiation frequency, Ai the vector
potential peak intensity defined by

Ai ¼
ai

xi
E ¼ ai

xi

ffiffiffiffiffiffi
I

Iau

s
ð5Þ

in which E is the electric field amplitude, Iau ¼ 3:5095� 1016 W=cm2

is the atomic unit of intensity, I is the laser field peak intensity, ai is a
dimensionless quantity and êl the polarization vector of the light.
The inclusion of a summation in the right-hand side of the above
equation allows us to define different pulses representing the fol-
lowing physical situations:

I. One-color radiation: only one term in the summation is
used, ai ¼ di1, and x is independent of time. In this case,
x represents the central photon energy in the spectrum
that results from the Fourier transform of AðtÞ. The corre-
sponding full width at half maximum (FWHM) is given by
Dx ¼ 4p=T.

II. Multicolor radiation: the summation is expanded in several
frequencies xi independent of time but weighted by the ai

coefficients. The latter satisfy
P

ia
2
i ¼ 1.

III. Chirped radiation: only one term in the summation is used,
ai ¼ di1, and x is time dependent and its temporal evolution
is given by

xðtÞ ¼ x0 þ ðx1 �x0Þ sin
p
2T

t þ T
2

� �� �
: ð6Þ

This formula represents a smooth variation of x from x0 at
t ¼ �T=2 (the beginning of the pulse) up to x1 at t ¼ þT=2
(the end of the pulse). This can be used for one or more
frequencies.

We have also used more realistic chirped pulses with a much
less smooth shape. In particular, we have used attosecond pulses
as those produced in recent experimental work [17], in which
the shape is the result of specific experimental conditions or is
reconstructed from the experimental power spectra, as in [17].

The time dependent wave function Uðr;R; tÞ is expanded in a
basis of fully correlated adiabatic Born–Oppenheimer vibronic sta-
tionary states of energy Wk, which include the bound states, the
doubly excited states and the non-resonant continuum states of
H2:

Uðr;R; tÞ ¼
X

b

Cbmb
ðtÞ/bðr;RÞvmb

ðRÞe�iWmb
t

þ
X

r r

Crmr ðtÞ/rðr;RÞvmr
ðRÞe�iWmr t

þ
X
a‘

Z
de

α

Ce‘
ama
ðtÞwa‘eðr;RÞvma

ðRÞe�iWma t ; ð7Þ

where /b; /r and wa‘e represent the bound, doubly excited and con-
tinuum electronic states of H2, respectively. These electronic states
result from the solution of the following eigenvalue equations:

0

g
+1

2
g
+

g

uu
+2

u
+1

1

Fig. 1. Potential energy curves of H2 and Hþ2 . Q1 denotes the lowest 1Rþu doubly
excited state above the 1srg threshold. The thick vertical line illustrates absorption
of a 33 eV photon. A semiclassical path describing autoionization from the Q1 state
is also shown.
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½Hel � EbðRÞ�/b ¼ 0;
½QHelQ� ErðRÞ�/r ¼ 0;
½PHelP� EaeðRÞ�wa‘e ¼ 0; ð8Þ
where P and Q ¼ 1�P are Feshbach projection operators that pro-
ject onto the resonant and non-resonant parts of the continuum
wave function. More details can be found in Ref. [11]. The vibra-
tional (bound and dissociative) wave functions vmb

; vmr
and vma

are the solutions of a one-dimensional Schrödinger equation that
represents the relative motion of the two nuclei in the presence
of the potentials EbðRÞ; ErðRÞ and EaeðRÞ, respectively. The vibra-
tional equations are solved in a basis of B-spline functions defined
in a box of 12 a.u. Notice that the eigenfunction of PHelP and
QHelQ are coupled by Hel. The corresponding couplings, hereafter
called PHelQ couplings, are responsible for the autoionization de-
cay of the H2 doubly excited states. These couplings vanish at
t =1, i.e., when autoionization is no longer possible. Eq. (8) are
solved by performing configuration interaction calculations (for
bound and doubly excited states) and L2 close-coupling calculations
(for non-resonant continuum states) in a basis of two electron con-
figurations built from Hþ2 one-electron orbitals represented in a ba-
sis of B-spline functions enclosed in a box of 60 a.u. [10,11]. For
bound states, the two-electron basis set includes more than 500
terms built from Hþ2 orbitals up to n ¼ 115 (see Ref. [11]). For the
doubly excited states, the two-electron basis contains more than
200 terms and Hþ2 orbitals up to 210. Since only the Q1 doubly ex-
cited states are significantly populated at the photon energies con-
sidered in this work, the P projector has been chosen as
P ¼ P1 þP2 �P1P2, where Pi ¼ j1srgðiÞih1srgðiÞj. For the non-
resonant electronic continuum states, the close-coupling calcula-
tions include the 1srg and 2pru ionization channels. In each chan-
nel, partial waves up to ‘ ¼ 7 are included and, for each partial
wave, the orbital associated with the continuum electron is written
as a linear combination of B-splines within the same box.

Transition amplitudes must be obtained by projecting the wave
function given in Eq. (7) onto the field-free states of H2. This pro-
jection must be done at long enough t, i.e., when the relevant
PHelQ couplings vanish and, therefore, autoionization decay is
no longer possible. In this limit, the exact field-free states are
eigenfunctions of either PHelP or QHelQ and are well represented
within the Born–Oppenheimer (BO) approximation (see Ref. [11]
for details). Notice that this is not in contradiction with the fact
that the BO approximation cannot be used to represent the station-
ary states of H2 because, in contrast with previous stationary the-
ories [18], these stationary states are not needed to calculate the
transition amplitudes. Thus, one can easily calculate the desired
amplitudes by projecting the Uðr;R; tÞ wave function onto the BO
wa‘�ðr;RÞ states at t ¼ 1. This leads, without any ambiguity, to ion-
ization amplitudes that can be written in terms of the C�‘ama

expan-
sion coefficients and can therefore be used to obtain the fully
differential angular distributions as in [15]. In a typical experiment
in which the momentum of all ejected electrons and protons is de-
tected in coincidence, angular distributions associated to the
H + H+ and H+ + H dissociative ionization channels can be experi-
mentally obtained. To properly account for these boundary condi-
tions, the Uðr;R; tÞ wave function must be projected onto
stationary continuum states that localize one of the electrons in
a given proton. At t !1 and for the photon energies considered
in this work, the latter states are simply a linear combination of
the Hþ2 states associated with the 1srg and 2pru ionization chan-
nels, i.e. 1sA;B ¼ ð1srg � 2pruÞ=

ffiffiffi
2
p

. After projecting, the final
expression for the ionization probability, differential in both pro-
ton and solid angle of the ejected electron reads:

d2P

dEHþdk̂e

¼
Z

dke

X
‘

i�‘eir‘ðkeÞY‘ðk̂eÞ
1ffiffiffi
2
p C�‘1srgmg

þ C�‘2prumu

� �					
					

2

: ð9Þ

In practice, the system of coupled differential equations that
arises upon substitution of expansion (7) in Eq. (2) is integrated
up to tmax � T; 1=Cr , where Cr is the autoionization width of the
rth doubly excited state. As a result of enclosing the system in a
box, the continuum spectrum becomes discrete. To avoid artificial
reflections of electrons and nuclei in the box boundaries, the en-
ergy spacing between discrete levels in both the electronic and dis-
sociative continua must be smaller than both the bandwidth of the
pulse and the autoionization widths of the relevant doubly excited
states. In practice the limiting condition is the second one, because,
for very short pulses (e.g. attosecond pulses), the bandwidth is
much larger than the autoionization widths. Thus, in all calcula-
tions reported below, we have used the same grid irrespective of
the pulse duration, since the corresponding energy spacing is smal-
ler than the bandwidth of all the pulses used in our calculations.
Finally, as the proton velocities resulting from dissociative ioniza-
tion are much smaller than the electron energies (except for elec-
trons with almost zero energy), we have neglected all non-
adiabatic couplings in the solution of the coupled differential equa-
tions. Emission of very slow electrons is limited to the region of the
KER spectra that corresponds to the highest proton energies, where
the ionization probability is practically zero. Hence, in practice, the
non-adiabatic effects, if any, should be barely visible.

3. Results

Fig. 2 shows the KER spectrum and the FDEADs for selected pro-
ton kinetic energies for a pulse of 4 fs with a perfect cosine square
shape and x = 33 eV. Such a pulse belongs to category I in the pre-
vious section. The H2 molecule is parallel to the polarization direc-
tion. As can be seen, in the region of low proton kinetic energy,
ionization proceeds through the 1srg channel exclusively. In this
region, non-resonant ionization is the dominant process [19,20]
and the angular distribution is completely symmetric. Asymmetric
angular distribution are only observed at high proton energy. Ener-
getic protons in the 1srg channel are produced from autoionization
of the 1Rþu Q 1 doubly excited states (see the semiclassical path de-
picted in Fig. 1). As a consequence, ionization through the 1srg and
2pru channels leads to slow electrons of similar energy and thus
interference between these two channels is possible. This is the
origin of the observed asymmetry in the FDEAD [12,15]. As shown
below and pointed out in [12], the asymmetry is even more pro-
nounced for longer pulses.

Fig. 2. Dissociative ionization of H2. Thick solid line: total proton yield, dotted and
dashed lines: contribution of 1srg and 2pru ionization channels, respectively. One-
color cosine square pulse shape, pulse duration T ¼ 4 fs, photon energy x ¼ 33 eV
and peak intensity I ¼ 109 W=cm2. Photoelectron angular distributions are shown
for proton (upper red spheres) energies of 2, 5.5 and 7 eV. (For interpretation of the
references in colour in this figure legend, the reader is referred to the web version of
this article.)
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We analyze now the effect of the pulse duration, spectral shape
and chirp. Fig. 3 shows our results for pulses of �400 as but with
different spectral shapes and chirps. Except for the cosine square
pulse, whose results are shown in the first row of the figure, the
other three pulses are chirped and exhibit a complex spectral
shape around 30 eV but with a bandwidth similar to that of the co-
sine square pulse. These three pulses have been generated in real
experiments [17,21]. Apart from the chirp, the main difference be-
tween these pulses is the position of the maximum in the spec-
trum. In case (a), the maximum is exactly at 30 eV, while in
cases (b), (c) and (d) it is around 20, 35 and 33 eV, respectively.
Since the photon energy that is required to excite the lowest Q1

doubly excited state from the ground state at the equilibrium
internuclear distance is �33 eV (see Fig. 1), one would expect that
excitation of this state in cases (a), (c) and (d) will be more efficient
than in case (b). The results of Fig. 3 show that, in all cases, the KER

spectrum is smoother than for pulses of 4 fs (or longer) with a co-
sine square shape. Pulses (a) and (d) lead to very similar spectra,
thus suggesting that, for such short pulses, the details of the chirp
and the spectral shape do not play a significant role. The same ap-
plies to the angular distributions and for both H2 and D2. Pulse (b)
tends to minimize the ionization through the 2pru channel be-
cause the maximum in the spectrum is shifted at lower energies
and, therefore, ionization through this channel is energetically less
favored. The opposite occurs for pulse (c), although in this case
there is also an increase of autoionization into the 1srg channel
due to a more efficient excitation of the lowest Q1 doubly excited
state. A common characteristic of all the angular distributions is
that they are practically symmetric, which is in contrast with the
angular distributions obtained for pulses of 4 fs or longer having
a cosine square shape (see Fig. 2 and Ref. [12]). Only in case (c) a
slight asymmetry in the angular distribution is observed for H2 in
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Fig. 3. Effect of the pulse shape and chirp on the proton kinetic energy distribution and the fully differential electron angular distributions for pulses of �400 as. The different
rows show results for the following pulses: (a) one-color cosine square pulse with x ¼ 30 eV, T ¼ 400 as and I ¼ 1� 109 W=cm2 (category I); (b) chirped attosecond pulse
with a duration of 400 as at half maximum and I ¼ 1� 109 W=cm2 (obtained from experiment [21]); shape obtained by inverse Discrete Fourier Transformation from the
spectrum; (c) similar to (b) but with a different chirp (obtained from experiment [21]); (d) chirped attosecond pulse with a duration of 1200 as at half maximum and
I ¼ 1� 109 W=cm2 (taken from experiment [17]). First column: vector potential AðtÞ as a function of time. Second column: the corresponding energy spectrum obtained as a
Fourier transform of AðtÞ. Third column: total proton yield (solid line), contribution of the 1srg ionization channel (dotted line), and contribution of the 2pru ionization
channel (dashed line); angular distributions are shown for proton (upper red spheres) energies of 2, 6 and 7 eV. All results are for H2. Fourth column: the same as in the third
column but for D2.
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the region where the 1srg and 2pru channels have the largest over-
lap. One might be tempted to explain the absence of asymmetry in
terms of the large bandwidth of a 400 as pulse. Indeed, as shown in
[12], for long pulses, the asymmetry of the angular distributions
oscillates as function of the proton kinetic energy. Thus one might
expect that, as a result of the large bandwidth, regions of the en-
ergy spectrum that lead to opposite asymmetry are mixed and,
consequently, the asymmetry disappears. However, this is not

the main reason because, although the bandwidth of such pulses
is of the order of 20 eV or more, excitation of the lowest Q1 doubly
excited state is only effective in the Franck–Condon region, which
leads to an effective bandwidth of only �6 eV (see Fig. 1). The other
reason why the asymmetry disappears is that, when the pulse is
too short, there is no interference between the g and u ionization
channels, i.e., between autoionization and direct ionization. This
is because, when autoionization occurs, the pulse is no longer pres-
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Fig. 4. Effect of the pulse shape and chirp on the proton kinetic energy distribution and the fully differential electron angular distributions for pulses of �8 fs. The different
rows show results for the following pulses: (a) one-color cosine square pulse with x ¼ 33 eV, T ¼ 8 fs and I ¼ 1� 109 W=cm2 (category I, see text); (b) chirped cosine square
pulse with x0 ¼ 20 eV, x1 ¼ 40 eV and T ¼ 8 fs (category III); (c) chirped cosine square pulse with x0 ¼ 20 eV, x1 ¼ 40 eV and T ¼ 1 fs (category III); (d) chirped cosine
square pulse with x0 ¼ 30 eV, x1 ¼ 35 eV and T ¼ 8 fs (category III); (e) multicolor cosine square pulse with x1 ¼ 31:5 eV, x2 ¼ 33 eV, x3 ¼ 34:5 eV, a1 ¼ 0:616; a2 ¼ 0:70
and a3 ¼ 0:36 (category II). First column: vector potential AðtÞ as a function of time. Second column: the corresponding energy spectrum obtained as a Fourier transform of
AðtÞ. Third column: total proton yield (solid line), contribution of the 1srg ionization channel (dotted line), and contribution of the 2pru ionization channel (dashed line);
angular distributions are shown for proton (upper red spheres) energies of 2, 6 and 7 eV. All results are for H2. (For interpretation of the references in colour in this figure
legend, the reader is referred to the web version of this article.)
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ent and, therefore, cannot produce direct ionization with which it
can interfere. In fact, the progressive disappearance of this interfer-
ence as the pulse duration decreases has been proposed as a possi-
ble strategy to determine autoionization lifetimes of the H2 doubly
excited states [12].

We perform now a similar analysis for pulses of �8 fs. Fig. 4
shows our results for such pulses with different spectral shapes
and chirps. In this case, all pulses present a cosine square shape
in the time domain. The pulse shown in the first row is the equiv-
alent of case (a) in Fig. 3 but for T = 8 fs (category I in Section 2). For
this pulse, the bandwidth is less than 1 eV. Case (b) corresponds to
a chirped pulse of similar duration but much larger bandwidth, and
case (c) to a shorter chirped pulse (T = 1 fs) but with the same
bandwidth as that of case (b) (both belong to category III in Section
2). Cases (d) and (e) correspond to pulses of 8 fs with bandwidths
similar to that of case (a); pulse (d) is chirped (category III) and
pulse (e) emphasizes the fact that the energy spectrum may have
some structure (category II in Section 2). It can be seen that for
the pulses considered in cases (a) and (e), which are not chirped
and have a narrow bandwidth, the KER spectrum exhibits some
structure in the autoionizing region and the FDEAD is strongly
asymmetric in the region where the 1srg and 2pru ionization
channels overlap. The FDEAD are very similar in both cases, which
suggests that, for such a narrow bandwidth, the presence or not of
structure in the pulse energy spectrum is not relevant. More sur-
prising is the fact that, for the pulse considered in case (d), which
is chirped but has a narrow bandwidth similar to that of the two
previous cases, the asymmetry is almost lost (a careful inspection
of the FDEAD shows that the asymmetry is still present but it is
barely visible in the figure). This implies that the chirp significantly
modifies the interference patterns between the 1srg and 2pru ion-
ization channels. This has important practical consequences be-
cause the study of asymmetries in the electron angular
distribution may not provide any relevant information on the
autoionization process unless the chirp is well controlled in the
experiment. Thus, the present results suggest that long chirped
pulses might not be adequate to investigate H2 autoionization by
just looking at the electron angular distributions. The situation is
even worse if a chirped pulse with the same duration (8 fs) has a
larger bandwidth. This is illustrated by case (b) in Fig. 4: no asym-
metry is observed. Interestingly, the calculated angular distribu-
tions are very similar to those obtained with a much shorter
pulse (1 fs) and similar bandwidth (see case (c) in Fig. 4). Hence,
using long chirped pulses with large bandwidth have no practical
advantage over using much shorter pulses.

4. Conclusions

In this work, we have studied the effect of the pulse character-
istics (energy spectrum, duration and chirp) on the proton kinetic
energy spectrum and the fully differential electron angular distri-
butions that arise in H2 ionization in the region of photon energies
where autoionizing doubly excited states are populated. We have
shown that very short pulses, e.g. of 400 as, lead to angular distri-
butions that are nearly independent of the pulse spectral shape and
chirp. This is interesting because one does not have to take much
care on the specific characteristics of the pulse in order to analyze
the observed physics. However, these angular distributions are
practically symmetric, which provides little information on the
autoionization process. For longer pulses, e.g., of a few fs, the angu-
lar distributions depend significantly on the spectral shape. When
the latter is narrow and the pulse is not chirped, strong asymme-
tries in the angular distributions are observed. Thus, as suggested
in Ref. [12], the evolution of this asymmetry with pulse duration
can provide an estimate of the autoionization lifetime of the lowest

doubly excited states in the Franck–Condon region. As shown in
[12], this lifetime is of the order of 2 fs for the lowest Q 1

1Rþu dou-
bly excited state in the Frank–Condon region. When the pulse is
chirped, the asymmetries are practically lost, thus suggesting that
the chirp strongly modifies the interferences between the different
ionization channels. That longer pulses may be more suitable than
short ones in some specific contexts was already suggested in the
early 90s [22].

The present results suggest that two different experimental ap-
proaches could be appropriate to investigate the H2 autoionization
dynamics with ultrashort xuv pulses. In the first one, one could use
pulses longer than 1 fs (i.e., with narrow bandwidth) and no chirp.
The analysis of the variation of the angular distributions with pulse
duration could thus provide an estimate of the autoionization life-
time. This requires a good control of the pulses generated through
high-order harmonic generation, which is not an easy task. Alter-
natively, one could use a pump–probe strategy in which the pump
is an attosecond pulse (e.g., 400 as) and the probe is a well con-
trolled fs pulse. As explained above, with such a short pump, the
excitation of the doubly excited states and their subsequent decay
is nearly insensitive to the pulse characteristics (energy spectrum
and chirp). Therefore, until the probe pulse arrives, the evolution
of the system will not depend very much on the specific character-
istics of the pump, which is very convenient from the practical
point of view because controlling the characteristics of an attosec-
ond pulse is even more complicated than for fs pulses. Theoretical
and experimental work along this line is now in progress.
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7.1.2 Ionization with circularly polarized light [4, 5]

When circularly polarized light is absorbed by a material, the response of the
system may depend on the polarization of the light, .i.e., left- or right-handed
circularly polarized light. This phenomena is called circular dichroism. A suffi-
cient condition to observe circular dicrhoism is a system which defines three non-
coplanar vectors. This phenomena is usually observed in chiral molecules. How-
ever, circular dichroism can also be observed in oriented achiral molecules and
in polarized atoms when photoelectron emission direction is measured [92–95].
Into the dipole approximation, Circular Dichroic Angular Distribution (CDAD)
in electron photoemission arise from the interference of different partial waves,
more precisely from the interference between continuum partial waves with m-
values differing by ±1. Moreover, recent experimental and theoretical studies in
photoionization of H2 shown that, circular dichroism may persist even when the
polar angle of the photoelectron emission direction is not determined [4]. In this
work, we have used a pulse duration of T = 10 fs and a laser peak intensity of
I = 1012 W/cm2. We have selected photon energies of ∼ 20 eV as a case of study
where only direct ionization (DI) is present through 1σg ionization channel; 27
eV where autoionization (AI) through Q1

1Σ+
u doubly excited state is present

but direct ionization through 1σu ionization channel is almost forbidden; and
32.5 eV where autoionization is present through Q1

1Σ+
u and Q2

1Πu doubly ex-
cited states, and direct ionization trough channels of different symmetry 1sσg
and 2pσu is present.
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Circular dichroism is a consequence of chirality. However, nonchiral molecules can also exhibit it when

the measurement itself introduces chirality, e.g., when measuring molecular-frame photoelectron angular

distributions. The few such experiments performed on homonuclear diatomic molecules show that, as

expected, circular dichroism vanishes when the molecular-frame photoelectron angular distributions are

integrated over the polar electron emission angle. Here we show that this is not the case in resonant

dissociative ionization of H2 for photons of 30–35 eV, which is the consequence of the delayed ionization

from molecular doubly excited states into ionic states of different inversion symmetry.

DOI: 10.1103/PhysRevLett.104.233003 PACS numbers: 33.20.Xx, 33.80.�b, 42.65.Re

The most recent advances in multicoincidence detection
methods [1], in which the momentum of all charged par-
ticles is fully determined, are currently used to challenge
the predictions of quantum theory to an unprecedented
degree of accuracy. For example, recent observations sup-
ported by accurate theoretical calculations have shown that
fixed-in-space homonuclear diatomic molecules behave as
Young’s double slits when the former are ionized by high-
energy photons [2–5]. They have also shown that interfer-
ences can be responsible for symmetry breaking in sym-
metric molecules [6–8]. In most experiments, the use of
linearly polarized light with a well-defined orientation with
respect to the internuclear axis restricts the study of these
interferences to states of a given molecular symmetry.
However, more complex effects and, therefore, more chal-
lenging for experiment and theory, can be expected if one
uses circularly polarized light that, in the case of diatomic
molecules, leads to a coherent excitation of� and� states.

One of these effects is circular dichroism, which mea-
sures the different responses of a molecule when exposed
to left- or right-handed circularly polarized light. This
phenomenon is usually associated with chiral molecules
and is often used to characterize the structure of the cor-
responding enantiomers [9]. However, as anticipated in
early theoretical studies [10–12], circular dichroism can
also be observed in the photoionization of oriented achiral
molecules. This is the result of the noncoplanarity of three
vectors, namely, the light propagation axis of circularly
polarized light k, the photoelectron momentum ke, and the
molecular axis n [see Fig. 1(a)]. The first experimental
demonstration was reported by Westphal et al. [13,14],
who studied valence and inner shell photoionization of
CO molecules adsorbed on a surface with a well-defined
orientation. In the gas phase, circular dichroism was first
observed in the photoionization of NO molecules that were
aligned by multiphoton absorption into a well-defined

excited state [15]. Circular dichroism has also been ob-
served [16–20] in molecular-frame photoelectron angular
distributions (MFPADs) of randomly oriented achiral
molecules (hereafter called ‘‘circular dichroism in the
angular distribution,’’ CDAD). In this case, the three vec-
tors can be unambiguously determined by detecting in
coincidence photoions and photoelectrons that result
from the one-photon dissociative ionization of the mole-
cule. In experiments performed with homonuclear mole-
cules [17,21,22], the CDAD has been found to be
antisymmetric with respect to the polar electron emission
angle �e [see Fig. 1(a)], which means that circular dichro-
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FIG. 1 (color online). (a) Molecular frame. The molecular axis
is Z and the proton emission direction is n. The light propagation
direction is k (along the X axis). The electron is ionized in the
direction �e ¼ ð�e;�eÞ and has a momentum ke. All results
shown in the following figures correspond to the YZ plane.
(b) Potential energy curves of H2 and Hþ

2 . X
1�þ

g denotes the

ground electronic state of H2, and
2�þ

g ð1s�gÞ and 2�þ
u ð2p�uÞ

the ground and the first excited electronic state of Hþ
2 .Q1 andQ2

denote the lowest 1�þ
u and 1�u doubly excited states above the

2�þ
g ð1s�gÞ and the 2�þ

u ð2p�uÞ threshold, respectively.

Semiclassical paths (green and blue lines) describing autoioni-
zation of the Q1 and Q2 states after absorption of a 32.5 eV
photon [thick vertical (orange) line] are shown.
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ism vanishes when the MFPADs are integrated over that
angle, i.e., when the electron angular distributions are not
resolved in the polar emission direction.

In this Letter we show, by means of experiments and
theoretical calculations, that circular dichroism in resonant
dissociative photoionization of H2 exhibits unusual prop-
erties that emerge from the control of electron emission in
the molecular frame as a function of the kinetic energy
(KE) of the emitted proton. In particular, for specific KEs
and photon energies in the range 30–35 eV, the CDAD
antisymmetry associated with homonuclear molecules dis-
appears. Consequently, circular dichroism persists even
when electron angular distributions are integrated over
the polar emission direction. In addition, the present study
probes the coherent interplay between the � and � elec-
tronic states and the nuclear wave packets that are launched
into the corresponding ionization and dissociation continua
after absorption of a vacuum ultraviolet photon. The com-
parison with four-body (full dimensional) time-dependent
calculations provides information about the relative emis-
sion times of autoionizing states of different symmetries in
the femtosecond time scale.

The experiments were performed at the DESIRS beam
line [23] at SOLEIL, operated in the eight-bunch mode
(period 147 ns, time width 50 ps), using the vector corre-
lation method [24]. The circular polarization rate s3=s0 of
the light, where (s0, s1, s2, s3) are the Stokes parameters,
was higher than 0.95. The light beam was crossed with a
supersonic H2 or D2 gas jet (SAPHIRS) inducing photo-
ionization in a narrow interaction volume. The ejected ions
and electrons were guided to two time and position sensi-
tive detectors by a dc electric field E coupled to a set of
focusing lenses, whose magnitude, between 20 V=cm and
150 V=cm, ensured a 4� collection of both particles [25].
The VH ionic fragment and Ve photoelectron emission
velocity vectors were calculated from the impact times
and positions for each (Hþ, e) dissociative photoionization
event. The electron-ion kinetic energy correlation derived
from the (VH, Ve) vector correlation provides the detailed
energy sharing between the photoelectron energy (Ee) and
the KE of the atomic fragments [8,24]. The coincident
events assigned to the studied reaction are easily identified
along a diagonal band which corresponds to the [Hþ þ
Hð1sÞ] ground-state dissociation limit, at 18.1 eVabove the
H2ðX1�þ

g ; v ¼ 0Þ origin, which is the single one opened

for the system in the explored photon excitation energies
h� � 35 eV [8]. Selection of such events enables us to
record the MFPAD as a function of the KE. The MFPAD,
Ið�; �e; �eÞ, is a function of the polar angle � referring the
orientation of the molecular axis n with respect to the light
propagation axis k, and the electron emission direction
keð�e;�eÞ in the molecular frame defined by the molecular
axis and the light propagation axis [19,22], as shown in
Fig. 1(a). We use the data analysis reported in [19] to
perform a fit of the Ið�; �e; �eÞ distribution and obtain
the Ið�e;�eÞ MFPAD for any orientation (�) of the

fixed-in-space molecule. The CDAD is largest for scatter-
ing in a plane perpendicular to the light propagation axis
(�e ¼ 90� or 270�) that contains the molecular axis (� ¼
90�). In this plane, it is defined as the relative variation of
the Ið� ¼ 90�; �e; �e ¼ 90�Þ MFPAD [or the Ið� ¼
90�; �e; �e ¼ 270�Þ] when the helicity of the light is
changed from þ1 (left-handed circular polarization) to
�1 (right-handed circular polarization):

CDAD ð�eÞ ¼ ½Iþ1ð�eÞ � I�1ð�eÞ�=½Iþ1ð�eÞ þ I�1ð�eÞ�:
(1)

The CDAD takes values in the interval [� 1, 1].
The theoretical method used in our computations has

been described elsewhere [26,27]. Briefly, we solve the
time-dependent Schrödinger equation in which the
laser-H2 interaction is described in the dipole approxima-
tion. The laser field is represented by a pulse of 10 fs
duration, temporal cosine-square envelope, and peak in-
tensity 1012 W=cm2. The pulse duration is large enough to
represent the long duration of the radiation field used in the
experiment [26,27]. All electronic and vibrational (disso-
ciative) degrees of freedom are taken into account (7
dimensions). Thus, the calculations are performed in the
real three-dimensional world (except for the nuclear rota-
tion) and, therefore, include the effect of electron correla-
tion and interferences between different ionization and
dissociation pathways. In practice, the time-dependent
Schrödinger equation is solved by expanding the time-
dependent wave function in a large number of vibronic
states that include the 1�þ

u and 1�u bound states of H2, the
2�þ

g ð1s�gÞ and the 2�þ
u ð2p�uÞ ionization continua, and

the doubly excited states embedded in them. Projection of
this wave function onto vibronic states leads, without any
ambiguity, to transition amplitudes that are easily com-
bined [28] to yield the fully differential electron angular
distributions. In contrast with simpler single-photon sta-
tionary methods (as those used, e.g., in [6]), solution of the
time-dependent Schrödinger equation not only provides
the desired transition amplitudes but also their time evolu-
tion. This is useful to unravel the dominant mechanisms
responsible for the delayed ionization from the H2 doubly
excited states.
Figure 1(b) shows the potential energy curves [29,30]

that are relevant to understand the physics of the different
processes. Figure 2 shows the measured and calculated KE
spectra for left-handed circularly polarized light of 19 and
32.5 eV. The theory provides the separate contribution of
ionization into the 1s�g and 2p�u channels. Figure 2 also

shows the measured and calculated MFPAD at selected
proton energies. At 19 eV, the dominant process is direct
ionization through the 1s�g state of the molecular ion [see

Fig. 1(b)]. As Fig. 2(a) shows, this process is only relevant
at very low KE, which is a consequence of the rapid
decrease of the Franck-Condon overlap between the initial
vibrational state of H2 and the dissociative continuum of
Hþ

2 . In this energy range, contributions from both the 1�þ
u
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and 1�u molecular symmetries are relevant, which leads to
an electron angular distribution that is neither that of the
1�þ

u electronic continuum nor that of the 1�u one (when
linearly polarized light is used, the latter two MFPADs are
associated with molecules oriented parallel and perpen-
dicular to the polarization direction, respectively). At
32.5 eV [see Fig. 2(b)], the KE spectrum is much more
complex. In addition to the direct ionization process men-
tioned above, which appears at very low Hþ KEs, there is a
significant ionization signal up to 7.5 eV. The latter signal
is mostly due to autoionization (AI) of theQ1

1�þ
u [31] and

Q2
1�u doubly excited states [32] [see Fig. 1(b)], as well as

to direct ionization (DI) through the 2p�u channel. More
specifically, the dominant processes that contribute to the
KE spectrum at this photon energy are

H 2 ! Hþ Hþ þ e�ð1s�g;
1�þ

u Þ DI; (2)

H 2 ! Hþ Hþ þ e�ð1s�g;
1�uÞ DI; (3)

H 2 ! H��
2 ðQ1Þ ! Hþ Hþ þ e�ð1s�g;

1�þ
u Þ AI; (4)

H 2 ! Hþ Hþ þ e�ð2p�u;
1�þ

u Þ DI; (5)

H 2 ! Hþ Hþ þ e�ð2p�u;
1�uÞ DI; (6)

H 2 ! H��
2 ðQ2Þ ! Hþ Hþ þ e�ð1s�g;

1�uÞ AI; (7)

H 2 ! H��
2 ðQ2Þ ! Hþ Hþ þ e�ð2p�u;

1�uÞ AI; (8)

where symbols within parenthesis indicate the ionization
channel (1s�g or 2p�u) and the symmetry of the final

electronic state (1�þ
u or 1�u). Processes (2) and (3) con-

tribute to the low KE region (0–1 eV), process (4) contrib-
utes to all KE> 1 eV, process (7) to the intermediate KE
region (1–5 eV), and processes (5), (6), and (8) to the high
KE region (> 5 eV). Therefore, channels of 1�þ

u and 1�u

symmetries overlap all throughout the KE spectrum, and
consequently, the MFPADs differ from those obtained with
linearly polarized light. Figure 2(b) shows the MFPADs at
selected Hþ KEs. In spite of the rich structure of these
angular distributions and of the fact that they rapidly vary
with Hþ KE, the agreement between experiment and the-
ory is good. As can be seen, for Hþ KE> 4 eV, the
MFPADs do not have inversion symmetry, in contrast
with the MFPADs obtained at very low KE or for lower
photon energies (< 28 eV). As we will see, this naturally
reflects in the CDAD.
Figure 3 shows the CDAD for the two photon energies

and Dþ or Hþ kinetic energies considered in Fig. 2. As can
be seen in Fig. 3(a), for a photon energy of 19 eV, circular
dichroism is observed at all polar emission angles except
for 0�, 90�, and 180� where it is exactly zero. The CDAD
is perfectly antisymmetric with respect to 90�, in agree-
ment with previous results for N2 [17] and O2 [21]. In
contrast, Fig. 3(b) shows that, for a photon energy of
32.5 eV, the CDAD may not be antisymmetric with respect
to 90�. This is particularly true for KE energies between
4 and 7 eV where autoionization leaves Hþ

2 in both the
1s�g and 2p�u states with a significant probability [see
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FIG. 2 (color online). Dissociative ionization probability as a
function of deuteron (proton) kinetic energy for left-handed
circularly polarized light. (a) D2 with a photon energy of
19 eV. (b) H2 with a photon energy of 32.5 eV. Insets: Polar
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normalized to theory; green solid line, theoretical results; black
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associated with the 1s�g channel; green dash-dotted line, the

same associated with the 2p�u channel.
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Fig. 2(b)]. As a consequence, circular dichroism associated
with �e-integrated MFPADs (CD for short) is significantly
different from zero between 4 and 7 eV [see Fig. 4(a)]. In
this region, the probability of ionization into the 1s�g and

2p�u channels is comparable, which leads to a coherent
superposition of the 1s�g and 2p�u states of Hþ

2 [6].

