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We present a family of designer Horndeski models, i.e., models that have a background exactly equal to
that of the ACDM model but perturbations given by the Horndeski theory. Then, we extend the effective
fluid approach to Horndeski theories, providing simple analytic formulas for the equivalent dark energy
effective fluid pressure, density, and velocity. We implement the dark energy effective fluid formulas in our
code EFCLASS, a modified version of the widely used Boltzmann solver CLASS, and compare the solution of
the perturbation equations with those of the code HI_CLASS which already includes Horndeski models. We
find that our simple modifications to the VANILLA code are accurate to the level of ~0.1% with respect to the
more complicated HI_CLASS code. Furthermore, we study the kinetic braiding model both on and off
the attractor, and we find that even though the full case has a proper ACDM limit for large n, it is not
appropriately smooth, thus causing the quasistatic approximation to break down. Finally, we focus on
our designer model (HDES), which has both a smooth ACDM limit and well-behaved perturbations, and
we use it to perform Markov Chain—-Monte Carlo analyses to constrain its parameters with the latest
cosmological data. We find that our HDES model can also alleviate the soft 2¢ tension between the
growth data and Planck 18 due to a degeneracy between og and one of its model parameters that

indicates the deviation from the ACDM model.
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I. INTRODUCTION

Not long ago, measurements of the distance-redshift
relation from distant Supernovae type la (SNla) revealed
that the Universe is not only expanding as time goes by, it is
actually accelerating [1,2]. The consequences of these
observations are far-reaching and several analyses of the
datasets have been carefully carried out ever since (see
Ref. [3] and references therein). Although there were some
concerns about possible systematic errors, analyses of new
and improved datasets have shown that results in previous
works are robust [4,5]. Moreover, most recent astrophysical
measurements of the cosmic microwave background
(CMB) anisotropies and the distribution of galaxies in
the Universe, when interpreted in the context of the
cosmological constant cold dark matter model (ACDM),
are in very good agreement with a late-time accelerating
phase [6,7].

Current Bayesian analyses of astrophysical measure-
ments indicate that ACDM beats alternative models [8]. In
spite of being successful at fitting most datasets, ACDM
is just a very good phenomenological model as its main
constituents are either unknown or misunderstood. First,
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cold dark matter (CDM) has not been directly detected thus
far despite the huge effort this research field has attracted
over the past years [9]. Second, there exists an important
disagreement between both predicted and inferred values of
the cosmological constant A whose solution will possibly
lead to new physics [10,11].

Even though reconciling the quantum field theory
prediction with the observed value of the cosmological
constant seems unlikely, it has become clear that a dark
energy (DE) component resembling a cosmological con-
stant not only can alleviate several problems present in a
CDM model but also can drive the current accelerating
expansion of the Universe [12]. Although several mecha-
nisms have been proposed in the literature which could be
responsible for speeding up the Universe, nowadays there
are two main approaches. On the one hand, one finds
modified gravity (MG) models [13]. Einstein’s theory of
general relativity (GR), the theory of gravity that is
assumed in the ACDM model, seems to break down on
tiny scales and possibly will require modifications on large
scales to account for current observations [14]. However,
modifying GR can be laborious as several tests carried out
up to cosmological scales agree very well with GR [15-28].
On the other hand, there are DE models [29] which rely on
yet unobserved scalar fields that would dominate the
energy content of the Universe at late times and also avoid
fine-tuning issues [30,31].
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Although DE and MG models are clearly motivated by
different underlying physics, it is possible to study both
kinds of models on the same footing. In an effective fluid
approach departures from GR can be interpreted as an
effective fluid contribution in such a way that comparison
with DE models might become relatively simple [32-36].
When interpreted as fluids, MG models can be described by
an equation of state w(a), a sound speed c?(a, k), and an
anisotropic stress 7z(a, k): background is affected by the
behavior of w(a) while perturbations are mainly governed
by ¢2(a, k) and z(a, k). Since both DE and MG models
predict different behavior for these three functions, in an
effective fluid approach different models can be, to a certain
degree, distinguished.

It is well known that both DE and MG models can
accommodate background astrophysical observations as
well as the standard cosmological model ACDM [e.g., the
so-called designer f(R) models [37-40]]. As a conse-
quence, these models are degenerated at the background
level even though there have been various attempts to
disentangle them by using model independent approaches
[41,42]. Fortunately, the study of linear order perturbations
might break this degeneracy because DE and MG models
predict different growths of structures and could in prin-
ciple be distinguishable from ACDM [39,43].

Given the wide range of both DE and MG models it is
useful to have a unified framework which encompasses
several of them. It turns out that such a theory exists since
1974 when Horndeski found the most general Lorentz-
invariant extension of GR in four dimensions [44]. This
theory can be obtained by using a single scalar field and
restricting the equations of motion to being second order in
time derivatives. The Horndeski Lagrangian comprehends
theories such as kinetic gravity braiding, Brans-Dicke
and scalar tensor gravity, single field quintessence, and
K-essence theories, as well as f(R) theories in their scalar-
tensor formulation [45]. Although the range of models
encompassed by the Horndeski Lagrangian was severely
reduced (see, for instance, [46-58]) with the recent dis-
covery of gravitational waves by the LIGO Collaboration
[59], an interesting remaining subclass of models [includ-
ing f(R) theories [60—63] and kinetic gravity braiding [64]]
is well worth an investigation.

Recently we employed an effective fluid approach to
study f(R) theories [65]. Even though it is not easy to
obtain expressions for quantities describing perturbations
(e.g., pressure perturbation 6P) in MG models [66], by
using the quasistatic and subhorizon approximations we
found analytical expressions for the effective DE perturba-
tions as well as the quantities describing the effective DE
fluid, namely, w(a), ¢2(a, k), and z(a, k). We implemented
our approach in the code cLass' [67] and found excellent
agreement with the so-called equation of state (EOS)

lhttp://class-code.net/.

approach [68,69], which does not use any approximation.
In this paper we extend our work [65] to the remaining part
of the Horndeski Lagrangian which contains f(R) theories
as a special case. Horndeski theories have been imple-
mented in the code HI_CLASS [70] which solves the full set
of dynamical equations without using the quasistatic
approximation. In our approach we find analytical expres-
sions for the effective DE perturbations that give us a better
understanding of the underlying physics and also allow us
to compare with our numerical implementation. Moreover,
we show that it is possible to find “designer Horndeski
theories” matching a given background evolution. We
implement one such model in the HI_CLASS code and show
there is good agreement with our approach; namely, our
effective fluid approach assuming both quasistatic and
subhorizon approximations performs quite well.

The paper is organized as follows. In Sec. II we discuss
the equations for perturbations in a Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric and set our notation.
Then, we introduce the Horndeski Lagrangian and discuss
both background and perturbation equations in Sec. III.
In Sec. IV we study the remaining subclass of Horndeski
theories by utilizing the effective fluid approach, we
discuss the subhorizon and quasistatic approximations
and present analytical results for two classes of models,
those in which we have dark energy anisotropic stress and
those in which we do not. In Sec. V we show analytical
results for a family of models named “designer Horndeski”
which mimic the ACDM background, and in Sec. VI we
compare our analytical solutions for DE perturbations with
a fully numerical solution of the system of differential
equations and show they are in very good agreement. We
then constrain the parameter space for a viable designer
Horndeski model in Sec. VII, and in Sec. VIII we present
our conclusions. In Appendixes A and B we give details
about our analytical computations.

II. THEORETICAL FRAMEWORK

In the standard cosmological model one assumes the
Einstein-Hilbert action

S:/d“x\/—_g[%R%—Em], (1)

where g is the determinant of the metric g,,, R is the Ricci

scalar, k = S”C?N, and L, is the Lagrangian for matter

fields. Applying the principle of least action to Eq. (1)
one obtains the field equations

2Throughout this paper we set the speed of light ¢ = 1 and xk =
872Gy with Gy being the bare Newton’s constant. Our conventions
are (— 4 ++) for the metric signature, and the Riemann and Ricci
tensors are given, respectively, by V;..; — V4o = V,R} ., and
Rab = RS
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Gy = KTy, )
where G, = R,, — 1 g, R is the Einstein tensor and T s
the energy-momentum tensor for matter fields. At this point
one needs to make more assumptions about the geometrical
properties and the matter content in the Universe. First,
since observations indicate the Universe on large scales is
statistically homogeneous and isotropic [71,72] (also hav-
ing tiny inhomogeneities which can be treated within linear

perturbation theory), one further assumes a perturbed
FLRW metric

ds? = —(1 + 29(%, 1))di® + a(t)*(1 + 20(%. 1))d?, (3)

where a is the scale factor, X represents spatial coordinates, ¢
is the cosmic time, and ¥ and @ are the gravitational
potentials in the Newtonian gauge. Second, one can suppose
the matter fields are ideal fluids (with small perturbations)
having an energy-momentum tensor given by

Ty = P8, + (p + P)U*U,, (4)

where P is the pressure, p is the energy density, and
U* = (1
the elements of the energy-momentum tensor up to first
order are given by

- ‘P,%) is the velocity four-vector. As a result,

Ty = =(p +dp), (5)
77 =(p+ P)a(t)u;, (6)
Ti =(P + 6P)5' + X!, (7)

where p is the background energy density, P is the back-
ground pressure, u; = a(t)x;, ¥j(X,7) = T% = §/T;/3 is an
anisotropic stress tensor, and Jp(X,7) and 6P(X,7) are the
density and pressure perturbations, respectively.3

A. Background

If one only considers zero order quantities in the Einstein
field equations (2), then there are two independent
Friedmann equations describing the background evolution
of the Universe:

K _
H? L (8)

3In our notation, a dot over a function f denotes the derivative
with respect to the cosmic time: f = %. In addition, Greek indices
run from O to 3, whereas Latin indices take on values from 1 to 3.

. K _
H2+H:—6(,5+3P), 9)
where H E% is the cosmic Hubble parameter.4
B. Linear perturbations

Considering just the first order perturbations in the
Einstein field equations (2) we obtain

k2 . . .
—a2¢+3Z<ZlP—q>> = ZeT}, (10)
kz(%‘P—(I'D) =Zalp+ P, (11)

2 1 .2 q . . .o .
L <2f+a—>w+f(w—3q>)—¢:25n,
a a

3a? a?
(12)

—k*(® + W) :%az(ﬁ—f—P)a, (13)

where we defined the velocity 6 = ik/u; and wrote the
anisotropic stress as (p + P)o = —(k;k; —16,;)=V.

From the conservation of the energy-momentum tensor
T', =0 one obtains the equations for the evolution of
perturbations. Defining the equation of state parameter as
w= /—) and the sound speed ¢; =

governing the evolution of density and pressure perturba-
tions are given by

we find the equations

5=—(1+w) <g+3c1'>> —3%(& —w)s.  (14)

. a
0=——(1-3w)0—
a( W) 1+w 14+wa a

The system of differential equations (14) and (15)
presents problems when the equation of state crosses —1
because there is a singularity. However, a simple change of
variable turns out to be helpful in solving this inconven-
ience. We will use the scalar velocity perturbation

V= iijé /p = (1 4+ w)@ instead of the velocity 6. In terms
of this new variable the evolution equations (14) and (15)
become

& =-31+wd -————=

“The conformal Hubble parameter H and the Hubble param-
eter H are related via H = aH.
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vV k5P K2
V= —(1=3w) ot 2 (1 fw)
( W)a+a2Hp+(+W)a2H

2 K
-2 7 17
3a’H (17)
where a prime ' denotes a derivative with respect to the
scale factor and we defined the anisotropic stress param-
eter 7 =3 (1 + w)o.

