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Resumen
En esta memoria de tesis dotoral presentamos un formalismo para estudiar perturba-iones a altos órdenes de espaiotiempos esférios. Proporionamos un método reursivopara onstruir variables invariantes gauge a ualquier orden perturbativo. En partiular,a segundo orden onstruimos explíitamente los objetos invariantes gauge y sus euaionesde movimiento. Seguidamente, apliamos este formalismo general a los espaiotiempos defondo (bakgrounds) espeí�os orrespondientes a la soluión de Shwarzshild y a un �ui-do perfeto. También analizamos las ondiiones perturbativas de ensamblaje (mathing) através de una super�ie temporal que separe una estrella de �uido perfeto del vaío. Estasinvestigaiones tienen omo resultado un maro ompleto para estudiar varios problemas derelevania astrofísia, desde el aoplo de modos uasinormales en la fase ring-down de unabinaria de agujeros negros, hasta la evoluión de segundas perturbaiones de una estrellaesféria en olapso.Motivados por la búsqueda de una desripión más senilla de la radiaión gravitatoria,también estudiamos on un tratamiento hamiltoniano las perturbaiones lineales de unespaiotiempo esfério on un ontenido material de ampo esalar. Tras realizar variastransformaiones anónias, onseguimos de�nir, por primera vez para un fondo dinámio,dos variables master, en el sentido de que obedeen euaiones de evoluión sin ligaduras yque la métria perturbada ompleta se puede reonstruir a partir de ellas exlusivamente.Asimismo, durante el transurso de la realizaión de esta tesis, hemos diseñado variosmódulos de omputaión algebraia para manejar las omplejas euaiones del formalismo.Dihos módulos, que están aesibles en internet, se distribuyen libremente, y han sidoutilizados ya por otros autores.
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Abstrat
We present a omplete formalism to deal with high-order perturbations of spherialspaetimes. A method to onstrut gauge-invariant variables at any perturbative orderis given. In partiular, the gauge-invariant metri perturbations and their equations ofmotion are expliitly obtained at seond order. This general formalism is then applied toa Shwarzshild bakground and to a perfet-�uid spaetime. The high-order perturbativejuntion onditions aross a timelike surfae separating a �uid star from pure vauum arealso analyzed. These investigations give rise to a omplete framework for the study ofa series of astrophysially relevant senarios, ranging from quasi-normal mode ouplingin the ring-down phase of a binary blak hole ollision, to the evolution of seond-orderperturbations of a spherial ollapsing star.Motivated by the searh of simpler desriptions of gravitational radiation, we also studylinear perturbations of a spherial spaetime ontaining a real massless salar �eld, in aHamiltonian setting. After several anonial transformations, we sueed in de�ning, forthe �rst time for a dynamial bakground, two master variables, in the sense that they obeyunonstrained evolution equations and the whole perturbed metri an be reonstruted interms of them.During the ourse of this thesis, several omputer algebra tools have been designed tohandle the intrinated equations of the formalism. These tools are now freely distributed,and are already being used by other authors.





Chapter 1
Introduión

Hoy en día, la Relatividad General se onsidera la mejor teoría físia diponible paradar uenta de la interaión gravitaional lásia (en ontraposiión a la uántia). Lasprimeras on�rmaiones experimentales de la teoría, ya predihas por Einstein, fueron lade�exión de la luz y el avane del perihelio de Merurio. No fue hasta el omienzo de ladéada de 1960 uando los desubrimientos astronómios (omo los uásares o los púlsares)ofreieron nuevas observaiones on las que omprobar la validez de la Relatividad Generalen el régimen de gravedad débil. Una de las más onoidas es el dereimiento del periodoorbital del púlsar binario Hulse-Taylor [1℄, por el que ambos investigadores reibieron elpremio Nobel [2,3℄. Esta observaión se ajustaba perfetamente a las prediiones teóriasde la Relatividad General y sirvió para exluir varias teorías alternativas [4, 5℄. Desde losaños ohenta, la atenión se ha entrado prinipalmente en enontrar observaiones en elrégimen de ampo fuerte que puedan orroborar o ontradeir las prediiones de Relativi-dad General en dos extremos diferentes. Por un lado está el límite asoiado on la físiade la esala de Plank. Existen proesos on distanias araterístias muy pequeñas queproduen interaiones gravitatorias fuertes, hasta ierto régimen en el que se supone quela Relatividad General fallará debido a la fenomenología uántia. Por otro lado está ellímite astrofísio, que involura objetos muy densos de gran masa, los uales produen tam-bién interaiones gravitaionales fuertes. Se espera que varios fenónemos astrofísios, talesomo olisiones de agujeros negros y/o estrellas de neutrones, emitan su�iente radiaióngravitatoria omo para ser detetada desde la Tierra en un futuro erano.En este ontexto astrofísio, la deteión de ondas gravitatorias se onsidera uno delos problemas abiertos más importantes de la físia experimental. Aparte de proporionarun test de la Relatividad General en el régimen de ampo fuerte, podría abrir una nuevaventana para la observaión astrofísia, dando lugar a una era de astronomía de ondas1



2 Chapter 1. Introduióngravitatorias. Varios detetores de ondas gravitatorias se enuentran atualmente tomandodatos (tales omo GEO [6℄, LIGO [7℄ o VIRGO [8℄) y existen misiones espaiales (la másnotable LISA [9℄) planeadas para los eranos años 2020.La señal que se pretende detetar es muy pequeña, y está enterrada bajo varias fuentesde ruido de origen diverso. Se han desarrollado potentes ténias estadístias para ayudaren la reuperaión de la señal de los datos reogidos. Sin embargo, aún es esenial disponerde antemano de un atálogo de patrones on posibles señales que observar (para poderutilizar, de esta manera, las ténias de �ltro adaptado). Estos patrones solamente puedenobtenerse resolviendo las euaiones de Relatividad General: las euaiones de Einstein.Estas diez euaiones en derivadas pariales forman un sistema, no lineal y aoplado, queresulta muy difíil de resolver. Por onsiguiente, no se espera onstruir un atálogo onsoluiones analítias que desriba el per�l de las ondas gravitatorias emitidas en tales aon-teimientos astrofísios. Solamente las situaiones on una gran simetría permiten obtenerexplíitamente la soluión, y sólo unas poas de ellas son relevantes desde el punto de vistaastrofísio [10℄. Por lo tanto, omo es habitual en físia uando un problema no se puederesolver de manera exata, se reurre a métodos aproximados. Aquí menionaremos las tresténias que mejor han funionado hasta el momento, y que se pueden onsiderar omple-mentarias en el análisis de la dinámia de Relatividad General en este ontexto: métodospost-newtonianos, Relatividad Numéria y teoría de perturbaiones.Los métodos post-newtonianos están basados en la ombinaión de una aproximaión degravedad débil (es deir, teoría de perturbaiones alrededor del espaiotiempo de Minkowski,también onoida omo aproximaión post-minkowskiana) y una expansión de las soluionesen serie de potenias del parámetro v/c, donde c es la veloidad de la luz y v una veloidadtípia de la materia del problema en uestión [11℄. Por ejemplo, esta aproximaión es válidapara modelar las ondas gravitatorias generadas por una fuente de movimiento interno lentoy auto-gravedad débil. Trunando las menionadas expansiones a altas potenias de v/c,es posible onsiderar fuentes altamente relativistas (en la atualidad los resultados a ordenseis se utilizan sistemátiamente [12℄), y normalmente la aproximaión post-newtoniana seomporta mejor de lo esperado. El límite newtoniano (1/c → 0) ya fue onsiderado porEinstein [13℄ y por Landau y Lifshitz [14℄ para derivar la famosa fórmula del uadrupolo,que permite obtener la potenia total emitida en forma de ondas gravitatorias en funiónde la derivada temporal del momento uadrupolar de la fuente. De heho, esta relaión fuesu�iente para expliar el dereimiento del periodo del pulsar binario Hulse-Taylor [15,16℄.Atualmente, la Relatividad Numéria se onsidera, por dereho propio, una rama de laRelatividad General [17℄. Cualquier intento de resolver las euaiones de Einstein utilizandométodos numérios se podría inluir en esta área, pero aquí nos referiremos solamente



3a aquellas simulaiones que traten on las euaiones de Einstein ompletas; quizá bajoierta reduión de simetría (inluso trabajando on métodos post-newtonianos o teoría deperturbaiones, es habitual tener que integrar algunas otras euaiones numériamente.) Sepueden utilizar diferentes formulaiones de las euaiones de Einstein para su disretizaiónen un ordenador, dependiendo de ómo se desriba el espaiotiempo. La manera mássenilla de haerlo está basada en el tratamiento hamiltoniano debido a Arnowitt, Deser yMisner (ADM) [18, 19℄, en el que se exfolia el espaiotiempo en una familia de super�iesespaiales tridimensionales. Otras formulaiones están basadas en el uso de super�iesnulas, lo que ofree un maro más adeuado para tratar la radiaión. Hubo ya algunosintentos de resolver numériamente las euaiones de Einstein en dos dimensiones espaialesen los años sesenta y setenta [20, 21℄. Sin embargo, en aquella époa los ordenadores notenían la su�iente apaidad para obtener resultados tridimensionales de relevania, y lasformulaiones que se utilizaron no eran matemátiamente onsistentes, omo se demostróposteriormente. Laa simulaiones de binarias de agujeros negros es uno de los problemaslave en esta área. El desarrollo de lo métodos númerios y analítios para resolverlo tuvolugar durante la déada de los noventa. En 2005, Pretorius logró por vez primera evoluionarel sistema de una manera estable [22℄. Desde entones, varios grupos de investigaiónhan publiado un extenso número de artíulos, doumentando interesantes propiedades delmenionado sistema y aportando patrones muy �ables del per�l de las ondas gravitatoriasemitidas. Además del aso partiular de vaío, se ha invertido un gran esfuerzo en lasimulaión de espaiotiempos on �uidos, y más reientemente �uidos aoplados al ampoeletromagnétio, para modelar el olapso del núleo estelar y la olisión de estrellas deneutrones, también fuentes importantes de radiaión gravitatoria [23℄.La teoría de perturbaiones proporiona otro tratamiento aproximado, permitiendo unadesripión en términos de pequeñas desviaiones alrededor de una soluión exata de fondo.En el ontexto de la Relatividad General, la teoría de perturbaiones ha desempeñado unpapel destaado en el análisis de la estabilidad de iertas soluiones y en la omprensión delos proesos dinámios en términos de simples �modos de osilaión�, siendo atualmente unomplemento natural y e�iente de las simulaiones ompletas de Relatividad Numéria [24℄.En las próximas seiones la desribiremos on más detalle.Las tres ténias aproximadas tienen sus propios dominios de validez, que normalmenteson omplementarios y, por lo tanto, la mejor estrategia suele ser una ombinaión de todosellos. Por ejemplo, las tres fases de una olisión de agujeros negros, inspiral, merger y ring-down, se pueden desribir adeuadamente mediante métodos post-newtonianos, RelatividadNuméria y teoría de perturbaiones, respetivamente. Durante la fase iniial, los agujerosnegros se enuentran lejos y la interaión gravitatoria mutua es débil. En onseuenia,



4 Chapter 1. Introduiónesta situaión puede desribirse prátiamente mediante gravedad newtoniana. Éste es elesenario perfeto para los métodos post-newtonianos. A medida que los agujeros negrosse aeran, debido a la pérdida de energía, radiada en forma de ondas gravitatorias, la inte-raión gravitaional mutua irá aumentando. En este punto, los métodos post-newtonianosneesitan más términos en sus expansiones para seguir las trayetorias on su�iente pre-isión. Cuando los dos agujeros están muy era, las no-linealidades reen y es neesarioreurrir a la Relatividad Numéria ompleta para trazar las trayetorias. Al �nal, ambosagujeros se fusionan en un únio agujero negro, que sigue radiando ondas gravitatorias hastaonvertirse en un agujero negro estaionario de Kerr o Shwarzshild. Durante esta etapa�nal de la evoluión dinámia, el espaiotiempo puede aproximarse mediante la menionadasoluión de fondo más una pequeña desviaión, lo que puede desribirse adeuadamente através de la teoría de perturbaiones. A ontinuaión, entraremos nuestra atenión en lateoría de perturbaiones, desribiendo detalladamente su historia y logros en el ontexto dela Relatividad General.1.1 Apliaiones de la teoría de perturbaiones linealLa teoría de perturbaiones puede utilizarse para estudiar la estabilidad de las soluionesa las euaiones de Einstein. En partiular, una onsiderable antidad de trabajo se hadediado a disutir la estabilidad de los agujeros negros [25℄ y las soluiones osmológias[26℄, dado el interés físio de estos espaiotiempos.Además, el análisis perturbativo nos permite omprobar la presenia de inestabilidadesgauge [27℄, la violaión de la ligaduras [28℄, y otro tipo de inestabilidades en la imple-mentaión numéria de las euaiones de Einstein, debido a que los errores numérios puedenonsiderarse distorsiones de la soluión que se está alulando.Otra importante apliaión es el estudio de la produión y propagaión de ondas en undeterminado espaiotiempo urvo. La teoría de perturbaiones proporiona estimaiones dela antidad de radiaión gravitatoria y el per�l de la señal emitida en proesos astrofísiostales omo las osilaiones de una estrella de neutrones [29℄, el olapso gravitatorio de unaestrella [30℄, una binaria de oiente de masas extremo (extreme mass ratio binary) [31℄, ouna olisión frontal de dos agujeros negros en el límite erano (lose limit) [32℄.La teoría de perturbaiones también ha sido reonoida omo una herramienta muyútil en osmología. Basándose en los trabajos pioneros debidos a Bardeen [33℄ y a Ko-dama y Sasaki [34℄, se ha utilizado esta teoría para estudiar la evoluión de pequeñasinhomogeneidades en el Universo Primitivo, proporionando una omprensión detallada de



1.1 Apliaiones de la teoría de perturbaiones lineal 5la dependenia angular del espetro de potenias en el fondo ósmio de miroondas. Es-tas desviaiones de la homogeneidad han sido medidas por los experimentos COBE [35℄ yWMAP [36℄. La formaión de estruturas a grandes esalas también se explia medianteperturbaiones iniialmente pequeñas que han reido on el paso del tiempo.Existe una extensa literatura sobre perturbaiones de estrellas, debido a su enormerelevania astrofísia. Aquí solamente menionaremos los artíulos más importantes en losque hemos basado nuestra extensión a segundo orden de la teoría lineal de perturbaionesde estrellas en olapso. En partiular, nos entraremos en perturbaiones alrededor defondos esférios, aunque se permitirá que sean estátios o dinámios y que tengan diferenteseuaiones de estado.En lo que respeta a fondos estátios, el trabajo de Chandrasekhar a mediados de losaños sesenta fue pionero en el análisis de las perturbaiones radiales de estrellas esférias enRelatividad General [37,38℄. En una serie de artíulos [39�43℄, Thorne y sus olaboradoresse ouparon de las perturbaiones no-radiales de estrellas ompuestas por �uido perfeto,estableiendo la base teória para tratar diho problema. Esta base se desarrolló y amplióen otras referenias, tales omo [44℄ y [45℄.La investigaión de fondos no estátios omenzó a �nales de los años setenta, uandoCunningham et al. [46, 47℄ utilizaron un formalismo invariante gauge para evoluionar lasperturbaiones no-radiales de polvo en olapso esfério. Seidel y sus olaboradores [48�50℄apliaron el formalismo de Gerlah y Sengupta (GS) [51�54℄, que es válido para ualquierfondo esfériamente simétrio on ualquier tipo de ontenido material, para evoluionar lasperturbaiones de un �uido perfeto dependiente del tiempo on una euaión de estado másgenéria. Basándose en estas referenias, Gundlah y Martín-Garía [55℄ desarrollaron unmaro ovariante e invariante gauge para analizar una perturbaión arbitraria de un �uidoperfeto esfériamente simétrio. Diho maro fue utilizado posteriormente por Harada etal. [30℄ para analizar las perturbaiones axiales del olapso estelar.En paralelo, la teoría de perturbaiones ha sido una de las herramientas más importantespara el análisis de las propiedades de los agujeros negros. El primer artíulo en el que seestudiaron perturbaiones de un agujero negro data de 1957 [56℄. En esta époa, los agu-jeros negros no estaban aún aeptados omo entidades físias. La soluión de Shwarzshilda las euaiones de ampo de Einstein era onoida, pero la visión más aeptada era queesta exótia soluión, onstituida del ampo de Einstein sin masa [56℄, existía debido a lagran (e ideal) simetría que se le presuponía. Para analizar la estabilidad de este objeto,Regge y Wheeler (RW) estudiaron pequeñas perturbaiones que se desviaban de la esfe-riidad. Dihas perturbaiones se lasi�an en dos polaridades diferentes (polar y axial),que orresponden a los dos grados de libertad de las ondas gravitatorias. Enontraron una



6 Chapter 1. Introduióneuaión de onda, que hoy en día se onoe omo la euaión de Regge-Wheeler, para unade las polaridades. Varios años después, Zerilli obtuvo la euaión de onda orrespondientea la otra polaridad [57℄. Estas euaiones tienen un potenial que depende de la masadel agujero negro de fondo y del número entero l, que proede de los harmónios esfériosutilizados para desomponer la dependenia angular de las perturbaiones en uestión.Haiendo uso de estas euaiones, Vishveshwara enontró una respuesta onvinente a laestabilidad de la métria de Shwarzshild [58℄. De�niendo una integral de energía que debemantenerse onstante a lo largo de la evoluión, dio una ota para la derivada temporal de laperturbaión, exluyendo soluiones que reieran exponenialmente. Esto pareía indiarla inexistenia de modos inestables. Sin embargo, había algunos vaíos en el razonamientoque posteriormente fueron ompletados por Kay y Wald [59℄. Demostraron que ualquierperturbaión on datos iniiales suaves y aotados permaneería aotada puntualmente.Otras dos propiedades sorprendentes de los agujeros negros que fueron desubiertas enlos años setenta on métodos perturbativos fueron los modos uasinormales y las olas onley de potenias power-law tails. Los modos uasinormales son soluiones a las euaionesde Regge-Wheeler y Zerilli on ondiiones de ontorno puramente salientes (outgoing); esdeir, en el horizonte son ondas planas dirigidas haia el interior del horizonte, mientras queen el in�nito nulo son ondas planas dirigidas haia fuera. Estos modos uasinormales son losequivalentes a los modos normales de los sistemas meánios onvenionales en situaionesdonde existe disipaión de energía (en nuestro aso las ondas gravitatorias son las enargadasde extraer energía del sistema). Estos modos han sido ampliamente estudiados [61℄, inlusopara estrellas y agujeros negros en rotaión, y su prinipal interés estriba en el heho de quesus freuenias dependen de la masa y del momento angular del agujero negro (o estrella)que ha sido perturbado. Por lo tanto, a través de la deteión de los modos uasinormaleses posible obtener informaión direta de las propiedades del objeto emisor.Las power-law tails fueron aluladas por primera vez por Prie [62,63℄. Dado un radio�jo, a tiempos altos, una perturbaión de Shwarzshild on número harmónio l deae omo
t−(2l+3), independientemente del tipo de pertubaión estudiada (esalar, gravitatoria,...).Estas olas están presentes también en los in�nitos futuro y nulo, donde deaen siguiendoleyes de potenias partiulares [64, 65℄. De manera intuitiva, normalmente se interpretanomo resultado del baksattering de las ondas on el potenial de urvatura efetivo.El análisis se omplia en lo que respeta a los agujeros negros en rotaión (Kerr). Enel aso sin rotaión se utilizan los harmónios esférios para desomponer la dependeniaangular de las perturbaiones y, a nivel lineal, ada multipolo evoluiona de manera indepen-diente. Pero en el aso on rotaión los diferentes multipolos se aoplan. Sin embargo, aúnexisten iertas simetrías (axisimetría y estaionariedad) que permiten desaoplar las depen-



1.2 Teoría de perturbaiones a altos órdenes 7denias temporales y axiales. Utilizando la formulaión en tétradas de Newmann-Penrosepara las euaiones de Einstein, Teukolsky reesribió las euaiones de movimiento para lasperturbaiones lineales de un agujero negro de Kerr omo dos euaiones desaopladas [66℄.La estabilidad fue probada por Whiting [67℄, tras ompliadas transformaiones de oorde-nadas, utilizando el mismo método de Vishveshwara para el aso sin rotaión [58℄. Debidoa que no se dispone de una noión invariante de oordenadas de multipolo para el fondoKerr, las leyes de potenias para las tails dependen de la exfoliaión [68, 69℄. Inluso se haargumentado que el deaimiento no es universal y que depende del ampo perturbativo.
1.2 Teoría de perturbaiones a altos órdenes1.2.1 MotivaiónExisten diferentes razones que justi�an la importania de ir más allá del primer orden enteoría de perturbaiones. Una primera motivaión es el deseo de alanzar mayor preisiónen los resultados. Por ejemplo, esto es un punto ruial en la onstruión de patronesrealistas para la deteión de ondas gravitatorias. Una segunda razón es que los álulos aaltos órdenes deberían proporionar una manera de estableer el rango de apliabilidad delos resultados de primer orden, estimando erores uantitativos y dando límites de validezpara la aproximaión de primer orden. Estos límites de validez serían muy útiles, ya quehabitualmente el interés radia no ya en perturbaiones despreiables, sino en situaionesmás generales para las que la extrapolaión de los resultados perturbativos puede ponerseen duda. Además, a segundo orden y superiores, apareerá el aoplo entre los modosperturbativos. Diho aoplo inorporará la no-linealidad de la Relatividad General ompletaen la teoría aproximada y podría dar lugar a la apariión de esalas propias en iertosproblemas.Por ejemplo, el aoplo entre los modos de osilaión de un agujero negro on freuenias
ω1 y ω2 puede generar sobretonos de freuenia ω1±ω2 a través de la teoría de perturbaionesa segundo orden, o desplazamientos en la freuenia a terer orden [14℄. Durante la fasede ring-down en la olisión de agujeros negros supermasivos, dihos sobretonos podríanser detetados por LISA on una buena relaión señal-ruido a una distania de 1Gp. Sinembargo, las simulaiones numérias atuales no han podido aún proporionar indiaioneslaras sobre tales sobretonos, ya que su tamaño es similar al del ruido numério. Éste esun problema para el que la teoría de perturbaiones a segundo orden está perfetamenteadaptada.



8 Chapter 1. Introduión1.2.2 Historia
Hasta hae poo, la mayoría de las investigaiones perturbativas habían sido llevadasa abo a primer orden. Por lo que onoemos, la primera apliaión de la teoría de per-turbaiones a segundo orden en el ontexto de la Relatividad General fue el estudio deperturbaiones osmológias alrededor del fondo de Friedmann-Robertson-Walker realizadopor Tomita en 1967 [71℄, y posteriormente el estudio del mismo autor sobre la estabilidadno-lineal de la soluión de Shwarzshild [72, 73℄.Atualmente, ada vez se proponen más apliaiones de la teoría de perturbaionesa altos órdenes. En partiular, los asos osmológios están bajo un estudio intensivo,omo demuestran por ejemplo [74�80℄. Asimismo, la olisión frontal de dos agujeros ne-gros en el régimen erano [81℄ se ha interpretado omo una perturbaión polar de unúnio agujero negro [32,82�85℄. Estas investigaiones tuvieron sorprendentes resultados enlos que la aproximaión a segundo orden seguía de manera muy preisa las trayetoriasobtenidas mediante las simulaiones no-lineales ompletas. Reientemente, también per-turbando Shwarzshild, se han de�nido los modos uasinormales de segundo orden [86,87℄y se ha deduido un formalismo para tratar las extreme mass ratio inspirals [88℄.El espaiotiempo de Kerr también ha sido analizado a segundo orden [89℄, generalizandoel formalismo de Teukolsky [66℄ para perturbaiones lineales. El exponente rítio delesalado del momento angular de un ampo esalar se ha prediho utilizando argumentosperturbativos de segundo orden [90℄. El problema general del mathing a través de unasuper�ie también se ha analizado a segundo orden [91℄.La teoría de perturbaiones a altos órdenes solamente se ha apliado a fondos de �ui-do para modelar las perturbaiones de estrellas en rotaión lenta. Para ello, se toma larotaión omo una perturbaión axial a primer orden de una estrella esféria de fondo. Unode los primeros trabajos en este ontexto es, de nuevo, uno de los artíulos de la serie deCunningham et al. [92℄, donde las perturbaiones de segundo orden de una bola de polvofueron estudiadas inluyendo el mathing a través de la super�ie estelar para las pertur-baiones interiores y exteriores. La misma idea se ha utilizado freuentemente en fondosestátios [93, 94℄, para modelar estrellas estaionarias en rotaión lenta. También existenestudios [95, 96℄ de rotaión diferenial, donde es neesario onsiderar más de una pertur-baión de primer orden para desribir la rotaión, pero se suele utilizar la aproximaiónCowling, que despreia todas los aoplos espaiotemporales. Sin la aproximaión Cowlingsólo se han onsiderado modos radiales [97℄.



1.3 Libertad gauge 91.3 Libertad gaugeUno de los problemas entrales en la teoría de perturbaiones en Relatividad General,heredado de la invariania bajo difeomor�smos de la teoría ompleta (pero no equivalente),es el de aislar los grados de libertad físios de la informaión dependiente gauge. Estose puede realizar imponiendo ondiiones de �jaión de gauge sobre las perturbaiones,tal y omo Regge y Wheeler [56℄ originalmente hiieron en su estudio de perturbaionesdel agujero negro de Shwarzshild. Como ya se ha omentado, ellos y posteriormenteZerilli [57℄ lograron aislar los dos grados de libertad físios del ampo gravitatorio alrededorde un vaío esfério, tomando onvenientes ombinaiones lineales de las perturbaiones ysus derivadas radiales. Estas dos variables se desaoplan entre sí debido a sus diferentesomportamientos bajo ambio de paridad: la variable de Regge-Wheeler es axial y la deZerilli es polar.Una alternativa a la �jaión de gauge fue dada por Sahs en 1964 [98℄, y posteriormentemejorada por Stewart y Walker [99℄, introduiendo el onepto de invariantes gauge parateoría de perturbaiones a primer orden. Estos autores ya obtuvieron el resultado de que lainvariania gauge, omo ellos la de�nieron, era bastante restritiva y sólo apliable a fondoson gran simetría. Bruni y olaboradores [100℄ mostraron que este enfoque geométrio sevuelve aún más restritivo a altos órdenes.Un tratamiento más útil de la libertad gauge para la teoría de perturbaiones en Re-latividad General fue elaborado por Monrief [101℄ en su estudio hamiltoniano sobre lasperturbaiones no-esférias de Shwarzshild. En este ontexto hamiltoniano, las uatroligaduras que obedeen las doe variables gravitaionales dinámias forman los generadoresde las transformaiones gauge. Monrief onsiguió utilizar esta informaión para realizarvarias transformaiones anónias que reorganizaran los seis pares anónios de variablesiniiales en dos pares físios sin ligaduras (equivalentes a las variables de Regge-Wheeler yZerilli y sus momentos onjugados) y otros uatro pares, ada uno de los uales está for-mado por una variable invariante gauge obligada a anularse por las ligaduras y su momentoonjugado puro gauge. La misma ténia se aplió a otros fondos esférios on simetríasadiionales, omo Reissner-Nordström [102, 103℄, Oppenheimer-Snyder [46℄ o Friedmann-Robertson-Walker [104℄, pero nuna ha sido utilizada para fondos generales on simetríaesféria, permitiendo que la dependenia temporal tenga una onsiderable relevania físia.La teoría de perturbaiones hamiltoniana se ha utilizado reientemente en Gravedad Cuán-tia on un fondo osmológio [105,106℄. Uno de los inonvenientes del enfoque hamiltoni-ano es que, en prinipio, está ligado a una foliaión partiular del espaiotiempo de fondoy, por onsiguiente, las propiedades geométrias de las variables invariantes gauge bajo



10 Chapter 1. Introduióntransformaiones de oordenadas que involuren el tiempo no son triviales en absoluto.Gerlah y Sengupta introdujeron un formalismo lagrangiano [51℄ para estudiar per-turbaiones alrededor de espaiotiempos esférios generales. Éste es un maro altamentegeométrio, en el que el signi�ado de las perturbaiones es transparente, y que tambiénpermite la onstruión de variables invariantes gauge. En el aso axial ha sido posibleaislar el grado de libertad gravitaional en un únia variable esalar master que obedeeuna euaión de onda y puede aoplarse a ualquier tipo de materia, tanto en el fondoomo en las perturbaiones. Este esalar master generaliza la variable de Regge-Wheeleral problema axial perturbativo alrededor de simetría esféria para ualquier tipo de mate-ria razonable, y por lo tanto se puede onsiderar omo el maro de trabajo óptimo paraun estudio perturbativo. Desafortunadamente, en el aso polar no hay un esalar masterválido para un fondo general on simetría esféria, aunque existen resultados para algunosasos partiulares. Por ejemplo, un esalar master de tipo Zerilli fue introduido por Sar-bah y Tiglio [107℄ para un fondo de Shwarzshild, que posteriormente fue generalizado aeletrodinámia no-lineal [108℄. En las referenias [109, 110℄ se inluyen las ombinaionesinvariante gauge del tensor energía-momento, pero aún en un fondo de vaío.Ambos tratamientos de la teoría de perturbaiones métria son omplementarios: elformalismo hamiltoniano ofree un maro de trabajo mejor para tratar la invariania gauge,mientras que el análisis lagrangiano da una imagen más lara de la estrutura geométriaque se está perturbando. Ambos han sido ampliamente utilizados en la literatura.1.4 La neesidad del álgebra omputaionalEn general, la teoría de perturbaiones a altos órdenes involura euaiones de om-plejidad y tamaño reiente. Debido a este heho, el análisis a ualquiera de esto órdenesha sido impratiable hasta hae poo, exepto para algunos asos partiulares en situa-iones on gran simetría. No obstante, las atuales ténias de álgebra omputaional hansido desarrolladas hasta un grado en el que se puede afrontar ya problemas más realistas ygenérios on garantía de éxito.Por lo tanto, para intentar sobrellevar la omplejidad de los álulos, utilizaremos inten-sivamente herramientas de álgebra omputaional. En partiular, haremos uso del paquetexTensor, que es parte del maro más general llamado xAt [111℄, que atualmente es el ma-nipulador de expresiones tensoriales más rápido paraMathematia. Con el paquete xTensorse pueden de�nir variedades que ontengan ampos tensoriales on simetrías arbitrarias,onexiones de ualquier tipo, métrias y otros objetos. xTensor se basa en la notaión de



1.5 Objetivos 11índies abstratos de Penrose y tiene un únio anonializador que simpli�a ompletamentetodas las expresiones utilizando e�ientes ténias de teoría de grupos omputaional. Im-plementaremos todas las euaiones on estas herramientas, tanto para produirlas omopara omprobarlas, y para onstruir un e�iente maro de trabajo omputaional apaz detratar futuras apliaiones del formalismo de teoría de perturbaiones a alto orden.1.5 ObjetivosEste trabajo se divide en dos líneas de investigaión prinipales on sus orrespondientesobjetivos. Por un lado, onstruiremos un formalismo general para analizar las perturba-iones a altos órdenes sobre espaiotiempos esférios y trataremos su apliaión al vaío y aun �uido perfeto. Por otro lado, utilizaremos un tratamiento hamiltoniano para perturba-iones lineales sobre un espaiotiempo esfério, pero dinámio, para busar variables masterque obedezan euaiones de movimiento sin ligaduras y que ontengan toda la informaiónfísia del problema.La primera línea de investigaión se puede onsiderar omo una ontinuaión del trabajodebido a Gerlah y Sengupta a primer orden [51, 54℄ y su apliaión a fondos de �uidoperfeto [55, 112℄. El formalismo GS está basado en uatro ingredientes básios: i/ unadesomposiión 2+2 del espaiotiempo, que separa las órbitas esférias S2 de una variedadgeneral 1+1 Lorentziana M2; ii/ una desripión ovariante en la variedad Lorentziana;iii/ la desomposiión de las perturbaiones de S2 en harmónios tensoriales; y iv/ el usode variables perturbativas invariantes gauge. La notaión ovariante es partiularmenteonveniente: por un lado, permite formular todas las euaiones sin esoger oordenadasen M2, algo que resulta muy útil en fondos dinámios; por otro lado, extrae todos losfatores trigonométrios de las euaiones de movimiento, fatores que no ontienen ningunainformaión relevante y habitualmente osureen la interpretaión geométria del resultado.Mostraremos que es posible extender el análisis alrededor de espaiotiempos on simetríaesféria a ualquier orden en teoría de perturbaiones en Relatividad General. Construi-remos un método general y alularemos las fórmulas exatas para las perturbaiones aualquier orden de las antidades geométrias relevantes. Con este objetivo, introduiremosuna base de tensores harmónios bien adaptada, que resulta espeialmente apropiada parael estudio de la radiaión gravitatoria y onsiste esenialmente en la generalizaión de losharmónios de Regge-Wheeler-Zerilli (RWZ). Además, para tratar satisfatoriamente lasperturbaiones a altos órdenes, neesitaremos derivar expresiones erradas para el produtode estos harmónios. También proporionaremos un proedimiento iterativo para onstruir



12 Chapter 1. Introduiónantidades invariantes gauge hasta el orden deseado. Obtendremos explíitamente todas lasfuentes uadrátias para los objetos invariantes gauge de segundo orden y sus euaionesde movimiento.Apliaremos este formalismo de segundo orden a los fondos orrespondientes al vaío ya un �uido perfeto. En el aso del vaío obtendremos la potenia radiada, hasta ualquierorden en teoría de perturbaiones. A segundo orden, las fuentes que de�niremos ad hopara las variables de Regge-Wheeler y de Zerilli no deaerán on el radio al tender al in-�nito nulo y habrá que regularizarlas. Esta apliaión dará lugar a un formalismo apaz dedesribir perturbaiones de segundo orden arbitrarias del agujero negro de Shwarzshild.En el aso de �uido perfeto, daremos los términos de fuente que proeden de expresarlas perturbaiones del tensor energía-momento en funión de las variables del �uido. Sim-pli�aremos las euaiones de movimiento utilizando el sistema de referenia (frame) queproporiona la veloidad del �uido de fondo. Además, espei�aremos las ondiiones demathing de segundo orden para unir el �uido perfeto y el vaío a través de una supe�ietemporal. Alararemos qué objetos deben ser ontinuos a ualquier orden perturbativo através de la menionada super�ie. En realidad, este análisis de las ondiiones de mathingserá válido para ualquier espaiotiempo de fondo. De esta forma, esta memoria de tesisdotoral proporiona un formalismo ompleto y onsistente para estudiar perturbaiones desegundo orden generales de una estrella esféria, pero posiblemente dependiente del tiempo,formada por �uido perfeto.La segunda línea de investigaión se puede onsiderar omo una generalizaión de lostrabajos de Monrief [101, 102℄ al aso de fondos dinámios. En sus investigaiones, Mon-rief onstruyó las llamadas variables master para los fondos de Shwarzshild y Reissner-Nordström en un maro anónio. Estas variables master son invariantes gauge, obedeeneuaiones de movimiento sin ligaduras y ontienen toda la informaión físia del problema,en el sentido de que el resto de las perturbaiones se pueden reonstruir en términos deellas.También nos restringiremos a fondos esférios, pero podrán ser altamente dinámios. Ladinámia será introduida utilizando un ampo esalar real sin masa, pero podría haerseigualmente a través de ualquier otro tipo de materia que admita una desripión hamil-toniana. En el aso axial, la soluión es el esalar GS [51℄, previamente enontrado uti-lizando solamente métodos lagrangianos. Mostraremos ómo el maro hamiltoniano permiteuna derivaión más sistemátia de este objeto, y uál es la relaión mutua entre ambostratamientos. Más importante resultará la apliaión de la mismas ténias al aso po-lar, mediante lo que enontraremos una variable de Zerilli para este esenario dinámio.Ésta es la primera vez que se presenta una variable master para un aso dinámio. Esta



1.6 Organizaión 13investigaión abre el amino para una búsqueda sitemátia de variables polares master.Como ya se ha expliado, la omputaión algebraia resulta neesaria para tratar estetipo de problemas. Por ello, otro de los objetivos prinipales de este trabajo es onstruir unsistema de omputaión algebraia que sea apaz de manejar las euaiones que el forma-lismo de teoría de perturbaiones (a altos órdenes) involura. En partiular esribiremosdos módulos dentro del entorno xAt [111℄, para álgebra omputaional de tensores enMathematia, llamados xPert y Harmonis. El primero permite tratar la teoría de per-turbaiones a altos órdenes sobre ualquier fondo. Está basado en una ombinaión dealgoritmos ombinatorios adaptados y potentes ténias de álgebra omputaional de ten-sores. El segundo implementa la simetría esféria a través de diferentes harmónios esfériostensoriales. xPert ha sido utilizado ya en varios proyetos de investigaión, que van desdeteoría de perturbaiones en Relatividad General [113, 114℄ hasta problemas del transportede la radiaión en fondos urvos [115�117℄ o perturbaiones osmológias [118, 119℄.1.6 OrganizaiónEsta tesis desribe el trabajo ontenido en las referenias [113, 114, 120�125℄ y estáorganizado en seis partes. En lo que sigue, remararemos espeialmente las partes de latesis que ontienen trabajo original.En la Parte I se introduen los oneptos básios y euaiones de la teoría de pertur-baiones. En la Seión 3.3 se presentan fórmulas erradas para la enésima perturbaiónde las antidades geométrias de interés (fórmulas que son nuevas, hasta donde nosotrossabemos). Se analizan las transformaiones gauge a altos órdenes y se explia la invarianiagauge. En la Subseión 4.1.2 introduimos un método para onstruir objetos invariantesgauge a ualquier orden perturbativo sobre espaiotiempos genérios.La Parte II se oupa del tratamiento de la simetría esféria y está divida en dos apítulos.El análisis y la notaión que se utilizará para un espaiotiempo esfério general se explianen el Capítulo 5. En el Capítulo 6 se presenta una revisión de los diferentes tipos deharmónios esférios tensoriales junto on sus propiedades más relevantes. También seobtiene la fórmula del produto entre ualquier par de harmónios. Este es un resultadode partiular importania de esta tesis, que nos permite ir a segundo orden perturbativo ysuperiores, y está detallado en la segunda parte del Capítulo 6 (Seiones 6.5, 6.6, y 6.7).En la Parte III presentamos la búsqueda de variablesmaster en un espaiotiempo esférioon un ampo de materia esalar. El Capítulo 7 reupera el onoido esalar master deGS desde un punto de vista anónio. Siguiento las mismas ténias hamiltonianas, en el



14 Chapter 1. IntroduiónCapítulo 8 damos una generalizaión de la variable de Zerilli a este esenario dinámio.Ésta es la primera vez que se enuentra una variable polar master invariante gauge para unfondo dinámio y toda esta parte (Capítulos 7 y 8) es nueva.Las perturbaiones no esférias se disuten en la Parte IV. En el Capítulo 9 se realiza ladesomposiión harmónia de las perturbaiones y se onstruyen las antidades invariantesgauge a ualquier orden perturbativo. Este es un resultado importante de esta tesis y estáontenido en las Subseiones 9.2.2 y 9.2.3. El Capítulo 10 es un repaso del formalismo GSde primer orden, introduiendo la notaión que se utilizará posteriormente, exepto por laSubseión 10.3.2, que ompleta el análisis realizado en la Parte III. En el Capítulo 11 sepresenta, por primera vez en la literatura, un onjunto ompleto de invariantes gauge desegundo orden de manera explíita, así omo las fuentes para las euaiones de evoluiónde dihos invariantes y para las euaiones de onservaión de energía-momento. Todo elmaterial ontenido a partir del Capítulo 11 es original exeptuando las uestiones a primerorden perturbativo.Las apliaiones del formalismo GS de segundo orden que hemos desarrollado estánontenidas en la Parte V. Más onretamente, en el Capítulo 12 presentamos las euaionesde RW y de Zerilli de segundo orden regularizadas. La potenia emitida en forma de ondasgravitatorias también se expresa en términos de las menionadas variables master. ElCapítulo 13 desarrolla la apliaión a un �uido perfeto. Las euaiones de movimientode segundo orden se obtienen explíitamente y se simpli�an. El Capítulo 14 estudia lasondiiones de mathing perturbativas a altos órdenes y las partiulariza para unir los dosespaiotiempos previos: vaío y �uido perfeto.La Parte VI ontiene detalles sobre el proedimiento empleado para implementar nues-tros álulos en Mathematia, utilizando el paquete xTensor. Consiste de un únio apítuloque presenta los dos módulos (xPert y Harmonis) que hemos onstruido durante el ursode esta investigaión.Finalmente, se añaden uatro apéndies. Los dos primeros apéndies explian diferentesaspetos de la de�niión de las funiones esférias y la manera de onstruir la parte simétriay sin traza de un tensor dado. El Apéndie C presenta las fuentes regularizadas para laseuaiones de RW y de Zerilli de segundo orden para un aso partiular. Por último, elApéndie D ontiene las fuentes orrespondientes a las euaiones de segundo orden de lasperturbaiones del �uido para diferentes números harmónios.



Chapter 2
Introdution

Nowadays, General Relativity is onsidered to be the best available theory that desribesthe lassial (non-quantum) gravitational interation. The �rst experimental on�rmationsof the theory, already predited by Einstein, were the de�etion of light and the perihelionadvane of Merury. It was not until the beginning of the 1960s that astronomial disoveries(like quasars or pulsars) provided new observations to onfront General Relativity in theweak gravity regime. One of the best known is the derease in the orbital period of theHulse-Taylor binary pulsar [1℄, for whih they both reeived the Nobel prize [2, 3℄. Theseobservations agreed very well with the theoretial preditions of General Relativity andexluded several alternative theories [4, 5℄. Sine the 1980s attention has been mainlyfoused on �nding strong-�eld regime observations that ould orroborate or ontraditthe preditions of General Relativity in two extremes. On the one hand there is the limitassoiated with the Plank sale physis. There are proesses with very small harateristidistanes whih produe strong gravitational interations up to some point where GeneralRelativity is assumed to fail due to quantum phenomenology. On the other hand thereis the astrophysial limit, whih involves very dense objets with large masses, that willalso lead to suh strong gravitational interations. It is expeted that several senarios,like blak hole and/or neutron star ollisions, will produe enough gravitational radiationemission to be deteted from Earth in the near future.In this astrophysial ontext, the detetion of gravitational waves is onsidered to be oneof the most important open problems in experimental physis. Apart from providing a testof General Relativity in the strong-�eld regime, it may open a new window for astrophysialobservation, giving rise to an era of gravitational-wave astronomy. Several ground-basedgravitational wave detetors are already taking data (suh as GEO [6℄, LIGO [7℄ or VIRGO[8℄), and spae-missions (most notably LISA [9℄) are planned for the early 2020s.15



16 Chapter 2. IntrodutionThe signal to be deteted is very small, and buried under a number of di�erent typesof noise. Powerful statistial tehniques have been developed to help in the reovery of thesignal from the data measured. However, it is still essential to have in advane a atalogueof templates for the possible signals to be observed (mathed �ltering tehnique). Thesetemplates an only be obtained by solving the equations of General Relativity, the Einsteinequations. These are a system of ten non-linear oupled partial di�erential equations andhave proven very di�ult to solve. There is no hope of onstruting a atalogue of exatanalytial solutions desribing the gravitational waves pro�les emitted in suh astrophysialsenarios. Only situations with very high symmetry allow us to write down expliitly thesolution, and only a few of them are relevant from an astrophysial point of view [10℄. Hene,as it is usual in physis, when a physial problem annot be solved exatly, one resorts toapproximate methods. Here we will mention the three tehniques that have worked best sofar, and whih an be onsidered omplementary in the analysis of the dynamis of GeneralRelativity in this ontext: post-Newtonian methods, Numerial Relativity and perturbationtheory.Post-Newtonian methods are based on the ombination of a weak-gravity approximation(i.e., perturbation theory around Minkowski, also known as post-Minkowskian approxima-tion) and an expansion of the solutions of the equations into a power series with parameter
v/c, where c is the speed of light and v a typial matter veloity of the problem in ques-tion [11℄. Therefore, this approximation is valid to model the gravitational waves generatedby a soure with slow internal motion and weak self-gravitation. By going up to highpowers of v/c it is possible to onsider relativisti soures (results at order 6 are now usedsystematially [12℄), and atually the post-Newtonian approximations typially behave bet-ter than expeted. The Newtonian limit (1/c→ 0), was already onsidered by Einstein [13℄and Landau and Lifshitz [14℄ to derive the famous quadrupole formula, whih gives thetotal emitted power in form of gravitational waves in terms of the time derivatives of thequadrupole moment of the soure. In fat, this relation was enough to explain the dereaseof the period in the Hulse-Taylor binary pulsar [15, 16℄.Numerial Relativity is nowadays a branh of General Relativity in its own right [17℄.Any attempt at solving Einstein equations using numerial methods ould be inluded inthis area, but here we will refer only to those simulations dealing with the full Einsteinequations, perhaps under some symmetry redution. (Even working with post-Newtonianmethods or perturbation theory we are typially led to integrate some other equationsnumerially.) Many di�erent formulations of the Einstein equations an be used for theirdisretization in a omputer, depending on how the spaetime is desribed. The simplestway to do it is based on the Hamiltonian approah by Arnowitt, Deser and Misner (ADM)



17[18, 19℄, whih foliates the spaetime in a family of three-dimensional spaelike surfaes.Other frequent approahes are based on the use of null surfaes, whih o�er a better wayof dealing with radiation. There were some attempts already in 1960s and 70s to solvenumerially the Einstein equations in two spatial dimensions [20, 21℄. But at that timethe omputers were not powerful enough to obtain relevant three-dimensional results, andthe formulations used were not mathematially onsistent, as was later realized. In theproblem of simulating a binary blak hole, of key importane in this area, progress in boththe numerial and the analyti sides took plae during the 1990s, until Pretorius [22℄ in2005 was able to evolve the system in a stable way for the �rst time. Sine then, a largenumber of artiles by several groups have been published, reporting on interesting featuresof this system, and providing reliable gravitational wave templates. Apart from the speialproblem of pure vauum, muh e�ort has also been invested in the simulation of spaetimesontaining �uid matter, and more reently �uid matter oupled to the eletromagneti �eld,to model stellar ore-ollapse and the ollisions of neutron stars, other important souresof gravitational radiation [23℄.Perturbation theory provides another approximate approah, allowing a desription interms of small departures around an exat solution. In the ontext of General Relativity,perturbation theory plays a prominent role in analyzing the stability of partiular solutions,and in understanding dynamial proesses in terms of the behaviour of simple �osillationmodes�, being today an e�ient and natural omplement to full Numerial Relativity sim-ulations [24℄. We will desribe it in depth in the following setions.The three approximation tehniques have their own domains of validity, whih are fre-quently omplementary, and so their ombined use is usually the best strategy. For example,the three phases of a binary blak hole ollision, inspiral, merger and ring-down, an be ad-equately desribed with post-Newtonian methods, Numerial Relativity and perturbationtheory, respetively. During the initial inspiral phase the blak holes are far apart and themutual gravitational interation is weak. Hene one an almost approximate the pitureby Newtonian gravity. This is the perfet arena for post-Newtonian methods. As the blakholes get loser due to the energy radiated in form of gravitational waves, their mutualgravitational interation will be stronger. At this point, the post-Newtonian methods needmore terms in their expansion to aurately follow the trajetories. When the two holesare very lose, the nonlinearities beome very large and this is the phase when one needsfull Numerial Relativity to follow the evolution. At the end both holes merge in a uniqueblak hole, whih goes on radiating gravitational waves until it beomes a stationary Kerror a Shwarzshild blak hole. During this �nal part of the dynamial evolution, the spae-time an be approximated by the mentioned known solution plus some small deviations,



18 Chapter 2. Introdutionwhih an be properly desribed by perturbation theory. In the following, we will enterour attention in perturbation theory, desribing more deeply its history and ahievementsin the ontext of General Relativity.2.1 Appliations of linear perturbation theoryPerturbation theory an be used to study the stability of solutions of the Einstein equa-tions. A onsiderable amount of work has been devoted to the disussion of the stability ofblak-holes [25℄ and osmologial solutions [26℄, given the physial interest in these spae-times.In addition, perturbative analyses allow us to hek the presene of gauge instabilities[27℄, onstraint violations [28℄, and other type of instabilities in numerial implementationsof the Einstein equations, sine numerial errors an be onsidered themselves as distortionsof the solution that one is omputing.Another important appliation is the study of the prodution and propagation of wavesin a ertain urved spaetime. Perturbation theory an provide us with estimates of theamount of gravitational radiation and of the signal pro�les emitted in astrophysial senarioslike an osillating neutron star [29℄, the gravitational ollapse of a star [30℄, an extrememass-ratio binary [31℄, or a lose limit head-on ollision of two blak holes [32℄.Perturbation theory has been reognized as a powerful tool in osmology, as well. Fol-lowing the pioneering works by Bardeen [33℄ and Kodama and Sasaki [34℄, it has beenused to study the evolution of small inhomogeneities in the early Universe, giving a preiseunderstanding of the angular dependene of the power spetrum in the osmi mirowavebakground. These departures from homogeneity have been measured by the COBE [35℄and WMAP [36℄ experiments. Large sale struture formation in the Universe is also ex-plained by initial small perturbations that grew with time.There is extensive literature on perturbations of �uid stars, due to its enormous relevanein astrophysis. Here we will simply mention the most relevant artiles on whih we havebased our extension to seond-order perturbation theory of ollapsing stars. In partiularwe will onentrate on perturbations around spherial bakgrounds, though they an bestati or time-dependent, and an have various equations of state.On stati bakgrounds the work by Chandrasekhar [37, 38℄ pioneered the analysis ofradial perturbations of spherial stars in General Relativity, in the middle sixties. In aseries of papers, Thorne and ollaborators [39�43℄ dealt with non-radial perturbations ofperfet �uid stars, establishing the theoretial basis to treat the problem. This basis was



