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a b s t r a c t

We present MESMOC+, an improved version of Max-value Entropy search for Multi-Objective Bayesian
optimization with Constraints (MESMOC). MESMOC+ can be used to solve constrained multi-objective
problems when the objectives and the constraints are expensive to evaluate. It is based on minimizing
the entropy of the solution of the optimization problem in function space (i.e., the Pareto front) to guide
the search for the optimum. The cost of MESMOC+ is linear in the number of objectives and constraints.
Furthermore, it is often significantly smaller than the cost of alternative methods based on minimizing
the entropy of the Pareto set. The reason for this is that it is easier to approximate the required compu-
tations in MESMOC+. Moreover, MESMOC+’s acquisition function is expressed as the sum of one acquisi-
tion per each black-box (objective or constraint). Therefore, it can be used in a decoupled evaluation
setting in which it is chosen not only the next input location to evaluate, but also which black-box to
evaluate there. We compare MESMOC+ with related methods in synthetic, benchmark and real optimiza-
tion problems. These experiments show that MESMOC+ has similar performance to that of state-of-the-
art acquisitions based on entropy search, but it is faster to execute and simpler to implement. Moreover,
our experiments also show that MESMOC+ is more robust with respect to the number of samples of the
Pareto front.
� 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

There are many problems where the goal is to optimize several
objectives f 1 xð Þ; . . . ; f K xð Þ while fulfilling certain constraints
c1 xð Þ P 0; . . . ; cC xð Þ P 0, where K and C are the number of objec-
tives and constraints, respectively. Usually, the input space X is
bounded, i.e., we optimize inX � Rd, where d is the dimensionality
of X. For example, one might want to maximize the speed of a
robot while simultaneously minimizing its energy consumption
[1]. Moreover, one would like to avoid breaking any of its joints.
To achieve this, one could change the dimensions of the robot’s
gears and the materials of its manufacturing process. Another
example would be to minimize the classification error of a deep
neural network while at the same time minimizing the time
needed to predict. A constraint can be not exceeding a certain
amount of memory space. In this second example, one could mod-
ify the learning rate of the network, the number of hidden layers
and the number of neurons in each hidden layer.

In problems where several objectives are optimized, most of the
time there is no single optimal point but a set of optimal points:
the Pareto set XH [2]. The objective values associated to the points
inXH constitute the Pareto frontYH. All the points in the Pareto set
are optimal because they are not Pareto dominated by any other
point in X. In a minimization context, a point x1 Pareto dominates
x2 if f k x1ð Þ 6 f k x2ð Þ, 8k ¼ 1; . . . ;Kf g, with at least one strictly minor
inequality. This means that given the Pareto set, it is impossible to
improve the value in one objective without deteriorating the val-
ues for the other objectives. Pareto points dominate all other points
in X since they achieve better results in at least one objective. If
constraints are considered, the points of the Pareto set must be
valid, i.e., they must satisfy cj xð Þ P 0;8j ¼ 1; . . . ;Cf g;8x 2 XH.
Then, Pareto points are simply the non-dominated points in the
feasible space F, i.e., the subset of points from X that satisfy all
constraints. Importantly, however, as generally the potential size
of XH is infinite (and therefore also that of YH), it is necessary to
approximate the Pareto set in the feasible space by a finite set of
points. Given an approximation, a final user may pick-up a point
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from this set according to the objective preferences, e.g., prediction
error versus computational time in the case of the neural network.

The problems described above have three main characteristics.
First, there is no analytical form for the objectives nor the con-
straints, i.e., they can be considered as black-boxes. For example,
in the case of the robot we may have to carry out an experiment
with the actual robot to evaluate the objectives or the constraints.
In the case of the neural network we will have to train it to mea-
sure the prediction error. Second, the evaluations may be contam-
inated by noise. This means that two evaluations at the same input
can produce different results. In the case of the robot, this can be
due the impact of the experimental conditions or errors in the
robot’s building process. In the case of the neural network, this
can be due to a different initialization of the weights. Third, new
evaluations are quite expensive in some way, e.g., economically
or temporally. For example, in the case of the robot, building the
actual robot may take several days, or we will have to carry out
an expensive computer simulation. In the case of the neural net-
work, training the network can take several hours. To solve the
type of problems described efficiently and reduce the number of
evaluations of the black-boxes performed, one can use a set of
techniques called Bayesian optimization (BO) [3].

BO methods first build a probabilistic model to estimate the
potential values of the black-boxes in the unexplored regions of
the input space X. Typically, this model is a GP [4]. Then, they
use an acquisition function to measure the expected utility of per-
forming an evaluation at each potential point of X. This acquisition
function uses the information provided by the probabilistic model.
The steps described are repeated iteratively. Namely, at each iter-
ation the BO method evaluates the selected point, updates the
probabilistic models, and computes and maximizes the acquisition
function to choose the next point at which to evaluate the objec-
tives and the constraints. This process is repeated for a fixed num-
ber of iterations, determined by the computational budget. Once
the BO method is finished, the probabilistic models are optimized
to obtain an approximate solution of the optimization problem.
Summing up, BO methods use the probabilistic models to guide
the search and carefully choose the next point to evaluate. If the
black-boxes are expensive, this can save a lot of expensive evalua-
tions [5]. Specifically, using the probabilistic models will avoid per-
forming evaluations in regions of the input space that are not very
useful. The key for BO success is that the acquisition function is
very cheap to evaluate compared to the black-boxes. Therefore, it
is worth spending a bit of time choosing in an intelligent way
the point that should be evaluated next. Nevertheless, in problems
where a lot of evaluations are needed, a fast acquisition function is
expected to be more useful than a slow acquisition function.

In a constrained multi-objective optimization scenario a decou-
pled evaluation setting becomes important [6]. Specifically, the
evaluation of black-boxes often involves performing different
experiments or simulations. Recalling the example of the robot,
we may perform a simulation to know if any joint breaks, whereas
to measure its speed or energy consumption, we may need to build
and test the robot. Similarly, in the neural network example, know-
ing its classification error requires training and validating the net-
work. By contrast, to determine its prediction time, or if it needs
more memory than available, it is only necessary to build the net-
work using, e.g., random weights. Therefore, in the setting
described it may be important to choose not only where to evalu-
ate the black-boxes next, but also what black-box to evaluate. This
corresponds to a decoupled evaluation setting. This is different
from a coupled evaluation setting where one evaluates at each iter-
ation all black-boxes at the candidate location.

In the literature, there are a few BO acquisition functions that
can handle constrained multi-objective optimization problems.
Some of these acquisition functions are adaptations of Expected
2

hyper-volume improvement (EHI) [7] to handle constraints [8–10].
In a minimization context, the hyper-volume is the volume of
points in function space above objective values ŶH associated to
an estimate of the Pareto set X̂H, with respect to a reference point.
The hyper-volume is maximized by the actual Pareto frontier YH

[11]. Therefore, it makes sense to try to choose the next point to
evaluate as the one that is expected to maximize this quantity
the most. The acquisition functions described have to deal with
an intractable integral that arises from computing the expected
hyper-volume improvement. The differences between these meth-
ods are due to the way they approximate the intractable integral.
In [9,10] a Monte Carlo approximation samples from the predictive
distribution of the probabilistic models. Although easy to imple-
ment, the approximate acquisition can be equal to zero in almost
the entire input space after a few evaluations. The reason for this
is the difficulty for improving the current hyper-volume just by
sampling from the predictive distribution of the GP when the pre-
diction uncertainty is small. The approach in [8] does not have this
problem, but is more expensive to evaluate as it needs to run a
Metropolis–Hastings algorithm for the approximation. In general,
all these strategies, tend to explore too much and perform many
evaluations at the boundaries of the input space [12]. Furthermore,
none of these methods can handle a decoupled evaluation setting
since it is not possible to measure the expected improvement in
the hyper-volume by simply evaluating a single objective.

Entropy search is a set of successful acquisition functions [13–
17,12,18,19]. Furthermore, some of them can handle multiple
objectives and several constraints [12,19]. Here, we extend the
unconstrained single-objective acquisition function max-value
entropy search (MES) [17], which is based on the reduction of the
entropy of the solution of the optimization problem in function
space, to work with several objectives and constraints. In the con-
strained multi-objective case, the solution in function space is
given by the Pareto front YH associated to the Pareto set XH in
the feasible space. Intuitively, if the entropy of the Pareto front is
small, we expect to be closer to solving the optimization problem.
Therefore, it makes sense to choose the next evaluation as the one
that is expected to reduce the most this entropy. A difficulty is,
however, that the resulting acquisition function is intractable.
Thus, it needs to be approximated, and the approximation plays
a critical role in the performance. While in the literature there
are already some attempts to perform an extension of MES to the
constrained multi-objective case [19], the existing approximations
of the acquisition function are expected to perform poorly. In par-
ticular, the approximation considered by the authors of [19] results
in a method that simply tries to maximize each objective and con-
straint independently. This is expected to miss the potential effects
of the constraints in the solution of the optimization problem. It
will also ignore relevant points of the Pareto front, and will only
focus on the extreme points, i.e., when each objective achieves
the minimum possible value. Our approximation of the exact
acquisition is more accurate, as shown by our experiments, which
leads to better optimization results. Other extensions of entropy
search for the constrained multi-objective setting consider reduc-
ing the entropy of the Pareto set in the feasible space XH, instead
of the entropy of the Pareto front YH [12]. The acquisition function
in this case is more complicated and more difficult to approximate.
Our experiments show that our proposed approach performs sim-
ilar to this technique, but the resulting acquisition function is
cheaper to compute and to optimize.

