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Deep Least Squares Fisher Discriminant Analysis

David Diaz—VicoD and José R. Dorronsoro

Abstract— While being one of the first and most elegant
tools for dimensionality reduction, Fisher linear discriminant
analysis (FLDA) is not currently considered among the top
methods for feature extraction or classification. In this paper,
we will review two recent approaches to FLDA, namely, least
squares Fisher discriminant analysis (LSFDA) and regularized
kernel FDA (RKFDA) and propose deep FDA (DFDA), a straight-
forward nonlinear extension of LSFDA that takes advantage of
the recent advances on deep neural networks. We will compare
the performance of RKFDA and DFDA on a large number of
two-class and multiclass problems, many of them involving class-
imbalanced data sets and some having quite large sample sizes;
we will use, for this, the areas under the receiver operating
characteristics (ROCs) curve of the classifiers considered. As we
shall see, the classification performance of both methods is often
very similar and particularly good on imbalanced problems, but
building DFDA models is considerably much faster than doing
so for RKFDA, particularly in problems with quite large sample
sizes.

Index Terms—Deep neural networks (DNNs), Fisher discrim-
inant analysis (FDA), kernel discriminant analysis, nonlinear
classifiers.

NOMENCLATURE

c Number of classes.

d Number of pattern features.

N, Ny, ..., N, Total and class sample sizes.

1,1 d x d identity matrix.

1y All ones N-dimensional vector.

X N x d sample data matrix.

m Sample mean.

E N X ¢ one hot encoding label matrix.

H N x N centering matrix.

11 ¢ X ¢ diagonal matrix with I1; = N;.

Sg, ST Between-class and total sample covariance
matrices.

SB, ST Between-class and total projected
covariance matrices.

A L, regularization parameter.

D, Inverse of S + Al.

k() Kernel.
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K Kernel matrix.

C H K H matrix.

w Generic weight set of a DNN.

wo, W Linear output components of WW.

W Components of W excluding wo and W.
se(x) Generic scoring for class k acting on x.

T Prior probability of class i.

P(0lx), P(1|x) Posterior probabilities of classes

0, 1 conditioned on x.

True and false positive rates associated
with a threshold z.

I. INTRODUCTION

TPR(t), FPR(¢)

MBALANCED classification is certainly among the most

important problems in machine learning, and as such, it has
received a wide attention [1]. This has been particularly the
case since the mid-2000s, where articles such as [2] and [3]
drew the scientific community to work on a topic that, although
recognized as relevant, up to that, the moment had received
only scattered attention [4]-[7]. Over time, it has been possible
to group [8] the many proposals for handling imbalanced
problems into two general approaches, sample-based
procedures or algorithm-based ones. Sample-based algorithms
usually try to correct the imbalance by undersampling the
largest class (see [9]), oversampling the smaller class (as in
the celebrated Synthetic Minority Over-Sampling Technique
approach [10]), or applying both in combination with an
ensemble classifier [11]. Given the computational cost of
rebalancing and of working with ensembles, simple classifiers
such as decision trees are often used. On the other hand,
algorithm-based methods involve stronger classifiers and
seek to correct their natural bias toward the larger classes.
A natural way to achieve this is to introduce imbalance
correcting classification costs [7], or to modify a classifier’s
loss function so that the influence of the smaller classes is
increased [12]. Neural networks for imbalanced classification
were studied under this second approach. In fact, it was early
recognized [13] that the usual one-hot target encoding often
used in neural classification implicitly and strongly favored
the larger class. To correct this, it was proposed in [13] that
an alternate coding of class patterns which incorporated class
size information into the network’s training.

These observations suggest that classification methods that
are implicitly aware of class information should be of interest
when seeking efficient classifiers in imbalanced problems.
One such method is Fisher linear discriminant analysis
(FLDA [14], [15]). FLDA is based on having competing
spreads for the within-class covariances (small) and the
between-class covariance (large), and it is most often applied
to obtain useful data representations. However, while it can

2162-237X © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0002-4002-5312

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

also be used to build distance-based classifiers, it is not
frequently applied as such. This is often the case of purely
linear classifiers, but another reason is that its goal of keeping
class means as far as possible while at the same time having
small class variances, can be optimally achieved only when
all classes have Gaussian-distributed features with a common
covariance matrix.

Nevertheless, FLDA is at the core of several successful
methods for important problems. For instance, in face recog-
nition and person reidentification, the well known Fisher face
method [16], which initially relied on models relatively close
to Fisher’s original proposal, has been progressively improved
by adding a nonlinear processing of the images to be identified.
Another well-known extension is kernel Fisher discriminant
analysis (KFDA [17]), which essentially applies linear FDA
over nonlinear extensions of the initial features and takes
advantage of the kernel trick to avoid having to explicitly
build them. KFDA initially addressed binary classification but
has been extended to multiclass problems in [18]. Moreover,
the approach in [18], regularized KFDA (RKFDA) puts on a
clear footing on how to deal with regularization in KFDA.
However, on the other hand, working with kernels requires
N x N matrix computations, with N sample size, which may
make it too expensive, if not unfeasible, on large problems.
Other kernel extensions of FLDA have been proposed, such
as [19] for face recognition, [20] for radial basis function-
based classification, or [21] for general feature extraction and
recognition.

After the huge success of deep neural networks (DNNs),
a clear way for the nonlinear extension of linear methods
is to place them at the last hidden layer of a possibly deep
multilayer perceptron (MLP). In fact, the recent advances in
DNNs have greatly simplified the training of networks with
a very large number of layers and hundreds of thousands of
weights. To this, we can add the widespread availability of
DNN tools such as Theano [22], CNTK [23], Torch [24],
MXNET [25], or TensorFlow [26], endowed with compila-
tion procedures that automatically compute backpropagation
gradients for cost functions much more general than the cross
entropy or square errors that had traditionally been applied
in classification or regression. In a slight abuse of language,
here, we will use the term “deep” with precisely this meaning
of networks defined, initialized, and optimized using these
new advanced techniques, rather than implying a large number
of hidden layers. In fact, a large number of layers and the
correspondingly large number of weights are dependent on
having very large training samples with sizes in the millions
of patterns. Here, we will consider samples sizes up to the
hundreds of thousands and networks with up to five layers;
note that while their training is nowadays almost routine, it was
simply not possible until a few years ago, as the modern
initialization, activation, and optimization techniques were not
yet available.

It is thus natural trying to take advantage of this for
Fisher analysis, but it is not easy to blend eigencalculations
on the covariance matrices of the last hidden layer with
the usual backpropagation training of DNNs; see [27] for
an early attempt in this direction, see [28] where FLDA is
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preceded by nonlinear transformations learned by DNNs in a
semisupervised fashion, and see [29] where the direct opti-
mization of FLDA’s eigenvalue-based criterion is proposed.
Other examples are [30] for person reidentification or [31] for
gender detection. A much simpler way for such an extension
is given by the initial results in [32] and [33], and particularly,
the proposals in [34] and [18] show how to relate FLDA
with a least squares regression (LSR) over properly defined
targets (see also [35] for a different least squares approach).
We shall make extensive use of this and also of the isometry
that is shown in [18] and [34] to exist between the FLDA
projections and those induced by the LSR solution. This isom-
etry implies that equivalent FLDA and LSR distance-based
classifiers can be defined in terms of k-nearest neighbors, min-
imum class-mean distances, or as done here, distance-based
scores.

As a consequence, a simple way to nonlinearly extend the
preceding is to replace linear LSR by a DNN counterpart,
where the outputs of a DNN will now approximate appropriate
class-based LSR targets. Of course, regularization is also
mandatory for DNNs, which involves not only a careful choice
of penalties but also an adequate criterion function to be min-
imized during hyperparametrization. This DNN approach to
FDA is our main contribution here (see [36] for a preliminary
version), to which we can add the following.

