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Glossary, Conventions and All that

Glossary

BBN : Big Bang NucleosynThesis
BBO : Big Bang Observatory

BE : Bose Einstein
BEC : Bose Einstein Condensation
CMB : Cosmic Microwave Background

CP : Cosmological Principle
CSM : Cosmological Standard Model

DECIGO : Decihertz Interferometer Gravitational Wave Observatory
DBI : Dirac Born Infeld
dof : degrees of freedom
eom : equation of motion
EW : Electro Weak

FRW : Friedman Robertson Walker
GGU : God Given Units
GUT : Grand Unification Theories
GW : Gravitational Waves

GWB : Gravitational Wave Background
hBB : hot Big Bang
H&I : Homogeneous and Isotropic

IP : Inflationary Paradigm
IR : InfraRed

LHC : Large Hadron Collider
LIGO : Laser Interferometer GravitationalWave Observatory
LISA : Laser Interferometer Space Antenna
LSS : Large Scale Structure

NLSM : Non Linear Sigma Model
MSSM : Minimal SuperSymmetric Standard Model
pGGU : pseudo − God Given Units
QCD : Quantum Chromo Dynamics
QED : Quantum Electro Dynamics
QFT : Quantum Field Theory

SFSR : Single Field Slow Roll
SLS : Surface of Last Scattering

SOSF : Self Ordering Scalar Fields
SSB : Spontaneous Symmetry Breaking

SUSY : Super Symmetry
UV : UltraViolet

V EV : Vacuum Expectation Value (also vev)
wrt : with respect to
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Glossary, Conventions and All that

Conventions, Notation and Characteristic Scales

Derivatives: Aν ,µ= ∂µAν
Conmutation: A(ν,µ) = ∂µAν − ∂νAµ
Metric Signature: ηµν = (−,+,+,+)

God Given Units (GGU): G = ~ = c = k
B

= 1

pseudo God Given Units (pGGU):

{

~ = c = kB = 1

Mp = 1/
√
G = 1.22 · 1019GeV

In this Thesis we will work in the pGGU system of units, unless stated otherwise.

Scales

MQCD ∼ O(100) MeV (QCD Scale)
MEW ∼ O(100) GeV (EW Scale)
MGUT ∼ O(1016) GeV (GUT Scale)
MP ≈ 1.22 × 1019 GeV (Planck Scale)

mP = MP/
√

8π ≈ 2.43 × 1018 GeV (Reduced Planck Scale)
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ASPECTS OF REHEATING

DANIEL Ga FIGUEROA

Madrid, June 2010

It is extremely simple to write down the
equations for the case when the perturbations

that ones introduces in the field are infinitely small.
The perturbations then propagate with the speed of light.

A. Einstein, 1913.
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La cura para el aburrimiento es la curiosidad. No hay

cura para la curiosidad.

(Dorothy Parker)

1 MOTIVACIONES Y RESUMEN

Los principales objetivos en mi investigación sobre el Universo primitivo son, por un lado, entender
teóricamente ciertos fenómenos que (hipotéticamente) ocurrieron durante los estad́ıos iniciales de su
evolución y, por otro lado, predecir signaturas observacionales espećıficas (potencialmente medibles)
producidas por tales fenómenos del Universo primigenio. En particular, mi investigación se ha cen-
trado en aspectos teóricos sobre Inflación, el Recalentamiento del Universo y transiciones de fase,
aśı como en las consecuencias fenomenológicas tales como la creación de fondos cosmológicos de on-
das gravitacionales o la producción de signaturas no gausianas en las perturbaciones cosmológicas
de la densidad de materia. En lo que sigue voy a resumir brevemente las motivaciones y resultados
encontrados en cada tema de investigación presentado en esta Tesis.

Si el Universo atravesó un peŕıodo inflacionario, debe también haber pasado por un peŕıodo posterior
de Recalentamiento, durante el cual (casi) toda la materia del Universo fue creada. Entender el
Recalentamiento es crucial puesto que este peŕıodo establece las condiciones para la evolución post-
inflacionaria del Universo. Además el Recalentamiento puede tener consecuencias observables que,
de ser detectadas hoy en d́ıa, podŕıan ayudar a constreñir el paradigma inflacionario y la f́ısica del
Universo primitivo de diferentes maneras. Desafortunadamente, los detalles del Recalentamiento
dependen fuertemente del modelo inflacionario de f́ısica de part́ıculas. Familias enteras de modelos
comparten aspectos en común, como el crecimiento taquiónico o la producción de part́ıculas por
resonancia paramétrica, pero los detalles son de hecho muy complejos y sólo han sido discutidos en
escenarios simplificados sin el Modelo Estándar de part́ıculas o sin candidatos de materia oscura. La
naturaleza no lineal y no perturbativa en un régimen fuera del equilibrio, hacen que el problema del
Recalentamiento sea (prácticamente) intratable anaĺıticamente.