We call our method improved max-value entropy search for
multi-objective optimization with constraints (MESMOC+). At each
iteration of the optimization process, MESMOC+ chooses to evalu-
ate the point that is expected to reduce the most the entropy of the
Pareto front YH. The entropy of YH is characterized by the predic-
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tive distribution of the probabilistic models for the objectives and
constraints given the observed data. The reduction of the entropy
of YH means that more information about the solution of the prob-
lem is available and that we are closer to finding its solution
[13,14]. We have carried out several experiments involving syn-
thetic and real optimization problems showing that MESMOC+
outperforms the method proposed in [19], to which we refer to
as MESMOC. Moreover, it obtains similar and sometimes even bet-
ter results than other state-of-the-art acquisition functions for
multi-objective optimization with constraints from the literature
[8,12]. Nonetheless, the computational cost of MESMOC+ per iter-
ation is significantly smaller and it is much easier to implement.
On the other hand, importantly, the expression of MESMOC+’s
acquisition function is a sum of one acquisition per black-box func-
tion. This means that in a decoupled setting MESMOC+ can choose
the next input location to evaluate and also which black-box to
evaluate. For this, one only has to optimize the acquisition function
of each black-box and choose the one with the largest acquisition
value. In our experiments we compare the coupled and decoupled
variants of MESMOC+, showing that sometimes a decoupled eval-
uation setting gives better optimization results over a coupled one.

Summing up, (i) MESMOC+ allows for decoupled evaluation set-
tings, while in general, acquisition functions based on the expected
improvement of the hyper-volume do not; (ii) MESMOC+ does not
suffer from the high explorative behavior of those acquisition func-
tions, which is translated into better optimization results; (iii) the
approximation performed in MESMOC+ is more accurate than that
of MESMOC and hence performs better; and (iv) MESMOC+ is
cheaper to compute than other strategies that aim at reducing
the entropy of the Pareto set instead of the Pareto front.

The rest of the article is organized as follows. In the next sec-
tion, we review the BO methods available in the literature that
can solve multi-objective constrained optimization problems.
Next, in Section 3, we describe our proposed approach, MESMOC
+, and the approach we use to deal with the intractability inherent
to our acquisition function based on expected entropy reduction. In
Section 4, we describe the benchmark, synthetic and real-world
experiments performed and discuss the results obtained, showing
that our proposed approach, MESMOC+, achieves similar perfor-
mance to the state-of-the-art techniques, but is faster to run and
simpler to implement. Finally, in Section 5, we give the conclusions
of this work.
2. Related Work

In the literature there are other acquisition functions that can
deal with multiple objectives and constraints. However, there is lit-
tle work on the constrained multi-objective Bayesian optimization
problem. In this section, we describe the few acquisition functions
which, to our knowledge, can handle this kind of problems.

The acquisition function Bayesian multi-objective optimization
(BMOO) is based on the expected hyper-volume improvement (EHI)
[7]. In a minimization context, the hyper-volume of an estimate
of the Pareto set X̂H is the size of the space of points in function
space above the corresponding estimated Pareto front ŶH with
respect to a reference point (usually given by the worst potential
value for each objective). It is maximized by the actual Pareto front
YH [11]. EHI simply chooses the next point as the one that
improves the most the current estimate of the hyper-volume. To
take into account the constraints, BMOO extends the Pareto dom-
inance rule to introduce a preference for performing evaluations at
points that are more likely to be feasible [8]. This extension con-
sists in applying a transformation to the objective and constraint
values to deal with situations where all points observed so far
are invalid. This transformation is the following:
3

W yf ; yc
� � ¼ yf ;0

� �
if yc P 0

þ1;min yc;0ð Þð Þ otherwise

(
; ð1Þ

where yf and yc are the vectors observations of the objectives and
constraints, respectively. BMOO tries to maximize the expected
increase in the hyper-volume after evaluating all black-boxes at a
particular input location. Thus, it uses the acquisition function EHI
with the extended Pareto dominance rule described above. Specifi-
cally, the acquisition function of BMOO measures the expected
hyper-volume improvement in the extended space:

a xð Þ ¼ Eyf ;yc

Z
GN

I W yf ; yc
� � � W yð Þ� �

dy
� �

; ð2Þ

where a � b means that a is Pareto dominated by b; I �ð Þ is the indi-
cator function, GN is the set of points in functional space not dom-
inated until iteration N, and the expectation is w.r.t the predictive
distribution of the GPs for the candidate point x. Since Eq. (2) can-
not be calculated analytically, in [8] the authors decided to swap the
expectation and the integral, and to approximate the integral by
using Monte Carlo samples from a uniform distribution in GN . How-
ever, generating these samples is complicated and they have to
resort to a Metropolis–Hastings algorithm for that. BMOO was ini-
tially described for noiseless scenarios, but the method can also
be applied when the black-boxes are contaminated with noise
[12]. In that setting, it is often outperformed by strategies that
can take into account evaluation noise. Additionally, the Metropo-
lis–Hastings algorithm is very costly to carry out, which means that
BMOO is an expensive acquisition function. Finally, in practice,
BMOO does not allow for decoupled evaluations. The reason is that
the improvement in the hyper-volume by evaluating a single objec-
tive is always zero.

In the literature there are other techniques that have been pro-
posed to approximate the expected hyper-volume improvement.
Namely, qEHVI and qNEHVI [9,10]. Both qEHVI and qNEHVI allow
for batch evaluation settings in which one chooses not only one
candidate point to evaluate next, but a batch of points, to be eval-
uated in parallel. Notwithstanding, they can also be used in the sin-
gle point setting we consider in our work. While qEHVI considers a
noiseless evaluation setting, qNEHVI allows to take into account
evaluation noise. Both strategies approximate the intractable inte-
gral of the expected improvement of the hyper-volume (i.e., the
one corresponding to Eq. (2), without the extended Pareto domi-
nance rule) by decomposing in boxes the functional space and by
sampling from the predictive distribution of the GPs using Monte
Carlo techniques combined with the reparameterization trick
[20]. That is, unlike BMOO they do not swap the expectation and
the integral in (2), and simply approximate the expectation using
Monte Carlo samples. To take noise into account qNEHVI also gen-
erates Monte Carlo samples of the black-boxes at the points
already evaluated. They incorporate constraints simply by multi-
plying the acquisition function by the probability of feasibility.
The reparameterization trick allows to easily compute the gradi-
ents of the Monte Carlo approximation using automatic differenti-
ation tools [21]. Such an approximation can be problematic,
however. In particular, after each evaluation it will be more and
more difficult to improve the current hyper-volume, since the pre-
dictive variance will be reduced. That means that, unless a large
number of samples are used in the approximation, the acquisition
function will be flat and equal to zero in a big region of the input
space. This will make difficult optimizing the approximate acquisi-
tion function using gradient based techniques. This, together with
their observed tendency of exploring too much and evaluating at
the boundaries of the input space may lead to a poor performance.
Again, since these strategies are also based on the expected
improvement of the hyper-volume, they do not allow for decou-
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pled evaluations, unlike the proposed approach MESMOC+. The
computational cost of qEHVI and qNEHVI is super-polynomial in
the number of objectives [9,10]. Moreover, qNEHVI is more expen-
sive since it has to sample from the GPs modeling the objectives at
the candidate location at which to evaluate the acquisition func-
tion and also at the already evaluated points.

Predictive entropy search for multi-objective optimization with
constraints (PESMOC) is another acquisition function that focuses
on the reduction of the entropy of the solution of the optimization
problem [12]. However, it targets the entropy of the Pareto set XH,
instead of the entropy of the Pareto frontYH. This acquisition func-
tion is hence the expected reduction in the entropy of XH. Similar
to MESMOC+, the entropy of XH is intractable and requires compli-
cated approximations. PESMOC rewrites the expression of the
acquisition function noting that the expected reduction in the
entropy of XH is the mutual information between XH and y.
Because the mutual information is symmetric, it is equivalent to
the mutual information between y and XH. Doing this, the acquisi-
tion function of PESMOC is:
a xð Þ ¼ H yjD;xð Þ � EXH H yjD;x;XH
� �� �

; ð3Þ
where the first term of the r.h.s. of (3) is the same as in MESMOC+,
i.e. the entropy of the predictive distribution, the expectation is w.r.
t. the Pareto setXH instead ofYH and the second term of the r.h.s. is
the entropy of the predictive distribution conditioned to XH being
the solution to the problem. See Section 3 for further details on
MESMOC+. The second term of the r.h.s. of Eq. (3) is intractable
and must be approximated. The expectation is approximated also
by a Monte Carlo average, as in MESMOC+. Furthermore, the
method for generating the samples of XH is equivalent to the one
used in MESMOC+ (see Section 3). To approximate the entropy of
p yjD; x;XH
� �

they use expectation propagation (EP) [22].
PESMOC is different from MESMOC+ since the former approxi-

mates p yjD;x;XH
� �

and the latter approximates p yjD;x;YH
� �

.
Importantly, the approximation of PESMOC is more complicated
than the one of MESMOC+ because p yjD;x;XH

� �
has more non-

Gaussian factors and some of them depend on two variables, which
involves working with bi-variate Gaussian distributions. By con-
trast, all the factors in p yjD;x;YH

� �
are univariate, which means

that MESMOC+ only has to use one-dimensional Gaussians. The
consequence is that MESMOC+’s acquisition function is signifi-
cantly less expensive to compute and easier to implement. Our
experiments show that MESMOC+ gives similar and sometimes
better results to those of PESMOC. We have also observed that
MESMOC+ is more robust with respect to the number of samples
M of the Pareto front than PESMOC, a result that was also observed
in the unconstrained single-objective case [17].

The original formulation of max-value entropy search (MES) can
only deal with single-objective unconstrained problems [17]. There
are some extensions of MES to work with one objective and several
constraints [23] and with several objectives and no constraints
[18,24]. However, none of these methods can deal with multiple
objectives and constraints simultaneously. Moreover, the exten-
sion to multiple objectives and several constraints is not trivial
because one has to handle the restrictions about the objectives
(to avoid solutions that dominate the Pareto front) and the con-
straints (to ignore solutions that are infeasible). These dependen-
cies do not appear in the single-objective nor in the constrained
single-objective scenario. As a matter of fact, in the unconstrained
single objective setting, the conditional distributions is simply
approximated by a truncated Gaussian [17].
4

Max-value entropy search for multi-objective optimization with
constraints (MESMOC) is an acquisition function developed in an
independent work [19], which also minimizes the entropy of YH,
as MESMOC+ does. Thus, the expression considered by MESMOC
for the acquisition function is also given by Eq. (8). However, the
proposed approximation for the entropy of p yjD;x;YH

� �
is very

different. In [19], they focus on maximizing the objectives, while
we are interested in minimization. Consider a maximization sce-
nario. Ignore the constraints initially. Let the sampled Pareto fron-
tier be YH ¼ z1; . . . ; zSf g with S the size of YH and each zj, for
j ¼ 1; . . . ; S, a vector of size K with the associated objective values.

