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ABSTRACT

The aim of this paper is to study the impact on economic growth of public pen-
sion systems, both funded and unfunded, under different demographic scenarios with
a competitive economy and a fixed labor supply. An OLG growth model is used with
realistic demography, in which each individual can be traced throughout her life-
cycle, by using a longitudinal accounting framework. Under this setup, I find that
both funded and unfunded pension systems can achieve the same steady state, either
the «modified golden rule» or the «golden rule,» as long as the population increases.
Nonetheless, the dynamic transition of each social security system to this steady state
differs. This result shows that when labor supply is inelastic public pension systems
do not necessarily alter the capital stock in the long run.
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1. INTRODUCCIÓN

In this article I propose to study how social security systems, either funded or
unfunded, affect the capital stock, and thus economic growth. This issue was first
approached by Feldstein (1974). Using a time-series study, he pointed out that the
U.S. pay-as-you-go social security system «had substantially decreased aggregate
capital accumulation». His claim was based on the fact that the introduction of the
pension system reduced the labor supply through early retirement and, as a conse-
quence, reduced future savings. This result was later supported by Boskin and Hurd
(1978), who empirically showed that for the U.S. the unfunded system distorts the
labor supply by inducing people to retire earlier. Theoretic models, however, state
that in order to obtain the above results either the rate of return between private savings
and public pension must differ, or must exist market imperfections such as liquidity
constraints. It might be thus expected that if any of the above conditions were satis-
fied funded pension systems would cause effects on the capital stock similar to those
of unfunded systems.

Additionally, the negative impact of unfunded social security is far from being
widely accepted, since such results rely on restrictive assumptions about, among others
the behavior of the economic agent, the population structure, and even market features.
The main advantage of this lack of consensus is the increase in research on the effect
of social security on the economy. For example, Auerbach and Kotlikoff (1987) used
simulations to show that an unfunded social security, introduced into an economy com-
posed of selfish individuals, crowds out the stock of physical capital. However, the
crowding-out effect is reduced or eliminated when individuals have altruistic feelings,
Fuster et al. (2003) and Fuster (1999). Also, there exists a crowding out when an actu-
arially fair social security is introduced into an economy with market failures in the pro-
vision of private annuities, Hubbard (1987) and Abel (1985). In sum, to fully compre-
hend this issue, one must understand how each social security system affects each
variable separately, as many counter-effects exist that might address flawed policies.

Thus, this paper develops an OLG growth model with realistic demography,
which enables us to track each individual throughout her life cycle. In contrast to
Feldstein (1974) and Boskin and Hurd (1978), I assume that the labor supply is fixed
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1 Nonetheless, we do not need to assume that labor supply is fixed if the economy is in the
golden rule equilibrium, because the rate of return of both private savings and pension systems
are the same.

2 Ramsey (1928), Cass (1965), and Koopmans (1965) analyze the evolution of the con-
sumption and the stock of physical capital through the interaction between competitive firms
and maximizing consumers. The main feature of these models is that the saving rate is an
endogenous variable.

3 This paper presents an excellent overview about the evolution of the use of demography
in economic models.

and that social security systems are actuarially fair. This assumption is introduced for
two reasons. First, it helps to separate the impact of the social security in the capital
stock from the distortion upon capital caused by changes on labor supply. Second, it
can then be assumed that neither funded nor unfunded pension systems induce work-
ers to modify their optimal age of retirement, which simplifies our model1. Thus, we
extend the Cass-Koopmans-Ramsey model2 by introducing a longitudinal accounting
framework, instead of adopting the cross-sectional accounting. This approach to the
problem has been already attempted by Bommier and Lee (2003)3. Nonetheless, my
model differs from Bommier and Lee (2003) in two aspects. First, we present a lon-
gitudinal accounting framework that more easily allows economic interpretation.
This is partly because we do not need to differentiate with respect to time and age.
Second, this model is based on the Cass-Koopmans-Ramsey model instead of the
Gale (1973) model. Other related papers, such as Calvo and Obstfeld (1988) and
Blanchard (1985), have considered a dynamic continuous model with lifetime uncer-
tainty as well. However, their models do not have a longitudinal accounting.

The results of this paper show that a realistic demography, coupled with the lon-
gitudinal accounting framework, modifies the usual dynamic function of consump-
tion per capita. Thus, in general, there will exist three kinds of steady states: i) the
golden rule in which the interest rate equals the population growth rate as in Phelps
(1966), ii) the modified golden-rule in which the interest rate equals the subjective
discount factor plus a proportion of the population growth rate, and iii) a non-trivial
steady state that depends on both economic and demographic variables. I also find
that both funded and unfunded social security systems achieve the golden rule and
the modified golden-rule. Therefore, contrary to what previous research has shown,
an unfunded social security has no effect on saving rates and capital accumulation in
the long run. However, the unfunded system causes a temporal intergenerational
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problem before it reaches the steady state. During this transition, there seems to be a
crowding-out effect on the stock of physical capital.

The model has five features. First, the economy is closed to both migration and
investments from other economies. Second, there exists a productive firm that com-
bines labor and physical capital to produce a storable good, which can be either con-
sumed or saved by each individual. Third, the population is composed of selfish peo-
ple who face an uncertain length of life. Therefore, there are no intergenerational
transfers. Fourth, each individual supplies her labor inelastically up to the age of retire-
ment. The implications of this fact are twofold. The population must be divided into
workers and retirees and precautionary motive causes people to save. Fifth, a selfish
individual will prefer, according to Yaari (1965), to purchase annuities; thus we
assume that there exists a pooling of risk that offers actuarially fair private annuities.