Figure 4(b) shows the computed time evolution of the
CD. It can be seen that, at very short integration times (t <
0:2 fs), the CD is practically zero for all Hþ KEs. At such
short times, autoionization from the Q1 and Q2 doubly
excited states through processes (4), (7), and (8) has not yet
occurred and the CDAD is antisymmetric with respect to
90�. As t approaches 1 fs, the CD rapidly becomes differ-
ent from zero and remains more or less unchanged between
1 and 2 fs. Later on, the CD changes again and converges to
its final value at around 5–6 fs. The two different time
scales correspond to two different mechanisms. The fast
one involves autoionization from the Q1

1�þ
u and Q2

1�u

states into, respectively, the 1s�g and 2p�u channels

[processes (4) and (8)]. The interference between the latter
channels leads already to a nonzero CD. The slow mecha-
nism corresponds to autoionization from the Q2

1�u state
into the 1s�g channel [process (7)], which modifies the

pattern of the interference and hence the CD. These time
scales are compatible with the known autoionization life-
times of these three channels in the Franck-Condon region
[29,30].

In conclusion, the observation in homonuclear mole-
cules of circular dichroism in the photoelectron angular
distributions integrated over the polar emission angle is the
signature of delayed autoionization into channels of differ-
ent inversion symmetry. Thus, measuring circular dichro-
ism is a sensitive probe for the identification of molecular
autoionizing states in such molecules. In particular, fs
circularly polarized pulses might be the ideal tool to char-
acterize the autoionization dynamics.
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Departamento de Qúımica C-9, Universidad Autónoma de Madrid, 28049 Madrid, Spain

The presence of net circular dichroism in the photoionization of nonchiral molecules has been put in
evidence recently through the measurement of molecular-frame photoelectron angular distributions
in dissociative photoionization of H2 (Physical Review Letters, 104, 233003 (2010)). In this work
we provide details of our investigation of circular dichroism at the level of angular distributions of
photoelectrons emitted from H2 and D2 molecules, oriented in space perpendicular to the circularly
polarized light propagation vector, upon the change of helicity at different photon energies (20, 27
and 32.5 eV). Circular dichroism in the angular distributions at 20 and 27 eV, clearly shows an usual
pattern where inversion symmetry is preserved, at variance with 32.5 eV, for which a remarkable
variation of the angular distributions is present along the photoion kinetic energy distributions. In
addition, for specific photoion energy regions the inversion symmetry breaks down which eventually
produces a total circular dichroism with no regards of the polar emission angle. Time dependent
full ab initio calculations support and explain the observed results for H2 in terms of quantum
interferences between direct photoionization and delayed autoionization from Q1 and Q2 molecular
resonances into ionic states (1sσg and 2pσu) of different inversion symmetry. Surprisingly, D2

calculations for 32.5 eV do not show a consistent agreement with the experiment, reflecting the
subleties associated to such simple molecules when exposed to this fine scrutiny.

I. INTRODUCTION

The characteristics of angular distributions of molecu-
lar photoelectrons are extremely useful in obtaining infor-
mation about the strong interplay between electronic and
nuclear motion. Angular differential cross sections for
photoionization of randomly oriented diatomic molecules
in gas phase was a subject of early theoretical interest
[1, 2]. For molecules with a definite orientation, differ-
ential cross sections are quite complex but provide very
detailed information on the dynamics of reactions like
dissociative photoionization, at variance with the case of
randomly oriented molecules, in which angular distribu-
tions show a simple dependence on only two spherical
harmonics [2]. Experiments in gas phase in which the
orientation of the molecule at the time of photoejection
is fully determined are nowdays feasible in current labo-
ratories, thanks to COLTRIMs-like reaction microscopes
[3] or vector correlation methods [4]. In these type of
techniques applied to dissociative photoionization of di-
atomic molecules (AB + ~ω(ǫ̂p) → A+ + B + e−) the
triplet of vectors (VA+ ,Ve, ǫ̂p) corresponding to the frag-
mented photoion velocity, the ejected electron velocity
and the field polarization axis, respectively, can be mea-
sured in coincidence for each dissociative photoionization
event. These techniques can be regarded as complete ex-

periments for oriented or fixed-in-space molecules in gas
phase.
Circular Dichroism (CD) represents the different re-

sponse of a system when exposed to left and right cir-
cularly polarized light. CD in photoabsorption of chiral
molecules, i.e., without a plane or center of symmetry,
is an effect of optical activity already known since the
discovering of Pasteur [5]. Non chiral molecules, like di-
atomics, may also show particular asymmetries with re-
spect to different photon helicities. In spite of the lack of
molecular chirality, a handedness may be induced in the
photon-molecule system by the experimental geometry,
considering enantiomorphic arrangements of the vectors
corresponding to molecular orientation, photon propaga-
tion and electron ejection [6]
The circular dichroism in photoelectron angular distri-

butions (CDAD) corresponds to the difference in the dif-
ferential photoionization cross sections for left and right
circularly polarized light. CDAD of molecular photoelec-
trons from nonchiral oriented molecules was pioneered
theoretically by Ritchie [7], pointing out that such par-
ticular effects may appear due to interferences between
the dipolar and higher order terms in the multipole ex-
pansion of the radiation field. Cherepkov [8] predicted
the existence of circular dichroism in the angular distri-
butions of photoelectrons from oriented chiral molecules,
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FIG. 1. (Color online). Geometry and potential energy curves
of H2. (a): Set of axis in the molecular frame for the measure-
ments and calculations discussed in the text. The molecule
is oriented along Z axis. The light propagation direction is
represented by the vector k along the X axis. The electron
is ionized in the direction given by Ωe = (θe, φe) and has
a momentum vector ke. The proton is ejected in the up-
ward direction (χ = 90o) along the molecular axis n. All
results shown in the manuscript correspond to the YZ plane
(i.e. χ = 90o, φe = 90o or φe = 270o). (b): Potential energy
curves of H2 and H+

2 . X1Σ+
g denotes the ground electronic

state of H2 and 2Σ+
g (1sσg) and 2Σ+

u (2pσu), the ground and

the first excited electronic state of H+
2 (i.e., the first and the

second ionization thresholds of H2, respectively). The lowest
1Σ+

uQ1 and 1ΠuQ2 autoionizing states are also included.

within the dipole approximation but assuming spin-orbit
interaction. In a fuller analysis [9, 10], it was demon-
strated that CDAD is present in oriented linear molecules
within the electric dipole approximation only. Three ma-
jor features were distinguished in these latter references:
i) CDAD in electron photoemission arise from the in-
terference between degenerate continuum partial waves
with m-values differing by ±1. ii) CDAD vanishes if the
triplet of vectors (n,ke,k) corresponding to the direction
of propagation of circularly polarized light, the molecular
axis and the direction of the photoelectron momentum,
respectively, are coplanar. iii) For linear molecules with
an inversion center, CDAD does not exist in the reflection
plane perpendicular to the molecular axis. Therefore, the
geometry adopted in the present work (see Figure 1) for
dissociative ionization of H2 and D2 prevent us from van-
ishing CDAD. In this respect, we will analyze CDAD in
the plane perpendicular to the light propagation direc-
tion k, containing the molecular axis. Motivated by these
predictions Westphal et al [11, 12] reported the first ex-
perimental evidence of CDAD of photoelectrons ejected
from oriented CO molecules, adsorbed on a crystal metal
surface of Pd(111). Reid et al [13] produced a first ex-
periment in gas phase with a complete description of the
molecular photoionization, by measuring rotationally re-
solved CDAD with NO molecules. Completeness refers
here to the determination of all complex dipolar tran-
sition matrix elements and their phases for each partial
wave in the continuum. Such kind of complete exper-
iments can be extended now days to dissociative pho-
toionization reactions. In this respect, multicoincidence

reaction microscopes, like the vector correlation meth-
ods, are capable to detect the momentum and direction
of all ejected charged particles, and CD has been observed
[14–21] in molecular-frame photoelectron angular distri-
butions (MFPADs) of oriented achiral molecules like CO,
NO. O2, N2O, H2 and D2. In this work we focus on
CDAD appearing in the dissociative ionization of H2 and
D2 molecules.
In addition, reaction microscopes are able to specif-

ically elucidate in which direction along the molecular
axis the photoion is ejected. Thus, the experiment it-
self imposes boundary conditions for the ion (electron)
localization after the prompt dissociation following the
photoionization. In order to satisfy this condition, the
final total wave function must be projected onto station-
ary continuum states that localize one of the ions (or
the remaining bound electron) in a given center. Assum-
ing the geometry shown in Figure 1, photoions may be
released upward or downward, so that the delocalized na-
ture of the remaining bound electron in H+

2 (D+
2 ) (a sig-

nature of the inversion symmetry) turns out to be now
localized (H(nℓ)+H+ or H++H(nℓ)), i.e., the localized
wave functions become ϕ1s=

1√
2
(φ1σg

± φ1σu
). A discus-

sion on this issue can be found in [22] in which MFPADs
in dissociative photoionization of H2 and D2 are compre-
hensively analyzed although using only linearly polarized
light. One-photon absorption with circularly polarized
light photoionizes H2 (D2) molecules from the ground
state X1Σ+

g to final continuum states 1Σ+
u and 1Πu si-

multaneously. For the photon energies considered in this
work only ionic thresholds H+

2
2Σ+

g (1sσg) and
2Σ+

u (2pσu)
need to be considered. This implies that partial waves
of the escaping photoelectron may have angular momen-
tum ℓ odd (ungerade continuum orbitals for 1σgεℓ chan-
nels) and ℓ′ even (gerade continuum orbitals for 1σuεℓ

′

channels) contributed from both 1Σ+
u and 1Πu final sym-

metries, and CDAD thus relies on this ℓ, ℓ′ (even-odd)
interference in the final state partial waves with opposite
inversion symmetry and m values differing by ±1.

For the photon energies 27 and 32.5 eV considered in
this work, molecular doubly excited states Qn play a fun-
damental role in inducing asymmetries in MFPADs, since
direct non resonant ionization and autoionization from
resonances interfere with dramatic consequences in the
kinetic energy release spectra of photoions and, due to
the strong coupling between nuclear and electronic mo-
tion, also for the electron angular distributions, that show
marked differences as a function of the nuclear kinetic en-
ergy [23]. We show that this time-delayed autoionization
is also responsible for the presence of CD in oriented non-
quiral molecules. The paper is organized as follows: In
Section II we introduce the basics for CDAD, in Section
III our time-dependent theory to obtain CDAD for H2 is
described, some experimental and computational details
are given in Section IV and Section V and in Section VI
we present our results and discussion.
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II. CIRCULAR DICHROISM FOR
PHOTOEMISSION IN THE MOLECULAR

FRAME.

The molecular frame photoelectron angular distribu-
tion (MFPAD) I(χ, θe, φe) for the geometry in display
in Figure 1 takes a remarkable simple general form in
the dipole approximation for incident circularly polar-
ized light [24, 25] (here µ0=0 is for linearly polarized
light and, for instance, µ0=+1 indicates left handed cir-
cularly polarized light (LHC) of positive helicity h=+1)
:

Iµ0=±1χ,φe
(θe) = F 0

00(θe)−
1

2
F 0
20(θe)P

0
2 (cosχ)

−1

2
F 0
21(θe)P

1
2 (cosχ) cos(φe)

−1

2
F 0
22(θe)P

2
2 (cosχ) cos(2φe)

±F 1
11(θe)P

1
1 (cosχ) sin(φe) (1)

where χ is the polar angle (0≤ χ ≤π) referring the ori-
entation of the molecular axis n with respect to the light
propagation axis k and the set (θe, φe) indicates the di-
rection of the electron emission vector ke in the molec-
ular frame, defined by the molecular axis and the light
propagation axis. In Eq. (1) the dependence on the
azimuthal angle φe and the molecular orientation an-
gle χ is easily factorized in simple trigonometric func-
tions and associated Legendre polynomials PN

L , (here
we adopt the Condon-Shortley convention by including
a phase (−1)N ), respectively, so that a complete dynam-
ical information about the dissociative photoionization
reaction is fully described by the five one-dimensional
Fµ0

LN (θe) functions. These functions can be determined
experimentally at each photoion kinetic energy by per-
forming a Legendre-Fourier analysis in (χ, φe) of the MF-
PAD I(χ, θe, φe), using the expression (1). In particular,
the F21 function gives access to the moduli of the rela-
tive phase between the amplitudes for the parallel (1Σ+

g

→ 1Σ+
u ) and perpendicular (1Σ+

g → 1Πu) dipolar tran-

sitions, whereas F 1
11 (accessed only by using circularly

polarized light) provides the sign of these relative phases
and determines of presence of circular dichroism. Once
these five functions are extracted experimentally or cal-
culated, MFPADs for any orientation χ of the molecular
axis can be fully reconstructed.
The observation of CDAD in the molecular frame is

largest for electron scattering in a plane perpendicular
to the light propagation axis (φe=90o or 270o) and con-
taining the molecular axis (χ=90o), due to the sinφe de-
pendence in Eq. (1). For the geometry adopted in this
work, χ=90o, Eq. (1) reduces to:

Iµ0=±1,χ=90,φe
= F 0

00(θe) + 0.25F 0
20(θe)

+1.5F 0
22(θe) cos(2φe)

∓F 1
11(θe) sin(φe) (2)

and only four Fµ0

LN functions are needed. In this

plane, CDAD is characterized as the relative vari-
ation of the MFPAD I(χ=90o, θe, φe=90o) (or the
I(χ=90o, θe, φe=270o)) when the helicity of the light is
changed from h=+1 (LHC) to h=-1 (RHC). In fact,
CDAD can be defined in two equivalent forms, and ex-
pressed straightforwardly in terms of the Fµo

LN functions:

CDADχ=90,φe=90(θe) =
I+1,90,90 − I−1,90,90

I+1,90,90 + I−1,90,90

= CDADχ=90,h=+1(θe) =
I+1,90,270 − I+1,90,90

I+1,90,90 + I+1,90,270

=
2F 1

11

2F 0
00 +

1
2F

0
20 + 3F 0

22

(3)

Accordingly, CDAD is driven by the function F 1
11 and

takes values in the interval [-1,+1]. In many experiments
performed so far [15, 19–21], CDAD shows an antisym-
metric behavior with respect to the polar electron emis-
sion angle θe in the plane perpendicular to the light prop-
agation. In this case, the net circular dichroism CD, de-
fined by integrating CDAD over the polar angle, i.e.,

CD =

∫

sin θedθe (I+1,90,90 − I−1,90,90)
∫

sin θedθe (I+1,90,90 + I−1,90,90)
(4)

vanishes identically. However, we have recently found
[26] that CDAD in resonant dissociative photoionization
of H2 (for impact photon energies in the range 30-35 eV)
may strongly depart from the expected antisymmetry in
θe in specific regions of the ion kinetic energy release
spectrum, and thus the θe-integrated CD does not vanish,
but shows instead a richer structure attributed to delayed
autoionization of Qn molecular resonances into channels
of different inversion symmetry. In this work we provide
a more detailed account of these experimental findings,
supported by fully time-dependent ab initio calculations.

III. THEORETICAL METHOD

MFPADs calculations for dissociative photoionization
of diatomics can be approached at the level of time-
independent theories. The multichannel Schwinger con-
figuration interaction method of Luchesse and cowork-
ers has been employed over the years for close compar-
ison with experimental results of dissociative ionization
[17–19, 25, 27], but at the level of fixed nuclei approxi-
mation. A more sophisticated theory [28] for MFPADs
in resonant dissociative photoionization requires a fully
quantum mechanical treatment of both the electronic and
nuclear motions, where the dependence of the autoion-
ization process with the internuclear distance is fully ac-
counted for. This time-independent theory along with
the Dill’s formulas [2] has been used to compute MF-
PADs in H2 and D2 for linearly polarized light [22] and
in D2 for circularly polarized light [20]. Here we use in-
stead a recent extension of this methodology to the time
domain [29], which allows for the temporal fine scrutiny
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of the photodynamics involved in CDAD. The adiabatic
and the dipolar approximations are assumed. The axial
recoil approximation [30] is also invoked since superex-
cited states in H2 dissociate faster than the rotational
period of the H2 molecule. In practice, this means that
the set (VH+ ,Ve, ǫ̂p) in the vector correlation method
are identified with the triplet of vectors (n,ke,k) and
corrections due to rotational motion are neglected.
Our method [29] is based on the solution of the time-

dependent Schrödinger equation (TDSE):
[

H0(r, R) + V µ0(t)− i∂t
]

Φ(r, R, t) = 0 (5)

where r labels the electronic coordinates r1 and r2, R
is the internuclear distance, H0 is the H2 field-free non-
relativistic Hamiltonian neglecting the mass polarization
term

H0(r, R) = −∇2
R/2µ+Hel(r, R). (6)

Here T (R) = −∇2(R)/2µ, Hel is the electronic Hamilto-
nian and V µ0 is the laser-molecule interaction potential
in the velocity gauge

V µ0(t) = (p1 + p2) ·Aµ0(t), (7)

where pi is the linear momentum operator for the elec-
tron i and Aµ0 is the vector potential of the radiation
field with polarization µ0. The dipolar operator is com-
monly referred to the laboratory frame but one can make
use of the Wigner rotation matrices to express the oper-
ator in the molecular frame [2]. Within the dipole ap-
proximation, for circularly polarized light defined by the
parameter µ0 and considering the geometry of Figure 1,
we choose the vector potential in the time interval [0,T]
as

Aµ0(t) = A0 sin
2
( π

T
t
)





0
cos

[

ω
(

t− T
2

)]

µ0 sin
[

ω
(

t− T
2

)]



 (8)

where A0 is the vector potential amplitude, which
is related to the laser peak intensity by A0/ω =
[I(W/cm2)/3.5095 × 1016]1/2. A retarded pulse envelop
by a quarter period along one of the axis is ignored.
The time dependent wave function Φ(r, R, t) is ex-

panded in a basis of fully correlated adiabatic Born-
Oppenheimer (BO) vibronic stationary states of energy
Wk, which include the bound states, the resonant doubly
excited states and the non-resonant continuum states of
H2:

Φ(r, R, t) = Cgνg
(t)φg(r, R)χνg

(R)e−iWgνg t

+
∑

r

∫

∑

νr

Crνr
(t)φr(r, R)χνr

(R)e−iWrνr t

+
∑

αℓm

∫

dε

∫

∑

να

Cεℓm
ανα

(t)ψεℓm
α (r, R)χνα

(R)e−iWανα t (9)

where φg, φr and ψεℓm
α represent the ground, doubly ex-

cited and continuum electronic states of H2, respectively.
Here, α represents the full set of quantum numbers for
the electronic state of the residual molecular ion H+

2 with
BO energy Eα(R) and the indices ε, ℓ and m correspond,
respectively, to the kinetic energy, angular momentum
and the Z-component of the angular momentum of the
ejected electron.
The vibronic states in Eq. (9) result from the solution

of the following eigenvalue equations, i) for the electronic
motion

[Hel − Eg(R)]φg = 0 (10)

[QHelQ− Er(R)]φr = 0 (11)

[PHelP − Eα(R)]ψεℓm
α = 0 (12)

where P andQ = 1−P are Feshbach projection operators
that project onto the non-resonant and resonant parts
of the continuum wave function respectively. ii) for the
nuclear motion

[

T (R) + Eg(R)−Wg,νg

]

χνg
= 0 (13)

[T (R) + Er(R)−Wr,νr
]χνr

= 0 (14)

[T (R) + Eα(R) + ε−Wα,να
]χνα

= 0 (15)

where Wxνx
refers to the total vibronic energy.

Within the Feshbach formalism the electronic Hamil-
tonian results into a sum of projected operators Hel =
QHelQ+ PHelP +QHelP + PHelQ, where the QHelP
corresponds to the interaction between the Q subspace
and P subspace, which is responsible for the autoionizing
decay of the doubly excited states into the continuum. By
introducing the ansatz (9) into the TDSE (5) and pro-
jecting onto the basis of stationary vibronic states, one
arrives to the following set of coupled linear differential
equations

i
d

dt





Cgνg

Crνr

Cεℓm
ανα



 =





0 A(t)V rνr
gνg

A(t)V αναεℓm
gνg

A(t)V
gνg
rνr 0 QHPαναεℓm

rνr

A(t)V
gνg

αναεℓm PHQrνr

αναεℓm 0









Cgνg

Crνr

Cεℓm
ανα





(16)

which are integrated in time beyond the pulse duration T
and also beyond the life-time of Qn resonant states to al-
low for their decay. In the velocity gauge pjµ0

=−i∇jµ0
is

−i∂/∂zj for µ0=0 (linear polarization along the molecu-

lar axis) and −i(∓∂/∂xj ± i∂/∂yj)/
√
2 for µ0=±1 (com-

ponents perpendicular to the molecular axis). Given that
the light propagation vector lies in the X axis (see Fig-
ure 1) one needs to consider only the Z, Y components
of the dipolar operator. The initial state is X1Σ+

g and
thus, in practice, we consider two set of coupled equa-
tions, the first for final states 1Σ+

u (parallel transitions
to states with Λ=0 and m=0) and the second for final
states 1Πu (perpendicular transitions to states with Λ=1
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and m=±1). After propagating both sets, the asymp-
totic amplitudes are collected and then added coherently
in the differential cross sections as shown below.
The asymptotic wavefunction that describes an ejected

electron in channel α satisfying incoming wave boundary
conditions admits a partial wave decomposition [2]:

Ψ(−)
α (r, R, t) =

∑

ℓm

iℓe−iσℓ(ε)Ym∗
ℓ (θe, φe)

×ψεℓm
α (r, R)χνα

(R)e−iWανα t (17)

where σℓ(ε)=argΓ(ℓ + 1 − i/
√
2ε) is the Coulomb phase

shift. As mentioned in the Introduction, vector correla-
tion methods are capable to detect the momentum and
direction of all ejected charged particles, and specifically
to elucidate in which direction along the internuclear dis-
tance axis the proton escaped after prompt dissociation.
With reference to Figure 1 protons may be released up-
ward (U) or downward (D) and consequently, a combi-
nation of the partial wave expansions for the 1sσg and
2pσu channels is invoked as follows

Ψ
(−)
U,D =

1√
2

[

Ψ
(−)
1sσg

±Ψ
(−)
2pσu

]

. (18)

which implies that final transition amplitudes
(Cεℓm

1sσgν , C
εℓm
2pσuν) are added for the U case and sub-

stracted for the D case.
Molecular Frame Photoelectron Angular Distributions

(MFPADs),i.e., the photoionization cross sections differ-
ential in proton energy (EH+=Wα,να

-W∞, where W∞ is
the energy of a H atom infinitely separated from H+).
and in the solid angle of the ionized electron, can be
evaluated following the Dill’s procedure [2], for any ar-
bitrary polarization µ0, replacing the dipolar transition
matrix elements by the asymptotic transition amplitudes
obtained after integrating the TDSE :

d3Pµ0

dΩndEH+dΩe
∝

∫

dε
∑

αaαb

∑

µaµb

∑

ℓama

∑

ℓbmb

i(ℓa−ℓb)ei(σℓb
(ε)−σℓa (ε))

×(−1)mb+µa−µ0
(

Cεℓamaµa
αaν

)∗ (
Cεℓbmbµb

αbν

)

×
∑

Le

√

(2ℓa + 1)(2ℓb + 1)

(2Le + 1)
〈ℓaℓb00|Le0〉

×〈ℓaℓb −mamb|LeMe〉YMe∗
Le

(θe, φe)

×
∑

L

√

1

(2L+ 1)
〈11− µaµb|LN〉

×〈11− µ0µ0|L0〉YN
L (θn, φn) (19)

with

µa,b = 0,±1, N = −µa + µb, Me = −ma +mb,

ℓa + ℓb ≥ Le ≥ |ℓa − ℓb| and 0 ≤ L ≤ 2.

In this equation, Ωe=(θe, φe) is the solid angle for the
photoelectron emission direction, χ ≡ Ωn=(θn, φn) (see

Figure 1), 〈j1j2m1m2|JM〉 denotes a Clebsch-Gordan co-

efficient, and C
εℓa,bma,bµa,b
αa,bναa.b

is the transition amplitude to
a continuum vibronic state for a given value of µa,b.

As shown in [27], Eq. (19) for MFPADs is formally
and computationally equivalent to Eq. (1), expressed in
terms of Fµ0

LN functions and simple trigonometric func-
tions. To see the connection, the Fµ0

LN functions can be
partial-wave expanded in terms of Legendre polynomials
and the transition amplitudes as a function of the total
vibronic energy Wανα

, or equivalently, the proton kinetic
energy EH+

Fµ0

LN (EH+ , θe) =

ℓa+ℓb
∑

Le=|ℓa−ℓb|
Dµ0

LeLN (EH+)PN
Le

(cos θe)

(20)
where

Dµ0

LeLN (EH+) =
(−1)N (−i)δL,1δN,1

1 + δN,0
i(ℓa−ℓb)

×
∑

αaαb

∑

µaµb

∑

ℓama

∑

ℓbmb

(−1)mb+µa−µ0

×
√

(2ℓa + 1)(2ℓb + 1)(Le −N)!(L−N)!

(Le +N)!(L+N)!

×〈ℓaℓb00|Le0〉〈ℓaℓbma −mb|Le −N〉
×〈11− µaµb|LN〉〈11− µ0µ0|L0〉

×
∫

dε
(

Cεℓamaµa
αaν

)∗ (
Cεℓbmbµb

αbν

)

ei(σℓb
(ε)−σℓa (ε)) (21)

Fµ0

LN functions can be accessed experimentally as a func-
tion of the proton kinetic energy release, so that a direct
comparison between theory and experimental results for
MFPADs is already feasible at this partial-wave level,
providing the most stringest test for theory-experiment
comparison, since it is done at the level of transition am-
plitudes and their relative partial-wave phase shifts.

IV. EXPERIMENTAL DETAILS.

A description of the experimental set-up of the vector
correlation method (VC) for the most recent measure-
ments of MFPADs in D2 has already been outlined in
[31]. The VC method consist of measuring in coincidence
the ejection velocity vectors of photoelectrons and pho-
toions emitted in the same dissociative photoionization
(DPI) event for molecules in gas phase subject to syn-
chrotron radiation laser sources. A double electron-ion
velocity spectrometer [4] combines time-of-flight (TOF)
resolved ion-electron coincidence detection and imaging
techniques with position sensitive detection. A colli-
mated beam of H2 (D2) molecules comes out from a
supersonic molecular jet SAPHIRS [32] and the circu-
larly polarized light is provided by the VUV beamline
DESIRS at the third generation synchrotron radiation
facility SOLEIL, operated in the eight-bunch mode with
a period T=140 ns and a pulse width limited to ∆t=
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50 ps (superseding the previous Super ACO facility with
∆t=800 ps). Both beams intersect at right angle in the
interaction region located at the center of the spectrom-
eter.
Electrons and ions resulting from DPI are diverted by

an extraction DC uniform electric field (from 15 V/cm for
photons of ~ω=19 eV up to 150 V/cm for photon ener-
gies of ~ω=32.5 eV), then focussed with two electrostatic
lenses that ensure a 4π collection of fragments and finally
collected by the two-delay line position sensitive detec-
tors (PSD) DLD40 Roentdek. The vectors (VH+ ,Ve) for
each coincident DPI event are deduced from the impact
positions at the PSDs and their TOF. The electron de-
tector, initially triggered by a frontal multichannel plane,
uses a time-to-digital converter (TDC) with eight inde-
pendent channels (four channels for the electron detec-
tion and the other four for the ion detection) with 250
ps of encoding resolution, and a time-to-amplitude con-
verter. The latter receives a stopping signal synchronous
with the SOLEIL radiation pulse, from which the elec-
tron TOF (in the range of 10-50 ns) is resolved with a
coding resolution of 25 ps on the 100 ns scale. The pho-
toion TOF (in the range of µs) is also resolved. The size
of the interaction region, the strength of the extraction
field and the time width of the synchrotron pulse intro-
duce limitations to the resolution and precision of the
velocity components of electrons and ions. For instance,
our theoretical MFPADs for a given proton KER will
be averaged within an energy window of ±0.5 eV. The
apparatus function, which takes into account these con-
ditions, is determined from the experiment and used in
a Monte Carlo simulation of the trajectories in the spec-
trometer. Accordingly, our theoretical results will be also
convoluted with this apparatus function.
The VC set-up allows for the construction of ion-

electron kinetic energy correlation diagrams (KECD),
which corresponds to a 2D histogram of the (H+,e−) co-
incident events, deduced from the analysis of the moduli
of the (VH+ ,Ve) vectors. This probability distribution
is represented as a function of the electron energy and the
photoion kinetic energy release (KER). A detailed anal-
ysis of the events in these KECD for H2 and D2 DPI has
been discussed elsewhere [31, 33]. Integrating the KECD
over the electron energy one obtains the DPI cross section
as a function of the photoion KER.
The Fµ0

LN functions in Eq. (1) for each process ap-
pearing in the KECD diagram with energies (EH+ ,Ee−),
can be extracted from all the coincident events (H+,e−)
recorded with a 4π collection by the VC method, by per-
forming a Legendre-Fourier analysis (with a three angle
fit) of the directly measured MFPAD I(χ, θe, φe) distri-
bution. Therefore MFPADs can be discriminated for any
photoion KER or electron energy.

V. COMPUTATIONAL DETAILS

A standard Configuration Interaction (CI) method is
used to obtain the H2 ground state X1Σ+

g , whereas a
restricted CI method compatible with the Feshbach for-
malism is used to obtain the resonant states Q1,2

1Σ+
u and

Q1,2
1Πu. The CI method uses H+

2 orbitals expanded in
one center, in terms of a basis set consisting of 180 B-
splines of order k=8, including angular momenta from
ℓ=0 up to ℓ=16 enclosed in an electronic box of size 60
a.u. For a fuller description of B-splines and their appli-
cations in atomic and molecular physics see [34]. Non-
resonant electronic continuum states ψεℓm

α are evaluated
by using a L2 close-coupling approach. The uncoupled
continuum states (UCS) that enter in this formalism are
built up as antisymmetrized configurations of the type

[nℓλπ(r1), nλ
(ℓ)
π (r2)], where nℓλπ corresponds to a H+

2

target state and nλ
(ℓ)
π is a H+

2 orbital that represents the
ionizing electron within the supspace of angular momen-
tum ℓ and parity π. For instance, the configurations for
the four continua used in this work have the form

• Two continua of symmetry 1Σ+
u built up with con-

figurations 1sσgnσ
(ℓ)
u (n=1,75) for channels with

ℓ=1,3,5 and 7, and 2pσunσ
(ℓ)
g (n=1,75) for ℓ=0,2,4

and 6.

• Two continua of symmetry 1Πu built up with con-

figurations 1sσgnπ
(ℓ)
u (n=1,75) for ℓ=1,3,5 and 7,

and 2pσunπ
(ℓ)
g (n=1,75) for ℓ=2,4,6 and 8.

These UCS are then energy normalized and interchan-
nel coupling between the different degenerate ℓ-channels
is introduced by solving the Lippman-Schwinger equation
[29, 34]. Vibrational wave functions χνg

, χνr
and χνα

are also expanded in terms of a B-splines basis set, using
240 B-splines of order k=8 inside a box of Rmax=12 a.u.
For the time-dependent solution, we use a sixth-order
Runge-Kutta integrator to solve a system of equations
that reaches dimensions up to 30,000 vibronic states. Ex-
perimental results on circular dichroism have been ob-
tained with synchrotron radiation. This condition may
be achieved in a time-dependent methodology by prop-
agating the TDSE using laser pulses with relatively low
intensities and long duration. Such perturbative station-
ary conditions are met with a pulse of duration T= 10
fs and a laser peak intensity of I=1012 W/cm2. Tran-
sition amplitudes Cεℓm

ανα
(t > T ) (which also carry the

short-range phase shift) for 1Σu and 1Πu final states are
collected for all ℓ partial waves in a discretized set of
continuum energies ε and then inserted in Eq. (19) or
(21).

VI. RESULTS

We present results for MFPADs, CDAD and total
CD in dissociative photoionization for both H2 and D2
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molecules, excited by three different photon energies
which represent distinct physical situations in terms of
the role that autoionizing processes play in the photo-
dynamics: 20 eV for H2 (and 19 eV for D2), 27 eV and
32.5 eV. At photon energies around 20 eV, only direct
nonresonant dissociative photoionization (DPI) into the
dissociative part of the H+

2
2Σ+

g (1sσg) channel is relevant

(see Figure 1) for both final symmetries 1Σ+
u and 1Πu

H2 + ~ω → H +H+ + e−(1sσg,
1 Σ+

u /
1Πu) (22)

At this photon energy, when linear polarization is used,
the photoelectron emission is preferentially produced
along the polarization axis in the form of a p-wave, indi-
cating that the first partial wave for the ejected elec-

tron (σ
(ℓ=1)
u /π

(ℓ=1)
u for 1Σ+

u /
1Πu final symmetries, re-

spectively) dominates [22]. Using left circularly polar-
ized light with the polarization vector rotating in the YZ
plane, contributions from the molecular orientations par-
allel (1Σ+

u ) and perpendicular (1Πu) to the polarization
axis are added coherently. The resulting MFPADs do
not correspond to any p-wave, but a left-rotated angu-
lar distribution which at least combines s, p and d waves
according to Eqs. 20 and 21.