Let the j-th component of zi be zji. In [19] they argue that a suffi-
cient condition for some point y being compatible with YH as the

solution of the problem is that yj 6 max zj1; . . . ; z
j
S

n o
8j 2 1; . . . ;Kf g

(recall a maximization scenario). That is, the value of y for the j-th
objective cannot be larger than the largest value for that objective,
according toYH. However, this condition is not complete because y
can be optimal, (i.e., y is incompatible with YH) even if none of its
values are larger than the maximum value for the corresponding
objective. E.g., let K ¼ 2 and YH ¼ 1;0ð Þ; 0;1ð Þf g. Consider now
the point y ¼ 0:7;0:7ð Þ. The components of y are smaller than

1 ¼ max zj1; . . . ; z
j
S

n o
8j 2 1; . . . ;Kf g, but this point is optimal and

non-dominated by any of the points in YH. This means that y is
not compatible with YH. However, the condition employed in

[19], i.e., that y must satisfy yj 6 max zj1; . . . ; z
j
S

n o
8j 2 1; . . . ;Kf g,

will consider 0:7;0:7ð Þ as a potential point to be predicted by the
conditional predictive distribution given YH; p yjD;x;YH

� �
, which

is incorrect. The constraints are incorporated in [19] in an ad hoc

way, simply by enforcing that cj xð Þ 6 max ~zj1; . . . ;~z
j
S

n o
for

j ¼ 1; . . . ;C, where ~zif gSi¼1 are the constraint values associated to
the points in YH. That is, the constraint values have to be smaller
than the maximum constraint values associated to the Pareto front
YH, as it is done with the objectives. There is no justification for
this.

Summing up, the conditional predictive distribution is given by
a factorizing truncated Gaussian distribution. In particular, for the

objectives each f j xð Þ 6 max zj1; . . . ; z
j
S

n o
8j 2 1; . . . ;Kf g, and for the

constraints, each cj xð Þ 6 max ~zj1; . . . ;~z
j
S

n o
for j ¼ 1; . . . ;C. The

entropy of a truncated Gaussian distribution has a closed-form
expression [17]. Therefore, the approximate acquisition function
of MESMOC is

a xð Þ � 1
M

XM
m¼1

XK
k¼1

.f
k;m/ .f

k;m

� 	
2U .f

k;m

� 	 � logU .f
k;m

� 	0@ 1A24
þ
XC
j¼1

.c
j;m/ .c

j;m

� 	
2 U .c

j;m

� 	� 	� log U .c
j;m

� 	� 	0@ 1A35; ð4Þ

where .f
k;m ¼ .f

k;m xð Þ;.c
j;m ¼ .c

j;m xð Þ,

.f
k;m xð Þ ¼ fHk;m �mf

k xð Þ
v f

k xð Þ
� 	1=2 ; ð5aÞ

.c
j;m xð Þ ¼ 1Hj;m �mc

j xð Þ
vc

j xð Þ
� 	1=2 ; ð5bÞ

and
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fHk;m ¼ min zk;m1 ; . . . ; zk;mS

n o
8k 2 1; . . . ;Kf g; 1Hj;m

¼ max ~zj;m1 ; . . . ;~zj;mS
n o

8j 2 1; . . . ;Cf g; ð6Þ

and S the size of YH
mð Þ, i.e., them-th sample of YH. The samples of YH

are obtained as in MESMOC+. Namely, by optimizing samples from
the GP posterior distribution using a random feature approxima-
tion. Moreover, zk;ms is the k-th objective value associated to the s-

th point in YH
mð Þ, and ~zj;ms is the j-th constraint value associated to

the s-th point inYH
mð Þ. Note that (4) also involves a sum of one acqui-

sition function per constraint and objective, which means that MES-
MOC can be used in a decoupled evaluation setting.

Critically, in the provided code in [19], the implementation con-
sidered that YH

mð Þ is given by the Pareto front sample, and all the
evaluations performed so far. The consequence is that the acquisi-
tion proposed in [19] is simply the sum of the standard MES acqui-
sition function for each objective and constraint [17]. This makes
sense, and is equivalent to maximizing all the objectives and con-
straints independently. Maximizing each objective is expected to
give good solutions. Maximizing each constraint is expected to
provide feasible solutions. This makes, however, difficult finding
interesting points of the Pareto frontier that are not close to the
maximum values of each objective. Such a strategy is hence
expected to be sub-optimal. Besides this, the optimization of the
resulting acquisition function in [19] is restricted to those regions
of the input space in which the GP means for the constraints are
strictly positive. This becomes problematic in problems in which
finding feasible points is difficult. In particular, if all the observa-
tions are infeasible, the GP means for the constraints will be nega-
tive in all the input space (even though the associated GP variance
can be high). This will make the BO method fail. If that is the case, a
simple solution is to choose randomly the next point to evaluate.

Our experiments show that the accuracy of MESMOC for
approximating the acquisition in Eq. (8) is worse than that our pro-
posed method MESMOC+. Furthermore, in several optimization
problems MESMOC+ outperforms MESMOC. We believe this is
due to the accuracy of our approximation and the limitations of
MESMOC to find feasible solutions.

Besides BO methods, meta-heuristics can also solve constrained
multi-objective problems. However, these techniques usually
require a large number of evaluations to achieve good results
[25]. They are specifically designed to optimize objective functions
that are cheap to evaluate. They are not adequate to solve prob-
lems where the objectives and the constraints are very expensive
to evaluate. By contrast, BO methods exploit the information pro-
vided by the predictive distribution of the surrogate model to make
intelligent decisions about where to evaluate next these functions
with the goal of solving the problem in a few steps. Therefore, they
are expected to perform much better in a scenario that includes a
limited evaluation budget. Summing up, BO methods and meta-
heuristics target different problems. Moreover, there is already
have evidence from the literature of the superiority of BO methods
in the problems we are interested in when compared to meta-
heuristics [26].
3. Improved Max-value Entropy Search for Multi-objective
Bayesian Optimization with Constraints

In this section, we give the details of the proposed acquisition
function improved max-value entropy search for multi-objective opti-
mization with constraints (MESMOC+). In BO methods, the maxi-
mum of the acquisition function indicates the next point at
which to evaluate the black-boxes. To compute the acquisition
function, the information provided by the predictive distribution
5

of the probabilistic models is used, and each time that a new point
is evaluated, the probabilistic models are updated. Usually, Gaus-
sian processes (GPs) [4] are the probabilistic models employed.
For further details on the use of GPs as the underlying model in
BO we refer the reader to [5]. Briefly speaking, a GP provides a pre-
dictive distribution for each objective or constraint value at each
potential input location given the observed data. In our work we
assume that the black-boxes are generated from a GP a priori with
i.i.d. Gaussian noise with zero mean. For simplicity, the develop-
ment of MESMOC+ is carried out considering a coupled evaluation
setting, in which all black-boxes are evaluated at the same point,
later on we explain how to use MESMOC+ in a decoupled setting.

Let D ¼ xn; ynð Þf gNn¼1 be the dataset with the evaluations of the
objectives and constraints performed up to iteration N, where xn

is the input evaluated in the n-th iteration and yn is a vector with
the values obtained when evaluating the K + C black-boxes at xn,
i.e., yn ¼ f 1 xnð Þ; . . . ; f K xnð Þ; c1 xnð Þ; . . . ; cC xnð Þð Þ. Since MESMOC+
consists in reducing the entropy of the solution in the functional
space after an xNþ1 evaluation, the MESMOC+ acquisition function
is:

a xð Þ ¼ H YHjD� �� Ey H YHjD [ x; yð Þf g� �� �
; ð7Þ

where H YHjD� �
is the entropy of the Pareto front, YH, given by the

probabilistic models, after observing the current dataset D;
H YHjD [ x; yð Þf g� �

is the entropy ofYH after including the new data
point x; yð Þ in the dataset; and the expectation Ey �½ � is calculated
over the potential values for y at x, according to the GPs.

Critically, evaluating the entropy of YH is very challenging. In
particular, YH is a set of potentially infinite size. In order to avoid
this problem, we follow [16] and rewrite Eq. (7) in an equivalent
form, as suggested in [17], by noting that Eq. (7) is exactly the
mutual information between YH and y; I YH; y

� �
[15,16]. Therefore,

since I YH; y
� � ¼ I y;YH

� �
, then, we can swap the roles of YH and y

in Eq. (7) and the MESMOC+ acquisition function becomes:

a xð Þ ¼ H yjD;xð Þ � EYH H yjD; x;YH
� �� �

; ð8Þ

where H yjD;xð Þ is the entropy of p yjD; xð Þ, i.e., the entropy of the
predictive distribution of the GPs at x. This is simply a Gaussian dis-
tribution. Note that now the expectation is with respect to potential
values of YH; and H yjD;x;YH

� �
is the entropy of the predictive dis-

tribution conditioned to the Pareto front being the solution of the
problem.