ITII. HORNDESKI

Horndeski theory constitutes the most general Lorentz-
invariant extension of GR in four dimensions and encom-
passes several DE and MG models. Although in its most
general form the Horndeski Lagrangian has several free
functions, the recent discovery of gravitational waves
by the LIGO Collaboration significantly constrained the
allowed models. In particular, it has been shown that the
constraint on the speed of gravitational waves must satisfy [48]

-3x107P <¢,/c =1 <7 x 10716, (18)
which for Horndeski theories implies that
Gyx =0, G5 ~ const, (19)

as can be seen from the sound speed formula for tensor
perturbations [73]

G, — XGsy — XGsy
2 = 4 54 ‘sxfﬁ ‘ (20)
Gy —2XGyx — X(Gsxy¢pH — Gsyp)

In this section we will derive evolution equations for the
remaining parts of the Horndeski Lagrangian, namely,

S[gy- #] Z/d“x\/—_g{gﬁi[gﬂwqﬁHﬁm} (21)

where
Ly = Ga(o, X) = K(¢, X), (22)

L3 = —G3(¢. X)Og, (23)

Ly = Gy(p)R. (24)

Here ¢ is a scalar field, X = —%8”458”4) is a kinetic term,
and C¢ = ¢*V,V,¢; K, G5, and G, are free functions of ¢
and X.” Since we are mainly interested in the late-time
dynamics of the Universe, hereafter we will further assume

>From now on we define G; = G;(¢.X), G;x = Gy =%
and Gy = Gy =57 where i =2, 3, 4.

L,, is the Lagrangian of a CDM component. As has been
mentioned in [52], although the functions K, Gs, and G4
are able to modify the background with a general depend-
ence on X and ¢, this does not hold at the perturbations
level. For instance, K(¢,X) encloses the k-essence and
quintessence theory and is partly responsible for the
background and the perturbations; however, K(¢) does
not contribute to the perturbations.

The term G3(¢, X) includes the kinetic gravity braiding
with G;3x # 0 being in charge of combining the kinetic term
of the scalar and the metric, but the term Gs3(¢) only
modifies the background as a dynamical dark energy.
Finally, G, is the only function that is able to modify the
nonminimal coupling of the scalar to the Ricci curvature.

Among the theories embedded in the action (21) one
finds, for example,

(1) f(R) theories. When interpreted as a nonminimal

coupled scalar field, these theories can be written

using [74]
fr=f
K—=--JR 1 25
2K 25)
¢
Gy =——, 26
4 2./x (26)
where ¢ = ‘—\f/’% has units of mass and f z = —Z‘I’;.

(i1) Brans-Dicke theories. In our notation we have

(UBDX

K =202 vig). 27)
G, = % (28)

where V(¢) is the field potential and wgp is the
Brans-Dicke parameter [75].

(iii) Kinetic gravity braiding. This kind of scalar-tensor
models exhibit mixing of scalar and tensor kinetic
terms [64] and can be written as

K = K(X), (29)
G; = G3(X), (30)
. % (31)

(iv) Nonminimal coupling (NMC) model [76]. In our
notation and for a coupling constant {

K =a(@)X -V(d), (32)
G4 - (%K_%>’ (33)

063526-4



DESIGNING HORNDESKI AND THE EFFECTIVE FLUID ...

PHYS. REV. D 100, 063526 (2019)

G; =0. (34)

In the context of inflation, a Higgs-like inflation
model corresponds  to  w(p) =1, V(p) =
AP — 124

(v) Cubic Galileon [76]. The simplest case is when

K = —X, (35)

G3 X X, (36)

Gy = (37)
M

(vi) Four-dimensional static and spherical symmetric
solution of black hole with scalar hair [77].

K=X, (38)
Gy — —””g—}‘x) (39)
G, = % (40)

As previously done for the Einstein-Hilbert action (1), here
we apply the principle of least action to (21) in order to find
evolution equations for both the gravitational field and the
scalar field. Varying Eq. (21) with respect to the metric and
the scalar field one finds® [73]

5<H§;£’> [Z%égmz

+ total derivative, (41)

s

which allows us to find the field equations. First, the
gravitational field equation is given by

|
i=2 2
where we have defined
Gow =

KXvﬂ¢vy¢ Kg/w’ (43)

G = GsxD(/W V. )+ V(,G3V )9

E g/wv/IG3 vl(p’ (44)

®See Appendix A for a derivation of the field equations.

Ga = GaGpy + 9(GayOp — 2XGayy) — GayV, V.0

- G4¢¢vﬂ¢vv¢7 (45)
and Tf,'f) is the energy-momentum tensor of a CDM
component. Note that from Eq. (42) we retrieve the GR

field equations (2) if we set K = G3; =0 and G4 = 5-
Second, the scalar field equation reads

v(35) -2 (46)

where
P(zl) Ky, (47)
Pf/) =V,G5, Vi, (48)
P} = GyyR, (49)
J2 ==Ly V. (50)

‘]/3l = —[,3va¢ + G3Xv;4X + 2G3!/)VM¢’ (51)

4 _

J, =0. (52)
As it is mentioned in Ref. [73], one could think V”JL

leads to higher than second-order derivatives. However, this

is not the case since commutations of higher derivatives

can be substituted by the curvature tensor and are hence

canceled. In particular, one can prove that

(Cg)* -

V,(O¢VHip+-VEX) = (VoVs)? =R, VFV* .

(53)
which will be of paramount importance when we will
discuss perturbation equations.

It is possible to find a relatively simple expression for the
scalar field equation (46) if we consider the case i = 3,
namely,

0 = 2G3{/)D¢ + V"G3¢Vﬂ¢ + Vﬂ¢V”G3XD¢
+ VH(G3x V. X) + Gax(Op)* + G3xV,¢VF L.

(54)

The terms on top of the brace in Eq. (54) can be
expanded as

VFG3xV, X + G3xOX + Gix (()* + G3x VF¢V, O =0,

(55)

063526-5
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and the terms on top of the brace in Eq. (55) can in turn be
written as
G3x[VFV,0¢ + (O¢p)* + OX]
= G3x[V,(OpVFp + VFX)]. (56)

Using Eq. (53) in Eq. (56) we find

Gax[VF¢V,0¢ + (O¢p)* + OX]
= G3x[(Op)* = (Vo V) = R, VPV P, (57)

and the scalar field equation (46) can be written as

— VKV — KxOp — Ky + 2Gy0p + V,Gay Vip
+ V,G3xOpVFp + V,G3x VFX + Gix[(O¢h)?
- (vavﬂ¢)2 - R;wvﬂ(bvvfﬁ] - G4¢R =0. (58)

In what follows, in order to simplify the notation we will
denote the kinetic term of the scalar field evaluated at the
background simply by X and its linear order perturbation
as 0X.

A. Background

Thus far the discussion of the field equations has
been quite general. Now, as previously done in Sec. II,
we assume a perturbed FLRW as given in Eq. (3). If we
consider only zero order quantities in the gravitational field
equation (42), we obtain

4
£=) &= —pm (59)
i=2
4
P=) P;=0, (60)
i=2
where
& =2XKy — K, (61)
Ey = 6XPHG3y — 2XGsy, (62)
£y =—6H>G, — 6HG,,, (63)
P, =K, (64)

P3 = -2X(G3y + $Gsy). (65)

Py =2(3H? + 2H)Gy + 2(d + 2H) Gy + 24* Gaygy-
(66)
Equations (59) and (60) are the modified Friedmann

equations describing the background evolution of the
Universe. Collecting terms they, respectively, read

2XKy — K + 6X¢pHGsy — 2XGs, — 6H?>G,
~ 6HpGyy + ppy = 0, (67)
K —2X(Gs, + ¢Gsx) + 2(3H? + 2H)G,
+2(¢ + 2HP) Gy + 2¢°Gayy = 0. (68)
Note that from Egs. (67) and (68) we, respectively, retrieve

the Friedmann equations (8) and (9) if we set K = G3 =0
and G4 = 2l Rearranging terms in Eqs. (67) and (68) we

.
can define an effective DE density

poe = ¢’ Ky — K + 3¢ HG3x — €52G3¢
1 .
+3H? (— - 2G4) — 6HpGyy, (69)
K
and an effective DE pressure
Ppp =K — 4.72(G3¢ + ¢Gy) + 24.’2G4¢¢
. . . 1
+2(¢p +2Hp)Gyy — (3H* + 2H) (E - 2G4> ,
(70)

in such a way that we can write the modified Friedmann
equations (67) and (68) as

3H? = k(PpE + Pim)- (71)
where we are assuming that matter is pressureless P,, = 0
as indicated by current constraints [78]. The effective DE

density and pressure in Egs. (69) and (70) allow us to define
an effective DE equation of state as

WDE =

K — ¢*(Gsp + ¢Gax) — (BH? + 2H)(L = 2G,) + 2(p + 2H) Gy + 20 Gy
$*Kx — K + 3¢’ HGsx — ¢*Gsy + 3H?(L - 2G,) — 6HPG, '

(73)
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Let us now consider the scalar field equation (58) and
only keep zero order quantities; that is to say,
Ky — (Ky - 2G3¢)(<5 + 3H4.5) - K¢X¢2
— Kxxdd” + G3¢¢<152 + G3(/)X¢2 (¢ —3Hg)
—3Gsx(2H¢ § +3H>G + HP*) — 3Gaxx HP
+6G,5(2H? + H) =0, (74)

which fully agrees with [79]. Note that defining

4

1= I (75)
=2
4 .

P,=> P (76)
=2

we can write the scalar field equation (46) as
V,Jt =Py, (77)
and it becomes clear that there exists a Noether current
for Lagrangians invariant under constant shifts of the field
¢ — ¢ + c [64], namely,
Jy = (Lox + L3x —2G34)V,.p — G3xV, X (78)

Taking into consideration that X = %(152 the charge density
of the Noether current can be written as

J =Ty = ¢(Kx — 2Gs, + 3HpGsy), (79)

so that the scalar field equation is given by the simple
expression

J+3HJ =P, (80)

When Py, = 0, then it is easy to see that the solution to the
previous equation is

J,.
J ==, 81
. (81)

where J.. is a constant. When J,. = 0, then the system is on
the attractor solution, but when J,. # 0, then the system is
not on the attractor and, as we will see in Sec. IV B 3,
interesting dynamics may arise.

B. Linear perturbations

Considering only first order quantities in the gravita-
tional field equations (42) one obtains [80,81]

. . k2 k2

- pm6m =0, (82)
‘ . apmvm
CI(I) + Czé(]’) + C3“P + C4(3¢ - T - 0, (83)
.. - . . . k2
B\® + Byo + Bs® + Bydp + Bs¥ + By ®
k> k?

Note that when K = G3; =0 and G4 = i, Egs. (82)—(85),
respectively, correspond to the GR limit given by
Egs. (10)—(13) with ¢,, = 0.

If we now consider the scalar field equation (58) and take
into account only first order quantities, we find

.. . . . . k2
D@ + Dy + D3 + DySp + D5V + <D7a2 + Dg)cp
k> k?

Expressions for the coefficients A;, u, v, B;, C;, and D; can
be found in Appendix B and are in agreement with those
found in [80,81], except for Dg which is actually equal to
zero as can be seen by using the expression found in [81]
and using the background equations of motion for the
scalar field.

IV. THE EFFECTIVE FLUID APPROACH

We have seen in the previous section that the gravita-
tional field equations for the Horndeski Lagrangian can be
written in such a way that they resemble those found in
Sec. II where we assumed GR and a perfect fluid. Indeed,
defining an effective DE density and pressure given by
Egs. (69) and (70) makes it possible to obtain an effective
DE equation of state [see Eq. (73)]. As mentioned in Sec. I,
a fluid can be described by its equation of state, sound
speed, and anisotropic stress, so in what follows we will
explicitly derive those quantities.