We have selected photon energies of ∼ 20 eV as a
case of study where only direct ionization (DI) is present
through 1sσg ionization channel; 27 eV where autoion-
ization (AI) through Q1

1Σ+
u doubly excited state is

present but direct ionization through 2pσu ionization
channel is almost closed; and 32.5 eV where autoioniza-
tion is present throughQ1

1Σ+
u andQ2

1Πu doubly excited
states, and direct ionization trough channels of different
symmetry 1sσg and 2pσu is present. More specifically,
the whole processes that may contribute to the kinetic

energy spectra at these photon energies are:

H2 → H+H+ + e− (1sσg,
1 Σ+

u ) DI (23)

H2 → H+H+ + e− (1sσg,
1 Πu) DI (24)

H2 → H∗∗
2 (Q1

1Σ+
u ) → H+H+ + e−(1sσg,

1 Σ+
u ) AI

(25)

H2 → H+H+ + e− (2pσu,
1 Σ+

u ) DI (26)

H2 → H+H+ + e− (2pσu,
1 Πu) DI (27)

H2 → H∗∗
2 (Q2

1Πu) → H+H+ + e−(1sσg,
1 Πu) AI

(28)

H2 → H∗∗
2 (Q2

1Πu) → H+H+ + e−(2pσu,
1 Πu) AI

(29)

Measured and calculated kinetic energy spectra for left-
handed circularly polarized light are shown in the figures
2 and 3 for H2 and D2 respectively. Photon energies of 20
(19 for D2), 27 and 32.5 eV where used. The theory pro-
vides the separated contribution of ionization into 1sσg
and 2pσu channels.
At 20 eV (19 for D2), the dominant process is the di-

rect ionization through the 1sσg state of the molecular
ion (see figure 1(b)). This process is only relevant at
very low kinetic energy, which is a consecuence of the
rapid decreasing of the Franck-Condon overlap between
the initial vibrational stae of the H2 and the dissociative
continuum of the H+

2 . At this range of energies, contribu-
tions from both 1Σ+

u and 1Πu molecular symmetries are
relevant, which leads to an electron angular distribution
(inset in figures 2(a) and 3(a)) that is neither that of the
1Σ+

u electronic continuum nor that of the 1Πu one.
At 27 eV, two processes comes, the direct ionization

through the 1sσg state (mentioned above), and autoion-
ization of the Q1

1Σ+
u into the (1sσg,

1Σ+
u ) state. Since

protons with energy greater than ∼ 1 eV mainly comes
from autoionization, electron angular distributions in this
range is mostly due to the 1Σ+

u electronic continuum.
At 32.5 eV, all the ionization pathways mentioned in

equations (23-28) are relevant.

Figures ?? and ?? show the measured and calculated
angle θe integrated FLN functions for the photoioniza-
tion of H2 and D2 respectively. Results for different
photon energies are shown.

The theory also provides the angular momentum de-
composition of the FLN functions. In particular, the F11

and F21 functions, which arise from the intereference be-
tween amplitudes with different angular momentum, can
not be resolved in terms of ℓ. It can be predicted from
the symmetry properties of the Legendre polynomials.
At 20 and 27 eV, only the F ℓ=1

LN functions are relevant
(green curves in the figures ?? and ??), it means that

only the 1sσgnλ
(1)
u continuum states are involved in the

ionization process. Therefore, inversion symmetry opera-
tion should be expected for all the angular distributions.
However, at photon energy of 27 eV, the autoionization
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process comes only from the Q1
1Σ+

u states (which au-

toionize into 1sσgnσ
(ℓ)
u states). Since fragments above

∼1 eV are produced only from autoionization, the shape
of the angular distributions in this energy range should
looks like a σ1

u orbital (p-wave along the Z-axis), which
is true as shown the insets in figures 2(b) and 3(b), this
behaviour should be reflected in the electron βe param-
eter (for fhe configuration shown in the figure 1, not the
random oriented) with a dramatic change around ∼1 eV.

More interesting is the case of photon energy of
32.5 eV. For proton enegies below ∼3.5 eV, ionization

happens through 1sσgnλ
(1)
u and 1sσgnλ

(3)
u states (see

functions F ℓ=1
LN and F ℓ=3

LN , figures ?? and ??). Electrons
with ℓ = 3 are produced mainly from the autoionization

of Q2
1Πu (which may autonize into 1sσgnπ

(ℓ)
u states),

meanwhile electrons with ℓ = 1 are produced from
direct ionization and autoionization of the Q1

1Σ+
u and

Q2
1Πu states. Notice that at this fragment energy

range, electrons are ejected through nλ
(1)
u and nλ

(3)
u

orbitals, it means that a mixture of p− and f−wave
is expected for the angular distributions remaining the
inversion symmetry operation, which is the case (see
insets 2(c) and 3(c)). Above ∼3.5 eV the situation is
more complex, since contributions of states with different

parity contributes, mainly the 1sσgnλ
(1)
u , 2pσunλ

(0)
u

and 2pσunλ
(2)
u continuum states (functions F 1

LN , F 0
LN

and F 2
LN ), therefore, inversion symmetry should be not

expected for the angular distributions, which is the case
of the insets in figures 2(c) and 3(c).

Figures 5 and 6 show the measured and calculated Cir-

cular Dicrhoic Angular Distributions (CDAD) (see equa-
tion (3)) as a function of the polar angle θe of the pho-
toelectron emission direction for H2 and D2 respectively.
As can be seen circular dichroims is observed. At photon
energies of 20 eV (19 for D2) and 27 the CDAD is per-
fectly aintisymmetric with respect to 90o, in agreement
with previous results for N2 [15] and O2 [19]. At photon
energy of 32.5 eV CDAD is only antisymmetric at very
low ion kinetic energies (below ∼ 3.5 eV). This is a conse-
cuence of the well defined parity of the FLN functrions at
the given photon and ion energies. For ion kinetic ener-
gies greater than ∼3.5 eV, the CDAD funtion is not anti-
symmetric anymore owing to the contribution of partial
waves with opposite parities to the FLN functions. From
the lack of antisymmetry of the CDAD funtion, one may
expect circular dichroism associated with θe-integrated
MFPADs (CD, see euqtion 4). Figure 7 shows the mea-
sured and calculate CD as a function of the ion kinetic
energy for H2 and D2 at different photon energies. As is
excpected, at 20 eV (19 eV), the CD is completely zero
for all the ion energies. At 27 eV small values of the CD
funtion is observed above ∼3.5 eV, this is a consequece of
the presence of the 2pσu ionization channel. At 32.5 eV
strong oscillations of CD function avobe ∼3.5 eV is ob-
served as a concequence of the interference between 1sσg
and 2pσu ionization channel through autoionization of
Q1

1Σ+
u and Q2

1Πu doubly excited states.

VII. CONCLUSIONS
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FIG. 2. (Color online). Dissociative ionization probability
as a funtion of the proton kinetic energy for left-handed cir-
cularly polarized light. Insets: Polar plots of the MFPAD
shapes in the YZ plane associated with the H+ kinetic energy
intervals indicated in the figure. Red circles, experimental
results normalized to the theory; black solid line, theoretical
results; green solid line, theoretical results convoluted with
the instrumental resolution; blue dashed line insets, fit to the
experimental results; black dashed line, dissociative ioniza-
tion probability associated with the 1sσg channel; black dash-
dotted line, the same associated with the 2pσu channel. The
photon energies are indicated in the figures.
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7.2 Two photon single ionization with linearly
polarized light [6, 7]

As pointed out recently in the Hydrogen molecule [96], the explicit introduction
of nuclear motion leads to an increase by several orders of magnitude of the res-
onance enhanced multiphoton ionization (REMPI) with respect to those results
obtained with a frozen nuclei approximation (FNA). In particular, it was found
that the two-photon dissociative ionization (DI) (H2 + 2 ~ω → H + H+ + e−)
clearly dominates over the non-dissociative ionization (NDI) (H2 + 2 ~ω → H+

2

+ e−) for long enough pulse durations (10 fs or longer), opening up the way to
control the DI/DNI ratio by just varying the pulse duration. In this previous
work, two-, three- and four-photon ionization probabilities were evaluated only
in the photon energy range ~ω ∼ 0.15-0.5 a.u., just avoiding both the explicit
introduction of double excited states and the above threshold ionization process
(ATI). In addition, short laser pulses with linear polarization parallel to the in-
ternuclear axis were only considered. Our aim here is to sophisticate the model
by including the effect of resonant states in order to understand the behavior of
the DI/DNI ratio when doubly excited states are present. We consider parallel
orientations of the H2 molecule with respect to the polarization direction of the
vector field. Due to dipole selection rules, impose a two-photon absorption along
a pathway 1Σg → 1Σu → 1Σg. intermediate bound states must be included as
well as the first series of Q1

1Σ+
g doubly excited states.
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J F Pérez-Torres1, J L Sanz-Vicario2, H Bachau3 and F Martı́n1

1 Departamento de Quı́mica, C-9, Universidad Autónoma de Madrid, 28049 Madrid, Spain
2 Instituto de Fı́sica, Universidad de Antioquia, Medellı́n, Colombia
3 Centre Lasers Intenses et Applications (UMR 5107 du CNRS-CEA-Université de Bordeaux I),
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Abstract
A theoretical study of two-photon ionization of H2 by low-intensity ultrashort xuv laser pulses
is reported. The method is based on the solution of the time-dependent Schrödinger equation
in a basis of stationary molecular vibronic states which include all electronic and vibrational
degrees of freedom. In contrast with previous work, the Q1 doubly excited states, which also
contribute to the ionization probabilities through autoionization, are explicitly included. We
have found that, just below the one-photon ionization threshold, molecular autoionization
leads to an enhancement of dissociative ionization, whose corresponding probability can be an
order of magnitude larger than that of the nondissociative ionization process, and even larger
than the corresponding dissociative probability in the one-photon absorption region. This
result suggests that multicoincidence experiments, in which the orientation of the molecule
with respect to the polarization axis is determined, might be easier to perform in the
two-photon absorption regime than in the one-photon absorption regime. Electron angular
distributions in the same range of photon energies are also reported.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Ultrashort femto (fs) and attosecond (as) laser pulses
are currently produced and manipulated through high-
order harmonic generation (HHG) from simple atoms and
molecules. Typical wavelengths range from the vacuum
ultraviolet (vuv) to the soft x-rays regions and intensities are
tunable from 109 (linear effects) up to 1014 W cm−2 (nonlinear
effects) [1–3]. Similar pulses are becoming progressively
available from free electron lasers at even higher intensities
[4–6]. These experimental developments have opened up
new research areas in atomic and molecular physics since,
among other things, they can be used to obtain time-resolved
spectra at the atomic/molecular time scales. In particular,
recent experiments on rare gas atoms using attosecond xuv
pulses have been able to visualize in time the exponential
autoionization (Auger) decay of core excited states, which

takes only a few fs [7]. In principle, attosecond pulses should
also be appropriate to investigate the decay of autoionizing
states in molecules, which is even more interesting than in
atoms due to the presence of the nuclear motion and to
the fact that the decay rates strongly depend on the nuclear
positions. Molecular vibration and dissociation typically
occur in the fs time scale and, therefore, can significantly
affect the autoionization process [8].

The dynamics of simple molecules subject to ultrashort
laser pulses is still far from being understood due to the
computational difficulty in accounting for all electronic and
vibrational (including dissociative) degrees of freedom. Thus,
apart from low dimensionality models, most theoretical efforts
have concentrated on the simplest molecular ion H+

2, for
which there is a vast literature ([9] and references therein).
For H2, the prototype used in many experiments, theoretical
investigations are much scarcer due to the additional
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difficulty to properly account for electron correlations and the
multichannel scattering problem. Full-dimensional correlated
calculations including all H2 electronic and vibrational
degrees of freedom have mostly been performed for one-
photon ionization (see [10–12] and references therein). For
multiphoton ionization, the frozen nuclei approximation
(FNA) has been widely used [13–15]. However, recent work
has revealed that the nuclear motion plays a very important
role in this case. In particular, theoretical studies based
on the solution of the time-dependent Schrödinger equation
[16, 17] have shown that inclusion of the nuclear motion
leads to a dramatic increase of the resonance-enhanced
multiphoton ionization (REMPI) probabilities. These studies
have also shown that, for pulses longer than 10 fs and
photon energies h̄ω > 0.46 a.u., dissociative ionization is,
surprisingly, the dominant channel. Hence, it was suggested
that the ratio of dissociative versus nondissociative ionization
can be controlled by varying the pulse duration.

In this photon energy range, two-photon absorption can
also lead to population of the H2 doubly excited states, which
can later decay by autoionization. As shown in previous works
[18, 19], the doubly excited states of H2 are dissociative,
which means that the nuclei have enough time to separate
significantly from each other before these states decay into the
ionization continuum (provided that they ever decay). This
implies that, in order to correctly describe autoionization,
the coupling between the electronic and the nuclear motion
has to be included [10]. Nevertheless, the results of
[16, 17] were obtained by assuming that, at a given internuclear
distance, autoionization occurs well before the nuclei have any
chance to move, i.e. the nuclei were allowed to move once the
ionization process was completed. Thus, most of the analysis
was performed for photon energies smaller than those required
to populate the doubly excited states. In this paper, we analyse
in detail the role of the doubly excited states in the two-
photon dissociative ionization of H2. We show that, when
doubly excited states are efficiently populated, dissociative
ionization becomes even more dominant, which is due to the
delayed autoionization process that preferentially manifests in
the dissociative ionization channel. For completeness, we also
provide fully differential photoelectron angular distributions.
Atomic units are used throughout unless otherwise stated.

2. Theoretical method

The time-dependent theoretical description of molecular
autoionization in H2 by fs laser pulses has been described in
previous work [20, 21]. In that work, dissociative ionization
was studied for photon energies large enough to populate the
Q1 (25–28 eV) and Q2 (30–37 eV) doubly excited states by
single-photon absorption. In this work, we have extended this
method to the multiphoton case, i.e. to the case for which the
Q1 autoionizing states are reached by absorption of more than
one photon.

We solve the time-dependent Schrödinger equation
(TDSE) by using the semiclassical and dipole approximations
to describe the laser–H2 interaction, which is appropriate

for the laser intensities (1012 W cm−2) and wavelengths
(>103 a.u.) used in this work. The TDSE reads(

H(r, R, t) − i
∂

∂t

)
�(r, R, t) = 0, (1)

where H is the total Hamiltonian that includes the H2

field-free Hamiltonian and the time-dependent laser–molecule
interaction potential V (t), i.e.

H(r, R, t) = H0(r, R) + V (t). (2)

In the velocity gauge, V (t) = p · A(t), where p is the dipole
operator and A(t) is the vector potential. The H2 Hamiltonian,
neglecting mass polarization and relativistic correction terms,
is written as

H0(r, R) = T (R) + Hel(r, R), (3)

where T (R) = −∇2
R

/
2μ is the relative kinetic energy of

the nuclei, μ is the reduced mass and Hel is the electronic
Hamiltonian (that includes the 1/R repulsion term). The
vector r labels the set of electronic coordinates and R
corresponds to the internuclear distance. We will consider the
vector potential A(t) corresponding to a pulse of frequency ω,
duration T and linear polarization. Its modulus is defined in
the time interval [0, T ] as follows:

A(t) = A0 sin2
(π

T
t
)

cos ωt (4)

and is zero elsewhere, where A0 is the vector potential
amplitude, which is related to the laser peak intensity A0/ω =
[I (W cm−2)/3.5095×1016]1/2. The corresponding frequency
spectra (obtained from its Fourier transform) has a spectral
bandwidth given by �ω � 4π/T . This implies that the pulse
will populate all states contained in that energy band. We will
consider multiphoton absorption from the X 1�+

g ground state
by using linearly polarized light parallel to the molecular axis.
In this case, the allowed electronic transitions correspond to
the sequence �g → �u → �g → . . . due to the selection rule
�� = 0. Thus, states of �g and �u symmetries are the only
ones that must be included in the calculations.

We solve the TDSE by expanding the time-dependent
wavefunction in a basis of molecular vibronic states. In this
context, the inclusion of autoionizing states is more easily
done in the framework of the Feshbach formalism. In this
formalism [22], one defines the complementary subspaces Q
and P = 1 − Q, which contain the resonant and nonresonant
parts of the electronic wavefunction, respectively. We define a
basis of Born–Oppenheimer (BO) stationary molecular states
associated with the Q subspace (resonant states), 	rvr

(r, R) =
φr(r, R)χvr

(R), where φr is the eigenfunction of the Q-
projected electronic Hamiltonian

[QHelQ − Er (R)] φr(r, R) = 0 (5)

and χvr
(R) is a nuclear wavefunction that satisfies[

T (R) + Er (R) − Wrvr

]
χvr

(R) = 0. (6)

In these equations, Er (R) is the BO potential energy curve of
the rth resonant state and Wrvr

is the corresponding vibronic
energy. Similarly, we define a basis of BO stationary molecular
states associated with the P subspace (nonresonant states),

2
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	�α
εαvα

= ψ�α
αεα

(r, R) · χvα
(R), where ψ�α

αεα
is the eigenfunction

of the P-projected electronic Hamiltonian

[PHelP − Eα(R)]ψ�α

αεα
(r, R) = 0, Eα(R) = Eα(R) + εα

(7)

and χvα
(R) is a nuclear wavefunction that satisfies

[T (R) + Eα(R) − Wεαvα
]χvα

(R) = 0. (8)

Here α denotes the full set of quantum numbers for the
electronic state of the residual molecular ion H+

2 with BO
energy Eα(R) at the internuclear distance R. The indices �α

and εα correspond, respectively, to the angular momentum
and the kinetic energy of the ejected electron in channel
α. The P subspace does not only contain states associated
with the electronic continuum but also approximations to the
ground and bound excited states. To make this distinction
more apparent, we will write the latter states in the form
	nvn

(r, R) = φn(r, R)χvn
(R), where the index n indicates

energy ordering of the bound electronic states.
The bound states are obtained from a standard

configuration interaction (CI) calculation in which the
two-electron configurations are written as antisymmetrized
products of one-electron H+

2 orbitals expanded in a basis of
B-splines. Doubly excited states are also obtained from a CI
calculation in which the two-electron configurations have been
projected into Q space. The continuum states are computed
by using an L2 close-coupling method in P space as described
in [23, 24].

The time-dependent wavefunction �(r, R, t) is written as
a linear combination of the above stationary vibronic states as
follows:

|�(r, R, t)〉 =
∑

n

∑∫
vn

Cnvn
(t)	nvn

(r, R) e−iWnvn t

+
∑

α

∑
�α

∫
dεα

∑∫
vα

C�α

αεαvεα
(t)	�α

εαvα
(r, R) e−iWεαvα t

+
∑

r

∑∫
vr

Crvr
(t)	rvr

(r, R) e−iWrvr t . (9)

The first (third) summation runs over the bound (resonant)
electronic states which lie below (above) the H+

2 threshold
and over their corresponding vibrational states vn (the symbol∑∫

indicates the sum over bound vibrational states plus an
integral over dissociative ones). The second term runs
over the different ionization limits α and over the angular
momenta �α of the ejected electron in each channel α. It
also contains an integral over the energy of the continuum
states εα (see equation (7)) and a summation (integral) over
their corresponding bound (dissociative) vibrational states.
Since the multiphoton absorption follows a sequence g →
u → g . . . , orthogonality between the states involved in each
transition is automatically ensured by symmetry.

Introducing the ansatz given by equation (9) into the
TDSE, equation (1), and projecting into the stationary vibronic
states, a system of coupled differential equations containing
dipolar and QHelP couplings is obtained [20]. This system
of differential equations is integrated up to t � T using
the initial condition C1,v1=0(t = 0) = 1 that represents a

H2 molecule in the ground state X 1�+
g (v = 0). In this

system, we have removed the dipole couplings between the
1�+

g and 1�+
u nonresonant continuum states because dipole-

induced continuum–continuum transitions are negligible in
comparison with discrete–discrete and discrete–continuum
transitions at the wavelengths and intensity considered in this
work (in other words, above-threshold ionization involving
N+1 photons is negligible in comparison with resonance-
enhanced multiphoton ionization involving N photons).

As the nuclear velocities are much smaller than the
electron energies (except for electrons with almost zero
energy), we have neglected all nonadiabatic couplings in the
solution of the coupled differential equations. Emission of
very slow electrons is limited to the regions of the spectra that
correspond to the highest proton energies, where the ionization
probability is practically zero. Hence, in practice, the effect
of nonadiabatic couplings, if any, should be barely visible.

Transition amplitudes are obtained by projecting the time-
dependent wavefunction �(r, R, t) into the field-free states
of H2 at t � T . Thus they are directly given by the Ci

expansion coefficients. This projection must be done at long
enough t, i.e. when the relevant QHelP couplings vanish and,
therefore, autoionization decay is no longer possible. In this
limit, the exact field-free states are eigenfunctions of either
PHelP or QHelQ and are well represented within the Born–
Oppenheimer (BO) approximation (see [20] for details). Note
that this is not in contradiction with the fact that the BO
approximation cannot be used to represent the stationary states
of H2 because, in contrast with previous stationary theories
[10], these stationary states are not needed to calculate the
transition amplitudes.

The ionization probability, differential in the H+
2 energy,

is given by

dP

dEvα

=
∑
�α

∫
dεα

∣∣C�α

εαvεα
(t = T )

∣∣2
, (10)

where Evα
= Wεαvα

− εα . For nondissociative ionization,
Evα

is the vibrational energy of the residual H+
2 ion. For

dissociative ionization, Evα
is related to the center-of-mass

energy of the outgoing protons EH + = Evα
− Eα(R = ∞),

where Eα(R = ∞) is the energy of a H∗ atom infinitely
separated from H+ in the α channel. The total ionization
probability P is obtained by integrating equation (10) over Evα

and summing over all channels α in H+
2.

3. Computational details

Our procedure for both stationary and dynamical calculations
has been described in previous works [17, 20] and,
consequently, here we will only give a brief account. We
perform separate calculations for the bound, resonant and
continuum electronic states. Bound electronic states are
calculated following the procedure given in [17], making use of
a CI procedure that employs both H+

2 and Slater-type orbitals.
The H+

2 orbitals are represented in a basis of 180 B-splines
of order k = 8, including angular momenta from � = 0
to � = 16 within a box of size 60 a.u. The lowest six 1�+

g

and 1�+
u states included in our calculation are computed using
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700 and 510 two-electron configurations, respectively, which
leads to energies and dipolar couplings in good agreement with
the accurate values obtained by Wolniewicz et al [25–28] (see
[17] for explicit comparisons).

The main difference with calculations reported in
[16, 17] comes from the treatment of the continuum and
resonant electronic states. In the latter works, autoionizing
doubly excited states were not obtained by explicitly solving
the Schrödinger equation in Q subspace. Instead, contribution
from these autoionizing states was partially taken into account
by performing a close-coupling calculation—in full electronic
space—that included the four lowest ionization channels of
H+

2. This close-coupling procedure was repeated in a dense
enough grid of the internuclear distances. The effect of the
nuclear motion was then included by multiplying the resulting
electronic wavefunctions by the corresponding vibrational
or dissociative wavefunctions. This procedure implies that
autoionization always occurs at the value of R at which
the close-coupling calculation was performed and, therefore,
that autoionization is an instantaneous process that occurs
well before the nuclei have any chance to move. Since,
in any case, integration over R was performed, the effect
of autoionization was averaged at best. At variance, the
formalism used in the present work allows the nuclei to
move before autoionization occurs, which gives a correct
physical description of autoionization in H2. We have
included explicitly the Q1 doubly excited states of 1�+

g and
1�+

u symmetries as well as the relevant QHelP couplings
between these states and the adjacent continua associated with
the H+

2 X 2�+
g (1sσg) ionization threshold. The Q1 doubly

excited states φr are obtained by diagonalizing the QHelQ
Hamiltonian in the following configuration basis:

• Symmetry 1�+
g : 1σunσg (n = 2,70), 1πunπg (n = 1,70),

2σgnσu (n = 2,35), 2σunσg (n = 2,18), 3σgnσu (n =
1,18), 1πgnπu (n = 1,10), 1δgnδu (n = 1,10) and 2πunπg

(n = 1,10),
• Symmetry 1�+

u : 1σunσu (n = 1,70), 1πunπu (n = 1,70),
2σgnσg (n = 2,35), 2σunσu (n = 2,18), 3σgnσg (n =
3,18), 1πgnπg (n = 1,10), 1δgnδg (n = 1,10) and 2πunπu

(n = 2,10),

Nonresonant electronic continuum states ψ�α
αεα

have
been evaluated by using the L2 close-coupling approach as
described in [10, 23]. First, uncoupled continuum states
(UCSs) are defined as follows:

ζ �
αε(r1, r2) = A

(
��

α(r1, r̂2)R
�
αε(r2)

)
, (11)

where A is the antisymmetrization operator for the singlet
states, R�

αε is the radial wavefunction of the ejected electron
and ��

α is the channel function, the latter corresponding
to a state of H+

2 combined with the angular part of the
ejected electron to provide the correct channel symmetry.
For simplicity, the index α has been dropped from �α and
εα . In practice, UCSs are obtained by diagonalization
of the H2 Hamiltonian with configurations of the type
A

[
1sσg(r1)nσ �

g,u(r2)
]
, where 1sσg is the lowest H+

2 orbital
and nσ�

g,u is obtained by diagonalizing the H+
2 Hamiltonian

for a fixed value of the angular momentum �. Both orbitals

are described by using the same B-spline basis as that used
to evaluate the bound and resonant states. The configurations
used to describe our UCSs are:

• symmetry 1�+
g : 1σgnσ �

g (n = 1,75) for � = 0, 2, 4 and 6;
• symmetry 1�+

u : 1σgnσ �
u (n = 1,75) for � = 1, 3, 5 and 7.

Diagonalization with UCSs leads to discretized energy
spectra {εα�n} and UCS wavefunctions ζ̃ �

αn normalized to the
Kronecker delta. Then UCSs are properly normalized to the
Dirac delta function by using the density of states

ζ �
αεn

= ρ
1/2
α�n(εn)ζ̃

�
αn, (12)

where ρα�n(εn) = 2/(εα�(n+1) − εα�(n−1)). Interchannel
coupling between different �’s is accounted for by solving
the Lippman–Schwinger equation [10]:

ψ�
αεn

= ζ �
αεn

+ G+(εn)V ζ �
αεn

, (13)

where V is the interchannel coupling potential and the Green’s
functions G+ have been evaluated from the system of linear
equations that result from the projection of the above equation
into the UCS basis [23]. In practice, the resulting coupled
continuum electronic states ψ�α

αεn
are calculated in a chosen

discretized energy grid {ε′
n}, equidistant in the vector k =√

2ε′
n, since this choice simulates the energy spectrum that

would be obtained in a box. We have also used an inverse
interpolation procedure [10], by slightly varying the box size,
to ensure that, for each angular momentum �, at least one of
the UCSs eigenvalues corresponds to a chosen grid energy ε′

n.
Finally, the system of coupled differential equations that

is obtained upon substitution of the ansatz (9) into the TDSE
(1) is solved by using a sixth-order Runge–Kutta method.
We have checked that the norm of the total wavefunction
is preserved to unity with deviations less than 10−5. To
avoid artificial reflections of electrons and nuclei in the box
boundaries, the energy spacing between discrete levels in
both the electronic and dissociative continua must be smaller
than both the bandwidth of the pulse and the autoionization
widths of the relevant doubly excited states. In all calculations
reported in this work, we have used a grid of equidistant k
points with �k = 0.02 a.u. (see [20] for details).

The potential energy curves of all the states described
above are shown in figure 1.

4. Results

Figure 2 shows the contributions of the 1�+
u and 1�+

g

symmetries to the ionization probabilities as functions of
photon energy for a laser intensity I = 1012 W cm−2

(perturbative regime) and a pulse duration of T = 10 fs
(pulses longer than this lead to very similar results, so,
for all practical purposes, they can be considered as pulses
of infinite duration). In practice, only the lowest Q1

1�+
g

doubly excited states contribute to the ionization probability.
Figure 2 also shows total nonionizing double-excitation
probabilities, i.e. the fraction of H2 molecules remaining
in the Q1

1�+
g doubly excited states that do not autoionize

because their characteristic autoionization time is longer than
the effective dissociation time (in practice these states lead to
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Figure 1. Potential energy curves of H2. The figure shows the six
lowest singly excited states of 1�+

u (purple lines) and 1�+
g (green

lines) symmetry below the first H+
2

2�+
g (1sσg) threshold. Above the

latter threshold and below the second ionization threshold H+
2

2�+
u

(2pσu) (within the shadowed area), the Q1 doubly excited states of
H2 of both 1�+

u (blue lines) and 1�+
g (red lines) symmetries are in

display. Vertical arrows indicate a (1+1)-REMPI two-photon
transition leading to ionization. (Colour online.)
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Figure 2. Total ionization and nonionizing double-excitation
probabilities versus photon energy for a laser intensity of I =
1012 W cm−2 and a pulse duration of T = 10 fs. Red curve, total
ionization probability to the 1�+

g electronic continuum; blue curve,
total ionization probability to the 1�+

u electronic continuum; green
curve, nonionizing double excitation (surviving probability leading
to dissociation into neutrals) to Q1

1�+
g resonances. Vertical lines

indicate the position of the N-photon ionization thresholds within
the fixed-nuclei approximation (FNA) for an infinite pulse duration.
(Colour online.)

dissociation into two neutral H atoms since all Q1 electronic
curves are dissociative).

Dipole selection rules are responsible for the alternate
dominance of the ionization probability in the 1�+

g or 1�+
u

continua: the absorption of an even number of photons

implies that the final dominant symmetry is 1�+
g , while

absorption of an odd number of photons leads to dominant
1�+

u symmetry. The crossings between 1�+
g and 1�+

u ionization
probabilities occur at the N-photon ionization thresholds
(hereafter called Nω), which are also indicated in figure 2 with
vertical lines. As previously discussed in [17], the ionization
probability increases significantly at specific photon energies
due to resonant enhanced multiphoton ionization (REMPI).
This process occurs when an intermediate bound state is
resonantly excited through absorption of N photons before
the molecule absorbs the last photon leading to ionization
[(N+1)-REMPI]. In the three-photon absorption regime, the
plateau at ∼0.27 a.u. just below the 2ω threshold results from
a REMPI process that involves several bound 1�+

g intermediate
states. In the two-photon zone, after the initial raise in the
threshold region, a (1+1)-REMPI process involving the B 1�+

u

intermediate state leads to a prominent peak at ω ∼0.45 a.u.
At ω ∼ 0.54 a.u., (1+1)-REMPI involving the B ′ 1�+

u excited
state is also expected, although it is barely visible in the figure.
The analysis of the calculated transition amplitudes shows
unambiguously that a significant part of the peak probability
at ω ∼ 0.45 a.u. comes from autoionization of the lowest
Q1

1�+
g doubly excited state. So, in fact, at this photon

energy, the second photon absorption is also resonant and
the two photon absorption process is better represented by
the consecutive resonant absorptions X 1�+

g → B 1�+
u and

B 1�+
u → Q1

1�+
g . Something similar occurs at ω ∼ 0.54 a.u.,

although the intermediate state is now the B ′ 1�+
u one.

The nuclear dynamics has a dramatic effect in the
ionization yields, especially in the two-photon region where
the doubly excited states are populated. Firstly, between
ω ∼ 0.35 a.u. and ω ∼ 0.55 a.u., the ionization probability
is roughly two orders of magnitude larger than that obtained
by freezing the position of the nuclei [16, 17]. Also,
oscillations resulting from the latter approximation are
smoothed. Interestingly, the Q1

1�+
g curve corresponding to

nonionizing double excitation of H2 runs almost parallel to
the 1�+

g ionization curve for photon energies below 0.5 a.u..
This further illustrates that population of the doubly excited
states is largely responsible for the observed behaviour. This is
different at photon energies above ω ∼ 0.5 a.u., which implies
a different interference mechanism between autoionization and
direct ionization (see below).

Figure 3 shows the probabilities for leaving the H2

molecule in the intermediate 1�+
u and 1�+

g bound states
as functions of photon energy for a laser intensity I =
1012 W cm−2 and a pulse duration of T = 10 fs. The bound
1�+

u states are populated by one-photon absorption from the
ground state, which is more efficient between ω ∼ 0.35 and
0.57 a.u. where one-photon absorption is resonant. It can be
seen that the location of the main ionization peak in the 2ω

region (see figure 2) coincides with that of the peak associated
with resonant one-photon excitation to the lowest bound 1�+

u

states. Since the potential energy curves associated with the
bound 1�+

u states run almost parallel to that of the H+
2 ground

state (see figure 1), the Frank–Condon (FC) overlap between
these 1�+

u states and the ionization continuum is very large. As
a result of this, ionization is further enhanced when the first
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and (b) T = 2 fs. Vertical lines as in figure 2. (Colour online.)

photon transition is resonant with the 1�+
u bound states, which

therefore modulates autoionization coming from the doubly
excited states.

Figure 4 shows the separate contribution of the
nondissociative and dissociative channels to the total excitation
probability for two pulse durations, 10 fs and 2 fs. For the
10 fs pulse, there is rapid increase of the excitation probability
above ω ∼ 0.4 a.u. which is due to the efficient population
of the dissociative vibrational continuum associated with
the intermediate 1�+

u states. This rapid increase practically
disappears for the 2 fs pulse. This is because, as a consequence
of the large bandwidth of the 2 fs pulse, a much larger
manifold of vibronic states is populated and, therefore, the
excitation process is much less sensitive to the specificities of
these excited states. Figure 4 also shows that nondissociative
excitation always dominate except in a narrow region between
0.3 and 0.35 a.u. for the pulse of 10 fs. The latter ‘anomaly’
as well as the oscillations in the dissociative channel are the

(a)

(b)

Figure 5. Ionization probabilities versus photon energy for a laser
intensity of I = 1012 W cm−2 and a pulse duration of (a) T = 10 fs
and (b) T = 2 fs. Thick solid line: total ionization probability
(black). Dashed lines: dissociative (orange) and nondissociative
(green) ionization probabilities. The figure also shows electron
angular distributions integrated over proton kinetic energy
associated with dissociative ionization at various selected photon
energies. The molecular axis is oriented vertically and parallel to the
laser polarization vector. H+ and H are indicated, respectively, by an
upper and a lower ball. Vertical lines as in figure 2. (Colour online.)
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Figure 6. Ionization probabilities versus photon energy for a pulse
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I = 1010 W cm−2. Orange curve: dissociative ionization; green
curve: nondissociative ionization. Vertical lines as in figure 2.
(Colour online.)

result of the interferences with the ionization channels and of
the subtle variation with energy of the FC overlaps between
the initial vibrational state and the dissociative states produced
after the first photon absorption.