The remainder of this paper proceeds as follows: Section 2 presents the longitudi-
nal accounting framework applied to our population. I show how both cross-sectional
and longitudinal frameworks are similar at any time. Some useful demographic func-
tions and how they evolve over time will be also explained. Section 3 is devoted to
developing the longitudinal accounting framework for the economic variables. The
main aggregate and per capita functions, as well as their dynamic motion equations, are
presented. Section 4 introduces the economic framework and analyzes the main results
for an economy without social security. The impact of social security on economic
growth is introduced in Section 5. This section is divided into two subsections in order
to study the effects of both funded and unfunded systems on the economy. Section 6
concludes. Finally, an Appendix containing the main proofs completes the paper.

2. DEMOGRAPHIC ACCOUNTING FRAMEWORK

A growth economic model with realistic demography is based on the structure of
its population and its size over time. As a first step, I will set up the demographic
back-ground. Henceforth, I assume a «closed population» (no migration flows),
which only changes through births B and deaths D. Thus, the population growth rate
at time t, denoted as n(t), corresponds to the crude birth rate minus the flow of deaths
per capita at time t, b(t) – d(t). Let us call those people who were born at year x
«cohort x.» The size of the cohort x at age s will be given as Ωx(s)B(x), where Ωx(s)
is the probability that an individual who was born in year x will be alive at age s (see
Definition 1 in the Appendix). Therefore, the size of our population at time t, denot-
ed by P(t), is found by adding up the size of every cohort alive at that time.
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4 μ is also called by demographers as «mortality hazard rate» and by actuaries as «force of
mortality».

There are two different ways of calculating P(t), either in a cross-sectional pers-
pective or in a longitudinal perspective:

T t

P(t)= ∫ Ωt–s(s)B(t – s)ds = ∫ Ωx(t – x)B(x)dx, (1)
0 t–T

Cross-Sectional Longitudinal

where T is maximum age, or longevity, of any individual. In this paper, I use the longi-
tudinal accounting, rather than cross-sectional accounting, because of the following
reasons. With longitudinal accounting, I do not need to differentiate with respect to time
and age in order to derive the evolution of any socio-economic variable over time. I only
need to differentiate with respect to time. Also, the longitudinal accounting enables one
simultaneously analyze the behavior of an individual both at age s and over her life
cycle. Given this accounting framework, I will thus begin evaluating each scenario by
analyzing the individual life-cycle behavior, and then obtaining the aggregate results.

Equation (1) is useful for aggregate functions, however for the sake of consisten-
cy with respect to previous growth models, I am also interested in per capita vari-
ables. The size per capita of the cohort x at time t is defined as px(t – x):

Ωx(t – x)B(x) Ωx(t – x)B(x)
px(t – x)= ———————— = ————————————— (2)

P(t) ∫ t

t – T
Ωτ (t – τ)B(τ)dτ

Equation (2) evolves over time according to the following law of motion:

.
px(t – x) = –(μx(t – x) + n(t))px(t – x), with t ≥ x, (3)

where μx(t – x) is the instantaneous mortality rate4 of an individual of age t – x,
born at year x. In addition to equation (2), let us call p̃(t – x) as the stable cohort x per
capita at time t. From (3), p̃(t – x) has the following expression:

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩
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5 An individual with a constant instantaneous mortality rate has the same life expectancy
at any age. According to this fact, her marginal propensity to consume will be constant over
time.

˜ p̃(t – x)=Ω(t – x)be–n(t–x), t ≥ x. (4)

Previous models, such as Blanchard (1985)5, assume that the population is sta-
tionary (n(t)=0, ∀t) and that the instantaneous mortality rate is constant along the
lifespan. Instead, following the lead of Bommier and Lee (2003), I will consider a
realistic mortality rate, since it improves the theoretical results and does not introduce
too much complexity into the model. Nonetheless, our main findings will be pre-
sented under a «stable population» structure. That is, the population grows at a rate
equal to n, and thus the size of any cohort per capita will remain constant over time.

Figure 1. Stable Population Structures
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6 The subscript denotes the year in which the individual was born.

Figure 1 above shows three hypothetical distributions of stable cohorts per capi-
ta according to age and population growth rate. Note that we only need to change the
value of n in order to obtain a young age pyramid (n > 0, solid line) or an aging age
pyramid (n < 0, dotted line).

3. AGGREGATE AND PER CAPITA FUNCTIONS

I will now develop an accounting framework for describing any aggregate vari-
able, any per capita variable, and an individual counterpart at time t, in which any
realistic demography could be considered. In addition, I will also calculate how the
previous variables evolve over time in order to determine its steady states.

I indicate aggregate variables by uppercase letters Z, a per capita variables by
lowercase letters z, and an individual’s variable by lowercase letter followed by a sub-
script zx

6.The relation between an aggregate variable and individual counterpart is

t

Z(t) = ∫ zx(t – x)Ωx(t – x)B(x)dx. (5)
t–T

Equation (5) shows that the aggregate value of any variable corresponds to the
sum of the cohort’s average values of that variable times the number of people with-
in the cohort. For example, aggregate consumption is the sum of the average con-
sumption of each cohort, multiplied by the number of people within the cohort. Simi-
larly, we can use equation (2) to find the formula for the per capita variable:

Z(t) t

z(t)= ——— = ∫ zx(t – x)px(t – x)dx. (6)
P(t) t–T
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The interpretation of equation (6) is simple. z is the average value of Z for our
population at time t.

