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Abstract

We explore the possibility of spontaneous lepton flavour symmetry breaking in the context of Minimal Flavour
Violation and within a minimal and predictive See-Saw model. In this context the Yukawa couplings are the vacuum
expectation values of scalar fields transforming under the flavour group. The scalar potential giving rise to the
acquisition of the vev of the scalar fields is derived and analyzed. In the minimization the Majorana character of
neutrino masses plays a distinctive role, absent for the quark case.
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1. Introduction

The recent discovery of a bosonic particle at LHC
([1, 2]) adds another piece of support to the astonish-
ingly well consolidated building of the Standard Model
(SM). Still some aspects of the SM raise yet unan-
swered questions. One long standing puzzle is that of
explaining in more fundamental terms the flavour struc-
ture within the SM, with masses spanning orders o mag-
nitude and mixing angles being perturbative for quarks
but close to maximal for leptons. In this context the
Minimal Flavour Violation (MFV) hypothesis, applica-
ble for both quarks [3, 4, 5] and leptons [6, 7, 8] offers a
predictive scheme based on symmetries. This symmetry
argument in the quark sector was taken further and the
spontaneous symmetry breaking necessary to account
for masses and mixing has been studied [9, 10, 11, 12].
Here the lepton sector will be addressed in the same
context, with the distinctive feature of a possible Ma-
jorana character, a study carried out in [13]. For the
study we will use a predictive seesaw model [14, 15]
with two right-handed neutrinos, satisfying the hypoth-
esis of MFV.

Email address: rodrigo.alonso@uam.es (Rodrigo Alonso)

2. The model

The Lagrangian reads

−Lmass = �LφYE ER + �Lφ̃
(
YN + Y ′N′)+

+ ΛN′Nc + h.c.
(1)

where �L denotes the left-handed (LH) lepton doublet,
ER denotes the RH charged lepton fields (flavour in-
dices are implicit) and φ denotes the Higgs doublet, with
φ̃ = iτ2φ

∗ and 〈φ〉 ≡v/
√

2 the electroweak vev, with
v= 246 GeV. The model contains only two heavy neu-
trinos, N an N′, and in consequence one light neutrino
remains massless -an open possibility to this date- and
there is only one physical Majorana phase. Λ is a Ma-
jorana scale, while the Yukawa couplings for charged
leptons YE , and for neutrinos Y and Y ′, are a matrix
and vectors in flavour space, respectively. The Lepton
Number (LN) symmetry is violated by the simultaneous
presence of Y , Y ′ and Λ. The light neutrino matrix re-
flects these properties and takes the typical form in type
I See-Saw models:

ν̄L
v2

2Λ

(
Y Y ′T + Y ′ YT

)
νcL + h.c. , (2)

where Λ � v has been assumed.
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This model can accommodate small neutrino masses
in the LN conservation limit (y′ 	 y) yet still observable
flavour violating processes are present for Λ ∼TeV [15,
16, 17, 18, 19]. Without loss of generality, we work in
the basis in which the charged lepton Yukawa matrix is
diagonal. Denoting by Yν the matrix constructed out of
the two vectors Y and Y ′; Yν ≡ ( Y , Y ′ ) , the Yukawa
couplings may be described by [15]

YE =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
ye 0 0
0 yμ 0
0 0 yτ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , Yν = U fmν

( −iy iy′
y y′

)
,

(3)
where y ≡ √(Y)†Y and y′ ≡ √(Y ′)†Y ′. Here U de-
notes the PMNS mixing matrix: using the PDG no-
tation, U is written as the product of three rotations
and a matrix containing the Majorana phases, U =

R23(θ23) R13(θ13, δ) R12(θ12)Ω. Ω can be parametrised
as Ω = diag{1, eiα, e−iα} for normal hierarchy (NH) and
Ω = diag{eiα, e−iα, 1} for inverted hierarchy (IH). The
term fmν is a matrix function of neutrino masses: for the
two possible hierarchies it is defined as:

NH: fmν =
1√

mν2 + mν3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0√
mν2 0
0 √mν3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,
(
mν2
)2
= Δm2

sol ,
(
mν3
)2
= Δm2

atm + Δm2
sol ,

IH: fmν =
1√

mν1 + mν2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
√

mν1 0
0 √

mν2
0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,
(
mν1
)2
= Δm2

atm − Δm2
sol ,

(
mν2
)2
= Δm2

atm .

(4)

3. The Scalar Potential

In the spirit of MFV, the flavour symmetry of the
model is identified as the extended symmetry arising in
the limit of vanishing Yukawa couplings:

G f l ∼ S U(3)�L × S U(3)ER × O(2)N , (5)

with the special unitary groups associated to complex
rotations of same-charge SM fields and the orthogonal
group composed out of a phase rotation opposite for N
with respect to N′ (Neiφ , N′e−iφ) times their exchange.