Figure 5 shows the total ionization probability and the
separate contribution of the nondissociative and dissociative
channels for the same pulses as in figure 4. As can be seen
in figure 5(a), for the 10 fs pulse in the region just below
the 1ω threshold, between 0.45 and 0.55 a.u., dissociative
ionization dominates and, at ∼0.54 a.u., the corresponding
probability is an order of magnitude larger than that of the
nondissociative process. This is more clearly seen in the
blow up of this region shown in figure 6. The latter figure
also shows that dissociative ionization also dominates for
10 fs pulses of much lower intensity. This is not the case
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for the 2 fs pulse. Previous calculations reported in [17]
had already anticipated this behaviour, which was attributed
to the more favourable Franck–Condon overlap between the
1�+

u vibrational intermediate states and the final dissociative
states. The present results show that the effect of autoionizing
states is to further increase the importance of the dissociative
ionization channel in the vicinity of the 1ω threshold in such a
way that nondissociative ionization becomes almost negligible
(this is compatible with the fact that the nonionizing double
excitation probability is largest in the same energy region—see
figure 2). This may have important consequences in view
of future multicoincidence experiments because detection
of protons (but not H+

2 ions) allows one to unambiguously
determine the orientation of the molecule with respect to
the polarization axis at the instant of ionization. Therefore,
performing experimental studies in the region where the
dissociative process is largely dominant can compensate in
some way the fact that the two-photon ionization probability is
small, which is the intrinsic limitation of two-photon ionization
processes in comparison with one-photon ionization processes.
In fact, figure 5(a) shows that the dissociative ionization
probability in the two-photon absorption region is even
larger than that in the one-photon absorption region, which
means that measurement of two-photon dissociative ionization
events might be even easier than measurement of one-photon
dissociative ionization events. In contrast, as can be seen in
figure 5(b), for the 2 fs pulse, the nondissociative process is
always dominant: the dissociative and nondissociative curves
never cross but diverge from each other below and above ω ∼
0.45 a.u. This is not surprising because both effects are due to
the efficient population of the Q1

1�+
g doubly excited states.

Figure 5 also shows the electron angular distributions
integrated over proton kinetic energy associated with
dissociative ionization at various selected photon energies.
As can be seen, the angular distributions are very similar for
all photon energies, including the region where autoionization
plays a major role and are barely sensitive to the pulse duration.
They are not affected either by the fact that dissociation
dominates or not. The shape of these angular distributions
is consistent with the dominant production of continuum
electrons in the � = 2 partial wave, in agreement with previous
findings [29]. Hence, it seems that the analysis of the angular
distributions integrated over proton kinetic energy for this
particular orientation provides little information on the physics
of the two-photon ionization process.

Figure 7 shows the vibrational distributions of the
remaining H+

2 ions and the proton kinetic energy spectra at
selected photon energies in which the autoionization plays a
major role (therefore, not considered in previous work). These
energies are 0.50 a.u. (dissociative ionization dominates),
0.54 a.u. (nondissociative ionization reaches a minimum and
is almost negligible) and 0.60 a.u. (nondissociative ionization
largely dominates in the 1ω region). For 2 fs pulses, the
nondissociative vibrational distribution follows approximately
the Frank–Condon pattern associated with a direct transition
from the ground state to the final continuum state (see [17]
for more details). In contrast, for the 10 fs pulse, the
vibrational distribution exhibits more complicated patterns,

Figure 7. Vibrational distributions of H+
2 ions (left) and proton

kinetic energy distribution (right) for two different pulse durations,
T = 2 fs and T = 10 fs, for several photon energies ω = 0.5, 0.54
and 0.6 a.u. The figure also shows electron angular distributions at
various selected proton energies and for the 10 fs pulse. The
molecular axis is oriented vertically and parallel to the laser
polarization vector. H+ and H are indicated, respectively, by an
upper and a lower ball. (Colour online.)

except for 0.60 a.u. (already in the 1ω region), which follows
the usual Franck–Condon behaviour of one-photon ionization
transitions in H2. This is similar to what has been found at
lower photon energies where autoionizing states are barely
populated.

The role of the latter states is more apparent in the proton
kinetic energy distribution (KER spectrum), especially for a
10 fs pulse duration. Several peaks can be observed. The
peak at KER ∼ 0 eV is associated with direct (nonresonant)
dissociative ionization. This peak is absent at ω = 0.54
and 0.60 a.u., for which direct nondissociative ionization is
negligible. At ω = 0.5 a.u., the peaks in the region between
1 and 4 eV are due to autoionization from the lowest Q1

1�+
g

state. Indeed, as figure 1 shows, the H2 autoionizing states
involved in this process are dissociative. Therefore, after they
are populated, the nuclei begin to separate thus increasing
their kinetic energy. Then, when the electron is finally ejected
through autoionization, the protons are already faster than if
the electrons had been emitted earlier in the direct ionization
process. At higher photon energies, additional peaks are
observed at even larger KER. The latter peaks are mainly due
to the combined autoionization of the lowest twoQ1

1�+
g states,

which have the largest autoionization widths in the Franck–
Condon region [18]. Outside this region, autoionization first
occurs in the lowest Q1

1�+
g state, which has the largest width,

and then in the second lowest Q1
1�+

g state. It is the second
autoionization process that is responsible for the peaks at high
KER.
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Contributions from the Q1 doubly excited states is not
very apparent in the electron angular distributions at specific
electron energies. We will only focus in the dissociative
region of the spectra since it is the relevant region for
multicoincidence experiments and for pulses of 10 fs. The
effect of autoionization is to modulate the size of the central
ring in the angular distribution, which clearly depends on the
proton (namely electron) energy. This ring results from the
contribution of more partial waves than in the direct ionization
process. Nevertheless, changes in the angular distributions
with KER are not dramatic.

5. Conclusions

We have presented a theoretical study of dissociative and
nondissociative ionization of H2 subject to xuv/fs laser pulses
in the region where two photons are necessary to ionize the
system. Molecules oriented parallel to the polarization axis
have been considered. We have solved the time-dependent
Schrödinger equation in a basis of adiabatic vibronic states that
accounts for all electronic and vibrational degrees of freedom.
In contrast with previous work, we have explicitly included
the Q1

1�+
g doubly excited states, which also contribute

to the ionization probabilities through autoionization. We
have shown that for 10 fs pulses, these states are largely
responsible for the dominance of dissociative ionization over
nondissociative ionization for photon energies 0.45–0.55 a.u.
In this region, the former is an order of magnitude larger
than the latter, which means that one could even ignore the
nondissociative ionization process to interpret the results.
This may have important consequences in view of future
multicoincidence experiments in which the measurement of
the proton momentum allows one to unambiguously determine
the orientation of the molecule with respect to the polarization
axis at the instant of ionization. The present results suggest that
focusing this kind of experimental studies on the region where
the dissociative process is largely dominant can compensate
from the fact that two-photon ionization probabilities are
small and, therefore, difficult to measure. In fact, the
present results show that, for molecules perfectly aligned
with the polarization axis and for photon energies 0.45–
0.55 a.u., it should be even easier than measuring one-photon
dissociative ionization events. For partially aligned molecules,
in addition to the 1�+

g → 1�+
u → 1�+

g ionization path, one
can expect contributions from the 1�+

g → 1�u → 1�+
g and

1�+
g → 1�u → 1�g ones. However, in the latter path,

contribution from the Q1
1�g doubly excited states is expected

to be very small because the corresponding autoionization
widths are more than an order of magnitude smaller than
for the Q1

1�+
g states [18]. Therefore, for partially aligned

molecules, the discussed effect might be less apparent. Finally,
we have shown that the analysis of the electron angular
distribution in the same region does not shed too much light

on the interference mechanism between direct ionization and
autoionization. We hope the present study will stimulate
experimental research along these lines.
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Abstract A time-dependent theoretical method is used to

describe a UV pump–UV probe strategy to trace, at a

femtosecond time scale, the motion of vibrational wave

packets created in excited states of the hydrogen molecule

by measuring single ionization probabilities. We use a

spectral method to solve the time-dependent Schrödinger

equation in full dimensionality, including correlation and

all electronic and vibrational degrees of freedom. A pump

pulse initially creates a vibrational wave packet in the

intermediate electronic excited states of H2. The frequency

of the probe is chosen to ionize the target leaving the ion in a

bound vibrational state. By varying the time delay between

pulses, non-dissociative single ionization is enhanced or

suppressed. Energy differential ionization probabilities are

reported and compared with a model based on the Franck–

Condon approximation.

Keywords Molecular wave packet � Femtosecond UV

pump–UV probe � Multiphoton ionization

1 Introduction

Femtosecond laser technology in the visible and the

infrared (IR) has been widely used to understand ultrafast

processes in molecules [1–3]. The advent of pump–probe

techniques [4] has spurred a large number of works in the

last two decades, which has allowed us to gain deep

insights into nuclear dynamics, both theoretically [5] and

experimentally [6]. Nowadays, the usual procedure consists

in using a visible pump pulse to electronically excite

the molecule followed by an IR probe pulse to image the

nuclear wave packet that is created by the first laser in the

excited state of the molecule. The imaging of the wave

packet as a function of the time delay between the pump

and the probe provides the dynamical information on the

nuclear motion in the excited state [7, 8]. Besides imaging

the nuclear dynamics, manipulation of the molecule’s

behavior can be achieved by controlling the pulses char-

acteristics. For example, localization of electrons in simple

molecular reactions can be achieved by controlling the

carrier envelope phase of such pulses [9]. Recently, the

impressive advances in the generation of attosecond XUV

pulses have led to the development of new pump–probe

schemes, in which the attosecond pulse is used as the

pump, thus permitting to trace the electronic dynamics on

sub-femtosecond time scales [10, 11]. This has provided

unique insight into the nuclear but also on the electronic

dynamics in molecules [11].
Very recently, XUV free-electron lasers (FEL) have also

come into the play. By using such lasers, a femtosecond

XUV pump–XUV probe scheme has been developed to

trace the ultrafast nuclear wave packet motion in the Dþ2
molecular ion that is produced by ionizing D2 with the

pump laser [12, 13]. The imaging of the wave packet was

possible by detecting the Dþ fragments resulting from the
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Coulomb explosion that follows ionization of Dþ2 by the

probe laser. In such experiment, the pump and the probe

pulses were identical with an energy of 38 eV. A theoretical

modeling of such experiments requires the description of

two electrons in the continuum in the presence of the two

moving deuterons. An accurate description of the double

ionization continuum of H2 (and D2) has been achieved in

the fixed-nuclei and Born–Oppenheimer approximations.

These are excellent approximations to describe the double

ionization induced by a single photon [14, 15, 16]. How-

ever, they are not appropriate to interpret the above-

mentioned experiment, because the nuclei have enough

time to move before the probe photons are absorbed

by the molecule. The lack of accurate theoretical treat-

ments for this particular problem has prevented

researchers to obtain a precise conclusion about the

relative importance of direct versus sequential double

ionization of D2, as well as about the role of electron

correlation in the motion of the wave packet generated by

the pump pulse.

In this paper, we propose a different scheme, which is

more tractable from the theoretical point of view and can

also be realized experimentally by using XUV pulses as

those reported in [12, 13]. The pump–probe scheme we

propose consists in using a femtosecond XUV pump pulse

of 10.9 eV followed by a femtosecond UV probe pulse of

4.6 eV. The sum of the two energies is 15.5 eV, i.e., it is

smaller than the energy required to eject both electrons

into the continuum. Therefore, the final state is a bound

Hþ2 molecular ion plus one electron in the continuum.

The dynamics associated with such a final state can be

accurately described by solving the time-dependent

Schrödinger equation (TDSE) through a close-coupling

formalism that includes electron correlation, the nuclear

motion and the interferences between them. The method

has been successfully employed in previous work [17, 18,

11]. Basically, the idea is that the pump pulse launches a

nuclear wave packet in an excited state of H2, which is then

probed by ionizing the molecule with the second pulse. By

scanning the time delay between the pump and the probe

pulses, we will be able (i) to image the wave packet

dynamics in the H2 electronically excited state, and (ii) to

investigate the relative importance of direct versus resonant

two-photon single ionization of H2.

The paper is organized as follows. In Sect. 2, we briefly

describe the theoretical method applied, which has been

widely explained in earlier publications, see [19, 20] and

references therein. Section 3 shows our calculations where

the wave packet in the excited state is imaged in the non-

dissociative ionization channel. We end with a brief sum-

mary of main conclusions. Atomics units are used

throughout unless otherwise stated.

2 Methodology

2.1 Time-dependent Schrödinger equation

We work within a semiclassical description where elec-

trons and nuclei are treated quantum mechanically and the

laser radiation is written classically, which is a suitable

treatment given the intensities used in the present work.

We solve the TDSE,

i
o

ot
Uðr;R; tÞ ¼ Hðr;R; tÞUðr;R; tÞ ð1Þ

where r stands for the electronic coordinates (both r1 and r2),

and R is the internuclear distance. The total Hamiltonian is

given as H(r, R, t) = H0(r, R) ? V(r, R, t), with H0 being

the field-free Hamiltonian of the target and V(t) the laser-

molecule interaction potential. The Hamiltonian of the

hydrogen molecule can be written:

H0ðr;RÞ ¼ TðRÞ þ Helðr;RÞ ð2Þ

where mass polarization and relativistic correction terms are

neglected, T(R) = -r2
R/2l is the nuclear kinetic energy

with l the reduced mass, and Hel is the electronic Hamiltonian

including the nucleus–nucleus repulsion potential term.

Working within the dipole approximation, which is appro-

priate given the wavelengths hereby considered, the

interaction potential is written in the velocity gauge,

VðtÞ ¼ p � AðtÞ, in terms of the dipole operator p and the

vector potential A(t). For a single pulse of photon energy x
and total pulse duration T, A(t) can be expressed as:

AðtÞ ¼ A0FðtÞ sinðxtÞ�̂ t 2 ½0; T �
0 elsewhere

�
ð3Þ

where �̂ is the polarization vector. We use a sine squared

envelope for the time dependence of the pulse FðtÞ ¼
sin2ðpt=TÞ, whose Fourier transform leads to a spectral fre-

quency bandwidth (i.e., full width at half maximum, FWHM,

of the pulse in electric field) Dx � 4p=T .

In order to solve the TDSE, we use an spectral method

using a basis of fully correlated adiabatic vibronic sta-

tionary states. The time-dependent wave function Uðr:R; tÞ
in Eq. 1 is expanded in this basis:

jUðr;R; tÞi ¼
X

n

XZ
vn

Cnvn
ðtÞWnvn

ðr;RÞe�iWnvn t

þ
X

a

X
‘a

Z
dea

XZ
va

C‘a
aeava
ðtÞW‘a

eava
ðr;RÞe�iWeava t

þ
X

r

XZ
vr

Crvr
ðtÞWrvr

ðr;RÞe�iWrvr t ð4Þ

where Wnvn
ðr;RÞ corresponds to the n bound electronic

state of H2 at its vn (bound or dissociative) vibrational state,

Wrvr
ðr;RÞ is a resonant electronic state (at its vr vibrational
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state) lying above the ionization threshold, and W‘a
eava
ðr;RÞ

is an electronic continuum state of energy ea in the a
ionization channel at its va (bound or dissociative) vibra-

tional state for an angular momentum la of the ejected

electron. The symbol
PR

indicates a summation over bound

states plus an integral over the dissociative ones, and Wk is

the total energy of each vibronic state.

By inserting expansion (4) in Eq. 1 and projecting into

the basis of stationary vibronic states, we obtain a set of

coupled linear differential equations. Nonadiabatic cou-

plings are neglected, which is a valid approximation as

long as very slow electrons do not play a significant role, as

it is in the present case. Time-integration of the system of

coupled differential equations is carried out using a Runge–

Kutta scheme. Once the field ends, for t � T, the wave

packet is field-free propagated for a given time, to ensure

that the asymptotic limit has been reached. Then, ionization

amplitudes are extracted by projecting the time-propagated

wave packet onto the continuum states. Since the wave

packet is written in terms of the stationary states of the

system, the expansion coefficients directly give the corre-

sponding amplitudes. Thus, vibrationally resolved ioniza-

tion probabilities are simply given by:

dP

dEva

¼
X
‘a

Z
deajC‘a

aeavea
ðt ¼ TÞj2 ð5Þ

where Eva ¼ Weava� ea. For non-dissociative ionization, Eva

is the vibrational energy of the residual Hþ2 ion.

2.2 Stationary states and numerical implementation

Within the Born–Oppenheimer approximation, each vibronic

wave function is a product of an electronic and a vibrational

function. We first evaluate the electronic states of the hydro-

gen molecule (bound, continuum and doubly excited states).

From the potential energy curves, we then evaluate their

corresponding vibrational states. Bound electronic states are

obtained by simply solving the eigenvalue problem:

Hel/n ¼ En/n ð6Þ

Continuum and autoionizing electronic states are

described using the Feshbach formalism [21], where two

complementary subspaces are defined, Q containing the

resonant contribution and P ¼ 1�Q containing the non-

resonant contribution to the electronic wave function. The

corresponding wave functions are therefore solutions of:

½QHelQ�/rðr;RÞ ¼ ErðRÞ/rðr;RÞ ð7Þ
PHelP½ �/a;la;eðr;RÞ ¼ Ea;eðRÞ/a;la;eðr;RÞ ð8Þ

Bound and resonant electronic states, Eqs. 6 and 7,

respectively, are obtained within a configuration interaction

method using Hþ2 orbitals [22] that are represented in a

basis set which is built as products of a radial part, built

with 180 B-splines functions of order k = 8 in a box of size

60 a.u., and an angular part, written in terms of spherical

harmonics with angular momenta up to l = 16. Continuum

electronic states, Eq. 8, are calculated using a multichannel

L2 close-coupling procedure [23].

The nuclear wave functions vvx
ðRÞ are calculated by

solving the one-dimensional Schrödinger equation:

½TðRÞ þ ExðRÞ�vvx
ðRÞ ¼ Wx;vx

vvx
ðRÞ ð9Þ

where x is a bound, resonant or continuum electronic state,

and Ex the corresponding potential energy curve previously

obtained. Nuclear wave functions are written in a basis set

of 240 B-splines defined in a box of size 12 a.u.

3 Results

We work with linearly polarized light, both parallel and

perpendicularly oriented with respect to the molecular axis,

in order to obtain any possible contribution to the total

ionization probability as it would appear in an experimental

setup. For parallel orientations, the dipole selection rules

(DK ¼ 0) dictate that only transitions Rg ! Ru ! Rg are

permitted; whereas for perpendicular orientation of the

molecule with respect to the polarization vector of the

electromagnetic field (DK ¼ �1), two different symme-

tries in the final ionization channels are possible: Rg !
Pu ! Rg and Rg ! Pu ! Dg. Overall, spin symmetry of

the system must remain singlet as in the initial state of the

neutral molecule.

We first excite the molecule with a laser pulse with a

photon energy of 0.4 a.u. (10.885 eV) and a duration of

4 fs. Given its energy bandwidth, *2 eV, this pulse is

mainly populating a bunch of vibrational states (around the

ten lowest ones) in the first electronic excited state of 1Rþu
symmetry. The created wave packet then evolves field-free

during a given time, after which a second photon of 0.17 au

(4.63 eV) and same duration, 4 fs, is absorbed. We use

relatively low intensities, 109 W cm�2 for the first pulse and

1012 W cm�2 for the second one, to ensure that non linear

processes are not dominant. The two-color photon absorp-

tion is the main process and leads to non-dissociative ioni-

zation. Contributions from other possible mechanisms, as

two-photon absorption of two pulses of 0.4 a.u. and

109 W/cm�2 or four photons of 0.17 a.u. and 1012 W cm�2,

lead to ionization probability orders of magnitude smaller,

therefore negligible, than that of the two-color absorption

hereby proposed.

A scheme of the energetics involved in the problem is

given in Fig. 1. The sum of the central energies of both
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pulses (15.515 eV) lies right below the ionization threshold

ðEv¼0ð1srgÞ � Ev¼0ðX1Rþg Þ ¼ 15:44 eVÞ in a direct verti-

cal transition. However, within the energy bandwidth of

such short pulses, there are two-photon transitions that lead

to ionizations and, therefore, to population of the lower

vibrational bound states of the ion. The time delay (s) is

measured from the centers of the pulses.

As the two pulses have a duration of 4 fs, simultaneous

(direct) absorption of the 0.4 and 0.17 a.u. photons is only

possible for delays 0 \ s \ 4 fs. For s[ 4 fs, the ion-

ization is necessarily achieved by resonant transitions over

the intermediate vibronic states populated by the pump

pulse. These different pathways are schematically repre-

sented in Fig. 2. Ionization by direct two-photon absorption

from the ground state is due to a transition through ‘‘vir-

tual’’ intermediate states of the system. Resonant ionization

is due to a transition in which the first photon excites the

molecule into a vibronic state and the second photon is

absorbed from that excite state leading to ionization of the

molecule. For time delays longer than 4 fs, the direct two-

photon absorption is absolutely suppressed. Both mecha-

nisms are present only in case both pulses overlap in time

(0 \ s \ 4 fs).

In the present study, the pump pulse has been chosen to

have a central frequency (maximum amplitude) lower than

the energy difference between the first excited state and the

ground state of the molecule in a vertical transition (see

Figs. 1, 2). Thus, those vibronic states through which two-

photon resonant ionization is taking place can only be

reached by the few photons whose energy lies in the upper

part of the pump spectrum. This choice of pulse parameters

should thus favor two-photon direct ionization with respect

to resonant ionization (when the former is possible, i.e.,

s\ 4 fs). However, even under these favorable conditions,

the contribution of the non-resonant process is negligible.

This can be deduced from Fig. 3 (full thick line), where the

total ionization probability is plotted as a function of time

delay. As it can be seen, in the interval of time delays

where both two-photon direct and resonant transitions

contribute to ionization (0 \ s\ 4 fs), the total ionization

probability increases with time delay and then it reaches a

maximum at 5 fs, where only resonant ionization is pos-

sible. The minor contribution of the direct process is not

surprising because two-photon resonant ionization proba-

bilities are usually orders of magnitude larger than the two-

photon non-resonant ionization ones [24].
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Fig. 1 Potential energy curves of the H2 molecule. The figure shows

the ground state of H2, the six lowest singly excited states of 1Rþu and
1Pu symmetries, the first ionization threshold [i.e., the 2Rþg (1srg)

ground state of Hþ2 ], and the 1Rþg doubly excited states of the Q1

series of H2. The horizontal dashed line indicates the dissociative

limit of the ionization threshold. The vertical shaded area is the

Franck–Condon associated with the ground state of the molecule

H2

(B
1Σu

+
)

H2
+

H2
*

Fig. 2 Simplified scheme on the two-color photo-ionization process.

The frequency spectra of the pump pulse contain a range of photon

energies that are compatible with the following ionization pathways:

(i) direct ionization (DI), in which both photons are simultaneously

absorbed (the first photon absorption is possible through ‘‘virtual’’

intermediate states as that shown by the dashed line) and (ii) resonant

ionization (RI), in which the pump excites the molecule to the B1Rþu
excited state and the probe ionizes it from the various vibrational

states associated with the latter
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The oscillatory pattern observed in Fig. 3 is the signa-

ture of the oscillations of the wave packet created by the

pump pulse in the B1Rþu excited state. The oscillation

period of the ionization probability as a function of time

delay is an average of the oscillation periods of the popu-

lated bound vibrational states in the B1Rþu electronic state.

The estimated (shortest) period for the lowest vibrational

state of B1Rþu is *25 fs, which is of the order of the time

difference between peaks, centered at time delays around 5,

25, 55 and 80 fs. Up to approximately ten vibrational states

are contained in the wave packet, all of them with different

population and phase. Thus, an oscillation period slightly

larger than 25 fs is being probed.

For shorter durations of the pump pulse (see Fig. 3,

dashed line), the periodicity of the oscillations roughly

remains the same, but the profile clearly becomes smoother

and the ionization probabilities at the maxima slightly

smaller. This is expected because the shorter the pump

pulse (i.e. the wider its energy bandwidth), the larger the

number of vibrational states contained in the wave packet

that is subsequently probed.

It should be mentioned that the range of photon energies

contained in the pump pulse is not high enough to populate

any electronic excited state of 1Pu symmetry. Thus, the

contribution to the ionization signal of perpendicular

polarization is less than 2%. Similarly, dissociative ioni-

zation is less than 1% of the total ionization probability,

because the photon energy is not large enough to reach

those states, nor the doubly excited states (although

included in the calculations, they do not play any signifi-

cant role).

As it can be seen in Fig. 3, as time delay increases, the

amplitude of the oscillations in the ionization probability

decreases. This is an expected behavior due to the

spreading of the vibrational wave packet as it evolves in the

excited electronic state. For short time delays (s\ 5 fs),

the wave packet is mainly localized in the region of

internuclear distances associated with a vertical transition

from the ground state, i.e., around the equilibrium inter-

nuclear distance of H2 (1.4 a.u.). Whereas for larger time

delays, the wave packet has moved and spreads over a

range of internuclear distances, which explains the wider

structure and smaller amplitude of each oscillation in the

ionization probability. A similar decrease and spreading of

the ionization probability with time delay has been

observed in previous works, as e.g. in pump–probe

experiments on D2 where bound vibrational states of the

single ionized molecule were probed using pulses leading

to the Coulomb explosion of the system (see Ref. [13]).

However, in contrast with the latter study, we find that each

oscillation presents an internal structure that becomes more

complex as time delay increases. These features, although

difficult to interpret, are due to bound-bound transitions

between vibrational states of the excited molecule and the

ion. The created wave packet contains a bunch of vibronic

bound states produced with different relative phases. This

is the origin of the increasingly complex internal structure.

No structure was observed in [13], because the probe pulse

leads to Coulomb explosion, i.e., to the vibrational con-

tinuum of Hþ2 , which is structureless.

The fact that the probe pulse only leads to non-disso-

ciative ionization is the main reason for the presence of

maxima and minima in Fig. 3. Indeed, when the wave

packet is localized in the region close to the outer turning

point in the potential energy curve of the 1Rþu state

(internuclear distances around 3–4 a.u.), the ionization

probability induced by the probe pulse presents a mini-

mum, since the energy of the probe pulse is not enough to

effectively reach the ionization limit at those internuclear

distances in a vertical transition (see Fig. 1). In contrast,

the ionization probability is maximum in the region close

to the inner turning point of the excited electronic state

whose vibrational wave packet is being probed. Obviously,

we would find maxima associated with both turning points

in case the probe led to a dissociative channel, as it is found

in the pump–probe experiment reported in [13].

The vibrational wave packet oscillating in the excited

state of H2 leaves a different signature not only in the total,

but also in the energy differential ionization probabilities.

Fig. 4 shows the vibrational distribution of the remaining

Hþ2 in the ground electronic state, 2Rþg ð1srgÞ, at different

0 20 40 60 80
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0.0

1.0

2.0

3.0

4.0
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Tpump = 4 fs
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Fig. 3 Ionization probability as a function of time delay for two

durations of the pump pulse: 4 fs (full thick line) and 2 fs (dashed
line). The other pump parameters are central photon energy,

10.885 eV, and intensity, 109W cm�2. The probe parameters are

photon energy, 4.63 eV, intensity 1012Wcm�2, and duration, 4 fs.

Dot-dashed thin line results of the model explained in the text (a

summation over vk in Eq. 10). Dots indicate the time delays for which

vibrational distributions are plotted in Fig. 4
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time delays between the pulses. The distributions plotted in

Fig. 4 correspond to the time delays indicated with black

circles in Fig. 3. For zero time delay, the probability dis-

tribution is almost identical to that obtained by a direct

vertical transition from the ground state convoluted with

the Fourier transform of the probe pulse. This comparison

is shown in the top left panel in Fig. 4. At zero time delay,

the molecule has no time to vibrate, the created wave

packet has no time to evolve, and consequently, the tran-

sition will proceed roughly in the Frank-Condon region

delimited by the ground state of the neutral. For time

delays larger than 4 fs, ionization necessarily takes place

through two-photon resonant absorption where the second

pulse probes the wave packet created by the pump pulse.

Consequently, the vibrational distribution of Hþ2 reveals the

features of the field-free evolution of the wave packet in the

excited state of H2. For a time delay of 5 fs (corresponding

to the first maximum in Fig. 3), the wave packet has had

enough time to move towards slightly larger internuclear

distances, thus increasing the overlap with the bound

vibronic states of the ion (the equilibrium distance of Hþ2 is

2.0 a.u.). This leads to larger ionization yields and shifts the

vibrational distribution to higher vibrational states with

respect to those obtained without delay. For those time

delays where we find a minimum in the total ionization

probability, s = 13 and 40 fs, the ionization probability is

rather uniform for the ten lowest vibrational states of the

ion. These wide distributions reflect the oscillating wave

packet being spread out in the excited state when the probe

pulse is absorbed. On the other hand, for time delays

leading to the larger total ionization probabilities, s = 23

and 33 fs, the wave packet is localized at the inner turning

point thus favoring the overlap with the bound vibronic

states of the ion, as it is shown in the two lower left panels

in Fig. 4.

In Fig. 4, the results of the ab initio calculations are

compared with those from a simple model in which proba-

bilities are obtained by projecting onto the final vibronic

states the wave packet that is created at the end of the pump

pulse and has evolved field-free up to the corresponding

time delay. This is equivalent to perform the Frank-Condon

approximation to describe the photon absorption induced

by the probe pulse. Thus, electronic dipole couplings and

correlations are totally ignored in this model, in which the

vibrational distribution probabilities are given by the

expression:

Pva ¼
X

vi

cvi
ðt ¼ T1Þe�iðWi;vi

�Wa;va ÞDt=�hhvva
jvvi
iFvaAðtÞ

�����
�����
2

ð10Þ

where
P

vi
is the summation over those bound vibrational

states vvi
that are effectively populated by the pump pulse

in the B1Rþu electronic state, Wi;vi
and Wa;va are, respec-

tively, the total (vibrational ? electronic) energy of the

excited and final states, Dt ¼ s� T=2 (i.e., taking the

vertical transition at the center of the probe pulse, when it

reaches its maximum field amplitude), and cvi
ðt ¼ T1Þ are

the expansion coefficients of the excited states contained in

the wave packet at the end of the pump pulse. To take into

account the pulse shape and duration, the Franck–Condon

overlap hvva
jvvi
i is convoluted with the Fourier transform

of the vector potential A(t): FvaAðtÞ. The probabilities

obtained with this model have been renormalized to fit

ab initio calculations, using the same arbitrary factor for all

vibrational distributions.

The vibrational distributions obtained with the model

agree qualitatively with those of the ab initio calculations.

The disagreements mainly come from the R-dependence

and the phases of the dipole transition moments and from

electronic correlations, which are totally neglected in the

model. As shown in Fig. 3 (dotted-dashed thin line), the
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model also reproduces quite nicely the oscillations as a

function of time delay (in the model, the total ionization

probability has been obtained as
P

va
Pva ). The complex

internal structure in the oscillations cannot be reproduced

by the model, because the appropriate relative phases of the

different bound-bound transitions that lead to the created

wave packet are not taken into account.

4 Conclusions

Ab initio calculations are reported for non-dissociative

single ionization of H2 through a UV pump–UV probe

scheme, in which the nuclear wave packet created by the

pump pulse in the excited states of the molecule is traced

by the probe pulse. An accurate description of such process

unavoidable requires a time-dependent treatment account-

ing for both nuclear and electronic motions, since the

vibration of the nuclei in the intermediate excited states of

H2 periodically enhances or suppresses ionization. The

oscillation of the ionization probability as a function of the

time delay between the two pulses reflects the oscillation of

the vibrational wave packet in the excited state of the

molecule. Two-photon direct absorption is almost negli-

gible, even though two-photon resonant ionization is only

accessible by photons whose energy lies in the upper

region of the pulse spectrum. The vibrational distributions

of the ion are the signature of the wave packet created by

the pump. Minima in total ionization yields correspond to

wide vibrational distributions, reflecting the spreading of

the wave packet. The maxima in the ionization probabili-

ties result from the more efficient population of the few

lower vibrational bound states of the ion, which is due to

localization of the probed wave packet in the region of

short internuclear distances. A simple model based on the

Frank–Condon approximation for the second photon

absorption qualitatively reproduces the oscillations of the

total ionization probability as a function of time delay and,

to a lesser extent, the corresponding vibrational distribu-

tions of the ion.
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7.3 Ionization with trains of attosecond pulses
[8]

The delayed autoionization of H2 doubly excited states into channels of differ-
ent inversion symmetry gerade and ungerade is investigated by using pulses of
attosecond duration (isolated or packed in trains), linearly polarized along the
molecular axis. It has been shown in previous works [2,3], by using XUV isolated
laser pulses with durations of 4 fs or longer, that the molecular frame photoelec-
tron angular distributions (MFPAD) associated with dissociative channel H+ +
H(nl) are not symmetric with respect to the inversion center of the molecule.
In contrast, the MFPADs become symmetric for shorter fs pulses. Here we
show that, although this is still the case for pulses of attosecond duration, the
combination of two or more of these pulses (attosecond pulse trains) with a
controlled time delay still lead to asymmetric MFPADs. From the analysis of
the time evolution of the calculated MFPADs, we propose a way to elucidate
autoionization lifetimes of molecular states.
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MFPAD FOR H2 IONIZATION BY AS XUV LASER PULSES

1. Introduction

F or decades, the main concern of quantum
chemistry has been the development of ab ini-

tio methods to calculate accurate energies and prop-
erties of molecules, mostly in their bound states, by
using a plethora of well-tested finite sets of square-
integrable L2 basis functions. With regard to laser–
molecule interaction, energetic radiation pulses may
drive molecules above their ionization and/or dis-
sociation thresholds, opening the gate for processes
that occur in the molecular continuum. The study
of reaction mechanisms in the continuum (like dis-
sociative photoionization) brings new perspectives
in the undertanding of the inner workings of elec-
trons and nuclei in strongly correlated systems. In
fact, fully differential photoionization cross sections
provide one of the most sensitive probes of electron
correlation in molecules [1]. The scattering formal-
ism, along with, the extensions of L2 methods to
describe molecular continuum processes have been
developed and applied successfully to the study
of photoionization of molecules in the perturbative
regime. In the past, the development of tunable fem-
tosecond laser pulses opened up the whole area of
femtochemistry that allowed for the study of chem-
ical reactions in the time domain, because nuclear
motion happens to occur within this time window.
Now a days, attosecond physics is the cutting edge
of laser probing [2], addressing the resolution of the
fast electron motion in atoms [3] and molecules [4].
Among the most interesting issues in attosecond
physics is the proposal of trains of attosecond lasers
in pump–probe schemes with controlled time delays
also with attosecond resolution. In this scheme, the
first pulse pumps the system from the ground to an
excited state (which could be the ionization contin-
uum) and the next pulses create a mapping for the
dynamics of the excited state.