In this section we will present relatively simple expres-
sions for the effective DE sound speed and anisotropic
stress under the subhorizon and quasistatic approximations.
Actually, by defining an effective DE fluid we are con-
sidering a DE effective energy-momentum tensor 7o
obtained via the gravitational field equations (42) and
defined explicitly as follows:

063526-7



ARJONA, CARDONA, and NESSERIS

PHYS. REV. D 100, 063526 (2019)

m DE
G, = K(T,(w) + T >),
4 .
KT =G, =2y G (87)
=2

Since we are taking into consideration expressions up to
linear order, T,?,,E also contains small perturbations which
allow us to define quantities such as DE effective pertur-
bations in the pressure, density, and velocity. These can be
extracted from the DE effective energy-momentum tensor
TBF by considering the decomposition of the tensor into its
components, given by Egs. (5)-(7). Qualitatively, these
expressions have the following structure:

6PDE_

PDE

(- )8p+ (- )6+ (- )op+ (- ¥ + (- )W

+ (DA () DA (D, (88)

Spe = (++)¢p + (- .)5¢ + () H ()P (- .)q'),
(89)

Voe = (-+)6¢p + (- .)5¢ + () H ()P (-- .)dj)’
(90)

where (- - ) indicates expressions which might be cumber-
some. It is therefore very helpful to work out these
expressions under the subhorizon and quasistatic approx-
imations in order to gain a better understanding.

We have explained in great detail the way we carry out the
subhorizon and quasistatic approximations in our previous
paper (see Sec. ILLA.1 in Ref. [65]), but in a nutshell, the
former refers to only considering modes deep in the Hubble
radius, i.e., those for which k2 > a>H?, while the latter
refers to neglecting derivatives of the potentials during
matter domination as they are roughly constant but also
terms of similar order as 9, ~ 1/n ~ aH(a). For example,
the perturbation in the Ricci scalar is

12(H2+H) . 4k> 2k

SR = — o \P—?<D+?‘P
1I8H . 6H . 6
2 Y
4k? 2k?

Following the same procedure and applying the subhorizon
approximation to the linearized gravitational field equa-
tions (82) and (84), and to the linearized scalar field
equation (86), one finds, respectively,

k? k>
A3—2(I)+A6—26¢—Kpm5m20, (91)
a a

K2 K2 K2
B6?®+33?T+B7?5¢’10, (92)

K> S K2

Note that since B; = 4Gy, and Bs = Bg (see Appendix B),
Eq. (92) leads to no anisotropic stress @ = —¥ when G, is a

constant.
Solving Egs. (91)—(93) for @, ¥, and 6¢ one finds

k2 K Geff
¥ =—-— DO, 94
- 2Gy (94)
K2 K _
2 o= ) OcitPm0s (95)

(A¢Bs — BcB7)pmbm

5¢ = )
(A2Bs — 2A¢BsB; + B2Do) X — BIM?

(96)

where Gy and Q. are Newton’s effective constant

Ger 2[(BsDy — B3) X — BsM?|

= ; . 97)
Gy (A}Bs + BiDg — 2AqB7B) % — BIM?

2[(A¢B7 — BsDo) z—i + BeM?]
(A2Bs + B2Dy — 2A¢B7Bs) & — B2M?’

Qett = (98)

and we make use of the following correspondence
A3:B6:Bg, D7:B7, and D10:A6 (See Appendix B)
One can also define the following anisotropic stress
parameters:

)= Y+ (Ag — 37)37];—2 (99)
@ (AgB; — BeDo) X + BeM?

® (A¢B, — BcDo) L + B.M?
}/E__:( 607 6 9)a 6 (100)

¥ (BZ-BgDo)5 + BM?

The aforementioned expressions for Newton’s effective
constant and the anisotropic stress parameters are in
agreement with the ones in Ref. [80].

The subhorizon approximation is also useful as the
evolution equations for the growth of matter perturbations
0,, given by Eqgs. (16) and (17) can be reduced to a single
differential equation, where the variable G.; plays a
primary role,

8! (a) + G + Z((Z’;) 8, (a)

3Q,,0Geir/ Gy
_22mo%et /TN 5 0y ),
2a°H(a)?/H} n(4)
(101)
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with G given by Eq. (97) and initial conditions 6,,(a;) =
a; and &8),(a;) = 1 for an initial value for the scale factor a;
deep in the matter era.

In what follows, we will present the effective DE
perturbations under the subhorizon and quasistatic approx-
imations for two classes of models: those in which there is
DE anisotropic stress and those where DE anisotropic stress
vanishes.

A. Horndeski models with DE anisotropic stress

We now apply the subhorizon and quasistatic approx-
imations in Eqgs. (88)—(90) using the same prescription as in
Ref. [65]. We also found, in agreement with Ref. [79], that
the quasistatic approximation breaks down for this model
due to the rapid oscillations of the scalar field, so if we
eliminate the scalar field, then this can slightly increase the
accuracy of the numerical solutions of the effective fluid
equations. To eliminate d¢p and its derivatives, we use
Eq. (85) and insert the resulting equations in Eqs. (88)—(90).

Then, by keeping the dominant k? terms (the subhorizon
approximation) and dropping time derivatives of the poten-
tials (the quasistatic approximation) in Egs. (88)-(90),
we find

SPos | SF+EF+Fip,

5,, (102
poe  3F4 §f5+§f6 PDE (102)

%.7:7 +]§}_8 +f9 Pm
i 2 -—ém’
FJ:S +a—zf6 PDE

~

(103)

K _
:aa—zflo‘l‘]:up_mém’

- 104
’;—i]—} + F¢ PDE (104

VDE

for the effective DE pressure perturbation, effective DE
density perturbation, and effective DE velocity perturbation,
respectively (the interested reader can find the expressions
for F; in Appendix B). It is now also possible to obtain an
expression for the effective DE anisotropic stress under the
subhorizon approximation

L@+w) N’;—zf337(37 —As)[)_m5
KPDE EFs+Fs Poe "
N K FiB;(By — Ag)
BF + 5 Fy+ Fy

TTpE =

SpE. (105)

Having found expressions for the effective DE equation
of state [see Eq. (73)] and the effective DE anisotropic
stress [Eq. (105)], the only missing ingredient for an
effective fluid description of the Horndeski Lagrangian
is the sound speed. This quantity can easily be found
using our equations for the effective DE pressure

perturbation (102) and the effective DE density perturba-
tion (103). The DE sound speed reads

, Py 18F +EF,+ 7y
Cy = = = .
s-DE 5pDE 3’;—:.7:7 +§—§.7:8+.F9

(106)

Due to the presence of anisotropic stress, perturbations on
subhorizon scales in the effective DE fluid are not driven by
the sound speed (106), but by an effective DE sound speed
defined as [65,82]

2
2 .2
Cseff = CsDE — g”DE/éDE

_l];—i(}—l —2-7:42137(37—A6))+§—§~7:2+~7:3
3 BF+EFs+ Fy '

(107)

Finally, it is clear that for the cosmological constant
model, i.e., £, = —%, Ly=0,L,= iR, Ls = 0, we have
K =-2,G; =0,G, = 5, and G5 = 0, which implies that
wpg = —1 and (6Ppg, SppE, 7pe) = (0,0,0) as expected.

1. f(R) models

Thus far we have kept the discussion quite general;
that is to say, we did not specify any function in the
Horndeski Lagrangian (21). To mention an example, we
will present the results for f(R) models. With the defi-
nitions in Egs. (25) and (26) and using units where x = 1,
one obtains

B; =2As =2, Bg = Bg = 2¢, Dy =0,
Fi=F4=-1/2, fzz—%F, 3——%,
]—'5——3;, Fe —%, ]-'7:—1—1—3;,
Fu —%’ M? = =Ky 2f1RR’ (108)
where

_dK dKdR

*=dp = R

s (Rfw)==%.  (109)
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(110)

and F = f g, F = fgg. Then, the effective DE fluid
quantities read

SPpr 1 255 +3(1+5559F2 5,

— = —0,,, (111
poe  3F 1+3k2F PDE (1)
11—F+ 2—-3F)=%
DE = (zF )F—mém’ (112)
F 1+3§T'R PDE
aF 1+ 6558 5
DE — 2 Fg 5 5m’ (113)
2F1+3‘7T:ODE
K Fr —
F1—|—3Z—2%l_)DE "
KB FEr
2F
~ = OpE. (114)
2 F g DE
1-F+502-3F)3
2R esERRe
C 2 9
SDE =3 I-F+502-3F)2
, (145558 Fr?
CS.Cff k2 R (116)
1—F+ (2 - 3F)T

These results are in perfect agreement with our previous
work [65].

B. Horndeski models with no dark energy
anisotropic stress

With the same approach that we followed in Sec. IV A we
compute the DE perturbations for models where there is no
DE anisotropic stress, i.e., ® = —W¥. With this restriction it
is easy to see from Eq. (85) that G454 = 0. Then applying
this condition under the subhorizon approximation in
Eqgs. (88)—(90) leads to

1
- Py — O 117
PDE 3k .7:5—1— .7:6/7DE " (117)

z—iﬁ7 +§—zj:g +ﬁ9ﬁ_m
';—jjfs +1§j-‘6 PDE

5mv (118)

kzj: 7 -

2Fw0+Fu py

VDEﬁa—akz ~ Z— 5m9 (119)
;./cs +f6 PDE

and since ® = -V, the anisotropic parameters read
Y+ o
=———=0, 120
n=—g (120)
0]
=-—=1 121
r=-g=1L (121)

as expected, while the DE anisotropic stress parameter is
zero wpg = 0. Our general expression for the DE sound
speed (106) reduces in this case to

EF, +F,
BF, + 8 Fs+ Fy

CsDE — (122)

which is equal to the DE effective sound speed since
apg = 0. Here we will show results for a few specific
models embedded in the Horndeski Lagrangian.

1. Quintessence

We can recover the Lagrangian of quintessence by
choosing the following functions:

K=X-V(¢), G4=i

: 123
e (123)

where ¢ is the scalar field, X is the kinetic term defined as

—190,00,¢, and V(¢) is the potential. Using a
variational approach one finds that the effective pressure,
density, and velocity perturbations for quintessence theo-
ries are given by

8Ppe = (5 —P¢*) — V460,
PDEODE = (Cb 8¢ —‘P¢'52) + V469, (124)
k2
Vb = —¢5¢ (125)

and these expressions are in agreement with [83]. Also,
the DE anisotropic stress parameter zpg is zero since for
quintessence ¥ = —®. We find that under the subhorizon
approximation

Ag=0, Bg=-2, (126)
so that the effective pressure, density, and velocity pertur-
bations for quintessence theories are given by

5P B p
- DE f Pm 6m, (127)
PoE 2k /a PDE
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¢ Pn
ODE X =—5——5—Om> 128
DE 2k2/02/_)DE m ( )

It is thus straightforward, using Eqgs. (127) and (128), to see
that the DE sound speed is given by

g = 1. (130)

Moreover, we also find that in the subhorizon approximation
6 ~0,

2k>

(131)

2. K-essence

In our notation the Lagrangian of K-essence theories is
specified by the functions [84,85]

1
Gy =—,
M

K(¢.X) = P(¢. X), (132)

and as usual through the variation of the action it is possible
to find expressions for the pressure, density, and velocity
perturbations

8Ppg = Pybp + Px(dpop—4™).  (133)

PDEODE = 5¢(PX¢4}2 —Py) - Q{.)(Px + Pqul}z)(gl.)‘l‘ - &f’),

(134)
k2 .
Since for K-essence ¥ = —®, the DE anisotropic stress

parameter zpg vanishes. We find that under the subhorizon
approximation

BG - —2, D9 - —Px, M2 - —P¢¢,

(136)

and therefore the DE perturbations for K-essence theories
are given by

OPpg Py’ pu

— X O, 137

PDE 2kz/a2 PDE ( )
¢*(Px + Pxx¢®) pum

Opg =~ —6,, 138

DE 2k2/a2 ,BDE m ( )

Vpg =0, (139)

and the DE sound speed reads

P
2 X
=— 2 140
C5.DE Py + 2XPyy (140)
in agreement with Refs. [84,85]. The perturbations of the
scalar field and the gravitational potential are, respectively,
given by

5¢p =0,

Prnbma*

Y~
2k?