So far, I have shown our variable z only in a specific moment. We are now inte-
rested in knowing how equations (5) and (6) evolve. So, I will differentiate both equa-
tions with respect to time, which gives

t

ż(t) = ∫ żx(t – x)px(t – x)dx – n(t)z(t) + 
t–T

t

b(t)zt(0) – ∫ μx(t – x)zx(t – x)px(t – x)dx, (7)
t–T

and
Ż(t) = P(t)(ż(t) + n(t)z(t)). (8)

To understand (7), I divide it into three terms. The first integral represents how z
evolves for each current cohort. The second term represents how z decreases through
dilution due to population growth and the third term depicts how z may change
because of the increment produced by newborns and the reduction caused by deaths.
With the exception of Bommier and Lee (2003), this third part has not been taken into
account before. However, it is crucial for the analysis of growth models with over-
lapping generations, since young and old people do not necessarily allocate the same
amount of their resources for a given variable z, as is generally considered. For exam-
ple, based on (7), previous models are implicitly assuming that the consumption of
newborns, b(t)ct(0), equals the consumption of those people who have just died. That
is,

t

b(t)ct(0) = ∫ μx(t – x)cx(t – x)px(t – x)dx.
t–T

In order to better understand this inconsistency, we can imagine a stationary popu-
lation structure. Under this demographic scenario, this equality only holds whenever
the consumption of older people is the same as that of young people. Meanwhile,
under an aging population, it holds only if older people consume less than young peo-
ple. In sum, we can conclude that this second equality is not realistic according to the-
oretical age consumption profiles.

On the other hand, equation (8) suggests that, despite the fact that population
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growth diminishes per capita variables, aggregate variables are positively affected by
population growth.

4. ECONOMIC FRAMEWORK

In a closed economy, there is only one firm that combines labor L and physical
capital K to produce a single commodity or output, as a whole F. For simplicity, I
assume that F is an homogeneous function of degree one, and that there is no tech-
nological progress. Thus, the production function takes the following modified inten-
sive form

F(t) = P(t) f(k(t), l(t)) ≡ P(t) f(t), (9)

K(t) L(t)
where k(t) = —— is the physical capital per capita at time t, and l(t) = —— is the ratio

P(t) P(t)
of workers to population at time t. Lastly, f satisfies the conditions, f ≥ 0, fk, fl ≥ 0,
fkk, fll ≤ 0, and fkl = flk ≥ 0, as well as the Inada conditions.

It is assumed that each individual supplies her labor force inelastically up to the
age of J years old, in exchange for a salary w that corresponds to the marginal pro-
ductivity of labor,

w(t) = fl(k(t), l(t)).

Afterwards, she decides to retire. Hence, the population at time t can be divided
into workers L(t) and retirees Lr(t)

t t–J

P(t) = L(t) + Lr(t) = ∫ Ωx(t – x)B(x)dx + ∫ Ωx(t – x)B(x)dx. (10)
t–J t–T

Workers Retirees

It is worth noting that by introducing retirees, the retirement motive will encour-
age savings. Furthermore, this assumption gives insight into the consequences of a
population with a longer life expectancy for the economy. Therefore, it helps to deter-
mine the optimal retirement age, and even to study feasible policies for balancing this
unfavorable effect with the social security system.

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩
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Individuals are assumed to have perfect foresight and to not have a bequest motive
(selfish), so they only receive satisfaction through consumption c. In addition to these
facts and with the intention of maximizing their utility, individuals constitute a pool for
insuring their risk of mortality. Therefore, they purchase actuarially fair annuities in
order to not outlive their resources in the case of survival beyond their life expectancy.

This annuity contract has two important features. First, after paying the premium,
and if the individual survives at the end of the annuity contract, she will receive the
marginal productivity of the physical capital, or the safe interest rate r,

r(t) = fk(k(t), l(t)),

plus a risk premium μ contingent on her mortality risk. However, if she does not sur-
vive at the end of the annuity contract, she will lose her premium. Second, the pur-
chase of annuities leads to newborns not receiving bequests. As a consequence, indi-
viduals start their life-cycle without physical capital. According to Yaari (1965), each
individual belonging to any cohort x can be economically characterized by the fol-
lowing dynamic budget constraint:

k̇x(t – x) = (r(t) + μx(t – x)) kx(t – x) + wx(t – x) – cx(t – x), (11)

where

w(t) if 0 < t – x < J
wx(t – x) = { (12)

0 if t – x ≥ J

and

kx(0) = 0. (13)

This dynamic budget constraint shows two key features. First, the greater physi-
cal capital rate of return is due to the fact that the individual purchases annuities. In
particular, μx(t – x) kx(t – x) corresponds to the proportion of wealth transferred from
people within the cohort x who are recently deceased. Second, by aggregating every
individual within the economy, we are able to see that lifetime uncertainty does not
affect the capital stock K in the short run. However, it does affect the future stock of
physical capital in the long run through consumption. Consequently, how consump-
tion evolves over time must also be studied.
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7 Equation (14) holds at t + dt if, and only if, we assume that individuals have perfect fore-
sight about their future earnings.

