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We present an efficient graphene-based photodetector with two Fabri-Pérot cavities. It is shown that the
absorption can reach almost 100% around a given frequency, which is determined by the two-cavity lengths.
It is also shown that hysteresis in the absorbance is possible, with the transmittance amplitude of the mirrors
working as an external driving field. The role of nonlinear contributions to the optical susceptibility of graphene
is discussed.
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I. INTRODUCTION

Exploring the optical properties of graphene1–3 for photode-
tection is one of the most promising applications of graphene.4

Graphene has no gap and its conductivity is essentially
independent of frequency5–9 for photon energies up to 2 eV.
These properties, combined with the intrinsic chemical and
mechanical stability of graphene, pave the way for broadband
optoelectronics.

Depending on the authors, graphene is characterized as
presenting remarkably high absorption10 or weak absorption.11

Indisputable, however, is the fact that pristine graphene absorbs
about 2.3% of the light impinging on it. A considerable
frequency dependence of the absorption appears as the photon
energy approaches ∼4.7 eV due to the combined effects of the
Van Hove singularity in graphene’s electronic π spectrum and
excitonic many-body effects.12 The value of 2.3% can also be
interpreted as the probability of photon absorption in a single
passing through the material.

To enhance the absorption of graphene, several mechanisms
have been proposed, ranging from hybrid materials, containing
carbon, boron, and nitrogen,11,13 nanopatterning of a graphene
sheet,14 to strain engineering11,13 and plasmonics.15,16 In the
latter case, microsized ribbons patterned in a single graphene
sheet17 and metallic arrays on top of graphene18 lead to an
enhancement of the near field, thus increasing light absorption
and producing larger photocurrents compared to the case of
pristine graphene. Current plasmonics-based approaches are
limited to specific spectral bands. In what concerns hybrid
materials for photonic applications, there is still a long way to
go before these become possible.11,13

Photodetection, depending on the type of application, may
require efficient absorption of light in a narrow spectral band.
Then it is conceivable to explore Fabry-Pérot interference for
producing an efficient photodetector tailored for a specific
application. The concept is simple: In a Fabry-Pérot inter-
ferometer a photon may be trapped inside the cavity for a
long time, undergoing many round trips before leaving it.
Indeed, if a material able to absorb photons is introduced
inside the optical cavity, without significantly changing the
cavity’s finesse, as is the case of graphene, most of the photons
of the right frequency entering the optical cavity will be
absorbed.

For a combined cavity-graphene system, it is important to
quantify the magnitude of nonlinear optical effects, ensuring
whether linear response theory can be used for describing
the absorption process inside the cavity. Thus, in the present
work, we discuss the nonlinear optical susceptibility of
graphene first, presenting later the single- and double-cavity
photodetectors.

This article is organized as follows: In Sec. II we introduce
Bloch’s equations for graphene and compute both the linear
and nonlinear optical susceptibility. As aforementioned, the
calculation of the nonlinear part is essential for a critical
analysis of the optical response of graphene. In Sec. III we
give the power series solution of Bloch’s equation and discuss
the validity of perturbation theory. In Sec. IV we introduce the
mathematical description of a graphene-based photodetector.
Having shown that nonlinear contributions to the optical
susceptibility are relevant only at very high field intensities, we
employ linear response theory to describe the graphene-based
photodetector with two coupled optical cavities.

II. DERIVATION OF BLOCH EQUATIONS OF MOTION

The calculation of the optical properties of a given material
can be obtained from the solution of Bloch’s equations.19–22

Below, we derive Bloch’s differential equations for graphene
and give its solution for an incoming electromagnetic plane
wave impinging on the material.

The Hamiltonian of the electrons in graphene, in the pres-
ence of an electromagnetic field, reads (spin index implicit)

H =
∑

k

Ec(k)a†
c,kac,k + Ev(k)a†

v,kav,k

+ vF eA(t)
∑

k

(
dx

cv,ka
†
c,kav,k + dx

vc,ka
†
v,kac,k

)
, (1)

where Ec/v(k) = ±vFh̄k, vF = 3ta0/h̄ is the Fermi velocity
(t � 2.7 eV and a0 = 1.4 Å are the hoping integral and the
carbon-carbon distance, respectively), a

†
c/v,k is the creation

operator of an electron with wave number k in the conduc-
tion/valence band,

dx
vc,k = −i sin θ (2)
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is the matrix element of the dipole operator (dx
cv,k = i sin θ ),

A(t) = A0 sin(ωt) is the vector potential for a linearly po-
larized electromagnetic plane wave, e > 0 is the elementary
charge, ω is the frequency of light, and

θ = arctan
ky

kx

. (3)

