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A UNIVERSAL HOLDER ESTIMATE UP TO DIMENSION 4 FOR

STABLE SOLUTIONS TO HALF-LAPLACIAN SEMILINEAR EQUATIONS

XAVIER CABRE AND TOMAS SANZ-PERELA

ABSTRACT. We study stable solutions to the equation (—A)Y/?u = f(u), posed in a bounded
domain of R™. For nonnegative convex nonlinearities, we prove that stable solutions are
smooth in dimensions n < 4. This result, which was known only for n = 1, follows from a
new interior Holder estimate that is completely independent of the nonlinearity f.

A main ingredient in our proof is a new geometric form of the stability condition. It is still
unknown for other fractions of the Laplacian and, surprisingly, it requires convexity of the
nonlinearity. From it, we deduce higher order Sobolev estimates that allow us to extend the
techniques developed by Cabré, Figalli, Ros-Oton, and Serra for the Laplacian. In this way
we obtain, besides the Holder bound for n < 4, a universal H'/? estimate in all dimensions.

Our L* bound is expected to hold for n < 8, but this has been settled only in the
radial case or when f(u) = Ae*. For other fractions of the Laplacian, the expected optimal
dimension for boundedness of stable solutions has been reached only when f(u) = Ae*, even
in the radial case.
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1. INTRODUCTION AND RESULTS

The regularity of stable solutions to semilinear equations —Auy= f(u) has been a long-
standing problem in elliptic PDEs since the 1970s. Important e orts have been devoted to
investigate the optimal dimension up to which stable solutions are bounded. This problem
has been recently solved by Cabré, Figalli, Ros-Oton, and Serra [3], by proving that stable
solutions are regular in dimensions ny< 9 for all nonnegative nonlinearities f. The result is
optimal since there exist examples of singular H'! stable solutions in dimensions n > 10. For
further details, see [3, 10] and the references therein.

The goal of this paper is to study the same question in the fractional setting. We consider
the equation

(=A)u=f(u) in (1.1)

where  is a bounded domain of R™ and (—A)® is the fractional Laplacian,

sl w(al) — w(z)
(=A)w (29 := ¢ /R" W
with ¢, s being a positive normalizing constant (see [4]). In this case, the few known results
(mainly those contained in the three papers [21, 19, 23] described below) reach the expected
optimal dimension for boundedness of stable solutions only when f(u) = Ae%, even in the
radial case. In Figure 1 such dimension, which was found by Ros-Oton in [19] and it is given
by condition (1.11) below, is compared with the available results.

Note that (1.1) is the Euler-Lagrange equation of the functional

where F(t) := fo f)dfyand ¢ := R™\ . A solution uiz R™ — R to (1.1) —or critical
pomt of E— is said to be stable if the second variation of Ewat wuiis nonnegative, i.e.,
deg |a oE(u+¢e€) > 0 for all &Ye H*(R™) with compact support in . This is equivalent to
requiring that

/ flu) €2 datp< [5]23@@) for all &ye H*(R") with compact support in @) (1.3)

Recall that for sye (0,1) and UyC R", we define H*(U) := {wye L*(U) : (W] s 0y <¥roo},

where )
[w 2 - Cn s / /f‘ |xx$ Zi:;}l—i_’zi?‘ dl’ﬂdzlw

Notice that stability is considered among functions which agree with uiwutside , and there-
fore local minimizers of the energy (i.e., minimizers under small perturbations which do not
change the exterior values of u) are stable solutions.

Our interest lies in nonnegative nonlinearities that grow superlinearly at +o0o. In this case,
it is easy to see that the energy (1.2) is unbounded below and hence admits no absolute
minimizer. However, as we will see in Section 1.1, there are important instances in which
nonconstant stable solutions exist.

d=tp s € (0,1),
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In this article we study the problem for the half-Laplacian (si= 1/2), a case which is of
special interest in view of its applications. Indeed, (—A)2? and related first order integro-
differential operators appear in the modeling of important physical phenomena, such as
the Peierls-Nabarro model for crystal dislocations or the Benjamin-Ono equation in fluid
dynamics. This occurs since the half-Laplacian is the Dirichlet to Neumann map associated
to the harmonic extension in the half-space.

An important illustration of the key role played by the dimension in our problem is given
by the function u(z%) = log |4 (24 R™), which solves (—A)Y2uy= \oetin B, for some
constant Ao > and belongs to H'/*(By) N L} ,,(R") —see (1.4) below for this last space.
Using the fractional Hardy inequality one can check that, in dimensions n > 9, uifs a stable
solution.

On the other hand, for the equation (—A)Y2ut= f(u) in  C R™, with fi> 0 and under
the Dirichlet condition u =0 in R™\ | it is known that stable solutions are bounded in

when n = 1, if fiis convex (Ros-Oton and Serra [21]);

when n < 4, if ff{h/(f")? has a limit at infinity (Ros-Oton and Serra [21]);

when ny< 8, if f(u) = Xe* and  is symmetric and convex with respect to all the
coordinate directions (Ros-Oton [19]);

when 2 <n <8,if = B; (Sanz-Perela [23]).

In view of these results, it is natural to conjecture that stable solutions to (—A)Y2u = f(u)
in  C R™ are always bounded in  whenever ny< 8, not only for f(u) = Ae" in symmetric
domains but for a wider class of nonlinearities and domains. Here the dimension niy= 8
would be optimal, by the explicit stable solution for n > 9 exhibited above. In this paper we
make progress towards the solution of this conjecture by extending some of the techniques
developed for the local case in [3] by Cabré, Figalli, Ros-Oton, and Serra.

The following is our main result. It provides a universal interior Holder estimate for stable
solutions upo (1.1) in dimensions n < 4, as well as an H'/? bound in every dimension. Both
estimates give a control in terms of a very weak norm of u, namely the quantity ||ul| L (")

Here and through the paper, for sye (0,1) we denote by L!(R™) the space of measurable
functions for which the norm

ollgny = | o ot (1.9)

is finite.
Theorem 1.1. Letn > 1 and u € C*(B1)N L} ,(R") be a stable solution to (—=A)V2u = f(u)

in By C R™, where fiis a nonnegative convex C*7 function for some > 0.
Then,

[U]H1/2(B1/2) <C HUHL}/z(Rn) (1.5)
for some dimensional constant C. In addition,
lele: @, < Cllels gy #1<n <4y (16)

for some dimensional constants > 0 and C'.
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The most remarkable feature of this result is that estimates (1.5) and (1.6) do not depend
on the nonlinearity fiat all, which is only assumed to be nonnegative and convex. This is a
notorious difference with all the available results mentioned above, in which the L estimates
depended on the particular nonlinearity fiyappearing in the equation. This feature will allow
us to establish a Liouville result for entire stable solutions, Corollary 1.5 below.

In addition, Theorem 1.1 is the first result in which no prescribed exterior Dirichlet con-
dition is assumed. This will be of great importance in order to include the case niy= 1 (by
looking at the solution as defined in R? after adding an artificial variable) since our basic
inequality towards the Holder estimate (1.6) —which is (1.16) below— requires’ n > 2.

The Holder interior estimate of Theorem 1.1 for ny< 4 can be combined with the moving
planes method to obtain an L>( ) bound for stable solutions to the Dirichlet problem in
convex domains  under zero exterior data. Indeed, as proved in [21], one can start the
moving planes argument at points on the boundary of a convex domain , obtaining an L™
estimate in a neighborhood of 0. Thus, one concludes the following result.

Corollary 1.2. Let 1 < ny< 4 and let  C R™ be any bounded convex C' domain. Let
uye L®( )N HY2(R™) be a stable solution to

—A)Pup= f(u) in
up= 0 in R\

where fiis a nonnegative convex C*V function for some > 0.
Then,
HUHLoo( ) < CTpH“HLl( )
for some constant Ci) depending only on

Also in convex domains , an H*(R") estimate for bounded stable solutions to (1.1) van-
ishing outside  is known to hold in every dimension and for all s € (0,1). This was proved
by Ros-Oton and Serra in [21] using the Pohozaev identity for the fractional Laplacian com-
bined with some regularity estimates near d. Instead, our interior H'/? bound (1.5) does
not assume any particular exterior data —and also holds for all dimensions.

Although Theorem 1.1 and Corollary 1.2 are stated as a priori estimates for C? or L>
solutions, they also hold for a bigger class of stable solutions. This is discussed in Remark 2.1
below, where we comment also on the different notions of solution to our semilinear equation.

As a main ingredient in the proof of Theorem 1.1, we establish a new geometric” form of
the stability condition, expressed through the harmonic extension® vipf u in R, It is stated
in (1.8) below, and it is a fractional analogue of a well-known inequality of Sternberg and

More generally, for s € (0,1] it requires n > 2s; see Proposition 2.2 below for s € (0,1) and [3] for s = 1.
2Although we do not use it in this article, it is worth noticing that the quantity A defined in (1.7) controls
a geometric quantity: the second fundamental form of the level sets of v. Indeed, in the set {|Vv| > 0} it
holds A? = |V |V||? + | B|?|Vv|?, where |B|> = |B(z)|? denotes the square of the second fundamental form
of the level set of v passing through x € R’}rﬂ, and V7 denotes the tangential gradient along such level set;
see Lemma 2.1 in [26] for a detailed proof.

3Recall that the equation (—A)Y/2u = f(u) is equivalent to d,v = f(v) on IR’}
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Zumbrun [26, 27] for stable solutions to —Awuw= f(u). Surprisingly (when comparing it with
the proof in the local case), to establish (1.8) we need to further assume that fiis convex.

Theorem 1.3. Letn > 1 and u € C*( )N L} ,(R") be a stable solution to (=A)?u = f(u)
in a domain  C R"™, where filis a nonnegative convex C*V function for some >0. Let v
be the harmonic extension of wiin R and define

1/2

n+1 n+1 n+1 2
v; if |Vl > 09
A= ;( Z Z "IV |> v+l (1.7)
if |Vl = 0.4
Then,
N A?n? da /Jﬂ (Vo|?|Vn|? dzy (1.8)
Ri 1 1 1

for every Lipschitz function mwith compact support in — x [0, +00).

An analogue of Theorem 1.3 for fractional powers s # 1/2 is not known at the moment. In
its proof we strongly use that s = 1/2; see Remark 3.1 for details. We believe that, if available,
it would allow extending Theorem 1.1, in certain dimensions, to all powers s € (0, 1).