If an individual’s preferences can be represented by a CRRA utility function and
every individual maximizes their lifetime utility, then the dynamic of consumption
will be

r(t) – δ
ċx(t – x) = ———— cx(t – x) for all t ≥ x, (14)

γ

where γ > 0 is the constant risk aversion coefficient, and δ is the subjective dis-
count parameter. Equation (14), known as the Euler Equation, implies that any indi-
vidual of the cohort x will consume more (respectively less) at some date t + dt when-
ever the market interest rate is greater (respectively lower) than her subjective
discount factor7. Accordingly, as long as r(t) ≥ δ, we can expect that every present and
future cohort will have a non decreasing consumption throughout her life-cycle.

4.1. The Dynamics of the Economy

Thus far we have established the optimal individual behavior of any person with-
in a cohort x, when she purchases actuarially fair private annuities and there is no
social security system. Now I will use the longitudinal accounting framework to
describe the evolution of this economy in terms of per capita variables: consumption
per capita c(t) and physical capital per capita k(t) at any time t.

The aim is to derive the stationary state, or stationary states, of this economy. To
do so, I proceed by first deriving how physical capital and consumption evolve. Sec-
ond, I will calculate the singular or multiple steady states of the economy.

I will begin by deriving the dynamic of physical capital per capita. Thus, I com-
bine equation (7) with the optimal consumer’s allocation process described by equa-
tions (11), (13), and (14). As a result, the dynamic of physical capital per capita at
time t is

k̇(t) = f(t) – c(t) – n(t) k(t). (15)
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8 That this result is different from that of the variable physical capital mainly stems from
the fact that consumption is not a stock variable.

This physical capital dynamic is the same as that in Solow (1956), Blanchard
(1985), Bommier and Lee (2003), among many others. Annuities transfer the wealth
from deceased individuals to those individuals who are alive at the end of the annu-
ity contract.

As in previous analyses, the latter equation also implies that in the steady state,
or steady states, consumption per capita should be equal to

c = f – nk = (r – n)k + wl. (16)

As a consequence, by using equation (8), both aggregate physical capital and
aggregate consumption will grow in a stationary state at a constant rate equal to n,
independently of both the number of workers and the stock of physical capital per
capita accumulated. That is,

K̇ Ċ
— = n = —.
K C

These previous results are all well-known. However, the problem arises when we
study the dynamic of consumption per capita. Contrary to the variable physical capi-
tal per capita, I do not expect the consumption of those people who are born at time
t, ct(0) b(t), equals the consumption of people recently deceased, φc(t) c(t). In fact,
their consumption can be either greater, or equal, or less than that of the newborns8.
By introducing (14) into (7), the dynamic of consumption per capita is

r(t) – δ
ċ(t) = ( —————– n(t) ) c(t) + ct(0) b(t) – φc(t) c(t), (17)

γ

where φc(t) c(t) is equal to
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t∫ μx(t – x) cx(t – x) px(t – x) dx.
t–T

Equation (17) shows that the dynamic of consumption per capita is not well esti-
mated unless we subtract the consumption of people recently deceased at the same
time as we add the newborns’ consumption. Unfortunately, because variables ct(0)
and cx(t – x) depend on the interest rate r(t), the stationary consumption per capita
(ċ = 0) is very difficult to obtain, perhaps even impossible, for a non-stable popula-
tion. Consequently, I will henceforth assume that our population is stable. On the other
hand, in steady states the dependence on t disappears. Thus, I can use the cross-sec-
tional accounting, rather than the longitudinal accounting, to derive the steady state.
The next theorem gives the necessary conditions for a stationary economy under the
cross-sectional accounting framework.

Theorem 1. Let assume a closed population that faces an uncertain length of
life and grows at a constant rate equal to n. If private markets offer actuarially fair
annuities, then consumption per capita and physical capital per capita will be sta-
tionary for any interest rate that satisfies either:

r = δ + γn, (18)
or

T r–δ

(r – n) k + wl = c(0) ∫ e γ s
p̃(s) ds. (19)

0

Proof. See Appendix.

Theorem 1 claims that, given a constant population growth rate, there can be
more than one feasible steady states in the economy. I find that one of the multiple
steady states corresponds to the consumption and physical capital per capita in which
r is equal to δ + γn. This steady state is known as «the modified golden rule.» I also
find that whenever the equation (19), is satisfied, the modified golden rule is not the
only steady state that this economy can reach. In fact, according to (19) there can be
two additional steady states. One is a non-trivial steady state that not only depends on
socio-demographic variables {J, T, Ω, b, and d}, but also on economic variables {r,
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9 Where the partial derivative of φc ċ with respect to k in the neighborhood of (k*,c*) is

∂ r(k) – δ
—— [ c(0)b ∫

0

T

e(——γ——– n) s μ(s) Ω(s) ds ]c*, k*∂k

w, γ and δ} (see point III in Figure 2). The other is a steady state that corresponds to
the «golden rule» condition, where r = n or point I in Figure 2.