(141)

3. Kinetic gravity braiding

An interesting DE model is the kinetic gravity braiding
(KGB) which is characterized by the following Lagrangian:

K=K(X), Gs=Gs(X), G4:2i. (142)

K

Since G, is constant, it is easily shown from Eq. (92) that
the KGB model has no DE anisotropic stress and therefore
the anisotropic parameters

Y+o
=———= 14
(0] . (143)

(O]
=-——=1 144
r=-g (144)

Furthermore, it follows that the effective Newton’s constant
G/ Gy is given by

M? - Dy &5
M? — (Dy + A2/2) 5

a2

Gesr / Gy =

(145)

The effective DE density and pressure ppg and Ppy read,
respectively,

kppe = —K + ¢*(=Gsy + Kx + 3GsxHe),  (146)
kPpg = K — 4.52(G3¢ =+ G3x¢5>7 (147)
and therefore the DE equation of state is given by
K — §3(Gay + Goxd
WpE ¢ ( 3¢ 3X¢) (148)

K+ 4.52(—63115 + Kx + 3G3XH4'5) '

We also find that the scalar field equation at the background
level is
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Ky — (Kx =2Gs)(§ + 3H) — Kyyd® — Kxxpd®
+ Gy + Gaxpd* (¢ — 3H) — 3Gsx(2He ¢

+3H2* + He?) = 3GaxxHog® = 0. (149)
As a specific example we now discuss the KGB model of
Ref. [79] defined by

(150)

1
G3(X) = W(K’%X)n = aX",

where n and « are parameters in the model. A number of
reasons make the KGB an attractive model. First, it passes
the recent observational constraints from gravitational
waves. Second, it is known that this model connects the
original Galileon model [64] and the ACDM model by the
parameter n, at least for the background and first order
perturbations: linear perturbations of the KGB model
reduce to those of ACDM (original Galileon) for n = oo
(n=1)[79].

The charge density of the Noether current Eq. (79) is in
this case

(151)

Jo = $(3¢GaxH ~ 1) (152)
and satisfies the differential equation
Jo+3HJ, =0, (153)
whose solution reads
Joy=15 (154)

with J. a constant. It is therefore clear that J, approaches
zero as the Universe expands. The simplest attractor
solution is located at J, = 0 and has two branches, namely,

d=0 (155)

and

1
3G H'

b (156)
Because the first case has ghostly perturbations, as it is
shown in [79], we will focus on the attractor solution
Eq. (156). Using Egs. (71) and (152) we find that the
modified Friedmann equation is given by

H\? H\ 7=
(ﬁo) :(1—Qm_0)<H—0>2 + Qa3 (157)

where we have neglected radiation. The background
equation of the KGB model reduces to that of ACDM
for n = oo as can be seen from Eq. (157). Also, one can
easily find an expression for the parameter a by using
Eq. (157) at the present epoch

21 RS
= . 158
o~ (5) (er=an) o9
The DE equation of state becomes
Ppg 2H
=——=—-1, 159
pE poe  3(2n-1) (159)

and through Eq. (156) it is also possible to find an
analytical expression for the kinetic term

1 H\ ™
X =~ HX (a)? = 3H2(1 — Q) (F) “(160)

2 0
where the prime stands for the derivative with respect to the
scale factor.
To derive the ACDM limit for the perturbations in this
model we rewrite Eqs. (84) and (86) in terms of the kinetic
term perturbation 6X = ¢5¢ —4'52‘1’. Then, for n — o

the former equation reduces to 6X(—2— Z((Z)) + 0(1/n)),

while the latter equation gives

5X 4+ 3H5X = 0, (161)
which implies that the kinetic term perturbation decays as
86X ~ 1/a* and thus can be ignored at late time. Since DE
perturbations in the KGB model are proportional to 6X
for large n, then they reduce to zero as expected for the
ACDM model.

Finally, it should be noted that a standard hydrodynam-
ical description of the KGB in terms of an effective fluid
has been studied in Ref. [86]. There, it was shown that the
KGB model can also be described in terms of an imperfect
fluid with a chemical potential, in which the equations of
motion reduce to the standard diffusion equation. However,
in our current analysis we will only focus on the ideal fluid
approach, which is totally equivalent, as we are interested
in finding simple analytic solutions and with comparing
with our previous work.

V. DESIGNER HORNDESKI

In this section we will address the shortcomings found in
the KGB model defined by Eqgs. (150) and (151). We will
show that it is possible, starting from the Lagrangian (142),
to find a model corresponding to a given background but
yet having different perturbations. Using the modified
Friedmann equation and the scalar field conservation
equation, we can find specific designer models such that
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the background is always that of the ACDM model,
namely, having wpg = —1. This is particularly useful in
detecting deviations from ACDM at the perturbations level
and is a natural expansion of our earlier work [40,65].
We start with the modified Friedmann equation, which can
be written as

K(X)

- H(a)? ==

+ H3Q,(a) + 2V2X32H(a)G;x

2
+3XKx =0, (162)

while the scalar field conservation equation can be
written as

Je
~5 = 6XH(a)Gay — V2VXKy =0 (163)

where J, is a constant which quantifies our deviation from
the attractor, as in the case of the KGB model [79]. We now
have two equations given by (162) and (163), but three
unknown functions (Gsx(X), K(X),H(a)), and thus the
system is undetermined. Therefore, we need to specify
one of the three unknown functions (G;x(X), K(X), H(a))
and determine the other two using Eqgs. (162) and (163).
To facilitate this, we express the Hubble parameter as a
function of the kinetic term X, i.e., H = H(X) and then
solve the previous equations to find (Gsx(X),K(X)).
Doing so yields

JN2XH(X)? T 2XQ
K(X):_3H%QA,0+ T ( ) _ 5 A,O’
0=<m,0 m,0
2J H'(X)
Gix(X) = ——5—=. (164)
X 3H2Q,,,

With Egs. (164) we can make a whole family of designer
models that behave as ACDM at the background level but
have different perturbations. We now proceed to specify
some examples using our formalism.

A. Example 1
Choosing K(X) = 0 and solving Egs. (164) we find

K(X) =0,
V2T, \/ Q027 VX + 3V2HEQ,, )
G3(X) = - . (165)
3HX'4Q,,0
and the derivative of the scalar field ¢'(a) is
3a’H3Q
/ 0==A.0
=—, 166
#(a) =2 (166)

where the prime is the derivative with respect to the scale
factor. However, this model has the problem that it does not
have a smooth limit to ACDM when J, = 0.

B. Example 2

On the other hand, specifying G3(X) leads to another
interesting designer model, defined as

G3(X) = G3X,
9HZ(X — X0)>G3y VX0
K(X) = =3H2Q 4 0 30 m,
( ) 0=<A,0 2\/2.]6
2J VXQ
_ \/_ C\/_ A,O’ (167)
Qm,O
where the kinetic term is defined as
3G30Hp X, 0 — 2J .H
x = 22300%0%m0 H(a) (168)

3G30H%Qm~0

and X, is an integration constant. However, this model has
the problem that at early times the perturbations do not go
to zero and we do not recover GR, since the kinetic term
goes to infinity as it grows as X ~ H(a).

C. Example 3 (HDES)

To solve the previous shortcomings we follow a different
approach First, we demand that the kinetic term behaves as
X = ( ),z, where ¢y > 0 and n > 0. Then, from Egs. (163)

and (162) we find

2, clf "X
0=k
0 mO
2/n~y 12
J. X 2J A/ XQ
K(X)_\/_ o 3H39A0_M‘
H Qm,O ' Qm.O
(169)

This specific model solves both previous problems, i.e., it
has a smooth limit to ACDM, and it also recovers GR when
J.~0; thus we will designate this model as HDES and
focus on it in what follows.

D. Comparison with the @ parameters

To facilitate comparisons with the literature we also
provide the expressions for our designer HDES model in
terms of the «; functions, where i = M, K, B, T. The
functions G;(¢, X) and «; are connected in the following
manner [70]:
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, .
M =2(G4—2XG4X—¢HXG5)(+XG5¢), 4\/5\/%‘161_1(61)—’2—’ (174)
apg = )
o = dln M? ’ 5 3HZnQ,,
dlna

HzMza[( = 2X(G2X —+ 2XG2XX — 2G3¢ — 2XG’;¢X) ar = 0. (175)
+ 12H)X[Gsx + XGsxx — 3Gugx Since in Egs. (173) and (174) we have a degeneracy
— 2XGayxx] with the coefficients ¢, and J.—they appear together as

) \/€oJ .—we can choose to absorb ¢ in the definition of J..
+ 12HX[Gax = Gsy + X(8Gaxx = 5Gsyx) Finally, it is straightforward to see that our «; functions
+2X2(2G4xxx — Gspxx)] are dimensionless since through dimensional analysis

: found that [cy] = HI™, [J.] = H,, the kinetic term
+4HpX(3Gsy + TXGsyx + 2X*Gsyxy), we 0 0 ok T
[X] = Hj, [K] = Hj, and [G3x] = Hy?.

H*M?ay = 2(,5(XG3X — Guyp —2XGyyy) Notice that not all designer models satisfy the above
+ 8HX(Gyy + 2XGayy — Gsy — XGsyx) conditions, so in what follows we consider only HDES,
5 / / given by Eq. (169). Then, the stability condition D =
N 2HP'X (3Gsy + 2XGsxy), ag +3 a3 > 0 for our model Eq. (169) gives
M2a; = 4X(Gyy — Gsy) — 2X(¢ — 2HP)Gsy, (170 . H(a)\"/?
ar ( 4x 54)) (¢ ¢) 5X ( ) JC <4JC _ 3\/5(’1 _ 2>Qm‘0< Pga)> ) > 0, (176)
0

where the dot is the derivative with respect to the cosmic
time, M2(z) is the cosmological strength of gravity, a; is  where we have set J.=J./Hyand &, = ¢,/ HSH = 1.

the tensor speed excess, aj is called the braiding, and ay is Then, inequality (176) implies that in order for the
referred to as the kineticity. For more information on  gystem to be stable we must have either J, > 0 for
these a; functions see [87]. At all times we require D = () < n <2 or a complicated set of expressions that can,
ag + %a% > 0 so that there are no ghostly instabilities and ~ however, be easily derived from Eq. (176) with algebraic
that ay; x g7 ~ 0 at early times, so as to recover GR. manipulations. For n = 2 the inequality is automatically
For our HDES designer model given by Eqs. (169), we  satisfied for any value of J, as ax = 0 as can be seen from
have that the a; functions of Eq. (170) are given by Eq. (173). We show the complicated parameter space that is
allowed for n = 1 and n = 3 as a function of scale factor a

M2 =1, (171)  but also as a function of n for a = 1, in Fig. 1.