Group theory and symmetry concepts allow for
the understanding and prediction of many physical
and chemical properties of molecules, from the sim-
ple to the complex ones. The use of group theoretical
methods based on molecular symmetries strongly
reduces the computational effort in ab initio calcula-
tions. Diatomic molecules pertain to the continuous
groups D∞h (homonuclear) and C∞h (heteronuclear).
In particular, in homonuclear diatomic molecules,
there is centre of symmetry located at the midpoint
of the distance between the two nuclei. The molec-
ular Hamiltonian is invariant under a reflection of
the coordinates of the two electrons with respect

to this point (coordinates inversion operation ri →
−ri), and the operator corresponding to this trans-
formation commutes with H and Lz (projection of
the angular momentum along the internuclear axis).
Electronic wavefunctions unaltered under the inver-
sion transformation correspond to gerade states and
those that change the sign are ungerade states. Nev-
ertheless, the electron probability density (which is
the observable quantity) for both gerade or ungerade
states is always gerade in homonuclear molecules.
Therefore, one would expect that an electron escap-
ing from the symmetric H2 molecule exhibited sym-
metric angular distributions with respect to nuclei
inversion. In principle, interactions with external
fields should preserve this symmetry provided that
the field is weak and preserves the symmetry of
the unperturbed system. Thus, photoelectron angu-
lar distributions for nondissociative photoionization
(as it is calculated in the frozen nuclei approxi-
mation) are always symmetric under inversion in
homonuclear diatomic molecules when weak lin-
ear polarized radiation parallel or perpendicular to
the molecular axis is applied. However, asymmetric
angular distributions have been detected experi-
mentally in dissociative photoionization of H2, i.e.,
when one electron ionizes and the residual H+

2 ion
dissociates into H+ + H(n�) [5]. This asymmetry has
only been observed when the ejected electrons and
protons are detected in coincidence.

With the advent of reaction microscopes, cold tar-
get recoil ion momentum Spectroscopy (COLTRIMS)
[6, 7] and vector correlation methods [8, 9], in which
all the kinematical variables of both the ejected elec-
trons and ions produced in the photofragmentation
of molecules may be determined in coincidence,
the study of the dynamics of photoreactions also
becomes very attractive from the theoretical point
of view. These experiments are able to determine
the orientation of the molecule at the time of elec-
tron ejection by photon impact and, consequently,
one may claim that electrons were released from
fixed-in-space molecules. Of course, molecules are
oriented randomly in those experiments, but only
those photoionization events with molecules having
a selected orientation with respect to the (laboratory
frame) field polarization axis are collected. There-
fore, it is very interesting to connect the theory with
the outcome of this class of complete experiments
and, specifically, for the dissociative photoionization
process in H2, and to provide theoretical methods
to compute molecular frame photoelectron angular
distributions (MFPADs) in coincidence with pro-
ton detection. In this work, we have evaluated the
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MFPADs when the H2 molecule is subject to XUV
ultrashort laser pulses in the time range of attosec-
onds (as). We provide MFPADs for isolated as pulses,
as well as for trains of two as pulses. Both cases
are of interest provided that such conditions can be
met experimentally with novel laser sources and it
is a subject of present investigation. Atomic units are
used unless otherwise stated.

2. Theory

In general, the ab initio study of the photoion-
ization and dissociation of molecules is a formidable
task, even for the simple molecule H2, and one resorts
to some level of approximation. We assume that the
center of mass and the rotational motions do not
interact with the vibrational and electronic motions,
so that only the vibronic problem is considered,
which means that at least all electronic and nuclear
degrees of freedom must be taken into account. In
fact, vibration (and dissociation) are fast motions
compared with molecular rotation, and one may con-
sider that molecules are rotationally frozen at the
time of the photon impact. We also make use of the
adiabatic approximation, which is central in quan-
tum chemistry calculations. The adiabatic approx-
imation neglects non adiabatic coupling operators,
then electronic states are not coupled via vibronic
interactions and the vibrational problem is solved
for each electronic state separately. The adiabatic
approximation is valid for a state lying in the elec-
tronic continuum, when the velocity of scattered
electrons is much greater than the nuclear velocity
(vibration or dissociation). It translates into saying
that radiation should not excite the system close to
any ionization threshold of the parent residual ion, a
situation that eventually produces emission of very
slow electrons. Because the total final energy must
be shared between nuclear and electronic motions,
the ejection of slow electrons is accompanied by the
release of fast protons. However, the ionization prob-
ability tends to zero at the highest proton kinetic
energies (see Fig. 2 below) and, consequently, the
effect of including nonadiabatic couplings should
be barely visible in the kinetic energy spectrum of
protons.

2.1. TIME DEPENDENT MOLECULAR
SPECTRAL METHOD

We briefly recap our method of solution which has
been developed in detail in previous works [10, 11].

Our method is based on the solution of the time-
dependent Schrödinger equation (TDSE), which is
appropriate when the laser–H2 interaction occurs in
the time scale of atto- (as) or femto-seconds (fs) and
the laser intensity is large enough to invalidate per-
turbative approaches. We solve the time dependent
Schrödinger equation (TDSE)(

H0(r, R) + V(t) − i
∂

∂t

)
�(r, R, t) = 0, (1)

where r labels the set of both electron coordinates
{r1, r2}, R is the internuclear distance, and H0 the field
free nonrelativistic Hamiltonian

H0(r, R) = −∇2
R/2µ + Hel(r, R). (2)

Here Hel corresponds to the electronic Hamilton-
ian (including the 1/R repulsion) and V(t) is the
laser–molecule interaction potential in the dipole
approximation. Transition dipolar matrix elements
for a given polarization between molecular vibronic
states may be calculated in the length (L) or veloc-
ity (V) gauge. The choice of the optimal gauge in
molecular photoionization calculations has been a
question of long debate [12]. In fact, the hypervirial
relation connecting L and V electronic dipolar matrix
elements is not fully satisfied within the adiabatic
approximation, even if exact states were used. The
correct L–V correspondence requires the inclusion of
nonadiabatic corrections. Nevertheless, calculations
carried out in the V gauge are preferably chosen due
to the faster convergence with the expansion in terms
of partial waves. In addition, V gauge matrix ele-
ments are less affected by inaccuracies of the wave
functions, which is of chief importance when dealing
specifically with Rydberg-continuum or continuum-
continuum matrix elements in above threshold ion-
ization. Accordingly, the field–molecule interaction
then reads V(t) = A(t) · p in the chosen V gauge. In
this work, we make reference to two types of pulses,
namely:

• an isolated symmetric laser pulse with linear
polarization, with vector potential

A(t) = êµA0 sin2(π t/T) cos[ω(t − T/2)]. (3)

defined in t ∈ [0, T] and zero elsewhere,
with T the pulse duration, ω the radiation fre-
quency, êµ the polarization vector, and A0 is
related to the laser peak intensity by A0/ω =
[I(W/cm2)/3.5095 × 1016]1/2. For linear polar-
ization, parallel to the molecular axis, êz, the
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FIGURE 1. Potential energy curves of H2 and H+
2 .

Q1 denotes the lowest 1�+
u doubly excited state above

the H+
2 1sσg threshold, and Q2 the lowest 1�u doubly

excited state above the H+
2 2pσu threshold. The thick

vertical line illustrates the absorption of a 32.5 eV
photon. Vertical dashed lines enclose the Franck-Condon
region. Semiclassical paths describing autoionization
from the 1�+

u Q1 and 1�u Q2 states into the continuum
are also shown. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]

selection rule 	
 = 0 applies (1�+
g → 1�+

u ),
and for the perpendicular case, êy, the selection
rule 	
 = ±1 (1�+

g →1 �u) does.
• a pump–probe sequence of linearly polarized

pulses (parallel to the molecular axis) separated
by different time delays τi, that is

A(t) = A(t)pump +
∑

i

Ai(t − τi)probe (4)

where the pulses have the same form as in Eq.
(3). The delay τi refers to the time separation
from the first pulse peak.

In this work, for isolated as (fs) pulses with linear
polarization parallel to the molecular axis, we use
T = 550 as (10 fs), a laser peak intensity of I = 1012

W/cm2, and field frequency ω = 32.5 eV. We have
selected this photon energy as a case study where
the molecule is ionized above two H+

2 thresholds,
2�+

g (1sσg) and 2�+
u (2pσu), and resonances Q1 and Q2

are also reached after photoabsorption in the Franck-
Condon region (see Fig. 1). The pump–probe scheme
is composed by identical attosecond laser pulses
with duration T = 550 as, intensity I = 1012 W/cm2,

and frequency ω = 32.5 eV. Irrespective of the type
of pulse used, the time propagation of the TDSE is
always carried out for t > 10 fs.

The total time dependent vibronic wave function
�(r, R, t) is expanded in a basis of fully correlated
adiabatic Born-Oppenheimer (BO) vibronic station-
ary states of energy Wk, which include the ground
state, the doubly excited resonant states, and the
nonresonant continuum states of H2:

�(r, R, t) = Cgvg(t)φg(r, R)χvg(R)e−iWgvg t

+
∑

r

∑∫
vr

Crvr(t)φr(r, R)χvr(R)e−iWr,vr t

+
∑

α,�α ,m

∫
dεα

∑∫
vα

C�αmεα
αvα

(t)ψ�αmεα
α (r, R)χvα (R)e−iWεαvα t

(5)

where φg, φr, and ψ�mε
α represent the ground, dou-

bly excited and continuum electronic states of H2,
respectively. Here, α denotes the full set of quan-
tum numbers for the electronic state of the resid-
ual molecular ion H+

2 with BO energy Eα(R) and
the indices �α(m) and εα correspond, to the angu-
lar momentum (projection) and the kinetic energy
of the ejected electron in channel α, respectively.
Because, we deal with autoionizing states embedded
in the continuum, we use the Feshbach projection
formalism to split the total wavefunction into a res-
onant halfspace Q and a nonresonant (continuum)
halfspace P with their associated projectors, i.e.,
� = Q� + P�. Accordingly, the electronic Hamil-
tonian results into a sum of projected operators
Hel = QHelQ + PHelP + QHelP + PHelQ, where the
QHelP couplings are responsible for the autoioniz-
ing decay from Q space into P space and they vanish
asymptotically for t → ∞.

The φg and φr electronic states are obtained from
configuration interaction calculations that solve the
following eigenvalue equations:

[Hel − Eg(R)]φg = 0 (6)
[QHelQ − Er(R)]φr = 0 (7)

whereas the nonresonant continuum part results
from a L2 close coupling method [13][PHelP − E εα

α (R)
]
ψ�αmεα

α = 0 (8)

where the electronic continuum states have an
energy E εα

α (R) = Eα(R) + εα . The vibrational (bound
and dissociative) wave functions χvg , χvr , and χvα are
the solutions of one-dimensional Schrödinger equa-
tion that represents the relative motion of the two
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nuclei in the presence of the potentials Eg(R), Er(R),
and E εα

α (R), respectively. By introducing the ansatz
(5), into the TDSE (1), one arrives to a set of coupled
differential equations, which are integrated in time
beyond the pulse duration T and also beyond the life-
time of the Qn resonant states to allow for the decay.
Projection of the final vibronic wavepacket �(r, R, t)
onto the eigenstates ψ�αmεα

α (r, R)χvα (R) of the asymp-
totic unperturbed Hamiltonian leads to amplitudes
that can be written in terms of C�αmεα

αvα
(t → ∞)

coefficients. Indeed, these expansion coefficients can
be used to extract (by appropriate projection) any
differential dissociative photoionization probability.

2.2. MOLECULAR FRAME PHOTOELECTRON
ANGULAR DISTRIBUTIONS (MFPADs)

The asymptotic wavefunction that describes an
ejected electron in channel α satisfying incoming
wave boundary conditions admits a partial wave
decomposition [14]

�(−)
α (r, R, t)

=
∑
�m

i�e−iσ�(εα)Y∗
�m(�e)ψ

�mεα(−)
α (r, R)χvα (R)e−iWεα ,vα t

(9)

where � and εα are the angular momenta and kinetic
energy of the ejected electron with linear momen-
tum kα = √

2εα and σ�(εα) = arg �(� + 1 − i/kα) is
the long-range Coulomb phase. Short-range phase
shifts due to the molecular potential are implicitly
included in the time dependent expansion coeffi-
cients.

Multicoincidence reaction microscopes like
COLTRIMS are capable to detect the momentum
and direction of all ejected particles, and specifically
to elucidate in which direction along the internu-
clear axis the proton escaped (H(n�) + H+ or H+ +
H(n�)) in the prompt dissociation that follows the
photoionization. Thus, COLTRIMS imposes bound-
ary conditions for the proton (electron) localization
inherent to the measurement process. To satisfy this
condition the total wavefunction must be projected
onto stationary continuum states that localize one of
the protons (or one of the electrons) in a given cen-
ter. Let us assume in particular molecules oriented
vertically as being detected by the experiment. Pro-
tons may be released upward (U) or downward (D)
and the delocalized nature of the remaining bound
electron in the H+

2 molecule 1σg,u = 1√
2
(1sU ± 1sD)

becomes now localized 1sU,D = 1√
2
(1σg ± 1σu). Con-

sequently, instead of the partial wave expansion �(−)
α

given in (9) for a specific channel α, one should use
a combination of the partial wave expansions for the
1sσg and 2pσu channels:

�
(−)

U,D = 1√
2

[
�

(−)

1sσg
± �

(−)

2pσu

]
. (10)

By projecting the total time dependent wavefunction
�(r, R, t) onto the latter U or D asymptotic states,
one obtains the following expression for the ioniza-
tion probability, differential in kinetic energy of the
proton, and solid angle of the ionized electron

d2PU,D

dEH+d�e

= 1
2

∫
dε

∣∣∣∣∣
∑
�m

i−�eiσ�(ε)Y�m(�e)
(
C�mε

1sσgvg
± C�mε

2pσuvu

)∣∣∣∣∣
2

.

(11)

In this equation, the electron angular momentum �

in the sum must be compatible with the total ger-
ade or ungerade symmetry of the two-electron states
associated with the C�αmεα

αvα
coefficients.

By integrating Eq. (11) over the solid angle, one
arrives to the ionization probability differential in
proton kinetic energy, i.e., the total kinetic energy
spectrum of protons measured in the up or down
direction

dPU,D

dEH+
= 1

2

∫
dε

∑
�

(∣∣C�ε
1sσgvg

∣∣2

± 2Re
(
C�ε∗

1sσgvg
C�ε

2pσuvu

) + ∣∣C�ε
2pσuvu

∣∣2). (12)

At this point, it is useful to define an electron
asymmetry parameter as the difference in electron
yield between the upper and lower regions sepa-
rated by the plane perpendicular to the internuclear
axis that contains the inversion center, σh. This can
be easily done by integrating Eq. (11) in the upper
or lower regions separately. For instance, for pro-
tons ejected upward (U), this electron asymmetry
parameter is calculated as follows

Ae
U =

[∫ π
2

0

(∫ 2π

0

d2PU

dEH+d�e
dφe

)
sin θedθe

−
∫ π

π
2

(∫ 2π

0

d2PU

dEH+d�e
dφe

)
sin θedθe

] /
dPU

dEH+

(13)

We note in passing that our MFPADs obtained
with the above procedure are completely equivalent
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to those coming from the Fµ0
LM functions formalism as

developed in Refs. [8, 9]. Indeed, Fµ0
LM functions can

be expressed in terms of the asymptotic expansion
coefficients C�mε

1sσgνg
obtained in our time-dependent

method.

3. Computational Methods

Our computational approach for stationary and
dynamical calculations has been described in detail
elsewhere [10, 11, 15] so that we give only a brief
description. We perform separate calculations for
ground φg, resonant φr, and continuum electronic
states ψ�mε

α . Astandard configuration interaction (CI)
procedure is used to obtain the ground X 1�+

g and
the resonant states Q1,2

1�+
u (in the latter cases using

appropriate Feshbach projectors). Instead of using
multicentre expansions of orbitals (which is the usual
procedure for computational methods in quantum
chemistry), our CI method is based on H+

2 orbitals
expanded in a one-center basis sets (located at the
center of nuclear mass). These one-centre expan-
sions are suitable for scattering processes of electrons
with a well-defined angular momentum �. Then, H+

2
orbitals are expanded in a one-center basis of 180 B-
splines of order k = 8, including angular momenta
from � = 0 up to � = 16 within a box size of 60 a.u. B-
splines are polynomial piecewise functions defined
within a box. For a fuller description of B-splines and
the applications in atomic and molecular physics, see
Ref. [16].

The ground state included in our calculation is
computed using 510 two-electron configurations.
The lowest six Q1

1�+
u and six Q2

1�+
u included

in our calculation are computed using, 233 and
249, respectively, two-electron configurations. Vibra-
tional wave functions χv associated to the energy
potentials Eg(R), Er(R) are also expanded in terms
of a B-splines basis set, and we have used a basis
of 240 B-splines of order k = 8 inside a box of
Rmax = 12 a.u. Nonresonant continuum states ψ�αεα

α

are evaluated by using a L2 close-coupling approach
described in Refs. [13, 17]. The uncoupled contin-
uum states (UCSs) that enter in this formalism are
built up as antisymmetrized configurations of the
type [n�λg,u(r1), nλ�

g,u(r2)], where n�λg,u corresponds
to a H+

2 orbital representing a H2 ionization threshold
and nλ�

g,u is an H+
2 orbital that represents the ionizing

electron within the subspace of angular momen-
tum �. For instance, the configurations for the two

continua used in this work (relevant for ionizaton
with a photon energy of 32.5 eV) have the form

• Continuum 1�+
u from 1sσg (first channel):

1sσgnσ �
u (n = 1,75) for � = 1,3,5, and 7.

• Continuum 1�+
u from 2pσu (second channel):

2pσunσ �
g (n = 1, 75) for � = 0,2,4, and 6.

It is important to realize at this stage that par-
tial waves of different angular momentum parity
(� even or odd) emerge from ionization thresholds
of different inversion symmetry (gerade or unger-
ade) within the same total 
 symmetry. The ejection
of energy-degenerated electrons with both even and
odd (interfering) partial waves has far reaching con-
sequences in the symmetry breaking of electron
angular distributions, as explained below.

4. Results

Figure 2 shows the ionization probabilities as a
function of the proton kinetic energy release (KER)
for isolated laser pulses with linear polarization ori-
ented parallel along the molecular axis, with laser
intensity 1012 W/cm2 and photon energy 32.5 eV,
for two pulse durations, namely, T = 10 fs and
T = 550 as. The figure also displays MFPADs at
selected proton kinetic energies: 2.0, 4.0, 6.3, and
8.0 eV (whenever protons are significatively ejected).
Irrespective of the pulse duration, MFPADs are sym-
metric at low proton kinetic energies (<3 eV) because
ionization to the 1sσg channel dominates and only
partial waves with � = 1(p), 3(f ), 5(h) . . . (mainly
p-waves) generate the lobe shape of distributions.
At variance, the asymmetry becomes evident (only
for longer pulses like T = 10 fs) at higher kinetic
energies where the contributions from the 1sσg and
2pσu channels overlap. This overlap between the two
channels is entirely caused by the autoionization of
Q1,2 resonant states, that enhances the total ioniza-
tion probability due to the interference between the
direct nonresonant ionization H2 +ω → H +H+ +e−

and the delayed ionization via autoionization of dou-
bly excited states H2 +ω → H∗∗

2 → H +H+ + e−. The
lowest Q1

1�+
u resonant state contributes the most

to the autoionization. This state lies below the 2pσu

ionization threshold and, therefore, it can only decay
through the 1sσg channel (see Figure 1). The mecha-
nism responsible for the angular asymmetries rests
in the interference between the direct nonresonant
ionization to the 2pσu channel (partial waves with �

even) and the ionization through the 1sσg channel
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FIGURE 2. Proton kinetic energy spectra for H2

(X 1�+
g ) subject to a XUV laser pulse of ω = 32.5 eV,

intensity of I = 1012 W/cm2 with linearly polarized light
parallel to the molecular axis (final 1�+

u symmetry).
(a) Using an isolated pulse with duration T = 10 fs.
(b) Using an isolated pulse with duration T = 550 as.
Thick solid line, total ionization probability dP/dEH+ ;
dashed line, contribution from the 1sσg ionization
channel; dotted-dashed line, contribution from the 2pσu

ionization channel. Insets: Molecular frame photoelectron
angular distributions (MFPADs) for proton kinetic
energies 2.0, 4.0, 6.3, and 8 eV. H+ and H are indicated
by red (upper) and black (lower) balls, respectively.
(c) Electron asymmetry parameter Ae

U associated to the
electron ejection with respect to the molecular σh plane;
upper halfspace (positive values, toward H+), lower
halfspace (negative values, toward H). Solid line, T = 10
fs; dashed line, T = 550 as. [Color figure can be viewed
in the online issue, which is available at
www.interscience.wiley.com.]

(partial waves with � odd) via delayed Q1 autoion-
ization. The connection between the autoionization
process and the onset of angular asymmetries has
already been uncovered by studying the time evolu-
tion of MFPADs [18]. In the case of a pulse duration of
550 attoseconds (see Figure 2b), two noticeable fea-
tures appear. First, the proton spectrum broadens in
energy and it also smoothens through the two thresh-
old contributions (1sσg and 2pσu). This is partly due
to the large bandwidth (	ω ∼ 4π/T) of the as pulse.
Second, the asymmetry in MFPADs once appearing
for T = 10 fs in the region where the contribu-
tions of the two thresholds overlap, now vanishes
for the as pulses. The electron asymmetry parame-
ter Ae

U, which represents the (normalized) difference
between the probabilites for an electron to escape
in the direction of H+ (U) or H (D), changes dra-
matically from fs pulses to as pulses as shown in
Figure 2c.

For T = 10 fs, preferential electron ejection along
the H+ or H halfspaces only develops at proton
kinetic energies larger than 3 eV, where 1sσg and 2pσu

channels overlap to a large extent. The oscillatory
pattern in Ae

U is the mark left by the interference
between direct ionization to the 2pσu channel and
the delayed autoionization from Q1 into the 1sσg

channel. However, for T = 550 as electron asymme-
try fully disappears, in agreement with findings of
Ref. [19]. In fact, in previous work [18], we have pro-
posed that tunable ultrashort (fs) XUV laser pulses
can be used to estimate autoionization lifetimes of
the dominant doubly excited states by analyzing the
variation of the electron angular asymmetry with the
pulse duration. Because the electron angular asym-
metry is closely related to interferences between two
channels, one may reduce the value of the asym-
metry parameter by quenching such interferences,
i.e., by blocking one of the interfering channels, for
example, the direct ionization to 2pσu. This may be
achieved by systematically reducing the pulse dura-
tion T to a time such that when the delayed autoion-
ization takes place the pulse is no longer present to
pump more population into the direct channel 2pσu

with which it interferes. The pulse duration at which
electron asymmetry is quenched represents a good
estimate of the average lifetime, resulting in 1/� ∼
2 fs. Thus, asymmetries in the electron ejection can-
not be expected for pulses with duration below 2 fs
and, consequently, isolated attosecond pulses cannot
provide useful information on the dynamics of the
autoionization process.

Because isolated attosecond pulses do not seem to
be very useful in the present context, we can propose
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FIGURE 3. Surface plot for the total ionization
probability dP/dEH+ as a function of the kinetic energy
release of protons and the time delay between the pump
and probe attosecond pulses. The color scheme located
at the right indicates the values of the ionization
probability per eV (times a factor 10−6). [Color figure can
be viewed in the online issue, which is available at
www.interscience.wiley.com.]

instead to investigate the dynamics of autoionization
by using trains of attosecond pulses. We first pump
the H2 molecule with a laser pulse of photon fre-
quency 32.5 eV, intensity 1012 W/cm2 and 550 as of
duration. This pulse has a large bandwidth and may
populate excited states within a band of energy as
large as 40 eV. However, the Franck-Condon over-
lap between the populated channels and the initial
ground state substantially reduces this bandwidth
(Fig. 1 shows that states are only efficiently popu-
lated in the region of internuclear distances enclosed
by the two vertical dashed lines). Thus, autoion-
izing states are effectively populated in a narrow
region of internuclear distances and the manifold
of continuum states associated with each populated
channel is only a few eV broad. Now it comes the
idea of probing the system with a second identical
linearly polarized attosecond pulse separated by a
controlled time delay. In fact, the main role of the sec-
ond as pulse is to refresh the direct ionization to 2pσu

channel and to probe the dynamics of autoionization
launched by the first as pulse. In doing so, one must
take into account that the energy spectrum associ-
ated to a train of as pulses (as obtained by Fourier
transform) is more complex than that of a single as
pulse, and this spectrum changes with the time delay.

Figure 3 displays the ionization probability as a
function of the proton kinetic energy release and
the time delay between the pump and the probe
as pulses. One may appreciate that the two major
humps corresponding to the 1sσg and the 2pσu con-
tinua contributions [see also Fig. 2(b)] start to be
distinguished for delays τ > 1 fs. The 1sσg con-
tribution carries most of the information on the Q1

autoinization. Once the decay process completes for
τ ∼ 1/� ∼ 2 fs, the 1sσg ionization contribu-
tion gradually vanishes for longer delays, whereas
the 2pσu contribution remains with a strong signal
for any time delay. In conclusion, the inspection of
time resolved as pump–probe spectra may provide
crucial information on the presence of short-living
transients.

Figure 4 shows the electron asymmetry parameter
Ae

U as a function of the proton kinetic energy release
and the time delay between the pump and the probe
as pulses. When the as probe pulse is shot with a
time delay τ right after the autoionization proceeds,
one may expect the onset of the largest interfer-
ences (hence, angular asymmetries). One realizes in
Figure 4 that indeed the largest asymmetries appear
for time delays around 2 fs, which corresponds more
or less to the average lifetime of the lowest Q1

1�+
u

FIGURE 4. Surface plot for the electron asymmetry
parameter Ae

U with respect to the plane σh as a function
of the kinetic energy release of protons and the time
delay between the pump and probe attosecond pulses.
The color scheme located at the right indicates the
values of the electron asymmetry parameter. [Color
figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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FIGURE 5. Left: Proton kinetic energy spectrum and molecular frame photoelectron angular distributions for H2

exposed to a train of two identical (pump–probe) as XUV laser pulses of 32.5 eV, intensity 1012 W/cm2 and 550 as of
pulse duration, and time delays between the pump and the probe of τ = 0.5, τ = 1, τ = 2, and τ = 4 fs. Angular
distributions included are for proton kinetic energies 3.0, 6.5, and 8.0 eV. Right: Electron asymmetry parameter Ae

U with
respect to the plane σh as a function of the kinetic energy release of protons for the same pulses and time delays. [Color
figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

state, a value already predicted with longer isolated
fs pulses [18] and in accord with the spectrum in
Figure 3. To make things more explicit, we choose
four different time delays τ = 0.5, 1, 2, and 4 fs.
Proton kinetic energy spectra, MFPADs, and asym-
metry parameters for these pump–probe delays are
collected in Figure 5. Time delays below 2 fs barely
produce any electron asymmetry because there is
not enough time for the autoionization to become
effective. The large asymmetry of the electron angu-
lar distribution for a time delay of 2 fs results from
the interference between direct ionization through
2pσu channel (produced by the probe pulse) and
autoionization through the 1sσg channel that occurs
∼2 fs after the pump pulse excited the molecule.
Interference is possible because electrons ejected in
both channels may have the same excess energy.
For time delays longer that 4 fs, autoionization has
almost completely elapsed and, consequently, the
interference is no longer possible and the asymmetry
vanishes. The reader may also note that the pattern
of oscillations in the asymmetry parameter Ae

U is
slightly different for long fs pulses (T = 10 fs) in
Figure 2(c) than for pump–probe as pulses in Figure
5. In the latter case, the pattern of oscillations shifts
with the time delay (see Fig. 4) whereas the zeroes in
the asymmetry parameter distribution (irrespective

of the pulse duration T > 2 fs) always remain
fixed for isolated pulses of a given central frequency.
This effect is closely related to the photon energy
spectrum of the pulses involved. Consequently, in
pump–probe laser schemes, the simultaneous ejec-
tion of protons (for a selected energy above 4 eV)
and electrons (for any energy) along the same direc-
tion or in opposite directions may be achieved by
simply tuning the appropriate time delay.

It is rather interesting to build an analogy between
trains of laser pulses and wave-packet interferom-
etry in a similar way as performed in wave optics.
One may consider that in the perturbative regime (in
which the ground state population remain close to
the initial one at any time) the pump-delayed probe
laser scheme applied to H2 is analogous to a beam-
splitter device applied to the initial wavepacket,
i.e., it excites the system, splits the outcome in two
separated beams with different pathlengths, and
finally, they are recombined with a time delay. In
other words, within the perturbative regime, each
attosecond pulse within a train generates the same
wavepacket in the electronic continuum, but with a
given time delay. With such interferometer model,
one expects to reconstruct the complex spectra pro-
duced by trains of as pulses from calculations based
on isolated as pulses. Because the time evolution of
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the excited states is stationary after a single pulse of
duration T, the subsequent evolution for the expan-
sion coefficients after a delay τ is given by C̃k(T+τ) =
Ck(T) exp(−iWkτ). These coefficients are then added
coherently to those corresponding to the evolution
of the expansion coefficients when the pulse starts at
t = τ , C̃k(τ + T) = Ck(T) exp(−iWgvgτ), where Wgvg

is the ground state energy. The result of this interfer-
ence leads to the new expansion coefficients given
by C̃k(T + τ) = Ck(T) exp(−iWgvgτ)[1+exp(−i(Wk −
Wgvg)τ )]. This model is easily extended to any train
of attosecond pulses. These latter coefficients C̃k can
be used to construct proton kinetic energy spectra
or electron angular distributions coming from H2

subject to trains of attosecond pulses. However, the
model can be applied as long as (i) we are in the per-
turbative regime for low laser intensites, (ii) autoion-
ization does not occur after the as pulse because the
subsequent time evolution of the autoionizing decay
is not stationary. We have checked that in absence of
autoionization (by removing the Qn states from our
calculations), the interferometer model provides the
same KER spectra versus time delay as obtained with
the direct solution of TDSE for all time delays. When
autoionization is present, the model works for time
delays much longer than the autoionization lifetime,
(τ � 1/�). For shorter time delays, the model seems
to work at least qualitatively. A more careful study
of the validity of this model for short time delays is
now in progress in our laboratory.

5. Summary

We have evaluated molecular frame photoelec-
tron angular distributions (MFPADs) arising in dis-
sociative photoionization of H2 by XUV attosecond
laser pulses by using a previously developed time-
dependent spectral method [10, 18]. We have com-
pared MFPADs resulting from isolated femtosec-
ond and attosecond laser pulses with those from
as pulse trains. Asymmetries in the electron angu-
lar distributions with respect to the nuclei inver-
sion are due to strong interferences between gerade
and ungerade ionization channels, which develop
whenever pulse durations are longer than autoion-
izing lifetimes. To take advantage of this behavior
in the context of attosecond pulses, we propose
a pump–probe scheme with a train of two iden-
tical attosecond pulses separated by a controlled
time delay to elucidate approximate lifetimes of
autoionizing states and to gain partial control on

the dynamics of fragments. We expect that the ideas
here presented will inspire new pump–probe exper-
iments to explore ultrafast dynamics in molecules.
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7.4 Ionization and monitoring with XUV radia-
tion: the two photon double ionization ap-
proach [9, 10]

Two photon double ionization of H2 (D2) for photons of 38 eV is used to trace
the bound nuclear wave packet dynamics in the 1sσg molecular potential energy
curve. The first photon leads to the system in a coherent superposition of
vibrational satates of H+

2 , mostly in the bound states. Then the second photon
may ionize the H+

2 molecule to leads the system in the repulsive complete break
up 1/R potential energy curve. Depending on the time in which the second
photon ionize the molecular ion the coherent wave packet is imaging in the 1/R
potential energy curve. It permitted to us [9, 10] to disentangle the sequential
and non sequential two photon double ionization of the H2.
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Two-photon double ionization (TPDI) of D2 is studied for 38-eV photons at the Free Electron Laser in Hamburg
(FLASH). Based on model calculations, instantaneous and sequential absorption pathways are identified as
separated peaks in the measured D+ + D+ fragment kinetic energy release (KER) spectra. The instantaneous
process appears at high KER, corresponding to ionization at the molecule’s equilibrium distance, in contrast to
sequential ionization mainly leading to low-KER contributions. Measured fragment angular distributions are in
good agreement with theory.
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Two-photon double ionization (TPDI), that is, the inter-
action of two photons with two electrons, is among the
most fundamental nonlinear processes in atomic [1–8] and
molecular [9–12] physics. It is, thus, considered a benchmark
reaction to advance nonlinear theories and to explore electron-
electron correlations in atoms as well as the coupling between
electronic and nuclear motion in molecules beyond the Born-
Oppenheimer approximation (BOA). Sparked by experiments
that have become feasible at intense high harmonics (see, e.g.,
[5,6,9]) or ultrabright, free electron laser (FEL) sources such as
the Free Electron Laser in Hamburg (FLASH) (see, e.g., [7,8])
and puzzled by the intriguing challenges in predicting the
removal of two electrons from He, theoretical interest has
just exploded (see. e.g., [1–4] and references therein). Initial
attempts to calculate TPDI of molecules [11,12] have been
published very recently, which, because of the extreme compu-
tational demands, are based on the fixed-nuclei approximation.