Una de mis principales metas en investigación es, por tanto, extender nuestro entendimiento
del Recalentamiento, especialmente estudiando la evolución en el tiempo de las distribuciones de
part́ıculas, tanto con técnicas numéricas como anaĺıticas, aśı como añadiendo un mayor grado de
complejidad en los modelos mediante la inclusión de campos gauge y especies fermiónicas en escenarios
más realistas. Un correcto conocimiento del Recalentamiento podŕıa tener un impacto profundo,
por ejemplo, en nuestro entendimiento del problema de la bariogénesis o de las transiciones de fase
del Universo primitivo. Además, hay muchas consecuencias fenomenológicas y observacionales del
Recalentamiento. Por ejemplo, la creación de defectos topológicos (o no topológicos), la producción
de fondos estocásticos de ondas gravitacionales o la generación de signaturas no gausianas en las
perturbaciones cosmológicas de la materia, se encuentran entre los fenómenos más interesantes cuyo
estudio alumbrará, sin duda, nuestro camino hacia un mejor entendimiento del Universo primordial.
Como mi investigación comprende varios de estos temas, a continuación, presentaré un listado de
preguntas cuyas respuestas proporcionaré de acuerdo a los resultados de investigación que presento
en el cuerpo de esta Tesis.

¿Podemos observar directamente el Universo primitivo? El espectro de un fondo de ondas
gravitacionales de origen cosmológico depende de los detalles espećıficos del proceso o procesos de alta
enerǵıa responsables de su generación. Por tanto, la detección de uno de estos fondos de radiación
gravitatoria nos permitiŕıa inferir propiedades del fenómeno del Universo primitivo responsable del
mismo. En concreto, hemos estudiado en esta Tesis la caracterización de los espectros de ondas
gravitacionales a escalas sub-horizonte producidos durante el Recalentamiento del Universo después
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1 MOTIVACIONES Y RESUMEN

de procesos de inflación caótica o h́ıbrida. Hemos hayado que la fracción en densidad de enerǵıa
hoy en d́ıa de estas ondas gravitacionales primordiales, podŕıa ser muy significativa para modelos
con una escala de gran unificación (GUT) aunque, desfortunadamente, su rango espectral está más
allá de las regiones de detección de los observatorios de ondas gravitacionales como LIGO o LISA.
Sin embargo, modelos de inflación h́ıbrida con escalas de enerǵıa más baja, podŕıan producir una
señal detectable a las frecuencias accesibles a los observatorios propuestos para el futuro, como BBO
o DECIGO. El descubrimiento de un fondo de ondas gravitacionales de este tipo abriŕıa una nueva
ventana observacional al Universo primitivo, de forma que los detalles del proceso de Recalentamiento
podŕıan ser explorados. Además esto también podŕıa servir en el futuro como una nueva herramienta
experimental para testear el paradigma inflacionario puesto que, a partir de la forma del espectro,
uno puede extraer información sobre el potencial inflacionario y los acoplos de las part́ıculas. Nótese
que en el aspecto técnico de este trabajo hemos propuesto un novedoso algoritmo númérico para
extraer la evolución temporal de los espectros de ondas gravitacionales que, por un lado acelera las
simulacionas numéricas y, por otro y aún más importante, permite además una fácil introducción de
cualquier fuente nueva de ondas gravitacionales (como por ejemplo, campos gauge). Este trabajo será
presentado en el Caṕıtulo 4.

Por otro lado, nótese que muchos autores han estudiado también el espectro de ondas grav-
itacionales a escala sub-horizonte que podŕıa haber sido originado durante la transición de fase
electrodébil u otra de mayor enerǵıa. Sin embargo, los modos a escala super-horizonte no hab́ıan
sido considerados en estos trabajos. Por tanto en esta Tesis, hemos decidido estudiar el espectro
de ondas gravitacionales generadas a escalas super-horizonte en el momento de su producción,
como se espera por ejemplo, durante la dinámica de auto-ordenamiento de campos escalares
aleatoriamente orientados tal como ocurre después de una transición de fase global (por ejemplo,
en el Recalentamiento después de inflación h́ıbrida). Considerando que la producción de ondas
gravitacionales comienza a un tiempo η∗, hemos encontrado que si la fuente permanece activa hasta
que un modo inicialmente super-horizonte (kη∗ ≪ 1) penetra en el horizonte (kη & 1), el espectro
de ondas gravitacionales resultante y que sobrevive hasta hoy en d́ıa, es invariante de escala o, en
otras palabras, independiente de cualquier frecuencia. Además su amplitud para una escala GUT
está de hecho, dentro del rango espectral y de sensitividad de todos los observatorios de ondas
gravitacionales planificados, desde LIGO a LISA hasta BBO y DECIGO· Aśı pues, este nuevo fondo
de ondas gravitacionales compite con el generado durante inflación y, por tanto, distinguir ambos
observacionalmente resulta crucial. Esta distinción podŕıa ser hecha a través del estudio de signaturas
espećıficas en la polarización de tipo B del fondo cósmico de microondas (CMB), lo que podŕıa
ayudar a diferenciar estos dos fondos basándose en el hecho de que, el que nosotros precedimos
aqúı seŕıa originado mediante un mecanismo causal, a diferencia del inflacionario. El estudio de
esto es urgente, puesto que cuando Planck (o posteriormente CMBpol) mida la polarización de
CMB, una identificación errónea de las ondas gravitacionales inflacionarias, podŕıa dar lugar a una
inferencia incorrecta de la escala de enerǵıa de inflación. Este trabajo será presentado en el Caṕıtulo 5.