2.1 Appliations of linear perturbation theory 19further developed in other referenes, suh as [44℄ and [45℄.Researh on non-stati bakgrounds began in the late seventies, when Cunningham etal. [46,47℄ used a gauge-invariant formalism to evolve non-radial perturbations of a spherialollapsing dust. Seidel and oworkers [48�50℄ applied the formalism of Gerlah and Sengupta(GS) [51�54℄, valid for any spherially symmetri bakground with any matter ontent, toevolve the perturbations of a time-dependent perfet �uid with a more general equation ofstate. Building on these referenes, Gundlah and Martín-Garía [55℄ developed a ovariantand gauge-invariant framework to analyze an arbitrary perturbation of a spherial perfet�uid. This framework was latter used by Harada et al. [30℄ to analyze axial perturbationsof stellar ollapse.In parallel, perturbation theory has been one of the most relevant tools in the analysisof the properties of blak holes. The �rst artile that studied perturbations of a blak holedates from 1957 [56℄. At this time blak holes were not still aepted as physial entities.The Shwarzshild solution to the Einstein �eld equations was known but the most aeptedbelief was that this exoti solution, built out of the mass-free Einstein �eld [56℄, existed dueto the high (and ideal) symmetry assumed. In order to analyze the stability of this objet,Regge and Wheeler (RW) studied small perturbations departing from spheriity. Theseperturbations are lassi�ed in two di�erent polarities (polar and axial), orresponding tothe two degrees of freedom of the gravitational wave. They found a wave equation, whihis nowadays known as the Regge-Wheeler equation, for one of the polarities. Several yearslater, Zerilli wrote down the wave equation orresponding to the other polarity [57℄. Theseequations have a potential that depends on the mass of the bakground blak hole and theinteger l, that omes from the spherial harmoni funtion used to deompose the angulardependene of the perturbation in question.Making use of these equations, Vishveshwara found a onvining answer to the stabilityof the Shwarzshild metri [58℄. De�ning an energy integral that should be kept onstantthrough evolution, he gave a bound for the time derivative of the perturbation, exludingexponentially growing solutions. This seemed to indiate the nonexistene of unstablemodes. However, there were some gaps in the reasoning that were later �lled by Kay andWald [59℄. They proved that any perturbation with smooth and bounded initial data willremain bounded pointwise.Another two surprising properties of the blak holes that were disovered in the 1970swith perturbative methods were quasinormal modes and power-law tails. The quasinormalmodes are solutions to the Regge-Wheeler and Zerilli equations [60℄ with purely outgoingboundary onditions, that is, at the horizon they are plane waves direted inside the horizonwhereas at null in�nity they point outwards. These quasinormal modes are the equivalent



20 Chapter 2. Introdutionto the normal modes in standard mehanial systems for situations where there is energydissipation (in our ase the gravitational waves remove energy out of the system). Thesemodes have been widely studied [61℄, also for stars and rotating blak holes, and their maininterest lies in the fat that their freuenies depend on the mass and angular momentumof the blak hole (or star) being perturbed. Hene, through the detetion of quasinormalmodes one ould obtain diret information about the properties of the radiating objet.Power-law tails were �rst omputed by Prie [62,63℄. At a �xed radius, for large times,a perturbation of Shwarzshild with harmoni label l, deays like t−(2l+3), regardless ofthe kind of perturbation (salar, gravitational,...). These tails are also present at both nulland future in�nities obeying partiular power-law deay rates [64, 65℄. Intuitively they areusually understood as arising from the baksattering of the waves o� the e�etive urvaturepotential.Regarding rotating (Kerr) blak holes everything gets more ompliated. In the non-rotating ase one uses the spherial harmonis to deompose the angular dependene of theperturbations and, at linear level, eah multipole evolves independently. But in the rotatingase the di�erent multipoles are oupled. However, there are still some symmetries (ax-isymmetry and stationarity) that allow the deoupling of the time and axial dependenies.Making use of the Newmann-Penrose tetrad formulation of Einstein equations, Teukolskyrewrote the equations of motion for the linear perturbations of a Kerr blak hole as twodeoupled equations [66℄. The stability was proven by Whiting [67℄ after some intrinateoordinate transformations following the same method as Vishveshwara for the non-rotatingase [58℄. Sine there is no known oordinate-independent notion of multipole on a Kerrbakground, the power laws for the tails depend on the foliation [68,69℄. Even more, it hasbeen argued that the deay is not universal and depends on the perturbative �eld.2.2 High-order perturbation theory2.2.1 MotivationDi�erent reasons justify the importane of going beyond �rst order in perturbation the-ory. A �rst motivation is the desire to reah better auray in the results. For instane,this is a deisive point in the onstrution of su�iently realisti templates for the detetionof gravitational waves. A seond reason is that high-order alulations would provide a wayto establish the range of appliability of the �rst-order results, estimating the quantitativeerrors and leading to validation limits for the �rst-order approximation. These validation



2.2 High-order perturbation theory 21limits would be very useful, beause one is usually interested not just in negligible per-turbations, but in more general situations for whih the extrapolation of the perturbativeresults an be asted into doubt. In addition, at seond and higher orders, oupling betweenperturbative modes will appear. This oupling will bring the nonlinearity of full GeneralRelativity to the approximate theory and ould result in the appearane of proper sales ofertain problems.For instane, the oupling among osillation modes of blak holes with frequenies ω1and ω2 an generate overtones with frequeny ω1 ± ω2 through seond order perturbationtheory, or shifts in the frequeny in third order perturbation theory [70℄. During the ring-down phase of the merger of supermassive blak holes, those overtones ould be detetedby LISA with good signal-to-noise-ratio at a distane of 1Gp. However, urrent numerialsimulations have not yet been able to provide lear indiations of the presene of suhovertones, beause their size is approximately that of the numerial noise. This is a problemfor whih seond-order perturbation theory is best suited.2.2.2 HistoryUntil reently, most perturbative investigations had been arried out at �rst order. Asfar as we know, the pioneering appliation of seond-order perturbation theory in a Gen-eral Relativity ontext was the study of osmologial perturbations around a Friedmann-Robertson-Walker bakground by Tomita [71℄ in 1967, and later the study by the sameauthor of the nonlinear stability of the Shwarzshild solution [72, 73℄.At present, more and more appliations of high-order perturbation theory are beingproposed. In partiular, osmologial senarios are under intensive studies, see for instane[74�80℄ and referenes therein. In addition, the head-on ollision of two blak holes in thelose-regime approah [81℄ has been interpreted as a quadrupolar perturbation of a singleblak hole [32,82�85℄. These investigations led to surprising results where the seond-orderapproximation follow very aurately the full non-linear numerial simulations. Reently,also perturbing Shwarzshild, seond-order quasinormal modes have been de�ned [86, 87℄and a formalism to deal with extreme mass ratio inspirals dedued [88℄.The Kerr spaetime has also been analyzed at seond order [89℄, generalizing the Teukol-sky formalism [66℄ for linear perturbations. The ritial exponent of angular momentumsaling has been predited for salar �eld ollapse using seond-order perturbation argu-ments [90℄. Seond-order perturbations of the general problem of a mathing through asurfae have been analyzed in [91℄.



22 Chapter 2. IntrodutionTo our knowledge, high-order perturbation theory has only been applied on �uid bak-grounds to model the perturbations of a slowly uniformly rotating star. This is done bytaking the rotation as an axial �rst-order perturbation of the bakground spherial star.One of the pioneering works in this ontext is again one paper in the series by Cunninghamet al. [92℄, where the seond-order nonspherial perturbations of a ollapsing ball of dustwere studied inluding the mathing of the internal and external perturbations through thesurfae of the star. The same idea has been applied frequently on stati bakgrounds [93,94℄,to model slowly rotating stationary stars. There are also studies [95, 96℄ of di�erential ro-tation, where more than one �rst-order perturbation is needed to desribe the rotation,but they make use of the Cowling approah, whih neglets all the spaetime ouplings.Without the Cowling approah only radial modes have been onsidered [97℄.2.3 Gauge freedomA entral problem in General Relativity perturbation theory, inherited from the di�eo-morphism invariane of the full theory (but not equivalent to it), is that of isolating thephysial degrees of freedom from the gauge-dependent information. This an be done by im-posing onvenient gauge �xing onditions on the perturbations, as Regge and Wheeler [56℄originally did in their study of perturbations of a Shwarzshild blak hole. As we have al-ready ommented, they and later Zerilli [57℄ sueeded in isolating the two physial degreesof freedom of the gravitational �eld around spherial vauum, by taking suitable linearombinations of the perturbations and their radial derivatives. These two variables fur-ther deouple due to their di�erent properties under parity inversion: the Regge-Wheelervariable is axial and the Zerilli variable is polar.An alternative to gauge-�xing was given by Sahs in 1964 [98℄, later improved by Stewartand Walker [99℄, introduing the onept of gauge-invariants for �rst-order perturbationtheory. These authors already obtained the result that gauge-invariane, as de�ned bythem, was rather restritive and only appliable on highly symmetri bakgrounds. Bruniand ollaborators [100℄ have shown that this geometrial approah beomes even morerestritive at higher orders.A more useful treatment of the gauge freedom in General Relativity perturbation theorywas pioneered by Monrief [101℄ in his Hamiltonian study of the nonspherial perturbationsof Shwarzshild. In a Hamiltonian ontext the four onstraints obeyed by the twelve dy-namial gravitational variables are the generators of the gauge transformations. Monriefwas able to use this information to perform several anonial transformations whih reor-



2.4 The need for omputer algebra 23ganized the original six anonial pairs of variables into two physial unonstrained pairs(equivalent to the Regge-Wheeler and Zerilli variables and their anonial momenta) and an-other four pairs, eah of them omposed by a gauge-invariant variable onstrained to vanishand its onjugated pure-gauge momentum, without any gauge �xing. The same tehniquewas later applied to other spherial bakgrounds with additional symmetries, like Reissner-Nordström [102,103℄, Oppenheimer-Snyder [46℄ or Friedmann-Robertson-Walker [104℄, buthas never been applied to general spherially symmetri bakgrounds, possibly highly timedependent. Hamiltonian perturbation theory has also been reently revisited in Quan-tum Gravity with a osmologial bakground [105, 106℄. A drawbak of the Hamiltonianapproah is that, in priniple, it is tied to a partiular foliation of the bakground spae-time, and hene the geometri properties of the gauge-invariant variables under oordinatetransformations involving time are far from obvious.A Lagrangian formalism was introdued by Gerlah and Sengupta [51℄ to study per-turbations around generi spherial spaetimes. This is a highly geometrial framework,in whih the meaning of the perturbations is transparent, and whih also allows the on-strution of gauge-invariant variables. In the axial ase it has been possible to isolatethe gravitational degree of freedom in a single salar master variable whih obeys a waveequation and an be oupled to any kind of matter, both in the bakground and the pertur-bations. This master salar generalizes the Regge-Wheeler variable to the axial perturbativeproblem around spherial symmetry for any reasonable matter model, and hene an beonsidered as the optimal framework for a perturbative study. Unfortunately, in the polarase there is not a master salar valid for a generi spherial bakground and any mattermodel, though there are results for some partiular ases. For instane, a master Zerillisalar has been introdued by Sarbah and Tiglio [107℄ for a Shwarzshild bakground,whih was later generalized to nonlinear eletrodynamis [108℄. In referenes [109,110℄ thegauge-invariant ombinations of the stress-energy tensor were also inluded but still on avauum bakground.Both approahes to metri perturbation theory are omplementary: the Hamiltonianapproah o�ers a better framework to handle gauge-invariane, while the Lagrangian ap-proah gives a learer piture of the geometrial strutures being perturbed. Both areextensively used in the literature.2.4 The need for omputer algebraPerturbation theory at seond and higher orders involves in general inreasingly large



24 Chapter 2. Introdutionand ompliated equations. Beause of this fat, the analysis at any of these orders has beenimpratiable until reently, exept for partiular ases in situations with a high symmetry.However, urrent omputer algebra tehniques have been developed to a point in whih onean fae more realisti, generi problems with a warranty of suess.Hene, to ope with the omplexity of the alulations, we will intensively use omputeralgebra tools. In partiular, we will make use of xTensor, that is part of the general frame-work xAt [111℄ and is now the fastest manipulator of tensor expressions for Mathematia.With this pakage, one an de�ne manifolds ontaining tensor �elds with arbitrary symme-try, onnetions of any type, metris and other objets. xTensor is based on the Penroseabstrat-index notation and has a single anonializer whih fully simpli�es all expressions,using e�ient tehniques of omputational group theory. We will enode all the equationswith these tools, both to produe and hek them, and to onstrut an e�ient omputerframework to deal with future appliations of the formalism of high-order perturbations.2.5 GoalsThis work an be separated in two major lines of researh with orresponding objetives.On the one hand, we will onstrut a generi framework to analyze seond and higher-order perturbations of spherial spaetimes and deal with its appliation to vauum andperfet �uid matter. On the other hand, we will use a Hamiltonian framework for linearperturbation theory on a spherial, but dynamial, spaetime to look for master variablesthat obey unonstrained equations of motion enoding the physial information of theproblem.The �rst line of researh an be onsidered as a ontinuation of the work by Gerlahand Sengupta at �rst order [51, 54℄ and its appliation to �uid bakground [55, 112℄. TheGS formalism is based on four basi ingredients: i/ a 2+2 deomposition of the spaetimeseparating the spherial S2 symmetry orbits from a general 1+1 Lorentzian manifold M2;ii/ the use of a ovariant desription on the Lorentzian manifold; iii/ the deomposition ofthe perturbations in S2 tensor harmonis; and iv/ the use of gauge-invariant perturbationvariables. The use of a ovariant notation is partiularly onvenient: on the one hand, itallows us to formulate all equations without hoosing oordinates on M2, something thatbeomes very useful on dynamial bakgrounds; on the other hand, it removes all trigono-metri fators from the equations of motion, fators whih do not ontain any relevantinformation and typially obsure the geometrial interpretation of the results.We will show that it is possible to extend the analysis around spherial spaetimes to all



2.5 Goals 25orders in perturbation theory for General Relativity. We will onstrut a general methodand alulate exat formulas for the perturbation of the relevant geometri quantities at anyorder. With this purpose we will introdue a well-adapted basis of tensor harmonis, whihis speially suitable for the study of gravitational radiation and onsists essentially of ageneralization of the Regge-Wheeler-Zerilli (RWZ) harmonis. In addition, to satisfatorilydeal with high-order perturbations, we will need to derive losed expressions for the produtsof these harmonis. We will also give an iterative proedure to onstrut gauge-invariantquantities up to the desired order. We will expliitly obtain all �rst-order quadrati souresfor seond-order gauge invariant quantities and their equations of motion.This seond-order formalism will be applied to vauum and perfet �uid bakgrounds.In the ase of vauum we will obtain the radiated power up to any order in perturbationtheory. At seond-order, the soures we will de�ne ad ho for the Regge-Wheeler and Zerillivariables will not deay with radius at null in�nity and we will regularize them. Thisappliation will lead to a formalism able to desribe arbitrary seond-order perturbationsof a Shwarzshild blak hole. In the ase of the perfet �uid, we will give the soure termsoming from expressing the perturbations of the energy-momentum tensor in terms of the�uid variables. The equations of motion will be simpli�ed by making use of the frameprovided by the bakground �uid veloity. The seond-order mathing onditions will alsobe investigated, to math the perfet �uid and vauum spaetimes aross a timelike surfae.We will larify whih objets are ontinuous at any perturbative order through that surfae.This analysis of the mathing onditions will also be valid for any bakground spaetime.In summary, this thesis provides a omplete and onsistent formalism to study generiseond-order perturbations of a spherial, but possibly time-dependent, �uid star.The seond subjet of researh an be onsidered as a generalization of Monrief's results[101,102℄ to the ase of dynamial bakgrounds. In his investigations Monrief onstrutedthe so-alled master variables for a Shwarzshild and Reissner-Nordström bakgrounds ina anonial framework. These master variables are gauge-invariant, obey unonstrainedequations of motion and ontain all the physial information of the problem in the sensethat the rest of the perturbations an be reonstruted in terms of them.We will also restrit ourselves to spherial bakgrounds, but these an be highly dynam-ial. For de�niteness, the dynamis will be introdued using a real massless salar �eld, butould similarly be done through any other matter model admitting a Hamiltonian desrip-tion. In the axial ase, the sought solution is the Gerlah and Sengupta master salar [51℄,previously found using the Lagrangian method only. We will show how the Hamiltonianformalism allows a more systemati derivation of this objet, and how both approahesmutually relate. Most importantly, we will apply the same tehniques to the polar ase



26 Chapter 2. Introdutionand �nd a generalization of the Zerilli variable to this dynamial senario. This is the �rsttime that a gauge-invariant master variable is presented for a dynamial senario. Thisinvestigation paves the way for a systemati searh for master polar variables.As we have explained, algebrai omputation turns out to be neessary to ope with thiskind of problems. That is why another important goal of this work is to onstrut an e�ientomputer algebra framework that is able to handle the alulations involved in the formalismof (high-order) perturbation theory. In partiular we will write two modules inside thegeneral framework xAt [111℄, for tensor omputer algebra inMathematia, named xPert andHarmonis. The �rst one is for high-order metri perturbation theory on any bakground.It is based on the ombination of adapted ombinatorial algorithms and powerful tehniquesof tensor omputer algebra. The later implements the spherial symmetry through di�erentkind of tensor spherial harmonis. xPert has been already used in several researh projets,ranging from perturbation theory in General Relativity [113, 114℄ to problems in radiationtransport in urved bakgrounds [115�117℄ or osmologial perturbations [118, 119℄.2.6 OutlineThis thesis desribes the work ontained in referenes [113,114,120�125℄ and is organizedin six parts. In the following, we will partiularly remark those parts of this thesis ontainingoriginal work.Part I introdues the basi onepts and equations of perturbation theory. Closedformulas for the nth-order perturbations of the geometri quantities of interest (formulasthat are new in the literature to the best of our knowledge) are presented in Setion 3.3.High-order gauge transformations are analyzed and gauge invariane is explained for latteruse. We introdue a method to onstrut gauge invariant objets at any perturbative orderin 4.1.2.Part II develops a number of tools for our later work on spherially symmetri bak-grounds, and is divided in two hapters. The notations used for a general spherial spae-time are explained in Chapter 5. A review of the di�erent kinds of tensor spherial har-monis with all their properties is presented in Chapter 6. A produt formula for any pairof tensor spherial harmonis is also obtained. This is an important result of this thesis,that allows us to go to seond and higher perturbative orders, and it is ontained in theseond part of Chapter 6 (Setions 6.5, 6.6, and 6.7).In Part III we present a ombination of Hamiltonian and ovariant methods to searhfor master variables on a dynamial spherial spaetime (for de�niteness, we use a salar



2.6 Outline 27�eld as matter ontent). Chapter 7 shows that our method reobtains the well-known GSmaster salar for the axial setor. Following the same tehniques, in Chapter 8 we give ageneralization of the Zerilli variable to dynamial senarios. This is the �rst time that agauge-invariant master variable is found for a dynamial bakground and this whole part(Chapters 7 and 8) is new.The general theory of nonspherial perturbations is disussed in Part IV. In Chapter9 we deompose general perturbations in tensor harmoni bases, and then we introduegauge-invariant ombinations of those perturbations for arbitrary perturbative order, nevergiven before. This is an important result of the thesis, and it is ontained in Setions 9.2.2and 9.2.3. Chapter 10 is mainly a review of the �rst-order GS formalism, introduing thenotation used later, exept for 10.3.2, whih �nishes the analysis of Part III. In Chapter11, for the �rst time in the literature, a omplete set of seond-order gauge invariants isexpliitly presented, as well as soures for the evolution equations of these invariants andfor the energy-momentum onservation equations. All the material inluded from Chapter11 on is original with the exeption of issues at �rst order in perturbation theory.We have applied this general seond-order GS formalism to three di�erent problems, asdesribed in Part V. We �rst study perturbations of vauum in Chapter 12, presenting theregularized seond-order Regge-Wheeler and Zerilli equations. The power emitted in formof gravitational waves is also given in terms of those master variables. Seond, Chapter 13develops the appliation to perfet-�uid matter. The seond-order equations of motion areexpliitly obtained and simpli�ed. Third, Chapter 14 studies the high-order perturbativemathing onditions and partiularize them to math the previous two systems: vauumand perfet �uid.Part VI ontains details about the proedure employed to implement our alulations inMathematia, using the tensor system xAt. It onsists of a single hapter that presents thepakages (xPert and Harmonis) we have onstruted in the ourse of this investigation,and whih are distributed as free software. xPert has been already used by other authorsin independent investigations in perturbation theory.Finally, four appendies are given. The �rst two appendies explain di�erent aspetsof the de�nition of spherial funtions and how to onstrut the symmetri trae-free partof a given tensor. Appendix C presents the regularized soures for the seond-order RWand Zerilli equations for a partiular ase. Finally, Appendix D ontains the soures or-responding to equations for the seond-order �uid perturbations for the di�erent harmonilabels.
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Chapter 3
Perturbation theory in GeneralRelativity
3.1 General onsiderationsThe Einstein equations are a system of ten oupled nonlinear partial di�erential equa-tions for the metri. Perturbation theory reformulates them as an in�nite set of linear partialdi�erential equations for the deviation of the metri with respet to a known solution. Thisin�nite set is organized into hierarhies labelled by power orders of a dimensionless param-eter ε. Furthermore, in this hierarhy of equations, the prinipal parts are always givenby the same linear di�erential operator ating on a perturbative orretion of inreasingorder. In this way, one translates the di�ulty from nonlinearity to the in�nite number ofequations. The key assumption of the perturbative sheme is that one an trunate theproblem at a �nite order and still obtain an approximate solution to the original system.As starting point we will suppose a family of spaetimes depending on the dimensionlessparameter ε. Eah spaetime onsists in a four dimensional Lorentzian manifold M̃(ε) witha metri g̃µν(ε) and some matter �elds whih will be desribed by the stress-energy tensor
t̃µν(ε). The objets with ε = 0 will form the bakground spaetime and be denoted withouttilde, that is, {M̃(0), g̃µν(0), t̃µν(0)} = {M, gµν , tµν}. This bakground metri gµν will beassumed to be a known solution of the Einstein equations for the stress-energy tensor tµν .Our aim is to ompare perturbed tensors (T̃ (ε)) with their bakground ounterparts(T̃ (ε = 0) = T ). But, sine these tensors live in di�erent manifolds and there is noavailable preferred struture to relate them, we are fored to arbitrarily hoose a mappingfrom M(ε) to M . This mapping will generate a pull-bak (push-forward) between the31



32 Chapter 3. Perturbation theory in General Relativitytangent (otangent) spaes; in this way, the pull-bak of a tensor T̃ (ε) will be de�ned onthe bakground manifold M . The freedom in the hoie of that mapping is the gaugefreedom that will be analyzed in the following hapter. For the moment being, we will notintrodue any expliit mapping to keep the notation simple, but from now on T̃ (ε) has tobe understood as the pull-bak (push-forward) of that tensor to the bakground manifold.Hene, all objets onsidered will be tensors on the manifold M and their indies will belowered or raised with the bakground metri gµν or its inverse gµν .3.2 NotationIn order to introdue the perturbative hierarhy, now that all tensors are de�ned inthe same manifold, we will Taylor expand the perturbed tensors around their bakgroundounterparts. For that, the dependene on ε will be supposed smooth, or at least Cn if wewant to work only up to order n in perturbation theory.
g̃µν(ε) = gµν +

∞∑

n=1

εn

n!
{n}hµν , (3.1)

t̃µν(ε) = tµν +
∞∑

n=1

εn

n!
{n}tµν . (3.2)The perturbations {n}hµν and {n}tµν are then de�ned as ε-derivatives evaluated in the bak-ground and, of ourse, are tensors of the bakground manifold. Hene, we introdue aformal �perturbation� operator ∆,

∆n[T ] ≡ dnT̃ (ε)

dεn

∣∣∣∣∣
ε=0

, (3.3)so that any objet T̃ (ε) an be expanded as
T̃ (ε) = T +

∞∑

n=1

εn

n!
∆n[T ]. (3.4)For instane, ∆[gµν ] = {1}hµν and ∆[ {n}hµν ] = {n + 1}hµν . In this notation, the brakets areintended to avoid onfusion with index positioning beause, e.g., for a given vetor vµ,

∆[vµ] = ∆[gµνv
ν ] = gµν∆[vν ] + {1}hµνv

ν 6= gµν∆[vν ], (3.5)so the notation ∆vµ might be misleading.An important variation of the general perturbative formalism explained in this hapteris frequently used in quantum �eld theory in urved bakgrounds. It is usually alled



3.3 Perturbative formulas for di�erent objets 33`bakground �eld method' and deomposes the full metri g̃ as g̃µν = gµν +hµν [126℄. Otherobjets depending nonlinearly on g̃ are later trunated at a given order in powers of h. Thisan be onsidered as a partiular ase of the general formalism used here, in whih all butthe �rst perturbation of the ovariant metri are de�ned to be zero: {n}hµν = 0 for n ≥ 2.All formulas in this hapter an be translated to the bakground �eld method using suh asimple restrition.3.3 Perturbative formulas for di�erent objetsAn important onsequene of the derivative harater of ∆ is that it obeys the Leibnitzrule, whose n-th order generalization on the produt of m tensors is
∆n[T1 . . . Tm] =

∑

{ki}

n!

k1! . . . km!
∆k1[T1] . . .∆

km [Tm], (3.6)where the notation {ki} means that the sum extends to all sorted partitions of n in mnonnegative integers (that is, inluding zero) obeying k1 + ... + km = n. For instane, forthe ase n = 3 andm = 2, the orresponding partitions would be {(3, 0), (0, 3), (2, 1), (1, 2)}.For the partiular but important ase of two objets (m = 2), the above formula takes thesimpler form
∆n[T1T2] =

n∑

k=0

(
n

k

)
∆k[T1]∆

n−k[T2]. (3.7)The Leibnitz formula (3.6) an be understood as a partiularization of the Faà di Brunoformula [127℄ (the n-th order hain rule), that gives the expansion of ∆n[F (ζ1, ..., ζm)] foran arbitrary funtion F of m salar arguments ζ1, ..., ζm.3.3.1 Perturbations of derivativesThere are several types of derivatives whih may appear in a perturbative omputation.We will study here three of those types: partial, ovariant and Lie derivatives.Partial derivatives are assoiated to oordinate systems and hene do not hange underperturbations of the metri. Therefore, by onstrution, they ommute with the ∆ operator:
∆n[T,µ] = ∆n[T ],µ for any tensor �eld T of any rank.General ovariant derivatives an be perturbed. For instane, the Levi-Civita onne-tion of a metri will hange when its assoiated metri is perturbed. The question arisesthen about what is the perturbation of the ovariant derivative of a tensor. Transforming



34 Chapter 3. Perturbation theory in General Relativityto partial derivatives and Christo�el symbols, perturbing and oming bak to ovariantderivatives, we get, for an arbitrary tensor density T of weight w,
∆n[T µ1...µm

ν1...νk;σ] = ∆n[T µ1...µm
ν1...νk

];σ (3.8)
+

m∑

i=1

{∆n[Γµi
σαT

µ1...α...µm
ν1...νk

] − Γµi
σα∆

n[T µ1...α...µm
ν1...νk

]}

−
k∑

j=1

{
∆n[Γασνj

T µ1...µm
ν1...α...νk

] − Γασνj
∆n[T µ1...µm

ν1...α...νk
]
}

− w {∆n[ΓασαT
µ1...µm

ν1...νk
] − Γασα∆

n[T µ1...µm
ν1...νk

]} ,whih an be rewritten applying the Leibnitz rule (3.7) as
∆n[T µ1...µm

ν1...νk;σ] = ∆n[T µ1...µm
ν1...νk

];σ +

n∑

l=1

(
n

l

){ m∑

i=1

∆l[Γµi
σα]∆

n−l[T µ1...α...µm
ν1...νk

]

−
k∑

j=1

∆l[Γασνj
]∆n−l[T µ1...µm

ν1...α...νk
]−w∆l[Γασα]∆

n−l[T µ1...µm
ν1...νk

]
}
.(3.9)Note that this expression does not involve the metri diretly. That is, it only ontainsthe bakground onnetion ∇, and the perturbations of its Christo�el symbols, withoutassuming that either the bakground or the perturbed onnetions derive from a metri.Hene, it an be applied to perturb a manifold without de�ning a metri on it, for example tothe Palatini equations. Nevertheless, for the ases that the onnetion arises from a metri,in the following subsetion we will relate the perturbations of the Christo�el symbols tothe perturbations of the mentioned metri.Finally, the perturbation formula for the Lie derivative along the vetor �eld v of atensor T of any rank an be omputed by intermediate transformation to partial or ovariantderivatives,

∆n[LvT ] =

n∑

k=0

(
n

k

)
L∆k[v]∆

n−k[T ]. (3.10)This expression bears an obvious similarity with the Leibnitz rule, re�eting the fat thatboth v and T are being perturbed but not the Lie struture itself, whih is diretly givenby the di�erential struture of the manifold and thus remains unperturbed.3.3.2 Perturbations of the urvature tensorsThe expansion for the inverse metri an be obtained by iteration of the matriialidentity
g̃µν ≡ gµν − gµλ(g̃λσ − gλσ)g̃

σν , (3.11)



3.3 Perturbative formulas for di�erent objets 35or, equivalently, by repeated perturbation of the relation
∆[gµν ] = −gµα∆[gαβ ]g

βν . (3.12)Up to third order this leads to
g̃µν = gµν − ε {1}hµν − ε2

2
( {2}hµν − 2 {1}hµα {1}hα

ν) (3.13)
− ε3

6
( {3}hµν − 3 {1}hµα {2}hα

ν − 3 {2}hµα {1}hα
ν + 6 {1}hµα {1}hαβ

{1}hβν) +O(ε4).In order to obtain the general term of that series, let us de�ne hµν ≡ g̃µν − gµν andtemporarily obviate the indies. With this notation, we have
g̃−1 = (g + h)−1, (3.14)whih an be Taylor expanded around h = 0 as

g̃−1 = g−1
∞∑

m=0

(−1)m(g−1h)m. (3.15)Substituting there the deomposition of h in power series of ε and displaying again theindies,
g̃µν = gµα

∞∑

m=0

(−1)m

(
∞∑

k1=1

εk1

k1!
{k1}hα

β

)(
∞∑

k2=1

εk2

k2!
{k2}hβ

γ

)
...

(
∞∑

km=1

εkm

km!
{km}hρ

ν

)
, (3.16)whih an be organized to provide the general term

∆n[gµν ] =
∑

(ki)

(−1)m
n!

k1! ... km!
{km}hµα {km−1}hα

β ... {k2}hτ
ρ {k1}hρ

ν , (3.17)where the notation in round brakets (ki) stands for extending the sum to the 2n−1 sortedpartitions of n in m ≤ n positive integers (not inluding zero) k1 + ... + km = n. Forexample, for n = 3 there are four partitions {(3), (1, 2), (2, 1) and (1, 1, 1)}, whih generatethe four terms appearing in the seond line of the formula (3.13).With the expansions of the metri and its inverse at hand, we an obtain the Christo�elsymbols in the usual way,
Γ̃αµν =

1

2
g̃αβ(∂µg̃νβ + ∂ν g̃µβ − ∂β g̃µν). (3.18)Displaying it up to third order, this leads to

Γ̃αµν = Γαµν + ε {1}hαµν +
ε2

2

(
{2}hαµν − 2 {1}hαβ {1}hβµν

) (3.19)
+

ε3

6
( {3}hαµν − 3 {1}hαβ {2}hβµν − 3 {2}hαβ {1}hβµν + 6 {1}hαβ {1}hβ

γ {1}hγµν) +O(ε4),



36 Chapter 3. Perturbation theory in General Relativitywhere we have de�ned the three-indies tensor perturbation
{n}hαµν ≡

1

2
( {n}hαµ;ν + {n}hαν;µ − {n}hµν;α) , (3.20)whih is symmetri in its last two indies and satis�es {0}hαµν = 0. The ovariant derivativein (3.20) is that assoiated with the bakground metri. Higher-order terms of the expansionan be easily omputed noting that

∆ [ {n}hαµν ] = {n + 1}hαµν − {n}hα
β {1}hβµν , (3.21)whih leads to

∆n[Γαµν ] =
∑

(ki)

(−1)m+1 n!

k1! ... km!
{km}hαβ {km−1}hβγ ...

{k2}hτρ
{k1}hρµν . (3.22)Here, the sum extends again to all sorted partitions of n. For the ase n = 1 this formulamust be understood as ∆[Γαµν ] = {1}hαµν . Note that eah term in the above expressionontains one and only one tensor {k}hρµν , but a variable number of metri perturbations.In order to obtain the general perturbative term for the Riemann tensor, we an start withits de�nition in terms of the Christo�el symbols

Rµνρ
σ = ∂νΓ

σ
µρ − ∂µΓ

σ
νρ + ΓαµρΓ

σ
αν − ΓανρΓ

σ
αµ, (3.23)and use the perturbation operator ∆n on it. This leads to the general term

∆n[Rµνρ
σ] = ∂ν (∆n[Γσµρ]) −

n∑

k=0

(
n

k

)
∆k[Γανρ]∆

n−k[Γσαµ] − (µ↔ ν). (3.24)To make transparent the tensorial harater of this objet, we an rewrite it as
∆n[Rµνρ

σ] = ∇ν (∆n[Γσµρ]) −
n−1∑

k=1

(
n

k

)
∆k[Γανρ]∆

n−k[Γσαµ] − (µ↔ ν). (3.25)If the bakground onnetion omes from a metri, (3.19�3.22) ensure that the perturbedonnetion also derives from a metri. Then, the (impliit) triple sum in (3.25) an berearranged as follows,
∆n[Rµνρ

σ] =
∑

(ki)

(−1)m
n!

k1!...km!
[ {km}hσλm ... {k2}hλ3λ2 {k1}hλ2ρν;µ (3.26)

+

m∑

s=2

{km}hσλm ... {ks+1}hλs+2λs+1 {ks}hλsλs+1µ
{ks−1}hλsλs−1 ... {k2}hλ3λ2 {k1}hλ2νρ]

− (µ↔ ν).



3.3 Perturbative formulas for di�erent objets 37If we display this formula up to seond order we obtain
R̃µνσ

λ = Rµνσ
λ + 2ε {1}hλσ[µ;ν] (3.27)

+ ε2
(

{2}hλσ[µ;ν] − 2 {1}hλα {1}hασ[µ;ν] + 2 {1}hα[µ
λ {1}hαν]σ

)
+O(ε3).Formula (3.26) is surprisingly simple beause all ovariant derivatives of the metriperturbations are grouped in terms of the form (3.20). It is lear that the expliit sum in(3.25) ontains only that kind of terms; however the derivatives of the perturbations of theChristo�el symbols give rise to isolated ovariant derivatives of the metri perturbations.Nonetheless, beause of formula (3.9), they an be ombined to obtain the displayed result.It is straightforward to ompute the general perturbation for the Rii tensor from(3.25) if we want to express it in terms of the perturbations of the bakground onnetion,or from (3.26) if we want it in terms of the perturbations of the metri. As there is nometri ontration involved in the passage from the Riemann to the Rii tensor, it is learthat

∆n[Rµρ] = ∆n[Rµνρ
ν ]. (3.28)The resulting expression is symmetri in µ and ρ owing to the identity

Hαβ {k}hαβρ;µ = Hαβ {k}hαβµ;ρ, (3.29)valid for any symmetri tensor Hαβ suh that Hαβ {k}hβ
µ is also symmetri in α and µ.When onsidering the Rii salar, one has to take into aount that there is a metriontration,

R = gαβRαβ , (3.30)whih will have a non-zero ontribution when the perturbation operator is applied. Usingformula (3.7), it is easy to ompute the general perturbative term,
∆n[R] =

n∑

k=0

(
n

k

)
∆k[gαβ]∆n−k[Rαβ ]. (3.31)3.3.3 Perturbations of the metri determinantAs will be made expliit in the following setion, when making perturbative alulationsin a anonial framework, one frequently �nds the perturbation of the determinant of themetri. This is a basis-dependent onept, in the sense that what we are omputing is thedeterminant of the omponents of the metri in a given basis and the result depends onthe basis we have hosen. Under a hange of basis the determinant hanges with a squaredJaobian and it is, hene, a density of weight +2.



38 Chapter 3. Perturbation theory in General RelativityThe determinant of the metri gαβ of a N-dimensional manifold, an be de�ned as
det(gαβ) ≡

1

N !
η̃α1...αN η̃β1...βN gα1β1 . . . gαNβN

, (3.32)using the upper antisymmetri density η̃α1...αN (the over-tilde denotes weight +1), whoseomponents in the hosen basis are +1, −1 or 0. This objet, as well as its lower ounterpart
η
˜
α1...αN

of weight −1, stays invariant under the ∆ perturbation. Therefore, the Leibnitzrule (3.6) implies
∆n[det(gαβ)] =

1

N !
η̃α1...αN η̃β1...βN

∑

{ki}

n!

k1! . . . kN !
{k1}hα1β1 . . .

{kN}hαNβN
. (3.33)Finally, this an be simpli�ed using the well known relation

η̃α1...αN η̃β1...βN = det(gαβ)

∣∣∣∣∣∣∣

gα1β1 · · · gα1βN... ...
gαNβ1 · · · gαNβN

∣∣∣∣∣∣∣
. (3.34)We onlude that the n-th order perturbation of the determinant of the metri is alwaysthe produt of the determinant itself times a salar formed by ontration of metri per-turbations. It is interesting to note that suh a salar fator ontains the produt of atmost N metri perturbations, and not n, as we might have antiipated by inspetion ofthe formulas in the previous subsetions. This is atually the only plae in this hap-ter in whih the dimension of the manifold being perturbed plays a role. With this for-mula at hand it is straightforward to give the n-th order perturbation of the volume form

ǫa1...aN
≡ | det(g)|1/2 η

˜
a1...aN

.It is worth emphasizing that the ombinatorial formulas for the perturbations of theurvature tensors at a general order ahieved in this setion are extremely useful for om-putational purposes. Essentially, the problem of perturbations is redued to that of listingthe sorted partitions of a given number, whih an be done very fast in any omputer-algebrasystem. This fat simply re�ets the reursive di�erential origin of the perturbation pro-ess. The formulas in this setion have been implemented in the free pakage xPert thatwill be explained in Chapter 15.3.4 Equations of motionWe will do perturbations in the ontext of standard General Relativity. Hene, in orderto obtain the perturbed equations of motion one has two di�erent alternatives. It is pos-sible to perturb the Einstein equations diretly, whih is the most ommom approah to



3.4 Equations of motion 39perturbation theory in General Relativity. But there is another hoie, that is perturbingthe Hilbert-Einstein ation in a Hamiltonian setting. This last approah will be very illumi-nating when disussing the gauge freedom in the next hapter. In the following subsetionswe explain both approahes in more detail.3.4.1 Covariant frameworkIn the ovariant framework we proeed by perturbing the Einstein equations diretly.The formulas from the previous setion allow us to obtain the general perturbative term ofthe Einstein tensor
Gµν = Rµν −

1

2
gµνg

αβRαβ , (3.35)where again Leibnitz formula (3.6) is applied, sine the seond term of the equation is theprodut of three objets. It is straightforward to rearrange labels and write
∆n[Gµν ] = ∆n[Rµν ] −

1

2

n∑

k=0

n∑

j=k

n!

k!(j − k)!(n− j)!
{n − j}hµν∆

j−k[gαβ]∆k[Rαβ ]. (3.36)It is not worth writing this equation in a more expliit form. The most important pointto notie is that, as already explained in the introdution of this hapter, the full Einsteinequations are equivalent to an in�nite hierarhy of linear di�erential equations. In order tomake this expliit, it is enough to take the Einstein equations and replae the tensors bytheir expansions in power series of ε, whih gives
∆n[Gµν ] = 8π {n}tµν for all n. (3.37)In order to lose this system of equations, the linearized matter evolution equations areneessary. We an separate the n-th order perturbation of the Einstein tensor into a partthat is linear in the n-th perturbation of the metri and a soure that will be omposed ofproduts of lower order perturbations. Then equation (3.37) an be written, for every n,in a shemati form

L[ {n}hµν ] + {n}Sµν [
{1}h... {n − 1}h] = 8π {n}tµν , (3.38)where {n}S is the soure term and L is a linear di�erential operator that only depends onthe bakground geometry. In general it an be written as

L[ {n}hµν ] =
1

2
[gµν(

{n}hαβRαβ + {n}hββ;
α
α − {n}hαβ ;αβ) − {n}hµνR

+2 {n}hαµν;α − {n}hαα;µν ]. (3.39)



40 Chapter 3. Perturbation theory in General RelativityThere are two speial ases whih deserve attention. If the bakground is a vauum(tµν = 0), the bakground Rii tensor will anel out simplifying the expression. Besidesthat, if we suppose that all the perturbations of the stress-energy tensor are zero ( {n}tµν = 0)then (3.39) redues to
L[ {n}hµν ] = −1

2
gµν

{n}Sαα[
{1}h... {n − 1}h] + {n}hαµν;α −

1

2
{n}hαα;µν . (3.40)In order to see this, take the trae of (3.38), obtaining {n}hββ;

α
α = {n}hαβ ;αβ − {n}Sα

α.Replaement in (3.39) provides then the ommented result.3.4.2 Canonial frameworkIn this subsetion we provide a very brief summary of the anonial formalism forGeneral Relativity developed by Arnowitt, Deser and Misner [18,19℄. We will also analyzehow it an be used to obtain the perturbative equations of motion.Sine this is a Hamiltonian approah, we need to speify the matter model to expliitlyarry out the alulations. We will suppose a massless salar matter �eld Φ. The ase ofa vauum is inluded just by letting Φ vanish. This matter model will be later used inspherial symmetry to make the bakground dynamial and �nd a master equation.Given the four-dimensional spaetime (M4, (4)gµν), we introdue a foliation of three-dimensional spaelike slies Σt as level surfaes of the time �eld t(x). The orthogonal vetor
uµ de�nes the projeted metri (3)gµν = (4)gµν +uµuν on the slies. We introdue oordinates
(t, xi) adapted to the foliation, and work with three-dimensional objets. Greek and Latinindies denote four- and three-dimensional tensors respetively. A left-superindex indiatesdimensionality when onfusion may arise.The onjugated momentum of the Klein-Gordon �eld Φ is de�ned as,

ΠΦ ≡ −
√

−(4)g (4)g
tµ

Φ,µ, (3.41)where (4)g denotes the determinant of the four-metri. In terms of this pair of variables theation orresponding to the matter reads,
SKG = −1

2

∫
dx4
√

−(4)g (4)g
µν

Φ,µΦ,ν (3.42)
=

∫
dt

∫

Σt

dx3

[
ΠΦΦ,t −

α

2

(
Π2

Φ

µg
+ µgg

ijΦ,iΦ,j

)
− βi (ΠΦΦ,i)

]
. (3.43)Following ADM deomposition, the four-metri is expressed in terms of the lapse fun-tion, the shift vetor and the spatial metri on the slies

α−2 ≡ −(4)g
tt
, βi ≡ (4)gti, gij ≡ (4)gij, (3.44)



3.4 Equations of motion 41with inverse
gij = (4)g

ij
+ α−2βiβj, (3.45)with Latin indies always raised and lowered with gij and gij . The gravitational dynamialvariables in the ADM Hamiltonian formalism are gij and their onjugated momenta

Πij ≡ µg
(
gijK l

l −Kij
)
, (3.46)where Kij is the extrinsi urvature and µg ≡ √| det gij| is the determinant of the metriof the foliation hypersurfaes.In this way, the omplete ation of the system, with oupling onstant 16πGN = 1, isgiven by

S = SG + SKG =

∫
dt

∫

Σt

d3x
(
Πijgij,t + ΠΦΦ,t − αH− βiHi

)
. (3.47)Taking the variation of last expression with respet to Lagrange multipliers α and βi oneobtains the onstraints of the bakground spaetime,

H ≡ 1

µg

[
ΠijΠij −

1

2

(
Πl

l

)2
]
− µg

(3)R+
1

2

(
Π2

Φ

µg
+ µgg

ijΦ,iΦ,j

)
= 0, (3.48)

Hi ≡ −2DjΠi
j + ΠΦΦ,i = 0, (3.49)where Dj is the ovariant derivative assoiated to gij. Variation of the ation (3.47) with re-spet to gij, Πij, Φ and ΠΦ gives the evolution equations for their orresponding onjugatedvariables.In order to obtain the perturbed equations of motion, one an follow the method usedby Taub [128℄ and Monrief [101℄ at linear order. Here we generalize that method to anyperturbative order. The idea is that if one wants to obtain the equations of motion at order

n, it is neessary to onstrut an e�etive ation quadrati in the mentioned variables. Thisan be ahieved just by perturbing the ation (3.47) up to order 2n. The general term ofsuh a perturbation will be omposed by produts of fators of order k ≤ 2n. We will keeponly those terms that have at least one of the fators of order n. These are the meaningfulterms sine the physial equations will be obtained by variation of the resulting ation withrespet to variables of the mentioned order n. Therefore, the rest of the terms will notontribute. De�ning the following shorthand,
{n}C ≡ ∆n[α], {n}Bi ≡ ∆n[βi], (3.50)
{n}hij ≡ ∆n[gij],

{n}pij ≡ ∆n[Πij], (3.51)
{n}ϕ ≡ ∆n[Φ], {n}p ≡ ∆n[ΠΦ], (3.52)



42 Chapter 3. Perturbation theory in General Relativitywe an shematially write down the e�etive ation,
∆2n
n [S] =

(2n)!

n!2

∫
dx4
[

{n}pij {n}hij,t +
{n}p {n}ϕ,t − {n}C∆n[H] − {n}Bi∆n[Hi]

−
n−1∑

k=0

n!2

k!(2n− k)!

{
{k}C∆2n−k

n [H] + {k}B∆2n−k
n [Hi]

} ]
. (3.53)The subindex in the operator ∆n means to keep only those terms whih have at least oneof the fators of order n. For instane, ompare the following expression for the third-orderperturbation of the inverse metri with the full perturbation presented in equation (3.13),

∆3
2[g

µν ] = 3 {1}hµα {2}hα
ν + 3 {2}hµα {1}hα

ν . (3.54)Hene, it is su�ient to take variations of the e�etive ation (3.53) with respet todi�erent nth-order variables to obtain the equations of motion at that order. In the nexthapter we will analyze the struture of the e�etive ation (3.53) sine it will be veryilluminating in the ontext of gauge freedom.



Chapter 4
Gauge freedom

In this hapter we will analyze the problem of reognizing the atual physial degreesof freedom of the perturbations. We will enounter again the two di�erent approahes toanalyze this problem: the anonial and ovariant frameworks. In General Relativity theformer has been used more frequently. Even though, as we will explain below, the latterhas its own advantages when dealing with the gauge freedom sine it also onsiders thedynamis of the system. The problem is that, as far as we know, the interpretation of thegauge freedom at seond and higher order has not yet been developed in a anonial setting.4.1 Covariant frameworkAs we have explained in the introdution to the previous hapter, in perturbation theorywe onsider a family of spaetimes {M̃(ε), g̃µν(ε), t̃µν} in whih assoiated families of tensor�elds T̃ (ε) are de�ned. All manifolds M̃(ε) are assumed to be di�eomorphi. The mainissue in perturbation theory is omparing tensor �elds for a given nonzero value of ε withtheir bakground ounterparts (ε = 0). There exists di�eomorphism invariane on eahof the manifolds M̃(ε) but, in addition, there is no preferred point-to-point identi�ationmapping between any two suh manifolds, so that the omparison of two tensor �elds withdi�erent values of ε is not an invariantly de�ned onept. This is the origin of the so-alledgauge freedom in perturbation theory [99℄.4.1.1 Gauge transformationsLet us all a gauge φε a family of point-to-point identi�ation di�eomorphisms from the43



44 Chapter 4. Gauge freedombakground manifold M to M̃(ε):
φε : M −→ M̃(ε). (4.1)Given a gauge φε we an now pull-bak a generi tensor T̃ (ε) on M̃(ε) to a tensor φ∗

εT̃ (ε) on
M . This latter tensor an be ompared with the bakground member T (at eah point in
M), resulting in a φ-dependent onept of what a perturbation means. Assuming smoothdependene of all strutures in ε, we an de�ne the perturbative expansion

φ∗
εT̃ (ε) ≡ T +

∞∑

n=1

εn

n!
∆n
φ[T ], (4.2)where all terms of the equation are de�ned at the same point of the bakground manifold

M . In partiular the perturbations ∆n
φ[T ] are tensor �elds on M . The expliit notation ∆φ(that we will only use in this hapter) stresses the fat that, in general, it is not possible tode�ne a perturbation without expliitly indiating whih gauge φ is used. For instane, thestatement that a perturbation vanishes is generially meaningless unless one spei�es thegauge in whih this ours. Note also that the in�nite series in equation (4.2) arises fromthe simultaneous dependene on ε of both T̃ (ε) and φε.One then has to fae the question of how the perturbations ∆n

φ[T ] vary under a hangeof gauge from φε to, let's say, ψε while keeping unaltered the family of tensors T̃ (ε). Suh agauge transformation will be desribed by a family χε of di�eomorphisms on the bakgroundmanifold
χε ≡ φ−1

ε ◦ ψε : M −→ M, (4.3)whih learly satisfy
ψ∗
ε T̃ (ε) = χ∗

ε φ
∗
εT̃ (ε). (4.4)We emphasize that χε is not a gauge, but a gauge transformation.Flows are families of di�eomorphisms Ωε that form a group under the ompositionoperation, that is, if Ωε1 ◦ Ωε2 = Ωε1+ε2. These �ows are well known and are used, forexample, to de�ne the Lie derivative [129℄. In fat, from the very de�nition of the Liederivative it is straightforward to �nd the Taylor expansion for the pullbak Ω∗

ε generatedby the �ow Ωε ating on a generi tensor T ,
Ω∗
εT =

∞∑

n=0

εn

n!
LnξT. (4.5)But �ows are a very speial kind of families of di�eomorphisms, so that the above result isfar from being diretly useful in our disussion.