Since we have E(t) = − ∂A(t)
∂t

= −ωA0 cos(ωt), we can write
A(t) as

A(t) = i
E0

2ω
e−iωt + E0

2iω
eiωt , (4)

where E0 is the intensity of the electric field.
At the heart of the present approach is Heisenberg’s equa-

tion of motion for the polarization operator P̂vc,k ≡ a
†
v,kac,k,

namely,

−ih̄
dP̂vc,k

dt
= [H,P̂vc,k]. (5)

The explicit form of the equation of motion is

−ih̄
dP̂vc,k

dt
− ih̄γ2,kP̂vc,k

= −[Ec(k) − Ev(k)]P̂vc,k + vF eA(t)

× (a†
c,kac,k − a

†
v,kav,k)dx

cv,k. (6)

In the above, γ2,k is the phenomenological relaxation rate of the
polarization. In addition, we need the equation of motion for
the number operator, n̂λ,k, both in the conduction and valence
bands, reading

−ih̄
dn̂c,k

dt
− ih̄γ1,kn̂c,k = evF A(t)Dvc,k, (7)

−ih̄
∂n̂v,k

∂t
− ih̄γ1,kn̂v,k = evF A(t)D∗

vc,k, (8)

where

Dvc,k = dx
vcP̂vc,k − dx

cvP̂cv,k, (9)

and γ1,k is the phenomenological relaxation rate for the
occupation number of a state k. It is convenient to define the
population operator N̂k ≡ n̂c,k − n̂v,k, whose average obeys
the following differential equation:

h̄
d

dt
N̂k + h̄γ1,kN̂k = 2evF sin θA(t)(P̂vc,k + P̂cv,k). (10)

We denote the average of N̂k , P̂vc,k, and P̂cv,k, by Nk, Pvc,k, and
Pcv,k, respectively. The latter averages obey the following set
of linear, first-order, differential equations (known as Bloch’s
equations):

d

dt
Pvc,k + γ2,kPvc,k = −iεkPvc,k − dkA(t)Nk, (11)

d

dt
Pcv,k + γ2,kPcv,k = iεkPcv,k − dkA(t)Nk, (12)

d

dt
Nk + γ1,kNk = 2dkA(t)(Pvc,k + Pcv,k), (13)

where dk = vF e sin θ/h̄ and εk = 2vF k. We note that the dif-
ferential equation for Pcv,k is redundant, since P̂cv,k = [P̂vc,k]†.
The differential equations are solved together with the initial
conditions (t = −∞.): Pvc,k = 0 and Nk = n0 = f [Ec(k)] −

f [Ev(k)], where f (x) is the equilibrium Fermi distribution.
The condition n0 = −1 applies to neutral graphene at zero
temperature.

We note in passing that in the absence of relaxation mech-
anisms, i.e., γ1,k = γ2,k = 0, the quantity N2

k + 4Pvc,kPcv,k

is a constant of motion. We also note that there is no
fundamental reason why γ1,k should be equal to γ2,k, albeit
they generally are of the same order of magnitude. In order
to simplify the mathematical expressions, we assume below
that γ1,k = γ2,k ≡ γ . This procedure is justified, since making
γ1,k �= γ2,k does not alter the final qualitative conclusions.

III. POWER SERIES SOLUTION TO BLOCH’s EQUATIONS

In the present section we obtain the solution of Bloch’s
equations. It is convenient to employ the shorthand notation,
Pvc,k = X(t) ≡ X, Nk = N (t) ≡ N , εk = ε, and dkA(t) =
a(t). Using this notation, Bloch’s equations have the form

d

dt
X + γX = −iεX − a(t)N, (14)

d

dt
N + γN = 2a(t)(X + X∗) = 4a(t)�X. (15)

We now assume a power series solution for X and N (Ref. 23):

a(t) → λa(t), (16)

X(t) → λx1(t) + λ2x2(t) + λ3x3(t) + · · · , (17)

N (t) → n0 + λn1(t) + λ2n2(t) + λ3n3(t) + · · · , (18)

where λ is a bookkeeping of the power of the amplitude of
the electric field; it is useful to use the notation nk ≡ n0.
Introducing the series expansions (16), (17), and (18) in
Eqs. (14) and (15), it is simple to see that only odd powers,
x2m+1, of the polarization are nonzero, whereas for the
population only even powers, n2m, are finite, with m an integer
number, including zero.