_dinM? _ (172) E. Analytic solutions for the growth

Ay = =
dlna Furthermore, in this case we can also find approximate

solutions to the growth equation Eq. (101) in matter

_ _4\5\/@0(11 —2)H(a)™%

ag = 5 , (173) domination for n = 2. To do this, we first do a series
Hyn=Q,, o expansion around a = 0 to the G of Eq. (97), which gives

1.0 1.0 1.0

n=1 a=1

0.5f : 05¢ 05f

~ 0.0 ~ 00 =~ 0.0

-05f -05f {1 -osf

-10 -10 ' ' ' ' -1.0 ' ' ' ' '
0.0 00 02 04 06 08 10 00 05 10 15 20 25 30
a a n

FIG. 1. The allowed parameter space (shaded region) so that D > O for n = 1 (left) and n = 3 (center) and a = 1 for Q,, ; = 0.3. In the
case of n = 2, all values of J. are allowed.
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\/ijc

Gy/Gyn=14+—""——"—,
o/ G +3Qm.0H(a)/HO

(177)

which we can use to solve Eq (101) in matter domination,

where H(a)/Hy =~ /Q,, 0a~>. Then, we get

5/305/41(8 7/4
(@ :Lg/rﬁ(%—lms(z—ﬁ 3/4>, (178)
25/4Jc 3QmO

where I,(z) is the modified Bessel function of the first
kind and I'(n) is the usual Gamma function. Using
Eq. (178) and the definition of the growth rate fog(a) =
fla)-o(a) = ogad,,(a)/5,,(a =1), we can calculate the
latter exactly. However, it is instructive to perform a series
expansion around a = 1, which gives

23

1/ Sa; 227,
el 9 D+,
+4< a2+93{’é+)(a )+ )
(179)
where we have defined the parameters
5 2v2J,
a = OFI ( 3/2 ) (180)
3 9Qm/0
8 2v/27,
0{2:0F1 <§32>, (181)
3 9Qm/.0

where (F(c, z) is a hypergeometric function.

As can be seen from Eq. (179) there is a strong
degeneracy between J,. and o5, which can also be dem-
onstrated by doing a series expansion of fog(a = 1) for
small J., which gives

J.

fog(a = 1)208<1 4\/—93/2

+- ) (182)

which implies that if we keep the growth today given
constant, i.e., fog(a = 1) = Cy = const, then og will scale
roughly as

J,
”“C(’(l el )

Since Q,, o is strongly constrained from Planck, we expect
that the low redshift fog data will exhibit a degeneracy
between J. and og. More specifically, by inspecting
Eq. (183) we expect a strong negative correlation between

(183)

the two parameters, and this is exactly what we see from
the actual Markov Chain—Monte Carlo (MCMCs) that we
present in later sections. This degeneracy is interesting as it
can potentially alleviate the soft 20 tension between the
growth rate data (og = 0.88) and Planck (og = 0.831),
which has been extensively discussed in the literature; see
Refs. [27,88] and references therein.

VI. NUMERICAL SOLUTIONS

Here we present the numerical solutions of the two
models, the KGB and HDES, that we described in the
previous section.

A. The KGB model

1. The attractor

To explore the possibility of working outside the
attractor we only need to use Egs. (71) and (152), as these
constrain J. and a with H(a = 1) = H,. To parametrize
the deviation from the attractor we will use the parameter
J.. An illustrative example is found in Fig. 2 where we
plot the dark energy density Qpg with respect to the scale
factor for several values of n (left) and J,. (right). The values
of values for J. were chosen so as to highlight the
differences of these models with respect to GR.

In the KGB model the DE density can be written via
Eq. (69) as

PDE
QDE = s
C

(184)

poe = —K + Kx¢” — G3¢¢2 +3GixH{. (185)
From Fig. 2 we can see that working outside the attractor
for the KGB model (n = 1) we might find new parts of the
parameter space and new phenomenology. In the right
panel of Fig. 2, we see that the orange line can be ruled out
because it predicts a very high value for the DE density at
early times. The red and green lines, although outside the
attractor solution, are plausible solutions that are interesting
to analyze in more depth.

2. Numerical solution

In this section we present the results of the numerical
solution of the evolution equations. In all cases we will
assume Q,, o = 0.3, kK =300H,, and og, = 0.8, unless
otherwise specified. The reason we choose the specific
value of k = 300H; ~ 0.1h/Mpc for the wave number is
that it corresponds to the largest value of k we can choose
without entering the nonlinear regime. Finally, we set the
initial conditions for the DE variables to zero at a; = 1073,
when we are well inside the matter dominated regime.

Next we will also present our results for the growth rate
of matter perturbations parameter fog(a) = f(a) - o(a),
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FIG. 2. The DE density for the KGB model for various values of n (left) and for the KGB model (n = 1) for the attractor and three
general cases outside the attractor given by different values of J ., chosen so as to highlight the differences of these models with respect to
GR. The left panel clearly shows that as n grows, the DE density approaches that of the ACDM model.

where f(a) = 412 i the growth rate and 6(a) = oy % is

the redshift-dependent rms fluctuations of the linear density
field within spheres of radius R = 847! Mpc, while the
parameter oy is its value today. The fog(a) parameter is
important as it can be shown to be not only independent of
the bias b but also a good discriminator of DE models. The
reason for this is that in linear theory the quadrupole
contribution to the galaxy power spectrum in redshift space
is sensitive only to the combination fog(a).

Specifically, here we will compare the numerical sol-
utions for the following cases:

(i) The numerical solution of the full system of equa-
tions given by Egs. (82)—(85), which, however, we
rewrite in terms of 60X = ¢ 52]5 —452‘1‘ as the system is
more stable this way. We call this case “full KGB.”
The numerical solution of the effective fluid ap-
proach given by Eqgs. (16) and (17). We call this case

(i)

(iii) The numerical solution of the growth factor equa-

tion (101). We call this case “ODE-Geff.”

(iv) The ACDM model.

In the left panel of Fig. 3 we show the evolution of the
matter and effective DE perturbation variables (6,,,V,,,
Spe» Vpe) for the KGB for n = 2. In the right panel we
show the evolution of the fog(z) parameter for the KGB
model for n =2 and og, = 0.8 versus the fog data
compilation from Ref. [88]. We show the theoretical curves
for the full KGB brute-force solution, the effective fluid
approach, the ACDM model, and the numerical solution of
the G. equation. As can be seen, the agreement with all
approaches is excellent.

An interesting thing to note in Fig. 3 is that Vpg >
opg and Vpg ~ 'V, at intermediate redshift. The reason
for this is that in the effective fluid approach the DE
velocity perturbations are not always subdominant, as it
would be expected in a general DE fluid. This can be

“eff. fluid.” : : :
: : seen by remembering that the velocity perturbations are
4L (kGB) — ACDM
...... Eff. Fluid
% 06
----- Full-KGB
0.100F I
05 N
= _—— 3’; My
E 0010} 3

m(a)

0.4 ]
0.3

0.001F | — V(@) 1
— Ope(a)
1oL ‘ ‘ ‘ ‘ ‘VDE(a)‘ 0.2
0.001 0.005 0.010 0.050 0.100 0.500 1 0.0 0.5 1.0 1.5 2.0

a

FIG. 3. Left: The evolution of the matter and effective DE perturbation variables (5,,, V,,, Spg, Vpg) for the KGB with n = 2. Right:
The evolution of the fog(z) parameter for the KGB model with n = 2 and 65y = 0.8 versus the fog data compilation from Ref. [88].
Here we show the theoretical curves for the “full KGB” brute-force solution, the effective fluid approach, the ACDM model, and the
numerical solution of the G equation. As can be seen, the agreement with all approaches is excellent.
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actually a component of the effective energy momen-
tum tensor, namely the 79 part, and thus they contain
some of the main contributions of the modified gravity
theory and can be in some cases rather large. See, for
example, Egs. (6) and (17) for the definition of Vg and
Eqgs. (83) and (90) for all of the extra terms that are
rewritten as Vpg.

As an example, also consider the case of quintessence
and k essense, where Vpg is proportional to the scalar
field perturbations; see Eqs. (125) and (135), respectively.
In the case of f(R), Vpg is given by (113) and is
proportional to F /F, which parametrizes the deviations
from GR, so it is a proxy for the f(R) modified gravity
perturbations.

However, in the case of the KGB model the subhorizon
approximation fails when the parameter # is large. This can
easily be seen by calculating the large n limit of the G
parameter via Eq. (97):

2a°(1 = Q)

Gy /Gy~ 1 )
ot/ Gy + 50,

(186)

which at @ =1 tends to Geff/GN:%%—ﬁ, which is

different from unity as expected at this limit. However,
in general deviations of G/Gy from unity on such scales
are not problematic as screening mechanisms play an
important role. In any case, our finding is in agreement
with what was previously found in Ref. [79]; namely, the
quasistatic approximation breaks down for the model due to
the rapid oscillations of the scalar field. As a result, in what
follows we will only focus on our new designer model,
which does not suffer from this issue.

— ACDM
------ Eff. Fluid
] R— Full-DES
05
v —
)
04
03
02
0.0 05 10 15 2.0

% diff

B. Designer model

We now focus on our designer model HDES, given by
Eq. (169). Again, we will consider the numerical solutions
for the following cases:

(i) The numerical solution of the full system of equa-
tions given by Egs. (82)-(85), which, however,
we rewrite in terms of 8X = ¢ 5 —p*¥ as the
system is more stable this way. We call this case
“full-DES.”

The numerical solution of the effective fluid ap-
proach given by Eqgs. (16) and (17). We call this case
“eff. fluid.”

The numerical solution of the growth factor equa-
tion (101). We call this case “ODE-Geff.”

(iv) The ACDM model.

As mentioned in the previous sections, we can absorb
the constant ¢, in that of J ., so we will only vary the latter;
i.e., we set ¢, = 1. Furthermore, since the model is stable
for all values of J. when n = 2, we will consider this case
when studying cosmological constraints. Again, we use
Q0= 0.3, k=300H,, and o5, = 0.8, unless otherwise
specified.

In the left panel of Fig. 4 we show the evolution of the
fog(z) parameter for the HDES model with n =2, J, =
5 x 1072, and oy, = 0.8. The values of values for J, were
chosen so as to highlight the differences of these models
with respect to GR. We show the theoretical curves for the
HDES model for the full-DES brute-force numerical
solution, the effective fluid approach, the ACDM model,
and the numerical solution of the G equation. As can be
seen, the agreement with all approaches is excellent. In the
right panel of the same figure we show the percent
difference between the full-DES brute-force numerical

(i)

(iii)

0.0010¢

0.0005f

0.0000f

-0.0005F
-0.0010F

-0.0015f

-o.oozo;)*Hux“uxuuxuul

FIG. 4. Left: We show the evolution of the fog(z) parameter for the HDES model with n = 2, J, = 5 x 1072, and o3, = 0.8 versus
the fog data compilation from Ref. [88]. The values of values for J, were chosen so as to highlight the differences of these models with
respect to GR. Here we show the theoretical curves for the HDES model for the “full-DES” brute-force numerical solution, the effective
fluid approach, the ACDM model, and the numerical solution of the G equation. As can be seen, the agreement with all approaches is
excellent. Right: The percent difference between the full-DES brute-force numerical solution and the effective fluid approach (magenta
dot-dashed line) and the numerical solution of the growth factor equation (101) (green dotted line).
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Left: The low-Z multipoles of the TT CMB spectrum for a flat universe with Q,, , = 0.3, n, = 1, A;, =23 x 107, h = 0.7,

and (¢, J,,n) = (1,2 x 1073, 1). The values of values for J, were chosen so as to highlight the differences of these models with respect
to GR. Our EFCLASS code is denoted by the green line, HI_CLASS by the orange line, and for reference the ACDM with a blue line. Right:
The percent difference of our code with HI_CLASS as a reference. As can be seen, our simple modification achieves roughly ~0.1%

accuracy across all multipoles.

solution and the effective fluid approach (magenta dot-
dashed line) and the numerical solution of the growth factor
equation (101) (green dotted line).