4.1 Covariant framework 45The expansion of a general family of di�eomorphisms is muh more di�ult. In fatthere were some partial results up to seond-order [130�132℄, but the formalism to deal withthe high-order expansions of families of di�eomorphisms was developed reently in [100℄.The most important result from that artile is that, given any one-parameter family ofdi�eomorphisms χε, there always exists an in�nite set of �ows {Ω(1)
ε , ...,Ω

(m)
εm/m!, ...}, suhthat

χε = ... ◦ Ω
(m)
εm/m! ◦ ... ◦ Ω

(2)

ε2/2 ◦ Ω(1)
ε . (4.6)In this way, any one-parameter family of di�eomorphisms is equivalent to an in�nite set of�ows and, hene, to an in�nite set of vetor �elds (the generators of the �ows). The speialombination of �ows appearing in (4.6) is alled a family of knight di�eomorphisms. Thisterminology is inspired in the similarity of their ation with the movement of the knight inthe hess game.With relation (4.6) at hand, formula (4.5) turns out to be very useful for our purposes.Applying it repeatedly, we attain a power series expansion for the right-hand side of equation(4.4), so that two gauge hoies are related by

ψ∗
ε T̃ (ε) =

∞∑

k1=0

∞∑

k2=0

...

∞∑

km=0

...
εk1+2k2+...+mkm+...

2k2 ...(m!)km ...k1!k2!...km!...
Lk1{1}ξL

k2
{2}ξ
...Lkm

{m}ξ
...φ∗

εT̃ (ε).(4.7)The vetors { {1}ξµ, {2}ξµ, ..., {m}ξµ, ...} generate the respetive �ows {Ω(1)
ε , ...,Ω

(m)
εm/m!, ...}. Upto third order, relation (4.7) reads expliitly

ψ∗
ε T̃ (ε) = φ∗

εT̃ (ε) + εL {1}ξφ
∗
εT̃ (ε) + ε2

(
L {2}ξ + L2

{1}ξ

)
φ∗
εT̃ (ε) (4.8)

+
ε3

6

(
L {3}ξ + 3L {1}ξL {2}ξ + L3

{1}ξ

)
φ∗
εT̃ (ε) +O(ε4).In order to obtain the ation of the gauge transformation at eah order, we just replaeexpansion (4.2) in the above equation and get [133℄

∆n
ψ[T ] =

n∑

m=1

n!

(n−m)!

∑

[km]

1

2k2...(m!)kmk1!...km!
Lk1{1}ξ...L

km
{m}ξ

∆n−m
φ [T ], (4.9)where we have de�ned [km] = {(k1, ..., km) ∈ N/

∑m
i=1 iki = m}. Expanding this relationup to third order we obtain

∆ψ[T ] − ∆φ[T ] = L {1}ξT, (4.10)
∆2
ψ[T ] − ∆2

φ[T ] =
(
L {2}ξ + L2

{1}ξ

)
T + 2L {1}ξ∆[T ], (4.11)

∆3
ψ[T ] − ∆3

φ[T ] =
(
L {3}ξ + L3

{1}ξ + 3L {1}ξL {2}ξ

)
T (4.12)

+ 3
(
L {2}ξ + L2

{1}ξ

)
∆[T ] + 3L {1}ξ∆

2[T ].



46 Chapter 4. Gauge freedomThese formulas desribe the e�et of general gauge transformations on any high-order per-turbation of a generi bakground tensor T . They ontain all the information needed toanalyze the issue of gauge transformations in perturbation theory.It is interesting to ask ourselves whether it is possible to perform gauge transformationsand ombine them working purely at a given order m. In pratial appliations we ankeep terms only up to a �nite order εn, whih projets the full group G of gauge trans-formations into a trunated group {n}G of nth-order gauge transformations. Eah of thesetransformations is desribed by a olletion of n vetor �elds { {1}ξ, ..., {n}ξ}, and we will saythat it is pure mth-order if all those vetors are zero exept for {m}ξ. The important pointis that, in general, omposition of pure mth-order transformations is not pure mth-order,unless m = n. For example, the omposition of two generi seond-order transformationsdesribed by { {1}ξ̄, {2}ξ̄} and { {1}ξ̂, {2}ξ̂} is desribed by the pair
{ {1}ξ̄ + {1}ξ̂, {2}ξ̄ + {2}ξ̂ + [ {1}ξ̄, {1}ξ̂]}, (4.13)and hene the subset of pure �rst-order transformations { {1}ξ, 0} is not a subgroup of {2}G.In fat, the group {1}G is not equivalent to this subset, but only to a trunated form of it,and therefore it is important to distinguish between �rst-order transformations { {1}ξ} andpure �rst-order transformations { {1}ξ, 0, ...0}. In general, the set {n}G of all nth-order gaugetransformations is a group, but the subset of all pure mth-order transformations is not.The only exeption is the redued ase m = n of transformations of the form {0, ..., 0, {n}ξ},in whih only a single linear term in equations (4.9) survives (this inludes �rst-orderperturbation theory as the ase m = n = 1). There are more general subgroups of a given

{n}G, like the subgroup of transformations of the form {0, ..., 0, {m}ξ, {m + 1}ξ, ..., {n}ξ}, butthey have less interest for our disussion and will not be onsidered in this work.4.1.2 Gauge invariantsOne we have de�ned the onept of gauge transformation in equation (4.3), we disussnow the assoiated notion of gauge invariane of a family of tensors T̃ (ε) under a group ofgauge transformations. We will then �nd the inherited gauge invariane of the perturbations
∆n
φ[T ] under the respetive trunated version of that group.The most natural de�nition of gauge invariane was given by Sahs [98℄: A tensorfamily T̃ (ε) is identi�ation gauge invariant (IGI) if the pull-bak of its members to thebakground manifold is independent of the gauge, though the result still depends on ε. Thatis, φ∗

εT̃ (ε) = ψ∗
ε T̃ (ε) for all gauges φε, ψε. This an also be interpreted as the invarianeunder the full group G of gauge transformations. Perturbatively, a tensor family T̃ (ε)



4.1 Covariant framework 47is IGI up to order n if and only if ∆m
φ [T ] = ∆m

ψ [T ] for all m ≤ n and all gauges φ,
ψ [100℄. Again, this is equivalent to the requirement of invariane under the trunatedgroup {n}G de�ned above. This de�nition turns out to be too restritive beause, as it iswell known [98, 99℄, only perturbations of vanishing tensors, onstant salars, or onstantlinear ombinations of produts of delta tensors an be IGI in �rst-order perturbationtheory, sine these are the only tensors with zero Lie derivative along every vetor �eld.For higher, nth-order perturbations the problem beomes even worse beause, apart fromthe bakground quantities, all of the mth-order perturbations with m < n must also beof the form that we have ommented [100℄. In priniple, this restrits to a very narrowphysial senario the possibilities that are left.Other forms of gauge invariane an be de�ned using subgroups of G or {n}G. Forexample invariane with respet to the redued subgroup of pure nth-order transformationshas been used in the past [92℄, by �xing the gauge perturbatively at all orders 1, ..., n− 1,but not at order n.Only perturbations of highly symmetri bakgrounds admit a omplete desription interms of IGI variables. Even at �rst order, signi�ant limitations have been found: Stewartand Walker showed that, for vauum spaetimes, only bakgrounds with Petrov type D arepossible [99℄, whih fortunately inludes the Kerr spaetime. In osmology, only perturba-tions of stati Friedman-Robertson-Walker (FRW) bakgrounds an be desribed in termsof IGI variables [134℄. For spherial bakgrounds with matter, only �rst-order perturbationswith axial polarity admit suh a desription [135, 136℄, but not the omplementary set ofpolar perturbations. This latter result is speially relevant for us, beause we want to on-strut high-order gauge invariants of a spherial spaetime and, as we will see in Chapter11, the polarities mix already at seond order: hene there is no hope of getting a purelyIGI desription in general. Note that vauum [101℄ and eletro-vauum [102℄ spaetimeswith spherial symmetry are very speial ases (in partiular inluded in the ited resultfor type D spaetimes), for whih the programme of onstrution of gauge invariants anbe further developed [107℄.On the other hand, when desribing gravitational radiation in a vauum, the Weyltensor provides all the relevant geometrial information, and therefore many investigationsemploy it as the basi objet to be perturbed. Furthermore, the Weyl tensor de�nes a setof prinipal null diretions, so that it beomes natural to deompose it using the Newman-Penrose formalism. The analysis of IGI is then simpli�ed, but an additional type of gaugeinvariane is introdued, alled tetrad gauge invariane, whih requires invariane under(the 6-parametri Lorentz group of) transformations among null tetrads [89, 99, 136℄. Wewill not use this approah in this paper, but instead appeal to a di�erent and more general



48 Chapter 4. Gauge freedomnotion of gauge invariane in whih one makes use of an additional geometrial struture:a privileged gauge φε. The basi idea is that, given a family of tensors T̃ (ε), one an seleta privileged gauge to extrat the physial information ontained in this family and expressthis information in terms of the pull-bak of T̃ (ε) in an arbitrary gauge. In other words, thegauge invariant is de�ned as the funtion(al) that provides the value of φ∗

εT̃ (ε) in a generigauge:
φ
∗

εT̃ (ε) = F
[
φ∗
εT̃ (ε)

]
. (4.14)So, the gauge invariant is now supplied by the funtion(al) F rather than by the family oftensors T̃ (ε) itself, as was the ase for IGI.This notion of gauge invariants is similar to that of the onstants of motion de�ned inMehanis by the partiular values that the variables of the system take at some �xed instantof time [137℄, or even to the notion of evolving onstants of motion reently introdued inQuantum Gravity [138℄ (although in that ase one ought to onsider a family of privilegedgauges parameterized by a set of real numbers, rather than just one of them φε). In spiteof appearing ounterintuitive at �rst, this notion an be very useful in those ases in whihthe omputations an be arried out to ompletion, i.e. when one an obtain the expliitexpression of the invariants in terms of gauge-dependent quantities, in our ontext, or interms of time-dependent variables, in Mehanis. In other words, we need to determine theexpliit form of the gauge transformation F = χ∗

ε = φ−1
ε ◦φε for arbitrary φε. Whether thisis possible or not essentially depends on the hoie of gauge φε.In pratie, the privileged gauge is de�ned by imposing some onditions Rε on the pull-bak φ∗εT̃ (ε) of a partiular tensor T̃ (ε). Therefore, φε will be haraterized as the gaugein whih the tensor φ∗

εT̃ (ε) satis�es some spei� requirements. For this method to worksatisfatorily, this privileged gauge hoie has to be rigid. This means that the onditions
Rε[φ

∗

εT̃ (ε)] = 0 must �x uniquely the gauge φε, and so any further gauge transformationwill violate those onditions.In perturbation theory, the invariants will then be the ombinations {n}F [{∆m
φ [T ]}]obtained by performing a gauge transformation from the perturbations de�ned on a generigauge ∆m

φ [T ] to those de�ned in the rigid gauge ∆m
φ̄

[T ]. This kind of ombination ofperturbations have been harateristi of this approah to gauge invariane, starting withthe pioneering work of Monrief [101℄ for non-spherial perturbations of Shwarzshild,where the Regge-Wheeler gauge was impliitly used as the privileged gauge. His work waslater generalized by GS [51℄ to non-spherial perturbations of any spherial bakground, alsoimpliitly using the RW gauge. The same proedure has been employed by Bardeen [33℄,Stewart [134℄, and many other authors in their study of perturbations of FRW osmologies.It an also be found in several reent investigations of seond-order perturbations of vauum



4.1 Covariant framework 49[89, 139, 140℄ or osmologial bakgrounds [141℄.For instane, the �rst-order gauge invariants of a generi tensor T will be given by
F
[
∆φ[T ]

]
≡ ∆φ[T ] + LpT, (4.15)where pµ is the vetor �eld generating the �rst-order gauge transformation from φ to φ, sothat this vetor ontains now information about our hoie of privileged gauge φ. Again, inpratial appliations the gauge φ is seleted by imposing some rigid onditions R on theperturbations ∆φ̄[T̃ ] for some spei� tensor T̃ , and suh that no residual freedom is left inthe hoie of gauge:

R
[
∆φ̄[T̃ ]

]
= 0. (4.16)In this way we get the equations

R
[
∆φ[T̃ ] + LpT̃

]
= 0 (4.17)whih must be solved for pµ in terms of ∆φ[T̃ ]. Substituting the vetor pµ obtained in thisway, expressions (4.15) provide gauge invariants by onstrution. Note that when T = T̃ ,some of those expressions (or ombinations of them) are trivial identities [equivalent to therequirements (4.17)℄. This method for the determination of invariants an be straightfor-wardly generalized to higher perturbative orders, as we will see in the following ase.Sine metri perturbations play a entral role in our analysis, we hoose the bakgroundmetri gµν as the tensor T̃ on whih one imposes the onditions to �x the privileged gauge.We introdue the following ompat notation for the perturbations of the metri:

{n}hµν ≡ ∆n
φ[gµν ], (4.18)

{n}Kµν ≡ ∆n
φ
[gµν ], (4.19)for a generi gauge φ and our privileged one φ, respetively. At �rst order we have thatexpressions (4.15) for the metri beome

Kµν ≡ hµν + Lpgµν . (4.20)The vetor pµ is determined by demanding some onditions R[Kµν ] = 0 whih haraterizethe gauge φ at �rst order. Then, the vetor pµ is determined in terms of the omponentsof hµν by solving the equations
R[hµν + Lpgµν ] = 0. (4.21)This ompletes the de�nition (4.20) of the gauge invariant Kµν as a funtion of hµν .



50 Chapter 4. Gauge freedomNonetheless we note that, owing to the presene of the Lie derivative, equations (4.21)ontain derivatives of the vetor pµ, so that their solution will involve in general integralsof the metri perturbations. Only when pµ an be determined expliitly in an amenableway from the metri perturbations we will have a useful form of gauge invariants. Thisfat will depend on the hoie of the privileged gauge. In partiular, we will see laterthat around spherial bakgrounds the requirement of getting expliit and non-integralexpressions for the harmoni omponents of the vetor pµ will almost uniquely single outthe RW gauge. We also point out that the same vetor pµ, obtained by solving equations(4.21), an now be employed to de�ne the gauge invariants assoiated with any other tensor
T as in equation (4.15). In addition, note that we an still interpret Kµν as (the value of)the metri perturbations expressed in the rigid gauge φ whih satis�es onditions (4.21).At higher orders, and one a rigid gauge is hosen via some onditions {m}R for all
m ≤ n, one an obtain the nth-order metri invariants as

{n}Kµν ≡ {n}hµν + L {n}pgµν + {n}Jµν . (4.22)Sine this equality re�ets the e�et of a gauge transformation, the soure {n}Jµν is expliitlygiven by equation (4.9) and depends on lower-order vetors {m}pµ and perturbations {m}hµνwith m < n, but not on {n}pµ. Besides, we remember that the soure vanishes at �rst order( {1}Hµν = 0). On the other hand, the equation that one has to solve iteratively in order todetermine the gauge vetors {m}pµ, from m = 1 to m = n, takes now the expression
{m}R

[
{m}hµν + L {m}pgµν + {m}Jµν

]
= 0. (4.23)In partiular, when all the onditions {m}R have the same linear funtional dependene ontheir arguments (for instane beause they arise from the perturbative expansion of justone set of exat linear gauge onditions on the metri), equation (4.23) will have the form(4.21) but with the soure term {m}R[ {m}Jµν ]. Therefore, the solutions of these equationswill be onstruted essentially in the same way.Nakamura has suggested a similar approah [142, 143℄ to onstrut high-order gaugeinvariants. He starts from the basi assumption that a splitting equivalent to equation(4.22) is given from the outset, separating the metri perturbation {n}hµν into its gauge-invariant part {n}Kµν and gauge-variant part (ontaining the vetors {m}pµ), with the vetors

{m}pµ satisfying some set of requirements. No proposal is made, however, on how suh asplitting an be attained. Our sheme goes beyond that proposal, giving a onstrutive andgeneral presription to generate the vetors {m}pµ from the hoie of a rigid gauge, in suha way that the requirements imposed on {m}pµ are automatially ful�lled.After determining the vetors { {1}pµ(h), ..., {n}pµ(h)}, the perturbations of any tensor�eld, and in partiular those of the stress-energy tensor {n}tµν , an be taken to its gauge-



4.2 Canonial framework 51invariant form {n}Ψµν just by applying a gauge transformation parameterized by the abovevetors:
{n}Ψµν =

n∑

m=0

n!

(n−m)!

∑

[km]

1

2k2...(m!)kmk1!...km!
Lk1{1}p...L

km
{m}p

{n − m}tµν .In this way we will get a tensor {n}Ψµν(t, h) whose dependene on the perturbations {m}tµνand {m}hµν (m ≤ n) will not hange when any gauge transformation is applied to them. InChapter 9 we will use these tehniques to ompute the metri and matter gauge invariantsfor perturbations of a spherial bakground spaetime.4.2 Canonial frameworkIn this setion we follow again the ADM formalism explained in Subsetion (3.4.2) toanalyze the issue of gauge freedom from a anonial perspetive.4.2.1 Gauge transformationsIn General Relativity the Poisson brakets among the onstraints H and Hi vanishon shell. In terms of the terminology introdued by Dira [144�146℄ they are �rst-lassonstraints, and hene generators of gauge transformations on the onstraint surfae inphase spae. The ation of a generi transformation (di�eomorphism) for a funtional
F (gij,Π

ij) in phase spae is parameterized by the lapse α and shift β. The in�nitesimalform of this transformation is given by,
F (gij,Π

kl) −→ F (gij,Π
kl) +

{
F (gij,Π

kl),

∫

Σt

d3x
(
αH + βiHi

)}
, (4.24)where we have made use of the standard Poisson brakets,

{gij(x),Πkl(y)} = δki δ
l
j δ

3(x− y), (4.25)
{Φ(x),Π(y)} = δ3(x− y), (4.26)for any two points (x, y) in the hypersurfae Σt, namely, a setion of onstant time.This identi�es the gauge orbits, but in general it is not possible to invert relations(3.48-3.49) and expliitly separate the four gauge-invariant funtions that would ontain thephysial degrees of freedom from the four gauge variables and the four onstrained variablesin gij and Πij . This is exatly the task we plan to do in the perturbative approah.



52 Chapter 4. Gauge freedomSine it will be the basis of the following disussion, we display here again the e�etiveation for the perturbative problem at order n (3.53),
∆2n
n [S] =

(2n)!

n!2

∫
dt

∫

Σt

dx3
[

{n}pij {n}hij,t +
{n}p {n}ϕ,t − {n}C∆n[H] − {n}Bi∆n[Hi]

−
n−1∑

k=0

n!2

k!(2n− k)!

{
{k}C∆2n−k

n [H] + {k}B∆2n−k
n [Hi]

} ]
. (4.27)In this ation there are three kinds of terms. First we have the kineti terms ontainingtime derivatives of {n}hij and {n}ϕ. Seond, the terms in the summation symbol form aHamiltonian that do not vanish on shell. These terms will generate the evolution equationsfor the gauge-invariant degrees of freedom. And �nally, we have the nth order perturbationsof the bakground onstraints that, under a variation of the e�etive ation (4.27) withrespet to {n}Bi and {n}C, give the onstraints that must be obeyed by the nth ordervariables,

∆n[H] = 0, ∆n[Hi] = 0. (4.28)These onstraints ontain the gauge freedom of the system and are the generators of the per-turbative gauge transformations. The perturbation of the lapse and the shift { {n}C, {n}Bi}parameterize the gauge transformation. They are the equivalent of the four-dimensionalgauge vetors {n}ξµ in the ovariant approah of the previous setion. In priniple one ouldexpliitly obtain the nth order gauge transformation with this approah �nding the formulaequivalent to (4.9) in the anonial world. But this is not a trivial task and we leave it forfuture researh.For the rest of this thesis we will use the Hamiltonian approah only in the ontextof linear perturbation theory. For this ase it is possible to go further in the expliitalulations. For instane, in the ase n = 1 the e�etive ation (4.27) takes the followingsimpler form,
1

2
∆2

1S=

∫
dt

∫

Σt

dx3

{
pijhij,t + pϕ,t − C∆[H] −Bi∆[Hi] −

α

2
∆2

1[H] − βi

2
∆2

1[Hi]

}
. (4.29)The perturbation of the bakground onstraints are given by,

∆[H] =
1

µg

(
Πij −

1

2
gijΠ

l
l

)(
2pij + 2hikΠ

kj − 1

2
hkkΠ

ij

)

+ µg

(
(3)G

ij
hij −DiDjhij +DjDjh

i
i

)

+
1

4
hkk

(
−Π2

Φ

µg
+ µgΦ,iΦ

,i

)
+
pΠΦ

µg
+ µgϕ,iΦ

,i − 1

2
µgh

ijΦ,iΦ,j , (4.30)
∆[Hi] = −2Dk(hijΠ

jk + gijp
jk) + ΠjlDihjl + pΦ,i + ΠΦϕ,i, (4.31)
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∆2

1[H] =
1

8µg
{8p2 + 8µ2

g
(3)G

ij
(hijhk

k − 2hi
khjk) + 16PijP

ij − 8Pi
iPj

j

+ 2hij
[
hkl(8ΠikΠjl − 4ΠijΠkl) + hij

(
Π2

Φ − 2µ2
g
(3)R + 2ΠklΠ

kl − Πk
kΠl

l
)

− 8µ2
g(DjDihk

k −DjDkhi
k −DkDjhi

k +DkD
khij) − 8Πk

kPij + 32Πi
kPjk

− 8 ΠijPk
k
]
+ hi

i
[
hj

j
(
Π2

Φ + 2ΠklΠ
kl − Πk

kΠl
l + 2µ2

g
(3)R
)

+ 8hjk
(
ΠjkΠl

l

− 2Πj
lΠkl

)
− 8µ2

g(DkDjh
jk −DkD

khj
j) − 8ΠΦp− 16ΠjkPjk + 8Πj

jPk
k
]

+ µ2
g[8DiϕD

iϕ+ hj
jDiΦ(8Diϕ+ hk

kDiΦ) + 2hjkD
iΦ(4hi

kDjΦ − hjkDiΦ)

+ 4Djhk
kDjhi

i − 4hij(4D
iϕ+ hk

kDiΦ)DjΦ + 16(Dih
ij −Djhi

i)Dkhj
k

+ 4(2Djhik − 3Dkhij)D
khij]}, (4.32)

∆2
1[Hi] = 2pϕ,i + 2pjk(Dihjk − 2Dkhij) − 4hijDkp

jk, (4.33)where we have not written expliitly the perturbative order of eah objet sine all ofthem are of �rst order. In this linearized situation, a gauge transformation of a �rst-orderfuntional F (hij, p
ij) is given by,

F (hij, p
ij) −→

{
F (hij, p

ij),

∫

Σt

d3x
(
C∆[H] +Bi∆[Hi]

)}
. (4.34)Comparing this last expression with the formula (4.25) that aounts for the in�nitesimalgauge transformation of the bakground geometry, we an realize again that the origin ofboth gauge freedoms is di�erent sine the generators and parameters of eah transformationare not the same and ould be independently hosen.4.2.2 Gauge invariantsIn order to explain how to onstrut gauge invariants in this Hamiltonian setting, wewill disuss a general example without onsidering the perturbations of the matter �eld

(ϕ, p). The addition of these perturbations to the general proedure is straightforward.Let us suppose that the initial perturbative variables (hij , p
ij) are deomposed into someoordinates or, as we will do in spherial symmetry, in spherial harmonis. Then we willhave six pairs of onjugated variables (hI , pI), for I = 1, . . . , 6. The idea is to make aanonial transformation from this initial set of perturbative variables to another new set

(ȟI , p̌I) with the requirement that,
∆[HJ ] = ȟJ . (4.35)The subindex takes the values J = 1, 2, 3, 4 and we have de�ned, in order to have a ompatnotation for this setion, ∆[H4] ≡ ∆[H]. In this way, the variables ȟJ will be gauge invariant



54 Chapter 4. Gauge freedombut onstrained to vanish by equations (4.28). Whereas their onjugated momenta p̌J willbe pure gauge, so that their initial value an be arbitrarily hosen. In addition, the evolutionequations for these momenta will ontain the free funtions Bi and C, sine they will beobtained by variation of the ation with respet to the linearized onstraints (4.35). Thispermits us to hoose also the time derivatives of the pure-gauge momenta p̌J . Then, ifwe are able to follow this proedure ompletely, we will have isolated the non-physialinformation (gauge as well as onstraints) in the four pairs of onjugated variables (ȟJ , p̌J).The remaining variables [(ȟ5, p̌5), (ȟ6, p̌6)] will be the so-alled master variables, whih aregauge invariant and obey non-onstrained equations of motion. These master variables arethe two degrees of freedom of the gravitational wave and ontain all physial informationof the problem. The initial variables (hI , pI) an be reonstruted in terms of the mastervariables in any gauge just by applying the inverse of the anonial transformation. Wewill see that examples of suh equations are the RW and Zerilli equations [101℄.The situation in the linearized theory is simpler than in the general non-linear ase, butstill only highly symmetri bakground senarios allow the onstrution of gauge-invariantalgebrai ombinations of perturbations and their derivatives ontaining the physial infor-mation in the linearized approximation. As we will show in Chapters 7 and 8, one of suhbakground senarios are spherially symmetri spaetimes with a massless salar matter�eld.The gauge invariants onstruted with this proedure are of the same kind as the onesexplained in the ovariant approah. The anonial transformations we make to onvertfour of the new variables (ȟJ , p̌J) into the onstraints (∆[H],∆[Hi]), are equivalent to thegauge transformation we made in the previous setion from a generi to the partiular rigidgauge. But there are two great advantages in working in this Hamiltonian setting. On theone hand, the onstraints serve as a guideline to hoose the most onvenient transformations,whereas in the ovariant approah one has to guess the rigid gauge. On the other hand,in the anonial approah, apart from onstruting gauge invariants, the onstraints (asequations of motion) are also automatially solved and one ends up with useful masterequations.In order to larify the relation between the two approahes let us ompare and ountthe di�erent degrees of freedom. As usual, we de�ne a degree of freedom as a funtion thatobeys a seond-order in time equation of motion. In the ovariant approah we start withten degrees of freedom ontained in the symmetri tensor hµν . One we removed the fourgauge dependenes, that are enoded in the vetor ξµ, by onstruting the gauge invariantobjets Kµν , we have six degrees of freedom. There are also six gauge-invariant degrees offreedom in the anonial approah ontained in twelve variables; namely, the two anonial



4.2 Canonial framework 55pairs [(ȟ5, p̌5), (ȟ6, p̌6)], the four onstraints ȟJ , the Lagrange multipliers (C,Bi) and theironjugated (vanishing) momenta. The advantage of the Hamiltonian framework is that italso provides the dynamial role of eah objet. More preisely, (C,Bi) are non-dynamialfuntions sine their momenta vanish, ȟJ are onstrained to vanish and the anonial pairs
[(ȟ5, p̌5), (ȟ6, p̌6)] desribe the two gauge-invariant physial degrees of freedom.
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Part II
Spherial symmetry
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Chapter 5
Spherial spaetimes

The ontent of this hapter is well-known and we have inluded it to �x the notationand make this thesis self-ontained. It is divided into two main setions that impose spher-ial symmetry to the spaetime under onsideration, after performing one of two di�erentsplittings. The �rst setion deals with a 2 + 2 blok diagonal splitting of the metri, whihseparates it into the trivial geometry of the two-sphere and that of its orthogonal part. Thissplitting is well suited to spherial symmetry and will be used in Part IV of this thesis togeneralize the Gerlah and Sengupta formalism to seond order. The seond setion followsthe 3 + 1 deomposition required by the Hamiltonian or anonial approah to GeneralRelativity that divides the metri into a time and a spatial part. This splitting will be usedin Part III to �nd the master equations for the perturbations of a spherial but dynamialbakground spaetime. For future onveniene, we will analyze di�erent matter models ineah splitting: in the 2 + 2 splitting we will deal with a vauum as well as a perfet �uidmatter ontent. Whereas in the 3 + 1 splitting we develop the equations for a masslesssalar �eld. The notation will overlap in some ases. For instane, the vetor u will be usedto denote both the veloity of the perfet �uid and the orthogonal vetor to onstant timeslies in the 3 + 1 deomposition. But sine both (ovariant and anonial) approahes willnot be mixed, the meaning of eah objet should be always lear form the ontext.
5.1 2+2 splitting of the spaetimeIn the following hapters we will onsider spherially symmetri spaetimes. This meansthat its isometry group ontains a subgroup isomorphi to the group SO(3), and the orbitsof this subgroup (i.e., the sets of points resulting from the ation of the subgroup on a given59



60 Chapter 5. Spherial spaetimespoint) are two-dimensional spheres. So those isometries may then be physially interpretedas rotations.Beause of spherial symmetry, M an globally be deomposed as M2 × S2, where
M2 is a two-dimensional Lorentzian manifold with boundary, to be assoiated with theentre of symmetry, and S2 is the two-sphere. Following Gerlah and Sengupta we hoosea oordinate system xµ = (xA, xa) adapted to this deomposition. Upperase Latin indiesdenote arbitrary oordinates on the manifoldM2, xA, whereas lowerase Latin indies labelthe spherial oordinates on the sphere, xa = (x2 ≡ θ, x3 ≡ φ). The idea is that, in spite of�xing oordinates on the sphere, we are going to work ovariantly in the manifold M2.The four dimensional metri gµν will indue a metri on eah orbit two-sphere, whih,beause of the rotational symmetry, must be a multiple of the round (unit Gaussian ur-vature) metri γab and will be ompletely haraterized by the total area A(xA) of thetwo-sphere at the point xA. We introdue the nonnegative salar r(xA) on M2, de�ned by

r2(xA) =
A(xA)

4π
. (5.1)Thus, the indued metri on eah sphere is

r2(xA)γabdx
adxb = r2(xA)(dθ2 + sin θ2dφ2). (5.2)In this way, the four-dimensional metri gµν and the stress-energy tensor of the bak-ground tµν an always be written as

gµν(x
λ)dxµdxν = gAB(xD)dxAdxB + r2(xD) γab(x

d)dxadxb, (5.3)
tµν(x

λ)dxµdxν = tAB(xD)dxAdxB +
1

2
r2(xD)Q(xD) γab(x

d)dxadxb, (5.4)where Q is a salar on the manifold M2 and gAB is an arbitrary Lorentzian metri tensoron M2. There is no inonsisteny in using the same symbol g for both the metris on M2and M beause they indeed oinide on M2. However, the same does not happen with theround metri, sine
gab = r2γab and gab =

1

r2
γab. (5.5)Using this deomposition it is possible to express all four-dimensional urvature tensors interms of the urvature tensors orresponding to g and γ and derivatives of the salar r. Indoing so, it is useful to de�ne a vetor �eld

vA ≡ r,A
r

= (ln r),A (5.6)to avoid working with expliit logarithms of r.



5.1 2+2 splitting of the spaetime 61The notation used for the ovariant derivatives assoiated to eah metri is
gµν;λ = 0, gAB|D = 0, γab:d = 0. (5.7)The Levi-Civita tensors ǫ obey the onventions ǫABcd = rǫABǫcd with ǫ01 and ǫ23 beingpositive on M2 and S2, respetively. The non-null omponents of the four dimensionalRiemann tensor (4)Rµνρλ are

(4)RABCD =
1

2
(gACgBD − gADgBC)R, (5.8)

(4)RAbCd = −(vAvC + vA|C)gbd, (5.9)
(4)Rabcd =

(
1

r2
− vAv

A

)
(gacgbd − gadgbc), (5.10)where R is the Rii salar of gAB.Taking the appropriate trae we obtain the Rii tensor that, as the metri, is diagonalby boxes due to the spherial symmetry:

(4)RAB =
1

2
RgAB − 2(vAvB + vA|B), (5.11)

(4)Rab =

(
1

r2
− 2vAvA + vA|A

)
gab. (5.12)The four-dimensional Rii salar is given by

(4)R = R+
2

r2
− 6vAv

A − 4vA|A. (5.13)The Einstein equations for a general spherially symmetri spaetime are
(4)GAB =

(
− 1

r2
+ 3vDvD + 2vD |D

)
gAB − 2(vAvB + vA|B) = 8πtAB, (5.14)

(4)Ga
a = −R+ 2vAvA + 2vA|A = 8πQ. (5.15)The energy-momentum onservation leads to the nontrivial relation

QvA =
1

r2

(
r2tAB

)|B
, (5.16)whih an be used to see that (5.15) is a onsequene of (5.14). So, all the information ofthe Einstein equations for a spherial spaetime is ontained in (5.14).It is interesting to study the form of the Weyl tensor in spherial symmetry. If we de�ne

U = −1

6

(
R +

2

r2
+ 2vA|A

)
, (5.17)



62 Chapter 5. Spherial spaetimesthe non-vanishing omponents of the four dimensional Weyl tensor are proportional to thissalar,
(4)WABCD = (gADgBC − gACgBD)U , (5.18)

(4)WAbCd =
1

2
gACgbdU , (5.19)

(4)Wabcd = (gadgbc − gacgbd)U . (5.20)The objet U is essentially the Newman-Penrose salar Ψ2, the only nonzero Newman-Penrose salar in a spherial spaetime.5.1.1 Frames on M2 manifoldThe ovariant notation on M2 is very useful to perform abstrat alulations, but whenwe want to implement the formalism numerially it turns out neessary to �x a oordinatesystem. An intermediate stage between those two ases would be to work with frames.Depending on the physial problem that we are dealing with, it may happen that thereexists a preferred diretion whih �xes the frame in a natural way, for example the veloity�eld of a �uid. Nevertheless, in the general ase we an only use the derivative of the salar
r to de�ne a frame.We de�ne the orthonormal frame of vetors

rA =
r|A

f
and tA = −ǫABrB, (5.21)where f =

√
gABr|Ar|B, so that

rArA = 1, tAtA = −1, rAtA = 0. (5.22)This frame has been hosen so that rA points to the exterior (larger area). Thus, itsomponent r1 is positive. On the other hand, the timelike vetor �eld tA points to thefuture, with t0 being positive.The Hawking mass [147℄ in spherial symmetry (Misner-Sharp mass [148℄) is de�ned as
m(xA) ≡ r

2
(1 − f 2), (5.23)whih measures the mass in the interior of the sphere at the point xA. In partiular, theondition f = 0, whih implies that the Misner-Sharp mass is r

2
, indiates the appearaneof an apparent horizon. The spatial derivative of m is given by

rAm|A = 4πr2tABt
AtB, (5.24)



5.1 2+2 splitting of the spaetime 63where tAB is the M2 part of the stress-energy tensor (5.4). This relation shows why themass m is onstant in vauo.We an expand the metri and the Levi-Civita tensor as
gAB = −tAtB + rArB, (5.25)
ǫAB = rAtB − rBtA. (5.26)The ovariant derivative of any tensor �eld T will be given in terms of derivatives along theframe vetors,
T|A = rAr

BT|B − tAt
BT|B. (5.27)From the Einstein equation (5.14) it is possible to obtain the ovariant derivative of thevetor vA in terms of the vetor itself and the stress-energy tensor,

vA|B =
1

2

(
1

r2
− vDv

D + 8πtD
D

)
gAB − vAvB − 8πtAB. (5.28)Using this expression it is easy to derive a formula for the ovariant derivative of the framevetor rA,

rA|B = −1

2
rA(ln f 2)|B +

1

2rf
(1 − f 2 + 8πr2tD

D)gAB − 8πr

f
tAB. (5.29)It is interesting to note that the traes of the last two equations do not depend expliitlyon the energy-matter ontent,

vA|A =
1

r2
− 2vAv

A, (5.30)
rA|A = −1

2
rA(ln f 2)|A +

1

rf
(1 − f 2). (5.31)In order to obtain a similar formula for the other frame vetor tA, it su�es to take intoaount that

tA|B ≡ (−ǫADrD)|B = −ǫADrD|B. (5.32)We will use the other Einstein equation (5.15) to obtain the Rii salar of the manifold
M2,

R =
2

r2
(1 − f 2) − 8πQ, (5.33)whih an also be written as

R =
2

r
(frA)|A − 8πQ. (5.34)



64 Chapter 5. Spherial spaetimesAs M2 is a two-dimensional manifold, all its urvature freedom is ontained in the Riisalar. The Riemann and Rii tensors are proportional to it,
RABCD =

1

2
(gACgBD − gADgBC)R, (5.35)

RAB =
1

2
RgAB. (5.36)Therefore, we have totally haraterized the geometry of M2 in terms of the salar f andthe omponents Q and tAB of the stress-energy tensor.5.1.2 VauumAording to Birkho�'s theorem [149℄, any spherially symmetri solution to the va-uum �eld equations ((4)Rµν = 0) must be the Shwarzshild metri. This theorem has astraightforward generalization to the Einstein-Maxwell system, that is, the unique solutionto the vauum Einstein-Maxwell equations is the Reissner-Nordström metri.For our purposes, there are two important onsequenes of this theorem. On the onehand, if we have a spherially symmetri vauum spaetime we know its exat form. Onthe other hand, as the appliation of this theorem is loal, we an have some region where

tµν is not zero but respets the spherial symmetry; then, the solution outside that regionwill be Reissner-Nordström.When onsidering Reissner-Nordström the salar f introdued in the last setion is
f =

√
1 − 2M

r
+
q2

r2
, (5.37)where M and q are the entral mass and harge respetively. Whereas the Misner-Sharpmass (5.23) is a ombination between these both quantities,

m = M − q2

2r
. (5.38)Note that in the partiular ase of Shwarzshild (q = 0) the mass m equals the onstant

M . Using formula (5.29) we obtain the ovariant derivative of the frame vetors:
rA|B = − M

r2f
tAtB +

q2

2r3f
(tAtB + rArB), (5.39)

tA|B = − M

r2f
rAtB +

q2

2r3f
(rAtB + rBtA). (5.40)



5.1 2+2 splitting of the spaetime 65If we alulate the derivatives of the vetors frA and ftA:
(frA)|B =

(
M

r2
− q2

2r3

)
gAB, (5.41)

(ftA)|B = −
(
M

r2
− q2

2r3

)
ǫAB, (5.42)we an see that the �rst one is expliitly symmetri, as it must be beause it is the seondovariant derivative of the salar �eld r, and the seond one is a Killing vetor �eld. Infat, it is the time-like Killing vetor �eld that renders our spaetime stati.It is also obvious how to ompute the Rii salar from equation (5.34):

R =
2

r3
(2Mr − q2). (5.43)5.1.3 Perfet �uidIn this setion we introdue the notation for the bakground objets when onsideringa spherial spaetime with a perfet �uid. We will use the same notation as in [55℄ sinethe formalism developed in that referene for linear perturbation theory will be generalizedto seond-order in Chapter 13.The energy-momentum tensor for a perfet �uid with four-veloity uµ, total energydensity ρ and pressure p is given by

tµν ≡ (ρ+ p)uµuν + pgµν . (5.44)Comparing with equation (5.4), this makes Q = 2p. We will onsider a generi equation ofstate of the form p = p(ρ, s) with s being the entropy per partile, and de�ne the adiabatispeed of sound and another thermodynami �uid property
c2s ≡

(
∂p

∂ρ

)

s

, C ≡ 1

ρ

(
∂p

∂s

)

ρ

. (5.45)There is no need to onsider other thermodynamial quantities.In spherial symmetry the four-veloity of the �uid takes the form uµ = (uA, 0). Thisvetor de�nes a unique outwards pointing spaelike unit vetor nA ≡ −ǫABuB on M2, with
ǫAB being the antisymmetri tensor on M2. These two vetors de�ne an orthonormal basison this manifold, whih an be used to deompose all geometrial objets, like

gAB = −uAuB + nAnB, ǫAB = nAuB − uAnB. (5.46)



66 Chapter 5. Spherial spaetimesUsing this deomposition, the tensorial omponent of the energy-momentum tensor (5.4)takes the following form
tAB = ρuAuB + pnAnB. (5.47)While dealing with the perfet �uid bakground, that is, in this subsetion and in Chapter13, we will use the following frame derivatives ating on any salar funtion ζ ,

ζ̇ ≡ uAζ|A, ζ ′ ≡ nAζ|A. (5.48)It is not di�ult to �nd that these derivatives obey the following ommutation relation,
(ζ̇)′ − (ζ ′)̇ = µζ ′ − νζ̇, (5.49)where we have de�ned
µ ≡ uA|A, ν ≡ nA|A. (5.50)These �struture" funtions are the omponents of the ovariant derivatives of the framevetors in their own frame,

uA|B = nA(nBµ− uBν), nA|B = uA(nBµ− uBν). (5.51)In order to deal only with salar quantities, we de�ne the following bakground salars,
Ω ≡ ln ρ, U ≡ uAvA, W ≡ nAvA. (5.52)In this notation, the four independent Einstein equations that exist in spherial sym-metry, an be written in the following way,

U ′ = W (µ− U), (5.53)
Ẇ = U(ν −W ), (5.54)
W ′ = −4πρ−W 2 + Uµ +

m

r3
, (5.55)

U̇ = −4πp− U2 +Wν − m

r3
, (5.56)where in this ase, the Misner-Sharp mass (5.23) takes the following form,

m =
r

2

[
1 + r2(U2 −W 2)

]
. (5.57)The system of equations for the bakground is losed with the equations of motion ofthe perfet �uid. Conservation of the energy-momentum tensor is equivalent to energyonservation and the Euler equation, respetively,

Ω̇ +

(
1 +

p

ρ

)
(2U + µ) = 0, (5.58)

c2sΩ
′ + Cs′ +

(
1 +

p

ρ

)
ν = 0. (5.59)



5.2 3+1 splitting of the spaetime 67Finally, a perfet �uid does not dissipate energy and hene the entropy of eah �uid elementis onserved,
ṡ = 0. (5.60)Equations (5.53-5.60) fully desribe the dynamis of this bakground spaetime. InChapter 13, they will be used to simplify the bakground dependent oe�ients that willappear in the perturbed equations.5.2 3+1 splitting of the spaetimeIn order to make expliitly the alulations in the Hamiltonian framework, we de�nethe generi oordinates (x0 ≡ t, x1 ≡ ρ) on the manifoldM2. Thus, we an expliitly writethe bakground spatial three-dimensional metri as

gijdx
idxj = a2(t, ρ)dρ2 + r2(t, ρ)dΩ2. (5.61)The assumption of spherial symmetry fores the lapse to depend solely on (t, ρ) oordi-nates, α = α(t, ρ), and the shift vetor not to have angular omponents βi = (β(t, ρ), 0, 0).Therefore, the deomposition for the four-dimensional metri is given by

gµνdx
µdxν = (−α2 + a2β2)dt2 + 2a2βdtdρ+ gijdx

idxj (5.62)
= −α2dt2 + a2(dρ+ βdt)2 + r2dΩ2, (5.63)whih takes the following matriial form,

gAB =

(
−α2 + a2β2 a2β

a2β a2

)
, gAB =

(
−α−2 α−2β

α−2β a−2 − α−2β2

)
. (5.64)The normal vetor to the surfaes of onstant time Σt is uµ = (−α, 0, 0, 0) or uµ =

α−1(1,−β, 0, 0). Its orthogonal, radial vetor is nµ = (0, a−1, 0, 0) or nµ = a(β, 1, 0, 0).Hene, in terms of this frame of vetors, the metri and the volume element of M2 aregiven by
gAB = −uAuB + nAnB, ǫAB = nAuB − uAnB. (5.65)In order to deal with more geometrial objets, while working in the Hamiltonian frame-work (in this setion and in Part III of this thesis) we will use the following frame derivativesthat at on any salar �eld ζ ,
ζ̇ = uµζ,µ =

ζ,t − βζ,ρ
α

, ζ ′ = nµζ,µ =
ζ,ρ
a
. (5.66)



68 Chapter 5. Spherial spaetimes5.2.1 Salar �eldWe now derive the equations of motion for the ase of a massless salar �eld, that will belater used to simplify the oe�ients of the equations for the perturbations. It is onvenientto de�ne the following momentum-like variables, whih have a de�nite tensorial haraterwith respet to hanges of the ρ oordinate,
Π1 ≡

a2Πρρ

µg
, Π2 ≡

2r2Πθθ

µg
, Π3 ≡

ΠΦ

µg
. (5.67)We an write the onstraints (3.48-3.49) in terms of these spherial variables,

H
µg

= Π1

(
Π1

2
− Π2

)
− (3)R+

1

2

(
Π3

2 + Φ′2
)

= 0, (5.68)
1

a

Hρ

µg
= − 2

r2
(r2Π1)

′ +
2r′

r
Π2 + Π3Φ

′ = 0, (5.69)so that the ation (3.47), one integrated in angles, is
1

4π
S =

∫
dt

∫
dρ ar2

[
2Π1

a,t
a

+ 2Π2
r,t
r

+ Π3Φ,t − α
H
µg

− β
Hρ

µg

]
. (5.70)The evolution equations an be obtained by a simple variation with respet to di�erentvariables:

1

α
[a,t − (βa),ρ] =

a

2
(Π1 − Π2) , (5.71)

1

α
(r,t − βr,ρ) = −r

2
Π1, (5.72)

1

α
(Φ,t − βΦ,ρ) = Π3 (5.73)

1

α
(Π1,t − βΠ1,ρ) =

3Π2
1

4
+

1

r2
− r′

r

(α2r)′

α2r
+

1

4

(
Π2

3 + Φ′2
)
, (5.74)

1

α
(Π2,t − βΠ2,ρ) =

1

2
(Π2

1 + Π2
2 − Π1Π2) +

2α′r′

αr
− 2(αr)′′

αr
+

1

2

(
Π2

3 − Φ′2
)
, (5.75)

1

α
(Π3,t − βΠ3,ρ) =

Π3(Π1 + Π2)

2
+

(αr2Φ′)′

αr2
. (5.76)The restrition to vauum, hoosing Shwarzshild oordinates (t, r = ρ), is given by

Πµν = 0, (3)R = 0 and Φ = 0, that is, Π1 = Π2 = Π3 = Φ = 0. This simpli�es the previousequations severely. In partiular, the onstraints (5.68) and (5.69) are then trivially obeyed.This was the ase for whih Monrief [101℄ developed the analysis of onstruting gaugeinvariants and �nding the master equations. In Part III of this thesis we will generalize hisstudy to the dynamial ase.