¿Hay otros observables que pudieran ayudarnos a constreñir el Universo primitivo?
Las desviaciones de gausianidad en la estad́ıstica de las fluctuaciones primordiales, se encuentran
entre las signaturas observables más prometedoras a corto plazo. Ha habido de hecho, reciente-
mente, una ferviente actividad caracterizando las signaturas no gausianas de las perturbaciones
cosmológicas en general, puesto que estas podŕıan ser usadas como un potente discriminador
entre los diversos modelos inflacionarios. Por lo tanto, es muy importante determinar los detalles
exactos de nuevas fuentes potenciales de no gausianidad. En particular, en esta Tesis hemos
cuantificado la no gausianidad producida por la dinámica de auto-ordenamiento de los campos
escalares después de una transición de fase global. Hemos realizado un nuevo estudio del parámetro
fnl y de su dependencia de escala en el contexto del modelo sigma no lineal, después de una
transidción de fase térmica o de la ruptura de simetŕıa tras el (p)Recalentamiento h́ıbrido. Hemos
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calculado el bi-espectro, es decir, la función de correlación a tres puntos de la amplitud de las
perturbaciones, y hemos encontrado una expresión anaĺıtica compacta para el mismo, que hemos
evaluado numéricamente y para la que hemos generado una aproximación simplificada útil para el
enálisis de datos. El bi-espectro que encontramos es máximo para triángulos que están alineados
(que tienen ejes k1 ≃ 2k2 ≃ 2k3), muy distinto al bi-espectro del modelo local cuyo máximo se
encuentra en configuraciones triangulares squeezed (k1 ≃ k2 ≫ k3) y también muy distinto al
bi-espectro equilátero que, como indica su nombre, es máximo en las configuraciones triangulares
de tipo k1 ≃ k2 ≃ k3. Esta signatura no gausiana constituye una nueva contribución secundaria al
bi-espectro de las perturbaciones cosmológicas de materia, una contribución que de hecho puede ser
muy signbificativa. Por lo tanto, en la circunstancia de una posible detección de una señal no gausiana
(presumiblemente primordial), uno ya no puede concluir que los modelos inflacionarios de campo
único quedaŕıan descartados, puesto que tal desviación de gausianidad podŕıa ser debida no a in-
flación, si no a una transición de fase post-inflacionaria. Este trabajo será presentado en el Caṕıtulo 6.

¿Podemos incorporar las simetŕıas gauge en simulaciones del Universo primitivo?
Nuestro actual entendimiento de la f́ısica de part́ıculas está basado en las simetŕıas gauge y, si
por ejemplo, quisiéramos entender el Recalentamiento en escenarios más realistas, éstos debeŕıan
contener una simetŕıa gauge. Espećıficamente en escenarios de pRecalentamiento h́ıbrido embebidos
en un marco gauge, hemos estudiado en esta Tesis la dinámica y las configuraciones espaciales de los
correspondientes campos gauge, encontrando prominentes campos magnéticos y eléctricos que generan
notablemento ondas gravitacionales. En concreto hemos considerado modelos del pRecalentamiento
después de inflación h́ıbrida, en donde el campo de ruptura de simetŕıa, el Higgs del modelo, está
cargado bajo una simetŕıa local U(1). Hemos analizado en detalle la dinámica del sistema tanto en
espacio de configuración como de momentos. Hemos demostrado que los campos gauge imprimen
signaturas espećıficas en el espectro resultante de ondas gravitacionales, principalmente a través de la
aparición de nuevos máximos a frecuencias caracteŕısticas relacionadas con las nuevas escalas de masa
del problema. También hemos encontrado que estas nuevas caracteŕısticas en los espectros se correla-
cionan con las configuraciones espaciales de tipo cuerda (topológica) tanto en el Higgs como en los
campos gauge, configuraciones que aparecen debido a la aparición de un número topológico de winding
alrededor de las cuerdas Higgs-abelianas. Hemos estudiado en detalle la evolución en el tiempo de los
espectros de los campos gauge y de las ondas gravitacionales, viendo cómo las cuerdas evolucionan y
se desintegran antes de entrar en el regimen turbulento donde la producción de ondas gravitacionales
se satura. Para esto hemos escrito un código MPI C/C++ con técnicas de las teoŕıas gauge en el
ret́ıculo, incorporando una simetŕıa SU(2) × U1(1) × · · · × Un(1) en el contexto de un Universo en
expansión (aunque en esta Tesis sólo mostramos resultados para el caso abeliano en un espacio-tiempo
plano). Además hemos mejorado la precisión de las ecuaciones de movimiento de una teoŕıa gauge,
reproduciendo el ĺımite continuo a orden O(dx2

µ). Esta mejora de la precisión de hecho se nota
muy destacadamente en los observables como el espectro de las ondas gravitacionales, cuyo compor-
tamiento en la región UV es mucho más suave y preciso. Este trabajo será presentado en el Caṕıtulo 7.