The number of steady states in an annuitized economy depends on the population
growth rate. While a growing population (see Figure 2) presents three steady states, a
decreasing population has either one or two steady states depending on the value of n.
Thus, an economy with a population growth rate within the interval (– γ—

δ , 0) has two
steady states. This economy cannot reach the golden rule equilibrium. On the other
hand, if the population growth rate is lower than – γ—

δ , this economy will only have
one steady state. In this particular case, the modified golden rule condition is not
attainable.

Analyzing the phase diagram and the eigenvalues associated with each point, I
can study whether each steady state is an attractor point or not. Note that our dynam-
ic system is not linear; thus I will proceed by linearizing equations (15) and (17) in
the neighborhood of each steady state which satisfies Theorem 1. The linearization
gives9.

Figure 2. The Dynamic of Consumption per Capita for an Annuitized Economy with Perfect
Foresight Agents. Case n, δ > 0 and γ > 1

r* = n
rr** = δ + γ + n

r***

c

0

.

II
I III
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k̇(t) r(k*) – n –1 k(t) – k*( ) ≈ ( ) . ( ) (20)
ċ(t) ∂φcc r(k*)–δ

——— | ———— – n c(t) – c*
∂k c*, k* γ

The roots of the characteristic equation associated with this Jacobian matrix are:

1 r(k*) δ 1 r(k*) δ ∂φc · c
λ1,2 = (1 + —) ——— – —— – n ± √ ((1 – —) ——— + ——)2

+ ————|γ 2 2γ γ 2 2γ ∂k c*, k*

(21)

Equation (21) shows that the eigenvalues not only take both positive and negative
values, but also complex ones. Looking at Figure 2, we see that the slope of ċ is posi-
tive between points I and III, and yet the slope at each point is different. Through
some simulations I have found that if the economy has three equilibria, the middle
steady state will be a saddle point and the remaining equilibria will be one stable and
one unstable focus. Therefore, this economy can present three different paths: i) a spi-
ral sink, ii) a saddle path, and iii) an unstable spiral. Two of the three paths describe
oscillated movements. Thus, it is more likely to see economic cycles, even with per-
fect foresight agents. On the other hand, an economy with two steady states has an
unstable focus and a saddle point. This economy will only have one attractor point
instead of two. Finally, an economy with a population growth rate lower than – γ—

δ has
a repeller point.

Figure 3 below shows the phase diagram of an annuitized economy with a grow-
ing population and a constant risk aversion coefficient greater than one. According to
the population growth rate, there are three steady states (I, II and III). Point I corre-
sponds to the golden rule interest rate, and point II is the modified golden rule inter-
est rate.

Obviously, the steady state that this economy can reach without social security
will depend on initial values of consumption and physical capital per capita. It is
worth noting that as long as the economy moves towards point I or point III, many
economic variables (e.g. the wage, the interest rates, the consumption per capita, and
the physical capital per capita) will have an oscillated motion.

After analyzing every feasible steady state, it is clear that whenever the economy
reaches a steady state, generally neither the interest rate, nor the salary is modified.
This is true except when the steady state is located at point III. However, and although
neither factor prices change at either of the steady states, differences among countries
may still appear due to demographic factors. For example, I find that both the con-
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10 As a consequence, this decrement in consumption can be balanced by either extending
the age of retirement, or increasing productivity.

sumption and the stock of physical capital per capita are negatively affected by the
proportion of retirees. If we analyze two stationary economies with the same popu-
lation growth but different life expectancies after the date of retirement, then the
economy with the greater life expectancy will have a lower consumption and physi-
cal capital per capita than the economy with the lower life expectancy. This is because
individuals in both economies earn the same wage and have the same interest rate.
However, individuals with a greater life expectancy need to consume less in order to
spread their consumption over their life-cycle, as Levhari and Mirman (1977) have
already pointed out10.

Figure 3. The Phase Diagram for an Annuitized Economy with Perfect Foresight Agents.
Case: n, δ > o and γ > 1
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11 They extended the OLG growth model of Gale (1973) by introducing a productive firm.

5. IMPACT OF SOCIAL SECURITY ON ECONOMIC GROWTH

The social security system has been widely criticized because it causes a crowd-
ing-out effect on both the stock of physical capital and labor market or, equivalently,
because it has a negative impact on individuals’ decisions about retirement and sav-
ing. These conclusions were made by Feldstein (1974) and Boskin and Hurd (1978),
among many others. In addition, the unfunded method of financing Social Security
has been identified as the worst method whenever one anticipates an aging popula-
tion. This demographic scenario undoubtedly yields either a higher payroll tax for
workers, reducing their disposable income, or a lower benefit for retirees, or a com-
bination of both. However, there are many other effects that have thus far not been
extensively studied in a growth model. For example, how Social Security affects the
steady state when realistic demography is taken into account has not been widely
addressed. One pioneer work in this field is Bommier and Lee (2003). They find that
a closed economy with capital and a social security system is able to reach a steady
state that is either «golden rule» or «balanced»11. Following the idea of multiple
equilibria, I show that both a funded and an unfunded social security can reach a
steady state that is either «golden rule,» or «modified golden rule,» when the popu-
lation increases. Nonetheless, these two social security systems are not completely
equivalent even with a stable population, since they approach the steady state fol-
lowing different trajectories. According to this result, under a non-decreasing popu-
lation the crowding-out effect produced by an unfunded social security does not con-
tinue forever, suggesting that it is just a temporary inter-generational problem.