The expression given in Eq. (8) is the acquisition function tar-
geted by MESMOC+. Thus, at each iteration, the next point to eval-
uate is chosen as the maximizer of Eq. (8), i.e.
xNþ1 ¼ argmaxx2Xa xð Þ. Note that it is easier to work with this
expression than with Eq. (7) because here we do not have to eval-
uate the entropy ofYH, a set of potential infinite size. The first term
of the r.h.s of Eq. (8) is simply the entropy of the current predictive
distribution, and since we assume that there is no correlation
between the black-boxes, its expression is the sum of the entropy
of K þ C Gaussian distributions. These are the predictive distribu-
tions of the GPs for each objective and constraint. Namely:

H yjD; xð Þ ¼
XK
k¼1

log 2pev f
k

� 	
2

þ
XC
j¼1

log 2pevc
j

� 	
2

; ð9Þ

where v f
k ¼ v f

k xð Þ and vc
j ¼ vc

j xð Þ are the predictive variance for the
k-th and j-th objective and constraint respectively. Nevertheless,
the evaluation of the second term in the r.h.s. of Eq. (8) is intract-
able. The expectation can, however, be approximated by generating
Monte Carlo samples of YH. Using these samples, one can estimate
the entropy of p yjD;x;YH

� �
and average the results. To generate
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samples of YH, we follow the same approach as in [12]. We first use
a random feature approximation of the GPs (see [27] for further
details) to generate samples of the objectives and constraints, and
then we optimize these samples using a grid of points to obtain
the final sample of YH, the Pareto frontier associated to the Pareto
set in the feasible space. This step is cheap because we can evaluate
the GP samples at a small cost, unlike the actual black-boxes. Note
that an alternative approach is to use more advanced GP sampling
techniques like the one described in [28]. The final step is to evalu-
ate the entropy of p yjD;x;YH

� �
, i.e., the entropy of the predictive

distribution of the GPs at x given that YH is the solution of the opti-
mization problem. Unfortunately, this conditional predictive distri-
bution is intractable and has to be approximated. We explain the
approximation employed in the next section.

3.1. Approximating the Conditional Predictive Distribution

In the initial formulation of MESMOC+ we consider that the
evaluations are noiseless, just as it is done in [17] for max-value
entropy search (MES). Namely, we approximate p f; cjD;x;YH

� �
instead of p yjD;x;YH

� �
, where f ¼ f 1 xð Þ; . . . ; f K xð Þf g and

c ¼ c1 xð Þ; . . . ; cC xð Þf g are the predicted values for the objectives
and constraints at x. At the end of the next section we modify
the acquisition function developed to take additive noise into
account. The expression of p f; cjD;x;YH

� �
is obtained using Bayes’

rule:

p f; cjD;x;YH
� � ¼ Z�1p f; cjD; xð Þp YHjf; c� �

; ð10Þ

where Z�1 is a normalization constant, p f; cjD;xð Þ is the predictive
probability for the objectives and the constraints at the candidate
point x given D, and p YHjf; c� �

is the probability that YH is a valid
Pareto front given f and c. Note that p f; cjD;xð Þ is simply a product
of Gaussians given by the predictive distribution of each GP.

The factor p YHjf; c� �
in Eq. (10) removes all configurations of

the objectives and constraints values, f; cð Þ, that are incompatible
with YH being the Pareto front of the problem. Therefore,
p YHjf; c� �

must be 0 when c does not violate the constraints (i.e,
c does satisfy cj xð Þ P 0;8j 2 1; . . . ;Cf g), and f is not Pareto domi-

nated by any fH 2 YH. Similarly, p YHjf; c� �
is 1 if all points fH in

the Pareto front YH dominate f, or if c violates the constraints
(i.e. at least one constraint is negative at x). This can be expressed,
informally, as follows:

p YHjf; c� � / Y
fH2YH

1�
YC
j¼0

H cj
� �YK

k¼0

H fHk � f k
� 	 !

/
Y

fH2YH

X fH; f; c
� 	

; ð11Þ

where H �ð Þ is the Heaviside step function, f k ¼ f k xð Þ; cj ¼ cj xð Þ, fHk is

the k-th value of the vector of values fH of YH and

X fH; f; c
� 	

¼ 1�QC
j¼0H cj

� �QK
k¼0H fHk � f k

� 	
. Note that Eq. (11) will

only be 1, if X fH; f; c
� 	

is 1 for all the fH in YH. To make

X fH; f; c
� 	

be 1, either
QC

j¼0H cj xð Þ� �
or
QK

k¼0H fHk � f k xð Þ
� 	

must be

0. This happens if all the values of c are greater or equal to 0 or if

all the values of fH are lower or equal to those of f, except one which
must be strictly minor. These are precisely the conditions that we
previously mentioned above Eq. (11).

The computation of the normalization constant and the entropy
of Eq. (10) is intractable. Therefore, we need to approximate this
6

distribution. Importantly, we would like the acquisition function
to be cheap compared to the cost of evaluating the black-boxes.
For this reason, we use Assumed Density Filtering (ADF) for
approximate inference [29,22]. ADF simply approximates each
non-Gaussian factor in Eq. (10) using a Gaussian distribution. Since
the predictive distribution of a GP is Gaussian, the only non-

Gaussian factors are the X fH; f; c
� 	

factors in Eq. (11). Recall that

we assume independence among the objectives and constraints.
Since the Gaussian distribution is closed under the product opera-

tion and the factors X fH; f; c
� 	

only involve independent Gaussian

random variables, the approximation of Eq. (10) is a factorizing
Gaussian distribution. In the following section, we describe the
specific updates for the parameters of each of these Gaussians,
and in Section 3.3, we discuss the final expression of MESMOC+.

Expectation propagation (EP) is another widely used approxi-
mate inference method that can be employed to approximate
intractable distributions using Gaussian distributions [22]. This
method is an improved version of ADF, but is more expensive since
it needs to refine each non-Gaussian factor several times and it is
not guaranteed to converge. We tried EP in MESMOC+ to approxi-
mate the required computations, but the performance obtained by
EP was not better than that of ADF. For this reason, we discarded it.
3.2. ADF Updates for MESMOC+

ADF approximates p f; cjD;x;YH
� �

using a distribution q f; cð Þ
that is Gaussian. Specifically, ADF minimizes, in an iterative way,
the Kullback–Leibler divergence between p̂ f; cð Þ ¼
Z�1X fH; f; c

� 	
q f; cð Þ and q f; cð Þ, with respect to q, where Z is a nor-

malization constant, for each fH 2 YH. Minimizing the Kullback–
Leibler divergence when the approximate distribution q is Gaus-
sian is equivalent to matching moments between the two distribu-
tions, p̂ and q [22]. Therefore, we are going to adjust the means and
covariances of q to have the same mean and covariances as

p̂ f; cð Þ ¼ Z�1X fH; f; c
� 	

q f; cð Þ. This process is repeated iteratively

for each factor X fH; f; c
� 	

. Note that there is one different factor

for each fH in YH. It is possible to understand this process as

replacing each X fH; f; c
� 	

using an approximate Gaussian factor

[22]. Of course, the processing order of each X fH; f; c
� 	

affects

the approximation. We simply process the factors in a random
order.

Now, we describe how to use ADF to obtain the updates for the
means and variances of the resulting Gaussian, after incorporating

each X fH; f; c
� 	

factor. Let q f; cð Þ ¼ p f; cjD;xð Þ. That is, we initialize

q to the predictive distribution given by the GP at x. Let a ¼ f; cð Þ.
We can express p̂ f; cð Þ as a product of an arbitrary function t að Þ
multiplied by a Gaussian distribution N ajl;Rð Þ. Namely,

Z ¼
Z

t að ÞN ajl;Rð Þda; p̂ að Þ ¼ Z�1t að ÞN ajl;Rð Þ; ð12Þ

where our arbitrary factor t að Þ isX fH; f; c
� 	

, andN ajl;Rð Þ is simply

q f; cð Þ, where l y R are the vector of means and the covariance
matrix of f; cð Þ under q, respectively. Because we assume indepen-
dence among the GPs, R is diagonal.

Then, we can use the following expressions from [22] to refine
the mean and variance of de updated q distribution after incorpo-

rating X fH; f; c
� 	

:
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Ep̂ að Þ a½ � ¼ lþ R @ log Zð Þ
@l ;

Ep̂ að Þ aaT
� �� Ep̂ að Þ a½ �Ep̂ að Þ a½ �T ¼ R� R @ log Zð Þ

@l
@ log Zð Þ

@l

� 	T
� 2 @ log Zð Þ

@R


 �
R:

ð13Þ
Hence, to use ADF, we need to compute Z and the partial derivatives
of log Zð Þ respect to the means and variances of the objectives and
constraints at x. The computation of Z is as follows:

Z ¼ R p f; cjD; xð ÞX fH; f; c
� 	

dfdc

¼ R p f; cjD; xð Þ 1�
YC
j¼0

H cj xð Þ� �YK
k¼0

H fHk � f k xð Þ
� 	 !

dfdc

¼ 1�
YC
j¼0

U ccj
� 	YK

k¼0

U cfk
� 	

;

ð14Þ

where U �ð Þ is the cumulative probability distribution of Gaussian,
and:

cfk ¼
fHk �mf

k xð Þ
v f

k xð Þ
� 	1=2 ; ð14aÞ
Algorithm 1.:
ccj ¼
mc

j xð Þ
vc

j xð Þ
� 	1=2 ; ð14bÞ

where mf
k xð Þ;v f

k xð Þ;mc
k xð Þ and vc

k xð Þ are the mean and variance val-
ues of the k-th and j-th predictive distributions of the objectives and
constraints at x. At the same time, these are the values of the

derivatives @ log Zð Þ
@mf

k

, @ log Zð Þ
@v f

k

, @ log Zð Þ
@mc

j
and @ log Zð Þ

@vc
j
:

@ log Zð Þ
@mf

k

¼ Z � 1ð Þ
ZU cfk
� 	 �N cfkj0;1

� 	
v f

k

� 	1=2
0B@

1CA;

@ log Zð Þ
@v f

k

¼ Z � 1ð Þ
ZU cfk
� 	 N cfkj0;1

� 	�cfk
2v f

k

 !
; ð15Þ
7

@ log Zð Þ
@mc

j

¼ Z � 1ð Þ
ZU ccj
� 	 N ccj j0;1

� 	
vc
j

� 	1=2
0B@

1CA;
@ log Zð Þ
@vc

j

¼ Z � 1ð Þ
ZU ccj
� 	 N cfj j0;1

� 	�ccj
2vc

j

 !
; ð16Þ

where v f
k ¼ v f

k xð Þ and vc
j ¼ vc

j xð Þ.
Algorithm 1 shows the ADF steps for computing the mean and

variance of the approximate conditional predictive distribution.
We can see that in each iteration the values of ~mf ; ~vf , ~mc and ~vc

are updated using the values calculated in the derivatives of Eq.
(15) and Eq. (16). We can also notice that the order of processing

the fH points of the Pareto front sample will influence the final
result for the means and variances of the approximate conditional
predictive distribution. For this reason, we have established this
order as random.
3.3. The MESMOC+ Acquisition Function