Two relevant dimensionless parameters involving the inten-
sity of the incoming field Wi are

βγ = πα
27

4

Wia
2
0 t

2

h̄3ω2γ 2
(19)

and

βω = πα
27

4

Wia
2
0 t

2

h̄3ω2(ω2 + γ 2/2)
≈ πα

27

4

Wia
2
0 t

2

h̄3ω4
, (20)

where Wi = E2
0ε0c/2, α = e2/(4πε0h̄c) is the fine structure

constant, and we also have assumed ω � γ in βω. When either
βγ > 1 or βω > 1, the perturbative solution breaks down and
the full series has to be resumed. The choice of prefactors in
βγ and βω will be apparent later in the text. Numerically, the
intensities setting the limit of validity of perturbation theory
are

Wi,γ = (h̄ω)2(h̄γ )2 × 103 GW

cm2
(21)

from βγ = 1, and

Wi,ω = (h̄ω)4 × 103 GW

cm2
(22)

from βω = 1, with h̄ω and h̄γ expressed in electronvolts; for
graphene we have h̄γ ∼ 10 meV. Taking a representative value
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of h̄ω ∼ 0.5 eV, we obtain

Wi,γ � 2.5 × 10−2 GW

cm2
, (23)

Wi,ω � 60
GW

cm2
. (24)

It should be noted that there exists 3 orders of magnitude
difference between the two cases.

A. Linear optical susceptibility

The calculation of the optical susceptibility of graphene can
be made for any frequency value.12,24,25 On the other hand,
Hamiltonian (1) is valid up to energies of the order of 1 eV,
which translates into photon frequencies of the order of 2 eV.
Hence, both for illustrating the method and describing how the
photodetector works, the Dirac cone approximation suffices
for our purposes.

The solution for the linear polarization x1(t) is obtained
from

ẋ1 + (iε + γ )x1 = −a(t)n0, (25)

which is easily solved by the integrating factor e(iε+γ )t , leading
to

x1(t) = −e−(iε+γ )t
∫ t

−∞
e(iε+γ )t ′a(t ′)n0dt ′. (26)

In the particular case where A(t) is described by a sinusoidal
function we obtain

x1(t) = −nkdk
E0

2ω

(
eiωt

ω + ε − iγ
+ e−iωt

ω − ε + iγ

)
. (27)

In general, the total polarization is computed from

Px = −evF gsgv

∑
k

(
Pvc,kd

x
vc + Pcv,kd

x
cv

)
= λPx,1 + λ3Px,3 + · · · , (28)

where gs and gv are the spin and valley degeneracy, respec-
tively. Recalling that Pvc,k = X and Pcv,k = X∗, we have, to
first order in the electric field amplitude (E0 = A0/iω),

Px,1 = ievF gsgv

∑
k

sin θ [x1(t) − x∗
1 (t)]

= E0

2
χ1(ω)e−iωt + E0

2
χ1(−ω)eiωt , (29)

with χ1(−ω) = χ∗
1 (ω). Considering the case of neutral

graphene at zero temperature, we obtain for the real part of
the optical susceptibility, �χ1(ω) ≡ χ ′

1, the well-known value

χ ′
1 = πe2

2h
≡ σ0 (30)

dubbed the universal conductivity of graphene.2 Given
Eq. (30), the imaginary part of the optical susceptibility
reads χ1(ω) ≡ χ ′′

1 = 0, as follows from the Kramers-Kronig
relation:

χ ′′
1 (ω) = − 1

π
P

∫ ∞

−∞

χ ′
1(x)

x − ω
dx. (31)

Equivalent relations hold for nonlinear response functions as
well.26,27

B. Nonlinear optical susceptibility

To go beyond linear response theory, we have to compute
how the population changes when the field is turned on. This
amounts to compute n2(t). The latter can be obtained from the
solution of x1(t) according to

n2(t) = 2e−γ t

∫ t

−∞
dt ′a(t ′)[x1(t ′) + x∗

1 (t ′)]. (32)

The occupancy second-order correction n2(t) is a sum of
two contributions, n2(t) = n2a + n2b(t), where the first one
is independent of time. Explicitly we have

n2a = −nkd
2
k
E2

0

ω2

(
1

(ω − εk)2 + γ 2
+ 1

(ω + εk)2 + γ 2

)
(33)

and

n2b(t) = −nk

2
d2

k
E2

0

ω2

[
e−2iωt 2ω − iγ

4ω2 + γ 2

(
ω − εk − iγ

(ω − εk)2 + γ 2

+ ω + εk − iγ

(ω + εk)2 + γ 2

)
+ c.c.

]
. (34)

We note that n2a is a positive number, thus reducing the value
of N (t) when the system is driven away from equilibrium.

Similarly, the calculation of x3(t) follows from

x3(t) = −e−(iε+γ )t
∫ t

−∞
e(iε+γ )t ′a(t ′)[n2a + n2b(t ′)]dt ′. (35)

The quantity x3(t) is a sum of two different terms x3(t) =
x3a(t) + x3b(t):

x3a(t) = inkd
3
k

E3
0

4ω3
A(εk,ω)

eiωt

iω + iεk + γ
+ (ω → −ω),

(36)

where (ω → −ω) is obtained from the given explicit term
upon the replacement ω → −ω, and

x3b(t) ≈ −inkd
3
k

E3
0

4ω3
B(εk,ω)

eiωt

iω + iεk + γ
+ (ω → −ω).

