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Resumen

Las aplicaciones de técnicas provenientes de la Geometria Diferencial moderna y la
Topologia han ayudado a una mayor comprension de los problemas provenientes de la teoria
de Sistemas Dindmicos. Estas aplicaciones han reformulado la mecanica analitica y clasica
en un lenguaje geométrico que junto a nuevos métodos analiticos, topolégicos y numéricos
conforman una nueva drea de investigacién en matematicas y fisica teérica llamada Mecdnica
Geométrica.

La Mecénica Geométrica se configura como un punto de encuentro de disciplinas diversas
como la Mecénica, la Geometria, el Analisis, el Algebra, el Analisis Numérico, las Ecuaciones
en Derivadas Parciales... Actualmente, la Mecdnica Geométrica es un area de investigacién
pujante con fructiferas conexiones con otras disciplinas como la Teoria de Control no-lineal
y el Andlisis Numérico.

El objetivo de la Teoria de Control es determinar el comportamiento de un sistema
dindmico por medio de acciones externas de forma que se cumplan ciertas condiciones prefi-
jadas como, por ejemplo, que haya un extremo fijo, los dos, que ciertas variables no alcancen
algunos valores u otro tipo de situaciones méas o menos complicadas. Las aplicaciones de la
Mecanica Geométrica en Teoria de Control han causado grandes progresos en esta area de
investigacién. Por ejemplo, la formulacién geométrica de los sistemas mecanicos de control
sujetos a ligaduras no holénomas han ayudado a la comprension de problemas en locomocién,
contrabilidad y planificacién de trayectorias, problemas de control con obstaculos e interpo-
lacion.

Uno de los mayores objetivos del Anélisis Numérico y de la Matemética Computacional ha
sido traducir los fenémenos fisicos en algoritmos que producen aproximaciones numéricas su-
ficientemente precisas, asequibles y robustas. En los tltimos anos, el campo de la Integracién
Geométrica surgié con el objetivo de disenar y analizar métodos numéricos para ecuaciones
diferenciales ordinarias y, méas recientemente, para ecuaciones diferenciales en derivadas par-
ciales, que preservan, tanto como sea posible, la estructura geométrica subyacente.

La Mecéanica Discreta, entendida como el punto de encuentro de la Mecanica Geométrica y
la Integracién Geométrica, es un area de investigacién bien fundamentada y una herramienta
poderosa a la hora de entender los sistemas dindmicos y fisicos, méds concretamente, aquellos
relacionados con la Mecanica y la Teoria de Control. Una herramienta clave en Mecanica
Discreta, y muy utilizada en este trabajo, son los integradores variacionales, i.e., integradores
geométricos basados en la discretizacién de los principios variacionales.

El presente trabajo de investigacion incluye nuevos resultados en el area de la Mecanica
Geométrica que permiten el estudio de sistemas mecdnicos, su aplicacién a la teoria de control
optimo y la construccion de integradores geométricos que preservan ciertas estructuras subya-
centes de gran interés para el andlisis numérico de los sistemas de control. Més precisamente,
presentamos una nueva formulacién geométrica para la dinamica de sistemas mecdnicos de
orden superior sujeto a ligaduras, también de orden superior, debido a que un problema
de control éptimo de sistemas mecanicos puede ser resuelto como un problema variacional



de orden superior con ligaduras de orden superior. Hemos estudiado la relacién entre los
sistemas Lagrangianos de orden superior con ligaduras (noholénomas y vakénomas) y los
sistemas Hamiltonianos asociados, la reduccién por simetrias de esta clase de sistemas y la
integracion geométrica de problemas de control. El trabajo desarrollado en esta tesis también
contribuye con nuevos desarrollos en Mecanica Discreta y su interrelacion con la teoria de
control, algebroides de Lie y grupoides de Lie.



Abstract

The applications of techniques from the modern Differential Geometry and Topology have
helped a new way of understanding the problems which come from the theory of Dynamical
Systems. These applications have reformulated the analytic mechanics and classical mechan-
ics in a geometric language which attracted new analytic, topologic and numerical methods
given rise to a new research line in mathematics and theoretical physics, called Geometric
Mechanics.

Geometric Mechanics is a meeting point for different areas such as, Analysis, Algebra,
Numerical Analysis, Partial Differential Equations... Currently, Geometric Mechanics is a
research area with a strong relationship with Nonlinear Control Theory and Numerical Anal-
ysis.

The applications of Geometric Mechanics in control theory have given great progress in
this area. For example, the geometric formulation of mechanical systems subject to nonholo-
nomic constraints has helped the understanding of problems in locomotion, controllability
and trajectory planning, control problems with obstacles and interpolation problems.

One of the main goals of the numerical analysis and computational mathematics has been
rendering physical phenomena into algorithms that produces sufficiently accurate, affordable,
and robust numerical approximations. In the last years, the field of Geometric Integration
arose to design and to analyze numerical methods for ordinary differential equations and,
more recently, for partial differential equations, that preserves exactly, as much as possible,
the underlying geometrical structures.

The Discrete Mechanics, understood as the confluence of Geometric Mechanics and Ge-
ometric Integration, is both a well-founded research area and a powerful tool in the under-
standing of dynamical and physical systems, more concretely of those related to mechanics.
A key tool of Discrete Mechanics, which has been strongly used in this work, is the variational
integrators, i.e., geometric integrators for mechanical problems based on the discretization of
variational principles.

The work developed in this thesis includes new valuable developments in Geometric Me-
chanics which permits the understanding about mechanical systems, its applications in control
theory and the construction of geometric integrators which preserves underlying geometrical
structures of great interest to the numerical analysis of control systems. More precisely, we
give a new geometric formulation for the dynamics of higher-order mechanical systems sub-
ject also to higher-order constraints since an optimal control problem for mechanical systems
can be seen as higher-order variational problem with higher-order constraints. We have stud-
ied the relation between higher-order Lagrangian systems with constraints (nonholonomics
and vakonomics) and higher-order Hamiltonian systems, the reduction by symmetries of this
kind of mechanical systems and the geometric integration of control problems. The work
developed in this thesis also is in line with new developments in Discrete Mechanics and its
relation with control theory, Lie groupoids and Lie algebroids.
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Introduction

In a nutshell, this thesis deals with new developments on geometric mechanics and geometric
integration for optimal control of mechanical systems. Optimal control, geometric mechanics
and geometric integration have at least one important property in common: all three are
natural described using the language of differential geometry.

The emphasis in the geometry is an attempt to understand qualitatively the dynamics of
mechanical systems giving advantages in the analysis and the design of numerical methods.

The geometrical description of Lagrangian and Hamiltonian mechanics have the advantage
to give global and intrinsic equations which are invariant with respect to any change of
coordinates in the configuration space. For a system with n degrees of freedom, Lagrangian
mechanics gives rise a system of n ordinary second-order equations called Euler-Lagrange
equations which determine completely the evolution of the system given initial boundary
conditions and assuming the regularity of the Lagrangian function.

An alternative description is the so-called Hamiltonian mechanics (locally equivalent to
the Lagrangian ones when the Lagrangian function is regular) which describes the evolution
of the system through a system of 2n first order ordinary differential equations.

During the last past half century, mathematicians, physicists and engineering have been
extended and generalized this framework to mechanical systems with friction, time dependent
systems, with constraints (holonomic and nonholonomic), classical field theory, etc. But, one
of the areas that has been most successfully by its applications in engineering was control
theory. The main purpose of control theory is to study systems in which we can influence
the dynamics externally using control variables. In control systems appearing in engineering
studies, the underlying geometric features of a dynamic system are often not considered
carefully. For example, many control systems are developed for the standard form of ordinary
differential equations, namely

i:f(xvu)v (1)

where the state and control input are denoted by = and u, respectively. It is assumed that the
state and control input lie in Euclidean spaces. However, for many interesting mechanical
systems the configuration space can not be expressed globally as an Euclidean space. In
this work, dynamics and control problems for mechanical systems are studied, incorporating
careful consideration of their geometric features. The goal is to find control inputs moving
the initial state of the system to a prefixed target state. In this work we will focus in the
case when initial and final states are fixed.

The study of control systems is a research area with a lot of activity in the last sixty years

11



12 Introduction

studying topics like controllability, accessibility, design of trajectories, design of numerical
methods, among others.

In optimal control theory, we want also that the system verifies an extra condition which
consists on minimizing a cost functional, that is, an optimal control problem which consists
on finding a trajectory y(t) = (z(t),u(t)) of the state variables and control inputs, satisfying
the control equation (1) given initial and final boundary conditions z(0) = xg, x(T") = xr
and minimizing the cost functional

T
B(t) = /0 Ca(y), u(t))d. (2)

The trajectory «(t) verifying all these conditions will be called optimal. Optimal control
is a technique in mathematics useful to solve optimization problems evolving in time and
susceptible to have an external influence. Optimal control theory is a young research area
that appears in a wide variety of fields such as medicine, economics, traffic flow, engineering
and astronomy. However, applications and understanding do not always come together. In
order to gain insight, differential geometry has been used in control theory, giving rise to
geometric control theory in the 70’s (see works of Sussman, Jurdjevic Nijmeijer and van der

Schaft [145], [165], [166]).

Looking back in time to the birth of optimal control theory and calculus of variations we
should go to the year 1696 when the solution of the brachistochrone curve problem’s solved
by Johann Bernoulli was published in Acta Eruditorum. Here we will focus in the great
contribution of the Russian mathematician L.S. Pontryagin. In 1950’s, Pontryagin organized
a seminar at Steklov Institute of Mathematics about some problems in applied mathematics
inviting to some engineers as speakers. The seminar ends with the discover of the so called
Pontryagin maximum principle [157]. The problem they tried to solve was a system of five
ordinary differential equations with three control parameters modeling the maneuvers of a
fighter jet. After it researchers found that the applications of this principle could be applied to
others research fields as control of spacecrafts and satellites, biomechanics, economy, robotic,
etc; currently becoming in an interesting area of research in mathematics [17],[105],[99] for
example.

This work deals with mechanical control systems, giving emphasis to a particular class of
mechanical control systems: underactuated mechanical systems. Underactuated mechanical
systems are characterized by the fact that they have more degrees of freedom than actuators.
The class of underactuated mechanical systems are abundant in real life for different reasons;
for instance, as a result of design choices motivated by the search of less cost engineering
devices or as a result of a failure regime in fully actuated mechanical systems. Underactuated
systems include spacecrafts, underwater vehicles, mobile robots, helicopters, wheeled vehicles
and underactuated manipulators.

To analyze geometrically these control systems we will need an unifying concept: the
notion of Lie algebroid. Lie algebroids have deserved a lot of interest in recent years. Since
a Lie algebroid is a concept which unifies tangent bundles and Lie algebras, one can suspect
their relation with mechanics. More precisely, a Lie algebroid over a manifold @ is a vector
bundle 7 : E — @ over () with a Lie algebra structure over the space I'(7g) of sections of E
and an application p : F — T'Q) called anchor map satisfying some compatibility conditions
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(see [118]). Examples of Lie algebroids are the tangent bundle over a manifold ) where the
Lie bracket is the usual Lie bracket of vector fields and where the anchor map is the identity
function; the real finite dimensional Lie algebras as vector bundles over a point, where the
anchor map is the null application; the action Lie algebroids of the type pri : M x g —» M
where g is a Lie algebra acting infinitesimally over the manifold M with a Lie bracket over
the space of sections induced by the Lie algebra structure and whose anchor map is the action
of g over M; and finally, the Lie-Atiyah algebroid 77¢,¢ : TQ/G — M = Q/G associated

with the G-principal bundle p : @ — M where the anchor map is induced by the tangent
application of p, Tp : TQ — TM [111],[118],[134],[176].

In [176] Alan Weinstein developed a generalized theory of Lagrangian mechanics on Lie
algebroids and obtained the equations of motion using the linear Poisson structure on the dual
of the Lie algebroid and the Legendre transformation associated with a regular Lagrangian
L: E — R. In [176] also he ask about whether it is possible to develop a formalism similar
on Lie algebroids to Klein’s formalism [96] in Lagrangian mechanics. This task was obtained
by Eduardo Martinez in [134] ([133] and [158]). The main notion is that of prolongation
of a Lie algebroid over a mapping introduced by Higgins ans Mackenzie in [I18]. A more
general situation, the prolongation of an anchored bundle 75 : E — @ was also considered
by Popescu in [155].

The importance of Lie algebroids in mathematics is beyond doubt and in the last years
Lie algebroids has been a lot of applications in theoretical physics and other related sciences.
More concretely in Classical Mechanics and Classical Field Theory. One of the main things
that Lie algebroids are interesting in Classical Mechanics lie in the fact that there are many
different situations that can be understand in a general framework using the theory of Lie
algebroids as systems with symmetries, systems over semidirect products, Hamiltonian and
Lagrangian systems, systems with constraints (nonholonomic and vakonomic) and Classical
Fields theory.

In [111] M. de Leén, J.C Marrero and E. Martinez have developed a Hamiltonian descrip-
tion for the mechanics on Lie algebroids and they have shown that the dynamics is obtained
solving an equation in the same way than in Classical Mechanics (see also [133] and [170]).
Moreover, they shown that the Legendre transformation leg; : F — E* associated to the
Lagrangian L : £ — R induces a Lie algebroid morphism and when the Lagrangian is reg-
ular both formalisms are equivalent. Also they have extended the Tulczyjew’s contruction
[169], [170] to the framework of Lie algebroids and they have been introduced the notion of
Lagrangian Lie subalgebroid of a symplectic Lie algebroid. Then they have shown that Euler-
Lagrange equations and Hamilton equations over a Lie algebroids are just the local equations
defined by certain Lagrangian submanifolds of a symplectic Lie algebroid associated to E. As
a consequence they have deduced the Lagrange-Poincaré and Hamilton-Poincaré equations
associated to a G-invariant Lagrangian and Hamiltonian, respectively.

Marrero and collaborators also have analyzed the case of non-holonomic mechanics on Lie
algebroids [55]. In another direction, in [87] D. Iglesias, J.C. Marrero, D. Martin de Diego and
D. Sosa have studied singular Lagrangian systems and vakonomic mechanics from the point of
view of Lie algebroids obtained through the application of a constrained variational principle.
They have developed a constraint algorithm for presymplectic Lie algebroids generalizing the
well know constraint algorithm of Gotay, Nester and Hinds [73] and they also have established
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the Skinner and Rusk formalism on Lie algebroids.

Recently, higher-order variational problems have been studied for their important applica-
tions in aeronautics, robotics, computer-aided design, air traffic control and trajectory plan-
ning. There are variational principles which involves higher-order derivatives [68],[69],[70],
[112], [155] since from it one can obtain the equations of motion for Lagrangians where the
configuration space is a higher-order tangent bundle.

In this thesis we will consider higher-order mechanics from the point of view of the Skinner
and Rusk formalism to obtain higher-order Euler-Lagrange equations, higher-order Euler-
Poincaré equations and higher-order Lagrange-Poincaré equations. Also, we will focus in
the case of systems with higher-order constraints and their extension to the natural and
unifying setting of Lie algebroids. One of the main objectives is to characterize geometrically
the equations of motion of an optimal control problem for an underactuated mechanical
system. In this last system, the trajectories are parameterized by the admissible controls
and the necessary conditions for extremals in the optimal control problem are expressed
using a pseudo-Hamiltonian formulation based on the Pontryagin maximun principle. Many
of the concrete examples under study have additional geometric properties as, for instance,
the configuration space is not only a differentiable manifold but it also has a compatible
structure of group, that is, the configuration space is a Lie group. We will take advantage
of this property to give an intrinsic expression of the equations of motion for higher-order
mechanical systems and for optimal control problems with symmetries (see also [68],[69],[70]

and [38],[8O],[155],[154]).

Other characterization of the higher-order mechanics in this work is due by the well
known Tulczyjew’s triple extending the program started in [109]. Regarding Geometric Me-
chanics, the theory of Lagrangian submanifolds gives a geometric and intrinsic description
of Lagrangian and Hamiltonian dynamics (see the work by W.M. Tulczyjew [169, 170] and,
Grabowska and Grabowski [71]). Given a mechanical system defined by a Lagrangian func-
tion L : TQ — R, then the Lagrangian dynamics will be “generated” by the Lagrangian
submanifold dL(7T'Q) C T*TQ. On the other hand, if the mechanical system is defined by
the Hamiltonian function H : T*@ — R, the Hamiltonian dynamics will be “generated” by
the Lagrangian submanifold dH (7T*Q) C T*T*Q. A way to perform the relationship between
these two formalisms is by the so-called Tulczyjew’s triple:

T7Q <2 TT*Q 2% T°77q,
where ag and g are both isomorphisms and T*7T'Q, TT*Q, T*T*(Q, are double vector

bundles equipped with symplectic structures.

In the higher-order setting, roughly speaking, a second-order Lagrangian system is defined
by a second-order Lagrangian function L : T?Q — R, where T®Q is the second-order
tangent bundle of Q with inclusion onto TT'Q denoted by j3 : TP Q — TTQ. A Lagrangian
submanifold ¥; C T*T'Q can be built as

Yp={neT"TTQ| js p = dL}.

Thus, one can obtain via arg (where arq is the generalization to second-order tangent bun-
dles of the isomorphism ag) a new Lagrangian submanifold of the tangent bundle T7T*TQ
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which completely determines the equations of motion for the Lagrangian dynamics which are,
in a regular case, of Hamiltonian type. Taking this into account, it is clear that Lagrangian
systems and Hamiltonian systems are closely related (relationship which will be further stud-
ied in this work). Also, in this work, we will comment how to extend this construction in the
framework of Lie algebroids.

Many important problems in robotics, the dynamics of wheeled vehicles and motion gen-
eration, involve nonholonomic mechanics, which typically means mechanical systems with
rolling constraints.

A nonholonomic system is a mechanical system subjected to constraint functions which
are, roughly speaking, functions on the velocities that are not derivable from position con-
straints. They arise, for instance, in mechanical systems that have rolling or certain kinds
of sliding contact. Traditionally, the equations of motion for nonholonomic mechanics are
derived from the Lagrange-d’Alembert principle which restricts the set of infinitesimal vari-
ations (or constrained forces) in terms of the constraint functions. In such systems, some
differences between unconstrained classical Hamiltonian and Lagrangian systems and non-
holonomic dynamics appear. For instance, nonholonomic systems are non-variational in the
classical sense, since they arise from the Lagrange-d’Alembert principle and not from Hamil-
ton’s principle. Moreover, when the nonholonomic constrains are linear in velocities, then
energy is preserved but momentum is not always preserved when a symmetry arises. Non-
holonomic systems are described by an almost-Poisson structure but not Poisson (i.e., there
is a bracket that together with the energy on the phase space defines the motion, but the
bracket generally does not satisfy the Jacobi identity); and finally, unlike the Hamiltonian
setting, volume may not be preserved in the phase space, leading to interesting asymptotic
stability in some cases, despite energy conservation(see [123],[65]).

As we have commented before, the application of tools from modern differential geome-
try in the fields of mechanics and control theory has caused an important progress in these
research areas. For example, the study of the geometrical formulation of the nonholonomic
equations of motion has led to a better comprehension of locomotion generation, controlla-
bility, motion planning, and trajectory tracking, raising new interesting questions in these

subjects (see [17], [19], [20], [21], [25], [31], [34], [94], [100], [113], [141], [149] and vefer-
ences therein). On the other hand, there are by now many papers in which optimal control
problems are addressed using geometric techniques (references [21], [90], [91], and [165] are

good examples). In this context, we present a geometrical formulation of the dynamics of
higher-order mechanical systems with nonholonomic constraints as higher-order constrained
systems.

Thus, in this thesis we will also study optimal control problems of mechanical systems
subject to nonholonomic constraints. Of much interest in the present work are the recent
developments that utilize a geometric approach and in particular the theory of Lagrangian
submanifolds and Lie algebroids. The class of nonholonomic systems we study in this work
includes, in particular, any wheeled-type vehicle, such as robots on wheels and or tracks.
The fact that most of these robotic systems apply torques and forces internal to the system,
which makes these system move in an undulatory fashion (see [119] and references therein
for more on undulatory locomotion), without the application of any external forces, makes
the system underactuated. Hence, including underactuated systems in our study is crucial in
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covering a wide range of robotic applications. Moreover, we can easily extend our framework
to an arbitrary Lie algebroid.

Discrete mechanics has become a field of intensive research activity in the last decades
(35,5913 1],[171],[172], [178]. This area allows the construction of integration schemes, the
so-called geometric integrators. Many of the geometric properties of mechanical systems in the
continuous case admit an appropriate counterpart in the discrete setting, which makes it a rich
area to be explored. Mechanical integrators preserve some of the invariants of the mechanical
system, such as energy, momentum or the symplectic form (see [92], [93], [131], [L78], [L79]).
In the last years, the variational approach in the construction of geometric integration for
mechanical systems has been of great interest within the framework of Geometric Integration
(see [131, ). This point of view is a clear consequence of a deeper insight into the
geometric structure of numerical methods and the geometry of the mechanical systems that
they approximate. In particular, this effort has been concentrated on the case of discrete
Lagrangian functions Ly on the cartesian product @ x @ of a differentiable manifold. This
cartesian product plays the role of a discretized version of the standard velocity space T'Q).
Applying a natural discrete variational principle and assuming a regularity condition, one
obtains a second order recursion operator Fr, : @ X Q — Q x @ assigning to each input pair
(qk, qk+1) the output pair (qr41,qr+2). When the discrete Lagrangian is an approximation
of the integral action we obtain a numerical integrator which inherits some of the geometric
properties of the continuous Lagrangian (symplecticity, momentum preservation).

For instance, let us consider the following discrete Lagrangian Ly : Q X @ — R

La(qo, q1) = u <q1 — qO>TM (ql — qo> — hV(qo),

2 h h

where (Q = R", which is the very simple approximation to the action integral A; for L :
TQ — R given by

T
‘AL - / L(Qa Q) dta
0

using the rectangle rule. Here, ¢p =~ ¢(0) and ¢; ~ ¢(h) shall be thought of as being two
points on a curve in @ at time A apart. Consider a discrete curve of points {qk}évzo, also
belonging to (), and calculate the discrete action along this sequence by summing the discrete
Lagrangian on each adjacent pair, that is
N-1
ALy =Y Lalgk, ge11),
k=0

which are the discrete counterpart of Aj;. Following the continuous derivation above, we
compute variations of this action sum with the boundary points ¢y and ¢y held fixed. This
gives the discrete Euler-Lagrange equations:

DoLg(qr—1,qx) + D1La(qi, qet1) = 0,

which is the discrete counterpart of Euler-Lagrange equations

d (0L 0L _
dt \ 9q dqg
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and must hold for each k. For the particular Ly chosen above, the discrete Euler-Lagrange

e(]lla[i()ns gi\/e
(Z - 2(] + (Z

This is clearly a discretization of Newton’s equations using a simple finite difference rule
for the derivative. This kind of integrators are called variational integrators because of its
procedure of derivation. Furthermore, as mentioned above, and also due to its variational
nature, these integrators are symplectic and have the property of conserving momentum maps
arising from symmetry group actions.

Although this type of geometric integrators have been mainly considered for conservative
systems, the extension to geometric integrators for more involved situations is relatively
easy, since, in some sense, many of the constructions mimic the corresponding ones for the
continuous counterpart. In this sense, it has been recently shown how discrete variational
mechanics can include forced or dissipative systems, holonomic constraints, explicitly time-
dependent systems, frictional contact, nonholonomic constraints, etc. All these geometric
integrators have demonstrated, in worked examples, an exceptionally good longtime behavior
and obviously this research is of great interest for numerical and geometric considerations
([79, ). In addition, there are several extensions of variational integrators for systems
defined in spaces different from @ x @), such as Lie algebras, reduced spaces, etc, which
are of great interest in realistic systems coming from physics, engineering and other applied
sciences. The generalization of variational integrators to more involved geometric scenarios
can be enshrined in the program initiated by Alan Weinstein [176], which will be detailed
below.

The variational view of discrete mechanics and its numerical implementation is further
developed in Wendlandt and Marsden ([178, 179]) and then extended in Kane, Marsden and
Ortiz ([92]), Marsden, Pekarsky and Shkoller ([1258, 129]), Bobenko and Suris ([28, 29]) and
Kane, Marsden, Ortiz and West ([93]). Central references of this thesis are based on the
works by Marsden and West ([131]) and Marrero, Martinez and Martin de Diego ([124, 125]).

A step further, Alan Weinstein began the study of discrete mechanics on Lie groupoids.
His attention was called by the work by Moser and Veselov [110], where the authors study the
complete integrability of certain discrete dynamical systems. Moreover the authors describe
the Lagrangian and Hamiltonian formalisms for discrete mechanics in two different settings:
Q@ x @ and a Lie group. Therefore, in [176] Weinstein described versions of the Lagrangian
formalism for discrete and continuous time which are general enough to include both con-
structions used by Moser and Veselov, as well as a Lagrangian formalism on Lie algebras due
essentially to Poincaré [156]. In the discrete version, the Lagrangian function is defined on a
Lie groupoid.

A Lie groupoid G is a natural generalization of the concept of a Lie group, where now
not all elements are composable. The product g1gs of two elements is only defined on the set
of composable pairs G2 = {(g9,h) € G x G| B(g9) = a(h)}, where o : G — Q and f: G — Q
are the source and target maps over a base manifold ). This concept was introduced in
differential geometry by Ereshmann in the 1950’s. The infinitesimal version of a Lie groupoid
G is the Lie algebroid AG — @, which is the restriction of the vertical bundle of « to the
submanifold of the identities.
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A complete description of the discrete Lagrangian and Hamiltonian mechanics on Lie
groupoids was given in the work by Marrero, Martin de Diego and Martinez [124]. In this
work, we generalize the theory of discrete second-order Lagrangian mechanics and variational
integrators for a second-order discrete Lagrangian L : Go — R in two main directions. First,
we develop variational principles for higher-order variational problems on Lie groupoids and
we show how to apply this theory to the construction of variational integrators for optimal
control problems of mechanical systems. Secondly, we show that Lagrangian submanifolds of
a symplectic groupoid (cotangent groupoid) give rise to discrete dynamical second-order sys-
tems, and we study the properties of these systems, including their regularity and reversibility,
from the perspective of symplectic and Poisson geometry. We also develop a reduction by
Noether symmetries, and study the relationship between the dynamics and variational prin-
ciples for these second-order variational problems. Next, we use this framework along with
a generalized notion of generating function due to Tulczyjew to develop a theory of discrete
constrained Lagrangian mechanics. This allows for systems with arbitrary constraints, in-
cluding those which are nonholonomic (in an appropriate discrete, variational sense). Our
results are strongly based on the paper of J.C. Marrero, D. Martin de Diego and A. Stern
[126] but in higher-order theory. We will show the following result in Theorem 5.3.5

Theorem: Let G be a Lie groupoid over a manifold Q. Let L : Go — R be a discrete
second-order Lagrangian. The discrete second order Euler-Lagrange equation are

. (D1L(gk, gk41) + DaL(gr-1,91)) + (rgpsy 04" (D1L(gk+1, git2) + D2L(gk; grt1)) = 0,

fork=2,...,N —2 where {;, and r, denotes the left and right translation of an element g of
the Lie groupoid G.

Finally, we want to point out that in previous approaches (see for example [14] and [52]),
the theory of discrete variational mechanics for higher-order systems was derived using a
discrete lagrangian Ly : Q1 — R where Q! is the cartesian product of k + 1-copies of the
configuration manifold ). In some sense, this is a very natural discretization since we are
using k + 1-points to approximate the positions and the higher-order velocities (such as the
standard velocities, accelerations, jerks...) which represents the higher-order tangent bundle
TH Q.

We will see at the end of this this thesis other possibility to work taking a Lagrangian
function Ly : T®*"DQ x T=1(Q — R since the discrete variational calculus is not based on
the discretization of the Lagrangian itself, but on the discretization of the associated action.
We will see that the appropriate approximation of the action

T
| 2 a®) 3)

is given by a Lagrangian of the form Ly : T*~YQ x T*+=1)Q — R. Moreover, we will derive a
particular choice of discrete Lagrangian which gives an exact correspondence between discrete
and continuous systems, the exact discrete Lagrangian.

In this sense the theory of variational integrators for higher-order system is even simpler,
since it fits directly into the standard discrete mechanics theory of Marsden and West [131]
for a discrete lagrangian of the form Lg : M x M — R where M = T*~DQ. We will see in
some numerical simulations the numerical efficiency of these methods.
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Outline of the thesis

Here let us point out the organization of the present thesis and give a brief description of
every chapter:

e Chapter 1 gives a brief review of several differential geometric tools used throughout
this work.

e Chapter 2 explore some geometric techniques to describe the formulation of first-order
and higher-order mechanics. We give a brief review of the description of classical
mechanics in terms of Lie algebroids following [I11] and we will introduce the con-
straint algorithm for presymplectic Lie algebroids constructed in [37] which general-
izes the well-known Gotay-Nester-Hinds algorithm [73]. We will derive first-order and
higher-order dynamics respectively in terms of Lagrangian submanifolds using the Tul-
czyjew triple constructed in [109] and we will construct a double vector bundle anti-
symplectomorphism to obtain in an alternative way the dynamics. Also we will give an
alternative way to describe the higher-order dynamics in terms of the solution of the
Fuler-Lagrange equations in Theorem 2.5.6.

e In Chapter 3 we will consider higher-order mechanics from the point of view of the
Skinner and Rusk formalism to obtain higher-order Euler-Lagrange equations, higher-
order Euler-Poincaré equations and higher-order Lagrange-Poincaré equations. Also,
we will focus in the case of systems with higher-order constraints. The extension of this
theory to the natural setting of Lie algebroids will be also developed. Moreover, we
will characterize geometrically the equations of motion of an optimal control problem
for an underactuated mechanical system. Many of the concrete examples under study
have additional geometric properties, as for instance, the configuration space is not
only a differentiable manifold but it also has a compatible structure of group, that is,
the configuration space is a Lie group. We will take advantage of this property to give
an intrinsic expression of the equations of motion for higher-order mechanical systems
and for optimal control problems with symmetries. The main results in this chapter
are given in Equations 3.7, 3.17, 3.27, 3.28, 3.34, 3.35, 3.77, 3.79, 3.90 and 3.91, 3.93,
3.94 and 3.95; Theorems 3.2.1, 3.2.3, 3.3.1, 3.3.3, 3.4.1, 3.6.2; Proposition 3.5.5; and
Examples 3.6.6, 3.6.3 and 3.6.10.

e In Chapter 4 we will study optimal control problems of mechanical systems subject to
nonholonomic constraints. Of much interest in this chapter are the recent developments
that utilize a geometric approach and in particular the theory of Lagrangian subman-
ifolds and Lie algebroids. Hence, including under-actuated systems in our study is
crucial in covering a wide range of robotic applications. The main results in this Chap-
ter are shown in Equations 4.3, 4.5 and 4.7; Definition 4.3.4; and Propositions 4.3.1 and
4.3.6.

e In Chapter 5 we will generalize the theory of discrete higher-order Lagrangian mechanics
and variational integrators. We will develop variational principles for second-order
variational problems on Lie groupoids and we will show how to apply this theory to
the construction of variational integrators for optimal control problems of mechanical
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systems. Also, we will show that Lagrangian submanifolds of a symplectic groupoid
give rise to discrete dynamical second-order systems, and we will study the properties
of these systems, including their regularity and reversibility, from the perspective of
symplectic and Poisson geometry. Finally we will develop a theory of reduction by
Noether symmetries, and we will study the relationship between the dynamics and
variational principles for these second-order variational problems. We will extend this
framework to the case of higher-order constrained systems. These results are given in
Equations 5.20, 5.26, 5.36 and 5.37; Lemma 5.3.4; Theorems 5.3.2, 5.3.5, 5.3.16, 5.3.19;
Propositions 5.3.8 and 5.3.9; and Corollary 5.3.17.

Chapter 6 develop the design of geometric integrators for higher-order variational sys-
tems. We show that a regular higher-order Lagrangian system has a unique solution
for given nearby endpoint conditions using a direct variational proof of existence and
uniqueness of the local boundary values problem using a regularization procedure which
it results in the replacement of the variational problem with an equivalent one which is
regular at the initial singular point of the problem. The argument follows closely the
proof by Patrick [150] for first-order Lagrangians; the formulas, of course, reduce to
those in [150] for order 1, but we introduce an additional modification using orthonor-
mal polynomials. We will give the notion of exact discrete Lagrangian for higher-order
Lagrangian systems and we will show that if the original Lagrangian is regular then it
is also the exact discrete Lagrangian, in the sense of [131]. We will apply this theory
to the construction of geometric integrators for optimal control problems of mechan-
ical systems. The new results given in this chapter are refereed in Definition 6.2.1,
Theorems 6.3.1, 6.3.2, 6.3.4 and 6.3.6, and Corollary 6.3.5.

Chapter Conclusions and future work exposes a summary of the main results presented
in this thesis, together with some conclusions and the future work which could come
from it.

This memory is based on original results published in international journal, papers in

review process and some papers in preparation as we comment in Chapter, Conclusions and
future work.



Chapter 1

Mathematical background

This chapter gives a brief review of several differential geometric tools used throughout this
work. We refer to [1, 2, 17, 30, 59, 98, , , | for more specifications about the topics
studied in this chapter.

1.1 Manifolds and tensor calculus

A minimum knowledge in linear algebra, topology and differential geometry is assumed in the
following. For further understanding in this topic, references [1, 2, 98, | are very useful.

The basic idea of a manifold is to introduce spaces which are locally like Euclidean spaces
and with structure enough so that differential calculus can be carried over. The manifolds
we deal with will be assumed to belong to the C*°-category. We shall further suppose that
all manifolds are finite-dimensional, paracompact and Hausdorff.

Two interesting examples of manifolds which will be extensively used throughout this
dissertation are the tangent and cotangent bundles and their generalizations, Lie algebroids
and the corresponding duals.

The tangent bundle of a manifold @ is the collection of all the tangent vectors to @ at
each point. We will denote it by T'Q. The tangent bundle projection, which assigns to each
tangent vector its base point is denoted by mrg : TQ — Q. Given a tangent space T;Q,
we denote the dual space, i.e. the space of linear functions from 7;,Q to R by T;/Q). The
cotangent bundle T*@Q of a manifold @ is the space formed by the collection of all the dual
spaces T;/Q). Elements o € T/(Q) are called dual vectors or covectors. The cotangent bundle
projection, which assigns to each covector its base point, is denoted by nr«g : T*Q — Q.

Let f: Q — N be a smooth mapping between manifolds () and N. We write T'f : TQ) —
TN to denote the tangent map or differential of f. The set of all smooth mappings from @ to
N will be denoted by C*°(Q, N). When N = R we shall denote the set of smooth real-valued
functions on @ by C*°(Q).

A wvector field X on @ is a smooth mapping X : Q — T'Q which assigns to each point
g € Q a tangent vector X (q) € T,Q or, 7rg o X = Idg. The set of all vector fields over @ is
denoted by X(Q). An integral curve of a vector field X is a curve satisfying é(t) = X(c(t)).

21
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Given g € @, let ¢;(q) denote the maximal integral curve of X, ¢(t) = ¢¢(q) starting at g, i.e.
¢(0) = q. Here “maximal” means that the interval of definition of ¢(t) is maximal. It is easy
to verify that ¢9 = Idg and ¢; o ¢s = ¢1+s, whenever the composition is defined. The flow
of a vector field X is then determined by the collection of mappings ¢; : Q — Q. From the
definition, they satisfy

Loda) = X(@la)), 1€ (~alael) YoeQ

Locally, a curve ¢t — (c1(t),...,cn(t)) is an integral curve of X when the following system
of ordinary differential equations hold

o Xy " (¢
dt() (e (t),...,c"(t))
dc™ n n
) = X))

The previous system is called autonomous since there are not explicit dependence of time
on the right hand side. If X : R x @) — T'Q verifies 7rg 0 X = prg where prg : R x Q — @
is the natural projection we will say that X is a time-dependent vector field. The integral
curves are the solutions of an explicit time-dependent system

dc

D) = Xt elt)

; 0
where X = X"'(¢, q)aqi.

In a similar way to the definition of vector fields, a one-form « on @) is a mapping
a: @ — T*Q such that mp«g o o = Idg. In other words, it assigns to each point ¢ € @ a
covector a(q) € TyQ. The set of all the one-forms over @ is denoted by QYQ). As is well
established in linear algebra, there always exists a bilinear natural pairing between a vector
space V and its dual vector space V*. Here (-, -) denotes such a pairing: (-, -) : V. xV* — R.
In consequence, one always can define a natural pairing between elements of the tangent and
contangent bundles; (-, -)q : T,Q X T;Q — R.

Vector fields and one-forms are particular cases of a more general object, called tensor
fields. Given r,s € IN U {0}, an r-contravariant and s-covariant tensor field t on @ is a
C>-section of T7(Q); that is, it associates to each point ¢ € ) an R-multilinear mapping

t(q) : (T;Q x ... xTyQ) x (T,Q x ... x T,Q) = R.

r—times s—times

It is common to say that t is a (r, s)-tensor field on (). Thus, a vector field is a (1, 0)-tensor
field on @ and a 1-form is a (0, 1)-tensor field on Q.
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The tensor product of a (r,s)—tensor field, ¢, and a (1, s’)—tensor field, ¢, is the (r +
r’, s+ s')—tensor field t ® t’ defined by

(t®t/)(Q)(W17 Sy Wry U1y e ey Mty Ul oo vy Us, W - - 'st’) =

H@) (Wi e Wy V15 s) (@) (1 - ey oy W, - W),
where ¢ € Q,v;, w; € T,Q) and wj, uj € T; Q.
A special subset of tensor fields is QF(Q) C TPQ, the set of all (0,k) skew-symmetric
tensor fields. The elements of QF(Q) are called k—forms.
The alternation map A : TFQ — QF(Q) is defined by

1 .
A (V1 s o) = 45 D sign(o)t (Va1 - Vo)),

’ oEY

where Y, is the set of k—permutations. Is easy to see that A is linear, A’ k@) = Id and
Ao A= A.

The wedge product or exterior product between « € Qk(Q) and 3 € QZ(Q) is the form
alpe Q]“'Z(Q) defined by

(k+1)!

i Ale®h).

Some important properties of the wedge product are the following;:

alNp=

1. A is bilinear and associative.
2. aAB=(—1)"BAa, where a € QF(Q) and 8 € QY(Q).

The algebra of exterior differential forms, represented by Q(Q), is the direct sum of QF(Q),
k=0,1,..., together with its structure as an infinite-dimensional real vector space and with
the multiplication A.

The exterior derivative, represented by d, is defined as the unique family of mappings
d*(U) : QF(U) — QF1(U) (k=0,1,... and U C Q open) such that (see [1, 174]):

1. d is a A-antiderivation, that is, d is R—linear and d(a A 8) = da A B+ (—=1)ka A dp,
where a € Q%(Q) and 3 € QY(Q).

2. df =peo Df, for f € C*°(U), with py the canonical projection of TR ~ R x R onto
the second factor.

3. dod =0.

4. d is natural with respect to inclusions, that is, if U C V' C @ are open sets of @), then
d(a}U) = d(a)|;, where a € QF(V).

Let f: Q — N be a smooth mapping and w € QF(N). Define the pull-back f*w of w by
f as
(ffw(@)(v1, s vn) = w(f (@) (T f (01), -, Tg f(vr)),
where v; € T,Q with i = 1,..., k. Note that the pull-back defines the mapping f* : Q¥(N) —
QF(Q). The main properties related with the pull-back are the following:
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1. (go f)* = f*og*, where f € C*°(Q,N) and g € C°(N,W).

2. 19| e ) = dar(@)-

3. If f € C®(Q,N) is a diffeomorphism, then f* is a vector bundle isomorphism and
()=

4. f*(aNB) = frfan f*B, where f € C®(Q,N), a € QF(N) and B € Q/(N).

5. d is natural with respect to mappings, i.e., for f € C*(Q, N), f*dw = df*w.

Given a vector field X € X(Q) and a function f € C*°(Q) the Lie derivative of f with
respect to X, Lx f € C*(Q), is defined as

Lx f(q) = df(9)[X ()]

The operation Lx : C®(Q) — C*°(Q) is a derivation, i.e. it is R—linear and Lx(fg) =
Lx(f)g+ fLx(g), for any f,g € C*(Q).
Given two vector fields X,Y € X(Q) we may define the R—linear derivation

[fax,ﬁ:y] :onﬁy—ﬁyoﬁx.

This enables us to define the Lie derivative of Y with respect to X, LxY = [X,Y] as the
unique vector field such that £xy] = [Lx,Ly]. Some important properties are:

1. Lx is natural with respect to restrictions, i.e., for U C @ open, [X|, Y|U] = [X, Y]’U

and (LXf)‘U - LX‘U(f‘U)a for f S COO(Q)
2. Lx(FY) = (Lx[)Y + f(LxY), for [ € C=(Q).

There is also another natural operator associated with a vector field X. Let w € Q*(Q).
The inner product or contraction of X and w, ixw € QF1(Q), is defined by

ixw(q)(v1y .y vp—1) = w(@)(X(q),v1, ey V1),

where v; € T;Q with 7 = 1,...,k. The operator ix is an A—antiderivation, that is, it is
R—linear and ix(a A ) = (ixa) A B+ (=1)Fa A (ixf), where a € QF(Q) and g € QYQ).
Also, for f € C°°(Q), we have that iy xya = f(ix).

Finally, we conclude this section by stating some relevant properties involving d, ix and
Lx. For arbitrary X,Y € X(Q), f € C*(Q) and «a € Q(Q), we have

1. dCxa = Lxda.

2. ixdf =Lxf.

3. Lxa=1xda+ dixa.

4. Lipxya = fLxa+df Nixa.

5. i[)@y]O& = inyOz — iyLXa.
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1.2 Distributions and codistributions

Definition 1.2.1. Let QQ be an n—dimensional differentiable manifold. A k-dimensional
distribution D on a manifold Q, is a k-dimensional subspace D, of T,Q) for each g € Q. D
is smooth if for each q € Q there is a neighborhood U of q and there are k C'* wvector fields
X1,..., X, on U which span D at each point of U; that is,

®q = spcm{Xl, ce ,Xk}

In other words, for every ¢ € @, D, is a vector subspace of T,Q). The rank of D at g € Q
is the dimension of the subspace Dy, i.e. p: Q — R, o(¢) = dimD,. For any ¢y € Q it is
clear that o(q) > 0(qo) in a neighborhood of . If ¢ is a constant function, then D is called
a reqular distribution.

The following diagram illustrates the situation

P . TQ

N\

where 7p : D — @ is the restriction of 7rg to D, that is, 7p = 7@ |p and i represents the
inclusion map.

Definition 1.2.2. 1. A submanifold S — @ is said to be an integral submanifold of a
smooth distribution D — T'Q if T'S = D along the points of S.

2. Let D be a smooth distribution on Q) such that through each point of Q) there passes an
integral manifold of D. Then D is completely integrable.

3. A smooth distribution D is involutive if [X,Y]| € I'(tp) for every X,Y € I'(mp), that
is, it is closed under the Lie bracket operation. Here I'(Tp) denotes the set of sections

of D.

Theorem 1.2.3 (Frobenius’ Theorem). A smooth distribution D is completely integrable
if and only if it is involutive.

In a equivalent fashion as for distributions, it is possible to define codistributions. Let

Q@ be a manifold. A smooth reqular codistribution D on T*() is a subbundle of T*@Q with
k-dimensional fiber. The following diagram show the situation:

DL L T*Q

AN\,

where 75 D @ is the restriction of mr«g to @ that is, 75 = m1+q \D.
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Given the concept of codistribution, it is possible to define the annihilator of a dis-
tribution. Let D < T(Q be a distribution, the annihilator of D is a codistribution
D°:Dom D C Q — T*Q, given by

Dy = (Dy)° = {a e T;Q | av) = (@, v) =0, Vv € Dy}

for every ¢q € Q.
A submanifold S of @ will be an integral submanifold of a distribution D if

T5S° =Dy, forall s € S.

In particular, this implies that the rank of D is constant along S.

1.3 Lie groups and Lie algebras

Lie groups arise in discussing conservation laws for mechanical and control systems and in
the analysis of systems with some underlying symmetry [17, 95]. In this section, we will recall
the key notations and facts from the theory of Lie group and Lie algebra.

1.3.1 Lie groups

Roughly speaking, a Lie group is a manifold on which the group operations, product and
inverse, are defined.

Definition 1.3.1. A nonempty collection G of transformations of some set is called a (trans-
formation) group if along every two transformations g, h € G belonging to the collection, the
composition g o h and the inverse transformation g—* belong to the same collection G.

It follows from this definition that every group contains the identity transformation e. Also
the composition of transformations is an associative operation. These properties, associativity
and the existence of the unit and inverse of each element, are often taken as the definition of
an abstract group. Here we employ the point of view of V.I. Arnold, that every group should
be viewed as the group of transformations of some set, and the usual “axiomatic” definition
of a group only obscures its true meaning (cf.[5] p.58).

The groups we are concerned in this thesis are so-called Lie groups. In addition to being
a group, they carry the structure of a smooth manifold such that the multiplication and
inversion respect this structure.

Definition 1.3.2. A Lie group is a differentiable manifold G with a group structure such
that the multiplication G X G — G and the inversion G — G are smooth maps.

The dimension of a Lie group G is defined to be the dimension of G as a manifold. The
product symbol may be omitted and ¢; - go is usually written as g1gs. The inverse element
will be denoted by ¢—' and the identity element by e.

Let G be a Lie group and H C G a Lie subgroup of G. Define the equivalence relation
~ by g ~ ¢ if there exists an element h € H such that ¢ = gh. An equivalence class [g]
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is a set {gh|h € H}. The coset space G/H is a manifold (not necessarily a Lie group) with
dim G/H = dim G— dim H. G/H is a Lie group if H is a normal subgroup of G, that is,
if ghg™' € H for any g € G and h € H. In fact, take equivalence classes [g],[¢'] € G/H
and construct the product [g][¢'] = [g¢']. If the group structure is well defined in G/H, the
product must be independent of the choice of the representatives. Let gh and ¢’h’ be the
representatives of [g] and [¢'] respectively. Then ghg'h’ = gg’'h’’h' € [g¢'] where the equality
follows since there exists h” € H such that hg' = ¢'h".

A Lie group H is said to be a Lie subgroup of a Lie group G if it is a submanifold of G
and the inclusion mapping ¢ : H < G is a group homomorphism.

Example 1.3.3. Basic examples of Lie groups which will appear in this work include the unit
circle St the group of n x n invertible matrices GL(n, R) with the matrix multiplication,
and several of its Lie subgroups: the group of rigid motions in 3—dimensional Euclidean
space, SFE(3); the group of rigid motions in the plane, SE(2); and the group of rotations in
R3,S0(3).

1.3.2 Lie algebras

Definition 1.3.4. A Lie algebra over R is a real vector space g together with a bilinear
operation [-,-] : g X g — @, called Lie bracket, such that, for all £1,&2,&3 € g,

1. [€1,&] = —[&2,&1]  skew-symmetry.
2. [&1,[€2,&3]] + [€3, [€1,&2]] + [€2, [€3,&1]] = 0 Jacobi identity.

Definition 1.3.5. A map ¢ : g — b between two Lie algebras is a Lie algebra homomorphism
if it satisfies

e([X,Y]) = [p(X), e(Y)],
forall X,Y € g.

Locally, if we denote by {e1,...,e,} a basis of the Lie algebra g then we have the relation
[ei, €5] = Cjex,
where C’fj are called the structure constants of the Lie algebra g.
We will also need another important class of maps between Lie algebras called derivations:

Definition 1.3.6. A linear map 0 : g — g of a Lie algebra to itself is called a derivation if
it satisfies
§([X,Y]) =[6(X), Y]+ [X,6(Y)],

for all X, Y € g.
The map adx : g — g associated to a fixed vector X € g via
adx(Y) =[X,Y]

is a derivation for any choice of X as a consequence of the Jacobi identity (see [95]). If a
derivation of a Lie algebra g can be expressed in the form adx for some X € g, it is called
an inner derivation.
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Definition 1.3.7. A subalgebra of a Lie algebra g is a subspace h C g invariant under the
Lie bracket in g. An ideal of a Lie algebra g is a subalgebra by C g such that [X,h] C b for all
X eg.

The importance of ideals comes from the fact that if h C g is an ideal then the quotient
space g/bh is again a Lie algebra.

Now, we will associate to any Lie group a Lie algebra. For it, we will need the following
definition.

Definition 1.3.8. Let h and g be elements of a Lie group G. The right-translation Ry, : G —
G and the left-translation Ly, : G — G are defined by

Ri(g) = gh and Ly(g) = hg. (1.1)

By definition, Ry, and Lj, are diffeomorphisms from G to G. Hence, the maps Lj, : G — G
and Ry, : G — G induce the applications Ty Ly, : T,G' — T},,G and Ty Ry, : TyG — Ty, G. Since
these translations give equivalent theories, we are concerned mainly with the left-translation
in the following. The analysis based on the right-translation can be carried out in a similar
way.

Given a Lie group G, there exists a special class of vector fields characterized by the
tnvariance under group action.

Definition 1.3.9. Let X be a vector field on a Lie group G. X is said to be a left-invariant
vector field if
(TyLn)X(g) = X (hg)

and X is said to be right-invariant if

(TyRn) X (g9) = X(gh)

— —
A vector £ € T.G defines unique left-invariant and right-invariant vector field £ and &
respectively, throughout G by

o) =TuLet, g€G,
C(g) = T.RsE, geG.
Observe that,
— —
€ (hg) = ToLngt = To(Ly 0 Ly)€ = (TuLy) o (T.Ly)E = TyLy & (g).

— —
Conversely, a left-invariant vector field ¢ defines an unique vector £ = & (e) € TeG. Let us

(—
denote the set of left-invariant vector fields on G by g. The map T.G — g defined by £ — &
is a isomorphism, and it follows that the set of left-invariant vector fields is a vector space
isomorphic to T.G. In particular, dim g = dim G. Moreover, the following property holds

(€, 57 = &,

that is, the Lie bracket of two left-invariant vector fields is itself a left-invariant vector field.
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Since g is identified with a set of vector fields, it is a subset of X(G) and the Lie bracket
is also defined in g. We show now that g is closed under the Lie bracket. Take two points ¢
and hg = Ly(g) in G. If we apply T, L} to the Lie bracket [£,n] of £, 1 € g, we have that

1L ({610(0)) = (1,24 € (9). Ty a7 (9)] = (€1l (h),

%
where the left-invariance of & ,W has been used. Thus [£,n] € g, i.e. g is closed under the
Lie bracket. Finally, the Lie algebra of G is defined as the set of left-invariant vector fields g
with the Lie bracket.

Definition 1.3.10. The set of left-invariant vector fields g with the Lie bracket [-,-] : gxg — ¢
is called the Lie algebra of a Lie group G.

We denote the Lie algebra of a Lie group by the corresponding lower-case German gothic
letter. For instance, so(3) is the Lie algebra of the Lie group SO(3).

To complete this subsection is necessary to introduce the definition of exponential map.

Definition 1.3.11. Let G be a Lie group and g its associated Lie algebra. For all £ € g, let

ve : R — G denote the integral curve of the left-invariant vector field § induced by &, which
1s defined uniquely by claiming

€ 33

£(e) =& 7(0)=e, 7(t) (Ye(t)) for all t € R.

The map
exp:g— G, exp(§) = (1)

1s called the exponential map of the Lie algebra g in the Lie group G.

1.3.3 Action of a Lie group on a manifold

The notion of symmetry or invariance of the system is formally expressed through the concept
of action.

Let @ be a manifold and let G be a Lie group. A (left) action of a Lie group G is a
smooth mapping ® : G x @ — @ such that

i) ®(e,q) =q for all ¢ € Q, and
ii) ®(g,®(h,q)) = ®(gh,q) for all g,h € G and q € Q.

A right action is a smooth mapping ¥ : @Q x G — (@ that satisfies U(q,e) = ¢ and
U (U(q,g),h) =V¥(q,gh) for all g,h € G and q € Q.

Definition 1.3.12. A function F is invariant with respect to an action ® of a Lie group G
if, for every g € G, the map ®,4 is a symmetry of F, that is, o &, = F.
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Normally, we will only be interested in the action as a mapping from @ to @), and so we
will write the action as ®, : Q@ — @, where ®4(q) = ®(g,q), for all g € G. In some cases, we
shall make a slight abuse of notation and write gq instead of ®,(q).

The orbit of the G—action through a point ¢ is Orbg(q) = {gq|lg € G}. An action is said
to be free if all its isotropy groups are trivial, that is, the relation ®,(¢) = ¢ implies g = e, for
any ¢ € @ (note that, in particular, this implies that there are no fixed points). An action is
said to be proper if ® : G x Q — Q x Q defined by @(g, q) = (q,®(g,q)) is a proper mapping,
ie, if K C @ x @ is compact, then é_l(K) is compact. Finally, an action is said to be
simple or regular if the set /G of orbits has a differentiable manifold structure such that
the canonical projection of @ onto Q/G is a submersion.

If @ is a free and proper action, then @ is regular, and therefore @ /G is a smooth manifold
and 7: Q — Q/G is a submersion.

Let £ be an element of the Lie algebra g. Consider the R—action on () defined by

D (t, q) = B(exp(té), q) € Q.

We can interpret ®¢ as a flow of a vector field on the manifold @Q. Consequently, it determines
a vector field on @, given by

folo) = | _ (@(eap(t€),0) (1.2

which is called the fundamental vector field or infinitesimal generator of the action corre-
sponding to £. Given a Lie group G, we can consider the natural action of G on itself by left
multiplication ® : G x G — G, (g, h) — gh. For any £ € g, the corresponding fundamental
vector field of the action is given by

d
§alh) = o] _ (an(t) - h) = ToRg,

that is, the right-invariant vector field defined by &.

Remark 1.3.13. For the standard action of a matrix Lie group on R", the expression
exp(t€)q is just the matrix product of £ and ¢, that is,

d
¢o(q) =l

~ ditli=o

(exp(t&)q) = ( emp(t§)> q = £q (matrix product)

o

Remark 1.3.14. Given a GG action on @), the set of infinitesimal vector fields forms a subal-
gebra of X(Q) since the map g — X(Q), { — &g, is linear and satisfies

for all £, € g. Such map is called a Lie algebra anti-homomorphism. o



Lie groups and Lie algebras 31

Example 1.3.15. An action ® (left or right) of G' on a manifold @ induces an action of the
Lie group on the tangent bundle of Q, ® : G x TQ — T'Q defined by @(g,vq) To,(vg) =
(Py(q), TyPgy(vy)) for any g € G and v, € T4Q. ® is called the tangent lift of the action ®.

_ Also from @ one can induce an action of the Lie group on the cotangent bundle of @,
®: G xT*Q — T*Q defined by ®(g,q) = TP,-1(g) = (fbg(q),ng(q)fbgq(aq)) for any
g € Gand a4 € T;Q.  is called the cotangent lift of the action ®.

If ® is a left action (resp. right), then the tangent lift and cotangent lift actions are left
(resp. right) actions (see [32]).

1.3.4 The adjoint and coadjoint representations

A representation of a Lie group G on a real vector space V is a linear action ® of the group G
on V that is smooth in the sense that the map G xV — V, (g,v) + gv, is smooth. Every Lie
group has two distinguished representations: the adjoint and the coadjoint representations.

Any element g € G defines an automorphism ¢4 of the group G by conjugation:
cg:hEGthg_l

The differential of ¢, at the identity e € G maps the Lie algebra of G to itself and thus defines
an element Ad, € Aut(g), the group of all automorphisms of the Lie algebra g.

Definition 1.3.16. The map Ad : G — Aut(g), g — Ad, defines a representation of the
group G on the space g and is called the group of the adjoint representation.

Roughly speaking, the adjoint representation measures the non-commutativity of the
multiplication of the Lie group: if G is Abelian, then the adjoint action Adp is simply the
identity mapping on G. In addition, when considering motion along non-Abelian Lie groups,
a choice must be made as to whether to represent translation by left or right multiplication.

The differential of Ad : G — Aut(g) at the group identity e defines a map ad : g — End(g),
the adjoint representation of the Lie algebra g.

The dual object to the adjoint representation of a Lie group G on its Lie algebra g is
called the coadjoint representation of G on g*.

Definition 1.3.17. The coadjoint representation Ad* of the group G on the space g* is the
dual of the adjoint representation. Let (-,-) denote the pairing between g and g*. Then the
coadjoint action of the group G on the dual space g* is given by the operators Ady : g* — g*
for any g € G that are defined by the relation

<Ad2(a)7§> = <a7Adg*1(£)>
forallao € g* and € € g.

The differential ad* : g — End(g*) of the adjoint Ad* : G — Aut(g*) at the group identity
e € G is called the coadjoint representation of the Lie algebra g. Explicitly is defined by the
relation

(adya, &) = (o, ady§)
foraeg and &,n € g.
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1.4 Connections on principal bundles

Roughly speaking, a connection tells us how a quantity associated with a manifold changes
as we move from one point to another - it “connects” neighboring spaces. In terms of fiber
bundles, a connection tells us how movement in the total space induces change along the
fiber. Remember that a bundle is a triple (E,p, B), where p : E — B is a surjective map.
The space B is called the base space, the space F is called the total space, and the map p is
called projection of the bundle. For each b € B, the space p~!(b) € E is called the fibre of
the bundle over b € B.

With the previous setup, we can define an Ehresmann connection on any fiber bundle.
Specifically, consider tangent vectors on the total space that lie “along” fibers, i.e., all the
vectors in the kernel of T'p, the vertical subbundle V of TE. An Ehresmann connection A is
a vertical 1—form A, : T,E — V, which leaves vertical vectors fixed, i.e., A(v) = v for all
v € V [17]. The only other requirement is that this map is linear, i.e., if A, : T,E — V is
a connection 1—form then for any scalar values a,b and tangent vectors v,u € T,F we must
have A,(au + bv) = aAgy(u) + bA4(v) at each point ¢ € E.

In mechanics and control problems an important class of connections are principal con-
nections. Let ® : GxQ — @, (g,q) — P4(q) be a free and proper left action of a Lie group G
on a manifold ). Thus we get the principal bundle 7 : Q — @ := Q/G, where @ is endowed
with the unique manifold structure for which 7 is a submersion (see [98]).

To any element ¢ € g there corresponds a vector field {g on () the infinitesimal generator
defined in (1.2). Then, for any ¢ € @ these vector fields generate the vertical subspace

V,Q = {€0(q)l€ € g} = Ker(Tym).

The adjoint bundle is defined by Ad(Q) := Q xgg — @, where the quotient is taken rela-
tive to the action (g, (¢,£)) = (®4(q), Adg-1(§)). For (¢,&) € Q x g the corresponding element
in Ad(Q) is denoted by [g,&]. Moreover, in each fiber (Ad(Q))r(q) (depending smoothly for

each =z = 7(q) € @) there is a Lie bracket operation [-,-](4) given by

g, €le: (g, Mlclaig) == la: [§; e

for [qa £]G> [Q7 77]G € Ad(Q)

Remark 1.4.1. The map j : Ad(Q) = TQ/G, [(q,&)] — [£o(g)] induces a monomorphism
between the vector bundles Ad(Q) and T'Q)/G. Thus Ad(Q) may be considered as a vector
subbundle of T'Q/G. In addition, the space of sections I'(Ad(Q)) may be identified with the
set of vector fields which are vertical and G-invariant (see [118]).

The tangent bundle to 7, T'm : TQ — TQ\ induces an epimorphism [T'7] : TQ/G — T@
and imj = ker[T'w]. Therefore, we have an exact sequence of vector fields

4d(Q) - 1@/c T 1o

which is just the Atiyah sequence associated with the principal bundle ©: Q — Cj (see [118]
for more details).
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Definition 1.4.2. Denoting by Q'(Q,g) the space of g—valued 1-forms on Q, a principal
connection A on the principal bundle 7 : Q — Q/G is a 1-form A € QY(Q, g) such that

Aléqlq) = £, and DA = Adyo A,
where g is the infinitesimal generator associated to { € g for q € Q.

A connection induces a splitting 7,Q = V,Q @ H,Q on the tangent space into the vertical
and horizontal subspace defined by

H,Q = Ker(A(q)).

Finally, the Cartan structure equations state that for all vector fields u,v € X(Q) the

following identity holds
B(u,v) = dA(u,v) — [A(u), A(v)];.

This equation introduce the notion of curvature associated with the principal connection A
denoted by B. Moreover, the definition of curvature and exterior differential implies the
Bianchi identity (see [2] and [98] for example)

d*B = 0.

1.5 Riemannian geometry

In this subsection we recall some facts about Riemannian geometry that will be used later
on [30, 44, 102].

Definition 1.5.1. Let Q be a n-dimensional differentiable manifold. A Riemannian metric
G on Q is a (0,2)—tensor on Q which satisfies the following at each point q € Q:

1. G(vg, wq) = G(wy, vq), where vy, wy € T,Q, (symmetry).
2. G(vg,vq) > 0, where the equality holds only when vy =0, (positive-definite).

In short, a Riemannian metric G is a symmetric positive-definite bilinear form at each
q€Q.

The pair (Q, §), where G is a Riemannian metric, is called Riemannian manifold. Just as in
Euclidean geometry, and as its extension, we define the norm of any tangent vector v, € T,Q

to be [|vg|| = G(vg, vq)é. In addition, the metric defines the natural musical isomorphisms

501 Q) = X(Q),  '9:X(Q) — QN Q),

x(@Q
where the mapping °G is defined by §(X) = ( ) X(Q) = R, such that *G(X)(Y) =
S(X,Y) and %G is its inverse, i.e., !G := ( ) . If f e C®(Q), we define its gradient as
grad f:=F G(df) € X(Q).
Given a local chart (U, ) of @ and local coordinates (¢) for U C Q, the metric has the
form

=G d¢' ®d¢,
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0
where G;; = G (aqa%) .

A Riemannian manifold (@, §) has associated an affine connection, that is, a mapping

ViXQ) xX(Q) — X(Q)
(X,Y) — VyY,

where X, Y € X(Q), which satisfies the following properties:
1. it is R-bilinear,
2. VixY = fVxY, where f € C*(Q),
3. VxfY = fVxY + (Lx[)Y, where f € C®(Q).