Prior to our work, the inequality of Sternberg and Zumbrun had been extended to the
fractional setting by Sire and Valdinoci [25], but in a weaker form than ours. Their inequality
involves only horizontal derivatives of v: they obtained a similar quantity to .4 in (1.7), but
where the indices run only from 1 to n, and not to n+ 1. As a consequence, no one has used
it successfully for proving boundedness of stable solutions in bounded domains —although it
is the main ingredient in a simple proof of the fractional De Giorgi conjecture in R?; see [25].

Instead, from our new geometric form of the stability condition we will obtain an L?
estimate for all second derivatives of v, including those involving the yyvariable. This bound
will be crucial in the proof of Theorem 1.1; see Section 1.3 for more details.

Before going into the main ideas in our proofs, let us introduce an important class of stable
solutions and the known results on their regularity.

1.1. Extremal solutions. Known results for s € (0,1). Given a power sye (0, 1), con-
sider the problem

up= 0 in R"\ ¢ )
where C R" is a bounded smooth domain, A > 0 is a real parameter, and
t
fye C'([0,00)), fiis nondecreasing, f(0) > 0,7/and hin % = 400.1) (1.10)

It is known (see [21]) that problem (1.9) admits an increasing family of minimal® stable
solutions {uy : 0 < A < A}, with uy > 0 being bounded in , up to a certain finite extremal

“Here, minimal means that uy is smaller than any other solution (and, as a byproduct, smaller than any
supersolution).
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parameter \*. For A > \* there is no solution to (1.9), even in the L'-weak sense.” The
pointwise limit of {uy}, as A" \*, is a stable L'-weak solution of (1.9) for A= A\*. Such
solution, denoted by uf} is called the extremal solution of (1.9). A fundamental question is
to determine whether it is bounded or not.

The main result of our paper can be used (through Corollary 1.2) to establish the bound-
edness of the extremal solution in dimensions n < 4 for s = 1/2 when is a convex domain
and fiis a convex nonlinearity.

Corollary 1.4. For some >0, let fipbe a CY7 convexr function satisfying (1.10). Let
C R™ be a bounded conver C' domain and let ut) be the extremal solution to (1.9) for
s=1/2.
If 1 <n <4, then uthe L=( ).

The result is established by applying the estimate of Corollary 1.2, for A < A*, to the
bounded solutions uy. Then, since it is easy to prove that u#)€ L'( ), the estimates for u,
are uniform in \and one can take the limit A — A\* to deduce the boundedness of u:

Besides Corollary 1.4, the available results on the boundedness of the extremal solution for
the fractional problem (1.9) are those contained in [21], [19], and [23]. We briefly describe
them next. See Figure 1 for a schematic representation of the dimensions achieved in each
result.

In [21], Ros-Oton and Serra showed that if fiis convex then uf)is bounded whenever n < 4s,
extending to the nonlocal setting the arguments of Nedev [18]. The authors also established
the boundedness of the extremal solution in dimensions n <ty10syunder the more restrictive
assumption of fybeing C? and f f{)/(f’)? having a limit at infinity; this is an extension of the
arguments of Crandall and Rabinowitz [6]. The estimates for stable solutions in [21] depend
on f, in contrast with ours, and do not provide any estimate for ny= 1 if siis small. The
results from [21] have been recently extended to the case of systems of two equations by
Fazly [12].

Shortly after [21], Ros-Oton [19] obtained an optimal result in the case of the exponential
nonlinearity f(u) = e“, extending the arguments of [7] commented below, by showing that
uiis bounded whenever®

[2(2£2) T3 +s)

4
<
r2(=z) SV (k)

(1.11)

4

SWe say that w € L'( ) is a stable L'-weak solution of (1.9) if f(u)dist(-,d )* € L'( ) and

f o= fross

for all ¢ such that ¢ and (—A)*¢ are bounded in  and ( =0 in R™\
6Condition (1.11) is equivalent to

(_A)S ’ 2s—n
which is indeed the expression arising in [19]. Note that the two quantities in this inequality are constants

independent of |2/].

7 28+n

2
Edhe < lim 2|2/ |" S (=AY |22 for 2 € R\ {0,
e—=0 €
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and  is symmetric and convex with respect to all the coordinate directions. In Figure 1
below we represent graphically the dimensions given by (1.11). In particular, we see that
(1.11) holds in dimensions ny< 7 for all sye (0, 1), and additionally in dimension ni= 8 for
some fractions swwhich include s = 1/2.

11

=== Expected optimal and f(u) = e*[19]
10 |--- Radial case [23] —
. g A . P
lim f ) f exists 210 | e d
o |77 fueonvex [21] o QeOREEEET
g Qe i |
o TrmmOssi ; ;
3 i i 5
B : ' ]
g o= i i
= ; ; ;
A — : ;
— 5 o
: L ket B
—_— . = '
. v A——rrE ot :
"5'.'-1:0—2 0T 0I5 0T 0503 045 0T 04505 U5 06065 07T 07508 0850005

s = Power of the Laplacian

FiGURE 1. Graphical representation of the known results on the boundedness
of the extremal solution. For each color, the horizontal solid lines represent
the rank of sufor which u?is bounded in that dimension. The dashed colored
lines represent the threshold values (n,s) found in each paper: in green, the
values given by inequality (1.11); in blue, n = 2(s 42+ 1/2(s + 1)); in yellow,
ny= 10s; in red, niy= 4s. These lines correspond, in descending order, to the
four cases listed in the legend. The black dashed vertical lines help to locate
some limiting values of s.

Condition (1.11) is optimal since, when (1.11) fails, log |#47* is a singular stable solution
to (—A)*u = Ae* in all of R™ for some A > 0 (see Remark 2.2 of [19]).

One expects (1.11) to provide the optimal range for the values of niand siin which stable
solutions are bounded also for all nonlinearities fyfor for a large class of them). Nevertheless,
this is not known even in the radial case,” as explained next.

"For radially symmetric solutions, the local equation —Awu = f(u) becomes a second order ODE. Instead,
although (—A)*u = f(u) can be written as a one-dimensional equation in the radial case, it still involves an
integro-differential operator which is much more involved than an ODE.
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The problem in a ball is studied in a recent paper by Sanz-Perela [23]. It is proved that
in dimensions 2 < n <@(s + 2 + /2(s + 1)) the extremal solution to (1.9), with = By, is
bounded. This extends the results of Cabré and Capella [2] for the local case, and of Capella,
Dévila, Dupaigne, and Sire [5] for another nonlocal operator. The condition on the dimension
in this radial case (in blue in Figure 1) is slightly worse than the expected optimal one (1.11)
(in green), but it is a significant improvement of n <y10sfin yellow). In Section 1.3 we will
explain why [23] and the current work do not reach the expected optimal dimensions.

A further question of interest is the partial regularity of singular stable solutions. In
another very recent work, Hyder and Yang [16] have established that the dimension of the
singular set of a stable solution to (—A)*u = e" in  is at most n — 10s.

Condition (1.11) in the case sy= 1/2 appeared in the literature for the first time in the
paper [7] by Davila, Dupaigne, and Montenegro. They dealt with a boundary reaction
problem which is related to, but different from, our equation (—A)Y2?ut= d,vy= f(v) on
OR"! (where v is the harmonic extension of u in the half-space). Besides the case f(u) = Ae,
[7] also studied power-like nonlinearities, for which a more precise condition on the dimension,
now depending on the power p, was found. It corresponds to (1.12) below for s = 1/2.

1.2. Entire solutions. A related issue to our problem is the classification of entire solutions
to (—A)°ur= f(u) in all of R™ which are stable or, more generally, have finite Morse index.
This problem has been treated very recently in a series of works, in which the condition (1.11)
appears again.

For the power case f(u) = |u|P~'u, Davila, Dupaigne, and Wei [8] give a complete clas-
sification of finite Morse index solutions. Namely, they prove that when either 1 < p <v
(n+2s)/(n—2s),or p>(n+2s)/(n—2s) and

(E2)  T( - 0 )

n—2s <:pn' s n—=2s s )
r2(n) U ()N (e - 2

p—1 2 p—1

(1.12)

every finite Morse index entire solution is identically zero. Note that taking the limit p — +o0
in (1.12), one obtains precisely the expected optimal condition (1.11).

In the case f(u) = ", Hyder and Yang [15] have recently proved that no finite Morse
index entire solution exists if (1.11) holds —Duong and Nguyen [9] had previously reached
the condition n < 10s.

Our main result allows to establish a Liouville theorem for stable solutions in dimensions
ny< 4 for general nonnegative convex nonlinearities. We follow the ideas of Dupaigne and
Farina [11] for the local case, which consist of applying a universal Holder estimate to the
blow-downs of a stable solution.

Corollary 1.5. Let uye C*(R™) N Ly ,(R") be a stable solution to (—A)Puss= f(u) in R",
where filis a nonnegative convex C*Y function for some > 0. Assume that
w(xhy > —colog(2 + |24))  for 2’ € R" ) (1.13)

where cog > 0 is a constant.
If 1 < n <4, then uymust be constant.
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1.3. Outline of the proofs. Here we summarize the main ideas in the proofs of Theo-
rems 1.1 and 1.3. We use the extension problem for the half-Laplacian as a main tool. For
this, let us settle our notation.

Through all the paper we will denote points in Rt = R" x (0, +00) by z = (2/,y). Recall
that the half-Laplacian of a regular enough function uy R™ — R can be computed through
its harmonic extension in R%™. Indeed, if visolves Avi= 0 in R} and v(-,0) = u, then
—u,(-,0) = (=A) 2.

We will denote balls in R” and R"™! by Br and By respectively, while

Bl = Br R = { x¢y e R ¢ |(2hpy)| < R

will be half-balls in R%™. If 2§y R, = (zg40) + B. In addition, we will use the
notation
rp=|z| and v, := _¢ Vo(z),p for x € RYT.

The general strategy to obtain estimates for stable solutions consists of choosing an appro-
priate test function in the stability condition (1.3), which for s¢¥= 1/2 can be written, using
the extension problem, as

[ et asii< /f Ve[ day (1.14)

for every &ye H 1(R’}fl) such that its trace in R™ has compact support in ; see Section 2.
The choices of test function taken in each of the previously mentioned papers [21, 19, 23]
were the following (up to a cut-o ): &= h(u) for some hylepending on fyin [21], &= |t
for some a > 0 in [19], and &= |24b (2% Vv) for some b > 0 in [23]. Instead, we will make
use of two new test functions, (1.15) and (1.17) below.

Our proof of Theorem 1.1 follows the main lines of that in [3] for the local case, but
confronts a delicate issue in a compactness argument (which remains open for s # 1/2). The
main arguments in the proof can be summarized in four steps:

e Step 1. A key point is to choose

Ga= POy G || D2 (1 W) G (1.15)

as test function in the stability condition (1.14), where vis the harmonic extension of ugand
Ctis a smooth cut-o function. This leads to the following bound (see Proposition 2.2):

/ pin 2dx<0¢f (Vo day if 2 <n <44 (1.16)
$1+/2 3/4\61/2

The crucial fact here is that, after this choice of ¢, the nonlinearity fyno longer appears in
the estimates.