(37)

Terms proportional to e±i3ωt correspond to three-photon
absorption and were neglected in Eq. (37).27 We have also
defined

A(εk,ω) = 2

(ω − εk)2 + γ 2
+ 2

(ω + εk)2 + γ 2
, (38)

B(εk,ω) = 2ω + iγ

4ω2 + γ 2

(
ω − εk + iγ

(ω − εk)2 + γ 2
+ ω + εk + iγ

(ω + εk)2 + γ 2

)
.

(39)

It is important to note the symmetries, A(ε,ω) = A(−ε,ω) and
B(ε,ω) = B(−ε,ω), which help in the calculation of the total
optical susceptibility.

Analogously to Px,1, the nonlinear polarization Px,3 is
obtained from

Px,3 = ievF gsgv

∑
k

sin θ [x3(t) − x∗
3 (t)]. (40)
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FIG. 1. Third-order optical processes in neutral graphene.
Bleaching: two photons are absorbed with no virtual states involved.
This process requires emission of a photon before the second one
is absorbed. Resonant two-photon processes: a process where two
photons are simultaneously absorbed involving a virtual state. In the
case represented here, that state is located at zero energy. These type of
processes also occur in traditional semiconductors, when the photon
energy is smaller than the band gap.27

Replacing the expression for x3(t) in Eq. (40), we obtain (for
neutral graphene at zero temperature)

Px,3 = χ
(ω;bl)
3

E0

2
e−iωt + χ

(ω;2γ )
3

E0

2
e−iωt + h.c., (41)

where χ
(ω;bl)
3 and χ

(ω;2γ )
3 are given by

χ
(ω;bl)
3 = −σ0Wiπα

3v2
F

h̄ω2γ 2
= −σ0βγ , (42)

χ
(ω;2γ )
3 = −σ0Wiπα

3v2
F

h̄ω3

2ω

4ω2 + γ 2
= −σ0βω/2, (43)

with the respective imaginary parts being negligible in the
regime h̄γ � h̄ω. Note that both �χ

(ω;bl)
3 and �χ

(ω;2γ )
3 are

negative due to saturate absorption. Also, both processes con-
tribute to the imaginary part of the refraction index of graphene.
We should note that the limit γ → 0 can be taken in βω but
not in βγ . Indeed, �χ

(ω;bl)
3 and �χ

(ω;2γ )
3 correspond to two

different physical processes typical of semiconductors:27–29

bleaching and virtual two-photon processes, as represented
in Fig. 1. Each of these processes excite different electronic
states.

For the sake of completeness, we give the formula for the
optical susceptibility due to three-photon absorption processes
(i.e., the third-harmonic generation ei3ωt neglected above):

χ
(3ω)
3 = σ0Wiα

3πv2
F

4h̄ω4
. (44)

The transmittance of freestanding graphene for normal
incidence is obtained from

T = 1

|1 + χ (ω)/(2ε0c)|2 . (45)

Taking into account the nonlinear corrections, we have

�χ (ω) = σ0(1 − βγ ) − σ0βω/2. (46)

Since σ0/(2ε0c) = πα, the transmittance of neutral graphene
at zero temperature is

T � 1 − πα + παβγ + παβω/2, (47)

where we have expanded Eq. (45) in the small parameter α.
Higher-order terms are negligible except for very high field

FIG. 2. (Color online) Optical susceptibility of graphene as a
function of β̃ within the RWA to all orders in Wi . In the left panel
we plot the real part of the optical susceptibility of graphene as a
function of the dimensionless parameter β̃, and in the right top panel
we plot the imaginary part of the same quantity (μ = 10−3 eV). The
transmittance T of light through graphene at normal incidence is
plotted in the right lower panel. The vertical dashed line corresponds
to βγ = 1. The results are for h̄ω = 0.3 eV and h̄γ = 10 meV and two
different temperatures, T = 30 and 300 K. The dashed-dotted line is
the perturbative result given by Eqs. (46) and (47).

intensities, that is, βγ ,βω � 1. As expected, the nonlinear
contributions, βγ and βω, induce a higher transparency
of graphene, which increases as Wi also increases. [The
imaginary part of χ (ω), which we have neglected, gives a
small correction to Eq. (47)—see the top right panel of Fig. 2
for the magnitude of the imaginary part of χ (ω) in the rotating
wave approximation.]

It is important to realize that although the value of Wi,γ ,
coming from βγ , suggests that the absorption of graphene
would saturate for moderate intensities, the much larger value
of Wi,ω, coming from βω, shows that graphene still absorbs
light due to virtual resonant two-photon processes, even in
the event of negligible bleaching. This is possible because,
as already noted, the two processes—bleaching and the two-
photon process—excite different electronic states. If broad-
spectrum light is considered, instead of monochromatic light,
the analysis will be more complex than the one presented here.