The mapping VxY is called the covariant derivative of Y with respect to X. Given local
coordinates (¢*) on @, the Christoffel symbols for the affine connection are defined by:

0 ;0

v, 2 i 9.
aF 0 Fog

From the above properties of the affine connection and for two vector fields defined by X =

X! 86;2- and Y =Y? 8(?1“ we have the coordinate expression for the covariant derivative:

0
oqt

QY ‘ .
VxY = <X78]. + T, X7 Y’“)
q

Given a curve in a manifold @, we may define the parallel transport of a vector along
the curve. Let ¢ : I — @ be that curve locally given by c(t) = (¢'(t),...,q"(t)) where (¢°)
i =1,...,n are local coordinates on @ given by a local chart (U, ¢) of Q. Let X be a vector
field defined (at least) along c(t)

0

Xluy = X' (el0) 57| -

If X satisfies the condition
VyX =0, forany t €I,

X is said to be parallel transported along c(t), where V (t) = %(t). Locally, the previous

condition is written as A A
dXx* - d¢?

+ I k;i

dt TEdt

If the vector V itself is parallel transported along ¢(t), namely if Vi,V = 0, then the curve c(t)
is called a geodesic. Geodesics are, in a sense, the straightest possible curves in a Riemannian

manifold. Locally, the geodesic equations becomes

Xk =o.

d*¢' | _; d¢f dg®

@9 e Q99 1.
dt? ikTqr At ’ (1.3)

where, as before, ¢ are the coordinates of the curve c(t) (see [414]).
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We have considered the affine connection V x as a mapping between two vector fields on Q).
On the other hand, it can be considered as a derivation and consequently one can naturally
wonder about the definition of such a derivative on function and tensors. The covariant
derivative of f € C*°(Q) is the ordinary directional derivative, namely Vxf = Lx f. Then
the condition

Vx(fY)=fVxY +(Lxf)Y,

can be exactly rewritten as the Leibniz rule
Vx(fY)=fVxY +(Vxf)Y.

There exists a natural connection on each Riemannian manifold that is particularly suited
to computations in mechanics and optimal control applications. In order to define it is
necessary to introduce some extra concepts.

Definition 1.5.2. Let (Q,9) be a Riemannian manifold, an affine connection V is said to
be metric with respect to G if VG = 0, that is, it satisfies the rule

for all vector fields X,Y,Z € X(Q).

It turns out that requiring a connection to be compatible with the metric is not enough
to determine a unique connection, so we turn to another key property. It involves the torsion
tensor of the connection, which is the (2, 1) tensor field 7" : X(Q) x X(Q) — X(Q) defined by

T(X,Y)=VxY —VyX —[X,Y].

Locally, if we write

Definition 1.5.3. A connection is said to be symmetric if its torsion vanishes identically,
that is, if
VxY - VyX =[X,Y].

Theorem 1.5.4 (Fundamental Lemma of Riemannian Geometry). Let (Q,9) be a Rieman-
nian manifold. There exists a unique connection V9 on Q which is metric and symmetric.

See [30, 44, | for the proof. This connection is called Riemannian connection or
Levi-Civita connection of G. In this case, the Christoffel symbols are given in terms of the
components of the metric as:

i~ Lloa (99 0%k  9Gjk
ik =59 (8(1"3 o od ) -

where G% denotes the inverse matrix of Gy;.
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Remark 1.5.5. The Christoffel symbols for the Levi-Civita connection V9 satisfies the re-
lation FgB = FgA. o

Remark 1.5.6. Alternatively given a Riemannian manifold (@, 9) one can define the Levi-
Civita V¥ by the formula

29(2,9xY) = X(S(Z,Y)+Y (S(Z, X))~ Z(9(Y, X))+ 3(X, [Z, Y )+S(V, [Z, X])~S(Z, IV, X)),
where XY, Z € X(Q). o

Finally it is important to note that a metric connection preserve the kinetic energy asso-
ciated with the metric §. An affine connection is energy-preserving if for every geodesic ¢ of

d d (1
V we have that — K (t) := — [ =G(¢(%), é(t = 0.
we have that — (1) o (29(6( ), ¢&( ))>
To prove the energy-preserving property, we consider local coordinates (¢',...,¢") on
Q. Therefore K, = 3G;;¢'¢’ for a curve ¢ : t — (¢'(t),...,¢"(t)). If ¢ is a geodesic for the
Levi-Civita connection V9 then by (1.3), §* = —F;kq‘jq'k. Now for a geodesic ¢ of V9 we
compute
d . 18S, . 1 /8G;: o
*K — g - ].Z.J.k:7 2_]_2 'Fl~ .1.].k‘
g e 9ijq'q +276qkq 5 \agk Gal'j ) d'd’q
Using (1.4) we have that
09 95k OSik
2%l = 2 —
dq oq* ¢’
Skew-symmetry of this expression in the indices ¢ and j implies that %Kc = 0.
The computation we perform comes from [112] to derive stability results for certain control
laws in robotic. Also, in [115] this result was generalized to the case of any affine connection

on a Riemannian manifold related to mechanical systems with constraints.

1.6 Symplectic geometry

While Riemannian geometry is based on the study of smooth manifolds that are endowed with
a non-degenerate symmetric tensor, i.e. the metric; symplectic geometry covers the study
of smooth manifolds equipped with a non-degenerate skew-symmetric tensor. For deeper
understanding see [1, 7, 16, 117].

1.6.1 Symplectic vector spaces

Definition 1.6.1. A symplectic structure on a vector space V is a 2—form w : V xV = R
on V which is non-degenerate. The pair (V,w) is called symplectic vector space.

Let V be a finite dimensional vector space, if w is a symplectic structure on V, then dim
V =2nand w" =wA..." Aw # 0. The linear map b, : V. — V* defined by

by (u)(v) = w(u,v) for all u,v € V
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is an isomorphism. Also, if w is a symplectic structure on V' there exists a basis (si)ggl in V*

such that
(wi) = 0 I
w’Lj - —I 0 b

where w = w;; e'® €7, 0 is the n-by-n null matrix and I is the n-dimensional identity matrix.
Equivalently, w = Y i, e’ A et

Definition 1.6.2. Let W be a subspace of a symplectic vector space (V,w). Then, the sym-
plectic orthogonal W of W is the subspace of V' given by

Wh={zeV|wy =0 YyeW}

Some useful properties of the symplectic orthogonal are listed below

dim W + dim W+ = dim V,

Wy C Wo = Wit D Wi,

(Wl ﬂWQ)J‘ = le_ +W2J‘.

Denote by wy the 2-form induced by w on the vector subspace W. In general wyy is not
symplectic anymore and it has kernel,

kerwy = {z € W | b,(z) =0} =W nWw.
Definition 1.6.3. A vector subspace of a symplectic vector space (V,w) is said to be
1. isotropic if wy =0, i.e., W C W+,
2. symplectic if W N W+ = {0}.
3. coisotropic if W s 1sotropic.
4. Lagrangian if W = W=,

We remark that a Lagrangian subspace is isotropic and coisotropic at the same time.

1.6.2 Special submanifolds of symplectic manifolds

Recall that a pair (M,wys) is called a symplectic manifold if M is a differentiable manifold
and there is defined on M a closed nondegenerate 2-form wys; that is a 2-form wys such that

i) dwps =0, and

ii) on each tangent space T, M, z € M, if wys|o (X,Y) =0 for all Y € T, M, then X = 0.
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Definition of symplectic manifold means that the restrictions of wys to each x € M make
the tangent space T, M into a symplectic vector space.

From now on, if M is a symplectic manifold its associated symplectic 2-form will be
denoted by wjys. In addition, if the particular symplectic manifold is the cotangent bundle
of an arbitrary manifold @, that is, M = T*(Q); then the associated symplectic 2-form will
be denoted by wg. It can be shown (see [16]), that all symplectic manifolds of the same
dimension are locally the same. This is in sharp contrast to the situation in Riemannian
geometry, and indicates that symplectic geometry is essentially a global theory.

Definition 1.6.4. Given two symplectic manifolds (My,w1) and (Ma,wa), let ¢ : My — My
be a smooth map. The map ¢ is called symplectic, or a morphism of symplectic manifolds,
so long as

P*wo = wy.

Given a symplectic diffeomorphism ¢, ¢! is also symplectic, and ¢ is called symplectomor-
phism. In particular, the cotangent lift of a diffeomorphism is always a symplectomorphism.

Associated with a symplectic manifold (M,w), there are two canonical musical isomor-
phisms

bt X(M) = QY (M), 4, : QY M) = X(M)

defined as
bo(X) =ixw and f#, = b L.

Given a function f € C*(M), we define the corresponding Hamiltonian vector field X
by
b (Xy) = df.

The flow of a Hamiltonian vector field leaves the symplectic form invariant, that is, Lx,w =
0. Any vector field with this property is called a locally Hamiltonian vector field. This
terminology follows by the fact that if X is a locally Hamiltonian vector field, the 1-form 7 xw
is closed and by Poincaré’s Lemma, it is locally exact, that is, there locally exists a function
f such that ixw = df.

Now the idea is to take advantage of the previous definitions and to give the notion of an
isotropic, coisotropic and Lagrangian submanifold of a symplectic manifold.

Let (M,wps) be a symplectic manifold and ¢ : N < M an immersion. We denote
by wy = i*wys the 2-form induced by wys in N, which is in general degenerate. Its kernel,
ker wy = TNNT N has constant rank, so that, it defines a completely integrable distribution
on N. In fact, since wy is closed the result follows.

Definition 1.6.5. Let N be a submanifold of a symplectic manifold (M,wpr). N is said to
be isotropic (resp. coisotropic, Lagrangian) at a point ¢ € N, if TyN is an isotropic (resp.
coisotropic, Lagrangian) subspace of (TqM,wp(q)). We say that N is an isotropic submanifold
(resp. coisotropic, Lagrangian) if it is isotropic (resp. coisotropic, Lagrangian) at every point.

An alternative definition of Lagrangian submanifold is the following: A submanifold N C
M is called Lagrangian if it is isotropic and there is an isotropic subbundle £ C T'M }  such
that TM|, = TN & E (see [177]).
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Remark 1.6.6. Notice that ¢ : N < M is isotropic if and only if i*wy; = 0. Also note that
if N C M is Lagrangian, dim N = 3dim M and (T,N)* = T,N. o

This remark provides us with an alternative way to define a Lagrangian submanifold:

Proposition 1.6.7 ([1]). Let (M,wys) be a symplectic manifold, N C M a submanifold and
i: N <= M. Then N is Lagrangian if and only if i*wpy = 0 and dim N = %dim M.

We will focus on the most relevant and know results of the structure of Lagrangian
submanifolds on cotangent bundles. As it already know, the cotangent bundle of a manifold
M is a symplectic manifold equipped with the closed and non-degenerated (since (T*M, wys)

is symplectic) 2-form wy; = —d\, where A is the Liouwville 1-form, that is, the unique 1-form
satisfying 8*\ = B for any 1-form 8 on M. If (¢',...,q™) are local coordinates on M and
(¢',...,¢™,p1,...,pm) are the induced coordinates on T*M, one has that

war = dq* A dp;.

It fact, every symplectic manifold is locally isomorphic to a cotangent bundle by a consequence
of the following result

Theorem 1.6.8 (Darboux’s theorem). Let (M,wyr) be a symplectic manifold of dimension
2m. Every point x € M has an open neighborhood U, which is the domain of a chart (U, )

with local coordinates x', ... x*™, such that the 2-form wys has the local expression

m
wpm = Z dxt A dz™ .
i=1
The canonical examples of Lagrangian submanifold on the cotangent bundle which fiber
over the base manifold are the following:

Example 1.6.9. Let 5 be a 1-form over a manifold M and consider the submanifold (M) C
T*M. Of course,  is an injective immersion and dim (M) = %dim T*M.

If wps = —dX denotes the canonical symplectic structure on 7™M, then,
Brwpy = —dB*N = —df.

Therefore, if 3 is closed, then 3(M) is isotropic, that is, wg(yr) = 0. Hence, if 3 is a closed 1-
form over M then (M) is a Lagrangian submanifold of the symplectic manifold (T M, way).

Example 1.6.10. Let (M, wys) be a symplectic manifold and g : M — M a diffeomorphism.
Denote by Graph (g) the graph of g, that is Graph (¢) := {(z,¢(z)), x € M} C M x M, and
by pri : M x M — M, ¢ =0,1., the projections onto the first and second factor, respectively.
It is easy to see that (M x M,@p), where @y = pri war — pri war, is a symplectic manifold.
Let ¢4 : Graph (g) < M x M be the inclusion map, then

igon = (pro)” (9" wamr — war) -
It is quite clear that dim (Graph g) = % dim(M x M). Moreover, if g is a symplectomor-
phism, then g*wy; = wps and consequently igwys = 0. Finally we can conclude that g is a
symplectomorphism if and only if Graph ¢ is a Lagrangian submanifold of M x M.



40 Higher-order tangent bundles

Let us consider now M = T™(@), the cotangent bundle of a given manifold ¢ and wy = wg.
As we have seen in the previous paragraph, every symplectomorphism ¢ : T*Q — T*Q
generates the Lagrangian submanifold Graph g C (T™Q x T%Q,@q), with @g = prj wg —
pry wg. These Lagrangian submanifolds are generically called canonical relations referring to
the map g.

Now we introduce a very important set of Lagrangian submanifolds of the cotangent
bundle T M.

Theorem 1.6.11 ([117]). Suppose that N is a submanifold of M and L € C*°(N) is a smooth
function on N. If wp«pp is the canonical projection of T*M on M then

Yr={aeT"M|rrp(e) =q € N,a(v) =dL(v) YveTyN}CT*M
18 a Lagrangian submanifold of T* M.

Indeed, choosing adapted coordinates to N in such away that = (¢',...,¢"™, p1,...,Pm)
are local coordinates on T*M such that the points of N are defined by ¢"*) = 0 with

i=1,...,m —mn. The local expression of ¥ is
* n—+1 oL . :
YXp=qpueT*M|q"™" =0, pj:mforz:l,...,m—n, j=1,....n,.
q

Thus, it follows that dim X; = m = %dim T*M. Moreover, taking into account the local
expression of the canonical symplectic structure wys of the cotangent bundle, it is obvious
that wy,, = 0, where wy, = i’ngM with iy, : ¥z — T™M being the canonical inclusion.
Therefore, since ¥y, is isotropic and its dimension is a half of the dimension of the ambient
space, X1, is a Lagrangian submanifold of the symplectic manifold (7 M,wys) (See [169] for
an intrinsic proof).

The importance of this result lies in the fact that Lagrangian submanifolds are associated
to the dynamics of Lagrangian and Hamiltonian systems subject or not to constraints.

1.7 Higher-order tangent bundles

In the last decade many papers and books dealing with higher-order derivatives in mechanics
has appeared. An extensive analysis of the geometry of higher-order tangent bundles can be
found in, for example, [38], [10], [61], [62], [78], [112] and [139]. In this section we recall some
basic facts on the higher-order theory following [112].

Let @ be a differentiable manifold of dimension n. An equivalence relation is introduced
in the set C*°(R, Q) of differentiable curves from R to Q). By definition, two given curves in
Q@ 71(t) and 2(t) where t € (—a,a) with a € R have contact of order k at go = 71(0) = 2(0)
if there exists a local chart (¢, U) of @ such that ¢y € U and

d’ d’

— (pom(t))

= (pon(®)|_, .

=0 dt* t=0
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for s = 0,...,k. This is a well defined equivalence relation in C*°(R, @)) and the equivalence
class of a curve v will be denoted by ['y](()k). The set of equivalence classes will be denoted

by T®Q and it can be shown it is a differentiable manifold. Moreover, Tpk)Q THQ — Q
where Tk ([’Y]ék)) = 7(0) defines a fiber bundle called tangent bundle of order k of Q.

We also may define the surjective mappings Tg’k) :TWQ — TOQ, for | < k, given by

Tg’k) ([v]ék)) = [V]E)l)- It is easy to see that T(MQ = T'Q, the tangent bundle of @, TVQ = Q

and Tcgo’k) = Tr(h Q-

Given a differentiable function f : @ — R and I € {0,...,k}, its I-lift fF) to THQ,
0 <1 <k, is the differentiable function defined as
dl

FERO ) = T (For(t)

Tt =0

Of course, these definitions can be applied to functions defined on open sets of Q.

From a local chart (¢°) on a neighborhood U of @Q, it is possible to induce local coordinates
(¢ g gy on TRU = (Té)_l(U), where ¢*)* = (¢")(>*) if 0 < s < k. Sometimes,
we will use the standard conventions, ¢(9 = ¢¢, ¢V)

Given a vector field X on Q, we define its k-lift X*) to T®)Q as the unique vector field
on TWQ satisfying

)

¢ and ¢ = §.

XB(FER) = (X ()0, 0<I<k,
for a differentiable function f on Q). In local coordinates, the k-lift of a vector field X = X Zaaz
q
is 5
(k) — (xi\(sk) _Z
X (X") 9g

Now, we consider the canonical immersion jp : TR Q — T(T(k_l)Q) defined as
jk([y]ék)) = [’y(k_l)]gl), where 7*~1) is the lift of the curve v to T*=1Q; that is, the curve
AE=D) - R — TE-DQ s given by ~FD(t) = [%]((]k_l) where v(s) = v(t + s). In local
coordinates

O g g ) — (g (i k=1,

Je(g™, g Ry (1.5)

We use the map jj to construct the differential operator dr which maps a function f on
TMQ into a function drf on T*+DQ

dr f([15*) = e (DI -

1.7.1 The case of Lie groups

When the manifold @ has a Lie group structure, we will denote () = G and we can also use
the left trivialization to identify the higher-order tangent bundle T®) @G with G x kg. That
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is,if g: I C R — G is a curve in C’(k)(IR, G) one can consider the application

AR THG — G x kg
k IR RR b IR
gl — (900,971 0)50). &| (a7 O30 | (T 050).
Moreover, A%) is a diffeomorphism.
We will denote £(t) = g1 (t)g(t) € g. Therefore

AB([g) = (g,6,€,...,¢®Dy

where l
€00 = T 0a), <1<k

and g(0) = ¢,£0(0) = ¢M,0 <1 < k—1. We will indistinctly use the notation £©) = ¢,

€M) = ¢, where there is not danger of confusion. Observe that A : TG — G x g is the
standard trivialization of the tangent bundle of a Lie group.

We may also define the surjective mappings Tg’k) :TRG — TOG, for | < k, given by
Tg’k) ([g](()k)> = [g](()l). With the previous identifications we have that

76" (9(0),£(0),£(0), ..., £#79(0)) = (9(0),£(0),£(0), ....,€D(0)).

It is easy to see that TG =G x g, TG = G and Téo’k) = Té.

Now, we consider the canonical immersion jj, : TG — T(T*~V @) defined as jk([g](()k)) =

[g(k_l)](()l), where ¢g®*=1 is the lift of the curve g to T*~DG; that is, the curve g*~ D : R —
T*-1G is given by g-=1(t) = [gt](()k_l) where g;(s) = g(t+s). Using the identification given
by A% we have that:

J1OK ‘ Gxkg — Gx(2k—1)g '
(g’é’g""’g(k_l)) — (97575)"'55(1{:_2); 5755"'75(16_1))

where we identify T(T*~VG) = T(G x (k —1)g) = G x (2k — 1)g, in the natural way.

In the same way one can also use the right multiplication to trivialize the space T*)G as
G x kg.

1.8 Generalities on Lie algebroids

In this subsection, we introduce some known notions concerning Lie algebroids that are
necessary for further developments. Moreover, we illustrate the theory with several examples.
We refer the reader to [37, | for more information about Lie algebroids and their role in
differential geometry.
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1.8.1 Lie algebroids and Cartan calculus on Lie algebroids

Definition 1.8.1. Let E be a vector bundle of rank n over a manifold M of dimension m. An
skew-symmetric algebroid structure on the vector bundle 75 : E — M is a R-linear bracket
[,]] : T(mg) x T'(rg) — T(7g) on the space T'(tg) the C°°(M)-module of sections of E, and
a vector bundle morphism p: E — T M, the anchor map, such that:

1. [-,-] is skew-symmetric, that is,

[X,Y] =Y, X], for X,Y €T'(1g).

2. If we also denote by p : T'(7g) — X(M) the homomorphism of C°°(M)-modules induced
by the anchor map then

[X, /Y] = FIX.Y] + p(X)(f)Y, for XY € T(rp) and f € C*(M).  (16)
If the bracket [-,-] satisfies the Jacobi identity, that is,

we have that the pair ([, ], p) is a Lie algebroid structure on the vector bundle 75 : E — M.
From now on we will work on Lie algebroids.

In this context, sections of 7, play the role of vector fields on M, and the sections of the
dual bundle 75+« : E* — M, are like 1-forms on M.

We may consider two type of distinguished functions: given f € C°°(M) one may define
a function f on F by f = f o7, the basic functions. And, given a section 6 of the dual
bundle 7g+ : E* — M, may be regarded as a lineal function 6 on E as 0(e) = (0(tr(e)),e)
for all e € E. In this sense, I'(7g) is locally generated by the differential of basic and linear
functions.

If X,)Y,Z €'(rg) and f € C°°(M), then using the Jacobi identity we obtain that

[[X, Y], £ 2] = FIX 1Y, 211 + [p(X), p(Y)I(f) 2. (1.7)
Also, from (1.6) it follows that

[[X, Y], fZ] = FIIX, Y], Z] + o[ X, Y](f)Z. (1.8)
Then, using (1.7) and (1.8) and the fact that [-,-] is a Lie bracket we conclude that

p[X, Y] = [p(X), p(Y)],

that is, p : I'(g) — X(M) is a homomorphism between the Lie algebras (I'(7g), [-,-]) and
(X [])-

The algebra @, T'(A*E*) of multisections of 7g« plays the role of the algebra of the
differential forms and it is possible to define a differential operator
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1, ) 18 a Lie algebroid over M, one can be define the differential
ke+

Definition 1.8.2. If (E, [
DN 754), as follows;

of B, dE : T(\F 7ppe) — D(AFT

k

d¥p(Xo, .. X)) = D (=1)'p(X:)((Xo, ..., Xi, .., X))
=0
+ Y (D)X, Y], Xo, -, X X, X,

for w e D(N* 75+) and Xo, ..., Xy € T(7g).

From the properties of Lie algebroids it follows that d¥ is a cohomology operator, that
is, (d¥)? =0 and d¥(a A B) = dPa A B+ (—1)Fa A dPB, for a € T(AFE*) and 3 € T'(A"E*).

Conversely it is possible to recover the Lie algebroid structure of E from the existence of
an exterior differential on I'(A®7rg«). If f: M — R is a real smooth function, one can define
the anchor map and the Lie bracket as follows (see [110] to the case of skew-symmetric Lie
algebroids):

e dPf(X) = p(X)f, for X € (1),

e ipxy)f = p(X)0(Y) — p(Y)0(X) — d®0(X,Y) for all X,Y € I'(rg) and 0 € I'(7g-).

Moreover, from the last equality, the section 6 € I'(rg+) is a I-cocycle if and only if
d¥0 = 0, or, equivalently,

01X, Y] = p(X)(0(Y)) — p(Y)(0(X)),

for all X, Y € I'(7g).

We may also define the Lie derivative with respect to a section X € I'(7g) as the operator
LL F(/\k TE*) — F(/\k TE+) given by

LE0=ixodP0+dP oix,
for § € T(A*75+). One also has the usual identities
o dPo Ll =LE odF,

o LXZY - ZXLY = Z[[X,Y]]?

o LELE —LELE = LF

[X.Y]
We take local coordinates (z) on M with i = 1,...,m and a local basis {e4} of sections
of the vector bundle 75z : E — M with A = 1,... n, then we have the corresponding local

coordinates on an open subset 7, (U) of E, (2*,y*) (U is an open subset of Q), where
yA(e) is the A-th coordinate of e € E in the given basis i.e., every e € FE is expressed as
e=1ylei(te(e)) + ... +y en(Tr(e)).
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Such coordinates determine local functions p', GgB on M which contain the local infor-
mation of the Lie algebroid structure, and accordingly they are called structure functions of
the Lie algebroid. They are given by

)
plea) = pﬁaxi and  [ea,ep] = CSzec. (1.9)

These functions should satisfy the relations

R R N e
Adpi P]B% = pcCap (1.10)
and
Z [P afic +CRrCEe] =0, (1.11)

cyclic(A,B,C)

which are usually called the structure equations.

If f € C>°(M), we have that

aof
i’
where {e4} is the dual basis of {e4}. On the other hand, if # € T'(7p+) and § = e it
follows that

dff = e, (1.12)

e 1
dfe = (G0 P~ §9Aegc)eB AeC. (1.13)
In particular,
. . 1
dfzt = p%eA, dfet = —§C§CGB Ael.

Examples of Lie algebroids

Example 1.8.3. A finite dimensional real Lie algebra g where M = {m} be a unique point.
Then, we consider the vector bundle 74 : g — M. The sections of this bundle can be identified
with the elements of g and therefore we can consider as the Lie bracket the structure of the
Lie algebra induced by g, [-,]g. Since TM = {0} one may consider the anchor map p = 0.
Thus, (g, [-,]g,0) is a Lie algebroid over a point.

Example 1.8.4. Consider a tangent bundle of a manifold M. The sections of the bundle
Trar 2 T'M — M are just the set of vector fields on M, the anchor map p : TM — TM is
the identity function and the Lie bracket defined on I'(7p)s) is induced by the Lie bracket of
vector fields on M.

Example 1.8.5. Let ¢ : M x G — M be an action of G on the manifold M where G is a Lie
group. The induced anti-homomorphism between the Lie algebras g and X(M) by the action
is ®:g— X(M), & — &y, where £y is the infinitesimal generator of the action for £ € g.
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The vector bundle Ty/xq : M x g — M is a Lie algebroid over M. The anchor map is
defined by p: M x g — TM, p(m,§) = =& (m) and the Lie bracket of sections is given by
the Lie algebra structure on I'(7arx4) as

—

[€, Marsg(m) = (m, [€,m]) = [€,n] for m € M

where £(m) = (m,£), H(m) = (m,n) for £, € g. This Lie algebroid is called Action Lie
algebroid.

Example 1.8.6. Let G be a Lie group and we assume that G acts free and properly on M.
We denote by 7 : M — M = M/G the associated principal bundle. The tangent lift of the
action gives a free and proper action of G on TM and TM = TM/G is a quotient manifold.

The quotient vector bundle 7— : TM — M where 77537 ([vm]) = m(m) is a Lie algebroid over

M. The fiber of TM over a pomt w(m) € M is isomorphic to T, M.

The Lie bracket is defined on the space I'(77;) which is isomorphic to the Lie subalgebra
of G-invariants vector fields, that is,

I'(r,

7)) = X(M)Y ={X € X(M) | X is G-invariant}.

Thus, the Lie bracket on TM is just the bracket of G-invariant vector fields. The anchor map
p: TM — TM is given by p([vm]) = T (v). Moreover, p is a Lie algebra homomorpishm
satisfying the compatibility condition since the G-invariant vector fields are m-projectable.
This Lie algebroid is called Lie-Atiyah algebroid associated with the principal bundle 7 :
M — M.

Let A : TM — g be a principal connection in the principal bundle = : M — M and
B :TM @& TM — g be the curvature of A. This connection determine an isomorphism oy,
between the vector bundles TM — M and TM &g — M where g g = (M x g)/G is the adjoint

bundle associated with the principal bundle 7 : M — M (see [15] for example).

We choose a local trivialization of the principal bundle 7 : M — M to be U x G, where
U is an open subset of M. Suppose that e is the identity of G, (2°) are local coordinates on
U and {4} is a basis on g.

Denote by {a} the corresponding left-invariant vector field on G, that is,

E4(9) = (T.Ly)(£4)

for g € G where L, : G — G is the left-translation on G by g. If

9 _ A 9 _pA
A (83:1 (z’e)> = A (z)€a, B (83:1' (x’e)> = Bjj(z)éa,

for i,j € {1,...,m} and x € U, then the horizontal lift of the vector field 5 i is the vector
field on 7r_1(U) ~ U x G given by

a\" o A
(8:1:’) _(%i_ﬂi A

9
(z,e)7 0xI
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Therefore, the vector fields on U x G

0 — —
{ei = D — Al e = €}

are G-invariant under the action of G' over M and they define a local basis {é;,ég} on

F(m ) = F(TT]/W\@ﬁ). The corresponding local structure functions of 77; TM — M are
k ] j i A A C (& C B
eij = e?A = —GJAZ' =CYp =0, eij = _Bij7 Cia = —C4; = capAi’s
C C j A i B
Cap = Cap: P =0, pi =pa=pi=0,

being {cGy} the constant structure of g with respect to the basis {£4} (see [111] for more
details). That is,

[ei: 3] = —Bijéc, e ealrg = pAléo,  [easésliy = dipéo,

0

pra(&) = 550 Pryp(€a) =0.
The basis {é;, ég} induce local coordinates (z¢,y’, 7”) on TM =TM /G.
1.8.2 Morphisms of Lie algebroids and Lie subalgebroids

Suppose that (E,[, |g,pr) and (E',[, |g, pr’) are Lie algebroids over M and M’, respec-
tively. Then a morphism of vector bundles (F, f) of E on E’

F

E E
TE \L lTE/
M ! M

is a Lie algebroid morphism if
dP((F. [y ¢) = (F,)*(d" '), for ¢ € D(AM(E')) Vk; (1.14)
where (F, f)*¢' is the section of A*E* — M given by

((Fa f)*¢,)z(617 ceey ek) = ¢;"(;z)(F(€l)a oo 7F(6/€))a
for x € M and ey, ..., e, € E;. We remark that (1.14) holds if and only if

(g o f) = (F. f)*(d"g), for g' € C=(M"),
d((F. f)ra’) = (F. )*(d"d/), for o/ € T((E')").
In particular, a Lie algebroid morphism preserves the anchor and the bracket of projectable

sections. An equivalent definition of morphism of Lie algebroids could be given in terms of
the bracket and the anchor map (see [118]).

If (F, f) is a Lie algebroid morphism, f is an injective immersion and F|g, : E, — E}(z) is
injective, for all z € M, then (E, [, -] g, pr) is said to be a Lie subalgebroid of (E', [-, ] g, pr’)-

An alternative and more natural definition of Lie subalgebroid is given as follows:
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Definition 1.8.7. Let (E, [, ]&,pr) be a Lie algebroid over M and N is a submanifold of
M. A Lie subalgebroid of E over N is a vector subbundle B of E over N

BC—j>E

Ne— " M

such that pp = pg |p: B — TN is well define and; given X,Y € I'(B) and X,Y € I'(E)
arbitrary extensions of X,Y respectively, we have that ([X,Y]g) |v€ D(B).

Examples of Lie subalgebroids

Example 1.8.8. Let E be a Lie algebroid over M. Given a submanifold N of M, if B =
E |y N(p |n) Y (TN) exists as a vector bundle, it will be a Lie subalgebroid of E over N, and
will be called Lie algebroid restriction of E to N (see [119]).

Example 1.8.9. Let N be a submanifold of M. Then, T'N is a Lie subalgebroid of T'M.

Now, let F be a completely integrable distribution on a manifold M. F equipped with the
bracket of vector fields is a Lie algebroid over M since g |5: F — M is a vector bundle and
if F is a foliation, (I'(F), [, -]) is a Lie algebra. The anchor map is the inclusion ig : F — T'M
(i5 is a Lie algebroid monomorphism).

Moreover, if N is a submanifold of M and Fy is a foliation on NN, then Fy is a Lie
subalgebroid of the Lie algebroid 7pp; : TM — M.

Example 1.8.10. Let g be a Lie algebra and h be a Lie subalgebra. If we consider the Lie
algebroid induced by g and § over a point, then b is a Lie subalgebroid of g.

Example 1.8.11. Let M x g — M be an action Lie algebroid and let N be a submanifold
of M. Let § be a Lie subalgebra of g such that the infinitesimal generators of the elements of
h are tangent to N; that is, the application

h— X(N)
£ &N
is well defined. Thus, the action Lie algebroid N xh — N is a Lie subalgebroid of M xg — M.

Example 1.8.12. Suppose that the Lie group G acts free and properly on M. Let 7 : M —
M/G = M be the associated G—principal bundle. Let N be a G—invariant submanifold of

M and Fy be a G invariant foliation over N. We may consider the vector bundle TN N =
FN/G — N/G = N and endow it with a Lie algebroid structure. The sections of T N are

F(f;"N) ={X € X(N) | X is G-invariant and X (q) € Fn(q),Vq € N}.

The standard bracket of vector fields on N induces a Lie algebra structure on F(§ N)-

The anchor map is the canonical inclusion of F N on TN and F ~ is a Lie subalgebroid of
TM — M.
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1.8.3 The prolongation of a Lie algebroid over a smooth map

In this subsection we will recall the definition of the Lie algebroid structure of the prolongation
of a Lie algebroid over a smooth map. We will follow [80] and [111].

Let (E,[-‘],p) be a Lie algebroid of rank n over a manifold M of dimension m and
f: M' — M be a fibration. We consider the subset T/F of E x TM' given by

TE:= | By xpy ToM = | {(b,v)) € Ex Ty M'| p(b) = (Tf)(v))},
x'eM’ x'eM’
where T'f : TM' — TM denotes the tangent map to f. We will frequently use the redundant
notation (z',b,v’) to denote the element (b,v’) € T/E.

Denoting by Té : TfE — M’ the map given by

Té(b, V) =7y (V) =2
for (b,v') € T7E and 7yp : TM' — M’ the canonical projection. Then if m/ is the dimension
of M’ one may prove that

dim (TfE> — n+m' — dim (p(Ef(e)) + (Tur ) (T M'))

CC/

for 2’ € M'. Thus, if we suppose that there exists ¢ € N such that
dim (p(E(zr) + (T [)(TwM')) = ¢, for all 2’ € M, (1.15)

then we conclude that T7E is a vector bundle over M’ with vector bundle projection Té :
J/E — M'. Note that if p and T f are transversal, that is, P(Ef(an) (Lo f) (T M') = Ty M

for all 2 € M’. Then it is clear that (1.15) holds.

Next, we will assume that condition (1.15) holds and we will describe the sections of the
vector bundle Tg . TIE — M’. We say that a section Y of Té - TIE — M’ is projectable if
there exists a section Y of 75 : E — M and a vector field U € X(M') which is f-projectable
onto the vector field p(Y) and such that Y (2) = (Y (f(2)), U(2)), for all #’ € M’. For such
projectable section Y, we will use the following notation Y = (Y,U). It is easy to prove that
one may choose a local basis of projectable sections F(Tg) (see [L11]).

The Lie bracket of two projectable sections Z; = (Y1,U1) and Zy = (Ya,Us) is given by
[[Zla Z2]]f(xl) = (xlv [D/l?YQ]](q)? [U17 Uz](l‘/)), v’ e Ml? q= f((E/)

Since any section of 7/ E can be locally written as a linear combination of projectable sections,
the definition of a Lie bracket for arbitrary sections of T/ E follows. Therefore 7/ F has a Lie
algebroid structure where the anchor of 7 E is the projection onto the last factor, that is,
the map py : T/E — T M’ given by p(z/,b,0") = /.

The Lie algebroid (T/E, [, ], py) is called the prolongation of E over f or the E—tangent
bundle to f.
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E-tangent bundle to a Lie algebroid E

We consider the prolongation over the canonical projection of the Lie algebroid E over M,

TEE = | J (B, x1r, T.E) = | J{(¢,ve) € EXT.E | p(¢/) = (T.7E)(ve)},
eeE ecE

where T'rp : TE — T'M is the tangent map to 75.

In fact, T2 F is a Lie algebroid of rank 2n over E where TS) : TP E — FE is the vector

bundle projection, Tél)(b, ve) = TrE(ve) = €, and the anchor map is py :=pro : TP E — TE;
the projection over the second factor. The bracket of sections of this new Lie algebroid will
be denoted by [-,-] @) (See [134] for more details).

(1)
TE
If we now denote by (e, e’,v.) an element (¢/,v.) € TFE where e € E and where v is
tangent; we rewrite the definition of the prolongation of the Lie algebroid as the subset of
Ex EXTE by

TEE ={(e,d/,ve) € Ex EXTE | p(¢/) = (T7g)(ve),ve € T.E and 7r(e) = mr(e)}.

In this sense, if (e, €/, v.) € TP E; then pi(e, €', ve) = (e,ve) € TLE, and Tg)(e, ¢,v.)=ecE.
Let us introduce two canonical operations that we have on a Lie algebroid E. The first

one is obtained using the Lie algebroid structure of E and the second one is a consequence
of F being a vector bundle.

On one hand, if f € C*°(M) we will denote by f¢ the complete lift to E of f defined by

fe(e) = ple)(f) for all e € E. Now, let X be a section of E then there exists a unique vector
field X€ on E, the complete lift of X, satisfying the two following conditions:

1. X€is Tg-projectable on p(X) and

—

2. X¢(a) = LEaq,

for every a € T'(rg+) (see [70]). Here, if € I'(7pg+) then f is the linear function on E defined
by
B(e) = (B(rE(e)),e), forallec E.
(1) .

We may introduce the complete lift X°© of a section X € I'(7g) as the sections of 75
JPFE — E given by
X(e) = (X(7r(e)), X (e)) (1.16)

for all e € E (see [131]).

On the other hand, given a section X € I'(7g) we define the vertical lift as the vector
field XV € X(FE) given by
X)) = X(tr(e)), for e € E,

where | : E; — T.E, for ¢ = 7g(e) is the canonical isomorphism between the vector spaces
E, and T E,.
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(1)

Finally we may introduce the wvertical lift XV of a section X € I'(7g) as a section of 7,
given by
XV(e) = (0,X"(e)) for e € E.

With these definitions we have the properties (see [76] and [131])
(X%, Y] = [X,Y], [X°Y"]=[X,Y]', [X",Y"]=0 (1.17)

for all X|Y € I'(7g).

If (z°) are local coordinates on an open subset U of M and {e4} is a basis of sections of
Tg then we have induced coordinates (2%,3*) on E. From the basis {e4} we may define a

(1)

local basis {e " ,654)} of sections of 75, (see [111] for more details) given by

; 0 9
6541)(6) = <€’6A(TA(€))’pAaxi e) , 6542)(6) = (e,O, W e) )

for e € (7g)~1(U) with U an open subset of M.

From this basis one have that the structure of Lie algebroid is determined by

1 i 2
) = (erhgz| ). e = (e )
[[GA ’eB ]] NONE eABe(cl)a
[y, el ]] o = [[654)7653)]] m =0,
TE E

for all A, B and C'; where C’g p are the structure functions of E determined by the Lie bracket
[-,-] with respect to the basis {e4}.

Using {eg),ef)} one may introduce local coordinates (z¢,y?; 24, A) on E. If Visa

section of Tgl) then in local coordinates is written as V(a: y) = (2%, 94, 24(x,y), v (z,9));
and therefore the expression of V' in terms of the basis {eA ,eA } isV=z e( ) +vle (2) and

the vector field p1 (V') € X(E) has the expression

Finally, if {e(Al), eé)} denotes the dual basis of {6541), 6542)}, then we have

OF 4  OF 4

dTrEEF(xia yA) = p;} Oxt 6(1) + ayA 6(2)7
T 1 T
dg' EE@(Ci) = —563368) VAN 6(51), dU— EE@(Cé) =0.

Example 1.8.13. In the case of F = T'M one may identify T2FE with TTM with the
standard Lie algebroid structure over T'M.
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Example 1.8.14. Let g be a real Lie algebra of finite dimension. Then g is a Lie algebroid
over a single point M = {q}. Using that the anchor map of g is zero we obtain that

Tog = {(&1,62,ve,) € g x Tg} ~ g xgxg~3g.

The vector bundle projection Tél) g X gxg— gis given by Tg (fl, &2, &3) = & with anchor

map p1(€1,82,83) = (€1,83) ~ vg, € Tp, 0.
Let {e A} be a basis of the Lie algebra g, this basis induces local coordinates y? on g, that
is, £ = ye4. Also, this basis induces a basis of sections of T ( ) a

£D(€) = (€.ea0), eD(e) = (50 0 >

Moreover

D)) = (6,0, pe?)e) = (g, ajA) |

The basis {6541), eg)} induces adapted coordinates (y4, 24,v4) in g x g x g and therefore

a section Y € I‘(Tél)) is written as Y(£) = z4(&)ey, o 4 vA(€)e (2). Thus, the vector field

p1(Y) € g has the expression pi(Y) = vA(¢ Fmally, the Lie algebroid structure on

Vo,
13
Té ) is determined by the Lie bracket [(¢, §) (n,m)] = ([£,m],0).

Example 1.8.15. We consider a Lie algebra g acting on a manifold M, that is, we have
a Lie algebra homomorphism g — X(M) mapping every element & of g to a vector field
&y on M. Then we can consider the action Lie algebroid £ = M x g. Identifying TE =
TM xTg=TM x g x g, an element of the prolongation Lie algebroid to F over the bundle
projection is of the form (a,b,vq) = ((z,&), (z,n), (vs, &, x)) where z € M, v, € T, M and
(&,m,x) € 3g. The condition T'1y(v) = p(b) implies that v, = —nas(x). Therefore we can
identify the prolongation Lie algebroid with M x g x g x g with projection onto the first two
factors (z,&) and anchor map p1(z,&,n,x) = (—num(2),§, x). Given a base {es} of g the

basis {6541), 6542)} of sections of T™xs(M x g) is given by

e (@,6) = (2,6, e4,0), P(2,6) = (2,£,0,e4).

Moreover,
p (€D (2,6) = (2, —(ea)m(2),£,0),  pa(e?(@,6)) = (,0,,e4).

Finally, the Lie bracket of two constant sections is given by [(£,£), (n,7)] = ([¢,7],0).

Example 1.8.16. Let us describe the F-tangent bundle to F in the case of E being an Atiyah
algebroid induced by a trivial principal G—bundle 7 : G x M — M. In such case, by left
trivialization we have that the Atiyah algebroid is the vector bundle 74y s : g x TM — T M.
If X € ¥(M) and £ € g then we may consider the section X¢ : M — g x TM of the Atiyah
algebroid by

X%(q) = (£, X(q)) for g € M.
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Moreover, in this sense
[XE, Y lgxrar = (X, Y]rars [€lg),  p(X6) = X.

On the other hand, if (§,vq) € g x T, M, then the fiber of T7ex7M (g x T'M) over (£, vq) is
T @) T = { (0 00) (. X0,) € 8 % Ty x 0 % T3, (70 iy = T rerar () -

This implies that ‘J'(ngT)M (9 x TM) may be identified with the space (g x g) x T, (T'M). Thus,
g

the Lie algebroid T7sx7M (g x T'M) may be identified with the vector bundle g x (g x g) X

TTM — g x T'M whose vector bundle projection is

(ga ((777 ﬁ)v qu)) = (57 Uq)

for (£, ((n,7), Xv,)) € g x (g x g) x TTM. Therefore, if (n,7) € g x g and X € X(T'M) then
one may consider the section ((n,7), X) given by

((0:71), X)(&;vq) = (&, ((n,7), X (vg))) for (£, vg) € g x TgM.

Moreover,
[[((777 ’F/)a X)a ((57 5)7 Y)]]T(l) = (([TL 5]97 O)’ [Xv Y]TM)v

gxTM

and the anchor map p1 : g x (g x g) X TTM — g x g x TTM is defined as

p1(&; ((n; 1), X)) = ((§; 1), X).

FE-tangent bundle of the dual bundle of a Lie algebroid

Let (E,[, ],p) be a Lie algebroid of rank n over a manifold of dimension m. Consider the
projection of the dual E* of E over M, g+ : E* — M, and define the prolongation T77* E of
FE over tg«; that is,

T E= | {(e,vu) € ExT,E" | p(e) = Trp+(v,)}.
pneE*

J7e* F is a Lie algebroid over E* of rank 2n with vector bundle projection 7-](51*) :JTE | B
given by Tél*)(e, v,) = p, for (e,v,) € TE*E.

As before, if we now denote by (u,e,v,) an element (e,v,) € T2*E where u € E*, we
rewrite the definition of the prolongation Lie algebroid as the subset of E* x E x T'E* by

T E ={(wev,) € E*x ExXTE" | ple) = (TTe~)(vu), vy € T,E* and 7p-(1) = 7r(e)}.

If (x%) are local coordinates on an open subset U of M, {ea} is a basis of sections of the

vector bundle (7)1 (U) — U and {e4} is its dual basis, then {6541), éf)} is a basis of sections

of the vector bundle TS*), where
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eg)(u) = |(pu, GA(TE*(N))vpf‘l% u> ’
0
~A (2) e ,0, a ) ’
(6 ) (.LL) H 0pA‘u

for u € (7<)~ *(U). Here, (2% p4) are the local coordinates on E* induced by the local
coordinates (') and the basis of sections of E*, {e4}.

Using the local basis {éfj), (1)@}, one may introduce, in a natural way, local coordinates
(2%, pa; 24, v4) on TE* E. If w* is a point of T2* E over (z,p) € E*, then

A

w(z,p) = 220 (2, p) + va(@®) P (2, p).

Denoting by P the anchor map of the Lie algebroid T7*E — FE* locally given by
E*

M) - (ENP) () = (u, 61(1; #> :

Therefore, we have that the corresponding vector field pT<1)(V) for a section V =
E*

Prv (2%, pa, 24, v4) = (2%, pa, pyyz?,v4), we have that

~(1 i 0
P (E3)) (1) = <u,pA o

(xiapA7 ZA(.ZU,p),UA(.T,p)) is given by

, 0 0
V) = piyt— — .
prglﬁ( )= raz dz’ H—HJAGPA o*
Finally, the structure of the Lie algebroid (T77#*E,[-, ] a),p_)), is determined by the
Tp*  Tg*
bracket of sections
(1) ~(1 (1
[[G(A)&SB)HT;;Q = eGpec.
€7, )]0 = [, )] o) =0,
T+ T+

for all A, B and C. Thus, if we denote by {é(Al), (€a)(2)} is the dual basis of {éi‘l), (M1,

then
AT E (2 pa) = p%%éé) + ;}i(@)my
e T I CO
for f € C°°(E*). We refer to [7] and [111] for further details about the Lie algebroid structure

of the E-tangent bundle of the dual bundle of a Lie algebroid.

Example 1.8.17. In the case of E = T'M one may identify T7#* E with T(T*M) with the
standard Lie algebroid structure.
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Example 1.8.18. Let g be a real Lie algebra of finite dimension. Then g is a Lie algebroid
over a single point. Using that the anchor map is zero we have that J7¢* g may be identified
with the vector bundle pry : g* x (g X g*) — g*. Under this identification the anchor map is
given by

Pan 8 X (8xg) > Tg" =g" x g% (1 (&)= (10)

and the Lie algebroid of two constant sections (&, @), (n,3) € g x g* is the constant section

(&:n], 0).

1.8.4 Symplectic Lie algebroids

In this subsection we will recall some results given in [111] about symplectic Lie algebroids.

Definition 1.8.19. A Lie algebroid (E, [-,-], p) over a manifold M is said to be symplectic
if it admits a symplectic section ), that is, ) is a section of the vector bundle /\2 Er— M
such that:

o For all x € M, the 2-form Q. : E, x E, — R in the vector space E, is nondegenerate
and

e Q is a 2-cocycle, that is, d¥Q = 0.

The canonical symplectic structure of T=* FE

Let (E, [, -], p) be a Lie algebroid of rank n over a manifold M of dimension m and J7&* E
be the prolongation of F over the vector bundle projection 7g+ : E* — M. We may introduce
a canonical section Ag of (T72* E)* as follows. If i € E* and (e, v,) is a point on the fibre of
J7E* | over p then

Ae(p)(e,vu) = (1 €). (1.18)

Ag is called the Liouville section of J72* E. Now, in an analogous way that the canonical
symplectic form is defined from the Liouville 1-form on the cotangent bundle, we introduce
the 2-section Qg on T* E as

Op = —d"" Exp. (1.19)
Proposition 1.8.20. [/1/] Qg is a non-degenerate 2-section of T™E*E such that

AT EQR = o0.

Proof. If (') are local coordinates on an open subset U of M, {ea} is a basis of sections of
the vector bundle 7z, (z%,p4) are induced local coordinates of E* on 7« and {é(Al), (eMH@y

is the basis of Tlgl*) then, using (1.18), it follows that

Ap(z',pa) = pag) (1.20)

where {éé), (€4)(2)} is the dual basis of {6541), ()@}, Thus, from (1.18),(1.19) and (1.20)
we obtain that
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. - 1 . .
O = eé) A (€a)e) + §@ngce*(Al) A e(Bl). (1.21)
Now, it is straightforward to check that Qp is non-degenerate and d” “" #Q = 0. O

Therefore Qg is a symplectic 2-section on T75* E called canonical symplectic section on
JE* F.

Example 1.8.21. If F is the standard Lie algebroid TM then A\gp = X and Qg = w)s are
the usual Liouville 1-form and canonical symplectic 2-form on T* M, respectively.

Example 1.8.22. Let g be a finite dimensional Lie algebra. Then g is a Lie algebroid over
a single point M = {q}. If { € g and p,a € g* then

Ag(1) (€, ) = p(§)
is the Liouville 1-section on g* x (g x g*). Thus, the symplectic section )y is
QB(M)((§7Q)7 (77>B)) = </~L7 [&n]) - <Oé,’l7> - <B7§>

for p e g%, (&), (n,B) € g x g*.

1.9 Lie groupoids

1.9.1 Generalities about Lie groupoids

A groupoid is a small category in which every morphism is an isomorphism (i.e; all morphism
is invertible). That is,

Definition 1.9.1. A groupoid over a set @, (denoted G = Q) consists of a set of objects @,
a set of morphisms G, and the following structural maps:

e a source map «: G — Q and target map B: G = Q;

T

z = a(g) y = B(9)

e an associative multiplication map m: Go — G, m(g,h) = gh, with a(g) = a(gh) and
B(h) = B(gh) where

G2 =G pxa G={(g9,h) € Gx G| p(g) = a(h)}

is call the set of composable pairs; gh is the composite arrow from x to z

o [ ] [ ]
z = a(g) = a(gh) y = B(g) = a(h) z = B(h) = B(gh)
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e an identity section of a and B3, €: Q — G; such that for all g € G,
e(a(g) g=9=y9¢(B(9));

e an inversion map i: G — G, g+ g~ ', such that for all g € G,

z=a(g) =B ") y =8 =alg™h)

gfl

Remark 1.9.2. Alternatively, a groupoid can be seen as a weak version of a group, where
the multiplication will be defined only for elements in Go C G x G. o

Definition 1.9.3. Given a groupoid G = @ and an element g € G, define the left translation
ly: a1 (B(g)) = a~t(a(g)) and right translation ry: 871 (a(g)) = 871 (B(g)) by g to be

ly(h) = gh,  14(h) = hg.

Moreover, 69_1 = l4-1 and rg_l =Tg-1.
Now we will focus on a particular class of groupoids, the Lie groupoids which have a

differential structure in addition to their algebraic structure.

Definition 1.9.4. A Lie groupoid is a groupoid G = Q) where

1. G and Q are differentiable manifolds,
2. a, B are submersions,
3. the multiplication map m, is differentiable.

Remark 1.9.5. In 1.9.4, o and 8 must be submersions so that Gs is a differentiable man-
ifold. From the definition it follows that m is a submersion, € is an immersion, and 7 is a
diffeomorphism. o

One may introduce the notion of a left (right)-invariant vector field in a Lie groupoid.

Definition 1.9.6. Given a Lie groupoid G = Q, a vector field X € X(G) is left-invariant
(respect.right-invariant ) if X is a-vertical (respect. [-vertical), that is, Ta(X) =0 (TS(X) =
0 respec.) and (Tply) (X (h)) = X (gh) ( (Thre) (X (h)) = X (hg), respectively) for all (g, h) €
G (or (h,g) € Ga, respectively).

In Lie groups, the infinitesimal version of a Lie group is a Lie algebra, therefore one can
think that the infinitesimal version of a Lie groupoid is a Lie algebroid. We will give the
definition of Lie algebroid associated with G.
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Given a Lie groupoid G = @), consider the following vector bundle
AG=Va—Q
where A;G = ker T, i.e., the tangent space to the a-fiber at the identity section, for
q€Q.

There is a bijection between sections X € I' (T4g) and left-invariant vector fields X €
X(G). Let X be a section of 74, then the corresponding left-invariant vector field on G is
given by

X(9) = (Tusionts) (X (B9))) (1.2

The Lie algebroid structure on AG is given by the bracket [, ] and the anchor map p
defined as follows

XYI=[X.V], o) = (Teh) (X(@).
forall X,Y € I'(AG) and ¢q € Q.

Definition 1.9.7. Given a Lie groupoid G = @, the triple (AG,[-,-],p) is called the Lie
algebroid associated to G = Q).

Remark 1.9.8. Alternatively one can also establish a bijection between sections X € I' (7a¢)
and right-invariant vector fields X e X(Q), by

X(9) = — (Tya(ey (rg o)) (X (al9))), (1.23)

which yields the Lie bracket relation
xyvi=-[X7Y] [X¥]=o

Thus X — ? is a Lie algebra isomorphism, and X 7 is a Lie algebra anti-isomorphism.
o

Examples of Lie groupoids:

We introduce now some examples of Lie groupoids

e The pair (or banal) groupoid: Let @ be a differentiable manifold, and we consider
the product manifold G = @ x Q. Then G is a Lie groupoid over ) where the source and
target maps o and (§ are the projections onto the first and second factors respectively, the
identity is defined as €(q) = (g, q) for all ¢ € @, the multiplication m((q, s), (s,r)) = (g, r) for
(q,5),(s,7) € Q@ x Q and the inverse map i(q, s) = (s, q).

Observe that, if ¢ is a point of @, then

Ve(q)a >~ TqQ.
e The case of Lie groups: Let G be a Lie group. G is a Lie groupoid over {e¢}, the identity

element of G. The Lie algebroid associated with G is the Lie algebra g = T,G of G. The
structural maps of the Lie groupoid G are

alg)=c Blg)=c¢, €le)=¢, ilg)=g ', mlg,h)=gh forgheqG.



Lie groupoids 59

e The cotangent groupoid: Let G = @) be a Lie groupoid. If A*G is the dual bundle to
AG then the cotangent bundle T*G is a Lie groupoid over A*G. The projections 8 and &, the
partial multiplication @7+, the identity section € and the inversion 1 are defined as follows,

Bl11)(X) = g (T l) (X)), for sty € T1G and X € AgyG,

a(p)(Y) = vh(Team))rn) (Y — (Teany) (e B))(Y))),
for v, € TG and Y € A, G,

(g ®1+c Vh)(T(g,h)m(Xth)) = pg(Xg) + va(Yn), (1.24)
for (Xg,Yh) S T(gjh)GQ,

€(pa) (Xe()) = ta(Xe@) = (Te() (€ 0 @) (X))
for p, € A;G and Xe(x) S Te(x)G,

I(,ug)(Xg—l) = —,ug((Tg—li)(Xg—l)), for g € T;G and Xg—1 S Tg—lG.

(for more details, see [60]).

e Action Lie groupoids. Let G = Q) be a Lie groupoid and 7 : P — () be a smooth map.
If Prxo G={(p,g) € PxG/m(p) =a(g)} then a right action of G on 7 is a smooth map

P xxo G — P, (p,g) = py,

which satisfies the following relations

W(pg) = 5(9)7 for (pag) € P xXq G7
(pg)h = p(gh), for (p,g) € P zxo G and (g,h) € G2, and
pe(m(p)) = p, for p € P.

Given such an action one constructs the action Lie groupoid P X, G over P by defining

Gr:PrxqG— P (D9 —

Br:P xxqG— P ;i (pg) — py,

g7T :P— P aXa G ) p— (p,e(ﬂ'(p))),

Zhw : (P X« G)2 — P X« G ; ((pyg>> (pgvh)) — (pygh)a
in: P axq G —> P x4 G ;o (p,g) — (pg,97h).

Now, if p € P, we consider the map p - : o~ 1(7(p)) — P given by
p-9=Dng-
Then, if 7 : AG — @ is the Lie algebroid of G, the R-linear map ® : I'(7) — X(P) defined by
®(X)(p) = (Terpyp (X (7(p))), for X € I'(r) and p € P,

induces an action of AG on 7 : P — Q. In addition, the Lie algebroid associated with the
Lie groupoid P X, G = P is the action Lie algebroid (for more details, see [118]).

e Atiyah or gauge groupoids: Let p : Q — M be a principal G-bundle. Then, the free
action, ® : G x Q — @, (9,9) = ®(g,9) = gq, of G on @ induces, in a natural way, a free
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action @ x & : G x (Q x Q) - Q x Q of Gon Q x Q given by (® x ®)(g,(¢,4)) = (9q,9¢),
for g € G and (q,¢') € Q x Q. Moreover, one may consider the quotient manifold (Q x Q)/G
and it admits a Lie groupoid structure over M with structural maps given by

a: (@xQ)/G—M ;o g, d)] — pla),
B:(@xQ))G— M ;o (g, 4)] — p(d),

e:M— (QxQ)/G ;o oz —[(¢,9)], ifp(g) ==,
m:((Qx Q)G — (@ xQ)/G ;  ([(¢.4)],[(9d',d")]) — [(9a.¢")],
i1 (@xQ)/G—(QxQ)/G 0 (¢.d)] — (¢ )]

This Lie groupoid is called the Atiyah (gauge) groupoid associated with the principal G-bundle
p:Q — M (see [121]).

If x is a point of M such that p(q) = x, with ¢ € Q, and pgxg : Q@ x Q@ = (Q x Q)/G is
the canonical projection then it is clear that

Ve)@ = (T(4,9Pax@) ({04} X T4Q).

Thus, if 77q/q : TQ/G — M is the Atiyah algebroid associated with the principal G-bundle
p: G — M then the linear maps

(TQ/G)HC — Vé(w)d ) [Uq] — (T(%Q)pQXQ)(thvq)? with Uq S TQQ7

induce an isomorphism (over the identity of M) between the Lie algebroids 7 : A((Q X
Q)/G) — M and Q)G * TQ/G — M.

1.9.2 Morphism of Lie groupoids and symplectic Lie groupoids

Definition 1.9.9. Given two Lie groupoids, G = @Q and G' = Q’, a smooth map ® : G —
G’ is a morphism of Lie groupoids if, for every composable pair (g,h) € Ga, it satisfies
(®(9); ®(h)) € Gy and ®(gh) = ®(g)P(h).

A morphism of Lie groupoids ® : G — G’ induces a smooth map @y : Q — @Q’ in such a
way B
aod=0Pyoa, Lod=Pjof, Poe=¢eod,

where @, 3, € are some structure maps of the Lie groupoid G’ = @’. That is, the following
diagram is commutative,

d?ﬂ

el Q

Moreover, ® induces a morphism A® : AG — AG’ of the corresponding Lie algebroids
and

Ab(0)(g) = T(T(g)),
Ad(w)(g) = TO(W(g)),
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for all g € G, v € Agy)G and w € A

a(g)G- Moreover, for X € T(AG), X € I['(AG’) we have

— = =
that A® o X = X o @ if and only if TP o X=Xoo (or alternatively, T'® o X=Xo D).
That is, X and X are A®-related if and only if their corresponding left-invariant (and right
invariant) vector fields are ®-related (See [118] for more details).

Symplectic groupoids:
Finally, we introduce a subclass of Lie groupoids with an additional structure: symplectic

groupoids. They are endowed with a symplectic manifold structure in the following sense,

Definition 1.9.10. A symplectic groupoid is a Lie groupoid G = Q with a symplectic form
w on G such that the graph of the composition law m is given by

graph(m) :=={(g,h,r) € G x G x G| (g,h) € Gy and r =m(g,h)}

is a Lagrangian submanifold of G x G x G~ with the product symplectic form where the first
two factors G being endowed with the symplectic form w and the third factor G~ being G with
the symplectic form —w.

A typical example of symplectic groupoid is the cotangent groupoid. If G = @ is a
Lie groupoid then the cotangent groupoid T*G = A*G is a symplectic groupoid with the
canonical symplectic 2-form wg.

1.9.3 The prolongation of a Lie groupoid over a fibration

Given a Lie groupoid G = ) and a fibration 7 : P — (), we consider the set
PTG = Pr xa Gg xx P ={(p.9,p") € P x G x P/7(p) = a(g), B(g) = 7(p)}-

This set has a Lie groupoid structure over P, where the structural maps are given by

™

o o PTG =P, (pg.p)—p;
T PTG — P, (p,g.p)—D;
m" : (PTQ)2 = P"G, ((p,g,p), (@, h.p")) — (p,gh,p");

€ P— PG, p (p,e(alp)),p);
i PTG PG, (pg,p) = (g hp):
PTG is called prolongation of G over m: P — Q (See [L18],[124] and [161]).

In what follows we consider the prolongation P*G of the Lie groupoid G over its source
map « : G — @, that is, one can consider the subset of 3G :=G x G x G,

PG = Ga Xa Gg xa G ={(g,h,r) € 3G/alg) = a(h),B(h) = a(r)}.
PG is a Lie groupoid over G. Observe that Go C P*G where the inclusion is given by

’iG2:G2 e
(g,h) = (9,9,h).
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Following the constructions given before we can construct the Lie algebroid associated
with P*G. This can be identified with the prolongation P*(AG) of AG over o : G — Q); that

is,

Definition 1.9.11. The Lie algebroid associated with a prolongation of a Lie groupoid G
over a is given by,

Ay (PUG) = {(ae(a(g)) Yy) € Aa(q)G X TyG/(Tya)(Yy) = (Te(a(g))B)(@e(a(g))) }-
Remark 1.9.12. If we consider the linear isomorphism

(W), 1 Ay (P°G) = PUAG) C Ag(y)G x T,G
(Oga Qe(a(g))> }fg) = (ae(a(g))vyg) Vg € G

then the mapping (¥®),, g € G induces an isomorphism ¥U* : A (P*G) — P*(AG) between
the Lie algebroids A (P*G) and P*(AG) (Fore more details see [30] and [124]). o

A section Z of A (P*G) can be expressed as

where X € I'(T4¢) and Y € X(G); such that T5(X) = Ta(Y).
The corresponding left-invariant and right-invariant vector fields are
Z(g.hr) = og,K (h), Y (1)), (1.25)
Z(g.hr) = (-Y(9).X(h),0,) (1.26)



Chapter 2

Geometrical description of classical
mechanics

It is well-known that the velocity phase space of a mechanical system may be identified with
the tangent bundle T'Q of the n-dimensional configuration space (). Under this identification,
the Lagrangian function is a real C'*°-function L on T'Q) and the Euler-Lagrange equations
are

1=1,..,n

d <8L> oL 0
dt \ O¢’ agt
where (q', %) are local fibred coordinates on T'Q, which represent the positions and the
velocities of the system, respectively.