C. Modifications to CLASS and the ISW effect

Here we will present our modifications to the CLASS
Boltzmann code, which we call EFCLASS. We will compare
the outcome with the HI_CLASS code, which solves the full
set of dynamical equations but at the cost of significantly
more complicated modifications. At the same time, we
will also compare with a brute-force calculation of the
integrated Sachs-Wolfe (ISW) effect as in our previous
paper [65].

In order to modify the CLASS code in our effective fluid
approach we only need two functions, the DE velocity and
the anisotropic stress [65]. In the case of the HDES model,
the anisotropic stress zpg is zero, as can be seen from

HACDM —' Théo 1
1400 *( ) V]
— CLASS
o~ 1200f 4
X r ]
=
£ L
G 1000
:‘ .
=~ L
=~ 800
6001 1
2 3 4 5 6 7 8

Eg. (85), since G4y = 0. Therefore, we only need the DE
velocity which we can easily obtain from Eq. (119);
however, we found that this approach is not very stable
numerically. Hence, in order to have a consistent solution,
we solve Eq. (17) for Vpg, and since wpg = —1, the only
variable we need is the effective pressure 6Ppg given by
Eq. (117). The expressions are rather cumbersome, but for
n =1 we have

142 54 -
VDEz(_—\/- m%“JCHOa]M)

Pm
—9
3

- m:-

187
PDE ( )

In the left panel of Fig. 5 we show the low-£ multipoles
of the temperature CMB spectrum for a flat universe
with Q,(=03, n,=1, A;=23x10", h=0.7,
and (¢y.J..n) = (1,2x 1073, 1). Our EFCLASS code is
denoted by the green line, HI_CLASS by the orange line,

[ (HDES — Theory |
1400*( ) &4 b
r —— EFCLASS 1
rF eeeas hi-class
o 1200F ]
¥ » ]
=
e I
& 1000
:‘ &
> N L
=~ 800
600+ b
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FIG. 6. The ISW effect and a comparison with CLASS/HI_CLASS for the ACDM model (left) and the HDES model (right), for the same
parameters as in Fig. 5. We see that there is excellent agreement for all multipoles, except £ = 2 due to the use of the BBKS transfer

function which is accurate only up to 10% at large scales.
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TABLE L.

Refs. [102,103].

< H(z) oy Ref.
0.07 69.0 19.6 [104]
0.09 69.0 12.0 [105]
0.12 68.6 26.2 [104]
0.17 83.0 8.0 [105]
0.179 75.0 4.0 [106]
0.199 75.0 5.0 [106]
0.2 72.9 29.6 [104]
0.27 77.0 14.0 [105]
0.28 88.8 36.6 [104]
0.35 82.7 8.4 [107]
0.352 83.0 14.0 [106]
0.3802 83.0 13.5 [102]
0.4 95.0 17.0 [105]
0.4004 77.0 10.2 [102]
0.4247 87.1 11.2 [102]
0.44 82.6 7.8 [95]
0.44497 92.8 12.9 [102]
0.4783 80.9 9.0 [102]
b4 H(z) oy Ref.
0.48 97.0 62.0 [105]
0.57 96.8 34 [93]
0.593 104.0 13.0 [106]
0.60 87.9 6.1 [95]
0.68 92.0 8.0 [106]
0.73 97.3 7.0 [95]
0.781 105.0 12.0 [106]
0.875 125.0 17.0 [106]
0.88 90.0 40.0 [105]
0.9 117.0 23.0 [105]
1.037 154.0 20.0 [106]
1.3 168.0 17.0 [105]
1.363 160.0 33.6 [108]
1.43 177.0 18.0 [105]
1.53 140.0 14.0 [105]
1.75 202.0 40.0 [105]
1.965 186.5 50.4 [108]
2.34 222.0 7.0 [109]

and for reference the ACDM with a blue line. On the right
panel of Fig. 5 we show the percent difference of our code
with HI_CLASS as a reference.” As can be seen, our simple
modification achieves roughly ~0.1% accuracy across all
multipoles.

We also compare our results with a brute-force calcu-
lation of the ISW effect. In this case the power spectrum is
given by [89]

"In this case we did not use n = 2 as we found that in this case
HI_CLASS crashes and we cannot compare with that code.

The H(z) data used in the current analysis (in units of
kms~! Mpc™!). This compilation is partly based on those of

22k3P¢

dk
OISV — 4z / TV

3 (188)

where IV (k) is a kernel that depends on the line of sight
integral of the growth and a bessel function, and P, is
the power spectrum (see Ref. [89] and Appendix A of
Ref. [65]) and is given by the primordial power spectrum
times a transfer function

ko ns—1
A | — T(k)?,
(&

where A; is the primordial amplitude, k is the pivot scale,
and T(k) is the usual matter-radiation Bardeen-Bond-
Kaiser-Szalay (BBKS) transfer function [see Eq. (7.71)
in Ref. [90]].

In Fig. 6 we present the results for the calculation of the
ISW effect and a comparison with CLASS/HI_CLASS for
the ACDM model (left) and the HDES model (right), for
the same parameters as in Fig. 5. We see that there is
excellent agreement for all multipoles, except £ = 2. The
reason for this is that we have used the BBKS formula for
the transfer function 7'(k) which is very accurate at small
scales, but only at the level of 10% on large scales, i.e.,
small multipoles.

3
kKP:

— (189)

TABLE II. Compilation of the fog(z) measurements used in
this analysis along with the reference matter density parameter
Q,,, (needed for the growth correction) and related references.

z fog(2) 60y (2) Qs Ref.
0.02 0.428 0.0465 03 [115]
0.02 0.398 0.065 03 [116,117]
0.02 0.314 0.048 0.266 [117.118]
0.10 0.370 0.130 03 [119]
0.15 0.490 0.145 031 [120]
0.17 0.510 0.060 03 [111]
0.18 0.360 0.090 027 [121]
0.38 0.440 0.060 0.27 [121]
0.25 03512 0.0583 0.25 [122]
0.37 0.4602 0.0378 0.25 [122]
0.32 0.384 0.095 0.274 [123]
0.59 0.488 0.060 0307115 [124]
0.44 0413 0.080 027 [95]
0.60 0.390 0.063 0.27 [95]
0.73 0.437 0.072 0.27 [95]
0.60 0.550 0.120 03 [125]
0.86 0.400 0.110 03 [125]
1.40 0.482 0.116 027 [126]
0.978 0.379 0.176 031 [127]
1.23 0.385 0.099 031 [127]
1.526 0.342 0.070 031 [127]
1.944 0.364 0.106 031 [127]
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VII. COSMOLOGICAL CONSTRAINTS

Here we present the cosmological constraints for the
n =72 HDES and ACDM models discussed in previous
sections. We use the latest cosmological observations
including the Snla, baryon acoustic oscillations (BAO),
CMB, and the Hubble expansion H(z) data. Specifically,
we use the Pantheon Snla compilation of Ref. [91], the
BAO measurements from 6dFGS [92], SDDS [93], BOSS
CMASS [94], WiggleZ [95], MGS [96], BOSS DR12 [97],
and DES Y1 [98]. For the CMB we use the shift parameters
(R, 1,) based on the Planck 2018 release [6] and as derived
by Ref. [99]. We assume the existence of three families of
neutrinos with N = 3.046.

Furthermore, we also incorporate the direct measure-
ments of the Hubble expansion H(z) data. These can be

derived in two ways: by the clustering of galaxies or
quasars and by the differential age method. The former
provides direct measurements of the Hubble parameter by
measuring the BAO peak in the radial direction from the
clustering of galaxies or quasars [100]. The latter method
obtains the Hubble parameter via the redshift drift of
distant objects over significant time periods, usually a
decade or longer. This is possible as in GR the Hubble
parameter can be expressed via the rate of change of the

redshift H(z) = — -4 [101]. These methods result in a

compilation of 36 Hubble parameter H(z) data points,
which for clarity we show in Table I along with their
corresponding references.

The growth-rate data used here are obtained via the
redshift-space distortions (RSD). These are sensitive probes
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FIG.7. The 68.3%, 95.4%, and 99.7% confidence contours for the ACDM model, along with the 1D marginalized likelihoods for all
parameter combinations. We also highlight with a black point the mean MCMC values and with a red point or dashed vertical line the
Planck 2018 concordance cosmology. The latter is based on the TT, TE, EE + lowP spectra, a flat ACDM model, and the values are

shown in Table III.
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The 68.3%, 95.4%, and 99.7% confidence contours for the HDES (n = 2) model, along with the 1D marginalized likelihoods

for all parameter combinations. We also highlight with a black point the mean MCMC values and with a red point or dashed vertical line
the Planck 2018 concordance cosmology. The latter is based on the TT, TE, EE + lowP spectra, a flat ACDM model, and the values are

shown in Table III.

of the large scale structure (LSS) and can measure the
quantity fog(a) = f(a) - o(a), which is a product of the

growth rate f(a) = Z}L‘Z and the redshift-dependent rms
8(a)

fluctuations o(a) = 8.0 51) of the linear density field

within spheres of radius R = 84! Mpc. In this notation
the parameter oy is the value of the rms fluctuations today
and is a direct measure of the amplitude of fluctuations in
linear scales.

We should mention that fog(a) can be estimated via the
ratio of the monopole to the quadrupole of the redshift-space
power spectrum P (k). The latter is sensitive on the quantity
p = f/b,, where f is the growth rate as defined earlier and

TABLE III. ACDM parameters with 68% limits based on TT,
TE, EE + lowP and a flat ACDM model (middle column) or a
wCDM model (right column); see Ref. [6] and the Planck chains
archive.

Parameter Value (ACDM) Value (wCDM)
Q,h? 0.02225 £ 0.00016 0.02229 = 0.00016
Q.h? 0.1198 £ 0.0015 0.1196 £ 0.0015
n, 0.9645 + 0.0049 0.9649 £ 0.0048
H, 67.27 £ 0.66 >81.3

Q, 0.3156 £ 0.0091 0.2030922

w -1 —1.55%033

o3 0.831+£0.013 0.98310 9%
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TABLE IV. The best-fit parameters for the ACDM and the HDES (n = 2) models, respectively.

Model Q0 100Q, 1> J, h oy
Best-fit values

ACDM 0.311 £ 0.006 2.243 +£0.014 0 0.680 £ 0.004 0.758 £ 0.025
HDES 0.313 £ 0.006 2.240 £0.014 —0.309 = 0.244 0.678 = 0.004 0.911 £ 0.068

b is the galaxy bias [110-112]. In all cases we assume linear
theory. The combination fog(a) not only is independent of
bias, as the latter completely cancels out, but it has also been
demonstrated to be an excellent discriminator of DE models
as it probes the dynamics of a given gravitational theory and
not only the geometric of spacetime [111]. The covariances
of the data and how to make the necessary corrections for
the Alcock-Paczynski effect are given in Refs. [27,88,113],
while other related analyses with these data can be found in
Refs. [24,26,28,65].

In this paper we use the growth-rate data compilation of
Ref. [88], which we show in Table II for completeness,
along with the corresponding references for each point.
This dataset was analyzed in Ref. [88] with the ‘internal
robustness method” of Ref. [114], by examining combi-
nations of subsets, and it was shown that this specific
dataset is indeed internally robust.

With these in mind, our total likelihood function L,y
can be given as the product of the separate likelihoods of
the data (we assume they are statistically independent) as
follows:

Lot = Lgpia X Lpao X LH(Z) X Leyp X Lgrowﬂv
which is related to the total y? via y2, = —21og L, or

)(tZOt :){%nla +)(2BAO +)(12-I(z) +)(gmb +I§rowth' (190)

Calculating the best fit is not enough, but we also need
to study the statistical significance of our constraints.
To achieve this we make use of the well known Akaike
information criterion (AIC) [128]. The AIC estimator is
given (assuming Gaussian errors) by

2k, (k, + 1)

AIC = -2In L, + 2k ,
n de+ p+Nddt—kp—1

(191)

where k,, and N, stand for the number of free parameters
and the total number of data points, respectively. For other

TABLE V. The y? and AIC parameters for the ACDM and the
HDES models, respectively.