The condition 2 < ny< 4 (which for general syreads 2s < n <¢10s¢in Proposition 2.2
below) is not the expected optimal range of dimensions. The reason why our proof does not
reach such range is that, although we believe that the choice &|(,—oy = |24~ ™=V (24) Vu)
should be optimal, the election of its extension (1.15) is not. The same issue occurs in the
radial case treated in [23], where still another different extension of the test function &|gy—oy
is chosen.



10 XAVIER CABRE AND TOMAS SANZ-PERELA

e Step 2. To relate the left and right-hand sides of (1.16), we prove that, under a doubling
condition on |Vv|*dz, the quantities v, and Vuvyare comparable, in L?, in an annulus (see
Lemma 4.1). This combined with (1.16) will lead to the geometric-decay bound

-n o 2 .
/i ropdr < CR? ||Vv||L2(g;3+/4) it2<n<4,
R

for all small enough radii Riyand for some > 0.

In order to establish the comparability of v, and Vuviin annuli we proceed as in [3], using
a compactness argument. To carry it on, a control on higher order Sobolev norms of viis
needed, and for this it is crucial to use the new stability condition in geometric form, (1.8),
given in Theorem 1.3.

To establish Theorem 1.3 we choose

&= [Vl (1.17)

in the stability condition. At some point along the proof, to show the sign of a certain term,
we use crucially the convexity and nonnegativeness of f.

e Step 3. Combining the decay of the weighted radial derivative and a Morrey-type
estimate from [1] (Lemma 6.1), we obtain the Hélder bound

[ule (B1/2) <C HVUHL%Q;;M) if2<n<4

At this point, it will only remain to control the L? norm of Vuiby the L3 Jo(R™) norm of u.
This is done in Section 5. For this, the key point is to realize that, thanks to Theorem 1.3,
we have a control of the L? norm of D?uin terms of a lower order norm of v. Using this and
two interpolation results from [1] (proved in Appendix B below), we control the H' norm
of viby its L' norm and, in turn, by the L}, norm of u.

This will also lead, through a trace inequality, to the H'/2 bound (5.2) for usin all dimen-
sions.

e Step 4. Finally, to obtain the result in dimension ni= 1, we just need to consider the
solution as defined in R? after the addition of an artificial variable, and apply the result for
n = 2. In Section 7 we establish the necessary results to carry out this process.

1.4. Plan of the article. In Section 2 we establish the key estimate (1.16) of Step 1, which
we carry on in the general setting of the equation (—A)*u = f(u) with s € (0,1). In Section 3
we establish the new geometric stability inequality given by Theorem 1.3, while Section 4
is devoted to Step 2 described above. Then, in Section 5 we establish the H'/? estimate of
Step 3, leading to the proofs of Theorem 1.1 and Corollaries 1.2, 1.4 and 1.5 in Section 6.
Finally, in Section 7 we present some results related to adding an artificial variable.

In the appendices we collect some results that are used through the paper, and we recall
the proofs of the two interpolation inequalities from [1] needed in Section 5.
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2. A KEY WEIGHTED RADIAL DERIVATIVE ESTIMATE

The goal of this section is to prove estimate (1.16). Although in this paper we only consider
the case si=1/2, for future reference all the computations in this section are done for the
equation (—A)*u = f(u) in By, with s € (0,1).

Along this section we will assume that uye C?(B;) N LL(R") and that it solves (pointwise)
the equation (—A)u= f(u) in By, with fye C'7 for some >w). In the following remark
we comment on these assumptions and discuss some extensions of our results to less regular
classes of stable solutions.

Remark 2.1. We can consider three classes of stable solutions to (1.1) in terms of their
regularity: L'-weak solutions —defined in footnote 5—, energy solutions —critical points
of the functional E(-) in (1.2)—, and pointwise (or classical) solutions. As mentioned in
Remark 2.1 of [21] (see [24] for nonzero values in R™\ ), these three notions of solution
coincide whenever the solution is bounded and fysufficiently regular.”® Thus, our main result
holds for bounded L!'-weak or energy solutions.

When s not assumed a priori to be bounded, the situation is more delicate. On the one
hand, our result leads to the interior Holder regularity of energy stable solutions or, more
generally, L'-weak stable solutions which belong to the energy space associated to E(-).
Indeed, it can be proved that any stable solution uiin these classes can be approximated by
bounded stable solutions uy, (at least when fiis increasing and convex and s > 1/2; see [24]).
Then, the estimates for u; pass on the limiting function .

On the other hand, as in the local case si¥= 1, our main result does not hold for general
L'-weak solutions, as there exist unbounded L!-weak solutions which satisfy the stability
hypothesis in the dimensions given by Theorem 1.1; see [24]. The issue here is that these
unbounded L!-weak solutions are not in the energy space associated to E(-).

To state the main result of this section, we need to introduce the extension problem for all
the fractional powers s € (0,1) of the Laplacian. Recall that if visolves
iv(yeVv) = 0 in R¥
mp = wpon IR =R )

where a := 1 — 2s, then

o iyt = (2w (21)
for a positive constant d, which depends only on s, and such that d,/, = 1. The function v,
which is smooth in R’fl, is called the s-harmonic extension of uyand can be expressed in
terms of u through convolution with a Poisson kernel —see (A.1) in our first appendix. Along

the paper we will always denote by vithe s-harmonic extension of u.

8Indeed, if u is an L'-weak solution to (—A)*u = f(u) in B; which is bounded in B; (note that in the
paper [21] L'-weak solutions are called weak solutions), and f € C* for some > max{0,1 — 2s}, then
by considering the convolution of v with a standard mollifier and using regularity results for the fractional
Laplacian it follows readily that u € C?(B;) —see Corollaries 2.3 and 2.5 in [20]; note that here we do not
use the stability of u.
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Proposition 2.2. Let ni> 1, sye (0,1), and let uye C*(B;y) N LY (R™) be a stable solution
o (=A)u= f(u) in By C R", where fiis a CY7 function for some  >0. Let vibe the
s-harmonic extension of u.

Then,

/ y' 2 de < O f Y2 |Vol2dzy  if n € (2s,108),9
Q;Jr

1/2 3/4\@1/2
for some constant Ciidepending only on niand s.

This result will follow from making a particular choice of the test function in the stability
condition, once this condition is written in the extended space RTI- Namely, definition (1.3)
is equivalent to requiring

[ g asv< a, ff ve e 2.2

for every &ye H 1(]err+1, y®) whose trace in R” has compact support in . This follows easily
from the fact that the constant ds in (2.2), which also appears in the previous relation (2.1),
is the optimal constant in the trace inequality [£(-, 0)]?{3(1&” < d,[£]; (R o) €€ [13, Sec-
tion 5.

The following lemma is the first step towards Proposition 2.2. It is proved by taking
&= (- V)= rv.min the stability condition (2.2). The crucial point here is that, after this

particular choice, the nonlinearity fyno longer appears in the inequality.

Lemma 2.3. Let ny> 1, sye (0,1), and let uwye C%*(By) N LY(R™) be a stable solution to
(=AY uy= f(u) in By C R", where fiis a CY7 function for some  >10. Let vbe the
s-harmonic extension of u.

Then, for every me Lip(R'T) with compact support in B U By it holds

s/ yO{ (o — 25)n° + r(n*), |VU|2CL'L'—281% Y rv, Vo - V(n?) dai
B

B
< /;[ yr2o?|Vn|? dz.yp
+
1

Proof. Throughout the proof we will use the notation v; = J;vy= 0,v, v, = v,41, and
Tn+1 = Y-

The key idea is to take &= cmim the stability condition (2.2), with ¢ = x - Vui= ro,., and
use that c satisfies an appropriate equation for the linearized operator ds0,. — flfu) (see (2.7)
below). To carry out this program we need to prove some regularity for c¢. In what follows,
we will use that, for every R < 1, the functions v, y*d,v, Vv, and y*0,V  viare continuous
in B}, that Dfuyis bounded in B%, and that vje H'(B},y?). All these statements are
proved in Lemma A.3.

Regarding c, we next show two properties of this function. First, note that c is continuous

up to {yi= 0} and c(-,0) = 24 Vyupn B C {y= 0} for R < 1. Indeed, ¢ = 2 Vv + yvu,

(2.3)
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and, since Vviand y®v, are continuous up to {yi= 0} in B, the claim follows using that
lyo,| = |y*vyy' ) < Cy* — 0 as yi 0.

Second, we show that ¢ € H'(BL,y?) for all R <¢1, and as a consequence {y= cme
HY(B},y®) and thus it is an admissible test function for the stability condition (2.2) —since
mlis C' and has compact support in B U By. To see that ¢ € H'(B},y), recall that
we HY (BL,yY) for R <yi, and thus ¢ € L?(BL,y?). Hence, we only need to check that
Ve e L*(Bf,y). Fori=1,...,n, we have

Cy; = Uy + W VoprUy, + Yy,

Clearly the first two terms belong to L?(B%, y{) since Vviand Dfviare bounded in B}, and
y® is integrable near 0. For the last term we use that y®v,,, is continuous up to {y¢= 0} to
obtain that |v,,,| < Cy~® for some constant C, and thus y*|yv,,,|* < Cy*~* = Cy' ™%, which
yields the desired integrability. Finally, for the vertical derivative of ¢ we use the equation
Av + av,/yie= 0 to obtain

c, = 2 Vv, + v, + yvy, = 24 Vv, + (1 — a)v, — yApvap (2.4)

and using similar arguments as the previous ones, we see that all the terms belong to
LA( B}, o).

Note also that, since y®v,, y*Vv,, and y>~*Avdare continuous up to {y¥= 0} (in Bj),
(2.4) leads to the flux y®c, being continuous and well defined up to Br C {y¢= 0}.

We can now take {ii= cmiin the stability condition (2.2) to get

| sltwett dai< . /f YV e - V(er) da +d, /f AV dey  (25)

We claim that

d, / yiVC - V(en?) da = /,Z[ (Flbu)e + 25 f(u)) o da b (2.6)
B 1
To see this, we first show that
div(y#Wc) =0 in RY™  and ds% — flfu)ec = 2sf(u) in By.ap (2.7)

The first identity is obtained after a simple computation using that Av + av, /y= 0:
a
i div(yi) = Aa- Vo) + - 7o),

:x-V<—m§}é€) 2Av + & vy + - Vo)
Y Y

=—ax -V (%) Av + %%-Vvy = ay% + Av= 0.9
Y Y Y

To show the second one, recall that from (2.4), for y > 0 we have

—ylc, = T (_y%yvx’v) + 25(_yavy) + yi"FzSAw.w
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Now, the desired identity follows after taking the limit y4 0 in the above expression, by
using Lemma A.3 (b), that dsO,.vi= f(u) in By, and that Ay wviis bounded —and thus
ly> 2 Apv| < Cy*™2 — 0 as yid 0. We have established (2.7).