After the execution of ADF, the variances of the objectives and
the constraints of the predictive distribution at x, conditioned to
the Pareto front YH, are available. Thus, we obtain the approxima-
tion of Eq. (8) by simply combining Eq. (9) with the result from the
calculation of the entropy of p f; cjD;x;YH

� �
. Since this distribution

is approximated with a Gaussian distribution using ADF, the
approximate entropy has a form similar to that of Eq. (9). As a
result, the acquisition function can be approximated as the differ-
ence between the entropy of two factorizing multi-variate
Gaussians:
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a xð Þ �
XK
k¼1

log v f
k

� 	
þ
XC
j¼1

log vc
j

� 	

� 1
M

XM
m¼1

XK
k¼1

log ~v f
k

� 	
þ
XC
j¼1

log ~vc
j

� 	" #
; ð17Þ

where M is the number of Monte Carlo samples of Y�, v f
k ¼ v f

k xð Þ ,
vc

j ¼ vc
j xð Þ , ~v f

k ¼ ~v f
k xjY�

mð Þ
� 	

, ~vc
j ¼ ~vc

j xjY�
mð Þ

� 	
are the approximate

variances of the conditional distribution before and after condition-

ing on the sample Y�
mð Þ of the Pareto front Y� and Y�

mð Þ
n oM

m¼1
is the

set of Monte Carlo samples of YH.
Unfortunately, the behavior of MESMOC+ when using Eq. (17)

to approximate the acquisition function is not the expected one,
because it is highly influenced by a small decrease in the variance
of the conditional predictive distribution. This is particularly the
case for points that have a very small associated initial variance,
e.g., 10�5. The logarithm tends to amplify these minimal differences
(e.g., a variance reduction from 10�5 to 10�6 will result in a log dif-
ference that is approximately equal to 2.32) and in consequence, it
has a highly exploitative behavior of the BO method which tends to
perform evaluations that are very close to points that have already
been evaluated. To solve this, we modified MESMOC+’s acquisition
function to take into account the absolute reduction in the variance
instead:

a xð Þ �
XK
k¼1

v f
k

� 	
þ
XC
j¼1

vc
j

� 	
� 1
M

XM
m¼1

XK
k¼1

~v f
k

� 	
þ
XC
j¼1

~vc
j

� 	" #
: ð18Þ

Lastly, to take into account the noise we just need to add the addi-
tive variance noise of each black-box to the respective variance of
the predictive distribution before and after conditioning on the Par-
eto front. So, the final expression of MESMOC+acquisition function
is:

a xð Þ �
XK
k¼1

v f
k þ rf

k

� 	2
 �
þ
XC
j¼1

vc
j þ rc

j

� 	2
 �

� 1
M

XM
m¼1

XK
k¼1

~v f
k þ rf

k

� 	2
 �
þ
XC
j¼1

~vc
j þ rc

j

� 	2
 �" #
; ð19Þ

where rf
k

� 	2
and rc

j

� 	2
are the noise variances of each objective

and constraint, respectively.
In Fig. 1 we show a flowchart for solving a multi-objectives opti-

mization problem with constraints using BO and the proposed
acquisition function MESMOC+. Steps from 3 to 8 are specific to
compute our acquisition function MESMOC+. The other steps are
common to any BO method for multi-objective constrained prob-
lems. The process will start with a random evaluation of the objec-
tives and constraints, performed at step 1. Step 2 tunes all the GP
models to the observed data. Step 3 samples from the GPs the
objectives and the constraints, which are then optimized in step
4 to obtain a sample of YH;YH

mð Þ. Given this sample, the conditional
predictive distribution of the GPs is computed using ADF in step 5.
Then, in step 6 the difference between the unconditioned predic-
tive variances and the conditioned predictive variances is com-
puted, following Eq. (19). If the number of Monte Carlo samples
of YH is reached, the average acquisition function is returned. This
acquisition function is then optimized in step 9 to find the next
point to evaluate in step 10. If the maximum number of evalua-
tions have been reached in step 11, the GPs predictive means are
optimized in step 12 and the obtained solution is returned as the
recommended solution for the optimization problem in step 13.
8

Note that Eq. (19) is the sum of the acquisition of each black
box. Namely:

a xð Þ �
XK
k¼1

af
k xð Þ þ

XC
j¼1

ac
j xð Þ ð20Þ

where

af
k xð Þ ¼

XK
k¼1

v f
k þ rf

k

� 	2
 �
� 1
M

XM
m¼1

XK
k¼1

~v f
k þ rf

k

� 	2
 �
;ð21Þ

ac
j xð Þ ¼

XC
j¼1

vc
j þ rc

j

� 	2
 �
� 1
M

XM
m¼1

XC
j¼1

~vc
j þ rc

j

� 	2
 �
:ð22Þ

Therefore, we can apply Eq. (19) directly in a decoupled evaluation
setting, where all black-boxes are competing to be evaluated, and
each acquisition function is maximized separately. The black-box
with the maximum value associated to the acquisition function is
chosen for evaluation.

Fig. 2 shows the execution of MESMOC+ in a toy problem with
two objectives and one constraint and one-dimensional input x.
This figure illustrates steps 2 to 6 of the flowchart displayed in
Fig. 1. We consider a single sample of YH. The first column displays
the current state of the GPs predictive distribution for the objec-
tives and the constraints, after their fit to the observed data carried
out in step 2 of the flowchart. We show the predictive mean along-
side with a one standard deviation confidence interval. The second
column shows a sample of each black-box function and the corre-
sponding Pareto front. This corresponds to steps 3 and 4 of the
flowchart. The points of the Pareto front dominate all other points
for which the corresponding values of the constraint are positive.
In the third column of this figure, we display the predictive distri-
bution of the black-boxes after conditioning to Pareto front sample
(shown in the second column) using ADF. This corresponds to step
5 in the flowchart. The fourth column is the resulting acquisition
function of MESMOC+, for each black-box. This acquisition function
is the absolute difference of the predictive variances before and
after conditioning (shown in the first column and third column,
respectively). So, the regions where this difference is greatest are
where MESMOC+ expects to gain the most information (in terms
of variance reduction) about the solution to the problem. This col-
umn corresponds to step 6 in the flowchart.

Fig. 3 shows the acquisition function obtained in the problem of
Fig. 2, but in a coupled evaluation scenario, where the individual
acquisition functions have been added. Therefore, the acquisition
in Fig. 3 is simply the sum of the acquisition of all the black-
boxes in the fourth column of Fig. 2. We can observe that the max-
imizer in Fig. 3 is different from the individual maximizers of the
acquisition function of each black-box. We can also observe that
the maximum in the coupled setting is larger than the individual
maximum of the decoupled setting. However, the sum of the indi-
vidual maximums is larger than the maximum of the coupled set-
ting. Therefore, we expect that a decoupled evaluation setting will
be more useful to gain information about the solution to the opti-
mization problem.

3.4. Computational cost of MESMOC+’s acquisition function

The cost of evaluating Eq. (19) is O M K þ Cð Þj bYHj
� 	

, where M is

the number of Monte Carlo samples, and K and C are the number of
objectives and constraints, respectively. The factor K þ Cð ÞjYHj
comes from running the ADF algorithm to approximate the vari-
ances of predictive distribution conditioned to YH. This approxi-
mation is run for each candidate point x at which the acquisition
needs to be evaluated, and for each sample of the objectives and

constraints. We approximate bYH using 50 points, as in [12]. Recall



Fig. 1. Flowchart with all the steps required to evaluate the acquisition function MESMOC+ and solving a constrained multi-objective problem using a Bayesian optimization
method.
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that the maximum size of the Pareto frontier not finite. The acqui-
sition function is optimized using a Quasi-Newton method with
the gradient approximated by differences, and to find a good start-
ing value we used a uniform grid of d	 1000 times the dimension-
ality of the optimization problem. The number of Monte Carlo
samples M of YH is 10, as in [12].
4. Experiments

In this section we compare MESMOC+ and its decoupled variant
MESMOCþdec with the acquisition functions described in Section 2
(i.e., BMOO, qEHVI, qNEHVI, PESMOC, MESMOC). Moreover, we also
include in the comparisons random search (RANDOM) as a simple
baseline. The acquisition functions that we compare with are pro-
vided in the Bayesian optimization software Spearmint (https://gi
thub.com/fernandezdaniel/Spearmint). qEHVI and qNEHVI are
implemented in BOTorch [30]. 100 samples are used to approxi-
mate the evaluation of the acquisition function and the batch size
is set equal to one. We have codified a bridge that allows to call
BOTorch acquisition functions from Spearmint. We have also
9

implemented in that software MESMOC+ and MESMOC, closely fol-
lowing the code provided in [19]. We use a Matérn52 with ARD as
the kernel of all GPs and to learn their hyper-parameters we use
slice sampling with 10 samples, as it is done in [31]. This is also
the number of samples considered in MESMOC+, MESMOC and
PESMOC for YH;YH and XH, respectively. To maximize the acquisi-
tion function we use L-BFGS using a grid of d	 1;000 points to
choose the starting position. The gradients of the acquisition func-
tion are approximated by differences. For all experiments we show
the results of averaging 100 repetitions alongside the correspond-
ing error bars. The recommendation of each method is obtained by
optimizing the means of the GPs at each iteration. To avoid recom-
mending infeasible solutions we follow the approach suggested in
[12].