C. Approximate calculation of the nonlinear susceptibility to all
orders in the intensity of the field within the RWA

In the previous section we made a perturbative calculation
of the nonlinear optical susceptibility of graphene, up to first
order in βγ and βω. The exact calculation to all orders is not
possible. However, an approximate calculation of the nonlinear
susceptibility valid to all orders in Wi can be obtained using
the rotating wave approximation (RWA). Within the RWA, the
solution of X(t) = X is written as

X(t) = xe−iωt + yeiωt . (48)

Inserting X(t) in Bloch’s equations, we obtain

ẋ + (γ2 + iε − iω)x = i
dkE0

2ω
N, (49)
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ẏ + (γ2 + iε + iω)y = −i
dkE0

2ω
N, (50)

Ṅ + γ1N ≈ 4
dkE0

2ω
(x − y). (51)

The explicit solution of the above set of equations is obtained
by series resummation (assuming, for simplicity, γ1 ≈ γ2 ≡ γ )
and reads

x = iN
dkE0

2ω

γ + i(ω − 2vF k)

(ω − 2vF k)2 + γ 2
, (52)

y = iN
dkE0

2ω

i(ω + 2vF k) − γ

(ω + 2vF k)2 + γ 2
, (53)

N = n0

1 + δ(k)
, (54)

where δ(k) is given by

δ(k,θ ) = β̃γ 2 sin2 θ

(
1

(ω − 2vF k)2 + γ 2

+ 1

(ω + 2vF k)2 + γ 2

)
(55)

and β̃ is defined as β̃ = (8/3)βγ .
The calculation of the polarization follows the same

procedure as before, and using∫ 2π

0
dθ

sin2 θ

1 + a2 sin2 θ
= 2π

a2

√
1 + a2 − 1√

1 + a2
, (56)

we obtain

P (t) = E0

2
e−iωt [χ ′(ω) + iχ ′′(ω)] + c.c. (57)

Considering zero temperature, with μ > 0 denoting the chem-
ical potential, the susceptibility reads

χ ′(ω) = σ0
2

πβ̃

∫ ∞

2μ/h̄γ

dy

√
1 + β̃g(y) − 1√

1 + β̃g(y)
(58)

and

χ ′′(ω) = ω

γ
χ ′(ω) − σ0

4

πβ̃

ω

γ

∫ ∞

2μ/h̄γ

dy

√
1 + β̃g(y) − 1√

1 + β̃g(y)

× y2

1 + y2 + ω2/γ 2
, (59)

where

g(y) = 1

(y − ω/γ )2 + 1
+ 1

(y + ω/γ )2 + 1
. (60)

To zero order in β̃ we have the usual results (intraband
contributions excluded):

χ ′(ω) = σ0

(
1 +

∑
s=±1

s

π
arctan

h̄ω − 2μs

γh̄

)
(61)

and

χ ′′(ω) = −σ0
1

2π
ln

(2μ + h̄ω)2 + h̄γ 2

(2μ − h̄ω)2 + h̄γ 2
. (62)

To first order in β̃ and for neutral graphene at zero temperature,
we obtain for the real part of the susceptibility the approximate

result

χ ′(ω) ≈ −σ0βγ − σ0βω. (63)

It is apparent from Eqs. (46) and (63) that the contribution
coming from the bleaching process is exact [first term in
Eq. (63)], whereas the contribution from virtual two-photon
processes is overestimated by a factor of two in the RWA.

In Fig. 2 we compare the perturbative (dashed-dotted line)
results given by Eqs. (46) and (47), left- and right-bottom
panels, respectively, with the RWA, valid for an arbitrary value
of Wi (we plot results for two different temperatures: T =
30 K, solid line, T = 300 K dashed line). Clearly, the
perturbative result and the RWA calculation agree well up
to βγ = 1, which sets the perturbation theory validity limit.
Beyond that value, a nonperturbative approach is necessary
and one has to rely on the RWA for drawing quantitative
conclusions.

IV. AN EFFICIENT GRAPHENE-BASED
PHOTODETECTOR

In this section we describe the absorption of light by a
device composed of optical cavities and a single graphene
sheet. Only the linear optical susceptibility will be considered,
except when the light intensity inside the cavity is of the order
of Wi,γ (we remark that for telecommunication devices and
photodetectors this will hardly be the case).

A. Properties of a mirror and of an empty optical cavity

We start with the well-known case of an empty optical
cavity. This allows us to introduce important concepts and fix
the notation. The scattering matrix of a partially silvered mirror
is characterized by two pairs of reflectance and transmittance
coefficients; such a mirror is shown in Fig. 3.