1) The proposal of suitable scoring functions for RKFDA
and deep FDA (DFDA) based on the computation of
receiver operating characteristic (ROC) curves and area
under the curve (AUC) values.

2) An extensive comparison of RKFDA and DFDA over
a large number of two-class and multiclass data sets,
many of them involving imbalanced problems, which
show that DFDA gives essentially the same classifi-
cation results but with a much lower computational
cost.

This paper is organized as follows. In Section II, we shall
briefly review classical FLDA, and in Section III, we give
a streamlined expositions of the RKFDA approach in [18].
In Section IV, we will review the equivalence in [18] and [34]
between a concrete LSR problem and FLDA. We will propose
in Section V a distance-based scoring function for both DFDA
and RKFDA that facilitates the computation of AUC values
which we will use in order to optimize the regularization
parameter of DFDA and RKFDA. In Section VI, we will exten-
sively compare the performance of DFDA and that of RKFDA
over a number of substantially imbalanced two-class problems,
whereas, in Section VII, we will do so on several large scale
problems that are either imbalanced or multiclass or both; we
also include, here, results for the largest data sets among those
considered in [17]. While, as we shall see, the classification
performance of RKFDA and DFDA is essentially the same,
the computational costs of DFDA are considerably smaller
and make it possible to apply DFDA to large problems for
which the large size of the kernel matrix makes the use of
RKFDA too costly. Finally, a brief discussion will be given as
well as pointers to further work. We also mention that Python
code for building RKFDA and DFDA models and performing
our experiments are available at a GitHub repository.
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II. FISHER’S LINEAR DISCRIMINANT ANALYSIS
A. Generalized Eigenproblem

Recall that FLDA seeks to concentrate its projections around
their class means while, at the same time, keeping apart these
class means. Several target functions have been proposed,
see [14, Sec. 10.2], where many of them are shown to be
equivalent. In this paper, we will maximize the trace criterion

g(A) = trace(s;lslg) = trace((A’STA) "1 (A'SgA)) (1)

where A is the d x g projection matrix, Sp and St are the sam-
ple between-class and total covariance matrices, respectively,
and sp and sy denote the between-class and total covariances
of the projections z = A’x, see [18, Sec. 2.2], for more details.
Assuming ¢ to be such that sp has rank g and s7 is invertible,
solving Vag = 0 leads to 0 = —2 St Asy 'sps; ' +2 SpAsy ',
i.e., to the problem of finding A such that SpA = St As}lslg.

Given that, for any M and an invertible Q,
trace(Q ' M Q) = trace(QQ ' M) = trace(M), the solution
of (1) is unique modulo any such a ¢ x ¢ transformation
Q of the A projections, which will not change the cost
function g(A). In particular, if s;lsB = UTU! is the SVD
of s, 'sg, we can replace the previous problem with the
following equivalent eigenproblem:

SpA = ST AT (2)

with T" the eigenvalues of s, lsB and, hence, the nonzero
eigenvalues of S, 'Sp. If Sr is invertible, solving (2) is
equivalent to solving S, 'SpA = AT, we then have

g(A) = trace(s;lslg) =trace ' =y +... +y4. 3)

We can maximize this simply by selecting the ¢ largest
eigenvalues in I after sorting them in descending order,
together with some convenient normalization of their asso-
ciated eigenvectors. In fact, note that a normalization has to
be introduced given that the maximizer of (1) is not uniquely
defined; the usual choice is to have A'S7A = I, but, here,
we will consider solutions B such that B'Sy B = I'. Observe
that we can move from A to B simply by setting B = AT'!/2
and vice versa.

Finally, it may be the case that St does not have full rank.
While often S ! is then replaced with the Moore—Penrose
inverse of St, here, we will consider regularized discriminant
analysis [37], working with the positive definite matrix Sy 411
for some A > 0 and solving then the eigenvalue problem

(St + AI)"'SpA = AT. 4)

B. Solving the Generalized Eigenproblem

At first sight, solving (4) would require the computation of:
1) Sp and D; = (St + A1)~" at a cost O(Nd?) + 0(d?);
2) D,;Sp at a cost O(d3);

3) A and I from the SVD of D, Sp at a cost O(d>).
Thus, besides computing Sz, three steps with a cost O (d>) are
involved. To improve on this, first, observe that if X denotes
the N x d data matrix, we have

Sr=X'HX, Sp=X'HEN 'E'HX (5)

Algorithm 1 Solving Fisher Linear Discriminant Method

1 Read X, 4, E, (Ny,...,N)

2 Compute IT = diag(Ny, ..., N¢)

3 Compute S7 = XTHX

4 Compute D; = (S7 + A1)~

s Compute Q = X'HETI"'/?2 and R = Q'D; Q
6 Compute the SVD R = VI'V!

7 Return I', V, D,

where the superscript ¢ indicates the transpose, I1 denotes the
¢ x ¢ diagonal matrix with II;; = N;, the number of sample
patterns in class i, E denotes the N x ¢ one-hot encoding
matrix, and H is the centering matrix

1
HZ[N—N1N1§V (6)

with 1y the all ones N-dimensional vector; in particular, the
pth row of the N x d matrix HX equals x; —m', with x,
the pth sample vector. Moreover

Sp=X'HEN Y2 N7'2E'HX = 00' (7)

where we write Q = X'HETI~1/2, Defining, now, the ¢ x ¢
matrix

R=0'D;0 (8)

if R = VIV isits reduced SVD decomposition (i.e., we only
consider the ¢ < ¢ nonzero eigenvalues in I'), then it can be
easily seen that the pair (A = D, QV, I') verifies D;SpA =
AT, i.e., it solves (4), for we have

D;SpA =D, 00Q0'D;QV = D;QRV
=D,0VI = Al.

This suggests to solve (4) through the steps in Algorithm 1,
whose computational cost is:

1) O(Nd?) to compute Sy at step 3 of the algorithm;

2) O(d?) to compute D; in step 4;

3) O(dNc)+ 0(dc?) to compute Q and O(cd? +c? d) to
compute R in step 5;

4) 0(c?) to compute V, T" from the SVD of R in step 6;

5) 0(dg?) to compute A = D;QV after the return in
step 7.

There is thus only one step with a cost O(d?) and when d >
N > ¢, this should improve on the first approach.

IIT. REGULARIZED KERNEL FISHER
DISCRIMINANT ANALYSIS

A. Plain Regularized KFDA Problem

In what follows we loosely follow the discussion in [18]. We
also point out that, as mentioned in [18], the treatment below is
slightly different from that in [17]. We assume starting patterns
x € R? and their expansions X = ®(x) € R in some (quite)
large dimensional space (i.e., D > d). We will denote the
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expanded data matrix as X and we can define the between
and total covariance matrices of the expansions as

Sp=X'HEN 'E'HX, Sr=X'HX 9)

with H again the centering matrix H = Iy — (1/N)1Nl§V
and E the one-hot encoding matrix. The generalized regular-
ized eigenvalue problem now to be solved is

SgA = (S, +1Ip)AT (10)

with A € RP*4_ This is [18, eq. (14)], shown also in that paper
to be equivalent to its kernel version problem in [18, eq. (16)].