To prove (2.6), we integrate by parts in Bf, N {y > 6} (a set where ¢ is smooth) and use
the first identity in (2.7) to obtain

ds/ yiNVc - V(en?)dz = —d, /Z[ §%cy (240 c(xhhd)n? (24hd) da’ 4
BEn{y>6} R

Taking the limit di4+ 0 and using that ¢ and y“c, are continuous up to {y¢= 0} (as proved

before), from (2.7) we conclude (2.6).
Combining (2.6) with (2.5) we get

fw)

B1 S

—2s cn? dahy< /z{ ylic?| Vn|* do.y

Next, we rewrite the left-hand side of this inequality after an integration by parts (now using
that ds0,evi= f(u) in By and that vis s-harmonic), obtaining

—2s /J[ y#(Vu - Ve)n* dz — 25/+ ylcVu - V(n?) dz < /;{ yic? | Vn|? dz.a (2.8)

We treat the first integral in this inequality by using the same idea as in the proof of the
Pohozaev identity, to get rid of second order derivatives of v. Note first that
n+1 n+1 n+1 n+1 n+1

Vv -Ve = Zvj@j Z(ivz Zv + ZZ(ZUJUU = |Vu|* + VWUP (2.9)
j=1 i=1

7=1 =1

We now claim that
- /Z[ y* (:)3 . V|Vv|2) (dzz =(n+2-—2s) / Y Vol*n? dx +/ YV |*r(n?), de.a(2.10)
T B B

To see this, we proceed as before (integrating by parts on Bf N {y > §}, where all the
functions are smooth) to obtain

—/ y* (z - V|Vo]?) (dzwb: div(y®z)|Vou|*n? day
B n{y>6}

B N{y>5}

- If ), de
Fr{y>
+ /g[éaﬂ (\erv(:c’wé)\z + |Uy(xﬁp5)|2)r<(:c'¢5) dz’ 4

Now, using that Vviand y®v, are continuous up to {yi= 0} (locally in By, but recall that

mhas compact support in B;), we have
§ L (IVaro(2hpd)[* + Jv, (z40)[?) E C7 4+ C'6' 706"y (20) |* < C(6°7% + 6*),

and thus (2.10) is obtained after lettihg d¢»» 0 and using that div(y®z) = (n+ 1 + a)y® =
(n+2—2s)y”
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From (2.9) and (2.10) we get
/;[ y#(Vo - Ve)nido = — / Yy Vo |*n? dx——/f x - V|V )(dew

2
= 2 Sw/w y%Vv|2n2dx+§/;[+ Yt Vol*r(n

Combining this with (2.8) we conclude the proof. O

)r d.1)

Remark 2.4. The second identity in (2.7) can be established directly “downstairs”, that is,
without using the extension. Indeed, since c is the s-harmonic extension of x4 V. u, it holds
dsOyac = (—A)* (24 Vu). Then, the second expression in (2.7) follows from the identity

(=A)* (2% Vow) = 2th Vo {(=A) w} + 25(=A) w1
(which holds for all functions w) by taking wi= u. The identity can be proved easily using
the definition of the fractional Laplacian, or using that z% Vw(zt) = -+ |,_jw(haty and the

s

scaling properties of (—A)®.

From the inequality of Lemma 2.3 and choosing m&= r*=/2¢y(properly regularized near
the origin), with (¢being a cut-o function, we can establish Proposition 2.2.

Proof of Proposition 2.2. For e € (0,1/2), we take the Lipschitz function

" ~e/2in BT,
e BBy

where 0 < < n — 2stis to be chosen later and (= ((r) is a cut-o function satisfying
(=1 for ry< 1/2 and (Y= 0 for ry®> 3/4. We use this choice of min (2.3). To let ey 0
in the resulting inequality, we use the dominated convergence theorem taking into account
that y*|Vu[* = y*(|Veo]? +v;) < Cy'™> +y» ') in By, —Dby Lemma A.3 (b)— and that
— > 2s —n. We conclude that I, + I, < I3, where

I=s /f gl (h — 25)r 7P C + r(rTFC2), Vol day

Iy = —28?&{ yerv, Vo - V(rg*¢?) da,y

and

I —/f PRV (i) da
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Now, we compute each of the previous integrals separately, using that (y= 1 in @fp —and
thus V(= 0 in 931/2 First, note that

I = s(n—2s — )/f Y ry® | Vo)? day
+
1/2

o

3/4\@1/2

yref Vol (n —2s — )¢ +1(¢%),) (MD
For I, we have
I,=2 S%+ yor v dz + 281%%[ yr=( vAC? —ru,Vu - V(¢?)) da

1/2 3/4\$1/2
Last, since |V (rg2/20)|> = ( 2/4)rgr=2¢2 + 7| V(> — 7271, we get

2 2
Iy=— yUrytor de + /f Yy’ ( m ¢+ Ve - rgg) .1
@1+/2 3/4\731/2

Next, we estimate the three previous integrals over 933 14 \ B /o> noticing that the integrands
can be bounded by Cy¢|Vv|?, with Cydepending only on n, s, and . Hence, from the
inequality I + [» < I3 we get

s(n —2s — /J[ yory | Vol? do + (28 - Z) - yoryto? do < C/ Y Vo|? dz.a

1/2 3/4\$1/2
Note that (2s — /4) > whenever € (0,8s). Thus, if we take = n — 2s, since the
proposition assumes n € (2s,10s) we finally obtain the desired estimate

/ yrgi i de < C /f Yy Voul> day
B} 3+/4\$Ir/2

1/2

with a constant Cydepending only on nyand s. 0

3. A NEW GEOMETRIC FORM OF THE STABILITY CONDITION

In this section we establish Theorem 1.3, which gives a new geometric form of the stability
condition. As a corollary, we will obtain an L? estimate for the full Hessian of the harmonic
extension vyof a stable solution u. This last result, stated in Corollary 3.2 below, will be
crucial in the following sections.

Proof of Theorem 1.3. We take £i= cmin the stability condition (1.14), where mis a Lipschitz
function with compact support in  x [0, +oo) (as in the statement of the theorem) and c
is a function (to be chosen later) in CL ( x [0,+00)), smooth in R}*! and such that
cAc € Clo( o0)). Notice that, as a consequence, &g H'( x [0, +00)). We obtain

/ flbhu)cPn? daly< /J[H Ve - V(en?)dz + /EZ[H c?|Vn2dz.y
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We now integrate by parts the first term on the right-hand side. For the integration by parts
to be fully justified, we perform it in {y > 0} (where c is smooth) and then we let Jip— 0,
using dominated convergence and the continuity of cc, and c Ac. We get

/ (cey + flfu)c? (dx¢< / (| Vn|* — c Acn?) dz.1 (3.1)

We wish to take ¢ to be |Vu| in the previous inequality. Nevertheless, since this function
may not be C! (if Voyvanishes somewhere), we consider instead the smooth function

= (|Vo]* +%)"20
for € > 0, which is locally C* in  x [0, +00) since vie C2Z_( x [0, +00)) by Lemma A.3 (c).
Moreover, an easy computation using that viis harmonic shows that

n+1 n+1 n+1

2
CEAca—Z Z Z Z ,j“) > A% inR"Ly (3.2)

2,7=1 1=

In particular, c. Ac. € Cie( % [0, +oo)) —since vie C2.( x [0,4+00)). As a consequence,
we can choose ¢ in (3.1) to be c. and conclude, taking into account (3.2),

A dait /][(ceayc€+ fﬁéu)cg)(dx@g / c|Vn*dz.y
R1+1 R1+1

Next, we claim that

c.Oyce + flfu)e2 > e flfu) in C {yy=0}.9) (3:3)
Once this is proved, the result will follow by letting e — 0.
To establish (3.3), we first compute, for y > 0,
n+1

c. 0,c. = Z i Viy = V¥ - Vg + 0y Uy 0 (3.4)

i=1
Now, on the one hand note that —0,Vyv¢= flfu)Vuin by Lemma A.3 (b). Multiplying
this identity by Vviwe get

Vv - Vv, = — flfu) [ Vyu)*  in 2
On the other hand, since v, = —Ayviand Ay vigs continuous up to {yi= 0}, we see that
vy = A = (—A0) (A0 P = (“A) ) in
Y

Using the previous identities together with —v, = f(u) in , (3.4) leads to
e 9yc. = —flfu)|Voul® — flu)(=Au) 2 f(u) in ¢
As a consequence, noticing that fﬁéu)c = flu)|Vyul® + flfu) f(u)? + 2 flfu) in , we have
c. dyc. + flfu)c? 1/2f( ) + flkw) f(u)* + &2 figu)
= f {/(W )P (=A) 2 f () o+ € fliw) ¢
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Finally, using that f(t1) — f(t2) < flkt1)(t; — t2) for all ¢1,t, € R (since fiis convex), we
see that (—Au)Y2f(u) < flfu)(—Ay)"?u. Hence, since fiis nonnegative, the claim (3.3)
follows. =

Remark 3.1. In the previous proof, we have used strongly that s = 1/2, both in the choice of
the test function &= |Vo|nyand when using that —A = (—=A)Y/2 0 (=A)Y2. Tt is not clear to
us how to extend the previous arguments to other powers s € (0,1). On the one hand, |Vv|
is not an appropriate test function anymore, at least when s < 1/2 (indeed, since v, behaves
as —y** 7! f(v) near {yi&= 0}, |Vv| may be singular at almost all points in {y#= 0}). On the
other hand, one would say that the analogue decomposition of —A for powers s # 1/2 should
be —A = (—=A)* o (=A)'~*, but its is not clear which information on (—A)!~% is to be used.

From Theorem 1.3 we can now obtain an H' estimate for the gradient of the harmonic
extension of a stable solution. The estimate is independent of the nonlinearity f, a fact
that will be crucial in the following sections. Note that the norms are now computed on the
intersection of R with balls not necessarily centered at OR’™', since this will be useful
later on.

Corollary 3.2. Let n > 1 and let uye C*(B1) N L} ,(R") be a stable solution to (—=A)"*u =
f(u) in By C R™, with fia nonnegative convex CY7 function for some  >w0. Let vibe the
harmonic extension of uyin RTI.