4.1. Quality of the Approximation of the Acquisition Function

We compare in a simple problem the acquisition function of
MESMOC+ and MESMOC with the exact acquisition function
described in Eq. (8). Since, the problem considered has only two
objectives and one constraint, in this setting, quadrature methods



Fig. 2. Different steps needed to compute MESMOC+’s acquisition function in a decoupled setting for two objectives and one constraint. (First column) Predictive distribution
for each black-box function conditioned the current inputs, using a GP as probabilistic model. (Second column) Samples of each black-box and corresponding Pareto frontYH

mð Þ
in the feasible space displayed using red crosses. (Third column) Predictive distribution of each black-box function conditioned to YH

mð Þ being the solution to the optimization
problem. (Fourth column) Acquisition function MESMOC+’s obtained by the absolute difference in the predictive variances before and after the conditioning.
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are feasible to evaluate the entropy of p yjD;x;YH
� �

(but with a
much higher computational cost than MESMOC+ and MESMOC).
A quadrature method is expected to provide an approximation that
is almost equal to that of the exact acquisition.

The left column of Fig. 4 shows the current state of the predic-
tive distributions for the objectives and constraints and the
observed data. The right column shows the acquisition function
for MESMOC and MESMOC+ in a coupled evaluation setting. For
MESMOC+, we show the results for the proposed method and the
method that considers the logarithm of the variance described in
Eq. (17). We call this method MESMOCþlog. Lastly, we also show
the results of the quadrature method (Exact) using adaptive
quadrature. We can see that the approximation of MESMOCþlog is
the most accurate, closely followed by MESMOC+. By contrast,
the approximation of MESMOC does not look similar to the exact
10
acquisition. Furthermore, MESMOC manually imposes that the
acquisition will have a negative value at any point where the mean
GP of any of the constraints is negative. This causes it to have a
very different value from the exact acquisition in those regions of
the input space.

Fig. 5 shows the approximation to the acquisition function by
each method in a decoupled scenario. The figure on the top-left
of Fig. 5 shows the current observations and predictive distribu-
tions for the objectives and constraints. The remaining figures
show the acquisition functions of MESMOC, MESMOC+ and
MESMOCþlog, and the results of the quadrature method (Exact),
for each objective and constraint. We can observe that MESMOC+
and MESMOCþlog are very similar to the exact acquisition, for all
the black-box functions. Specifically, where MESMOC+ and
MESMOCþlog take large values, the exact acquisition takes large



Fig. 3. Acquisition function of MESMOC+ for the coupled setting. In this case a �ð Þ is
simply the sum of the acquisition functions of the three black-boxes shown in Fig. 2.
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values, and where the exact acquisition decreases, MESMOC+ and
MESMOCþlog also decrease. By contrast, MESMOC’s approximation
is dissimilar to the exact acquisition, for all the black-boxes. Fur-
thermore, since MESMOC aims to maximize the constraints, some-
times it gives importance to evaluating the constraints in regions
where there may be no expected benefit at all. This behavior can
be problematic in the decoupled scenario, where MESMOC can
waste useful evaluations simply on trying to maximize a constraint
that is already feasible. Fig. 5 shows precisely this behavior.

4.2. Synthetic Experiments

A first batch of experiments evaluate each method in optimiza-
tion tasks in which the objectives and the constraints are sampled
from a GP prior. For each experiment we consider two scenarios:
One with noiseless observations and another where the observa-
tions are contaminated with standard Gaussian noise with vari-
ance 0:1. The first experiment has 4 dimensions, 2 objectives and
2 constraints, and the second has 6 dimensions, 4 objectives and
2 constraints. The performance of each method is measured as
the relative difference (in log-scale) of the hyper-volume of the
recommendation made and the maximum hyper-volume, with
respect to the number of evaluations made. The maximum
hyper-volume is obtained using a grid of points and the actual
expressions for the black-boxes. Any infeasible recommendation
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Fig. 4. (left) GP predictive distributions for the objectives and constraints. (right) The cor
and MESMOC, and the exact acquisition (Exact). Best seen in color.

11
has an associated hyper-volume equal to 0. We report average
results over 100 repetitions of the experiments.

The results obtained by each method are shown in Fig. 6. We
see that in the 4D experiment, for both scenarios, the best methods
are MESMOC+, PESMOC and PESMOCdec.MESMOCþdec also achieves
good results when there is no noise. In these experiments MESMOC
+ is superior to MESMOC, which performs poorly in the noisy set-
tings. MESMOCdec also performs poorly in general. This is probably
as a consequence of the poor approximation of the acquisition
function in MESMOC and MESMOCdec. In the 6D experiments we
observe similar results, but here MESMOCþdec gets significantly
worse results than MESMOC+. This could be related to the removal
of the logarithm in the acquisition function of MESMOCþdec.
Finally, in any of these experiments we observe that in general
MESMOC+ and PESMOC give similar results, while MESMOC seems
to perform worse. Also we can see that the strategies based on the
expected hyper-volume improvement such as BMOO, qEHVI and
qNEHVI tend to perform worse than the strategies based on
entropy search such as MESMOC+ and PESMOC. The bad perfor-
mance of qEHVI and qNEHVI is explained because these strategies
incorporate the constraints simply by multiplying the un-
constrainted acquisition function by the probability of feasibility
of the constraints, as estimated by the GPs. This ad hoc way of
incorporating the constraints makes them evaluate the unfeasible
region of the problem many times and prevents them from explor-
ing the feasible space enough to make good evaluations when con-
straints play an important role in the optimization problem. By
contrast, MESMOC+ directly incorporates constraints in the com-
putation of the acquisition function (e.g., when sampling the Pareto
front YH). Another limitation of qEHVI and qNEHVI is that they use
a Monte Carlo approximation of the acquisition function. As
explained in Section 2, after several evaluations, it will be more
and more difficult to improve the hyper-volume, which means that
the acquisition function of qEHVI and qNEHVI will be flat and equal
to zero in almost all the input space. In our experiments we also
observed that acquisition functions based on the expected hyper-
volume improvement tend to explore too much, often evaluating
the black-boxes a the boundaries of the input space.

Fig. 7 shows the average Pareto front obtained by each method
on the 4 dimensional synthetic experiments, for the noiseless and
the noisy evaluation setting. We do not report results for the 6
dimensional synthetic experiments since there are 4 objectives
there, making difficult visualizing the Pareto front. We observe that
in general all the methods provide similar Pareto fronts, except for
the random search strategy and MESMOC, which provide Pareto
fronts that are worse than those of the other methods. In general,
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responding estimated acquisition function of each method, MESMOC+, MESMOCþlog
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Fig. 5. (top-left) GP predictive distributions for the objectives and constraints. (bottom-left and bottom-right) The corresponding estimated acquisition function of each
method, MESMOC+, MESMOCþlog and MESMOC, and the exact acquisition (Exact) for each black-box. Best seen in color.
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4−obj, 2−con, 6−d. Noisy observations

Fig. 6. Average log hyper-volume relative difference between the recommendation of each method and the maximum hyper-volume, with respect to the number of
evaluations made. We show the results for the 4-dimensional problem in the left-column and the results for the 6-dimensional problem in the right-column. We consider
noiseless (top) and noisy observations (bottom). Best seen in color.
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Fig. 7. Average Pareto front of each method when finding an optimal trade-off between the objectives of the 4 dimensional synthetic experiment. Best seen in color.

Table 1
Average execution time of each method per iteration (in sec.) in the synthetic
experiments.

4 Dims 6 Dims

MESMOC+ 13:92
 0:200 44:19
 0:455
MESMOCþdec 31:75
 1:189 136:75
 1:732
MESMOC 15:60
 0:123 27:88
 0:242
MESMOCdec 19:78
 0:225 109:83
 0:674
PESMOC 26:21
 0:276 83:20
 0:826
PESMOCdec 45:74
 0:543 148:30
 0:926
qEHVI 48:20
 0:126 72:21
 0:350
qNEHVI 50:44
 0:148 232:74
 5:598
BMOO 22:41
 0:219 61:58
 0:904

D. Fernández-Sánchez, E.C. Garrido-Merchán and D. Hernández-Lobato Neurocomputing 546 (2023) 126290
MESMOC+ provides Pareto fronts that are similar to those of the
state-of-the-art in these problems.

Table 1 displays the average execution time in seconds per iter-
ation of each method in the synthetic experiment with 4 dimen-
sions (first column) and 6 dimensions (second column), in the
noiseless setting. The results for the noisy setting are almost iden-
tical and hence omitted. The fastest method is high-lighted in bold-
face. The second fasted method is underlined. We observe that the
times of MESMOC+ and MESMOCþdec are significantly lower than
those of PESMOC and PESMOCdec, respectively. This is because
MESMOC+’s approximation is cheaper to compute. In particular,
it reduces the entropy of the solution of the problem in the func-
tion space and uses ADF to approximate the conditional predictive
distribution, instead of EP, like PESMOC. On the other hand, the
total execution time of MESMOC is similar or just a little lower
than the one of MESMOC+. However, although the runtime of MES-
MOC is smaller that MESMOC+, its performance is much worse. In
the decoupled evaluation setting the computational benefits of
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MESMOC+ compared to PESMOC are smaller than in the coupled
evaluation setting. This is probably due to the extra over-head of
having to optimize one acquisition function per black-box. The
execution times of qEHVI and qNEHVI are also very high. The rea-
son is that these methods have a cost that is super-polynomial in
the number of objectives due to the number of box decompositions
needed to estimate the hyper-volume [9,10]. Furthermore, qNEHVI
is more expensive than qEHVI since it requires sampling from the
Gaussian processes not only at the candidate location at which to
evaluate the acquisition function, but also at the already evaluated
points.

According to [17] max-value entropy search (MES) is more
robust than predictive entropy search (PES) with respect to the
number of samples of the solution of the optimization problem.
A similar behavior could be observed in the constrained multi-
objective case. To check this, we also evaluate the results of PES-
MOC and MESMOC+ with respect to the number of samples M of
the Pareto set and the Pareto front considered, respectively.
Namely, in the case of MESMOC+, the number of Monte Carlo sam-
ples of YH considered to approximate the expectation in Eq. (8),
and, in the case of PESMOC, the number of Monte Carlo samples
of XH considered to approximate the expectation in Eq. (3). We
have evaluated the same the number of samples as in [17]. That
is, M equal to 1;10 and 100 samples. Therefore, we compare are
MESMOCþM and PESMOCM , where M 2 1;10;100f g. We have not
included MESMOC in the comparison because it has shown bad
performance results in previous experiments. In this experiment
we do not use slice sampling and simply adjust the GPs by maxi-
mizing the marginal likelihood. To avoid over-fitting we use 20
randomly chosen initial evaluations of each black-box in each
method.