Given that now D > ¢ is certain, the way to proceed
according to the previous discussion for FLDA would be to set
Q = X'HETI~'/2 and to define again the ¢ x ¢ matrix R as

Y

where D; = (§T +4I)~" and R has rank g < ¢ — 1; we then
get its reduced SVD decomposition R =~V1"Vt and somehow
compute the projection matrix A = D; QV. However, this is
not feasible as all the preceding computations would have to
be performed on the expanded X, something we want to avoid.
To do 0, we will rewrite 5/1 X'H as follg)vws.
Set C = HXX'H = HK H, where we will call K = XX’
the kernel matrix as we assume its entries X, - X; to be
computed on the initial features x through a suitable kernel
k(xp,xq), and set also A; = (C + JIn)~!. Then, we have

R=0'D,0=1""2E'HXD,X'HETI"!/?

X'H =X"H (C+Aly) A
= (X'HHXX'H + AX'"H) A,
= (X'"HHX + 1Ip) X'H A,
=D;'X'H A,

therefore, it follows that

D,X'H=X'H A, (12)
which, in turn, implies
R=1""?E'HX (D;X'HE) 1"'/?
=T"'2E'"HX (X'H A;) ETT"/?
=N""?E' (HXX'H) A,EIT"'/?
=1"'"2E"Cc A, EI"'/? (13)

where we use parentheses for easier reading.

Therefore, the kernel matrix is just what we need to obtain
the matrix R without having to handle the extended data
matrix X and to compute Rs SVD to get V and I'. Using (12)
again, the resulting projecting matrix A would then be

A=D;QV =D, X'HEN 2y
= XHAETI™ 2y, (14)

At first sight, A seems to require X but, again, we can
avoid this when computing the Fisher projections. In fact,
the projection of the expansion X of a new x would be

c=A'G-m)=V'II"'"?E'A;HX' (X — i)

1
=V "2E'A)H (kx — NKIN) (15)
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Algorithm 2 Training Phase of the Regularized Kernel
Fisher Discriminant Method

1 Read K, 1, E, (Ny,...,N)

2 Compute IT = diag(Ny, ..., N¢)

3 Compute C = HKH

4 Compute A; = (C + Aly)~!

s Compute F = E'C and G = A E

6 Compute P = O Y2F, =Gl "2 and R = PQ

7 Compute the condensed SVD R = VIV’

s Return I, V, A,

where k, is the vector (k(x,xy),...,k(x,xy))" and which
only involves kernel operations. Note that when k(x, x") =
x-x' (i.e., X = x), we simply recover the previous solution of
FLDA.

We next make explicit the corresponding training and testing
algorithms for this RKFDA procedure.

B. Train and Test Algorithms for the RKFDA Problem

We describe, here, [18, Algorithm 5] in a more detailed
form, handling separately what would be its training phase
(Algorithm 2) and its testing phase (Algorithm 3) and with
an eye to the detailed computational analysis we given in the
following. In the training phase, we simply compute R in (13)
and perform a SVD on it, getting V and I" such that

R=VIV! (16)

where I' contains the ¢ < ¢ — 1 nonzero eigenvalues of
R and V is made of orthogonal eigenvectors.

These steps to obtain V and I' are put together in Algo-
rithm 2 for the training phase of RKFDA, whose computa-
tional costs run as follows.

1) Since wehave C = HKH = K—(1/N)(DX+(D¥)")+

(1/N)VX, with:

a) DX the N x N matrix DF = (dX, ..., d¥) with
dX the degree vector dx = (df,...,d¥)" and
d;[7< = Z§ Kp,q

by VE =0k =3 Kp4

computing C in line 3 does not essentially involve
float operations once the kernel matrix K is available;
computing it has a cost of O(N?x), where « is the cost
of a kernel computation k(x, x).

2) Computing A; = (C + AIy)~" in line 4 has a O(N?)

cost.

3) Computing F = E'C and G = A, E in line 5 has a

cost of O(cN?).

4) Computing P =I1""2F, Q = GII""? and R = PQ

in line 6 has a cost of O(c* N).
5) Computing the condensed SVD R = VI'V'! in line 7
has also a cost of O(c?).
Since we may expect N >> ¢, the most expensive operation is
computing Ay = (C + AIy)~ L.

With regards to the test phase, where we apply the projec-
tions A’X to the expansions X of new, unseen x, the required
steps are outlined in Algorithm 3 for getting these projections
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Algorithm 3 Test Phase of the Regularized Kernel Fisher

Discriminant Method

1 Read k(-,-), S = {x1, ..
(N1, ..., Ne), Ty, Vy

2 Read test sample S;5r = {x], ..., x},}

3 Compute the test kernel matrix Kg = (k}, ..

k;’ = (k(x;, Xl), - ,k(x;,xN))t _FplN

and k'), = 3 3, k(x),, xg)
4 Compute Cs = HKg
5 Compute IT = diag(Ny, ..., N¢)
6 Compute T = V'II™'/2E'A;
7 Return TCg

Lxnh Ay =(C+ AN E,

- K}y), with

a7)

on a test sample Sye;; = {x],...,x),} with M new patterns.
Its main computational costs are those of the following.
1) Computing K in line 3 with a cost of O(NMk), where
we recall that x denotes the cost of a kernel computation
k(x,x").
2) Computing Cs = HKs = Ks — (1/N)1y1} Ky in line
4 only involves sums but no further kernel operations.
3) Computing T = (V'II"Y/2)(E'A;) in line 6 with a
O(cN?) cost.
4) Computing 7 Cs in line 7 with a O(cNM) cost.
Thus, assuming N > M > c, the overall test cost is dominated
by the O(cN?) of line 6.

Finally, we observe that we have relied on the assumption of
a finite dimension D for the X for the sake of motivating and
deriving the above-mentioned algorithms. However, we ulti-
mately only need a kernel k(x, x’) to compute the matrix R
and the projections z in Algorithms 2 and 3. This makes
possible to work, for instance, with projections ®(x) in a
countably infinitely dimensional Hilbert space when Gaussian
kernels are used.

IV. DEEP FISHER DISCRIMINANT ANALYSIS
A. Least Squares Regression and FLDA
Let X be the n x d data matrix, 1,, the all ones vector, and
in a two-class problem, let y be the target vector defined by
setting y, = n/n; for patterns in class 1 and y, = —n/n; for
those in class 2. Then, it is well known [15] that solving

1
min = ||y — 1,wo — Xw|? (18)

wo,w 2

gives a solution to FLDA. In fact, if m; and m, are the
class means on the original features, then Sg = (m; — m»)
(m1—my)’, and setting w = S;l(ml —my), it is easy to check
that S;ISBw = wy, with y = (m| — mz)’S;l(ml — my).
In other words, w solves the eigenproblem (4) and, therefore,
coincides with a dilation of an FLDA’s projection vector.

Many attempts have been made to extend this simple
equivalence to multiclass problems. This has been achieved
by the essentially equivalent proposals of Ye [34] and, partic-
ularly, Zhang et al. [18] (see also the proposals by Park and
Park [33]). We describe it next.

With 1,, and X as before, let now W be a d x g matrix,
wo a g x 1 vector and Y a target matrix to be chosen, and
consider the LSR problem of minimizing

min L ¥ — 1, w)— XW]|>.

19
wq, W 2 ( )

Assuming for simplicity, a regular St (or working with S7+A41
for some A > 0 if not), the optimal W* solving (19) is

W*=S.'X"HY (20)

with H again the centering matrix. As in Section II, we have
here ST = X'H X and also

Sg=X'HEN "2 N~ '2E'HX = 00O’

with E the N x ¢ one-hot encoding matrix. Choosing as targets
in (19) the N x ¢ matrix ¥ = H EII"/2, the LSR matrix W*
solution is given by

W*=S'X'"HY = S;'X'HETT '? = s;'0. 21

We see now that we can recover from W* a solution of (4).
To do so, consider again the reduced SVD decomposition
R = V TV! of the ¢ x ¢ matrix R = Q’S;IQ. Setting
B = W*V, we have

S;'SgB = S;'SpW*V
= S5;'0RV =5s;'ovr
= W*VT = BT.