¿Podemos estudiar el Recalentamiento incluso en escenarios más realistas? Cualquier
escenario realista del Recalentamiento debeŕıa dar cuenta de toda (o casi toda) la materia del Universo,
luego uno debeŕıa lidiar con una teoŕıa completa gauge en la que, tanto escalares, fermiones y campos
gauge, estuvieran presentes. Centrándonos en modelos inflacionarios que necesariamente incorporan
el Modelo Estándar de part́ıculas, hemos estudiado pues, un escenario en el que el Higgs del Modelo
Estándar tiene un acoplo no-mı́nimo a gravedad. En este modelo la intensidad de los acoplos y su
forma es conocida, pues estos acoplos son los del Modelo Estándar. Por tanto, uno en principio
debeŕıa ser capaz de calcular exactamente la distribución de enerǵıa entre las diferentes especies
del Modelo Estándar que se produciŕıan durante el Recalentamiento. Los resultados son de hecho
sorprendentes puesto que no sólo los mecanismos usuales (como la resonancia paramétrica) de los
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1 MOTIVACIONES Y RESUMEN

modelos simplificados tienen lugar, sino que además nuevos efectos deben ser incorporados. Analizando
el Recalentamiento en este escenario nos hemos encontrado un nuevo fenómeno que hemos llamado
Recalentamiento Combinado, consistente en efectos perturbativos y no perturbativos que ocurren
simultáneamente. Básicamente el campo de Higgs produce no perturbativamente bosones gauge W
y Z, pero éstos a su vez se desintegran perturbativamente en fermiones (los fermiones del Modelo
Estándar) de forma significativa. Como resultado, la resonancia paramétrica usual queda bloqueada.
Sin embargo, la enerǵıa transferida a los productos de desintegración fermiónicos desde los bosones
gauge, no es suficiente para recalentar el Universo y, al final, después de unas ∼ O(102) oscilaciones,
los efectos de resonancia dominan. En concreto, puesto que conocemos los acoplos entre el Higgs,
leptones y quarks del Modelo Estándar, hemos calculado la distribución exacta de enerǵıa entre todas
las especies, al menos hasta el momento en el que el efecto de las part́ıculas creadas sobre el Higgs
(“backreaction”) ya no puede ser ignorado. Debido a la naturaleza no lineal y no perturbativa del
sistema, simulaciones numéricas y nuevas consideraciones teóricas serán requeridas con objeto de
estudiar la evolución del sistema hasta la termalización. Este trabajo será presentado en el Caṕıtulo
8.
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The cure for boredom is curiosity.

There is no cure for curiosity.

(Dorothy Parker)

2 MOTIVATIONS AND SUMMARY

The main objectives in my research about the early Universe are, on one hand, to understand
theoretically certain phenomena that (hypothetically) took place during those initial stages and, on
the other hand, to predict specific (potentially measureable) observational signatures, produced by
such early Universe phenomena. In particular, I have focused my research on theoretical aspects
of Inflation, Reheating and Phase Transitions, and on their phenomenological consequences
like the creation of Cosmological Gravitational Wave (GW) Backgrounds or the production of
Non-Gaussian signatures in the matter density perturbations. In what follows I briefly summarize
the motivations and results found in each topic of research presented in this Thesis.

If the Universe went through an inflationary stage, it must also have undergone a Reheating
period afterwards, during which (almost) all the matter of the Universe was created. To understand
Reheating is crucial, since this period sets up the conditions for the post-inflationary evolution of the
Universe. Moreover, Reheating can have observable signatures today that might help to constrain the
inflationary paradigm and the early Universe in several ways. Unfortunately, the details of Reheating
strongly depend on the inflationary model of particle physics. Entire families of models share common
aspects, like tachyonic growth or parametric resonant production of particles, but the details
are indeed very complex, and have only been discussed in simplified scenarios without Standard
Model (SM) particles or Dark Matter (DM) candidates. The non-equilibrium, non-linear and
non-pertubative nature of the problem, make it (almost) intractable analytically.

One of my main goals in research has then become to extend our understanding of Reheating,
specially studying the evolution in time of the particle distributions with analytical and
numerical techniques, and adding a greater degree of complexity into the models by the inclusion of

gauge fields and fermionic species in more realistic scenarios. A correct knowledge of
Reheating might have a deep impact, for instance, in our understanding of Baryogenesis and early

Universe phase transitions. Moreover, there are many phenomenological and observational
consequences of Reheating. For example, the creation of topological (or non-topological)

defects, the production of GW backgrounds or the generation of non-gaussian signatures in the
cosmological matter perturbations, are among the most interesting phenomena whose study will shed
light into the early Universe. My research has encompassed several of these topics, so I will now list
some questions which I shall answer according to the results which I present as the body of this Thesis.