Chapter 6
Tensor spherial harmonis

Expansions in spherial harmoni are frequently used in many �elds of physis. Whendealing with salar �elds (Newton's potential in Newtonian gravity, wave-funtion in Quan-tum Mehanis...), one an use the salar spherial harmonis Y m
l . But when tensor �eldsare involved, as it happens in General Relativity, one must use tensor spherial harmonis.A vast literature exists about these harmonis, approahing them from di�erent points ofview and using di�erent onventions. In this hapter we will brie�y review the most ommontensor spherial harmonis used in General Relativity and the relationship between them.Speial attention will be paid to the Regge-Wheeler-Zerilli spherial harmonis beause wewill employ them in the rest of the work. We have hosen these harmonis beause theyhave proven to be highly onvenient to study gravitational radiation, sine they happen tobe tangent to the sphere and have a well-de�ned parity. Other harmonis will be introduedfor ompleteness and as a omplementary tool in ertain alulations, like in the ase of thepure-spin harmonis when obtaining a produt formula for the RWZ harmonis.6.1 Regge-Wheeler-Zerilli harmonisThe salar spherial harmonis Y m

l are de�ned as the eigenfuntions of the Laplaianoperator
γab∇a∇b Y

m
l = −l(l + 1)Y m

l (6.1)where γab is the inverse of the round metri on S2 and l is a positive integer. This label lhas a geometrial, oordinate-independent, meaning as it is de�ned by a tensorial equation.After the hoie of a �xed z-axis, another label m is provided:
∂φY

m
l = imY m

l . (6.2)69



70 Chapter 6. Tensor spherial harmonisEah linearly independent spherial harmoni will be ompletely haraterized by the pair(l, m). The integer m takes the range l ≥ |m|, hene for a �xed l there exist (2l + 1)independent spherial harmonis.These harmonis are normalized so that
∫
dΩ Y m′

l′ Y m
l

∗ = δl′l δm′m, (6.3)with ∗ denoting omplex onjugation and dΩ being the area element on S2 (dΩ = sin θ dθ dφ).Some of their most important properties are their behaviour under a parity transforma-tion,
Y m
l (π − θ, π + φ) = (−1)lY m

l (θ, φ), (6.4)and under omplex onjugation,
Y m
l

∗(θ, φ) = Y −m
l (θ, φ). (6.5)They provide an orthonormal basis of funtions on the sphere S2, namely, any funtion

ζ(θ, φ) an be expanded as
ζ(θ, φ) =

∞∑

l=0

l∑

m=−l

ζml Y
m
l (θ, φ), (6.6)where the oe�ients ζml are de�ned as

ζml =

∫
dΩ ζ(θ, φ)Y m

l
∗. (6.7)Starting with these salar harmonis, Regge and Wheeler [56℄ de�ned a basis for thevetor and 2-symmetri tensor �elds on the sphere as follows.The basis for the vetors is formed by the vetor �elds

{Y m
l :a, S

m
l a ≡ ǫabγ

bcY m
l :c}. (6.8)By de�nition, these vetors are orthogonal and hene independent at every point of thesphere. For the ase l = 0 both vetors are zero beause this ase respets the spheri-al symmetry and any non-vanishing vetor �eld tangent to the sphere would break thatsymmetry.Inherited from the salar harmonis, the vetors of this basis have a well de�ned parityunder inversion of axes:

Y m
l :a(π − θ, π + φ) = (−1)lY m

l :a(θ, φ), (6.9)
Sml a(π − θ, π + φ) = (−1)l+1Sml a(θ, φ). (6.10)



6.1 Regge-Wheeler-Zerilli harmonis 71This property an easily be heked taking into aount that the parity of the metri γab andof the Levi-Civita tensor ǫab are, respetively, (+1) and (-1), and realizing that ovariantderivatives do not hange the parity. In this way, it is usual to separate harmonis withmomentum l into two families of di�erent polarity: on one hand, those with parity (−1)lwill be alled polar, and on the other hand, those whih hange sign as (−1)l+1 will bealled axial.Regge and Wheeler used the adjetives even and odd instead of polar and axial, respe-tively. Nonetheless, this terminology ould be misleading, sine it is ommon to understandodd (even) parity the property of hanging (preserving) sign under a parity transformation.Alternatively, the polar and axial parities are sometimes alled eletri and magneti,respetively, beause of the properties
ǫab(Y m

l :a):b = 0 −→ irrotational vector, (6.11)
γab(Sml a):b = 0 −→ solenoidal vector. (6.12)One must not onfuse parity and polarity: whereas all equations must have a well-de�ned parity at any order in perturbation theory, polarity is only useful in the �rst-ordertheory beause produts of harmonis ouple the two polarities, as we will see.Using the introdued basis, any vetor wa(θ, φ) on the sphere an be deomposed as
wa(θ, φ) =

∞∑

l=1

l∑

m=−l

(Wm
l Y

m
l :a + wml S

m
l a). (6.13)From now on, upperase and lowerase letters will be employed to denote the respetivepolar and axial parts of the deomposition. The normalization of these vetor harmonis is

∫
dΩ Y m′

l′ :aγ
abY m

l :b
∗ = l(l + 1) δl′l δm′m, (6.14)

∫
dΩ Sm

′

l′ aγ
abSml b

∗ = l(l + 1) δl′l δm′m. (6.15)Thus, the oe�ients of the harmoni deomposition (6.13) are de�ned as
Wm

l =
1

l(l + 1)

∫
dΩ waγ

abY m
l :b

∗, (6.16)
wml =

1

l(l + 1)

∫
dΩ waγ

abSml b
∗. (6.17)The basis that Regge and Wheeler used for 2-tensor symmetri �elds on the sphere isformed by

{Y m
l :ab, Y

m
l γab, X

m
l ab ≡

1

2
(Sml a:b + Sml b:a)}. (6.18)



72 Chapter 6. Tensor spherial harmonisThe last harmoni is di�erent from that used by Gerlah and Sengupta by a fator of 2. Theproblem with this basis is that for the ase l = 1 we have Y m
1 :ab = −Y m

1 γab, so that theyare linearly dependent. In order to avoid this ompliation, Zerilli introdued the harmoni
Zm
l ab ≡ (Y m

l :ab)
TF = Y m

l :ab +
l(l + 1)

2
γabY

m
l , (6.19)where the supersript TFmeans the trae-free part. Therefore, the basis for the 2-symmetritensor �elds remain

{Zm
l ab, Y

m
l γab, X

m
l ab}, (6.20)where Zm

l ab and Xm
l ab are trae-free, and zero for the ases l = 0, 1. Note that, while Zm

l aband Y m
l γab are polar, Xm

l ab is axial. The normalization of these harmonis is:
∫
dΩZm

l abγ
acγbdZm′

l′ cd
∗

=
1

2

(l + 2)!

(l − 2)!
δll′δmm′ , (6.21)

∫
dΩXm

l abγ
acγbdXm′

l′ cd
∗

=
1

2

(l + 2)!

(l − 2)!
δll′δmm′ . (6.22)Therefore any symmetri 2-tensor Tab(θ, φ) an be expanded as

Tab(θ, φ) =

∞∑

l=0

l∑

m=−l

T̃ml γabY
m
l +

∞∑

l=2

l∑

m=−l

(Tml Z
m
l ab + tml X

m
l ab) , (6.23)where

T̃ml =
1

2

∫
dΩγabTab(θ, φ)Y m

l
∗, (6.24)

Tml = 2
(l − 2)!

(l + 2)!

∫
dΩTab(θ, φ)γacγbdZm

l cd
∗, (6.25)

tml = 2
(l − 2)!

(l + 2)!

∫
dΩTab(θ, φ)γacγbdXm

l cd
∗. (6.26)In the following, the basis of tensor spherial harmonis de�ned in this setion will bealled the Regge-Wheeler-Zerilli basis.6.2 Wigner matriesThere exists another basis of harmonis that is extensively used in General Relativity, theso-alled salar spin-weighted harmonis. The adjetive salar ould be misleading beausetensors an also be expanded in that basis. In fat, very reently, Newman and Silva-Ortigoza [150℄ de�ned the tensorial spin-weighted harmonis making use of the Newman-Penrose null basis of vetors in the four-dimensional spaetime [151℄. As they showed, these



6.3 Pure-spin harmonis 73tensorial harmonis are in a one to one orrespondene with the salar ones. The salarspin-weighted harmonis were de�ned by Newman and Penrose [151℄, making use of theedth operator. Later, they were analized by Goldberg et al. [152℄ and expliitly de�ned as
sY

m
l (θ, φ) ≡

√
2l + 1

4π
D(l)

−s,m(0, θ, φ), (6.27)where D(l)
m,m′(α, β, γ) are the Wigner matries [153℄ or, in other words, the irreduible rep-resentation matries of the rotation group SO(3). They are de�ned in Appendix A in termsof the Euler angles (α, β, γ) that parameterize any rotation.In the partiular ase s = 0, we reover the usual spherial harmonis from the abovede�nition, that is, 0Y

m
l = Y m

l .Here we list the most important properties, at least for our purposes, of the Wignermatries,
D(j)
m1m2

∗(α, β, γ) = (−1)m1−m2D(j)
−m1−m2

(α, β, γ), (6.28)
∫
dAD(j1)

m1m′
1
(α, β, γ)D(j2)

m2m′
2

∗(α, β, γ) =
8π2

2j1 + 1
δj1j2δm1m2δm′

1m
′
2

(6.29)with ∫
dA ≡ 1

4

∫ 4π

0

dα

∫ π

0

dβ sin β

∫ 4π

0

dγ (6.30)where the integration over α and γ go from 0 to 4π beause of the double overing ofSO(3) by SU(2). The produt between two Wigner matries with the same Euler angles
R = (α, β, γ) an be deomposed as

D(j1)
m′

1m1
(R) D(j2)

m′
2m2

(R) =
∑

j

Cm1
j1

m2
j2

m1+m2
j C

m′
1

j1

m′
2

j2

m′
1+m′

2
j D(j)

m′
1+m

′
2,m1+m2

(R), (6.31)where the Cm1
j1

m2
j2

m1+m2
j are Clebsh-Gordan oe�ients.6.3 Pure-spin harmonisThe rank-two pure-spin harmonis were de�ned by Zerilli [154℄, and earlier by Mathews[155℄ but only for spin two (the spin refers to the angular momentum of the vetors usedto onstrut them; this will be explained in the next setion), embedding the sphere in the3-dimensional Eulidean spae. Here we will only onsider the tangent part to the sphereof those harmonis and generalize them to any number of indies (rank).



74 Chapter 6. Tensor spherial harmonisFollowing Newman and Penrose [151℄, we introdue a basis of omplex vetors on S2omposed by
ma =

1√
2
(eθ

a + ieφ
a) and m̄a =

1√
2
(eθ

a − ieφ
a), (6.32)where eθa and eφa are the unit norm, with respet to the round metri, basis vetors. Fromthese vetors we obtain

m̄amb =
1

2
(γab + iǫab), (6.33)a relation whih an be inverted to get

γab = mam̄b + m̄amb, (6.34)
ǫab = i(mam̄b − m̄amb). (6.35)These vetors are null, γabmamb = γabm̄

am̄b = 0, and are normalized so that γabmam̄b = 1.Symmetri and trae-free (STF) tensors on the unit sphere an easily be onstrutedfrom those vetors. Two independent STF tensors of rank s are
ma1 ...mas and m̄a1 ...m̄as , (6.36)beause of the null harater of the vetors. We then de�ne the pure-spin tensor harmoniswith s ≥ 0 indies on S2 as

Ys,m
l a1...as

≡ (−1)sk(l, s)D(l)
s,m(0, θ, φ)ma1...mas

, (6.37)
Y−s,m
l a1...as

≡ k(l, s)D(l)
−s,m(0, θ, φ)m̄a1...m̄as

, (6.38)with the normalization fator
k(l, s) =

√
(2l + 1)(l + s)!

2s+2 π (l − s)!
, (6.39)di�erent to that used by Zerilli but very onvenient for later purposes. It is interesting tosee the behaviour of those harmonis under omplex onjugation: using (6.28) one obtains

Ys,m
l a1...as

∗
= (−1)mY−s,−m

l a1...as
. (6.40)In partiular, when m = 0 the two harmonis are onjugate to eah other.Using the normalization of the Wigner matries (6.29) it is easy to get

∫
dΩ Y±s,m

l
a1...asY±s,m′

l′ a1...as

∗
=

1

2s
(l + s)!

(l − s)!
δll′δmm′ , (6.41)

∫
dΩ Ys,m

l
a1...asY−s,m′

l′ a1...as

∗
= 0. (6.42)



6.4 Pure-orbital harmonis 75In this way, a omplete basis for any tensor on the sphere is provided by the pure-spinharmonis (6.37-6.38). The basis for a tensor of rank s is omposed by the two symmetritrae-free tensors of rank s, Ys,m
l a1...as

and Y−s,m
l a1...as

, and produts between the metri
γab and the Levi-Civita tensor ǫab with elements of the basis for (s− 2) rank tensors. Thesimplest way to show this is by noting that the Newman-Penrose vetors, ma and m̄a, forma basis at generi points. Therefore a omplete tensor basis an be formed by all produtsof s1 vetors ma and s2 vetors m̄a with s1 + s2 = s. Besides, we know from formulas(6.33-6.35) that produts between those vetors an be transformed into the metri and theLevi-Civita tensor.6.4 Pure-orbital harmonisFirstly, one onstruts pure-orbital vetor harmonis by omposing salar harmonisof angular momentum l with a set of 3-dimensional vetors tmi whih transform under arepresentation of spin 1 [156℄:

Oj,m
l i ≡

+1∑

m′=−1

Cm−m′

l
m′

1
m
j Y

m−m′

l tm
′

i, (6.43)with j = l − 1, l, l + 1 and |m| ≤ j. The vetors tmi are de�ned in terms of a �xedorthonormal Cartesian basis:
t±1

i =
∓exi − ieyi√

2
, t0i = ezi. (6.44)(The index i is an abstrat index on the manifold R3 with Eulidean metri, in whih

S2 is embedded.) These vetor harmonis Oj,m
l i transform under a representation of totalangular momentum j and their Cartesian omponents are eigenfuntions, with eigenvalue

l(l + 1), of the S2-Laplaian (also alled orbital angular momentum [157℄)
L2 ≡ −r2~∇2 + ∂r(r

2∂r) = −γab∇a∇b. (6.45)Pure-orbital vetor harmonis are however not transverse to the radial diretion,
r̂iO j,m

l i = −C0
j
0
1
0
l Y

m
j . (6.46)Therefore, one must take ertain linear ombinations anelling their radial ontribution toget the pure-spin harmonis.



76 Chapter 6. Tensor spherial harmonisPure-orbital bases for higher-rank tensors an be onstruted reursively from the abovevetor basis. The basis for STF tensors with s indies and well-de�ned spin s an be builtby omposition of the bases with s′ and s− s′ indies (with any 0 < s′ < s) as follows:
tmi1...is =

s′∑

m′=−s′

Cm′

s′
m−m′

s−s′
m
s tm

′

(i1...is′
tm−m′

is′+1...is)
. (6.47)From this, we onstrut orbital harmonis with s indies:

Oj,m
l i1...is ≡

+s∑

m′=−s

Cm−m′

l
m′

s
m
j Y

m−m′

l tm
′

i1...is, (6.48)whih are normalized so that
∫
dΩ Oj,m

l i1...isOj′,m′

l′ i1...is

∗
= δll′δjj′δmm′ . (6.49)The pure-orbital harmonis transform under a representation of �total angular momentum�

j, with |m| ≤ j, and their Cartesian omponents are eigenfuntions of the �orbital angularmomentum� operator (6.45) with eigenvalue l(l + 1). This latter property beomes veryuseful when solving wave equations in a 3-dimensional setting. Unfortunately, these har-monis are not transverse to the radial diretion, a fat that unneessarily ompliates theanalysis of the radiation in the far region.The radial omponent of the orbital harmonis is
r̂isOj,m

l i1...is−1is√
(2s+ 1)(2l + 1)

=
∑

l′

C0
l
0
1
0
l′W (s− 1, 1, j, l; s, l′)Oj,m

l′ i1...is−1, (6.50)where W is the Raah oe�ient [158℄. Note that this relation is a sum with only twoontributions, l′ = l ± 1.Pure-spin harmoni tensors, with indies on S2, an be obtained as linear ombinationsof the pure-orbital ones. We have onstruted the tensors tmi1...is with well-de�ned spin s.This means that, under a rotation parameterized by the Euler angles (α, β, γ), they willtransform under an irreduible representation of order s,
s∑

m=−s

D(s)
s,m(α, β, γ)tmi1...is. (6.51)If we onsider the rotation (α = 0, β = θ, γ = φ) we reover the STF tensors

ma1 ...mas
= (−1)s

s∑

m=−s

D(s)
s,m

∗(0, θ, φ)tma1...as
, (6.52)

m̄a1 ...m̄as
=

s∑

m=−s

D(s)
−s,m

∗(0, θ, φ)tma1...as
. (6.53)



6.5 Produt of harmonis 77Substituting this in the de�nition of the pure spin harmonis (6.37-6.38) we get
Y±s,m
j a1...as

= k(l, s)D(l)
±s,m(0, θ, φ)

s∑

m′=−s

D(s)
±s,m′

∗
(0, θ, φ) tm

′

a1...as
. (6.54)Using formula (6.31) for the produt between Wigner matries and the relation betweenthose matries and the salar harmonis [see equation (6.27) with s = 0℄, one an expressthe pure spin harmonis as a linear ombination of the salar harmonis with onstantoe�ients

Y±s,m
j a1...as

=

√
4π

2j + 1
k(j, s)

j+s∑

l=j−s

+s∑

m′=−s

C∓s
j

±s
s

0
l C

m−m′

l
m′

s
m
j Y

m−m′

l tm
′

i1...is, (6.55)whih an be rearranged to obtain the relation between the pure-spin and the pure-orbitalharmonis
Y±s,m
j a1...as

=

√
4π

2j + 1
k(j, s)

j+s∑

l=j−s

C∓s
j

±s
s

0
l Oj,m

l a1...as
. (6.56)Employing formula (6.50) for the radial projetion of the orbital harmonis, it is asimple exerise to hek that the radial part of the pure-spin harmonis indeed vanishes.In other words, the pure-spin harmonis are just the projetion of the orbital harmonis tothe sphere. Note also that, from relation (6.56), the l label of the pure-orbital harmonisis no more well-de�ned for the pure-spin ones, beause they get ontributions from stateswith di�erent values of l.6.5 Produt of harmonisIn Chapter 6 we will expand the metri perturbations {n}hµν in tensor harmonis. Fromthe expressions derived in Chapter 2, like equations (3.16), (3.22), and (3.26), it is learthat, for this aim, we need to ompute produts of several tensor harmonis when workingbeyond linear perturbation theory. Even though those expressions ontain produts of manyharmonis, the problem an be dealt with reursively beause the produt of two tensorharmonis an be deomposed as a series of tensor harmonis of adequate rank. In priniple,we might onlude that at perturbation order n we need to work with tensor harmonis ofrank 2n or similar, but the situation turns out to be simpler in General Relativity.The formalism starts from perturbations of the metri, whih ontain tensor harmonison S2 of rank zero, one or two, and omputes the deomposition in harmonis of theperturbations of the Einstein tensor, whih also ontain harmonis of those ranks. On the



78 Chapter 6. Tensor spherial harmonisother hand, only seond (at most) derivatives of the metri perturbations will appear in theperturbations of any urvature tensor, at any order. Finally, as long as we are interestedjust in perturbations of urvature tensors, only those ontrations in equation (3.26) arerequired. From these three observations we onlude that we only need harmonis with upto four indies (if one works in RW gauge, to be de�ned below, only three-indies harmonisare required) and formulas for their thirteen produts
Y Y ′,

Y Y ′
:a, Y:aY

′
:b,

Y Y ′
:ab, Y:aY

′
:bc, Y:abY

′
:cd,

Y Y ′
:abc, Y:aY

′
:bcd, Y:abY

′
:bcd, Y:abcY

′
:def ,

Y Y ′
:abcd, Y:aY

′
:bcde, Y:abY

′
:cdef ,

(6.57)where the prime denotes that Y and Y ′ have di�erent labels l and m. Only seven of theseproduts are really independent beause using the Leibnitz rule we have relations like
Y:abY

′
:cd = (Y:aY

′
:cd):b − Y:aY

′
:cdb. (6.58)Therefore, omputing the expansion formula for the anonial produts Y Y ′

:a1...an
with

n = 0, ..., 6 would be enough to solve a general problem of non-spherial perturbations inGeneral Relativity.That method would be, however, rather ompliated to program for algebrai omputa-tion, beause it requires expanding the produts of multiple harmonis in a very partiularorder, and di�ult to use in any mathematial proof involving produts of harmonis. Itis far more interesting and general to follow a di�erent route: we �rst generalize the RWZharmonis to an arbitrary number of indies and then �nd a general formula for the prod-ut of any two of them. This has two important advantages: �rst, it is more e�ient andsimple for our algebrai ode beause all ases are onsidered in a single formula. Seond,the formalism is more general: it an be applied to arbitrary matter models, it is possible toperturb objets like derivatives of the Riemann tensor, or it an be used in other problems(for example theories of gravity with more than two derivatives in their basi equations).6.6 Generalization of Regge-Wheeler-Zerilli harmonisComplete bases for higher-rank tensors tangent to the sphere an be easily onstruted[113℄. There always exist two nontrivial symmetri trae-free (STF) tensors
Zm
l a1...as

≡ (Y m
l :a1...as

)STF = −ǫ(a1 bXm
l ba2...as), (6.59)

Xm
l a1...as

≡ (Sml a1:a2...as
)STF = ǫ(a1

bZm
l ba2...as), (6.60)



6.6 Generalization of Regge-Wheeler-Zerilli harmonis 79valid for |m| ≤ l and 1 ≤ s ≤ l. In all other ases the harmonis are de�ned to beidentially zero, exept for s = 0, when Zm
l ≡ Y m

l . Note that, in fat, we do not needsymmetrization on the far right-hand side beause the tensors Z and X are traeless.All other objets in the basis an be obtained from produts of γ, ǫ and the basis fortensors of order s− 2. For example the basis for 3-index tensors is given by Zm
l abc, Xm

l abc,and six independent ombinations of γabZm
l c, γabXm

l c, ǫabZm
l c, ǫabXm

l c, and their index-permutations. The general ase results from the iteration of the relations (valid for s ≥ 2):
Zm
l a1...as:b = Zm

l a1...asb +
(l + s)(l − s+ 1)

2
(6.61)

×
[
1

2
γ(a1a2Z

m
l a3...as)b − γb(a1Z

m
l a2...as)

]
,

Xm
l a1...as:b = Xm

l a1...asb +
(l + s)(l − s+ 1)

2
(6.62)

×
[
1

2
γ(a1a2X

m
l a3...as)b − γb(a1X

m
l a2...as)

]
.Appendix B gives a di�erent approah to expand the de�nitions (6.59) and (6.60).Remembering the de�nitions of the salars Zm

l ≡ Y m
l and Xm

l ≡ 0, and those of thevetors Zm
l a ≡ Y m

l :a and Xm
l a ≡ Sml a, we obtain the three remaining speial ases:
Zm
l :a = Zm

l a, (6.63)
Zm
l a:b = Zm

l ab −
l(l + 1)

2
γabZ

m
l , (6.64)

Xm
l a:b = Xm

l ab −
l(l + 1)

2
ǫabZ

m
l . (6.65)Formulas (6.61�6.65) for the STF tensors Z andX onstitute a omplete set of simpli�ationrules whih allow us to express any derivative of a tensor harmoni �eld on the sphere in aunique anonial way. Note that ǫab appears only in equation (6.65).Finally, it is important to point out that all these harmonis have a well-de�ned parityunder inversion of axes. This is beause, as we have already ommented, the parity of

γab, ǫab, and the salar harmonis Y m
l is +1, -1 and (−1)l, respetively, and beause takingovariant derivatives does not hange the parity. In this way, it is now very easy to reognizefamilies of harmonis with di�erent polarity: Zm

l a1...as
are polar and Xm

l a1...as
are axial.The relation between these harmonis and the pure-spin ones is rather simple:

Zm
l a1...as

= Ys,m
l a1...as

+ Y−s,m
l a1...as

, (6.66)
−iXm

l a1...as
= Ys,m

l a1...as
− Y−s,m

l a1...as
. (6.67)For the ase s = 0, one has Zm

l = Y0,m
l = Y m

l .



80 Chapter 6. Tensor spherial harmonisWe an invert the previous relations to get (exept for the speial ase s = 0)
Ys,m
l a1...as

=
(
ma1m̄

b Y m
l :ba2...as

)STF
, (6.68)

Y−s,m
l a1...as

=
(
m̄a1m

b Y m
l :ba2...as

)STF
. (6.69)In fat we introdued the fator k(l, s) in the de�nition of the pure-spin harmoni in order toobtain suh a simple relation with the RWZ harmonis. To write the normalization of thesegeneralized RWZ harmonis and for future onveniene, we adopt the ompat notation

(±)Zm
l a1...as

≡ Ys,m
l a1...as

± Y−s,m
l a1...as

. (6.70)It is important to note that
(+)Zm

l a1...as
= Zm

l a1...as
and (−)Zm

l a1...as
= −iXm

l a1...as
, (6.71)for all number of indies s exept for the ase s = 0, whih turns out to be (+)Zm

l = 2Y m
land (−)Zm

l = 0. With that notation the normalization of these harmonis is
∫
dΩ (±)Zm

l
a1...as (±)Zm′

l′ a1...as

∗
= ± 2

2s
(l + s)!

(l − s)!
δll′δmm′ (6.72)We do not orthonormalize these generalized RWZ tensor harmonis beause the RWZ har-monis have been frequently used in the literature and we want a generalization ontainingthem.6.7 Produt formulaThe produt of two salar harmonis an be expanded in terms of �nite sums of salarharmonis using Clebsh-Gordan oe�ients [158℄:

Y m′

l′ Y m
l =

l′+l∑

l′′=|l′−l|

E0
0
l
l′
m
m′ l′′ Y

m+m′

l′′ , (6.73)where we have de�ned the symbol
E0

0
l
l′
m
m′ l′′ ≡

√
(2l + 1)(2l′ + 1)

4π(2l′′ + 1)
Cm′

l′
m
l
m′+m
l′′ C0

l′
0
l
0
l′′ . (6.74)Reall that the Clebsh-Gordan oe�ient C0

l′
0
l
0
l′′ vanishes if l′ + l + l′′ is odd. This fatguarantees that only salars with parity (−1)l

′′
= (−1)l

′+l are present in the expansion.



6.7 Produt formula 81In this setion we will onstrut a generalization of equation (6.73) valid for any pair oftensor harmonis on the 2-sphere. There are two main routes to �nd suh a formula [113℄.The standard route, followed by most books in Quantum Mehanis, is adapted to theEulidean struture of R3 and uses the pure-orbital harmonis. The seond route is basedon pure-spin harmonis. They are adapted to the 2-sphere, and hene are transverse to theradial diretion. Besides, they are losely related to the Wigner representation matries ofthe rotation group, for whih a produt formula is well known.6.7.1 Pure-orbital harmonisOne an obtain the following multipliation rule by using equation (6.73) and the for-mulas available in the literature for the omposition of three angular momenta [156℄:
Y m′

l′ Oj,m
l i1...is =

l′+l∑

l′′=|l′−l|

√
(2l + 1)(2l′ + 1)(2j + 1)

4π
C0
l
0
l′

0
l′′ (6.75)

×
l′′+l∑

j′=l′′−l

W (s, j, l′′, l′; l, j′)Cm
j
m′

l′
m+m′

j′ Oj′,m+m′

l′′ i1...is,Employing this formula it is possible to ompute the produt of any two orbital harmonisusing the Leibnitz rule, as explained in Setion 6.5.6.7.2 Pure-spin harmonisFormula (6.31) provides the following produt of pure-spin harmonis with the samesign:
Y±s′,m′

l′ a1...as′
Y±s,m
l b1...bs =

l′+l∑

l′′=|l−l′|

E±s′

±s
l′

l
m′

m l′′Y
±(s′+s),m′+m
l′′ a1...as′b1...bs

, (6.76)where we have introdued the real oe�ients
Es
s′
l
l′
m
m′ l′′ ≡

k(l′, |s′|)k(l, |s|)
k(l′′, |s+ s′|) Cm′

l′
m
l
m′+m
l′′ Cs′

l′
s
l
s′+s
l′′ , (6.77)whih generalize the oe�ients (6.74). These inherit from the Clebsh-Gordan oe�ientsthe symmetry properties

E−s′

−s
l′

l
m′

m l′′ = Es′

s
l′

l
−m′

−m l′′ = (−1)l
′+l−l′′ Es′

s
l′

l
m′

m l′′, (6.78)
Es′

s
l′

l
m′

m l′′ = Es
s′
l
l′
m
m′ l′′ . (6.79)



82 Chapter 6. Tensor spherial harmonisFrom the fat that Cm
l
m
l

2m
l′′ = 0 for odd l′′ we also get that the E-oe�ients vanish for odd

l′′ if l = l′ and either m = m′ or s = s′.For the remaining produts of pure-spin harmonis (those with opposite signs), weobtain (assuming e.g. that s′ ≥ s without loss of generality)
Y∓s′,m′

l′ a1...as′
Y±s,m
l b1...bs =

l′+l∑

l′′=|l−l′|

E∓s′

±s
l′

l
m′

m l′′Y
∓(s′−s),m′+m
l′′ as+1...as′

T±s
a1b1...asbs, (6.80)where the produts

T sa1b1...asbs ≡ (−1)sm̄a1mb1 ...m̄as
mbs , (6.81)

T−s
a1b1...asbs ≡ (−1)sma1m̄b1 ...mas

m̄bs (6.82)must be expanded using equation (6.33). We de�ne T 0 ≡ 1.6.7.3 Generalized Regge-Wheeler-Zerilli harmonisAfter introduing the tensors T ± ≡ 1
2
(T−s±T s) and the alternating sign ǫ ≡ (−1)l+l

′−l′′,the disussion of the previous subsetion leads to the following formula (assuming againthat s′ ≥ s) valid for the produt of any two generalized harmonis
(σ′)Zm′

l′ a1...as′
(σ)Zm

l b1...bs =
l′+l∑

l′′=|l′−l|

Es′

s
l′

l
m′

m l′′
(ǫσσ′)Zm′+m

l′′ a1...as′b1...bs
(6.83)

+
l′+l∑

l′′=|l′−l|

σEs′

−s
l′

l
m′

m l′′

(
(ǫσσ′)Zm′+m

l′′ as+1...as′
T +
a1b1...asbs

+ (−ǫσσ′)Zm′+m
l′′ as+1...as′

T −
a1b1...asbs

)
,whih onstitutes the main result of this setion. The �rst sum in this formula is very simple[similar to that in equation (6.76)℄ and involves only harmonis with s′ + s indies. Theseond sum involves harmonis with s′ − s indies and has a more ompliated struture inorder to inlude the ase of produts with salar harmonis.



Part III
Master equations on a dynamialbakground
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Chapter 7
Axial perturbations

Here we will use the anonial approah explained in previous hapters to obtain gaugeinvariants and the master equations they obey for the partiular ase of linear perturbationsof a spherial bakground with a massless salar �eld. This part of the researh an beonsidered as the generalization of Monrief's work [101℄ for linear perturbations on aShwarzshild spaetime to a dynamial bakground.For this and the following hapter, all perturbative objets will be of �rst order, andtherefore we will not inlude the expliit n = 1 label. The de�nitions used for bakgroundobjets are those presented in Setion 5.2. In partiular, the shorthands ζ̇ and ζ ′ for framederivatives ating on any salar �eld ζ are de�ned in (5.66).7.1 Expansion in harmonisFollowing Regge-Wheeler's notation [56℄ for the metri perturbations and Monrief'snotations [101℄ for the momentum and shift vetor, we expand the perturbative variablesin tensor spherial harmonis,
hijdx

idxj =
∞∑

l=1

l∑

m=−l

{
−2(h1)

m
l dρ X

m
l a dx

a + (h2)
m
l Xm

l ab dx
adxb

}
, (7.1)

1

µg
pijdx

idxj =

∞∑

l=1

l∑

m=−l

{
−2(p̂1)

m
l dρ X

m
l a dx

a + (p̂2)
m
l Xm

l ab dx
adxb

}
, (7.2)

Bidx
i =

∞∑

l=1

l∑

m=−l

−(h0)
m
l Xm

l a dx
a, (7.3)85



86 Chapter 7. Axial perturbations
C = 0, (7.4)
p = 0, (7.5)
ϕ = 0. (7.6)Beause of the lak of axial salar harmonis, there are no axial perturbations of the three-dimensional salars α, Φ and Π. That means that the salar �eld plays no role from theperturbative point of view, though the bakground salar �eld is still instrumental to allowfor a general dynamial spaetime. As we will see, this does not imply any loss of generality.Di�erent (l,m) harmoni omponents also deouple around spherial symmetry, and so forthe rest of the hapter we will drop them from the perturbative variables, assuming thatwe work with a �xed pair of labels at any time. It is important to note that h2, p̂2 and

h0 are salars under hanges of the ρ oordinate, but h1 and p̂1 behave as omponents of avetor.The variables (h1, p1) and (h2, p2) form two pairs of anonially onjugated variables,whose evolution is partially determined by the arbitrary funtion h0. For example theevolution equations for the variables h1 and h2 an be easily obtained by perturbation ofthe de�nition of the momenta (3.46) after introduing the expansions (7.1�7.6)
1

α
(h1,t − (βh1),ρ) = 2p̂1 + Π1h1 +

r2

α

(
h0

r2

)

,ρ

, (7.7)
1

α
(h2,t − βh2,ρ) = 2p̂2 + (Π2 − Π1)h2 −

2h0

α
. (7.8)We will later obtain the evolution equations for more onvenient momenta variables.7.2 E�etive ationThe ation funtional for the axial perturbations is

1

2

(
∆2S

)axial
=

∫
dt

∫
dx3

[
pijhij,t −Bi∆(Hi) + ...

]axial (7.9)
=

∫
dt

{∫
dρ (p1h1,t + p2h2,t) +H [h0] + ...

}
, (7.10)where the dots denote those terms oming from the seond variation of the onstraints(4.32-4.33), whih we do not need to onsider in this subsetion. The funtional H will bede�ned below in terms of the �rst variation of the onstraint. We have also de�ned

p1 =
2l(l + 1)

a
p̂∗1, p2 =

aλ

r2
p̂∗2, (7.11)



7.3 Gauge-invariant variables 87with
λ ≡ 1

2

(l + 2)!

(l − 2)!
. (7.12)In term of these variables, the perturbed onstraint is given by

∆[Ha]
axial =

Xaµg
l(l + 1)

[
(r2p1),ρ
ar2

+ 2
p2

a
+ λ

Π2h2

r2
+

2l(l + 1)

ar2

(
r2Π1h1

a

)

,ρ

] (7.13)whih in turn de�nes the funtional
H [h0] ≡ −

∫
dx3Bi∆[Hi]

axial (7.14)
=

∫
dρ

[
−r2

(
h0

r2

)

,ρ

p1+ 2h0p2 + λaΠ2
h0

r2
h2 −

2l(l + 1)

a
r2Π1

(
h0

r2

)

,ρ

h1

]
.(7.15)This funtional is the generator of gauge transformations, as an be seen in formula(4.34), and ommutes with itself on shell,

{H [ζ1], H [ζ2] } =
1

l(l + 1)

∫
dρ

[
r4(ζ1,ρζ2 − ζ2,ρζ1)

1

a

Hρ

µg

]
, (7.16)for arbitrary salar �elds ζ1 and ζ2.7.3 Gauge-invariant variablesFollowing Monrief [101℄ we perform two anonial transformations to separate thegauge-invariant information from the pure-gauge ontent in the anonial pairs (h1, p1) and

(h2, p2). The �rst anonial transformation onstruts the gauge-invariant ombination k1,also a vetor omponent,
k1 ≡ h1 +

r2

2

(
h2

r2

)

,ρ

, k2 ≡ h2. (7.17)It indues the following transformation on the momenta,
π1 = p1, π2 = p2 +

(r2p1),ρ
2r2

. (7.18)This transformation an be obtained from the generating funtion
G(p1, p2, k1, k2) = p1k1 + p2k2 − p1

r2

2

(
k2

r2

)

,ρ

, (7.19)



88 Chapter 7. Axial perturbationsby diret variation,
h1 =

δG

δp1
, h2 =

δG

δp2
, π1 =

δG

δk1
, π2 =

δG

δk2
. (7.20)In terms of the new variables we an write the �rst variation of the axial onstraint as

∆[Ha]
axial =

Xaµg
l(l + 1)



2

π2

a
+ λ

Π2k2

r2
+

2l(l + 1)

ar2

[
r2Π1

a

(
k1 −

r2

2

(
k2

r2

)

,ρ

)]

,ρ



 , (7.21)whih does not ontain π1 and therefore ommutes with k1. That is, k1 is gauge-invariant,as we had antiipated. This suggests the seond anonial transformation:

Q1 ≡ k1, Q2 ≡ k2, (7.22)with onjugated momenta
P1 ≡ π1 − l(l + 1)

r2Π1

a

(
k2

r2

)

,ρ

, (7.23)
P2 ≡ π2 +

λ

2r2
aΠ2k2 +

l(l + 1)

r2

[
r2Π1

a

(
k1 −

r2

2

(
k2

r2

)

,ρ

)]

,ρ

. (7.24)This seond anonial transformation an be obtained from the generating funtion
G(P1, P2, k1, k2) = P1k1 + P2k2 + a l(l + 1)





r2Π1

a

(
k2

r2

)

,ρ

k1

a
− Π1

[
r2

2a

(
k2

r2

)

,ρ

]2

− (l − 1)(l + 2)

8r2
Π2k

2
2

}
. (7.25)The �rst anonial transformation is independent of the dynamial ontent of the bak-ground spaetime, in the sense that it does not ontain the bakground momenta Π1,Π2,Π3.It is atually idential to that of Monrief [101℄. For the sake of larity, we have separatedthe in�uene of the dynamial bakground into the seond anonial transformation, whihis trivialized for any stati bakground.At this point we have isolated the physial information of the axial metri perturbationin the pair (Q1, P1) while the (Q2, P2) ontains the gauge subsystem. P2 is the generator ofgauge transformations,

∆[Ha]
axial =

Xaµg
l(l + 1)

2P2

a
(7.26)and hene it is gauge invariant but onstrained to vanish. Its onjugate variable Q2 isgauge-dependent and its time evolution is determined by the arbitrary funtion h0, whihan be used to set any desired value for Q2,t as we will show in the following setion.



7.4 Equations of motion 897.4 Equations of motionAfter replaing the new variables and integrating by parts a number of times, we getthe following Jaobi ation
1

2

(
∆2

1S
)axial

=

∫
dt

∫
dρ
[
P1(Q1,t − (βQ1),ρ) + P2(Q2,t − βQ2,ρ) + 2P2h0 − αH(1)

]
, (7.27)where we have de�ned the �rst-order quadrati Hamiltonian

H(1) ≡ Π1(P1Q1 − P2Q2) +
1

aλr2

[(
r2P1

2
+ l(l + 1)

r2Π1

a
Q1

)

,ρ

− r2P2

]2 (7.28)
+

aP 2
1

2l(l + 1)
+
l(l + 1)

a

[
(l − 1)(l + 2)

2r2
+

Π1(Π2 − Π1)

2
+ Π̇1

]
Q2

1.The variation of the ation with respet to h0 gives the onstraint that must be obeyedby the perturbations. This onstraint now takes the simple form
P2 = 0. (7.29)This onstraint is onserved in the evolution sine variation with respet to Q2 gives

(r2P2),t = (βr2P2),ρ. (7.30)As P2 is the generator of the gauge transformations, its onjugate variable Q2 is pure gauge.Its evolution equation omes from taking the variation of the ation with respet to P2,
1

α
(Q2,t − βQ2,ρ) = −2

h0

α
− Π1Q2 −

1

aλ

(
r2P1 + l(l + 1)

2r2Π1

a
Q1

)

,ρ

. (7.31)The initial data for Q2 is gauge, and its evolution is fully determined by the free funtion
h0. In partiular it is possible to hoose Q2 = 0 initially and take h0 so that Q2 = 0 at alltimes.We an obtain the physially relevant equations by variation of the ation with respetto the variables (Q1, P1). This gives rise to a system of two oupled seond order equationsin ρ-derivatives, whose prinipal part is, in matriial form,

(l − 1)(l + 2)

2r2

1

α

(
2l(l+1)

a
Q1

P1

)

,t

=

(
−Π1 −1

Π2
1 Π1

)
1

a2

(
2l(l+1)

a
Q1

P1

)

,ρρ

+ . . . (7.32)the dots denoting lower order terms in ρ-derivatives of Q1 and P1. We have divided Q1by a to make it a salar under hanges of ρ oordinate. This is a seond order in time



90 Chapter 7. Axial perturbationsevolution system, as orresponds to a single wave-like degree of freedom, but it apparentlyhas fourth order in ρ-derivatives for generi values of the bakground variable Π1. This isfalse beause the 2× 2 matrix has always vanishing square, and hene the system has thirdorder at most. Atually it has seond order, as an be heked by taking the matrix to itsJordan anonial form. We de�ne the ombination
Q ≡ P1 + l(l + 1)

2Π1

a
Q1, (7.33)that is a salar under hange of oordinate ρ. Then, the system (7.32) is equivalent to thepair (we now use the dot and prime frame derivatives to simplify the expressions):

(r2Q)̇ = −2λ
Q1

a
, (7.34)

(
−2λ

r2

Q1

a

)
˙ =

1

α

[ α
r2

(r2Q)′
]′

+
Π2 − Π1

2r2
(r2Q)̇ − (l − 1)(l + 2)

r2
Q, (7.35)whih an be learly ombined into a single seond order equation for Q, the sought gener-alization of the Regge-Wheeler equation for dynamial bakgrounds.As will be made expliit in Chapter 10, whereas the physial variables Q1 and P1 arenot salars in M2, the ombination Q is indeed a salar. There we will show that Q is thepartiularization to this ase of the GS master variable, whih is valid for any spheriallysymmetri bakground. Therefore, we have just re-dedued the GS master variable froma anonial point of view. This was the expeted result, but it is important to emphasizethat the ombination of Hamiltonian gauge methods with the imposition of having a salar�eld on M2 has determined uniquely the GS salar.When restriting to vauum the variable rQ/λ is the Cunningham-Prie-Monrief mas-ter funtion [46℄, whih obeys the Regge-Wheeler equation, though it is not immediatelyrelated to the Regge-Wheeler variable. Using the gauge r = ρ, β = 0 in vauum we have

Π1 = 0 and hene Q = P1, while the Regge-Wheeler variable is Q1/(a
2r). We have seenthat the former is easily generalizable to a dynamial situation as given in (7.33), but notthe latter, beause it would require dividing by Π1, whih may vanish.



Chapter 8
Polar perturbations

We now reprodue the analysis of the previous hapter in the polar setor. Contraryto the axial ase, there is no known master polar salar whih an be used on all spherialbakgrounds and with any type of matter. Using again a salar �eld as matter model, forwhih no suh master variable was known, we apply the same Hamiltonian tehniques and�nd master variables for the gravitational wave and the salar �eld perturbation with theexpeted properties. The equations obeyed, generalizing the Zerilli equation, are unfor-tunately too ompliated to be given here in full detail, and we are urrently working toreexpress them in a manageable way. The results in this hapter are new and pave the wayfor a polar master equation in any dynamial spaetime.
8.1 Expansion in harmonisWe deompose the polar part of the metri perturbation into spherial harmonis,

hijdx
idxj =

∞∑

l=0

l∑

m=−l

a2(H2)
m
l Y

m
l dρ

2 + 2(h1)
m
l dρZ

m
l adx

a

+ r2 [Km
l γabY

m
l +Gm

l Z
m
l ab] dx

adxb, (8.1)
1

µg
pijdx

idxj =
∞∑

l=0

l∑

m=−l

a2(PH)ml Y
m
l dρ

2 + 2(Ph)
m
l dρZ

m
l adx

a

+ r2 [(PK)ml γabY
m
l + (PG)ml Z

m
l ab] dx

adxb, (8.2)
C =

∞∑

l=0

l∑

m=−l

−α
2

(H0)
m
l Y

m
l , (8.3)91
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Bidx

i =

∞∑

l=0

l∑

m=−l

(H1)
m
l Y

m
l dρ+ (h0)

m
l Z

m
l adx

a, (8.4)
1

µg
∆Π =

∞∑

l=0

l∑

m=−l

p̂ml Y
m
l , (8.5)

∆Φ =

∞∑

l=0

l∑

m=−l

ϕml Y
m
l . (8.6)As we did in the previous hapter, we will remove the (l,m) labels from the harmonioe�ients, sine all perturbations are deoupled at linear order. We follow the notationsby Regge-Wheeler and Monrief, and hene introdue geometri fators a2 to ompensatethe tensor harater of the variables H2 and PH with respet to hanges in the ρ oordinate.However, additional fators of a should have been inluded multiplying h1, Ph and H1,beause these are vetor omponents. We will later need expliit a fators in our formulasto orret this problem.8.2 E�etive ationIntroduing deomposition (8.1-8.6) into the e�etive ation (4.27), one obtains

1

2

(
∆2S

)polar
=

∫
dx3

{
pijhij + ∆[Π]∆[Φ,t] − C∆[H] − Bi∆[Hi] + ...

}polar (8.7)
=

∫
dρ {p1h1,t + p2H2,t + p3KZ,t + p4G,t + pϕ,t} + F0[−αH0/2]

+ F1[H1] + F2[h0] + ..., (8.8)where the dots stand for terms oming from the seond perturbation of the onstraints(4.32-4.33), that do not enter the gauge transformations, and the funtionals (F0, F1, F2)will be de�ned below. The onjugate momenta are related to the harmoni oe�ientsgiven by the expansions (8.1-8.6) in the following way,
p1 =

2l(l + 1)

a
P ∗
h , (8.9)

p2 = ar2P ∗
H , (8.10)

p3 = 2ar2P ∗
K , (8.11)

p4 = λar2P ∗
G, (8.12)

p = ar2p̂∗. (8.13)The polar harmoni deomposition of the perturbation of the onstraints (4.30-4.31) is



8.2 E�etive ation 93given by,
∆[H] = µgY

{
H2

[
Π1(Π1 − Π2) −

l2 + l + 2

r2
− H

2µg

]
− 2H2

′ r
′

r
+

p2

ar2
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+
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2
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−Π2
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3 + Φ′2

]
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ar2
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(3)R+
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]
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r3
(r3K ′)′ + Φ′ϕ′ +
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r3
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′ − λ

r2
G

}
, (8.14)

1

a
∆[Hρ] = µgY

{
−2(a−1p2)
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r2
+
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r2
+

2p3

ar2

r′

r
+

p
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ar2
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, (8.15)

∆[Ha]
polar = µgZa

{
− 1
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(r2p1)
′
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ar2
+

2

l(l + 1)
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+

(l − 1)(l + 2)

2
Π2G

+Π1H2 −
2

r2

(
r2Π1h1

a

)′

+ Π3ϕ

}
. (8.16)With these relations at hand, we an write down the three generators of polar gauge trans-formations,

F0[ζ ] =

∫
dx3ζ Y∆[H], (8.17)

F1[ζ ] =

∫
dx3ζ Y

1

a
∆[Hρ], (8.18)

F2[ζ ] =

∫
dx3ζ Za

1

r2
γab∆[Hb]

polar, (8.19)that at on any smooth arbitrary salar �eld ζ . It is possible to alulate the Poissonbrakets between di�erent generators,
{F0[ζ1], F0[ζ2]} =

∫
dρ ar2(ζ1ζ

′
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1

a

Hρ

µg
, (8.20)

{F0[ζ1], F1[ζ2]} =

∫
dρ aζ1

(
r2ζ2

H
µg

)′

, (8.21)
{F0[ζ1], F2[ζ2]} = −l(l + 1)

∫
dρ aζ1ζ2

H
µg
, (8.22)

{F1[ζ1], F1[ζ2]} =

∫
dρ ar2(ζ1ζ

′
2 − ζ ′1ζ2)

1

a

Hρ

µg
, (8.23)

{F1[ζ1], F2[ζ2]} = 0, (8.24)
{F2[ζ1], F2[ζ2]} = l(l + 1)

∫
dρ a(ζ1ζ

′
2 − ζ ′1ζ2)

1

a

Hρ

µg
, (8.25)all vanishing on-shell, whih on�rms that they are �rst-lass onstraints.