Moreover

B'SrB

VIW St WV =V Q'S srs oV
=V'Q's;'QV = V'RV
=T.

In other words, (B, T') is a solution of (4) with the normal-
ization B'SyB =T.

However, we would like to avoid working with B as it would
require the SVD of R and, instead, derive a suitable projection
from the LSR solution W. To achieve this, let us denote by
z = (WH'x and o = B'x the W* and B projection,
respectively, of a pattern x. We then have [18]

lo — 'l = (x —x') BB (x — x)
= (x —x)WVV (W' (x —x))
= llz =23
which implies that

lz = zkll2 = llo — @xll2, (22)

where 7y, @r denote the kth class means for the z and w
projections.

Thus, any distance classifier or, more generally, any score
based on distances to class means will give the same results
when computed either over the least squares z projec-
tion or over the linear FDA ones w. In other words, the LSR
solution can be used to define distance-based scores equivalent
to the ones which could be defined using Fisher’s projection;
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we will discuss them in Section V below. This LSR procedure
opens the way to a nonlinear, DNN-based approach to Fisher’s
analysis which we describe in Section IV-B. Before doing so,
we point out that it can be easily seen that the row in the target
matrix ¥ = H EI1~'/2 for a pattern xp of class k is given by

Y = Tk (23)
pk = n\/ﬁ
and Y, = —(/nx/n) for the other components k' # k.

(In [34], these Y values are just multiplied by /n.)

B. Deep Neural Fisher Discriminant Networks

As just argued, a distance-based classifier for a ¢ class
problem equivalent to the one resulting from Fisher projections
can be obtained through the following steps.

1) For a given training matrix X,,, class indicator matrix
E; and targets Y; = HE,; X112, obtain the
c-dimensional vector wg and d x ¢ matrix W* which
solve the LSR problem

1
min [ ¥er — 1, wh — Xo W, (24)

wo, W
2) Use them to compute the projections y = wg + (W*)'x
for x € Dy, and their class means y;, = w + (W*)'Xj.
3) Assign a test pattern x to a class according to scores
defined in terms of the distances between the projection
y = w{ + (W*)'x and the class means Y.
Now, it is natural to define a nonlinear extension by applying
the previous LSR steps to nonlinear extensions z = ®(x) of
the original features x. A simple way is to apply the previous
linear steps to the z features on the last hidden layer of a DNN;
more precisely, we

1) Solve the LSR problem

min % Yer = f Xer, WI? (25)
to get an optimal DNN weight set W*; here, X,, is the
training matrix, Yy, is the training target matrix defined
previously and the matrix f(X;-, W) has rows of the
form f(X;, W), = f(xp, W), with f(x, V) the linear
outputs of a deep network with weights W.

2) Compute the DNN projections y, = f(x,, W*) over
X;r and their class means ...

3) Compute for the rows x in a test matrix X, their DNN
projections y = f(x, W*) and corresponding scores
according to their distances to the y,. means and assign
them to the class with the highest score.

Let us write the optimal weight as W* = (wg, W*, W*),

where wg, W* are the linear weight vector and matrix that

connect the last hidden layer with the network outputs; let us
also denote as z the last hidden layer features z = @ (x, WH),
with @ the partial DNN transformation that computes them.

Then, the previous wf, W* also solve the LSR problem (18)

over the z features: if not and there were better choices,

say wo and W for wo and W with a smaller square error
over the z features, the DNN weight set (W, W, W*) would
yield a smaller error than the one defined by the previously
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optimal YW*. As a consequence, any score-based classifier built
on the full DNN projections is equivalent to the same score
classifier acting over the FLDA projections of the last hidden
layer patterns.

We will call this DFDA, as it effectively applies Fisher’s
standard linear discriminant analysis over the features z
learned by training a deep neural model. As mentioned in
Section I, we point out that our use of the term “deep network™
has more to do with the underlying network architectures and
initialization and training techniques that we will use, than
with the networks having a large number of hidden layers
(which will be at most five in our experiments).

To avoid singularities, we can simply add a regularization
term. In its simplest form, we would solve

1 ~
min_ Y — £(X, wo, W, W)|?
wo, W, W 2

—i—%trace(W’W + W'W)  (26)
where W are the components of W when layer biases are
removed. We shall use this cost function in our experiments.
Note that other regularization procedure, such as dropout,
could be used for the W weights; on the other hand,
(A/2)trace(W' W) should be the regularizer of the linear output
weights W.

V. SCORING FUNCTIONS AND AUC COMPUTATION
A. Scoring Functions for RKFDA and DFDA

Since we intend to use the AUC as our merit function for
model hyperparametrization and test set evaluation, we will
transform the RKFDA and DFDA outputs into vector scores
with components in a [0, 1] range, where higher values of
the score components should reflect outputs closer to a class
centroid. The desired [0, 1] score range is reminiscent of
that of posterior Probabilities, and in principle, one way of
obtaining such scores could be to try to exploit the fact
that Fisher’s LDA maximizes the posterior class probabilities
assuming all sample class densities are given by Gaussians
with different means but the same covariance. However, this
is most likely not being true of the original features, cannot
be checked on the implicit features of RKFDA, and is not
guaranteed at all for the deep features at the last hidden layer
of a DFDA network. Because of this, we prefer to follow the
simple heuristic we describe next.

Note that, for the RKFDA z projections defined by (15),
class centroids 7y are easily computed and so are the distances
to them of new pattern projections. Moreover, for FDA,
we have just observed in (22) that the least squares projections
have the same centroid distances than those of a Fisher
projection. This obviously extends to the outputs of a DFDA
network, as they are the least squares projections of the last
hidden layer representations.

Thus, for both RKFDA and DFDA, we can easily compute
the class-means distances ||z — Zx|| of their projections z,
distances that we will transform into [0, 1] scores better suited
to our subsequent work. To do so, given a validation or test
Fisher projection z, we first compute its distances dy = d(z)
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to the centroids Zx, | < k < c, of the training class projections
and then we define the kth score of z as the following
normalization of the inverses 1/dy, namely,

1
& 1

W= =T Esa
J dj Jjd;
B 1
T

J#k d;

Of course, we have to watch out for zero or near-zero
values of dy. Assuming different class centroids, d; = 0 can
only happen at one k; in such a case, the previous expression
would clearly give sy = 1 while we simply take s; = 0 for
other j values as they would involve a fraction 1/dy = oo in
the denominator.

B. AUC for Two-Class and Multiclass Problems

Considering first two-class problems, let s(x), 0 < s(x) <1
be a scoring function which gives higher values to positive
patterns, i.e., those in class 1; an example could be any
estimate P (1|x) of the conditional probability of a pattern
being from class 1 given its features x. Let fp, f1 be the
densities of the class conditioned random scores Sp(x) =
s(x]0), S1(x) = s(x|1) which we assume to be independent.
Then, for any threshold ¢, let ¢;(x) be the classifier such that
ct(x) = 1iff s(x) > ¢ and let true positive ratios (TPR(?)),
false positive ratios (FPR(7)) be its true and false positive
ratios, that is,

1
TPR(¢) = P({s(x) > t|lx € C1}) :/ f1(s)ds
t

1
FPR(t) = P({s(x) > t|x € Cp}) :/ fo(s)ds.

Note that TPR is equivalent to recall or sensitivity and 1 —FPR
is equal to specificity. The ROC curve is defined by the points
(FPR(#), TPR(¢)) and the area below the ROC is called the
AUC. We define AUC in terms of the 1 class but the same
value is obtained if defined in terms of the O class.