• Can we “observe” directly the early Universe? The spectrum of a GW background of

cosmological origin depends on the specific details of the high energy process that generated
it. Therefore a detection of one of these backgrounds would allow us to infer properties of the
early Universe phenomenon responsible for it. In particular, we have studied the characterization
of the GW spectrum at sub-horizon scales produced during Reheating after chaotic and

hybrid inflation. We have found that the fraction of energy density today in these primordial
GW could be significant for GUT-scale models, although well beyond the frequency range of the
GW observatories like LIGO or LISA. However, lower-energy hybrid models could still produce

a detectable signal at accessible frequencies, for instance in the more futuristic proposals like
BBO or DECIGO. The discovery of such a GW background would open a new observational window

9



2 MOTIVATIONS AND SUMMARY

into the very early Universe, where the details of the process of Reheating could be explored.
Moreover, it could also serve in the future as a new experimental tool to test Inflation since,
from the shape of the spectrum, one can extract information about the inflationary potential and the
particles’ couplings. On the technical side of this work, note that we have proposed a novel numerical
method for extracting the time evolution of a GW spectrum, which speeds up numerical simulations
and, more remarkably, allows for an easy introduction of any new sources of GW (like gauge fields).
This work is presented in Chapter #5.

On the other hand, note that many authors have also studied the sub-horizon scale spectrum of GW
which might have originated from the ElectroWeak (EW) or a higher energy scale phase transition.
However, super-horizon modes had not been considered. We decided thus to study the spectrum of
the GW generated on scales which were superhorizon at the time of production, as expected, for
instance, from the self-ordering of randomly oriented scalar fields after a (global) phase transition
(like for instance in Reheating after hybrid inflation). Considering that GW production starts at a
time η∗, we found that if the source is active until a given super-horizon mode (kη∗ ≪ 1) enters later
the horizon (kη & 1), the resulting GW spectrum today is scale invariant, i.e. frequency

independent. Moreover, its amplitude for a GUT scale is indeed within the range and sensitivity of
all the planned GW observatories, from LIGO and LISA to BBO and DECIGO. Therefore, this new GW
background competes with the one generated during inflation and distinguishing both in observations
has become a crucial issue. This distinction could be done through the study of specific B-mode
polarization signatures in the Cosmic Microwave Background (CMB), which could differentiate
these two backgrounds based on the fact that the GW background we discussed originates from a
causal mechanism, while the inflationary one does not. This study is timely, since when Planck (or
eventually CMBpol) will measure the CMB polarization, an erroneous identification of the Inflationary
GW would produce an incorrect inference of the energy scale of Inflation. This work is presented in
Chapter #6.

• Are there other observables which would help to constrain the early Universe?
The deviation from gaussianity of the primordial fluctuations is also among the most promising
observable signatures in a short term. There has recently been a lot of activity characterizing

non-gaussian signatures, since these could be used as a powerful discriminator among

different inflationary models. Therefore, it is very important to determine the exact details
of new potential sources of non-gaussianity. In particular, we have quantified the non-gaussianity
produced by the self-ordering dynamics of the fields after a global phase transitions. We have
performed a new study of the (scale dependent) fNL parameter in the context of the non-linear

sigma model, after a thermal phase transitions or after hybrid pReheating. We have calculated
the bispectrum, i.e. the 3-point correlation function of the fields amplitude, and found a compact
analytic expression for it, evaluate it numerically, and provide a simple approximation that may
be useful for data analysis. The bispectrum we find is largest for triangles that are aligned (have
edges k1 ≃ 2k2 ≃ 2k3) as opposed to the local-model bispectrum, which peaks for squeezed triangles
(k1 ≃ k2 ≫ k3), and the equilateral bispectrum, which as indicated by its name peaks at k1 ≃ k2 ≃ k3.
This non-gaussian signature constitute indeed a new secondary contribution to the Bispectrum in
the cosmological perturbations, which can be very significant. Therefore, in the eventual detection
of a (presumably) primordial non-gaussian signal, one can not conclude anymore that single field
inflationary models should be rule out, since such deviation from gaussianity could be due not to
inflation but to the post-inflationary phase transition. This work is presented in Chapter #7.

10



• Can we incorporate gauge symmetries in (simulations of) the Early Universe?
Our actual understanding of particle physics is based on gauge symmetries and, if for instance, we
want to undersand Reheating in more realistic situations, a gauge symmetry must be incorporated.
Specifically, in gauged hybrid pReheating scenarios, we have studied numerically the dynamics and
spatial configurations of abelian gauge fields, finding prominent magnetic and electric fields which
significantly source more GW. In particular, we have considered models of pReheating after hybrid
inflation, where the symmetry breaking field, i.e. the Higgs of the model, is charged under a local U(1)
symmetry. We analyze in detail the dynamics of the system in both momentum and configuration
space. We show that gauge fields leave specific imprints in the resulting gravitational wave spectra,
mainly through the appearance of new peaks at characteristic frequencies that are related to the
mass scales in the problem. We also show how these new features in the spectra correlate with
string-like spatial configurations in both the Higgs and gauge fields that arise due to the appearance
of topological winding numbers of the Higgs around the abelian-Higgs strings. We study in detail
the time evolution of the spectrum of gauge fields and gravitational waves as these strings evolve
and decay before entering a turbulent regime where the gravitational wave energy density saturates.
For this we have written a MPI C/C++ code with Lattice Gauge Techniques, incorporating a
SU(2) × U1(1) × · · · × Un(1) symmetry in the context of an expanding Universe (although in this
Thesis we only show results for the abelian case in flat space-time). Moreover, we have improved
the accuracy of the lattice e.o.m. of a gauge theory, reproducing the continuum limit up to order
O(dx2

µ). This improvement of the accuracy is already well noted in the output of the observables like
power spectra, which are smoother and better behaved in the UV region. This work is presented in
Chapter #8.