94 Chapter 8. Polar perturbations8.3 Gauge invariant variablesMonrief isolated the Zerilli variable after two anonial transformations on the fourpairs (h1, p1), (H2, p2), (K, p3), (G, p4). Here we have the additional pair (ϕ, p) for thesalar �eld, and the fat that the bakground is dynamial also makes the problem harder.We will instead proeed in �ve steps, to larify the role of eah step and simplify theomputations. In partiular we will �rst eliminate the two gauge degrees of freedom relatedto the momentum onstraint (whih are rather trivial and very similar to the axial ase) andthen remove the gauge degree assoiated with the Hamiltonian onstraint, the nontrivialstep of this omputation.There are many possible transformations that implement this program, but we would likethem to they obey ertain minimal riteria. First, they should be algebrai transformationsso that they do not involve any integration in the proess and an be performed expliitly.And seond, they should not require dividing by any bakground objet that ould vanish,in partiular one of the bakground momenta (Π1,Π2,Π3). The full transformation we willpropose here ful�lls the �rst riterion, but it is unlear whether it also satis�es the seondone, as we will explain.The �rst anonial transformation is motivated by the Gerlah and Sengupta hoie ofgauge-invariants, that will be presented in Chapter 9,
k1 = K +

l(l + 1)

2
G− 2r′
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(
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2
G′

)
, (8.26)
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2
G′
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, (8.27)
k3 = G, (8.28)
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r2

2
G′, (8.29)

k5 = ϕ−
(
a−1h1 −

r2

2
G′

)
Φ′, (8.30)whih requires the anonial momenta

π1 = p3, (8.31)
π2 = p2, (8.32)
π3 = p4 −
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2
p3 −

1

2
a(r2p1)

′, (8.33)
π4 = ap1 − 2a(a−1p2)

′ +
2r′

r
p3 + pΦ′, (8.34)

π5 = p. (8.35)



8.3 Gauge invariant variables 95In terms of these new variables, we an write the perturbed momentum onstraints as
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. (8.37)We do not display the expliit form of the perturbation of the Hamiltonian onstraint ∆[H]in terms of these variables beause it is a very lengthy expression and does not ontributein any way to the present disussion.We perform a seond anonial transformation whih onverts the momentum on-straints into anonial variables. Beause of the two requirements we want to impose in allour transformations, only the momenta π4 and π3 an replae the onstraints (8.36) and(8.37) respetively,̄
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′. (8.42)The division by the tensor harmonis must be understood just as removing them from theabove expressions (8.36-8.37). These last transformation for the momenta do not a�et thevariables,
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k̄2 = k2, (8.44)
k̄3 = k3, (8.45)
k̄4 = k4, (8.46)
k̄5 = k5. (8.47)In terms of these last variables, the onstraints take the following simpler form,
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polar = µgZa

2

l(l + 1)

π̄3

ar2
. (8.50)We have fully isolated the gauge freedom ontained in the perturbed momentum onstraint.The variables k̄3 and k̄4 are gauge dependent and non-dynamial beause their onjugatemomenta π̄3 and π̄4 are onstrained to vanish. We are left with a system of three degreesof freedom (k̄1, k̄2, k̄5) and the single onstraint (8.48).Following the same proedure, at this point one should make another anonial trans-formation and onvert the Hamiltonian onstraint into one of the variables. Beause ofthe �rst riterion we want to impose, we an not onvert any of the variables {k̄1, k̄2, k̄5}that appear in (8.48) into the full onstraint. But, beause of the seond requirement, wean neither do it for any of the momenta {π̄1, π̄2, π̄5}. Therefore, the idea is to �rst makea transformation that removes seond order derivatives of k̄1 from the onstraint (8.48),so that all the �rst derivatives of the perturbed objets an be absorbed in a single term.Later, this objet will be promoted to one of the variables of the problem in suh a waythat the Hamiltonian onstraint will have no derivatives of the rest of the variables. Weuse an arbitrary but onstant �eld x to parameterize the transformation,
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k̃3 = k̄3, (8.53)
k̃4 = k̄4, (8.54)
k̃5 = k̄5, (8.55)whih will introdue a �rst derivative of π̄2 in the Hamiltonian onstraint through thetransformations of the momenta,
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π̃2 = π̄2, (8.57)
π̃3 = π̄3, (8.58)
π̃4 = π̄4, (8.59)
π̃5 = π̄5. (8.60)



8.3 Gauge invariant variables 97Now we de�ne the Z ombination that will absorb all derivatives in the expression of theHamiltonian onstraint,
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. (8.62)Then the Hamiltonian onstraint an be written as a sum of a derivative of Z and a linearombination of variables k̃i and π̃i with no derivatives,
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k̃1. (8.63)As we have antiipated, this learly motivates a fourth anonial transformation in whih

Z replaes the anonial variable k̃2 (beause using k̃1 instead would require dividing by Vx,whih is a bakground objet that ould vanish),
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π̃2. (8.73)Now the Hamiltonian onstraint does not ontain π̌2. But, more importantly, we haveahieved what we were looking for: it neither ontains derivatives of ǩ1,
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. (8.75)This fat permits us to perform the �nal �fth anonial transformation, whih onverts theHamiltonian onstraint into the �rst of the variables of the problem,

Q1 =
∆[H]

µgY
(8.76)

Q2 = ǩ2, (8.77)
Q3 = ǩ3, (8.78)
Q4 = ǩ4, (8.79)
Q5 = ǩ5 +

Π3

ar2D
π̌1, (8.80)

P1 =
π̌1

D
, (8.81)

P2 = π̌2 + a

(
π̌1

aD

)′

− π̌1

2D

(
V

r′
+ 3r′

)
, (8.82)

P3 = π̌3, (8.83)
P4 = π̌4, (8.84)
P5 = π̌5 +

π̌1

D

[
Φ′′ +

Φ′

2

(
V

r′
+ 3r′

)]
. (8.85)At this point we have sueeded in separating the physial degrees of freedom (Q2, P2)and (Q5, P5) from the gauge degrees of freedom (Q1, P1), (Q3, P3) and (Q4, P4). However inthis last transformation the bakground objet D appears as denominator and it is not yetlear to us whether this objet an vanish or not. In vauum, for a Shwarzshild solution,de�ning Λ ≡ (l − 1)(l + 2)/2, we have

D =
1

1 − 2M/r

l(l + 1)

r3
(Λr + 3M) , (8.86)whih is always positive. It is reasonable to assume that for spaetimes lose enough to theShwarzshild exterior (though possibly dynamial), the variable D will also be positive. Ifthis was the ase we would have sueeded in implementing to ompletion the proedurewhile obeying the two imposed riteria. If not, sine the proedure we have followed ismore or less unique, one should interpret the result as an indiation against the existene ofwell behaved polar master variables for generi bakgrounds. However, one perhaps ouldstill �nd master funtions relaxing the �rst ondition about the algebrai nature of thetransformations.



8.4 Equations of motion 998.4 Equations of motionThe variable Z obeys a ompliated equation of motion, whih we handle using ouromputer algebra tools. This subsetion summarizes its di�erential struture, and showsthat it is indeed a generalization of the Zerilli equation.In order to simplify the alulations we hoose as bakground oordinates (t, ρ = r). Inaddition we will take β = 0 whih, beause of the bakground evolution equation (5.72),implies also Π1 = 0. The equations of motion for the gauge-invariant variables are obtainedby diret variations of the ation,
P2,t = A

(4)
11 P

(iv)
2 + A

(6)
12 Q

(vi)
2 + A

(5)
13 P

(v)
5 + A

(5)
14 Q

(v)
5 + . . . , (8.87)

Q2,t = A
(2)
21 P

′′
2 + A

(4)
22 Q

(iv)
2 + A

(3)
23 P

′′′
5 + A

(3)
24 Q

′′′
5 + . . . , (8.88)

P5,t = A
(3)
31 P

′′′
2 + A

(5)
32 Q

(v)
2 + A

(4)
33 P

(iv)
5 + A

(4)
34 Q

(iv)
5 + . . . , (8.89)

Q5,t = A
(3)
41 P

′′′
2 + A

(5)
42 Q

(v)
2 + A

(4)
43 P

(iv)
5 + A

(4)
44 Q

(iv)
5 + . . . , (8.90)where the dots stand for lower order radial derivatives and the subindies of the bakgrounddependent A-oe�ients denote positions in a matrix. More preisely, A(k)

ij would orre-spond to the slot (i, j) of the matrix that multiplies the kth order radial derivatives of thevetor (P2, Q2, P5, Q5).As expeted from our experiene with the axial ase in the previous hapter, the equa-tions are obtained in a form whih is more ompliated than expeted. It turns out that itis possible to replae equations (8.87) and (8.89-8.90) by some linear ombinations of themwith radial derivatives of equation (8.88) so that their di�erential order is redued. Thenew system takes the following form,
B1P2,t +B2Q2,tρρ +B3Q2,tρ = A(2)

11 P
′′
2 + A(4)

12 Q
(iv)
2 + A(3)

13 P
′′′
5 + A(3)

14 Q
′′′
5 + . . . , (8.91)

Q2,t = A(2)
21 P

′′
2 + A(4)

22 Q
(iv)
2 + A(3)

23 P
′′′
5 + A(3)

24 Q
′′′
5 + . . . , (8.92)

B4P5,t +B5Q2,tρ = A(2)
31 P

′′
2 + A(4)

32 Q
(iv)
2 + A(3)

33 P
′′′
5 + A(3)

34 Q
′′′
5 + . . . , (8.93)

B6Q5,t +B7Q2,tρ = A(2)
41 P

′′
2 + A(4)

42 Q
(iv)
2 + A(3)

43 P
′′′
5 + A(3)

44 Q
′′′
5 + . . . , (8.94)where the Bi oe�ients are given by,

B1 ≡ 8

[
α

(l − 2)!

(l + 2)!

]2(
rΠ3

a

)6
Π2

aD
, (8.95)

B2 ≡ 8

[
α

(l − 2)!

(l + 2)!

]2(
r4Π2Π

2
3

a4D

)2

, (8.96)
B3 ≡ −2

[
α

(l − 2)!

(l + 2)!

]2(
Π3r

3

a4D

)2

Π2

{
4r3Π3

3Φ,ρρ + r
[
r2Π2

3 + l(l + 1)
]
Π2(Φ,ρ)

2
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+ a2r3Π2Π

4
3 +

4r2

D

(
DΠ2

3

)
,ρ

Π2 + r
[
3a2l(l + 1) − 8

]
Π2Π

2
3

+
4

r
l(l + 1)

[
a2
(
l2 + l + 1

)
− 3
]
Π2

}
, (8.97)

B4 ≡ 4α
(l − 2)!

(l + 2)!

(
r2Π3

a2

)2
Π2

D
, (8.98)

B5 ≡ 2αr
(l− 2)!

(l + 2)!

(
r2

a3D

)2

Π2

{ [(
l2 + l + 2

)
a2 + 2

]
Φ,ρΠ2

+ 2ra2DΠ3 + 2rΦ,ρρΠ2

}
, (8.99)

B6 ≡ −B4, (8.100)
B7 ≡ −4rα

(l − 2)!

(l + 2)!

(r
a

)3
(

Π2

aD

)2

Π3. (8.101)For the moment being, this is the simplest way we have found to write this system ofequations. Nevertheless, we are urrently working in order to give then a more manageableform.Let us now partiularize the above equations of motion (8.87-8.90) to vauum and re-over the results obtained in that ase by Monrief [101℄. Then, all bakground and pertur-bative �uid variables {Π3,Φ, Q5, P5} dissapear from our problem and obviously equations(8.89-8.90) are empty.At the begining of this setion we have hosen oordinates (t, ρ = r) with β = 0, whatimposes Π1 = 0 beause of equation (5.72). The bakground Shwarzshild oordinates
(t, r) are ompatible with this hoie and they also imply that the bakground momentum
Π2 vanishes. Finally, from bakground equations (5.74,5.75) one obtains the expliit formof the metri omponents,

α =
1

a
=

√
1 − 2M

r
. (8.102)In this way, one an solve equation (8.88) to write down the gauge-invariant momentum

P2 in terms of the time derivative of its onjugate variable Q2, whih is equal to theombination Z (8.61) [see transformations (8.65) and (8.77)℄,
P2 =

2r6Λ

l(l + 1)(2rΛ + 6M)2
Z,t. (8.103)For onveniene, we also de�ne the resaled variable,

Z ≡ −r
3

a

Z

2rΛ + 6M
, (8.104)



8.4 Equations of motion 101whih, inverting the anonial transformations that we have performed in the previoussetion, an be expressed in terms of the initial variables as
Z ≡ (r − 2M)

3M + Λr

{
rH2 − r2K,r − l(l + 1)h1

}
+ rK +

1

2
l(l + 1)rG. (8.105)Introduing relation (8.86) in equation (8.87) we obtain the Zerilli equation,

(
1 − 2M

r

)−1(
−∂

2Z
∂t2

+
∂2Z
∂r∗2

)
− VZZ = 0, (8.106)where we have made use of the tortoise oordinates (t, r∗), with r∗ = r + 2M ln( r

2M
− 1),and the potential is given by,

VZ ≡ l(l + 1)

r2
− 6M

r3

r2Λ(Λ + 2) + 3M(r −M)

(rΛ + 3M)2
. (8.107)Therefore, the gauge-invariant ombination Z (8.105) redues to the Zerilli variable whenpartiularized to vauum. We end this hapter emphasizing the fat that, making use ofHamiltonian gauge tehniques, we have obtained a generalization of the Zerilli variable todynamial senarios.
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Chapter 9
Deomposition of the perturbations

In this hapter we will deompose the perturbations in a spherial harmoni expansion,making use of the Regge-Wheeler-Zerilli harmonis and the Gerlah and Sengupta notationfor the bakground spherial spaetime. We will also identify the part that enodes thegauge freedom in these deompositions. Finally we will present an iterative proedure,appliable up to the desired order, to eliminate this freedom by onstruting gauge-invariantquantities.9.1 Harmoni deompositionThe perturbations of the metri {n}hµν are four dimensional symmetri two-tensors.Beause of the blok deomposition of the bakground metri (5.3), they an be splittedinto two by two boxes in the following way
{n}hµν =

(
{n}hAB

{n}hAb

Sym. {n}hab

)
, (9.1)where the GS notation for the indies has been used. From the point of view of the manifold

S2, eah box has a di�erent tensorial rank, i.e., {n}hAB is a salar in S2 and a symmetri twotensor in M2, {n}hAb is a vetor on the sphere and in M2 and, �nally, {n}hab is a symmetritwo tensor in S2 but a salar in M2. We expand all of them in the RWZ basis of tensorspherial harmonis taking into aount their tensorial harater:
{n}hµν =

∑

l,m

(
{n}Hm

l AB Z
m
l

{n}Hm
l A Z

m
l b + {n}hml A X

m
l b

Sym. {n}Km
l r2γabZ

m
l + {n}Gm

l r2Zm
l ab + {n}hml Xm

l ab

)
. (9.2)In priniple, the sum over l is in�nite. Through this deomposition we have thereforeonverted ten funtions, depending on all of the four oordinates (9.1), into ten in�nite105



106 Chapter 9. Deomposition of the perturbationsolletions of funtions, whih only depend on oordinates ofM2 (9.2). For eah label (l,m),the new ten funtions are enoded in a symmetri two-tensor {n}Hm
l AB, the two vetors

{ {n}Hm
l A,

{n}hml A}, and the three salars { {n}Km
l ,

{n}Gm
l ,

{n}hml }. The same deomposition isdone for the perturbations of the stress-energy tensor:
{n}tµν =

∑

l,m

(
{n}Tml AB Z

m
l

{n}Tml A Z
m
l b + {n}tml A X

m
l b

Sym. {n}T̃ml r2γabZ
m
l + {n}Tml Zm

l ab + {n}tml Xm
l ab

)
. (9.3)The fators r2 are introdued so that, for the ase n = 1, equations (9.2) and (9.3) redueto those of the referenes [51, 54℄ up to the mentioned normalization of the axial tensors

Xm
l a and Xm

l ab and some other small hanges in the notation.For future onveniene, let us also de�ne the deomposition in harmonis of the ten-sors {n}Kµν and {n}Ψµν that will enode, respetively, the metri and stress-energy gaugeinvariants at n-th order:
{n}Kµν =

∑

l,m

(
{n}Km

l AB Z
m
l

{n}κml A X
m
l b

Sym. {n}Km
l r2γabZ

m
l

)
, (9.4)

{n}Ψµν =
∑

l,m

(
{n}Ψm

l AB Z
m
l

{n}Ψm
l A Z

m
l b + {n}ψml A X

m
l b

Sym. {n}Ψ̃m
l r2γabZ

m
l + {n}Ψm

l Zm
l ab + {n}ψml Xm

l ab

)
. (9.5)As an be seen, the tensor Kµν has only six degrees of freedom instead of ten. That is sobeause, as it will beome lear in the next setion, we are going to use the perturbationsof the metri to extrat the remaining four gauge-dependent degrees of freedom.Note that in all the deompositions performed in this setion the axial harmoni o-e�ients are denoted with lowerase letters and the polar ones with apital letters. Thisonvention will be very useful to identify the polarity of the funtions under onsideration.9.2 Gauge freedomAs explained in Chapter 4, the perturbations (9.2) and (9.3) ontain some degreesof freedom orresponding to a hange in the de�nition of the perturbation owing to thepossible ation of a family of di�eomorphisms. Suh freedom is enoded in a gauge vetorfor eah perturbative order. Let us take the gauge vetors and deompose them also intensor spherial harmonis,

{n}ξµ =
∑

l,m

(
{n}Ξml A Zm

l , r
2 {n}Ξml Zm

l a + r2 {n}ξml Xm
l a

)
. (9.6)



9.2 Gauge freedom 107For every perturbative order n and every pair (l, m), there are three polar gauge freedoms( {n}Ξml A and {n}Ξml ) and only one that is axial ( {n}ξml ). In order to eliminate those degreesof freedom from the metri and keep only the physially meaningful perturbations thereare two options: �xing the gauge or looking for gauge-invariant quantities.Fixing the gauge is just hoosing the gauge vetors in any onvenient way or, equiva-lently, demanding some appropriate onstraints on the harmoni oe�ients of the deom-position (9.2). A gauge hoie might be spei�ed, for l ≥ 2, by the following algebraionditions,
{n}Hm

l A = 0, {n}Gm
l = 0 {n}hml = 0. (9.7)For the ase n = 1 this gauge was introdued by Regge and Wheeler [56℄. As we will see,this gauge an not be imposed for l = 0, 1. Using the property (6.11) of the tensor spherialharmonis, it is easy to see that this gauge ondition leads to a full metri g̃µν suh that

g̃Ab:c g
bc = 0, g̃ab = K̃gab, (9.8)where the four dimensional funtion K̃ is just the sum
K̃ ≡

∞∑

l=0

{n}Km
l Z

m
l . (9.9)As explained in the �nal part of Chapter 4, the gauge invariants we are going to onsiderare oneptually quite di�erent from those de�ned in [100℄. They will be linear ombinationsof the perturbations that funtionally do not hange under a gauge transformation (atingon those perturbations), rather than the perturbations of some bakground tensor whoseLie derivative vanishes along all the vetor �elds.The proedure to determine them is to �x a gauge and alulate whih gauge vetors takea generi perturbation into the mentioned gauge. The arbitrariness of the proess residesin the hoie of the former gauge. In our ase, following GS, it will be the RW gauge, whihhas a lear geometrial meaning. In this sense, these invariants an be thought of as �whatwould be measured in the RW gauge", but expressed in a generi gauge. From now on wewill use the adjetive gauge-invariant in this sense.The �rst-order metri gauge invariants were �rst de�ned by Monrief [101℄ for Shwarz-shild bakground and generalized by GS [51℄ for any spherially symmetri spaetime.In that paper they also introdued the matter invariants, that is, the gauge invariantsorresponding to the stress-energy tensor. Here we are going to give an iterative method toalulate the gauge invariants up to any order and, for the seond order, we will give expliitexpressions deomposed in harmonis in Chapter 11. We will start explaining what GS didto onstrut the invariants at �rst order and demonstrate that the proedure desribed



108 Chapter 9. Deomposition of the perturbationsabove is equivalent to their onstrution. After that disussion we will dedue formulas forthe higher-order gauge invariants. We will disuss the two speial ases l = 0, 1 in the lastsubsetion.9.2.1 First-order gauge invariantsIn the following, and exept when the notation might beome misleading, we removethe harmoni labels l and m. All equations appearing in this and the following subsetionsare valid for l ≥ 2. As has been explained in Chapter 6, this is beause, for l = 0, 1 thereexist several tensor spherial harmonis that are identially zero. Therefore, the equationsobtained as the harmoni oe�ients of those vanishing harmonis are in fat empty.At �rst order the gauge transformation of the perturbation of the metri is given by
{1}hµν = {1}hµν + L {1}ξgµν , (9.10)where {1}ξµ is the gauge generator vetor �eld. If we deompose this equation in harmonis,taking into aount the deompositions for the gauge vetor (9.6) and for the perturbations(9.2), we get

{1}HAB = {1}HAB + {1}ΞA|B + {1}ΞB|A, (9.11)
{1}HA = {1}HA + {1}ΞA + r2 {1}Ξ|A, (9.12)

{1}K = {1}K + 2vA {1}ΞA − l(l + 1) {1}Ξ, (9.13)
{1}G = {1}G+ 2 {1}Ξ, (9.14)

{1}hA = {1}hA + r2 {1}ξ|A, (9.15)
{1}h = {1}h+ 2r2 {1}ξ. (9.16)The overbar quantities are the harmoni oe�ients orresponding to the deomposition of

{1}hµν . Following GS [51℄ we an onstrut the following linear ombinations:
{1}KAB = {1}HAB +

(
r2

2
{1}G|A − {1}HA

)

|B

+

(
r2

2
{1}G|B − {1}HB

)

|A

, (9.17)
{1}K = {1}K + 2vA

(
r2

2
{1}G|A − {1}HA

)
+
l(l + 1)

2
{1}G, (9.18)

{1}κA = {1}hA − 1

2
{1}h|A, (9.19)whih are invariants under the transformations (9.11�9.16). Reall that we follow theonvention of de�ning polar (axial) objets with apital (lowerase) letters. In this way, thephysial degrees of freedom of the perturbations are enoded in these invariants without



9.2 Gauge freedom 109�xing any gauge: on the one hand the four polar freedoms in the tensor {1}KAB and in thesalar {1}K, and on the other hand the two axial degrees in the vetor {1}κA.The onstrution of those invariants, as we have explained and will beome learerbelow, is tied to the RW gauge. In fat, it is straightforward to see that in the RW gauge
{1}KAB = {1}H

(RW)
AB , (9.20)

{1}K = {1}K(RW), (9.21)
{1}κA = {1}h

(RW)
A . (9.22)Aording to our disussion, the gauge invariants are the representatives of eah equivalenelass that one onstruts taking any general perturbation to the RW form, so we are goingto write the gauge invariants {1}Kµν as,

{1}Kµν = {1}hµν + L {1}pgµν , (9.23)where {1}hµν is a general perturbation deomposed as (9.2). The invariants are organized inthe tensor {1}Kµν (9.4) and {1}pµ is the �rst-order gauge vetor that we have to determineand that is deomposed as
{n}pµ ≡

∑

l,m

(
{n}Pm

l A Z
m
l , r

2 {n}Pm
l Zm

l a + r2 {n}qml Xm
l a

)
. (9.24)If we translated equation (9.23) into spherial harmonis, we would obtain a partiular-ization of the general gauge transformation (9.11�9.16). Three of those equations, namely(9.12), (9.14) and (9.16), get a vanishing left-hand side

0 = {1}HA + {1}PA + r2 {1}P|A, (9.25)
0 = {1}G+ 2 {1}P, (9.26)
0 = {1}h+ 2r2 {1}q, (9.27)and therefore speify the vetor {1}pµ in terms of the perturbations:

{1}PA =
r2

2
{1}G|A − {1}HA,

{1}P = −1

2
{1}G, {1}q = − 1

2r2
{1}h. (9.28)From the other three equations we an then read the invariants:

{1}KAB = {1}HAB + {1}PA|B + {1}PB|A, (9.29)
{1}K = {1}K + 2vA {1}PA − l(l + 1) {1}P, (9.30)

{1}κA = {1}hA + r2 {1}q|A. (9.31)



110 Chapter 9. Deomposition of the perturbationsWith this analysis we have proven that the RW gauge is well posed in the sense that we antake any generi perturbation hµν to that gauge. We have also lari�ed the interpretationof the gauge invariants onstruted in [51, 101℄. In this respet, a ruial property of theRW gauge is that we only have to solve algebrai equations to impose it and, therefore,the solution to these equations is uniquely determined. It is now easy to understand whyit is not possible to impose the RW gauge for the ases l = 0, 1. For these values of theharmoni labels, equations (9.26�9.27), as well as (9.25) for l = 0, beome spurious due tothe vanishing of the orresponding tensor harmonis. As a onsequene, it is not possibleto de�ne the gauge vetors that bring the generi perturbations to the RW form. In fat,it is just in this respet that the RW gauge fails to be a fully rigid gauge. We will disussthis issue in more detail in the last subsetion of this hapter.In order to �nd the gauge invariants for any other tensor �eld, in partiular for thestress-energy tensor, it su�es to transform it to the gauge we have hosen using the vetor
{1}pµ,

{1}Ψµν = {1}tµν + L {1}ptµν , (9.32)where tµν is the bakground stress-energy tensor (5.4) and the ten gauge invariants orre-sponding to the matter ontent will be enoded in the tensor Ψµν (9.5):
{1}ΨAB = {1}TAB + {1}PC

|AtBC + {1}PC
|BtAC + {1}PCtAB|C , (9.33)

{1}ΨA = {1}TA + {1}PBtAB +
r2

2
{1}P|AQ, (9.34)

{1}ψA = {1}tA +
r2

2
{1}q|AQ, (9.35)

{1}Ψ = {1}T + r2 {1}PQ, (9.36)
{1}Ψ̃ = {1}T̃ +

1

2r2
{1}PA(Qr2)|A − l(l + 1)

2
{1}PQ, (9.37)

{1}ψ = {1}t+ r2 {1}qQ. (9.38)Here, the objets Q and tAB are the omponents of the bakground stress-energy tensorde�ned in (5.4). Note that we have used the vetor {1}pµ (9.28) instead of the harmonioe�ients {1}HA, {1}G and {1}h, in order to simplify the expression. It is easy to see thatthese objets are invariant under a gauge transformation parameterized by any vetor {1}ξµ,that will transform the metri perturbations as (9.11�9.16) and the matter perturbationsas
{1}tµν = {1}tµν + L {1}ξtµν . (9.39)



9.2 Gauge freedom 111Introduing harmoni deompositions, this last equation takes the form
{1}TAB = {1}TAB + {1}ΞC |AtBC + {1}ΞC |BtAC + {1}ΞCtAB|C , (9.40)

{1}TA = {1}TA + {1}ΞBtAB +
r2

2
{1}Ξ|AQ, (9.41)

{1}tA = {1}tA + r2Q

(
{1}ξ

2

)

|A

, (9.42)
{1}T = {1}T + r2 {1}ΞQ, (9.43)
{1}T̃ = {1}T̃ +

1

2r2
{1}ΞA(Qr2)|A − l(l + 1)

2
{1}ΞQ, (9.44)

{1}t = {1}t+ r2 {1}ξQ. (9.45)9.2.2 High-order gauge invariantsThe proedure we have used shows how the invariants are assoiated to a hoie ofgauge, in this ase the RW gauge, and an be generalized to higher orders [114℄. Fromformula (4.9) we see that the gauge transformation for the n-th order perturbation of abakground tensor T parameterized by the gauge vetors { {1}ξµ, ..., {n}ξµ} is shematiallygiven by
∆n[T ] − ∆n[T ] = L {n}ξT + {n}J . (9.46)Here {n}J is a soure term depending on ∆m[T ] and {m}ξµ for all m < n, but not on

{n}ξµ, and hene at �rst order {1}J = 0. Therefore the dependene of the n-th order gaugetransformation on the vetor {n}ξµ is the same at every order.In order to onstrut the n-th order gauge invariants, we have to obtain all gauge vetors
{ {1}pµ, ..., {n}pµ} that take any generi perturbation {n}hµν (9.2) to the RW form {n}Kµν (9.4).Hene, the equation we need to solve is the same as at �rst order (9.23) but with the soureterm {n}Jµν inluded:

{n}Kµν = {n}hµν + L {n}pgµν + {n}Jµν . (9.47)This hierarhy of equations an be solved iteratively beause, as we have said, {n}Jµνdepends on perturbations of lower order {m}hµν and on the gauge vetors {m}pµ whih aresupposed to have been determined in terms of {m}hµν . As usual, we an deompose {n}Jµνin spherial harmonis:
{n}Jµν =

∑

l,m

(
{n}Jm

l AB Z
m
l

{n}Jm
l A Z

m
l b + {n}jml A X

m
l b

Sym. {n}J̃m
l r2γabZ

m
l + {n}Jm

l Zm
l ab + {n}jml Xm

l ab

)
. (9.48)As it happens in the �rst order ase, expanding equation (9.47) in harmonis, we obtain



112 Chapter 9. Deomposition of the perturbationssix equations. Three of them are
0 = {n}HA + {n}PA + r2 {n}P|A + {n}JA, (9.49)
0 = {n}G+ 2 {n}P +

1

r2
{n}J , (9.50)

0 = {n}h+ 2r2 {n}q + {n}j. (9.51)From this we an alulate the omponents of the gauge vetor {n}pµ as a funtion of theperturbations of the metri and the gauge vetors of lower order:
{n}PA =

r2

2

(
{n}G+

1

r2
{n}J

)

|A

− {n}HA − {n}JA, (9.52)
{n}P = −1

2

(
{n}G+

1

r2
{n}J

)
, (9.53)

{n}q = − 1

2r2
( {n}h+ {n}j) . (9.54)The three remaining equations arising from (9.47) provide the gauge invariants:

{n}KAB = {n}HAB + {n}PA|B + {n}PB|A + {n}JAB, (9.55)
{n}K = {n}K + 2vA {n}PA − l(l + 1) {n}P + {n}J̃ , (9.56)

{n}κA = {n}hA + r2 {n}q|A + {n}jA. (9.57)In order to obtain the n-th order stress-energy invariants {n}Ψµν , we simply start with the
n-th order perturbation {n}tµν and apply a gauge transformation (4.9) parameterized bythe vetors { {1}pµ, ..., {n}pµ}.9.2.3 The partiular ases l = 0, 1It is well-known that, at �rst order, one annot onstrut loal gauge invariants for
l = 0, 1 by the methods explained in the previous subsetion. This is beause some ofthe equations (9.25�9.27) are not present in those ases, and therefore it is not possible toattain a loal expression for the omponents of the gauge vetor {n}pµ in terms of those ofthe metri perturbations. Of ourse, gauge onditions di�erent from the RW ones an beimposed on the metri perturbations and hene one an obtain from them the assoiatedgauge invariants, but these will be nonloal beause the gauge vetor will be given by anintegral expression (over M2) of the metri perturbations. Whether this is useful or notwill depend on the partiular appliation that one is studying. The following disussionwill apply to gauge invariants tied to the RW gauge.



9.2 Gauge freedom 113The same obstrution appears as well at every order in perturbation theory, so thatone annot get loal gauge invariants for l = 0, 1 at any order. However, mode ouplingmakes the problem worse: the existene of lower-order modes with l = 0, 1 may preventthe onstrution of higher-order loal gauge invariants with l ≥ 2. This will happen whensuh lower-order modes have a nonzero ontribution to the soures Jµν .At �rst-order the GS gauge invariants remain unhanged under the restrited group {1}G⋄(see Setion 4.1.1), and here we introdue the diamond notation to indiate that no �rst-order generator with l = 0, 1 is inluded. However, removing all l = 0, 1 generators is alreadyinonsistent at seond order if we demand invariane under a group of transformations,beause the l = 0, 1 omponents of the vetors {2}ξ will be unavoidably generated byoupling of �rst-order gauge modes [f. omposition (4.13)℄. Fortunately, those o�endinggauge modes at only on the l = 0, 1 seond-order perturbations, for whih invariants annotbe onstruted anyway. All other seond-order perturbations admit a gauge-invariant form,as given in the previous subsetion, under the gauge group {2}G⋄ where again the diamonddenotes that no �rst-order l = 0, 1 gauge mode is inluded, but all other �rst and seond-order (inluding l = 0, 1) modes are allowed. That is one of the main results of this hapter:in spherial symmetry algebrai gauge-invariant ombinations of the perturbations an beonsistently and simultaneously onstruted for all l ≥ 2 modes at seond order, all beinginvariant under the group {2}G⋄.The situation at third and higher orders is more restritive. In these ases, one hasto restrit to a �nite set of lower-order modes both in the gauge generators and in theperturbations in order to de�ne some form of gauge invariane. This is beause the preseneat �rst order of any gauge mode l ≥ 2 will generate, just by self-oupling, the seond-ordermodes with harmoni labels 0 and 1. It will then be imposible to onstrut the gauge-invariant form of a third-order perturbation whose soure J ontains a term oupling anyof these seond-order l = 0, 1modes with any �rst-order mode. But those soures generiallyontain all possible ouplings, and so only a problem in whih we restrit the number of�rst-order gauge modes allows some form of gauge-invariane at third order.Let us then analyze generi mode oupling around spherial symmetry, starting at se-ond order and then proeeding to higher orders. We will later give some bounds on thenumber of modes that an be present at �rst order to allow for the onstrution of a nth-order mode with label l. The seond-order l-mode will get a ontribution from a pair of�rst-order modes l̂ and l̄ if two onditions are obeyed. On the one hand, the harmonilabels must be related by the standard omposition formulas
|l̂ − l̄| ≤ l ≤ l̂ + l̄, and m = m̂+ m̄. (9.58)



114 Chapter 9. Deomposition of the perturbationsIn the following disussion we will not onsider the m harmoni labels, but it would bestraightforward to inlude them. On the other hand, mode oupling must onserve parity.To any harmoni oe�ient with label l, we assoiate a polarity sign σ suh that, underparity, the harmoni hanges by a sign σ(−1)l. Polar (axial) harmonis have σ = +1(σ = −1). Then, parity onservation implies the seond ondition:
(−1)l̄+l̂−l ≡ ǫ = σσ̄σ̂, (9.59)where the alternating sign ǫ was already de�ned in Subsetion 6.7.3. There is a speialase in whih the oupling of two modes satisfying equations (9.58) and (9.59) does notontribute to a seond-order mode, and the reason omes from the properties of the E-oe�ients (6.77) that appear in the produt formula for the tensor harmonis (6.83). Inaxisymmetry (m̄ = m̂ = 0) the Clebsh-Gordan oe�ients, and as a onsequene the

E-oe�ients, vanish if l̄ + l̂ + l is odd.The above analysis an be extended to higher orders. In partiular, the parity onditionwill be that a olletion of k modes with harmoni labels {l1, ..., lk} and polarities {σ1, ..., σk}will ontribute to the mode (l, σ) only if
(−1)lσ = Πk

i=1(−1)liσi. (9.60)Let us �nally onsider the ase in whih we have a �rst-order �nite olletion of modes withtheir harmoni labels taking all the values from l = 2 to l = lmax, with ontributions fromboth the polar and the axial setors. Coupling of these modes at order n will generate somenew modes, following the above rules, so that the highest value of their harmoni labelwill be nlmax. The onstrution of the gauge invariants under the orresponding groupof transformations and tied to the RW gauge is only guaranteed for those modes withharmoni label greater than (n− 2)lmax + 1. This number omes from the oupling of the
(n− 2)th-order (n− 2)lmax-mode with the seond-order l = 1 mode.As a summary, working at order n > 2 only a �nite number of gauge generators anbe inluded in the invariane group at orders 1, ..., n − 2. The unavoidable presene ofseond-order gauge modes with l = 0, 1 ouples to any metri perturbation at order m andwith harmoni label l, preventing the onstrution of a gauge invariant of order m+ 2 andlabel l or l ± 1, with respet to those gauge modes.



Chapter 10
First-order

This hapter summarizes the formalism by Gerlah and Sengupta for �rst-order pertur-bations around a spherial spaetime [51,54℄, and introdues the main notations used in thefollowing hapters. These are geometrial notations whih will allow us to show that themaster axial funtion we have obtained in Chapter 7 via Hamiltonian methods oinideswith the master salar introdued by Gerlah and Sengupta.10.1 Einstein equationsThe linearized Einstein equations
{1}Gµν = 8π {1}Tµν , (10.1)expressed in terms of the gauge invariant variables, lead to the six GS equations [51℄,

EAB[K] ≡
[
(l − 1)(l + 2)

2r2
+ 3vCv

C + 2vC |C

]
KAB + vC(KC

B|A + KC
A|B −KAB

|C)

− (vBK|A + vAK|B + K|AB) + gAB

[
r−3(r3K|C)|C − (l − 1)(l + 2)

2r2
K (10.2)

− l(l + 1)

2r2
KC

C + (KC
C|D − 2KC

D|C)vD − (3vCvD + 2vC|D)KCD

]
= 8πΨAB,

EA[K] ≡ 1

2
(KB

BvA −KB
B|A + KA

B
|B −K|A) = 8πΨA, (10.3)

Ẽ[K] ≡ 1

2

{
(KAB −KgAB)(4)R

AB − l(l + 1)

2r2
KA

A + KA
A|B

B

− 2KA
B|Av

B + KA
A|Bv

B −KAB
|AB + K|A

A + 2K|Av
A

}
= 8πΨ̃, (10.4)115



116 Chapter 10. First-order
E[K] ≡ −1

2
KA

A = 8πΨ, (10.5)
OA[κ] ≡ (l − 1)(l + 2)

2r2
κA − 1

2r2

[
r4
(κA
r2

)

|C
− r4

(κC
r2

)

|A

]|C
+ 4πQκA = 8πψA,(10.6)

O[κ] ≡ κA|A = 8πψ, (10.7)where we have de�ned the four dimensional bakground Rii tensor (4)RAB and, for futureonveniene, the linear operators E and O ating respetively in the polar and axial partsof the perturbations. Note that the n = 1 label has been dropped, sine all the onsideredharmoni oe�ients are of �rst order.It is important to remember that the gauge-invariant variables redue to those obtainedusing the RW gauge, that is, anelling the gauge vetor pµ. Hene, the above equationsare essentially the ones attained in the RW gauge.10.2 Energy-momentum onservation equationsA omplete set of evolution equations is obtained only after speifying the partiulartype of matter ontent of the system. Some simple systems like salar �elds or perfet�uids are ompletely de�ned dynamially by energy-momentum onservation, but this isnot the ase in general. However, we an generally analyze the onsequenes of perturbingthe matter onservation equations, as well as use this analysis as a hek of the perturbedBianhi identities, and hene as a onsisteny hek of the equations given in the previoussetion.In the bakground, the energy-momentum onservation equation is given by (5.16). Ateah perturbative order it an be deomposed into three geometri parts, given its vetorialharater: a vetor equation in the polar setor and two salar (one polar and one axial)equations. We de�ne the following operators ating on the �rst-order metri and matterperturbations,
LA[Ψ,K] ≡ − l(l + 1)

r2
ΨA − 2vAΨ̃ +

1

r2
(r2ΨAB)|B (10.8)

− 1

2
tBCKBC|A − r2

2
Q(r−2K)|A +

1

2
tABKC

C
|B + tABK|B − 1

r2
(r2tABKBC)|C,

L[Ψ,K] ≡ Ψ̃ − (l − 1)(l + 2)

2r2
Ψ +

1

r2
(r2ΨA)|A − (K − 1

2
KA

A)
Q

2
− 1

2
KABtAB, (10.9)

L̃[ψ, κ] ≡ 1

r2
(r2ψA)|A − (l − 1)(l + 2)

2r2
ψ − 1

2r2
(Qr2κA)|A. (10.10)With these at hand, the �rst order energy-momentum onservation equations an be written



10.3 Axial master equation 117in ompat notation as
LA[Ψ,K] = 0, (10.11)
L[Ψ,K] = 0, (10.12)
L̃[ψ, κ] = 0. (10.13)10.3 Axial master equation10.3.1 Gerlah-Sengupta master salarIn the axial setor the invariant vetor κA satis�es equations (10.6-10.7). But, using theenergy-momentum onservation equation (10.13), it is easy to prove that equation (10.7)an be obtained by di�erentiating equation (10.6). Combining the invariants ψA (9.35) and

κA (9.31), let us introdue a new matter invariant
ψ̃A ≡ ψA − Q

2
κA = tA − Q

2
hA, (10.14)and, as the rotational of the axial vetor κA, the GS master salar

Π ≡ ǫAB
(κA
r2

)

|B
. (10.15)In terms of them, equation (10.6) takes the form

1

2r2
ǫAB(r4Π)|B +

(l − 1)(l + 2)

2r2
κA = 8πψ̃A. (10.16)If we take the rotational of this equation we obtain the so-alled GS master equation

−
[

1

2r2
(r4Π)|A

]

|A

+
(l − 1)(l + 2)

2
Π = 8πǫABψ̃A|B. (10.17)This is a wave equation for the salar Π. Of ourse, di�erent matter models will haveadditional variables and equations oupled to this equation but we stress the fat that boththe form of Π (10.15) and its wave equation (10.17) will remain unhanged. This variableis used for historial reasons. But, in fat, it would be better to use the resaled variable

Π̃ ≡ r3Π, beause its evolution equation has no �rst-order derivatives,
Π̃|A

A − VRWΠ̃ = 8πr3ǫABψ̃A|B. (10.18)



118 Chapter 10. First-orderThis equation is valid in any spherially symmetri bakground and the potential is givenby
VRW =

l(l + 1)

r2
+

3

r2
(f 2 − 1). (10.19)The RW subsript stands for Regge-Wheeler sine, on a Shwarzshild bakground, equation(10.18) redues to the RW equation, as we will show in Chapter 12.The salar master Π an be onsidered as ontaining all information about the axialgravitational wave, sine, one Π is found, we ould use equation (10.16) to obtain thevetor κA. This is true one we have solved also for all matter perturbations that de�ne

ψ̃A. But one has to be areful beause the vetor �eld κA ould also appear inside ψ̃A,what may imply a non-algebrai solution of (10.16). Let us analyze this issue in moredetail. It is possible to solve equation (10.16) algebraially for κA as long as ψ̃A does notontain the symmetrized derivative κ(A|B) [sine the antysimmetri part de�nes the mastersalar (10.15)℄ or higher derivatives of κA. Seond and higher derivatives of κA an be ruledout by requiring that the matter stress-energy tensor must not ontain seond derivativesof the metri, beause that would hange the prinipal part of the Einstein equations.Symmetrized �rst order derivatives of κA annot be ruled out on physial grounds beauseperturbation of ovariant derivatives of tensor �elds may introdue the term
∆axial[ΓaBC ] = Xa κ(B|C)

r2
. (10.20)This is the only possible soure of symmetrized derivatives of κA; all other perturbations ofChristo�el symbols give either Π or undi�erentiated κA terms. Summarizing, it will not bepossible to obtain the vetor �eld κA in terms of the master salar Π algebraially for thosematter models that have derivatives of tensor �elds (no salars) in their energy-momentumtensor. This is not the ase for standard matter models, but we found an example in theEinstein-aether theory [159℄. In this theory the aether is desribed by a vetor �eld thatappears di�erentiated in the energy-momentum tensor. Hene, in order to obtain the vetor

κA in terms of the master salar Π and the perturbations of the aether, one will have tointegrate equation (10.16).In order to end this subsetion, we would like to show the following equation, that relatesthe master salar to one of the perturbations of the Riemann tensor (see for instane [136℄),
∆ [RABcd] = − l(l + 1)

2
Y ǫAB ǫcd r

2Π, (10.21)whih gives another physial interpretation of the master salar Π.



10.3 Axial master equation 11910.3.2 Comparison with the Hamiltonian approahLet us now ompare the GS master variable with the gauge-invariant variables we havefound through the Hamiltonian analysis, for the partiular matter ontent of a salar �eld,in Chapter 7. First we note that the bakground momenta an be rewritten as
Π1 = −2uAvA, (10.22)
Π2 = −2uAvA − 2uA|A, (10.23)
Π3 = uAΦ,A, (10.24)where uA is again the vetor �eld orthogonal to the spaelike hypersurfaes Σt. We seethat Π1 and Π3 are essentially time omponents of vetors in M2. However Π2 is a moreompliated objet. Comparing their de�nitions (9.2) and (7.1-7.3), it is lear that thevetor hA and the salar h are related in the following way to the original Hamiltonianvariables,

h1 = −hρ, (10.25)
h2 = 2h, (10.26)
h0 = α2ht. (10.27)On the other hand, the omponents of the gauge-invariant vetor �eld κA is given in termsof the gauge-invariant variables Q1, P1 and P2 in the following way,

κρ = −Q1, (10.28)
κt =

1

α

[
p̂2 +

Π2

2
h2

]
=

1

λaα

{
r2P2 −

1

2

[
r2P1 + 2l(l + 1)

r2Π1

a
Q1

]

,ρ

}
. (10.29)These last relations an be inverted, obtaining the Hamiltonian variables in terms of GSharmoni oe�ients,

Q1 = −κρ, (10.30)
Q2 = 2h, (10.31)

P1

l(l + 1)
= −ǫABκA|B − 2(nAuB + nBuA)vAκB = −r2Π +

2Π1

a
κρ, (10.32)

2

aα

r2P2

l(l + 1)
= (l − 1)(l + 2)κt + ǫtC

(
r4Π

)
|C
, (10.33)where Π is the GS master salar (10.15), not to be onfused with the bakground momenta

Π1 or Π2. We see that the gauge-invariant Q1 is the ρ omponent of the gauge-invariantvetor −κA. Then Q2 is a salar in M2, but it is gauge-dependent. The momentum P1 is



120 Chapter 10. First-orderthe sum of two parts, the �rst one being a salar (the url of the vetor κA) and the seondone being essentially the o�-diagonal omponent of the symmetri tensor v(AκB). Therefore
P1 is not a omponent of a tensor itself. Finally P2 is, apart from a fator aα, the timeomponent of a ontravariant vetor. It is important to stress that these properties are veryeasy to obtain in the GS formalism, but not in the original Hamiltonian formalism, wherethe variables are well adapted to a three-dimensional point of view.From the last relations, it is lear that the only independent salar that an be formedas a linear ombination of P1 and Q1 is Q (7.33). Now it is straightforward to show that
Q is related to the GS salar variable as

− 1

r2

Q
l(l + 1)

= Π. (10.34)As a �nal omment, let us stress again the fat that with the Hamiltonian gauge tehniquespresented in Chapter 7 and the requirement of �nding a salar variable we have univoallyidenti�ed the GS master salar.



Chapter 11
Seond-order

Building on the previous hapters, here we introdue the general formalism to handleseond-order perturbations of a general spherially-symmetri spaetime. We onstrutgauge-invariant variables, give their evolution equations (the perturbed Einstein equations)and the perturbation of the equations of energy-momentum onservation. These are theequations on whih any appliation will be based on, for example those in the followinghapters. They have been omputed in full generality (only under the restrition of spherialsymmetry in the bakground) during this thesis for the �rst time.11.1 Gauge invariant variablesFollowing the general onstrution explained in Chapter 9, the seond order metriinvariants will be given by
{2}KAB = {2}HAB + {2}PA|B + {2}PB|A + {2}JAB, (11.1)

{2}K = {2}K + 2vA {2}PA − l(l + 1) {2}P + {2}J̃ , (11.2)
{2}κA = {2}hA + r2 {2}q|A + {2}jA, (11.3)where the omponents of the seond order gauge vetor {2}pµ are

{2}PA =
r2

2

(
{2}G+

1

r2
{2}J

)

|A

− {2}HA − {2}JA, (11.4)
{2}P = −1

2

(
{2}G+

1

r2
{2}J

)
, (11.5)

{2}q = − 1

2r2
( {2}h+ {2}j) , (11.6)121



122 Chapter 11. Seond-orderand the harmoni oe�ients J and j ome from the deomposition in harmonis of thesoure
{2}Jµν ≡ L2

{1}pgµν + 2L {1}p
{1}hµν , (11.7)as given in de�nition (9.48). As we have explained, the gauge invariants of any other tensor�eld are onstruted just by performing the gauge transformation (4.11) parameterized bythe gauge vetors { {1}pµ, {2}pµ}. In partiular, the matter invariants are given by

{2}Ψµν = {2}Tµν + L {2}ptµν + L2
{1}ptµν + 2L {1}p

{1}Tµν . (11.8)Therefore, in order to make expliit the form of the invariants in terms of the �rst andseond-order perturbations, we only have to obtain the expression of {2}Jµν in terms ofthem. Sine this soure is quadrati in �rst-order perturbations, and given the produtformula between spherial harmonis (6.83), we see that the soure will have the generalform (here we obviate the n = 2 label for simpliity, but reintrodue the harmoni labels land m):
Jm
l AB =
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l AB, (11.9)
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l , (11.11)
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l , (11.12)

jml A = −i
∑

l̄,l̂

(−ǫ)J m̄
l̄
m̂
l̂
m
l A, (11.13)

jml = −i
∑

l̄,l̂

(−ǫ)J m̄
l̄
m̂
l̂
m
l . (11.14)In these expressios we have used the shortut

∑
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l̂∑

m̂=−l̂

l̄∑

m̄=−l̄

∞∑

l̂=0

∞∑

l̄=0

, (11.15)satisfying the standard restritions m̄+m̂ = m and |l̄− l̂| ≤ l ≤ |l̄+ l̂|. The struture of thesoures is rather peuliar, owing to the mixture of polarities that appears in the produtof harmonis. This fat is enoded in the polarity sign σ of the soures (σ)J m̄
l̄
m̂
l̂
m
l , whihis given in terms of the assoiated sign ǫ ≡ (−1)l̄+l̂−l and is thus ompletely determined



11.1 Gauge invariant variables 123for eah term of the sum (it annot be hosen freely). Soures with polarity sign σ = +1ontain terms polar × polar and axial × axial with real oe�ients. Soures with polaritysign σ = −1 ontain terms of the form polar × axial with purely imaginary oe�ients.This form ensures an adequate behaviour of the equations under omplex onjugation. Inpartiular, using equation (6.78), we have for all soures and for all l̄, l̂, l:
[
(ǫ)J m̄

l̄
m̂
l̂
m
l

]∗
= (ǫ)J −m̄
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−m̂
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l , (11.16)

[
i (−ǫ)J m̄
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l̂
m
l

]∗
= i (−ǫ)J −m̄

l̄
−m̂

l̂

−m
l . (11.17)This guarantees that the objets Jm

l and jml on the left-hand side of the equations satisfythe reality onditions
[Jm

l ]∗ = J −m
l and [jml ]∗ = j−ml . (11.18)As expeted, these onditions imply that the funtions determined by these harmoni o-e�ients are real.On the other hand, we see that some pairs of equations share the soures: for example,equations (11.10) and (11.13) alternate their soures (+)J and (−)J for partiular sets oflabels l̂, l̄, l. The same thing happens with the pair (11.12) and (11.14). As a result, weneed to ompute eight soures in total, instead of twelve.Using equation (9.28) and the deomposition (9.2), without loss of generality, we anexpand those soures assuming that there are only two �rst-order perturbations, but allow-ing these to be ompletely arbitrary, in partiular assigning arbitrary harmoni labels tothem. From now on the oe�ients and harmoni labels of those two perturbations will bedenoted as (ĥ, p̂, K̂) and (h̄, p̄, K̄), with all other perturbation amplitudes vanishing. Inthis way, we avoid dealing with sums that inlude (quadrati) ouplings between an in�nitenumber of �rst-order perturbations.The tensorial soures are given by [114℄

(+)J m̄
l̄
m̂
l̂
m
l AB = −4E−1

1
l̄
l̂
m̄
m̂l

{
P̄ K̂AB + 2q̄|(Bκ̂A) − (P̄ P̂(B)|A) − r2P̂|AP̄|B − r2q̂|Aq̄|B

} (11.19)
+ 2E0

0
l̄
l̂
m̄
m̂l

{
2P̄C

|(AK̂B)C + P̄CK̂AB|C − P̂C
|(BP̄A)|C − P̂C

|AP̄C|B − P̂CP̄(A|B)C

}

(−)J m̄
l̄
m̂
l̂
m
l AB = −4iE−1

1
l̄
l̂
m̄
m̂l

{
q̂K̄AB + 2P̄|(Aκ̂B) − 2r2q̂|(AP̄|B) + q̄P̂(A|B) + q̄|(AP̂B)

}
. (11.20)We have used the fat that the sums in l̄ and l̂ are symmetri to simplify the form of thesoures. Although eah individual soure (σ)J m̄

l̄
m̂
l̂
m
l is not symmetri under the interhange

(l̄, m̄) ↔ (l̂, m̂), their sum is symmetrized.