The AUC captures in a single number of the performance
of the underlying classifier across all thresholds 0 < ¢ < 1.
Moreover, since TPR(¢) and FPR(¢) are computed on the rows
and columns on the confusion matrix, the AUC should be more
robust on imbalanced problems, as it uses no prior probability
information. Finally, it can be shown [38] that

AUC = P({s(x) > s(x") : x € C1,x" € Cp))

i.e., the AUC measures the probability that the score of a
random positive pattern is larger than that of negative one.
In particular, this supports the intuition of a given classifier
being preferable to another with smaller AUC.

Contrary to the two-class situation, no clear cut extension of
the AUC to a multiclass setting has been given. Conceptually,
the volume under the surface (VUS) in [39] is possibly
closest to the previous two-class formulation, but it may be
quite difficult to compute, especially for more than three
classes. Simpler approaches can be derived by computing

and combining several two-class AUC values, such as the
total AUC [40]

c
AUCqu = D i AUC;
i=1

27)

where, for each i, z; is the class prior and AUC; is computed
as in a two-class problem with C; as the positive class; the
macroaverage AUCs [41], either on its arithmetic

1
AUChacro = ~ ZAUCi (28)
I
or geometric
1
c c
AUCgeom = (H AUCl-) (29)
1
mean variants; the microaverage AUCs of [42, Ch. 13],
or finally, the M-AUC [43]
2

=D > AUCG, j)

i<j

(30)

which combines ¢(c — 1) two class AUC(, j). See [44] for
more details on the AUC and [38], [41], and [45] for examples
of its use in multiclass problems. As just mentioned, there does
not seem to be a general agreement on which AUC variant
should be used in multiclass problems. Given its simplicity
and relative robustness on imbalanced data sets, we shall use
geometric macro-AUC in our multiclass experiments.

VI. DFDA VERSUS RKFDA ON IMBALANCED
Two-CLASS PROBLEMS

RKFDA and DFDA over 30 data sets taken from the
Keel repository [46]. They all derive from an original set of
seven problems (some of them multiclass) whose samples are
grouped in various ways to produce 30 different two-class
problems with imbalance ratios that range from a minimum
of 9.22 (when the classes 0 and 4 of the glass problem are
to be classified against the class 5) to a maximum of 129.44
(when class 19 of the abaloneproblem is pitted against all
others). Their sample sizes, dimensions, and imbalance ratios
are given in Table I where the data set names to follow the Keel
naming conventions. For all problems considered, we have
used the five train-test folds provided in the Keel repository.

We will compare the performance of RKFDA models
against DFDA models with a feedforward architecture. The
quite popular ReLLU function is our choice for the hidden
layer activations; as usual in a regression setting, we have
linear outputs, and we use Adam over minibatches as the
backpropagation optimizer.

In principle, these choices could imply a substantial hyper-
parameterization cost but we will simplify this as follows.
First, we will use Adam’s default values for the initial
learning rate (0.001) and its beta; (0.9) and betap (0.999)
parameters, as they are quite reliable and robust; similarly,
we leave minibatch size at its scikit-1learn default (200).
The second source of hyperparameters could be the number
of hidden layers and of units on each of them in the DFDA
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TABLE I

DIMENSIONS, SAMPLE SIZES, AND IMBALANCE RATIOS FOR
THE TWO-CLASS PROBLEMS

Dataset dimension  n. patterns imbalance ratio
abalone9-18 8 731 16.4
abalone19 8 4174 129.44
ecoli4 7 336 15.8
ecoli-0-1-3-7_vs_2-6 7 281 39.14
ecoli-0-1-4-6_vs_5 6 280 13
ecoli-0-1-4-7_vs_2-3-5-6 7 336 10.59
ecoli-0-1-4-7_vs_5-6 6 332 12.28
ecoli-0-1_vs_5 6 240 11
ecoli-0-3-4-6_vs_5 7 205 9.25
ecoli-0-3-4-7_vs_5-6 7 257 9.28
ecoli-0-6-7_vs_5 6 220 10
glass2 9 214 11.59
glass4 9 214 15.47
glass5 9 214 22.78
glass-0-1-4-6_vs_2 9 205 11.06
glass-0-1-6_vs_2 9 192 10.29
glass-0-1-6_vs_5 9 184 19.44
glass-0-4_vs_5 9 92 9.22
glass-0-6_vs_5 9 108 11
page-blocks-1-3_vs_4 10 472 15.86
shuttle-c0-vs-c4 9 1829 13.87
shuttle-c2-vs-c4 9 129 20.5
vowelO 13 988 9.98
yeast4 8 1484 28.1
yeastS 8 1484 32.73
yeast6 8 1484 41.4
yeast-0-5-6-7-9_vs_4 8 528 9.35
yeast-1-2-8-9_vs_7 8 947 30.57
yeast-1-4-5-8_vs_7 8 693 22.1
yeast-2_vs_8 8 482 23.1

models but here we will simply report our results for networks
with a number of hidden layers ranging from 0 to 5, and
100 units each.

This leaves us with the Ly (or Tikhonov) regularization
penalty 1 as our only DFDA hyperparameter, for which we
explore 50 values evenly spaced on a log scale in the interval
[2739,219] selecting the optimal one by k-fold cross validation
as described in the following. Prior to this, the DFDA features
have been normalized to 0 mean and 1 standard deviation.

The RKFDA models require two hyperparameters, the Lo
regularization penalty 1 and the width y of the Gaussian
kernels exp(—y |lx — x’]|?); both will be also selected here
by cross validation. As before, for A, we will explore 50
values in the interval [2739, 2107, In order to select y, we scale
featurewise the RKFDA inputs to a [0, 1] range; note that after
this we will have |x — x’||> < d, with d pattern dimension.
Because of this, we will explore y values of the form (2k /d),
with k in the [—10, 10] range; in other words, the considered
kernels will essentially be powers of a basic exponential e

As just mentioned, for each of the five train partitions
provided for each data set, optimal A regularization parameters,
and in the RKFDA case, y values have been obtained by
fivefold stratified cross validation using the AUC of the
positive class as the scoring function (recall that, as mentioned,
AUC;| = AUCyp). Once the optimal 1 and, for RKFDA, y
are chosen, we have used them to train individual DFDA and
RKFDA models on the train partition and applied them on
the test partition, computing afterward the test AUC scores.
In Table III, we show, for each problem, the average AUC
values over five test splits of the RKFDA and all the DFDA
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TABLE II

DIMENSIONS, TRAIN SAMPLE SIZES, NUMBER OF CLASSES, AND
IMBALANCE RATIOS FOR THE LARGE SIZE DATA SETS

Problem n. patterns  dimension  n. classes  imbalance ratios
ada 4,781 123 2 3.024
a8a 22,696 123 2 3.122
dna 2,000 180 3 2.265
ijennl 49,990 22 2 9.301
letter 15,000 16 26 1.128
pendigits 7,494 16 10 1.085
satimage 4,435 36 6 2.583
shuttle 43,500 9 7 5,684.667
usps 7,291 256 10 2.203
w7a 24,692 300 2 32.368
w8a 49,749 300 2 32.637
banana 5,300 2 2 1.231
german 1,000 20 2 2.333
image 2,086 18 2 1.323
ringnorm 7,400 20 2 1.020
splice 2,991 60 2 1.225
twonorm 7,400 20 2 1.002
waveform 5,000 21 2 2.036
combined 78,823 100 3 2.156
covtype.binary 581,012 54 2 1.051
skin_nonskin 245,057 3 2 3.818

classifiers except the one with a single hidden layer that we
omit for space and formatting reasons. For easier reading of
these values, the table also gives at the bottom the average of
the rankings of the six models considered for each problem.