If the Lagrangian function is hyperregular one may define the Hamiltonian function H :
T*@Q — R on the phase space of momenta T*(@) and the Euler-Lagrange equations are
equivalent to the Hamilton equations for H

dq’ _OH dp;  OH

dt  Op;’ dt oqt’ P Sl

Here, (¢',p;) are local fibred coordinates on T*(@Q which represent the position and the mo-
menta of the system, respectively.

Solutions of the previous Hamilton equations are just the integral curves of the Hamilto-
nian vector field Xz on T%Q which are characterized by the condition

iXHWQ = dH,

being wg the canonical symplectic structure of 7@ (for more details see, for instance, [I,

)-

Lagrangian (Hamiltonian) mechanics may be also formulated in terms of Lagrangian sub-
manifolds of special symplectic manifolds. Lagrangian submanifolds play an important role
in the geometry of several aspects related to classical and quantum mechanics. In [169, ]
Tulczyjew proved that it is possible to interpret the ordinary Lagrangian and Hamiltonian
dynamics as Lagrangian submanifolds of convenient special symplectic manifolds. To do that,
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he introduced canonical isomorphisms which commute the tangent and cotangent functors.
This construction is the so-called Tulczyjew triple for classical mechanics. It is possible to in-
terpret first order Lagrangian (and Hamiltonian) dynamics through the double vector bundle
structure of the cotangent bundles T*T'Q and T*T*(@ inducing an anti-symplectomorphism
between these double vector bundles.

In this chapter, we explore some geometric techniques to describe the formulation of
first-order and higher-order mechanics. We give a brief review of the description of classical
mechanics in terms of Lie algebroids following [111] and we will introduce the constraint algo-
rithm for presymplectic Lie algebroids constructed in [$7] which generalizes the well-known
Gotay-Nester-Hinds algorithm [73]. We will derive first-order and higher-order dynamics
respectively in terms of Lagrangian submanifolds using the Tulczyjew triple constructed in
[109] and we will construct a double vector bundle anti-symplectomorphism which generalizes
to the higher-order case the one given in [77].

2.1 Mechanics on Lie algebroids

The geometric description of the mechanics in terms of Lie algebroids gives a general frame-
work to obtain all the important equations in mechanics (Euler-Lagrange, Euler-Poincaré,
Lagrange-Poincaré,... ). In this section we will use the notions of Lie algebroid and pro-
longation of a Lie algebroid described in §1.8.1 to derive the Euler-Lagrange equations and
Hamilton equations on Lie algebroids.

In [134] (see also [111]) a geometric formalism for Lagrangian mechanics on Lie algebroids
was introduced. It is developed in the prolongation T2 E of a Lie algebroid E (see §1.8) over
the vector bundle projection 7 : E — M. The prolongation of the Lie algebroid is playing
the same role as TT'Q) in the standard mechanics. We first derive the canonical geometrical
structures defined on T2 E to derive the Euler-Lagrange equations on Lie algebroids.

Two canonical objects on T E are the Euler section A and the vertical endomorphism
S. A is the section of T2 E — F locally defined by

A= yAef) (2.1)

and S is the section of the vector bundle (T™2E) ® (T"2E)* — E locally characterized by the
following conditions

Seg) = 6542), Sef) =0, forall A. (2.2)
Finally, a section £ of T7EE — F is said to be a second order differential equation (SODE)
on E if S(§) = A or, alternatively, pri(£(e)) = e, for all e € F (for more details, see [111]).

Given a Lagrangian function L € C°°(E) we define the Cartan I-section O €
L((T™EE)*), the Cartan 2-section wy € T'(A*2(TBE)*) and the Lagrangian energy Ep €
C*(E) as

0, =5*(d"""FL), w,=-d""Fe, E,=LY\"FL-L.
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If (x%,y*) are local fibred coordinates on E, (p%, €4p) are the corresponding local structure

functions on E and {e(Al), 6542)} the corresponding local basis of sections of 772 E then

82.[/ A B 62-[/ i 62-[/ i oL C A B
WL = g agyBen N T g (axiayAp B aigyB AT gyh eAB) whew 29
B,= L4 (2.4)

oyA y

Now, a curve t — ¢(t) on E is a solution of the Euler-Lagrange equations for L if

- ¢ is admissible (that is, p(c(t)) = m(t), where m = 75 o ¢) and

- i .enwrn(e(t) — dT P EL(e(t)) = 0, for all t.

If ¢(t) = (2%(t),y}(t)) then c is a solution of the Euler-Lagrange equations for L if and only
if
, - d OL oL . 0L
-1 i, A C B i
_ — - =0. 2.5
T =PV oyA + 9y° ABY PAG (2.5)

Note that if F is the standard Lie algebroid T'Q) then the above equations are the classical
Fuler-Lagrange equations for L : TQ — R.

On the other hand, the Lagrangian function L is said to be regular if wy, is a symplectic
section. In such a case, there exists a unique solution £;, verifying

Z'ngL — dTTEEEL =0. (2.6)

In addition, one can check that ig¢, wy, = iawr, which implies that £, is a SODE section.
Thus, the integral curves of £, (that is, the integral curves of the vector field p1(£1)) are
solutions of the Euler-Lagrange equations for L. &; is called the Fuler-Lagrange section
associated with L.

From (2.3), we deduce that the Lagrangian L is regular if and only if the matrix

(Wap) = ( 0*L

W) is regular. Moreover, the local expression of £y, is
Yy oy

&L =ylely) + e,

where the functions f# satisfy the linear equations

L 5, 0L , 5 0L o 5 ;0L
, —C -0 - =0, VA.
ot : d*L . .
Another possibility is when the matrix (Wsp) = (ﬂ> is non regular. This type of
Iy~ y

lagrangian is called singular or degenerate lagrangian. In such a case, wy, is not a symplectic
section and Equation (2.6) has no solution, in general, and even if it exists it will not be
unique. In the next section, we will give the extension of the classical Gotay-Nester-Hinds
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algorithm [73] for presymplectic systems on Lie algebroids given in [87], which in particular
will be applied to the case of singular lagrangians in Section 3.1.

For an arbitrary Lagrangian function L : F — R, we introduce the Legendre transforma-
tion associated with L as the smooth map leg;, : E — E* defined by

d
legr(e)(e') = 7 L(e +te),
t=0

for e, e’ € E,. Its local expression is
) . 0L
legL(fUlayA) = (a, W) (2.7)

The Legendre transformation induces a Lie algebroid morphism
Tlegr, : TP E — T E*F
over legr, : E — E* given by

(Tlegr)(e,v) = (e, (Tlegr)(v)),

where Tlegr, : TE — TE* is the tangent map of legy, : F — E*.
We have that (see [111])

(Tlegr,legr)* (A\g) = Or, (Tlegr,legr)" (QE) = wr. (2.8)
where Ap is the Liouville section indroduced in (1.18) and Qg is the canonical symplectic

section on J"E* F.

On the other hand, from (2.7), it follows that the Lagrangian function L is regular if and
only if legr, : F — E* is a local diffeomorphism.

Next, we will assume that L is hyperregular, that is, legy, : E — E* is a global diffeo-
morphism. Then, the pair (Tlegr,legr) is a Lie algebroid isomorphism. Moreover, we may
consider the Hamiltonian function H : E* — R defined by

H=Fpo legZ1
and the Hamiltonian section &g € T'(TE* E)) which is characterized by the condition
ieyQp =d" " FH.
The integral curves of the vector field p;({x) on E* satisfy the Hamilton equations for H
daz ; OH dpa , OH c OH

il = i 2 poel T
dt Pa opa’ dt Pa oxt bctap Opp
forie {1,...,m}and A€ {1,...,n} (see [L11]).

In addition, the Euler-Lagrange section £;, associated with L and the Hamiltonian section
&m are (Tlegr,legr)-related, that is,

Emolegr, = Tlegr o L.
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Thus, if v : I — E is a solution of the Euler-Lagrange equations associated with L, then
uw = legr, oy : I — E* is a solution of the Hamilton equations for H and, conversely, if
w: I — E* is a solution of the Hamilton equations for H then v = legg1 o is a solution of
the Euler-Lagrange equations for L (for more details, see [111]).

Example 2.1.1. Consider the Lie algebroid F = T'Q, the fiber bundle of a manifold ) of

dimension m. If (z*) are local coordinates on @, then {—} is a local basis of X(Q) and we

have fiber local coordinates (2%, %) on 7Q. The correspondmg structure functions are Gk =0

and pg = 5? for i,7,k € {1,...,m}. Therefore given a Lagrangian function L : TQ — IR the
FEuler-Lagrange equations associated to L are

d(oLy oL
dt \oii ) " ag T o

Moreover, given a Hamiltonian function H : T*@) — R, the Hamilton equations associated
to H are

., OH _  9H
l’—apz, pl__%7 z—l,...,m

where (2%, p;) are local coordinates on T*Q induced by the local coordinates (z') and the
local basis {dz'} of T*Q (see [1] for example).

Example 2.1.2. Consider as a Lie algebroid the finite dimensional Lie algebra (g, [-, |4) over
a point. If ey is a basis of g and GgB are the structure constants of the Lie algebra, the

structures constant of the Lie algebroid g with respect to the basis {e4} are C’g B = ég g and
ply = 0. Denote by (y?) and (14) the local coordinates on g and g* respectively, induced by
the basis {e4} and its dual basis {e} respectively. Given a Lagrangian function L : g — R
then the Euler-Lagrange equations for L are just the Euler-Poincaré equations

d oL oL oC B

dt \ oyA 8 ayC ~ABY
Given a Hamiltonian function H : g* — R the Hamilton equations on g* read as the Lie-
Poisson equations for H

o= adoy
O
(see [83] for example).

Example 2.1.3. Let G be a Lie group and assume that G acts free and properly on M. We
denote by m : M — M=M /G the associated principal bundle. The tangent lift of the action
gives a free and proper action of G on TM and TM =TM /G is a quotient manifold. Then
we consider the Atiyah algebroid TM over M.

According to example 1.8.6, the basis {¢;,ép} induce local coordinates (x,y’, 7”) on
TM. Given a Lagrangian function ¢ : TM — R on the Atiyah algebroid TM — M, the
Euler-Lagrange equations for ¢ are
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or [ ot 0 i A mom
@ (8yi> = P (Bijy' +cppATT’) Vi,

d [ o Y ) i

% <8yB> = agA (CgByD - chAZDy ) VB,

which are the Lagrange-Poincaré equations associated to a G-invariant Lagrangian L : TM —
R (see [15] and [111] for example) where ¢ are the structure constants of the Lie algebra
according to 1.8.6.

2.2 Constraint algorithm for presymplectic Lie algebroids

In this section we introduce the constraint algorithm for presymplectic Lie algebroids given
in [87] which generalizes the well-known Gotay-Nester-Hinds algorithm [73]. First we give a
review of the Gotay-Nester-Hinds algorithm and then we introduce the construction given in
[27] to the case of Lie algebroids.

2.2.1 The Gotay-Nester-Hinds algorithm of constraints

In this subsection we will briefly review the constraint algorithm of constraints for presym-
plectic systems (see [72] and [73]).

Take the following triple (M, 2, H) consisting of a smooth manifold M, a closed 2-form
) and a differentiable function H : M — R. On M we consider the equation

ixQ=dH (2.9)

Since we are not assuming that (2 is nondegenerate (that is,  is not, in general, symplectic)
then Equation (2.9) has no solution in general, or the solutions are not defined everywhere. In
the most favorable case, Equation (2.9) admits a global (but not necessarily unique) solution
X. In this case, we say that the system admits global dynamics. Otherwise, we select the
subset of points of M, where such a solution exists. We denote by Ms this subset and we
will assume that it is a submanifold of M = M;. Then the equations (2.9) admit a solution
X defined at all points of Ms, but X need not be tangent to Ms, hence, does not necessarily
induce a dynamics on Ms. So we impose an additional tangency condition, and we obtain a
new submanifold M3 along which there exists a solution X, but, however, such X needs to
be tangent to M3. Continuing this process, we obtain a sequence of submanifolds

Mg — = My — My =M
where the general description of My is
M1 = {p € M; such that there exists X, € T, M; satisfying ix,Q(p) = dH(p)}.

If the algorithm ends at a final constraint submanifold, in the sense that at some s > 1 we
have M1 = M. We will denote this final constraint submanifold by M. It may still happen
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that dim My = 0, that is, M; is a discrete set of points, and in this case the system does
not admit a proper dynamics. But, in the case when dim My > 0, there exists a well-defined
solution X of (2.9) along Mjy.

There is another characterization of the submanifolds M that we will useful in the sequel.
If N is a submanifold of M then we define

TN+ ={Z € T,M, p € N such that Q(X,Z) =0 for all X € T,N}.

Then, at any point p € M; there exists X, € T),M; verifying ix$(p) = dH(p) if and only if
(TM;*t,dH) = 0 (see [72, 73]). Hence, we can define the [+ 1 step of the constraint algorithm
as

My, == {p € Mj such that (TM;-,dH)(p) = 0} .
2.2.2 Constraint algorithm for presymplectic Lie algebroids

Let 75 : E — M be a Lie algebroid and suppose that Q € I'(A2E*). Then, we can define the
vector bundle morphism by : E — E* (over the identity of M) as follows

ba(e) =i(e)(x), for ee€ E,.

Now, if x € M and F is a subspace of E,, we may introduce the vector subspace Fj of
E, given by
Fy ={e € E;|Q(x)(e, f) = 0,Yf € E;}.

On the other hand, if b, = bq|p, it is easy to prove that
b, (Fr) € (FiH)°, (2.10)
where (F;-)Y is the annihilator of the subspace Fj;-. Moreover, using
dimF;- = dimE, — dimF, + dim(E} N F,). (2.11)
we obtain that
dim(FH)° = dimF, — dim(E+ N F,) = dim(bq, (E,)).
Thus, from (2.10), we deduce that

b, (Fy) = (FL)°. (2.12)

Next, we will assume that € is a presymplectic 2-section (d¥Q = 0) and that o € T'(E*)
is a closed 1-section (d¥a = 0). Furthermore, we will assume that the kernel of €2 is a vector
subbundle of E.

The dynamics of the presymplectic system defined by (€2, ) is given by a section X € I'(E)
satisfying the dynamical equation
ixQ=a. (2.13)
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In general, a section X satisfying (2.13) cannot be found in all points of E. First, we look
for the points where (2.13) has sense. We define

My ={zxeM|JecE;: i(e)Qxz) =a(x)}
From (2.12), it follows that
M, = {z € M|a(x)(e) =0, forall eckerQ(z)=EL}. (2.14)

If M; is an embedded submanifold of M, then we deduce that there exists X : M7 — F a
section of 75 : E — M along M; such that (2.13) holds. But p(X) is not, in general, tangent
to M. Thus, we have to restrict to £ = p_l(TMl). We remark that, provided that E; is a

manifold and 7 = 75 |g,: E1 — M) is a vector bundle, 7 : E; — M; is a Lie subalgebroid
of E — M.

Now, we must consider the subset Ms of M7 defined by

My ={x € M |a(z) € ba, ((E1)z) =ba, (p~H(T:M))}
= {z € M |a(z)(e) =0, forall e € (Ey): = (p~ (T, M1))*}.

If M5 is an embedded submanifold of M7, then we deduce that there exists X : My — F;
a section of 7 : Ey — M; along M> such that (2.13) holds. However, p(X) is not, in
general, tangent to My. Therefore, we have that to restrict to Ey = p~'(T'Ms). As above, if
To = TE |Ey: B2 — Ms is a vector bundle, it follows that 7o : E5 — Ms is a Lie subalgebroid
of Tl - E1 — Ml.

Consequently, if we repeat the process, we obtain a sequence of Lie subalgebroids (by
assumption)

— My = My —=...= My <= M = My=M

T Tt T 7k 172 Tn T70=1E
— Eiiq — E} .. FEs — FEy — Ey=F

where
M1 ={z € M |a(x)(e) =0, for all e € (p_l(Tka))L} (2.15)

and
Epy1=p " (TMyi1).

If there exists k € IN such that My = Mj1, then we say that the sequence stabilizes. In
such a case, there exists a well-defined (but non necessarily unique) dynamics on the final
constraint submanifold My = Mj. We write

My = My 11 = M, Ef = Epy1 = Ey = p” (T My).

Then, 7p = 7, : Ef = E, — My = My, is a Lie subalgebroid of 75 : E — M (the Lie
algebroid restriction of E to Ef). From the construction of the constraint algorithm, we
deduce that there exists a section X € I'(Ey), verifying (2.13). Moreover, if X € I'(Ey) is
a solution of the equation (2.13), then every arbitrary solution is of the form X' = X + Y,
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where Y € I'(Ef) and Y (x) € ker Q(x), for all € M. In addition, if we denote by Qf and
ay the restriction of Q and «, respectively, to the Lie algebroid £y — My, we have that Q
is a presymplectic 2-section and then any X € I'(Ey) verifying Equation (2.13) also satisfies

z'XQf:af (2.16)

but, in principle, there are solutions of (2.16) which are not solutions of (2.13) since ker 2N
) F C ker Q2 f

Remark 2.2.1. Note that one can generalize the previous procedure to the general setting
of implicit differential equations on a Lie algebroid. More precisely, let 75 : E — M be a Lie
algebroid and S C E be a submanifold of E' (not necessarily a vector subbundle). Then, the
corresponding sequence of submanifolds of F is

So =685
S1 =Sonp H(TTE(S))

Spr1 = SN p (T7E(Sk))

In our case, Sy = p~ (T M) (equivalently, My = 7(Sk)). o

2.3 The Tulczyjew’s triple

In this section we summarize a classical result due to W.M. Tulczyjew showing a natural
identification of T*T'Q) and TT*(Q as symplectic manifolds where @) is any smooth manifold.
This construction plays a key role in Lagrangian and Hamiltonian mechanics.

In [169, 170], Tulczyjew established two identifications, the first one between T7T*(Q) and
T*TQ (useful to describe Lagrangian mechanics) and the second one between T7T*(@Q and
T*T*@Q (useful to describe Hamiltonian mechanics). The Tulczyjew map g is an isomor-
phism between TT*(Q) and T*T'(). Beside, it is also a symplectomorphism between these dou-
ble vector bundles (see [71, 153] for further details) as symplectic manifolds, i.e. (TT*Q, wg)),
where wg, is the complete lift of wg, and (T*TQ,wrg) where wrq is the symplectic structure
on T*TQ.

Before giving the full picture, we begin with two basic definitions. The canonical invo-
lution (see [71] for further details) of TT'Q is the smooth map kg : TTQ — TT(Q given

> d /d d /d
RQ | 7= 7X(57t) = 75((‘9)15)
ds \ dt =0/ 1s=0 ds \ dt =0

where y : R? — Q and x(s,t) := x(t,s). If (¢") are local coordinates for Q, (¢',v%) are
the induced coordinates for TQ and (¢¢,v%, ¢, ") are the corresponding local coordinates on
TTQ, then the canonical involution can be locally defined by kg (q*,v*, ¢",7") = (¢, ¢*,v*,").

il

s=0
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The relation among the canonical involution and tangent bundles is expressed in the following
diagram

ﬁTQl lTﬁ@
T T
Q——-TQ,
The tangent pairing between TT*Q and TTQ is the fibred map (-, )T : TT*Q xo TTQ —
R given by

d d T 4 -

0 G0 ) = Soesnr|

<dt =0 4t " "li=o dt =0

where v : R = T7Q and 0 : R — T'Q are such that m7«g oy = 7rg 0 .

Definition 2.3.1. The Tulczyjew’s diffeomorphism og is the map ag : TT*Q — T*TQ
given by
(ag(V), W) == (Viig(W))!, V eTT*Q, W eTTQ.

Locally
aQ(anpia ql7p2) = (qz’ qzapzvpz)
This map is a symplectomorphism when we consider on T7*(@) the symplectic structure given
by the complete lift wé of the canonical symplectic form wg on T%@Q).

In the following diagram we show the relationship among the double vector bundles and
the ag—Tulczyjew’s isomorphism:

TT*Q aQ T*TQ
TT*TQ

T*Q TQ T*Q
TrT*Q TTQ WT*Q

The definition of T 7rg is given in the following remark.

Remark 2.3.2. Given a tangent bundle 7py : TN — N, for each y € T, N we can define
Vyrrn = ker {Tyrry : T, TN — T, N}, 71rn(y) =z.

Summing over all y we obtain a vector bundle V7ry of rank n over TN. Any element u € T, N
determines a vertical vector at any point y in the fibre over z, called its vertical lift to vy,
denoted by v (y). It is the tangent vector at t = 0 to the curve y +tu. If X is a vector field
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on N, we may define its vertical lift as XV (y) = (X (7rn(y)))". Locally, if X = X* 822. in a
neighborhood U with local coordinates x?, then XV is locally given by

)
XV =X
ovt’

with respect to induced coordinates (x%,v%) on TU.

Now, we define T*7pg : T*TQ — T*Q by (T*rmrg(ow),w) = (o, w)); u,w € TyQ,
ay € THTQ and w, € T,TQ. o

Definition 2.3.3. The Tulczyjew’s isomorphism (g is the map Bg : TT*Q — T*T*Q defined
by the isomorphism of vector bundles

BQ(V) = inQ, V e TT*Q,
where wq is the canonical symplectic form on T*Q).

Locally, ' ‘ o
Ba(d'pi¢',pi) = (¢', 4" Pi> pi)-
This map is an anti-symplectomorphism when on 7*7™() we consider the canonical symplectic
structure wr+q.

By means of the Tulczyjew’s isomorphisms ag and Sg, the double vector bundle T7™Q
may be endowed with two (a priori) different symplectic structures. Let wpg and wr«g
be the symplectic structures corresponding to T*T'Q) and T*T*(@Q respectively. Therefore,
Wag 1= a*Q wrq and wg, = 55 wr+q define symplectic structures on 77" which turn out
to be the same, more precisely: wa, = —wg,. As mentioned before, there exists a third
canonical symplectic structure on T7*@Q which comes from the complete lift of the canonical
symplectic form wg, denoted by wo and which coincides with the previous ones, that is
wgg = Wag- In coordinates:

Oaq = 0 Orqg = pidq’ + pidd’ and Op, = B O+ = —pidq’ + ¢'dp;,

where ©1¢g and O« are the Liouville 1-forms on T'Q) and T™@Q), respectively.

T*TQ *a TTQ Fa T*T*Q
TT*TQ TTT*Q
Trrg TT*T*Q
TQ legr, T*Q

Q
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2.3.1 Implicit description of mechanics

In middle seventies, W.M. Tulczyjew [169, | introduced the notion of special symplectic
manifold, which is a symplectic manifold symplectomorphic to a cotangent bundle. Using
this notion, Tulczyjew gave a nice interpretation of Lagrangian and Hamiltonian dynamics
as Lagrangian submanifolds of convenient special symplectic manifolds. Thus, in order to
describe this interpretation we are going to use the notion of Lagrangian submanifold intro-
duced in §1.6.1 and that of Tulczyjew’s isomorphisms introduced in the previous subsection
§2.3.

Theorem 2.3.4. Given a Hamiltonian function H : T*Q — R, consider the associated
Hamiltonian vector field X € X(T*Q). The following assertions hold:

1. The image of Xp is a Lagrangian submanifold Sx, of (TT*Q,ws,)-
2. The image of dH is a Lagrangian submanifold Sg of (T*T*Q,wr+qQ).
3. The isomorphism Bg maps one into each other, i.e. Bg(Sx,) = SH.

Lemma 2.3.5. Given a Lagrangian function L : TQ — R, then S; = ImdL is a Lagrangian
submanifold of (T*T'Q,wrq).

Proposition 2.3.6. Given a hyper-regular Lagrangian function L : TQ — R, consider the
associated Hamiltonian H = Ej, o legzl. Then aél(SL) =Sx, = ﬁél(SH).

The results 2.3.4, 2.3.5, 2.3.6 are summarized in the following diagram

NL SXH

Sp = T7TQ T*T*Q <= Sy

TT*
WT*TQ TTT* TrT*T*
T’TI'T*
Q

In proposition 2.3.6 we derive a Lagrangian submanifold of T7T*@Q with a Lagrangian as
starting point. To extract the integrable part of the corresponding equations of motion that
this submanifold implies, it is just necessary to use the constraint integrability algorithm
developed in [122].

Observe that the three spaces T(T*Q), T*(T*Q) and T*(T'Q) involved in the Tulczy-
jew triple are symplectic manifolds; the two maps ag and Bg involved in the construction
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are a symplectomorphism and an anti-symplectomorphism, respectively; and the dynamical
equations (Euler-Lagrange and Hamilton equations) are the local equations defining the La-
grangian submanifolds Ny = aél(s 1) and Sx,,. Moreover, the Lagrangian and Hamiltonian
functions are not involved in the definition of the triple. In this sense, the triple is canoni-
cal. Finally, we would like to point out that the construction can be applied to an arbitrary
Lagrangian function, not necessarily a regular Lagrangian.

2.4 Dynamics generated by Lagrangian submanifolds

In this section we will give an alternative definition of the Tulczyjew’s diffeomorphism ag
defining it as the composition of two anti-symplectomorphism.

It is well known (see [77]) that the cotangent bundles T*T'Q) and T*T™*(@) are examples of
double vector bundles

T* * T*T
T*T*Q — % .70 *TQ — % L T*Q
WT*T*Qi iTTQ WT*TQ\L \Lﬂ'T*Q
T"Q—"—Q TQ—""—=Q
The concept of a double vector bundle is due to J. Pradines [152, 153], see also [101, 118].

In particular, all the arrows correspond to vector bundle structures and all pairs of vertical
and horizontal arrows are vector bundle morphisms. The above double vector bundles are
canonically isomorphic with the vector bundle isomorphism

R:T*TQ — T*T*Q (2.17)

over the identity of T*(Q being an anti-symplectomorphism and also an isomorphism of double
vector bundles (see [77, 101]). It is completely determined by the condition

<:R(O‘u)v WT*TTQ(Oéu)> = _<aua Wu> + <WT*TTQ(CMU)7 Wu>T

for all a, € T;;T'Q, Wu € T, TQ and Wr )y € TT™() satistying

Trq(ctu

TTTQ<Wu) = TWT*Q(WT*TTQ(QU))'

Locally, if we denote (q',¢% p;,p;) local coordinates on T*(TQ) the anti-
symplectomorphism R is given by

IR(ql7 qzapzaﬁl) = (qiaﬁ’ia —Pi, qz)

The following diagram summarizes the situation
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T*TQ R T*T*Q

\Q mrerq &@
id
T*11q / TQ

T*Q TQ
id

We define the symplectomorphism R: T*TQ — TT*Q given by

Q

R=p5' 0,
where (¢ is the Tulzcyjew’s symplectomorphism. In local coordinates R is of the form
‘{R(qia qiapi)ﬁi) = (qi7ﬁi7 q‘ivpi)'

Observe that R = 04521. Therefore, an alternative definition of Tulczyjew’s diffeomorphism is
given by ag = R o Bo : TT*Q — T*TQ. From now on, we will use aél instead of R.

Now, let N be the Whitney sum between the tangent bundle and the cotangent bundle
of a manifold @, that is, N =TQ & T*Q = TQ xg T*Q. Observe that N is a submanifold
of TQ x T*Q. Let f be the pairing between vectors and covectors on @, f = (-,-) : N = R.
Applying the Tulczyjew’s construction (1.6.11) we construct a Lagrangian submanifold ¥ y
of T*(TQ x T*Q) ~T*TQ x T*T*Q as

Sy = {n € THTQ x T°Q) | iy = df} € T*(TQ x T"Q),

where iy : N — T'Q) x T*(Q) denotes the canonical inclusion.

The relationship among these spaces is summarized in the following diagram:

iy
SN THTQ X T*Q)
(ﬂ'T*N)Enyi l”T*(TQxT*Q)

NC N TQ x T*Q

Locally, ¥ n is characterized by
Sen = {d" d",pi. Bi), (', i —pir §')) € T*TQ x T*T*Q}.

Observe that Xy v is the graph of R which is a Lagrangian submanifold of T*T'Q x T*T™Q
where the symplectic form is
O = ProwrQ — Priwr-Q-.
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Here, wrg denotes the canonical symplectic 2-form on T*T'Q), wr+( is the canonical symplectic
2-form on T*T™*Q, and prg, pr1 are the projections of T*T'Q x T*T*(Q onto the first and second
factors, respectively.

We introduce now the dynamics through a Lagrangian L : T'QQ — R. This Lagrangian
defines the phase dynamics Nj = aél(lm dL) C TT*Q which can be understood as an
implicit differential equation on 7@, and solutions of it are curves v : I C R — T*Q
satisfying ¥ € Np, where 7 is the tangent prolongation of v, that is, 7 : I C R — TT*(Q given

by 3(t) = (v(t),4(t)). Since,
oL . 0L
Pi= g bi = g4

Np = {% = (¢",pi,¢", pi) € TT*Q

then v(t) verifies the Fuler-Lagrange equations

d (OL\ _ 0L
dt \o¢*)  Oq¢t’
Remark 2.4.1. Observe that alternatively we can introduce the dynamics in the following

way: Let us consider the Legendre transformation legy, : TQ — T*Q. Given a curve o : [ C
R — @ on the base manifold @), the dynamics can be expressed as

% (legr(a(t),a(t)) = ag'(dL(a(t), 6()))- (2.18)

That is, a curve o : I C R — @ is a solution of the Euler-Lagrange equations if, and only if,
it satisfies the equation (2.18)

2.5 Higher-order mechanical systems

The aim of this section is to build up the Lagrangian and Hamiltonian formalism for sys-
tems involving higher-order derivatives using a generalization of Tulczyjew’s construction for
higher-order tangent bundles.

A Lagrangian of order k is a real smooth function L : T*)Q — R. That is, a real function
which depends on higher-order derivatives, where k denotes the order of the derivative. We
want to generalize to this case, the description of first-order Lagrangian dynamics given in
Section 2.3, following the results given in [109].

2.5.1 Higher-order mechanical systems: variational description

Given two points z,y € T#~1Q we define the infinite-dimensional manifold C%(x,y) of
2k-differentiable curves which connect x and y as

C%(x, y)={c:[0,T] — Q | cis Ok, c(k_l)(()) =z and c(k_l)(T) =y}.
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Fixed a curve ¢ in C?*(z,y), the tangent space to C?*(z,y) at c is given by

T.C%"(x,y) = {X L [0,T] — TQ | X is C* 1, X (t) € T,)Q,
X*D(0) = 0 and X*F1(T) =0} .

Let us consider the action functional § on C%*-curves in @Q given by

J: C*(z,y) — R
c — fo )())dt.

Definition 2.5.1. (Hamilton’s principle) A curve ¢ € C*(x,y) is a solution of the La-
grangian system determined by L : T'™WQ — R if and only if ¢ is a critical point of J.

Let us introduce a theorem (see [112]) which describes the higher-order Euler-Lagrange
equations and some geometrical structures in higher-order mechanics

Theorem 2.5.2. Let L : T"Q — R be a higher-order Lagrangian and

0= [ LW ()t

the action of L defined over C%*. Then, there exists an unique operator
EL:TPNQ — T*Q

and an unique 1—form ©rp on TG~V Q such that for all variations of the form dcs €
T.C?*(z,y) with fized endpoints we have that

d
ds

1

/ EL( (1)) - 5e(t) di + (O (1)) - 5+ Ve(n)) ||

0

In local coordinates EL and ©f have the form

k

d ([ OL
_§ : I D Y i
€L =2 (1) dt! <aq<l>i>’

=0

k-1
OL =Y hui dg"
1=0

where the functions pgy;, 0 < 1 < k — 1, are the generalized Jacobi-Ostrogradski momenta

defined by
k—1-1
d’ oL
A _ l
o= Y (=155 (aq(z+s+1)z-> :
0

s=
The equations of motion are called higher-order Euler-Lagrange, and are written as

k

d [ oL
l
Ej dtl <8ql)’> 0. (2.19)

=
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Here ¢, € C%(2,y) is a family of curves with ¢g = c and s € (=b,b) C R, ¢’ = d%c@

and 0'c! = %(5ci.
Therefore, from Theorem (2.5.2) it is possible to define the 2-form Q7 = —d©y,. In local
coordinates, we have that

s=0

k—1
Q= > dg" Adpgy.
1=0
and it is easy to see [112] that € is symplectic if and only if,

9’L
et (o)

The higher-order Lagrangian is said to be regular if Q7 is symplectic.

In the following we assume that the Lagrangian L is regular. Take now the restriction Jy,
of the action functional J to the subspace C}, of solutions of Euler-Lagrange equations. This
space can be identified with the space of initial conditions T*~1Q of the Euler-Lagrange
equations. Therefore is easy to show that

djr = F/0, -0y

where F is the flow of the Euler-Lagrange vector field X, defined on T~ Q by € Lo X} = 0.
Since d?2 = 0 we deduce that the flow is symplectic.

Moreover, if GG is a Lie group of symmetries preserving the action functional and g its Lie
algebra then

0=tk 0nddr =ik 1)(F;OL—0r) = F(i,2-10L) — i,0:-1)07,
3 i3s3 £g 3

where g is the infinitesimal generator associated with € g. Therefore, J; =1 £(2k—1)@ Lisa
Q
first integral of the flow.
Finally, let us recall that the Legendre transformation is locally defined to be the map
Legr, : TCF-DQ — T*(T*-1Q) locally given by

LegL<q(0)i7 q(l)i7 ey q(Qk_l)i) = (q(O)Zv q(l)ia ... 7q(k_l)i7ﬁ(0)i7 LR 713(]671)7;)' (220)
If L is regular then Legy, is a local diffeomorphism, and conversely. Observe that, when k = 1,

Legr, = legr.

2.5.2 Geometrical description of higher-order mechanics

In this subsection we study a natural application of the Tulczyjew triple to obtain the higher-
order Euler-Lagrange equations following some results of M. de Leén and E. Lacomba [109].

Consider the canonical immersion j, : T®Q — TT*-DQ defined in (1.5). Then, if
z € TWQ, then Jr T;k(:c) (TT*DQ) — T(T*Q) is given by

Jep=poTjx, Vpe T TTH Q.
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By Tulczyjew’s Theorem (1.6.11) we can construct a Lagrangian submanifold of
T*(TT* -1VQ) induced by a higher-order Lagrangian L : TV)Q — R,

S ={peT*(TT*VQ)|jin=dL} c T*(TTH* Q) (2.21)

fibering onto j(T™Q).
Now, we will use the construction given in Section 2.3 for first order systems to the
particular case when our tangent vector bundle is TT*-DQ.
Definition 2.5.3. The Tulczyjew’s isomorphism Brr-1q is the map Bre-1¢ : TT*T*-DQ —
T*T*T*=DQ defined by
Bri-10(V) = ivwrr-1q,
with Ve TT*T*-DQ and where wrk-1¢ s the canonical symplectic form of T*T*=D(Q.

As we have said, this map is an anti-symplectomorphism when we consider T*T*T* =1

with the canonical symplectic structure w7, i) 0= drwpx-1)g-

Definition 2.5.4. The higher-order Tulczyjew’s diffeomorphism Apk-1¢ is the map Apr—1¢
T(T*T*1Q) — T(TTF1Q) given by

(Ape-1g(V), W) == (V, kg o(W)T, Ve T(T*T*1DQ), W eT®(TQ).

Locally, if we denote by

k—1 <(k—1) .

(q 7pk—17qk717f)k—1) - (q(O)a"'7q(k71)7p07"‘7pk—17q(0))'"7q 7p07"°7pk—1)
the local coordinates on TT*(T*~1)Q, we have that

kila qk717 I.)kflv pk‘fl)
y Pk—1, _I.)kfla qkil)'

ATk—lQ(qkilvpk*hqkilapk*l) = (q

IBTk—lQ(qkilvpk717qkilapk*1) = (qkil

This map is a symplectomorphism when we consider on TT*T*~1Q the symplectic struc-
ture given by the complete lift Wi (k1) 0 of the canonical symplectic structure Wrpk-1)g On
T*TT*=-DQ.

In the following diagram we show the different relationships among the double vector
bundles and the Apx-1,—Tulczyjew’s isomorphism:

A
T(T*T*-1Q) e T*(TT*-1Q)
Trprk—10 TTperk-1¢ T Trrk-1g
WT*TkalQ
T*T(k—l)Q TT(k:—l)Q T*T(k—l)Q
WT*TI@—IQ TTTk_lQ T*kalQ

T¢:-DQ
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The Lagrangian submanifold X; 1is locally parametrized by the 2k points
(q(o), oo g®) O ,]3““‘2)) and is immersed in T*TT*-DQ as

OL 0L 0L OL
(0) (k—=1). (1) (k). Y= Y~  X0) _ Y= 5(k=2). 5(0) 5(k—2)
{ (q PARE 7q ) q LA q ) 8(1(0) ) 8(](1) p AR aq(k.il) p ’p PAR 7p ) 8q(k)> }

Therefore, taking this into account, the Lagrangian dynamics is given by the Lagrangian
submanifold Nj, = A;;_IQ(EL) of TT*T*=D@Q. Locally, Ny, is given by the elements in

TT*T* =D Q which have the form

<q(0>7__.’q<k1>;ﬁ<o>7__.’ﬁ<k2> OL @ . w0, 9L 9L oL _~<k2>)_

7%7q s (g 78(](0)78(](1) p 7"'78q(k_1)

Ny, determines the following set of differential equations:

d oL
250 - Y2
b 50 (2.22)
d . . oL
S0 o561 0 Y
P D POk (2.23)
oL d oL
e - () R (el
G P it <aq<k>>’ (2.24)

where 1 <3 <k — 2.
Differentiating respect to the time equation (2.24), and replacing into equation (2.23) for
7 =k — 1 we obtain that

d? ( oL d ( 0L oL o

- - —_ — — p .

dt? \ 9q¥) dt \ dq(k—1) Oq(k—2)
Differentiating with respect to the time the last equality and replacing into (2.23) when
1 =k — 3 we have

& (oL d? oL \ d oL N L 4y

a3 \9g® ) T a2 \9qt—1 ) T dt \ o2 ) T gt ~ P
Proceeding as before, differentiating k — 4 with respect to time and replacing into equation
(2.23), we obtain

d* (9L \  d"l [ oL 42 [ OL d ( 9L d
4t \9g® ) ~ a1\ a1 ) " a2 \ag= 2 ) T T at\agw ) T @

Finally using (2.22) we obtain the equation

k .
(oL
VAL S T
P <aq<j>> 0

Jj=0
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which is exactly the higher-order Euler-Lagrange equation (2.19) for L (see [109]).

Solutions of this system are curves in the Lagrangian submanifold Xr, p: I C R — X,
satisfying

Tpeprr-1g |2, (W) = P (t),

where v(#)(t) is the k-lift of a curve v : I — @ and Tpeprh-1Q |20 XL — TT*=DQ is the
canonical projection from X to TT*-1Q.
Definition 2.5.5. We define the higher-order Legendre transformation FL : Xp —
T*T*=DQ as the mapping FL = Tpperi-1g © (Ape-19) ™! |z, -

Locally, this map is given by

) " o (b_oy OL
q

A higher-order Lagrangian system is reqular if, and only if, FL is a local diffeomorphism.

Observe that a higher-order Lagrangian system is regular if and only if <%) isa

nondegenerate matrix. In such a case, since p-=1) = E)‘Z%(q(o), e q(k)), applying the implicit
function theorem, we can define ¢*) as a function f depending of ¢(©, ..., ¢* =1 =1 that
is,

q(k) = f(q(o)a s aq(k_l):ﬁ(k_l))- (2.25)

Using the Legendre transformation we can state in an alternatively way the solutions of
the higher-order Lagrangian system as the curves on ¥r, p: I C R — X, satisfying

At sgluelt) = SFL((),

where p satisfies mp.prr-1¢ |5, (1(t)) = ~y®)(t), where ) () is the k-lift of a curve v : I —
Q.
Finally, we would like to point out that when the higher-order Lagrangian system is

regular we can establish the Hamiltonian formalism defining a Hamiltonian function H :
T*T*1Q - R as

k—1
H(q(O)a s 7q(k_1)7]5(0)a s 7]5(k_1)) = Zﬁ(Z)q(Z) - L(q(O)a cee 7q(k))

i=0
where ¢*) is given implicitly by (2.25).
The corresponding Hamiltonian vector field Xy is determined by 4 XpWrk-1Q = dH. In
this particular case we have that

Im(Xy) = Xp(T*T"DQ) = B0 o (dH(T*TWDQ)) = Azl o (Sr).

In the singular case, the submanifold Im (dH) is not transversal with respect to
Tpepep(k-1)Q> then is necessary to apply the integrability algorithm to find, if it exists, a
subset where there are consistent solutions of the dynamics (see [72] and [73], for example).



Higher-order mechanics 83

Finally, to end this chapter we will give an alternative characterization of the dynamics in
the Lagrangian submanifols > in terms of the solution of the higher-order Euler-Lagrange
equations.

Theorem 2.5.6. The curve q(t) € Q is a solution of the higher-order Euler-Lagrange equa-
tions for L : T®Q — R if and only if

Arieng (G Eenta(®.40). G0, ....d* D)) ) € 2,

where Legy, - T?*DQ — T*(T*=1Q) was defined in (2.20).

Proof. Given the curve g¢(t) € @ we consider its tangent lift to TEE=1 Q.
that is  o(t) = (q(t),q(t),d(t),...,q**(t))  Therefore Legr(o(t)) =
@O1),...,¢* V@), po(t),...,pp_1(t)) where p, with 0 < r < k — 1 denotes the
Jacobi-Osrtogradski momenta defined in (2.5.2).

Now, using the definition of Apr-1, we have that

d _ d d d _
Api—ig [ 5 (L N ) = (), d* @4V @), .. d® (@), B0y, by e, DO (), PE T
riorg (g Eean(o@)) = (4701 a® OV O P 0, o s G B0, 50

Observe that the condition Agr-1¢ (4(Legr(o(t)))) € £1, implies the equations

d oL

a’0 = g0 (2.26)
d . . oL .
2tP6) +D(i-1) 90 where 1 < j <k -2, (2.27)
. oL
D(k—1) = 9 (2.28)

which implies the higher-order Fuler-Lagrange equations

k .
! oL
1Y —(—= =0
:0( ) dti (aq(J))

J

O]

Remark 2.5.7. We could also develop the case of higher-order Lagrangian systems with
higher-order constrains using a similar formalism.

In this case, consider a submanifold M C T®*)Q and a Lagrangian function L : M — R.
Observe that M < T®HQ — TT*=1Q. Denote by iy : M — TT*-1D(Q the composition of
both inclusions. Now construct

Sp = {u e T*TT* Q| itp = dL}

and proceed as before. o
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Chapter 3

Skinner and Rusk formalism for
higher-order mechanical systems

In the present chapter we consider the Skinner and Rusk formalism for mechanical systems
[167] [168]. R. Skinner and R. Rusk considered a geometric framework where the velocities
and the momenta are independent coordinates. To do this, they considered the dynamics on
the Whitney sum of T'Q) (velocity phase space) and T*@Q (the phase space).

Given a Lagrangian function L : T¢) — R one considers the bundle TQ & T*Q with
canonical projections pri : TQ @& T*Q — TQ and pro : TQ & T*Q — T*Q onto the first
and second factors. We then define a function H : TQ & T"Q — R by H(X,, o) =
ap(Xp)—L(Xp). In bundle coordinates (¢, v*, p;), H is given by H(q%, v, p;) = v'p;— L(¢*, v"),
and it is sometimes refereed as the Pontryagin Hamiltonian or generalized energy (see [180]
for example). We can also define a 2-form Q on TQ ® T*Q by Q = prj(wg), where wg
denotes the canonical symplectic 2-form on 7*Q. Then, one discuss the presymplectic system
(TQ®T*Q, 2, dH) and obtain the corresponding sequence of constraint submanifolds, which,
of course, have a close relation with those obtained by Gotay and Nester (and extended in
the framework of Lie algebroids by Iglesias, Marrero, Martin de Diego and Sosa) on the
Lagrangian and Hamiltonian side. It should be noticed that this algorithm includes the
SODE condition just from the very beginning.

In this chapter we will consider higher-order mechanics from the point of view of the
Skinner and Rusk formalism to obtain higher-order Euler-Lagrange equations, higher-order
Euler-Poincaré equations and higher-order Lagrange-Poincaré equations. Also, we will study
the case of systems with higher-order constraints. The extension of this theory to the natural
setting of Lie algebroids will be also developed.

One of the main objectives in the chapter is to characterize geometrically the equations
of motion of an optimal control problem for an underactuated mechanical system. In this
last system, the trajectories are “parameterized” by the admissible controls and the neces-
sary conditions for extremals in the optimal control problem are expressed using a “pseudo-
Hamiltonian formulation” based on the Pontryagin maximun principle or an appropriate
variational setting using some smoothness conditions [3]. Many of the concrete examples
under study have additional geometric properties, as for instance, the configuration space is
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not only a differentiable manifold but it also has a compatible structure of group, that is, the
configuration space is a Lie group. In this chapter, we will take advantage of this property to
give an intrinsic expression of the equations of motion for higher-order mechanical systems
and for optimal control problems with symmetries.

3.1 Skinner and Rusk Formalism: An unifying framework

In this section we describe the unifying formalism of the Lagrangian-Hamiltonian mechanics
introduced by R. Skinner and R. Rusk in [167] and [168]. We consider a dynamical system
of n degrees of freedom modeled by a configuration space () of dimension n. The behavior of
this system is described by the Lagrangian L € C°°(T'Q) which contains the information of
the dynamics associated with the system.

Consider the following phase space,
TR xQT'Q~TQ&T*Q,

that is, the Whitney sum of the velocity phase space and phase space, also called Pontryagin
bundle. This space is endowed with two canonical projections, pri : T'Q x¢o T%Q — T'Q) and
pra : TQ xg T*Q — T*Q. We denote by W this Whitney sum, W = T'Q © T*Q. Using the
canonical projections of the tangent bundle and cotangent bundle over the manifold Q) we
can construct the following diagram which illustrates the situation,

W =TQ xqT*Q
/4

/ \
TQ 7Q
Q
TQ
Q
Figure 3.1: Skinner and Rusk formalism

If (U, ¢) is a local chart of Q, and ¢ = (¢%),i = 1,...,n; we can induce natural coordinates
on T'Q and T*Q in 7 L(U) and 7751 (U) respectively. These coordinates are denoted by (¢*, v?)
and (q’,p;) respectively. Therefore, (¢',v%,p;) are natural coordinates in W. Observe that
dim(W) = 3n.

Let A be the Liouville one-form of the cotangent bundle and wg = —d\ the canonical
symplectic 2-form on 7*Q). We define the 2-form  on W as

Q = pry(wgq).

Observe that Q is a closed 2-form, but nevertheless, this form is always degenerate and
therefore is a presymplectic form. Using the expression in local coordinates (¢*,v*,p;) in W,
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wqg = dg' A dp; and taking account that pra(g',v*, p;) = (¢*, p;) we have that Q = dg’ A dp;.

From this local expression, is clear that { 621} is a local basis of ker €, that is,

ker Q) = span<%>

and therefore the 2-form (2 is degenerate.

Then, we have a presymplectic manifold (W, ) and our objective is to obtain a presym-
plectic Hamiltonian system in order to deduce the equations of motion following the procedure
given in [10], [41] and [154]. Nevertheless, in this formalism, we suppose that the information
of the dynamics is specified by a Lagrangian L € C*(TQ).

To define a Hamiltonian function, first consider the function C' € C*°(W), defined canon-
ically in the following way: if p € Q, vy € T,Q is a tangent vector to () at p and a), € T7Q is
a covector on p, we define C' as

C: TQxT'Q—R
(vp, ap) = {ap, vp)-
In local coordinates, C(¢, v, p;) = v'p;.
Then, we define the Hamiltonian H € C*°(W) by
H(q',pi,v") = C = pri(L) = ppv’ — L(¢',v")

and therefore we have a presymplectic Hamiltonian system (W, 2, H). The presymplectic
algorithm given in Section (2.2) can be applied and the equations of motion are given by the
solutions of the following equation

ixQ)=dH.

3.2 Skinner-Rusk formalism for higher order mechanical sys-
tems

In this section we will consider higher-order mechanics from the point of view of the Skinner
and Rusk formalism and we will analyze the case when this system is also subject to higher-
order constraints (see [50] for the first order case).

Let us consider the higher-order Pontryagin bundle Wy, that is, the Whitney sum
Wy := T(k)Q Xpk-1)Q T* (T(k_l)Q)
with the canonical projections

pri: Wy — THQ,
pro : Wy — T*(T(k_l)Q).

We construct on Wy the presymplectic 2-form

Qw, = pra (WT(kfl)Q),
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where w1 is the canonical symplectic form on 7™ (T*=1Q). Also we define the function
Hyy, : Wy — R given by
Hyy, (p; ) = (e, jik(p)) — L(p)

where (p,a) € Wy. Here (-, -) denotes the natural pairing between vectors and covectors on
T*=DQ (observe that j,(p) € TT*1DQ was defined in (1.5)).

We will see that the dynamics of the higher-order problem is intrinsically characterized
as the solutions of the presymplectic hamiltonian equations

ixQw, = dHyy, . (3.1)
Observe that locally

0
ker QWO = Span <VZ = aq(k)2> .

Taking local coordinates (q(o)i7 g 7q(k_l)i;pz(}o), o ,pgkfl), q(k)i) on Wy, then the local
expressions of the presymplectic 2-form (yy, and the hamiltonian Hyy, are

Ea
—

Qw, = dq™ A dp!”)

7 )

T
= O

Hy, = q(’”“)"pﬁr) — L(qO%, Wi gk,

\ \
=)

Consider a vector field X on Wy with local expression

k k—
X= 3 X S
r=0 aq ) =0 apz
and we analyze the equations Quy, (X, ) = dHy, () : Given V' € W,
k P k—1 .
V = Z U(T)i - + Zalr 5
r=0 8(]( ) r=0 ap» )
we have that
k—1 '
Qo (X, V) = > dg' ndpl” (X, V)
=0
= 3 [ )@ (v) — g (v)ap” (X)| = 3 [x O — o0y
r=0 r=0

Therefore, since
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from equation (3.1) we obtain that

N
—

{X(r)z@(r) _ U(r)iyi(r)} _ Zk: aHWq oy -
r=0

8q(T)Z

,2
I
o

From the other hand, differentiating Hyy, we have:

OHyy, . oL

8q(0)i o 8q(0)i

OHw, (-1 OL _

o D; — Bgi’ r=1,...,k—1.

As (3.2) holds for every vector field V' in Wy, we have that

() _ OHw, _ _
Y= ogmi’ 0,.nk—1
Therefore,
Ly _ 0L
i - 8q(0)z‘

- (7’) _ (7‘—1) _ aL . — J—
Y; = P g’ r=1,..,k-1
Xi(r) _ 8HW)0 — gtV =0 k-1

8pf
_ OHw, (-1 oL
0 = Bgwi =P~ g

The solutions of equation (3.1) are defined on the first constraint submanifold given by
the set of points € Wy such that dHyw,(z)(Z) = 0, for all Z € ker Qy,(x). Locally these
restrictions are defined from the following relations

1 w1 0L
Vi =P dqk)i

=0, i=1,...,n. (3.3)

The equations ¢} = 0 (primary relations) determine the set of points Wy of Wy where (3.1)
has a solution. W is the primary constraint submanifold (assuming that it is a submanifold)
for the presymplectic Hamiltonian system (Woy, Qw,, Hw,) (see Section 2.2 and [73]).

Therefore, the equations of motion for an integral curve solution of X are

dg(")?

= gt =0,...,k—1 4
dt q b r 0’ 7k ) (3 )
dp” L
b _ 9L (3.5)
dt 0q(0)i
dp” T, L
P _ by O r=1,... k-1 (3.6)

a P dg’
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and the constraint equation (3.3).

Differentiating with respect to time the equations ¢}, substituting into (3.6) and pro-
ceeding further, we find the equations of motion for the higher-order variational problem,
analyzed in the last chapter, i.e.

k

.d [ OL
;(—1) ¥ <aq(r)i> =0. (3.7)

The solution of equations (3.1) on Wj; may not be tangent to Wjp. In such a case, we
have to restrict Wi to the submanifold W5 where there exists at least a solution tangent to
W1. Proceeding further, we obtain a sequence of submanifolds (assuming that all the subsets
generated by the algorithm are submanifolds, see Section 2.2)

= W= s Wy s W —= Wy
Algebraically, these constraint submanifolds can be described as

Wi = {rv e TMQ xpu1o TH(T* Q) | dHw,(z)(v) =0 Yo € (T,W;1)* } i>1,

where (T;L«I/Vi,l)L = {v c T, Wy ’ Quwy (z)(u,v) =0 Yu € Tp,W;_4 }
If this constraint algorithm stabilizes, i.e., there exists a positive integer & € N such that

Wi41 = Wy, and dim W), > 1, then we will have at least a well defined solution X on Wy = W},
such that

(iXQWO = dHW0)|Wf :

If the bilinear form defined by (%) is nondegenerate we have that the final

constraint submanifold is the first one, i.e., Wy = Wj. Observe that the dimension of W; is
even, dim W7 = 2kn. In what follows, we will investigate when this constraint submanifold is
equipped with a symplectic 2-form in order to determine a unique solution X. More precisely,
if we denote by {2y, the restriction of the presymplectic 2-form Qy;,, to Wi, then we have the
following result:

Theorem 3.2.1. (W1, Qw,) is a symplectic manifold if and only if the bilinear form defined

by
9L
<aq<k>iaq<k>j) (39)

1s nondegenerate.

Proof. Qyy, is symplectic if and only if T,,W; N (T,W1)* = 0 for all 2 € W;. This condition
is satisfied if and only if the matrix dgol(%) is regular, that is,

9°L
e ) %0
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3.2.1 Skinner and Rusk formalism for higher-order constrained mechanical
systems

Now, we will consider higher-order mechanical systems subject to higher-order constraints.
Let us consider a submanifold M of T Q locally determined by the vanishing of the con-
straints functions ®* : T®Q - R, 1 < a < m. We will develop a geometric characterization
of higher-order constrained variational problems using, as an essential tool, the Skinner and
Rusk formulation.

We assume that the restriction of the projection (Ték_l’k))‘M : M — T¢*-1Q is a sub-

mersion. Locally, this condition means that the m x n-matrix

(a(él,...,cbm) )

has constant rank equal to m at all points of M.
Let us take the submanifold Wy = pri* (M) = M Xp(k=1) T*(T*-1Q) and the restric-
tions to Wy of the canonical projections pr; and pro

T o Wo—=M,
m : Wo— THTH* Q).
We consider on W the presymplectic 2-form
O, = ma(wre-1g)
and the function Hyp, : Wo — R given by
Hyg, (p, @) = (o, ji(p)) — L(p)

where (p, ) € Wo.

We will see that the dynamics of the higher-order constrained variational problem is
intrinsically characterized as the solutions of the presymplectic hamiltonian equations

ixQp, = dHyp, . (3.10)

Definition 3.2.2. The presymplectic Hamiltonian system (WO,QWD,HWO) will be called a
variationally constrained Hamiltonian system.

To characterize the equations we will adopt an “extrinsic point of view”, that is, we will
work on the full space W) instead of in the restricted space W.

Let us consider = prg*(wT(k_l)Q) and H : T®Q X p(k-1)Q T*(T*-1Q) - R given by
H(p) = (pra(p), pri(p)) — L(pri(p))-

Then, it is easy to show that equations (3.10) are equivalent to (see [59])

ixQ—dH € (TW,)°
{ X ¢ T (3.11)
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where (TW)? is the annihilator of TWy locally spanned by {d®“}, where ®* : Wy — R
denote the constraints ®* = ®* o pry (for notational simplicity, we do not distinguish the
notation between constraints on M and constraints on Wy).

The solutions of Equation (3.10) are defined on the first constraint submanifold given by
the set of points € Wy such that (dH + \od®)(z)(Z) = 0, for all Z € ker Q(x). Locally
these restrictions are defined from the following relations

1 (k—1) oL 0P

The equations @}j 0 (primary relations) determine the set of points W1 (primary constraint
submanifold) of W where (3.10) has a solution.

Then, we have two different types of equations which restrict the dynamics on
T(k)Q Xpk-1)Q T* (T(k_l)Q),

®* = 0 a=1,...,m (constraints determining M), (3.12)

ot = 0 i=1,...,n (primary relations). (3.13)

Therefore, the equations of motion for an integral curve solution of X are

%q(r)i B S S (3.14)
d © oL o0«
_ﬁpi = —W + )\aw (3.15)
d @ -1 0L oL B B
S = ) 5 T g T Lokl (3.16)

and the relations (3.12) and (3.13).

Differentiating with respect to time the equations ¢, substituting into (3.16) and pro-
ceeding further, we find the equations of motion for the higher-order constrained variational
problem

k
d” oL 0P«
_1’!‘ - — a=— = . 1
2 g <aq<7“>l 4 aqmz) ! (317)

The solution of equation (3.10) on W; may not be tangent to Wi. In such a case, we
have to restrict W to the submanifold Wo where there exists at least a solution tangent to
W 1. Proceeding further, we obtain a sequence of submanifolds

s W o s Wy s Wy — Wy .
Algebraically, these constraint submanifolds can be described as

Wi = {SL’ eM Xpk=1)Q T* (T(k_l)Q) { dHWO({E)(U) =0 Yv e (TxWifl)L } 1> 1,
(3.18)
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where (TxWi—l)l _ {v eT,Wo } QWO(QZ)(’U,, v) =0 YueT,W;_ 1 }

If this constraint algorithm stabilizes, i.e., there exists a positive integer k& € N such
that W41 = Wy and dim Wy, > 1, then we will have at least a well defined solution X on
W = Wy, such that

(ixO, = g, ) v, -

Denote by Qg7 , the pullback of the presymplectic 2-form Qg to W 1. Inorder to establish
a necessary and sufficient condition for the symplecticity of the 2-form Qg7 , we define the
extended Lagrangian
L=L-)\,9%.
Theorem 3.2.3. For any choice of coordinates (q(o)", qWi q(kfl)i;pl(o), . ,pz(k_l), q(k)i)
z:n T®Q Xpa-1g 1™ (T*-1Q), we have that (W1, Qwr,) is a symplectic manifold if and only

if

od od 0

2L 89> Ly oL ] Nl
3gF7 0 Eren

The proof of this theorem follows the same lines that the one in Proposition (3.6.2).

Remark 3.2.4. Observe that if the determinant of the matrix in Theorem 3.2.3 is not zero,
then we can apply the implicit function theorem to the constraint equation goil = 0 and
d* = 0, and we can express the Lagrange multipliers A, and higher-order velocities ¢(*)* in

terms of coordinates (q(o)i, ... 7q(k_l)i,pgo), ... 7pz(}k*l)), ie.,
Aa = )\Oé(q([))aq(l)a”'7q(k71)7p(0)7”'7p(k71)) 9
q(k‘)l - q(k)l(q(0)7 q(1)7 A 7q(k71)7p(0)7 A 7p(k71)) *
Thus we can consider (q(o)i, gLi 7c](’“_l)i,pz(}o), .. ,pz(»k_l)) as local coordinates in Wj.

In this case,

k—1 .

O S

r=0

which is obviously symplectic. o

3.3 Skinner and Rusk formalism for higher-order problems on
Lie groups
Now, we will give an adaptation of the Skinner-Rusk algorithm to the case of higher-order
theories on Lie groups (see [15] and [50] for the standard case). Using the results given in
Section (1.7.1) and Appendix A we have the identifications
TWG = Gxkg,
T+ DG = G x (k—1)gx kg".
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For developing our geometric formalism for higher-order variational problems on Lie
groups we need to equip the previous space with a symplectic structure. Thus, we con-
struct a Liouville 1-form 6 (x—1)g and a canonical symplectic 2-form wgy (1—1)q after left-

trivialization. Denote by &€ € (k — 1)g and a € kg* with components £ = (£, ... ¢(h=2)

and a = (g, ...,ap—1). Then, after a technical computation (see Appendix A) we deduce
that
(QGX(k—l)g)(gﬁ a)(£1a Vl) = <a>€1> )
(@ (k-1)g) @ ) (€1,01), (€2,0%) = v 1,E2> + (1%, &) + (a0, [£”. 7))
- —Z [, €87 + (), €] + (a0, 1617, €07,

where €, € kg and v® € kg*, a = 1,2 with components &, = (5&“)@9_1 and v* =
(V&-))Ogigk—l where each component &(Li) € g and 1/&.) € g*. Observe that ag comes from the
identification T*G = G x g*
Consider the higher-order Pontryagin bundle
Wo =TWGE xpunyg T*TH VG = G x kg x kg* |

with induced projections

pri(g,6,6% V@) = (g,6,¢%7Y)

pra(g, &, ¢*Y ,a) = (9. )
where, as usual, &€ = (€@, ..., 6*2) ¢ (k—1)g and a = (a, ..., ap_1) € kg*.

The following diagram summarizes the structure of the higher-order Pontryagin bundle:
Wo =G x kg X kg*
/ \
(k—1,k)
\ /‘GX(’C(

For developing the Skinner and Rusk formalism it is only necessary to construct the
presymplectic 2-form Quy, by Qw, = priwgx (k—1)g and the Hamiltonian function H : Wy — R
by

G x kg (k—1)g x kg*

k—1
H(g, &% a) = (0, €W) — L(g,&,€%7Y) . (3.20)
1=0

Therefore

(QWO)(g,ﬁ,f(k*U ) ((éla ; l)a (SQ,&%M, V2)) = _<V1’€2> + <V2’€1>
~1

k
oo, [550)’550)]> - Z [<V(1z‘)’§g)> - <V(2¢)7§1l)>} + {0, [5%0)7€§O)D )

1=0
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where &, € kg, v* € kg*, and &Sk) €g,a=1,2. As a consequence of the definition of the
presymplectic 2-form Qyy,, the variable &(lk;) does not appear on the right-hand side of the
previous expression. Moreover,

(oL .
dH(97§7£(k,1>7a)(€2’gék)’VQ) - <_£g ((5‘9(97£7€(k 1))> 7£§O)>

+ <Oéi
=

+(v7€) .