For this symmetry to be formally conserved in the
presence of the Yukawa couplings the latter should be
assigned transformation properties under G f l,

YE ∼ ( 3 , 3̄ , 1) , Ỹν ∼ ( 3 , 1 , 2) . (6)

The hypothesis of MFV then allows to construct a
flavour-predictive effective field theory [5] which in this

case can be reproduced to all orders as the complete
model is at disposal.

Let us now advance in the symmetry reasoning. Con-
sider the flavour symmetry as an exact symmetry of the
full Lagrangian, although, necessarily broken at low en-
ergies. Mimicking the Higgs mechanism, some scalar
fields with transformation properties under this symme-
try (dubbed flavons) must be responsible for the break-
ing. In the simplest realization these fields are no other
than the Yukawa couplings upgraded to scalar fields,
whose vev will therefore shall be proportional to the lat-
ter:

YE ∼ ( 3 , 3̄ , 1) , Yν ∼ ( 3 , 1 , 2) . (7)
〈YE〉
Λ f l

≡ YE ,
〈Yν〉
Λ f l

≡ Yν . (8)

The scalar potential now will be build up of flavour in-
variant arrangements of these fields, they are; to the
renormalizable level:

Tr
(
YEY†

E

)
, Tr

(
YνY†

ν

)
, det (YE) ,

Tr
(
YEY†

E

)2
, Tr

(
YEY†

EYνY†
ν

)
,

Tr
(
YνY†

ν

)2
, Tr

(
Yνσ3Y†

ν

)2
.

(9)

The presence of the determinant can be forbidden if the
flavour symmetry is extended to contain overall U(1) ro-
tations of same-charge fields [13]. The scalar potential
V for the flavon fields is then:

V = − μ2 · X2 +
(
X2
)†
λX2 + (μD det (YE) + h.c.)+

+ λE Tr
(
YEY†

E

)2
+ g Tr

(
YEY†

EYνY†
ν

)
+ (10)

+ h Tr
(
YνY†

ν

)2
+ h′ Tr

(
Yνσ3Y†

ν

)2
.

In this equation X2 is a two-component vector defined
by

X2 ≡
(
Tr
(
YEY†

E

)
,Tr
(
Y†
νYν
))T
,

μ2 is a real two-component vector, λ is a 2 × 2 Hermi-
tian matrix and all other coefficients are real parameters,
except for μD which may be complex. The full scalar
potential includes in addition Higgs-YE and Higgs-Yν
cross-terms, but they do not affect the mixing pattern
and will thus be obviated in what follows.

3.1. Mixing angles and Majorana Phase
The emphasis is here in the way this potential fixes

the mixing pattern, so consider here the fermion masses
fixed at their physical values and focus on the minimiza-
tion on the mixing parameters. Since mixing arises from
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the misalignment in flavour space of the charged lepton
and neutrino sectors, the only relevant invariant at the
renormalizable level is

Omix ≡ Tr
(
YEY†

EYνY†
ν

)
. (11)

Substituting the expressions for the flavon vevs in
Eq. (8), it follows that:

Omix =
2Λ4

f l

v2∑mνi

(
σy

∑
l,i

|Uli|2m2
l mνi (12)

+ δy

⎛⎜⎜⎜⎜⎜⎜⎝i e2iα
∑
l,i< j

(Uli)∗Ul jm2
l
√

mνi mν j + c.c.

⎞⎟⎟⎟⎟⎟⎟⎠
)
,

with σy = y2 + y′2 and δy = y2 − y′2. The first term in
Eq. (12) for leptons corresponds to that for quarks (in
the bifundamental representation case [12]). The sec-
ond term in Eq. (12) has a strong impact on the localiza-
tion of the minimum of the potential and is responsible
for the different results in the quark and lepton sectors:
it contains the Majorana phase α and therefore connects
the Majorana nature of neutrinos to their mixing.

The two family case will help now see the features of
the minimization process and afterwards the generaliza-
tion to the three family scenario will be straightforward.
The mixing invariant reads, for two families:

gOmix ∝g
{
(m2

e + m2
μ)(y

2 + y′2)(mν2 + mν1 )+

+ (m2
μ − m2

e)
[
(mν2 − mν1 )(y2 + y′2) cos 2θ+

+ (y2 − y′2)2
√

mν2 mν1 sin 2α sin 2θ
]}
,

(13)

where θ is the mixing angle and α the Majorana phase.
This formula shows explicitly the relations expected on
physical grounds, between the mass spectrum and non-
trivial mixing: i) the dependence on the mixing an-
gle disappears in the limit of degenerate charged lep-
ton masses; ii) it also vanishes for degenerate neutrino
masses if and only if sin 2α = 0; iii) on the contrary, for
sin 2α � 0 the dependence on the mixing angle remains,
as it is physical even for degenerate neutrino masses; iv)
the α dependence vanishes when one of the two neu-
trino masses vanishes or in the absence of mixing, as α
becomes then unphysical.