As it can be seen, these average rankings are quite similar
for all methods except, as it was to expected, the DFDA_0
model which, being linear, it is in fact equivalent to a standard
linear Fisher model (note that, nevertheless, it gives the best
test average AUC in some problems). RKFDA gives the small-
est AUC in five problems, as also does the DFDA_5 model
but, in general, all models except DFDA_O0 appear to have a
similar performance. We also observe that the best test AUC
values in Table III are higher in almost all cases than the values
computed for the same data sets using six state-of-the-art
procedures in imbalanced classification and reported in [47].
In any case, note that the methods here are much stronger than
the relatively weak decision tree classifiers used in [47].

The results in Table III are mostly descriptive. In order
to achieve a more precise analysis, observe that considering
all the 30 problems and their five train-test splits, we have
a total of 150 AUC values for each one of the six models
considered. This suggests that a more objective comparison
can be achieved by applying a paired Wilcoxon signed-rank
test for each model pair over these 150 AUC values, using
Bonferroni corrections to compensate for multiple compar-
isons. The resulting p-values under the null hypothesis are
shown in Table IV. As it could be expected from the previous
discussion, the null hypothesis can only be rejected when the
DFDA_0 model is compared against the others; this is not the
case in all other comparisons and we can conclude that the
performance of DFDA models with two or more hidden units
is similar to that of RKFDA models.

We finally point out that in our experiments in this and
Section VII we have used the MLPRegressor class in
scikit-learn [48] for our implementation of DFDA net-
works, which makes its programming and execution very
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TABLE III

TEST AUC FOR RKFDA AND THE 0- AND 2- TO 5-HIDDEN LAYER DFDA MODELS ON THE TWO-CLASS PROBLEMS

RKFDA

DFDA_0

DFDA_2

DFDA_3

DFDA_4

DFDA_5

abalone9-18
abalone19
ec4

ec-0-1-3-7_vs_2-6

ec-0-1-4-6_vs_5

ec-0-1-4-7_vs_2-3-5-6
ec-0-1-4-7_vs_5-6

ec-0-1_vs_5
ec-0-3-4-6_vs_5

ec-0-3-4-7_vs_5-6

ec-0-6-7_vs_5
glass2
glass4
glass5

glass-0-1-4-6_vs_2

glass-0-1-6_vs_2
glass-0-1-6_vs_5
glass-0-4_vs_5
glass-0-6_vs_5

page-blocks-1-3_vs_4

shuttle-c0-vs-c4
shuttle-c2-vs-c4
vowelQ

yeast4

yeast5

yeast6

yeast-0-5-6-7-9_vs_4
yeast-1-2-8-9_vs_7
yeast-1-4-5-8_vs_7

88.6747.13 (6)
69.0148.86 (6)
99.5240.63 (4)

95.4442.13 (1)
70.61£8.43 (5)
99.84+0.32 (1)

95.62+£6.15 (1) 87.63+22.01 (3)

95.10+6.22 (5)
96.97+3.13 (1)
96.38+4.48 (3)
97.16+3.72 (3)
98.114+2.15 (4)
97.78+3.80 (1)
94.88+4.25 (1)

90.674+9.52 (6)
91.504+9.70 (6)
95.2245.18 (4)
92.73+8.38 (6)
87.5749.41 (6)
94.1948.08 (6)
92.88+4.85 (5)

67.61+£22.70 (6) 81.53+11.72 (4)

97.18+3.06 (4)
98.54+1.42 (3)

95.52+£2.44 (6)
92.68+4.69 (6)

79.07£13.16 (5) 80.53£19.42 (3)

71.81£10.62 (5)
98.57£1.28 (4.5)
10040 (3)
1000 (3)
10020 (3)
10020 (3)
1000 (2)
10020 (3)
85.46+3.24 (5)
98.70-£0.46 (4)
91.88+8.17 (1)
85.20+7.43 (2)
73.68+5.15 (5)
69.21£8.21 (3)

83.86+£9.45 (1)
93.431+2.80 (6)
97.50+£3.64 (6)
92.97+6.19 (6)
96.381+0.95 (6)
100+£0 (1.5)
100£0 (2)
96.1712.06 (6)
86.55+2.21 (2)
98.30+0.74 (6)
91.28+8.29 (2)
83.81+5.34 (6)
73.93+7.32 (4)
66.51£8.15 (6)

91.68+6.21 (3)
71.7149.49 (4)
99.68+0.30 (2)

81.80433.66 (5)
98.0842.65 (2)
94.23+6.59 (3)
97.92-£1.49 (2)
98.52+1.17 (1)
98.24+1.79 (3)
96.25+6.64 (3)

93+£7.97 (4)
8749 (3)
96.8742.99 (5)
99.274+1.46 (1)
79.774£8.51 (4)

76.19£19.48 (3)

98.86+1.07 (2)
1000 (3)
1000 (3)
1000 (3)

89.984:19.99 (6)
99.20+1.60 (5)

1000 (3)

85.684+10.21 (4)
98.58+0.62 (5)
89.8548.56 (5)
84.2148.89 (4)

77.17+12.61 (1)
68.2549.27 (5)

90.67+4.34 (5)
73.5946.66 (2)
98.90+1.09 (5)

97.88+3.11 (3)
93.05+5.11 (5)
94.1246.36 (6)
97.39+£1.37 (2)
98.78+2.11 (2)
95.30£6.21 (5)
94.25+3.90 (2)

90.95+4.77 (4)
73.40+6.31 (3)

91.7245.46 (2)
73.96+7.62 (1)

99.531+0.46 (3) 89.13£19.57 (6)
86.51+22.63 (4) 78.11£34.32 (6) 91.07£13.92 (2)

98.7541.41 (1)
95.8942.56 (2)
94.70£5.92 (5)
93.0749.30 (5)
97.7042.25 (5)
96.754.65 (2)
93.124+4.94 (3)

89.2247.33 (1) 78.69£19.07 (5)

98.09+1.97 (1)
98.78+1.54 (2)
82.934+6.63 (1)

97.8343.56 (2)
94.3945.95 (5)
81.3248.93 (2)

96.631+4.88 (4)
93.471+6.33 (4)
98.05£1.63 (1)
94.091+6.35 (4)
98.924+1.52 (1)
95.72+£4.23 (4)
90.88+8.45 (6)
88.06+8.94 (2)
97.76£2.52 (3)
97.32+4.25 (4)
78.36+9.98 (6)

68.71£13.12 (6) 73.67+14.53 (4) 77.43£12.55 (2)

98.57+1.28 (4.5)
100-£0 (3)
100-£0 (3)
1000 (3)

100£0 (1.5)
99.20+1.60 (5)
1000 (3)
86.694+7.26 (1)
99.03+0.41 (3)
89.65-:8.99 (6)
85.7645.89 (1)

98.86+1.07 (2)
100£0 (3)
1000 (3)
1000 (3)

99.980.03 (4)
100£0 (2)
1000 (3)

86.494+5.44 (3)

99.074+0.22 (2)

91.03+6.12 (3)

84.06+7.71 (5)

98.861+1.40 (2)
1000 (3)
10040 (3)
100+0 (3)

99.92+0.15 (5)

99.20+1.60 (5)
100+0 (3)

84.96£12 (6)

99.09+0.13 (1)

90.61£8.92 (4)

84.54+2.75 (3)

72.10+13.30 (6) 76.57£11.92 (2) 76.48+13.03 (3)

72.0449.24 (2)

68.86£8.53 (4)