E
[\

0L

&@@sfkwf”%

l\”o

Therefore, the intrinsic equations of motion of a higher-order problem on Lie groups are now
ixQw, =dH . (3.21)
If we look for a solution X (g,&,¢*1, a) = (51, , v!) of Equation (3.21) we deduce:
¢ = O o<i<k-1,

oL
vy = £ ( (9.&,6% 1))>+Gd5<0)040,
1

oL .
Vir) = 5t -6 ey —a;, 0<i<k-2,
and the constraint functions
0L 1
Ok—1 — W(97£7§( )) =

Observe that the coefficients ¢§ are still undetermined.

An integral curve of X, that is a curve of the type

t— (g(t), &), ..., 5 V@), ap(t), ..., cu_1(t))

must satisfy the following system of differential-algebraic equations (DAEs):

g = 9§, (3.22)
deli—1) .
gﬁ = O 1<i<k-1, (3.23)
dO[() % oL (k—1) %
- = .24
dt £ (59( 7575 ) +ad§a07 (3 )
daviy oL (k—1) :
= -, 0<i<k-2, 2
a 5w@ss ) —ai, 0<i (3.25)
If £ > 2, combining Equation (3.26) with Equation (3.25) for ¢ = k — 2, we obtain
d oL oL

&65(’@'_1) = 55(1{:—2) — g9 .
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Proceeding successively, now with ¢ = & — 3 and ending with ¢ = 0 we obtain the following
relation:

k—1 P
&SI

This last expression is also valid for k£ > 1. Substituting in Equation (3.24) we finally deduce
the k"-order trivialized Euler-Lagrange equations:

k-1

d - d' SL oL
1) = =) . 2
(i) 2.V s 4 (%) 20
Of course if the Lagrangian L : TWG = G x kg — R is left-invariant, that is

L(97€7éy--~7§k 1) (h§€7-.-,€(k71))7
for all g,h € G, then defining the reduced Lagrangian ¢ : kg — R by

/6(67 é? ce 7§(k‘_1)) = L(e’ §7 é? R 7§(k_1)) Y
we write Equations (3.27) as

k—1

(dt B ad&) Z ,dtz 55 —0, (3.28)

=

which are the kt"-order Euler-Poincaré equations. These equations are exactly the same that
the ones derived by Gay-Balmaz et al in [08] using variational techniques. Our derivation
allows us to identify automatically the geometric preservation properties of the system, for
instance, preservation of the Hamiltonian or (pre-) symplecticity of the flow.

The constraint algorithm

From the presymplectic character of Qy, and the expression of H : Wy — R we have
that (3.21) has not solution on Wy then it is necessary to identify the unique maximal
submanifold W; along which (3.21) possesses tangent solutions on W and therefore, the
existence of solutions is guaranteed. This final constraint submanifold W is detected using
the constraint algorithm (2.2.2). This algorithm prescribes that Wy is the limit of a string of
sequentially constructed constraint submanifolds

W= Wy = W) = Wy .
where
W; = {x € G x kg x kg* ‘ dH (z) (&1, gk)’yl) -0 V(Sl,ék),ul) c (TzWifl)J— } (3.29)
with ¢ > 1 and where
(W)™ = {(€.67.01) € (k+ D)g x k" | Q@) (€1, 01), (62.67,v%) = 0
v (&, 6,07 € TWi |-
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where we are using the previously defined identifications. If this constraint algorithm stabi-
lizes, i.e., there exists a positive integer k € IN such that Wi, = Wy and dim Wy, > 1, then
we will have at least a well defined solution X on W; = W}, such that

(ixQw, = dH)y, -

From these definitions, we deduce that the first constraint submanifold Wi is defined by
the vanishing of the constraint functions

oL

Y =01 —

The existence of solutions satisfying the constraints Equations (3.30) implies using Equa-
tions (3.24), (3.25) the following compatibility conditions: if k¥ > 2,
5L 5L *) ’“i 5L

R - - - e~ S | *
G2 M2 T ST gt o1 sengeme L

521
g 5f(k_1)5g f’

=0

and, in the particular case k = 1, we deduce the equation

5L 52L 62L
£2(= diag = —&W 4 £5( — ) ¢.
9(59)“5@0 et T 9(5559)5

In both cases, these equations impose restrictions over the remainder coefficients §§k) of the
vector field X.

If the bilinear form :g X g — R defined by

52L
S6(k=1)5¢(k—1)

52L

ST 3¢ 1) L(g,& %7V +t€ + s)

s=0

(g,€,F V(e €

I
~ dtli=ods

is nondegenerate, we have a special case when the constraint algorithm finishes at the first
step Wi. More precisely, if we denote by Qyy, the restriction of the presymplectic 2-form (2
to W1, then we have the following result:

Theorem 3.3.1. (W1, Q) is a symplectic manifold if and only if

52L
SEF gt D) (3.31)

s nondegenerate.

Proof. For all z = (g,&,£%~D ) € Wi, defined by the vanishing of the constraints (3.30),
that is, p(z) = 0, we have that

TxSO T Wy — TOQ* = g*

is obviously surjective (¢ : Wy — g* is a submersion).
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Now, assume that Q, is symplectic, then for all x € Wy, (T,W1)* N T, Wi = 0. Since
ker Q, C Tfo, therefore ker 2, NT, W71 = 0. Now observing that any element in V,, € ker €,
is written as

V, = (0,6%),0) € ker Q0 C kg x g x kg*
we deduce that Typ|xerq, : ker{l; = g — g" is an isomorphism and in consequence, the
bilinear form (3.31) is nondegenerate.

Conversely, since we know that the nondegeneracy of (3.31) is equivalent to say that
T2 ker, 1s an isomorphism, then we deduce that

T.Wo =T, Wy ®ker,. (332)

Observe that if Z, € T, Wy, we can write Z, = (Z, — V) + V, where V, is the unique element
of ker Q, such that T,o(V,) = Tp¢(Z;). Then, Z, — V, € T,W;. From Equation (3.32) we
deduce that T, xWIL = ker (), for all x € W7 since

dim(T,W1)* = dim T, Wy — dim T, Wy + dim (T, Wy Nker Q) .

In consequence, 0 = ker Q, N T, W1 = (T, W)+ N T, Wi = 0 and Qyy, is a symplectic 2-form.
O

3.3.1 Constrained problem
The equations of motion

The geometrical interpretation of constrained problems determined by a submanifold M of
G x kg, with inclusion iy : M — G x kg and a Lagrangian function defined on it, Ly :
M — R, is an extension of the previous framework. First, it is necessary to note that for
constrained system, we understand a variational problem subject to constraints (vakonomic
mechanics), being this analysis completely different in the case of nonholonomic constraints
(see [17, 138, 50]). The case of nonholonomic mechanical systems will be studied in Chapter
4.

Given the pair (M, Ly() we can define the space
Wo =M x k:g* .

Taking the inclusion iy : Wo — G x kg x kg*, then we can construct the following presym-
plectic form

Qpr, = (pr2 0 i) Qo (k—1)gxkg* »

and the function H : Wy — R defined by

H(g.€.6%7, @) = > (0i,€7) — Luc(g. &,6*7Y) .

N
—_

S
Il
o

where (g,&,¢*1) € M.
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With these two elements it is possible to write the following presymplectic system:
ixyy, = dH . (3.33)
This then justifies the use of the following terminology.

Definition 3.3.2. The presymplectic Hamiltonian system (Wo, Oy, H) will be called vari-
ationally constrained Hamiltonian system.

To characterize the equations we will adopt an “extrinsic point of view”, that is, we
will work on the full space W, instead of in the restricted space Wy. Consider an arbitrary
extension L : G X kg — R of Ly : M — R. The main idea is to take into account that
Equation (3.33) is equivalent to

ixﬂwo—dH S aIETWO,
X € TWy,

where ann denotes the annihilator of a distribution and H is the function defined in (3.20).

Assuming that M is determined by the vanishing of m-independent constraints
(9,6, V) =0, 1<A<m,
then, locally, ann TW( = span {d@A} , and therefore the previous equations are rewritten as

ixQw, —dH = Mad®4,
X (%) 0,

where )\ 4 are Lagrange multipliers to be determined.

If X(g,&,¢0Y a) = (él,ék),ul) then, as in the previous subsection, we obtain the
following prescription about these coefficients:

&) = €0, o<i<k-1,

§L 504
1 _ *
Yoy = £ ((5g —)\Ai(sg ) +ad££0)0¢07
) _ oL 54
Par) T 5e T Mee@

A R2 5pA A
_ * [ VF I L(141) (k)
0 = £9<5g>£+,_215§(i)£ +5£(k71)§1 , 1<A<m,

o, 0<i<k-—2,

and the algebraic equations:

5L A
_ 756(16*1) + )\Aié‘g(kfl) =0 y

4t = 0.

Ap—1
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The integral curves of X satisfy the system of differential-algebraic equations with addi-
tional unknowns (A4):

g = g£ ’
deti=1) ) ,
= t 1<i<k-—-1
dt é- K - 1 - b
doy (0L 594 .
dOzH_l o oL 5(I)A
it T s Mg o
54 5<1>A 604 (ko1
0 = ( )5 Z (5§(k—1) 1
N 5<I>A
k-1 = 5£(k—1 A(;gk 1)
»t = 0.

As a consequence we finally obtain the k*-order trivialized constrained Euler-Lagrange

equations,
— d' [ 6L 54 5L 54
— - § j —=| = £ — . 34
<dt “df) ) @ [ @ AAagm] £ <6g M ) (3.34)

If the Lagrangian L : T®G = G x kg — R and the constraints ®4 : G x kg — R,
1 < A < m are left-invariant then defining the reduced Lagrangian ¢ : kg — R and the
reduced constraints ¢4 : kg — R we write Equations (3.34) as

di [ 8¢ g*
(dt—ad£>2 o [ &~ M50 } 0. (3.35)

The constraint algorithm

As in the previous subsection it is possible to apply the Gotay-Nester algorithm to obtain a fi-
nal constraint submanifold where we have at least a solution which is dynamically compatible.
The algorithm is exactly the same but applied to the equation (3.33).

Observe that the first constraint submanifold W is determined by the conditions

5L 5P
O\ = Q1 — 5EGT) + 4 5eD) = 0, (3.36)

4 = 0. (3.37)

If we denote by €}y the pullback of the presymplectic 2-form QWO to W1, then we deduce
the following theorem
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Theorem 3.3.3. (W1, QWl) s a symplectic manifold if and only if

5L ) 52pA spA
(k—1)§¢(k—1) A e—1) 5 (k—1) (k—1)
o =Hog 5o o€ =Hog 0§ (3.38)
5¢(k=1) 0

is nondegenerate, considered as a bilinear form on the vector space g x R™.

Proof. Consider the following extended manifold Wy x R™ with the induced presymplectic
2-form Qu,xrm = (Pr1)*Qy, where Pr; is the projection of Wy x R™ onto the first factor.
It is clear that 5

a%)}v

where V' € ker Qyy, and (\4) are coordinates in R™. We have a new presymplectic Hamilto-
nian system given by the triple (Wo x R™, Qu, xrm, Hyw,xrm ) where Hyyyxrm = H + A ®4.
Applying the constraint algorithm to this presymplectic system, we observe that (3.36) and
(3.37) are exactly the primary constraints and determine a primary constraint submanifold

W1 of Wy x R™. We construct the map

ker Qy, xrm = span {(V,0), (0

((p)\,(I)A): W()XRm — g*x]Rm
(xa)‘A) — (@A(xa)‘A)véA(x))'

This map is a submersion and therefore, applying similar arguments to Theorem 3.2.1, we de-

duce that condition of nondegeneracy (3.38) is equivalent to the symplecticity of (Wl, Q)
where le is the pullback of Quyxrm to Wl. The proof is finished observing, that un-
der these regularity conditions, we have that, via Pri, Wi and W are diffeomorphic and
(Prl)* le = Q

W1 Wi

O

3.4 Extension to trivial principal bundles

In this section we show how to combine the results given in the previous sections and as
a consequence to obtain the Skinner-Rusk formalism for higher-order mechanical systems
whose configuration space is a trivial principal bundle.

3.4.1 Unconstrained problem
As in the previous section, consider the higher-order Pontryagin bundle

W = TW(M x G) X e THTE V(M x @)
~ (TOM Xp-nyy THTEYVM)) x (G x kg x kg*) = Wi x Wg

where M is a m-dimensional smooth manifold and G is a finite dimensional Lie group.
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Let (q(’”)i, q(k)",pgr)), where 0 <r <k —1and 1 <i<m, be a set of local coordinates in
WM and (97575147—17&)’ where E = (507 s 7§k 2) ( - 1)9 and o = (a07 v 7ak71) € kg )
a set of local coordinates in Wg. Then, the induced natural coordinates in W = Wy, x

Wea are (q(r)i, q(k)i,pl(-”,g,ﬁ,gk_l, ). Using these coordinates, we denote the projections of
W, Wi, W onto their factors in the following way

i k)i r k— i k r i k (r) k—
pry (¢ ™ pl g 6,65 o) = (67 M i), pra(a ¢ P 9,6, 65 @) = (9.6, o),

k s T k ~ ) k T r
pr, (q(r)l q( )i pi )) (q ( )l7q( )1)7 pI“Q(q(r)l,q( )l7p§ )) (q (?")17p£ ))7

Pri(9,€,6" o) = (9,6,6""), Pr(9.& 6 @) = (g,€ ).

The bundle W is endowed with some canonical geometric structures. As in the previous
sections, let wpk-1)g and wgx(k—1)g be the canonical symplectic forms on T*(T(k_l)M) and
T*(T(k*I)G) ~ G x (k—1)g x kg*, respectively. Then, we can consider the presymplectic
forms Qy; = prs wrk-1g and g = Prywex(k—1)g- We define the following presymplectic
form in W

Q = pri Qu + pr3 Qa, (3.39)
where a local basis for ker €2 is
0 0

Now, given a Lagrangian function L € C®(T®) (M x G)) = C®(T® M x G x kg), we can
define the Hamiltonian function H € C*>°(W) locally as

B
—_

H(q(r)i7q(k)i7pz(r)7g7£7§k717a) _ ( l(T)q(rJrl)i + <ai’£i>> — LM gWi g g b1y,
(3.41)

ﬁ
Il
=)

The equations of motion for a presymplectic Hamiltonian system (W, ), H) are given by

ixQ=dH , for X € X(W). (3.42)

As in the previous sections, the first constraint submanifold W; — W is locally defined
by the constraints

(k1) oL . B oL
b; dqk)i — 0 5 ag k=1~ 0.
Let X € X(W) be a generic vector field locally given by
x - pmi_9 wi_9 g 9 +€ 4t 9 o . ,/il 0 (3.43)

Oy Wi _C_ G .
8q(7")1 8q(k)l 8]? 65’ 1ole%,

(2
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Then, from (3.42) we have the following system of equations

FOi— gr+1i (3.44)

p Y~ ajiﬁ —0, (3.46)

&g =g, (3.47)

vy = £*(z)g —|—ad*0a0 . U= gng -, (3.48)
oL _,. (3.49)

T gt

Observe that the coefficients F(*)i and f{“ are yet to be determined and that the tan-
gency condition for a vector field X solution to equation (3.42) along W; gives the following

equations
OL (b-2) _ 1) O°L (wi__ 9L
o P T g ggmi T g igg
., 0’L o’L o 0L
+"€ga gq (k)i 5 + dEidg lc)zE Ek—194( 51’
, (3.50)
oL . 0%L - 0°L
e g+ (Rg__“ =
DER—2 k-2 =4 9q(1)i gek—1 +F 9qRiggek—1
e 0L 0L 0L

99 8§k 150 352 €k—1£i+1 gk 1a£k 151

These equations enable us to determinate the remaining coefficients F(*)? and f{“ of the vector
field X. Observe that if the Hessian matrix of L with respect to the highest-order “velocities”,
¢® and £F=1 is invertible, that is,

9*L 9L
8g(®iggk)i  §glk)iggek—1
qaqu qagi (p) #0, for every p € T*M x G x kg,

8§k—13q(k)i agkflagk—l

then the previous system of equations has an unique solution for F®)i and f{“ , obtaining a
unique vector field X € X(IV) solution to the equation (3.42). In particular, the constraint
algorithm finishes at the first step. Otherwise, new constraints may arise from equations
(3.50), and the algorithm continues if necessary.

Now, let v: R — W be an integral curve of X locally given by

() = (¢ (1), qW (1), p7 (8), 9(1), € (1), i(t)) - (3.51)
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~ must be satisfy

q(r)z _ q(r-i-l)i7 (3.52)
oL oL _
.0 (r) _(r=1)
pb; = aq(o)i ) pi - 8q("’)i pi ) (353)
g=9& , &M =6, (3.54)
. LOL . ) OL
ag = fg% + adégao , Ol = (9751 — o, (3.55)

in addition to the restrictions (3.46) and (3.49). Now, using equations (3.46) in combination
with equations (3.53) we obtain the kth-order Euler-Lagrange equations

k
d" OL
—1Y——=0. .
> (1) G i = (3.56)

r=

On the other hand, using equations (3.49) in combination with equations (3.55) we obtain
the kth-order trivialized Euler-Lagrange equations

k—1 ;
d A oL, (0L

]

Therefore, a dynamical trajectory v: R — W of the system must satisfy the following local
equations

u & oL d — L, d oL oL
Y arager =0 o () SV a4 ()
Finally, if the Lagrangian function L € C®(T®) M x G x kg) is left-invariant, that is,
L™, ™", 9,6) = Lai" ', 1. ),
for all g, h € G, then we can define the reduced Lagrangian £ € C®°(T®) M x kg) by
g g™ € = gl qif e, €

and therefore equations (3.57) become the kth order Euler-Poincaré equations

k—1
4 o) Sy L O
=0

Observe that equations (3.56) remain the same with the reduced Lagrangian function, just
replacing L by /.
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3.4.2 Constrained problem

Now, as in the previous sections, we assume that the dynamic of the system is constrained.
Let ipe: M < T®Q be the constraint submanifold, with codim M = m, and Ly € C*°(M)
the Lagrangian function describing the dynamics of the constrained dynamical system.

Consider the submanifold W = M Xpr-ng T (T*R=1DQ) of TWQ Xpr-ng T (T Q)
with canonical inclusion iyy: W — T®Q Xpk-1)Q T*(T(k_l)Q) and natural projection
pryc: W — M. If we take Q = M x G, then W = M X g1y T*(T*FDM) x kg*.

Now, using the results given in Section 3.4.1, we can define a closed 2-form in W as
Q= i*WQ, where Q is the presymplectic form defined in (3.39), and a Hamiltonian function

H in W from the canonical pairing and pry L. With these elements we can state the
dynamical equation for the constrained problem, which is

ixQ=dH. (3.59)

We adopt an “extrinsic point of view”, that is, we will work in the bundle W, and then
require the solutions to lie in the submanifold W < W.

In order to do this, we must construct a Hamiltonian function H € C*°(W) using the La-
grangian function Lyt € C°°(M) containing the dynamical information of the system. Hence,
let L € C®(T™ (M x G)) be an arbitrary extension of Ly, and let H be the Hamiltonian
function defined in (3.41) using this arbitrary extension of the Lagrangian function Ly;.

The equations of motion for the constrained dynamical system are determined by

ix QY —dH € ann(TW) , for X € X(W) tangent to W . (3.60)

Let @4 € C°(T™) (M x G)), 1 < A < m, be local functions defining the submanifold
M — T® (M x G). With some abuse of notation, we also denote by ®4 the pull-back of
the constraint functions to W. Then, the annihilator of TW is locally given by ann(TW) =
<d®A> . Therefore, the equation defining the submanifold W; may be written locally as
iy dH = M\d®4 | VY € kerQ, where A\q, 1 < A < m are the Lagrange multipliers. The
equations defining locally the submanifold W are

(k—1) oL oPpA oL oPA

- =0 ; — —0 - @A_
D; 8q(k)i+/\Aaq(k)i—0 N agkfl"k)‘A@gkq—o . e =0.

Now, let us compute the local expression of equation (3.60). If we assume that M is
determined by the vanishing of the m functions ®4, then equation (3.60) may be rewritten
as ix Q —dH = A\d®? , where \4 are Lagrange multipliers to be determined. Then, bearing
in mind the local expression of dH and €2, taking a generic vector field locally given by (3.43)
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we obtain the following system of equations

PO = gt (3.61)
(0) _ 8L . 8@‘4 (T‘) _ aL B a@A B (r—l)
G = dq(0i A g i G = D AA oqi P (3.62)
oy 0L et
Pi 6q(k)z +Aa aq(k)l =0, (363)
&g =¢, (3.64)
vy = £y (89 - )\Aag> +ad59040 . Vi = o6 A g -y, (3.65)
oL Plige
M1~ k1 T MpgrT = 0, (3.66)
oA (g™ Wi g € ") =0. (3.67)

If we denote by Qyy, the pullback of the presymplectic 2-form 2 to W, then we deduce
the following theorem.

Theorem 3.4.1. (W1, Q) is a symplectic manifold if and only if the bilinear form defined

as
02L 92 02L 92 oA\ "
q®iag®i — A giggi dgWigek—1 ~ "4 ggmiggh—1 ~ \ 9y
2L 024 02L NS a4\
oek=19gk)i a Aagk—laq(k)i OEk—19¢k—1 - A@fk—lagk—l - ogk—1
0P ol 0
dqk)i k=1

is nondegenerate along W1.

Now, let v: R — W be an integral curve of X locally given by (3.51). Then the condition
X o~ =4 gives the following system of differential equations for the component functions of

y

g = gt (3.68)
(0 _ 0L obA w oL 5pA o
b= dq(0i )\Aaq(o)i NS EYGT AAan 7, (3.69)
g=g¢ . &7=¢,  (3.70)
3 « (0L 024 * . OL oA
ao = £, (89 - /\Aag> + Gdg?a() y o Qg1 = 98 A o a; , (3.71)

in addition to equations (3.63), (3.66) and (3.67). Now, using equations (3.63) in combination
with (3.69) we obtain the kth order constrained Euler-Lagrange equations

k

d" oL oPA
E )= == _ —_— ) =0. 72
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On the other hand, using equations (3.66) in combination with (3.69) we obtain the kth order
trivialized constrained Euler-Lagrange equation

k-1 .
d d (DL oPA oL oPA
—1)— - — - * — — ] . .
(dt “df°> 2V <8e M asz) ‘ (89 M 6g> (3.73)

Therefore, a dynamical trajectory v: R — W of the system must satisfy the equations (3.72)
and (3.73), in addition to ®4 (¢ (t), ¥ (t), g(t), £ (t)) = 0.

Finally, if both the extended Lagrangian function L € C®°(T™M x G x kg) and the
constraint functions ®4 € C®°(T® M x G x kg) are left-invariant, then we can define the

reduced Lagrangian function ¢ € C'OO(T(k)M x kg) and the reduced constraint functions
ot € COO(T(k)M x kg) as

(g g ety = L(gM qWi e, ety (g, g €)= dA(gM7 gV e, €7,

and then equations (3.73) become

d L\ d oo dA
(i~ o) 2 G (56~ %) =°-

Note that equations (3.72) remain the same, just replacing L by £ and ®4 by ¢4.

3.5 Extension to Lie algebroids

In this section we will develop a geometrical description for second-order mechanics on Lie
algebroids in the Skinner and Rusk formalism, given a general geometric framework for the
previous results in this chapter and using strongly the results given in [37].

First, we will review the description of vakonomics mechanics on Lie algebroids given by
Iglesias, Marrero, Martin de Diego and Sosa in [37]. After it we will introduce the notion
of admissible elements on a Lie algebroid and we will particularize the previous construction
to the case when the Lie algebroid is the prolongation of a Lie algebroid and the constraint
submanifold is the set of admissible elements. Then we will obtain the second-order Skinner
and Rusk formulation on Lie algebroids.

3.5.1 Vakonomic mechanics on Lie algebroids

Let 7 : E — Q@ be a Lie algebroid of rank n over a manifold ) of dimension m with anchor
map p : E — TQ and L : E — Rbea Lagrangian function on E. Moreover, let M C E
be an embedded submanifold of dimension n + m — m such that 7 = 75 ‘M M—Qisa
surjective submersion.

Suppose that e is a point of M with my(e) = x € Q, (2°) are local coordinates on an
open subset U of Q, x € U, and {e4} is a local basis of I'(E ~) on U. Denote by (z¢,y?) the
corresponding local coordinates for £ on the open subset TE (U) Assume that

MﬂTé_l(U) = {(a:ivyA) IS TEzl(U)|(I)a(;pi’yA) =0, a=1,...,m}
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where ® are the local independent constraint functions for the submanifold M.
We will suppose, without loss of generality, that the (m X n)-matrix

(6@“

oyPB

-----

is of maximal rank.

Now, using the implicit function theorem, we obtain that there exists an open subset 1%
of (1) ~1(U), an open subset W C R™""~™ and smooth real functions ¥ : W — R, «o =
1,...,m, such that

MNV ={(2',y?) e V]y* =¥y, with a=1,...,mand m+ 1< a < n}.

Consequently, (z¢,y?) are local coordinates on M and we will denote by L the restriction of
L to M.

Consider the Whitney sum of E* and E, that is, W = E® E*, and the canonical pro-
jections prqy : E® E* — F and pro : E® E* — E*. Now, let Wy be the submanifold
Wo = prl_l(M) = M x¢g E* and the restrictions m; = pri|w, and mp = pra|w,. Also denote
by v : Wy — @ the canonical projection of Wy over the base manifold.

Next, we consider the prolongation of the Lie algebroid E over 7=, : B* — @ (respectively,
v: Wy — Q). We will denote this Lie algebroid by T8+ F (respectively, ‘J'”E). Moreover, we
can prolong mo : Wy — E* to a morphism of Lie algebroids Tmy : TV E — T7E* E defined by
(.Tﬂ'g = (]d,Tﬂ'Q).

If (2',pa) are the local coordinates on E* associated with the local basis {e?} of
['(E*), then (2%,pa,y®) are local coordinates on Wy and we may consider the local basis
#W, (@)@, P} of T(TVE) defined by

1) 5 ; 0
€ (6?6) = eA(:C)vp i )
! #08 |(s )
0
‘éA @ é7 e’ = ) )
CORICES 5ot
@) (5 9
eq’ (eé,e = 0, — ,
( ) 8ya (é,e*))

where (¢,¢*) € Wy and v(é,e*) = z. If ([-,-]%, p¥) is the Lie algebroid structure on TVE, we
have that ) i
1) ~(Dqw 1
[ey",ep]” = egB“/’c )
and the rest of the fundamental Lie brackets are zero. Moreover,
0 - 0 0
oxt’ py((eA)(2)> - @’ py(ea2)) - Oya'

P (@) = iy

The Pontryagin Hamiltonian Hyy, is a function defined on Wy = M x¢ E* given by
Hyy,(é,€e*) = (e*,¢) — L(e),
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or, in local coordinates,
Hyy,y (@', pa,y") = pay® +pa (@', y*) — L(a',y") . (3.74)

: : . _ ‘O -
Moreover, one can consider the presymplectic 2-section 2 = (T2, m2)* 2, where Q is

the canonical symplectic section on T8+ E defined in Equation (1.19). In local coordinates,

where {5 é{j), } denotes the dual basis of {eA (83, e )} .
Therefore, we have the triple (7% E, Qo, d”” Efp w,) as a presymplectic hamiltonian system.

Definition 3.5.1. The vakonomic problem on Lie algebroids consists on finding the solutions
for the equation ~
ixQo = d” FHyy,; (3.76)

that is, to solve the constraint algorithm for (‘.T”E, Qo,dTVEHWO).
In local coordinates, we have that

d‘J'V E HWO — (pa

a

6(2).

ove ai i A
oy® By“

ove  JL
e oai | Paty YT e yrel) + (pa +Pap o >

If we apply the constraint algorithm,
Wy = {w e M xq B | d" FHy, (w)(Y) =0, VY €ker Qo(w)}.
Since ker 9 = span {eﬁf)}, we get that Wy is locally characterized by the equations
5 ove  OL

Pa = dT’EHWo (ea )) = Pa + Pa &ya - aya = 07
or ~
oL ove it l<a<
= m a n.
pa 8y pa 8ya 9 —= —=

Let us also look for the expression of X satisfying Eq. (3.76). A direct computation shows
that

oL oy
_ a~(1) ozA{l) _ i a o (2) a (2)
w0  [(2 ) - ] 5

Therefore, the vakonomic equations are

(&' =y o, + VP,

, oL ows
Do = ( 9pi PP oy )p’a y €l s — Ve,

d [ oL A oL A
( ) = ( - — )pa bepr — \Ilo‘Gwa.

di \ aye dya ari P gy
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Of course, we know that there exist sections X of T E along W satisfying (3.76), but they
may not be sections of (p¥)~L(TW;) = T*E, in general (here 11 : Wi — Q). Then, following
the procedure detailed in Section 2.2.2, we obtain a sequence of embedded submanifolds

.‘—)Wk+1‘—)Wk‘—>...‘—>W2‘—>W1‘—>W0=MXQE*.

If the algorithm stabilizes, then we find a final constraint submanifold Wy on which at least
a section X € I'(T¥f F) verifies

where vy : Wy — Q.
One of the most important cases is when Wy = W;. The authors of [37] have analyzed
this case with the following result: Consider the restriction 21 of Qy to T F;

Proposition 3.5.2. €y is a symplectic section of the Lie algebroid JNnE if and only if for
any system of coordinates (z*,pa,y®) on Wy we have that

d*L O™ -
det (83;“(93;1’ — pa(‘)gﬂ(‘?gﬂ’) #£ 0, for all point in W1.

3.5.2 Prolongation of a Lie algebroid over a smooth map (cont’d)

This subsection is devoted to study some additional properties and characterizations about
the prolongation of a Lie algebroid over a smooth map (see subsection 1.8.3).

Let F be a Lie algebroid over @) with fiber bundle projection 7 : E — @ and anchor
map p: E = TQ.
Definition 3.5.3. A tangent vector v at the point e € E is called admissible if p(e) = Teri(v);

and a curve on E is admissible if its tangent vectors are admissible. The set of admissible
elements on E will be denote E?).

Notice that v is admissible if and only if (e, e, v) is in ‘J'TEE We will consider E® as the
subset of the prolongation of E over 7= , that is, E( ) ¢ E X7 TE is given by

2 ={(e,ve) € Ex TE | ple) = Try(ve)}.
Other authors call this set Adm(E) (see [13] and [134]).

We consider E®) as the substitute of the second order tangent bundle in classical me-
chanics. If (z ") are local coordinates on Q and {e4} is a basis of sections of E then we denote
(x* 'y 4) the corresponding local coordlnates on E and (3: y4: 24, v4) local coordinates on
T7EE induced by the basis of sections {e " ,654)} of TTEE (see subsectlon 1.8.3). Therefore,
the set E(? is locally characterized by the condition {(z%,y%;24,0v4) € TEE | y* = 24},
that is (27,54, v4) := (2%, y?, ") are local coordinates on E(2).

We denote the canonical inclusion of E?) on the prolongation of E over Tp as

iE(z):E(Q) — ‘TTEE

@yt o) = (@ yt ).
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Example 3.5.4. Let M be a differentiable manifold of dimension m, if (z) are local co-
ordinates on M, then { 8?:1'} is a local basis of X(M) and then we have fiber local coor-
dinates (2',2") on T'M. The corresponding local structure functions of the Lie algebroid
Ty TM — M are

Ck =0and p] =&/, fori,j,k € {1,...,m}.

In this case, we have seen that the prolongation Lie algebroid over 7rjs is just the tangent
bundle T'(T'M) where the Lie algebroid structure of the vector bundle T'(T'M) — TM is as
we have described above as the tangent bundle of a manifold.

The set of admissible elements is given by
E® = {(%,v', ', w') € T(TM) | &* = v'}
and observe that this subset is just the second-order tangent bundle of a manifold M, that

is, £ =T®@ ).

Now, let 75 : E — M be a Lie algebroid with anchor map p : £ — TM and let T7EF

be the E—tangent bundle to E. Now we will define the bundle 775 (T™EE) over T2 E. This
bundle plays the role of 7 pppy : T(TTM) — T(T'M) in ordinary Lagrangian Mechanics.

In what follows we will describe the Lie algebroid structure of the E-tangent bundle to
the prolongation Lie algebroid over 75 : £ — Q.

As we know from subsection (1.8.3), the basis of sections {e4} of E induces a local basis
of the sections of J7F E given by
@) () — 0
6)7 eA (6)— <e’07aAe>’

for e € E. From this basis we can induce local coordinates (z?, yA 404) on TFE.

.y
000) = (eceatret).sliy

Now, from this basis, we can induce a local basis of sections of T8 (‘J'TEE) in the fol-
lowing way: consider an element (e,v,) € T™2E, then define the components of the basis

{6541’1),ef’l),eg’2),ef’2)} as

; 0
e(ALl)(e,vb) - <(€ Ub); eﬁl)(e)’pAaxi (e vb)>’
0
6542’1)(677)17) — ((6,”())76542)(6)7 ayiA (e ’Ub)) ’
0
eg’g)(e,vb) - <(€’vb) 0. 5.4 (evb))7

2,2 0
654 )(e,vb) = <(€,7Jb),0, 81}714 (e7vb)> .
The basis (1’1) , 6542’1) , 6541’2) , 6542’2) } induces local coordinates

(2,44, 24,04, b4, A, d4, A) on I’ (T7EE). If we denote by (‘J'TJ(EU(‘J'TEE), [-,-] @, p2) the
E

Lie algebroid structure of T (‘.TTE E), it is characterized by
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1,1
P2(€E4 ))(6 ) = ( (e, ), pAaxZ ) )
(ezvb)
pae e m) = ( (e ) |
(evvb)
0
Pl esm) = ( (©m) 5.2 ) ’
(e7vb)
0
p2(654272))(67vb) e Ub A )
a (6,’[}[,)
4, e L = elpec”,
[[6541 1) 6531 2)]] A= [[ef; 2) eg 2)]]7_;) =0,
[[6%71),61(32)]]7_](22) = [[65371),6272)]]7_](;) = [[6541’2),6E42’1)]] (2 1) = [[6541 1),6(571)]]7_;2) =0.

for all A, B and C where G(;;B are the structure constants of F.

In the same way, from the basis {é{Al ), (e1)@)} of sections of T7E* E given by

’é/(Al)(e ) = <€ 76A(TE*(6 ))7pAaxZ > )
0
~AN(2) (% _ * 0.2 )
@) = (g ).

where e* € FE, we construct the basis of sections of T TEE)*JEE  denoted
{E{Al’l),(EA)(Q’D,ESQ),(5‘4)(2’2)}. In what follows (2%, 3, pa,pa) denotes local coordinates
on J7E* E induced by the basis {é{Al), (@1,

This basis is given by

E(Al,l)(a ) = <Oé ,es)(T(fJ'TEE)*(a )),pA@ a*) s
~ * E3 * 8
@) ®V (") = (Oé ,eg)(T(TTEE)*(O‘ ) oA Oﬁ) ;
<a*,0

0
A4y(1,2) —
COLEILS )
0
~AN(2,2) (% _ * 0. —— > )
@A) = (a0 0]

where o € (T E)* and 7(grp gy~ : (T7FE)* — E is the vector bundle projection.
The Lie algebroid structure (T Fe)* (TEE); [+, ]2, p2) is given by
a*) 7

pa(@ M (0") = (Oé*»pféail-’a*)a Pz(('éA)(Q’l)(a*))=<a*,£4
@) = (o] ) @) = (a5 ),

OpA | o Opa
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where the unique non-zero Lie bracket is [[E{Al ’1),6{31’1)]]2 = GSBE{CI )| This basis induces local

coordinates (z*, 4, pa, pa, q”, 3 ;14,14) on T ER)* TTEE,

3.5.3 Second-order unconstrained problem on Lie algebroids

Consider the Whitney sum of (T7EE)" and TFE, W = TEE x g (T E)* and its canonical
projections pry : W — TEE and pry : W — (TEE)". Now, let W, be the submanifold
Wo = pri (E®) = E?) xp (TE)* and the restrictions m = pr1 |w, and m = pra |-
Also we denote by v : Wy — FE the canonical projection. The diagram in Figure 3.2 illustrates
the situation.

Wo = E® xp (77" E)*

/ \
(2)

v (‘:]"TEE)*
(2,1)
E
\ /(TTEE)*/
E

Figure 3.2: Second order Skinner and Rusk formalism on Lie algebroids

E

Consider the prolongations of "2 E by (g5 gy« and by v, respectively. We will denote
these Lie algebroids by T""#£)* (T7E E) and TYT"E E respectively. Moreover, we can prolong
o Wo — (T"EE)* to a morphism of Lie algebroids Tmy : TVTEE — T (TEE)* (TTE* F)
defined by Tme = (Id, T'mo).

We denote by (2%, y?, pa, p4) local coordinates on (772 E)* induced by {eé), eé)}, the dual

basis of the basis {6541), 6542)}, a basis of T2 E. Then, (z*,y?,pa, pa, 2z) are local coordinates
in Wy and we may consider the local basis {é{Al’l), é{j’l), (e)(12) (g4 (22) éS’Q)} of '(TVTE E)
defined by

1L1) o« 5 aF 1 * ) 0
'é*(A )(Oé,Oé ) = ((a,a ),GA)<T({]‘TEE)*< ))7pAaxz’ (d,a*)) ’
~20) s\ < o) o2 * 0
ey (q,a*) = <(a,a ),eA (T(TTEE)*(a ))aayﬁ (d,a*)> ’
0
A (172) * = A * 0 a_ )
e a,Oé a,a ), U,
(€)' (a,a”) <( ) Ipal(a.ar)
0
~A\(2,2) ¥\ Y. o
e a?a e Oé7a ,07 —
(€)' 5% (&, a) <( ) opa (a,a*)>
L(1,2)/« x _ 2 At 9
ey (a,a") = | (a,a"), " 024 (6,00

for o € (TPE)*, & € E?, (&,a*) € Wy, and TigeE)y ¢ (TTPE)* — E is the canonical
projection.
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If ([-,-]%, p¥) is the Lie algebroid structure on T7”T7Z E, we have that

LY, = 5,80,

and the rest of the fundamental Lie brackets are zero. Moreover,

v x * ~ * 7 0 v s ~ * o * 0
@ (@a) = <<a,a>,,oAW . )>, p(a(j”m,a)):((a,a),ay,q(v )),
V(> ~ * ~ * 8 V([ ~ * ~ * 8
(@ (@a") = <<a,a>,a ) p<<ef“><2’2><a,a>>=(<a,a>,a- )
PAl(a.00) PAl(a,a7)

v« avy e O
pr(ey (@, a")) = <(04a04)aazA

(07704*))

The Pontryagin Hamiltonian Hyy, is a function in W given by
Hy, (&, ") = (o, &) — L(&),
or in local coordinates

HWQ(xiayA)pAaﬁA7 ZA) = EAZA +pAyA - L(xiyyAa ZA)’

Moreover, one can consider the presymplectic 2-section Q¢ = (Tma, m2)*Qp, where Qp is
the canonical symplectic section on T7&* E/. In local coordinates,

- ~ - - 1~ ~ -
Qo = 624171) AEa)t?) + eé,l) A (@) + 58231706241,1) A 65,1)'

Here {5?1,1)7 524271)7 (€a)1?), (€4)3Y, é(‘m)} denotes the dual basis of

1L1) ~(2,1) ,~ ~ (1,2
{é{A )7Aé(A )7(614)(1,2),(614)(2,2)’654 )}

Therefore, we have the triple (‘J’” TEE. Qy,d TFPE HWO) as a presymplectic Hamiltonian
system.

The second-order problem on the Lie algebroid 7z : E — M consists on finding the
solutions of the equation

ixQ =d" TP EHy,,

that is, to solve the constraint algorithm for (‘J’”‘ITE E,Qq,d7TEE HWO)-

In local coordinates we have
VTJT ; aL,VA 8[/ ~A _ 8L <A A/~ A/~
AT Hi, = _pZAaxz‘eu,n*(p A W‘) e<271>+<p A azA) e T2 () By (€)1,
If we apply the constraint algorithm, since ker 29 = span {éf’l) } the first constraint

submanifold Wy is locally characterized by the equation

VT o _ aL
oA — 7 TEEHWO(ef’l)) =P — SA =0,
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or

.
PA= 940

Looking for the expression of X satisfying the equation for the second-order problem we have
that the second-order equations are

&= oy’

pa = P’A% + Cqppey”,
N oL

pa = —pa+ oy
oL

pa = 8,27‘4

After some straightforward computations the last equations are equivalent to the following
equations:

d 0L - pd (OL d 0L .~ pg{( 0L ; OL
0= e oA T Cany dt<azA> _aayﬁ_ewy <3yA>+pA8xi' (3.77)

As in the previous section it is possible to apply the constraint algorithm (2.2.2) to obtain
a final constraint submanifold where we have at least a solution which is dynamically com-
patible. The algorithm is exactly the same but applied to the equation ixQy = d* 7 “F Hyy,.

Observe that the first constraint submanifold W is determined by the conditions

L
SOA_pA 82‘4_ .

If we denote by €y, the pullback of the presymplectic 2-section Qyy, to Wi, then we
deduce the result which is the same than the theorem given in [$7] explained in section 3.5.1
to the case when the M = E®).

Proposition 3.5.5. Qyy, is a symplectic section of the Lie algebroid T"*T™EE if and only if

%L
024028

is nondegenerate along W1, where vy = v |y,: Wi — E.

Remark 3.5.6. Observe that we can particularize the equations (3.77) to the case of Atiyah
algebroids to obtain the second-order Lagrange-Poincaré equations.

Let G be a Lie group and we assume that G acts free and properly on M. We denote
by m: M — M=M /G the associated principal bundle. The tangent lift of the action gives
a free and proper action of G on TM and TM = TM /G is a quotient manifold. Then we
consider the Atiyah algebroid TM over M.

According to example 1.8.6, the basis {¢;,ép} induce local coordinates (z%,%%, 7). From
this basis one can induces a basis of the prolongation Lie algebroid, namely {égl), ég)}. This

———

basis induce adapted coordinates (z¢,y*, 77,9, 5%) on TAM = (TP M)/G.
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Given a Lagrangian function ¢ : T(l]\4\—> R over the set of admissible elements of the

Atiyah algebroid TTM — TM, where TTM = (TTM)/G, the Euler-Lagrange equations for
¢ are

ot d (ot d* [ or d (ot ol ,
— - — | = =) = (== ) = 2= ) (BAY + 2 ABGE) vy
Oxd  dt <aya> e <aya> (dt <3y,4> ayA) (Bijy' +cppAiy”) Vi,
d> [ or d [ o d ( ol ol A D A D i
— | — - === = |=|= |- = g — A7y B
2 (Z?QB) dt <8y3> <dt <0§A) 8yA) (CDBy DB CU) VB,
which are the second-order Lagrange-Poincaré equations associated to a G-invariant La-

grangian L : T@M — R (see [70] and for example) where c§ 5 are the structure constants
of the Lie algebra according to 1.8.6. o

3.5.4 Second-order constrained problem on Lie algebroids

Now, we will consider second-order mechanical systems subject to second-order constraints.
Let M c E® be an embedded submanifold of dimension n +m — m (locally determined by
the vanishing of the constraint functions ®* : M — R, o = 1,...,m) such that the bundle

projection 7@ Iv: M — E is a surjective submersion.
We will suppose that the (m x n)—matrix (g%) with a = 1,...,mand B =1,...,n

is of maximal rank. Then, we will use the following notation z4 = (2®,2%) for 1 < A < n,
1<a<mand m+1<a<n. Therefore, using the implicit function theorem we can write

2% = \Ila(a:i,yA,za).

Consequently we can consider local coordinates on M by (¢, yA, 2%) and we will denote by
L the restriction of L to M.

Proposition 3.5.7 ([118]). Let (E,[ , ],p) be a Lie algebroid over a manifold M with
projection 7 : £ — M and anchor map with constant rank. Consider a submanifold N of
M. If TE‘p_l(TN) : p Y (TN) — M is a vector subbundle, then p~'(T'N) is a Lie algebroid
over N.

Let us take the submanifold Wy = pri* (M) = M x g (T2 E)* and the restrictions of W
of the canonical projections m and w2 given by m = pry |j, and 72 = pr1 |gp,. We will
denote local coordinates on Wy by (z%, y?, pa,pa, 2%).

Therefore, proceeding as in the unconstrained case one can construct the presymplectic
Hamiltonian system (W, QWO, HWO), where QWO is the presymplectic 2-section on W and
the Hamiltonian function H : Wy — R is locally given by

HW (mia yAvaaﬁAv Za) = pAyA +ﬁaza +ﬁaq]a($ia yAv Za) - L(xza yA, Za)-

0

With these two elements it is possible to write the following presymplectic system

ixQ, = d(P”)_l(TWO)HWO, (3.78)
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where (p”)~1(TW,) denotes the Lie subalgebroid of TVT7# E over Wy C Wp.

To characterize the equations we will adopt an “extrinsic point of view”, that is, we
will work on the full space Wy instead of in the restricted space Wy. Consider an arbitrary
extension L : E? — R of Ly : M — R. The main idea is to take into account that Equation
(3.78) is equivalent to

ixQw, —d”7PEH € ann (p¥) Y (T.Wy) , o
X € (p) Y T,Wy) and x € W,

where H K Wy — R is the function deﬁned in the last section and ann denotes the set of
sections X € I'((TVT™# E)*) such that (X,Y) =0 for all Y € (p*)"H(TWp).

Assuming that M is determined by the vanishing of m-independent constraints
q)a('%ﬂ/?yA?Za) = 07 1 S (07 S m?

then, locally, ann (p*)~Y(TWy) = span {d” 7 "#®°} | and therefore the previous equations
are rewritten as
ixQw, —d” VEPEH = A\ d7TTPEQY
{ X(z) € (p¥)"HTuWy) for all z € Wy ,

where )\, are Lagrange multipliers to be determined.

_ Proceeding as in the last section one can obtain the following system of equations for
L =1L+ \®*

d* 0L o pd (0L d oL . g( 0L . oL
0 = gzag.atCtany dt<az,4>—dtayA—C’ABy g1 | T PG (3.79)
0 = &*(a,y" 2.

Here the first constraint submanifold W is determined by the condition

0 = 5 oL n 0P
- pa A(’)zA “zA
0 = @'yt 7).

If we denote by Qy, the pullback of the presymplectic section QWO to W1, then we can
deduce that Qg is a symplectic section if and only if

O*L L foR 0P
024028 aq)aaazAazB 024 (3.80)
— 0
028

is nondegenerate.
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3.6 Optimal control of underactuated mechanical systems

This section is devoted to the so-called underactuated mechanical control systems, in which
only some of the degrees of freedom are controlled directly, with the remaining variables
freely evolving subject only to dynamic interactions with the actuated degrees of freedom

(see [3, D.

After introducing the Skinner and Rusk formalism for higher-order mechanical systems
with higher-order constraints in the last sections, we may turn to the geometric framework
for optimal control of underactuated mechanical systems.

Definition 3.6.1. A control system is called underactuated if the number of control inputs
is less than the dimension of the configuration space.

The class of underactuated mechanical systems are abundant in real life for different rea-
sons; for instance, as a result of design choices motivated by the search of less cost engineering
devices or as a result of a failure regime in fully actuated mechanical systems. Underactu-
ated systems include spacecrafts, underwater vehicles, mobile robots, helicopters, wheeled
vehicles, underactuated manipulators...

There are many papers in which optimal control problems are addressed using geometric
techniques (see, for instance, [18, 90, 91, | and references therein). In this section we
introduce an optimization strategy in an underactuated mechanical system, that is, we are
interested in the implementation of devices in which a controlled quantity is used to influence
the behavior of the undeactuated system in order to achieve a desired goal (control) using the
most economical strategy (optimization). Thus, in this section, we develop a new geometric
setting for optimal control of underatuated mechanical systems strongly inspired on the
Skinner and Rusk formulation. Since the controlled Euler-Lagrange equations are a set
of second-order ordinary differential equations we will need to implement the higher-order
version of this classical Skinner and Rusk formalism. This geometric procedure gives us an
intrinsic version of the differential equations for optimal trajectories and permits us to detect
the preservation of geometric properties such as the symplecticity and the preservation of the
hamiltonian.

3.6.1 Optimal control of mechanical systems defined on 7'Q)

Let @Q be the configuration manifold, where (¢*) are local coordinates with A = 1,...,n. We
consider a mechanical system described by a regular Lagrangian L : T — R. The induced
local coordinates on TQ are just (g4,¢4). Additionally, there are control parameters in our
picture. To define these control parameters we introduce the control manifold U C R! (1 < n)
for a given interval I = [0,T]. The control path space is defined by

PU) = P0,T],U) = {u:[0,T] = U|ue L¥Y},

where u(t) € U is the control parameter (see [110]).

Also, we interpret a control force as a parameter-dependent force, that is a parameter-
dependent fiber-preserving map f(u) : TQ — T*Q over the identity Idg, which can be written
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in local coordinates as
Fu) = (g, q*) = (@, fu)(g?, i)

We shall assume that all the control systems in this work are controllable, that is, for
any two points ¢o and g7 in the configuration space @, there exists a control parameter u(t)
defined on some interval [0,7] C R such that the system with initial condition go reaches the
point g in time T (see [34] for details).

Consider initially the class of underactuated Lagrangian control system (superarticulated
mechanical system following the nomenclature by [%]) where the configuration space @ is the
cartesian product of two differentiable manifolds, Q@ = Q1 x Q2. Denote by (¢4) = (¢%, ¢%),
1 < A < n, local coordinates on @ where (¢%), 1 < a <r and (¢%), r+ 1 < a < n, are local
coordinates on ()1 and (9, respectively.

Given a Lagrangian L : TQ = TQ1 X TQs — R, we assume that the controlled external
forces can be applied only to the coordinates (¢®). Thus, the equations of motion are given

by
(L) O
dt \ 9¢° dqr
3.81
da(ony oL .
dt \ 04« oq~
wherea=1,...,r,anda=r+1,...,n.

We study the optimal control problem that consists on finding a trajectory (¢ (t),u®(t))
of state variables and control inputs satisfying equations (6.29) from given initial and final
conditions, (¢(t0), 4" (t0)), (¢”(ts),d"(ts)) respectively, minimizing the cost functional

ty
A= C(qAanaua) dta

where C : T Q x U — R is the cost function (continuously differentiable).

This optimal control problem is equivalent to the following constrained variational prob-
lem:

Extremize .
~ f ~
A= / (1), (1), (1))t
to

subject to the second order constraints given by

8L> oL

e°(¢4(8), 4" (1), 4" (1) = % (84‘” C0¢

and the boundary conditions, where L: TP Q — R is defined as

B0 0. 0) =0 (it 5 (5) - o )

Now, according to the formulation given in Section 3.2.1, the dynamics of this second order
constrained variational problem is determined by the solution of a presymplectic Hamiltonian
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system. In the following we repeat some of the constructions given in 3.2.1 but specialized to
this particular setting, obtaining new insights for the optimal control problem under study.

If M ¢ T®Q is the submanifold given by annihilation of the functions ®*, we will see
how to define local coordinates on M.

From the constraint equations we have

d (0L 0L 0%L
2= ) - =2 7",3:F A A -a
i (aq‘a) 9~V gasagad = Feld® a0,

Let us assume that the matrix (W) = (ﬁ#) is non-singular and denote by (W%)

its inverse. Thus,
§i* = WPFa(¢", ", ") = G*(¢", ¢, §%).

Therefore, we can consider (qA, i, G"*) as a system of local coordinates on M. The canonical
inclusion iyt : M — TT'Q) can be written as

M 2% 7TQ
(qA7qA7qa) H (qA’qA7q.a7Ga(qA’qA’q'a)) *

Define the restricted lagrangian EM M = R.

Wo =M x7q TH(TQ)

/ \ T*TQ

M T™Wo

(t7qQ)Im
Tr+Q

TQ

Figure 3.3: Second order Skinner and Rusk formalism

We will consider Wy = M x7q T*(T'Q) whose coordinates are (¢?, ¢4, %, P, G°).
Let us define the 2-form Qyy,, = 7} (wrg) on Wy and Hyy, (0, vz) = (0, i (vs)) — EM(UI)
where z € TQ, v, € My = ((Tg’Q))\M)*l(:):) and o, € TXTQ. In local coordinates,

Quw, = dg” Adp +dq* Adply,
Hw, = pad®*+ped® +piG*(a? ¢, i) — La(a?, ¢, §).

The dynamics of this variational constrained problem is determined by the solution of the

equation
ixQw, = dHyy,. (3.82)

(see for example [10], [15],[36], [155] and [173] for example).

It is clear that Qyy, is a presymplectic form on W and locally

ker Qyy, = span <8?ja> .
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Following the constraints algorithm (2.2.2) we obtain the primary constraints
0

1 OHwy, _ i 10G* Ol _

(pa - 8qa pa pa aqa - 8qa -

That is,

These new constraints o) = 0 give rise to a submanifold W; of dimension 4n with local
coordinates (qA, (jA, q°, p%, pé)

Consider a solution curve (g2 (t), ¢*(t), §(t), p%(t), p'(t)) of Equation (3.82). Then, this
curve satisfies the following system of differential equations

qu CA d2qa .
A -Ra (3.83)
d2qa N qu d2qa
W = G (qA7 W7 dt2 ) ) (384)
%y  10G* ALy
@ T P o .
dp! G DLy
724 = —p%—piw*'aqﬁa (3.86)

0G* 9L
Pe = —Ph e aqy‘ (3.87)

From Equations (3.86) and (3.87) we deduce

d (0Ly  ,0G*\  ,  0G* 9Ly
dt 8(']'“ P a(-ja = —Pq P aqa aq-a :

Differentiating with respect to time, replacing in the previous equality and using (3.85) we
obtain the following system of 4-order differential equations

> <3ZM - 18G0‘> d (aZM - 1aGa) ZY

& d 0G0
a2 \ age ~Pegge | T ar \ age  Pegge

1
0q° Pa 0q°

=0. (3.88)
Also, using (3.85) and (3.86) we deduce

?pl,  d [(0Ly 0GP oLy 0GP

de2 a 94 ~Pg 94 - 0q” —DPp g ) (389)

If we solve the implicit system of differential equations given by (3.88) and (3.89) then from
Equations (3.86) and (3.87) we deduce that the values of p! and pY are

oL 0G* d (oL OG>
0 _ M1 v M1
Pa = Tgge " Pe9qe ( oge Do ada) ’ (3.90)
Ly 0GP dp}

0
= — - —. 3.91
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Since, from our initial problem, we are only interested in the values ¢* (t), it is uniquely
necessary to solve the coupled system of implicit differential equations given by (3.88), (3.89)
and (3.84) without explicitly calculate the values p2 ().

Now, we are interested in the geometric properties of the dynamics. First, consider the
submanifold W; of Wy determined by

Wi ={z € M x7q T*TQ | dHw,(z)(V) =0V V € ker Q(z)}

and the 2-form Qu, = i}‘,VIQWO, where iy, @ Wi — Wy denotes the canonical inclusion.
Locally, Wj is determined by the vanishing of the constraint equations

L_ by 18G0‘_8LM_0
SOa _pa pa 6&“ aq.a —
Therefore, we can consider local coordinates (¢, ¢4, ¢, p%, pk) on Wj.

Theorem 3.6.2. (W1, Q) is symplectic if and only if for any choice of local coordinates
(qAa qAa q.aapOA7p}4) on W07
det (Ryp) = det @— 182£ # 0 along W (3.92)
W= owae o) s '

Proof. Let us recall that Qu, is symplectic if and only if T, W; N (TIVVQL =0 Vzx € Wy,
where

(T,W1)F = {v € To(T*TQ) x10 M / Qw, () (v, w) = 0, for all w € T, W1} .

Suppose that (Wi, Qy, ) is symplectic and that

A Rep(x) = 0 for some A* € R and = € W .

)

Therefore, A° 8%.1,‘ € T,W7 but it is also in Ta;Wll. This implies that Ay = 0 for all b and
X

that the matrix (Ryp) is regular.

Hence

0

/\beab(x) = )\bdgoa(:c) <8qb

Now, suppose that the matrix (Ry) is regular. Since

)

R@@wuwam(;;

then, a%b ¢ T, Wi and, in consequence,
€T

0
T, W1 & span { 87(‘]"’

b=,

xT
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Now, let Z € T,W1 N (T,W1)* with = € Wy. It follows that

0

) , for all a and izQw, (z)(Z) =0, for all Z € T,W; .

x

Then, Z € ker Quy, (x). This implies that

0
Z:Abaiqb

x

Since Z € T, W7 then

0 = dia(2)(Z) = dgala) (Ab

o > = MRap

and, consequently, A\, = 0, for all b, and Z = 0.
O

In the case when the matrix (3.92) is regular then the equations (3.88), (3.89) and (3.84)
can be written as an explicit system of differential equations of the form

d4qa 4 qu d2qa d3qa ) dpl
— = TI“ —= 3.93
dth <q a0 de ) a P (3:93)
d2qa N qu d2qa
= G° — 3.94
2 (0% ) (3.94)
d2pl d (oL oGP oL oGP
o= X ) [ ) . (3.95)
dt dt \ 0~ ol 0q“ 0q”
Remark 3.6.3. The Pontryagin’s maximun principle [157] gives us necessary conditions for

optimality for an optimal control problem. In our case, we are analyzing a particular case of
optimal control problem (an underactuated mechanical system) and under some regularity
conditions, the necessary conditions of maximum principle are written in terms of expressions
(3.93), (3.94) and (3.95), jointly with constraints. The dynamic evolution of the problem is
determined as the integral curves of a unique vector field determined by the symplectic
Hamiltonian equations:

iXQW1 = dffm/1 .

This is the case of a regular optimal control problem [12]. From (3.93), (3.94) and (3.95)
we obtain a unique curve (¢“(t)) (fixed appropriate initial conditions) which determine the

controls from
d ([ OL oL a
— — =u®.
dt \ 0¢* 0q®

Obviously, if the boundary conditions are given by a initial and final states then it is not
guaranteed the existence and uniqueness of an optimal trajectory satisfying the transversallity
conditions. o
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Remark 3.6.4. Now, we will analyze an alternative characterization of the condition (3.92)
and its relationship with the matrix condition that appears in Theorem 3.2.1. Using the
chain rule for N N

Lc(a™ ¢, ¢") = L (¢*,d%. % G*(a",d",§"))

we have that

Ly 0L N oL aG*
o 9§ 9ge 9
PLy  O’L N L 9GP N L aGe N PL 0G* oGP N 2L 9*G™
9§edgd  —  9¢ed¢ | 9§edds dgb | 8Geoi dje | 9¢ed s d¢e A | 9§ Dot
L 2L a _ o Do :
Define W;; = (7861'8(17)’ where &% = § G“. Then we can write (3.92) as
PP D™ 0D 9P oL\ 0%@~
Rap = Wap — Wag— — Wop— + Wog— —— Jpy [
v = War = Was g bw+5wwaIW%w&

Consider now the extended lagrangian £ = L — A\o®* where \q = % —pl.

Then, the matrix (W;;) = (8258%.].) is equal, along W1, to

Ti7. . Wab Waﬂ
Wi = ( W W > (3.96)

2L 929
8(jaaijb a 8qaaq‘b .

The elements of the matrix (3.92) are given by

where W, =

— 9P 9D . 9P 9PF
Ra:Wa_Wa f_waf aB m A -
b b o O b ol tWap age Ogb

(3.97)

Now, using elemental linear algebra the matrix (3.97) is regular if and only if the matrix
of elements (3.96) is regular.

O

Remark 3.6.5. Condition (3.92) implies that the final constraint submanifold is W; and,
moreover, there exists a unique vector field on W; determining the dynamics of our initial
optimal control problem. Of course, this symplectic case is the most useful for many concrete
applications. But it is possible to think in situations where the constraint algorithm does not
stop in W7 and it is necessary to find a proper subset of W; where there exists a well-defined
solution of the problem. For instance, and as a trivial mathematical example, consider the
following system determined by the control equations & = wuj, § = ue and cost function
C(x,y,&,9,u1,us) = %(u% + 2ujug + u3). If we apply our techniques we deduce that W is
determined by the constraints

pr—(E+i) =0, p,—(E+i)=0.
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But the solution of the dynamics is only consistently defined on the submanifold W5 of W3
determined by the additional (secondary) constraint

py—py=0.
<o

Example 3.6.6 (Optimal control of a cart with a pendulum). A Cart-Pole System consists
of a cart and an inverted pendulum on it (see [17] and references therein). The coordinate x
denotes the position of the cart on the z-axis and 6 denotes the angle of the pendulum with
the upright vertical. The configuration space is Q@ = R x S'.

First, we describe the Lagrangian function describing this system. The inertia matrix of
the cart-pole system is given by

I— M+m mlcosb
“\mlcos®  mi? ’

where M is the mass of the cart and m,[ are the mass, and length of the center of mass of
pendulum, respectively. The potential energy of the cart-pole system is V' (6) = mgl cos(f).

The Lagrangian of the system (kinetic energy minus potential energy) is given by

o1 1 : . -
L(q,q) = L(z,0,,0) = §Mj:2 + §m($'2 + 216 cos 6 + 126%) — mgl cos @ — mgh

where 7 is the car height.

The controller can apply a force u, the control input, parallel to the track remaining the
joint angle # unactuated. Therefore, the equations of motion of the controlled system are

(M +m)i —mlf*sin0 + mlhcosd =
icosO+10—gsinfd = 0

Now we look for trajectories (z(t), 0(t), u(t)) on the state variables and the controls inputs

with initial and final conditions, (x(0),6(0),4(0),6(0)), (z(T),0(T),&(T),0(T)) respectively,
and minimizing the cost functional
T
A=t / u?dt.
2 Jo

Following our formalism this optimal control problem is equivalent to the constrained
second-order variational problem determined by

~ T ~ . .
A= / L(x,0,%,0,%,0)
0
and the second-order constraint

®(2,0,4,0,i,0) =i cosd+ 10 — gsind =0,
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where

- . 1 I N2 1 ) . 2
L(x,0,%,0,%,0) = B (jt (ZZZC) - gm) =3 [(M—l—m)m — mlf?sin@ + mlfcosh| .