The S matrix relates the amplitudes of the incoming waves,
Ei,+ and EA,−, to the amplitudes of the outgoing waves, Ei,−
and EA,+, according to[

EA,+
Ei,−

]
=

[
ta rb

ra tb

] [
Ei,+
EA,−

]
. (64)

On the other hand, the transfer matrix Mm relates the fields on
the two sides of the mirror according to[

EA,+
EA,−

]
= 1

tb

[
tatb − rarb rb

−ra 1

] [
Ei,+
Ei,−

]
. (65)

FIG. 3. (Color online) Graphene inside an optical cavity. The
cavity is defined by two equal mirrors with reflectance amplitudes ra

and rb, and transmittance amplitudes ta and tb.

115438-5



FERREIRA, PERES, RIBEIRO, AND STAUBER PHYSICAL REVIEW B 85, 115438 (2012)

Let us now discuss a few properties obeyed by the
reflectance and transmittance amplitudes.30 From the conser-
vation of the energy flux

|Ei,+|2 − |Ei,−|2 = |EA,+|2 − |EA,−|2 (66)

we find

|ta|2 + |ra|2 = 1, (67)

|tb|2 + |rb|2 = 1, (68)

tar
∗
b = −t∗b ra. (69)

From tar
∗
b = −t∗b ra we find

|ta|2 = |tb|2 |ra|2
|rb|2 , (70)

which can be used to show that |ta| = |tb| and |ra| = |rb|.
Furthermore, the determinant of the transfer matrix reads
detMm = ta/tb, implying that |detMm| = |ta/tb| = 1. For sys-
tems with inversion symmetry, we can write ta = tb = t and
ra = rb = r . Thus, the S matrix reads

S =
[
t r

r t

]
, (71)

and the transfer matrix can written as

Mm = 1

t

[
t2 − r2 r

−r 1

]
=

[
t + |r|2/t∗ r/t

−r/t 1/t

]

=
[

1/t∗ r/t

r∗/t∗ 1/t

]
. (72)

Writing r = |r|eiαr and t = |t |eiαt , the relation tr∗ = −t∗r
implies that ei2(αr−αt ) = −1, that is, αr = αt ± π/2. Using
these last relations, Mm can be written as

Mm = 1

t

[−1 −|r|
|r| 1

]
. (73)

If two of these mirrors are separated by a distance L, we
have to define the transfer matrix associated with the free
propagation from the first to the second mirror. Since

E+(x,t) = E+ei(kx−ωt), (74)

E−(x,t) = E−e−i(kx+ωt), (75)

then at a distance L to the right the E+(x + L,t) has an extra
phase of eikL, whereas the E−(x + L,t) has an extra phase of
e−ikL. Thus we have[

EA,+,L

EA,−,L

]
=

[
eikL 0

0 e−ikL

] [
EA,+
EA,−

]
(76)

or [
EA,+
EA,−

]
=

[
e−ikL 0

0 eikL

] [
EA,+,L

EA,−,L

]
, (77)

where EA,+/−,L represents the amplitude of the for-
ward/backward propagating field at the right end of the cavity,
and the matrix

Mf (L) =
[
e−ikL 0

0 eikL

]
(78)

defines the free propagation to the right. Then the transmitted
field through two mirrors at a distance L from each other

follows from[
Ei,+
Ei,−

]
= MmMf (L)Mm

[
EO,+
EO,−

]
. (79)

Explicitly, we have

Ei,+ = e−ikL

(t∗)2
[1 − (r∗)2e2ikL]EO,+. (80)

Writing r∗ = |r|−iαr we obtain

T ≡ |EO,+|2
|Ei,+|2 = |t |4

|t |4 + 4|r|2 sin2(kL)
, (81)

since αr = π , as implied by Fresnel equations. Thus we
have perfect transmission for kL = nπ or λ = 2L/n, with
n = 1,2,3, . . . The longest wavelength for which perfect
transmission is possible is λ = 2L. It is straightforward to
show that the transmission is strongly suppressed for other
choices of kL. For instance, when kL is a multiple of π/2, we
have

T = |t |4
|t |4 + 4|r|2 ≈ |t |4

4|r|2 � 1. (82)

In the above, we have admitted high-quality mirrors |r| � |t |
to simplify the denominator.

The introduction of a graphene sheet inside the cavity leads
to light absorption and the relation (81) is modified. In the
following section, we demonstrate how to explore the physics
of an optical cavity to devise an efficient graphene-based
photodetector.

B. Graphene in an optical cavity

We describe the transmission of light through a graphene
sheet inside an optical cavity taking into account the linear
optical susceptibility of graphene.