As schematically illustrated in Fig. 1 for the D2 molecule,
two different basic TPDI pathways have been discussed in
the literature. For “sequential ionization” (SI) the photons
(purple arrows in Fig. 1) are assumed to be absorbed via
an intermediate stationary state of the ion (assumed to be
the 1sσg ground state of D2

+) in two steps, which might be
traced in time as indicated by the horizontal arrow. In the
direct or “nonsequential ionization” (NSI) channel instead,
both photons are absorbed simultaneously through a virtual
intermediate state as indicated by the left vertical arrows
in Fig. 1. Despite tremendous theoretical efforts, questions
on the direct ionization of the two He electrons by two
photons are not yet settled, not even on the level of total cross
sections [4].

On the experimental side as well, the accuracy of total cross
section measurements for TPDI has been questioned, since

either the statistical significance was weak or, for the FLASH
measurements, the intensity of the VUV pulse is not well
known due to the uncontrolled time structure of the pulses,
emerging from the noise in the self-amplified spontaneous
emission (SASE) process. Moreover, in cases where both,
SI and NSI are energetically allowed, it was not possible to
trace both reactions. For two-photon ionization of H2/D2 there
exists, to the best of our knowledge, only one experiment [9].
It was found that the production of energetic protons and
deuterons proceeds dominantly through two-photon above-
threshold ionization but the available intensity was too low
(3 × 1012 W/cm2, 42 eV) for TPDI to be observed.

In this Rapid Communication we demonstrate a method to
identify SI and NSI contributions for TPDI of D2 at 38 eV using
a reaction microscope (REMI) [13] to measure the complete
fragment-ion momenta. Exploiting the molecule’s internal
nuclear dynamics (i.e., launching a nuclear wave packet in D2

+

by the absorption of the first photon; see Fig. 1), we are able
to trace SI and NSI contributions via an indirect femtosecond
time measurement encoded in the kinetic energy release (KER)
spectra for the D+ + D+ final state. Whereas the direct channel
ends at a high energy on the 1/R repulsive Coulomb potential
curve (where R is the internuclear separation), namely at the
equilibrium distance of the neutral molecule, leading to large
KERs, sequential ionization, especially from the 1sσg ground
state, might result in quite low fragment energies depending
on the internuclear separation (i.e., on the time when the
second photon was absorbed). Comparing the experimental
results to calculations on different levels of approximation
we can extract the relative contribution of direct and SI
channels, respectively. We further explore the R-dependent
ionization probability of D2

+ in higher vibrational states,
study anisotropies in the fragment-ion angular distributions
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FIG. 1. (Color online) Illustration of the dominant dissociative
pathways for single and double ionization of D2 and experimental
KER spectrum for coincident D+ + D+ fragments created by TPDI
via direct and sequential pathways. Depending on the time (horizontal
arrow) when the second photon is absorbed after single ionization,
the repulsive 1/R curve is populated at different R, leading to
time-dependent KERs and allowing for the separation of SI and NSI
pathways. The gray band indicates doubly excited states Q2 in � and
� symmetries. The Franck-Condon regime is indicated as a vertical
shaded band.

(FIADs) for direct and sequential double ionizations, and
obtain information on absorption alignment.

In brief, the REMI was installed at the unfocused beam line
BL 3 at FLASH [14]. The FEL light first propagates through
the main chamber and, then, is focused back onto the target
in the REMI by a multilayer focusing mirror mounted behind
the main chamber. The mirror has a reflectivity of 40%, being
sharply peaked around 38 eV such that higher order harmonic
radiation from the FEL is efficiently suppressed to a negligibly
low level. Reaching a focus diameter of ∼10 µm and having
single pulse energies of a few microjoules at a pulse duration
of ∼30 fs, peak intensities of I ∼= 1013–1014 W/cm2 were
reached at a photon energy of 38 ± 0.5 eV. The focused light
beam intersected a well-collimated (0.5-mm diameter) and
intrinsically cold supersonic molecular D2 gas jet propagating
transverse to the photon beam direction with densities of
up to 1010 molecules/cm3. Ionic fragments were projected
by means of an electric field (40 V/cm) onto a time- and
position-sensitive microchannel plate detector (with a diameter
of 120 mm, position resolution of 0.1 mm, and delay-line
read-out). From the measured TOF and position of each
individual fragment the initial three-dimensional momentum
vectors were reconstructed. The energy resolution in the KER
spectra is better than 100 meV for all fragment energies
detected.

In order to gain insight into the various one-photon
absorption processes, the KER spectrum for noncoincident
D+ fragments, reflecting dissociative channels of D2

+, is
shown in Fig. 2 in comparison with theoretical ab initio
results using the time-dependent method of [15]. Only
fragments emitted perpendicular to the polarization direction
(θ = 90◦ ± 5◦) are considered here. In excellent agreement
with the calculations and previous measurements for one-

FIG. 2. (Color online) KER spectrum of noncoincident
D+ fragments taken under an emission angle of 90◦ ± 5◦ with respect
to the light polarization axis (i.e., for final � symmetry).

photon single ionization [16,17] all relevant fragmentation
pathways, such as ground-state dissociation (maximum at
EKER = 0), dissociation via the 2pπu channel (EKER ≈ 9 eV),
as well as contributions and interferences involving the decay
of doubly excited (Q2) states [18], are very well resolved
(Fig. 2). In this context it is important to mention that in
agreement with both theory and experiment (not shown here),
one-photon absorption results with 95% probability in the
formation of vibrationally excited D2

+ molecular ions in the
1sσg ground state. Based on this observation we assume the
1sσg state to be exclusively populated in the first step of
sequential TPDI.

We calculate the total SI probability P KER
SI to a specific

KER as a sum over products of one-electron probabilities
P KER

SI = ∑
v P v

1 · P
v,KER
2 associated with the two steps (1)

D2 (νi = 0) → D2
+(ν) + e and (2) D2

+(ν) → D+ + D+ + e,
where, in the BOA,

P v
1 ∝

∣∣∣∣
∫ 〈

�
D2
i (r, R)

∣∣D∣∣�D2
+(1sσg)+e

el (r, R)
〉
r

× χ
D2
vi=0(R) χ

D2
+(1sσg )

v (R) dR

∣∣∣∣
2

,

P
v,KER
2 ∝

∣∣∣∣
∫ 〈

�
D2

+(1sσg )
el (r, R)

∣∣D∣∣�D++D++e
el′ (r, R)

〉
r

× χ
D2

+(1sσg )
v (R) χD++D+

KER (R) dR

∣∣∣∣
2

.

D is the transition operator for one-photon absorption,
�

D2
i is the initial electronic state of D2, �

D2
+(1sσ )+e

el is
the electronic continuum state of D2

+ produced after the

absorption of the first photon, �
D++D++e

el is the electronic
continuum state after the absorption of the second photon;
χ

D2
vi=0, χD2

+(1sσ )
v , and χD++D+

KER are the associated vibrational
(dissociative) states; r denotes all electronic coordinates and
integration over those is indicated using the usual bracket
notation. Integration with respect to the internuclear distance
R is explicitly indicated. In this model we are assuming that
the two electrons are emitted independently from each other
and, consequently, that the time between the two ionization
events is infinite (which is reasonable since our pulse duration
is larger than a round-trip time of any vibrational wave packet
that might be created in the first step). In order to obtain deeper
insight into the process we have evaluated these expressions
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FIG. 3. (Color online) FIAD and KER spectra for coincident
D+ + D+ fragments. (a) Angular distribution of the fragments
[cos(θ )] as a function of the KER; (b) experimental KER spectrum
integrated over | cos(θ )| < 0.8 compared to calculations in the non-
FCA and FCA; (c) experimental and theoretical β2 values as a
function of the KER.

by either assuming that the dipole matrix elements do not
change with R (what we will later call the Franck-Condon
approximation, FCA) or taking explicitly into account their R
dependence (the non-FCA).

Similarly, one could also calculate the NSI probability as

P KER
NSI ∝

∣∣∣∣
∫ 〈

�
D2
i (r, R)

∣∣D(2)
∣∣�D++D++e

el′ (r, R)
〉
r

× χ
D2
vi=0(R)χD++D+

KER (R)dR

∣∣∣∣
2

,

where D(2) is the transition operator for two-photon absorp-
tion. Since evaluation of the R dependence of the integral
involving the latter operator is prohibitively expensive [12],
this probability has been exclusively evaluated within the FCA.
Since the calculations do not provide the absolute values of
the SI and NSI probabilities, the total probability has been
obtained by fitting aP KER

SI + bP KER
NSI (where the ratio a/b

represents one effective free parameter independent of the
KER) to the experimental KER spectra in Fig. 3(b). In doing
so we are assuming that the SI and NSI processes do not
interfere.

In Fig. 3(a), KER spectra for coincident D++ D+ fragments
are presented as a function of cos(θ ), that is, the fragment’s
emission angle relative to the light polarization axis. The
angular integrated KER spectrum together with calculations is
plotted in Fig. 3(b). Since some uncertainties due to the dead
time of the detector system cannot be excluded at small angles,
the integration for the data in Fig. 3(b) extends from cos(θ ) =
−0.8 to 0.8. Two clear peaks are visible in the experimental
data, one at high KERs between about 16 and 24 eV and a
low-energy part extending from ∼5 to ∼15 eV. As illustrated
in Fig. 1, this KER range corresponds to internuclear distances
R between ∼1.3 a.u., the minimum value within the FC regime,

and R ∼ 6 a.u., which can only be reached via ground-state
dissociation of the 1sσg states. As discussed before, we neglect
effects <5% that might be due to excitation into the Q2 band
as well as to the 2pπu and the 2pσu states. Also plotted in
Fig. 3(b) are the results of our model calculations for the
non-FC approximation (i.e., by taking realistic R-dependent
ionization probabilities into account as well as for the FCA,
assuming constant ionization cross sections as a function of R).
It can be seen that neither the SI nor the NSI, when considered
separately, can reproduce the observed peaks and their relative
heights. For the intensities used in the experiment, the correct
relative heights can only be obtained if both processes
contribute in the high-energy region of the KER spectrum,
irrespective of whether they interfere or not. In both the non-FC
and FC approximations, the sequential ionization contributes
strongly to the low-energy part, displaying a clear peak that
largely coincides with the experimental one. Some differences
between the two calculations are visible at higher KERs, where
the flux obtained within the non-FCA is slightly larger and
located at somewhat higher energies than for the FCA. On the
basis of the calculations and by inspecting the contributions
of different vibrational levels to the spectra (not shown here)
an interpretation of our observations is straightforward. We
find that the largest contribution to SI originates from the
v = 2 state followed by those with v = 1 and v = 3, just
reflecting the initial distribution after the absorption of the first
photon. The slightly different KER position of the low-energy
maximum in the two calculations indicates small differences
in the population of vibrational states due to the R-dependent
ionization probability in the non-FCA.

Thus, the calculations lead to a straightforward interpreta-
tion of the low-energy peak: A set of vibrational levels are
excited on the 1sσg potential curve of the D2

+ molecule after
absorption of the first photon. Sequentially, if infinite time
in the calculations is assumed, a second photon is absorbed,
projecting the corresponding R distribution onto the repulsive
1/R potential curve such that the two maxima simply represent
the inner and outer turning points of the corresponding
vibrational states where the time-averaged density distribution
of the states is largest. Since ionization at small R is less
likely (because the FC overlap between intermediate and final
vibrational states is smaller near the inner classical turning
point), the maximum at the high-energy part of the KER
spectrum is slightly lower. As the length of the FEL pulse
is estimated to be about 30 fs and a wave packet launched in
the FC regime would travel to the outer turning point within
about 10–12 fs, the time-independent approach, under the
assumption that all R on the 1sσg surface are equally populated,
seems to be well justified.

It is very obvious, however, that sequential ionization alone
cannot explain the experimental high-energy peak in the KER
spectrum. To explain this contribution at EKER = 18.5 eV,
direct TPDI, where the nuclear wave packet has not moved
significantly, is needed in both model calculations [dash-dotted
line in Fig. 3(b)]. This provides clear evidence that we do
observe experimentally both the direct and the sequential TPDI
channels simultaneously and can distinguish between both
pathways through an indirect time measurement exploiting the
femtosecond nuclear motion. In particular, fragments with low
KERs can only be created via the sequential absorption of two
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photons projecting the D2
+ vibrational states created by the

first photon onto the repulsive 1/R curve at large internuclear
distances.

Several aspects should be kept in mind when comparing
the results of the model with experiment: (i) The present cal-
culations add the contributions of both channels incoherently,
thus possible interference between both channels is neglected.
Similar interference effects were recently predicted to occur in
three EUV-photon absorption processes [19]. (ii) The exper-
imental pulse duration is limited to about two round trips of
the vibrational wave packet that is launched by the absorption
of the first photon such that time-dependent effects, not yet
implemented into the calculations, might occur. (iii) We cannot
exclude additional experimental effects due to the essentially
unknown pulse structure of the FEL, which, depending on the
specific settings of the FEL, could change even during a single
experimental campaign. Measuring the KER distributions in
two different beam times we always find two peaks, but with
different relative weights, most likely due to the different actual
pulse durations and peak intensities achieved.

Finally, we also inspect the fragment-ion angular dis-
tributions. These can be characterized by a multipole ex-
pansion in terms of Legendre polynomials, dσ

d

= σ0

4π
[1+∑

i=1,...,n β2iP2i(cos θ )], where n is the number of absorbed
photons and β2i are the asymmetry parameters. FIADs for
the coincident D+ + D+ fragments have been extracted at
selected KERs by integrating events within ±1.5 eV around
the respective central value. The corresponding experimental
β2values from fits together with calculations are presented
in Fig. 3(c). The latter have been obtained within the
sequential model by assuming a random orientation of the
D2

+(v) produced after the first ionization step, that is, β2 =∑
v P v

1 β2(v)/
∑

v P v
1 , where β2(v) is the asymmetry parameter

of D2
+ in the vibrational states v. Good agreement between

theory and experiment is found. Surprisingly, the agreement is
also good at high KER where direct ionization, not taken into
account in the present calculations, significantly contributes,

thus indicating a possible isotropic FIAD for this process.
The fragments in between the two peaks display a slightly
more pronounced anisotropic angular distribution, β2 = −1.0,
hinting on an increased contribution of � symmetry. Finally,
within the experimental uncertainties, we do not observe
obvious quadrupole contributions (β4) to the FIADs induced
by two-photon absorption.

In summary, two-photon double ionization of D2 at 38-eV
photon energy has been explored by inspecting fragment-
ion angular distributions and kinetic energy releases in the
D+ + D+ final channel. We demonstrate that the KER spectra
encode the time in between the absorption of the two photons
through the internal molecular dynamics, enabling us to
distinguish between sequential and direct absorption pathways
and thus quantifying their relative contribution. Finally, the
FIADs are inspected and show distinct differences for the SI
and NSI, being in reasonable agreement with the theoretical
prediction for sequential ionization.
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We used a split-mirror setup attached to a reaction microscope at the free-electron laser in Hamburg (FLASH)
to perform an XUV-pump–XUV-probe experiment by tracing the ultrafast nuclear wave-packet motion in the
D2

+(1sσg) with <10 fs time resolution. Comparison with time-dependent calculations shows excellent agreement
with the measured vibrational period of 22 ± 4 fs in D2

+, points to the importance of accurately knowing the
internuclear distance-dependent ionization probability, and paves the way to control sequential and nonsequential
two-photon double-ionization contributions.

DOI: 10.1103/PhysRevA.81.051402 PACS number(s): 33.80.Eh

Remarkable developments in femtosecond laser technology
have significantly advanced our understanding of ultrafast
processes in physics and chemistry [1]. Among the recent,
most fascinating achievements are few-cycle laser pulses
in the near infrared (IR), now implemented in pump-probe
schemes imaging the subfemtosecond nuclear wave-packet
(WP) motions in molecules [2,3]. In addition, the feasibility
of localizing electrons in simple molecular reactions has been
demonstrated by controlling the carrier envelope phase of such
fields [4]. Other advances include the generation of attosecond
[extreme ultraviolet (XUV)] pulses that deliver unique insight
in nuclear and electronic dynamics in molecules [5–7] in
IR-XUV (or vice versa) pump-probe experiments.

In this Rapid Communication we report the realization of
a femtosecond XUV-pump–XUV-probe scheme that opens
a new chapter in ultrafast science by exploiting the huge
flux of about 1012 photons/pulse of the free-electron laser at
Hamburg (FLASH). We trace in real time the femtosecond
nuclear WP dynamics in a prototype system, the 1sσg ground
state of D2

+, populated with about 95% by absorption of one
photon (38 eV) from the pump pulse as depicted in Fig. 1(a).
The dynamics is captured by the time-delayed XUV probe
pulse which “sequentially” ionizes D2

+ and results in its
Coulomb explosion with the kinetic energy release (KER)
of the fragments, both measured in the reaction microscope
(REMI), and is proportional to the inverse of the internuclear
distance (R) at the instant of the second ionization.

The D2 molecule has been chosen because of its prototype
character for exploring the interplay between electronic and
nuclear motion in two-photon double ionization (TPDI) and
the availability of sophisticated calculations. TPDI of H2/D2

has sparked considerable interest in theory just recently [8,9]
and pioneering experiments using single XUV pulses have

been reported [10,11]. In Ref. [11] at 38-eV photon energy,
we demonstrated in a combined experimental and theoretical
investigation that “sequential” (involving real intermediate
states) and “direct” (via virtual levels) TPDI pathways can
be separated by measuring the KER of the D+ + D+ frag-
ments. By making use of the inherent nuclear motion of
the vibrationally excited molecular ion, initiated by the first
ionization step, contributions at lower KERs were related
to sequential double ionization since the WP has moved to
larger distances by the time the second photon is absorbed. A
quantitative determination of the time interval between both
photoabsorption events, however, was not possible.

Here, together with model calculations, we trace the WP
motion and, thus, the absorption of the second photon in TPDI
in real time. By choosing specific time delays we are able to
select instances in time for the second ionization step where
the D2

+ nuclear WP is either close to the outer or the inner
classical turning point in the bound 1sσg potential curve. This
way we extract information about the R dependence of the
ionization probability and, in comparison with theory, it points
to future ways to extract absolute direct TPDI cross sections.

Our experimental setup at FLASH [12] is comprised of
a REMI [13] equipped with an on-axis backreflection split-
mirror setup for focusing and pulse-pair creation. In contrast to
already existing pulse-splitting schemes based on broad-band
grazing incidence mirrors [14,15], our setup consists of a
spherical multilayer mirror (1-in. Mo/Si mirror, 50-cm focal
length, <10-µm focus diameter) that is cut into two identical
“half-mirrors” (so-called “half-moon” geometry). The mirror
has a reflectivity of 40%, sharply peaked around 38 eV so that
higher-order harmonic radiation from the FEL is efficiently
suppressed. While one half-mirror is mounted at a fixed
position, the other one is movable along the FEL beam axis by
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FIG. 1. (Color online) (a) Illustration of the dominant dissociative
pathways for direct and sequential TPDI of D2. (b) Density plot for
the experimental KER spectrum of coincident D+ + D+ fragments
as a function of delay time up to 80 fs. (c) The same as (b), but for
theoretical results.

means of a high precision piezostage. In this way a time delay
between both reflected light pulses is adjustable within a range
of ±1500 fs at a resolution of better than 1 fs. The time overlap
of both pulses was determined in a separate measurement
on delay-dependent multiple ionization of N2 [16], where
a sharp about ±5-fs-wide maximum in the ionization yield
at zero delay time was observed superimposed on a broad,
about ±30 fs, background structure. During the experiment
the intensity of the incoming FEL beam (10-mm diameter)
was equally distributed over both half-mirrors and the foci
were merged inside a dilute and well-localized beam (less
than 1-mm diameter) of cold D2 molecules in the center of
our REMI. With a focus diameter of ∼10 µm and pulse
energies of a few µJ at an estimated average pulse duration of
∼30 fs, we reached peak intensities of I ∼= 1013–1014 W/cm2

at a photon energy of 38 ± 0.5 eV. Ionic fragments were
projected by means of an electric field (40 V/cm) onto
a time- and position-sensitive detector (diameter, 120 mm;
position resolution, 0.1 mm) and recorded as a function of the
pump-probe time delay. From the measured time of flight and
position of each individual fragment the initial momentum
vectors were reconstructed. The energy resolution in the
KER spectra is better than 50 meV for all fragment energies
detected.

The dominant fragmentation pathways for direct and
sequential TPDI of D2 are illustrated in Fig. 1(a) and both
are expected to contribute with comparable amplitude in
each individual pulse (pump as well as probe) to the total
double-ionization yield at the present intensities [11]. In the
case of sequential ionization a nuclear WP in D2

+(1sσg)
is launched due to ionization by the first photon and then,
either within the same pulse or induced by the time-delayed
replica, projected onto the repulsive D+ + D+ Coulomb
potential after absorption of the second photon. According to
the reflection principle, and neglecting the bound-state nuclear
kinetic energies, the R-dependent shape of the WP is converted

into KER that is released in the Coulomb explosion of the
deuterons. Thus, the KER spectrum carries information about
the time delay between the two subsequent photoabsorption
events or, turning it around, information about the actual shape
of the molecular WP at the instant of the second ionization
step. Considering the fact that D2

+ may get ionized at any
R, ranging from the inner up to the outer classical turning
point of the WP in the D2

+(1sσg) potential, the corresponding
KER values are between 6 and 20 eV. In the case of direct
TPDI, where the molecule is promoted directly from the
neutral ground state into the double-ionization continuum
by instantaneous absorption of two photons via intermediate
virtual states, the observed KER spectrum exhibits a peak at
18 eV, corresponding to the equilibrium internuclear distance
Re of neutral D2. This interpretation is in agreement with
our recent single excitation pulse measurement, where we
demonstrated that direct and sequential TPDI pathways can
be separated due to their specific KER distributions [11].

The KER spectrum measured with the pump-probe setup
is shown in Fig. 1(b) as a function of the time delay between
both FEL pulses. Two pronounced horizontal bands around
EKER

∼= 18 and 10 eV are observed which can be attributed to
ionization of D2

+ at the inner or outer classical turning points,
respectively. Since the absorption of one photon from the pump
pulse launches a D2

+ nuclear WP, which is then probed during
the time-delayed probe pulse by further ionization, we expect a
time-dependent oscillatory behavior for the KER distribution.
The result of a projection of the two-dimensional (2D) data in
Fig 1(b) over the low KER band (from 6 to 12 eV) onto the
time axis is shown in Fig. 2(a). The periodic maxima occur
whenever the probe pulse meets the vibrating molecule at large
R. Hence, by varying the delay time the D2

+ vibrational WP
as well as sequential double ionization is probed at different
instants of time. A less pronounced, barely visible oscillation
is observed in the high KER band for a projection of all events

FIG. 2. (Color online) Pump-probe delay-time dependence of ion
yields in different KER regimes as indicated in the figure, after
proper background subtraction, as described in the text. Dashed
lines: theoretical ionization probabilities (right ordinate) for the
corresponding KER ranges.
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with 15 eV < EKER < 21 eV [Fig. 2(b)]. To some extent this is
expected because at small R (i.e., high KER) the contribution
from the direct double-ionization process is largest [11] and the
corresponding probability does not oscillate with delay time
because no vibrational WP is launched in the 1sσg state. Thus,
among other reasons, it might be the larger (time-independent)
background that dilutes the expected oscillations in the high
KER range [Fig. 2(b)].

In general, the oscillation (amplitude ∼20 counts) occurs
on top of a significant background of about 100 counts
(already subtracted in Fig. 2), consisting essentially of three
contributions. (i) The FEL pump pulse is strong enough to
generate direct as well as sequential TPDI at high KER. At the
same time the pulse duration is long enough, ∼30 fs, to produce
one-pulse sequential TPDI contributions at low KER as well
(see the details in [11]). (ii) The same is true for the probe
pulse alone, even though this contribution should be negligibly
small for an ideal overlap between both pulses since the pump
pulse will ionize all molecules in its focus with a probability
close to unity. (iii) Because the full width at half maximum
(FWHM) of the envelope of “many” individual self-amplified
spontaneous emission (SASE) pulses has been estimated (and
measured [15]) to be ∼30 fs, which means longer than the
round-trip time of the D2

+ WP, a pump-probe experiment
should deliver a mostly flat, time-independent behavior.

The question why the ∼20 fs motion of nuclear WPs can be
mapped at all, even observing structures as sharp as ∼7 fs, can
be answered in light of several recent measurements [14,15,17]
on the single-shot characteristics and the coherence length of
the SASE pulses, showing that they contain single spikes as
short as <7 fs (limited by the experimental resolution). Nonlin-
ear autocorrelation measurements for multiple ionization of N2

with our split-mirror setup [16], where the same pulse is used
for pump and probe and, thus, the width of the most prominent
peak of the spiky internal pulse structure sets the limit for the
achievable time resolution, deliver signals shorter than 7 fs. A
more detailed discussion of these results combined with basic
model calculations for nonlinear autocorrelation with atoms
and molecules, taking into account the spiky structure of the
statistically fluctuating FEL pulses, will be the subject of a
forthcoming publication [16].

In light of these results, we have calculated the KER for
sequential double ionization of D2 as a function of the pump-
probe delay time by solving the time-dependent Schrödinger
equation (TDSE) separately for the two ionization steps using
10-fs-cosine square-shaped XUV pulses. Single ionization by
the pump pulse (D2

0 ⇒ D2
+) is treated essentially without

approximations by including all electronic and vibrational
(dissociative) degrees of freedom (see, e.g., [18] and references
therein). In particular, the electron-electron interaction is
included. The time integration is stopped just at the end of the
pump pulse and the resulting nuclear WP, freely propagated
in time until the onset of the probe pulse, serves as a starting
point for the calculation of the second ionization step (D2

+ ⇒
D+ + D+), in which the presence of the first ejected electron
is ignored. The corresponding one-electron TDSE is solved
again essentially without approximations by using a method
similar to that described in [18] (in particular, the R-dependent
photoionization probability is taken into account). This model
is expected to yield an appropriate description of sequential

(pump-probe) double ionization. The delay-time-dependent
KER spectrum calculated for 1012 W/cm2 at 38 eV clearly
shows the WP motion [Fig. 1(c)] over the whole KER range,
closely resembling the temporal and spatial evolution of the
D2

+(1sσg) vibrational WP that is created after the pump
pulse. Results obtained with slightly longer pulses, containing
spikes such as those of the SASE pulses, are very similar.
The fact that the oscillatory structure in the theoretical KER
spectrum is considerably more pronounced than in experiment
[Fig. 1(b)] is a result of the discussed single pulse-induced
double-ionization processes that are not included in theory.
At high KER in particular the direct TPDI gives rise to a
time-independent background contribution.

In order to enable a quantitative comparison with theory,
we have subtracted the background contributions from the
experimental data for low (6–12 eV) and high (15–21 eV)
KER contributions by exploiting the time-dependent WP
motion. For times where the WP is at the inner (about
16 fs and 38 fs) or outer (about 9 fs and 30 fs) turning point,
respectively, we can generate the background contributions for
the high- and low-energy KER parts separately and subtract
them from the respective time-dependent traces shown in
Fig. 2. Comparison with the equivalent theoretical projections
yields good agreement, thus demonstrating that the model
has captured the essential physics. A Fourier analysis of the
low-energy KER oscillations, where we have slightly better
statistical significance, yields periods of 22 ± 4 fs and 23.8 fs
for experiment and theory, respectively, which is in very good
agreement with the expected 22-fs oscillation period of a freely
propagating nuclear WP in D2

+(1sσg) [19].
We can further extract experimental information on the R

dependence of the ionization probability for the D2
+(1sσg)

ground state by 38 eV photons by integrating (up to 80 fs)
the time traces of Fig. 1(b) for selected KER values. This
was done after a background correction to effectively sub-
tract direct (time-independent) two-photon double ionization
leaving behind those events that emerge from two-pulse
sequential ionization only. The results for �KER = ±1 eV
are shown in Fig. 3 together with theoretical ionization
probabilities using the Franck-Condon approximation (FCA)
and the R-dependent non-FCA from [11]. The theoretical
curves are normalized to the experimental results (same

FIG. 3. (Color online) KER-dependent D2
+(1sσg) ionization

probability obtained by integrating the KER spectrum of Fig. 1(b),
after background subtraction, in the time-delay interval 0–80 fs.
Lines: theoretical results (see text).
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maximum values). In qualitatively good agreement with theory
we find a decrease of the probability at high KERs (small R)
compared to low KERs (large R) with a slight preference for
the non-FCA result.

We would like to emphasize that the WP motion might
provide the key to unambiguously determining the cross
section for direct TPDI in the future. Using slightly reduced
photon energies (∼30 eV) sequential TPDI is not allowed at
small R [see Fig. 1(a)]. Then, any experimental observation
of high KER events at times (e.g., at 30 fs) where the WP is
at large R (small KER) must be entirely due to direct TPDI
induced by the pump pulse and/or the probe pulse. The ratio
of the integrated direct TPDI signal (high KER events) to
the sequential one, together with the theoretically available
sequential TPDI probability, will allow us to extract the direct
TPDI cross section which is much more difficult to calculate
and the subject of considerable interest for theory [8,9]. This
is true for not too intense pulses (<1013 W/cm2) such that
sequential three-photon processes do not significantly con-
tribute. The method would profit from shorter pulses (<10 fs)
recently demonstrated at the Linac Coherent Light Source.

In summary, a femtosecond XUV-pump–XUV-probe ex-
periment has been performed and time-dependent sequential
two-photon double ionization of D2 at 38 eV has been
explored. By measuring the KER via coincident D+ + D+
fragmentation detection we imaged the 1sσg D2

+ bound-state
vibrational WP, launched by ionization in the pump pulse via
its reflection on the Coulomb potential, and traced its motion
with <10 fs time resolution. Comparison with sophisticated
model calculations yields good overall agreement with the ex-
perimental delay-time-dependent KER spectrum, the observed
vibrational period of 22 ± 4 fs, as well as with information on
the R-dependent D2

+(1sσg) ionization probability.

Our XUV pump-probe scheme combined with many-
particle imaging methods opens a variety of future possibili-
ties. (i) Highly excited states can easily be reached within just
one frequency-controlled XUV pump step, such as metastable
dication states in N2

2+ [20] or doubly excited D2
∗∗ [18].

Moreover, light-induced conformational changes in molecules
(isomerization) [21] or investigations of the dynamics at
conical intersections [22,23] will become accessible. (ii) At
high-enough photon energies, the nuclear WP as a whole is
projected from position (R) to momentum space allowing
for its complete imaging, which is different from previous
measurements with IR lasers [2] where the WP could not
be traced at small R. (iii) Pump and probe steps are clean
in the sense that they ideally involve one-photon absorption
processes. (iv) Measuring the emitted electron by coincidence
will allow time-dependent “imaging of molecules from within”
[24].
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7.5 Ionization with a XUV isolated attosecond
pulse and monitoring with a few cycle IR
pulse [11,12]

The development of attosecond laser pulses allows one to probe the inner work-
ing of atoms and molecules on the timescale of the electronic response. In
molecules, attosecond pump-probe spectroscopy enable investigations of the
prompt charge redistribution and localization that accompany photo-excitation
processes, where a molecule is lifted from the ground Born-Oppenheimer po-
tential energy surface to one or more excited surfaces, and where subsequent
photochemistry evolves on femtosecond timescales. In this work we will present
a few examples of realistic molecular attosecond pump-probe theoretical pulse
and an intense infrared few-cycle pulse. A localization of the electronic charge
distribution within the molecule is calculated that depends -with attosecond
time-resolution- on the delay between the pump and probe pulses. The results
on these calculations are compared with recent experiment measurement and
allow us to propose two different mechanisms that explain the observations.
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1 Grupo de F́ısica Atómica y Molecular, Instituto de F́ısica, Universidad de Antioquia,
AA1226 Medelĺın, Colombia
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Abstract.
We show the relevance that molecular autoionizing states display in some recent experiments

related to the symmetry-breaking in molecular-frame photoelectron angular distributions in
H2 when exposed to intense xuv femtosecond laser pulses, and others related to the electron
(proton) localization when subject to attosecond pump-probe laser schemes. Our theoretical
method solves the time-dependent Schrödinger equation with an spectral method that expands
the wave function in terms of H2 correlated stationary vibronic states including all electronic
and vibrational degrees of motion. Time-resolved asymmetric electron angular distributions are
obtained at specific proton kinetic energies due to the delayed autoionization from H2 doubly
excited states, which induces interferences between gerade (1sσg) and ungerade (2pσu) ionization
channels. We also study photoionization of H2 exposed to a xuv attosecond pump pulse plus a
time-delayed IR femtosecond probe pulse. Fast alternating asymmetries in the proton ejection
(electron localization) are obtained as a function of the time delay between the pump and the
probe pulses. Finally, we deal with the process of (xuv) two-photon double ionization of H2

under the assumption of having both sequential and non-sequential absorption processes.