124 Chapter 11. Seond-orderThe vetorial soures are deomposed as
(+)J m̄

l̄
m̂
l̂
m
l A = E2

−1
l̄
l̂
m̄
m̂l

{
−2(q̄κ̂A + q̂κ̄A) + (P̂AP̄ + P̄AP̂ ) + r2(3P̄ P̂|A + P̂ P̄|A)

+ 2q̄(r2q̂)|A + r6

(
q̂q̄

r4

)

|A

}

+
1

2
E0

1
l̄
l̂
m̄
m̂l

{
2l̄(l̄ + 1)(q̂κ̄A − q̄κ̂A) + 4P̂BK̄AB + 4r2P̂|AK̄ (11.21)

+ l̄(l̄ + 1)
(
P̄ P̂A + P̂ P̄A + 3r2P̄ P̂|A + r2P̂ P̄|A + r2q̄q̂|A − r2q̂q̄|A

)

− 2r2

[(
P̄BP̂|B

)

|A
+ 4vBP̄BP̂|A

]
− 2

(
P̄BP̂A|B + 2P̂BP̄B|A + P̂BP̄A|B

)}
,

(−)J m̄
l̄
m̂
l̂
m
l A = −iE2

−1
l̄
l̂
m̄
m̂l

{
2
(
P̂ κ̄A − P̄ κ̂A

)
+ q̂P̄A − q̄P̂A + r2q̂P̄|A + 3r2P̄ q̂|A

− 3r2q̄P̂|A − r2P̂ q̄|A

}

+ iE1
0
l̄
l̂
m̄
m̂l

{
2r2K̂q̄|A − l̂(l̂ + 1)

(
P̂ κ̄A + P̄ κ̂A

)
+ 2

(
κ̄BP̂B|A + P̂Bκ̄A|B

)

+
l̂(l̂ + 1)

2

(
r2q̄P̂|A − r2q̂P̄|A + 3r2P̂ q̄|A + r2P̄ q̂|A − q̂P̄A + q̄P̂A

)

− r2
(
P̂B q̄|BA + P̂B

|Aq̄|B + 4vBP̂B q̄|A

)}
, (11.22)and �nally the four salar soures are given by

(+)J̃ m̄
l̄
m̂
l̂
m
l = −4E−2

2
l̄
l̂
m̄
m̂l

{
q̂q̄ + P̂ P̄

}

+ E−1
1

l̄
l̂
m̄
m̂l

{
−4P̂ K̄ −

[
l̂(l̂ + 1) + l̄(l̄ + 1)

]
P̂ P̄ +

2

r2
P̂A(r2P̄ )|A +

2

r2
P̂AP̄A

}

+ E0
0
l̄
l̂
m̄
m̂l

{
−2l̄(l̄ + 1)P̄ K̂ +

2

r2
P̄A(r2K̂)|A +

l̂(l̂ + 1)

r4
P̄A(r4P̂ )|A

− l̂(l̂ + 1)l̄(l̄ + 1)P̂ P̄ − 2P̂A
[
(P̄BvB)|A + 2P̄BvAvB

]}
, (11.23)

(−)J̃ m̄
l̄
m̂
l̂
m
l = 8iE−2

2
l̄
l̂
m̄
m̂lP̂ q̄

− 2iE−1
1

l̄
l̂
m̄
m̂l

{
2

r2
P̄Aκ̂A − 2q̄K̂ − l̂(l̂ + 1)P̂ q̄ +

1

r2
P̂A(r2q̄)|A

}
, (11.24)

(+)J m̄
l̄
m̂
l̂
m
l = 2r2E−1

3
l̄
l̂
m̄
m̂l

{
q̂q̄ + P̂ P̄

}

+ r2E1
1
l̄
l̂
m̄
m̂l

{
(l̂ + 2)(l̂ − 1)

[
P̂ P̄ − q̂q̄

]
− 2P̂AP̄|A − 2

r2
P̂AP̄A

}

+ 2r2E0
2
l̄
l̂
m̄
m̂l

{
2P̂ K̄ + l̄(l̄ + 1)

[
q̂q̄ + 2P̂ P̄

]
− 1

r4
P̄A
(
r4P̂

)

|A

}
, (11.25)
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(−)J m̄

l̄
m̂
l̂
m
l = 2ir2E−1

3
l̄
l̂
m̄
m̂l

{
q̂P̄ − P̂ q̄

} (11.26)
+ iE0

2
l̄
l̂
m̄
m̂l

{
4r2q̂K̄ + 2r2l̄(l̄ + 1)

[
2P̄ q̂ − P̂ q̄

]
− 2

r2
P̄A(r4q̂)|A

}

+ iE1
1
l̄
l̂
m̄
m̂l

{
4P̄Aκ̂A + (l̂ + 2)(l̂ − 1)r2

[
P̂ q̄ + P̄ q̂

]
− 2r2P̂Aq̄|A

}
.11.2 Einstein equationsThe evolution of the seond-order perturbations is ditated by the same equations as for�rst order, exept for that now the left-hand side ontains extra soures that are quadratiin the �rst-order perturbations:

EAB[ {2}Km
l ] +

∑

l̄,l̂

(ǫ)Sm̄l̄
m̂
l̂
m
l AB=8π {2}Ψm

l AB, (11.27)
EA[ {2}Km

l ] +
∑

l̄,l̂

(ǫ)Sm̄l̄
m̂
l̂
m
l A = 8π {2}Ψm

l A, (11.28)
Ẽ[ {2}Km

l ] +
∑

l̄,l̂

(ǫ)S̃m̄l̄
m̂
l̂
m
l = 8π {2}Ψ̃m

l , (11.29)
E[ {2}Km

l ] +
∑

l̄,l̂

(ǫ)Sm̄l̄
m̂
l̂
m
l = 8π {2}Ψm

l , (11.30)
OA[ {2}κml ] − i

∑

l̄,l̂

(−ǫ)Sm̄l̄
m̂
l̂
m
l A = 8π {2}ψml A, (11.31)

O[ {2}κml ] − i
∑

l̄,l̂

(−ǫ)Sm̄l̄
m̂
l̂
m
l = 8π {2}ψml , (11.32)The sign ǫ �ips when any of the l labels hanges. Therefore, all equations have generiallyboth types of soures.As it happens with the soures for the gauge invariants, we see that some pairs ofequations share the soures: for example, equations (11.30) and (11.32) alternate theirsoures (+)S and (−)S for partiular sets of labels l̂, l̄, l. The same thing happens with thepair (11.28) and (11.31). The operators EAB and Ẽ, however, have their own pair of soures.As a result, again, we need to ompute eight soures in total, instead of twelve.Using expansion (3.36) and the de�nition of the gauge-invariant perturbations (11.1�11.3), we expand the Einstein equations and write them for these invariant variables. Theexpansion ontains many terms with produts of tensor harmonis: we ount 1275, 972 and1347 soure terms in ∆[GAB], ∆[GAb] and ∆[Gab], respetively (still at the 2+2 abstratlevel, without any expansion in oordinate ranges). These produts of harmonis must then



126 Chapter 11. Seond-orderbe expanded using formula (6.83). We now analyze the soures separately.The soure of ∆[GAB] ontains produts of harmonis of the form Z̄abcẐabc, Z̄abX̂ab, et.(harmonis with four indies do not appear in the RW gauge). The �nal expression an berearranged to arrive at the soures [113℄:
(+)Sm̂

l̂
m̄
l̄
m
l AB = − 2

r4
E−2

2
l̄
l̂
m̄
m̂l gABκ̂C κ̄

C +
l̂(l̂ + 1)

r2

l̄(l̄ + 1)

r2
E0

0
l̄
l̂
m̄
m̂l

(
κ̂Aκ̄B − gABκ̂C κ̄

C
)

+
1

r2
E−1

1
l̄
l̂
m̄
m̂l

{
4κ̂C(κ̄(A|B)C − κ̄C|AB + κ̄CvA|B + 2κ̄C|(AvB)) + 4κ̂C |C κ̄(A|B)

− 2κ̂C |Aκ̄C|B − 2κ̄A
|C κ̂B|C + gAB

[
2κ̂(C|D)κ̄(C|D) − κ̂C κ̄D

(
12
r|CD
r

− 4vCvD

)

− 2r−4(r2κ̂C)|C(r2κ̄D)|D +

(
2R− 4

l̂2 + l̂ − 1

r2
+

4

3

(r3)|DD
r3

)
κ̂C κ̄C

+
4

r2
ǫCDκ̂C(r4Π̄)|D − 2r4Π̂Π̄ + 4r2ǫCDκ̄CvDΠ̂

]}

+
1

2r2
E−1

1
l̄
l̂
m̄
m̂l

[
2K̂C

CK̄AB − 4K̄ACK̂C
B (11.33)

+ gAB

(
4K̂K̄ + 3K̂CDK̄CD − K̂C

CK̄D
D

)]

+ E0
0
l̄
l̂
m̄
m̂l

{
− l̂2 + l̂ + l̄2 + l̄ − 2

r2
K̂ABK̄ + K̄C

ABK̂|C +
2

r3
K̂AB(r3K̄|C)|C

+ (K̂K̄)|AB − K̂|AK̄|B + 4v(AK̂|B)K̄ +
1

2
K̂CD(AK̄C

B)
D

− K̂CD
[
r−2(r2K̄CAB)|D − K̄CD|BA

]
− 1

2
K̂DABK̄DC

C

+ (K̂AB − gABK̂F
F )

[
K̄C

C
|D
D − K̄CD

|CD + 2K̄C
C|Dv

D − 4K̄CD
|CvD

− 2K̄CD(2vC|D + 3vCvD) + K̄C
C

(
R

2
− l̄2 + l̄

r2

)]
+ gAB

[
l̂2 + l̂

r2
(K̂C

C + 2K̂)K̄

− K̄DC
CK̂|D − 2

r3
K̂CD(r3K̄|C)|D − 2

r2
K̂K̄ − 1

r3
[r3(K̂K̄)|C]|C +

3

2
K̂|CK̄|C

+ 2K̄FDE[(K̂FCv
C − K̂C

CvF )gDE + vF K̂DE] +
1

4
K̂FC

CK̄FD
D − 1

4
K̂CDF K̄CDF

+ (K̂CDK̄C
F − K̂C

CK̄DF )

[
gDF

(
l̄2 + l̄

r2
− R

2

)
+ 2(2vD|F + 3vDvF )

]]}
,

(−)Sm̂
l̂
m̄
l̄
m
l AB =

2i

r2
E−1

1
l̄
l̂
m̄
m̂l

{
K̂ABκ̄

C
|C + K̂C

C κ̄(A|B) − 2K̂C
(Aκ̄B)|C

+ 2(K̂AB|C − K̂C(A|B))κ̄
C (11.34)

+ gAB

[
K̂CD 1

r2
(r2κ̄C)|D − K̂C

C κ̄
D
|D + 2(K̂C

D|C − K̂C
C|D − K̂|D)κ̄D

]}
.We have tried to simplify the expressions as muh as possible by using the GS master salar
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Π introdued in Chapter 10, and we have de�ned KABC ≡ KAB|C + KAC|B −KBC|A.On the other hand, the soure of ∆[GAb] an be deomposed as

(+)Sm̂
l̂
m̄
l̄
m
l A =

2

r2
E2

−1
l̄
l̂
m̄
m̂l

{
(κ̂[A|B] + κ̂BvA)κ̄B − κ̂Bκ̄(A|B)

}

+ E1
0
l̄
l̂
m̄
m̂l

{
1

2
K̂BC|AK̄BC + K̂BC(K̄BC|A − K̄AB|C − K̄BCvA)

+
1

2
(K̂B

B|C − 2K̂B
C|B)K̄A

C + (K̂K̄)|A +
1

2
K̂|AK̄B

B (11.35)
+

l̂2 + l̂

r2

[
3(κ̂[A|B] + κ̂BvA)κ̄B − κ̂Bκ̄(A|B) + r2κ̂A(r−2κ̄B)|B

]}
,

(−)Sm̂
l̂
m̄
l̄
m
l A =

−i
r2
E−1

2
l̄
l̂
m̄
m̂l

{
K̂ABκ̄

B + κ̂BK̄AB

}

+
i

2
E0

1
l̄
l̂
m̄
m̂l

{
l̄2 + l̄

r2

[
−K̂ABκ̄

B + κ̂BK̄AB + (K̂B
B − 2K̂)κ̄A − κ̂A(K̄B

B + 2K̄)
]

+ 2κ̂B |AK̄|B − 2r−2(r2κ̂B)|BK̄|A − 2r−2κ̂B(r2K̄|B)|A

+
2

r2
κ̂A

(
2Ẽ
[

{1}hm̄l̄
]
+ K̄(r2 R− l̂2 − l̂) + (r2K̄)|BB

) (11.36)
+ 2r2ǫBCΠ̂K̄AB|C − r2ǫABΠ̂(K̄C

C|B − 2K̄BC
|C) + 2r−2ǫAB(r4Π̂)|CK̄BC

}
.Finally, the manipulations for ∆[Gab] are more ompliated, involving up to 3091 termsin some intermediate steps. The resulting expression an be organized in the following foursoures:

(+)S̃m̂
l̂
m̄
l̄
m
l =

1

r2
E1

−1
l̄
l̂
m̄
m̂l

{
K̂ABK̄AB − 1

2
K̂A

AK̄B
B + 2κ̂A|Bκ̄A|B − 2

r2
(rκ̂A)|A(rκ̄B)|B

+ 2κ̂Aκ̄B
[
2 (4)RAB + 3vAvB − gAB

l̄2 + l̄ − 1 − 2rr|C |C

r2

]
+

4

r
ǫABκ̂A(r3Π̄)|B

}

+
1

2
E0

0
l̄
l̂
m̄
m̂l

{
− l̂2 + l̂

r2

l̄2 + l̄

r2
κ̂Aκ̄A + 2(K̂A

A − K̂)(K̄BC
|BC − K̄B

B
|C
C)

+
1

2
K̂AB|C(2K̄AC|B − 3K̄AB|C) +

1

2
(2K̂A

B|A − K̂A
A|B)(2K̄CB

|C − K̄C
C
|B)

+ K̂AB

[
K̄AB

(
l̄2 + l̄

r2
− R

)
− 2vBK̄C

C|A + 4(K̄ACv
C)|B +

4

r
(rK̄AC)|CvB

− 2K̄AB|Cv
C

]
− 2[K̂ABr−2(r2K̄)|B]|A + K̂A

A|Br
−2(r2K̄)|B +R K̄A

AK̂

− 4K̂ABK̄vAvB − K̂|AK̄|A

}
, (11.37)

(−)S̃m̂
l̂
m̄
l̄
m
l =

2i

r2
E1

−1
l̄
l̂
m̄
m̂l

{(
gABK̂C

C−K̂AB
)
κ̄A|B +

(
K̂|B +4K̂A

[A|B]−K̂A
AvB

)
κ̄B
}
,(11.38)
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(+)Sm̂

l̂
m̄
l̄
m
l = E1

1
l̄
l̂
m̄
m̂l

{
1

2
K̂ABK̄AB + K̂A

AK̄ + r4Π̂Π̄ − 2
l̂2 + l̂ − 1

r2
κ̂Aκ̄A

} (11.39)
+ E2

0
l̄
l̂
m̄
m̂lK̂ABK̄AB,

(−)Sm̂
l̂
m̄
l̄
m
l = −2iE1

1
l̄
l̂
m̄
m̂l(K̂κ̄A)|A − iE2

0
l̄
l̂
m̄
m̂l

{
2(K̂ABκ̄A)|B − K̂A

A|Bκ̄
B
}
, (11.40)where we have denoted the four dimensional Rii tensor as (4)RAB.In spite of the obvious inrease of omplexity from the �rst to the seond-order equations,we want to stress that the �nal expressions given above are still manageable and fullygeneral. They are valid for any gauge sine only gauge-invariant objets appear. They anbe partiularized to the ase of any spherial bakground, dynamial or not, ontaining anytype of matter, and expressed in any kind of bakground oordinates (polar-radial, null,omoving, et.)In situations with just a single �rst-order perturbation we have l̂ = l̄ and m̂ = m̄. Inthese irumstanes, the E-oe�ients vanish for odd l. This implies that l̂+ l̄− l is alwayseven and therefore the soures (−)S are never exited in the polar equations (11.27�11.30),neither are the soures (+)S in the axial equations (11.31, 11.32). In partiular, (−)SAB and

(−)S̃ are never exited. This has been the ase enountered in many previous investigationsin seond-order perturbation theory. For instane, for the perturbations of a slowly rotatingstar a single axial l = 1 mode has been assumed [44℄, and the studies of the lose-limit blakhole ollisions have onsidered a single polar l = 2 �rst-order perturbative mode [82℄.11.3 Energy-momentum onservation equationsThe seond-order perturbation of the energy-momentum onservation equations adoptsthe same form as the �rst-order one (10.11-10.13), with additional quadrati soures,
LA[ {2}ψml ,

{2}hml ] +
∑

l̄,l̂

(ε)Im̄l̄ m̂
l̂
m
l A = 0, (11.41)

L[ {2}ψml ,
{2}hml ] +

∑

l̄,l̂

(ε)Im̄l̄ m̂
l̂
m
l = 0, (11.42)

L̃[ {2}ψml ,
{2}hml ] − i

∑

l̄,l̂

(−ε)Im̄l̄ m̂
l̂
m
l = 0. (11.43)Suh soures an be omputed starting from the equation

∆2[Tµν
;ν ] = 0, (11.44)by deomposing it using formulas (9.2) and (9.3), hanging variables to the gauge invariants(11.1�11.3), and �nally applying the tools that we have developed to deal with produts of



11.4 Gerlah and Sengupta master equation 129harmonis. The result, with the same notation used for the soures of the main equations,is
(+)Im̄l̄ m̂

l̂
m
l A =

1

r2
E−1

1
l̄
l̂
m̄
m̂l

{
2r2ψ̂B(r−2κ̄B)|A − K̄B

BΨ̂A − r4

2
Q(r−4κ̂Bκ̄

B)|A (11.45)
+ 2(ψ̂Aκ̄

B)|B + r2tA
B(r−2κ̂C κ̄C)|B − 2(κ̂C κ̄BtAB)|C − r2tBC(r−2κ̂Bκ̄C)|A

}

+
1

2
E0

0
l̄
l̂
m̄
m̂l

{
2l̂(l̂ + 1)

r2
K̄Ψ̂A + 2Ψ̄A

BK̂|B + 2QrK̄(r−1K̂)|A − 2

r2
(r2Ψ̂ABK̄BC)|C

− 2r2 ¯̃Ψ(r−2K̂)|A − 2K̂BCtABK̄|C − Ψ̂BCK̄BC|A + Ψ̂A
BK̄C

C|B − 2K̂K̄|BtAB

+ K̂BC

[
4K̄C

D
|(AtD)B − K̄D

D|CtAB − K̄BC|DtA
D +

2

r2
(r2K̄BDtA

D)|C

]}
,

(−)Im̄l̄ m̂
l̂
m
l A = − i

r2
E−1

1
l̄
l̂
m̄
m̂l

{
K̄B

Bψ̂A +
(
2K̄BC κ̂C − K̄C

C κ̂
B
)
tAB − 2κ̂BΨ̄AB

− 2r2Ψ̄B(r−2κ̂B)|A − 2(Ψ̄Aκ̂
B)|B

}
, (11.46)

(+)Im̄l̄ m̂
l̂
m
l =

1

r2
E−1

2
l̄
l̂
m̄
m̂l

{
2κ̄Aψ̂

A + 2ψ̄Aκ̂
A + 2(ψ̂κ̄A)|A − Ψ̂K̄A

A −Qκ̂Aκ̄A − 2κ̂Aκ̄BtAB
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]
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2K̂BCt
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(
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2
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, (11.47)
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l =
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2
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m̄
m̂l

{
2κ̂AΨ̄A − 2κ̄AΨ̂A − ψ̂K̄A

A − 2(Ψ̂κ̄A)|A

}

+
i
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E1

0
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l̂
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m̂l

{
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+ r2K̂A
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(
ψ̄B − Q

2
κ̄B
)}

. (11.48)11.4 Gerlah and Sengupta master equationThe GS master salar is de�ned in the same way as in �rst-order perturbation theory:
{2}Π ≡ ǫAB

(
{2}κA
r2

)

|B

. (11.49)Its evolution equation, whih an be easily obtained from equation (11.31), is similar to



130 Chapter 11. Seond-orderthat found at �rst-order (10.16), but with a soure term,
−
[

1

2r2
(r4 {2}Π)|A

]

|A

+
(l − 1)(l + 2)

2
{2}Π = 8πǫAB {2}ψ̃A|B + {2}SΠ, (11.50)where we have made use of the matter invariant {2}ψ̃ [see equation (10.14)℄ and the sourean be given expliitly as,

{2}SΠ = iǫAB
∑

l̄,l̂

∑

m̄,m̂

(−ǫ)Sm̄l̄
m̂
l̂
m
l A|B. (11.51)As was the ase for �rst-order perturbations, the master equation (11.50) fully desribesthe evolution of the seond-order part of the gravitational wave with axial polarity.
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Chapter 12
Vauum

In the previous hapter, a gauge-invariant formalism to deal with seond-order pertur-bations on an arbitrary spherial spaetime has been introdued. The aim of the presenthapter is to apply that formalism to the partiular bakground of a Shwarzshild blakhole. In suh a bakground, the perturbed Einstein equations an be redued to two non-onstrained wave equations: one per degree of freedom of the gravitational wave. These twoequations are the so-alled the Regge-Wheeler [56℄ equation, namely, the partiularizationof the GS master equation to vauum, and the Zerilli [57℄ equation.We will derive the formula of the power radiated to null in�nity in terms of the harmonioe�ients of the perturbed metri up to any order. We will obtain the soures for theseond-order Regge-Wheeler and Zerilli equations. As we will show, these soures divergeat in�nity and we will regularize them. The formula of the emitted power will be given interms of the regularized seond-order master variables.Throughout this hapter we will mainly use Shwarzshild oordinates (t, r). We de�nethe omponents of the metri perturbations in Shwarzshild oordinates as,
{n}HAB ≡

(
{n}Htt

{n}Htr

{n}Htr
{n}Hrr

)
, {n}HA ≡

(
{n}Ht

{n}Hr

)
, {n}hA ≡

(
{n}ht
{n}hr

)
. (12.1)We also introdue the following shorthand for oordinate derivatives ating on any salarfuntion ζ ,

ζ̇ ≡ ∂ζ

∂t
, ζ ′ ≡ ∂ζ

∂r
. (12.2)133



134 Chapter 12. Vauum12.1 The radiated powerIn order to ompute the power that is radiated to in�nity by gravitational waves, wewill use the Landau and Lifshitz formula [14℄,
dPower

dΩ
=

1

16πr2

{
1

sin2 θ

∣∣∣∣
∂g̃θφ
∂t

∣∣∣∣
2

+
1

4

∣∣∣∣
∂g̃θθ
∂t

− 1

sin2 θ

∂g̃φφ
∂t

∣∣∣∣
2
}
, (12.3)where the vertial bars denote absolute value, and whih is valid for any asymptotially�at (AF) gauge. By this we mean any gauge in whih the omponents of the metriperturbations fall o� as [46℄,

{n}htt,
{n}hrr,

{n}htr = O(r−2), (12.4)
{n}htθ,

{n}htφ,
{n}hrθ,

{n}hrφ = O(r−1), (12.5)
{n}hθθ,

{n}hφφ,
{n}hθφ = O(r), (12.6)

γab {n}hab = O(r0), (12.7)or more rapidly up to the desired order n. These onditions imply the following deay ratesfor the harmoni oe�ients,
{n}HAF

tt = {n}HAF
tr = {n}HAF

rr = {n}KAF = O(r−2),

{n}HAF
t = {n}HAF

r = {n}hAFt = {n}hAFr = {n}GAF = {n}hAF = O(r−1), (12.8)where the supersript AF stands for asymptotially �at gauge. In partiular, as we willsee, the RW gauge is not asymptotially �at. Nonetheless, we will exploit the fat that weare working with gauge-invariant objets and, hene, we an reover straightforwardly anyperturbative expression in any gauge, in partiular an AF gauge.The Landau and Lifshitz formula is expressed in a spherial oordinate system (θ, φ),but it an be given in ovariant form. Making use of the round metri de�ned by thebakground spherial spaetime, let us de�ne on the sphere the projetor
Pab

cd ≡ γa
cγb

d − 1

2
γabγ

cd, (12.9)whih maps any rank-two tensor Aab into a trae-free tensor on the sphere PabcdAcd. Withthis projetor at hand, we de�ne the projeted trae-free metri on the sphere,
ιab ≡ Pab

cdg̃cd, (12.10)whih allows us to rewrite formula (12.3) in the following way,
dPower

dΩ
=

1

32πr2

(
∂ιab
∂t

)
γacγbd

(
∂ιcd
∂t

)∗

. (12.11)



12.2 Master equations 135Note that for metris of the form g̃ab = r2Kγab, K being any generi funtion of the fouroordinates, the indued metri ιab will be zero and no power will arrive at null in�nity.The spherially symmetri spaetime, with g̃ab = r2γab, is one suh partiular ase.Now we replae the perturbative expansion for the metri deomposed in spherialharmonis (9.2) and �nd that the projeted trae-free metri in an AF gauge is
ιab=

∞∑

n=1

εn

n!

∑

l,m

{r2 {n}Gm
l

AFZm
l ab + {n}hml

AFXm
l ab}. (12.12)Making use of the fat that the tensor spherial harmonis are trae-free and normalizedas shown in (6.21), it is easy to integrate the emitted power over the solid angle and obtainthe total radiated power,

Power =
1

64πr2

∞∑

j=1

∞∑

k=1

εj+k

j!k!

∑

l,m

(l + 2)!

(l − 2)!

{
r4

(
∂ {j}Gm

l
AF

∂t

)(
∂ {k}Gm

l
AF

∂t

)∗

+

(
∂ {j}hml

AF

∂t

)(
∂ {k}hml

AF

∂t

)∗}
. (12.13)Therefore, the problem of extrating the radiated power at order εn redues to �nd the valueof the time derivative of the harmoni oe�ients {k}Gm

l and {k}hml , for all k < n, in anAF gauge. Note that in the last formula there is no oupling between modes with di�erentharmoni labels, a harateristi phenomenon of high-order perturbation theory. This isbeause of the integrated harater of the total emitted power. In fat, the orthogonalitybetween di�erent spherial harmonis prevents it to happen. This issue has importantonsequenes when one wants to obtain the radiated power up to a given order εn in aonsistent way, as we will analyze in the last setion of the present hapter.12.2 Master equationsWhen perturbing vauum, it is possible to redue the perturbed Einstein equations totwo wave equations for two salars, one axial and one polar. In suh a way that if theseequations are satis�ed, the Einstein equations will also be trivially ful�lled. These salarsare alled the master salars beause they ontain all the physial information of the systemsine the perturbed metri an be fully reonstruted from them.12.2.1 Polar setorWe de�ne the nth order Zerilli salar funtion as the following ombination of gauge-



136 Chapter 12. Vauuminvariant polar harmoni oe�ients,
{n}Z ≡ r4

3M + Λ
(vB {n}KAB − {n}K|A)vA + r {n}K, (12.14)The symbol Λ was de�ned in (8.86). Note that the Zerilli salar (12.14) is given in termsof the nth order gauge invariants tied to the Regge-Wheeler gauge. Then, in Shwarzshildoordinates,the Zerilli funtion takes the following form,

{n}Z ≡ (2M − r)

3M + Λr

{
(2M − r) {n}Hrr + r2 {n}K ′

}
+ r {n}K

+
l(l + 1)

3M + Λr
(2M − r) {n}Hr +

1

2
l(l + 1)r {n}G+ {n}QZ , (12.15)where {n}QZ depends on lower order perturbations. Note that all terms in the seond line,inluding {n}QZ , are zero when imposing the RW gauge. From this de�nition, it is easy tosee that, at �rst order, this variable oinides with the Zerilli variable that we have foundwith Hamiltonian tehniques partiularized to the vauum (8.105). In order to omparethem, one has to employ that h1 = Hr and H2 = (1 − 2M/r)Hrr, whih an be obtainedrelating the di�erent harmoni expansions.As we have antiipated, the Zerilli salar satis�es the following wave equation

{n}Z |A
A − VZ

{n}Z = {n}SZ , (12.16)
{n}SZ being a soure that depends on the perturbations of lower order and the potential
VZ de�ned in (8.107). As we have shown in (8.106), when it is expressed in the tortoiseoordinates (t, r∗), the di�erential operator takes the following simple form,

{n}Z |A
A ≡

(
1 − 2M

r

)−1(
−∂

2 {n}Z
∂t2

+
∂2 {n}Z
∂r∗2

)
. (12.17)In addition to having vauum in the bakground spaetime, we will also assume vauumas perturbed system. This is not mandatory, and some authors have indeed onsiderednon zero perturbations of a vanishing bakground stress-energy tensor [109℄. In this ase,already at linear order, one �nds matter soures in the equation (12.16).The soures for the seond-order Zerilli salar (12.15) and its wave equation (12.16) werereently obtained for the ase l̄ = l̂ = 2, onsidering only �rst-order polar perturbations[139℄. As we have ommented, this ase is simpler than the generi one analyzed here,beause the neessary produt formula for the tensor spherial harmonis an be obtainedby using just the produt formula for the salar harmonis and the Leibnitz rule. Forompleteness, we now give the seond-order soure in terms of the soures for the polar



12.2 Master equations 137Einstein equations (11.27�11.30),
{2}SZ ≡

∑

l̄,l̂

r4vA

3M + Λr

[
(ǫ)Sm̂

l̂
m̄
l̄
m
l
B
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m
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m
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]
+
l(l + 1)

r
(ǫ)Sm̂

l̂
m̄
l̄
m
l . (12.18)It is interesting to note that the soure (ε)S̃m̂

l̂
m̄
l̄
m
l does not appear in this expression. In fat,it an be obtained from the salar and the vetorial soures in the following way:

(ǫ)S̃m̂
l̂
m̄
l̄
m
l = Λ(ǫ)Sm̂

l̂
m̄
l̄
m
l − r2(ǫ)Sm̂

l̂
m̄
l̄
m
l A

|A − 2r2vA(ǫ)Sm̂
l̂
m̄
l̄
m
l A. (12.19)This relation omes from the fat that their �rst-order equation ounterparts are not inde-pendent, atually, equation (10.4) is a onsequene of equations (10.3�10.5).Note �nally that the de�nition of the high-order Zerilli funtion (12.14) is essentiallydetermined up to addition of low-order gauge-invariant terms. That is, the addition of suhlow-order terms would keep the same form of the Zerilli equation (12.16), in partiular withthe same potential VZ , but would hange the soure {n}SZ . The de�nition given in (12.14)is just the simplest possibility, and follows [139℄. We will later make use of this freedom.12.2.2 Axial setorThe Gerlah and Sengupta master salar is de�ned as the rotational of the axial invariantvetor κA (10.15). Adopting Shwarzshild oordinates, it takes the following form in anygeneri gauge,

{n}Π =
1

r3

[
2 {n}ht + r

(
{n}ḣr − {n}h′t

)]
+ {n}QΠ, (12.20)where {n}QΠ would be a soure term that depends on lower-order perturbations and thatis zero in the RW gauge. It obeys the GS master equation, whih at seond order isstraightforwardly obtained from (11.50) after letting the matter perturbation ψ̃A vanish,

−
[

1

2r2
(r4 {2}Π)|A

]

|A

+
(l − 1)(l + 2)

2
{2}Π = {2}SΠ. (12.21)The soure term is related to the soures of the Einstein equations by (11.51). This equationis equivalent to the RW equation, whih is satis�ed by the resaled variable {n}Π̃ ≡ r3 {n}Π,

{n}Π̃|A
A − VRW

{n}Π̃ = 2r {n}SΠ, (12.22)



138 Chapter 12. Vauumwhere the potential is given by,
VRW =

l(l + 1)

r2
− 6M

r3
. (12.23)There are some other variables that obey the same master equation. In partiular, onethat will be very useful for our purposes is that introdued by RW themselves in theiroriginal paper [56℄. Its gauge-invariant generalization to higher orders takes the followingform,

{n}X ≡ vA {n}κA, (12.24)whih in a general gauge and Shwarzshild oordinates is
X =

2M − r

2r2

[
h′ − 2hr −

2

r
h

]
+ {n}QX , (12.25)where {n}QX is the usual term that depends on lower order perturbations and vanisheswhen partiularized to the RW gauge. At linear order, {1}X satis�es the same equation as

Π̃. But already at seond order the soure term hanges,
{2}X|A

A − VRW
{2}X = {2}SX , (12.26)with

{2}SX ≡
∑

l̄,l̂
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r3
(3M − r)(−ǫ)Sm̂

l̂
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m
l + ivA

[
(−ǫ)Sm̂

l̂
m̄
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m
l |A

− 2(−ǫ)Sm̂
l̂
m̄
l̄
m
l A

]
. (12.27)As we have shown in Chapter 10 for standard matter models, whih also inludes va-uum, all perturbations of the metri an be algebraially reonstruted in terms of themaster salar Π. This is a great advantage, sine for other variables, like X , the reonstru-tion is non-algebrai.12.3 First orderIn this setion we present the reonstrution of the metri omponents in the RW gauge(or the gauge invariants) in terms of �rst-order master salars. In order to use the Landauand Lifshitz formula (12.3) we must use an asymptotially �at gauge. As we will see RW isnot asymptotially �at. We will use two di�erent methods to express the emitted power interms of the master salar. Firstly, we will perform an expliit gauge transformation fromthe RW to an AF gauge following [140℄. Seondly, we will exploit the gauge invariant formof the master salars presented in the previous setion. This last method was already usedin [139℄. We want to show that the seond method is muh more straightforward and easierto apply. In this setion we will remove all harmoni labels, as well as the n = 1 label sineall the objets will be of �rst-order and orrespond to a generi harmoni pair (l,m).



12.3 First order 13912.3.1 Polar setorAt �rst order, the Zerilli equation is a wave equation without soures,
Z |A

A − VZZ = 0. (12.28)This master salar allows full reonstrution of all omponents of the perturbation of themetri, in the RW gauge. Here we provide the expliit relations,
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4l(l + 1)r3 (3M + Λr)2
{
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Z
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Hrr =
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]
Z ′

+
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24M2 + 12ΛrM + (l − 1)l(l + 1)(l + 2)r2

]
Z
}
. (12.32)Introduing the above relations into the linearized Einstein equations, one an show thatall of them are trivially satis�ed if the Zerilli equation (12.28) holds.In order to extrat the radiated power (12.13), let us now perform a gauge transformationfrom the RW to an asymptotially �at gauge near in�nity. Sine the Zerilli variable Z obeysa wave equation, near null in�nity, it an be expanded in inverse powers of r, with oe�ientsthat depend on the retarded time u ≡ t−r∗ (note that both oordinate derivatives (∂/∂u)rand (∂/∂t)r oinide),

Z ≡ Z0(u) +
Z1(u)

r
+

Z2(u)

r2
+ O

(
1

r3

)
. (12.33)But these oe�ients are not independent. Introduing this expansion into the Zerilliequation and solving it for eah power of r independently we obtain the following relations,

Z0(u) =
2

l(l + 1)
F̈ (u), Z1(u) = Ḟ (u), Z2(u) =

Λ

2
F (u) − 3M(Λ + 2)

2Λ(Λ + 1)
Ḟ (u), (12.34)where the funtion F (u) an be understood as the free data at null in�nity.In order to see the divergent behaviour of the harmoni oe�ients in the RW gauge at



140 Chapter 12. Vauumnull in�nity, we replae the expansion (12.33) in (12.29-12.32),
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r + O
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1

r2

)
, (12.38)where the orders r0 and r−1 vanish for the harmoni oe�ient K. Now, we an make anexpliit gauge transformation, from the RW gauge to an asymptotially �at gauge (12.8)and obtain,
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]} 1

r
+ O

(
1

r2

)
, (12.43)
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KAF = O
(

1

r3

)
. (12.45)Note that (12.39-12.41) and (12.45) show that one ould atually ask for faster deay ratesthan those de�ned in (12.8). On the other hand, Ξ1 = Ξ1(u) is a gauge freedom that isnot �xed by the requirement of asymptoti �atness. From the behaviour of the harmonioe�ient G in an asymptotially �at gauge (12.44) and the asymptoti expansion of theZerilli funtion (12.33), it is easy to obtain that
GAF =

2Z
l(l + 1)r

+ O
(

1

r2

)
. (12.46)This last relation an be diretly obtained from the gauge invariant de�nition of theZerilli variable (12.14-12.15). Sine that de�nition is valid for any gauge we an supposethat we are in an AF gauge. Imposing the deay rates (12.8) it is straightforward to obtain



12.3 First order 141(12.46). The great advantage of this last method is that we do not have to do an expliitgauge transformation. However, we need to assume that (12.8) is indeed possible.Using relation (12.46) we obtain the radiated power in terms of the Zerilli funtion,
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. (12.47)12.3.2 Axial setorIn the �rst-order axial setor we have to solve the master equation,
−
[

1

2r2
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2
Π = 0. (12.48)One we have obtained the master salar Π, we an reonstrut the metri in the RW gauge,
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hr =
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2Λ(2M − r)
Π̇. (12.50)In order to obtain the radiated power in the axial setor, we will use again formula(12.13), valid for an asymptotially �at gauge. The rest of this subsetion will be devotedto obtaining the harmoni oe�ient hml AF in an asymptotially �at gauge in terms of themaster salar Π.We start by expanding the master salar in inverse powers of r near the asymptotinull in�nity (r → ∞, u = const.). Sine the funtion Π̃ = r3Π satis�es a standard waveequation, our master salar will have the following behaviour,
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, (12.51)We an de�ne a funtion J(u) suh that,
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Λ

2
J(u) − 3M

l(l + 1)
J̇(u). (12.52)With these expansions at hand, we an obtain the preise divergent behaviour of themetri perturbation in RW gauge in terms of the funtion J(u),

ht =
r

Λl(l + 1)

...
J +

1

l(l + 1)
J̈ + O

(
1

r

)
, (12.53)

hr = − r

Λl(l + 1)

...
J − 2M

Λl(l + 1)

...
J − 1

2Λ
J̈ + O

(
1

r

)
. (12.54)



142 Chapter 12. VauumNow we perform a gauge transformation to an asymptotially �at gauge,
hAFt =

{
ξ̇0 +

1

4
J̇ +

(l − 2)!

(l + 2)!
MJ̈

}
1

r
+ O

(
1

r2

)
, (12.55)

hAFr = −
{
ξ̇0 +

(l − 2)!

(l + 2)!

[
MJ̈ +

Λ

2
(l2 + l − 8)J̇

]}
1

r
+ O

(
1

r2

)
, (12.56)

hAF = − 2r

Λl(l + 1)
J̈ − 2

l(l + 1)
J̇ +

2

r
ξ0 + O

(
1

r2

)
, (12.57)where ξ0 = ξ0(u) is a residual gauge freedom. From the last relation it is easy to obtainthat asymptotially,

hAF = −r
4

Λ
Π + O(r0). (12.58)Replaing this result in the formula for the emitted power,

Power =
ε2r6

16π

∑

l,m

l(l + 1)

(l − 1)(l + 2)

∣∣∣∣
∂Πm

l

∂t

∣∣∣∣
2

+ O
(

1

r

)
. (12.59)One an try to obtain relation (12.58) with a gauge invariant approah, as we did in thepolar ase. But it an not be done sine the gauge invariant form of the master variable

Π (12.20) does not ontain the harmoni oe�ient h. Hene, one has to fae the expliitgauge transformation. But at this point we note that there is another master variable
X whose gauge-invariant form (12.25) does ontain the harmoni oe�ient h. Making atransformation to outgoing oordinates and supossing that the last de�nition is in an AFgauge, the relation between X and the time derivative of h at null in�nity is easily obtained,

ḣAF = 2rX + O(r0). (12.60)Therefore, the emitted power an also be given in terms of this last variable,
Power =

ε2

16π

∑

l,m

(l + 2)!

(l − 2)!
|Xm

l |2 + O
(

1

r

)
. (12.61)Beause we an apply this gauge-invariant approah to relate the master variable withthe harmoni oe�ient h at null in�nity, at seond-order we will use the variable {2}X . Butthere is one disadvantage in using X instead of Π. We have shown above how to reonstrutthe perturbations of the metri in the RW gauge in terms of Π (12.49). These relations arealgebrai. If we try to do the same with the variable X , we �nd that the reonstrution ofthe metri is not algebrai, but di�erential,

hr =
r2

(r − 2M)
X , (12.62)

ḣt =

(
1 − 2M

r

)2(
h′r +

2M

r − 2M

hr
r

)
. (12.63)



12.4 Seond order 143This is why we will use Π at linear order, so that we an give the soures expliitly in termsof it, and X at seond order.12.4 Seond order12.4.1 Regularization of the souresAt �rst sight one would say that in order to solve the system at seond order it is enoughto solve the Zerilli (12.16) and RW (12.26) equations with their orresponding soures(12.18) and (12.27), respetively. But we enounter another di�ulty: as we have de�nedit, the seond-order Zerilli funtion {2}Z diverges at large distanes, and as a onsequenealso the soure {2}SZ of the equation it satis�es. In order to see this, it is enough to takeits gauge-invariant de�nition (12.14-12.15), suppose that we are in an asymptotially �atgauge, and impose the onditions (12.39-12.45) and (12.55-12.57). In this way, we �nd thatthe quadrati soure {2}QZ diverges as,
{2}QZ = Q2r

2 +Q1r +Q0 + O
(

1

r

)
, (12.64)where Q0, Q1 and Q2 are quadrati funtions of {F̂ , F̄ , Ĵ , J̄}. The hat and bar on F and

J funtions denote, again, the generi harmoni labels (l̂, m̂) and (l̄, m̄), respetively. Forinstane, the dominant term is given by
Q2 =

∑

l̄,l̂

32

Λl̄2(l̄ + 1)2l̂2(l̂ + 1)2
E0

0
l̄
l̂
m̄
m̂l

....̂
F

...
F . (12.65)In this formula, beause of the properties of Clebsh-Gordan oe�ients, the E-oe�ient(6.74) restrits the sums to those harmoni labels {l̂, l, l} for whih l̂ + l + l is an evennumber. That is, in the ases for whih l̂+ l+ l is an odd number, the term Q2 anels out.However, the term Q1 ontributes in all the ases and the divergene does not dissappear.These divergenes are non-physial and an be regularized by making use of the fatthat we have absolute freedom to add any �rst-order gauge-invariant quadrati terms to thede�nition of the seond-order master salars and they will still satisfy the same equationwith a new soure term. Therefore, our aim is to obtain some quadrati terms on the �rst-order Zerilli and GS master salars Qreg = Qreg[{Ẑ,Z, Π̂,Π}] so that, near null in�nity,they reprodue the asymptoti divergent behaviour of the soure QZ . That is, for large r



144 Chapter 12. Vauumwhile keeping u = const,
Qreg[{Ẑ,Z, Π̂,Π}] = Q2[{F̂ , F̄ , Ĵ , J̄}]r2 +Q1[{F̂ , F̄ , Ĵ , J̄}]r

+ Q0[{F̂ , F̄ , Ĵ , J̄}] + O
(

1

r

)
. (12.66)In order to onstrut the funtion Qreg we will make the following replaements in Q2, Q1and Q0,

F̈ → 1

2
l(l + 1)Z, J̈ → r3

2
l(l + 1)Π. (12.67)These rules an be applied to replae seond and higher derivatives of F and J . There areno F or J terms without derivatives in the divergent terms, but there are some �rst-orderderivatives. Hene, the straightforward de�nition for the �rst derivative of F would be

Ḟ → −r2

(
∂Z
∂r

)

u

. (12.68)But this replaement introdues divergenes at the horizon r = 2M . In order to see this, wehoose ingoing Eddington-Finkelstein oordinates, whih are smooth at the horizon. Theyare obtained from the Shwarzshild oordinates (t, r) by making the following transforma-tion of the time oordinate,
t→ w ≡ t+ 2M ln

∣∣∣
r

2M
− 1
∣∣∣ . (12.69)In these oordinates the two-dimensional metri takes the form,

gABdx
AdxB = −

(
1 − 2M

r

)
dw2 +

4M

r
dwdr +

(
1 +

2M

r

)
dr2. (12.70)Therefore, we have the following relation between derivatives,

(
∂Z
∂r

)

u

=

(
∂Z
∂r

)

ω

+
r + 2M

r − 2M

(
∂Z
∂ω

)

r

, (12.71)whih makes expliit the divergene of the radial derivative in outgoing oordinates at thehorizon r = 2M .Hene, instead of using the replaement rule (12.68), we an make a Taylor expansionin inverse powers of r of the right-hand side of the last relation and de�ne a derivative that,for large r, will be equal to (∂/∂r)u, but without being divergent at the horizon. Followingthis method we arrive at the relation
Ḟ = −r2

(
∂Z
∂r

)

ω

− (r2 + 4Mr + 8M2)

(
∂Z
∂ω

)

r

+ O
(

1

r

)
, (12.72)



12.4 Seond order 145that onverges at the horizon. Converting it bak into Shwarzshild oordinates, gives thefollowing rules to reonstrut the divergent terms,
Ḟ → −r2Z ′ +

r3 − 16M3

2M − r
Ż,

J̇ → −r2
(
r3Π

)′
+
r3 − 16M3

2M − r
r3Π̇. (12.73)The replaements (12.67) and (12.73) must be done systematially. That is, �rst take

Q2r
2 and reonstrut the term that will reprodue it,

∑

l̄,l̂

8r2

Λl̄(l̄ + 1)l̂(l̂ + 1)
E0

0
l̄
l̂
m̄
m̂l

¨̂ZŻ . (12.74)When expanding near null in�nity, this term will go as Q2r
2 + R1r + R0 + O(r−1). Inorder to remove the divergent terms of order O(r), it is not enough to �nd a term that willreprodue Q1r, it must reprodue (Q1−R1)r to ompensate the new term that we have justintrodued. Therefore, we take (Q1 − R1)r and make the above replaements (12.67) and(12.73) again. And so on, until we ahieve the desired quadrati funtion Qreg[{Ẑ,Z, Π̂,Π}]that behaves as (12.66).We have made the alulation for generi mode oupling, but the results are quitelengthy. Hene here we just want to present a partiular example to make an idea of whatkind of terms appear. In the partiular ase (l̂, m̂) = (l̄, m̄) = (l,m) = (2, 0) the previousonstrution gives rise to the following regularization term,

Qparticular
reg = − 1

252 (2M − r)

√
5

π

{
2(2M − r)

(
(9M + r) {1}Ż + 6 {1}Z

)
{1}Ż

+
(
110M3 − 21rM2 + 14r2M + 4r3

)
{1}Ż {1}Z̈

− 2(2M − r)
(
4r2 {1}Z ′ − (15M − 6r) {1}Z

)
{1}Z̈

}

− 3r6

224

√
5

π

{
16 {1}Π̇ {1}Π + (2r − 3M) {1}Π̇ {1}Π̇

}
. (12.75)In this way, we de�ne the regularized seond-order Zerilli funtion as

{2}Zreg ≡ {2}Z +Qreg. (12.76)It satis�es the following wave equation,
{2}Zreg

m
l |A

|A − VZ
{2}Zreg

m
l = {2}SregZ , (12.77)where the regularized soure is given by

{2}SregZ ≡ {2}SZ +Qreg |A
|A − VZQreg. (12.78)



146 Chapter 12. VauumOn the other hand, in the axial ase, there is no suh a divergene. Following the samesteps as above, one �nds that near null in�nity the quadrati part of the RW funtion {2}Xtends to
{2}QX = Q

(0)
X [{F̂ , F , Ĵ , J}] + O

(
1

r

)
. (12.79)Therefore, in priniple there is no need to regularize the seond-order RW variable. But,as it will be lear in the next setion, we are interested in removing the term of order O(1).Then, we apply the same proedure as in the polar ase and obtain a term Qreg

X [Ẑ,Z, Π̂,Π]that, at null in�nity, will reprodue Q(0)
X [F̂ , F , Ĵ , J ]. Following the above example, for thease (l̂, m̂) = (l̄, m̄) = (l,m) = (2, 0) this regularizing term is given by

Qreg
X = − r3

84

√
5

π
{3Π̇Ż + Π̈Z + Z̈Π}. (12.80)We de�ne the regularized seond-order RW variable as

{2}Xreg ≡ {2}X +Qreg
X , (12.81)and its evolution equation

{2}Xreg
m
l |A

|A − VRW
{2}Xreg

m
l = {2}SregX , (12.82)where the regularized soure is again given by

{2}SregX ≡ {2}SX +Qreg
X |A

|A − VRWQ
reg
X . (12.83)The regularized soures for the equations of motion (12.77) and (12.82) are the mainresult of this hapter. We have alulated them for the presene of any �rst- and seond-order axial or polar modes. We do not inlude them here beause they are quite lengthyand do not ontribute to the disussion. Nevertheless, in Appendix C we have written downtheir expliit form for two partiular ases.12.4.2 Radiated powerAfter solving for the seond-order perturbations of the metri, we an obtain the orre-sponding radiated power by making use of the Landau and Lifshitz formula (12.13). Writingit expliitly up to order ε3, it takes the following form,

Power =
ε2

64πr2

∑

l,m

(l + 2)!