We rewrite the second-order constraint as

.~ gsinf — & cosf
OZf

Thus, the submanifold M of T (R x S') is given by
M= {(m,&,a’?,é,i,é) ‘ Fcosh+ 10— gsinh = O} .

Let us consider the submanifold Wy = T*(T (R x S!)) Xpmrxst) M with induced coordinates
(,0, 4, 0; p3, Pg, x> g ©)-

Now, we consider the restriction of LtoM given by

l

gsinf — % cosf 2
2 )

~ 1 :
Ly == [(M + m)# — mi sin 06 4 mi cos 6(

1 - 9 2
=3 [(M—I—m)jj—mlﬁ sin @ + mg cos 6 sin 0 — mi cos 9] .

For simplicity, denote by
_ gsinf — Zcosf

0
¢ = l

Now, the presymplectic 2-form €y, the Hamiltonian Hyy, and the primary constraint
@l are, respectively

Qw, = dxAdp’+doAdp)+ di Adpl+df Adp}
. ; . sinf — & cos 6
Hw, = pQi+pg0+pyi + [gl]
1 . 2 . . . 2 2
D) [(M—I—m)m—ml@ sin@ + mgcos@sinf — mi cos“ 0|

o T i PPy T o T
ie.,
Pr="Prgs ¥ o
This constraint determines the submanifold W;y. Applying Proposition 3.6.2 we deduce
that the 2-form Qyy,, restriction of Qy, to W1, is symplectic since

Ly 0°GY

972 — Py 95 [(M+m)—m00529]27é0.
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Therefore, the algorithm stabilizes at the first constraint submanifold Wj. Moreover, there
exists a unique solution of the dynamics, the vector field X € X(W;) which satisfies i xQw, =
dHyy,. In consequence, we have a unique control input which extremizes (minimizes) the
objective function A and then the force exerted to the car is the minimum possible. If we
take the flow F} : Wi — W of the vector field X then we have that F;*Qyy, = Qy,. Obviously,
the Hamiltonian function

=
I

i+ pYf + | —ph e + | i+ p l

i ox T ow

L 0G? 8EN]j+ 1[981]&0—9’&0089]

. 2
[(M + m)i — ml sin 062 + mg cos 0 sin  — mz cos* 9}

N |

is preserved by the solution of the optimal control problem, that is H ‘W1 ol = H ‘Wl‘ Both
properties, symplecticity and preservation of energy, are important geometric invariants. In
next section, we will construct, using discrete variational calculus, numerical integrators
which inherit some of the geometric properties of the optimal control problem (symplecticity,
momentum preservation and, in consequence, a very good energy behavior).

The resulting equations of the optimal dynamics of the cart-pole system are

d*z 1 . .
@ M m) = meo 2 {[4m600s«951n9]><
[(M +m)% — mlf3 cos§ — 2msin 66 (g sin 6 — & cos 0) + mgh cos(26)]
+ 2m[(M + m)i — mif? sin 6 4+ mg cos 0 sin § — mz cos? 6] x

x[6? cos(frm—ef) + cos 6 sin 66)]

+ l<dt2pglcos(9—thpéQSine—p91(926089+9sin0)>}
1 2msinf , . .
P 0 _ i 0+ 0 sin 0)2
+ [(M—|—m)—mcos20]{ ; (gf cos % cos + 10 sin 0)

+ 2mlsin (gl cosh — ¥ cos O + 60 sin 0) + 4mb? cos O(qsin § — i cos 0)

— mlf*sin 0 — 4mg sin 0 cos 0% + g cos(20)(gsin @ — & cos0)

—  4m'T0 cos 0 + 2mih? cos(26) + 2Tma; cos fsinf(gsin @ — Z cos (9)}

2
1
Cé—tg = 7(gsin0 — Zcosb)
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2.1
d"py
dt?

gsinf — I cosf

;i ) + 03 cos 0) + mgh cos(20)

{(M +m)F — mil(20sin 6(

—m'# cos? 0 + 2mih cos 0 sin 9}
x (—2mlf sin 6 — mg cos(20) + mih? cos § — 2mi: cos 0 sin 6)
+ {(M + m)i — ml6? sin @ + mg cos O sin § — m:’écose} X

X (—le <(g sin 0 _l £cosf) sin @ + 62 cos 9> + 2m# cos O(gsin 6 — Zcosh)

—mlf3sin 0 — 2m'i’ cos Osin O — 2mi6 + 2mgl sin 6 cos H(1 + mx))
1 .

+ 7 [—pg + (M +m)i — mlsin 6% + m cosf(gsinh — i cos 9)] (—2ml sin )
+pol (T sinf + 60 cos @ — gfsin 9)} .

3.6.2 Underactuated control systems on Lie groups

Now we consider the optimal control of a mechanical system on a finite dimensional Lie
group. The goal is to move the system within the time interval I = [0, T], under the influence
of control forces f with chosen control parameter u(t), from its current state to a desired
state in an optimal way, e.g. by minimizing distance, control effort, or time, which will be
representated by a suitable cost function.

Let the configuration space be a n-dimensional Lie group G with Lie algebra g. We
assume that the controlled equations are trivialized where L : G x g — R. These equations

are
d (6L\ . (0L\ 0L .

where we are assuming that {e“} are independent elements on g* and (u,) are the control
parameters. Complete it to a basis {e? e“} of the vector space g*. Take its dual basis
{ea} = {eaq,ea} on g with bracket relations:

lea,en] = Cpec

The basis {e4} = {eq,eq} induces coordinates (y, y*) = (y?) on g, that is, if e € g then
e =yles = yeq + y“eq. In g*, we have induced coordinates (pq, Pa) for the previous fixed
basis {e4}.

In these coordinates, the equations of motion are rewritten as
d (0L g A OL LOL

) 5 4 0L 0L
7 (3) - Eoggred = 0
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With these equations we can study the optimal control problem that consists on finding
trajectories (g(t),u®(t)) of the state variables and control inputs satisfying the previous equa-
tions from given initial and final conditions (g(to),y" (o)) and (g(ts), y*(t;)), respectively,
and extremizing the functional

9= [ Clo, v o), di. (3.99)

to

The proposed optimal control problem is equivalent to a variational problem with second
order constraints, determined by the Lagrangian L : G x 2g — R given, in the selected
coordinates, by

- . d (L oL 4L
L(.q’yAvyA) =C <gvyA7 % (aya) - eﬁayAgyiB - <£g($gaea>> )

subjected to the second-order constraints

ad (0L oL , .0L
g,y %) = — (ay)) - @ﬁayAay—B —(£55,ea) =0, (3.100)

which determine the submanifold M of G x 2g with projections described on the following
diagram

Wo=M x 2g*

M

G x g x 2¢g*

)
TGxg
Gxg

Figure 3.4: Skinner and Rusk formalism

Here iy, : Wo — G x 2g x 2g* denotes the canonical inclusion and Tél’Q) :Gx2g—Gxg

was defined in section 1.7.

Observe that from the constraint equations we have that

L 5. L ., .5 A0L 5L

By dyP? +8y°‘8y”y T e 83/7B_< g@,eo) =0

Therefore, assuming that the matrix (W,g) = (%) is regular we can write the

constraint equations as

0’L oL SL
B _Hrﬁa b B A _ *
= G’(g, 9" 9%
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where W5 = (Wpg,)~ 1.

This means that we can identify TM = G x span {(e4,0,0),(0,e4,0),(0,0,¢e,)} where
(EA, 0, 0)7 (07 €A, 0)7 (07 07 ea) € 39

Therefore, we can choose coordinates (g, yA, 9*) on M. This choice allows us to consider
an “intrinsic point view”, that is, to work directly on Wy = M x 2g* avoiding the use of
Lagrange multipliers.

Define the restricted Lagrangian EM by EM =L lac: M — R and induced coordinates
on Wy are v = (g,44,9% pa,pa). Consider the presymplectic 2-form on W, Qwr, = (pra o
iWO)*(wGXg).

Using the notation (e4)o = (e4,0,0;0,0) € 3g x 2g* and, in the same way (e4); =
(0,e4,0;0,0), (eq)2 = (0,0,¢e4:0,0), (e)3 = (0,0,0;¢e*,0) and (e?)4 = (0,0,0;0,e?) then
the unique nonvanishing elements on the expression of QWO are:

(7,7 ((ea)os (ep)o) = elprc,
()7 ((ea)o, (€)3) = —(Qp, )1 ((e™)s, (eB)o) = 07
(7, )7 ((ea), (€%)a) = —(Qqp,)4((eM)?, (ep)1) = 0% .

Taking the dual basis (e?)y = (¢#,0,0;0,0) € 3g* x 2g and, in the same way (e?); =
(0,e4,0;0,0), (%) = (0,e%0;0,0), (ea)3 = (0,0,0;e4,0) and (e4)s = (0,0,0;0,e4) we
deduce that

1
() = (eMo A(ea)s + (™)1 A (ea)s + 5(323190(6‘4)0 A (eP)o.
Moreover we define the Hamiltonian H : Wy — R by

H = y"pa+9"Da + Gg, 9™, 9")Pa — Lac(g, v, 9),

and, in consequence,

_ Ly . 0GP " OLy . 0GP\ | 4
H = (£ == - _ =" -
d <£g< 5y TP8s, >,eA>(e Jo + (pA gyA TP g (e

0Ly 9GP\, » N
+ (pa - Tyjf + Dp aya> ()2 +y™(ea)s + §%(ea)s + G*(ea)a -

The conditions for the integral curves t — (g(t), y*(t), 9%(t), pa(t), Pa(t)) of a vector field X
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satisfying equations % XQWO = dH are

dg A
W~ e
dy* .,
a Y
dya _ o A -a
ar G*(g,y",9")
dpa 5Ly - 0GP c B
WA _ e [ 2250 e
o ( g( 5g P55, vea) + Cappey
@ — + afJJ _n LGB
a - P oyA pﬁ@yA
_ 0Ly - 0GP 9Ly _ 8L
L = - = whe
p o7 Pp die PG + Pp Dy ye

To shorten the number of unknown variables involved in the previous set of equations, we
can write them using as variables (g(t), ¥, 9%, Da)

dg A
o = 9w (t)ea)
dya _ « A -a
- G*(g,y7,9")
o - @ 0L~ 0G7| o, 4 (d 0Ly - OG
T a2 | age PP gge AdY g |Tag T PPag
d (0Ly . OGP o a[0Ly 0GP
“d ( By pﬁam) + Cliq 9uC _pﬁayc
. [6Ly 0GP v adpy
+<£g (59 _pﬁ(sg> ,€a> T “Aa ﬁ
_ PPa o adPs o o4 |OLn - OGP
0= g TOa g T Gal G0 T Pig0
_d |9Ly - 9GP (£ SLy - 0G° )
dt | oy~ pﬁ@yo‘ 9\ dg Ps dg )¢
d | 0L oG# oL oGh
b oA M~ _ @b A M~

If the matrix

is regular then we can write the previous equations as an explicit system of third-order
differential equations. This regularity assumption is equivalent to the condition that the
constrain algorithm stops at the first constraint submanifold W (see Theorem (3.2.1)).
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Example 3.6.7 (optimal control of an underactuated rigid body). We consider the motion
of a rigid body where the configuration space is the Lie group G = SO(3) (see [26, 105]).
Therefore, T'SO(3) ~ SO(3) x s0(3), where s0(3) = R3 is the Lie algebra of the Lie group
SO(3) (here we are using the well know isomorphism between the Lie algebra so(3) and
R3, see [31] and [130] for example). The Lagrangian function for this system is given by
L:S0O(3) xs0(3) = R,

1
L(R, 01, Qo, Qg) = 5 (IlQ% + IQQ% + Igﬂg) .

Now, denote by t — R(t) € SO(3) a curve. The columns of the matrix R(t) represent the
directions of the principal axis of the body at time ¢ with respect to some reference system.
Now, we consider the following control problem. First, we have the reconstruction equation:

. 0 —Q3(t) Dt
R(t) = R(t) | Qs(t) 0 W (t) | = R(t) (u(t)Er + Qa(t) Ea + Q3(t) E3)
—a(t) () 0
where
00 O 0 0 1 0 -1 0
Fy = 0 0 -1 , Ey = 0O 0 O , FE3 = 1 0 O
01 O -1 0 0 0O 0 O

and the equations for the angular velocities 2; with ¢ = 1,2, 3:

1191 (t) = (_[2 — Ig)QQ(t)Qg(t) + ul(t)
IQQQ(t) = (Ig — IﬂQg(t)(h(t) + UQ(t)
LOs(t) = (I — L) (H)Q(t)

where I, I, I3 are the moments of inertia and u;, us denote the applied torques playing the
role of controls of the system.

The optimal control problem for the rigid body consists on finding the trajectories
(R(t),82(t),u(t)) with fixed initial and final conditions (R(to),2(t0)), (R(ts),€(ts)) respec-
tively and minimizing the cost functional

T T
A= / C(Q, uy, ug)dt = / [e1(uf + u3) + e2(QF + Q3 + QF)] dt,
0 0

with c¢1, co > 0. The constants ¢; and ¢y represent weights on the cost functional. For instance,
c1 is the weight in the cost functional measuring the fuel expended by an attitude manoeuver
of a spacecraft modeled by the rigid body and ¢z is the weight given to penalize high angular
velocities.

This optimal control problem is equivalent to solve the following variational problem with
constraints,

~ T ~ .
ming = / L(Q,Q)dt
0
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subject to the constraint 1505 — (11 — I3)2199 = 0, where
L(Q,0) =¢ (Q, L — (I — 13)2203, Qs — (I3 — 11)9391> -

Thus, the submanifold M of G x 2s0(3), is given by
L -1

M:={(R,Q,Q) | Q3 = < ) 0102}

We consider the submanifold Wy = M x 2s0*(3) with induced coordinates
(g7 01,9, Qs, Qh 927p17p27p37]51)]327ﬁ3)'

Now, we consider the restriction of the Lagrangian L to the constraint submanifold, EM
given by

~ . 2 . 2 9 9 9
Lyi=¢ |:<1191 — (IQ — 13)9293) + <IQQQ — (I3 — Il)Q391> :| + co (Ql + Q2 + QS) .

For simplicity we denote by G3 = %Ql Q9. Therefore, we can write the equations of motion
of the optimal control problem for this underactuated system. For simplicity, we consider the
particular case I1 = Iy = I3 = 1 then the equations of motion of the optimal control problem
are:

QQ(t)%—Q <02652;+61Q3(t)6§t?—01d;?> = 0,

—Ql(t)% -2 <C2ddg12 - Clgs(t)d;%l —c d222> = 0,

622751523 — 202% — 2leg(t)djlgl + 20191(t)d;22 = 0,
Q

o

If we consider the rigid body as a model of a spacecraft then we observe that this particular
cost function is taking into account both, the fuel expenditure (c;) and also is trying to
minimize the overall angular velocity (c2). In Figures (3.5) and (3.6) we compare their
behavior in two particular cases: ¢; =1/2, co = 1/2; and ¢; = 1/2, co = 0.

The most typical case is of course the problem of minimize the total fuel expenditure,
that is ¢; = 1 and ¢3 = 0. Now, the explicit system of differential equations is

dps d*Qy PN
D) =2 <dt293<t) BT 0,
dps >0 d3Qy
—Nt)— + 2 —Q3(t =
10 + < gz B+ s 0
423 420, A2y
EB o ()t — o)) =
dt2 < 2() 2 10 ) 0
dSls _ o

dt
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In all cases we additionally have the reconstruction equation
R(t) = R(t) (0 (t)Br + Qo(t) Bz + Q3(t) Es)

with boundary conditions R(tg) and R(ty).

W T
1
Casec = 3 and ¢, =1, RED

\
Q 1
\\ Casec, = 5 and ¢, =0, BLUE, dashedline °
\,

1
Caseclzzand c; =1, RED

1
Casec = E and ¢, =0, BLUE, dashedline

M(t)

Figure 3.5: Angular velocity values for initial conditions satisfying 2;(0) = 2;(4) =0, ¢ =1,2
and fixed values of R(0) and R(4).

N\, L L I I
1 2 3 4 1 2 3 4

Figure 3.6:  Comparison of the functions 1/2(Q3(t)+Q3(t)+Q3(t)) (left) and
1/2 (ui(t) + u3(t)) (right) in both cases

Remark 3.6.8. Also, it is possible to consider a slightly more complicated example where the
moments of inertia are not equal. The resulting system of equations are computed numerically
using Mathematica. We include the equations for different moments of inertia and it is clear
that it is necessary to develop numerical methods preserving the geometric structure for this
mechanical control systems.



Underactuated control systems on Lie groups 135

I — Ip) Qo 5y (— 11 + 1) Q
0 = Qi+ L) 12) 23 96,0 + Qg <p3( 11+ JLLNEYS
3 3
55 (I — In) .
+2(=Iy + I3) 2 (= Iz + I5) Q03 + L) ) + 17?’(1[2)2
3

—Q (2619 + 2 (2 (— o + I3) Qs (= To + Is) Qa0 + [,Q)
+2(L = I3) 0 (I — I3) 103 + [2)))

—2(I1 — I3) o (I — I3) 213 + 1)

—2T500% ((I) — I3) (Qgﬂ’ +Q10%) + LO3)

—2 (I = I3) 20 (11 — I) (QaQ) + 2 0) + L05)
9L (_ (I — Is) (2% + Q304 + 0,0%) + LO¢ ))

L —15)Q — 1),
0 = —u,+ (I1 — I2) g +]93( 1— 1) 90
I3 I3
p3 (11 — I2) Q2
—Q3 (20191 — p3(1[32)2 + 2 (Il — 13) o83 ((Il — 13) 0103 + IQQ&))

+Q4 (26193 + ¢ (2 (—_[2 + I3) Qs ((—IQ + 13) 003 + 119/1)

+2 (I = I3) Q1 (11 — I3) Q3 + L))

—2(=Ir + I3) ¢ ((— 12 + I3) Q23 + [12])

+211coQ3 (=12 + I3) Q3 + (— 1o + I3) Q05 + [12])

—2(—Iy + I3) 23 (=L + I3) 305 + (=12 + I3) 005 + 1,QY)

+215¢9 (2 (Il — 13) Qll é -+ (11 — 13) Qg ,1/—1— (11 — 13) Qlﬂg + 1292(3)) ,

5y (I — 1) Q
0 = O (—1"3(1]2)1+20192+2(—IQ+13)@93 ((—12+13)9293+119’1))
3

5 (I — ) Q)
a0, <20191 (132)2 +2(I — I3) Qs (I — Is) 1 Qs + 129’2)>

=201 + fy — 2¢o ((— Iz + I3) ((— Iz + I3) Q203 + 11Q])

+ (I1 = I3) Q) (11 — I3) 213 + 1o05) + (=L + I3) Qo ((— 12 + I3) Q236
+ (=L + I3) Q5 + 1) + (11 — I3) Q (11 — 13) Q39

+ (I = I3) Q5 + 1Q3))

I3
15)Q
—QQ <20191 (132)2 2 (Il — Ig) 6293 ((Il — I3) 9193 + IQQ&))
—261@% —{—]5% — 2¢o ((—12 + 13) ((—12 + 13) 003 + 119,1) 9,2
+ (Il — 13) Qll ((Il — 13) 0193 + IQQIQ) + (—IQ + 13) ) ((—_[2 + Ig) QgQIQ
+ (=1 + I3) Qo + LQY) + (I — I3) Q1 (I — I3) Q39 + (I — I3) Q5 + 1:95))

o

p3 (11 — I2) 2
0 = U (293(12)1 +2¢1Q9 + 2 (*12 + 13) o3 ((*IQ + Ig) Q903 + 119,1)>
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The case ¢; = 0 and co = 1, that is, we only try to minimize the overall angular velocity

(see [163] for the fully-actuated case) is singular. We obtain the following system
dps )
Qa(t) 3 9% —
dp3 dQdo
()2 02—
d*ps dQs
Il C AN S B
dt? dt 0
dQs
W 0 .

Observe that in this case it is not possible to impose arbitrary boundary conditions
(R(to), (o)) and (R(ty),S2(ts)) although it is always possible to find a trajectory verify-
ing initial and final attitude conditions R(tp) and R(ts). It is interesting to observe that in
this particular case the algorithm does not stop at the first step. It is easy to show that

Wi = {(g,,Q0,Q3,0,Q2,p1,02,p3, 1,52, 3) € Wo |p1 = 0,2 = 0}
o T 1 1
Wo = {(g9,1,Q2,03,Q1,Q,p1,p2,03,0,0,p3) € W1 | p1 = 5917192 = 592}

.11 N 1
W3 = {(g,1,Q,03,01,Q0, 591, 592,]93,070’293) e Wa 591 = p3{ly — 59293,
1. 1
—Qy = —p32 —1031}).
5k 3 + 5k 3}

Remark 3.6.9. For numerical simulation of underactuated optimal control systems is usually
difficult to satisfy numerically the second-order constraints (3.100) then it is useful to combine
our analysis with other techniques for underactuated systems. For instance, assuming that
our underactuated system of ODEs (3.98) posses the property of differential flatness (often
referred as flatness, see [67, 143]), with 2(t) = F(g(t),y*(t), 7 (t), u®(t)) as a flat output, such
that the states and inputs may be determined from equations of the form

(9(0), 5" (1), u’(1)) = $(=(t),...,z(1))

Then substituting in the cost functional (3.99) we obtain the new functional

ty

0. = / YL, D) dt / Lz(1), .., 29(1)) dt

to to

now without additional constraints. Consequently, the number of variables in the optimal
control problem will be reduced to expedite real-time computation.

3.6.3 Optimal control of underactuated mechanical systems on a principal
bundle

Let us consider the configuration space @ of the system as a trivial principal bundle, that
is, @ = M x G, where M is an m-dimensional smooth manifold and G a finite dimensional
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Lie group. Let L € C*°(TM x g) be a left-trivialized Lagrangian function, where g is the Lie
algebra of G.

The Euler-Lagrange equations with controls are
d (0L oL
— [ =) - = =upl4(q), (1<A<

d (0L oL

— ) = d* ) = a

i (5 ) ot (5 ) = v,
where B = {(u% n®)}, u*(q) € T; M, n%(q) € ", a=1,...,r, is a set of independent sections
of the bundle 7w: T*M x g* — M, and u, are admissible control parameters.

We complete B to a basis {B?*, B} of I'(7), and let us consider its dual basis {Bg, B},

that is, a basis of I'(7), where 7: TM x g — M. Observe that I'(1) = X(M) x C*°(M, g) (see
[111] for details). This basis induces coordinates (g4, ¢4, &%, %) on TM x g.

If we denote B, = {(X4,Zq)} C I'(7) and B, = {Xqa,Za} C I'(7), where X,, X, € X(M)

(3.101)

are locally given by X.(q) = X2 (q) 82‘4'(1’ X.(q) = X2q) 86A , and Z4(¢),Za(q) € 9,
with ¢ € M, then equations (3.101) can be rewritten as
d(@L) 8L> A (d(8L> 8L>H
7)) 7 ) Xa @)+ adg Ealq) = ta
A A a 3 ’
dt \ 0q dq o€ o€ (3.102)

d (0L oL A oL oL
a (oL _ oL ¢ d Z.(q) = 0.
(i () ~ an) w0+ (G () o) o
The optimal control problem consists on finding a trajectory (q(t),q(t),&(t), u(t)) of the
state variables and control inputs solving equation (3.102) given initial and final boundary

conditions (¢(0), ¢(0),£(0)) and (¢(7), ¢(T),&(T)), respectively, and minimizing the following
cost functional

Alg,4,€.) / Cla(t), d(t), £(1), u(t))dt

where C': (TM x g) x U — R is a cost function.

This optimal control problem is equivalent to solving the following second-order varia-
tional problem with second-order constraints

min L(g#, ¢4, ¢4,¢, &),
subject to (¢4, ¢4, 44,66, a=1,...,m

where L, ®* € C® (TP M x 2g) are given by
Lig* ¢*, ", 6,6 = ¢ (%64, Fula™ a6, 6,6)) |

where C' is the cost function and

A A A iy (4 (OLY _OLY (4 d (LN [ LOL\\_
Fa(q yd 4 7575)_ (dt <8(]A) 8QA)Xa(q)+(dt<a§> (adgag))h‘a(Q)
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The Lagrangian Lis subjected to the second-order constraints:

af A A A gy (4 (OLY OLY\ 4 d (0L ([ LOL\\ _
®%(¢", 4%, %, ¢, ¢") = <dt <an> an>Xa(q)+(dt<8§) (adg(%))w(q)-

Example 3.6.10 (Optimal control of an underactuated vehicle). Consider a rigid body
moving in the special Euclidean group of the plane SFE(2) with a thruster to adjust its pose.
The configuration of this system is determined by a tuple (z,y,6,v), where (z,y) is the
position of the center of mass, # is the orientation of the blimp with respect to a fixed basis,
and -y the orientation of the thrust with respect to a body basis. Therefore, the configuration
manifold is Q = SFE(2) x S! (see [75] and references therein), where (x,y,6) are the local
coordinates of SFE(2) and 7 is the coordinate corresponding to the configuration on S!.

The Lagrangian of this system is given by its kinetic energy
L(z,y,0,7,&,79,0,%) = %m(:i:Q +97) + %Jﬁ? + %Jg(é +4)2,
and the input forces are
F' = cos(0 + ) dx +sin(0 + ) dy — psinydd; F? =d,

where the control forces that we consider are applied to a point on the body with distance
p > 0 from the center of mass (m is the mass of the rigid body), along the body x-axis.

The system is invariant under the left multiplication of the Lie group G = SE(2):

®: SE(2) x SE(2) xSt — SE(2) x St
((a,b,), (z,y,0,7)) — (xcosa—ysina+a,xsina+ycosa—+b,0+ a,y).

A basis of the Lie algebra se(2) ~ R3 of SFE(2) is given by

0 -1 0 0 01 000
ee=|1 0 0], e=(0 0 0], es=(0 0 1
0O 0 O 0 00 000
From this basis we have that
le1,e2] =e3, [e1,e3] = —e2, [ez,e3] =0.

Thus, we can write down the structure constants as
2 1 2 1
€3 =Co3=—1,C13=C3 =1,

and all others are zero. An element & € se¢(2) is of the form £ = & e1 + &2 e2 + &3 e3; therefore
the reduced Lagrangian £: TS! x s¢(2) — R is given by

J1+ Jo
2

. Ja
£ + Dtz + 242

(o 4,8) = sm(E + &) + .

Then the reduced Euler-Lagrange equations with controls are given by



Optimal control of an underactuated systems on principal bundles 139

mfl = ujpcosvy,
m& + (J1 + J2)&1&s + Jb1y —m&i€s = wpsiny,
(J1+ J2)és + Joi — m&a(& +&3) = —uypsinny,
J(&+%) = uy.

On the other hand, choosing the adapted basis {B,, B,} the modified equations of motion
(3.102) read in this case as

m(cos €1 +siny (€2 — €183)) + (Ji + S)€issiny + So&rsing = i,
m(cosy(§2 — §1€3) — siny&1) + &183(J1 + J2) cosy + &1y cosy = 0,

Nt (& + p&i&s) + ﬁ(‘? +p&1y) +m (52 —&183 — 5251;@)

(s +%) = up.
Now, we can study the optimal control problem that consists, as mentioned before, on finding
a trajectory of state variables and control inputs satisfying the previous equations from given

initial and final boundary conditions (v(0),5(0),£(0)), (v(T),%(T),&(T)) respectively, and
extremizing the cost functional

T
/ (i + poid) dt
0

where p; and py are non-zero constants.

The related optimal control problem is equivalent to the second-order Lagrangian problem
with second-order constraints defined as follows. Extremize

A= | L 5. 4)d
/0 (&,€,7,7%,79)dt,

subject to the second-order constraints given by the functions

@' = m(cos (b2 — £163) — sinv&y) + &1€3(J1 + Ja) cosy + Ja1 cos (3.103a)
0 = DR ) + 205+ pe) +m (G- 66 - SIEER)  om)

Here, L: T@S! x 2s¢(2) — R is defined by

Er,4,3,6,€) = pr (mlcosréy +sin (€ — 6165)) + (1 + B)aks siny + Htadsing)
(3.104)

+pad3 (& +4)2,

which basically is the cost function C' = pju? + pou3 in terms of the new variables.
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The submanifold M of T?)S! x SE(2) x 2se(2) is given by the constraints

§1+§3)_J1+J2 :

¥ = —%O <§2 — 163 — & ; 7 (&3 +p&1&3) — P&y,

1 (J1+J2

b= tan -y

§183 + ﬁﬁﬂ + &y — 5153) :
m

We consider the submanifold W = M x T*(T'S') x 2se¢(2)* with induced coordinates

(7?’%gv517€275375‘2753777177727p1>p27p31ﬁ17ﬁ27ﬁ3) )

and the restriction EM of L given by

~ {mcos*y (J1+J2

Ja . : . ..
Ly =p1 §183 + *2517 + & — 5153) + (J1 + J2)&1&ssiny + Jo&1ysiny
tany m m

2
- Jljzb (& + p&as) — pEry

+sin7(£2 — flfg)r + paJ3 [53 - i%? (52 —&183 — &2 & ;53)

Observe that we use the intrinsic formulatipn in the submanifold M because the con-
straints enable us to write the variables 4 and &; in terms of the others, and thus it is easy
to determine a subset of intrinsic coordinates.

For simplicity, we consider the particular case J; = Jo = 1 and m = p = 1 then the
equations of motion of the optimal control problem are

4
dt

i 1 1
= 2p1 m+si1r17 - A | cosy — Sny 5 + AysinyA | 1+ ,
tany tany  cos?~y + tan?y tany

2
. cos .
Mo = 2£1p1 ((fy —|—sm’y> A) —51(}\1 COS’Y+)\2 - 2302) - m,
tan-y

) d d
P = i Yy = — 5 ":7'7 .:1727'
3 i3 = Y=o, 3

2
B=2m ((COS’Y +sim> -A) (B — Ao)(€3 + 4 — €2) — At cosy( + &3)

tan vy

pa = (M2 —2Bp2) (& + &),

2
- cos )
p3 = 2§11 ((tan: + sin W) 'A> — Arcosvér — (&1 — &2) (A2 + 2p2B),

plzadzpla 2217273
where

£=(6,6,8) 3 A=4&G+47+E& 3 B=&+4G+6H - 6b — L&+ 675

and the coadjoint operator is just the cross product, ade = £ X p using the identification of
s¢(2) with R? (see [81] for example).
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In all cases we additionally have the reconstruction equation

g(t) = g(t)(&u(t)er + &a(t)ea + &3(t)es)

with boundary conditions g(to) and g(ty), where g(t) = (x(t), y(t),0(t)).

Finally, the regularity condition is given by the matrix

2p2 0 0 2p9 0 1

0 2p1 cos? vy 2p1sinycosy 0 —siny O

A - 0 2p;sinycosvy 2p1 sin? v 0 cosy 1
2p9 0 0 2p2 0 217

0 —siny cos 7y 0 0 0

1 0 1 2 0 0

whose determinant is
det A = 4py py sin v+ 4py1 pa cos® 4+ 8py pa sin? v cos? v = 4py pa(sin? y+cos? v)2 = dp1ps # 0.

Therefore the algorithm stabilizes at the first constraint submanifold Wj. Moreover, there
exists an unique solution of the dynamics, the vector field X € X(Wj) which satisfies
ix Qw, = dHw,. In consequence, we have a unique control input which extremizes (mini-
mizes) the objective function A. If we take the flow F;: Wi — W of the solution vector field
X then we have that F;Quy, = Q.

3.6.4 Optimal control of underactuated systems on Lie algebroids

In the general situation, the dynamics is specified fixed a Lagrangian L : E — R where
(E, [ ], p) is a Lie algebroid over a manifold @ with fiber bundle projection 75 : E — Q.

If we take local coordinates (x%) on @ and a local basis {ea} of sections of E, then we
have the corresponding local coordinates (z*, y) on E. Such coordinates determine the local
structures functions pf4 and GgB and then the Euler-Lagrange equations on Lie algebroids
can be written as (see §2.1)

d (0L ;0L o pOL
dt<01ﬂ‘>_p"‘0:vi+e“‘3y oyt ="

These equations are precisely the components of the Euler-Lagrange operator EL : E?) — E*,

which locally reads
d (0L - 0L oL
CL=(— (=" ) - py=— +CGpyP=— ) et

where {e4} is the dual basis of {e4} (see [37]). In terms of the Euler-Lagrange operator, the
equations of motion just read
EL=0.
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Now, we add controls in our picture. Assume that the controlled Euler-Lagrange equations

d (0L ; OL oL a
<dt (W) T PAG + GgBZ/BayA) e = uget, (3.105)

are

where we are denoting as {e} = {e®, e®} the dual basis of {e4} and u, are admissible control
parameters. Using the basis of sections of E, equations (3.105) can be rewritten as

d (0L - OL c pOL

— — P — = 1

dt <8ya> Pa Ot + eaBy ayc Ua, (3 06)
d ( OL ; OL c oL

dt <6y0‘> T Pagga T Cany oy 0

The optimal control problem consists on finding an admissible trajectory ~(t) =
(z*(t),yA(t),u(t)) of the state variables and control inputs given initial and final bound-
ary conditions (z%(0),44(0)) and (z*(T),y*(T)), respectively, solving the controlled Euler-
Lagrange equations (3.106) and minimizing

T
-A(l'iayAaua) = / C(l'iayAvua)dta
0

where C': E x U — R denotes the cost function.

To Solve this optimal control problem is equivalent to solve the following second-order
problem:

min L(z*(t), y*(t), 2 (1))
subject to ® (' (t), y (1), 22 (t)), = 1,...,m

where L, ®* € C°(E®). Here

where C' is the cost function and

i d (OL\ 0L oL
Fula 0.0, 40) = 5 () — P+ ESn” -

The Lagrangian L is subjected to the second-order constraints:

o d oL i OL oL
O (' (1), y (1), 27 () = dt <3y°‘> ~Paz T GSB?JB@?TC’

which determines a submanifold M of E(). Observe that from the constraint equations we
have that

a 7

FPL 5 L,

Oy oyP Qy*oy° oz’

+ GaBy ayc =0.
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Therefore, assuming that the matrix W,z = (%) is regular, we can write the equations
as

0*L oL OL
a 1ol a B
w (ay,ﬁay pﬁa i +853y p) C)

— Ga(l‘i, yA’ Za)

where W = (W,5)~L.

Therefore, we can choose coordinates (z°, yA, 2%) on M. This choose allows us to consider
an intrinsic point of view, that is, to work directly on W = M x (T E)* avoiding the use of
the Lagrange multipliers.

Define the restricted Lagrangian EM by E]M : M — R and take induced coordinates
(wi,yA, 2% pa,Pa) on W. Applying the same procedure than in section 3.5.4 we derive the
following system of equations

&= phyt
dy* La
a7
!
dpa . (0L OG"
i P (ajzw P8 A p ) + C4ppey”,
@ _ 4 9im 8LM _ 8G5
0Ly aGﬁ
Pa = G " PP g

To shorten the number of unknown variables involved in the previous set of equations,
we can write them using as variables (2%, 34, 2%, 7,,)

i = phy?
dy® }
i = Ga(l'Z?yA7za)7

dt
0 d2 0Ly 9G®\ o afd |0Ln _ 0G°
B 920 PPgza A\ Gp | Tazb T PR

OLn aaﬂ>+egyA<aEM aGﬁ>

)

Dy —Dg e oyC ~Pg oyC

oL dGP dp
o ( o0 P oar ) ~ Chat™
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PP, 5 adPs o 4| 0Ly oGP

0 = PPa o8 a5 o 9o 5,95
dt? T EaaY dt Al oy° Ps oy°
dfobu _06?] (ol oo

dt | Oy~ Ps oy~ Pa\ "gpi ~ P8 gy

0Ly _ OGP
8yb —DPg 8yb

0L _ OGP

d
b Al © 1Y i
+Chay (dt o0 P8gp

) - GZQ?JA
%Ly
029025

is regular then we can write the previous equations as an explicit system of third-order
differential equations. This regularity assumption is equivalent to the condition that the
constrain algorithm stops at the first constraint submanifold.

If the matrix




Chapter 4

Optimal control of nonholonomic
mechanical systems

Many important problems in robotics, the dynamics of wheeled vehicles and motion gen-
eration, involve nonholonomic mechanics, which typically means mechanical systems with
rolling constraints. Some of the important issues are trajectory tracking, dynamic stability
and feedback stabilization, bifurcation and control.

As is well known, the application of tools from modern differential geometry in the fields
of mechanics and control theory has caused an important progress in these research areas.
For example, the study of the geometrical formulation of the nonholonomic equations of
motion has led to a better comprehension of locomotion generation, controllability, motion
planning, and trajectory tracking, raising new interesting questions in these subjects (see [17],
[19], [20], [21], [25], [31], [34], [94], [LOO], [113], [L41], [119] and references therein). On the
other hand, there are by now many papers in which optimal control problems are addressed
using geometric techniques (references [21], [90], [91], and [165] are good examples). In this
context, we present a geometrical formulation of the dynamics of higher-order mechanical
systems with nonholonomic constraints as a higher-order constrained systems.

In this chapter we will study optimal control problems of mechanical systems subject
to nonholonomic constraints. Of a grat interest in the present chapter are the recent de-
velopments that utilize a geometric approach and in particular the theory of Lagrangian
submanifolds and Lie algebroids. The class of nonholonomic systems that we study in this
chapter includes, in particular, any wheeled-type vehicle, such as robots on wheels and or
tracks. The fact that most of these robotic systems apply torques and forces internal to the
system, which makes these system move in an undulatory fashion (see [119] and references
therein for more on undulatory locomotion), without the application of any external forces,
makes the system under-actuated. Hence, including under-actuated systems in our study is
crucial in covering a wide range of robotic applications.

In our framework we have implicitly a reduction process, that is; after the geometric pro-
cedure applied thorough in this chapter to describe the dynamical equations for the optimal
control problem we can reduce the degrees of freedom of the configuration space where is
defined the lagrangian which describes the control problem. We will see how this framework

145
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can be easily extended when instead of working on T'Q) we consider an arbitrary Lie algebroid.

4.1 Nonholonomic mechanical systems

We shall start with a configuration space @, which is an n-dimensional differentiable manifold
with local coordinates (¢%), 1 <4 < n = dim Q. Linear constraints on the velocities are locally
given by equations of the form

¢"(¢',d") = ul(q)q' =0, 1<a<m,

depending, in general, on their configuration coordinates and their velocities. From an in-
trinsic point of view, the linear constraints are defined by a regular distribution D on @ of
constant rank n — m such that the annihilator of D is locally given at each point of ) by

Dy = span {n*(q) = pldgt ;1< a< m}

where the one-forms p® are independent at each point of Q.

The various kinds of constraints we are concerned with typically are divided in two types:
holonomic and nonholonomic, depending on whether the constraint is derived from a con-
straint in the configuration space or not. Therefore, the dimension of the space of config-
urations is reduced by holonomic constraints but not by nonholonomic constraints. Thus,
holonomic constraints allow a reduction in the number of coordinates of the configuration
space needed to formulate a given problem (see [1414]).

We will restrict ourselves to the case of nonholonomic constraints. In this case, the
constraints are given by a nonintegrable distribution D. In addition to these constraints, we
need to specify the dynamical evolution of the system, usually by fixing a Lagrangian function
L:T@ — R. In mechanics, the central concepts permitting the extension of mechanics from
the Newtonian point of view to the Lagrangian one are the notions of virtual displacements
and virtual work; these concepts were formulated in the developments of mechanics, in their
application to statics. In nonholonomic dynamics, the procedure is given by the Lagrange—
d’Alembert principle. This principle allows us to determine the set of possible values of the
constraint forces from the set D of admissible kinematic states alone. The resulting equations

of motion are
L] 87[’ — oL Sat =0
at \og ) og]°t T

where §¢° denotes the virtual displacements verifying

pioq =0

(for the sake of simplicity, we will assume that the system is not subject to non-conservative
forces). This must be supplemented by the constraint equations. By using the Lagrange

multiplier rule, we obtain
d (0L oL a
- T —_— = = AalLLZ .
dt \ 0¢* oq*




Optimal control of nonholonomic mechanical systems 147

The term on the right hand side represents the constraint force or reaction force induced by
the constraints.

The functions A, are Lagrange multipliers which, after being computed using the con-
straint equations, allow us to obtain a set of second order differential equations.

Now we restrict ourselves to the case of nonholonomic mechanical systems where the
Lagrangian is of mechanical type

1
L(vg) = 59(%’“(1) -V(g), vq€TyQ.

Here G denotes a Riemannian metric on the configuration space Q and V : @ — R is a
potential function. Locally, the metric is determined by the matrix M = (9;;)1<i j<n Where
Sij = 5(9/9¢',0/0¢").

We denote by 7p : D — @ the canonical projection of D over @ and I'(rp) the set of

sections of 7p, which in this case is just the set of vector fields X(Q) taking values on D. If
X,Y € X(Q), then [X,Y] denotes the standard Lie bracket of vector fields.

Definition 4.1.1. A nonholonomic mechanical system on a manifold QQ is given by the triple
(G, V,D) where G is a Riemannian metric on Q, specifying the kinetic energy of the system,
V :Q — R is a smooth function representing the potential energy and D a non-integrable
distribution on Q representing the nonholonomic constraints.

Remark 4.1.2. Given X,Y € I'(1p) that is, X (z) € D, and Y (x) € D, for all z € Q, then
it may happen that [X,Y] ¢ I'(7p) since D is nonintegrable. o

We want to obtain a bracket defined for sections of D. Using the Riemannian metric §
we can construct two complementary projectors

P:TQ — D,
Q: TQ — D,

with respect to the tangent bundle orthogonal decomposition D @ DL = TQ.

Therefore, given X,Y € I'(1p) we define the nonholonomic bracket [-,-] : T'(tp) xI'(1p) —
I'(mp) as
[X,Y]:=P[X, Y]

(see [9],[11],[75]). It is clear that this Lie bracket verifies the usual properties of a Lie bracket
except the Jacobi identity.

Definition 4.1.3. Consider the restriction of the Riemannian metric G to the distribution
D
GP:DxgD - R

and define the Levi-Civita connection
V9 T(rp) x T(rp) — T(7p)

determined by the following two properties:
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1. [X,Y] :V%DY—V%DX, (Symmetry)

2. X(§2(Y,2)) =S2°(VE Y, Z2) + S2(V, VS Z)  (Metricity).
Let (¢') be coordinates on @ and {e4} vector fields on I'(1p) such that
D, = span{es(x)}, €U CQ.

Then, we determine the Christoffel symbols Fg(] of the connection V9~ by

D
Vi ec =Tgel(q)ea.

Definition 4.1.4. A curvey : I C R — D is admissible if there exists a curveo : I C R — Q
projecting v over Q, that is, Tp oy = o; such that
d
t) = —o(t).
1) = Sol)
Given local coordinates on @, (¢*) i = 1,...,n; and {ea} sections on I'(7p) such that

) .
eq = pg(q)a—qi we introduce induced coordinates (¢*,y4) on D where, if e € D, then e =

y?ea(x). Therefore, v(t) = (¢*(t),y?(t)) is admissible if

Consider the restricted Lagrangian function ¢: D — R,

(o) = %g%,u) — V(rp(v)), with v € D.

Definition 4.1.5 ([11]). A solution of the nonholonomic problem is an admissible curve
~v: 1 — D such that

V3(t) + gradgnV (m(y(6))) = 0.
Here the section gradgoV € I'(7p) is characterized by
SD(grangV,X) = p(X)V, for every X € I'(mp).

These equations are equivalent to the nonholonomic equations. Locally, are given by

i = Py,
. oV
¢ = —TSpyty? —(§7)“Pp)

Baql’

where (GP)48 denotes the coefficients of the inverse matrix of (G”)ap where GP(e4,ep) =

(%) aB.

Remark 4.1.6. Observe that the last equations only depend of the coordinates (¢*, yA) onD.
Therefore the nonholonomic equations are free of Lagrange multipliers. These equations are
equivalent to the well known Hamel equations (see [137] for example, and reference therein).
o
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4.2 Optimal control of nonholonomic mechanical systems

The purpose of this section is to study optimal control problems for a nonholonomic mechan-
ical systems.

Definition 4.2.1. A solution of a fully actuated nonholonomic problem is an admissible
curve v : I — D such that
D
V31 (®) + gradgs V(1o (1(1))) = u? (tea(rn (v(t),

A

where u are the control inputs.

Locally, the last equations are written as
i = pay!
g¢ = ~Tapyty” - (SD)CBP%ZZ; +uC.
Given a cost function
C : UxD—->R
(u,q',y") = g,y u?)

the optimal control problem consists on finding an admissible curve + : I — D solution of the
fully actuated nonholonomic problem given initial and final boundary conditions on D and
minimizing the functional

T
8((t),u(t)) = /0 Cy(t), u(t))dt

where v is an admissible curve.

We define the submanifold D® of TD by
D? .= {v € TD | v = %(0) where v : I — D is admissible}, (4.1)

and we can choose coordinates (z?, y?, %) on D) where the inclusion on 7D, i (2) DRy
TD, is given by ' ' ‘
in@ (¢, v 0" = (v Py, o).
Therefore, D@ is locally described by the constraints on 7D
q' = pay* =0.

Observe now that our optimal control problem is alternatively determined by a function
£ : D@ - R where

L(g' vyt 99 =C <q 9 + TSy P + (SD)CBpBan : (4.2)
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The following diagram summarizes the situation:

9(2)% TD
Tty
71(324'1) TTD .
c e ! TQ
R Q
Here j : D — TQ is the canonical inclusion from D to T'Q, Tg’l) : D@ — D and

rp : TD — D are the projections locally given by Tg’l)(qi,yA, 7 = (¢',y?) and
(¢, vy, 08, 94) = (¢F,y?), respectively. Finally, Trp : TD — TQ is locally given by
the mapping (¢',y*,4¢',9) — (¢, ¢")-

To derive the equations of motion for £ we can use standard variational calculus for sys-
tems with constraints defining the extended Lagrangian £ (see § 4.3 for an intrinsic approach)

L=2L+ NG — phy?)

and therefore the equations of motion are

d (oL oL VS oy 4
dt (a(f) oq ag " Nag Y =0
d [ oL oL d [ 0L oL .
J— PR _—— = _— —_— _ ! )\Z = 5 4
d (ayA) oA T @ (ayA) pyA TN =0 (43)
i = phy’.

Remark 4.2.2. Our initial idea for work in D is given by the fact that we consider D as the
velocity phase space of a nonholonomic system. Of course to obtain the equations of motion
of a nonholonomic system is necessary more information from 7'Q), but it is obtained using
the projection of the standard Lie bracket.

Also, we want to point out that it is possible to obtain the corresponding Levi-Civita

connection in a similar way that the one given in [24]. We think that our framework clarifies
the situation where the dynamics is defined and simplify the use of Lagrange multipliers
techniques. o

4.2.1 An illustrative example: the vertical coin

We want to study the optimal control of the vertical coin where we assume that the coin can
not fall sideways (see [24]). The scenario for this system is the following: m denotes the mass
of the coin, J > 0 is the inertia about the vertical axis. The position of the point of contact
between the coin and the plane is denoted by (,y) € R? and the heading direction is denoted
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by 6. Therefore, the configuration space is the Lie group SE(2) and the configuration is given
by ¢ = (2,y,0) € SE(2).

The control inputs are denoted by u; and ws. The first one corresponds to applied a
perpendicular force to the center of mass of the coin and the second ones, is the torque
applied about the vertical axis.

The constraint is given by the no slipping condition and is expressed in differential form
by

w = sin fdz — cos 6dy.
Therefore the constraint distribution D is given by

7 lg 0059g+sin9£
\Jo8 m Ox m Oy’

That is, the distribution is given by the span of the vector fields

10
XI(Q) = j%a

cosf 0 sinf 0
Xo(q) = = -

m 8x+ m Oy

The Lagrangian is metric on ) where the matrix associated with the metric G is

m 0
g = 0 m
0

oo

0
Then the Lagrangian L : TSE(2) — R is given by

. m, . . J .
L(g,q) = — (&* +5°) + 56°.
2 2
The projection map P : TQ — D is
0

P(q,q) = cos® dx ® 8895 + cos 0 sinfdz ® ;y + cos B sin fdy ® Bax + sin? Ody ® (‘fy +dI® %

Obviously the projection map P satisfies P(X;) = X; and P(X3) = Xo.

Let ¢ = (z,y,0) be coordinates on the base manifold SE(2) and take the basis {X;, Xo}
of sections of SE(2). This basis induce adapted coordinates (z,y,8,y',3?) € D. The non-
holonomic bracket is given by

Observe now,

1 0 cosf 0O
X1, Xo] =P[X1, Xo] =P | ———sinf— —
[X1, X2 X1, Xo] < Jm oz + Jm 8y>
Then, this implies that all the structure functions are zero, that is, @‘gc =0 forall 1 <

A,B,C <2.
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We introduce the fiber map p: D — T'SE(2) locally given by

1
1 2 3
= O, = O’ = —,
P1 P1 PL= 7
1 cos 0 5 sinf 3
= s = —, = 0'
P2 m P2 m P2

The conditions to be an admissible curve are

. cos

& o= piy' + Y’ = ——y
m

. sin 0

g = ply' + 03yt = —%
m

: 1

0 = iy +my" =y

The restricted Lagrangian function in these new adapted coordinates is rewritten as

1
/ 0.t 12 — 22 4 212
(@,9,0,y°,57°) = 5 (y)" + 5 (')
The Euler-Lagrange equations, together the admissibility conditions, for this lagrangian
are

7 U2
- = 07 - - 07
J m
. cos . sind . 1
xr = Y2, Yy = Y2, 0 = <Y1
m m J

Now, we add controls in our picture. Therefore the controlled Euler-Lagrange equations
are now

o,
N 25 m 1,
together with

cos . sind . 1

T = Y2, Y= y2, 0= —u.
m m J

The optimal control problem consists on finding an admissible curve satisfying the previ-
ous equations given initial and final conditions and minimizing the functional

1 (T
J:2/0 (u%—ku%)dt,

for the cost function C : D x U — R given by
1
C(x’ Y, 9’ Y1,Y2,u1, u2) = 5( % + u%)

This optimal control problem is equivalent to the second-order optimization problem
determined by £ : D@ — R, where

o IRV
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Here, D@ is a submanifold of the vector bundle T'D over D defined by

cos 0 . sinf -1
Y2=0, y——y2=0, 00— —y1 = }
m m J

®(2) = {(1.7 y7 97 y17y27'%‘.7y7 9’791792) e T® ’ jj -

where the inclusion ig2) : D@ < TD, is given by the map

cosf  sinf 1 )

iD@) (l’,y, 6’y17y27yla y2) = <CC, Y, eayla Y2, —Y2, —Y2, *yl’y17y2
m m J

The equations of motion for the second-order extended Lagrangian

~ . cosf . sinf .1
L(z,y,0,y1,92, %, 9,0, 91,92, A) = L+ M\ (fc— - y2> + A2 (y— my2> + A3 (9— y1>

J
are
M =0, A=0,
s = —@()\QCOSG—)\lsiDQ),
m
A3 = _yjl,
o = —m(Acosf+ Agsinb)
with
. cosf . sinf |
T = Y2, Y= Y2, 0=—un.
m m J

The first and second equations can be integrated as A1 = ¢; and Ay = co where ¢; and ¢
are constants, then the system can be rewritten as

A3 = _2 (cacosf — c1sind),
m
1
A3 = —&,
’ J
o = —m(cicosf + cosind).

Now, differentiating the second equation with respect the time and replacing into the first
one the problem is reduced to solve the system

Ui Yo .
L da 0 — 0
7 - (cocosf — cysinf),
o = —m(cicosf + casinb),
with
cos 6 . sinf . 1

T = Y2, Y= y2, 0= —y.
m m
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If we suppose, Ay = 0, A2 = 0 (that is, ¢; = ¢o = 0) then the system can be reduced to

'y‘l == 07
Z./.Q = 07
Integrating these equations and using the admissibility conditions we obtain for ¢;, i = 3,...,8
constants,
estd  egt? st +cg
(t) =
(*) 6J + 2J + J
1 ¢ 6383 + 30482 + 6058 + 606
t) = — + cg) ds,
x(t) — /0 cos ( i (c7s +cg)ds
1/t 3 4+ 3c4s2 +6 6
y(t) = m/o sin (C3S + 048(; Css ¥ cﬁ) (15 + cs) ds.
Therefore the controls u; and uy are
cr c3t + ¢y
t) = —, t) = .
ur(t) =, ua(t) =
Remark 4.2.3. The last optimal control problem was studied in [24]. The authors have been

used the theory of affine connections to study the optimal control problem of underactuated
nonholonomic mechanical systems. The main difference is given by the fact that with our
formalism we are working on the distribution D itself as we have commented in Remark
4.2.2. As in [241] we impose the extra condition A\; = Ay = 0 and we obtain the same controls
minimizing the cost function.

This is only because we want to compare the proposed method with [24]. In fact, we
think that Equations 4.3 applied to the vertical coin example are equivalent to Equations
(38) in [24]. Moreover, in equations (39) of [24] the authors shown that the solutions of
Equations (32), (33) and (34) are included in the set of solutions of (39), but, in principle
(39) includes more solutions that (32), (33) and (34). Imposing the condition of the vanishing
of two Lagrange multipliers we arrive to their subset of solutions.

Another argument is related with the optimization problem for this kind of optimal con-
trol problems when typically we impose initial and final boundary conditions. Usually, initial
boundary condition on D and final boundary condition on D. For the vertical coin example we
impose conditions (z(0),y(0),0(0),y1(0),y2(0)) and (z(T),y(T),0(T),y1(T),y2(T)). Heuris-
tically, observe that if we transform these conditions into initial conditions we will need to
take the initial condition (z(0),y(0),0(0),y1(0),y2(0),91(0),92(0), A1(0), A2(0), A3(0)) and it
is not clear that some of the multipliers are zero from the very beginning.

4.2.2 Optimal control of underactuated nonholonomic mechanical systems

The case of underactuated nonholonomic mechanical systems can be derived in the same way.
We assume that the distribution D C T'Q is

D = span {eavea} = Spal {eA}
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where ey are sections of D. Taking this into account the control distribution D. C D is just
D, = span{eg,}.

Definition 4.2.4. A solution of an underactuated nonholonomic problem is an admissible
curve v : I C R — D such that

Vv (t) + gradgs V (7o (1(2))) = u(Bea(rn(v(2):

We denote by {e?, e“} the dual basis of {e,, e, }. The basis of D induces local coordinates
(¢, y%,y*) on D, that is, if e € D then e = yles = y®eq + y®eq. Therefore, an admissible
curve has a local representation y(t) = (¢'(t), y*(t), y*(t)).

The solution of an underactuated nonholonomic problem is characterized by the admis-
sible curves which solve

<V32)7(t)+gradQDV(T@(y(t))),e“(T@(y(t))> )
(V9 4(8) + gradgoV (o (1), (o (x(1)) = 0.

The last set of equations are interpreted as constraints, therefore we can denote by M C
D) the submanifold of D?) determined by these constraints.

Given a cost function C : D x U — R the optimal control problem consists on finding an
admissible curve v : I C R — D solving the previous equations, given boundary conditions
and extremizing the cost functional

T
3(7(077«0@)):/0 C(y(t),u(t))dt.

The proposed nonholonomic optimal control problem is equivalent to a second-order vari-
ational problem with second-order constraints, determined by the lagrangian £ : D2 — R,
given in the selected coordinates by

. ) . ) - OL
Ly 9 =C (ql, v 9+ Tapyy” + (SD)CBpZBan
subjected to the second-order constraints

OL
oq’

V(¢ ytut) = 9+ Ty P+ (5P) Bl
0 = ¢ —phy™

To derive the equations of motion of this second-order variational problem with second-
order constraints we can use standard variational calculus defining the extended Lagrangian
with the Lagrange multipliers A; and A\, by

L= L+ N(d — pil@)y™) + 287 (d, v, 97).

Therefore the equations of motion are the admissible curves satisfying
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oYy 4 0L — 09°

0 = AZ As - T Ny o
+ ]aqzy 8(]1 aqz
d (0L ~ oL —
0 = — X — o — Ay (D) + T, v
dt (aya>+’0a 8ya ’Y( aB+ Ba)y ’
- d (9L . oL -
= dat— (== )+ Xp, — = XN, (T7,+T1% )y 4.4
0 +dt (aya>+ Pa 3y°‘ 'Y( aB+ Ba)y ) ( )
= (¢, y" 9",
= ¢ —pyt

4.3 Lagrangian submanifolds and nonholonomic optimal con-
trol problems

4.3.1 Intrinsic equations of motion for a nonholonomic mechanical control
problems

Given the Lagrangian function £ : D) — R, following Theorem (1.6.11) when N = D,
we can construct the Lagrangian submanifold ¥; = Im(dL(TD)) € T*TD. Therefore, £ :
D) — R generates a Lagrangian submanifold Xz C T*TD of the symplectic manifold
(T*TD,wrp) where wrp is the canonical symplectic 2-form on T*TD.

The relationship between these spaces is summarized in the following diagram:

ch# T*TD
(WT*TD”EL\L lﬂ'T*TD

15 (2)

PR 2=~ TD

Proposition 4.3.1. Let £ : D) — R be a second order Lagrangian. Consider the inclusion
Ty - D@ - TD and wpp is the canonical symplectic 2-form in T*TD. Then

Yo ={pn e T"TDliyoyp=dL}y CT*TD
is a Lagrangian submanifold of (T*TD,wryp).
Definition 4.3.2. Let D be a non-integrable distribution, TD its tangent bundle and D?)

the subbundle of TD defined on (4.1). A second-order nonholonomic system is a triple
(D(z), Y, L) where ¥y C T*TD is the Lagrangian submanifold generated by L : D@ 5 R.

Consider local coordinates (g, yl, g, g)A) on T'D. These coordinates induce local coordi-
nates (¢, y4, ¢, 9%, i, ea, Vi, va) on T*TD. Therefore, locally, the system is characterized
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by the following set of equations on T*1T'D

0ph 0L
; oL
Y
BA+YiPq = W? (4.5)
Y
YA = ayAa
i = pay’

Remark 4.3.3. Typically local coordinates on £z C T*TD are (¢*, y*, §*, ;) where ; plays
the role of Lagrange multipliers. o

We define the map ¥ : T*TD — T*D as

<\II(,U/vx)7X(x)> = <va,XV(’Ux)>,
where y € T*TD,v, € T,D, X(x) € T,D and XV (v;) € T,,TD is its vertical lift to v,.
Locally,
U(g'y™ 0 s pasvisva) = (0 y™ v va)
Definition 4.3.4. Define the Legendre transform associated with the second-order nonholo-

nomic system as the map FL : ¥y — T*D given by FL = W o ixy,.. In local coordinates, it is
given by
; . ; oL
FO(¢',y™, o i) = <q’,z/‘,%, W‘) :

The following diagram summarizes the situation

iy N
Y, 00— T*TD T*D
FL

Definition 4.3.5. We say that the second-order nonholonomic system is regular if FL :
Yo — T*D is a local diffeomorphism and hyperregular if FL is a global diffeomorphism.

From the local expression of FL we can observe that from a direct application of the
implicit function theorem we have:

Proposition 4.3.6. The second-order nonholonomic system determined by £ : D3 — R is
2L
oyAoyB
Remark 4.3.7. Observe that if the Lagrangian £ : D — R is determined from an opti-
mal control problem and its expression is given by (4.2) then the regularity of the matrix

62712 is equivalent to
ayAayB )

reqular if and only if the matrix < > s non singular.

0*C
det <8uA8uB> #0

for the cost function. o
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4.3.2 Hamiltonian formalism

Assume that the system is regular. Then if we denote by p; = v; and p4 = 904 we can write
Yy

74 = 92(¢*, ¥4, pa). Define the Hamiltonian function 3 : T*D — R by

H(ew) = (o, T+ |52, (Fﬁfl(a)» - L (ﬂ'T*T@ 5, (IE‘Lfl(a)))

where a € T*D is a one-form on D, and 7«7y |5, : X — D@ is the projection locally given
by w1 |2, (¢4 y4, 94 %) = (¢¢, ¥4, 9). Locally the Hamiltonian is given by

g,y pispa) = pay” + piray™ — L(d v, 97 (¢’ ™ pa)),
where we are using that

o . L oL op’, 4 0L :
FL l(qzayAvpiapA) = (qzvyAap%7yA(qzayA7pA)v qu —Pj aql?yA’ 8:1/7‘4 _pjijapiva .

In the next, we will see that the dynamics of the nonholonomic optimal control problem
is determined by the Hamiltonian system given by the triple (7*D, wp, H) where wq is the
standard symplectic 2—form on T*D.

The dynamics of the optimal control problem for the second-order nonholonomic system
is given by the symplectic hamiltonian dynamics determined by the dynamical equation

ixzwp = dIH. (4.6)

Therefore, if we look the integral curves of Xg¢, this is a curve of the type ¢ —
(¢*(t), 52 (t), pi(t), pa(t)); the solutions of the nonholonomic Hamiltonian system is specified
by the Hamilton’s equations on 17D

L 0K 0K
q = 5 Yy =5,
p; Opa
o
pi = 8q27 pPA = ayA7
that is,
i = phyt,
: 0L i A A i A 0p4
pi = aql(ql7y Y (qlay 7pA))_p] 8qu ) (47)
) oL . ) ; i
pa = ayﬁ(qz,yA,yA(qz,yA,pA))*pjp’A-

From equation (4.6) it is clear that the flow is preserving the symplectic 2—form wyp.

Moreover, these equations are equivalent to equations given in (4.3) using the identification
0L

between the Lagrange multipliers with the variables p; and the relation for p4 = 904"
Y
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Remark 4.3.8. We want to point out that in our formalism the optimal control dynamics
is deduced using a constrained variational procedure and equivalently it is possible to apply
Hamilton-Pontryagin’s principle (see [$1] for example), but, in any case, this “variational
procedure” implies the preservation of the symplectic 2-form, and this is reflected in the
Lagrangian submanifold character. Moreover, in our case, under the regularity condition, we
have seen that the Lagrangian submanifold expresses that the system can be written as a
Hamiltonian system (which is obviously simplectic).