1. Introduction
Ultrashort femto (fs) and attosecond (as) laser pulses in the xuv region and tunable intensities
up to 1014 W/cm2 are currently generated through high-order harmonic generation (HHG) and
progressively available from free electron lasers (FEL) at even higher intensities. Also, time-
delayed radiation pulses in pump-probe schemes, presently generated by these sources, enable
the prospect of time-resolved spectroscopy to keep track of fast electronic and nuclear motions
in small molecules at attosecond time scales. Attosecond xuv pulses have already been applied
to verify the exponential Auger decay of core-excited states in atoms [1], which would allow
the possibility of investigating the complex non-exponential decay of molecular autoionizing
states and the ensuing expected effects in experimental observables, namely, angular and kinetic
energy distributions of fragments after dissociative photoionization. Furthermore, attosecond
pulse technology may be combined in the next future with kinematically complete experiments,
in which the momentum of all ejected fragments (electrons and ions) is determined in coincidence.
Such an experimental scenario may provide unprecedented insight into the dynamics of molecular
photoionization, provided that theoretical developments also meet the accompanying challenges.
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To answer some of the emergent questions, we have developed a sophisticated time-dependent
method to study photoionization processes in H2 when exposed to isolated xuv fs laser pulses
as well as time-delayed pump-probe xuv(as)-IR(fs) lasers. In the former case, we are able to
obtain time-resolved molecular-frame photoelectron angular distributions to better understand
the symmetry-breaking with respect to the nuclei inversion [2]. In the latter case, asymmetries
in the direction of proton ejection (or, equivalently, in the electron localization) are obtained as
a function of the time delay (with attosecond resolution) between a xuv 400 as pump and an IR
16 fs probe. Our results are supported by a recent attosecond molecular experiment [3]. Finally,
other recent experiments [4] for two-photon double ionization of D2 at photon energies of 38
eV can be also understood in terms of a pump-probe scheme of two identical photons absorbed
either instantaneously with zero delay (direct nonsequential process) or after a given time delay
(sequential process). We propose here a very simple theoretical model to interpret the peaks
appearing in the kinetic energy of photodissociation fragments.

2. Theoretical Method
In order to resolve the dynamics of the hydrogen molecule subject to ultrashort laser pulses in
the time domain, we use an spectral method for the solution of the time-dependent Schrödinger
equation (TDSE), that reads (atomic units are used unless otherwise stated)

(
H(0)(r, R) + V (t)− i

∂

∂t

)
Φ(r, R, t) = 0, (1)

where r labels both electronic coordinates r1 and r2, R is the internuclear distance and H(0)

is the H2 field-free non-relativistic Hamiltonian, H(0) = −∇2
R/2µ + Hel(r, R). Here Hel is the

electronic Hamiltonian (including the 1/R repulsion term) and V (t) = p ·A(t) represents the
laser-molecule interaction potential in the semiclassical dipole approximation, where p is the
dipole operator and A(t) is the vector potential. The latter corresponds to a pulse with a
photon energy ω and duration T , linearly polarized parallel to the internuclear axis (selection
rule ∆Λ=0 applies) or perpendicular to it (∆Λ =±1). Its modulus for t ∈ [0, T ] is

A(t) = A0 sin2
(
πt

T

)
cosωt (2)

and zero elsewhere, and the laser intensity I is related to the vector potential amplitude A0

through I = A2
0ω

2. In our spectral method [5, 6], the total time-dependent wave function
Φ(r, R, t) is expanded in a basis of fully correlated adiabatic Born-Oppenheimer (BO) vibronic
stationary states of energy Wk, which include the bound states, the doubly excited states and
the non resonant continuum states of H2:

Φ(r, R, t) =
∑
n

∑∫

vn

Cnvn(t)φn(r, R)χvn(R)e−iWnvn t +
∑
r

∑∫

vr

Crvr(t)φr(r, R)χvr(R)e−iWrvr t

+
∑

α,`α

∫
dεα

∑∫

vα

C`αεα
αvα

(t)ψ`αεα
α (r, R)χvα(R)e−iWεαvα t (3)

where φn, φr and ψ`ε
α represent the bound, doubly excited and continuum electronic states

of H2, respectively (see figure 1). Here, α denotes the full set of quantum numbers for the
electronic state of the residual molecular ion H+

2 with BO energy Eα(R) and the indices `α and
εα correspond, respectively, to the angular momentum and the kinetic energy of the ejected
electron in channel α. The electronic states in Eq. (3) result from the solution of the following
eigenvalue equations: i)[Hel − En(R)]φn(r, R) = 0, ii)[QHelQ− Er(R)]φr(r, R) = 0 and iii)
[PHelP − Eεα

α (R)]ψ`αεα
α (r, R) = 0, where P and Q = 1 − P are Feshbach projection operators
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Figure 1. (color online) Potential energy
curves of H2. The figure shows the six
lowest singly excited states of 1Σ+
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g symmetry below the first H+
2 threshold.

Above the latter (within the shadowed area)
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2 thresholds (also
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that project onto the resonant and non resonant parts of the continuum wave function and the
electronic continuum states have an energy Eεα

α (R) = Eα(R)+εα (see figure 2). The vibrational
(bound and dissociative) wave functions χvn , χvr and χvα are the solutions of a one-dimensional
Schrödinger equation that represents the relative motion of the two nuclei in the presence of the
potentials En(R), Er(R) and Eεα

α (R), respectively. For the electronic calculations of bound and
resonant states we make use of a CI procedure using H+

2 orbitals, represented in terms of a basis
set of 180 B-splines of order k=8, including angular momenta from `=0 to `=16 within a radial
box of size 60 a.u. Wave functions for the non resonant continuum ψ`ε

α are computed using a
L2 close-coupling approach following the procedure in Ref. [7]. By introducing the ansatz (3) in
the TDSE (1) one arrives to a set of coupled differential equations, which are integrated in time
beyond the pulse duration T (and also beyond the lifetime of resonant states to let them decay)
in order to get the expansion coefficients Ci(t → ∞), which are the basic quantities to extract
(by projecting appropriately) any dissociative photoionization probability. Besides, ψ`αεα

α (r, R)
states are indeed eigenstates of the unperturbed field-free Hamiltonian, and the projection of the
total wave function Φ(r, R, t) onto the ψ`αεα

α (r, R) states at t > T leads to probability amplitudes
that can be correctly expressed in terms of the C`αεα

αvα
expansion coefficients.

In particular, in experiments using multicoincidence reaction microscopes in which the
momentum of all emitted fragments (electrons and protons) is detected simultaneously, the
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direction in which the proton escapes along the internuclear axis in a dissociative ionization
process H2+ω →H++H+e− can be elucidated. Thus, molecular frame photoelectron angular
distributions (MFPAD) associated to the H + H+ and H+ + H dissociative ionization channels
may be obtained and distinguished, which means that such experiments provide a boundary
condition for proton localization. To satisfy such condition the total wave function Φ(r, R, t)
should be projected onto stationary continuum states that localize one of the protons in a given
center, for instance, up (U) or down (D), i.e., the bound electron is described asymptotically by
linear combinations of H+

2 ionization channels α. At the photon energies here considered (33 eV)
the ionization channels involved are α = 1sσg, 2pσu and one of the electrons (namely, electron
1) is described by the localized wave function 1sU,D(r1) = 1√

2
[1sσg(r1)±2pσu(r1)]. Accordingly,

the partial wave form of the asymptotically localized continuum state reads

ΦU,D =
1√
2

∑

`,m

i`e−iσ`(ε)Y∗lm(Ωe)
[
ψ`ε

1sσg
χvge

−iW1sσg,vg t ± ψ`ε
2pσu

χvue
−iW2pσu,vu t

]
, (4)

where σ`(ε) = argΓ(`+ 1− i/√2ε) is the Coulomb phase shift. Here and hereafter the electron
angular momentum value ` in the sums must be compatible with the total gerade (1Σ+

g ) or
ungerade (1Σ+

u ) symmetry of the two-electron state. In one-photon excitation only the final 1Σ+
u

continuum states for each H+
2 ionization channel are reached, but in multiphoton pump-probe

lasers both 1Σ+
g and 1Σ+

u states are populated. By projecting the total time dependent wave
packet Φ(r, R, t) onto the latter U or D asymptotic state one obtains the following expression
for the ionization probability, differential in both proton kinetic energy and solid angle of the
ionized electron:

d2PU,D

dEH+dΩe
=

1
2

∫
dε

∣∣∣∣∣∣
∑

`,m

i−`eiσ`(ε)Ylm(Ωe)(C`ε
1sσgvg

± C`ε
2pσuvu

)

∣∣∣∣∣∣

2

. (5)

Now, integrating over the solid angle, we may also obtain kinetic energy distributions for protons
measured in the up or down direction

dPU,D

dEH+

=
1
2

∫
dε

∑

`

(
|C`ε

1sσgvg
|2 ± 2Re(C`ε∗

1sσgvg
C`ε

2pσuvu
) + |C`ε

2pσuvu
|2

)
, (6)

and the total kinetic energy spectrum of protons (up + down) thus is

dP

dEH+

=
∫
dε

∑

`

(
|C`ε

1sσgvg
|2 + |C`ε

2pσuvu
|2

)
. (7)

In order to connect with experiments which may detect protons in both directions (up or
down), we define the nuclear asymmetry parameter β as follows:

β(EH+) =
(
dPU

dEH+

− dPD

dEH+

)
/
dP

dEH+

. (8)

Similarly, we define the asymmetry parameter for electron ejection by integrating in Eq. (5)
the electron angular coordinates dΩe only in the upper or in the lower semisphere.

3. Results
3.1. Molecular-frame electron angular distributions.
The combination of xuv laser pulses with multicoincidence detection techniques paved the way
to obtain fully differential photoelectron angular distributions for specific fragment (electrons
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and protons) energies and for well defined molecular orientations with respect to the laser
polarization axis. Recently, MFPAD were observed to break the inversion symmetry of H2

for linearly polarized synchrotron radiation of 33 eV and molecules oriented perpendicular to
the polarization axis. This asymmetry was theoretically attributed to the efficient interference
between ionization channels of different inversion symmetry, 1sσg and 2pσu, mediated by the
delayed autoionization process fromQ2

1Πu doubly excited states [2]. This theoretical prediction
was obtained within the framework of stationary scattering theory assuming radiation pulses of
infinite duration [8]. Here we investigate the origin of the asymmetry by using instead a time-
dependent method [9], that allows us to visualize the evolution of the photoelectron angular
distributions in time and its interplay with the autoionization process. We include in figure 3
the ionization probability as a function of the proton kinetic energy release (KER) for a pulse of
33 eV, intensity I=1012 W/cm2 and pulse duration T=10 fs. In the present case, H2 is oriented
parallel to the polarization axis and protons are emitted along this direction. This amounts to
consider only transitions among the Σ molecular states.

Figure 3. (color online) Proton kinetic en-
ergy spectrum and molecular frame photo-
electron angular distributions for H2 subject
to a xuv laser pulse of ω=33 eV, intensity
I=1012 W/cm2 and duration T=10 fs for
polarization parallel to the molecular axis.
Thick solid line: total ionization probability;
thin solid line: contribution from the 1sσg

ionization channel; thin dashed line: con-
tribution from the 2pσu ionization channel.
Electron angular distributions in display cor-
respond to proton kinetic energies 0.6, 6.1 and
7.1 eV. The molecular axis is oriented ver-
tically and H+ and H are indicated, respec-
tively, by red (upper) and grey (lower) balls.
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Figure 4. Asymmetry in the H2 photoelec-
tron angular distribution vs. proton kinetic
energy for an assortment of pulses with pho-
ton energy 33 eV, intensity I=1012 W/cm2

and different durations from T=2 fs up to
T=10 fs. The inset shows the behaviour of the
electron asymmetry with pulse duration for
three different KERs (4.8, 6.0 and 7.0 eV) for
which asymmetry presents a maximum and
electrons move preferably in the proton direc-
tion (up). This figure explains the symmetry
in the electron angular distributions at pro-
ton kinetic energy 0.6 eV, and the asymme-
try (most of electron ejection upwards) for 6.1
and 7.1 eV in figure 3.

In order to explicitly show the correlation between nuclear and electronic motion, we also
include MFPADs obtained at T > 10 fs at three specific proton energies. Electron asymmetry
is absent in the region of direct ionization to the 1sσg continuum (low KER), and it is evident
in the region where, firstly, autoionization from the Q1 resonances into the 1sσg continuum
channel enhances ionization at higher KER and, secondly, there is a significant overlap between
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the 1sσg and 2pσu ionization channels. This overlap is present only if autoionization from Q1

doubly excited states is included in the calculation, and angular asymmetries start to develop
as early as t ∼ 2 fs, approximately the autoionization lifetime of the lowest Q1

1Σu resonant
state. To supplement this finding, figure 4 shows the electron asymmetry parameter (see Theory
section) versus KER for a set of pulses of different duration (T=2-10 fs). Ultrashort pulses with
duration T ≤ 2 fs preclude electron asymmetry, since there is no time enough to develop gerade-
ungerade interferences. The pattern of oscillations in figure 4 reflects the particular quantum
interference between the two H2

1Σ+
u ionization continua, which is quite robust against different

pulse durations. This oscillatory pattern in the parallel orientation case implies that even in the
region where autoionization dominates symmetric angular distributions are expected at those
specific KER where nodes are present, at variance with the perpendicular orientation case (not
shown) in which asymmetry always happens.

3.2. H2 exposed to attosecond pump-probe laser pulses.
Following closely a pump-probe scheme used in a recent experiment [3], we expose the H2

molecule to the combined effect of an attosecond xuv pulse (with photon energy ωxuv=30 eV,
duration Txuv=400 as and intensity Ixuv=109 W/cm2) and a femtosecond few-cycle IR pulse
(with photon energy ωIR=1.65 eV, duration TIR=16 fs and intensity IIR=3 · 1012 W/cm2)
separated by a peak-peak time delay τ , which is varied from -5 to +12 fs. Large positive delays
imply that the IR pulse acts much later than xuv excitation. We assume that both lasers have
polarization parallel to the molecular axis. The theoretical implementation of this pump-probe
scheme makes our method very demanding computationally. In spite of the symmetry restriction
to Σ states due to the selected molecular orientation, we must include 1Σ+

g and 1Σ+
u continuum

states associated with both H+
2 (1sσg) and H+

2 (2pσu) ionization channels because IR photons
induce g − u transitions among these continua. Thus molecular continuum-continuum dipolar
couplings have been computed and included in the interaction matrix. Furthermore, due to the
broad bandwidth of the xuv as pulse (∼ 20 eV) all continuum states (and their vibrational ones)
below 50 eV (see figure 2) were included in the calculation, in addition to bound states and the
lowest Q1 and Q2 doubly excited states. It results in large scale close-coupling computations in
terms of more than 100,000 vibronic states.

Figure 5 shows calculated proton KER distributions as a function of the relative xuv-IR time
delay. In the region where both pulses overlap (τ ∼ 0 fs) one observes a significant increase of the
ionization yield for high energy protons at ∼ 6-8 eV along with a decrease at intermediate kinetic
energies, 3-5 eV (see also figure 3 for reference). This increase can be explained in terms of i)
an enhancement of the ionization into the 2pσu channel due to IR-laser 1Σg −1 Σu mixing from
1sσg and 2pσu ionization channels. ii) IR-photoionization of initially populated Q1 resonances.
For larger time delays (τ > 5 fs), autoionization is almost complete and these contributions at
6-8 eV eventually dissappear. The most noticeable feature appears at low kinetic energies (< 2
eV) and larger time delays (τ > 5 fs), which is attributed to bond softening of the bound H+

2
2Σ+

g (1sσg) vibrational wave packet induced by IR photons. In fact, its maximum is located at
τ ∼ +10 fs, just the arrival time to reach the outer turning point in the H+

2 potential curve. In
figure 6 we plot the nuclear asymmetry parameter β as a function of the delay, which provides a
measure of the electron localization by detecting the direction of proton emission (up or down)
with attosecond resolution. One observes strong asymmetries (U-D-U-...) that oscillate with
approximately the period of the IR pulse. The asymmetry is not present when using isolated xuv
pulses and is entirely caused by the presence of the IR pulse that mixes Σg and Σu continuum
states corresponding to different ionization channels (1sσg and 2pσu) but the same parity for
the ejected electron (`g even or `u odd). Three regions in the figure 6 (indicated by 1,2 and 3
in the plot) can be distinguished showing different patterns, tentatively associated to different
mechanisms represented in figure 7. In region 1 (close xuv-IR overlap) high energy protons are

XXVI International Conference on Photonic, Electronic and Atomic Collisions IOP Publishing
Journal of Physics: Conference Series 194 (2009) 012013 doi:10.1088/1742-6596/194/1/012013

6



Figure 5. (color online) Proton kinetic
energy distributions as a function of the time
delay between the attosecond xuv pulse and
the few-cycle IR pulse. Color scale follows
that of Figure 6 but starting from 0 instead
of -0.3 in arbitrary units.

Figure 6. (color online) Proton asymmetry
parameter β for the ejection of protons in
xuv+IR pump-probe dissociative ionization
of H2 as a function of the proton kinetic
energy release and the xuv-IR time delay. The
color scheme follows the scale shown at the
right side.

ejected (U or D) resulting from i) xuv excitation to 1Σ+
u (2pσuε`g) continuum, ii) then prompt

IR photon absorption into 1Σ+
g (2pσuε`u) continuum before autoionization takes place and iii) a

late interference with 1Σ+
u (1sσgε`u) continuum states, populated either by direct xuv ionization

or mainly by delayed autoionization of the Q1
1Σ+

u resonant states. Thus, autoionization at
small time delays must produce a different pattern of oscillations as compared with the region
of large delays. In the latter case (region 2), autoionization already elapsed and the fringes
are associated to population transfer between wave packets dissociating on the 2pσu and 1sσg

states of the molecular ion induced by the IR-laser. This implies that regions of large delays
could be roughly described by propagating wave packets exposed to an IR-laser in a simple H+

2

two-state model. Finally the small features in region 3 (low energy protons and large delays)
are attributed to bond-softening induced by the delayed IR-pulse over the 1sσg states initially
populated by xuv low energy photons (given the large bandwidth of the as pulse).

3.3. Two-photon double ionization: sequential versus non-sequential processes
We can also interpret recent experimental results [4] for two-photon double ionization of D2

exposed to FEL photons of 38 eV. Measured KER distributions related to emission of two
D+ ions can be understood in terms of two additive processes: a simultaneous absorption of
the two photons leading to direct double ionization and high energy ions coming from prompt
Coulomb explosion, and a sequential absorption in two steps mediated by the formation of D+

2 ,
that yields protons at lower kinetic energy. A proper theoretical treatment for a molecular
two-electron ejection combined with nuclear motion has not yet been developed. Nevertheless,
we can estimate the probability for the direct (and the sequential) process assuming a simple
Franck-Condon (FC) approximation. The sequential two-photon double ionization probability
PKER

seq can be obtained within our model by summing over all accessible intermediate vibrational
states of the D+

2 molecule. The probability mediated by each vibrational state v may be thus
written as the product of two independent probabilities corresponding to two separated steps:
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i) D2(vi = 0)+ω → D+
2 (v)+e− and ii) D+

2 (v)+ω → D++D++e−, where the latter occurs
after a time delay during which the nuclei evolve. Our oversimplified FC model rests in the
assumption that each individual photoionization event occurs rapidly compared to vibration or
dissociation so that electronic dipole matrix elements barely change with internuclear distance
and they can be factored out the R-integrals. In spite of the simplicity of the model, our D+

KER distribution is similar to the experimental findings and the physical processes involved are
qualitatively explained (see Figure 8).
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LETTERS

Electron localization following attosecond molecular
photoionization
G. Sansone1*, F. Kelkensberg2*, J. F. Pérez-Torres3*, F. Morales3*, M. F. Kling4, W. Siu2, O. Ghafur2, P. Johnsson2,5,
M. Swoboda5, E. Benedetti1, F. Ferrari1, F. Lépine6, J. L. Sanz-Vicario7, S. Zherebtsov4, I. Znakovskaya4, A. L’Huillier5,
M. Yu. Ivanov8, M. Nisoli1, F. Martı́n3 & M. J. J. Vrakking2,9

For the past several decades, we have been able to directly probe
the motion of atoms that is associated with chemical transforma-
tions and which occurs on the femtosecond (10215-s) timescale.
However, studying the inner workings of atoms and molecules on
the electronic timescale1–4 has become possible only with the
recent development of isolated attosecond (10218-s) laser pulses5.
Such pulses have been used to investigate atomic photoexcitation
and photoionization6,7 and electron dynamics in solids8, and in
molecules could help explore the prompt charge redistribution
and localization that accompany photoexcitation processes. In
recent work, the dissociative ionization of H2 and D2 was moni-
tored on femtosecond timescales9 and controlled using few-cycle
near-infrared laser pulses10. Here we report a molecular atto-
second pump–probe experiment based on that work: H2 and D2

are dissociatively ionized by a sequence comprising an isolated
attosecond ultraviolet pulse and an intense few-cycle infrared
pulse, and a localization of the electronic charge distribution
within the molecule is measured that depends—with attosecond
time resolution—on the delay between the pump and probe
pulses. The localization occurs by means of two mechanisms,
where the infrared laser influences the photoionization or the
dissociation of the molecular ion. In the first case, charge locali-
zation arises from quantum mechanical interference involving
autoionizing states and the laser-altered wavefunction of the
departing electron. In the second case, charge localization arises
owing to laser-driven population transfer between different
electronic states of the molecular ion. These results establish atto-
second pump–probe strategies as a powerful tool for investigating
the complex molecular dynamics that result from the coupling
between electronic and nuclear motions beyond the usual Born–
Oppenheimer approximation.

Following the successful development of isolated attosecond laser
pulses less than a decade ago5, their use in studying atomic photo-
excitation and photoionization6,7 and electron dynamics in solids8

has raised the prospects that molecular sciences may similarly benefit
from the introduction of attosecond techniques. The timescale for
the motion of atoms associated with chemical transformations is
necessarily in the femtosecond domain, but the electronic rearrange-
ment that accompanies the sudden removal or excitation of a selected
electron is intrinsically faster. Indeed, the removal of electrons
involved in chemical bonding may result in hole dynamics on sub-
or few-femtosecond timescales in systems including biomolecules

and biomolecular complexes11,12. Extremely fast molecular dynamics
involving electron correlation can also be initiated by the excitation of
doubly excited states and by subsequent autoionization processes13,14.

Existing experimental implementations of attosecond tech-
niques15–18 do not readily lend themselves to the study of intramole-
cular electronic rearrangement processes. We therefore measure
angular asymmetries in the momentum distributions of fragments
that result from dissociative ionization, as these asymmetries are
directly related to charge dynamics. As a benchmark, we investigate
the dissociative ionization of hydrogen molecules (H2, D2) and pre-
sent experimental results mainly for D2 (for which data are of higher
quality). Computational results are for H2 (for which close-coupling
calculations allow a more extensive exploration of the experimental
conditions), but are occasionally compared with H2 measurements
that are of lower quality but show behaviour analogous to the D2

measurements.
The choice of hydrogen as the subject of our investigation follows a

rich tradition19,20. An attractive feature of H2 is that its (intense-field)
dissociative ionization can often be understood in terms of the two
lowest electronic states, 2Sg

1(1ssg) and 2Su
1(2psu), of the molecular

ion (Fig. 1a). Our experiment (see Methods for details) combines an
isolated attosecond extreme-ultraviolet (EUV) pulse21, the spectrum of
which extended from 20 to 40 eV, with a (time-delayed) intense infra-
red pulse with identical linear polarization and a full-width at half-
maximum of 6 fs. These dissociate hydrogen molecules to produce the
ionic fragments H1 or D1, the velocity and angular distribution of
which are then measured22. Fig. 1b shows measured kinetic energy
spectra for D1, which in the absence of the infrared beam (top trace)
have a broad kinetic energy distribution consistent with earlier experi-
mental and theoretical work23. Figure 1c shows calculated kinetic energy
spectra for H1. These are obtained by solving the time-dependent
Schrödinger equation (TDSE) for H2 using a close-coupling method14,
taking into account all electronic and vibrational (dissociative) degrees
of freedom. Because the calculations are performed in real, three-
dimensional space, they therefore include the effect of electron correla-
tion and interferences between different ionization and dissociation
pathways (see Methods for full details). We focus on the detection of
fragments from molecules aligned parallel to the laser polarization axis,
so our calculations only include states of S symmetry.

On EUV excitation, several pathways can lead to dissociative ion-
ization. The relative weights of the observed pathways depend on the
energy of the ionizing photon and on the angle between the directions
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of ionic fragment observation and laser polarization23. For photon
energies up to hn 5 25 eV (where h is Planck’s constant and n is the
photon frequency), direct ionization forms the molecular 2Sg

1(1ssg)
state and releases a small fraction (2%) of low-kinetic-energy ionic
fragments (Ek , 1 eV). For photon energies between hn 5 25 eV and
hn 5 36 eV, a parallel transition preferentially excites molecules
aligned along the polarization axis to the doubly excited Q1

1Su
1

states; subsequent autoionization to the 2Sg
1(1ssg) state produces

ionic fragments with a kinetic energy that spans the range 0–10 eV
but lies primarily between 2 and 7 eV (refs 24, 25). Direct ionization to
the repulsive 2Su

1(2psu) state becomes possible at hn 5 30 eV. At
energies above hn 5 38 eV, the full range of internuclear distances
sampled by the ground state of H2 can participate in this channel,
leading to high-energy fragments (Ek 5 5–10 eV). Above 31 eV, a per-
pendicular transition preferentially excites molecules aligned ortho-
gonally to the laser polarization axis to the Q2

1Pu doubly excited
states. These states autoionize to both the 2Sg

1(1ssg) state and the
2Su

1(2psu) state, resulting in ionic fragments with kinetic energies of
1–5 eV and 5–8 eV, respectively23. Because the evaluation of the kinetic
energy distributions in the experiment forces us to include ionic frag-
ments within a 45u cone around the laser polarization axis, involve-
ment of the Q2

1Pu states cannot be ruled out a priori.
When the molecules furthermore interact with a few-cycle infrared

pulse, the kinetic energy distributions of the ion fragments change. This
is illustrated in Fig. 1d, e, which shows experimental D1 and calculated
H1 kinetic energy distributions as functions of the relative delay, t,
between the attosecond and infrared pulses. (We note that calculations
could be performed only for infrared intensities up to 3 3 1012 W cm22

and for EUV–infrared delays of up to 12 fs, whereas experimental infra-
red intensities may have been higher by as much as a factor of two.)

In the low-energy regime (Ek , 1 eV), the infrared pulse causes
bond-softening of the bound 2Sg

1(1ssg) vibrational wave packet.
The effect peaks at t 5 110 fs, when the wave packet is near the outer
turning point of the potential energy curve9,26. When the EUV and
infrared pulses overlap (t < 0 fs), the ion signal at kinetic energies of
around 8 eV increases strongly and decreases at intermediate energies
(3 eV , Ek , 5 eV). Guided by the close-coupling calculations, we
attribute the high-energy ion signal enhancement to an increase in
the excitation cross-section of the 2psu continuum state caused by
infrared-laser-induced mixing of the 2psu and 1ssg states. The
increase may also contain contributions from photoionization of
the Q1

1Su
1 doubly excited states by the infrared laser. For longer

time delays (t . 8 fs), the kinetic energy distribution above 1 eV does
not change appreciably with delay and resembles the distribution
obtained in the absence of the infrared field (Fig. 1b, c).

Dissociative ionization of H2 lends itself to the observation of both
laboratory-frame and molecular-frame asymmetries. The first corre-
sponds to an asymmetry in the fragment ejection along the laser
polarization axis, and the second corresponds to a correlation or
anticorrelation in the direction of emission of the ionized electron
and the ionic fragment. Laboratory-frame asymmetries were previ-
ously observed in dissociative ionization of D2 by a carrier-envelope
phase-locked infrared laser pulse10, and symmetry-breaking in the
molecular frame was observed in single-photon EUV dissociative
ionization of H2 and D2, mediated by autoionization of the Q2

1Pu

state27.
We define laboratory-frame asymmetries, A(Ek, t), as

A(Ek,t)~
NL(Ek,t){NR(Ek,t)

NL(Ek,t)zNR(Ek,t)zd
ð1Þ

where NL(Ek, t) and NR(Ek, t) indicate the numbers of ions arriving
within 45u of the polarization axis on the left- and, respectively, right-
hand sides of the detector, and d is a small number that prevents a
singularity when NL(Ek, t) 1 NR(Ek, t) vanishes.

Over almost the entire kinetic energy range in which D1 and H1 ions
are formed, asymmetries are observed that oscillate as functions of t, as
shown in Fig. 2a (D1) and Fig. 2c (H1). Delaying the infrared laser by
one-quarter of the infrared period (650 as) or by one-half of the infra-
red period (1.3 fs) leads to a disappearance or, respectively, a reversal of
the electron localization. The phase of the asymmetry oscillations
strongly depends on the kinetic energy of the fragment that is measured.

The asymmetries can be understood by writing the two-electron
wavefunction of singly ionized H2 as

Y~c1½1ssg(1)elg(2)�gzc2½1ssg(1)elu(2)�u
zc3½2psu(1)elu(2)�gzc4½2psu(1)elg(2)�u

ð2Þ

where, for simplicity, the wavefunction has not been antisymme-
trized with respect to electrons 1 and 2, and the ionized electron 2
is described by a continuum orbital of well-defined energy e and
angular momentum lg or lu. The observation of a fragment asym-
metry relies on the formation of a mixed-parity superposition state
that contains contributions (at the same fragment kinetic energy and
for the same angular momentum, lu or lg) from both the 1ssg state
and the 2psu state. This can be recognized from the following expres-
sions for wavefunctions of H2

1 1 e2 that have the bound electron
localized on the left (YL) or the right (YR) proton:

YL~½1ssg(1)z2psu(1)�elg,u(2)

YR~½1ssg(1){2psu(1)�elg,u(2)
ð3Þ
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From equations (1)–(3), we see that

NL(Ek,t){NR(Ek,t)~4Re½c1c4
�z c2c3

��
Thus, a laboratory-frame asymmetry is formed by a mixed-parity
superposition in which the continuum electron has the same angular
momentum, lu or lg, in both ionic states, with c1, c4 ? 0 and, respec-
tively, c2, c3 ? 0 (ref. 10). In contrast, a molecular frame asymmetry is
caused by an interference of the first and third terms in equation (2),
for c1, c3 ? 0, or the second and fourth terms, for c2, c4 ? 0 (ref. 27).

The values of A(Ek, t) can be accurately evaluated from the two-
electron wavefunction obtained in the close-coupling calculation,
and we find that they reproduce the observed oscillations in
A(Ek, t) with the periodicity of the infrared laser (Fig. 2b). The asym-
metry oscillations are very pronounced for delays of up to 7 fs and
kinetic energies above 5 eV, and decrease in amplitude for delays of
more than 7 fs and kinetic energies below 5 eV.

In the absence of the infrared pulse, the EUV photoionization
produces a two-electron wavefunction in which only c2 and c4 are
non-zero, thereby precluding the observation of a laboratory-frame
asymmetry. The infrared laser can cause an asymmetry either by chan-
ging the wavefunction of the continuum electron (mechanism I;
Fig. 3a) or by changing the wavefunction of the molecular ion (mech-
anism II; Fig. 3c): mechanism I occurs as a result of the influence of the
infrared laser during the photoexcitation process, whereas mechanism
II occurs as a result of the interaction of the molecular ion with the
infrared laser during the dissociation process.

The asymmetry oscillations in Fig. 2b in the region where the EUV
and infrared pulses overlap (t , 8 fs) occur under conditions in which
EUV-only ionization produces high-energy fragments (from excita-
tion of the 2psu state) accompanied by the emission of an s electron
(c4 ? 0). However, the interaction of the infrared laser with this
photoelectron redistributes the wavefunction over several angular
momentum states, including the p continuum (c3 ? 0; see Sup-
plementary Fig. 1). At the same time, autoionization of the

Q1
1Su

1(1) state (and, to a lesser extent, direct ionization) leads to
the formation of a dissociative wave packet in the 1ssg state that is
primarily accompanied by the emission of a p electron (c2 ? 0; see
Supplementary Fig. 1). Further support for the involvement of the
Q1

1Su
1(1) state is suggested by results of a close-coupling calculation

in which direct excitation to the 1ssg state by the EUV pump was
artificially suppressed (Fig. 3b): fringes in the region with t , 7 fs
and Ek . 5 eV are still apparent, even though no wave packet is ini-
tially produced in the 1ssg state. Given these lines of evidence, we
conclude that mechanism I (Fig. 3a) successfully explains the asym-
metry oscillations observed for temporal overlap of the EUV and
infrared pulses: these oscillations result from interference of one wave
packet in the 1ssg state, predominantly formed by autoionization of
the Q1

1Su
1(1) doubly excited state, with a wave packet in the 2psu

state, formed through EUV photoionization and with the continuum
electron absorbing one or more photons from the infrared field.

Mechanism I occurs only when the EUV and infrared pulses over-
lap, whereas mechanism II requires only that the infrared pulse be
intense during the dissociation of the molecule so it can induce
population transfer between a wave packet dissociating in the 2psu

state and the 1ssg state (Fig. 3c). Because close-coupling calculations
were restricted to intensities #3 3 1012 W cm22 and to the excitation
of states of S symmetry, the effects of mechanism II are only weakly
visible in Fig. 2b. Nevertheless, it is expected to be dominant at the
intensities where the experiments were performed and is clearly
evident in calculations, performed by numerical integration of the
one-dimensional TDSE, that describe the evolution of a vibrational
wave packet initially placed in the 2psu state of the H2

1 ion (Fig. 3d).
Moreover, under our experimental conditions the potential involve-
ment of the Q2

1Pu doubly excited states implies a larger population
of the 2psu states than is calculated and, therefore, a reinforcement of
the asymmetry at long delays in the region with Ek . 5 eV.
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Results similar to those in Fig. 3d are obtained from an even
simpler, semi-classical Landau–Zener model (Methods). In this
model, the infrared-laser-induced population transfer during dis-
sociation can be understood in terms of so-called quasistatic states,
which are the eigenstates of the 1ssg–2psu two-level problem in the
presence of a (static) electric field:

Y1~ cos½h(t)�(1ssg)z sin½h(t)�(2psu)

Y2~{ sin½h(t)�(1ssg)z cos½h(t)�(2psu)
ð4Þ

Here h(t) is related to the splitting, v0(R), between the 1ssg and 2psu

states and to the infrared-laser-induced dipole coupling, Vg,u(R, t) 5
2m(R)E(t), where m(R) is the electronic dipole moment, by28

tan½2h(t)�~{2Vg,u(R,t)=v0(R)

Early on in the dissociation process, when v0(R)?m(R)E(t), the
Landau–Zener transition probability is small and the nuclear wave
packet remains in Y2. When v0(R) < m(R)E(t), the nuclear wave
packet breaks up into a coherent superposition of the quasistatic states,
which now furthermore begin to resemble the localized states YL and
YR. Near the end of the dissociation, when v0(R)=m(R)E(t), the
nuclear wave packet switches between the two quasistatic states. This
merely reflects the fact that the electron is no longer able to switch from
left to right, and ensures that the localization acquired in the inter-
mediate region persists. The correlated dependence of the asymmetry
on Ek and t is caused by the dependence of the localization process on
the internuclear distance at which the nuclear wave packet is launched.