Fig. 8 shows the results obtained in the 6D experiment consid-
ered before. We observe a higher robustness of MESMOC+ with
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Table 2
Summary of BNH, SRN, TNK and OSY problems used in the benchmark experiments.

Benchmark experiments
Problem name Input space Objectives f k xð Þ and constraints cj xð Þ
BNH x1 2 0; 5½ � f 1 xð Þ ¼ 4x21 þ 4x22

x2 2 0; 3½ � f 2 xð Þ ¼ x1 � 5ð Þ2 þ x2 � 5ð Þ2
c1 xð Þ � x1 � 5ð Þ2 þ x22 6 25

c2 xð Þ � x1 � 8ð Þ2 þ x2 þ 3ð Þ2 P 7:7
SRN x1 2 �20; 20½ � f 1 xð Þ ¼ 2þ x1 � 2ð Þ2 þ x2 � 2ð Þ2

x2 2 �20; 20½ � f 2 xð Þ ¼ 9x1 � x2 � 1ð Þ2
c1 xð Þ � x21 þ x22 6 225
c2 xð Þ � x1 � 3x2 þ 10 6 0

TNK x1 2 0; p½ � f 1 xð Þ ¼ x1
x2 2 0; p½ � f 2 xð Þ ¼ x2

c1 xð Þ � x21 þ x22 � 1� 0:1 cos arctan x1
x2

� 	
P 0

c2 xð Þ � x1 � 0:5ð Þ2 þ x2 � 2ð Þ2 6 0:5
OSY x1 2 0; 10½ � f 1 xð Þ ¼ � 25 x1 � 2ð Þ2 þ x2 � 2ð Þ2 þ x3 � 1ð Þ2

h
x2 2 0; 10½ � þ x4 � 4ð Þ2 þ x5 � 1ð Þ2�
x3 2 1; 5½ � f 2 xð Þ ¼ x21 þ x22 þ x23 þ x24 þ x25 þ x26
x4 2 0; 6½ � c1 xð Þ � x1 þ x2 � 2 P 0
x5 2 1; 5½ � c2 xð Þ � 6� x1 � x2 P 0
x6 2 0; 10½ � c3 xð Þ � 2� x2 þ x1 P 0

c4 xð Þ � 2� x1 þ 3x2 P 0

c5 xð Þ � 4� x3 � 3ð Þ2 � x4 P 0

c6 xð Þ � x5 � 3ð Þ2 þ x6 � 4 P 0

Table 3
Summary of CONSTR, Two-bar truss and Welded beam problems used in the benchmark experiments.

Benchmark experiments
Problem name Input space Objectives f k xð Þ and constraints cj xð Þ
CONSTR x1 2 0:1; 10½ � f 1 xð Þ ¼ x1

x2 2 0; 5½ � f 2 xð Þ ¼ 1þx2ð Þ
x1

c1 xð Þ � x2 þ 9x1 P 6
c2 xð Þ � �x2 þ 9x1 P 1

Two-bar truss x1 2 0; 0:01½ � f 1 xð Þ ¼ x1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ x23

q
þ x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x23

q
x2 2 0; 0:01½ �

f 2 xð Þ ¼ max 20
ffiffiffiffiffiffiffiffiffiffi
16þx23

p
x1x3

;
80

ffiffiffiffiffiffiffiffi
1þx23

p
x2x3


 �
x3 2 1; 3½ �

c1 xð Þ � max 20
ffiffiffiffiffiffiffiffiffiffi
16þx23

p
x1x3

;
80

ffiffiffiffiffiffiffiffi
1þx23

p
x2x3


 �
6 105

Welded beam h 2 0:125; 5½ � f 1 xð Þ ¼ 1:10471h2lþ 0:04811tb 14þ lð Þ
b 2 0:125; 5½ � f 2 xð Þ ¼ 2:1952

t3b

l 2 0:1; 10½ � c1 xð Þ � 13600� s xð Þ P 0
t 2 0:1; 10½ � c2 xð Þ � 30000� 504000

t2b
P 0

c3 xð Þ � b� h P 0

c4 xð Þ � 64746:022 1� 0:0282346tb3
� 	

� 6000 P 0

s xð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c xð Þ2 þ � xð Þ2 þ lc xð Þ� xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:25 l2þ hþtð Þ2ð Þ
pr

c xð Þ ¼ 6000ffiffi
2

p
h

� xð Þ ¼ 6000 14þ0:5lð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:25 l2þ hþtð Þ2ð Þ

p
2
ffiffi
2

p
hl l2

12þ0:25 hþtð Þ2

� 	
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respect to M. Specifically, MESMOCþ1 is always better than
PESMOC1, both in the noiseless and the noisy setting. We can also
notice that both methods improve as the number of samples
increases. However, the improvements in the case of MESMOC+
are smaller. This method is more invariant with respect to M. For
values of M ¼ 10 and M ¼ 100 the differences between the meth-
ods decrease and they become very similar one to another. These
results confirm that MESMOC+ gives better results than PESMOC
+ when M is small and that MESMOC+ is more robust with respect
to the number of samples, M.
14
4.3. Benchmark Experiments

In the previous section we optimized black-box functions gen-
erated by sampling from a GP prior. The black-box functions, how-
ever, need not be sampled from a GP, and model bias may have an
impact on the results. To evaluate all the methods in such a more
general setting, we considered a set of optimization problems
described in [32,33]. The analytical form of the black-boxes of
the different problems considered is displayed in Tables 2 and 3.
We test and compare our proposed method, MESMOC+, with the
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rest of the methods from the literature, on these benchmark prob-
lems. As in the experiments the previous section, we consider two
scenarios, one where the observations are noiseless and the other
with observations contaminated with additive Gaussian noise.
We set the variance of the additive noise to 1% of the range of
potential values of the corresponding black-box function. This
range of values is found by evaluating each black-box function
on a grid. As in Section 4.2, the performance of each method is
measured as the relative difference (in log-scale) between the
hyper-volume of the recommendation and the maximum hyper-
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SRN (2o−2c−2d). Noiseless Observations.
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TNK (2o−2c−2d). Noiseless Observations.
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OSY (2o−6c−6d). Noiseless Observations.

Fig. 9. Average log hyper-volume relative difference between the recommendation of e
problems in noiseless (left-column) and noisy (right-column) scenarios. Best seen in col

15
volume. We report average results across 100 repetitions of the
experiments.

Fig. 9 and 10 show the results of each method with the corre-
sponding error bars, as a function of the number of evaluations
performed. In these experiments we only consider feasible recom-
mendations. If the solution recommended of one method does not
fulfill all constraints, that result is ignored. We also recorded the
percentage of infeasible solutions suggested by each method. Nev-
ertheless, in practice, we have observed that all the methods com-
pared tend to suggest a similar amount of infeasible solutions, with
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BNH (2o−2c−2d). Noisy Observations.
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SRN (2o−2c−2d). Noisy Observations.
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TNK (2o−2c−2d). Noisy Observations.
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OSY (2o−6c−6d). Noisy Observations.

ach method at each iteration and the maximum hyper-volume in four benchmark
or.
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CONSTR (2o−2c−2d). Noiseless Observations.
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CONSTR (2o−2c−2d). Noisy Observations.
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TwoBarTruss (2o−1c−3d). Noiseless Observations.
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TwoBarTruss (2o−1c−3d). Noisy Observations.
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the exception of RANDOM, which always recommends more inva-
lid solutions as a consequence of not using the probabilistic models
to guide the search.

The results displayed in Fig. 9 show that MESMOC+,
MESMOCþdec, PESMOC and PESMOCdec obtain the best results, in
general. Except in the SRN, TNK and WeldedBeam problems with
noise, where MESMOC+ and MESMOCþdec perform not as good as
PESMOC and PESMOCdec. We believe that this is probably because
the Pareto front is not as informative as the Pareto set about the
solution of the optimization problem when: (i) the constraints
are highly active in solving the problem, (ii) the observations are
noisy and (iii) the proportion of black-boxes is higher than the
input dimensions. We also observed that MESMOC and
MESMOCdec perform very poorly and tend to recommend worse
solutions than RANDOM, especially MESMOCdec, which is the worst
method. Probably this is because of the poor approximation of the
conditional predictive distribution, and because of the restriction
that limits the evaluations to the input space where the mean of
the GPs is positive for the constraints. We can also see that
MESMOCþdec usually obtains slightly better results than MESMOC
+ or finds better results with a smaller number of evaluations.
Therefore, using a decoupled acquisition function is advantageous.
qEHVI and qNEHVI also perform poorly and often worse than
BMOO in some settings such as in the problems OSY, SRN and
16
TNK, in the noisy setting. We believe this is a consequence of their
Monte Carlo approximation of the acquisition and the difficulty for
finding initial feasible solutions when the feasible space is very
small and the constraints are highly active.

Fig. 10 shows the remaining results of the benchmark experi-
ments. We can observe again that MESMOC+, MESMOCþdec, PES-
MOC and PESMOCdec obtain the best results in the CONSTR and
TwoBarTruss problems. In WeldedBeam (noiseless), PESMOC and
PESMOCdec perform the best, but in WeldedBeam (noisy), PESMOC
performs better, followed by MESMOCþdec. Again, we believe that
the poor performance of MESMOC+ and MESMOCþdec in Welded-
Beam is because the constraints are highly active in the solution
and there is a higher number of black-boxes so that the using Par-
eto front to guide the search does not give as good results as using
the Pareto set. Again, MESMOC and MESMOCdec perform worse or
equal to RANDOM in these problems. qEHVI and qNEHVI also per-
form poorly in WeldedBeam and TwoBarTruss.