Then, for every 0 < Ry < Ry <1 and every zo € By such that Br,(x¢) C By,

||VU||L2($Rl(xO)m{y>0}) + (B2 — Ry) D? U¢L2(@R (z0)N{y>0}) <C ||VU||L2(QSRQ(xo)ﬂ{y>0})
for some positive dimensional constant C.

Proof. The bound for the L? norm of Vuwiin Bg, (zo) N {y >0} is trivial; thus we only
need to prove an L? estimate for D?v. To carry this out, choose a cut-o function mwith
compact support in Bg, (o) such that mi&= 1 in B, (x9) —hence its gradient is supported in
Br,(x0) \ Br,(x) and, in this set, |Vn| < C/(Ry — Ry) for some dimensional constant C.
Now, since Bg,(x¢) C B;, we can use Theorem 1.3 with this choice of nito obtain

C
/ A2 dx < 71#2 /]ﬁ V|2 da.ab
B, (20)"{y>0} (B2 — R1)? S, o)\ Br, (z0))n{y>0)

The corollary will follow once we show that the square of every element of D?*vycan be
controlled pointwise by C.A? for some dimensional constant C'.

Let us prove this last assertion. At every point zy€ ]Rfrl N {Vw# 0} we consider the
normal unitary vector to the level set of viypassing through =z,

\Y
= S
[Vo(z)]
and any orthonormal basis {71,...,7,,v} of R"". Expressing D?v(x) in this basis, we see

that

n

A(z) = > " (D*(x)[r, 7)) +Z(D2 7, v])%;

i,j=1



REGULARITY OF STABLE SOLUTIONS UP TO DIMENSION 4 19

recall that A% is defined in (1.7). Now, by the symmetry of D?wit is clear that A?(x) controls
the square of every entry in D?*v(z) except for D?v(x)[v,v]. However, since viis harmonic,

we have that .

D*v(z)[v,v] = — Z 2u(z) 13, T3] 2
i=1
and thus we have the desired control at every point zyg R%™ N { Vvt 0}.
Finally, by noticing that D?vi= 0 a.e. in R N {Vou= 0} since Vs Lipschitz (see for
instance [17, Theorem 6.19]), we conclude the proof. O

4. DECAY OF THE WEIGHTED RADIAL DERIVATIVE

In this section, we establish the geometric decay in Ripf a weighted L? norm of v, in B,
where viis the harmonic extension of a stable solution. The main ingredient is the following
key lemma. It establishes that, under a doubling assumption on |Vv|? dz, the full gradient of
wigs controlled, in L2, by the radial derivative of viin an annulus. To prove this result we use,
as in [3], a compactness argument combined with the nonnegativeness of the nonlinearity fi
and the nonexistence of nonconstant 0-homogeneous superharmonic functions.

Lemma 4.1. Letn > 1 and letu € 02(BQ)HL%/2(RH) be a stable solution to (—A)Y?u = f(u)
in By C R™, with fin nonnegative convexr C* function for some > 0. Let vibe the harmonic
extension of uiin R’}fl. Assume that

/ Vo2 dz > 5%[ Vof?
Bt ;

/ (Vo> da < Cs /;[ |z - Vo|? dayp
g;+ +2\g31+

3/2 3/

for some constant § > 0.
Then,

for some constant Cs depending only on nyand §.

Proof. By contradiction, assume the result to be false. Then, there exists a sequence of stable
solutions u in By such that their harmonic extensions vy, satisfy

/;{ |Vog|? do > 5%{ (V| da 1 (4.1)
/;{ V2 de = 1,9 (4.2)
3/2

/J{ |z - Ve[ dags 0 as ki 00.9)

\BY

3/2\ 71

Note that each uy, = vy(-,0) solves a different equation, (—A)Y2u, = fi(uy) in By, for some
convex nonlinearities f > 0. To ensure (4.2), we use that the class of solutions considered
in the lemma is invariant under multiplication by constants.

and
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The crucial point in the following arguments is that the estimate from Corollary 3.2 does
not depend on the nonlinearity f;.. Thus, we will be able to use it to obtain uniform estimates
in k. The details go as follows.

Using Corollary 3.2 (rescaled to hold in By and with zp = 0 and R; = 3/2 and Ry = 2
after the rescaling), the doubling assumption (4.1), and (4.2), we get

70k s < C IVt < 5 [Tkl < %
where CWis a positive dimensional constant. Therefore, by Rellich’s compactness theorem,
up to removing a constant from vy, a subsequence of v, converges in H 1(@3;’/2) to some
function v,,. Moreover,

/:Z[* |Vso|? dag= 1 (4.3)
3/2

/f |z Vuge|? dz = 0.9
372\ B

8/
This yields that v is a 0-homogeneous function in By, \ By
Notice that each v, is harmonic in @;/2.
{y¢= 0} in the weak H' sense, i.e.,

/f Vi - Vpdr >0
+

3/2

and

In addition, v has nonnegative flux on Bj/y C

for every nonnegative smooth function pywith compact support in @;/2 U Bjjs. By the H*
convergence the same two properties hold for v,,. Therefore, by considering the even reflection
of v across 8]RTF1 we obtain a function, still denoted by wv.,, which is 0-homogeneous in
Bs/2 \ Bi and weakly superharmonic in Bs/s.

As a consequence of the mean value property for superharmonic functions, v, is bounded
below in 0Bs,4 and thus, by 0-homogeneity, also in Bz, \ Bi. Moreover, infg, 12\ B1 Voo =
infg, (zo) Voo for some xzg € 0Bs/y. Therefore, the strong maximum principle ([14, Theo-
rem 8.19]) yields that v is constant in Bs/s \ Bi, say v = Co.

Finally, since vooj98, = co, by superharmonicity it follows that v., > co in Bs/,. But since
Uso = o in By \ By, the strong maximum principle for superharmonic functions yields that
Uso = Co in Bgjp. This contradicts (4.3) and concludes the proof. O

Thanks to the control of the gradient in terms of the radial derivative (under a doubling
assumption), given by the previous lemma, we can establish the estimate that will lead to
Holder continuity. Note that here we need to assume 2 < n < 4.

Proposition 4.2. Let uje C?(B1) N Lj,(R") be a stable solution to (=)= f(u) in
B, C R", with fia nonnegative convex CY7 function for some > 0. Let vibe the harmonic
extension of wiiin R".
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If2 <n <4, then
/ I 2dx<CR2a/f Vo> daty for R < 1/24)
Q;Jr

where  and Cilure positive dimensional constants.

Proof. For ji> 0, define
aj = 2_j(1_")/ |Vou|?dzy) and b = /f 2 da.ap
+

1/29+1 IL/21’+1
By Proposition 2.2 (used with si= 1/2) there exists a dimensional constant Cvfor which
bo < C||Vo32z+ 1, and thus
L2(B]),)

ap < My and by < M,y where M= max{1l,C} /f |Vou|* do.yp
+

Clearly, b; < b;_; for ji> 1. Moreover, by applying Proposition 2.2 to v(-/27), it follows"
that
Q; + bj S Llaj_l for ]@ 1,’¢J (44)
for some positive dimensional constant L;. Furthermore, by applying Lemma 4.1 (with
Sg=27") to v(-/27Y) with ji> 1, we get that if

2—j<1—">/ |Vo|? daep> 272790 /f |Vv|2dx— ~ 27 U-hl-n /f \vu\2dx><
B+ .

1/27+1 1/27 1/27
then

2_j(1_")/ |Vo|? dayg 2770 /f |Vo|* doy
B .

1/27+1 3/2J+2
<C1p/ 1“dx<0¢f r Tl da
3/2J+2\$1/2J+1 1/23\31/21+1

for some dimensional constant C'. That is, if j¢> 1 and a; > (1/2)a;_1, then a; < Lo(b;_1—b;)
for some other dimensional constant Ly. By (4.4), this leads to b; < 2L;Ly(b;—1 —b;) provided
that a; > (1/2)a;_;.

Summarizing, there exist a dimensional constant Lisuch that

bj S bj—l and aj -+ b] S Laj—l fOI' j@ 1#?

and 1
if  a; > Qaj_l then b; < L(bj_y —b;) for ji»> 1.9

Tt is useful to note that a; and b; are adimensional quantities, and that Proposition 2.2 can be written
equivalently having the weight 725" inside the integral of the right-hand side.
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Hence, from Lemma 3.2 of [3] if follows that there exist two dimensional constants fye (0, 1)
and Cy > 0 for which

b; < Cot? My for ji> 0.4 (4.5)
Taking such that (1/2)%* = fywe conclude the proof. O

Remark 4.3. Although the decay of the weighted radial derivative given by Proposition 4.2
will suffice to establish our main result, we note that, with the current tools, the same decay
can be proved for the full gradient. That is,

/J[ P Vo de < CR* My for Ru< 1/2.0
+
R

where Mis defined as in the previous proof. For this, one first proves by induction that there
exists a dimensional constant C, > 0 such that

dy, := /f X ri | Vol doy< CL.0% My for kap> 2.4 (4.6)

+
1/2k—1 \@1/2’6

From this, one concludes that

n 2 . n 2 k J
/;{ i Vol de = ) /Z{ o Vo2 dz < C, Z(@ M= C&7 M)

1/2i k=j+1 1/ 1/2k k=j+
for some dimensional constant C'

To show (4.6), in each induction step we have the following dichotomy: either dy 1 < fdy
(and then (4.6) follows readily from the induction hypothesis d;, < C,0¥M), or dy,1 >d,.
In this second case, a suitable doubling assumption for |Vo|? dzvis at our disposal. This
allows us to use Lemma 4.1 (after an appropriate scaling) and hence control the L? norm of
the gradient in the annulus by the L? norm of the radial derivative. From this and the decay
given by (4.5), we deduce (4.6).

5. H' CONTROL OF THE HARMONIC EXTENSION

In this section we establish a further ingredient towards the proof of Theorem 1.1. In view
of our last result, Proposition 4.2, we must control the H! norm of the harmonic extension vi)
of a stable solution u by the L] /o IOrM of u in R™. This is the content of the next proposition.