• Can we study Reheating even in more realistic scenarios? Any realistic scenario of
Reheating should account for (almost) all the matter of the Universe, so one should deal with a
complete gauge theory with scalars, gauge fields and fermions. Focusing on inflationary models which
necessarily incorporate the SM particles, we have then studied a scenario in which the SM Higgs

has a large non-minimal coupling to gravity. In these model the strength of the couplings is
known - since the couplings are those of the SM -, so one should (in principle) be able to compute the
exact distributions of energy among the different species produced. The results are indeed surprising
since, not only the usual mechanisms (like parametric resonance) of simplified models

take place, but also new effects have to be incorporated. Analyzing Reheating in this
scenario, we encountered a new phenomenon, which we called Combined Reheating, consisting
in perturbative and non-perturbative effects occurring simultaneously. Essentially, the
Higgs field produces non-perturbatively W and Z gauge fields, but each of these bosons significantly
decay (perturbatively) into fermions. As a result, the usual parametric resonance is blocked. However,
the energy transferred into the (fermionic) decay products from the bosons is not enough to reheat the
Universe and, eventually, after ∼ O(102) oscillations, the resonance effects dominate. In particular,
since we know the couplings between the Higgs, leptons and quarks of the SM, we computed the exact
energy distribution among all the species (at least until the time in which the particle’s backreaction
into the Higgs becomes important). Due to the non-linear and non-perturbative nature of the system,
numerical simulations and new theoretical considerations are required, in order to study the evolution
until thermalization. This work is presented in Chapter #9.

—————— OUTLINE OF THE THESIS ————–

The Thesis is divided as follows. First we review briefly the basics of gauge field theories and of
the Standard Cosmological Model in Chapter #3. In the same Chapter we present a novel procedure
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2 MOTIVATIONS AND SUMMARY

for computing numerically the GW spectrum in any Reheating (or field theory) scenario. Then, in
Chapter #4 we derive some of the basic but complicate aspects of the characteristic phenomenology
arising in the Reheating stage. We focus in chaotic and hybrid inflation models, describing the
parametric resonance mechanism of the former and the spinodal instability phenomenon arising in
the latter. Chapter# 5 is dedicated to our study of the generation of GW during Reheating of the
Universe. We give account of the lattice simulations we performed, as well as of some analytical
results. We mainly focus on Reheating after hybrid models of inflation, although we also present
more briefly the analogous details for chaotic Reheating scenarios. In Chapter #6 we present our
analytical computation of the GW background produced during the self-ordering dynamics of the
randomly oriented scalar fields arising after a global phase transition, like for instance after hybrid
pReheating. In Chapter #7 we demonstrate that the same self-ordering dynamics, also produce a
significant non-gaussianity signal in the cosmological matter perturbations. In particular, we derive
the specific triangular dependence of the Bispectrum of the matter and curvature perturbations in
these models. In chapter #8 we move a step further in the complexification of the Reheating stage,
considering a hybrid pReheating scenario embedded into a gauge framework. We present numerical
and analytical results about the production of the GW background expected from these scenarios,
demonstrating that the presence of gauge fields induce a quite distinctive features in the GW spectrum.
In chapter #9 we move yet further in the degree of realism of Reheating, considering a scenario in which
all the particles of the SM are taken into account. Specifically, we study with analytical techniques
the details of the time evolution of the energy distribution among all the SM species, during the
Reheating stage following an inflationary period driven by the SM Higgs non-minimally coupled to
gravity. Finally, in Chapter #10, we summarize our work, remark the most significant results and
discuss new perspectives for the future. In the Appendices #A, #B and #C we present, respectively,
a summary of the expansion history of the Universe, a detail derivation of all the equations in field
theory that we use in the Thesis, and a detail account of the lattice techniques used in our numerical
simulations.
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THEORETICAL FRAMEWORK
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When someone had started to teach me that these

operators create an electron, I said: ”How do you create

an electron? it disagrees with conservation of charge”.

(Richard P. Feynman)
3 MATTER and SPACE-TIME

In this Chapter we review some of the key ingredients of the theoretical framework required to study
the physical phenomena considered in this Thesis. We first present the formulation of gauge theories,
discussing the classical fields’ dynamics in Abelian and Yang-Mills theories, both in Minkowski
and in curved backgrounds. Next we introduce the Homogeneous and Isotropic (H&I) solutions of
the background metric of the Universe, and discuss how General Relativity (GR) determines the
evolution of the Universe according to the matter content. Following, we consider the linearized
Einstein equations describing the gravitational radiation produced by the matter fields’ anisotropic
stress-tensor, and discuss a novel procedure for computing the spectrum of Gravitational Waves.
Finally, we present some details of the quantum nature of matter fields and, in particular, we
discuss the QFT particle-creation phenomenon arising when the fields effective frequencies evolve
non-adiabatically.