4.4. Finding an Optimal Ensemble

The first experiment with real data consist in tuning the hyper-
parameters of an ensemble of classification trees on the German
dataset from the UCI repository [34]. This dataset has 1,000
instances, 20 attributes and 2 classes. The hyper-parameters of
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Fig. 11. Average Pareto front of each method when finding an optimal ensemble (left-column) and when finding an optimal neural network (right-column). Best seen in
color.

Table 4
Average hyper-volume of each method after 100 and 200 evaluations in the problem of finding an optimal ensemble. Similar results after 50 and 100 evaluations in the problem of
finding an optimal neural network. The best result is shown in bold and the second best is underlined.

Ensemble Neural Network

Method 100 Evals. 200 Evals. 50 Evals. 100 Evals.

MESMOC+ 0:292
 0:001 0:322
 0:001 47:85
 1:186 50:35
 0:407
MESMOCþdec 0:318
 0:001 0:339
 0:001 48:71
 0:729 50:75
 0:489
MESMOC 0:220
 0:002 0:244
 0:002 45:25
 3:610 46:27
 4:609
MESMOCdec 0:215
 0:004 0:234
 0:004 45:70
 6:343 49:66
 1:664
PESMOC 0:310
 0:001 0:327
 0:001 48:58
 0:744 50:38
 0:546
PESMOCdec 0:312
 0:002 0:340
 0:001 48:95
 0:554 50:83
 0:399
qEHVI 0:241
 0:003 0:287
 0:002 47:69
 2:496 50:36
 0:801
qNEHVI 0:278
 0:002 0:314
 0:001 48:32
 0:665 50:37
 0:371
BMOO 0:294
 0:001 0:310
 0:001 47:46
 2:606 50:06
 0:835
RANDOM 0:264
 0:001 0:280
 0:001 46:23
 1:323 48:46
 0:932
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the ensemble are: the number of trees, the number of attributes to
consider to split a node, the minimum number of samples to split a
node, the probability of switching the class of each instance [35]
and the fraction of training samples on which each tree is trained.
We chose two objectives: to minimize the classification error (es-
timated by a 10-fold-cv method) and to minimize the number of
nodes of the trees in the ensemble. These are conflictive objectives
since most probably minimizing the prediction error will require
larger ensembles. We also choose a constraint: the ensemble has
to speed-up its average classification time by at least 25% when
using a dynamic pruning technique [36]. We report average results
across 100 repetitions of the experiment.

This problem is suitable for decoupled evaluations because the
objectives and the constraint can be evaluated separately. The first
objective, i.e., the total number of nodes in the ensemble, requires
building the ensemble without leaving any data aside for valida-
tion. By contrast, the second objective, which involves estimating
the generalization performance of the ensemble, requires to train
17
several times the ensemble on different partitions of the data. Sim-
ilarly, evaluating the constraint involves building a lookup table,
which is expensive to build and is different for each ensemble size.

Fig. 11 (left) shows the average hyper-volume Pareto fronts
obtained by each method after 100 and 200 evaluations, respec-
tively. Since we are minimizing, the larger the area above the aver-
age Pareto front of a method, the better the performance of the
method. Fig. 11 (left) shows that MESMOCþdec and PESMOCdec

obtain the best results. Specifically, MESMOCþdec obtains better
ensembles of small sizes and PESMOCdec obtains better ensembles
of larger sizes. After 200 evaluations, the average Pareto front
obtained by MESMOC+ is similar to that of PESMOC. MESMOC+
finds better ensembles with an error above 25%. By contrast, PES-
MOC finds better ensembles with a small error. We can also see
that MESMOC and MESMOCdec perform quite poorly. We believe
this is a consequence of the difficulty of finding feasible solutions.
In that case, these methods will significantly constrain the opti-
mization of the acquisition function, as described in Section 2.
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Fig. 12. Number of evaluations performed by MESMOCþdec for each black-box in the problem of finding an optimal ensemble (left) and the problem of finding an optimal
neural network (right). Best seen in color.

Table 5
Parameters used for building neural networks. We show the min, max, and step used.

Parameter Min Max Step

Hidden layers 1 3 1
Neurons per layer 5 300 1

Learning rate e�200 1 �
Dropout 0 0.9 �
‘1 penalty e�200 1 �
‘2 penalty e�200 1 �

Memory partition 1 32 2x

Loop unrolling 1 32 2x
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qEHVI and qNEHVI find worse ensembles than those obtained by
MESMOC+ in the decoupled setting after 200 evaluations. Table 4
shows the average hyper-volume of the Pareto front found by each
method. We observe that the largest hyper-volume is obtained by
MESMOCþdec and PESMOCdec after 100 and 200 evaluations,
respectively, with very similar results. qEHVI and qNEHVI perform
in general worse or similar to BMOO, which gives worse hyper-
volume results than the proposed method MESMOC+ after 200
evaluations.

Fig. 12 (left) shows the number of evaluations of each black-box
performed by MESMOCþdec. We observe that such a method eval-
uates approximately the same number of times each black-box.
Therefore, in this case the advantage of the decoupled setting
comes from the possibility of choosing different input locations
at which to evaluate each black-box, at each iteration. In particular,
the coupled version of MESMOC+ has to evaluate all the black-
boxes at the same candidate point.

4.5. Finding an Optimal Neural Network

The second experiment with real data consist in tuning the
hyper-parameters of a deep neural network on the MNIST dataset
[37]. The MNIST dataset contains 60,000 images of 28	 28 pixels
of hand-written digits. We built the network using Keras. For train-
ing the networks we use ADAM with the default parameters [38].
We have divided the dataset into 50,000 instances for training
and 10,000 for validation. The hyper-parameters to adjust are
shown in Table 5. They are: the number of hidden layers, the num-
ber of neurons in each layer, the learning rate, the dropout proba-
bility [39], the level of ‘1 and ‘2 regularization and two parameters
related to the codification of the neural network in a chip: the
memory partition and the loop unrolling factor. See [12] for more
details. We report average results across 100 repetitions of the
experiment.
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The goal is to minimize the validation error and the prediction
time of the network. These are conflictive objectives since most
probably minimizing the prediction error will require bigger neural
networks with a larger number of hidden units and layers. The con-
straint chosen invalidates all networks that when codified into a
chip result in an area greater than one square millimeter. The cal-
culation of the area needed by each network is obtained using the
hardware simulator Aladdin [40]. Again, these objectives and con-
straints can be evaluated independently. The prediction time is
measured as the ratio with respect to the prediction time of the
fastest network (i.e., the smallest network). Random weights are
used in this case, since we do not need to train the network. The
prediction error involves training the network. The constraint, on
the other hand, involves running the hardware simulator Aladdin.

We show the average Pareto front obtained by each method,
after 50 and 100 evaluations, in the right column of Fig. 11. We
observe that PESMOCdec obtains the Pareto front with the highest
hyper-volume, followed byMESMOCþdec and PESMOC. We can also
see that after 100 evaluations there is little difference between
MESMOCþdec, PESMOCdec and PESMOC. Again, the decoupled vari-
ants of MESMOC+ and PESMOC obtain better results than the cou-
pled ones. We can also see that the performance of MESMOC and
MESMOCdec is worse than or similar to that of RANDOM. BMOO
and qEHVI give worse results, in general, than the ones of the
strategies based on entropy search that can make use of decoupled
evaluations. qNEHVI is able to find the best performing neural net-
works after 50 evaluations. However, it fails to find fast neural net-
works of moderate error, as shown in Fig. 11. After 100 evaluations
the differences with respect to the most accurate network found by
qNEHVI become smaller. Table 4 displays the average hyper-
volume of the Pareto front of each method after 50 and 100 evalu-
ations. PESMOCdec obtains the highest hyper-volume closely fol-
lowed by MESMOCþdec.
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Finally, the number of evaluations performed by MESMOCþdec

are displayed in the Fig. 12. We observe that most of the evalua-
tions have been carried out on the black-box corresponding to
the prediction error. It is expected that this black-box is more dif-
ficult to optimize and in consequence the proposed approach,
MESMOCþdec, focuses more on it. This agrees with previous results
from the literature [12].
5. Conclusions

We have developed MESMOC+, a method for multi-objective
Bayesian optimization with constraints. MESMOC+ selects the next
point to evaluate as the one that is expected to reduce the most the
entropy of the solution of the optimization problem in the function
space. Namely, the Pareto front YH. Since MESMOC+’s acquisition
is expressed as a sum of acquisition functions, one per each differ-
ent black-box, its computational cost is linear with respect to the
number of black-boxes. Moreover, it can be used in a decoupled
evaluation setting in which one chooses not only the point at
which to evaluate the black-boxes, but also what black-box to eval-
uate next. MESMOC+ solves several issues of MESMOC, an already
existing acquisition function targeting the reduction of the entropy
of the Pareto front. Specifically, the approximation of the acquisi-
tion function performed by MESMOC+ is more accurate than that
of MESMOC. This is translated in better optimization results. In
our experiments we have observed that MESMOC+ is competitive
with other state-of-the-art methods for Bayesian optimization.
However, MESMOC+ is characterized by a significantly smaller cost
per iteration. Moreover, MESMOC+ is more robust with respect to
the number of Monte Carlo samples of the Pareto front that are
needed to approximate the acquisition function. Other strategies
based on the reduction of the entropy of the solution of the opti-
mization problem, such as PESMOC, obtain worse results with a
smaller number of samples. Importantly, MESMOC+ is much easier
to implement than PESMOC. Specifically, MESMOC+ has a smaller
number of factors that require approximation in the conditional
predictive distribution, and these factors are simpler. Namely, they
only involve one random variable. PESMOC’s factors, on the other
hand, involve two random variables. We have also observed that
the decoupled variant of MESMOC+ often obtains significantly bet-
ter results than those of MESMOC+ in a coupled evaluation setting.
Finally, MESMOC+ and its decoupled evaluation variant give in
general better results than those of acquisition functions based
on the expected improvement of the hyper-volume, such as BMOO
qEHVI and qNEHVI. Importantly, these strategies do not allow for a
decoupled evaluation setting, since one cannot compute the
expected improvement of the hyper-volume simply by evaluating
just a single black-box. Therefore, this limitation may hinder their
performance in the benefit of MESMOC+.
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