Proposition 5.1. Letn > 1 and letw € C*(B1)NLj ;,(R") be a stable solution to (—A)'/u =
f(u) in By C R™, where fiis a nonnegative convex C*7 function for some >W). Let vibe

the harmonic extension of uyin R,
Then,

Vel agsy ) < C llulyy o (5.1
for some dimensional constant C.
As a consequence,
[U]H1/2(B1/2) <C ||u||L}/2(Rn) (5.2)

for some other dimensional constant C'.
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Proof. The main idea of the proof is, as in [1], to use the interpolation results of Appendix B
combined with the L? estimate for D?v from Corollary 3.2. Since some error terms will appear
in the right-hand side of the estimates, we will use an abstract lemma of L.. Simon to absorb
them into the left-hand side. In order to use this lemma, we establish our estimates in generic
balls Bgr(zg) C B; (not necessarily half-balls centered at points zo = (23;0) € {yy= 0})
after intersecting them with R7*'. Through the proof we will use the letter Ctto denote a
dimensional constant which may change in each appearance.

Given zy € By C R™™! and Rye (0, 1] such that Bg(zo) C By, we cover the set B2 (o) N
{y >0} (up to a set of measure zero) with a family of disjoint open cubes Q; C R%**! of
side-length [, R, for some dimensional number /,, small enough such that Q; C Bsg/a(z0).

Now, given ey€ (0,1), in each cube we use the interpolation results of Propositions B.1
and B.2 (with R" replaced by R™*1), properly rescaled to hold in the cubes @;, and taking
& = &%? in Proposition B.2. Note that viis C? in each Q; by Lemma A.3 (¢). We obtain

RZ4D [ 192 day CR?"(”*%:%Z[ |Vo||D?v| dzy- CR2~ (e /f |Vo|? dayp

Qj
2
+ CR—2(n+1)6—2—3(n+1)/2 /f ‘U| dx?
J

for every ey (0,1). Multiplying the above inequality by R*™*Y) and using 2R?|Vv||D?*v| <
R?|Vv|? + RY D*v|?, we get

R [ Vv day< OR" ey  |D*0]*dx + OR"+35%[ |Vo|* doy
Qj Qj j

2
+ Cg273nt)/2 /f|v|dx> A

Adding up all these inequalities (using that the disjoint cubes Q; cover Bg/(xo) N {y >0}
and are contained in Bsg/a(xo) N {y > 0}), we obtain

R / [Vo|*dz < OR"HE%[ | D?* day)
Br2(xo)N{y>0} 3r/4(zo)N{y>0}

+ C’R"”’ezﬁff |Vo|? doy
3ry/a(z0)N{y>0}

2
+ Cem273(n+1)/2 /f lv|dz | @
3ry/a(z0)N{y>0}

Next, we combine this information with Corollary 3.2 (used with Ry = 3R/4 and Ry, = R),

which gives that
R2/ |D?v|? dx < Cz//f |Vou|* de.yp
Bsr/a(wo)N{y>0} r(zo)N{y>0}
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We deduce that

R“+3/ Vo2 dz < C’R”+351%Z[ |Vo|* day
Br 2 (x0)N{y>0} (z0)N{y>0}

+ Cgm 273t/ / |v\dx>

Applying now an abstract result of L. Simon —that we use as stated in [3, Lemma A.4]
taking = n+3 and o(Bg(v)) := || Vv|3a (Br(zo)n{y>0)) aiter choosing & dimensionally small
in (5.3)— we get

(5.3)

z0)

[, iwebansco ff o) « 51

1/2

Finally, to bound the L' norm of viin terms of its trace we use Lemma A.1, which gives
Jf bl < Cllullyy oo, (5.5
1

for some dimensional constant C'. This concludes the proof of (5.1).
To establish the second estimate of the proposition, we take a cut-o function (ysuch
that (y= 1 in B 18 and (Y= 0 in R\ Bf I Now, by the well-known trace inequality

[w(, 0)] 12 gny < [w]Hl(Riﬂ) used with wi= v, we obtain

[Wlir172,0) < [0CTi172080 /f V()P de < Oy / Vol + /f W)(

Using Proposition B.2 as before (in a finite collection of dlSJOlIlt cubes (); covering QBIF/ , but

all contained in QBDQ, with £ = 1/2, and then adding up the resulting inequalities), we get

that )
IUIQSwa [Vol? 4 Cy J[ \v|> 8
oy e eylf e Jf,

1/4

e, <0, 90+ ff |U> |

1/2

and therefore

To conclude, we use the already proved estlmate (5.1) together with (5.5) to obtain
[U]H1/2(Bl/8) <C ’|U“L}/2(Rn) X0

Finally, to replace By/s by B/ in the above inequality and thus conclude (5.2), we use a
standard covering and scaling argument, noticing that all the estimates are independent of
the nonlinearity fiand hence can be applied to rescaled stable solutions. O
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6. PROOF OF THE MAIN RESULTS

In this last section we finally establish Theorem 1.1 as well as Corollaries 1.2 and 1.4. In
the case n = 1 we borrow the results from next section.

To establish the Holder bound of Theorem 1.1, we will use a Morrey-type estimate from [1]
adapted to radial derivatives. It is stated in Lemma 6.1 below. Notice that in the cur-
rent boundary setting, to obtain Hélder regularity on R™ = R it will suffice to have a
geometric-decay bound for radial derivatives with respect to points on R" = 8]1%1“. That
is, we do not need control on the full gradient, neither on radial derivatives with respect to
points in R+,

Here and through the section, given a function wlefined in R’}fl and a point zipe R", we
will denote the radius with respect to zi/by

ro=ry(z) =z —(2,0)], ag R,
and the radial derivative of wiywith respect to ziby

o — (240)

n+1
|:):— H00)] Vw(z), zE R Y

w,,(x) =

Lemma 6.1 ([1)). Let zfpe R", d >0, and wibe a C* function in B} () € R™™. Assume
that, for some positive constants  and C,

/f \w,_,|dz < CYR™  for all Ry< d.1 (6.1)
+(Z/

Let Sibe any measurable subset of By () and wg : =I5 f7[w dxz. Then,
n+1
|w(24)0) — wg| < C’Clmdo‘
for some constant Cildepending only on nyand

Proof. The proof is that of Lemma C.1 in [1] (which, in turn, follows that of Chapter 7
n [14]). Given x € S, we have

wle) ~w(0) = /fé:wgi\ “((””’0’” o)

Averaging in x € S, taking absolute values, and using spherical coordinates centered at (z40)
(i.e., mg= (240) + pw, with py= |z — (24)0)| = 7., and wye ST, where S} :=S"N{y > 0}), we
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get

b0 sl < 1= [anff T dpu, (o) + pE=EL)
< ﬁ - dxqﬁff dp w,, ((34//0) + p%) (
|S| /j(y 5 /sn dw#jdp w,_, ((2,0) + pw)

dn—l—l

- G Ly dw%fdp wy, ((60) + pw)

dn+1
= Groys L, el e

Let us now bound this last integral. For thls, set

= /f \w,_, | dxy)
(=)
L) = /][ lw,,| AH" 2
B (z")N{y>0}

Integrating by parts and using (6.1) we get

/@ " i w,, | dz = /fdt% ) dH" t"|w, | = /f ot i)
d)+n /ff”‘%o(t) dty

< Cyd"d" + nCy /ft‘"‘lt"““ dt < CCLd* W

and use that

establishing the result. U

Once we have the previous result at hand, we can proceed now with the proof of our main
theorem, which provides the Holder estimate for stable solutions in dimensions n < 4.

Proof of Theorem 1.1. The H'Y? estimate (1.5) has been already proved in Proposition 5.1.
From now on, we assume that 2 < ny< 4, and notice that once the Holder estimate (1.6) is
established in dimension ny= 2, then by the results of next section (Lemmas 7.1 and 7.2),
it will hold as well for stable solutions ui R — R in dimension ni= 1. For this, we simply
define w(xy, o) := u(x1) and apply estimate (1.6) to w.

Now, since 2 < n < 4, by Proposition 4.2 we know that

1/2 1/2
< —1 n 2 < n+o
/@E lv.| dz < /l{t{ i dx) /l{t{ " |, dx9 <CR ||VU||L2($;/4)
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for Ry< 1/2, where and Ciare some positive dimensional constants. Replacing the origin
by any € B, /s C R™ in the above inequality (since the equation solved by ws invariant
under translations in R™), we get that

n+ao n+ao
/Zi 1|4 S O™ Vel gag oy < OR [ Vel for all R 1/2:0

Using Proposition 5.1 to control ||Vu|| L2(85,) (after a covering and scaling argument) by

||u||L}/2(Rn), we conclude

/i v, | dz < CoR™ HUHLi/Q(R”) for all 2ty By/s and Ry< 1/2,4) (6.2)
R(Z/)

for some other dimensional constant Cj.
From these geometric-decay bounds for radial derivatives, we now obtain a Holder estimate
for uyn B;/s. For this, given ztpand Z' in B, /g, we set

d:= -7 <1/4 and Sy= By ()N By ().
Note that |S| = ¢(n)d™™! for some dimensional constant c¢(n). Hence, using Lemma 6.1 in
B (z4) and B} (zf) —in both cases with wi= v, C; = Cy ||u||L1/2(Rn), and with dyand Stas
defined above—, we obtain
lu(2t) — u(Z)] < |v(2',0) — vs| + |vs — v(Z,0)| < CCd* = CCy Hu’|L}/2(R”) | A F|°
for some constant Cydepending only on niand . Hence,
[ule (B1/s) <C ||u||L%/2(]R”)‘

Now, we bound the L> norm of u as follows. For z%/and z{/in B, s, by the previous estimate
we have

[u(e)] < Ju(et) — u(] + (] < Cllully gy + [ul=B]4

Integrating with respect to z4/in By /s we deduce

ol ey < Colltly oy + 0l 1, ) é Clluly o -
We conclude that
lulle @, < Cllullzy @ -

Finally, we prove the claimed estimate in B, 2 by using a standard covering and scaling
argument. 0

Once the main theorem is proved, we can establish Corollary 1.2.

Proof of Corollary 1.2. We may assume uyz 0, and thus v >¢0 in by the maximum
principle. Now, on the one hand, since is convex, by Proposition 1.8 of [21], there exist
two positive constants dyand Cv), both depending only on , such that

||u||L°°( \Ks) = C¢||U||L1( )>¢
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where Ky := {zl)e :dist(x%) > d}.
On the other hand, by regularity theory (see Remark 2.1), uye C?( ). Thus, we can use
Theorem 1.1, that together with a covering and scaling argument leads to

[l oo 1) < COllull ey 00
for some constant Ct depending only on  (to control the Lj /o OIM of u, recall that u =0
in R"\ ).
Combining both estimates we conclude the desired result. O

With Corollary 1.2 at hand, we can establish our boundedness result for the extremal
solution.