Additionally, we use the Lagrangian submanifold ¥, as a way to define intrinsically the
Hamiltonian side since we define the Legendre transformation using the Lagrange submanifold
Y.;. However there exists other possibilities, for instance, in [(] the authors had used a way
to define the corresponding momenta for a vakonomic system. Both are equivalent, but
we thought that the our derivation is more intrinsic and geometric, that is, independent of
coordinates and without Lagrange multipliers. o

4.3.3 Example: The vertical coin (cont’d)

Recall that the constraint distribution for the vertical coin optimal control problem is given

by D C TSE(2)

The system is regular since

0%L 1
d = .
. <6y’AayB> gz 7

Denoting by (z,y, 8, y1, Y2, Dz, Py, Po, D1, p2) local coordinates on 7*D the dynamic of the
optimal control problem for this nonholonomic system is determined by the Hamiltonian
function H : T*D — R,

J? m? cos 6 Do sin
:H" 7797 ) 9 9 } 9 9 :72—’_72_{— 1+71+ 72'
(@, 0,51, Y2, D, Py, PO, DL P2) = 5 PL+ 5 P2 T Pa— =y + Y+ py—
The dynamical equations are

o= Jp1, Pa =0,

g = m’pa, P, =0,

) sinf , cost o

bPo = —DPx Y~ + Dy v,

m m
) Do . cos 6 sin @
p1 = :_77 P2 = —Px—— — Dy .
m m

Integrating the equations p, = 0 and p, = 0 as p, = ¢; and p, = ¢z where c; and c; are
constants the last system of differential equations is rewritten as

. 9 . sin 6 cosf
n = Jp1, Pe=-—c1——y1+c2 Y2,
m m
. 9 . Do . cos sin 6
Y2 = m'p2, p1=——F, PpP2=-—C —C2 .

J’ m m
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If we impose the condition ¢; = co = 0 then we obtain pg = 0. Thus, if we take pg = c3
the system can be rewritten as

. . C3
= J2 , = ——

Y1 p1, D1 7

Jo = m’pa, po=0.

Differentiating with respect to the time y; and s and replacing the another equations we
obtain

Y, = 0
U2 =

as in the Lagrangian setting.

4.4 Extension to Lie algebroids

Now, instead of working on T'Q) we can consider an arbitrary Lie algebroid.

Definition 4.4.1. A nonholonomic system on a Lie algebroid (E, pg, [, -, |g) over a manifold
Q with bundle projection T : E — Q is determined by the following three data

1. a subbundle D of E,

2. a nondegenerate bundle metric G on E

5:DxoD— R,

3. a smooth function V : Q — R.

Using the bundle metric we can construct two complementary projectors with respect to
the orthogonal decomposition £ = D @ D+,

P . E—>D,
Q : E— DY

and modifying the Lie bracket on I'(7g), we obtain a new Lie bracket over I'(7p) as
[[X’ YHD = ?HZD(X)v ZD(Y)]]Ea

where X, Y € I'(mp), 7p : D — @ is the canonical projection of D over @ and ip : D — E is
the inclusion of the subbundle D on E.

Suppose that (x?) are local coordinates on @ and {eq} is a local basis of the space of
sections I'(7p), then

G
lea,es]lp = CSpec, pplea) = (P@)Z@,
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where pp : D — TQ is the restriction of pg to D. The functions CG g, (pp)y € C®(Q) are
called the local structure functions of 7 : D — @ (see [9], [11] and [75] for example).

Also using the bundle metric we can construct a unique torsion-less connection v9” on
D which is metric with respect to G (see [57] for the standard case on Lie algebroids). The
construction mimics the classical construction of the Levi-Civita connection for a Riemannian
metric on a differentiable manifold.

The Levi-Civita connection V9" : D(mp) x T'(mp) — T'(mp) associated to the bundle metric
G? is defined by the formula

26°(VS'Y.2) = po(X)(S2(Y, 2)) + po(¥)(S7(
—poa(Z)(SD( YY) +GP(X,[2,Y]n)
+57(Y.[2, X]p) - $°(Z,[Y, X]»)
for X,Y,Z € T'(mp).
Alternatively, v9” is determined by the properties

[X,Y]p = V%DY - VgDX r(symmetry) (
po(X)(G2(Y, 2)) = §2(VE Y, Z) + §2(Y, V¥ Z) (metricity) ,

These two properties allow to determine the Christoffel symbols associated with the connec-
. D .
tion V9 that satisfy

V9 ec = FBCeA

A pp-admissible curve is a curve v : I C R — D such that

A9 (1) = poir1)).

Locally, if we take local coordinates (2%) on @ and a local basis {e4} of sections of D, then we
have the corresponding induced coordinates (z?, y) on D, where y*(a) is the A-th coordinate
of a € D in the given basis. Therefore, v(t) = (z'(t), y**(t)) is pp—admissible if, and only if

= (pp)ay™.

Definition 4.4.2. A solution of the nonholonomic problem is a pp—admissible curve v : I C
R — D such that

V9071 + gradgs V(rp(1(1)) = 0.
Here, gradgo V' is a section of 7p : D — @ characterized by
SD(gmdSDV,X) = pp(X)V, for every X € I'(1p).
Locally, the solution satisfy the Lagrange-D’Alembert’s equations
@ = (p)ay’,
oV

y¢ = —TGpytyP - (SD)CB(/)@)Z'B&CZ- :
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Example 4.4.3. As a particular example, we include the case of finite dimension Lie algebras
g (it is clear that g is a Lie algebroid over a single point). Now, suppose that (¢,D) is a
nonholonomic Lagrangian system on g, where ¢ : g — R is a Lagrangian function defined by

£(€) = 31, 6),

where I : g — g* is a symmetric positive definite inertia operator and ® is a vector subspace
of g. We have the orthogonal decomposition

g:=00D,

where ©1 = {n € g| In,£) = 0 V¢ € D} and the associated orthogonal projector P : g — D;
then the nonholonomic bracket is given by [, | = P[,:]. Take now an adapted basis © =
span {e4}. Then, the Fuler-Poincaré-Suslov equations for (¢,D) are

¢ = —T9py'y”

(see for example [75]).

4.4.1 Optimal control of nonholonomic mechanical systems on Lie alge-
broids

Assume that the nonholonomic system determined by (S, V, D) also contains some input
sections Yi,..., Yy with £ < rankD. Therefore the control distribution is given by D :=
span{Yq}, where Y, € I'(7p). We complete {Y} to be a basis of I'(mp) as {Y,, Yo} and take
its dual basis {Y%, Y}, that is, {Y®,Y?} is a basis of I'(7p+ ), where D* is the dual space of
the bundle D with projection mp+ : D* — Q.

The equations of motion for a nonholonomic system with input sections are as follows

(see [11])
VI () + gradgoV (7o(1(1))) € Dioy(1(1)), VeI CR, (4.8)
where v : I C R — D is a pp-admissible curve.

In terms of the control inputs, Equation (4.8) can be rewritten as

k
VI0(t) + gradgo V(1o (1(t))) = Y u* () Ya(7p((1))) (4.9)

a=1

for some u : I C R — R¥, playing the role of control parameters.

The solutions of an underactuated nonholonomic problem are characterized by the ad-
missible curves which solve

(VS (1) + gradgoV (e (1(0). Y (ro (v(1))) = u(1)
<V32>’V(t)+gmdSDWT@(V(t))%Y“(T@(v(t)))> = 0. (4.10)

Definition 4.4.4. The j-tuple (D, o v, 9(0)) 1s called an underactuated nonholonomic me-
chanical control system on a Lie algebroid.
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Given a cost function

C : DxU—=R
(¢, y* u®) = C(¢', ™ u®)

the optimal control problem consists on finding a pp—admissible curve + : I — D solution of
(4.10) given initial and final boundary conditions and minimizing the cost functional

T
J(v(t), u(t)) == / Cy(t), ult))dt.

Consider the subbundle D@ of TD
D .= {v e TD | v =4(0) where v : [ — D is admissible}.
As before, D@ is locally described by the vanishing of the constraints
- pi‘yA =0onTD.

Local coordinates on T'D are (z°,y®, y*, &', 9%, 5%).

The proposed underactuated nonholonomic optimal control problem is equivalent to
a second-order variational problem with second-order constraints, determined by the La-
grangian £ : D@ — R given, in the selected coordinates, by

, ) . ) - OL
Ly 9 =C (q’,yA,yc +Dapyy” + <SD)CBPZBaqi>
and subjected to the second-order constraints

V(' y, 9 = 97 + T gy y® +(G7) Pb ggi

As is well know, to derive the equations of motion of this second-order variational problem
with second-order constraints we can use standard variational calculus defining the extended
Lagrangian ~

L=L+X(d = Pala)y™) + Xa® (@', v §7),
and therefore the equations of motion are the admissible curves satisfying

oy 4 0L - 0D

0 = N+ Ayt 2= X, =,
+ ]8q’y oq* aq*
d (0L . oL -
. PN — — — Ay (D7, +T%.) 4P
0 dt <aya>+pa 3ya ’Y( aB+ Ba)y )

- d [ 0L . oL  —
0 = dat+—[=—)+Xp. — == =X\, (I7,+T7% )y®
+dt <8y°‘>+ Pa 8y0‘ 7( aB+ Ba)y7

O = (ba(q’i’yA7y’Y)7
i = phyt.
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Remark 4.4.5. If we consider the case when the input section {Y} are just a basis of
I'(mp), that is, the system is total-actuated, the solution of the total-actuated nonholonomic
problem are characterized by the admissible curves which solve

D
<V3<tﬂ(t> +gradgoV (rp(y(1))), Y“(m(v(t)))} = u®(t).
Then the optimal control problem is determined by the Lagrangian
’C‘(q 7yA7 yA) =C <q 7yA7 yC + FgByAyB + (SD)CBIOBaqi)

subjected to the constraint ¢* — p% (¢)y* = 0.

To derive the equations of motion of this variational problem with constraints we can use
standard variational calculus defining the extended Lagrangian

L= L+ N(d" — pulq)y™),

and therefore the equations of motion are

L, O 4 0L
0 = )\z+)\]aqzy —87qi,
d (0L - 0L
= — (= Ui — —
YT <6yA)+pA 5y
0 = ¢ —pay’.

O

In the same way that in the previous section we can a Hamiltonian formalism for this
type of systems using similar techniques.



Chapter 5

Higher-order variational systems on
Lie groupoids

The topic of discrete Lagrangian mechanics concerns the study of certain discrete dynamical
systems on manifolds. As the name suggests, these discrete systems exhibit many geometric
features which are analogous to those in continuous Lagrangian mechanics: in particular,
the dynamics of these systems satisfy variational principles, have symplectic or Poisson flow
maps, conserve momentum maps associated to Noether-type symmetries, and admit a theory
of reduction. While discrete Lagrangian systems are quite mathematically interesting, in their
own right, they also have important applications to structure-preserving numerical simulation
of dynamical systems in geometric mechanics and optimal control theory.

In this chapter, we generalize the theory of discrete higher-order Lagrangian mechanics
and variational integrators in two main directions. First, we develop variational principles
for second-order variational problems on Lie groupoids and we show how to apply this theory
to the construction of variational integrators for optimal control problems of mechanical sys-
tems. Secondly, we show that Lagrangian submanifolds of a symplectic groupoid (cotangent
groupoid) give rise to discrete dynamical second-order systems, and we study the properties
of these systems, including their regularity and reversibility, from the perspective of symplec-
tic and Poisson geometry. We also develop a theory of reduction and Noether symmetries,
and study the relationship between the dynamics and variational principles for these second-
order variational problems. Next, we use this framework along with a generalized notion of
generating function due to Tulczyjew to develop a theory of discrete constrained Lagrangian
mechanics. This allows for systems with arbitrary constraints, including those which are
nonholonomic (in an appropriate discrete, variational sense). We would like to point out that
our results are strongly based on the paper of J.C. Marrero, D. Martin de Diego and A. Stern
[126] but in higher-order theory.

5.1 Discrete Mechanics

This section briefly reviews some key results of discrete mechanics following Marsden and
West [131] and Marrero, Martinez and Martin de Diego [124], [125].

165
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5.1.1 Discrete Lagrangian Mechanics

A discrete path {Qk}fc\[:m on an n-dimensional differentiable manifold @, can be described
by the following discrete variational principle. Denote by Sgq the action sum defined from
Lq:Q xQ — R

N—-1 tn
Sallahilo) = 3 Latawawn) = [ Llate).d) at (5.1)
k=0 0

which is an approximation of the action integral as shown above.

Consider discrete variations ¢ — qr + €dqi, for k = 0,1,..., N, with dgp = dqy = 0
and dgy, € Ty, Q arbitrary. Then, the discrete variational principle 453 = 0 gives the discrete
Euler-Lagrange equations:

DyLa(qr—1,qx) + D1La(qk; qrt1) = 0. (5.2)
This determines implicitly the discrete flow Fr, : Q x Q@ — @ x Q:
Fry s (@1, a%) = (@ Gh+1) (5.3)

when the matrix (D12L4(qk, qrk+1)) is regular. Let us define the discrete Lagrangian 1-forms

OF Q% QT (Qx Q) by

O7, * (@, r+1) = DaLa(ar, dr+1) dapr1, (5.4a)
Or, ¢ (@ @k+1) = —D1La(gk, ge+1) da. (5.4b)

Then, the discrete flow F7,, preserves the discrete Lagrangian form
L, (Ghs 1) = —dOF = —dOL = D1DaLa(qk, Grt1) dgi A dgiy1- (5.5)
Specifically, we have
(FLd)*QLd = Q.
5.1.2 Discrete Hamiltonian Mechanics

Introduce the right and left discrete Legendre transformations IF‘L(jiE QX Q —T"Q by

FLY : (qks q+1) — (@t1, DoLa(qr, qrs1)), (5.6a)
FLy : (qk, @k+1) = (ks —D1La(qr; qrs1)) (5.6b)

respectively. Then we find that the Eq. (5.4) and (5.5) are pull-backs by these maps of the
Liouville 1-forms and the canonical symplectic 2-form on T*Q as follows:

@fd = (FLI)*\g, Qfd = (FLF)*wo.
Let us define the momenta

Peger = —D1La(ar ari1)s  Dpgery = DaLa(ar, qr1)-
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Then, the discrete Euler-Lagrange equations (5.2) become simply p;l k = DPp a1+ S0 defining
_ ot —
Dk = Pr—1k = Pr,k+1
one can rewrite the discrete Euler-Lagrange equations (5.2) as follows:

Pk = —D1La(qk, qit1),

(5.7)
Pr1 = D2La(qk, qrr1)-
Furthermore, define the discrete Hamiltonian map FLd :T*Q — T%Q by
Fry : (qk:pk) = (Qhr1, Prr)- (5.8)

Then, one may relate this map with the discrete Legendre transforms in Eq. (5.6) as follows:
Fp,=FL} o (FLy)™". (5.9)
Furthermore, one can also show that this map is symplectic, i.e.,
(Fry)"wq = wa.

This corresponds to the Hamiltonian description of the dynamics defined by the discrete
Euler-Lagrange equation (5.2) introduced by Marsden and West in [131]. Notice, however,
that no discrete analogue of Hamilton’s equations is introduced here, although the flow is
now on the cotangent bundle T#Q.

Numerical methods which are constructed in this way are called variational integrators,
due to the key role played by the variational principle. This approach to discretizing La-
grangian systems was put forward in seminal papers by Suris [164], Moser and Veselov [140],
and others in the early 1990s, and the general theory was developed over the subsequent
decade (see Marsden and West [131] for a comprehensive overview).

A. Weinstein [176] observed that these systems could be understood as a special case of
a more general theory, describing discrete Lagrangian mechanics on arbitrary Lie groupoids.

5.1.3 Lie Groupoids and Discrete Mechanics

In this Section, we will review some generalities on discrete mechanics on Lie groupoids
strongly based in [124] and [125].

Discrete Euler-Lagrange equations
Let G be a Lie groupoid with structural maps
a,B:G—-M, e:M—>G, i :G—>G, m:Gy— G.

Denote by 7 : AG — M the Lie algebroid of G.
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A discrete Lagrangian is a function Ly : G — R. Fixed ¢ € G, we define the set of
admissible sequences with values in G:

eé\[:{(glv7gN>€GN/(gk7gk+1)€G2 fOI‘k:17...,N—1
and g1 ...9n = g}.

An admissible sequence (g1,...,9n) € (‘Bév is a solution of the discrete Fuler-Lagrange equa-
tions if
N-1
0= {yk(gkx[fd) - ?k(gk+1)(Ld)} ; for X17-~-7XN—1 S F(TAG').
k=1

For N = 2 we obtain that (g, h) € G5 is a solution if
X(9)(La) = X(W)(La) = 0

for every section X of AG.

Discrete Poincaré-Cartan sections

Given a Lagrangian function Ly : G — R, we will study the geometrical properties of the
discrete Euler-Lagrange equations.

Consider the vector bundle
TAG L PTAGG =VEpVa— G

where Vo (respectively, V ) is the vertical bundle of the source map o : G — M (respectively,
the target map 8 : G — M). Then, one may introduce a Lie algebroid structure on 7746 :
PTa¢G = VB @ Va — G (see section 3 in [124] and subsection 1.9.3). The anchor map
pP™6G . pracG = VB @® Va — TG is given by

PP G (X, Y,) = Xy + Y, for (X,,Y,) € V86 V,a

and the Lie bracket [-,-]”™#“% on the space I'(7749) is characterized by the following relation
— = e Sl m—
(X, V), (X Y1776 = (-1, XL vy D), (5.10)
for X,Y, X" Y' € I'(Tac) (see [124]).

Now, define the Poincaré-Cartan 1-sections O , @Jer € I'((r™4c)*) as follows
®Zd (g)(Xga ng) = _Xg(Ld)a @zd(g)(Xm Yg) = Yg(Ld)¢ (511)

for each g € G and (X, Y,) € V,8 & Vyou.

If d is the differential of the Lie algebroid n74¢ : P"A¢G = V3 & Va — G we have that
dLg = @Jer — @Zd and so, using d?> = 0, it follows that d@zd = dGZd' This means that
there exists a unique 2-section Q, = —d@j{d = —d@Zd, that will be called the Poincaré-
Cartan 2-section. This 2-section will be important to study the symplecticity of the discrete
Euler-Lagrange equations.



Discrete mechanics 169

Let X be a section of the Lie algebroid 74¢ : AG — M. Then, one may consider the
sections X (10) and X (1) of the vector bundle 7746 : PT46G ~ V3 & Vo — G given by

X0 (g) = (R(g),0,), XOV(g) = (0,, X(g)), forgeg.

Moreover, if g € G, {X,} (respectively, {Y}}) is a local basis of I'(7a¢) in an open subset U
(respectively, V') of M such that a(g) € U (respectively, 5(g) € V) then {XS,I’O), Yﬂ(o’l)} is a
local basis of I'(774¢) in a1 (U) N B~H(V) and

QLd (X'S{LO)a YM(LO)) = QLd (X'SOVI)a YM(OJ)) =0, (512)
and R R
0, (X0, v0) = V(X3 (L) = X, (Vu(La)). (5.13)
(for more details, see [124]).

Discrete Lagrangian evolution operator

We say that a differentiable mapping ¥ : G — G is a discrete flow or a discrete Lagrangian
evolution operator for Lg if it verifies the following properties:

- graph(V¥) C Gy, that is, (g, V(g)) € G, Vg € G.

- (9,%(g)) is a solution of the discrete Euler-Lagrange equations, for all g € G, that is,
X(9)(La) = X (¥(9))(La) = 0 (5.14)

for every section X of AG and every g € G.

Discrete Legendre transformations

Given a discrete Lagrangian Ly : G — R we define two discrete Legendre transformations
F Ly:G— A*Gand F*L;: G — A*G as follows (see [124])

(FiLd)(h)(Uﬁ(a(h))) = _Ue(a(h)) (Ld oTp O i), for Ue(a(h)) S Aa(h)Gu (515)

(E" La)(9) (ve(a(9)) = Vepig) (La © lg), Tor ve(a(g)) € Ag(g) G- (5.16)

Remark 5.1.1. Note that (F™Ly)(g) € A% G and (F~Lg)(h) € A7 G. Furthermore, if
{X,} (respectively, {Y,}) is a local basis of I'(7) in an open subset U such that a(h) € U
(respectively, 5(g) € V) and { X7} (respectively, {Y#}) is the dual basis of I'(14+¢), it follows
that

F=Ly(h) = X4(h) (L)X (a(h)), F*La(g) = ¥ 4(9)(La)Y*(B(g))-
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Discrete regular Lagrangians

A Lagrangian Ly : G — R on a Lie groupoid G is said to be regular if the Poincaré-Cartan
2-section 17, is symplectic on the Lie algebroid 7n74¢ : P} .G = V &g Va — G, that is,
(1, is nondegenerate (see [124]).

Using (5.13), we deduce that the Lagrangian Ly is regular if and only if for every g € G
and every local basis {X,} (respectively, {Y,}) of I'(Tag) on an open subset U (respectively,

V) of M such that a(g) € U (respectively, 3(g) € V') we have that the matrix )—(;)(Z(Ld)) is
regular on o~ H(U) N (V).

In [124], the authors have proved that the following conditions are equivalent:

e L;:G — R is aregular discrete Lagrangian function.
e The Legendre transformation IF~ L, is a local diffeomorphism.

e The Legendre transformation IF™ L, is a local diffeomorphism.

Moreover, if Ly : G — R is regular and (go, ho) € G2 is a solution of the discrete Euler-
Lagrange equations for Ly then there exist two open subsets Uy and Vj of G, with gg € Uy
and hg € V), and there exists a (local) discrete Lagrangian evolution operator ¥y, : Uy — Vp
such that:

e U, (90) = ho,
e U, is a diffeomorphism and
o U, is unique, that is, if Uj is an open subset of G, with go € Uy and W : Uj — G is

a (local) discrete Lagrangian evolution operator then W7 [Up NUj = ¥p,|Up N Uj.

5.2 Second-order variational problems on Lie groupoids

In this section, we will discuss discrete second-order Lagrangian mechanics using techniques of
variational calculus on Lie groupoids (see [35] and [124] for first order variational calculus on
Lie groupoids) and we will illustrate the results obtained in this section with some examples
and applications.
5.2.1 Second-order variational principle on Lie groupoids
Let G be a Lie groupoid with structural maps

a,B:G—=Q, ¢:Q—G, 1:G—G, m:Gy—G.
Denote by 74 : AG — Q the Lie algebroid of G.

Definition 5.2.1. A discrete second-order Lagrangian L : Go — R is a differentiable function
defined on the set of composable elements describing the dynamics of the mechanical system.
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In the following we will use the notation G* := G x G x G x G. Fixed g € G, we define
the set of admissible sequences with values in G

Cy = {(91,92:93,94) € G* | (g grs1) € G2 for k =1,2,3
with g1 and g4 fixed and g1929394 = g}-

Given a tangent vector at the point g = (g1, 92, g3, g4) to the manifold C’;l, we may write
it as the tangent vector at t = 0 of a curve ¢(t) in Cg, t € (—e,e) C R — ¢(t) which passes
through g at ¢ = 0. This type of curves has the form

C(t) - (gla thQ (t)7 hgl(t)g:% 94)7
where ha(t) € a1 (B(g2)), for all t, and h2(0) = €(5(g2)). The curve c is called a variation of
g. Therefore we may identify the tangent space to C;l at g with
Tg(?;1 = {v2 | v2 € A;,G where z2 = 3(g2)}.

The curve vs is called infinitesimal variation of g and is the tangent vector to the a-vertical
curve hy at t = 0.

Now, we define the discrete action sum associated to the discrete second-order Lagrangian
L:Gy — R as

Sp:Cy — R
3

g — ZL(gk,ng). (5.17)
k=1

We now procedure, to derive the discrete equations of motion applying Hamilton’s prin-
ciple of critical action. To do this, we need to consider the variations of the discrete action
sum.

Definition 5.2.2. Discrete Hamilton’s principle on Lie groupoids

Given g € G an admissible sequence g € C;l is a solution of the Lagrangian system
determined by L : Go — R if and only if g is a critical point of St..

In order to characterize the critical points, we calculate,

d

% tZOSL(C(t)) = %‘t:O{L(gl’ thQ(t)) + L(gghQ(t), h;l(t)g:})

+ L(hy ' (t)g3,94)}-
Then, the condition
i] Su(e(t) = 0 (5.18)
dt =" " N '

is equivalent to

0 = d°(Lofly,)(e(B(g2))(v2) + d°(L o rgy 0 i)(e(B(g2))) (v2) + d°(L © £, ) (e(B(g1))) (v2)
+ d*(Lorgs 0i)(e(B(g3)))(v2) (5.19)
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where d° is the standard differential on G, that is, the differential of the Lie algebroid 7p¢ :
TG — G and ¢4 and 14 were defined on 1.9.3.

Then, g is a solution of the Lagrangian system determined by the discrete second-order
Lagrangian L : G2 — R if and only if

0 = d°(Lofly,)(e(B(g2))(v2) + d°(L o rgy 0 i)(e(B(g2))) (v2) + d°(L © £y, ) (e(B(g1))) (v2)
+ d*(Lorg 01)(e(B(g3)))(va)-

Or alternatively, g is a solution of the Lagrangian system determined by L : Go — R if
and only if g satisfies

oo (D1L(g2, 93) + D2L(g1, g2)) + (rgs ©4)" (D1L(g3, 94) + D2L(g2, g3)) = 0. (5.20)

These equations will be called discrete second-order Euler-Lagrange equations on the Lie
groupoid G.

Example 5.2.3. Let Q x Q@ = Q be the pair groupoid. An admissible path is the 4-tuple
((q1,92), (42, 43), (93, q4), (q4,q5)) € C€q7q). The inclusion of 3@Q) into (Q X Q)2 is given by the
map (q,q,q) < ((¢,9),(G,q)). Applying Hamilton’s principle for L : (Q x Q)2 ~ 3Q — R we
have that

d d 3
@ _4a I |
dt‘t:oSL dt’t—o; (@ Gt 15 Qer2)

Then the path ((¢1,¢2), (¢2,93), (¢3,94), (¢4,95)) € Cflq ;) Is a critical point of S if and only
if it satisfies the difference equation

DsL(q1,q2,93) + D2L(q2, g3, 94) + D1L(g3, g4, q5) = 0. (5.21)

These equations are just the discrete second-order Euler-Lagrange equations (See for ex-
ample [11]).

Now, If we consider the case when the Lie groupoid G is a Lie group, then the discrete
equations for the Lagrangian L are just

Co D1La(9k, gr+1) + L5, DaLa(gk—1, 9k) = 1y, DaLa(gk, gk+1) + g, D1La(gk+1, 9k+(2)- )
5.22

These equations are the discrete second-order Euler-Poincaré equations. See for example
[53] and [32].

5.2.2 Application to optimal control of mechanical systems subject to ex-
ternal forces

In the general situation, the dynamics is specified fixed a lagrangian L : AG — R; where
AG is the Lie algebroid associated with a Lie groupoid G over ). The external forces are
modeled, in this case, by curves up : R — A*G.
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It is possible to adapt the derivation of the Lagrange-d’Alembert principle to the case
of total actuated mechanical systems defined on Lie algebroids (see [57] and [136]). Let
qo, qr € Q, then consider an admissible curve on AG, £ : I C R — AG; which satisfies the

principle:
T
0= 5/ dt+/ (up,n)dt,

where 1 € I'(Tag) and up(t) € A*G defines the control force that we are assuming that
are arbitrary (fully-actuated case). The infinitesimal variations are 6¢ = n¢, for all time-
dependent sections 7 € I'(T4g), with (0) = 0 and n(T) = 0; where 7 is a time-dependent
vector field on AG, the complete lift; locally defined by

- 0
C _ i«
T] _pan ax

0
- (1 + CL YY)
Z+(77+ ﬂfyny)aya7

where we choose coordinates (¢%) on @, and fixed a basis of sections {e,} of Tag : AG — Q
we have induced coordinates (x%,y%) on AG (see [57], [37], [132] and [134]).

From this variational principle we can derive the controlled Euler-Lagrange equations

oL - (9L oL
B =
<8y ) P T Cas¥ gy = (ur)a:
dzt _ ia

The control force up is chosen in such a way it minimizes the cost functional

T
/ sy, (up)a)dt,
0

where C' : AG & A*G — R is the cost functional.
We define the second-order lagrangian (see section 3.6) L:ADG 5 R as

. d(aL\ 0L oL
Lz, y*, 9 ):C<$7y 7dt<8ya> - oza z+€’yﬁyﬁay7)-

Here A G denotes the set of admissible elements of the Lie algebroid AG.
Also, in a more intrinsic way, we can define the Lagrangian L:ADG SR as
L=Co(ri%@es(L): ADG 5 R,
where EL(L) : AP @G — A*G is the Euler-Lagrange operator which locally reads as
d 0L ; OL oL
EL(L)= (7 — e 5y’ @,
(L) (dtaya Poggi T Cas¥" 5 v)e

Here {e“} is the dual basis of {e,}, the basis of sections of AG and 74, >G : A®G - AG
is the canonical projection between A®)@G and AG given by the map A( )G > (2%, y®, v%)
(', y%) € AG.
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The optimal control problem consists on finding an admissible trajectory of the state
variables and controls input given initial and final boundary conditions, solving the controlled
Fuler-Lagrange equations and minimizing the cost function.

Now we will state the discrete problem. Let L; : G — R be an approximation of the
continuous Lagrangian,

(k+1)h
Litg) = [ L)
kh
where h > 0 is the time step with T' = Nh. The discrete Euler-Lagrange equations with
controls are given by

g;ded(gk) — (T'gk+1 o Z)*de(ng) = Uk S AZ(gk)G’ (523)

for all k, where gy and gy are fixed.
The discrete optimal control problem is determined prescribing the discrete cost functional
Cq:Gg X740 A'G — R,

N—

Hd(g(%glv"'agN) = Cd(gkauk’)a (524)
k=0

—_

for (g07gla"'7gN) € GN+17 (glmgk-l-l) S G27 k = 07"‘7N - 1a 90,91, 9N—-1, 9N and g =
9091 - - - gn € G are fixed points in G and satisfy the equations (5.23). Here Gg x;,., A*G :=

{(g,u) € G X A*G | B(g) = Ta-c(u)}.
We define the discrete second order lagrangian Lq : G2 — R as

La(gr, giv1) == C (g, €5, dLa(gr) — (rg,,, ©9)*dLa(grs1)) - (5.25)

Thus, the discrete optimal control problem consists on find a path (go, g1,...,9n8) € G]Y +1
such that minimize the discrete action sum Jg for the discrete second-order Lagrangian L :
G9 — R where go, 91,98v_1,98 and g = gog1 . ..gn € G are fixed points in G.

By discrete Hamilton’s principle (5.2.2) the path which minimize g4 subject fixed points
90,91, gN—1, gn € G satisfy the discrete second order Euler-Lagrange equations for Ly : G2 —
R given by

0 = £, (Dlid(gk,gml)+D2Ed(gk—1,gk)> (5.26)

+ (rg. ., 00)" (Dlid(gk+1agk+2) + Dszd(gmng)) ~

Optimal control of a rigid body on SO(3)

We consider the optimal control problem of a rigid body on the Lie groupoid SO(3) over the
3 x 3 identity matrix Id. The Lie groupoid structure is given by

a(R) =1Id, B(R)=1Id, e(Id)=1Id, i(R)=R"!andm(RG)=RG

for R, G € SO(3). The Lie algebroid associated with the Lie groupoid SO(3) is the Lie algebra
50(3).
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The equations of motion of the controlled rigid body are

Q1 = P03+ u,
QQ = P35+ us, (527)
Q3 = P30 + us,

where (Q1,,Q3) = Q € R? and (Ql, 0o, Qg) = € R3, u; are the control inputs or torques
and P € Ri = 1,2,3 are given by Py = 8-, Py = .22 Py = 727, where Iy, Iy, I are the
moments of inertia of the body. In the following we will use the typical identification of the
Lie algebra of SO(3),s0(3) with R?® by the hat map * : R3 — s0(3) (see [32] for example),
and with some abuse of notation, we will directly identify R?® with so(3) by omitting the hat

notation.
Our fixed boundary conditions are (R(0),€(0)) and (R(T"),(T")), where R(t) € SO(3)

is the attitude of the rigid body subject to the conditions R = Rf) and §R = Rn, with n an
arbitrary curve on s0(3). Besides the equations, the cost functional is

T
G:/ (u%—}—u%—{—u%) dt,
2 Jo

From egs. (5.27) we can work out u in terms of Q and Q. Consequently, we can define the
function ¢ : s0(3) x s0(3) — R in the following way

. 1 ) )
00Q,Q) = iu(Q,Q) ~u(92,9Q)
where u = (uq, ug, us). Therefore, the Lagrangian function has the following form:
) 1 /. 2 1. 2
(o) = 3 (91 - P1§2293> +5 (92 - PQQlfzg) v
1 /. 2
+ 5 <Qg - P391Q2) . (528)

With this redefinition, the cost functional becomes
T .
C= / £(€2, Q) dt.
0

We discretize the Lagrangian £ as L : 50(3) x s0(3) — R by

§k + Eky1

> ~ Q(kh)

Ere1 =~ & + hQUkh)

that is,

i(§k;§k+1) =/ <‘§k ‘|'2£/7<:-~-17 E,,H_lh_ §k>

where &, €1 € 50(3) and h > 0 is a fixed real number.
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Now, we want to derive the discrete associated optimal control problem, then, we need
to minimize the cost function associated with L4 : SO(3) x SO(3) — R where

Lg(wg, wpg1) = hL(cay (wy), cay H (wpg1)), (5.29)

(wg, wrs1) € SO(3) x SO(3) and cay : s0(3) — SO(3) denote the Cayley map (see Appendix
C);

hé, = cay l(wy) € 50(3) (5.30)
hép1 = cay ‘(wgy1) € 50(3) (5.31)

Therefore, we have the following discrete Lagrangian

cay H(wy) + cay M (w cay Hw — cay Hw

The geometric integrator is given by discrete Hamilton’s principle (5.2.2) for Ly : SO(3) x

SO(3) — R minimizing the cost function

N-1

Gd = Z Ld(wk,wk+1). (5.33)
k=0

Instead of the discrete sum 5.33 we will take

N-1
e, = Z£<§k+€k+1,§k+l_§k> . (5.34)
=0

2 h

where we take variations of & = cay ' (wy) € s0(3). These variations are (see for example

[99])

1 h h h?
06 = o <Adwk77k+1 =k + adg ke — 5 adg, (Adw, M) + - Gk
h2
- 4§k(Adwknk+1)§k> - (5.35)
Therefore,
_ b Ee + &1 o1 — &k 1 § + &1 Eht1 — &k
0Cs = 5-Dil ( 5 12 08k — 55 D2l 5 12 0
1 Sk +&k—1 Sk — &1 1 §k+&k—1 & — Ek—1

Now, if we denote by

Wi(k—1,&) = Dil <£k zsk_ly Sk _hfk‘l) Wa(&k—1,&k) = Dol (& Z}fk_17 Sk _hfk_1> ,

Wil &) = Dol <€k +2;?“7 £k+2z_ fk) Wa(&, Ex1) = Dol (fk zskﬂ, €k+22_ £k> ,
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after straightforward computations, we finally arrive to the algorithm

N |

(A (61,60~ WalEesur) + oy, W61, 6vr) + 6571 (60, 60
ZAd;Zk Jadf, Wi(E—1,&) — hQAdii,k 1§k_1W1(£k_1,£k)£Z_1> -
F(“hAd, o, Waleio, 60 - Waleeseen) — AL, (61 Ta(6ums, 6067 )+
hkaZ(fkafk+1)§k+ hadng2(€k7§k+1)+Adwk W (& 1,§k)>

(Adlk W (k25 Ek—1) — Wi (§k—1,8k) + gadzkwl(gkflyfk) + }fﬁiwl(fkhﬁk)ﬁz—
BAGS, ad, W(6eoa6n) — A, 6 Wa(6a 66 )

1 h * *
( SAdy,, ady,  Wo(€k—2,8k-1) — Wal&k—1,8k)—

h
2
P Al (6 WalEim, Eo1)E) + Aduy  WalEi,E1)
2
P (e, 1)+ oz, WalEi 1,§k>> —0fork=2,..N, (5.36)

Rk+1 = Rkwk k= 0, ceey N — 1, (537)

subjet to boundary conditions (Rp,&p) and (Ry,&{n—1).

Here Ady and adg are the adjoint of the usual Ady : g — g, ad¢ : g — g operations,
E*wg* € g* is defined such that (*wé*,n) = (w,&n) for w € g*, §,n € g and (-,-) is the
natural pairing between g and g*.

e Boundary conditions: From our discretization choice Ry41 = Rpwg, is clear that fixing
&, implies constraints in the neighboring points, in this case Ry and Rg. If we allow &y,
that means constraints at the points Ry and Ry41. Since we only consider time points up
to t = Nh, having a constraint in the beyond-terminal configuration point Ry4; makes no
sense. Hence, to ensure that the effect of the constraint on {2 is correctely accounted for, the
set of unknown algebra points (velocities) must be reduced to &y.ny—1. Moreover, we can set
& = Q(0), which reduces again, since ©(0) is fixed, the unknown velocities to &1.xy—1. We
will discuss more about that in Chapter 6 giving an alternative way to study higher-order
problems.

The boundary condition R(7) is enforced by the relation cay ! (Ry' R(T)) = 0. Recalling
that cay(0) = e, this last expression just means that Ry = R(T'). Moreover, it is possible to
translate it in terms of & such that there is no need to optimize over any of the configurations
Ry.. In that sense, (5.36) together with

cay ! (wy ,..wg 'Ry 'R(T)) =0,



178 Second-order constrained systems on Lie groupoids

form a set of 3(N — 1) equations (since dim (s0(3)) = 3) for the 3(N — 1) unknowns &1.x_1.
Consequently, the optimal control problem has become a nonlinear root finding problem.
From the set of velocities &y.y—1 and boundary conditions (R(0), R(T')), we are able to recon-
struct the configuration trajectory by means of the reconstruction equation Rj1 = Rpwy.

5.2.3 Second-order mechanical systems on Lie groupoids subject to con-
straints

Let L : Go — R be a discrete second-order Lagrangian describing the dynamics of a me-
chanical system. We suppose that the dynamics is restricted. This restriction is given by
the vanishing of m smooth constraints functions ® : Go — R, a = 1,...,m. Then one can
consider the augmented Lagrangian L: Go x R™ = R

~

L9k, gk+1) = L(gk, gk+1) + 2a P (9, ght+1)

where )\, takes the roll of Lagrange multipliers (see subsection 5.3.4 for an intrinsic approach).

An easy adaptation of variational principle (5.26) can be done to obtain the discrete
second-order Euler-Lagrange equations for systems subject to second-order constraints only
changing L by L. The resulting equations are:

0 = ®%gk,gk+1), forala=1,...,m, k=1,...N —1;
= Ly, (D1La(gk; gr+1) + (Ak)a D19 (gk, gk+1) + DaLa(gr—1, 9k) + (Ae—1)aD2® (gk—1, gx))
+(rgpsy © 1) (D1La(gh+15 gr2) + (Ars1)a D19 (grv1, Grt2)
+DoLg(gk, gk+1) + (Ak)aD2®(9k, gk+1)) , for k=2,... N — 2.

In the following we will use our second-order variational calculus with second-order con-
straints on Lie groupoids to design variational integrators to solve optimal control problems
for underactuated mechanical system.

Example: optimal control of a heavy top with two internal rotors

Now, we apply the previous theory to the optimal control of the upright spinning of the
heavy top (see [16] and reference therein) seen as a second-order problem with second-order
constraints.

First, we describe the heavy top with two rotors. Consider the top with two rotors so
that each rotor’s rotation axis is parallel to the first and the second principal axes of the top.
Let Iy, Is, Is be the moments of inertia of the top in the body fixed frame. Let Ji, Jo be the
moments of inertia of the rotors around their rotation axes and J;1, J;2, J;3 be the moments
of inertia of the i-th rotor with ¢ = 1,2 around the first, the second and the third principal
axes, respectively. Also we define the quantities Iy = I} + Ji1 + Ja1, Io = In + Jio + Joo,
I3 =13+ Jiz+ Jo3, \1 = I} + J1 and Ao = I + Jo.

Let M be the total mass of the system, g the magnitude of the gravitational acceleration
and h the distance from the origin to the center of mass of the system.
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The system is modeled on the transformation Lie algebroid E = S? x s0(3) x T(S! x S!)
over S? x S! x S! where the anchor map p : S? x s0(3) x T(S* x St) — T(S? x St x St) is
given by

p(r, Q, 91, 92, 91, 92) = (F, 91, 92, I' x Q, él, 02)

Here = (Q1,99,9Q3) € 50(3) ~ R? is the angular velocity of the top in the body fixed frame,
I' = (I';, 'y, T'3) represents the unit vector with the direction opposite to the gravity as seen
from the body and 6 = (61, 63) is the rotation angle of rotors around their axes. I' x Q € T'S?
where x denotes the cross product.

If we denote by E;, i = 1,2, 3 the standard basis of matrices of so(3),

0 0 O 0 -1
E=(00 1], B=| 0

0 1

0 1 0 0

001, Bs=[1 0 o0
0 -1 00 0 0 0
then the basis of sections of F is given by the elements X (T, 0y,6,) = (I, E;,61,602,0,0);
XOUT,61,605) = (T,0,61,62,1,0), X (T,61,65) = (T,0,61,6,,0,1) with i = 1,2, 3. Finally,
the Lie bracket of sections of E is determined by [XF1, X F2] = X[Fr.B2] — x B3 [xFE1 X Fs] =
XEnks] — xF2 [xF2 xFs] = X[F2Bs] = xFr [X0 X0 =0,r7j=1,2and [X% XF] =

0, for j=1,2and 1 =1,2,3.
The reduced Lagrangian £ : S? x s0(3) x T(S* x S') — R is given by

T

O A 0 0 J1 O )
. 1 QQ 0 )\2 9 0 JQ Qz
LT, Q,0) = 3 Q3 0 0 I3 0 O Qg — Mghl's.
(?1 J1 0 0 Jl 0 6_1
0o 0 Jo 0 0 J 0y
The Euler-Lagrange equations are given by

d (ol ol

— =] = Q+ Mghll

di <09> go 1+ Mghlxes,

d<a.€> = 0, i=1,2
dt \ 96;

together with the admissibility condition I' = I" x .

Now we add controls in our picture. We suppose that the rotors can be controlled, then
the controlled Euler-Lagrange equations can be rewritten as

d (0t or
dt(@Q) = %XQ—i-MghFXeg,

d(%) = w, =12
dt \ 94,

I' = I'xQ.
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That is,

M+ J10; — XeQeQs + Q31300 = Mghy,
Ao + Jobs + MU Qs — J161Q3 = —MghX,
IO — M Qy — J16190 + Ao + J20:0Q1 = 0,
Ji (4 + 51) = u,
Jo(Q +6y) = uy,
X = YQ3— ZQ,
Y = ZO; — XQs,
7 = XQ—-YO

where I' = (X,Y, Z) € S2.

The optimal control problem consists on finding an admissible curve ~(t) =
(D(t),Q2t), 0(t), u;) of the state variables and control inputs, given boundary conditions solv-
ing the previous equations and minimizing

1 4 2 2

This optimal control problem is equivalent to solve the following second-order problem
with second-order constraints:

T . . .
extremize / L (Q,H,Q,Q,G) dt,
0

subject to the second-order constraints ®* : TS? x 2s0(3) x T@(S! x S!) = R, a =1,2;

Ol = N Q4 Ji10 — A3 + Q3130 — Mghy,
D2 = N+ Jofly + A Qs — J16:Q3 + MghX,
D = L5 — MQQ — J10:1Q0 + X0Q2Q) + Jola
P! = T-TxQ

where £ : 250(3) x T?)(S! x S) — R, is defined by

c (Q,@,Q,é,é) — e (Q,@,Q,é,;i (gﬁ))

1, 5 9 JE . P - s o
= §(u1 +u3) = ?(91 +61)° + ?(QQ +62)°.

We will use the Cayley transformation on SO(3) to describe the discrete optimal control
problem for the heavy top with internal rotors. We redefine the Lagrangian £ and the
constraints ®* as L : 250(3) x T3 (S! x S') — R and ®* : TS? x 250(3) x T (S! x $1) - R
by

C (§k +§k+1,9’ Skt _fk,e"é

9 h ) = E(€k797§k+17é7é)
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and

q)oz <P7 Sk +2§k+1 ’ 67 Fa Ek—i_lh_ gk ) 97 0) = &;a (Fa §k7 67 Fa €k+17 é? 9)7

where &k, {1 € 50(3) and h > 0 is a fixed real number.

To derive the associated discrete optimal control problem we need to consider the discrete
second-order Lagrangian Ly : 250(3) x 3(S! x S!) — R where

La(&k, 0%, 03, Ert1, 01, 015 O 0, Oy 0) =

Wi <§k b O+ 0+ 0 G — & Oy — 0} 04n—20, 4 + 92)

2 ’ 3 ’ h o 2h h?

and the discrete constraints

1 42 1 2 1 2
DG (Tk, &k O Oics Erts Tt 1, O 10 0515 O g2, O o) =

h‘io‘ T flc + §k+1 ‘92 + 924—1 + elic+2 Fk+1 - T §k+1 - fk ‘%4—2 - Hlic 924—2 - 2924—1 + Hlic
k> 9 5 3 ; h 5 h ) 2 ) h2

where i = 1,2 and h&j, = cay™(wy) € s0(3) with wy, € SO(3). Here

0 —(&)r (&2)k
& = (&3)k 0 —(&)r | €50(3),
—(&)r  (&)k 0

Ipy+T . gy =T 0 0
P(kh) =~ % P(kh) = FHLZZE (ki) ’““#”
: Opyo — 0O Oryo — 2041 + O
0(kh) ~ ST 0(kh) ~ 2 .
The geometric integrator is given by extremize
Cd = Z Ld(fka 027 §k+17 92-}-17 92-{-2) + )\a(I)g(Fkv §k7 H,ILW Fk+17 §k+17 0]2-}-17 6]2-{-2)
k=0

where )\, are Lagrange multipliers,

2 2
I — It [ (Ere)1 — (G n Opo — 20411 + 6, n 5 [ (Ere1)2 — (€k)2 n Or o — 207, + 03
¢ 2 h h? 2 h h? ’

h h? 4

4+ <((€k+1)3 — (&k)3) ((Err1)2 + (€r)2)
’ 2h

Pl A <(§k+1)1_(§k)1> nys <%+2 — 20, + 91&) Y (((fkb + (§kt1)2) ((§k)s + (5k+1)3)>

> — MghYy,
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2 - A2<<sk+1>2—<§k>2>+ 5 <6£+z—29,%+1+92)+ Al(((skn+<sk+1>1><<£k>3+<fk+1>3>

h h? 4
L ((9,;2 ~ O ¢ <§k>3>> Mo,
® - L ((fkmgh— <fk>3> Y (((fkml + ()Gl ¢ <sk>2>)
T (((€k+1)2 + (€} (Gua + <5k>1>> o <<ei+2 - 9,%)((52)1 + <5k+1>1>>
n <<ei+2 — (. ¢ mm) |
81 = Ty Ty (cay‘l(wk) z;ay‘l(%m) _

Remark 5.2.4. Simulating this optimal control problem remains work for future study. ¢

Example: Optimal Control of a Homogeneous Ball on a Rotating Plate

We consider the following well-known problem (see [17, 97, ]), namely the model of a
homogeneous ball on a rotating plate. A (homogeneous) ball of radius r > 0, mass m and
inertia mk? about any axis rolls without slipping on a horizontal table which rotates with
angular velocity {2 about a vertical axis x3 through one of its points. Apart from the constant
gravitational force, no other external forces are assumed to act on the sphere. Let (z,y) be
denote the position of the point of contact of the sphere with the table. The configuration
space of the sphere is Q = R? x SO(3) where may be parametrized Q by (z,vy,g), g € SO(3),
all measured with respect to the inertial frame. Let w = (w1, ws,ws) be the angular velocity
vector of the sphere measured also with respect to the inertial frame. The potential energy
is constant, so we may put V = 0.

The nonholonomic constraints are given by the non-slipping condition by

. r . . r .
i+ §TT(99TE2) =-Qy, y-— iTT(ggTED = Qu,

where {E1, Fs, Es} is the standard basis of so(3).

The matrix gg’ is skew-symmetric therefore we may write

0 —Wws3 w2
g7 = ws 0 —w
—Ww9 w1 0

where (w1, wa,ws) represents the angular velocity vector of the sphere measured with respect
to the inertial frame. Then, we may rewrite the constraints in the usual form:

T+ rwe =—Qy, v—rw = Q.

)
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In addition, since we do not consider external forces the Lagrangian of the system corre-
sponds with the kinetic energy

Lo 1 .
K($,y,g,$,y,g) = §(m:l/‘2 +my2 +mk2(w% +w% +w?2)))

Observe that the Lagrangian is metric on @ which is bi-invariant on SO(3) as the ball is
homogeneous.

Now, it is clear that Q = R? x SO(3) is the total space of a trivial principal SO(3)-bundle
over R? with respect the right SO(3)—action given by (z,y, R) — (x,y, RS) for all S € SO(3)
and (z,y, R) € R? x SO(3). The action is in the right side since the symmetries are material
symmetries.

The bundle projection ¢ : Q@ — M = R? is just the canonical projection on the first
factor. Therefore, we may consider the corresponding Atiyah algebroid A = T'Q/SO(3)
over M = R%. We will identify the tangent bundle to SO(3) with s0(3) x SO(3) by using
right translation. Note that throughout the previous exposition we have employed the left
trivialization. However, we would like to point out that the right trivialization just implies
minor changes in the derivation of the equations of motion (see [31]).

Under this identification between T'(SO(3)) and so(3) x SO(3), the tangent action of
SO(3) on T(SO(3)) = s0(3) x SO(3) is the trivial action

(50(3) x SO(3)) x SO(3) — 50(3) x SOB3), ((w,g),h) s (w, gh). (5.38)

Thus, the Atiyah algebroid T(Q)/SO(3) is isomorphic to the real vector bundle TRR? x 50(3) —
R?, and the vector bundle projection is 72 o pri, where pry; : TR? x s0(3) — TR? and
Tz : TR? — R? are the canonical projections. The anchor map p : A ~ TR? x s0(3) — R?
is just the projection onto the first factor.

A section of A = TQ/SO(3) =2 TR? x s50(3) — R? is a pair (X, f), where X is a vector
field on R? and f : R? — s0(3) is a smooth map. Therefore, a global basis of sections of
TR? x s0(3) — R? is

0 0
€1 = (&L"O> , €2 = (ayao) , €3 = (07E1)564 — (05E2)765 - (07E3)

There exists a one-to-one correspondence between the space I'(A = T'Q/SO(3)) and the
G-invariant vector fields on Q.

If [-,-] is the Lie bracket on the space I'(A = T'Q)/SO(3)), then the only non-zero funda-

mental Lie brackets are

[[64) 63]] = 657 [[657 64]] = 637 Heg? 65]] = €4.

Moreover, it follows that the Lagrangian function L = K and the constraints are SO(3)-
invariant. Consequently, L induces a Lagrangian function £ on A = TQ/SO(3) ~ TR? xs0(3).

We have a constrained system on A = TQ/SO(3) ~ TR? x so0(3) and note that in this
case the constraints are nonholonomic and affine in the velocities. This kind of systems was
analyzed by J. Cortés et al [55] (in particular, this example was carefully studied). The
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constraints define an affine subbundle of the vector bundle A ~ TR? x s0(3) — R? which is
modeled over the vector subbundle D generated by the sections

D = span{es;re; + eq;rea — es}.

Moreover, the angular momentum of the ball about the axis x3 is a conserved quantity
since the Lagrangian is invariant under rotations about the axis z3 and the infinitesimal
generator for these rotations lies in the distribution D. The conservation law is written as
w, = ¢, where c is a constant or as w, = 0. Then by the conservation of the angular momentum
the second-order constraints appear.

After some computations the equations of motion for this constrained system are precisely

T—rwe = —Qy,
y+rwon = Q, (5.39)
w3 = 0
together with
.. k2Q . k2Q
Tty =h Vet =l

Now, we pass to an optimization problem. Assume full controls over the motion of the
center of the ball (the shape variables). The controlled system can be written as,

. k2Q . k2Q
eyt T Vet T
subject to
wg—%j: = %,
wi+ 1y = (5.40)
wy = 0.

Next, we consider the optimal control problem for this system: Let C' be the cost function
given by

—

C=-( %+ug)

Given ¢(0),¢(T) € R?, 4(0) € Ty)R?, 4(T) € TyR?, g = (x,y) € R, w(0),w(T) € s0(3),
we look for an optimal control curve (g(t),w(t),u(t)) on the reduced space that steers the
system from (¢(0),w(0)) to (¢(7),w(T")) minimizing

T
/ 3 (uf + u3) dt,
0

subject to the constraints given by equations (5.40). Note that R(0), R(T) € SO(3), the
initial and final configurations of the problem, are also fixed. Its dynamics is given by the
continuous reconstruction equation R(t) = R(t)w(t).

\V)

As in the previous example, we define the second order Lagrangian L: TAR? x 20 (3) —
R given by

S N N I S W S A
L(xvyal‘,y7$7y,w1,w2,w3,w17w27w3) = § <~'13+ Wy) + 5 (y — Ml‘) (541)
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subject to second-order constraints ®* : T®)R? x 2s0(3) = R, o = 1,2, 3,

1. Q

Ol =y 4y — (5.42a)
T T
1. Q

2=y — g — 2, (5.42b)
T T

3 = 3. (5.42¢)

The optimal control problem is prescribed by solving the following system of 4-order
differential equations (ODEs).

2207y B k*Q25
P24 k2 (124 k2)2
QO A o 2k2QE E*Q%j
0 = Nt MG _
2r+ r + 2+ k2 (r24y2)?2’

QO A :
0 = Mo+ 224004
T T

0 = X1+)\QW3—/\3w2,
0 = Xo— \ws+ Azwi,
0 = X3+/\1w2—)\2w1,
1. Qx
0 = W1+*y—7,
T T
1 Q
0 = wy—-d— -2,
T T

= ws.

In addition, the configurations R € SO(3) are given by the continuous reconstruction equation
R = Rw.

Remark 5.2.5. In the particular case when the angular velocity 2 depends on the time (see
[17, 97]), the equations of motion are rewritten as
Q(t) Ao

o KPRy 2K ()G 2k2Q1) Y
"= )\17 - r ta® r2 +(k:)2y + r2 +(k2y + 72 +(k?2 ’
OOy KQX(): 2k (0)Q(t)
+ P2+ k2 (124 k22 (r2+k2)2
0 = 20 A e RS S0 20T
r r ré+k r2+k r2+k
K12 (1) 2k 1)y

(7,2 + y2)2 (72 + k2)2 )

0 = X1+)\2W3—)\3W2,

0 = Xo—Aiws + Aswi,

0 = X3+)\1w2—/\2w1,
1 Q(t

0 = w+ Ly 20T
T T
1 Qt

0 = wy ti_ ()y7
T T

0 = ws.
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o

e Discrete setting: As in the previous example, we discretize this problem by choosing
a discrete Lagrangian Ly and discrete constraints ®. Employing equivalent arguments than
in the previous example, we set Ly : 3(R?) x 2s0(3) — R and ®9 : 3(R?) x 2s0(3) — R,
a=1,2,3, as

La(Qos Q1> Gt 2y Whs Wit 1) + Ao®G (o Qs 15 Qo2 Wi Whs1) =
~ <Qk + Qrt1 + k2 Gh+2 — Qe Qht2 — 2Qk41 + @ W+ Wep1 W1 — Wk)

hL Y Y Y )
3 2h h? 2 h
ke (B Berr £ ke Gk — G Ghi2 = 20kp1 Gk Wk Wkl Wkl — Wk
¢ 3 2n h? ’ 2 ’ h ’

We employ the same unknowns-equations counting process than in the previous example
to find out that the number of unknowns matches the number of equations. Therefore,
our discrete variational problem (which comes from the original optimal control problem)
has become again a nonlinear root finding problem. For computational reasons is useful to
consider the retraction map 7 as the Cayley map for SO(3) instead of a truncation of the
exponential map (see Appendix C for further details).

Now we show some simulations to test our method for 7' = 4, r = 1, Q = 0.3 and
wy3=m=Fk=1,

~ in
Error in position
El
Errar in angular velocity
=]

Figure 5.1: Left: Simulation of the method with ¢y = (1,0) vo = (1,1), gy = (6,0), vy =
(1,1), N = 33. Blue arrows shown the (scaled) angular velocity. Right: Error (root-mean-
square error) in position and angular velocity for different values of h between our method
and with and a Runge-Kutta 4.

The following table show the root mean square error in positions and angular velocities
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between our method and a Runge-Kutta 4:

h Error in position | Error in angular velocity
0.4 0.2471 0.1995
0.22 0.1746 0.1576
0.1250 0.1173 0.1204
0.0714 0.0866 0.1020
0.04 0.0705 0.0932
0.0225 0.0606 0.0875

Cost function

Figure 5.2: cost function 1 (uf + u3)

control control
04

03f

02f

01+

04k

o2k

03k

04 L L L L L L L 45
1)

Time Time

Figure 5.3: controls u; and s

5.3 Lagrangian submanifolds generating discrete dynamics
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In this section we will see how a Lagrangian submanifold ¥; C T*(P*G) of the cotangent
groupoid T*(P*G) = A*(P*G) will give the second-order discrete dynamics associated with

a discrete second-order Lagrangian L : G — R.
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In general, the dynamics will be defined implicitly rather than a discrete explicit flow map
(see [126]). This dynamic can be interpreted as a discrete second-order Lagrangian dynamic
on the Lagrangian submanifold ¥; C T*(P“G) or as a Hamiltonian second-order dynamic
on A*(P*Q).

The motivation of this section is to show an alternative and geometric approach to ob-
tain the dynamic of discrete second-order variational problems on Lie groupoids instead of
use standard discrete variational calculus. We will clarify the case of discrete second-order
systems subject to constraints in this framework since, as is well know, the use of Lagrange
multipliers for discrete constrained systems is not the better way to show the geometric prop-
erties of the flow map. In this sense, with our framework, we will study the regularity and
reversibility of this kind of discrete systems, from the perspective of symplectic and Poisson
geometry and we will also study the theory of reduction under Noether symmetries.

5.3.1 Generating Lagrangian submanifolds and dynamics on Lie groupoids

Let G = @ be a Lie groupoid with source and target map «, 3 : G — @ respectively, and
we consider the prolongation Lie groupoid P*G = G over the source map of G where we
denote a®, B¢ : P*G — G the source and target maps of this prolongation Lie groupoid. Let
Taxpeq) A (P*G) — G be the dual of the vector bundle associated with the Lie algebroid
Ta@peq) * A(PYG) — G. Then the Lie groupoid T*(P*G) = A*(P*G) is a symplectic
groupoid (see example 3 in section 1.9.1).

By Tulczyjew’s theorem (1.6.11), L : G2 — R generates a Lagrangian submanifold ¥ C
T*(P*G) of the symplectic Lie groupoid (T*(P*G),wpa) where wpa denotes the canonical
symplectic 2-form on T*(P*G). That is, denoting by i, : G2 — PG the inclusion defined
by iG2 (gla 92) = (.gl: 91?92)7

Y ={p e T*(P*G)/ig,u = dL} C T*(P*G)
is a Lagrangian submanifold of (T*(P*G), wpag).

The relationship among these spaces is summarized in the following diagram

S, G TH(POG) == A*(POG)

.

PG G

Ze

ﬁa

From now on, we will denote & and § the source and target maps of the Lie groupoid

T*(P*G) = A*(P*G) respectively. Given an element u € T3, hr)(iPaG) with (g, h,r) € P*G

the source and target are defined, such that for all sections Z € I'(14(peg))

(@(n), Z(a(g)) = (i, Z(g,h1)
<_

(B), Z(B(9) = (n Z(9,h,7)),
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%
where Z and 7 are the corresponding left and right invariant vector fields associated with
the section Z of A(P*G) according to (1.25) and (1.26) in section 1.9.3.

Denote by
’y(gkvgk-‘—l) = (tugk’ ﬂgk7ﬂ9k+1) € T*(TQG%
with (gk,gk_,_l) € Gs.

Definition 5.3.1. A sequence 7(
dynamics on X, if Y(g,

g1.92)r 3 Vgn_1.gn) € TH(PYG) satisfy the second-order

g2)r e ’fy(gN_th) S EL and

& Vgpgesr) = BVger.gr)) fork=2,...,N —1.

That is, 7 are a composable sequence on T*(P*G).

g1,92)> " Vgn-1,9~)

Applying the definition of & and 3 we have that for any section Z € [(T4@paq)), the last
equation is equivalent to

%
(Z(9rs 91> I64+1): Vg gis)) = <7(gk+179k+1,9k+2);7(gk+1,gk+2)) (5.43)
gy + fig. = DiL(gk,gr+1) (5.44)
figryy = DaL(gk,gr41) fork=1,....,N —1; (5.45)
and using (1.25) and (1.26),
(K90 i) + V(951 fige) = (X (Gh1)s i) — (V(gh11)igy) (546
g, + Bg, = Di1L(gk, gk+1) (5.47)

fgon = DoL(gr,gry1) fork=1,...,N—-1.  (5.48)

Therefore, we can state the following result:

Theorem 5.3.2. Let G = Q be a Lie groupoid and L : Go — R be a discrete second-order
Lagrangian. If we denote by X1, the Lagrangian submanifold of T*(P*G) generated by L, then

a sequence Yy satisfies the discrete second-order dynamics on X, if and
q V(g1,92) Ygn-1,97)

only if Y(g1,92) -+ Y(gn—1,9n) satisfy
(X(ge): fige) + (Y (00)i figrss) = (X (9h41)i figenr) — (Y (911 tigron)
Hgy, +ﬁgk = DIL(gkagk—H)

Bgern = DoL(gk,gry1) fork=1,...,N —1

for any section Z € T(Typaq)), Z = (X,Y),X € ['(7a6),Y € X(G) such that TB(X) =
Ta(Y).