(l − 2)!

{
r4

∣∣∣∣
∂ {1}Gm

l
AF

∂t

∣∣∣∣
2

+

∣∣∣∣
∂ {1}hml

AF

∂t

∣∣∣∣
2 (12.84)

+ εRe

[
r4∂

{1}Gm
l
AF

∂t

(
∂ {2}Gm

l
AF

∂t

)∗

+
∂ {1}hml

AF

∂t

(
∂ {2}hml

AF

∂t

)∗]}
+ O(ε4),



12.4 Seond order 147where Re means the real part. Again, the problem of �nding the radiated power, redues toalulate the harmoni oe�ients Gm
l and hml , near null in�nity, in an asymptotially �atgauge. More preisely, we want to relate them with the regularized master salars that wouldbe used to perform a numerial implementation of this problem. In the previous setion,we have regularized the seond-order master variables so that the quadrati ontributionsfrom �rst-order modes deay as O(1/r) near null in�nity. Hene, we an use their gauge-invariant de�nitions, (12.15) and (12.20), and suppose that we are in an AF gauge (12.8),whih is also valid at seond order (this has been expliitly shown in [140℄). This leads tothe very same relations as at �rst-order, namely,

{2}Gm
l

AF =
2 {2}Zm

l reg

l(l + 1)r
+ O

(
1

r2

)
, (12.85)

{2}ḣml
AF = 2r {2}Xm

l reg + O(r0). (12.86)Replaing these relations in the above formula, the radiated power, up to order ε3, is givenin terms of the master salars by
Power =

ε2

64π

∑

l,m

(l + 2)!

(l − 2)!

{
4

l2(l + 1)2

∣∣∣∣
∂ {1}Zm

l

∂t

∣∣∣∣
2

+
r6

Λ2

∣∣∣∣
∂ {1}Πm

l

∂t

∣∣∣∣
2 (12.87)

+ εRe

[
4

l2(l + 1)2

∂ {1}Zm
l

∂t

(
∂ {2}Zm

l reg

∂t

)∗

− 2r3

Λ

∂ {1}Πm
l

∂t
{2}Xm

l
∗
reg

]}
+ O(ε4).This last formula, omplemented with the evolution equations for the regularized mastersalars (12.77) and (12.82), provides a losed set of formulas that permit us to obtain theomplete radiated power up to order ε3.Note that even solving the problem up to seond-order in perturbations, we only anobtain the omplete radiated power up to third-order in ε. In order to obtain the followingorder ε4, one should also onsider third-order perturbations.Let us suppose the simplest senario: a unique �rst-order mode with harmoni labels

(l,m) and polarity σ, as has been de�ned in Subsetion 9.2.3. Beause of the reality on-ditions, if we have the mode (l,m, σ) we must also have its onjugate (l,−m, σ). Followingthe seletion rules (9.58) and (9.59), the self-oupling of this mode will generate severalseond-order modes but not neessarily the one with labels (l,±m, σ). In ontrast, at thirdorder the mentioned mode (l,±m, σ) will always be generated by the mere oupling of the�rst-order mode under onsideration with the seond-order (l, 0, (−1)l). This means thatthe third-order modes will always ontribute to the emitted power at order ε4, oupled tothe �rst-order mode with the same harmoni labels. Therefore, without onsidering third-order modes, one an only obtain the radiated power onsistently up to order ε3. In orderthat the emitted power (12.13) has a ontribution of that order (ε3), the self-oupling of the



148 Chapter 12. Vauum�rst-order mode must give a seond-order mode with the same labels (l,m, σ). It is easyto see from the seletion rules (9.58) and (9.59) that when onsidering a unique �rst-ordermode (l,±m, σ), this will happen if and only if m = 0 and if, for σ = 1 (σ = −1), l is aneven (odd) number.In order to larify the above disussion and analyze whih partiular problems an beaddressed onsistently, let us onsider the partiular ase of a �rst-order polar mode withharmoni labels l = m = 2 and l = m = −2. These modes will generate the seond-order {l = 4, m = ±4, 0}, {l = 2, m = 0} and {l = 0, m = 0} polar modes as well as the
{l = 3, m = 0} axial mode. Partiularizing the power formula (12.13) in terms of the mastersalars to this ase, we obtain the following ontributions from the onsidered modes,

Power =
ε2

12π

∣∣∂t {1}Z2
2 reg

∣∣2 +
9ε4

640π

{∣∣∂t {2}Z0
4 reg

∣∣2 + 2
∣∣∂t {2}Z4

4 reg

∣∣2
}

+ +
15ε4

8π

∣∣ {2}X 0
3 reg

∣∣2 +
ε4

96π

∣∣∂t {2}Z0
2 reg

∣∣2 , (12.88)where the order ε3 is not present. The problem with this formula is that it is not ompletesine the third-order {l = 2, m = ±2} polar mode would ontribute to the power at order
ε4. On the other hand, let us onsider the �rst-order mode l = 2 with all its possibleharmoni labels m = 0,±1,±2. By oupling, they will generate the seond-order polarmodes l = 0, l = 2 and l = 4 with all their possible m. That is, we will have the seond-order {l = 0, m = 0}, {l = 2, m = 0,±1,±2} and {l = 4, m = 0,±1,±2,±3,±4} polarmodes. This partiular ase will provide a non-vanishing ε3-order term to the power,

Power =
ε2

24π

{
2
∣∣∂t {1}Z2

2 reg

∣∣2 + 2
∣∣∂t {1}Z1

2 reg

∣∣2 +
∣∣∂t {1}Z0

2 reg

∣∣2
}

+
ε3

24π
Re
[
2∂t(

{1}Z2
2 reg)∂t(

{2}Z2
2 reg)

∗ + 2∂t(
{1}Z1

2 reg)∂t(
{2}Z1

2 reg)
∗

+ ∂t(
{1}Z0

2 reg)∂t(
{2}Z0

2 reg)
∗
]
+ O(ε4). (12.89)In this last ase the formula is exat up to the displayed order beause at order ε3 thegenerated seond-order axial modes and third-order polar modes do not ontribute.12.5 Numerial implementationIn this setion we present some preliminary results about the numerial investigation onseond-order perturbations of Shwarzshild, that we are performing at this moment [125℄.We will just onsider a �rst-order (l = 2, m = ±2) polar mode desribed by a real Zerilli



12.5 Numerial implementation 149funtion {1}Z. As we have seen in the previous setion, and an be easily veri�ed with theseletion rules (9.58) and (9.59), by selfoupling this mode generates several seond-orderaxial as well as polar modes. In partiular, here we will only fous on the (l = 2, m = 0)polar mode, whih will be enoded in the (also real) Zerilli funtion {2}Z.Making use of a pseudo-spetral ode, we have solved the equations (12.28) and (12.77)for the evolution of the two (�rst-order and seond-order) variables. The numerial shemeis a fourth-order Runge-Kutta integrator in time, whereas the spatial domain is deomposedin bloks of length 10M , so that, at eah blok, the funtion is proyeted into Thebyhevpolynomials. The grid points are the so-alled Gauss-Lobatto points [160℄, whih are notequidistant. In fat, they aumulate at the boundaries of eah blok. The spatial domainin deomposed in bloks to avoid too too oars spatial disretization. Di�erent bloks aremathed usign a penalty tehnique [161℄.The mass of the blak hole has been �xed to M = 1, whih loates the event horizon at
r = 2. The initial data have been taken as a Gaussian entered in the position r = 20Mfor the veloity of the �rst-order variable and vanishing for the rest of the omponents,

{1}Z(t = 0, r) = 0, (12.90)
∂t

{1}Z(t = 0, r) = exp(−(r − 20M)2/42), (12.91)
{2}Z(t = 0, r) = 0, (12.92)

∂t
{2}Z(t = 0, r) = 0. (12.93)Therefore all the information for the evolution of the seond-order Zerilli funtion will omefrom the quadrati soure SZ .In the following plot we show the time dependene of both �rst and seond Zerilli fun-tions for an observer loated at position r = 41M . The exterior boundary for the integrationdomain has been hosen large enough (r = 801.8M) to prevent spureous re�etions fromthe outer boundary. The onvergeny test done for this ase estimates an auray of theorder 10−10 for the plotted solution.In this plot we an observe the expeted quasinormal mode ringing (of both �rst andseond-order Zerilli funtions) dominating the evolution for times greater than 50M . Thequasinormal freueny for both Zerilli funtions is similar. For late times (> 250M) onean observe the deaying power-law tails, also with similar slopes. These results are verypreliminary and need further study. In partiular, there is a remarkable e�et regardingthe tails in the previous plot. It happens that, for large times, {2}Z is greater than {1}Z.We still do not understand this behavior and it ould indiate that there exists a limit ofvalidity in the seond order approximation.
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Chapter 13
Perfet �uid

In this hapter we apply the seond-order GS formalism to a spaetime ontaining perfet�uid matter. This generalizes the work by Gundlah and Martín-Garía [55℄ beyond linearperturbation theory, and losely follows their notations. It provides a general framework tostudy the evolution of perturbations of both �rst and seond orders on a dynamial �uidbakground, and together with the results in the previous and the next hapter, gives aomplete set of tools to study the emission of gravitational radiation during the ollapse ofa slowly rotating star, a projet now under development [124℄.The hapter is organized in two setions. In the �rst one we will introdue the nota-tion for the perturbations of the basi �uid variables and alulate the perturbed energy-momentum tensor in terms of them. At seond order this will introdue matter soures inthe Einstein equations. The seond setion analyzes how to solve the evolution equations,separating the ases l ≥ 2, l = 1 and l = 0. Several long expressions have been moved toappendies. The equations of motion and notations for the bakground have been alreadydisplayed in Setion 5.1.3. In partiular the vetor �eld uµ will be the four-veloity of theperfet �uid. Together with its unit normal nµ they de�ne the following frame derivativesthat at on any salar funtion ζ ,̇
ζ ≡ uAζ|A, ζ ′ ≡ nAζ|A. (13.1)

13.1 High-order perfet �uid perturbationsUsing the nth order Leibnitz rule (3.6), it is easy to �nd the expliit form for the nth151



152 Chapter 13. Perfet �uidperturbation of the energy-momentum tensor of a perfet �uid (5.44),
∆n[tµν ] =

n∑

k=0

(
n

k

){
{k}p {n − k}hµν +

n∑

j=k

(
n− k

j − k

)
( {k}ρ+ {k}p) {j − k}uµ

{n − j}uν

}
,(13.2)where we de�ne the following notations for the perturbations: {n}uµ ≡ ∆n[uµ], {n}p ≡ ∆n[p]and {n}ρ ≡ ∆n[ρ]. This an be further expanded, using the high-order generalization of thehain rule (Faá di Bruno formula) on the general equation of state p = p(ρ, s),

{n}p =
∑ n!

2!k2...i!ki2!r2 ...j!rjk1!...ki!r1!...rj !

∂K+Rp

∂ρK∂sR
{1}ρk1 . . . {i}ρki {1}sr1 . . . {j}srj , (13.3)where the sum is restrited to the onstraint

i∑

m=1

mkm +

j∑

m=1

mrm = nand we have de�ned K ≡
∑i

m=1 km and R ≡
∑j

m=1 rm. Derivatives of the pressure must bereplaed by the sound speed cs and thermodynami fator C, de�ned in equations (5.45),and their derivatives. Note that these ombinatorial formulas are valid for any bakgroundspaetime, not neessarily spherial.The �uid four-veloity vetor is normalized to −1, and this must be satis�ed at allperturbative orders,
∆n[uµg

µνuν ] = 0. (13.4)Applying again the Leibniz rule n times and separating the terms linear in perturbationsof order n, we an rewrite this equation as follows,
−2 {n}uµuµ − uµuν∆

n[gµν ] = (13.5)
n−1∑

k=1

n∑

i=k

n!

k!(i− k)!(n− i)!
∆k[gµν ] {i − k}uµ

{n − i}uν +

n−1∑

i=1

(
n

i

)
{i}uµ

{n − i}uµ,where the nth order perturbation of the inverse metri is given by formula (3.17). Beauseof spherial symmetry, the bakground four-veloity has no angular omponents (ua =

0). Therefore, the onstraint (13.5) ontains only non-angular omponents of the nthperturbation of the four-veloity. Calling {n}Υ the right-hand side of equation (13.5), wehoose the following ansatz,
{n}uA =

1

2
{n}ΥuA − 1

2
∆n[gAB]uB + {n}γ̃nA, (13.6)whih reprodues the ansatz used in [55℄ and trivially satis�es the onstraint (13.5). In thisway, the three independent omponents of the perturbations of the four-veloity are enoded



13.1 High-order perfet �uid perturbations 153in the generi funtion {n}γ̃ and in the angular omponents {n}ua. The salar funtion {n}γ̃will be expanded in harmoni series and its harmoni oe�ients will be denoted as {n}γml .Following this ansatz, at �rst order we deompose the four-veloity as [55℄
{1}uµdx

µ ≡
∑

l,m

(
{1}γml nA +

1

2
{1}Km

l ABu
B

)
Zm
l dx

A + ({1}αml Z
m
l a + {1}βml X

m
l a) dx

a, (13.7)Note that we are supposing that everything in this equation is gauge invariant, and heneso must be the harmoni omponent {1}γml . At seond order, owing to the two �rst termsin (13.6), �rst-order quadrati terms appear in the harmoni deomposition of the four-veloity,
{2}uµdx

µ ≡
∑

l,m


 {2}γml nA +

1

2
{2}Km

l ABu
B +

∑

l̄,l̂

(ǫ)U m̄
l̄
m̂
l̂
m
l A


Zm

l dx
A (13.8)

+ ( {2}αml Z
m
l a + {2}βml X

m
l a) dx

a.We have deomposed the soures of the four-veloity in spherial harmonis,
(+)U m̄

l̄
m̂
l̂
m
l A = E0

0
l̄
l̂
m̄
m̂l{uA[γ̂γ̄ − γ̂K̄BCn

BuC +
1

4
K̂BDK̄CDuBu

C − K̂BCK̄CDuBu
D] (13.9)

−uBK̂BCK̄AC}

− 2

r2
E−1

1
l̄
l̂
m̄
m̂l{uA[α̂ᾱ + β̂β̄ + κ̂Bu

Bκ̄Cu
C − 2κ̂Bu

Bβ̄ − κ̂Bκ̄Cu
BuC ] − κ̂Bu

Bκ̄A},

(−)U m̄
l̄
m̂
l̂
m
l A =

4i

r2
E−1

1
l̄
l̂
m̄
m̂luA[α̂β̄ + ᾱκ̂BuB]. (13.10)Again, objets with hats and overbars denote �rst-order harmoni omponents with har-moni labels (l̂, m̂) and (l̄, m̄), respetively.We de�ne the harmoni deomposition of the perturbations of the density and entropy,

{n}ρ ≡
∑

l,m

ρ {n}ωml Z
m
l , (13.11)

{n}s ≡
∑

l,m

{n}σml Z
m
l . (13.12)From now on we partiularize our formulas to seond order and will not write the n = 2and n = 1 labels anymore, sine it will be lear from the ontext. On the other hand,the pure �rst order an be onsidered a partiular ase of the seond-order ase just byremoving all quadrati soures. We perform the harmoni deomposition of the seond-order perturbation of the energy-momentum tensor (13.2). In terms of metri and matter



154 Chapter 13. Perfet �uidperturbations, the axial omponents are given by,
ψml A = pκml + βml (p+ ρ)uA − i

∑

l̄,l̂

(−ǫ)E m̄l̄ m̂
l̂
m
l A, (13.13)

ψml = −i
∑

l̄,l̂

(−ǫ)E m̄l̄ m̂
l̂
m
l , (13.14)where E are �rst-order quadrati soures that will be given below. The polar setor takesthe following form,

Ψm
l AB = (ρ+ p)

[
γml (uAnB + nAuB) +

1

2
(Km

l ACuB + Km
l BCuA)

]
uC

+ pKm
l AB + ρωml (uAuB + c2snAnB) + Cρσml nAnB +

∑

l̄,l̂

(ǫ)E m̄l̄ m̂
l̂
m
l AB, (13.15)

Ψm
l A = (p+ ρ)αml uA +

∑

l̄,l̂

(ǫ)E m̄l̄ m̂
l̂
m
l A, (13.16)

Ψ̃m
l = pκml + c2sρω

m
l + Cρσml +

∑

l̄,l̂

(ǫ)Ẽ m̄l̄ m̂
l̂
m
l , (13.17)

Ψm
l =

∑

l̄,l̂

(ǫ)E m̄l̄ m̂
l̂
m
l . (13.18)Finally, we provide the expliit soures in terms of �rst-order perturbations and E-oe�ients,

(+)E m̄l̄ m̂
l̂
m
l AB =

4

r2
(p+ ρ)E−1

1
l̄
l̂
m̄
m̂l

{
κ̂C κ̄(AuB)uC − uAuB[α̂ᾱ + β̂β̄ − 2β̂κ̄Cu

C]
}

+ E0
0
l̄
l̂
m̄
m̂l

{
2ρc2sω̂K̄AB + 2ργ̄

[
Cσ̂ + ω̂

(
1 + c2s

)]
(nBuA + nAuB)

+ 2Cρσ̂(K̄A
CnBnC + K̄C[BuA]u

C) + 2ρω̂
(
1 + c2s

)
K̄C(BuA)u

C

+ ρnAnB

(
σ̄σ̂

∂C

∂s
+ 2ω̄σ̂

∂c2s
∂s

+ ρω̄ω̂
∂c2s
∂ρ

)

+ (P+ρ)
[
2γ̄γ̂(nAnB+uAuB)+2γ̄K̂C(AnB)u

C−2γ̄K̂CDn
CuDuAuB

− 3

2
K̂C

F K̄DFu
CuDuAuB−2K̂CDK̄D(AuB)uC+

1

2
K̂ACu

CK̄BDu
D

]}
, (13.19)

(−)E m̄l̄ m̂
l̂
m
l AB =

8i

r2
E−1

1
l̄
l̂
m̄
m̂lᾱ(κ̂CuC − β̂)(p+ ρ)uAuB, (13.20)

(+)E m̄l̄ m̂
l̂
m
l A = 2E1

0
l̄
l̂
m̄
m̂lᾱ
{
(p+ ρ)

[
γ̂nA +

1

2
K̂ABu

B

]
+ρω̂(1 + c2s)uA + Cρσ̂uA

}
, (13.21)

(−)E m̄l̄ m̂
l̂
m
l A = 2iE1

0
l̄
l̂
m̄
m̂l

{
(p+ ρ)[γ̂nA +

1

2
K̂ABu

B]β̄ + ρβ̄[(c2s + 1)ω̂ + Cσ̂]uA

+ ρ(Cσ̂ + c2sω̂)κ̄A

}
, (13.22)
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(+)Ẽ m̄l̄ m̂

l̂
m
l = − 2

r2
(p+ ρ)E−1

1
l̄
l̂
m̄
m̂l

{
α̂ᾱ+ β̂β̄

}
+ 2ρE0

0
l̄
l̂
m̄
m̂l

{
K̂(ω̄c2s + σ̄C)

+ ω̂σ̄
∂c2s
∂s

+
1

2
σ̂σ̄

∂C

∂s
+
ρ

2
ω̂ω̄

∂c2s
∂ρ

}
, (13.23)

(−)Ẽ m̄l̄ m̂
l̂
m
l =

4i

r2
E−1

1
l̄
l̂
m̄
m̂l(p+ ρ)α̂β̄, (13.24)

(+)E m̄l̄ m̂
l̂
m
l = 2E1

1
l̄
l̂
m̄
m̂l(α̂ᾱ− β̂β̄)(p+ ρ), (13.25)

(−)E m̄l̄ m̂
l̂
m
l = 4iE1

1
l̄
l̂
m̄
m̂lα̂β̄(p+ ρ). (13.26)13.2 Seond-order evolution equationsWe now fous on the seond-order perturbations of the evolution equations, both forthe �uid and the metri variables, separating the polar and axial problems for arbitraryharmoni label l. Cases with l = 0, 1 are speial beause the orresponding harmoni basesare degenerated. In partiular, beause of the impossibility of onstruting gauge-invariantsfor l = 0, 1, we will need to resort to an adequate gauge �xing.This setion generalizes the results [55℄ for �rst-order perturbations to seond order.The equations at seond order share the linear part with those at �rst order, but ontainompliated additional soures whih are quadrati in �rst-order perturbations. Our maintask here will be, hene, to ompute those quadrati soures.In perturbing the Einstein equations, we �nd two types of quadrati soures. First, thoseoming from seond-order perturbation of the Einstein tensor, whih have been denoted as

(ǫ)Sm̄
l̄
m̂
l̂
m
l and displayed in Chapter 11. Seond, soures (ǫ)E m̄

l̄
m̂
l̂
m
l , arising from the perturba-tion of the energy-momentum tensor (13.13)-(13.18), whih have been given expliitly in(13.19)-(13.26) for perfet �uid matter. It is onvenient to ombine those two types as

(ǫ)Bm̄l̄ m̂
l̂
m
l ≡ 8π(ǫ)E m̄l̄ m̂

l̂
m
l − (ǫ)Sm̄l̄

m̂
l̂
m
l , (13.27)for all tensorial, vetorial and salar soures. From now on we will remove the harmonilabels {l,m, l̂, m̂, l̄, m̄} appearing as super and sub indies of the harmoni oe�ients, aswell as in the soures.13.2.1 Axial perturbations (l ≥ 2)The energy-momentum onservation equation tµν ;µ = 0 ontains the evolution equationsfor a perfet �uid, exept the onservation of the entropy per partile (5.60). The pertur-bation of the former of these equations is omposed by three polar and one axial equations



156 Chapter 13. Perfet �uidfor eah perturbative order n, whereas perturbing the latter gives rise to a polar equationonly. In the axial setor there is only a transport equation for β (11.43),
(p+ ρ)[β̇ − c2s(µ+ 2U)β] = (13.28)
= i
∑

l̄,l̂

{
(−ǫ)I − (l − 1)(l + 2)

2r2
(−ǫ)E +

1

r2

(
r2(−ǫ)EA

)|A}
.After expanding the energy-momentum perturbation in terms of �uid variables (13.13),we arrive at the following form for the seond-order GS master equation (11.50) on thebakground that we are onsidering,

−
[

1

2r2
(r4 {2}Π)|A

]

|A

+
(l − 1)(l + 2)

2
{2}Π = (13.29)

8π(p+ ρ) {2}β ′ − 8π

c2s
(ρCs′ + ν(p + ρ)) {2}β − iǫAB

∑

l̄,l̂

(−ǫ)BA|B.Sine there are no ovariant derivatives in the energy-momentum tensor of the perfet �uid,the vetor κA an be reonstruted in terms of Π and matter perturbative variables,
κA =

1

(l − 1)(l + 2)


16πr2ψ̃A − ǫAB(r4Π)|B + 2ir2

∑

l̄,l̂

(−ǫ)SA


 . (13.30)We expand this vetor �eld in the frame provided by the perfet �uid,

κA ≡ δuA + λnA, (13.31)and obtain the following omponents in terms of �uid variables and B soures,
δ =

r2

(l − 1)(l + 2)
(r2Π′ + 4r2WΠ + 16πβ(P + ρ) + 2i

∑

l̄,l̂

(−ǫ)BAuA), (13.32)
λ = − r2

(l − 1)(l + 2)
(r2Π̇ + 4r2UΠ + 2i

∑

l̄,l̂

(−ǫ)BAnA). (13.33)Therefore, for the ase that the seond-order harmoni label is l ≥ 2, the evolution anbe performed with two equations. On the one hand, the matter equation (13.28) evolves
β, and on the other hand, the GS master equation (13.29) evolves the GS master salar Π.One these two variables are obtained, we an reonstrut the perturbed metri by usingequations (13.31-13.33).



13.2 Seond-order evolution equations 15713.2.2 Axial perturbations (l = 1)In this ase, the �uid equation is the same as in the general ase (13.28) partiularizedto l = 1. This makes one of the right-hand side terms vanish, but the equation ontinuesbeing a transport equation for β,
(p+ ρ)(β̇ − c2s(µ+ 2U)β) = i

∑

l̄,l̂

{
(−ǫ)I +

1

r2

(
r2(−ǫ)EA

)|A}
. (13.34)For l = 1 there annot be gravitational waves, and so the metri perturbations annot obeya wave equation. Instead, the metri perturbation equation is given by,

1

2r2
ǫAB(r4Π)|B = 8πψ̃A + i

∑

l̄,l̂

(−ǫ)SA. (13.35)Projeting this equation into the frame vetors uA and nA respetively, and introduing thedependene in the perturbative �uid variables, it gives rise to
r2

2
(Π′ + 4WΠ) = −8π(p+ ρ)β − i

∑

l̄,l̂

(−ǫ)BAuA, (13.36)
r2

2
(Π̇ + 4UΠ) = −i

∑

l̄,l̂

(−ǫ)BAnA. (13.37)This last equation will be used to evolve Π. One ould employ equation (13.36) to obtain
β algebraially from Π, but we know that for ertain equation of states the term (p + ρ)vanishes at the surfae of the star, what makes the equation (13.36) inappropriate fornumerial resolution. Instead, we an always determine β from the matter equation (13.34).We annot employ formula (13.30) to reonstrut the vetor κA from Π and β, andatually it annot be uniquely reonstruted. Any two-dimensional vetor an be writtenin terms of two salar funtions ζ1(xA) and ζ2(xA) in the following way,

1

r2
κA ≡ ζ1|A + ǫA

Bζ2|B = −(ζ̇1 + ζ ′2)uA + (ζ ′1 + ζ̇2)nA. (13.38)From the de�nition of the master salar Π (10.15), we obtain an equation to solve for ζ2,
Π = −ζ2|AA = ζ̈2 + µζ̇2 − νζ ′2 − ζ ′′2 . (13.39)There is still one axial gauge degree of freedom beause the RW gauge (9.7) has not imposedanything in this ase, sine the harmoni oe�ient h does not exist for l = 1. Thus, theother salar ζ1 is this gauge freedom. Under a gauge transformation the vetor κA hangesin the following way,

κA −→ κA + r2ξ|A + . . . , (13.40)



158 Chapter 13. Perfet �uidwhere the dots indiate a soure term quadrati in �rst-order perturbations and is expliitlygiven in [114℄. In the notation of the previous setion, the gauge transformation is
δ −→ δ − r2ξ̇ + . . . , (13.41)
λ −→ λ + r2ξ′ + . . . . (13.42)Therefore, to �x the gauge, we an make δ or λ vanish, or any ombination of them. Thebest option is to make the gauge hoie λ = 0, whih leaves a residual gauge under all thosevetors suh that ξ′ = 0. This an be interpreted as a free funtion of time at the enter.In this gauge, the vetor κA is given by,
κA = −r2(ζ̇1 + ζ ′2)uA, (13.43)where ζ2 is obtained from equation (13.39) and ζ ′1 = −ζ̇2.13.2.3 Polar perturbations (l ≥ 2)In order to deal only with salar quantities, we deompose the tensorial metri gauge-invariant into three salars making use of the frame de�ned by the �uid,

KAB ≡ η(nAnB − uAuB) + φ(uAuB + nAnB) + ψ(uAnB + nAuB). (13.44)The seond-order Einstein equations an be shematially given in the following way. For
l ≥ 0,

uAnBEAB[K] = −8π(ρ+ p)γ + 4π(ρ− p)ψ +
∑

l̄,l̂

(ǫ)BABuAnB, (13.45)
uAuBEAB[K] = 8πρω + 8πρ(η − φ) +

∑

l̄,l̂

(ǫ)BABuAuB, (13.46)
nAnBEAB[K] = 8πρ(c2sω + Cσ) + 8πp(η + φ) +

∑

l̄,l̂

(ǫ)BABnAnB, (13.47)
Ẽ[K] = 8πρ(c2sω + Cσ) + 8πpK +

∑

l̄,l̂

(ǫ)B̃. (13.48)For l ≥ 1,
uAEA[K] = −(ρ+ p)α +

∑

l̄,l̂

(ǫ)BAuA, (13.49)
nAEA[K] =

∑

l̄,l̂

(ǫ)BAnA. (13.50)



13.2 Seond-order evolution equations 159And �nally, for l ≥ 2,
E[K] =

∑

l̄,l̂

(ǫ)B. (13.51)The E's are the GS di�erential operators (10.2-10.5) ating on the metri polar perturba-tions {KAB,K}. Writing expliitly the linear dependenes of equation (13.51) in seond-order objets, we obtain the following relation,
η = −

∑

l̄,l̂

(ǫ)B. (13.52)This equation determines the value of η in terms of �rst-order perturbations. Note that inthe ase of �rst-order perturbation theory η vanishes. Therefore, this variable is �xed andwe do not have to worry about it. This equation makes the treatment for the ase l ≥ 2di�er from the ase l = 1 analyzed in the next setion, sine in the latter ase this equationdoes not exist.We de�ne the following linear ombinations of �rst-order soures,
(ǫ)Cγ ≡ (ǫ)BABuAnB, (13.53)
(ǫ)Cω ≡ −(ǫ)BABuAuB, (13.54)
(ǫ)Cα ≡ 2(ǫ)BAuA, (13.55)
(ǫ)Sχ ≡ 2(ǫ)B̃ + 4((ǫ)BAnA)′ − 2(ǫ)BABnAnB + 4(2ν −W )(ǫ)BAnA, (13.56)
(ǫ)SK ≡ (−c2suAuB + nAnB)(ǫ)BAB + 4W (ǫ)BAnA, (13.57)
(ǫ)Sψ ≡ −2(ǫ)BAnA. (13.58)And we also introdue the following hange to a new variable χ,

φ −→ χ+ K − η. (13.59)With this new notation at hand, the system of equations (13.45)-(13.50) an be rewritten,
l ≥ 0 :

8π(p+ ρ)γ = (K̇)′ + Cγ +
∑

l̄,l̂

(ǫ)Cγ , (13.60)
8πρω = −K′′ + 2Uψ′ + Cω +

∑

l̄,l̂

(ǫ)Cω, (13.61)
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l ≥ 1 :

16π(p+ ρ)α = ψ′ + Cα +
∑

l̄,l̂

(ǫ)Cα, (13.62)
−χ̈+ χ′′ + 2(µ− U)ψ′ = Sχ +

∑

l̄,l̂

(ǫ)Sχ, (13.63)
−K̈ + c2sK′′ − 2c2sUψ

′ = SK +
∑

l̄,l̂

(ǫ)SK, (13.64)
−ψ̇ = Sψ +

∑

l̄,l̂

(ǫ)Sψ, (13.65)where only higher-order derivatives of the variables have been given expliitly. The linearsoures Cγ, Cω, Cα, Sχ, SK, and Sψ are linear in the variables χ, K and η and their �rst-order derivatives, as well as in the undi�erentiated variables ψ and σ. These soures oinidewith those given in [55℄ and are inluded in Appendix D.1 for ompleteness. Note that theironly dependene in matter perturbations is through the entropy σ, whih, as we will see,obeys an equation deoupled from the rest of matter perturbations. This fat allows us tointerpret equations (13.63)-(13.65) as oupled evolution equations for the variables χ, Kand ψ. The other three equations (13.60)-(13.62) provide the matter perturbations γ, ωand α algebraially in terms of the metri perturbations.In order to lose the system of equations, we give here the seond-order perturbation ofthe entropy onservation equation ṡ = 0, for l ≥ 0,
σ̇ + (γ +

ψ

2
)s′ =

∑

l̄,l̂

(ǫ)Sσ, (13.66)where the soure terms are given by,
(+)Sσ = − 2

r2
E−1

1
l̄
l̂
m̄
m̂l

{
(2β̂λ̄+ δ̂λ̄)s′ − 2α̂σ̄

} (13.67)
+ E0

0
l̄
l̂
m̄
m̂l

{
2γ̂(K̄ + χ̄)s′ − (2γ̄ + ψ̄)σ̂′ + (2η̄ − K̄ − χ̄) ˙̂σ

}
,

(−)Sσ = −4i

r2
E−1

1
l̄
l̂
m̄
m̂l

{
ᾱλ̂s′ − (β̂ + δ̂)σ̄

}
. (13.68)At this point we have sueeded in giving a omplete set of equations [namely (13.60-13.66)℄ to evolve the seond-order perturbations of both the metri and the perfet �uid, for

l ≥ 2. The matter perturbations are obtained algebraially from the metri perturbations,



13.2 Seond-order evolution equations 161though they ould also be evolved using onservation of energy-stress,
l ≥ 0 :

−ω̇ −
(

1 +
p

ρ

)(
γ +

ψ

2

)′

= Sω +
∑

l̄,l̂

(ǫ)Sω, (13.69)
(

1 +
p

ρ

)(
γ − ψ

2

)
˙+ c2sω

′ = Sγ +
∑

l̄,l̂

(ǫ)Sγ , (13.70)
l ≥ 1 :

−α̇ = Sα +
∑

l̄,l̂

(ǫ)Sα, (13.71)where, again, we have only made expliit the highest derivatives. These equations areredundant for l ≥ 2, but will play a fundamental role for l = 0, 1. The linear soures Sω,
Sγ , and Sα are also provided in Appendix D.1. They depend just on the undi�erentiatedmatter variables α, γ, and ω and on the entropy perturbation σ and its spatial derivative,as well as on the metri perturbations χ, K, ψ, η, and their derivatives. Besides, we havede�ned the following quadrati soures,

ρ (ǫ)Sω ≡ l(l + 1)

r2
(ǫ)EAuA + 2U (ǫ)Ẽ − 1

r2
(r2 (ǫ)EAB)|BuA − (ǫ)IAuA, (13.72)

ρ (ǫ)Sγ ≡ l(l + 1)

r2
(ǫ)EAnA + 2W (ǫ)Ẽ − 1

r2
(r2 (ǫ)EAB)|BnA − (ǫ)IAnA, (13.73)

(p+ ρ) (ǫ)Sα ≡ (ǫ)Ẽ − (l − 1)(l + 2)

2r2
(ǫ)E +

1

r2
(r2 (ǫ)EA)|A + (ǫ)I. (13.74)It is possible to use equations (13.62) and (13.65) to remove the dependene on thederivative of ψ from equations (13.69) and (13.70). In this way, with the exeption of K̇and K′, no derivatives of the metri perturbations are present in the matter equations,

l ≥ 1 :

−ω̇ −
(

1 +
p

ρ

)
γ′ = Sω +

∑

l̄,l̂

(ǫ)Sω, (13.75)
(

1 +
p

ρ

)
γ̇ + c2sω

′ = Sγ +
∑

l̄,l̂

(ǫ)Sγ . (13.76)The linear soures Sω and Sγ an be found again in Appendix D.1.13.2.4 Polar perturbations (l = 1)As explained in Chapter 9, there are also three polar degrees of freedom in the ase
l = 1, but the RW gauge (9.7) only imposes two onditions (HA = 0). Therefore, the RW



162 Chapter 13. Perfet �uidgauge is not rigid for l = 1 and we do not have a omplete set of invariants. Under a gaugetransformation, these �invariants� hange as
KAB → KAB − (r2ξ|A)|B − (r2ξ|B)|A + . . . , (13.77)

K → K− 2ξ − 2r2vAξ|A + . . . , (13.78)for a generi funtion ξ(xA) and where the dots indiate �rst-order quadrati terms. Thesequadrati terms will arise only if there is some ontribution from a �rst-order l = 0, 1 mode,otherwise the quadrati terms in the de�nition of the invariants will absorb them.At this point, we follow Campolattaro and Thorne [42℄ and impose that K vanish asthe leading gauge. This still leaves a residual gauge freedom orresponding to funtions ξsuh that ξ + r2vAξ|A = 0.From the point of view of the evolution equations, as we have ommented, the maindi�erene between this and the general l ≥ 2 ase is that equation (13.52) disappears now.Therefore, we need to use equations (13.66), (13.71), (13.75), and (13.76) in order to evolvethe matter perturbations {σ, α, ω, γ}. This is possible beause those equations ontain onlythe metri perturbations {η, ψ, χ}, but not their derivatives. One all matter perturbationsare obtained, one an determine the metri perturbations by making use of the Einsteinequations (13.60-13.62) and (13.64-13.65). These �ve equations do not depend on seondand higher-order (time and spae) derivatives of {η, ψ, χ}. Hene, we have �ve equationsfor six unknowns. We an obtain {ψ̇, ψ′, χ̇, χ′} but only the following ombination between
η̇ and η′,

Dη ≡ r|Aη|A
r|Br|B

=
1

r|v|2 (Wη′ − Uη̇), (13.79)where we have de�ned |v|2 ≡ vAvA. This means that we an only integrate η in a spatialsurfae that is everywhere normal to the r = const. surfaes. Therefore, in Appendix D.2we provide the equations exlusively for Dη, Dψ and Dχ.13.2.5 Polar perturbations (l = 0)The spherial perturbations are treated in a very similar way as in the ase l = 1. We�rst evolve the matter perturbations and then obtain the metri perturbations as onstraintequations. This was expeted, sine in spherial symmetry the metri has no radiativefreedom and it is totally onstrained.First of all, sine the RW gauge does not impose any restrition in the ase l = 0, thereare still two gauge degrees of freedom to �x. We extend the gauge used in the previous



13.2 Seond-order evolution equations 163setion by hoosing
K = 0, ψ =

2UW

U2 +W 2
(η − χ). (13.80)The seond ondition implies the vanishing of the variable ψ when working in polar-radialoordinates. Another new feature of this ase is that the veloity perturbation α is alsoequal to zero.The matter perturbations σ, ω, and γ are evolved by making use of equations (13.66),(13.69), and (13.70) respetively. The last two of these equations ontain derivatives ofthe metri perturbations that an be removed by making use of the perturbed Einsteinequations (13.45-13.47). In Appendix D.3, we present the resulting equations, as well asthe onstraint equations for the only two non-vanishing metri perturbations η and χ.



164 Chapter 13. Perfet �uid



Chapter 14
Perturbative mathing

In the previous two hapters we have studied the perturbative problem for a perfet �uidas well as a vauum bakground. We now assume that our bakground system is a spherial�uid star surrounded by vauum, with both regions, interior and exterior, separated by atimelike surfae Σ where the pressure vanishes. Therefore, in order to omplete the analysisof the given physial situation, we need to �nd out the mathing onditions between thosetwo parts of the spaetime (both at the bakground and perturbative levels), ensuringontinuity and the orret exhange of radiative information through the stellar surfae Σ.The �rst setion of this hapter desribes high-order perturbative mathing on anytimelike surfae in a general bakground spaetime. The seond setion is partiularized tothe ase of a �uid interior mathed to a vauum exterior. This generalizes the �rst-orderresults of [112℄ for the same senario, and we losely follow the notation of that referene.14.1 High-order mathing onditionsWe desribe the mathing surfae Σ as the zero level set of a smooth salar �eld P(xµ),whose ontinuation o� the surfae is irrelevant. The unit vetor normal to the surfae isde�ned as
nµ ≡ pP,µ, where p ≡ (P,νP ,ν)−1/2 . (14.1)From this vetor we onstrut the indued metri iµν ≡ gµν − nµnν and the extrinsiurvature eµν ≡ nµ;αi

α
ν of the surfae. In order to ensure a smooth mathing at Σ, theIsrael juntion onditions [162℄ require that the indued metri iµν must be ontinuousthrough the surfae, whereas the extrinsi urvature eµν may have a disontinuity as givenby the Lanzos tensor Sµν [163,164℄. This tensor an be understood as the surfae energy-165



166 Chapter 14. Perturbative mathingmomentum tensor and is de�ned with respet to the proper distane δ to the surfae in thediretion of its normal nµ,
Sµν ≡ lim

δ→0

∫ δ

−δ

tµνds. (14.2)The Lanzos tensor is non-zero only in the presene of surfae layers, that is, when there issome delta-like ontribution to the energy-momentum tensor. From now on we will onsidersmooth energy-momentum tensors, so that, the juntion onditions redue to ontinuity ofboth iµν and eµν . Before disussing high-order perturbations of these objets we need toaddress two important new problems in the perturbative version of the mathing problem:index positioning and gauge dependene.As has been explained in Chapter 3, for a generi tensor �eld Tµ we have
∆[Tµ] 6= gµν∆[T ν ], (14.3)beause in general the perturbation of the metri �eld does not vanish. Imposing ontinuityon the perturbations of the ovariant or ontravariant forms of the tensors i and e an lead todi�erent results, and so we must deide whih are the adequate onditions. The disussionof the �rst-order problem in [112℄ shows that we must use perturbations of the ontravariantfundamental forms. Essentially, this is beause a ontravariant tensor �eld T µν... is intrinsito the surfae Σ if and only if T µν...P,µ = 0 on any of its indies. However, the equivalentondition for a ovariant tensor �eld Tµν... would be Tµν...gµαP,α = 0, whih involves themetri, and therefore introdues additional information, not intrinsi to the surfae. Thisargument is valid also for the perturbed objets, hene we will impose ontinuity of ∆n[iµν ]and ∆n[eµν ] for all n.On the other hand, we need to deal with the gauge freedom arising from the arbitrari-ness of the hoie of mapping Ψ between the perturbed and the bakground spaetimes.Under a general perturbation, the salar P will also hange, so that the perturbed surfaewill be desribed by the level surfaes of P + ∆Ψ[P] + ... (a �eld on the bakground man-ifold), where we have made expliit the gauge Ψ relating the bakground and perturbedspaetimes. This allows having a perturbed interior point at a oordinate position orre-sponding to the bakground exterior, a situation that an be handled onsistently usingone-sided derivatives [91℄. However, the question remains of what are the orret onti-nuity onditions, beause these onditions ould be inequivalent if expressed in di�erentgauges. There is a privileged lass of gauges Θ, haraterized by the ondition ∆n

Θ[P] = 0,generalizing the �rst-order surfae gauge of [112℄. This does not mean that the shape ofthe surfae will not hange. It ould be highly distorted in the perturbed manifold, butwhen mapping it to the bakground manifold a point p of the perturbed surfae will bemapped onto another point (not neessarily p) of the bakground surfae. Hene, we will



14.1 High-order mathing onditions 167have as mathing onditions ontinuity of the perturbations of the indued metri ∆n
Θ[iµν ]and extrinsi urvature ∆n

Θ[eµν ] in surfae gauge at any perturbative order.Surfae gauge is only used to de�ne the ontinuity onditions. We an still work usingany other gauge, whih is onvenient for the interior or exterior problems. Then, the bestway of treating gauge freedom is by onstruting gauge-invariants assoiated to surfaegauge, that is ombinations of the perturbations in an arbitrary gauge whose value oinidewith the result in surfae gauge. As has been explained in Chapter 4, this an be ahievedby �nding the general form of a gauge transformation from a general gauge to a surfaegauge. Suh transformation will be parameterized by the gauge vetors { {1}ξµ, ..., {n}ξµ}de�ned by solving the expression for the gauge transformation (4.9) order by order,
0 = ∆n[P] +

n∑

m=1

n!

(n−m)!

∑

[km]

1

2!k2 ...(m!)kmk1!...km!
Lk1{1}ξ...L

km
{m}ξ

∆n−m[P], (14.4)where now ∆ represents again perturbations in an arbitrary gauge. Partiular solutions at�rst and seond orders are given by
{1}ξµ = −∆[P]nµ, (14.5)
{2}ξµ = −∆2[P]nµ + p2∆[P]∆[P],µ. (14.6)These solutions �x only one of the four degrees of freedom in eah generator. The generalsolutions would have three additional degrees of freedom, whih represent gauge hangesamong di�erent surfae gauges, orresponding to the same surfae Σ. Owing to its non-rigidity, the gauge-invariant objets we will onstrut using the surfae gauge will be in-variant only under very restrited transformations. These gauge-invariant ombinations ofperturbations will be denoted using a ∆ operator. On any bakground tensor �eld T wede�ne

∆
n
[T ] ≡ ∆n[T µ] +

n∑

m=1

n!

(n−m)!

∑

(Km)

1

k1!...km!