Proof of Corollary 1./. For X\ < \*, let uy be the minimal solution to (1.9) with sy= 1/2.
Since uy € L>( )N H'?(R") and it is a stable solution, from Corollary 1.2 we obtain

||u)\||L°°( ) < C@Z’HU/\HU( )-@D

But now, since ufp€ L'( ) and 0 < uy < ufy the right-hand side of the previous inequality is
bounded independently of A\. As a consequence, we deduce our result by letting A\ — A\*. [J

We conclude the section by establishing our Liouville result.

Proof of Corollary 1.5. First, note that if @ is a stable solution to (—=A)Y2% = f(@) in B,
and ¥ is its harmonic extension in R*!, then

e @, S Cllollpgs  H1<n<4y (6.3)

where >4 and Ctare dimensional constants. To see this, it is enough to carry out the
proof of Theorem 1.1, but using estimate (5.4) instead of (5.1) to control the H' seminorm
of ¥ in (6.2).

Our proof now follows that of [11]. Given uias in the statement of the corollary, for each
R > 2 define ug(zt) := u(Rat). Since the harmonic extension of up in R is vg(7) := v(Rz),
by applying the estimate (6.3) to these rescaled functions (which are stable solutions to
(=A)Y2up = Rf(ug) in B;) we obtain

lu(z%) — u(2)| < CR™|zi— 24P |v| dztp for ziand z)in Bt
B
Note that here we use crucially that the estimate (6.3) does not depend on the nonlinearity.
Now, we need to bound the average of |v| in BE. To do it, we claim first that there exists
a positive constant ¢; for which

v(z) > —co(log|z| +¢p) if |z| > 1,9 (6.4)

where ¢; is the constant appearing in the lower bound (1.13) for u. Assuming this claim to
be true, we obtain

lv(x)] < Jv(z) + co(log |z| + c1)| + |co(log |x| + ¢1)] = v(x) + 2¢o(log |x| + ¢1).0
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Moreover, since vis harmonic and has nonnegative flux on B;, the mean value property

vdx < wv(0)
B

holds.!?
As a consequence, using the previous two bounds we get

lv|da < vdx 4+ 2¢ (log R+ ¢1) < v(0) + 2¢o (log R + ¢1)
B B
and thus
lu(z®) — u()] < CR™|2l— 2'|*(v(0) + 2¢o (log R + ¢1) ).
Letting Ry~ 400 we deduce that us constant.
It remains to establish (6.4). We use the Poisson kernel (A.1) to express viin terms of u,
together with the lower bound (1.13). For z = (2/,y) € R"™ with || > 1, we see that

1
v(T) > —CoPn1y2 /EZ[L |I?;_Oi;ifi‘{;)L;1 dzt)
z))

B ylog(|=[(2 + |2t/
Z Opn /J[ |a’;’¢— Z@{)Z—Fy )n+1

log(2 + |Z']) :
= —cg loglx n12
g [2] + pnay /Q[ ([t — 22 + (y/|])?) "% )(

= —co (log |z] 4 pny2 90(1'/|1'|))
Finally, let us show that the function ¢ S =% R defined above is bounded. To do this,
note first that ¢ = p(z/|z|) does not depend on x%|x| and can be written as

log(2 !
o [ o
(lex =212+ 9%) =

where 3 := y/|z| € (0,1]. Since |g| < 1, it suffices to control this quantity when integrating
only in {|e; — 2’| < 1}. But we have

log(2+ |Z']) oo gl
iff e o ey T <o
(e1) 1

This establishes the claim (6.4) and concludes the proof. 4

dz1p

10his follows from the same usual proof of the mean value property for superharmonic functions in full balls,
by adapting it to half-balls. Or, alternatively, by applying it to the even reflexion of v across {y = 0} (which
is superharmonic in the weak H?! sense).
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7. ADDING ARTIFICIAL VARIABLES

In this section we present the two results that allowed us to establish the Holder estimate of
Theorem 1.1 in dimension n = 1 from the estimate in higher dimensions, by adding artificial
variables. In this section, points in R™ = R™~! x R will be denoted by x = (2%)x,,).

The first result concerns the control of the L! norm when adding artificial variables.

Lemma 7.1. Let m > 2 and let u : R™! — R belong to LL(R™ ). Define wip R™ — R by

w(px,,) = u(z.y
Then,
||7~U||Lg(Rm) <C ||U||Lg(Rm*1)

for some constant Cildepending only on myand s.

Proof. Let Q™ = (—1,1)™ C R™. We have

B |u(2)] e
HwHLg(Rm)_/ (1 + | + 22,)™% /J[\Qm 1+|xw‘2+x2) gz 40 Y

The first integral is bounded easily using that Q™ = Q™! x (=1, 1):
|u(t)] / J[
——— day< 2 w(z| dzi< C' ||u o1y
e r— | ol 4o C ]y
To estimate the second one, we split it further:

/ﬂf LICL) N A

m\Qm (1 + |2 +22) 2

where

1 /
S Y T
~1 Rm—1\Qm~1 1 —+ |£L”L,{/2 + x2 ) 2

> " |u ()]
I = d m d +2s *
? Q/f ! /Jil i (14 |xhf? + 22 )" v

Now, on the one hand

|u(zt)]
ISQ/;Z[ m125da:'_C'u LRt -
! m— 1\Qm 1 (]_ _I_ |IW) megt 1/)< || ||LS(R ) w

and

On the other hand,

o dz
[ = 2/ d[[’ldju :L'/ /f = m+2s 7,l7b
2T S T
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and note that, for A > 0,
/ +oo dx,, 1 / Foo dx,,
L ez s [ (:cm JN)2)

C
- )\m \m—1+2s /f 1+t2 m+25 - )\m 142s° w

This yields I < C'[[uf|y gm-1y (taking A = /1 + |24?), which concludes the proof. O

Now we prove that stability is preserved after the addition of artificial variables. Here we
denote by B}" the unit ball in R™.

Lemma 7.2. Let m > 2 and let up R™™! — R, with u € C*(B"1) N LYR™ 1Y), be a stable
solution of (—A)*u = f(u) in Bl""'. Define wip R™ — R by

w(@px,,) = u(zh.yp
Then, wye C*(B7) N LY(R™) and it is a stable solution of (—A)*wi= f(w) in B".

Proof. First, that wiye L1(R™) follows from Lemma 7.1, and a straightforward computation
shows that wysolves (—A)*wiy= f(w) in B}"* (see for instance [22, Lemma 2.1]). Now, let
us check that wis stable. We will show that the stability inequality (2.2) holds for all C'*
functions &= &(z,y) with compact support in R U B™. Then, the result will follow by

density.
= /#2(1'/7 LTm, y) d$m¢

Given such a function &, we define
/ Jlhw(z))E%(z,0) dz —/ dayfllu(z)) /Uz[dxmﬁ (22, 0)
Bm 1

— [} fruaEi o) s’

1

We have

and using the stability of uyn B!, we deduce
)€ dare d, /f Ayl Jf A e P (71)
Bm m—1
Now, for (zty) € {4 0} and i = 1,. — 1 we have

& (2 y) =& y) /J[zfv Ty Y)Eu; (@' Ty y) Ay 10

and the same holds for the derivative with respect to the extension variable y. Using the
Cauchy-Schwarz inequality we see that

& (ally) < /Ef:wg:m y) dim,
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and similarly for E; Hence

IV i E (g2 < / Ve (i, y)|? dam i

Using this in (7.1), and the fact that since &uis Lipschitz, V&= 0 a.e. in {&y= 0} (see for
instance [17, Theorem 6.19]), we obtain that

2 OO 2s 2
[ ar <, [ g [ anioete oo

This establishes the stability of w. O

APPENDIX APPENDIX A. AUXILIARY REGULARITY LEMMATA

In this section we collect some auxiliary results used along the paper. Recall that a := 1—2sv
and that the s-harmonic extension of a function u : R®™ — R is iven by

v(2',y) = /ﬂz[u(z@PS(:Eib— 2 y)d' W with  Po(Z',y) = pns ye —- (A1)
" Iz +y2) =
Here, p, s is a normalizing positive constant, depending only on n and s, which makes P;(-,y)
integrate 1 in R” for every y > 0.
We first present a result stating that the weighted L” norm of the s-harmonic extension of a
function can be controlled in terms of LP and L! norms of its trace. It is a simple application

of Young’s convolution inequality.

Lemma A.1. Let ny> 1, sye (0,1), pye [1,+00), R >, and uye LP(Bygr) N LY(R™). Let
a =1 — 2syand let wbe the s-harmonic extension of u.
Then,

0100y < Cr (1l 1y + il ) (

for some constant Cg depending only on n, s, p, and R.

Proof. First, note that

/gg yUolP dz < /f dy vy . da’ /qu(zi/)Ps(:c’w— 2 y) dzéﬁp

< [fd dz’ WP (zh 2 y) dzh
<o [Fanw [ a [ ucvri 2o
+2p/fdyy% . da’ /i\BQR w(Z)Py(2h— 2 y)d2
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Now, on the one hand, defining w := uxp,,, for y > 0 we have

/BR da’ /gi w(ZY Py (2~ 2, y) dzépp _ /gi @ % Py(-, y)|P (2 dahp

< [ Pl ) o ey

< ||u||Lp R") 1P (, )HLl Rn) — ||u||Lp (Bar) ﬂ/f
where we have used Young’s convolution inequality. On the other hand, we claim that
2s
Py(ahp- 2 y) < Op— if 24€ B and 24€ R™\ Bop,t) (A.2)

(L+ |4f2) 5

where the constant C'r depends only on n, s, and R. Indeed, since |24 < |24)/2, we have that

L+ 4R? oA 1+4R2| o < 1+4R

L+ |24 < 1 S

(lzh— 2 + yt) ¥

Therefore p
fu® /f u( Py (et 2, y) del) < Cry® |lul g
BR 7L\B2R ’

with Cg depending only on n, s, p, and R.
The desired estimate follows from the fact that y* is integrable in (0, R). O

We next establish an L> estimate for the s-harmonic extension of a function, as well as
for its first and second horizontal derivatives (i.e., its derivatives in z%€ R™). The result will
be used to prove Lemma A.3 below.

Lemma A.2. Let ny> 1, sye (0,1), R >0, and uwye C?(Byg) N LY(R"™). Let vijbe the
s-harmonic extension of u.
Then,

[0l iy + Vvl gy + D20ty gs) < Cr (6l o + el ygan) (

for a constant Cr depending only on n, s, and R.