5.1. Funded Social Security

To start the analysis I first consider an actuarially fair and funded social security
system. In order to focus on the study for the pension system, I leave aside common
social security expenditures such as health care, unemployment, etc. Consequently, I
assume that Social Security only levies a payroll tax τ on gross earnings, in exchange
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12 Given this economic framework, both funded and unfunded social security systems only
affect the dynamic of consumption per capita ċ on the initial consumption, cx(0). Using algebra,
we can easily prove that under a funded system, the initial consumption does not change. Thus,

(1 – t) ∫0

J
w(x + j ) Ωx(j) e

– ∫
x

x+j
r(p)dpdj + b ∫J

T
Ωx(j) e

– ∫
x

x+j
r(p)dpdj

cx(0) = ————————————————————————————————.
∫0

T
Ωx(j) e

–(1–
1
–γ ) ∫

x

x+j
r(p)dp e– δ–γ j dj

of a future benefit b when people retire. The equation (12) can be rewritten as the fol-
lowing piecewise function:

(1 – τ)w(t) if 0 <t – x<J
wx(t – x) = { bx(t – x) if t – x ≥ J

where

∫
0

J
w(x + j) Ωx(j) e

– ∫x
x+j

r(p)dpdj
bx(t – x) = b = τ ————————————————— (22)

∫
J

T
Ωx(j) e

– ∫x
x+j

r(p)dpdj

Equation (22) shows that our individual receives a flat pension benefit at retire-
ment. b is actuarially fair, and thus the retiree receives the same return as if she had
invested her savings in the private market. However, this fact does not necessarily
mean that a funded system is not affected by the population growth rate. According
to this framework, the amount of money received through pension benefits will
depend on both the interest rate and the survival probability. Thus, if b depends on
the interest rate, which is also a function of the population growth rate, then the fund-
ed system will be affected by n as well. In order to show this influence and its impli-
cations for the economy, we have included Figure 4 below.

In this figure, I present four economic transitions from a golden rule equilibrium to
another golden rule for different demographic changes. Thus, it is important to take into
account that the time needed to reach the new steady state is in this case longer than if
the new steady state was a saddle point («modified golden rule»). I will later compare
these results with the analogous case of the unfunded system shown in Figure 5.

First, we should note that a funded social security does not modify the individual
allocation process depicted by equations (11) through (14)12. Therefore, the steady



DEMOGRAPHY AND UNCERTAINTY IN ECONOMIC GROWTH: 45
AN APPLICATION TO SOCIAL SECURITY

Note that if we substitute b into equation (22), the initial consumption will be the same as
in the case of not having a social security. That is,

∫0

J
w(x + j ) Ωx(j) e

– ∫
x

x+j
r(p)dpdj

cx(0) = —————————————————.
∫0

T
Ωx(j) e

–(1–
1
–γ ) ∫

x

x+j
r(p)dp e– δ–γ j dj

Figure 4. Economic Transitions between Two Golden Rule Steady States: Funded Social
Security (τ = 0.08)
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Note. This analysis assumes a CES production function A(θkα +(1 – θ)lα)
1
–α , where the param-

eters used are {A = 2093, θ = 1/3, α = –0.131855}, T = 120, δ = 0.01, and γ = 1. The other
parameters are reported in the figure.
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13 Unfortunately, the time it takes to reach another steady state is too long for a stable popu-
lation. By contrast, an economy with a demographic transition has faster movements.

states of this economy are the same as those steady states obtained in the benchmark
economy explained in Section 4. Secondly, I have chosen the golden rule equilibri-
um in this figure because, on the one hand, it is the steady state in which the popula-
tion maximizes its welfare, and, on the other hand, it is an attractor point which
makes future comparisons easier13.

Figure 4 shows that an economy with a funded social security is negatively affect-
ed by an increase in both the life expectancy at birth (dotted line, and dotted-dashed
line) and the population growth rate (dashed line). In contrast, delaying the manda-
tory age of retirement from 65 years old to 70 years old raises both consumption and
physical capital per capita. Therefore, the latter policy seems to be the most conven-
ient in the case of a growing population with an increasing life expectancy. We can
also observe from Figure 4 that a funded system contains cyclical movements, since
the number of cycles depends on the number of oscillations. On the other hand, and
contrary to the unfunded system, these economic transitions are independent of the
payroll tax levied, even though both consumption and physical capital per capita are
modified at an individual level. This circumstance plays an important role in the next
subsection through the number of oscillations.

5.2. Unfunded Social Security

Under an unfunded social security system, current workers support the pension
benefits received by retirees, redistributing income over multiple generations. The
pension benefits at time t are in this case:

∫ t

t–J
px(t – x)dx

l(t)
bx(t – x) = τw(t) ———————— = τw(t) ————. (23)

∫ t–T

t–T
px(t – x)dx 1 – l(t)

This pension benefit is a function of both the population structure through l(t) and
the current economic status through w(t). Consequently, an unfunded social security
system is more affected than a funded system by the population structure at any time.
Now, comparing the pension benefit received from a pure funded social security, see
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equation (22), with that of an unfunded social security, we can observe under steady
state conditions that the following relationship is satisfied:

l ∫0
J e–rsΩ(s)ds

τw—— < τw———————— if r > n
1–l ∫J

T e–rsΩ(s)ds

(24)

l ∫0
J e–rsΩ(s)ds

τw—— > τw———————— if r < n
1–l ∫J

T e–rsΩ(s)ds

The importance of this relationship for the analysis is twofold. One, it helps to
give insight into which system yields a greater pension benefit for a given payroll tax
τ. Thus, once the steady state is known, we can specify which social security system
yields a greater welfare. Second, because an unfunded social security does not offer
the same return as private markets, initial consumption is not the same as that in a
funded system. Therefore, we may wonder whether an unfunded system affects the
steady states that this economy reaches.