The minimization with respect to the Majorana phase
and the mixing angle leads to the relations:

(y2 − y′2)
√

mν2 mν1 sin 2θ cos 2α = 0 , (14)

tg2θ = sin 2α
y2 − y′2

y2 + y′2
2√mν2 mν1
mν2 − mν1

. (15)

The first condition predicts then that the Majorana
phase is maximal, α = ±π/4, for non-trivial mixing
angle. The relative Majorana phase between the two
neutrinos is therefore 2α = ±π/2 which implies no CP
violation due to Majorana phases. On the other hand,
Eq. (22) establishes a link between the mixing strength
and the type of spectrum, which indicates a maximal an-
gle for degenerate neutrino masses, and a small angle
for strong mass hierarchy. At the minimum, the value
of the mixing term is:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Omix

∣∣∣∣
min

∝ m2
e m+ + m2

μ m− , g > 0 ,

Omix

∣∣∣∣
min

∝ m2
e m− + m2

μ m+ , g < 0 ,
(16)

where

m± ≡ aν ±
√

a2
ν − c2

ν , (17)

aν = (mν2 + mν1 )(y2 + y′2) , cν = 4
√

mν2 mν1 yy′ .

The two quantities m± are proportional to the eigen-
values of YνY

†
ν just like m2

e and m2
μ with respect to YEY†

E .
This gives an insight in the minimization process and a
rule to easily spot the mixing configuration at the min-
imum; the mixing pattern at the minimum is that for
which the eigenvalues of the Yukawa couplings are con-
nected one to one in increasing (g < 0) or decreasing
(g > 0) order. This ordering recalls hierarchy and in-
deed it is related, m± are connected to the heaviest and
lightest neutrino mass eigenstates, and the sign of g sets
the hierarchy.

Inspection of the Yukawa structure dependence in
masses y, and y′ in Eqs (3,4) reveals that one nontrivial
mixing angle only suffices for the diagonalization also
in the three family case. This stems in the vanishing of
the third neutrino mass and is specific to this model, and
in turn implies that the mixing pattern of Upmns cannot
be fully reproduced:

NH (g < 0) The minimum imposes θ13 = θ12 = 0, α =
±π/4 and the the atmospheric angle is determined
by Eq. (15) with the substitutions m2

ν1
= Δm2

sol,
m2
ν2
� Δm2

atm, which produce a too small value due
to the hierarchical set-up.

IH (g > 0) In this case θ13 = θ23 = 0, α = ±π/4 and
the substitution m2

ν1
� m2

ν2
= Δm2

atm in Eq. (15)
reveals a maximal solar angle θ12 � π/4 for the
quasi-degenerate neutrino spectrum [13].

4. Conclusions

An outstanding question is whether the strong mix-
ing pattern found in the leptonic sector - in contrast to
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the small mixing and hierarchical spectrum of the quark
sector - is related to the possible Majorana character of
the neutrino fields. While this cannot be answered in
general, we have shown that the hypothesis of a dynam-
ical realization of MFV may be restrictive enough to
answer it within its framework.

We have explored the possibility of a dynamical ori-
gin of the Yukawa couplings of leptons in the context
of MFV and Majorana neutrinos. The simplest realiza-
tion is to identify the Yukawa couplings with the vevs
of some dynamical scalar fields, the flavons. The im-
plementation of the Majorana character needs to refer
to an explicit model of Majorana neutrino masses. We
concentrated here in one of the simplest possible MFV
models of Majorana neutrino masses: a See-Saw model
with only two extra heavy singlet neutrinos with approx-
imate lepton number symmetry [15]. We determined the
corresponding scalar potential under the only require-
ment of SM gauge invariance and invariance under the
underlying flavour symmetry and explored its minima.

The toy model with only two families demonstrates
that non-trivial Majorana phases and mixing angles may
be selected by the potential minima and indicates a
novel connection with the pattern of neutrino masses: i)
mixing angles and neutrino mass spectrum are tightly
related; degenerate spectrum implies maximal angles
whereas a hierarchical scheme sets vanishing angles ii)
the relative Majorana phase among the two massive
neutrinos is predicted to be maximal, 2α = π/2 but
not CP violating. These novel results are intimately
related with the well-known fact that, in the presence
of non-trivial Majorana phases, there may be physical
mixing even for degenerate neutrino masses. In con-
sequence, the results are expected to hold as well for
general fermionic See-Saw scenarios.

Upgrading the analysis to three lepton generations
and under the same model assumptions, the minimum
of the potential cannot correspond to the measured val-
ues of masses and mixings. This is linked to the neces-
sary masslessness of the third left-handed neutrino in
the minimal model, which imposes a fixed hierarchy
with respect to the massive modes. However more free-
dom is expected in models with three massive neutrinos.
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