72544441 (1)

yeast-2_vs_8 83.724+4.47 (4) 76.80£5.13 (6) 80.11+11.32 (5) 84.21+12.10 (3) 87.5948.27 (1) 86.92+13.25 (2)
rank mean 3.45 4.4833 34 3.2333 3.2333 32
TABLE IV VII. DFDA VERSUS RKFDA ON LARGE
WILCOXON TESTS FOR TWO-CLASS PROBLEMS SCALE PROBLEMS
pvalue  Hypothesis ‘ Large. sc.:ale prob.lems have an Ol.)VlOl]S importance
- in applications, particularly so when imbalanced and/or
RKFDA vs DFDA_0 0.00 Rejected . .
RKEDA vs DFDA 2 032 Not rejected multiclass data sets are considered, but they seem not
RKFDA vs DFDA_3  0.60 Not rejected have been widely discussed in the literature [49]. We
RKFDA vs DFDA_ 4 0.52 Not rejected will compare here the performance of RKFDA and
RKFDA vs DFDA_S 0.49 Not rejected . .
DFEDA 0 vs DEDA 2 0.00 Rejected DFDA on two different data subsets with a number of
DFDA_0 vs DFDA_3  0.00 Rejected moderate to large problems, some of them multiclass
DFDA_0 vs DFDA_4  0.00 Rejected and/or imbalanced. The first set is taken from the
DFDA_0O vs DFDA_5  0.00 Rejected . e .
DEDA 2 vs DFDA 3 0.88 Not rejected https://www.csie.ntu.edu.tw/  cjlin/libsvmtools/datasets/data
DFDA_2 vs DFDA_4  0.61 Not rejected sets section of the LIBSVM web site. To determine the
DFDA_2 vs DFDA_S  0.57 Not rejected optimal values of the hyperparameters 4 and y, we will use
DFDA_3 vs DFDA_4  0.65 Not rejected . . R . .
DFDA_3 vs DFDA_5  0.83 Not rejected the predefined train, validation, and test splits available for
DFDA_4 vs DFDA_5  0.37 Not rejected the dna, ijcnnl, letter, satimage, and shuttle

easy. We have also used scikit-learn’s routines and
pipelines to implement the data scaling and cross-validation-
based hyperparameterization. As for RKFDA, we have based
our implementation on the numpy and scipy routines for
eigenvalue computations, matrix inversion, and matrix multi-
plication. Thus, while the execution of general Python code
may imply some computational overheads, the numerically
heavier parts of our algorithms rely on a computationally
efficient core. We have run our programs on a Fujitsu Primergy
RX2540 server with 512 GB of RAM memory and Xeon
E5-2640v4 processors at 2.4 GHz. Recall that the code
used to implement RKFDA in our experiments is available
at a https://github.com/daviddiazvico?tab=repositoriesGitHub
repository.

data sets. The remaining data sets have only train and test
splits and for them, we will hyperparameterize A and y
by tenfold stratified cross validation on the train subset.
The second comparison is made of the seven data sets
with at least 1000 patterns among the 13 considered
in the original RKFDA paper by Mika et al. [17],
namely, banana, German, image, ringnorm,
splice, twonorm, and waveform. These data sets
are available in several web sites; we have used those
at http://theoval.cmp.uea.ac.uk/gcc/matlab/default.html
#benchmarks.In [17], RKFDA is compared against other
machine learning algorithms using as the performance
measure the accuracy of a threshold-based Fisher classifier
(all problems have only two classes) which is chosen applying
a 1-D linear support vector machine (SVM) classifier on
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TABLE V

TEST AUC FOR RKFDA AND THE 0- AND 2- TO 5-HIDDEN LAYER MLPS ON THE LARGE S1ZE PROBLEMS

RKFDA DFDA_0 DFDA_2 DFDA_3 DFDA_4 DFDA_5
ada 84.33 (6) 84.66 (1) 84.56 (5) 84.63 (3) 84.63 (3) 84.63 (3)
a8a 85.16 (4) 84.80 (6) 85.08 (5) 85.48 (1) 85.43 (2) 85.41 (3)
dna 99.35 (1) 98.79 (6) 99.19 (3) 99.18 (4.5) 99.18 (4.5) 99.22 (2)
ijennl 99.07 (5) 87.74 (6) 99.42 (1) 99.37 (2) 99.20 (4) 99.36 (3)
letter 99.98 (1) 95.63 (6) 99.86 (5) 99.94 (4) 99.96 (2) 99.96 (3)
pendigits 99.97 (1) 97.54 (6) 99.97 (2) 99.95 (4) 99.94 (5) 99.97 (3)
satimage 78.28 (6) 93.26 (5) 97.66 (1) 94.43 (3) 94.38 (4) 97.64 (2)
shuttle 99.92 (4) 86.22 (6) 99.83 (5) 99.95 (3) 99.98 (1) 99.96 (2)
usps 99.77 (1) 98.30 (6) 99.74 (2) 99.66 (3.5) 99.66 (3.5) 99.66 (5)
w7a 92.76 (4) 90.23 (6) 92.55 (5) 93.73 (3) 95.22 (1.5) 95.22 (1.5)
w8a 94.68 (5) 89.79 (6) 96.30 (4) 99.07 (1) 98.82 (2) 98.73 (3)
banana 86.524+1.58 (5) 55.44+2.67 (6) 90.48+1.19 (3) 90.594+1.28 (1)  90.58+1.25 (2) 90.39+1.25 (4)
german 71.78+1.58 (1) 71.59£1.48 (3) 71.66+1.55 (2) 71.30+2.23 (4) 70.15+£2.31 (6) 70.90+1.57 (5)
image 96.1440.61 (2) 82.47+£1.02 (6) 95.20£1.05 (5) 96.3840.62 (1)  95.6440.80 (4) 95.68+0.83 (3)
ringnorm 96.244+1.13 (5) 76.78+1.73 (6) 98.01£0.70 (3) 98.0740.62 (1)  98.03+0.67 (2) 97.91£0.72 (4)
splice 90.69+1.25 (5) 84.43£1.09 (6) 93.654+0.96 (1) 93.53+0.92 (2)  93.29+0.80 (4) 93.334+0.99 (3)
twonorm 97.7840.65 (6) 97.92+0.60 (2) 97.92+0.59 (3.5) 97.9240.60 (5) 97.92+0.61 (3.5) 97.93+0.58 (1)
waveform 91.08+1.54 (4) 82.96+1.85 (6) 91.71£1.46 (1) 91.234+1.51 (2) 91.144+1.56 (3) 89.99+£1.55 (5)
rank mean 3.6667 5.2778 3.1389 2.6667 3.1667 3.0833
combined - 89.37 (5) 92.96 (1) 92.28 (3) 92.48 (2) 92.25 (4)
covtype.binary - 55.74 (5) 59.32 (4) 61.12 (2) 61.91 (1) 59.83 (3)
skin_nonskin - 97.80 (5) 99.26 (3) 99.87 (1) 99.81 (2) 99.16 (4)
rank mean - 5 2.6667 2 1.6667 3.6667

the RKFDA outputs. In order to have a simpler comparison
with our other results, we have compared the performance
of RKFDA and DFDA using the test AUC values of our
score-based classifiers.

Their dimensions, train sample sizes, number of classes,
and imbalance ratios (defined now as the ratio between
the maximum class size and the minimum one) are given
in Table II. While some data sets are rather small (1000 pat-
terns in german), others are quite large, particularly
cvotype.binary, with 581012 patterns. The maximum
number of classes is 26 in letter and imbalance ratios go
from near 1 in several data sets to the very large one for
shuttle.