Model s AIC AAIC
ACDM 1087.64 1095.68 0
HDES 1086.30 1096.35 0.678

similar statistical tools see also Ref. [129]. In this analysis
we have 1048 data points from the Pantheon set, 3 from the
CMB shift parameters, 10 from the BAO measurements, 22
from the growth measurements, and finally 36 H(z) points,
for a total of Ny, = 1118.

The AIC can be interpreted similarly to the y?; i.e., a
smaller relative value signifies a better fit to the data.
To apply this statistic to model selection we take the pair
difference between models AAIC = AIC,,4e1 — AICin-
This can in principle be interpreted with the Jeffreys’ scale
in the following manner: when 4 < AAIC < 7, this indi-
cates positive evidence against the model with a higher
value of AIC,,,4c1, While in the case when AAIC > 10 it can
be interpreted as strong evidence. On the other hand, when
AAIC <2, then this means that the two models are
statistically equivalent. However, in Ref. [130] it has
been shown that in general the Jeffreys’ scale can some-
times lead to misleading conclusions, and thus it should be
interpreted with care.

Finally, our total y> is given by Eq. (190) while the
parameter vectors (assuming a spatially flat Universe) are
given by pacom = (2.0, 1009, 4% h,65) for the ACDM
and pypps = (R0, 100Q,4%, h, J.,c5) for the HDES
model. Using the aforementioned cosmological data and
methodology, we can obtain the best-fit parameters and
their uncertainties via the MCMC method based on a
Metropolis-Hastings algorithm. The codes used in the
analysis were written by one of the authors.® The priors
we assumed for the parameters are given by Q,, €
[0.1,0.5], Q,h>€[0.001,0.08], J, € [-1,12], h € [0.4,1],
o3 € [0,2], and we sample ~10°> MCMC points for each of
the two models.

A. Results

In Figs. 7 and 8 we show the 68.3%, 95.4%, and
99.7% confidence contours for the ACDM and the
HDES models, respectively, along with the one-
dimensional (1D) marginalized likelihoods for all param-
eter combinations in the familiar triangle plot. We also
highlight with a black point the mean MCMC values and
with a red point the Planck 2018 concordance cosmology.
The latter is based on the TT, TE, EE + lowP spectra, a flat
ACDM model, and the values are shown in Table III.

*The MCMC code for Mathematica used in the analysis is
freely available at http://members.ift.uam-csic.es/savvas.nesseris/.
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FIG. 9. The 68.3%, 95.4%, and 99.7% confidence contours for the ACDM (left) and the HDES (n = 2) (right) models, respectively,
in the (Q,, 9, 0g) plane. We also highlight with a black point the mean MCMC values and with a red point or dashed vertical line the
Planck 2018 concordance cosmology. The latter is based on the TT, TE, EE + lowP spectra, a flat ACDM model and the values are

shown in Table III.

In Tables IV and V we show the best-fit values of the
model parameters and the values for the y* and AIC
parameters for the ACDM and the HDES model, respec-
tively. As can be seen from Tables IV and V, we find that
as the difference in the AIC parameters is roughly ~0.68,
then both models seem to be statistically equivalent with
each other. Furthermore, as seen in Fig. 8, there is a
clear negative correlation between J, and o5 as we saw in
Sec. VE and Eq. (183) due to the strong degeneracy
between the parameters. This degeneracy is useful as it can
potentially alleviate and relax the tension that has been
recently observed, see Refs. [27,88]. In particular, in Fig 9
we show the 68.3%, 95.4%, and 99.7% confidence con-
tours for the ACDM (left) and the HDES (n = 2) (right)
models, respectively, in the (€,,0,05) plane. As can be
seen, for the HDES model, the best fit in the (€, .03)
plane moves toward higher values of oy, closer to those
of Planck.

VIII. CONCLUSIONS

The recent discovery of gravitational waves emission
from a binary neutron star merger with an optical counter-
part, signified a major breakthrough in astrophysics and
cosmology as it provided a direct measurement of the speed
of propagation of gravitational waves. This observation not
only represented an important advance for astronomy, but it
also served to greatly reduce the number of alternative
models aiming at explaining the current accelerating phase

of the Universe. In particular, since the constraint on the
speed of propagation of gravitational waves is extremely
close to the speed of light, the Horndeski Lagrangian
simplified to only three functions. Although this means a
notable progress in constraining cosmological models,
degeneracies with the ACDM model remain and must be
further investigated.

In this paper we used an effective fluid approach to study
the remaining Horndeski Lagrangian. This formalism
makes it possible to compare models with different under-
lying physics (e.g., DE and MG models) in a relatively easy
way: each model is mapped to three functions describing
the effective fluid, namely, the equation of state w, the
sound speed c2, and the anisotropic stress z. Even though
the remaining Horndeski Lagrangian is now simpler than
its original version, finding exact analytical solutions
can be quite laborious. Nevertheless, the subhorizon and
quasistatic approximations are pretty helpful at overcoming
this difficulty.

One of our main results is the set of Egs. (102)—(107).
These equations along with the equation of state Eq. (73)
describe the remaining Horndeski Lagrangian in an effec-
tive fluid approach under the subhorizon and quasistatic
approximations. In this paper, we provide explicit expres-
sions for the effective fluid description of several DE
and MG models.

In order to exemplify our results and since we focused
on explanations to the late-time accelerating universe, we
carried out an analysis where only DM and an effective DE
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fluid are taken into consideration. A particularly interesting
model also included in our formalism is the KGB model. In
Sec. VI we show our analytical solutions agree pretty well
with a full numerical solution of the system of differential
equations describing the DM and effective DE perturba-
tions. We also confirm that the subhorizon approximation
breaks down for the KGB model due to the rapid oscil-
lations of the scalar field in the large » limit, in agreement
with Ref. [79]. Also, for the KGB model the background
equation for the expansion history H(a) can only be found
numerically for n > 1, thus slowing down the codes
significantly.

Due to these problems, we propose a completely new
class of Horndeski models based on the designing princi-
ple, i.e., fixing the background to a specific model, usually
that of the ACDM and then determining the Lagrangian.
Given the freedom in specifying the remaining functions
of the Horndeski Lagrangian, we propose a way to find
families of models which match a particular background
expansion, i.e., the equation of state wpg. Since current
observations are in good agreement with the standard
ACDM at the background level, we provide equations
specifying a wpg = —1 designer Horndeski model [see
Egs. (169)], which we call HDES. Furthermore, for this
model we are able to find exact solutions for the growth
6,»(a) in the matter domination epoch by solving Eq. (101).
The solutions we found are given by Eq. (179), and they
imply a degeneracy between og and the parameter of the
HDES model J,, which can approximately be described
via Eq. (183).

Although fixing the background to ACDM is a common
practice, the treatment of the perturbations might not be
rigorous enough in current studies. Public codes solving the
perturbation equations for the Horndeski Lagrangian (e.g.,
HI_CLASS) use ad hoc parametrizations for the a; functions
which differ significantly from our findings that approxi-
mate a realistic model [see Egs. (171)-(175)]; see, for
example, Refs. [131-133].

We implemented the parametrized version for the DE
effective fluid of our wpg = —1 designer Horndeski HDES
model in the public code CLASS, which we call EFCLASS, by
following the straightforward implementation explained in
our previous paper [65]. For the sake of comparison and in
order to check the validity of our effective fluid approach,
we compared results from our code EFCLASS with the
public code HI_CLASS, which solves numerically the full
perturbation equations.

In Fig. 5 we show the CMB angular power spectrum
computed with both codes, and as can be seen in the right
panel of Fig. 5, the agreement is remarkable and on average
on the order of ~0.1%. Since the HI_CLASS code does not
utilize either the subhorizon or the quasistatic approxima-
tion, but our EFCLASS does it, we conclude our effective
fluid approach is quite accurate and powerful. Furthermore,
the main advantage of our method is that while HI_CLASS

requires significant and nontrivial modifications, our
EFCLASS code practically only requires the implementation
of Eq. (187), which is trivial.

We further investigated our wpg = —1 designer
Horndeski HDES model by computing cosmological con-
straints with recent datasets using an MCMC analysis. The
results of our MCMC analysis are shown in Tables IV
and V, where we present the best-fit values of the model
parameters and the values for the > and AIC parameters
for the ACDM and the HDES model, respectively. We
find that as the difference in the AIC parameters is
roughly ~0.68, then both models seem to be statistically
equivalent with each other. Furthermore, as seen in Fig. 8,
there is a clear negative correlation between J, and o.
This can be understood, as we saw in Sec. V E, due to the
strong degeneracy between the parameters described by
Eq. (183). This degeneracy is useful as it can potentially
alleviate the og tension that has been recently observed;
see Refs. [27,88].

Numerical analysis files: The numerical codes used
by the authors in the analysis of the paper and our
modifications to the cLASS code, which we call
EFCLASS, will be released upon publication of the paper
on the websites of the EFCLASS https://members.ift.uam-
csic.es/savvas.nesseris/efclass.html and https://github.com/
wilmarcardonac/EFCLASS.
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APPENDIX A: SCALAR AND GRAVITATIONAL
FIELD EQUATIONS

For completeness, in this appendix we show how to
compute both the gravitational and the scalar-field equa-
tions derived from the Horndeski action (21).

1. Scalar field equation

For a function of a single variable with higher deriva-
tives, the stationary values of the functional [134]

X d
I[f]:/ Lo fo L f%)dx; f/Ed_f’
Xo ¥
&2 dk
f”Ed_xJ;’ f(k) Ed_lej’ (Al)

can be obtained from the Euler-Lagrange equation
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0L d (0L + oL Knowing that £3 =—G3(¢.X) [O¢p = ¢V, V,¢], apply-
of  dx \of af’ ing Eq. (A9) gives
oL
e (—) —0 () or
dxk \of* a¢3 ~G;40¢. (A10)
Since our Lagrangian £; functions defined in the Horndeski
action (21) depend on the scalar field ¢ and its first oL 9G;
and second derivatives, we can use the Euler-Lagrange 8”8741;) = V¥ <8"q’) D(ﬁ)
equation (A2) to compute the scalar field equation for £,, K
L3, and L,. For £, we have _ 8G3 0X O
oL oL X 09
Ly(¢.0,0) = —¢f6¢ + ; 5(0,) = —VH (G V,pI). (A1)
0L, 8[32
= —5 A3
o Y P o0 (A3) 3,0, 0Ly _ ~V,(V,4*Gs)
0,0,¢
oL, oL, ., V2 _ _yn v v
9 - ”@,—qb =P, -V, =0. (A4) = =V¥(G3,V,¢ + G3xV,X), (A12)
Since £, = K(¢, X), applying Eq. (A4) leads to where we have replaced again the partial derivatives by
or covariant derivatives. We can then conclude that for £ the
2 scalar field equation reads
v % = Gy — V”(G_;XV”d)Dq’)) - V”(G3¢vy¢)
SR — VH(G3xV,X) =0, (A13)
0K
- aﬂ¢ and we make the following assignment:
v 0K 0X ;
= -VH(KxV,9). (A6)