Remark 5.3.3. We have seen how the dynamics is given implicitly by a relation in T*(P*G)
rather that given by a discrete flow map. Therefore, ¥4, go)s- - > Vign_1,95) € T (P*G) satisfy
the discrete second-order dynamics on ¥y, if and only if for each pair of successive elements
satisfies the relation

(Vg 1,00)3 Vgrogns1)) € (T(P2G))2 N (BL x Tp).
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Now, given a basis of sections of AG one can obtain the basis of sections {Z;, Z2} of

A (P*G) with

Zr = (X, X) and Z» = (0, X)
where X € I'(Taq), X e ?(G) and X ¢ %(G) We use the notation ?(G) (respect. ?(G))
for the set of right-invariant (respect. left-invariant) vector fields on G.

The condition T8(X) = Ta(Y') is obviously satisfied by Z; and Zs. In fact, observe that
for Zy we have that T8(0) = 0 = Ta(X) since X is a-vertical. For Z; = (—X, 7), using the
identification between sections of AG and vector fields on G; the condition T8(—X) = Ta(X)
is equivalent to see that 3(h) = a((ry014)(h)) for h € G; that is, 8(h) = a(ry(h™1)) and using
that a(h™!) = a(h™'g); we obtain B(h) = a(h™!); that is h and h~! are composables;
h=p"Ya(h™).

In what follows we will derive the discrete second-order equations for L : Go — R in

terms of L. We will need to use the next result which is a direct consequence of (1.25) and
(1.26),

Lemma 5.3.4. Let as consider a section Z € INTppaqy), Z = (Z1,Z2) where Z; =

(—X, }) and Zy = (O,%), X € F(TAg),} € X(G) and X e X(G). Then the associated
left and right invariant vector fields are

Zi(g,h,7) = (- X (g),— X (h),0,) Z5(g,hr) = (—X (9), 0n,0,)
Z1(9,h,7) = (0g, =X (), X (1) Za(g.h,7) = (05, 0n, X ().

%
Using the lemma for Zs and ?, and replacing into (5.44) we obtain that

%
<Z(9k, Ik Ik+1)5 Vgrgern)) = (Z2(gk+15 Gkt 15 9k+2)5 (Vgryr,g0s0)))

if and only if

(X ()i figers) = —(X(gs1)i ) (5.49)
Hgpiq + lagk+1 = DlL(gk+lagk+2) (5.50)
figern = D2L(gk,gkt1)  k=1,...,N—1. (5.51)
That is,
(y(gk:—i-l); Do L(gk, k1)) = —<§(gk+1); D1L(gkt1, Grv2) = figis)- (5.52)

%
As before, using the definition of Z and Z; we can observe that

%
(Z1(9%> 9k» Grt1); (’Y(gk,gkﬂ)» = <71(9k+1a9k+179k+2)3 (V(gk+1,gk+2))>
if and only if
= (X(91); g + (X (9h1)s igeys) = ~(X (1) 1) = (X (1) g )i (5:53)
and using (5.50),(5.51) and (5.52) we can rewrite (5.53) as,

<?(gk+1), DiL(gk+1, 9k 12) + DaL(gky gi11)) — (X (91); D1L(Gks k1) + DoL(gk—1, 95)) = 0.
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After some computations, we deduce that

o (D1L(g, grr1) + D2L(gr—1,91)) + (g, s ©9)" (D1L(gk+1, Grt2) + D2L(gk, grt1)) = 0,

fork=2,...,N —2.

We can summarize these developments in the following theorem

Theorem 5.3.5. Let L : Go — R be a discrete second order Lagrangian. For every section
Z of F(TA((pan)) as in Proposition (5.3.4) the discrete second order Euler-Lagrange equation
are

. (D1L(gks ge+1) + D2L(gk—1,9x)) + (rg, 1y © )" (D1L(gk+1, Gkv2) + D2L(gk, gkv1)) = 0,
fork=2,...,N —2.

These equations are just (5.20), the same equations that we have obtained from a varia-
tional point of view.

Example 5.3.6. Let G be a Lie group. G is a Lie groupoid over {¢}, the identity element
of G. Let L : Go — R. In this case P*G = 3G and P*G is a Lie groupoid over GG. Then we
can construct the Lagrangian submanifold of 7%(3G) as

Sy = {p € T*(2G) /itan = L} C T*(3G). (5.54)

¥ is a Lagrangian submanifold of 7%(3G) and T*(3G) is a Lie groupoid over g* x T*G.
The following diagram illustrates the situation,

S > T*(3G) —= g* x T*G

.

R<L 26 "% 3G G

B&

Applying the results given before; VZ € I'(g x T'G) we obtain the discrete second-order
dynamics for the discrete second-order Lagrangian L : Go — R,

K(or) o) = (K (ghs1)s gy (5.55)
tg, + i, = DiL(gk,gr+1) (5.56)
fige.: = Da2L(gk,gkt1) fork=1,... . N —1. (5.57)

Now, we observe that X (gi) = Tl (X), X (gr) = —T(rg, 0 i)(X) = Trg, (X), Ti(X) =
—X, because T'(e o 5)(X) = 0. Therefore, replacing and using the equations (5.55), (5.56),
(5.57) we have that

Co D1La(gk, gr+1)+Cg, DaLa(gr—1, 1) = g, ., D2La(gk, ge+1)+7y, ., D1La(gk+1, grt2) (5.58)
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Example 5.3.7. Consider the banal groupoid M x M = M, where the source and target
maps are given by the projections onto the fist and second factor, respectively. The set of
admissible elements is given by

(M x M)y = {((mo,m1), (m1,mz)) € (M x M) x (M x M) | my =my} ~ 3M.
Moreover, in this case, the prolongation Lie groupoid is
PYM x M) = {((mo,m1), (ma,m3), (ma,ms)) € 3(MxM) | mg =mg and ms = my} ~ 4M,
where we have the inclusion of 3M into 4M given by

isp i 3M — 4AM

(mo,m1,ma) = (mog,m1,my,ma).

Let L : (M x M)y — R be a discrete second-order Lagrangian and we construct the La-
grangian submanifold ¥; of the symplectic groupoid (T*(4M),wsns), (where wyps denotes
the canonical 2-form on T*(4M)),

Sy = {n € T°(4M) | iy = dL}

where = podmg+ prdmy + i1dmi + podme. The following diagram illustrates the situation:

SL G T*(4M) —= T*(M x M)

.

R~<2 30 C B L g ——" (M x M)

504
Therefore, u € Xy, if it satisfies

oL ( )

po = —=——(mog,m1,m
0 amo 0, 1761, 1102 ),
_ oL ( )

w1 +p1 = ——(mo,mi,m
1 1 aml 0, 1741, 1182 ),
oL ( )
Ho = ——(mg, m1,ma).

2 omas 0,710, 1102

Using the source and target map given by

a T*(4M) — T*(M X M) (MOaMlaﬂlaHQ) — (_:u()v _/J'17)
B oo TH(AM) = T*(M x M) (po, 1, i1, p2) — (f1, p2);

we have that the second-order discrete dynamics is satisfies if and only if the following equa-
tions holds:

DoL(mp—1, mg, myy1) + D1L(my, mpy1, mis2) + D3sL(my_g, mp—1,my) =0,

fork=2,...,N —2.
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5.3.2 Regularity conditions and Poisson structure

We have seen how the dynamics is implicitly defined by a relation on T*(P*G) rather than
an explicitly defined map. Also we have seen that vy, 40}, > V(gn_1,9v) € L7 (P*G) satisfies
the discrete second-order dynamics if and only if each pair of successive elements in T*(P“Q)
those satisfy

(’Y(gk’gk%—l)’ry(gk-‘—l,gk_‘_z)) € (T*(TQG))Q M (EL X EL), k= 1, . ,N — 2.

Weinstein [176] first raised the question of how regularity results for the pair groupoid
@ x @) might be generalized to arbitrary Lie groupoids G = @, and this question was answered
by Marrero et al. [[124], Theorem 4.13]. Here, we extend this answer to discrete second order
systems following [126]. Then we ask: Under which conditions the last relation is the graph

of an explicit flow
V(gr-1.9%) 7™ Vgrogrs1)
(at least locally) and what properties does this application have?

First, consider the source map of the cotangent groupoid T*(P“G) restrict to the La-
grangian submanifold, that is, & |x,: ¥, — A*(P*G). If this map is a local diffeomorphism,
then the Lagrangian flow is locally given by T', := (& |, )" o 8 |s,: 1 — 1. Moreover,
if B |x,: Xy — A*(PG) is also a local diffeomorphism the flow is reversible and its local
inverse is given by (8 |s,) ' od |x,: X1 — Zr.

Proposition 5.3.8. Given the symplectic groupoid (T*(P*G);wpag) and X1, C T*(P*G) is
the Lagrangian submanifold generated by the second-order discrete Lagrangian L : Go — R,
then & |n,: X1 — Xr is a local diffeomorphism if and only ifB v, : X1 — X1 is a local
diffeomorphism.

Proof. Apply Th. 2.15 in [126] when G = P*G. O

The applications & |y, and ¢ |52, plays the roll of IFLjr and FL™ in discrete mechanics. We
define the Hamiltonian flow map as the map given by I', := 3 |x, o(a |g,) ! : A*(PG) —
A*(P*G).

Proposition 5.3.9. Let T*(P*G) = A*(P*G) be a symplectic Lie groupoid and L : G — R
be a discrete second-order Lagrangian. If & |x, or B |s, are local diffeomorphisms, the

discrete Hamiltonian evolution operator I'y, : A*(P*G) — A*(P*G) preserves the Poisson
structure on A*(P*G).

Proof. We will seen that I'y is a local Poisson automorphism. By theorem (5.3.8) if & s,
(alternatively f |5, ) is a local diffcomorphism then the Lagrangian flow map (& |5, ) o8 |5,
is a local automorphism on ¥ and reversing the order of composition the Hamiltonian flow
is a local automorphism on A*(P*G). To see that the Hamiltonian evolution operator is a
local Poisson automorphism consider the Poisson map

(&, B) : T*(P*G)  — A*(P2G) x A*(PG)
poooe (), Bw);
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where A*(P2G) denotes A*(P*G) endowed with the linear Poisson structure changed of sign.
The image of X, is just the graph of 8 |s, o(a |x,)~" in A*(P2G) x A*(P*G). As ¥ is a
Lagrangian submanifold, its image under the Poisson map application (&, B) is coisotropic.
Then f |p, o(@ |g,)~" is a local Poisson automorphism on A*(P*Q) since its graph is
coisotropic in A*(PaG) x A*(P*G). O

Definition 5.3.10. Let G = Q be a Lie groupoid. A discrete second-order Lagrangian system
is a pair (G, L) where L : Go — R is a discrete second-order Lagrangian.

Definition 5.3.11. Let (G, L) be a discrete second-order Lagrangian system. The discrete
Legendre transformations FL* : ¥ — A*(P*G) are defined as

FLT =6 s, and FL™ =aly, .

Remark 5.3.12. From (5.3.8) FLT is a local diffeomorphism if and only if FL™ is a local
diffeomorphism. o

Definition 5.3.13. Let (G, L) be a discrete second-order Lagrangian system; this said to be
reqular if FL*E are local diffeomorphisms; and hyperreqular if FLT are global diffeomorphisms.

€ T*(P*G); this satisfies (by (5.3.1)) the discrete
€ X, and

Given a sequence Y(g, g,)s - -+ Y(gn_1,95)

second-order dynamics on ¥, if and only if v(g, )5+ V(gn_1,9n)

FL+(7(Qk79k+1)) = FL_(7(9k+179k+2))’ k = 1’ e ’N —2.

5.3.3 Morphism, reduction and Noether symmetries

In following paragraphs we study the reduction of discrete second-order Lagrangian systems.
To do this, we need to define the notion of morphism of discrete second-order Lagrangian
systems in the dual of the cotangent Lie groupoid.

Let us consider two Lie groupoids, G = @ with source map denoted by « and G' = Q’
with source map denoted by «'.

Definition 5.3.14. Given two discrete second-order Lagrangian systems (G, L) and (G, L),
a smooth map x : P°G — P¥' G’ is a morphism of discrete second-order Lagrangian systems
if it is a morphism of Lie groupoids and, satisfies that Go = x~*(G%) and L = Lox |G/2 .

Definition 5.3.15. Let x : P°G — P¥ G’ be a morphism of Lie groupoids. Two covectors

p€TE ) (PG) and u e Ty (PY'G"), where (g,h,r) € P*G and x(g, h,r) € P¥ G’ are

g,h.r)
said to be x*-related if

(1, 6) = (W, Tx(&)) V&€ Tignn(P*G).

Also, if z € A} (PYG) and 2’ € A*

(g,h,1) xo(g,h,r) (PY'G"), are A*x—related if

(2,€) = (/, AX(E))  VE € Aygpn)(PG).

Here xo : PG — P¥ G’ denotes the smooth map on the base induced by the morphism y and
Ax 1 A(PG) — A(PY Q') is the associated Lie algebroid morphism (see section 1.9.2).
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In the following we will give the theorem of reduction of second-order discrete Lagrangian
systems on Lie groupoids.

Theorem 5.3.16. Consider two second-order discrete Lagrangian systems (G, L) and (G', L)
and let x : PCG — PY G’ be a morphism of discrete second-order Lagrangian systems. Sup-
pose that € T*(P*G) and p/' € T*(PYG') are x*—related, then the following properties
hold

o If i/ €X; then p e Xy,
e The sources a(p) € A*(PG) and & (i) € A*(P¥G') are A*x-related;
o The targets B(p) € A*(PG) and B'(1/) € A*(P¥G') are A*x-related.
Proof. To prove the first statement, let us consider p € T*(P*G) and v € Tiy 5, ) (PG), then
since p and u' are x*—related we have
(1,0) = (0, Tx(v)) = (AL, Tx e, (v)) = (X"(dL'),v) = (d(L' o X |@,), v) = (dL,v)
and therefore p € Xy

To prove the point (i7) let us consider v € Ay g4, (PYG). Then (a(n),v) = (u, ) =
(u', Tx(7)>, because are x*—related. Also, using the properties given in 1.9.2 we have that

(W, TX(T) = (W, Ax()) = (@ (), Ax(v)). Therefore, (@ (u),v) = (a(u), Ax(v)), and
then a(u) and &' (u') are A*y—related.

Finally, to prove the point (i),

(Blw),v) = (. 0) = (W, Tx(0)) = (', Ax(v)) = (B (i), Ax(v)).-

Thus, 8(x) and §'(i) are A*x—related. O

The following diagram shown the relations involved in the reduction theorem,

;¢ (P G') - A*(PY G
T*® A
)y en— ] CYE) - A*(PeG) T (90! Gy
Topal g
Tpag ’TA*(g)ag)
e PG = el
/ ﬁ /
G5 € Pag ° G
] l Be
L
L R
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Corollary 5.3.17. Let x : PG — P¥ G’ be a morphism of discrete second-order Lagrangian
systems. If’y . 7,YE9N—1 on) € T*(ZPC“/G’) satisfy the discrete second order dynamics for

Ngn—1,9x) € TH(PYG) satisfy the discrete

(91.92)
(G', L), then any sequence x*—related -y
second order dynamics for (G, L).

91792)7 T

Proof. By theorem 5.3.16, if yj € X; then p, € Xy for k = 1,...,n. Moreover, for all
v € A grgni)(PYG) = Ay P2@), using that p and p' are x*—related, we
have that

9k+1,9k+1 ,gk+2) (

<B~(V(gk,gk+1))a 5) = <B,(729k7gk+1)> AX(€)>
ONé (7E9k+1 s9k+2) ) AX(£)>
- <5‘(7(gk+17gk+2)>7 £);

then, ﬁ(’Y(gk’gk+1)) = d(’Y(gk+1,gk+2)) for k = 1,..., N — 2. Therefore, Ygr,92) - > Y(gn—1,9N)
satisfy the discrete second-order dynamics for (G, L). O

In what follows we will give the notion of Noether symmetry and constant of motion for
discrete second order Lagrangian systems.

Definition 5.3.18. A section Z € T'(A(P*G)) is said to be a Noether symmetry of the
discrete second-order Lagrangian system (G, L) if there exists a function f € C*°(G) such
that

(@(n), Z(alg, h,))) + f(@lg, hyr)) = (B(n), Z(B(g. h,7))) + f(B(g, 1))

for all p € ¥, C T*(P*Q), where (g, h,r) = wpag(p), where wpag : T*(PYG) — PG is the
cotangent bundle projection.

In the following theorem we will prove that for all Noether symmetry of the discrete
second-order Lagrangian system there is a corresponding constant of motion which is pre-
served by the discrete second order dynamics.

Theorem 5.3.19. If Z € I'(A(P“G)) is a Noether symmetry of a discrete second-order
Lagrangian system (G, L) then, the function Fx : X1, — R given by

Fx(n) = (a(p), Z(a(g, hy)) + f(alg, hyr) = (B(n), Z(B(g, h.1))) + F(Blg, b)),

where (g,h,7) = mpag(p); is a constant of motion. That is, if Vg, go)s- > Vign_1.98) €
T*(P*G) satisfy the discrete second-order dynamics then, Fx(V(g,.gui1)) = FX(V(grir,9010))
fork=1,... N —2.

Proof. Since, (g, gs)s - satisfy the discrete second-order dynamics,

» Y(gn—1,9N)

Ié<7(gk7gk+1)) = d(7(9k+1,gk+2)) where 7(9k79k+1) (S EL for £k = 1,...,N — 1. Then, we
have that
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V(grrgk+1) ) (5(7(9k79k+1 )+ f(6(7(9k79k+1)))

(%
( V(grkt1,9%+2) ) Z(a(y (gk+179k+2)))> + f(d(’y(gml,gkw)))
k=1,...,N — 2.

Fx (’y(gk,gkﬂ)) <B
(&
Fx

)
( 9k+1,gk+2 )

5.3.4 Discrete second-order constrained mechanics

In this subsection we apply the previous techniques to the case of second-order constrained
systems.

Definition 5.3.20. A discrete second-order constrained Lagrangian system consists of a triple
(G,N, L) where G = Q is a Lie groupoid, N C Go is a submanifold and L : N — R is a
discrete second-order Lagrangian.

From Tulczyjew theorem (1.6.11) it is clear that
Yy ={peT*(P*Q) | iyp =dLn} C T*(PG)

is a Lagrangian submanifold. The following diagram shows the situation:

EL N C—>T*(fPOCG) — *(fPaG)

ifal

N N pag G

R

IBOt
Note that ¥,y is also a bundle over N taking the projection mpag |EL,N: YN — N to be
the restriction of the cotangent bundle projection.

Consider the conormal bundle v*N = {p € T*(P*G)|ijyn = 0}. From the definition
of conormal bundle its follows that Y x is isomorphic to the conormal bundle where the
isomorphism is given to specify a distinguished section ¢ : N — ¥, y and then

YN =1{0(g1,92) + A A€ v'N, and (g1, 92) = mpa(A)} 2 V*N

Now we take an arbitrary extension LofLtoa neighborhood of N in Gg, so that L = L In.
Therefore, an alternative description of ¥y, y is

Sy ={p € THP*GQ)|u—dL € v*N}.
Suppose that the constraint submanifold N C G5 is given by
N = {(gl,gg) € Gy | @a(gl,gg) =0, with a € A},

where {®?},¢c 4 is a family of real functions defined in a neighborhood of N and A is an index
set. It follows that {d®® |y} is a basis of sections of the conormal bundle v*N. Therefore, a
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section A of the conormal bundle can be written as A = \,d®* |, where the real functions
Aa,a € A are the Lagrange multipliers. Since ®* |y= 0 we can deduce that A = d(A\,®? |n).

As before, suppose that L : N — R is the restriction to N of L: G9 — R. Then, an
element € ¥y, y with (g1, g2) = mpag(p), can be written as

= dL(g1,92) + Aad®* (g1, g2) = d(L + Xa®*) (g1, g2) € YLN-

In this sense, ¥, x can be seen as the space consisting of the elements (g1, g2) € N together
the Lagrange multipliers A, constraining (g1, g2) to N.

Therefore applying Proposition (5.3.4) and (5.50),(5.51) and (5.52) the se-
quence of composable elements and Lagrange multipliers determined by the elements
(91,92),(92,93)s -, (gN-1,9N ), A1,A2,...,An—1 is a solution of the discrete second-order
Lagrangian dynamic when g1, gs,...,95 € N and

0 = <7(9k+1)7 DiLa(gri1, gk+2) + Mier1)a D12 (gt 1, gb2) + DaLa(gr, g1
+(>\k)aD2‘1’a(9k,gk+1)> - <§(gk), D1La(gk, gk+1) + Ak)a D19 (gk, Gos1)

+DoLa(gr—1,0x) + ()‘k—l)aD2(I)a(9k—1vgkz)>

That is, the sequence (g1, g2, A1), (92,93, A2),-- ., (gn—1, 9N, AN—1) satisfies

0 = gk, gk+1), forallac A, k=1,...N —1,;
0 = £, (DiLa(gr gir1) + ()aD10" (g, i)

+DoLalgr1, 1) + (/\k_l)aD2<1>a(gk_1,gk))  fork=2,...,N —2:
0 = (rg,01)" (led(gkﬂ,gmz) + (Mt1)a D12 (Gt 1, it2)

+DoLg(gr, gri1) + (/\k)aDQ‘I’a(gmng)) , fork=2,...,N —2.

Remark 5.3.21. Observe that, when the Lie groupoid is a Lie group, we obtain the second-
order Euler-Poincaré equations for systems with constraints (see also [53])

0 = @%(gk,gk+1); 0=2%gk-1,9x), 0=P%(gr+1,gk+2) for all a € 4;
0 = £, <D1Ed(9k79k+1) + (Ae)a D19 (gks Grv1)

+DaLa(gk-1,9%) + M- 1)a D20 (911, 9) )
0 = (rgu.)" (Dlzd(9k+1agk+2)+(/\k+1)aD1‘I’a(gk+lagk+2)

+DaLa(gk, gry1) + (Ak)aD2<I>a(9k,9k+1)> ,fork=2,...,N -2

Moreover, when the Lie groupoid is the Banal groupoid we have second-order Euler-
Lagrange equations for systems with constraints given by
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= Ok Wht15+2), 0 = P(qh—1, Qs Gh+1), 0 = P(qr—2, qr—1, i) for all a € A;
= D1La(ks @rt15 ht2) + (A)aD1P (qs Q15 Grr2) + DoLa(qe—1, Gks Qet1)
+  (Me=1)aD2®(@r—1, 9k Gk+1) + D3La(qr—2, -1, qk) + (Mk—2)a D3P (q—2, qk—1, k)

fork=2,...,N —2.
These equations are just the discrete second-order Fuler-Lagrange equations for systems
with second-order constraints (See for example [50], [51] and [52]).
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Chapter 6

Discrete mechanics and optimal
control

In previous approaches (see for example [14] and [52]), the theory of discrete variational
mechanics for higher-order systems was derived using a discrete lagrangian Lg : Q¥ — R
where Q**! is the cartesian product of k + 1- copies of the configuration manifold Q. In some
sense, this is a very natural discretization since we are using k 4+ 1-points to approximate
the positions and the higher-order velocities (such as the standard velocities,more general
accelerations, jerks...) which represents the higher-order tangent bundle THQ.

We will see in this chapter, that other possibility more general is to take a Lagrangian
function Lg : T¢DQ x T®¢-1DQ — R since really the discrete variational calculus is not
based on the discretization of the Lagrangian itself, but on the discretization of the associated
action. We will see that the appropriate approximation of the action

h
/ L(q.4,...,q"®)) at (6.1)
0

is given by a Lagrangian of the form Ly : T¢—DQ x T¢-1DQ — R. Moreover, we will
derive a particular choice of discrete Lagrangian which gives an exact correspondence between
discrete and continuous systems, the exact discrete Lagrangian. For instance, if we take the
Lagrangian L(q, ¢,q) = %Q'Q, the corresponding exact discrete Lagrangian LS : TQ xTQ — R
is

h
L5 (0. 00, anavn) = / Lq(t), d(t), () dt

6 6 2
= 3500 — an)” + 72 (@0 = an)(vo +vp) + E(v(z) + voup + V)
where ¢(t) is the unique solution of the Euler-Lagrange equations for L verifying ¢(0) = qo,
4(0) = wvo, q(h) = qn, G(h) = vy, for h enough small.
Observe from the previous example that now this theory of variational integrators for
higher-order system is even simpler, since it fits directly into the standard discrete mechanics
theory for a discrete lagrangian of the form Ly : M x M — R where M = T*-1Q.

201
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6.1 Existence and uniqueness of solutions for higher order-
systems

Given k nearby pairs (qo,v0), (q1,v1),- .-, (qk—1,vk—1) € T'Q does there exists a unique evo-
lution curve solution of an explicit 2k order ordinary differential equation ¢(t) such that
q(0),4(0),..., i (0),q(h),... ,q(k_l)(h) for h enough small?

Standard ODE theory provides existence and uniqueness of the corresponding initial value
problem for an explicit higher-order ordinary differential equation, but also it is possible to
show that given an explicit 2k order differential equation one can choose different boundary
conditions to guarantee the existence and uniqueness of solutions for the initial value problem.
For instance, in [1] the author stated that there exists an unique solution of an explicit 2k
ODE verifying the boundary values qq, ..., qr—1, V0, - . . , Up—1 assuming C?*-differentiability.
Nevertheless, we will follow a different way, using the variational origin of the equations of
motion. In our case, we have a Lagrangian function L : T®)Q — R, the action functional
(6.1) and the corresponding higher-order Euler-Lagrange equations (6.2) assuming only C*-
differentiability.

Here we show that a regular higher-order Lagrangian system has a unique solution for
given nearby endpoint conditions using a direct variational proof of existence and uniqueness
of the local boundary values problem using a regularization procedure. It results in the
replacement of the variational problem with an equivalent one which is regular at h = 0. The
argument follows closely the proof by Patrick [150] for first-order Lagrangians; the formulas,
of course, reduce to those in [150] for order 1, but we introduce an additional modification
using orthonormal polynomials.

6.1.1 Non-regularity of Hamilton’s principle

Let @ be a finite-dimensional manifold and L: T®")@Q — R be a smooth Lagrangian of order
k > 1. We take L to be a C" function, » > 2. Since the result will be local, we assume
from now on that () is an open subset of R™. Let (q[o],q[l],...,q[k]) be coordinates on
THQ = Q x (R™)*. We suppose that L is regular in the sense that the hessian matrix

9L
dqlH12

In this setting, we can formulate Hamilton’s principle as follows.

is a regular matrix.

Variational Principle 1. Find a C* curve q: [0,h] — Q among those whose first k — 1
derivatives are fized at the endpoints, such that it is a critical point of the action

Sy = /OhL (q(t),q(t), o ,q(k)(t)) dt. A

k:th

It is known that the critical points are the solutions of the -order Euler-Lagrange
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equations
jd 0L

@w(q(t),q(t),...,q(k)(t)) = 0. (6.2)

k
(=1)
=0

J

We want to determine whether there exists a unique solution curve for this variational
principle, given endpoint conditions that are close enough. The main obstacle for a straight-
forward affirmative answer is that the local boundary value problem as stated above is non-
regular at h = 0. That is, the constraint function g : C* — (R™)* x (R™)"

9:a() = ((0),400), ....a* D (0):q(h), g(R), ... ¢* D (m))

maps into the diagonal of T*¢~DQ x T*=1DQ for h = 0 and is not therefore a submersion.
For h # 0, the constraint function is a submersion.

The approach consists in replacing this problem by an equivalent one that is regular at
h = 0, and show that locally there is a unique solution to the regularized problem.

6.1.2 Regularization

First we replace the space of curves on () in the variational problem by the space of curves
on T Q, and include additional constraints. Denote an arbitrary curve by

(a0 = (1) d" ), ..M (1) € TWQ = Q@ x (R,
t € [0, h]. Here we have used superscripts in square brackets to make a distinction with the
actual derivatives of ¢(t).

Variational Principle 2. Find a curve (¢(t),qM(t),... ¢ (1)) on TWQ, where ¢! €
C*([0,h],R™), 1 =0,...,k, such that it is a critical point of

shzth@W@xJWwwuﬂW@Ddt

0

subject to the constraints

. dqll . ‘ . . _
0 = B0, ) = ol P = =0 k-1,
where (ql[o},qz[l], .. ,qgk_l]), i=1,2, are given points in T*=1Q. A

Now reparameterize the curve by defining
QU(u) = ¢¥(hu), j=0,...,k wel0,1].

For h > 0, the curve (Q[O] (u),...,Q[k] (u)) satisfies an equivalent variational problem as
follows. Since h is a constant for each instance of the problem, we can use

% /OhL <q[0} (t),q[l](t)7 . ’q[k} (t)) dt = /01 L (Q[O](u), .. ,Q[k](u)) du
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as an objective function. The first set of constraints becomes

_dq[j] Gl 1dQU! [+1]
()—W(’f)—qﬁr (t) = n du (u) = QU (u)

u=t/h

where j =0,...,k— 1.

The reparametrized variational principle is the following.

Variational Principle 3. Find a curve (QUu),...,Q¥(v)) on TWQ, QU e
C*1([0,1],R™), 1 = 0,...,k, that is a critical point of

1
_ Ow) ... () du
S—/OL(Q(% QW (u)) du,

subject to the constraints

dQU!

() = hQU (), (6:3)
QU(0) = g/, (6.4)
Q1) = v, (6.5)
where j =0,...,k—1, and (qz[o]7 ql[l], e ql[k_l]), i =1,2, are given points in THFDQ. A

The objective S does not depend on h. Moreover, denoting by
C ={(Q"Yw),...,Q" () e TWQ,Q € c*([0,1],R"), 1 = 0,...,k},

the constraints g3 j, C — {0}* x (R")* x (R™)¥, given by

g3,h(Q[0}7 sy Q[k}) =
(C@ij” —hQU).... S i), ). ... QR 0).QM)..... Q[’“‘”(l))

is smooth through h = 0. That is, the application h — g3, € L(C, {0} x (R™)F x (R™)*) is
smooth through h = 0. Here L(C,{0}* x (R™)* x (R™)*) denotes the set of linear transfor-
mations form C to {0}* x (R™)* x (R™)¥).

Remark 6.1.1. For h = 0, the constraints (6.3) imply that QI (u), ..., Q¥ Y(u) remain
constant, which restricts the possible values of the endpoint conditions in order to have a
compatible set of constraints. More precisely, qgj = qgj ! for 7 =0,...,k—1; otherwise there
would be no curves satisfying the constraints. This kind of restriction also appears in the
original variational principle 1. Moreover, the problem becomes the unconstrained problem

of finding a curve Q*(u) € C°([0, 1], R™) such that it is a critical point of

1
/ L(q[O]a s 7q[k_1]7 Q[k] (u))du
0
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This means oL
W(q[0}7q[1]7 ... 7q[k71]7 Q[k] ('LL)) =0. (66)

Differentiating with respect to u,

%L _ dQ (u)
W(Q[O]aq[l}w 7q[k 1}’Q[k](u)) du =
Since the Lagrangian is regular, we obtain that % =0, that it, Q) is constant.
Therefore QI¥/(u) belongs without moving at critical points of L(gl%,...,¢*=1,.): R* —
R, which are isolated points in R". o

In preparation for the next step for regularization, let us solve the constraints (6.3) to get
QU (u) = QU(0) + h/ QUtl(s)ds, j=0,....k—1.
0

This means that the functions QU (u), j =0,...,k—1, can be expressed in terms of QUl 0),
..., Q*11(0), the function Q*/(u) and h. For example, for k = 2 we have

QW = Q) + b [ Q) ds
0
Q") = QU0) + 1 [ Q) ds
0
= Q%(0) + hu@Q™(0) + n? /O /O QP (7)dr ds
— QUI(0) + huQ(0) + h? / - 1) (r) dr
0

For a general k, and for j =0,...,k — 1, an iterated change of order of integration yields
k—j—1 ., 4 u k—j—1
. . h*u L s (u — S) J
Ul () = QU 27 ol Bk—i ) 7 olFls) ds. .
Q) = QU0)+ Y QU0+ [T ot s (07

=1

If the upper bound of summation is less than the lower bound, by a standard convention the
sum is 0.

Note that the final endpoint data (qgo], e ,qgf—l]) can now be written as

1 (1 — g)k—i-1

mQ[k](s) ds, (6.8)

k—j—1 .
. , . X i
@' =Q ) =g+ 3 ﬁq[1”+]+hk J/O
i=1

so we define

11 g)k—5—1 o k—j-l B
Ul — % (k] _ 1 bl _ 5+
‘ /0 (k—j—1)! Q@™ (s) ds i | 42 Z i . (6.9)
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We will discuss the case h = 0 in Remark 6.1.2.
[0] (k—1]

Now replace the curves and endpoint data by just Q¥ (u), (¢1°5---yqg ), and
(219 ..., 2[F=1]) | to get a new variational principle.

Variational Principle 4. Given h, (q£0}7 ... ,qgk_”) and (2%, ... 2F=1), find a continuous

curve QF: [0,1] — R™ that is a critical point of

1
_ Oa) .. () du
8—/0L(Q (W), QW (w)) du,

where QO (u), ..., Q¥~U(u) are defined as in (6.7) by
k—j— 1 i u k—j—1
() = g + W+h’w/ W= ) oW (syds, j=0,... k-1
Q Z . 0 (k . j o 1)! Q ( ) Y j ) )

subject to the constraints

1(1_S)k—j—1 )
~ Y Qls)yds =2, j=0,....k—1. A
/0 (k—j—l)!Q (s) J

Observe that the constraints zU with j=0,...,k—1, do not depend of h and they are
linear combinations of the curve Q!

This variational principle is regular through h = 0. Indeed, at h = 0, the problem becomes
finding Q¥ such that it is a critical point of

1
8 :/0 L(qgo],...,qgkfl],Q[k](u))du

subject to the constraints

1(1_8)k—j—1 .
Y oM(s)ds =2, j=0,... k1.
| et g

Using Lagrange multipliers g, ..., A\y_1 € R”, this is solved by asking that for all 6Q*(u),

Y OL =11 lk] ST R
—_— Y , u))dQWM (w) du = /)\--,5 k() du
o OqlFl (@1 a4 Q" (u))sQ™ (u) ]z:% 0 J (k—j— 1) Q" (u)

This means

oL _ 1 —q)ki-1
8q[k] (qgmw-wqgk 1}7Q[k}(u)) = Z)‘j( ) !

which can be solved for Q¥!(u) if L is regular.

Remark 6.1.2. The data q[o} e qgkfl], 201 .., zF=1 can be transformed into the endpoint
conditions for the variational principle 3 in a straightforward way, for any h, using (6.8)
and (6.9). The converse (6.9) is possible only for A # 0, in principle. However, if h = 0



Existence and uniqueness of solutions for higher-order systems 207

let (Q(u),..., Q¥ (u)) a solution for the variational principle 3 with boundary conditions
(q% ],. qgk 1]) and (qg)]7 e qg‘C 1]) Define zUl by the constraint in 4. Since Q¥ is constant

and % > 0 in (0,1), from different values of Q¥ corresponds different values of zUl.
Then Q" is a solution of 4 with boundary conditions qgo], cee q[k 1], P L B

o

Finally, we will introduce a modification that will enable us to carry out the computations
in the next section easily. Consider the inner product on C°([0,1],R) given by

1
- / F(s)g(s) ds
0

If f€C%0,1],R) and V = (V4,...,V,) € C°([0,1],R") we define the bilinear operation
/ FV(s)ds = (Vo). (. Vo) € R™.

The integrals appearing in the constraints in the variational principle 4 are <a£-k], QMY,

(]

where a; are the polynomials

[k] B (1 _ S)k—j—l
G= o

These form a basis of the space of polynomials of degree at most k — 1. Let us consider a

j=0,...k—1.

basis bg.k](s)7 j =0,...,k — 1, of the same space of polynomials consisting of orthonormal

[k],i

polynomials on [0,1], and let (v;""), where ¢,j = 0,...,k — 1, be the invertible real matrix
such that ag»k](s) = ’yj[.k]’ibgk](s). For example, for k = 2,
af(s) =1-s. af'(s) =1,
and we can take for instance the orthonormal basis
by (s) = V3(1—25), (s) = 1;
therefore,
20 _ #’ B N I Ry

Using this matrix, the constraints can be rewritten as

M= (@), QM) = 7570 (s), M),

for j =0,...,k — 1. This allows us to reformulate the variational principle in an equivalent
way by replacing the data (z[%, ..., 2[*=1) and constraints (agk], QMY = 2! by new data
(wl, ..., w*=1) and constraints <b§k},Q[k}>> =wbl, j=0,...,k—1. The old and new data

are related by

Z’yj wll = 2V (6.10)
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Remark 6.1.3. Given ¢; and ¢ we can construct zU! from (6.9) 7 =0,...,k — 1. Also we
know the relation

N
—

~ i [k],e i
kLI = 6,

<.
I
o

where (ﬁlﬁ]’j ) is the inverse matrix of (’y][-k}’i). Therefore multiplying this last expression in

(6.10) we can find a way to write the new data wl! given zUl as

k—1
wl™ = 51K 1],
7=0
o
Variational Principle 5. Given h, (qgo}, e ,q[lk_l}) and (W, ... w1, find a continuous
curve QF: [0,1] — R” that is a critical point of
1
Si= [ L@Yw.....QMw) du,
0
where QU (w), ..., Q¥ (u) are defined by
k=j=1 4 u k—j—1
(0 — ] W' v kg / (u—s) k]
QY (u) = ¢f" + ; gt | Qs ds, (6.11)
subject to the constraints
H ol il
/obj (s)Q"(s)ds =w"', j=0,...,k—1 A

Solution of the regularized problem

Let S}, be given as in the variational principle 5, regarded as a real-valued map defined on
the space C°([0,1],R") of curves Q!¥l(u). We can also think of it as defined on any of the
Banach spaces C'([0, 1], R"), where 0 < | < co. We are going to use the following lemma [2].

Lemma 6.1.4 (Omega Lemma [2]). Let E,F be Banach spaces, U open in E, and M a
compact topological space. Let g: U — F be a C" map, r > 0. The map

Qy: C'(M,U) — C°(M,F) defined by Qu(f)=gof
is also C", and DQy(f) - h = [(Dg)o f]- h.
The objective Sy is the composition of the maps

CO([0, 1], R") —is 0((0,1], T® Q) — 2o ([0, 1], R) — > R
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where i is defined by Q¥ (u) — (Q¥(w),..., Q¥ (u)) (observe that i depends on the initial
values). Here Q% (u),..., Q¥~1(u) stand for the right-hand sides of (6.11). Both i and [
are bounded affine and therefore C* where ||Q¥l||-0 = Supue[Ql]HQ[k] (u)||. By the Omega
Lemma, Q7 is C" because L is C" and therefore so is Sj,.

If we regard Sj, as defined on C!([0,1],R"), 0 < [ < oo, then we should append the
inclusion C!([0, 1], R™) < C°([0, 1], R™) to the left side of the diagram above. This inclusion
is C> because it is linear and bounded (||Q™||co < |Q™|| o for all Q). Then S), is C" for
any [, 0 <[ < oo.

Let us now compute dSj,. The functions QI (u), ..., QF~1(u) are defined by (6.11).
Take a deformation ch](u) = QW(u) + edQ (u) of Q¥ (u). For j =0,...,k — 1, define the

corresponding lower order curves as in (6.11) by

iy 1hu (u — s)k=i—1
QUl(u) = ¢t + Z AR L J/ S QF(s) ds, (6.12)
0 .

s0 QF (u) = QU (u) and
d

u k—j—
7 QY (u) = hkj/ Mé@k](s) ds.

o (k—j-—1)

Denoting ag-k](u,s) = (u—s)71(k—j—1D!and Q(u) = (Q(uw),..., Q¥l(u)) for
short, we have
dsS,[QM(w)] - 6QM (u) =
d

' LD #
= &l [ pel,... o) du

B 1 (k-1 oL _ u (k] . oL "
—/0 (Zoaqm(Q(u))hk /Oaj (U,S)(st(S)dS+W(Q(u))5Qk(U) du

k—1 X
—J oL
B / QU Tal 0, 5)5QM () duds + [ (@) (w) du
=0 = v 0o 9q
k—1 X
B / R @NITa (s, )@ ) dsdu+ [ (Q(w)5QW () du
=0 v o 9q

I
S~

1
(Z/ Sa @IS s, ds + g <@<u>>) 0Q™ (u) du

For each u € [0, 1], the first factor in the integrand of the last expression is in (R™)*. If
f: (R™)* — R™ denotes the index raising operator associated to the Euclidean inner product,
define
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il
. k—j, (K] oL
VS0 (u) Z/ DAETal (s, u) ds + 555 (QW) | - (6.13)
Since OL/0q, ..., OL/9q!*) are C™=1, then V.S, [QF (u)] is C™n(tr=1) ([0, 1], R™). Then

we have a vector field
VS, : C°([0,1],R") — ¢™nEr=1([0, 1], R™) c ¢°(]0,1],R")

which we call the gradient of S},. Also, an argument similar to the one for Sj, shows that VS,
is a C"! map from C! to cmin(tr=1),

If we consider the inner product on C™*(r=1)([0, 1], R™) given by
1
oWy = [ Vi wds
0

then dSj,[Q (u)] - Q! (u) is the inner product of §Q (u) and VS;,[Q¥!(u)]; that is,
dSu[Q" (w)] - 3" () = (VSLQM (w)], 6@ (w)).

The constraints g;[Q!(s)] := (b; b QWY = wlbl j = 0,...,k — 1, in the variational
principle 5 are bounded, linear and therefore Cc*>, and the corresponding derivatives are the
same functions g;. Define

9="(90.- - gk—1): C([0,1],R") — (R™)*

SO
E =Kerg C C'([0,1],R").

is the tangent space to the constraint set. It is actually parallel to it since the constraints are
linear. It is not difficult to show using the definitions that the space

L= {0, e R

of R™valued polynomials of degree at most k — 1 is indeed the (,)-orthogonal comple-
ment of E, which is then a split subspace (see Appendix B). The orthogonal projection
P: CY[0,1],R") = E@® E+ — E is given by

T
L

P(5Q[k] (1)) = sQIF) (u) — <b£.k}, sQF) ) bgk].

<.
Il
o

Now S}, has a critical point on the constraint set (for any value of the constraints) if and
only if the projection PV.S;, of V.S, to the tangent space E of the constraint set is 0. That
is, in order to find solutions to the variational principle 5, we solve

PVS,(QM) = PV, QW @ Q) = (6.14)
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for Q[g, near

O — 0, Wl = ... — k=1 Z

o =q%.. g =" h=o.

Remark 6.1.5. Observe that Q[k is determined by the initial data wl!. That is, using
the decomposition Q¥ = Q @ Q[k] we have wll = gj(QE,if]L) = <b[k] Q[k] ) since g; is
linear and g;( %]) = 0. Therefore, noting that <b§k},QE§l )= <b§k],cj/b£.’f])> = ¢/’ one obtains
QUL = wlilpl¥. o

Equation (6.14) can be solved using the implicit function theorem by requiring that the
appropriate partial derivative of PV S),(Q[¥) at this point is a linear isomorphism. In order

to compute this derivative, take a deformation of Q¥! = 0 of the form QLM = eéQ%], where
5@%] € E. Recalling (6.12) and noting that A = 0, we have

d oL
de o W(QE}](U% X ~,QLk](U)) =
d oL
- = g k=11 Okl
de aq[k]( RERTN’) , Q¢ (u))
82 _ . k
= PW(Q[O], ce 7q[k 117 0)5QEE}(U)
0’L e
= 54 (@,....g" 1, 0)QE (u)
N/ 0L K K]
0 k-1
Z<b ¥ [k]Q(qH,...,q[ 10)5Q% >>bj
=0
*L Tk k
= g (@ a7, 0505 (w).
Here the inner products vanish because a [k L (@, ...,q* 1 0) is a constant matrix (that

is, it does not depend of u) and (bl7], 6@%]» =0forj=0,...,k—1.

Then the derivative is precisely %(Q[O], Y B 0), seen as a linear map from F into
itself, and if L is regular then it is an isomorphism.

Now we will specialize to the cases | = 0 and [ = r — 1. By the im-
plicit function theorem, there are neighborhoods Wi C (R™)* x (R")* x R (with vari-
ables (qgo}, . ,q[lk_l}; wl®, .. w1 h)) containing (g%, ...,g*1;0,...,0;0) and Wi C
C'(]0,1],R™) containing the constant curve Q¥/(u) = 0, and a C"™' map ¢: W, — Wl
such that for each (qg ], .. ,qgk 1] wl, . w1 ) € W, the curve

QM = (gl .. 0l w1 ) € ([0, 1], RY)

is the unique critical point in Wzl of the variational problem 5.
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By taking [ = r — 1, 1 has values in ngl C C"1(]0,1],R™). Taking I = 0, ¢ has values
in W9 C C°([0, 1], R"). However, since C"~! C C?, this 1 also provides the unique solution
among the C° curves in a C-open neighborhood of the curve u — 0, say {Q¥(u)|||Q™o <
€}

Let us now reverse the regularization in order to obtain a unique C* solution of the

variational principle 1. For (¢1,¢q2) = ((q£0}7 . ,qgk 1}) (qg)], ce qgC l])) € (R™)* x (R™)* the
corresponding values of 21, ... zF=1] are given by (6.9) and the values of w!®, ... wl*—1

can be computed from (6.10) using the inverse matrix of ( [k].i ) . This defines a function

(w[o], . ,w[k_l]) =w(q1,q2,h). We write § = (q[o], g 1]) (R™)* and let A > 0 be such
that (g;0;h) € Wi. Define

Wi = {(q1,2) € R™F x (R"* | (q1; (g1, g2, h); h) € Wi}

and for each (q1,q2) = ((qgo], . ,qg ]) (q£0},_“’q£k 1])> € Wi define the curve Q(q ) (U )
according to (6.7) as
k_ . .
T Y(u—s)ht
QE?I]M%)(U) — qgo} + Z qu] + hk/O ((k_)l)'w (QIS w(‘]h q2, h)§ h) <3> ds.
=1 '

Since 9 takes values in the C! curves, Q[& q2)(u) is C**! by the reasoning leading to equation
(6.7).

Now reparameterize with ¢t = hu to get a C**! curve

t/h t h_S 1
q?;]m) —q[10]+2 !q (t/u) /0 (/(k_l))!w (q1; (a1, 42, h); h) (s) ds.

on @, defined for ¢ € [0, h]. This curve is the unique solution of the variational principle 1
with endpoint conditions ¢; and g¢o.

This solution is unique among the curves corresponding to Q¥ continuous with HQ[M llo <
e. These are the C* curves ¢(t) on Q with ||¢gi®)||g < ¢/h*, which are the C* curves in some
C* neighborhood of the constant curve u — %!

6.2 The exact discrete Lagrangian and discrete equations for
second-order systems

In this section we will restrict ourselves to second-order Lagrangians and the extension to
higher-order theories is straightforward.

Let Q be the configuration manifold and let L : T?@Q — R be a regular lagrangian

Definition 6.2.1. The exact discrete lagrangian LG : TQ x TQ — R, is defined by

h
L6 (dos dos 1, 1) — /0 Lia(t), d(t), (),
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where q(t) : I € R — @ is the unique solution of the Euler-Lagrange equations for the

second-order lagrangian L:
d> (0L d (0L oL
~ (=) 2= —p} 6.15
dt?(aq‘) dt<8q>+’o‘q (6.15)

for h > 0, satisfying the boundary conditions q(0) = qo,q(h) = q1,¢(0) = go and ¢(h) = ¢1.

Observe that the exact discrete lagrangian LG : T'Q x T'QQ — R is defined on the cartesian
product of two copies of T'Q). Our idea is to take approximations of Lg : TQ x TQ — R
for LG : TQ x TQ — R to construct variational integrators in the same way that in discrete
mechanics (see subsection 6.3). In other words, for given h > 0 we define Ly(qo,vo, q1,v1)
as an approximation of the action integral along the exact solution curve segment ¢(t) with
boundary conditions ¢(0) = qo, ¢(0) = vo, g¢(h) = q1, and ¢(h) = v;. For example, we can use
the formula

L(qo,v0,q1,v1) = hL (k(qo, vo, q1,v1), x(q0, Yo, q1,v1), ¢(qo, vo, g1, 1))

where &, x and ¢ are functions of (qo, vo, q1,v1) € TQ x TQ which approximate the configura-
tion q(t) € Q, the velocity ¢(t) € T,Q and the acceleration G(t) € T Q, respectively, in terms
of the initial and final positions and velocities. We can also, for instance, consider suitable
linear combinations of discrete Lagrangians of this type, for instance, weighted averages of

the type
1 V1 — Vg 1 V1 — Vo
L =L —L
a(q0,v0, q1, 1) 5 <QO>U0, h ) + 5 <Q1,U17 h )

or other combinations.

For completeness, we will derive the discrete equations for the Lagrangian Ly : TQxTQ —
R, but these results are a direct translation of Marsden and West [131] to our case.

Construct the grid {tx = kh |k =0,...,N}, Nh =T and define the discrete path space
Pa(TQ) = {(qq,vq) : {tk}{gvzo — TQ}. We will identify a discrete trajectory (qq,vq) € Pa(TQ)
with its image (qa,va) = {(qx, i)}y Where (g, vx) := (ga(tr), va(tx)). The discrete action
Aq : Pg(TQ) — R along this sequence is calculated by summing the discrete Lagrangian on
each adjacent pair and defined by

N-1
d(aa,va) =Y La(qe, Vks Qer1, Ver1)-
k=0

We would like to point out that the discrete path space is isomorphic to the smooth
product manifold which consists on N + 1 copies of T'Q), the discrete action inherits the
smoothness of the discrete Lagrangian and the tangent space T\, ,,)Pa(TQ) at (qq,va) is the
{tetho — TTQ such that 77q © a(g, vy = (4ds va)-

Hamilton’s principle seeks discrete curves {(qg, vi)}i_, that satisfy

set of maps a(g, )

N-1

8> Lalr, vk, Qt1, k1) =0
k=0



214 Discrete Legendre transform

for all variations {(dgx, 5vk)}1kvzo vanishing at the endpoints. This is equivalent to the discrete
FEuler-Lagrange equations

D3La(qr—1,Vk—1, @k k) + D1La(q, Vi, Grt1, Vk+1) = 0, (6.16a)
D4Ld(qk—17 Vk—1,4k, ”Uk) + DZLd(qka Vk» 4k+1, Uk-f—l) - 05 (616b)

for1<k<N-—1.

Given a solution {¢j, v} }rez of equations (6.16) and assuming that the 2n x 2n matrix

< D13La(qr, Vies Qrt1, V1) D1aLa(qr, Vi, Qeg1, Vit1) )
Do3La(qrs Vks @kt+1,Vk+1)  D2aLa(qk, Vi, Gkt1, Vk+1)

is nonsingular, it is possible to define the (local) discrete Lagrangian map Fr, : Uy C TQ X

TQ — TQ x TQ mapping (qk—1, Vk—1, Gk, Vk) t0 (Qk, Vk, @k+1, Vk+1) from (6.16) where Uy, is a
neighborhood of the point (g;_,,v;_;, a5, vf)-

6.2.1 Discrete Legendre transforms

We define the discrete Legendre transformations FTLy,F~ Ly : TQ x TQ — T*TQ which
maps the space T'Q x T'Q into T*T'(Q). These are given by

F* La(qo,v0,q1,v1) = (qo,v0, —D1La(go,vo, q1,v1), —DaLa(qo, v, q1,v1))
F~La(qo0,v0,q1,v1) = (q1,v1, D3L4(qo,vo,q1,v1), DaLq(qo, vo,q1,v1)) -

If both discrete fibre derivatives are locally isomorphisms for nearby (qo,vo) and (g1, v1),
then we say that Ly is reqular. If @ is a vector space and both discrete fibre derivatives are
global isomorphisms we say that Ly is hyperregular.

Using the discrete Legendre transforms the discrete second-order Euler-Lagrange equa-
tions (6.16) can be rewritten as

F~ La(q, Uk, @hs15 Vkr1) = FT La(qr—1, Vi1, Gk, Vk)-
It will be useful to note that

F~Lgo Fr,(q0,v0,q1,v1) = F~ La(q1,v1, g2, v2)
= (q1,v1, —D1Lq(q1,v1, q2,v2), —D2L4(q1,v1, g2, v2))
= (q1,v1, D3L4(qo,v0,q1,v1), DaLa(qo,vo, q1,v1))
= F"La(qo,v0,q1,v1),

that is
F'Ly=F LyoFy,. (6.17)
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6.2.2 Example: Cubic splines

Let Q =R" and L : T®Q = (R")®> — R the second-order Lagrangian given by L(q, d,§) =
b

It is well known that the solutions to the corresponding Euler-Lagrange equations ¢4 = 0
are the so-called cubic splines q(t) = at® + bt> + ct + d, for a,b,c,d € R™. We define
Lg: (R" x R") x (R™ x R") — R as follows. Write

2
a(0) = a(h) — hi(h) + "o-i(h) + O(H?), (6.152)
q(h) = q(0) + hg(0) + h;q'(o) +O(h%). (6.18Db)

Given sufficiently close (qo,vo), (q1,v1) € TQ we can use equations (6.18) to obtain approx-
imations of the acceleration of the exact solution joining these boundary conditions at time
h, which we call

2 2
ap = ﬁ((h —qo — hvo) and a1 = ﬁ(QO — q1 + hvy).
Then we define
h hvt + qo — q1)* —hvg — qo + q1)?
La(qo,vo, q1,v1) = 3 (L(q0,vo,a0) + L(q1,v1,a1)) = (hor 23 @, (Zh hgo ) :

Solving the discrete Euler-Lagrange equations for this discrete Lagrangian, the evolution
of the discrete trajectory is

Qk+1 = Qr—1 + 2hvg (6.19a)

kg1 = Vpo1 + 4 <Uk ~ q’“_hqk‘1> . (6.19D)

In the following section we will continue this example and we will show some simulations.

6.3 Relation between discrete and continuous variational sys-
tems

Let L : T®Q — R be a regular lagrangian and consider the ezact discrete lagrangian L -
TQ x TQ — R, given by

h
L5(d00 dos g1, 1) = /0 Lig(t), 4(t). (1)),

where ¢(t) : I € R — @ is the unique solution of the Euler-Lagrange equations for the

second-order lagrangian L
d? (0L d (OL\ OL
~ (=)= 'y} 6.20
dt?(aq') dt(aq>+aq (6.20)
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for h > 0, satisfying the boundary conditions ¢(0) = qo, ¢(h) = ¢1, 4(0) = go and ¢(h) = 4.
The Legendre transformation associated to L is defined to be the map FL : T®)Q — T*T'Q

given by (see [50])
oL d (OL\ OL
C o (3)y . _
FL(g,4,G,9"") <q,q,aq pr (a('j)’aq')' (6.21)

We will see that there is a special relationship between the Legendre transform of a
regular Lagrangian and the discrete Legendre transforms of the corresponding exact discrete
lagrangian L§.

Theorem 6.3.1. Let L : TPDQ — R be a reqular Lagrangian and Ly : TQ x TQ — R,
the corresponding exact discrete Lagrangian. Then L and L§ have Legendre transformations
related by

F~L§(q(0),G(0), q(h),4(h)) = TFL(q(0),q(0),(0),q®(0))
FL5(q(0),G(0), q(h),4(h)) = FL(q(h),q(h),{(h),q™(0)).

Proof. We begin by computing the derivatives of L :

e h . .

Ly (0o oLoi OLOL),
J0qo o \0q0q 9q0q0 0G Oqo

_ /h(fﬂf’éu%a@_d“a@)dt oL 0g |

o \0q0q 9q0qy dt 0§ Iqo dq Oqp lo

" oL dq <6L daL>aq

0 9q0q  \0q ditdi) dqo
using that
aq aq
—(0)=0and —(h)=0
aqo( ) aqo( )

and integration by parts.

Therefore,

oLy (0L oLy dup (0L 0L & (0LY) 0n,

dqp  \O0¢ dtdi) oglo  Jo \Oq dtoq dt2 \ 9§ Oqo

Since ¢(t) is a solution of the Euler-Lagrange equations for L : T3 Q — R, the last term in
the previous equality is zero. Therefore

0L (2{; _ jﬁq”) 201" = -0 q(0).400).0)) + (gg) (a(0),4(0), §(0), ¢¥)(0))

8(]0 0
(6.22)

0qo

because

dq .\ dq .,
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Therefore, we have that

L oL d (0L oy
Sa0 (_8(1 T ((%)) ((0),(0),4(0), ¢ (0)).

On the other hand, using twice integration by parts,

oL, /h<8L8q+8L8q+6L8('j>dt:
0

dio 8q ddy ' 94 Do D Do
h . . _—
/ <8L 0q +8L d¢ dOL 6q>dt+8L g |h
0

0q 04y 949y dt 9 Ddo 9 dgolo

/h <8L dq <8L d@L) 8q> OL g |h

— t |55 ) = dt+7..7. —

o \9q dqo dq dt 0§ ) Odo d¢ Odgo o

/h OL dOL  d* (OL\Y dq,  OLOqh, (9L dOLY g
o \Oq dtdq dt2 \0j)) Ojo g o lo d¢ dt 9§ ) Odolo’

As before, since ¢(t) is a solution of the Euler-Lagrange equations the first term is zero,
and using that

dq dq Jq Jq

aqo( ) 8q0( ) 8q0( ) n aqo( )
we have L oL
d — _Z(4(0),4(0),(0)).
B aq(Q( ),4(0),G(0))
Therefore,

F~Lj(a(0),4(0), a(h), 4(h)) = FL(g(0),4(0),{(0), ¢ (0)).

With similar arguments, we can also prove that

LS oL d oL N
8q1d N <0c} N dtﬁéj) (q(h), 4(h), 4(h),q® (h))

and
OL¢ oL ) .

and in consequence,
F*L§((0),4(0), g(h), 4(h)) = FL(g(h), 4(h), (), q® (h)).
O

In what follows we will study the relation between the regularity of the continuous La-
grangian, given by the hessian matrix

0%L
W‘(%w)
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and the the regularity condition corresponding to the exact discrete lagrangian L : T'Q) X

TQ — R
DisL¢ DiyLf
Wy = d d ).
d <D23L3 D24L:;>

Theorem 6.3.2. The exact discrete Lagrangian LG: TQxTQ — R corresponding to a reqular
Lagrangian L: T®DQ — R is also reqular.

Proof. Taking into account the Taylor expansions

o) = 40+ i)+ i) +
2
i) = 0(0) + hii0) + g (0) + 0 (1)

¢®(0) + 0 (h")

we have that

dg 6 9 ¢, 12
oG .. 2 ) 9¢® 6
qu(o) = —E—i—(i)(h), Bay (0)_ﬁ—|—0(h).
Analogously,
9G _ 6 5 9¢® 12
ai 2 ) 9¢® 6
87(10(}1) = E"‘O(h) " Do (h)—ﬁ O (h)

Using Theorem 6.3.1 and the previous expansions is easy to show that

2T1e
h3D13L¢61(Q(0)7 Q(O)v Q(h)7 Q(h)) = h3aagd Q(O)) Q(0)7 Q(h)a Q(h)) =—-12W+0 (h’) .
dooq1
Now, using a similar procedure, we derive that
21e
W DaLi(0(0),4(0), a(h). i) = W~ (q(0),4(0), a(h), () = 6W + O (h)
dooq1
21e
W Das Li(0(0),4(0), a(h). i) = W~ (q(0),4(0), a(h), (1) = 6W + O (h)
dooq1
21e
ADLi(a(0), 4(0),a(h),d(h) = =T (4(0), 4(0), a(h), d(h)) = ~2W+ O (1)
q00q1

Therefore, we conclude that

12W 1

That is, if L is regular then L is regular. O
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In what follows we denote (T'Q x T'Q)2 the subset of (TQ x TQ) x (T'Q x TQ) given by
(TQ xTQ)2 := {(q0, 90, q1, 41, q1, 41,92, 42) | (gi> ¢i) € TQ with i =1,2,3}.

If L:T®Q — R is a regular Lagrangian then the Euler-Lagrange equations for L gives
rise to a system of explicit 4-order differential equations

¢ =9(q,4,d,¢).
Therefore, for h given, it is possible to derive the following map (see [1])
g TCQ - TBQ

which maps (¢(0),(0),(0),¢®(0)) € T®Q into (q(h),§(h),i(h),q® (h)) € T®Q. There-
fore, from Theorem (6.3.1) we deduce the commutativity of diagram 6.1.

(¢(0),4(0), q(h),q(h)

F-L§ Ft+Lg

(4(0),¢(0), =Dy LG, =D Lg) (q(h),q(h), D3Lg, D4L7)

FL FL

(4(0),d(0),(0),¢(0)) T (a(h), 4(R), d(h),q"® (h))
L

Figure 6.1: Correspondence between the discrete Legendre transforms and the continuous
Hamiltonian flow.

Definition 6.3.3. The discrete Hamiltonian flow is defined by ﬁLd T*TQ = T*TQ as
Fr,=F LyoFp, o (F Lyg) . (6.23)
Alternatively, it can also be defined as ﬁLd =F*LgoFp,o(FtLy) L

Theorem 6.3.4. The diagram in Figure 6.2 is commutative.

Proof. The central triangle is (6.17). The parallelogram on the left-hand side is commutative
by (6.23), so the triangle on the left is commutative. The triangle on the right is the same
as the triangle on the left, with shifted indices. Then parallelogram on the right-hand side is
commutative, which gives the equivalence stated in the definition of the discrete Hamiltonian
flow. O
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. . Fr, . .
(90, o, q1, 41) —" (q1, 41, G2, G2)

F~ Ly F+Ld F~ Ly F+Ld

(90,40, —D1La, —D2Lyg) |F—> (q1,41, D3Lg, DyLg) IT (g2, G2, —D1Lq, —D2Lg)
Lg Lq

Figure 6.2: Correspondence between the discrete Lagrangian and the discrete Hamiltonian
maps.

Corollary 6.3.5. The following definitions of the discrete Hamiltonian map are equivalent

Fr, = F'LgoFr,o(F"Ly) !,
Fr, = F LyoFp,o(F Ly ",
Fr, = FtLgo(F Ly,

and have the coordinate expression ﬁLd : (90, G0, po, Do) — (q1,41,p1,P1), where we use the
notation

po = —D1Lq(qo,q0,q1,q1),
po = —D2Lg(qo,40,q1,q1),
p1 = DsLa(qo,do,q1,d1),
p1 = DaLa(qo,do,q1,d1)-

Combining Theorem (6.3.1) with the diagram in Figure 6.2 gives the commutative diagram
shown in Figure 6.3 for the exact discrete Lagrangian.