We will again compare here the performance of RKFDA
models against DFDA models comprising 0-5 hidden layers
of width 100, following the procedure of Section VI; recall
that we will scale DFDA inputs to 0 mean and 1 standard
deviation featurewise, while, for RKFDA models, the inputs
will be scaled also featurewise to a [0, 1] range.

Optimal A and y values for the LIBSVM data sets are
obtained as those giving a higher geometric macro-AUC in the
validation subsets and these values are used to build the final
models over the train or train plus validation subsets when the
latter exist, and to compute the multiclass geometric macro-
AUC over the test subsets. The data sets used by Mika et al.
have 100 predefined train-test splits; as in [17], we use the
first five splits for hyperparameter tuning and then report
the average and the standard deviation of the test AUCs over
the 100 splits (recall that the LIBSVM data sets only have a
single test set and no standard deviation can be computed).

These final AUC values are given in Table V; we also
omit again the results for the DFDA_1 classifier. For
convenience, it is divided into three parts for the medium size
LIBSVM data sets, the Mika data sets and, finally, the large

LIBSVM data sets. While in several problems, DFDA and
RKFDA models give similar geometric macro-AUC values,
in satimage, w7a, w8a, banana, ringnorm,
and splice, the AUC values of RKFDA are lower, while still
in other problems, namely, combined, covtype.binary,
and skinnonskin, we have not been able to properly
hyperparameterize RKFDA on them. In fact, RKFDA and
DFDA training required about the same times on the rather
small two-class problems but RKFDA training took much
longer times as the data set sizes increased. In particular, given
that we were not able to obtain RKFDA hyperparameters
for the three largest data sets, we do not give RKFDA’s
AUC values for them at the table’s bottom. As before, each
method’s ranking is shown for each problem in the table; note
the rankings of the first two groups run from 1 to 6 but those
at its bottom going from 1 to 5. Here, also, the DFDA_O
model seems to give worse results and the DFDA_2 also
appears to have a worse performance than the models with
three or more hidden layers; note also that the DFDA_3
seems to have a slight edge over the others.

As in the two-class case, the results in Table V and,
particularly, its rankings, also have here a descriptive nature.
The number of observations of the models for which proper
hyperparameters are obtained for RKFDA is now 18, a rel-
atively low number at the edge of what is usually taken as
to justify a more precise Wilcoxon-based comparison between
the DFDA and RKFDA models. Nevertheless, even with these
caveats in mind, we have also applied here a paired Wilcoxon
signed-rank tests for the first two problem sets in Table V.
Its results appear in Table VI and, as it can be seen, if the
Wilcoxon approximation hypotheses hold, the null hypothesis
could be rejected when comparing the DFDA_0 model against
the others. On the other hand, when RKFDA is compared with
the DFDA_3 and DFDA_4, we can reject the null hypothesis
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TABLE VI
WILCOXON TESTS FOR THE LARGE SIZE PROBLEMS

p-value  Hypothesis
RKFDA vs DFDA_0 0.00 Rejected
RKFDA vs DFDA_2 0.13 Not rejected
RKFDA vs DFDA_3 0.01 Rejected
RKFDA vs DFDA_4 0.04 Rejected
RKFDA vs DFDA_5 0.08 Not rejected
DFDA_O vs DFDA_2  0.00 Rejected
DFDA_0O vs DFDA_3  0.00 Rejected
DFDA_O vs DFDA_4  0.00 Rejected
DFDA_0O vs DFDA_5  0.00 Rejected
DFDA_2 vs DFDA_3  0.59 Not rejected
DFDA_2 vs DFDA_4  0.87 Not rejected
DFDA_2 vs DFDA_5 0.74 Not rejected
DFDA_3 vs DFDA_4  0.05 Rejected
DFDA_3 vs DFDA_5  0.38 Not rejected
DFDA_4 vs DFDA_5  0.72 Not rejected

at the 0.05 level and could also do so at the 0.1 level when
it is compared with DFDA_5 (we could also reject it when
comparing the DFDA_3 and DFDA_4 models). Therefore,
while the application of a Wilcoxon test may not be rigorously
justified, the results in Tables V and VI point to a slightly
better performance of some of the DFDA models over the
RKFDA ones on larger sample size problems.

VIII. CONCLUSION

In this paper, we have reviewed the classical (FDA) and
kernel (RKFDA) approaches to Fisher’s discriminant analysis
following the analysis of Zhang er al. [18]. We have empha-
sized the computational complexity of RKFDA, which is cubic
on the sample’s size N and, hence, could become prohibitive
for large data sets. Aiming to overcome this, we have proposed
DFDA networks, a simple yet very powerful DNN alternative
to achieve a nonlinear form of FDA adapting the least squares
formulation of FDA proposed in [34] and [18].

We have compared DFDA and RKFDA on a large number of
highly imbalanced two-class problems of relatively small sizes
as well as in a number of two-class and multiclass problems
with substantially larger sizes and some of them with large
class imbalances. Our experimental results show that while
RKFDA and the deep DFDA models give similar results on
the smaller data sets (excluding, of course, the linear model
DFDA_Q0), the deeper DFDA models seem to improve the
purely classification performance of RKFDA on the large data
sets: although the application of a Wilcoxon test is not fully
justified, if done, we could reject the null hypothesis at the 0.05
level in two cases and could do so at the 0.1 level in another.
Moreover, when computational complexity considerations are
taken into account, DFDA models seem to clearly beat the
RKFDA ones, whose training times on the larger data sets are
much higher (and even failed to finish in some cases).

We can thus conclude that the new deep DFDA networks
we propose here are a simple yet powerful alternative to the
more established regularized kernel-based RKFDA models in
general classification problems and particularly so in imbal-
anced ones. We have seen both approaches to have a similar
(and quite good) performance on highly imbalanced, relatively
small two-class problems; on larger problems, DFDA networks
appear to perform better than RKFDA models from a pure
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classification point of view, while being clearly superior from a
computational perspective. In fact, the need of handling kernel
matrices makes the direct application of RKFDA models quite
costly, putting large but clearly not big data problems out of
their reach (a situation not dissimilar to what other kernel-
based methods such as SVMs face over large data sets).

In any case, there are clear ways to improve the performance
of DFDA models that seem precluded to RKFDA ones,
of which we mention three. First, better results are to be
expected if problem-tailored numbers of hidden layers and
units are chosen instead of the fixed architectures used here.
Second, the fully connected networks we have considered
can be combined or substituted with any other of the many
processing layer proposals that have been made for deep net-
works. A clear example is convolutional layers: they directly fit
in the proposed deep Fisher approach and could certainly lead
to an improved classification performance on problems such
as image classification whose inputs have a spatial structure
upon which convolutional filters act naturally.

Finally, we point out that, even after a nonlinear pre-
processing, the Fisher criterion may not lead to the strongest
classifiers. In fact, in the linear case, the cross-entropy loss
used in logistic regression often produces better models. On
the other hand, the structure induced by the Fisher criterion on
the last hidden layer of a DFDA network yields new features
that a more powerful classifier could take advantage of. This
naturally suggests that one could add the least squares DFDA
loss as a companion to another, problem-specific loss that then
takes advantage of the within-class concentration and between
class separation structure of the Fisher-like representation on
the last hidden layer.

While that might have been rather difficult a few years ago,
the most widely used deep net frameworks (Torch, Tensor-
Flow, Theano, MXNET, or CNTK) provide backpropagation
gradients automatically through their network “compilation”
procedures. This means that more general loss functions than
square error or cross entropy can be considered without having
to program their gradients “by hand,” as it was needed in the
early 2000s. We can thus add the DFDA loss function into
any strong deep model (such as AlexNet or VGG-16 for image
processing) in a way that can enhance its performance. We are
currently pursuing these and other related research goals.
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