We write the transfer matrix of graphene as22

Mg =
[

1 + η η

−η 1 − η

]
, (83)

where 2η = Z0χ (ω) with η = η′ + iη′′, and Z0 � 376.7 �

is the vacuum impedance. For neutral graphene at zero
temperature η is essentially a real number for frequencies
below the visible spectral range. The transmission through
the cavity with graphene at position xg and the second mirror
at position x = L follows from[

Ei,+
Ei,−

]
= MmMf (xg)MgMf (L − xg)Mm

[
EO,+
EO,−

]
. (84)

The matrix

M = MmMf (xg)MgMf (L − xg)Mm (85)

is the full transfer matrix of the device. The transmittance and
the reflectance are defined as

T = 1

|M11|2 , (86)

R =
∣∣∣∣M21

M11

∣∣∣∣
2

, (87)

respectively, and M11 and M12 denote the matrix elements of
M . We note that R �= 1 − T due to absorption by graphene
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(we are assuming lossless mirrors). The absorbance is defined
as A = 1 − R − T .

For xg = L/2 we have

T = |t |4
|1 + η − 2η|r|eikL − (1 − η)|r|2e2ikL|2 , (88)

R = |(1 + η)|r| − η(1 + |r|2)eikL − (1 − η)|r|e2ikL|2
|1 + η − 2η|r|eikL − (1 − η)|r|2e2ikL|2 .

(89)

In the limit r → 0 we recover the well-known result, T =
1/|1 + η|2 [see also Eq. (45)] and R = |η|2/|1 + η|2.24

The effect of graphene in the cavity is to reduce the intensity
of the odd orders (n = 1,3,5, . . .) of perfect transmission in
the otherwise perfect cavity. From Fig. 4 it is clear that the
reduction of transmission of the odd orders is divided between
reflection and absorption, the latter taking the majority of
the incoming power. The transmission is still unity for even
orders (n = 2,4,6, . . .). In Fig. 5 we show the dependence
of the absorbed power as function of the transmittance t2 of a
mirror. Clearly, this dependence is not monotonous, displaying
a maximum at around t2 � 0.045. An analytical expression for
the value of t2 for which the absorption is maximum can be
readily obtained from Eq. (88).

C. Double optical cavity

The goal of the present section is to discuss a device
able to enhance light absorption relative to the single-cavity
system discussed above. To that end, we consider a graphene
sheet inside an optical cavity of length L (as in the previous
section), followed by an empty quarter-wavelength cavity, as
represented in Fig. 6.

FIG. 4. (Color online) Transmission spectrum for a Fabry-
Pérot cavity with graphene place at x = L/2. The mirror trans-
mittance is t2 = 0.045. If we take λ = 1000 nm, then the
range kL/π in the lower panels spans the wavelengths from
λ = 900 nm to λ = 1100 nm. We have taken h̄γ = 7 meV
and T = 300 K. Regarding the choice of λ, we note that the
first HeNe laser was working at the spectral wavelength of
1150 nm, that is, in the infrared.

FIG. 5. (Color online) Absorbance of graphene for the single-
cavity system (see Fig. 3). Left: Absorbance as a function of mirror
transmittance t2 ∈ [0,0.5]. Top right: Absorbance of graphene as a
function of reflectance. Bottom right: reflectance of graphene as a
function of transmittance. The calculations assumed T = 300 K.

Placing graphene at the middle of the first cavity and
choosing its length L such that L = λ/2, where λ is the
wavelength of the light, we expect that graphene will present
an enhanced absorption at this wavelength, at least for a
cavity with a high finesse. This intuitive picture is developed
from considering, as a rough approximation, the formation
of standing waves within the cavity having their maximum
amplitudes at the center of the cavity. This picture in confirmed
by simulations, as shown in Fig. 4. Also from Fig. 5 it is clear
that there is an optimal value of t2 for which the absorption
can be as high as 50% (the quantitative results are robust for
small changes in the graphene’s position relative to the center
of the cavity).

The absorbed intensity can be pushed up to �100% by
building an optical cavity containing graphene, followed by an
empty quarter-wavelength cavity, that is, a cavity with length
L2 such that L2 = λ/4. This setup leads to an enhancement
of the absorption which is about twice as large as that of the
single-cavity setup, as can be seen in the left panel of Fig. 7.
The dependence of the absorption on the wavelength is shown
in Fig. 8.