It is easy to see from Theorem 1 that the modified golden rule is independent of the
type of social security system that an economy has. However, equation (17) is not the
same due to the initial consumption. In particular, c(0) now has the following expression

1(1 – τ)w ∫
0

TΩ(s)e–rsds + τw——1–l ∫
J

TΩ(s)e–rsds
————————————————————————— (25)

∫
0

T
e–((1– 1—γ )r+ δ—γ )s Ω(s)ds

Equation (25) shows that with regard to (24), c(0) is greater (respectively lower)
under an unfunded system than c(0) under a funded system whenever r< (respec-
tively >) n. Therefore, I can claim that an unfunded social security leaves the popu-
lation better (respectively worse) off whenever a stationary economy has an interest
rate lower (respectively greater) than the population growth rate. Following this rea-
soning, I find that

Proposition 1. Under the golden rule equilibrium both funded and unfunded
social security systems yield the same welfare for every cohort.

Proof. See Appendix.

⎧
⎪
⎪
⎨
⎪
⎪
⎩
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14 Of course, the population growth rate should be positive due to the impossibility that the
interest rate will be negative.

Thus, if the economy is in the golden rule equilibrium, there will be no interest
in switching from one social security system to another14. That is, every individual
will have the same consumption trajectory under both social security systems. In
addition to Proposition 1, we also find that

Proposition 2. Both funded and unfunded social security systems can reach
either the modified golden rule or the golden rule equilibrium.

The proof is obvious from the observation of Theorem 1 and Proposition 1.
Theorem 1 gives three steady states for a growing population. In fact, it is not

included in Proposition 2 because both systems do not attain the same non-trivial
steady states shown in Figure 3. On the other hand, it is important to note that as long
as r = δ + γn is lower than n, an unfunded system will be more desirable than a fund-
ed system, and vice versa. Therefore, the risk aversion coefficient γ and the subjec-
tive discount factor δ seem to be crucial variables for determining the optimal social
security system under this model.

According to Proposition 2, the non-trivial steady state is the only steady state
point that changes. However, it is not the optimal steady state, since it does not max-
imize the aggregate consumption as the golden rule does. Given this circumstance,
we will henceforth focus on the golden rule equilibrium.

I have pointed out that an unfunded social security modifies the dynamic of con-
sumption per capita. Thus, the eigenvalues reported in equation (21) differ from the 

∂φccfunded system eigenvalues because of the function ———|      . If I consider that the
∂k k*,c*

golden rule is a spiral sink, we can be sure that the speed of convergence from an ini-
tial state (k0,c0) to the steady state (k*,c*) is the same for both systems. In other words,
in both systems the real point of the eigenvalues Re(λ) is equal. However, the imag-
inary part of the eigenvalues Im(λ) for both systems are not equal. As a consequence,
an unfunded system moves towards the equilibrium with a different trajectory than a
funded system. Figure 5 shows the economic transitions from a golden rule equilib-
rium to another under the same demographic changes introduced in Figure 4.
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Looking at Figures 4 and 5 we can see how both systems reach the same steady
states, despite the fact that the economic trajectories vary between social security sys-
tems. In particular, an unfunded system has a smaller imaginary part Im(λ) than a
funded system. As a consequence, the number of oscillations diminishes as the pay-
roll tax raises. Furthermore, an important finding shown in Figure 5 is that a lower
population growth rate affects a funded system more heavily than an unfunded sys-
tem. Therefore, given a demographic change of n > 0, the economic transition

Figure 5. Economic Transitions between Two Golden Rule Steady States: Unfunded Social
Security (τ = 0.08)
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Note. This analysis assumes a CES production function A(θkα +(1 – θ)lα)
1
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eters used are {A = 2093, θ = 1/3, α = –0.131855}, T = 120, δ = 0.01, and γ = 1. The other
parameters are reported in the figure.
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between two golden rule equilibria is a temporary intergenerational problem, which
is better off under an unfunded system only at the beginning of the transition.

6. CONCLUSIONS

This paper shows that both the introduction of realistic demography and a longi-
tudinal accounting has very important effects on economic growth models. Under a
Cass-Koopmans-Ramsey model, I find that multiple steady states exist. For example,
for a positive population growth rate, there exist three steady states: i) golden rule, ii)
modified golden-rule, and iii) a non-trivial equilibrium which depends on both eco-
nomic and demographic variables. I also find that the number of steady states is an
increasing function of the population growth rate, which goes from a minimum of
one to a maximum of three. Further, the equilibrium paths cannot only be a saddle
path, but also a spiral sink and an unstable spiral. Therefore, this model leads to cycli-
cal movements even with perfect foresight agents.