Proof. Let (¢ R™ — [0, 1] be a smooth cut-o function such that (&= 1 in Byg and (= 0 in
R™\ Byg. Then, writing v = Cu+ (1 — {)u, for (at)y) € Bf we have

v(a',y) = . G pu(atp— 2)Py(2, y) d2lp+ /Jf (1 = () u(APy(2p- 2 y) 24 (A.3)

Now, the first term is estimated by |[ul| (g, ,) using simply that (¢has compact support in
Bsr and that P; is positive and integrates 1, while for the second one we note that 1 — (s
zero in Bog and thus we can use (A.2) to estimate the integral by Cr ||ul| 11 gn)-

Last, to estimate the horizontal derivatives of vywe proceed similarly, now differentiating
(A.3) and using, for the second integral (where |xt— ztp > |z4) — |24 > R), that, for i, jiy=
1,...,n,

|0 Ps (2= 2, y)| + [0:0; Ps (2= 2" y)| < CrPs(atp= 2y y)  if 2l 2lp > Ry
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for some constant C'r depending only on n, s, and R. This last bound can be easily obtained
from the explicit expression of the Poisson kernel P just noticing that |z4— zt) > Ruyyields

|2t AP+ y? ot APy T a2 e 2P T Ry RE

g

In the following lemma we collect some regularity results for the s-harmonic extension of
a solution to a fractional semilinear equation in B;. These are the ingredients that we have
referred to in our computations through the paper. The main issue here is that uye L!(R")
is the only control that we have of uiwutside B;. Instead, under more restrictive assumptions
on the solution —for instance in [4] for entire solutions in L>°(R™)—, most of these results
are known.

Lemma A.3. Letn > 1, s € (0,1), and let u € C*(By) N LY(R™) be a solution to (—A)*u =
f(u) in By C R™, where fiis a C17 function for some > 0. Let a = 1 — 2syand let vibe the
s-harmonic extension of u.

Then, for every R < 1,

(a) vie HY (B, y1).

(b) The functions v, y*0,v, Vv, and y*0,V yvjure continuous in ﬂ—g. Moreover,
— d, hﬂ)l Y0,V = flu)Vutp in Bryap (A.4)
Y

where dg is the constant appearing in (2.1). o
(¢c) Dfwilis bounded in Bj,. For s =1/2 we additionally'" have that vye C*(B).

Proof. Since uye L!(R™), the function vygiven by (A.1) is well-defined and smooth in R
and satisfies div(y?Vov) = 0 in R:"!. Therefore, the main issue is to prove that the regularity
results stated in the lemma hold up to {y= 0}.

First, to show that wvyis continuous up to {yy= 0} we simply use its expression as a
convolution with Ps. Indeed, from (A.3) we see that the first integral in that expression is
the convolution of an approximation of the identity with a compactly supported function
which is continuous in B; (and thus the result is continuous in B; as yi} 0), while the second
integral can be bounded by Cry? [ull 11 (gny thanks to (A.2).

Next, it is well known and easy to verify —using (A.1)— that y®v, is continuous in E,
and that
oy o 5 .
— = —dlimyv, = (—A)°u= f(u) in Br. (A.5)
ov® 10

That vye H' (B, yY) follows readily using that y* and y~* are integrable. Indeed, on the
one hand vyand its horizontal derivatives can be controlled in L*(B}, y) using Lemma A.2
(appropriately rescaled and after a covering argument). On the other hand, to control the

ds

HNote that, for s < 1/2, in general v is not even C! up to {y = 0}. Indeed, since y®v, is continuous up to
the boundary, v, will generally blow up at {y = 0}.
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vertical derivative (in y) we use that y“v, is continuous up to {y= 0}, and thus y*v; < Cy~*,
from which the desired integrability follows.

Let us now establish the regularity of v,, for 7¢= 1,...,n. Note that we cannot use the
previous results applied to v,, instead of v, since we do not have any control of v,, outside B;.
To carry out the proof, we consider the weak equation solved by v, i.e.,

d, /ﬁ Y- Vipds = /f F () dat (A.6)

for every pye C'(Bf) with compact support in Bf U B;. Note that (A.6) follows readily
from the equation of viafter integrating by parts in Bf N {y > d} (where viis smooth) and
letting 916~ 0, using (A.5). Now, for A > 0, we consider the difference quotient

Div(x) = v(z + he};zb v(x) ¥
From (A.6), we get that for every z, € B and p >0 such that By,(z) C By, the function
D vifwith h < p) solves weakly

iv(y*VDjv) = 0 in BF (xp)0
0D;v , .
do = = Dilf(v)] in By(xf)4
Now, using Lemma 4.5 ¢f [4], it follows that

for some depending onn, s, and , and a constant C} depending on n, s, p, ||D2U||Lw(ﬂx;(xg)))v
and || Dj[f(w)]ll~ (By(xy)- Lo establish the regularity for v;,, we need to show that C', can
be controlled uniformly as hy~— 0. On the one hand, ||Div]| Loo(B(zy) 18 controlled by
||V, | Loo(B (a))’ which is finite thanks to Lemma A.2 (applied after appropriate transla-

tions and rescalings). On the other hand, ||Dj[f(u)]||- (B, (xy)) Can be controlled by the norm
[ ftw)ua,

(A.7), we establish the Holder regularity for v,, and y*0,v,, in %(azg@ Since xf)can be
taken arbitrarily in Br, we get the desired result. Note that once we have proved that y*d,v,,
is continuous up to {y¢= 0}, the identity (A.4) follows readily.

Finally, Lemma A.2 established the boundedness of Df;v. To conclude the proof, let us
show that viye 02(?5) when si= 1/2. For this, take (3@ R™ — R a cut-o function with
compact support in Bgg, for some p <if1 — R)/2, and such that (¢y= 1 in Bg,,. Define
w(z,y) = (Pija(-, y) * (u¢))(z), which is harmonic in R’™" and satisfies w(-,0) = u(yin R",
and set  := vt w. Now, on the one hand, since is harmonic in B}, +pand =0 on
Bpy,, by standard estimates for harmonic functions (taking for instance the odd extension
across {y¢= 0}), we have that € C%(B},). On the other hand, since u(ye C*(R™) and has
compact support, by the previous results (applied to u(yand its derivatives) it follows readily

C (Boah)) which is also bounded by hypothesis. Thus, taking the limit hy— 0 in



36 XAVIER CABRE AND TOMAS SANZ-PERELA

that w, wy, wg,, Ws,y, and w,,,, are continuous in B, for every i,jy=1,...,n. Using that

wifs harmonic, we deduce that wy, is also continuous in ?}5, concluding the proof. U

APPENDIX APPENDIX B. TWO SIMPLE INTERPOLATION INEQUALITIES IN CUBES

The following is an interpolation inequality from [1], where it was conceived in order to
give quantitative proofs of the Holder regularity result of [3] for stable solutions to the local
equation —Awut= f(u). For completeness, we present its proof next. Note that, in contrast
with the interpolation inequality of [14, Theorem 7.28], which requires an extension theorem
in R", establishing (B.1) in a cube of R™ is immediate once it is proved in dimension one.

Proposition B.1 ([1]). Let Q = (0,1)" C R", p > 1, and wys C?*(Q).
Then, for every e € (0,1),

P [2+1 p=1 |72 241 §)p P
/Q|Vw| day np** pa?/fVuA |D*w| dx + nfp>* (82/} /|w| dx.a (B.1)

Proof. We follow [1]. We start proving (B.1) in dimension n = 1. First, we claim that given
dye (0,1) and wye C?([0,4]), it holds

5 5
/ lwtff dz < p&%jhﬂ@{])_l |w| dz + 9p5_p/ |wl” dz.yp (B.2)
0 0

To show this, take zg € [0,6] such that |wlzo)| = minje [wh:. Then, for 0 < y <¢f <t
L < z < 6, since (w(z) — w(y))/(2¢ y) is equal to wiyat some point, it follows that
|whzo)| < 367 (Jw(y)| + |w(2)]). Integrating this inequality first in yiand later in z, we get

that |[wiz)| < 9672 f05 |w| dz, and taking powers we obtain

|whpzo) | < 9p5_p_1/j\w\p dxyp for p € [1,00).0 (B.3)

Now, for z € (0,d), we integrate (Jwi?) in the interval with end points ztand zo, to get

k)P < m/j g™ el dad ko) P 2

Combining this inequality with (B.3) and integrating in = € (0,6), we conclude (B.2).

Once the previous claim (on integrals in [0, §]) is proved, we can establish (B.1) in dimension
one. Let wye C?([0,1]). Now, for any given integer k >v1 we divide (0,1) into kydisjoint
intervals of length d¢= 1/kye (0, 1). Since (B.2) did not require any specific boundary values
of w, we can use the inequality in each of these intervals of length 1/kyand then add them
all up to obtain

/01 wiff dzy< %¢/f|w@{f_l lwi| dat (9k)P /01 lw|” dz.4) (B.4)

Now, since 0 < & <1, in (B.4) we can choose ki Z such that 1 <@/>§ <k <d§, establishing
the result in dimension one.
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Finally, we show the result for wye C?([0,1]"), with ny> 2. We will denote zv= (2, 21 €
R x R"~!. Using the result in dimension 1 for every 2/, we get

ffrar o= [ asffanicor
<verf asffan o @F o o)
+ (18 H)P /( s dxw/f dzy jw(z)[?
_ pe% [ (2) P gz, ()] dz -+ (18717 /{flw(w)l” dzp

Since the same inequality holds for the partial derivatives with respect to each variable z;
instead of x1, adding up all the inequalities and using that |[Vo|? < n¥2(jvg, [P +. .. + |va, [P),
we obtain (B.1). O

The following second interpolation inequality is well known and follows immediately from
Poincaré’s inequality. It allows us to replace, when pi= 2, the L? norm of win (B.1) by the
square of its L' norm (at the price of adding a reabsorbable small factor of the H! norm).

Proposition B.2. Let Q = (0,1)" C R, p > 1, and wye C?*(Q).
Then, for every € € (0,1),

/|w|de<05 /fwv’ da + C &= (/jw dx?p (B.5)

for some constant Ciidepending only on nyand p.

Proof. From Poincaré’s inequality for functions wiin a cube Qs of side-length 9§, which reads
|lw — we, || Lr@y) < COl|Vw|| Lo, (Where wg is the average of wiin (), we obtain

lllooon < C8lIVwllimn + Qs o, = C3lIVawllirgn + 51/ /f ] daap
)

Now, for any given integer k > 1 we divide @) into k™ disjoint cubes Q; of side-length d¢=1/k.
Using the previous inequality in each cube ); we have

/Qj |w|P dey< %w/f|Vw|p dz + Ck"P~D /f|w| d:)s) (-@D

Adding up all these inequalities and noticing that _. f lw| dz)P < j[ |lw| dz)P =
faﬂw\ dz)P, the desired estimate (B.5) follows after cho smg an mteger k: h that 1 <v
< ki< 2“1 O
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