A physical qualitative argument for the absorption enhance-
ment effect in a double cavity is reminiscent of a quantum
particle in a box with a permeable wall. Let us consider

FIG. 6. (Color online) The double-cavity system: Light impinges
from the left-hand side. The second cavity has half the length of the
first cavity, L2 = L/2.
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FIG. 7. (Color online) Absorbance of graphene for the double-
cavity setup (see Fig. 6). Left: Absorbance as a function of mirror
transmittance t2 ∈ [0,1]. Top right: Absorbance as a function of
reflectance. Bottom right: Reflectance as a function of transmittance.
The calculations assumed T = 300 K.

first a box with origin at x = 0 and length L + L/2. A
wall is located at x = L. If the wall is impermeable, the
fundamental mode of the the first box is λ = 2L and that
of the second box is λ = L. If the wall becomes permeable,
the two modes hybridize and in the ground state the probability
density grows in the first box at the expense of the probability
density in the second box. Translating this into our problem,
the quarter-wavelength cavity interference between the wave
reflected by the third mirror and the forward-propagating
wave effectively suppresses the transmission at wavelengths
λ = 2L, forcing the photon to spend more time in the first
cavity, and thus increasing the absorption by the graphene
sheet.

FIG. 8. (Color online) Absorbance as a function of kL/π =
2L/λ for the double-cavity system (t2 = 0.09). If we consider λ =
1000 nm, then the range of kL/π in the lower panels spans the
wavelengths from λ = 900 nm to λ = 1100 nm.

It is worth stressing that the maximum of absorption takes
place for cavities with |t |2 � 0.1, a convenient figure from the
point of view of microfabrication, since not much effort has to
be put on building highly reflective mirrors.

From a theoretical point of view, the calculation of the
properties of the two coupled cavities follows from the transfer
matrix method, reviewed in Sec. IV B. As in Eq. (84), the
incoming and outgoing field amplitudes are related as[

Ei,+
Ei,−

]
= Mcav

[
EO,+
EO,−

]
, (90)

where the transfer matrix of the two cavities is given by

Mcav = MmMf (xg)MgMf (L − xg)MmMf (L2)Mm. (91)

In Figs. 7 and 8 we have considered xg = L/2. In this case the
field amplitudes for λ = (2n + 1)L/2 (with n = 0,1,2, . . .)
have a maximum at the center of the cavity. As for the case of
the single cavity, it is possible to derive analytical expressions
for both T and R; we obtain

T = |t |6
|1 + η + �1eikL + �2e2ikL + �3e3ikL|2 . (92)

In the above, �1 = −[η(2 + |r|) + |r|]|r|, �2 = [η(1 + |r| +
|r|2) − |r|]|r|, and �3 = (1 − η)|r|2, and

R = T
|t |6 |(1 + η)|r| + �1e

ikL + �2e
2ikL + �3e

3ikL|2,
(93)

with �1 = −[η(1 + |r|2 + |r|3) + |r|3], �2 = (η − 1 +
2|r|η)|r| and �3 = (1 − η)|r|. As before, taking the limit
r → 0 we recover the well-known values for T and R in the
absence of mirrors.

It is interesting to note the hysteresis in the absorbance as a
function of the reflected power—some values of the reflectance
admit three possible absorbances; see top-right panel of Fig. 7.
Each point on the A vs R curve corresponds to a given value
of the mirror transmittance |t |2, which therefore can be viewed
as an external driving field.

Finally, we note that about 100% absorption can also be
obtained for a single cavity if the second mirror reflects 100%
of the impinging light. The curvesA,R, and T as a function of
t2 are different in this case, however, from those given above;
in particular,A shows no hysteresis (see note after Conclusions
section).31

V. CONCLUSIONS

In the present article, we have developed the theory of a
graphene-based photodetector with nearly 100% efficiency for
photon frequencies around a predefined value. The proposed
setup is general and should work in a vast spectral range.

We have also clarified the role of nonlinear optical suscep-
tibility in determining the properties of the graphene-cavity
system. We have shown that nonlinear terms are irrelevant for
moderate light intensities.

The most efficient photodetector is built from combining
a half-wavelength cavity (size L = λ/2) followed by a sec-
ond quarter-wavelength cavity (size L2 = λ/4). This system
improves the absorption by a factor of 2 relative to the single
cavity. As noted above, the two-cavity photodetector has about
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the same absorbance as a single cavity, with the second mirror
having zero transmittance and the first one having t2 � 0.9.

If real-time control of the mirror transmittance is feasible,
then it will be possible to obtain hysteresis in the absorbance
for the same reflectance value. Whether this can be used as an
optical logical gate is so far unclear and will be left for future
research.

Although in the schematic figures graphene appears to
be floating in the air, in practical terms it will be deposited
on a dielectric. The mirrors can also be made of dielectric
materials, the so-called Bragg mirrors. There are computer
codes for simulating mirrors with the prescribed optimal value
of t2 given in the text. The setup itself can be built by
microfabrication using standard techniques.

Note Added in Proof: During the final state of writing, we
became aware of an experimental paper, entitled “Microcavity-

integrated graphene photodetector.” In that work a single-
cavity detector has been built.31 Our theory is a full analytical
account of the physics of two similar devices, one of them
having the same theoretical efficiency as the device of that
paper but a different qualitative response as a function of the
amplitude t2.
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