V”Ji - V"(—G3Xvﬂ4) + G3XVﬂX + 2G3¢Vﬂ¢) (AIS)
where we have replaced the partial derivatives by covariant
derivatives and we are using the fact that X = —% PO . For £, we have
Hence, for £, the scalar field equation reads

oL
K+ V'(KxV,$) = 0. (A7) Li(¢) = a—;w, (Al6)
For the term L5 we follow the same approach,
oL
oL oL —=pi=0. Al
‘C3 (¢v aﬂ¢’ ayau¢) 3 5¢ +a : (ay¢) 8¢ / 0 ( 7)
¢ O
n 88534, (6,0,0) Since £, = G4(¢)R, applying Eq. (A17) leads to
¢ oy ¢
0L, Our result for the scalar field equation considering
+ 0,0, 57— 0,0, 5. (A8) Gux =0 and G5 = 0 is in full agreement with Ref. [73].
v Hence, the scalar-field equation can be written as
oL, . oC oL, ; -
=3 3 V"( Ji> = P, (A19)
55 ot aayaay(/) 0. (A9) ;u ;¢
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2. Gravitational field equations

Defining the arbitrary functions £; from the action (21) as

L, = K($.X). (A20)
Ly = —G5(¢. X)Oep, (A21)
Ly = G,(¢)R. (A22)

we can then vary the action with respect to the metric tensor;
using the principle of least action, this leads to

88 = 68, + 683 + 684 + 6(\/—gL,,) = 0. (A23)
For 65, we have
58, = / d*x[6\/=gK + \/=g6K], (A24)
and using the fact that
N RN T (A25)

and that the variation of K with respect to the metric can be
written as

KB X) = Knig (<3 9,0%.0). (426
we get
88, = / d*x/=g6g" [—%ng—%KXvﬂf/)vm]. (A27)
For 655 we have

5 = [ xl-6y=56:0p - y=ga(G:04). (A28

The variations of G5 with respect to the metric can be
written as

5(Gs (¢ X)09) = 5630+ Gs5(CIg)
— Gyyog" <—%vﬂ¢vy¢> O

+ G36(0¢); (A29)

hence

1
585 = /d4x\/—g[§gﬂbég””G3D¢

+ %59””G3XD¢VM¢VD¢ +Go(Oh)|. (A30)

The last term of the above equation can be expanded in the
following way:

5D¢ = 5gahvavb¢ + g“hé(vaqu’))

= 5V, Vo + D) — PO, 0,0, (A31)
since
VVah = 0,00 — T, 0,0 (A%2)
and
S(9,V,0) = VV,(60) — o7, 0,4. (A3
Also  we have that ¢*T", =...=-V, 50+

1 9av9"*V 169", so we get for the last term in Eq. (A30)

/= 1
5S1ast-term - /d4x _g(_GS) <5gabvavb¢ + D5¢ + (Vatiqy“ - Egabgﬂvlfsgab) a},¢>

1
= / d*x\/=g [—@’”(Vﬂvy)Gz + 697V (G3V, ) — 55g“bgabg”V4(G3Vy¢)]

1
= /d4x\/__g |:_5glw(vyvy)G3 + 5glwvy(G3v/4¢) _Eég”ygyuvy(G3vy¢):|

= [ @ty (VY6 - 39,969, 0)|

(A34)
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Combining all terms we have

1
35, = [ aixy=gor |3 GuCHY,09.0

1
PGV~ VGT ] (A39)
For 65, we have
55, — / d*x[5\/=GG.R + /=GG.5R],  (A36)
where
SR = 6(9"R,,)
= leégﬂl/ + gﬂD5le
=R, 69" + ¢ (V,6I7, = V,6I7,). (A37)

Since 8I'%, is the difference of two connections, it should
transform as a tensor. Therefore, it can be written as

1
érfw = Egia(vpégau + vuég(m - va5g/w)' (A38)
Then, substituting Eq. (A38) into (A37), we get
6R = R,,69" + g,0(69") =V, V,(69");  (A39)

hence

1
5S4 = /d4x\/ -9 |:_§g;w5gm/G4R + G4R/w5‘glw + G4(g/w|:|(6‘glw) - vuvu(égﬂy))

= / d*x\/=969"(G,,G4 + 9,,0G, — V,V,G, + total derivatives]

= / d4x,/—g(‘)'g””[GWG4 + gﬂl’ (G4¢|:|¢ - 2XG4¢¢) - G4¢Vﬂvb¢ - G4¢¢Vﬂ¢vy¢ + total derivatives], (A40)

where

-V,(V,G4) = =V, (V,¢Gs,)

= _vﬂvD¢G4¢ - vﬂ¢vD¢G4¢¢’ (A41)

9**VV,Gy)

9V (VypGay))

9V NV Gy + gV, . Gyy)
CpGay — 2XGiagy)-

gnyG4 = 9w
= 9w

= 9w

o~ o~ o~ o~

= Guw (A42)

Since the energy-momentum tensor is defined as

Tm _ _ 2 6(/=9Lm)
= R P

the gravitational field equation can be written

(A43)

T/(Zl) = _Kva¢vu¢ - Kg;w + G3XD¢V;4¢VU¢
+ 2V(”G3Vy)¢ - gﬂyVﬂG3V’1¢ + 2G4GMV
+ 29, Gy — 2XGupy) — 2G4y V, V.0

= 2G4y V, PV 9. (A44)

APPENDIX B: COEFFICIENTS

Here we show the coefficients for the perturbations in the
Horndeski theory in Eq. (21). They are given by

A = =3¢Gay + 12HG, + 64G,y, (B1)
Ay = —¢p(Kx + $*Kxx) + 2¢}G3¢
—3HP*(3Gsy + ¢*Gaxy) + (1.53G3¢x
+ 6HGy,, (B2)
A; = 4G,, (B3)

Ay = ¢ (Kx + §*Kxx) — 207 Gay — ¢ Gagy
+3H$ (4Gsx + §*Gaxx) — 12H(HG, + ¢Gyy),

(B4)
Ag = =" G3x + 2Gyy, (B5)
==Ky + ¢ Kyx = §*Gagg + 3H Gayx
— 6H2G 4y — 6HPGpy, (B6)
B, = 12G,. (B7)
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B, = —3¢*Gsx + 6Gyy,

By = 12(¢Gyy + 3HG,),

B, = 3[pKy — 2‘1.5G3¢ — 24§ Gax
- 6/33(G3¢x + ¢Gsxx) +4HGyy + 4¢5G4¢¢L (B10)

Bs = 3(¢’Gsx —4HG, — 24Gy,).  (BI11)

B6 — 4G4, B7 — 4G4{/), B8 — 4G4, (BlZ)

By = —3Kx¢? + 6Gsyd” + 3Gsyxd* + 12G3xd*h
+ 3Gaxxd P — 36G,H? — 24G,H

— 224G Hp — 12Gyyy¢" — 12Guyb, (B13)

and using Eq. (68) to eliminate G, in favor of K we can
express By as

By =3(2K — Ky + 2 pGsx + 4.54G3¢x + ¢ PpGaxx).
(B14)
|

d
D,=—D 3HD
4= 2+ )

+2( + 2Hp) Gy + 20" Gaggy (B15)
C, = 4G,, (B16)

Cy = —¢*Gax + 2G4y, (B17)

C3 = ¢’ Gsy — 4HG, — 2¢G, (B18)

Cy = ¢p(Kx —2Gsy +2Guyy) + H(3¢* Gy — 2Gyy).

(B19)
D, = _3(¢52G3X - 2G4¢)’ (BZO)

D, =Ky —¢*Kxx + 2G3y — 6HpG:x + 4.52G3(/;x

— 3H}* Gxx, (B21)
Dy = —3(¢Kx — 2¢Gs4 + 6HP*Gsx + 26 § Gax
+ ¢}3G3¢x + ¢ PGayy — 8HG,y), (B22)

= —3HKy - Kq&xﬁi5 - K¢xx<l;’3 — Kxxxd'h — 3Kyx(HY” + ¢ §) + 6HG;y + 2G3¢¢4'5 — 6Gsx(3Hp + H ) +Hep)
+ G3(/)X(_3H¢'52 +4¢ $) + G34)¢X¢§3 - 3G3XX¢52(3H2¢'5 +H¢ +5He) + G¢XX(H¢.53§£ - 3H¢}4) — 3GsxxxHd' §,

Ds = ¢p(Kx + xx — 2G35 — ¢*Gayx) + 3H(3$* Gax + ¢* Gaxx — 2Guy),

Dy =9H¢™ 'K + 3K, —3(d +3Hp)Kx — 3¢ (K yx + dKxx) +3(2¢ + 3HP) Gy

+ 18H¢™ (3H? + 2H)G, + 184 (H + 4H$ + H $) Gy + 18HPGy,

and using Eqgs. (68) and (74) we find that

(B23)
(B24)
D7 - 4G4¢, (B25)
—9p(3HP + 3H + H §)Gsx + 3¢’ Ggy + 307 ( — 3HP)Gayx — 9HP $Gixx
(B26)
Dy =0, (B27)
Dy = =Ky + 2Gs,, — 4HpGsx — p(2Gsx + ¢ Gaxx) — ¢ Giyx. (B28)
Dy = —¢Gax + 2Gy, (B29)
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Dy =Ky + (¢ +3HP)Kx + " (4 + 3HP)Kxx + ¢34(K¢xx + PKxxx) — 2(d + 3H¢.5)G3¢
+9¢(2H + 3H>p + H §)Gsx — ¢* Gy — $*(5¢ — 3HP)Gayx — ¢* Gappx
+3¢°(TH$ + 3H>$p + H $)Gaxx — ¢* (b — 3H¢>G3¢xx + 3HP $Gaxxx — 6(2H + H)G4¢,

M? = —Kyy+ (§+ 3H¢§)K(/)X + ¢2K¢(px + 4'5245K¢xx - $[2Gsyy + ¢2G3¢¢X - 3H¢'5(2G3¢x + (]'52G3(/)XX)]
— 6HpGapy + 3¢ (BH? + H)Gsyx — $*Gappp + 3HP Gapyx — 6(2H? + H) G-

For the DE effective perturbation equations we found the following coefficients:

Fr = (A¢ — B1)B1G4(30G3, + 2B,G3y00" — Guy(BaGagyh + BrGuagpydh” + BrGagydh))

‘/,:'3 - B6BQM2G3¢,

.7:4 - G4¢,
Fs = B(Ag — 2A¢B7 + BgDo) G,
Fe = —B;M*G3,,.
F7 = Gu4y(A¢(Ag — B7)B7G4

+ (Be —2)(BgDg — AgB7)Gay),

Fs = (G14(A4(B5 = BsDy) — (Bs — 2) BsM*

+ 6(B3 — BsDg)H? + Ay(As — B7)B1)
— (Ag — B7)B7G4(uGyy + A2G4¢¢€5))’
Fo = BeM?Gi4(Ay + 6H?),
Fro = Gup((Ag — B7)B;C4G,
+ (B3 — BgDy)Guy(C5 + 2H))

(B30)
(B31)
F1 = (Ag = B7)B1G4G}4(B1G4 — (B — 2)Gay), (B32)
+ Gi4(B2B7(B7 — Ag)Gagpd” + Gay(Bo(B3 — 2Dy) + (Ag — B7)B7(Bygp + Bah))). (B33)
I
(B35) The coefficients for the KGB DE effective perturbation
equations are
(B36) Fy = —ByDg + 3Aqu — 6Do(3H? + 2H), (B43)
B37 A .
(B37) F3 = M?*(By + 18H* + 12H), (B44)
Fs = A2+ BgDs, (B45)
(B38)
Fg = —BeM?, (B46)
F7=—A2— (Bg—2)Dy, (B47)
B39 R
( ) fg = A4D9 + Mz(B6 - 2) + A6,Lt + 6D9H2, (B48)
(B40) .
.Fg = —MZ(A4 + 6H2), (B49)
j:lo :Mz(C:;—'-ZH), (BSO)
(B41) Fi11 =AgCy — C3D —9 — 2DgH. (B51)

+ (A6 = B7)B1C2 (G — G4Gagy) 9,
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