1

2!k2...(m!)km
Lk1{1}ξ...L

km
{m}ξ

∆n−m[T ], (14.7)where the gauge vetors { {1}ξ, ..., {n}ξ} are those obtained by solving equation (14.4). Thefat that the gauge generators depend impliitly on the metri perturbations makes thisformula highly nontrivial and nonlinear.The ∆̄ operator has been onstruted expliitly so that it satis�es ∆
n
[P] = 0. This leadsto the important result that the barred perturbation of the one-form nµ is proportional toitself,

∆
n
[nµ] =

∆
n
[p]

p
nµ. (14.8)



168 Chapter 14. Perturbative mathingAgain, this formula ontains nontrivial information in the barred perturbation of the salar
p. For example, at �rst order it is given by,

∆[p] =
p

2
nα
[
nβhαβ − 2(p∆[P]),α

]
. (14.9)We do not display expliit seond and higher-order formulas here, as they are rather om-pliated and do not ontribute to enlighten the disussion.Result (14.8) implies that perturbations of any ontravariant tensor intrinsi to thesurfae Σ will also be intrinsi to the perturbed surfae. That is, if the bakground tensor

T µ is orthogonal to nµ, then its barred perturbations will not have orthogonal omponentseither,
∆
n
[T µ]nµ = 0. (14.10)Note that this property is not shared by ovariant tensor �elds.Summarizing, we require the barred perturbations of the ontravariant fundamentalforms, ∆

n
[iµν ] and ∆

n
[eµν ], to be ontinuous through the surfae Σ at any perturbativeorder n. Note that we have not imposed surfae gauge, as was done in referene [112℄, sinethese onditions are given for any general gauge.We end this subsetion by mentioning the alternative approah to perturbative mathingintrodued by Mukohyama [165℄ and further developed in [166℄. These are results for�rst-order perturbations, and oinide with those obtained here and in [112℄, though notimposing surfae gauge and also inluding gauge freedom within the mathing surfae Σ.The main di�erene is that Mukohyama introdues an abstrat opy of the surfae Σ andthe mathing is performed separately between the boundaries of the interior and exteriorspaetimes and that new surfae. This introdues an additional geometri struture andgives rise to a new type of gauge invariane, and so the onept of double gauge-invariantsappears. This is a nie feature in problems like redution from a N-dimensional spaetimeto a (N − 1)-dimensional brane, but it would be a ompliation in the problem of spherialbakgrounds, where the geometry of the mathing surfae is trivial.14.2 Mathing to vauumAround spherial symmetry, the mathing onditions an be deomposed in tensor spher-ial harmonis. We have obtained the deomposed form of the ontinuity onditions forseond-order perturbations in the most general ase, but we will analyze these onditionsonly for a very partiular example of interest, sine the general expressions are quite large.In this example we will onsider the presene of a �rst-order {l = 1, m = 0} axial mode



14.2 Mathing to vauum 169that, by self oupling, generates the seond-order {l = 2, m = 0} polar mode. This is apartiularly interesting situation sine the non-radiative �rst-order mode an be understoodas a slow rotation of the star that produes gravitational radiation through self oupling.The shorthands dot and prime that will be used in this setion are those related to the �uidframe (13.1). In order to failitate the identi�ation of the perturbative order of eah objetthat will appear throughout this setion, we will use the left superindex {1} on �rst-orderperturbations.The bakground juntion onditions are straightforwardly dedued from ontinuity ofthe two �rst fundamental forms of the surfae. The ontinuous quantities inlude the salars
r, ν, and W de�ned in (5.50) and (5.52) respetively. Derivatives of ontinuous quantitiesin the diretion of the �uid veloity uA must also be ontinuous. This leads to ontinuityof U (5.52) and, sine both derivatives of r are ontinuous, to ontinuity of the Hawkingmass (5.23). In our partiular ase, the negative pressure of the �uid −p will be interpretedas the salar funtion P of the previous setion, sine the stellar surfae is haraterizedby p = 0. The negative sign has been hosen so that P inreases with the radius r. Thepressure must be ontinuous trough the surfae, whereas the energy density ρ may jumpthere.The �rst-order axial mathing is simpli�ed by the existene of the Gerlah and Senguptamaster salar, whih an be de�ned both in the interior and the exterior without using �uidinformation. In fat, a �rst-order juntion ondition for our partiular example is simplyontinuity of the master salar {1}Π through the surfae. Regarding the axial vetor {1}κA,we have just ontinuity of its timelike omponent {1}κAu

A, that has been de�ned as {1}δ in(13.31). In partiular, in the gauge we have suggested in Setion 13.2.2, {1}λ ≡ {1}κAn
A = 0,the full axial vetor {1}κA would be ontinuous. For simpliity and onsisteny with thatsetion, this is the gauge we will use here. Another quantity that must be ontinuous is thefollowing ombination,

{1}Π′ +
16π

r2
ρ {1}β, (14.11)whih depends on the axial �uid perturbation {1}β.The seond-order polar problem is more ompliated beause none of the internal per-turbations mathes easily with the natural variable desribing vauum perturbations, theZerilli salar. Deomposing into harmonis the objets ∆

2
[iµν ] and ∆

2
[eµν ], we �nd thatthe following seond-order polar quantities must be ontinuous,

A1 = N + S (14.12)
A2 = χ+ 2(ν +W )N − 2η (14.13)
A3 = K − 2NW (14.14)



170 Chapter 14. Perturbative mathing(14.15)
A4 = ψ + 2Ṅ − 2UN (14.16)
A5 = K′ − 2ηW + 2UṄ + 2

(
4πρ− 2U2 +W 2 + νW − M + 4r

r3

)
N, (14.17)

A6 = χ′ + 2µψ − 2η′ + 2(W + ν)η − 2N̈ + 2UṄ

− 2

(
4πp+ 2ν2 + U2 − νW +

M − 5r

r3

)
N, (14.18)where the quadrati soure

S ≡ − 1√
5π

{1}δ {1}δ′, (14.19)appears only in the �rst ontinuous ombination A1, and η is given algebraially in termsof �rst-order perturbations (13.52),
η =

1√
5π

{
8π(p+ ρ) {1}β2 +

1

2
[(ν − 2W ) {1}δ + {1}δ′]

2
+

{1}δ2

r2

}
. (14.20)Note that some terms of the right-hand side of this expression are ontinuous, e. g. {1}δ2/r2.Hene, when introduing this expression in the de�nition of the ontinuous objets (14.12-14.18), those terms an be removed. But one has to be areful with the term η′ that appearsin (14.18), sine prime derivatives of ontinuous objets do not have to be ontinuous. Allperturbative objets that form part of the expressions for the ontinuous objets, exept

N , have been de�ned in Chapter 13. N is proportional to the gauge invariant (tied to theRW gauge) assoiated to the pressure perturbations,
− N

p
≡ ∆2[p] + 2L {1}p∆[p] +

(
L {2}p + L2

{1}p

)
p. (14.21)The pressure p must not be onfused with the vetor {n}pµ, whose harmoni omponentsare given in (9.52). This an be written in terms of the seond-order gauge-invariantperturbations of the energy-density (13.11) and entropy (13.12),

N ≡ ∆2
GI[p] = −p(c2sω + Cσ). (14.22)The subindex GI stands to denote the perturbation expressed in terms of the gauge-invariantobjets (tied to the RW gauge) that, again, has a form equivalent to the perturbation in theRW gauge {n}pµ = 0. This last equation has no quadrati terms in �rst-order energy-densityand entropy perturbations, beause both of them are polar and we are assuming that thereare only �rst-order axial perturbations. The norm of the normal vetor is de�ned by (14.1),

p =
(
p,Ap

,A
)−1/2

= − 1

p′
. (14.23)



14.2 Mathing to vauum 171The seond equality holds beause the pressure vanishes on the surfae at all times; therefore
ṗ = 0. The minus sign omes from the fat that p′ < 0. On the other hand, making use ofthe bakground Euler equation for the �uid (5.59), we obtain

p′ = −ν(p + ρ). (14.24)Combining the last three equations, we �nally obtain N in terms of the �uid variables,
N = −c

2
sω + Cσ

ν
. (14.25)The ontinuity onditions (14.12-14.18) oinide with the expressions given in [112℄ ifwe remove the soure S and the omponent η, whih are vanishing at �rst order.14.2.1 ExtrationThe natural exterior frame is given by the unitary radial vetor rA and its orthogonal,the unit vetor, tA, that were de�ned in (5.21). In the interior of the star, that frame as wellas the frame de�ned by the �uid veloity (uA, nA) are well de�ned. The relation betweenthem is given by a hyperboli rotation,

rA = −f−1 r UuA + f−1 rWnA, (14.26)
tA = −f−1 rWuA + f−1 r UnA, (14.27)where again f ≡

√
gABr|Ar|B. Replaing this form of the radial vetor rA in the de�nitionof the Zerilli funtion (12.14) and rewriting it in terms of the �uid variables, one obtains

Z =
2r4

6M + (l + 2) (l − 1) r

{
UK̇out + 2UWψout −WK′

out − 2U2ηout

+
(
U2 +W 2

)
(χout + Kout)

}
+ rKout, (14.28)where primes and dots are always expressed in the �uid frame, and the expression is eval-uated just outside the surfae. Making use of the ontinuous quantities (14.12-14.18), wearrive at the formula that gives the outside Zerilli funtion in terms of the �uid innervariables,

Z =
2r4

6M + (l + 2) (l − 1) r

{
UK̇in + 2UWψin −WK′

in − 2U2ηin (14.29)
+

(
U2 +W 2

)
(χin + Kin) − 8πr2ρWNin −

W

r2
(−8 + l + l2)(Sout − Sin)

}
+ rKin.At �rst order, beause of the vanishing of the soure S, the last term in urly braketswould dissappear.



172 Chapter 14. Perturbative mathing14.2.2 InjetionInside the star, the polar variables χ and K satisfy a wave equation. Therefore, boundaryonditions on the surfae of the star must be given for these variables.Outside the star we know how the polar metri perturbations {Hrr, Hrt, Htt,K} anbe reovered one the Zerilli funtion has been determined. So, again, we only have tomake a hyperboli rotation and then use the ontinuous quantities (14.12-14.18) in orderto transfer information from the exterior to the interior of the star. Making use of theontinuous quantities (14.13) and (14.14), we get
χin = χout − 2(ν +W )(Sout − Sin) − 2(ηout − ηin), (14.30)
Kin = Kout + 2W (Sout − Sin), (14.31)where, making the hyperboli rotation, we �nd that

χout =
1

(r − 2M)2

{
r4U2Htt + 2r3(r − 2M)UWHrt + r2(r − 2M)2W 2Hrr

}
−Kout. (14.32)So, we have sueeded in writing the interior variables {K, χ} in terms of the exteriorvariables {K, Htt, Htr, Hrr}, whih, in turn, an be obtained in terms of the Zerilli funtion.
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Chapter 15
Mathematia pakages

The alulations involved in high-order perturbation theory an hardly be done by hand,as an be realized from the length of the soures for the gauge invariants (11.19-11.26) orfor the Einstein equations (11.33-11.40). That is why omputer algebra turns out to beneessary. Most alulations in this thesis have been performed using the free systemxAt [111℄ for e�ient tensor omputer algebra in Mathematia. A number of pakages andnotebooks have been reated for that purpose, two of whih, alled xPert and Harmonis,are also freely distributed from http://metri.iem.si.es/Martin-Garia/xAt/xPert/,under the GNU Publi Liense. Other odes, speialized for vauum or �uid perturbationtheory, will be kept private while we are still applying them to partiular senarios, thoughtheir results will be provided to other authors upon request.This hapter follows [121℄ and desribes in detail xPert, a pakage for high-order metriperturbation theory around arbitrary bakgrounds. We will also brie�y desribe Harmonis,speialized in the omputations and produts of tensor spherial harmonis.The notation that will be used is that of Mathematia and xAt. For instane, a tensor
Tab

c will be written as T[−a,−b, c] and the partial derivative operator ∂a is represented asPD[-a℄, suh that the divergene ∂aTbca is PD[-a℄[ T[-b,-,a℄ ℄.15.1 xPertxPert has been spei�ally designed to manipulate the expressions appearing in prob-lems of high-order perturbation theory in General Relativity around arbitrary bakgrounds.Essentially it implements the perturbative formulas presented in Part I of this thesis.We have used xPert in the investigation developed here, but it has also been employed175



176 Chapter 15. Mathematia pakagesby other researhers in several projets. In a osmologial setting, high-order perturbationsof non-linear radiation transfer have been studied using xPert, both in kineti theory [115℄and in a �uid approximation [116℄, also inluding the e�ets of polarization [117℄ in theBoltzmann equation. xPert has also been essential in onstruting the equations for �rst-order perturbations of salar �eld in�ation for anisotropi spaetimes [118℄, or in the reentstudy of the interation of osmologial gravitational waves and magneti �elds [119℄. xPertis also now being used by several authors to perform ompliated variational derivatives ofgeneral di�eomorphism-invariant Lagrangians.15.1.1 The odeThis subsetion desribes the main ommands and features of xPert , simultaneouslyonstruting a very simple example session. (The In[*℄:= and Out[*℄:= prompts representrespetively input and output lines in Mathematia. Code lines without prompt indiateinternal de�nitions in the pakage.) Next subsetion will provide timings with more om-pliated examples. Let us start by loading xTensor, the xAt pakage for abstrat tensoralulus, In[1℄ := �xAt`xTensor`(Version and opyright messages)We �rst de�ne our bakground struture: a four-dimensional manifold M whose tangentvetor spae will have (abstrat) indies {a,b,,d,e},In[2℄ := DefManifold[ M, 4, {a,b,,d,e} ℄Then we de�ne a metri tensor �eld g with negative determinant and assoiated Levi-Civitaovariant derivative CD,In[3℄ := DefMetri[ -1, g[-a,-b℄, CD, {";","∇"} ℄(Info messages on onstrution of assoiated tensors)We have provided the symbols {";","∇"} to format the derivative in post�x or pre�x out-put notation, respetively. DefMetri automatially de�nes all tensors normally assoiatedto the metri or its onnetion, like ChristoffelCD[a,-b,-℄, RiemannCD[-a,-b,-,-d℄,EinsteinCD[-a,-b℄, Detg[℄, and so on, with obvious meanings. We an de�ne othertensors with the syntax



15.1 xPert 177In[4℄ := DefTensor[MaxwellF[a,b℄,M,Antisymmetri[{a,b}℄,PrintAs->"F"℄The arrow -> is the Mathematia representation for an optional named argument.Now we load xPert (this would also load automatially xTensor if it was not already inmemory):In[5℄ := �xAt`xPert`- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -Pakage xAt`xPert` version 1.0.0, {2008, 6, 30}Copyright (C) 2005�2008 David Brizuela, Jose M. Martin-Gariaand Guillermo A. Mena Marugan, under GPL- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -This adds several new ommands and reserved words to the system, of whih we will heredesribe the four most important ones, namely DefMetriPerturbation, Perturbation,ExpandPerturbation and GaugeChange.A perturbative struture having metri g as bakground and the tensor h as its pertur-bation is de�ned usingIn[6℄ := DefMetriPerturbation[ g, h, ε ℄whih also identi�es ε as the perturbative parameter of the expansions. From now on, the
n-th perturbation of the metri g[-a,-b℄ will be denoted as h[LI[n℄,-a,-b℄, where LIis the xTensor head to denote the so-alled `label indies', that is, indies with no vetorspae assoiation. Labels an be onsidered as general non-geometri purpose indies.The perturbative operator ∆ is represented by the head Perturbation. It has twoarguments: the bakground expression being perturbed and the perturbative order (withdefault value 1):In[7℄ := Perturbation[ MaxwellF[a,b℄, 3 ℄Out[7℄ := ∆3[F ab]



178 Chapter 15. Mathematia pakagesNote that the tensor is represented with its symbol F and that the perturbation order isan exponent of ∆. Following normal Mathematia, the output is formatted for the sake oflarity, but the internal notation is still the same. Perturbation ats mainly as a wrapperfor tensor expressions, but has been instruted to evaluate them under ertain onditions.First, it automatially ombines perturbative orders of omposed heads (symbols with anundersore are named patterns in Mathematia):Perturbation[ expr_, 0 ℄ := exprPerturbation[Perturbation[expr_,n_ ℄,m_ ℄ := Perturbation[expr,n+m℄Being a derivative, Perturbation is linear and gives zero on the delta identity tensor andonstants:Perturbation[ x_+y_,n_ ℄ := Perturbation[x,n℄ + Perturbation[y,n℄Perturbation[ delta[a_, b_ ℄, n_ ℄ := 0Perturbation[ expr_?ConstantQ, n_ ℄ := 0The question mark in a pattern is the Mathematia notation to restrit the pattern to thoseexpressions obeying a ondition. For instane, the last de�nition will only be used if expr is aonstant quantity. The Leibnitz rule is also automati, and has been implemented followingequation (3.6) for any number of fators and any perturbative order, using fast algorithms toompute partitions implemented in xPert. Perturbation ommutes with partial derivativesof general expressions and with any ovariant derivative of a salar expression:Perturbation[ PD[-a_℄[ expr_ ℄, n_ ℄ := PD[-a℄[Perturbation[expr,n℄℄Perturbation[ CD_?CovDQ[-a_℄[ expr_?SalarQ ℄, n_ ℄ :=CD[-a℄[ Perturbation[ expr, n ℄ ℄The index of the derivatives is required to be always ovariant, to avoid a metri mismath,and that is implemented through a pattern index -a_ . Finally, Perturbation does nothange the density weight of the perturbed expression,WeightOf[ Perturbation[ expr_, n_ ℄ ℄ := WeightOf[ expr ℄



15.1 xPert 179The DefMetriPerturbation in In[6℄ de�nes speial rules for the metri g and itsperturbations h with ovariant indies:Perturbation[ g[-a_,-b_℄, n_ ℄ := h[LI[n℄,-a,-b℄Perturbation[ h[LI[n_℄,-a_,-b_℄, m_ ℄ := h[LI[n+m℄,-a,-b℄With the setup and internal de�nitions so far we an now perform omputations like thisseond order perturbationIn[8℄ := Perturbation[g[-a,-b℄RiiCD[,d℄+RiemannCD[-a,-b,,d℄,2℄Out[8℄ := 2 h1
ab ∆[Rcd] + gab ∆

2[Rcd] + ∆2[Rab
cd] + h2

abRcd(Note that in the output notation, as opossed to the notation used in the rest of thethesis, the perturbative order appears after the symbol h.) Atually, we ould now proeedto perform any omputation in metri perturbation theory by deomposing the urvaturetensors in partial derivatives of the metri and using the ode already given reursively.Only the de�nition ∆[gab] = − {1}hab would be missing. However, that would be highlyine�ient already for moderate perturbative order n. Instead, we will use the expansionformulas of Chapter 3, whih allow the nonreursive onstrution of perturbations at anyorder n.Formulas (3.8, 3.10) for derivative expansions and formulas (3.17, 3.22, 3.26, 3.28, 3.31,3.33, 3.36) for the relevant urvature tensors have all been enoded in a single ommandalled ExpandPerturbation, the most powerful part of xPert. ExpandPerturbation takesany expression and replaes the arbitrary-order perturbations of known bakground objetsby their expansions in terms of metri perturbations, but only if those objets have theirindies in the appropriate positions. For example the perturbation of the Einstein tensorhas only been stored for ovariant indies. In all other ases there is an internal all to thexTensor funtion SeparateMetri, whih introdues metri fators to bring all indies totheir natural positions, whih are those given at de�nition time. To show how this works, weperform an expliit metri separation by hand (symbol % represents the previous output):In[9℄ := Perturbation[ EinsteinCD[a,b℄ ℄Out[9℄ := ∆[Gab]In[10℄ := SeparateMetri[ ℄[ % ℄
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bd ∆[gac] + gac

(
gbd ∆[Gcd] +Gcd ∆[gbd]

)Now ExpandPerturbation an expand the perturbation of the Einstein tensor with ovari-ant indies, and the perturbation of the inverse metri.In[11℄ := ContratMetri[ ExpandPerturbation[ % ℄ ℄Out[11℄ := −Gc
bh1ac −Ga

ch
1bc + 1

2
gabh1cdRcd − 1

2
h1abR− 1

2
h1c

c
;b;a

−1
2
h1cb

;c
;a + 1

2
h1b

c
;c;a + 1

2
h1cb;a

;c + 1
2
h1ca;b

;c − 1
2
h1ba;c

;c

+1
4
gabh1d

d
;c

;c + 1
4
gabh1dc

;d;c − 1
4
gabh1c

d
;d

;c − 1
2
gabh1dc

;c;d + 1
4
gabh1c

c
;d

;dThe xTensor ommand ContratMetri has been used to absorb all possible metri fators.Finally, ToCanonial moves indies around, bringing equal terms together,In[12℄ := ToCanonial[ % ℄Out[12℄ := −Gbch1a
c −Gach1b

c + 1
2
gabh1cdRcd − 1

2
h1abR− 1

2
h1c

c
;a;b

+1
2
h1bc;a

;c + 1
2
h1ac;b

;c − 1
2
h1ab;c

;c − 1
2
gabh1cd

;c;d + 1
2
gabh1c

c
;d

;dFigure 15.1 shows the output of the seond perturbation of the ovariant Einstein tensor,omputed with the same ombination of ommands.Another useful ommand in xPert is GaugeChange, that implements the general gaugetransformation at any order (4.9). In order to use it, �rst we must de�ne the family ofgenerator vetor �elds on the manifold M transforming from the urrent to a new gauge,In[13℄ := DefTensor[ ξ[LI[n℄,a℄, M ℄The third-order perturbation of F ab an be hanged to the new gauge usingIn[14℄ := GaugeChange[ Perturbation[ MaxwellF[a,b℄, 3 ℄, ξ ℄Out[14℄ := ∆3[F ab] + 3Lξ1∆2[F ab] + 3Lξ1Lξ1∆[F ab] + Lξ1Lξ1Lξ1F ab

+3Lξ1Lξ2F ab + 3Lξ2∆[F ab] + Lξ3F abWe �nish this subsetion by turning bak to the problem of perturbation theory usingthe bakground �eld method, in whih all but the �rst metri perturbations vanish, asstated in Setion 3.2. This an be easily implemented settingIn[15℄ := h[LI[n_℄,a_,b_℄:=0 /; n > 1
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Other possible soures of omplexity in perturbative omputations are the expansionof perturbations of a produt of tensors and the expansion of perturbations of a funtionof a number of salar arguments. Our implementations of the nth-order Leibnitz rule andFaà di Bruno formula are fast enough to neglet their timings in omparison with thoseof anonialization. Figures 15.3 and 15.4 display example timings for those problemsrespetively. The Leibnitz rule is simpler than the Faà di Bruno formula and produesfaster results, also taking less memory.Overall, we see that we are limited in size by RAM memory, whih allows us to work withup to roughly 105 terms with a few Gbytes, orresponding to n = 10 approximately. Timelimitations ome mainly from the anonialization proess (other expansions are faster).Within seonds we an manipulate all equations up to orders n = 4 or n = 5. The n = 10equations require anonialization times of the order of 1 hour. This gives an idea of thepower and e�ieny of xPert, and what an be ahieved with it.
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184 Chapter 15. Mathematia pakages15.2 HarmonisThe pakage Harmonis implements all geometri strutures on S2 de�ned in Part IIand Appendies A and B of this work. The ommands PureSpin[j, ±1, m℄[a, b, ...℄and PureOrbital[j, l, m℄[a, b, ...℄ provide any pure-spin or pure-orbital harmonis(analyzed in Setions 6.3 and 6.4 respetively) , both in abstrat form (in terms of thebases m or t) or giving their omponents in any oordinate or non-oordinate basis. Thegeneralized RWZ harmonis Z[LI[l℄, LI[m℄,a, b, ...℄ and X[LI[l℄, LI[m℄,a, b,...℄ have also been de�ned, inorporating all their symmetries and properties (6.59�6.65).The produt formula (6.83) has also been inluded de�ning a rule named produtRule.As an example of the use of this pakage, we present in �gure 15.5 the expansion of theprodut between two tensor spherial harmonis into a linear ombination of harmonis, inspherial oordinates (θ, φ).
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(θ, φ) is obtained.The output of the tensorial harmonis is di�erent from the input sine, as it is usualin Mathematia, the output is formatted but the internal struture is maintained. In the



15.2 Harmonis 185input, the harmoni labels l and m are onsidered as label indies (LI), whereas the basisis named spherial and the omponents are denoted by (2, 3) ≡ (θ, φ). In the output, theharmoni labels are the �rst set of indies (in blak), while the seond set (in red) standsfor the oordinate indies in the mentioned basis.The ommand oeffERule replae the E-oe�ients by their numerial values, andHarmoniComponent returns the expliit omponent of the expression in the given spherialbasis. The time spent by the omputer to make the omputation between eah input andoutput is also shown above.
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Conlusions
The main part of the present work provides a systemati approah to high-order per-turbation theory in General Relativity. It is based on the ombination of an appropriatetheoretial formalism for the desription of the problem (implementing symmetry redu-tions, ovariant notation, gauge invariane, and other nie features) and the intensive useof abstrat omputer algebra to manipulate the enormous expressions that unavoidablyappear in this �eld. In addition, this theoretial formalism has been proven in situationsof astrophysial relevane through its appliation to a bakground of a spherial, but stilldynamial, perfet-�uid star.As another parallel and omplementary line of researh, we have also onsidered thelinear perturbative problem in a anonial framework. It o�ers an alternative point of viewto analyze the gauge freedom in perturbation theory and a systemati way of onstrutinggauge invariant objets, whose evolution is given by master unonstrained equations.The main results presented in this thesis are the following:� We have given a number of losed formulas whih allow us to ompute at any orderthe perturbation of all relevant urvature tensors in General Relativity. These for-mulas an be used in very di�erent areas of gravitational physis, inluding theoriesthat depart from standard General Relativity (like in the ase of models with extradimensions, urvature orretions, or in braneworld senarios).� These formulas are ombinatorial, what makes them very e�etive from the point ofview of an algebrai implementation. So, they have been implemented in the Mathe-matia pakage xPert , whih enables us to employ them up to very high orders. Apartfrom its obvious appliation in �eld theory, xPert an also be easily adapted to om-pute variational derivatives with respet to a metri �eld, beause the omputationis equivalent to performing �rst-order perturbations. This is of great help in derivingthe evolution equations from the most general di�eomorphism-invariant Lagrangian,whih inludes as a speial ase the f(R) theories, under intensive study urrently.187



188 Conlusions� We have analyzed the general issue of gauge invariane in high-order perturbationtheory. The two lassial approahes by Sahs and Monrief have been related andgeneralized. We have shown how invariants an be onstruted, for any bakgroundspaetime and up to any order in perturbation theory, provided that a rigid gauge ishosen. For highly symmetri bakgrounds, the invariants an be expliitly expressed.� We have generalized to higher orders the well known Gerlah and Sengupta formalismfor nonspherial �rst-order perturbations of a spherial spaetime. This formalism isonsidered to be optimal for the perturbative study of a number of astrophysial se-narios of interest. The generalization put forward here makes it even more powerful,leading to more preise results and allowing to desribe interations between di�erentmodes, and other nonlinear e�ets.� With this purpose, we have onstruted a generalization of the Regge-Wheeler-Zerilliharmonis to any number of indies, losely related to the Wigner rotation matries(the so-alled spin-weighted harmonis in the General Relativity ommunity).� We have obtained a general formula to expand the produt between any pair ofgeneralized tensorial harmonis into a linear ombination of harmonis. This formulais essential in the generalization of the GS formalism to higher orders.� We have written the Mathematia pakage Harmonis, able to work with the di�erentkinds of tensorial harmonis presented in this thesis. It stores all the symmetryproperties of the harmonis, as well as the produt formula between any two of them.� We have proven that the Regge-Wheeler gauge an be imposed to any order in per-turbation theory and given an iterative proedure to onstrut the gauge invariantquantities tied to this gauge.� Making use of this proedure, we have expliitly alulated and simpli�ed the seond-order gauge invariants for spherial bakgrounds. These invariants have a similarform to that of the GS �rst-order invariants, orreted with terms that are quadratiin �rst-order perturbations.� We have expliitly omputed all equations of the generalized GS formalism at seondorder, inluding those of energy-momentum onservation, and simpli�ed them to amanageable form. These equations are ompletely general exept for the restritionto a spherial bakground: they an be used with any bakground, dynamial or not,they an be oupled to any matter model, and they have been given in ovariant form,so that any oordinate system an be used on the bakground manifold.



189� The seond-order equations are essentially the same as the �rst-order equations, butthey also inlude ompliated quadrati soures. We have disentangled the strutureof these soures and shown that, in previous investigations onsidering just a single�rst-order perturbative mode, many of suh soures were not exited.� We have applied the seond-order GS formalism to vauum. A formula to obtain thepower that the gravitational waves arry to null in�nity at any perturbative order hasbeen given in terms of the trae-free part of the projeted perturbation on the sphere.There are two important features of this formula that we would like to mention. Onthe one hand, owing to its integrated harater, only the oupling between harmonioe�ients with the same harmoni labels ontribute to the total power. On the otherhand, one an see that the emitted power at order O(εn) depends on all the lower
k < n orders.� The simplest generalizations of the Zerilli and RW variables at seond order do notdeay with radius when approahing null in�nity. This unphysial behavior has beenregularized by adding appropriate �rst-order quadrati soures to the de�nitions ofthe master variables. The evolution equations for the new master salars have thesame di�erential part as the non-regularized ones; only their orresponding soureshange. These soures have been expliitly obtained in full generality.� The trae-free part of the projeted perturbation on the sphere has been reonstrutedin terms of the regularized master salars at null in�nity. This permits us to solvethe problem of the radiated power up to order O(ε3) just by solving the two (�rst-and seond-order) master equations.� We have also applied the seond-order GS formalism to a perfet �uid. There are�rst-order quadrati soures that appear when writing down the perturbations of theenergy-momentum tensor in terms of the �uid variables. We have obtained them atseond order.� The evolution equations have been onverted into salar equations by projeting theminto the frame provided by the bakground �uid four-veloity uµ. They have beensimpli�ed for di�erent harmoni labels. In partiular, for l > 2 the seond-orderaxial problem redues to a wave equation for the perturbations of the metri and atransport equation for the matter perturbations. Whereas in the polar ase there aretwo wave equations (one for the gravitational and another for the sound waves) anda transport equation. The rest of the perturbations are reovered in terms of thevariables that are obtained by solving the mentioned equations.



190 Conlusions� We have provided the mathing or juntion onditions at any perturbative orderthrough a time-like surfae de�ned by the zero level surfae of a salar funtion
P. Summarizing, the juntion onditions are given by the ontinuity of the gauge-invariant (tied to the surfae gauge, whih is de�ned by the requirement ∆n[P] = 0)perturbations of the ontravariant indued metri and extrinsi urvature. As far aswe know, this is the �rst time that arbitrary-order perturbative mathing onditionsare analyzed.� In order to analyze the seond-order perturbations of a spherial star, we have de-omposed the juntion onditions into spherial harmonis for any harmoni label.For simpliity and expliitness, we have restrited the presentation to a partiularexample of a spherial bakground with a �rst-order l = 1 axial mode. Seond orderperturbations represent gravitational radiation generated by a slowly rotating star bythe mere self-oupling of the rotation on a dynamial bakground. For this ase, wehave also solved the problem of the injetion and extration of information throughthe mathing surfae.� On a di�erent matter, we have studied the linear perturbations of a spherial spae-time in a anonial setting. The bakground matter ontent is taken to be a salar�eld, whih makes the spaetime non stati. We have found gauge-invariant objetsthat ontain all physial information of the system. In the axial setor we have reov-ered the GS master salar, whereas in the polar setor we have found a master variablewith a ompliated equation of motion, still under analysis. This study paves the wayto obtain systematially master variables for di�erent bakground spaetimes.



Conlusiones
El trabajo presentado proporiona un formalismo sistemátio para la teoría de perturba-iones a altos órdenes en Relatividad General. Está basado en la ombinaión de una buenaeleión del formalismo teório empleado para la desripión del problema (implementandoreduión de simetrías, notaión ovariante y otras buenas araterístias) y el uso intensivode álgebra omputaional abstrata para manipular las enormes expresiones que irremedia-blemente apareen en este ampo. Además, este formalismo teório se ha utilizado ensituaiones de relevania astrofísia mediante su apliaión a un fondo orrespondiente auna estrella de �uido perfeto esféria, pero aún dinámia.Como otra línea de investigaión paralela y omplementaria a la anterior, se ha onside-rado el problema perturbativo lineal en un maro anónio. La libertad gauge perturbativaaparee de forma más explíita en este formalismo. Además, este tratamiento proporionauna manera sistemátia de onstruir objetos invariantes gauge, uya evoluión está dadapor una euaión master libre (sin ligaduras).Los resultados prinipales que se han alanzado on este trabajo son los siguientes:� Se han dado fórmulas erradas que permiten alular a ualquier orden la perturbaiónde todos los tensores de urvatura relevantes en Relatividad General. Estas fórmulaspueden utilizarse en diversas áreas de la físia gravitaional, inluyendo teorías quedi�eren de la Relatividad General estándar (omo pueden ser los modelos on di-mensiones extra, on orreiones de urvatura o bien en esenarios de mundos brana[braneworlds℄).� Todas estas fórmulas son ombinatorias, lo que las onvierte en altamente efetivasdesde el punto de vista de la implementaión algebraia. Se han implementado en elmódulo xPert para Mathematia, lo que permite utilizarlas a órdenes muy elevados.Aparte de su apliaión obvia en teorías de ampo, xPert puede ser adaptado fáil-mente para alular derivadas variaionales on respeto de una métria, ya que elálulo es equivalente a realizar perturbaiones a primer orden. Esto es de gran ayuda191



192 Conlusionesal derivar las euaiones de evoluión para el lagrangiano más general invariante bajodifeomor�smos, lo que inluye omo una aso espeial las teorías f(R), bajo amplioestudio hoy en día.� Se ha alarado la onfusión existente en la literatura en lo que respeta a los dospuntos de vista diferentes sobre las antidades invariantes gauge. Hemos omprobadoque los invariantes gauge pueden onstruirse, para ualquier espaiotiempo de fondo yhasta ualquier orden en teoría de perturbaiones, dado que se pueda hallar un gaugerígido. De esta manera, hemos resuelto la uestión sobre la existenia de invariantesgauge a ualquier orden superior.� Hemos generalizado a órdenes superiores el onoido formalismo de GS para primerasperturbaiones no esférias de un espaiotiempo esfério. Este formalismo se onsideraóptimo para el estudio perturbativo de varios esenarios astrofísios de interés. Lageneralizaión realizada aquí lo hae aún más poderoso, llevando a resultados máspreisos y permitiendo desribir las interaiones entre diferentes modos.� Con este objetivo, hemos onstruido la generalizaión de los harmónios de RWZ yde los pure-spin a ualquier número de índies. Diha generalizaión resulta estarmuy relaionada on las matries de rotaión de Wigner (que son proporionales a losharmónios llamados spin-weighted por la omunidad de Relatividad General).� Hemos obtenido una fórmula general para expandir el produto entre ualquier parde harmónios tensoriales generalizados omo una ombinaión lineal de harmónios.Esta fórmula es esenial para llevar a abo la generalizaión del formalismo de GS aaltos órdenes.� Hemos esrito el módulo Harmonis paraMathematia apaz de trabajar on los dife-rentes tipos de harmónios tensoriales que se han onsiderado en esta tesis. Contienetodas las propiedades de simetría de los harmónios, así omo la fórmula del produtoentre ualquier par de ellos.� Hemos probado que el gauge de RW se puede imponer a ualquier orden en teoría deperturbaiones y hemos dado un proedimiento iterativo para onstruir las antidadesinvariantes gauge anladas a este gauge.� Haiendo uso de este proedimiento, hemos alulado y simpli�ado explíitamentelos invariantes gauge de segundo orden para fondos esférios. Estos invariantes hanresultado tener una forma similar a los invariantes GS de primer orden pero orregidoson términos uadrátios en primeras perturbaiones.



193� Hemos alulado explíitamente todas las euaiones del formalismo de GS genera-lizado a segundo orden, inluyendo las de onservaión de energía-momento, y lashemos simpli�ado hasta una forma manejable. Estas euaiones son ompletamentegenerales exepto por la restriión a un fondo esfério: son válidas para ualquierfondo, sea dinámio o no, se pueden aoplar a ualquier modelo de materia y estándadas de manera ovariante, lo que permite elegir ualquier sistema de oordenadasen la variedad de fondo.� Las euaiones de segundo orden son esenialmente las mismas que a primer orden,pero también ontienen omplejas fuentes uadrátias. Hemos desenmarañado la es-trutura de estas fuentes y mostrado que en las investigaiones que se habían realizadopreviamente, onsiderando un únio modo perturbativo de primer orden, muhas deesas fuentes no estaban exitadas.� Hemos apliado el formalismo GS de segundo orden a vaío. Se ha dado una fórmulapara obtener la potenia que las ondas gravitatorias transportan hasta el in�nito nuloa ualquier orden perturbativo en funión de la parte sin traza de la perturbaiónproyetada sobre la esfera. Hay dos araterístias importantes de esta fórmula quenos gustaría menionar. Por un lado, debido a su aráter integrado, sólo el aoploentre los oe�ientes on los mismos números harmónios ontribuye a la poteniatotal. Por otro lado, se puede ver que la potenia emitida a orden O(εn) depende detodos los órdenes inferiores k < n.� La generalizaión más senilla de las variables de Zerilli y de RW a segundo ordenno deae on el radio al aproximarse al in�nito nulo. No obstante, este ompor-tamiento no es físio, y se ha orregido simplemente sumando a sus de�niiones fuentesuadrátias adeuadas de los términos perturbativos de primer orden. Las euaionesde evoluión para los esalares master regularizados resultantes tienen la misma partediferenial que los no regularizados; solamente ambian las fuentes orrespondientes.Estas fuentes se han obtenido explíitamente.� La parte sin traza de la perturbaión proyetada sobre la esfera se ha reonstruido entérminos de los esalares master regularizados en el in�nito nulo. Esto permite solu-ionar el problema de la potenia radiada hasta orden O(ε3) simplemente mediantela resoluión de las dos euaiones master (de primer y segundo orden).� También hemos apliado el formalismo de GS de segundo orden a un �uido perfeto.Se han obtenido las fuentes uadrátias de primer orden que apareen al determinarlas perturbaiones del tensor energía-momento en funión de las variables del �uido.



194 Conlusiones� Las euaiones de evoluión se han onvertido en euaiones esalares proyetándolasen el frame dado por la uadriveloidad uµ del �uido de fondo. Han sido simpli�adaspara los diferentes números harmónios. En partiular, para l > 2 el problema axialde segundo orden se redue a una euaión de onda para las perturbaiones métriasy, a una euaión de transporte para las perturbaiones de la materia. Por su parte,en el aso polar hay dos euaiones de onda (una para la ondas gravitatorias y otrapara las sónias) además de una euaión de transporte. El resto de las perturbaionesse reuperan en términos de las variables que se obtienen al resolver las euaionesmenionadas.� Hemos dado las ondiiones de mathing, para ualquier orden perturbativo, a travésde una super�ie temporal de�nida omo la super�ie de nivel ero de una funiónesalar P. En resumen, estas ondiiones están dadas por la ontinuidad de laspertubaiones invariantes gauge (anladas al gauge de super�ie, que está de�nidopor el requisito ∆n[P] = 0) de la métria induida y la urvatura extrínsea ontra-variantes. Por lo que sabemos, esta es la primera vez que se analizan las ondiionesde mathing para órdenes perturbativos arbitrarios.� Para analizar las perturbaiones a segundo orden de una estrella esféria, hemosdesompuesto las ondiiones de mathing en harmónios esférios para ualquiernúmero harmónio. Por simpliidad hemos restringido la presentai« al aso partiularde una perturbaiíon axial l = 1. Las segundas perturbaiones representan las ondasgravitatorias generadas por una estrella en rotaión lenta debido al autoaoplo de larotaión. Para este aso, también hemos resuelto el problema de la inyeión y laextraión. Esenialmente, esto quiere deir que hemos �jado las variables de vaíoexternas en términos de las variables del �uido internas y vieversa.� En otro orden de osas, hemos estudiado las perturbaiones lineales de un espaio-tiempo esfério en un tratamiento anónio. Se ha supuesto que el ontenido materialde fondo es un ampo esalar, que hae que el espaiotiempo no sea estátio. Hemoshallado los objetos invariantes gauge que ontienen toda la informaión físiamenterelevante del sistema. En el setor axial hemos reuperado el esalar master de GS,mientras que en el setor polar hemos enontrado una variable master on una om-pliada euaión de movimiento. A pesar de esta ompliaión, el análisis realizadoabre el amino para obtener sistemátiamente variables master para diferentes espa-iotiempos de fondo.



Appendix A
Spherial funtions

Several onventions are employed in the literature for the speial funtions used inthe theory of representations of the 3-dimensional rotation group. Here we follow theonventions of Edmonds (E) [158℄, and brie�y ompare them with those of Galindo andPasual (GP) [156℄, Goldberg et al. (G) [152℄, and Mathematia [167℄.The spherial harmonis Y m
l (θ, φ) are

Y m
l (θ, φ) ≡

√
(2l + 1)(l −m)!

4π (l +m)!
Pm
l (cos θ)eimφ, (A.1)where Pm

l is the assoiated Legendre funtion
Pm
l (x) ≡ (−1)m

2ll!
(1 − x2)m/2

d l+m

dxl+m
(x2 − 1)l. (A.2)The so-alled Condon-Shortley phase (−1)m [156℄ is already inluded in these polynomials,as it is nowadays standard, rather than in the de�nition of Y m

l , as done by Edmonds [f.his equation (2.5.29)℄. The Mathematia funtions SpherialHarmoniY and LegendrePare indeed those de�ned in equations (A.1) and (A.2), respetively.All the referenes provided above agree in the de�nition of the Clebsh-Gordan oe�-ients and we refer to any of them for expliit expressions. However, there is no universallyaepted onvention for the rotation matries in a representation D(l) of SU(2). For a givenrotation of the referene frame desribed by the Euler angles (α, β, γ), Edmonds de�nes theunitary matries
D(l)
m′m(α, β, γ) = eim

′αd
(l)
m′m(β)eimγ . (A.3)In fat, we have orreted here a mistake in Edmonds' equation (4.1.12): the angles α and

γ have been exhanged (see e.g. [168℄ for an independent mention of this mistake). The195



196 Appendix A. Spherial funtions
β-transformation is given by

d
(l)
m′m(β) =

∑

σ

(−1)l−m
′−σ
√

(l +m)!(l −m)!(l +m′)!(l −m′)!

(l −m′ − σ)! (l −m− σ)! (m′ +m+ σ)! σ!
(A.4)

×
(

sin
β

2

)2l−m′−m−2σ (
cos

β

2

)m+m′+2σ

,where the sum ranges over those integers σ for whih the arguments of the fatorials areall nonnegative. The order and sign of the Euler angles di�er among authors, the relationbeing
D(l)
m′m

[G](γ, β, α) = D(l)
m′m

[GP](−α,−β,−γ) (A.5)
= D(l)

m′m
[E](α, β, γ), (A.6)

d
(l)
m′m

[G](β) = d
(l)
m′m

[GP](β) = d
(l)
m′m

[E](−β). (A.7)Throughout this artile and in our omputational implementation, de�nitions (A.3) and(A.4) have been adopted.



Appendix B
Symmetri trae-free tensors

Given any tensor Ti1...il over a vetor spae of dimension d with a metri gij, we onstrutits symmetri trae-free part as
[Ti1...il]

STF =

[l/2]∑

m=0

a
(m)
l,d g(i1i2 ...gi2m−1i2m

Si2m+1...il)
j1
j1...

jm
jm (B.1)with Si1...il = T(i1...il) and [l/2] the integer part of l/2. The oe�ients of the expansion aredetermined by the trae-free ondition, and are given by

a
(m)
l,d =

l!

(−4)mm!(l − 2m)!

Γ[l + d/2 − 1 −m]

Γ[l + d/2 − 1]
. (B.2)In our ase, we have d = 2 for the unit sphere. These formulas allow us to ompute anyof the Zm

l a1...as
in terms of the derivatives Y m

l :a1...as
or vieversa. Note that derivativesof Y m

l with indies sorted di�erently are not equal, but an always be transformed into aterm with the desired order of indies plus terms with a lower number of derivatives. Forexample (eliminating the harmoni labels l and m)
Y:abc = Zabc −

l(l + 1) + 2

4
γabY:c −

(l + 2)(l − 1)

2
γc(aY:b), (B.3)and

Y:abcd = Zabcd − 2γabY:cd −
(l + 2)(l − 1)

2
γc(aY:b)d (B.4)

− (l + 3)(l − 2)

2
γd(aY:b)c −

(l + 3)(l + 1)l(l − 2)

4
[γc(aγb)d −

1

2
γabγcd].
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Appendix C
Vauum soures

In this appendix we show two partiular examples for the regularized soures of the RW(12.82) and Zerilli equations (12.77). We assume that we have the �rst-order {l = 2, m = 1}-polar and {l = 8, m = −4}-axial modes. The regularized soure generated by them for theequation of motion of the seond-order {l = 7, m = 3}-polar mode is given by,
SregZ =−

i
√

22
51π
r

945(u + 9)2(2u − 1)(3u + 2)2

{
− 60r3

(
6u3+55u2+7u−18

)2Z,rrΠ,tr

+ 60r3
(
6u3 + 55u2 + 7u − 18

)2 Z,trΠ,rr

− 20r2(u + 9)2
(
18u4 + 51u3 − 58u2 − 26u + 20

)
Z,rΠ,tr

− 5r2(3u + 2)2
(
212u4 + 3364u3 + 11603u2 − 13149u + 3240

)
Z,rrΠ,t

+ 20r2(u + 9)2
(
126u4 + 141u3 − 82u2 − 50u + 20

)
Z,tΠ,rr

+ 5r2(3u + 2)2
(
308u4 + 4972u3 + 17255u2 − 22221u + 6156

)
Z,trΠ,r

− 180r(u + 9)2
(
6u4 + 9u3 + 2u2 + 4u − 4

)
ZΠ,tr

+ r
(
360u6 + 2568u5 + 57529u4 − 14036u3 + 375894u2 + 88254u

− 123444)Z,rΠ,t + r
(
14220u6 + 253302u5 + 1234181u4 + 854111u3

− 966354u2 − 375354u + 220644
)
Z,tΠ,r + 15r(3u + 2)2

(
92u4 + 1492u3

+ 8507u2 + 14154u − 9396
)
Z,trΠ −

(
6840u6 + 112128u5 + 422069u4

+ 1424u3 − 213006u2 + 271944u − 48924
)
ZΠ,t

+
(
6210u6 + 116313u5 + 1283789u4 + 6929894u3 + 6649074u2

− 316926u− 1359504)Z,tΠ
}
, (C.1)where the symbol u stands for the dimensionless mass u ≡ M/r. In order to show theregularized soure for the RW equation (12.82) we take the partiular ase in whih the199



200 Appendix C. Vauum soures�rst-order polar modes (l̄ = 3, m̄ = 0) and (l̂ = 4, m̂ = −1) generate a seond-order axialmode with labels (l = 4, m = −1):
SregX =

3i

8800
√

7π(u + 3)4(2u − 1)2(3u + 5)4

{
−10r

(
3u2+14u+15

)4
(2u−1)5Ẑ,rrrZ̄,rr

+ 26r
(
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r2

(
3060u8 + 49401u7 + 332356u6 + 1197973u5 + 2636572u4
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)
(2u − 1)3Ẑ,rrZ̄

+
(u + 3)2

r2

(
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)
(2u − 1)3ẐZ̄,rr

+ 10r
(
3u2+14u+15

)4
(2u−1)3Ẑ,trrZ̄,tr−26r

(
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)4
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− 16(1 − 2u)2
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(
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− 2

r3

(
6u2 + 7u − 5
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)
Ẑ,rZ̄
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(u + 3)2

(
6u2 + 7u − 5

)4 (
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Ẑ,rrrZ̄

+
2

r3

(
2u2 + 5u − 3

)2 (
24138u9 + 399357u8 + 2535795u7 + 8866263u6

+ 20189321u5 + 31979265u4 + 34936825u3 + 20024625u2 − 4674375u

− 9618750) ẐZ̄,r +
8

r2

(
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)2 (
90u7 + 468u6 + 1763u5

+ 5632u4 + 22704u3 − 6480u2 − 35025u + 15750
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+
2

r
(u + 3)2

(
6u2 + 7u − 5

)3 (
675u5 + 5741u4 + 15946u3 + 24570u2

+ 10590u− 13950) Ẑ,rrZ̄,r − 5(u + 3)3(11u − 9)
(
6u2 + 7u − 5
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− 2
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)3 (
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+
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(3u + 5)2
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)4 (
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− 8
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)2 (
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− 2

r
(u + 3)2(3u + 5)3

(
474u6 + 4575u5 + 13106u4 + 20156u3 + 1014u2

− 23685u + 8100) Ẑ,trZ̄,t +
2
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(u + 3)3(3u + 5)2

(
2142u6 + 13005u5

+ 21826u4 + 13968u3 − 4370u2 − 21115u + 8100
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+ 24
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)3 Ẑ,trZ̄,tr

− 13(1 − 2u)2(u + 3)4(3u + 5)3
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. (C.2)
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Appendix D
Fluid soures
D.1 Polar linear souresIn this appendix we give the linear soures that appears in the polar evolution equationsof the �uid. These are the same soures that were given in [55℄.

Sχ = −2

[
2ν2 + 8πρ− 6m

r3
− 2U(µ− U)

]
(χ+ K) +

(l − 1)(l + 2)

r2
χ

+ 3µχ̇+ 4(µ− U)K̇ − (5ν − 2W )χ′ − 2[2µν − 2(µ− U)W + µ′ − ν̇]ψ

+ 2η′′ − 2(µ− U)η̇ + (8ν − 6W )η′ −
[
− 4ν2 +

l(l + 1) + 8

r2
+ 8νW

+ 4(2µU + U2 − 4W 2 − 8πρ)

]
η, (D.1)

SK = (1 + c2s)Uχ̇ + [4U + c2s(µ+ 2U)]K̇ −W (1 − c2s)χ
′ − (ν + 2Wc2s)K′

−
[
2

(
1

r2
−W 2

)
+ 8πp− c2s

(
l(l + 1)

r2
+ 2U(2µ+ U) − 8πρ

)]
(χ + K)

− (l − 1)(l + 2)

2r2
(1 + c2s)χ+ 2[−µW (1 − c2s) + (ν +W )U(1 + c2s)]ψ

+ 8πCρσ − 2Uη̇ + 2Wη′ +

[
l(l + 1) + 2

r2
−6W 2+16πp−2U(2µ+ U)c2s

]
η, (D.2)

Sψ = 2ν(χ+ K) + 2µψ + χ′ − 2η(ν −W ) − 2η′, (D.3)
Cγ = −Wχ̇+ Uχ′ − (µ− 2U)K′ +

1

2

[
l(l + 1) + 2

r2
+ 2U(2µ+ U)

− 2W (2ν +W ) + 8π(p− ρ)

]
ψ − 2Uη′, (D.4)203
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Cω =

[
l(l + 1)

r2
+ 2U(2µ+ U) − 8πρ

]
(χ+ K) + 2[νU + (µ+ U)W ]ψ

+ Uχ̇ + (µ+ 2U)K̇ +Wχ′ − 2WK′ − 2ηU(2µ+ U) − (l − 1)(l + 2)

2r2
χ, (D.5)

Cα = 2µ(χ+ K) + 2νψ + χ̇+ 2K̇ − 2η(µ+ U), (D.6)
Sω =

(
1 +

p

ρ

)[
− l(l + 1)

r2
α+

χ̇ + 3K̇
2

+

(
ν + 2W − ν
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)(
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ψ

2

)]

+(µ+ 2U)
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p

ρ

)
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[(
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ψ

2

)
s′
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− σ(µ+ 2U)

]
, (D.7)

Sγ =

(
1 +

p

ρ

)[
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2
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](
γ − ψ

2

)]
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∂c2s
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(
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p

ρ
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∂ρ

)]
, (D.8)

Sα = −K + χ

2
+ η − c2s(µ+ 2U)α +

c2sω + Cσ

1 + p
ρ

, (D.9)
S̄ω =

(
1 +

p
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D.2 Polar onstraint equations for the ase l = 1Here we give the seond-order polar onstraint equations for the ase l = 1. One oneknows the matter perturbations {α, γ, ω, σ}, these must be solved in a surfae everywhere
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D.3 Polar equations for the ase l = 0We give now all the equations needed to solve the seond-order polar setor for thepartiular ase l = 0. On the one hand, there are two evolution equations for {ω, γ} and,on the other hand, two onstraint equations for {η, χ} that must be solved in a surfaeorthogonal to r = const. surfaes,
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