Afterwards, I have used the model to study the impact of social security on eco-
nomic growth. I find that both funded and unfunded social security systems can
achieve either the modified golden-rule or the golden rule equilibrium. However, only
under the golden rule equilibrium do both systems yield the same welfare for every
individual. This first result suggests that social security does not crowd out the stock
of physical capital in the long run, although it does before the economy reaches the
steady state. Second, whether an unfunded system is preferable to a funded system
depends on many demographic and economic variables that must be further
researched.
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15 In general, this is not true at young ages, although it is assumed for the sake of simplicity. 

APPENDIX

Definition 2 Let Ω ∈ C2([0, T)) denote the rational discount function, i.e. the
probability that the consumer will be alive at age s. Ω has the following properties:

1. Ω(0) = 1.

2. lims→T Ω(s) = 0.

3. 0 < Ω(s) ≤ 1.

4. Ω(τ) < Ω(s) ⇔ τ > s.

d—Ω(s)
ds5. – ———— = μ(s) > 0.

Ω(s)
where μ ∈ C∞ ([0, T)) is the instantaneous mortality rate.

6. The mortality hazard rate μ is an increasing function of age15.
d

——μ(s) ≥ 0, ∀ s ∈ [0,T).
ds

7. In particular, the probability of being alive at age x is given by the following
mapping:

Ω : [0,T) → (0,1]
s → Ω(s) = e–∫

0

s

μ(τ)dτ

Proof of Theorem 1. In order to prove Theorem 1, we will proceed in two steps.
First, we will derive the two necessary conditions for a steady state economy. Sec-
ond, we will show how the golden rule interest rate also satisfies this theorem.
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We use the cross-sectional accounting framework because we have assumed that
the population is stable. By hypothesis, the optimal consumption of any individual at
age s can be depicted by

c(s) = c(0)e
r–δ——γ s , ∀ s ∈ [0,T).

Thus, by plugging the consumption trajectory into equation (17), the dynamic of
consumption per capita is

r – δċ = (——— – n) c + c(0)b (1 – ∫
0

T

e(r–δ——γ – n)s μ(s) Ω(s) ds).γ

Using Definition 2 and Property 5, we know that –μ(s) Ω(s) can be replaced by
dΩ(s)
———. Now, recalling u as e(r–δ——γ – n)s and dv as dΩ(s), and applying the rule u·v|0

T – ∫0
Tv·du, 

ds
we get

r – δċ = (——— – n) (c – c(0)b ∫
0

T

e(r–δ——γ – n)s Ω(s) ds).γ

A steady state economy should assure that k̇ = 0 ⇔ c = f – nk. Furthermore, given
that f is a homogeneous function of degree one, we know that the latter condition can
be rewritten as c =(r – n)k + wl. Therefore, a necessary condition for a steady state
economy must guarantee that both c˙= 0 and k̇ = 0, or equivalently:

r = δ + γn,

or,

(r – n)k + wl = c(0)b ∫
0

T
e(r–δ——γ – n)s Ω(s) ds.

Up to this point we have proven that an economy with an interest rate that satis-
fies either equation (18) or (19) is under a steady state. From equation (18) we imme-
diately know that one interest rate follows the modified golden rule. However, we
have not yet specified what interest rates are contained in equation (19). In order to
show that the golden rule is a possibility, we first need to evaluate the initial con-
sumption. Thus,
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w ∫
0

J
Ω(s)e–rsds

c(0) = ——————————————.

∫
0

T

e–((1– 1—γ )r+ δ—γ )s Ω(s)ds

Plugging the initial consumption into the equation (19), we find that

w ∫
0

J
Ω(s)be–rsds ∫

0

T
e(r–δ——γ – n)s Ω(s) ds

(r – n)k + wl = ———————————————————.

∫
0

T

e–((1– 1—γ )r+ δ—γ )s Ω(s)ds

The substitution of r by the golden rule condition n gives the following relation-
ship:

l = ∫
0

J 
Ω(s)be–rsds

which is exactly the proportion of workers per capita under a stable population.
Therefore, r = n satisfies the equation (19).

Proof of Proposition 1. Given that private markets offer actuarially fair annuities
and the population structure is stable over time, we only need to demonstrate that the
initial consumption under both systems is the same whenever r = n. Thus, recalling
equation (25)

1(1 – τ)w ∫
0

J
Ω(s)e–rsds + τw—— ∫

J

T
Ω(s)e–rsds

1–lc(0) = —————————————————————————

∫
0

T

e–((1– 1—γ )r+ δ—γ )s Ω(s)ds

and rearranging its numerator, gives

1
w ∫

0

J
Ω(s)e–rsds + τw(—— ∫

J

T
Ω(s)e–rsds – ∫

0

J
Ω(s)e–rsds)1–lc(0) = —————————————————————————————

∫
0

T

e–((1– 1—γ )r+ δ—γ )s Ω(s)ds

Multiplying and dividing by b in the parenthesis located in the numerator, we
have that
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1
w ∫

0

J
Ω(s)e–rsds + τw—

b (—— ∫
J

T
Ω(s)e–rsds – ∫

0

J
Ω(s)e–rsds)1–lc(0) = —————————————————————————————

∫
0

T

e–((1– 1—γ )r+ δ—γ )s Ω(s)ds

Now, substituting r by n, and using equations (4), and (10), we obtain that

w ∫
0

J
Ω(s)e–nsds

c(0) = ——————————————

∫
0

T

e–((1– 1—γ )n+ δ—γ )s Ω(s)ds

This result is the same as the initial consumption of a funded social security.
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