Rapid electronic processes on timescales reaching into the atto-
second regime define our natural environment and are at the heart of
photophysical, photochemical and photobiological processes that
allow and sustain life. This work has shown that combined experi-
mental and computational efforts allow the use of attosecond pulses
for the exploration of molecular systems, thereby establishing a point
of departure for the direct investigation of multi-electron dynamics
such as electron transfer/localization and autoionization, and of the
coupling between electronic and nuclear degrees of freedom on time-
scales approaching the atomic unit of time.

METHODS SUMMARY

We obtained the attosecond EUV and intense infrared pulses from linearly

polarized few-cycle infrared laser pulses with a controlled carrier-envelope

phase. The isolated 300–400-as EUV pulses had a spectrum that extended from

20 to 40 eV, and their linear polarization was identical to that of the intense

infrared pulses, which had full-widths at half maximum of 6 fs. The relative time

delay between the two pulses was changed with attosecond time resolution. The

EUV and infrared laser beams were crossed with an effusive H2 or D2 gas jet

emerging from a capillary incorporated into a velocity-map imaging spectro-

meter set-up that allows retrieval of the three-dimensional velocity distribution

of the ions generated in the two-colour dissociative ionization. To interpret the
experimental observations, we solved the TDSE for H2 using a close-coupling

method that includes the bound states, the 2Sg
1(1ssg) and the 2Su

1(2psu)

ionization continua, and the doubly excited states embedded in them. The

calculations take into account all electronic and vibrational (dissociative)

degrees of freedom, and include the effect of electron correlation and interfer-

ences between different ionization and dissociation pathways.

Full Methods and any associated references are available in the online version of
the paper at www.nature.com/nature.
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METHODS
Experimental methods. To generate both beams, linearly polarized few-cycle

infrared laser pulses with a controlled carrier-envelope phase were divided into a

central and an annular part using a drilled mirror. The polarization state of the

central part was modulated in time using two birefringent plates to obtain a short

temporal window of linear polarization around the centre of the pulse. This laser

beam was focused in a krypton gas jet to generate an EUV continuum through

high-order harmonic generation29. A 100-nm aluminium filter was used to

eliminate low-order harmonics and the infrared radiation, and provided partial

dispersion compensation of the transmitted EUV light. In this way, single atto-
second pulses with a duration of between 300 and 400 as were produced21. The

attosecond pulses were focused, using a grazing-incidence toroidal mirror, into

the interaction region of a velocity-map imaging spectrometer. The annular part

of the original infrared beam was focused using a spherical mirror and collinearly

recombined with the attosecond pulse using a second drilled mirror. The relative

time delay between the two pulses was changed with attosecond time resolution

using a piezoelectric stage inserted in the interferometric set-up. The EUV and

infrared laser beams were crossed with an effusive H2 or D2 gas jet which emerged

from a 50-mm-diameter capillary that was incorporated into the repeller elec-

trode of the velocity-map imaging spectrometer30. Ions generated in the two-

colour dissociative ionization were projected onto a dual microchannel plate

plus phosphor screen detector. Two-dimensional ion images were acquired

using a low-noise charge-coupled-device camera, and allowed retrieval of the

three-dimensional velocity distribution of the ions.

Numerical methods. The two-electron close-coupling calculations were per-

formed using an extension of the method reported in ref. 14. Briefly, we solved

the seven-dimensional TDSE

ĤH0(r1,r2,R)zV (t){i
L
Lt

� �
W(r1,r2,R,t)~0

where r1 and r2 are the position vectors of electrons 1 and 2, respectively (each

three-dimensional), R is the internuclear distance (one-dimensional), ĤH0 is the

H2 field-free non-relativistic Hamiltonian, W is the time-dependent wavefunction

and V(t) is the laser–H2 interaction potential in the dipole approximation, which

is a sum of two terms respectively corresponding to the EUV and infrared pulses

separated by a peak-to-peak time delay t, V(t) 5 VEUV(t) 1 VIR(t 1 t), with

respective frequencies vEUV and vIR and durations TEUV and TIR. Each pulse

has a squared-cosine temporal envelope and is given by the analytical formula

Vk(t ’)~
p.A0

k cos2 (p t ’=Tk) for {Tk=2ƒt ’ƒTk=2

0 elsewhere

�

where t9 5 t for the EUV pulse, t9 5 t 1 t for the infrared pulse, p is the dipole

moment and A0
k is the vector potential of the laser. In all calculations, we used

vEUV 5 30 eV, TEUV 5 400 as and IEUV 5 (A0
EUV)2vEUV 5 109 W cm22, where

A0
EUV and IEUV are respectively the vector potential and the intensity of the

attosecond pulse, and vIR 5 1.65 eV, TIR 5 16 fs (corresponding to a pulse duration

with a full-width at half-maximum of 6 fs) and IIR 5 (A0
IR)2vIR 5 3 3 1012 W cm22,

where A0
IR and IIR are respectively the vector potential and the intensity of the

infrared pulse, and t was varied from 0 to 12 fs. We solved the TDSE by expanding

the time-dependent wavefunction, W, in a basis of fully correlated H2 vibronic

stationary states of Sg
1 andSu

1 symmetries, which include the bound states, the

non-resonant continuum states associated with the 1ssg and 2psu ionization

channels, and the lowest Q1 and Q2 doubly excited states. In this calculation,

the TDSE was effectively six-dimensional and the results are exclusively valid

for H2 molecules oriented parallel to the polarization direction. The electronic

part of the vibronic states is calculated in a sphere of radius 160 a.u. and the

nuclear part in a sphere of radius 12 a.u. The sizes of these spheres are large

enough to ensure that there are no significant reflections of electronic and nuclear

wave packets at the sphere boundaries for propagation times less than

t 1 (TEUV 1 TIR)/2. Non-adiabatic couplings and molecular rotations were

neglected.

The two-electron wavefunction that was obtained in the close-coupling cal-

culation lends itself to a detailed analysis of the mechanisms that lead to the

measurement of laboratory-frame asymmetries in the dissociative ionization of

the molecule. As an example, Supplementary Fig. 1 shows the angular

momentum and electronic state-resolved delay dependence of H1 ions with a

fragment kinetic energy in the interval [7.5 eV, 8.5 eV]. Angular momenta lg and

lu respectively stand for lg ; (1ssgel)g and lu ; (2psuel)u for l 5 0 (sg,u wave),

l 5 2 (dg,u wave), … (even l) and lg ; (2psuel)g and lu ; (1ssgel)u for l 5 1 (pg,u

wave), l 5 3 (fg,u wave), … (odd l). A (time-dependent) asymmetry is expected

when for a given angular momentum a substantial population is simultaneously

present in both the 1ssg state and the 2psu state (g and u).

In analysing mechanism II, we performed one-dimensional TDSE calculations

that describe the evolution of a wave packet initially in the 2psu state and centred

at the H2 equilibrium distance. In these calculations, only the 1ssg and 2psu

states were included and the infrared pulse was launched at different times to

simulate the delay, t, between the pump and probe pulses. We also used the

Landau–Zener model, in which the transition probability between the two

dressed states of equation (4) is given by9

W~ exp
{pv2

0(R)

4vIRm(R)E0(t)

� �

where E0(t) is the envelope of the laser pulse. We used this to evaluate the

probability for a diabatic transition and, hence, the population in the quasistatic

states. This led to an asymmetry parameter that is similar to that obtained from

the one-dimensional TDSE calculations.

29. Sola, I. J. et al. Controlling attosecond electron dynamics by phase-stabilized
polarization gating. Nature Phys. 2, 319–322 (2006).

30. Ghafur, O., Siu, W., Kling, M., Drescher, M. & Vrakking, M. J. J. A velocity map
imaging detector with an integrated gas injection system. Rev. Sci. Instrum. 80,
033110 (2009).
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7.6 Ionization with a train of XUV attosecond
pulses and monitoring with a few cycle IR
pulse [13]

With the advent of time-resolved spectroscopy with attosecond resolution, ul-
trafast electron dynamics in atoms and molecules becomes an attractive field of
research. Attosecond spectroscopy is based on the generation of attosecond light
pulses by using high-order harmonic generation (HHG). Nowadays, attosecond
pulses are generated in the form of attosecond pulse trains (APT) [97] as well
as isolated attosecond pulses [98]. Successful applications of attosecond spec-
troscopy in atoms [99] and, more recently, in molecules [12] have been demon-
strated. In our previous work [12], electron localization in the ion fragments was
resolved with attosecond resolution in the dissociative photoionization of H2, ini-
tiated by a single attosecond pulse and probed by a few-cycle infrared (IR) field.

Here we have used instead an APT laser pumping, built from odd harmonics
H11 to H27 (centered at H19) of a parent 780 nm IR field, and report the effects
on the kinetic energy release (KER) spectrum for D+ fragments ejected along
the laser polarization axis. Strong oscillations in the fragment ion yields as a
function of the pump-probe time delay are observed and confirmed by theoret-
ical calculations. The APT firstly ionizes D2 into continuum states of both 1σg
and 1σu channels located at the IR-odd harmonics. Q1Σ

+
u doubly excited states

are also simultaneously excited. The delayed IR field then couples continuum
states, within the same ionization channel or between different channels. The
absorption/emission due to 1σg → 1σu IR-couplings results in RABBITT–like
sidebands located at the even harmonics in the photoelectron spectrum. Oscil-
lations in the D+ KER are explained in terms of quantum interferences between
ionization pathways contributing to these sidebands.
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We report experiments where hydrogen molecules were dissociatively ionized by an attosecond pulse

train in the presence of a near-infrared field. Fragment ion yields from distinguishable ionization channels

oscillate with a period that is half the optical cycle of the IR field. For molecules aligned parallel to the

laser polarization axis, the oscillations are reproduced in two-electron quantum simulations, and can be

explained in terms of an interference between ionization pathways that involve different harmonic orders

and a laser-induced coupling between the 1s�g and 2p�u states of the molecular ion. This leads to a

situation where the ionization probability is sensitive to the instantaneous polarization of the molecule by

the IR electric field and demonstrates that we have probed the IR-induced electron dynamics with

attosecond pulses.

DOI: 10.1103/PhysRevLett.107.043002 PACS numbers: 33.80.Eh, 42.65.Ky, 82.53.Eb

The prospect of observing and controlling ultrafast elec-
tron dynamics in molecular systems is the basis of the
current interest to apply attosecond (1 as ¼ 10�18 s) laser
pulses to physical chemistry. Since the first demonstration
of attosecond pulses [1,2], pioneering experiments have
demonstrated their potential in atoms [3,4], solid state
systems [5], and, most recently, molecules [6], where
interest has been stimulated by numerical studies which
suggest that an electronic (i.e., attosecond or few-
femtosecond) time scale may be important in fundamental
chemical processes [7,8]. The inherent multielectron na-
ture of the electron dynamics in many molecular systems is
a formidable challenge to theoreticians and experimental-
ists alike, and requires the development of novel theoreti-
cal and experimental techniques.

Attosecond pump-probe spectroscopy is based on the
generation of attosecond light pulses by high harmonic
generation. Presently, attosecond pulses exist as attosecond
pulse trains (APTs) [1] and as isolated attosecond pulses
[2]. The first application of attosecond pulses to follow
rapid electron dynamics in a molecule revealed that
the dissociative ionization of hydrogen by a two-color
extreme-ultraviolet ðXUVÞ þ IR field results in a localiza-
tion of the bound electron in the molecular ion that depends
with attosecond time resolution on the time delay between
the attosecond XUV pulse and the IR laser pulse [6]. This
could be observed via an asymmetry of the ejected frag-
ments in the laboratory frame, i.e., after the dissociation
was complete [9]. A similar experimental result was also

obtained using an APT [10]. In these experiments the
attosecond pulses initiated electron dynamics that was
subsequently addressed by an IR pulse. A next challenge
is to use attosecond pulses as a probe of ultrafast molecular
electron dynamics. In this Letter we do so by investigating
how a moderately intense IR field influences the electronic
states that are accessed in photoionization of hydrogen
using an APT.
In the experiment, an XUV APT (with two pulses per

IR cycle) and a 30 fs FWHM 780 nm (IR) pulse
(3� 1013 W=cm2) with identical linear polarization were
collinearly propagated and focused onto an ensemble of
hydrogen or deuterium molecules. High harmonic genera-
tion in krypton created odd harmonics H11 up to H27. Such
a spectrum allows direct ionization to the first excited ionic
state (2p�u), but limits the excitation of higher-lying states
as much as possible. The three-dimensional velocity dis-
tributions of Hþ and Dþ were measured using a velocity
map imaging spectrometer [11] with a gas-injection system
integrated into the repeller electrode [12]. The delay be-
tween the APT and the IR field was scanned in steps of
200 as, i.e., at an approximately 10 times higher time
resolution than in Ref. [13], where vibrational wave packet
dynamics was investigated. Although only results for deu-
terium molecules will be presented here, hydrogen mole-
cules show analogous behavior.
In Figs. 1(a) and 1(b) fragment kinetic energy spectra

resulting from the interaction of D2 with the APT only are
shown for fragments ejected parallel and perpendicular to
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the laser polarization (black solid lines). We choose to
present the measurements in this form (rather than in the
form of a total fragment kinetic energy spectrum and an
angular distribution), since at different angles different
ionic states play a role. For these angle-specific spectra,
here and in the remainder of this Letter, an acceptance
angle of �20� was used. Figure 1(c) shows a Dþ momen-
tum map resulting from dissociative ionization by the APT.
Several contributions can be distinguished that can be
related to Fig. 1(d), where a potential energy diagram
representing the relevant states is given. Direct ionization
to the 1s�g ground state primarily produces stable Dþ

2 ,

with a small dissociative part (� 2%) that results in a low
kinetic energy peak (Ek < 1 eV) in Figs. 1(a) and 1(b). The
main contribution between 1 and 5 eV, which peaks along
the laser polarization axis, comes from autoionization of
the 1�þ

u Q1 doubly excited states [14] [red curves in
Fig. 1(d)]. Direct ionization to the 2p�u continuum leads
to fragments centered at 5 eV and peaked at 90�, but
was kept very small by tuning the XUV spectrum.
Multiple dynamical pathways contribute at higher kinetic
energies (7–8 eV), of which the dominant ones are direct
ionization to the 2p�u continuum (for molecules aligned
parallel to the laser polarization) and excitation of the Q2

doubly excited states [blue curves in Fig. 1(d)] (for mole-
cules aligned perpendicular to the polarization axis).
Accordingly, experiments with a lower XUV high energy
cutoff showed a disappearance of the high energy

(> 6 eV) channel, while retaining the lower energy (2–
6 eV) channel due to autoionization of the 1�þ

u Q1 states.
In the presence of the IR field the spectra undergo sig-

nificant changes, as can been seen in Figs. 1(a) and 1(b),
which show kinetic energy spectra for parallel and perpen-
dicular molecular alignment as red dashed lines. These
curves were obtained by averaging the XUV-IR time delay
over one full IR cycle. Figure 1(e) shows a corresponding
momentum map. A bond-softening contribution appears
prominently at low kinetic energies with an angular distri-
bution that is peaked along the laser polarization axis
[13,15]. At high kinetic energies (Ek � 7 eV) a significant
enhancement is observed at all angles, in agreement with
our previous observations [6]. This contribution will be the
main topic of this Letter.
In Figs. 2(a) and 2(b) the kinetic energy spectra for

fragments ejected parallel and perpendicular to the laser
polarization are shown as a function of the XUV-IR time
delay. A strong delay dependence is observed, with differ-
ent parts of the spectrum oscillating with a period that is
half the period of the IR laser. In Figs. 2(c) and 2(d) the ion
yields from selected ionization channels are plotted as a
function of delay. We note that the oscillations at high
energy at 0� and 90� are out of phase. In addition, in
Fig. 2(c) (parallel alignment) the oscillations at 3 and
7 eV are also out of phase.
We have performed calculations solving the time-

dependent Schrödinger equation for a deuterium molecule
interacting with an APT and IR field by using a close-
coupling method [6,16]. In these calculations all electronic
and vibrational degrees of freedom were taken into ac-
count. Current computational capabilities only allow us to

FIG. 2 (color online). Time-dependent fragment kinetic energy
spectrum as a function of delay � between the APT and the IR
pulse for fragments ejected at 0� (a) and at 90� (b) �20�. In (c)
and (d) ion yields as a function of delay are plotted for parallel
and perpendicular fragments where the signal is normalized to
the yield by the APT only of that particular channel. In (c) the
black [gray (red)] curve is for fragments centered at 7 [3] eVand
in (d) fragments around 8 eV are shown.

FIG. 1 (color online). Fragment kinetic energy spectra from
dissociative ionization of D2 at 0

� (a) and at 90� (b)�20� by the
APT only (black solid lines) and by the APTþ IR (cycle aver-
aged) at temporal overlap (red dashed lines). Corresponding
momentum maps for the APT (c) and the APTþ IR (e). In (d)
a potential energy diagram is given indicating the relevant neutral
(red and blue lines) and ionic (black lines) states. The Franck-
Condon region is indicated by vertical dashed lines, and the
position of a selection of harmonic orders present in the experi-
ment are marked with horizontal dotted lines.
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consider the case where the molecule is aligned parallel to
the laser polarization. Moreover, the pulse durations and
intensities that can be explored are subject to restrictions.
Therefore, in all the calculations presented here, an IR field
with a sine squared envelope of 7.8 fs duration (2.8 fs
FWHM), a central wavelength of 780 nm, and an intensity
of 3� 1012 W=cm2 was combined with an APT consisting
of 4 pulses, built from H13–H25.

In Fig. 3(a) the calculated fragment ion spectrum result-
ing from the interaction with the APTonly is shown (black
curve). This ion spectrum is dominated by the channels
discussed before: direct ionization to the 1s�g continuum,

autoionization of the 1�þ
u Q1 states to the 1s�g continuum,

and direct ionization to the 2p�u continuum. In Fig. 3(b)
the fragment ion yield as a function of kinetic energy
and delay in the two-color XUVþ IR field is given. The
numerical results reproduce the experimentally observed
yield oscillations at both high and low kinetic energies and
a significant enhancement [red dashed line in Fig. 3(a)],
although less pronounced than in the experiment due to the
lower intensity used in the calculations.

The results reported here are reminiscent of earlier work,
where oscillations in the Heþ yield were observed as a
function of the APT-IR delay [17]. The oscillations were
attributed to interferences between consecutive pulses in
the APT and involved the excitation of Rydberg states. In
contrast, our calculations show that yield oscillations occur
both for an APT and for isolated attosecond pulses that
remain present when the neutral Q1 states are removed
from the calculation. This shows that the origin of the
oscillations in the current experiment is different. Our
calculations suggest that the high energy fragments result
from direct ionization to the 2p�u continuum, while the
low energy fragments come from autoionization of the
1�þ

u Q1 states.

In order to arrive at a mechanistic interpretation of the
observations at high fragment kinetic energies, it is in-
structive to explore a simpler model, using a fixed nuclei
approximation (FNA). The wave function in this model is
described in terms of a limited number of electronic states,
including those that are relevant for the production of the
high energy fragments:

�ðtÞ ¼ c0ðtÞc 0 þ
X

l

Z
d�cg;�lðtÞc g;�l

þX

l

Z
d�cu;�lðtÞc u;�l; (1)

where c 0 represents the ground state of the neutral mole-
cule and c g;�l and c u;�l are the continuum wave functions

of the molecular ion in the 1s�g and 2p�u states, respec-

tively, plus one electron in the continuum with a partial
wave l and energy �. Continuum states with ungerade total
symmetry�u (ionþ electron) are coupled with the ground
state and with continuum states with gerade total symmetry
�g. The ground state is only coupled to �g continuum

states via the �u states. The center of mass of the nuclear
wave packet is shifted þ0:3 a:u: with respect to the center
of the Franck-Condon region (1.4 a.u.), since at an inter-
nuclear distance of 1.4. a.u. the energy gap between the
ground state and the 2p�u continuum lies beyond the most
intense part of the XUV spectrum (centered at H19).
In Fig. 4(a) the simulated total ionization probability to

the 2p�u continuum, which correlates with the formation
of high energy fragments, is plotted as a function of the
delay between the APT and the IR for three different
implementations of the FNA [see Fig. 4(b)]. In the first
FNA calculation (blue dashed curve) only the 2p�u con-
tinuum is included and the couplings between states within
the continuum are turned on, represented by the vertical red
arrows in the darker (green) marked area in Fig. 4(b).
These couplings result in the appearance of sidebands in
the photoelectron spectrum in between the photoelectron
peaks that result from direct ionization by the odd harmon-
ics in the APT. The intensity of these sidebands oscillates
with the XUV-IR delay as in RABBITT experiments [1],
but this does not lead to an oscillation in the yield of the
2p�u state. A simulation including the coupling between
the 1s�g and the 2p�u continua but without the couplings

within the individual continua results in large oscillations
of the ionization probability (solid red line). In Fig. 4(b)
these couplings are illustrated by the diagonal red arrows.
This situation again shows similarities to a RABBITT
experiment; however, the odd harmonics primarily access
the 1s�g continuum and the sideband appears in the 2p�u

continuum. Absorption and emission of one IR photon
from the direct photoelectron lines in the 1s�g continuum

contribute to the sideband. These two pathways interfere
constructively or destructively depending on the relative
phase of the IR field and the XUV pulses. Correspondingly,
the total ionization oscillates as a function of the delay with

FIG. 3 (color online). Results of the close-coupling calcula-
tions for dissociative ionization of D2 by a 4-pulse APT
and a 2.8 fs FWHM 780 nm field with a peak intensity of
3� 1012 W=cm2. (a) Fragment kinetic energy spectra from the
APT only (black solid line) and the APTþ IR at � ¼ 0 (red
dashed line). (b) Fragment kinetic energy spectrum as a function
of delay between the two pulses.
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a period of half an optical IR cycle. This interpretation is
further supported by the calculated photoelectron spectrum
corresponding to ionization to the 2p�u continuum as a
function of delay [see Fig. 4(c)]. The picture is modified
when the couplings within the continua are turned on as
well (gray dash-dotted line). The yield oscillations in this
result are close to the result of the close-coupling calcu-
lation (black line), although they show a phase difference,
which is attributed to the simplicity of the FNA model,
where only one fixed internuclear distance is considered.
We note that because the ionization cross section of the
1s�g continuum is much larger than that of the 2p�u

continuum, even a small IR-induced coupling can signifi-
cantly affect the ionization to the 2p�u continuum while
leaving ionization to the 1s�g continuum effectively

unaffected.
The frequency-domain interpretation given above can

be complemented by a description in the time domain. The
XUV-IR delays where a destructive interference is ob-
served correspond to delays where the attosecond pulses
in the APT are positioned at zero crossings of the IR field,
whereas delays where a constructive interference is ob-
served correspond to delays where the attosecond pulses in
the APT are positioned at (negative or positive) maxima of

the IR electric field. In the presence of a strong electric
field the eigenstates of the Hamiltonian are no longer the
1s�g and 2p�u states, but are linear combinations of these

states [18], where the electron distribution is no longer
symmetric but the molecule is polarized. Hence, an alter-
native way to view the experimental results is that the XUV
ionization favors the production of the 2p�u state when—
under the influence of the IR field—this state is mixed with
the 1s�g state, with an accompanying localization of the

electron within the molecule. As such, our experiment
lends support to the notion that in attosecond ionization
experiments changes in the charge distribution on atto-
second time scales can be revealed, which is a core objec-
tive for future work.
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Appendix A

The B-spline basis set

B-splines functions are a very efficient mathematical tool. First developed by I.
J. Schoenberg in 1949 in order to approximate equidistant data using analytic
functions, it plays a predominant role in many scientific areas and informatics.
In the last few decades, it became a powerful instrument in the framework of
atomic and molecular physics. Its success comes from the the deficiency of the
standard basis functions as Slater type functions (STO) or Gaussians to treat
specific problems. For instance, it has been established that the STOs are un-
able to describe correctly molecular bonds, excepts when including some orbital
expansion factors which increase, however, considerably the computational ef-
fort. Although the Gaussian functions represent a real improvement and are
more flexible than the STOs (overall because it is possible to include polariza-
tion or diffusion functions), they present also limitations. The description of
the continuum states, for example, is problematic since the wavefunction keeps
oscillating to the infinity and for this reason, is hardly reproduced using such
bound like basis sets.

In this sense, the introduction of the B-splines in the world of the atomic
physics during the decade of 1970 is a real progress. Their flexibility is higher
and affords to produce smooth curves with continuous first and second derives,
in all points. They are defined in a finite space (instead of the STOs or the
Gaussians which are extended to infinity) and the point grid can be adjusted as
needed, as function of the system. These two last caracteristics, it is possible to
reproduce correctly the continuum wavefunctions using a linear grid of points
and a sufficient density of B-splines.

A.1 Mathematical definition

Before entering more in details, it is worthy to introduce few important math-
ematical concepts:

• The order k of the function which define the polynome’s degree (maximum
k − 1):

p(x) = a0 + a1x+ . . .+ ak−1x
k−1

• The l + 1 breakpoints {ξj} which divide the interval I = [a, b] in l subin-
tervals Ij = [ξj , ξj+1] in a strict ascending order:
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a = ξ1 < ξ2 < . . . < ξl+1 = b

• The class Cn which specify the maximum derivation degree n for which
the derivative function fn is still continuous over a specified interval.

• The intermediate breakpoints {νj}, sequence of non-negative integers,
which defines the continuity condition Cνj−1 at the associated breakpoint
ξj . They are defined from j = 2, ...l since continuity is not required at the
box limit (ν1 = νl+1 = 0).

• The knots {ti}, another sequence of points, which is defined in the follow-
ing way:

t1 ≤ t2 ≤ . . . ≤ tm

associated with ξj and νj as follows:

t1 = t2 = . . . = tµ1
= ξ1

tµ1+1 = tµ1+2 = . . . = tµ1+µ2
= ξ2

...

tµ1+µ2+...+µi−1+1 = . . . = tµ1+...+µi = ξi

...

tµ1+...+µi+...+µl+1 = . . . = tµ1+...+µl+1
= ξl+1

where µj is the multiplicity of the knots ti at ξj . It is given by the relation
µj = k − νj which implies that µ1 = µl+1 = k.

The most common choice for knot multiplicity at inner breakpoints is unity
and this is the one we will employ in the next theoretical applications of
the present work. This choice ensure the maximum continuity Ck−2 in
the interval I = ]a, b[. In this case, the number of B-splines is given by:

n = l + k − 1 (A.1)

After having introduced those few basical concepts, we now can express any
kind of function f in a B-spline basis set over an interval [a, b]:

f(x) =

n
∑

i=1

ciB
k
i (x) (A.2)

f is a linear combination of B-splines and then made of l polynomial pieces
of order k, one for each subinterval Ij . For this reason, such a function is
conventionally called a piecewise polynomial function (pp-function).
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A.2 The basis of B-splines

Relying on the definition of those basical concepts, we now can get onto the
basis set working out. A single B-spline Bk

i (x) defined by the order k > 0 and
a set of k + 1 knots possess the following properties:

• Bk
i (x) is a pp-function of order k over [ti, ti+k]

• Bk
i (x) > 0 for x ∈ ]ti, ti+k[

• Bk
i (x) = 0 for x /∈ [ti, ti+k]

• Bk
i (x) ∈ Ck−1−µj for x = ξj

• Bk
j (x) 6= 0 over ]ti, ti+k[ for j = i − k + 1, . . . , i which implies that there

are exactly k non-zero B-splines on each interval Ij and

Bk
i (x) ·Bk

j (x) = 0 for |i− j| ≥ k (A.3)

• The previous property reduce the number of expansion terms to k:

f(x) =

n
∑

j=1

cjB
k
j (x) =

i
∑

j=i−k+1

cjB
k
j (x) for x ∈ [ti, ti+k] (A.4)

• The B-splines are normalized:

∑

i

Bk
i (x) = 1 over [tk, tn+1] (A.5)

• For simple equidistant knots, each Bk
i (x) is just a translation by one inter-

val of the previous one. If the knots are not equidistant there is a smooth
change in shape.

• The index i of each B-spline corresponds to the index of the left knot of
the interval Ij = [ξj , ξj+1] = [ti, ti+1]

• As the B-splines are defined positive and own a minimal support (i.e.
an interval ]ti, ti+1[ where B

k
j (x) > 0), the expansion coefficients of an

arbitrary function f are close to the function values at the knot. The
main consequence is that wild oscillations in the coefficients are avoided,
cancellation errors are minimal and numerical stability maximal.

• The B-splines satisfy the recursion relation:

Bk
i (x) =

x− ti
ti+k−1 − ti

Bk−1
i (x) +

ti+k − x

ti+k − ti+1
Bk−1

i+1 (x) (A.6)

From the last relation it is possible to construct recursively all of the k B-
splines of order k from a former one of order k = 1 at a specific x. To illustrate
this point, the Figure A.1 presents two consecutive applications of the formula
(A.6) from a B-spline of order k = 1 to construct one of order k = 3.
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Figure A.1: Recursive construction of a B-spline of order 3 from a B-spline of
order 1.

The former B-spline of order k = 1 is defined by:

Bk
1 (x) =

{

1 for ti ≤ x ≤ ti+1

0 otherwise
(A.7)

It is worthy to recall that for each x, we obtain k non-zero B-splines and
their sum equal to 1. The choice of the first and the last k points is completely
free, it only has to fulfill the increasing order condition:

t1 ≤ . . . ≤ tk ≤ ξ1 and ξl+1 ≤ tn+1 ≤ . . . ≤ tn+k (A.8)

This choice only affect the first and last k B-spline functions but it is gener-
ally adopted to use the following sequence:

t1 = . . . = tk = ξ1 and ξl+1 = tn+1 = . . . = tn+k (A.9)

This choice is very convenient because it imposes to all of the B-splines to
cancel outside of the interval I = [a, b]. Furthermore, only the first B1(x) and
the last Bn B-spline are respectively discontinuous in x = a and x = b. In this
context, the boundary conditions are easily implemented removing B1 and Bn

to satisfy f(a) = 0 and f(b) = 0. When approximating analytical functions, it
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is also usefull to estimate the maximum error using the relation:

ε ∼
hkj
h!

∣

∣fk(ηj)
∣

∣ (A.10)

where hj is the width of the interval Ij and ηj ∈ Ij .

Practically, the stable evaluation of splines is accomplished by the recursion
algorithm (A.6) and is efficiently implemented in subroutine BSPLVP. Just giv-
ing as input values the spline order, the knot sequence, the value of the abscissa
and the index of the “left knot“ ti, BSPLVP evaluates the k B-splines that are
non-zero at x. Another subroutine, called BSPLVD, can also be used in order to
obtain their derivatives (commonly needed in most of the quantum mechanical
applications).

To give a clearest idea of the B-spline basis set construction, an example is
shown in the Figures A.2 and A.3. In this particular case, an arbitrary function
f(x) is expanded on a B-spline basis set of order k = 4, with an inner breakpoint
multiplicity ξj = 1 and l = 9. The number of B-splines is given by equation
(A.1), in this case, n = 12. Notice that, Figures A.2 adn A.3 are composed of
only ten B-splines. As mentionned above and in order to tackle the discontinuity
at the edges of the box, it is necesary to remove the first and the last B-spline.
For this reason, the graphics present one B-spline and one knot less in x = a
and x = b.

x

B
k (x

)

a b

Figure A.2: Set of B-splines used for the expansion of an ordinary function f
(thick black curve). The colored curves correspond to each B-spline function of
the set. The red circles correspond to the knot points located at each breakpoint.

Figures A.2 and A.3 are simple illustrations of a specific use of the B-spline
basis sets. It stands to reason that describing complex systems as molcecules
requieres higher B-spline parameters.
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x

B
k (x

)

a b

Figure A.3: Ordinary f function expanded on a B-spline basis set (see fig-
ure A.2), but in this case, each B-spline function are multiplied by their respec-
tive coefficient. It appears that three B-splines contribute for more than ∼ 80%
to the description of the f function. Other coefficients are close to zero.
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W. Siu, O. Ghafur, P. Johnsson, M. Swoboda, E. Benedetti, F. Ferrari,
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Conclusiones

Nuestros resultados en el estudio de la fotoionización disociativa del hidrógeno molecular 

están basados en la resolución de la ecuación Schrödinger dependiente del tiempo, esto nos 

permitió  estudiar  la  fotorreacción  sobre  el  sistema cuando  actúan  pulsos  ultracortos  en 

donde la teoría de perturbaciones pierde validez, además también nos permitió estiudiar la 

evolución temporal de las variables dinámicas involucradas en el proceso.

Uno  de  los  resultados  más  relevantes  fue  el  acceso  a  la  evolución  temporal  de  las 

distribuciones angulares de electrones, pues nos permitió corroborar los efectos que tendrían 

los estados autoionizantes del H2 sobre la simetría de las distribuciones angulares predichas 

por la teoría de perturbaciones independiente del tiempo. Por otra parte, resultados aún no 

reportados en la literatura llegaron con la exploración de las distribuciones de electrones y 

protones  producidos  por  la  acción  de  pulsos  de  duración  ultracorta  (pulsos  aislados  de 

atosegundos), combinación de ellos (trenes de pulsos de atosegundos) y combinación de 

pulsos ultracortos (que se encuentran en la región ultravioleta del espectro electromagnético) 

con pulsos de infrarrojos (de duración de unos femtosegundos). Estos resultados ayudaron 

varios grupos de investigación a interpretar sus experimentos, grupos con los que hemos 

establecido una estrecha colaboración durante la ejecución de este proyecto de tesis.
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