3.1 Matter Fields

The most generic theory we will consider in the following Chapters will be a Yang-Mills theory,
invariant under some non-abelian internal symmetry group. Fermionic matter fields will only be
included in Chapter #9, so for the time being we will only discuss a bosonic sector. We will consider
two types of scalar fields, those singlets1 under any internal field symmetry, let’s say φ, and those
with a SU(N) gauge structure, denoted as ϕ = (ϕ1, · · · , ϕN ), with ϕi = (ϕR

i + iϕI
i)/

√
2, N complex

fields. We will also consider gauge vector fields, denoting as Aµ the abelian case (N = 1) and Bµ
the non-abelian case (N ≥ 2). In flat space-time, such a theory can be described by the lagrangian
(density)

− L =
1

4e2
(FµνF

µν) +
1

2q2
Tr(GµνG

µν) + (Dµϕ)†(Dµϕ) +
1

2
(∂µφ)2 + V (φ, ϕ) , (3.1.1)

with e and q the Abelian and Non-abelian gauge couplings, Fµν = ∂µAν − ∂νAµ and Gµν = ∂µBν −
∂νBµ − i[BµBν ] the corresponding field strengths, and Dµ = ∂µ − iqAAµ − iqBBµ the usual gauge
derivative, with qA and qB the abelian and non-abelian charges, respectively. For a detailed discussion
of the gauge transformation properties of this theory, see Appendix #B. Here let us just recall that
the non-abelian gauge fields, as well as their field strengths, can be written as a linear combination
of the N2 − 1 traceless-hermitician generators {Ta } of SU(N). Thus, Bµ = BaµTa and Gaµ = GaµTa,

with Gaµν = ∂µB
a
ν − ∂νB

a
µ + fabcBbµB

c
µ, where fabc are the structure constants characterizing the

“non-abelianility” of the group through the commutators [Ta, Tb] = ifabcTc.

Extremizing the action built from the previous lagrangian (3.1.1), one obtains (see Appendix #B

1A singlet scalar field plays the role of the Inflaton in many inflationary models, see Section #4.1, although in
Chapter #9 we will consider a model in which there won’t be any singlet, and rather the Inflaton will be played by
the SM Higgs field, i.e. a scalar field charged under the SM gauge symmetries.
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3 MATTER and SPACE-TIME

for details) the equations of motion of the matter fields as

Singlet Scalars : ∂µ∂
µφ = V,φ

Gauged Scalars : DµD
µϕ = V,ϕ∗

Abelian Vectors : ∂νF
µν = e2jµ

Yang − Mills Vectors : DνGµνa = q2jµa

(3.1.2)

where jµ = −2qAIm{(Dµϕ)∗ϕ} and jaµ = −2qBIm{(Dµϕ)†Taϕ} are the abelian and non-abelian

currents, and DνOa = Dab
ν O

b ≡ (δab∂ν + facbAcν)O
b = ∂νO

a + fabcAbνO
c is the adjoint covariant

derivative. Defining as usual the Electric and Magnetic fields E i = F 0i and Bi = 1
2ǫ
i
jkF

jk, and/or

Eia = G0i
a and Bia = 1

2ǫ
i
jkG

jk
a , the eom of the gauge fields can be re-written as

Abelian Case : ∂kEk = e2j0 , −∂0E i + ǫijk∂jBk = e2ji
Non − Abelian Case : DkEak = q2ja0 , −D0E

i
a + ǫijkDjBak = q2jai ,

(3.1.3)

The left equations of (3.1.3) represent the eom associated to the time component of a gauge field.
However, such a component is not dynamical since it has no time derivative in the lagrangian (3.1.1).
Such equations represent thus a constraint relating all the components of a gauge field, rather than
a dynamical equation for them. Indeed, these eqs. are nothing but the analogous ones to the Gauss
Law in classical electromagnetism ~∇ ~E = ρ, where now ρ = e2 j0.

From now on, unless contrary stated, we will only maintain the non-abelian structure in the sector
of gauge fields, understanding that the abelian case is considered as well, by replacing fabc → 0,
Dµ → ∂µ, E

i
a → E i, Bia → Bi, q → e. Analogously, we will focus from now on only on the gauged

scalars ϕ, understanding that singlet scalars can be grasped by the replacements ϕ→ φ and Dµ → ∂µ.

Curved Backgrounds

The generalization to arbitrary curved backgrounds gµν can be obtained in a straight forward
manner thanks to the minimal gravitational coupling prescription, as discussed in Appendix #B.
Essentially, one has to perform the following replacements in the equations of motion in flat space,

DµD
µϕi → DµD

µϕi +
1

2
ϕ,µi (log g),µ (3.1.4)

DνGiνa → DνGiνa +
1

2
Giνa (log g),ν (3.1.5)

where Dµ and Dν are still defined as in flat-space, and where g = −Det(gµν) is the minus determinant
of the metric gµν . In particular, for a flat-FRW Universe (see next Section #3.2) the metric is only
characterized by a single time-dependent function, the scale factor a(t), such that g = a6(t) and
thus ∂t(log g) = 6(ȧ/a). Note that DiG0i

a remains unchanged in this case, so the Gauss constraint
also remains unchanged when promoting from flat space to FRW. Putting all together for a FRW
background,

−DµD
µϕj + 3Hϕ̇j + V,ϕ∗

j
= 0 (3.1.6)

DνGµνa +HδµiG
i0
a = q2jµa , (3.1.7)

where H = (ȧ/a). Defining the electric and magnetic fields, and the currents like in flat space,
then (3.1.7) can be rewritten also as

DkEak = q2ja0 (Gauss Constraint) (3.1.8)

−D0E
i
a −HEia + ǫijkDjBak = q2jai (3.1.9)
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3.2 Space-Time Background

If vectors were not considered, the eom of the scalar fields in a FRW background simplifies consid-
erably. In such a case, one recovers the familiar eq.