Here, F’ ;} denotes the flow of the Hamiltonian vector field Xz associated with the Hamil-
tonian H : T*TQ — R given by H = Ej o (FL)~" where E;, : T®Q — R denotes the energy
function associated to L (see [112]).

This proves the following theorem

Theorem 6.3.6. Let L : T Q — R be a reqular Lagrangian, its corresponding exact dis-
crete Lagrangian LG : TQ x T'Q) — R and consider the pushforward of both the continuous
Lagrangian and discrete system to T*TQ, yielding a Hamiltonian system with Hamiltonian
H and discrete Hamiltonian map FLZ’ respectively. Then, for a sufficiently small time-step

h eR, FI@V:FLZ'

6.3.1 Example: Cubic spline (cont’d.)

Recall that in this example Q = R™ and L = %éjQ. Since the exact solutions for the second-
order Euler-Lagrange equation for L can be found explicitly, it is easy to show that the
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FLe
QOaQO>Q17Q1 (Q1,Q1,QQ,Q2
F- Le IE”FLe
F~- Le IE”“Le
(q07q07p0:p0 (11711171)17291 QQ7QQ>I)27152)
FLC - FLL =
FL FL FL

(Q(O),(J(O)vij(o),q(?’)(o))T(Q(h),d(h)vij(h),q(?’)(h))|—\II>( a(2h).d(2h), (2h), ¢ (21))
L L

Figure 6.3: Correspondence between the exact discrete Lagrangian and the continuous Hamil-
tonian flow, where ¢(0) = qo, 4(0) = qo, q(h) = q1, ¢(h) = ¢1, q(2h) = g2 and ¢(2h) = ¢o.
discrete exact Lagrangian is

6 2
ﬁ(QO —q1)(vo +v1) + E(v% + vov1 + vf)

From the corresponding discrete Euler-Lagrange equation, the evolution is

6
L (qo,v0,q1,v1) = ﬁ(qo —q)*+

Qk+1 = Dqr—1 — 4qi + 2h(vi—1 + 2vy)

2
Vg1 = Vg—1 + E(qu — 2qk + Qit1)-

It is easy to check that both this exact method and method (6.19) preserve the quantity

Qk+1 — Gk Ukt Vg1
h 2 '

@(Qka Uk, qk+1, Uk—i—l)

6.3.2 Variational error analysis

Now, we rewrite the result of Patrick, Marsden and West [150], [131] to the particular case
of a Lagrangian Ly : TQ x TQ — R.

Definition 6.3.7. Let Ly : TQ x TQ — R be a discrete Lagmngicm We say that Lg has
an order r discretization if there exists an open subset U C TP Q with compact closure and
constants Ch > 0, hy > 0 so that

1La(4(0),4(0), q(h), 4(h), ) — L(q(0), 4(0), a(h), 4(h), h)[| < C1h™! (6.24)
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Error in position and velocity
5

O‘
T

Figure 6.4: Left: simulation of the method (6.19) with ¢ = (0,0) v = (10, 10), gn = (10,0),
vy = (10,20), N = 21 (velocities are scaled). Right: Error in position and velocity for
different values of h.

for all solutions q(t) of the second-order Euler-Lagrange equations with initial conditions
(9o, 4o, do) € U1 and for all h < hy.

Theorem 6.3.8 (See Theorem 4.8 of [151]). If ﬁLd is the the evolution map of an order r
discretization Lq : TQ x T'QQ — R of the exact discrete Lagrangian LG : TQ x T'(Q) — R, then

ﬁLd = ﬁLft -+ O(hr+1).
In other words, de gives an integrator of order r for ﬁLZ = F{L}

Note that given a discrete Lagrangian Ly : TQ x T'QQ — R its order can be calculated by
expanding the expressions for Ly(¢(0),4(0),q(h),q(h), h) in a Taylor series in h and comparing
this to the same expansions for the exact Lagrangian. If the series agree up to r terms, then
the discrete Lagrangian is of order r.

6.4 Discrete mechanical systems with constraints

In the case of systems with constraints, the principle seeks to find a discrete curve {(gg, vi) Hh-
which is a critical point of the discrete action subject to some discrete constraint functions

(see [15]).

Let us consider the m-independent smooth functions ®* : T?Q > R, a=1,...,m (that
is {d®“} is of maximum rank at each point) and define the n — m dimensional constraint
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submanifold M of T Q by the vanishing of these functions, that is,

M= {(q,4,4) € T®Q | 2*(q,4,§) = 0, where 1 < a < m}.

To establish the discrete setting we discretize the continuous Lagrangian and the con-
straint submanifold to a discrete lagrangian function Ly : TQ) x T() — R and a subman-
ifold My of TQ x T'Q determined by the vanishing of the m discrete constraints functions
QG :TQ xTQ — R,

Mg = {(qr: vk, @rs1, V1) € TQ X TQ | PG (qk, Vs Qht1, Vk1) = 0, where 1 < o < m}.

We compute the critical points of the discrete action subjected to the constraint equations;
that is,

{ min -Ad(de Ud) with (QO’ UO) and (QNa UN) fixed (6 25)

subject to G (qx, Vi, @kt1,Vk+1) =0, 1 <a<mand 0<k<N-1.

Now, we define the augmented Lagrangian Ly: TQ xTQ xR™ —= R by

La(Gk Uk, Q415 V41, AY) = La(Qh, Ok Q15 Vb+1) + NP (qk, Ok, Ght 15 Vi1,

where A € R™ with a = 1,...,m are the Lagrange multipliers.

This new Lagrangian gives rise to the following unconstrained discrete variational problem

min Ay ((qg,va), A% AL, ..., AN =) with (go,vo) and (g, vy ) fixed in TQ , (6.26)
NeeR™ and k=0,...,N —1. '
where
B N-1
Ad ((qa,va), A0 A AN = [Ld(Qka,QkH,UkH) + NG Qe Vi Tt 15 Vk1) |
k=0

where \F is a m-vector with components )\’Oi with 1 < a <m.

From the classical lagrangian multiplier theorem, we have that the regular extremals of
Problem (6.25) are the same than in Problem (6.26). Therefore, applying standard discrete
variational calculus we deduce that the solutions of problem (6.25) verify the following set of
difference equations

0 = DiLa(qk, Yk, k+1,Vk+1) + D3La(qru—1, Vk—1, @k, Vi)
+ )\ZDI(I)EC((]IW Uk, dk+1, ’Uk’-i-l) + )‘Z_lDi’)@g(Qk—lv Vk—1, 49k, Uk')a
(6.27)
0 = DsLg(qr, Vi, Qk+1,Vk+1) + DaLa(qr—1,Vk—1, qk, Vi)
)\ZDZ(I)g(Qk, Uk, dk+1, Uk‘-l—l) + A§_1D4¢g(Qk—la Vk—1, 9k, Uk)v
0 = @5(qk, Yk Ght1,Vk+1),  0=PF(qh—1,Vk—1,qk, V%), 1<a<mandl <k<N -1

+
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If the (2n + 2m) x (2n 4 2m) matrix

Di3Lg+ AaD13®5  DigLg + Ao D14®5  D1DG
Do3Lg + Ao D23®§  DoyLg+ Ao D2y®G  Doy®Y
(Ds®5)" (D.®g)" 0

is regular along My; x R™, by the implicit function theorem; if the element
(D15 V15 D> Vo> T 15 Vig 10 Ne=1AF) satisfies equation (6.27), there exists a neighborhood

U € Mg x R™ of the point (¢;_1,vi_1, 4%, Vi M1y and an unique (local) application

F~

Ld: ﬁk — MdXRm

(=1, Vk—1, Q> Vks AETY) (s Uk Q1 Vi1, AR
where (qr—1, Vk—1, Gk Vks Qrs1, Vks1, A1, AF) satisfies equations (6.27). Thus,
Fr (@1, 051 Gy 0 X71) = (@hs 0k, Qs 01, AY)

is the discrete Lagrangian map for equations (6.27).

6.5 Optimal control of mechanical systems

In this section we will study how to apply our variational integrator to optimal control
problems. First, we will study optimal control problems for total actuated mechanical systems
and we will show how our methods can be applied to the optimal control of a robotic leg.
Secondly we will apply our techniques to underactuated mechanical control systems showing,
as an implementation of our integrator, the control of a cart with an inverted pendulum on
it.

6.5.1 Optimal control of fully actuated systems

Let L : TQ — R be a regular Lagrangian and we take local coordinates (¢?) on @Q where

1 < A < n. For this Lagrangian the controlled Euler-Lagrange equations are (see section 3.6)

d (0L 0oL

where v € U C R" is an open subset of R", the set of control parameters.

The optimal control problem consists on finding a trajectory of the sates variables
and controls input (¢ (t),u(t)) satisfying (6.28) given initial and final conditions
(g*(t0), 4*(t0)), (¢ (ts), ¢ (tf)) respectively, minimizing the cost function

ty
A= Clg?, ¢, uq)dt,
to

where C': TQ x U — R.
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From (6.28) we can rewrite the cost function as a second-order Lagrangian L:T @0 >R

given by
~ d OL oL
Tl A iAo (oA oA & _
(¢%,d%,G%) 4% G 9iA T g
replacing the the controls by the Euler-Lagrange equations in the cost function (see [17] for
example).
We define the discrete Lagrangian Ed T xXTQ — R,
- h~(q;+ qe+1 vk + Vg 2
La(aw, vk qusr, vn) = oL ( B2 2 S (@ — ax — hog)
2 2 2 h
h=(ax+ @1 vk + Vg1 2
+ §L < 5 ) 5 7ﬁ(% — Q1 + hog41) ) -
Other natural possibilities are
¥ kTt Gk k+1 — Gk Vk41 — Uk
Ld(Qk, Uk, 4k+1, /Uk-l-l) = hL 1 Cad ) o a ) +1 or
2 h h
~ 1 Vg1 — Vg 1 Vg1 — Vg
La(qk, vk, k1, Vk41) = §L (CIk,vk, +1h> + §L <Qk+1,vk+1, %

Applying the results given in Section 6.2, we know that the extremals of the optimal
control problem are obtained solving the discrete Euler-Lagrange equations

D1 La(qk, Vies @15 Vk+1) + D3Lg(qr—1, ve—1, i, vk) = 0,
Do La(qr, vk, @k+1, Vk+1) + DaLa(qr—1,vk—1,qk,v5) = O.

D13§d D14§d

DosLg DasLg
is regular, then one can define the discrete Lagrangian map, to solve the optimal control
problem.

If the matrix

Example 6.5.1. Two-link manipulator

We consider the optimal control of a two-link manipulator which is a classical example
studied in robotics (see for example [142] and [146]). The two-link manipulator consists
of two coupled (planar) rigid bodies with mass m;, length [; and inertia J;, with i = 1,2,
respectively. Let 67 and 6 be the angles in which the first link is measured conterclockwise
from the positive horizontal axis rotating about the origin and the angle of the second link
rotating about the endpoint of the first link, respectively. If we assume one end of the first link
to be fixed in an inertial reference frame, the configuration of the system is locally specified
by the coordinate ¢ = (01,62) € S* x S!. The Lagrangian is, as is usual, given by the kinetic
energy of the system minus the potential energy, that is,

‘ 1 1 o 1 oL 1 .
L(qg,4) = g(ml + 4my) 1367 + gmzlgwl +602)? + §m211l2 cos(02)01(01 + 02) + §J19%

1 . . 1 1
+ §J2(91 +02)* +g <2m111 sin 01 + moly sin 01 + §m2l2(01 + 92)>
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where g is the gravitational constant acceleration.

The control torques u; and wg are applied at the base of the first link and the joint
between the two links. The equations of motion of the controlled system are

. 1 . 1
u = - sin 92[11277120201 — 5 sin 929%[1127112 + §m2l2 COS(01 + 92)9

1 1 1
+ <mgg cos b + 59 cos 91m1> 1+ <4m2l§ + Jo + 3 cos 92l1l2m2> 0

mgl%

+ <COS Ozl lomeo + (% + m2> l% + + J1 + J2> él,

1 . 1 1
Uy = 5 sin 92l1l2m29% + <4m2l§ + Jo + 5 Ccos 02[1[27TL2> 01
1 1 9 .
+ §m212 COS(91 + 92)9 + nglg + Jo | 0s.

We look for trajectories (61(t),02(t),u(t)) of the state variables and control inputs
with initial and final conditions, (61(0),62(0),01(0),62(0)) = (—n/2 + 0.2,0,0,0) and
(01(T),02(T),61(T),02(T)) = (—7/2,0,0,0) respectively, and minimizing the cost functional

1 T
A= 2/0 (u? 4 u3)dt.

We construct the discrete Lagrangian Lg: T(S' x SY) x T(S* x S') — R, discretizing the
Lagrangian L : T (2)Q — R given by

~ s e 171 . 1 1 -
L(91,92, 91, 92, 91,92) = 5 [2 sin 92l112m29% + (4m2l3 + JQ + 5 COS 02l1l2m2> «91

1 1 .12
+ 5771212 cos(01 + 62)g + <4m2l% + J2> 92:|

11 ; 1 1 j
+ 35 [2 sin Oal1lomo b7 + <4m253 + Ja + 5 cos 02[1[27”2) 01

1 1 .12
+ §m2l2 cos(01 + 62)g + <4m2l§ + J2> 92]

taking the same discretization than in Equation (6.18) to approximate the acceleration and
taking midpoint averages to approximate the position and velocity.
Now we show some simulations to test our method in Figure 6.5 for T' =1, m; = 1.5,

2 2
my=1,11 =l =1,J; =" Jy = "2% and g = 10.

The following table show the root mean square error in positions and velocities:

h Error in position | Error in velocity
0.1000 0.0128 0.0655
0.0556 0.0042 0.0238
0.0312 0.0014 0.0080
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s
o

Error in position
aw

Error in velocity
3

0 01 02 03 04 05 06 07 08 09 1 107 107" 1072 107"

Figure 6.5: Left: Simulation of the method with ¢o = (—7/2 + .2,0) vo = (0,0), gy =
(—7/2,0), vy = (0,0), N = 30. Blue and red lines show the positions of the first and second
links respectively, and the slope between the segments corresponds to the (scaled) velocity.
Right: Error (root-mean-square error) in position and velocity for different values of h.

6.5.2 Optimal control of underactuated systems

Let @ be a configuration manifold of a mechanical system with local coordinates (¢g) with
1 < A <n. Given a Lagrangian L : TQ) — R, the corresponding control system is called
underactuated if the number of independent control inputs is less than the dimension of Q.
We denote these control forces by X¢ = deqA, 1 <a <r <n. We complete this basis of
the control forces to a (local) basis { X%, X} of one-forms on @, where « = r+1,...,n. The
controlled Euler-Lagrange equations are given by

A (oL OL _ a
dt\9qA) ~ 9gh A

Taking the dual basis {X,, X4} of vector fields on @, these equations can be rewritten as

(£(2) 2] o=
(£(2) 2] oo

where a = 1,...,r,and a« = r + 1,...,n. Also, from this basis of vector fields we can induce
local coordinates (¢4, ¢%) = (¢4, (¢%,¢%)) on TQ as ¢ = 4°X2(q) + ¢° X2 (q).

We will study the optimal control problem which consist on finding a trajectory
(¢2(t),u®(t)) of the state variables and control inputs satisfying equations (6.29) from given
initial and final conditions, (¢”(to), ¢ (o)), (g (tf), ¢ (t¢), ) respectively, and minimizing the
cost functional

(6.29)

tf A
A= C( LG ug) dt,

to
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where C': TQ x U — R.

This optimal control problem is equivalent to the following second-order variational prob-
lem with second-order constraints:

~ ty
extemize A = L(qA(t), QA(t)a G (t)) dt
to

subject to the second-order constraints

v i) = (4 (5n) -~ o) K@),

and the boundary conditions, where L:T® )Q — R is defined as
=~ a4 o eq e .a - A
L(¢",q%, 4" ¢, . i) = C (¢", ¢", 4", 4*, Fu(q”, 4", ¢*)) .

Here F, : T®Q — R is the function defined as

Rt ) = (5 (o)~ 5o ) Xi)

We define the discrete lagrangian Ly : TQ x TQQ — R and the discrete constraints
QG :TQ xTC — R by

La(qr—1,Vk—1,qr,v) = gf (qk +2Qk_1= =% +20k_1 : %(Qk —Qr—1 — hUk—l))
+ gz (qk +2qk_17 o +2vk_1 ; %(Qk—l —qk+ h’l)k)) ;

DG (qr—1, Vk—1, Gk, V&) = gq’a <Qk +2%71, == +2vk71 : %(ka — Q-1 — hUk—l))
n gq)a <Qk +2(Jk:—17 Uk +2Uk—1 ’ %(%-1 et hvk)) '

Then then discrete algorithm is given by solving the following system of algebraic differ-
ence equations

0 = DiLa(qk, vk, Qk+1,Vk+1) + D3La(qr—1,Vk—1, Gk, Vi)
+AE D19 (ks Uk Gt 1, Vka1) + Ao D@ (qr—1, Vk—1, G k),

0 = DoLa(qks vk, Qk+1,Vk+1) + DaLa(qr—1,Vk-1, Gk, Vk) (6.30)
+AE Do (Grs Uk Q15 Vka1) + Ao Da® (Gr—1, Vh-1, G k),

0 = ®5(qk vk Ght1,Vk41), 0 =Pg(qk—1,V%1,qk %), 1<a<mand 1 <kE<N -1

If the matrix
DisLg + )\aDlgi'g DiyLg+ )\aD14‘1>g D, ®F
Do3Lg + AaD23®§  DogLg+ AaD2y @G  Doy®y
(D3®5)" (D1®)" 0
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is regular, then we can define the discrete Lagrange map

Fy: Mg x R™ — MyxR™
(Qks Vks Q41 Ukt 15 Aak) > (@h+15 Vot 15 Qh+25 V25 Aak+1)
where M, denotes the submanifold of T'QQ x T'(Q determined by the constraint equations
g=0.
Example 6.5.2. Cart-Pole system

A Cart-Pole System consists on a cart and an inverted pendulum on it. The coordinate z
denotes the position of the cart on the x-axis and 6 denotes the angle of the pendulum with
the upright vertical. The configuration space is Q@ = R x S'.

The inertia matrix of this mechanical system is given by

[— M+m mlcosf
~\ mlcosé ml?

where M is the mass of the cart and m,l are the mass and length of the pendulum, re-
spectively. The potential energy of the cart-pole system is V(0) = mglcos(). Then the
Lagrangian of this system is given by (kinetic energy minus potential energy)

1 1 . A -
L(q,q) = L(x,0,%,0) = §M:i:2 + im(;v2 + 216 cos 6 + 126%) — mgl cos § — mgh

where h is the car height.

We apply a control force w to our picture. The control input is parallel to the track
remaining the joint angle 6 unactuated. Therefore, the equations of motion of the controlled
system are

(M +m)i —milf*sin@ + mlhcosd =
fcosO+10—gsinf = 0

Now we look for trajectories (z(t), 6(t)), u(t)) on the state variables and the control inputs

0t
with initial and final conditions, (z(0), 8(0), &(0), 6(0)), (z(T),0(T),&(T),(T)), respectively,
and minimizing the cost functional
1 (T
A= / u?dt.
2 Jo

Following our formalism, this optimal control problem is equivalent to the constrained
second-order variational problem determined by

o~ T o~ . ..
A= / L(2,0,4,0,7,0)
0
and the second-order constraint

®(2,0,4,0,i,0) = icosd+ 10 — gsind =0,
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where
- . .. 1 L L
L(x,e,j:,e,aa,e):2(d (‘9 > 0

2

1 . .. 2
a oLy OL _ 2t . 2 . ‘
7\ 9z 89@) 5 [(M +m)i — mlf*sin § + mlf cos 0}

As before, we construct the discrete Lagrangian and discrete constraint Ed TR XTQ —
R, ®4: TQ x TQ — R in the variables (o, ©g, 6o, 0o, x1,%1,01,601) given by

Loo= (2 Shi o) e (010

. 2
2ml (01 — 6y — hbp) cos(5(61 + 62)) h (2(M +m)(ht; + xo — x1)
* n2 1 n?

) 2
- 4(91+90)281n< 1 : 2> + (6o 1 h12) (3(61 0))) ’

h { 2(x1 — 20 — hig) cos(L (61 + 0 20(0; — Oy — hé 1
b, — ( (x1 — o (;32 (5(01 2))+ (01 h;) 0)+gsin(2(01—|—90))

2(xo — 1 + hiy) cos(:(0; + 0 20(0y — 01 + ho 1
v Moot hin) o + o)) | 2O+ ”+mm5a+m0.

Now, we can use the equations given in (6.30) to simulate the behavior of the system as
we have seen in the previous example.



Appendix A: Higher-order
Euler-Arnold equations on

T (T(k—l)G)

This appendix deals with the construction of the Liouville 1-form and the canonical symplectic
2-form on G x (k—1)gx kg* to obtain higher-order Euler-Arnold equations. This construction
was very used in Chapter 3.

Euler-Arnold equations

Let G be a finite dimensional Lie group. The left multiplication L : G — G allows us to
trivialize the tangent bundle T'G and the cotangent bundle T*G as follows

ATG = Gxg, (9,9)— (9.97'9) = (9, TyL,19) = (9,€) ,
A* : T*G — G X g*a (g?ag) — (gvTe*Lg(ag)) = (g,a) 9

where g = T.G is the Lie algebra of G and e is the neutral element of G (see, for instance, [13]).
In the same way, we have the following identifications: TTG = G x 3g, T*TG = G x g x 2g*.
TT*G = Gxg*xgxg*and T*T*G = G xg* xgxg* (the same is valid for the right-translation,
but in the sequel we only work with the left-translation, for sake of simplicity).

Using this left trivialization it is possible to write the classical Hamiltonian equations
for a Hamiltonian function H : T*G — R from a different and interesting perspective. For
instance, it is easy to show that (see [13]) the canonical structures of the cotangent bundle:
the Liouville 1-form 6 and the canonical symplectic 2-form w¢, are now rewritten using this
left-trivialization as follows:

(06)(g,0)(E1,11) = (&), 6.31)
(Wa)(g0) ((€1:21), (§2,12)) = —(v1, &) + (2, &) + (o, [&1, &) (6.32)
with (g,a) € G x g*, where & € g and v; € g%, i = 1,2 and we have used the previous
identifications. Observe that we are identifying the elements of T, , TG with the pairs & v) e
gxg.
Therefore given the Hamiltonian H : TG = G x g* — R, we compute

gy (62.02) = (5 (5 (0,00 ) )+ (0 5 9100) (6.33

231



232 Appendix A

since %(g,a} €eg¥ =g

We now derive the Hamilton’s equations which are satisfied by the integral curves of the
Hamiltonian vector field Xy on T*G. After a left-trivialization, X (g, o) = (£1,v1) where
& € g and v1 € g* are elements to be determined using the Hamilton’s equations

iXHwG’ =dH .

Therefore, from expressions (6.32) and (6.33) we deduce that

0H
51 - E(ga Oé) 3
%1 = —Lg ((;g(g,a)> + ad&a .

In other words, taking § = g&; we obtain the Fuler-Arnold equations:

) 0H _ O0H

g = TeLg(a(gﬂ)) = 95(97 ),

) . [ 6H y

a = —L <59(g,a)> + ad%(g@)a .

If the Hamiltonian is left-invariant, that is, h : g* — R where h(a) = H(e, ) then we deduce
that

(Lh
9(504 )
& = adzh/aaa .

The last equation is known as the Lie-Poisson equation for a Hamiltonian h : g* — R.

Higher-order Euler-Arnold equations on T*(T*~V@Q)
Combining the results of the previous subsection and subsection 1.7 we have that
TH(T*VG) =T*(G x (k—1)g) =T*G x (k—1)T*g =G x (k— 1)g x kg* .

Denote by & € (k— 1)g and a € kg* with components £ = (£©),...,¢%#-2)) and a =
(Oéo, s 7ak—1)'

As we work in a vector space, the Liouville 1—form 0y 1)y € A (G xg* x (k—1)(gx g*))
is expressed as

Ocx(k—1)g = 0 + Or—1)g-

We want to know 0 (x—1); this 1-form at the point (g, &, a) is applied to elements (&1, vl e
T(g’ﬁ’a)(q x g* x (k—1)(g x g%)), where &, € kg and v* € kg*, a = 1,2 with components
&, = (gfﬁ)ogigk_l and V% = (V&-))ng‘gk—l where each component fa(f) € g and ng’) € g~
Observe that ag comes from the identification T*G = G x g*.

To compute Og we need to find the tangent application to 7 o PT’(172)A>('<2) where Pr(; 9) :
G xg"xgxg" — G xg*is a canonical projection onto the first and second factors, and 7 :
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T*G ~ G xg* — G is the fibration which defines T*G and where A’

2" T*TG — Gxg*xgxg*
is the cotangent left-trivialization. We consider the application

(&)

0y G xgt—>Gxgh.

This is applied to an element (g,ap) € G x g* and gives an element (gexp(t&Y), ap + t14}) €
0 Vl .
G x g*. goggl’ 0) is the flow of the vector field X( (1)’”5)(9,@0) = (g&9,14).

Therefore, the tangent application for 7o Pr(LQ)A’(*Q) is

* 0 .1 d * (€.v)
Tlg.00) (T 0 Pr12)Ap)) (961, 19) = 7 t—OT o Pr(12)A() (¢ (9,0))
= —|  gexp(t&]) = g¢i,
dt |, ! !
Now, we can compute ¢
<6(g,a0)7 (gg?v V(%)) - <0(P1“(172)AZ‘2))(97 aO)a T(g,ao)(Pr(l,Q)AE‘Q))(gg?a V01)>
= (a0, &) = ao(&)).
k—1 ‘
In the same way, one can compute 0,_1),. This is given by Z ai(fy)). Then,
i=1

(G (k—1)0) (9.6,0) (€1, V1) = (o, &1).

In the next, we will find the expression of the 2—form wgy (x—1)g- To do this, we will use
the followings formula

—d0Gx (k—1)g = —d(0c + Op—1)g) = —d(0c) — d(O—1g)-

To compute —df, we use the formula

0,1 1.1 . .
—dfG (X)X &) = i d (Zx(s?v"(%)eG)

+ ZX(s?,u(%)d(ZX(g?,ué)eG)
: 0.

_l’_

Z[X(E?W(l))’)((ﬁ?,”é)}
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In what follows, we compute each term of the equality las equality,
iX<s?,»3)d (ix<gg,ug>9a> (9,00) =

LX(EO 1) (ZX(§0YV2)9G> (g,ao) =

i _ {Balgexpltet). oo+ 1), XD g exp(te?), a0 + 1) =
% t:0<9c:(g exp(t€7), a0 + 1), (g exp 1983, 1)) =
% t:()(ao + tyé)(yg) = V(%(fg)-

The second term is computed in a similar way, and is given by 1/8 (€9). To compute the third
term, we observe that

d

(X (€0), X ED) (g, 00) =

(90( S’Vg) o ( 171’0) o (5271’0) ng(fpljo)) (g,a(])

o \P=vi TP PPy Vi

o exp(VEE)) exp(VEEY) exp — V1€ exp —VtES, ag) = (T Ly[€), £9],0) =
t=0

(91€7. €31, 0).

Then,

b (XD, xSD)) (g,00) = = (g, a0)(gl¢d. 31,0)
= ao(l&], &)
Therefore,
—dh (X, X B = o o) (960,14, (988, 7)) =~ (€D) +1B(ED) + ao((€0, €3)).
Applying, as before, the same formula we have

k-1

W(k-1)g Z V(Z )a51 )

i=1

Since wax (k—1)g = WG + W(k—1)g, We have the identities,

(Oex(-1)0) e (&1, 01 = (@, &),
(@en(k-1)g) (g (€101, (€2,0%)) = —< 1,€2> (12, €1) + (ao, [€7,60])

= _Z { (Vo€ Yy &1 >} + (o, 67, &87)).
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Given the Hamiltonian H : T*T®*~VG = G x (k — 1)g x kg — R, we compute

=

SH < 0H
tHea(&r’) = (S 060) &) X (G0 & end™)
5

+{v? 549 &)

As in the last subsection, we can derive the Hamilton’s equations which are satisfied by
the integral curves of the Hamiltonian vector field Xy defined by Xg(g,&, ) = (&1,v1).
Therefore, we deduce that

0H

€1 = a(ﬁhgva a) )
L (OH .
V%O) = —Lg ( (g 57 )) + adﬁ(o) ago
1
0H
1 .
Vi) T T e ~o0:6a),  0<i<k-2.

In other words, taking ¢ = g¢€(*) we obtain the higher-order Euler-Arnold equations:

) 0H
g = g%(‘gaéaa) )
de@ oH .
flt - E(gvé,a), I<i<k-—1,
dOZO * oH *
o - L (59(976’0‘)) + adsp /50,00 5

dai+1 5H .
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Appendix B: Technical results for
Chapter 6

This Appendix deals with some technical results which have used in subsection 6.1.2.
Let F' be the space of R"-valued polynomials of degree at most k — 1,
F = spangn (b],...,b7 ) = {0, 1 e R")

where b;, with j = 0,...,k—11is a basis of this space of polynomials consisting of orthonormal
polynomials on [0, 1].

Let E be the kernel of g, where g = (go,...,gr—1) : CY([0,1],R") — (R™)¥, this minds
that E is the tangent space of the constraint set determined by g;[-] = (bgk], .
Lemma 6.5.3. F = EL where the orthogonal complement of E is taking with respect to the
inner product {-,-).

Proof. First we show that F ¢ E+. Taking e € E,

ik Ly — 1'[k]u.eu u—n 1A[k]ue‘uu
(bl ey = /()(ef@()) ()d—;/OczbjUZ()d

_ . </01 o (w)er (u), .. ,_/01 bg.’ﬂ(u)enm))

= - e) = -gjlel =0,

since e € I = Kerg.
Also, if ¢/ € E+ then E+ C F since (¢/,e) = 0 for all e € F; therefore F = E*. O

Lemma 6.5.4. There exist an orthogonal decomposition of the space C'(]0,1],R™) between
E and F. That is,
CY([0,1],R") =E & F.

Proof. Let Q*! be an element of F, then g(Q") = 0, that is g;[Q](s)] = <b£-k}, QMY =0 for
all j. Let ¢ bg-k] be an element of F', then

(@, QM) = b, QM) = 0.
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Therefore all element of E is orthogonal to all element of F' and conversely.
Now, if Q¥ € En F since Q¥ € F it follows that Q¥ = ¢’b;. Therefore Vj', 0 =
(b, ¢/b;) = ¢/, that is, ¢/ = 0 for all j and then QW =0. Thus, ENF = 0.

k—1
Finally, let Q¥) € C!(]0, 1], R"). Taking into account that Z(bj, Q"Nb; € F we write
5=0
k—1 k—1
QW = [ Q¥ — Z< Q[k] + Z Q[k]
7=0 7=0
k—1
Observe that Q¥ — Z(b], QF >bj € F since
7=0
k—1 k—1

(b, QW = > (bj, QEbs) = (b, QM) = > 03,0y, QM) =

]:

Therefore C'([0, 1], R") = E + F and then C'([0,1],R") = E & F. O

=)

<.
Il
=)



Appendix C: Retraction maps

In this appendix we will review the basics notions about retraction maps and the Cayley
transformation (as an example of retraction map) which we use along this thesis (see [53],
[54] and [66] for example).

A retraction map T : g — G is an analytic local diffeomorphism which maps a neighbor-
hood of 0 € g onto a neighborhood of the neutral element e € G, such that 7(0) = e and
T(§)T(=€) = e, for £ € g. There are many choices for the map 7 such as the Cayley map, the
exponential map, etc. The retraction map is used to express small discrete changes in the
group configuration through unique Lie algebra elements, say &, = T_l(glzl gk+1)/h. That is,
if &, were regarded as an average velocity between g and g1, then 7 is an approximation
to the integral flow of the dynamics. The difference gk_1 gk+1 € G, which is an element of a
nonlinear space, can now be represented by the vector . (See [33, 99] for further details.)

Of great importance is the right trivialized tangent of the retraction map.

Definition 6.5.5. Given a retraction map 7: g — G, its right trivialized tangent dre: g — g
1s defined as the £-dependent linear map obtained by composition of the linear maps

{e}xid Ter Tr(e)rr(e)-1
TG

A ——

dre

T.G=g

where r denotes right translation in the group. Since T is a local diffeomorphism, all the
arrows are linear isomorphisms. We denote the inverse of dr¢ as dTg_l. Therefore, we can
write

d’i‘g = TT(&)TT(E)*l o Té’]’ (6.34)

dTg_l = (TgT)il o TeT’T(g) = T.,.(g) (7‘71) o Te""r(g) (6.35)

Remark 6.5.6. Omitting the identifications g = {{} x g, £ € g, can lead to mismatches
when using the definitions above explicitly; for example, if we rewrite equation (6.37) below
using (6.35), then the left-hand side would be in {£} x g while the right-hand side would be

in {—¢} x g. This should cause no problems if the identifications are made explicit when
needed. In any case, (6.37) makes sense as an identity in g. o

Lemma 6.5.7. (See [150]) Let g € G, A € g and 6f denote the variation of a function f
with respect to its parameters. Assuming A is constant, the following identity holds

§(Ady \) = —Ady [\, g~ 'dg],
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where |-, -] : g X g = g denotes the Lie bracket operation or equivalently [, n] = aden, for
given n, £ € g.

Lemma 6.5.8. (See [(06]) For each \ € g, the deriwative of the map ¥y: g — g defined by
YA€) = Adr gy is given by

Dyx(E) -0 = —[Adre) A, dre(n)],
neg.

The lemma above holds not only for retraction maps but also for any smooth map 7: g —
G.
The following lemma relates the right trivialized tangents at & and —¢&, as well as their

inverses.

Lemma 6.5.9. (See [((]) For a retraction map 7: g — G and any &,n € g, the following
identities hold:

dren = Adeydr_en, (6.36)
drg 'y =dr{ (Ady—gym) - (6.37)

Some retraction map choices

a) The exponential map exp : g — G, defined by exp(§) = (1), where v : R — G is the
integral curve through the identity of the vector field associated with & € g (hence, with
4(0) = £). The most natural example of retraction map is the exponential map. We
recall that, for a finite-dimensional Lie group, exp is locally a diffeomorphism and gives
rise a natural chart [128]. Then, there exists a neighborhood U of the neutral element
e € G such that exp™! : U — exp }(U) is a local C*®°—diffeomorphism. A chart at
g€ Gisgivenby Uy :=exp tol, 1.

The right trivialized derivative and its inverse are

o0

1 .
_ E : J
dexpx Y= . (] + 1)' adm Y,
Jj=0
o0
_ B;
dexp, 'y =" —adly,
— jl
7=0
where B; are the Bernoulli numbers (see [79]). Typically, these expressions are trun-

cated in order to achieve a desired order of accuracy.

b) In general, it is not easy to work with the exponential map. In consequence it will be
useful to use a different retraction map. More concretely, the Cayley map (see [33, 79]
for further details) will provide us a proper framework in the examples shown along the
thesis.
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The Cayley map cay : g — G is defined by cay(§) = (e — %)_1(6 + %) and is valid for a

general class of quadratic groups. The quadratic Lie groups are those defined as
G={Y eGL(n,R) | Y'PY = P},

where P € GL(n,R) is a given matrix (here, GL(n,R) denotes the general linear group
of degree n). O(n) or SO(n) are examples of quadratic Lie groups. The corresponding
Lie algebra is

g={Qegl(n,R) | PQ+Q"P=0}.

The right trivialized derivative and inverse of the Cayley map are defined by

xr. X, _
deay,y=(e— =) 'yle+>)7",

2 2
_ X o
dca}’zly:(e—g)y(e‘*‘g)‘

Applications to matrix groups: SO(3)

We specify the exact form of the Cayley transform for the group SO(3). While we have given
more than one general choice for 7, for computational efficiency we recommend the Cayley
map since it is simple. In addition, it is suitable for iterative integration and optimization
problems since its derivatives do not have any singularities that might otherwise cause dif-
ficulties for gradient-based methods. The group of rigid body rotations is represented by
3 x 3 matrices with orthonormal column vectors corresponding to the axes of a right-handed
frame attached to the body. Recall the map * : R3 — 50(3) (see [¢1] for example). A Lie
algebra basis for SO(3) can be constructed as {é1, é2, 3}, é; € s0(3), where {eq, e2, e3} is the
standard basis for R3. Elements £ € s0(3) can be identified with the vector w € R? through
& = w%éq, or & = w. Under such identification the Lie bracket coincides with the standard
cross product, i.e., ady p = w x p, for w, p € R3. Using this identification we have

. 4 L WP
Cay(a)):Ig—Fm w—l-? ,

where I3 is the 3 x 3 identity matrix. The linear maps d7e and dTg 1 are expressed as the
3 X 3 matrices

~ T
. _ w o ww
(213 + w), dcaywlzlg—§+7.

dcay,, = 1

2
A+ [ w ?
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Conclusions and future research

The closing chapter of this memory is devoted to summarize the contributions of the work.
An outlook of the future research is also provided.

Conclusions

Chapter 2 has been devoted to the geometric study of the relationship between higher-order
Hamiltonian dynamics and higher-order Lagrangian dynamics. After introducing the notion
of Legendre transformation on a Lagrangian submanifold in Definition 2.5.5 we find that both
are equivalent. Furthermore, we have given an alternative characterization of the dynamics
in the Lagrangian submanifols ¥ ¢ T*TT* D (Q in terms of the solution of the higher-order
Euler-Lagrange equations in Theorem 2.5.6.

In Chapter 3 we have studied higher-order mechanics from the point of view of the Skin-
ner and Rusk formalism to obtain higher-order Euler-Lagrange equations, higher-order Euler-
Poincaré equations and higher-order Lagrange-Poincaré equations. This geometric formalism
has permitted to define a presymplectic form and an unique Hamiltonian function; and, in
consequence, a global and unique formulation of the dynamics. Also, we have developed an
intrinsic formulation of the higher-order variational problem equations subject to constraint
depending on higher-order derivatives. The extension of these theories to the natural setting
of Lie algebroids has been also developed. In particular these results are given by Equa-
tions 3.7, 3.17, 3.27, 3.28, 3.34, 3.35, 3.77, 3.79; Theorems 3.2.1, 3.2.3, 3.3.1, 3.3.3, 3.4.1;
Proposition 3.5.5 and Remark 3.2.4.

Also, in Section 3.6 we have studied the geometric description of an underactuated me-
chanical control systems using the Skinner and Rusk formalism and the results commented
before. We have stated the geometric formulation of an optimal control problem of un-
deractuated mechanical system in the natural framework of Lie algebroids. This geometric
procedure gives us an intrinsic version of the differential equations for optimal trajectories
and permits us to detect the preservation of geometric properties such as the symplecticity
and the preservation of the hamiltonian. In particular, these results are given in Equations
3.90 and 3.91, Theorem 3.6.2, Equations 3.93, 3.94 and 3.95, Example 3.6.6, Example 3.6.3
and Example 3.6.10.

In Chapter 4 we study optimal control problems of mechanical systems subject to non-
holonomic constraints. In our framework we have implicitly a reduction process, that is; after
the geometric procedure applied through this chapter to describe the dynamical equations
for the optimal control problem we can reduce the degrees of freedom of the lagrangian which
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describes the control problem using the nonholonomic constraints. Under some regularity
conditions we check that our initial Lagrangian formalism is equivalent to a Hamiltonian
formalism for the optimal control problem. We have seen how this framework can be easily
extended when instead of working on T'Q) we consider an arbitrary Lie algebroid. The main
results in this Chapter are shown in Equations 4.3, 4.5 and 4.7; Definition 4.3.4; Remarks
4.2.3 and 4.3.7; and Propositions 4.3.1 and 4.3.6.

The aim of Chapter 5 has been devoted to generalize the theory of discrete higher-order
Lagrangian mechanics and variational integrators in two directions. First, we have developed
variational principles for second-order variational problems on Lie groupoids for mechanical
systems with and without second-order constraints, and we have shown how to apply this
theory to the construction of variational integrators for optimal control problems of mechan-
ical systems. Secondly, we have shown that Lagrangian submanifolds of a special symplectic
groupoids give rise to dynamical second-order equations. Also we study the properties of
these systems, including their regularity and reversibility, from the perspective of symplectic
and Poisson geometry. We also have developed a theory of reduction and Noether symme-
tries, and we have studied the relationship between the dynamics and variational principles
for these second- order variational problems. Finally we have designed numerical methods for
mechanical optimal control problems of total actuated and under-actuated systems. These re-
sults are given in Equations 5.20, 5.26, 5.36 and 5.37; Lemma 5.3.4; Remark 5.3.3; Theorems
5.3.2, 5.3.5, 5.3.16, 5.3.19; Propositions 5.3.8 and 5.3.9; and Corollary 5.3.17.

Chapter 6 accounts for new developments regarding geometric variational integrators for
higher-order mechanical systems and optimal control applications. We have seen that one
possibility to constructing variational integrators for higher-order mechanical systems is to
take a Lagrangian function Ly : T*"DQ x T¢=1DQ — R instead of k + 1-copies of Q, as
is usual, since really the discrete variational calculus is not based on the discretization of
the Lagrangian itself, but on the discretization of the associated action. First we show that
a regular higher-order Lagrangian system has a unique solution for given nearby endpoint
conditions using a direct variational proof of existence and uniqueness of the local boundary
value problem using a regularization procedure which it results by the replacement of the
variational problem with an equivalent one which is regular at h = 0. Secondly we define
the exact discrete Lagrangian for higher-order Lagrangians and we have shown how the
Legendre transformations for this exact discrete lagrangian are related with the second-order
Legendre transform and we have shown that if the exact discrete Lagrangian is regular then
the continuous Lagrangian is also regular. We have shown how our framework can be seen in
the sense of discrete mechanics developed by Marsden and West [131] and we have constructed
variational integrators for optimal control problems in this framework. The results are given
in Definition 6.2.1, Theorems 6.3.1, 6.3.2, 6.3.4 and 6.3.6, and Corollary 6.3.5.

The results presented in this thesis have been published in

o Unified formalism for higher-order variational problems and its applications in opti-
mal control, joint work with P. Prieto-Martinez. International Journal of Geometric
Methods in Modern Physics, (2014) DOI: 10.1142/50219887814500340.

o Discrete higher-order variational problems with constraints, joint work with D. Martin
de Diego and M. Zuccalli. Journal of Mathematical Physics. Vol 54, 093507 (2013),
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doi: 10.1063/1.4820817.

e On Variational Integrators for Optimal Control of Mechanical Control Systems, joint
work with D. Martin de Diego and Marcela Zuccalli. Revista de la Real Academia de
Ciencias Eractas, Fisicas y Naturales. Serie A. Matematicas Volume 106, Issue 1, pp
161-171 (2012).

e Optimal Control of Underactuated Mechanical Systems: A Geometric Approach, joint
work with D. Martin de Diego and Marcela Zuccalli. Journal of Mathematical Physics,
Vol 51, 083519 (2010).

e On the construction of variational integrators for optimal control problems of nonholo-
nomic mechanical systems, joint work with D. Martin de Diego and Marcela Zuccalli
(To appear in Actas del XII Congreso Monteiro, 2014).

e Optimal control of underactuated mechanical systems with symmetries, joint work with
D. Martin de Diego. Dynamical Systems and Differential Equations, Discrete and
Continuous Dynamical Systems, November (2013). Proceedings of the 9th AIMS inter-
national conference, Orlando, Florida, USA. 149 — 158.

e Quasivelocities and optimal contol of underactuated mechanical systems. joint work
with D. Martin de Diego. Proceedings of the American Institute of Physics, Geometry
and Physics, 1260, 133-140, (2011).

e On the Geometry of Higher-Order Problems on Lie Groups. joint work with David
Martin de Diego. (Submitted to STAM Journal of Control and Optimization). July
2011. Available at http://arxiv.org/abs/1104.3221.

e Optimal Control and higher-order discrete mechanics for systems with symmetries, joint
work with F. Jiménez and D. Martin de Diego. (Submitted to Journal of Computational
Dynamics) June 2013. Available at http://arxiv.org/abs/1209.6315.

Also we are working in the final versions of the following works which involve some results
given in this thesis unpublished yet:

e Lagrangian submanifolds generating second-order dynamics on Lie algebroids, with
David Martin de Diego. (Preprint available for distribution 22 p.)

e Higher-order problems on Lie groupoids: Optimal control applications, with D. Martin
de Diego (Preprint available for distribution 28 p.)

o Geometry of optimal control problems of nonholonomic mechanical systems, with A.
Bloch, R. Gupta and D. Martin de Diego. (Preprint available for distribution 18 p.)

e Discrete mechanics and optimal control: An analysis for higher-order mechanical sys-
tems with S. Ferraro and D. Martin de Diego. (Preprint available for distribution 19

p.)
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In addition, the results contained in this thesis have been presented in the following
international meetings:

Geometry of optimal control problems of nonholonmic mechanical systems (poster)
deLednfest. Madrid, Spain (2013).

Optimal control of nonholonomic mechanical systems (poster) 8th International Young
Researchers Workshop on Geometry, Mechanics and Control. Barcelona, Spain (2013).

Optimal control of nonholonomic mechanical systems (talk) VII Summer School on Ge-
ometry, Mechanics and Control. La Cristalera, Madrid, Spain (2013).

Optimal control of nonholonomic mechanical systems (talk) XII Congreso Dr. Antonio
Monteiro. Bahia Blanca, Argentina (2013).

On the plate ball optimal control problem (talk) IV Congreso de Matemdtica Aplicada,
Computacional e Industrial. Ciudad Auténoma de Buenos Aires, Argentina (2013).

Lagrangian submanifolds gemerating second-order Lagrangian mechanics on Lie alge-
broids (invited talk) XV Encuentro de Invierno de Geometria, Mecdnica y Control.
Zaragoza, Spain (2013).

On the geometry of higher-order mechanical systems on Lie groups (invited talk) Seminar
on Geometry of the Universitat Politécnica de Catalunya. Facultad de Matematica y
Estadistica, UPC, Barcelona, Spain (2013).

On the variational discretization of optimal control problems (invited talk) XXI Fall work-
shop on Geometry and Physics. Burgos, Spain (2012).

Optimal control of underactuated mechanical systems with symmetries (invited talk) Focus
program on geometry, mechanics and dynamics: the Legacy of Jerry Marsden, Fields
Institute, Toronto, Canada (2012).

On the geometry of mechanical control systems on Lie groups (talk) 9th. AIMS Confer-
ence on Dynamical systems, differential equations and applications. Orlando, Florida,

USA (2012).

On the geometry of discrete higher-order Lagrangian problems (talk and poster) Gth. Sum-
mer school on geometry, mechanics and control. Miraflores de la Sierra, Madrid, Spain
(2012).

Groupoids and Mechanics on Lie groupoids (talk) Geometry seminar, Maths department,
Universidad Nacional de La Plata, Argentina (2011).

Sobre la geometria de las ecuaciones de Euler-Poincaré de orden superior (talk) Seminar
on Geometry and Physics, Universidad Complutense de Madrid, Spain (2011).

Second order Lagrangian mechanics on Lie algebroids (talk and poster) FEuropean Mathe-
matical Society and Spanish Royal Academy of Science, joint weekend. Bilbao, Spain
(2011).
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e On wvariational problems on Lie groups (talk) Primer Encuentro de Jovenes Investi-
gadores en Matemticas Universidad de La Laguna (PEJIM 2011). La Laguna, Tenerife,
Spain (2011).

e Quasivelocities and optimal control of mechanical systems (talk) Seminar of Geometry,
Departamento de Matemdtica Fundamental, Universidad de La Laguna, Spain (2011).

e Discrete variational problems on Lie groupoids (talkk) Congress of Young researchers of
the Spanish Royal Mathematical Society. Soria, Castilla y Le6n, Spain (2011).

e Higher Order Mechanics on Lie Algebroids (poster) XX International Workshop on Ge-
ometry and Physics. ICMAT, Madrid, Spain (2011).

e On the Geometry of higher order problems on Lie groups (poster) Poisson Geometry
and applications, Figueira da Foz, Portugal (2011).

e An introduction to higher-order mechanics on Lie algebroids (talk) Meeting of Geometry,
Mechanics and Control, ICMAT, Madrid, Spain (2011).

e Discrete second order mechanics on Lie groupoids (poster) 5" International Summer
School on GMC, La Cristalera, Madrid, Spain (2011).

o A Variational and Geometric Approach for the Second Order Euler-Poincaré Equations
(talk) XIIT Winter Meeting on Geometry, Mechanics and Control and Thematic day on
Fields, Zaragoza, Spain (2011).

e Optimal Control of Underactuated Mechanical Systems on Lie Groups and Higher
Order Discrete Vakonomic Mechanics for Optimal Control of Underactuated Systems
(posters) Second Iberoamerican Meeting on Geometry, Mechanics and Control, in Honor
of Herndn Cendra, Centro Atémico de San Carlos de Bariloche, Argentina (2011).

e Optimal Control of Underactuated Mechanical Systems on Lie Groups (talk) 5th Young
Researchers Workshop on Geometry, Mechanics and Control, Universidad de La La-
guna, Tenerife, Spain (2010).

e Variational Integrators for Optimal Control of Mechanical Systems (poster) 5th Young
Researchers Workshop on Geometry, Mechanics and Control, Universidad de La La-
guna, Tenerife, Spain (2010).

Future work

Relation between the classical higher-order Legendre transformation and the
higher-order Legendre transformation on

In Chapter 2 we have introduced the notion of Legendre transformation on a Lagrangian
submanifold ¥; generated by a higher-order Lagrangian L : T®Q — R (see definition
2.5.5). An open question is the intrinsic relation between the Legendre transformation that
we have defined in 2.5.5 FL : £ — T*(T®*~DQ) and the classical Legendre transformation
Legy, : T#=DQ — T*(T* =1 Q). More explicitly, given a regular Lagrangian L : T*)Q — R,
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is there an intrinsic map, ¢, : T*~1Q — X1 such that FL o o;, = Legr?. A description in
local coordinates is easy.

Lagrangian submanifolds generating second-order dynamics on Lie algebroids

Now we will give some ideas about how to study the dynamics of second-order mechanical
systems on Lie algebroids as an alternatively characterization of the results given in Chapter
2.

Let E be a Lie algebroid over M with bundle projection denoted by 7 : £ — M. We
consider local coordinates (z%) where i = 1,...,m and let {e4} be a basis of sections of 7.
Also we will denote by {e“} its dual basis being a basis of 75+ : E* — M. The basis {e4}
and {e?} induces local coordinates (z*,y?) and (z%,p4) on E and E* respectively.

Following [1 1 1] one can construct the Tulczyjew’s triple on Lie algebroids defining the two
vector bundles isomorphisms, namely Ag : T2*E — (T™EE)*, bp« : TE*E — (T'E* E)*.
Then applying this construction to the case when the Lie algebroid is the E-tangent bundle to
a Lie algebroid, that is, when F is T7F E, one can obtain the Tulczyjew’s triple that we need
to use to obtain the dynamics for second-order systems. Locally, the isomorphism Agrg g is
given by

‘A‘J'TEE(xivyAapAvﬁA; qAa qA; lAa Z_A) = (xia yAv QA,(YA; lA + engchv Z_AapAvﬁA) (638)

where GSB are the constant structure of the Lie algebroid F and (z?, A paspaz g, @ la, l4)
1)
are local coordinates on the Lie algebroid TTee (T2 E) where Tg*) :(TTEE)* — E*(see [111]).

Consider a Lagrangian function L : F®) — R where E®) is the set of admissible elements
and also consider the following submanifold of (‘TT‘(EI) (TTEE))*,

(1)
Sy e = {n € (T8 (TEE)* | iu=dV L}

where A = (p1) " H(TN), ia : (p1)"Y(TN) C E — ‘J’TSEI)(‘J'TEE), is the canonical inclusion,
p1:JEE — TFE is the anchor map of the Lie algebroid T2 FE over FF and N = E®_ Here dV
denotes the differential operator of the Lie algebroid A := (p;) "' (T'N) over E?) (see 3.5.7).

If we take induced coordinates (:ri,yA,vA,zA) on J"EF the set of admissible elements
is characterized by the condition y? = v?. Then, the induced coordinates on E®?) are

(27, yA, zA). Locally, the submanifold 3: g is characterized by the equations

oL

pa = P%%a (6.39)
oL

BaA+fla = G (6.40)
~ oL

a = (6.41)

where {4, 14, fia, A} are sections of (‘.]'Tg)(‘.TTEE))*.
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(1)
Theorem 6.5.10. S, = A#EE(ELE@)) = {z € T» (TFE) | Ayep() € ¥ po} C
( 1)
‘J'TEl*) (T"EE) is a Lagrangian submanifold of T (T7ER).

Using the expression of the Tulczyjew’s isomorphism one can show that equations (6.39),
(6.40) and (6.41) are equivalent to

;, OL
la+ Chppcd® = PAG (6.42)
- oL
la+pa = —, 6.43
_ oL

and after some computations one can show that the second-order Euler-Lagrange equations
on Lie algebroids for L : E®® — R are given by,

dzxt
dt

@ 0L . pd (0L d oL o (0L . OL
0 = G@g.a T Cany dt<8,zA>_dtayA_eABy (ayA>+f’Aaxr

Pyt =

Higher-order geometric Hamilton Jacobi theory and optimal control appli-
cations

In [17] and [18] we have worked in the higher-order geometric formulation of the Hamilton-
Jacobi theory. With the idea to do further developments in this geometric Hamilton-Jacobi
theory we pretend to extend this theory in the Skinner and Rusk formalism to the case of
higher-order mechanical systems with higher-order constraints and study the applications to
optimal control problems of underactuated mechanical systems. Also we want to apply the
results given in [1&8] to optimal control problems of fully actuated mechanical systems.

Taking into account the developments of Chapter 4 we would like to analyze the possibility
of study nonholonomic optimal control problems adapting the results of [39], [17] and [117]
to this class of optimal control problems. Finally, we want to construct symplectic and
variational integrators to study optimal control problems in the framework of the higher-
order geometric Hamilton-Jacobi theory using and extending the ideas given in [118].

Construction of variational integrators for nonholonomic optimal control
problems

In Chapter 4 we have seen as an optimal control problem of a nonholonomic system can
be seen as a Hamiltonian system on 77%D. In this sense, one can use standard methods for
symplectic integration as symplectic Runge-Kutta methods, collocation methods, Stérmer-
Verlet, symplectic Euler methods, etc; developed and studied in [106], [107], [108], [159], [160]
for example, to simulate nonholonomic control problems from the Hamiltonian point of view.

Also, we would like to build variational integrators as an alternative way to construct
integration schemes for this kind of optimal control problems following the results given in
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Section 4.2. In this sense, recall that in the continuous case we have considered a Lagranian
function L : D@ — R. Since the space D@ is a subset of TD we can discretize the tangent
bundle TD by the cartesian product D x D. Therefore, our discrete variational approach
for optimal control problems of nonholonomic mechanical systems will be determined by the
construction of a discrete Lagrangian L : @22) — R where Dgg) is the subset of D x D locally
determined by imposing the discretization of the constraint ¢’ = p%(g)y”, for instance we

can consider
gi—ah _ (0t (v +ui
h PA\ "9 2 ‘

Now the system is adequate for the application of discrete variational methods for con-

992{%0$%wﬁ6®x9

strained systems.



Conclusiones

El capitulo final de esta memoria consiste en enumerar las contribuciones mas relevantes de
este trabajo.

En el Capitulo 2 nos hemos centrado en estudiar la relacién entre los sistemas dindmicos
Hamiltonianos de orden superior y los sistemas dindmicos Lagrangianos de orden superior.
Después de introducir la nocién de transformaciéon de Legendre en una subvariedad La-
grangiana en la definicion 2.5.5, hemos probado tal equivalencia. Mas atin, hemos dado una
caracterizacion alternativa de la dinamica de orden superior en la subvariedad Lagrangiana
Y1, € T*TT*-1Q en términos de las soluciones de las ecuaciones de Euler-Lagrange de orden
superior en el teorema 2.5.6.

En el Capitulo 3 hemos estudiado la mecénica de orden superior en el formalismo de Skin-
ner y Rusk para obtener las ecuaciones de Euler-Lagrange de orden superior, Euler-Poincaré
de orden superior y Lagrange-Poincaré de orden superior. Este formalismo geométrico nos ha
permitido definir una forma presimpléctica y una funcién Hamiltoniana, y en consecuencia,
una formulacién global y inica de la dindmica. También, hemos desarrollado una formulacién
intrinseca para las ecuaciones provenientes de problemas variacionales de orden superior su-
jetos a ligaduras de orden superior. La extensién de estas teorias al marco de algebroids de
Lie ha sido también desarrollada. En particular, estos resultados fueron dados en: Ecua-
ciones 3.7, 3.17, 3.27, 3.28, 3.34, 3.35, 3.77, 3.79; Teoremas 3.2.1, 3.2.3, 3.3.1, 3.3.3, 3.4.1;
Proposicién 3.5.5 y Remark 3.2.4.

También en la Seccién 3.6 hemos estudiado la descripcion geométrica para tratar un
problema de control 6ptimo para sistemas mecanicos infractuados utilizando la formulacién
de Skinner y Rusk desarrollada en las secciones previas de este capitulo y los resultados
comentados anteriormente. Hemos establecido la formulacién geométrica de un problema
de control éptimo para un sistema mecdanico infractuado en el marco de algebroides de Lie.
Este formalismo geométrico dié lugar a una version intrinseca de las ecuaciones diferenciales
que dan lugar a las trayectorias que resuelven el problema de control éptimo y permiten
detectar propiedades geométricas de preservacion tales como la preservacion de la forma y
seccién simpléctica proveniente de los teoremas de simplecticidad dados en este capitulo y la
preservacion de la funcion Hamiltoniana. En particular los resultados obtenidos aqui estan
contenidos en: Ecuaciones 3.90 y 3.91, Teorema 3.6.2, Ecuaciones 3.93, 3.94 y 3.95, Ejemplo
3.6.6, Ejemplo 3.6.3 y Ejemplo 3.6.10.

En el Capitulo 4 hemos estudiado problemas de control 6ptimo para sistemas mecanicos
con ligaduras noholonomas. En nuestro formalismo tenemos definido implicitamente un pro-
ceso de reduccidn, esto es, luego de un proceso geométrico aplicado a lo largo del capitulo
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para describir las ecuaciones que describen las trayectorias optimales de un problema de
control optimo para un sistema mecénico sujeto a ligaduras noholonomas, podemos reducir
los grados de libertad del sistema Lagrangiano, en cuestién, para reducir las variables del
problema y luego reconstruir la solucién. Bajo ciertas condiciones de regularidad, encon-
tramos que nuestro formalismo Lagrangiano inicial es equivalente a uno Hamiltoniano para
resolver el problema de control 6ptimo. Adema&s hemos extendido este formalismo a uno mas
general en el contexto de un algebroide de Lie arbitrario. Los principales resultados de este
capitulo estan dados en: Ecuaciones 4.3, 4.5 y 4.7; Definicion 4.3.4; Remarks 4.2.3 y 4.3.7; y
Proposiciones 4.3.1 y 4.3.6.

El principal objetivo del Capitulo 5 ha sido la generalizacién de la teoria de sistemas
mecdanicos discretos de orden superior e integradores variacionales en dos direcciones prin-
cipales. Primero, hemos establecido y desarrollado principios variacionales para sistemas
mecdanicos de orden dos en grupoides de Lie y hemos visto cémo aplicar esta teoria a la
construccién de integradores variacionales para problemas de control 6ptimo de sistemas
mecanicos totalmente actuados e infractuados. En segundo lugar, hemos probado que una
subvariedad Lagrangiana de un particular grupoide simpléctico (el grupoide cotangente) da
lugar a las ecuaciones que describen la dindmica discreta de orden dos. También hemos
estudiado las propiedades de estos sistemas discretos, incluyendo la regularidad de ellos y
reversivilidad desde el punto de vista de la geometria simpléctica y de Poisson. Hemos de-
sarrollado una teoria de reduccién mediante simetrias de Noether. Alguno de los resultados
obtenidos en este capitulo pueden verse en: Ecuaciones 5.20, 5.26, 5.36 y 5.37; Lema 5.3.4;
Remark 5.3.3; Teoremas 5.3.2, 5.3.5, 5.3.16, 5.3.19; Proposiciones 5.3.8 y 5.3.9; y Corolario
5.3.17.

El Capitulo 6 de esta memoria da lugar a la construccién de integradores variacionales
para sistemas mecanicos de orden superior y sus aplicaciones en la teoria de control 6ptimo.
En este capitulo hemos visto que hay otra posibilidad més general de construir integradores
variacionales para sistemas mecdnicos de orden superior construyendo un Lagrangiano dis-
creto Ly : T DQxT*-1Q — R en lugar de definirlo en k+1 copias de Q, como es habitual,
dado que realmente el calculo variacional discreto no esta basado en la discretizacion del La-
grangiano sino en la discretizacién de la accién asociada al principio variacional. Primero,
hemos probado que un sistema Lagrangiano de orden superior para un Lagrangiano regular
tiene una tnica solucién, para condiciones iniciales dadas suficientemente cercanas, usando
una prueba puramente variacional, sin la necesidad de utilizar la teoria estandar de ecua-
ciones diferenciales ordinarias, para probar la existencia y unicidad de soluciones para el
problema de condiciones de borde. Realizamos un proceso de regularizaciéon que resulta de
reemplazar el principio variacional en cuestion por uno que es regular en h = 0. En se-
gundo lugar, definimos el Lagrangiano discreto exacto para sistemas Lagrangianos de orden
superior y relacionamos las transformaciones de Legendre de éste con las transformacién de
Legendre estandar para sistemas lagrangianos de orden superior. Ademds, probamos que el
Lagrangiano discreto exacto es regular si y sélo si el Lagrangiano continuo es regular. Mas
aun, nosotros hemos visto que nuestro formalismo puede ser visto en el marco de la teoria
de Mecanica Discreta desarrollada por Marsden y West [131] y hemos contruido integradores
variacionales para problemas de control éptimo en el formalismo comentado anteriormente.
Los principales resultados de este capitulo estan dados en Definicion 6.2.1, Teoremas 6.3.1,
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6.3.2, 6.3.4 y 6.3.6; y Corolario 6.3.5.
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