φ̈+ 3Hφ̇− 1

a2
∇2φ+

∂V

∂φ
= 0 , (3.1.10)

valid for every real scalar field φ not coupled to gauge fields (for instance the inflaton in chaotic and
hybrid models of inflation).

In practice, we have solved the corresponding dynamical equations for the specific models considered
in the Thesis, by analytical methods when possible, and when not by introducing them into a Lattice.
In this Chapter we will not analyze yet any of these techniques, and rather we will keep the discussion
at a formal level. We leave thus for Chapter #4 the introduction to (some of) the analytical methods
that can be used for solving the equations of particular models, whereas we present our numeri-
cal procedure for discretizing and solving the dynamics of a gauge theory in a Lattice, in Appendix #C.

Some Potentials

To completely characterize the dynamics of a theory, one must also specify the potential of the scalar
fields. In this Thesis we will often encounter the symmetry-breaking potential V (ϕ) = λ(|ϕ|2 − v2/2)2

for a Higgs-like field ϕ, which has a self-coupling λ and a vaccum expectation value (V EV ) in the
symmetry broken phase, v. In general, ϕ has N real components (or Nc = N/2 complex ones), such
that |ϕ|2 ≡ 1

2

∑

a ϕ
2
a, with a summing over the real components. For example, N = 1 for a real scalar

Higgs, N = 2 for a complex scalar Higgs or N = 4 for a SU(2) Higgs. In particular, for the numerical
simulations of this model performed in this Thesis, we have concentrated in the N = 2 and N = 4
cases, whereas on the analytical side, we have studied the model in the large-N limit, with N ≫ 1.

To preserve the gauge symmetry, the only renormalizable interaction term between a singlet field
φ and ϕ, should be linear in |ϕ|2. So, if V (φ) is the potential of φ, then a total effective potential can
be written as

V (ϕ, φ) = V (φ) + λ
(

|ϕ|2 − v2/2
)2

+ g2φ2|ϕ|2 (3.1.11)

When φ represents the inflaton, this potential characterizes the hybrid model of inflation, which we
will describe in Chapter #4.

On the other hand, for chaotic scenarios of inflation, for instance, we can consider the presence of
a singlet scalar field χ with potential V (χ), interacting with the inflaton φ via

V (φ, ϕ) = V (φ) + V (χ) +
1

2
g2φ2ϕ2 , (3.1.12)

with V (φ) the inflaton potential. For the cases studied in this Thesis, we have considered potentials
like V (φ) = λ

4φ
4 or V (φ) = 1

2m
2φ2, whereas V (χ) has been set either to zero or to 1

2µ
2χ2

3.2 Space-Time Background

In the previous Section we have obtained the dynamical equations of some matter fields living in a
metric background. Let us now study the dynamics of the background itself within the context of
General Relativity (GR). This is nothing but solving the Einstein equations as sourced by the energy-
momentum tensor of the matter fields. Unfortunately, this is an extremely difficult task in general,
so we will first reduce the problem with the help of a principle of symmetry.
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3 MATTER and SPACE-TIME

The Cosmological Principle (CP) states that the Universe is spatially Homogeneous and Isotropic
(H&I). This fact saturates the form of the metric of the Universe which, for the simplest topology,
takes the well known Friedman-Robertson-Walker (FRW) form [240],

ds2 = gµνdx
µdxν = −dt2 + a2(t)

{

dr2

1 − kr2
+ r2(dθ2 + sin2 θdϕ2)

}

(3.2.13)

where (r, θ, ϕ) are the comoving coordinates, a(t) the scale factor, t the cosmic time, and k the spatial
curvature. Thus, we have reduced the space-time geometry of the Universe to only 2 dof , the curvature
parameter k and the scale factor a(t). The former determines the geometry of the Universe (k > 0, k =
0, k < 0 for a close, flat or open Universe, respectively) while the latter quantifies the relative size of
the Universe. However, only the sign of k and the rate of expansion H ≡ 1

a
da
dt are physical quantities,

since the metric (3.2.13) is invariant under the transformations a(t) → a(t)/λ, k → k/λ2, r → λr,
with λ some arbitrary real positive constant.

To determine the dynamical evolution of the Universe, we then need to solve the Einstein GR field
equations. These equations are obtained by extremizing the action S = SG + Sm with respect the
metric gµν . Here SG = 1

16πG

∫

d4x
√
g R is the Hilbert-Einstein action and Sm =

∫

d4x
√
gLm is the

matter action, with Lm the lagrangian of the matter fields [for instance (3.1.1)], and g, G and R the
metric determinant, the Newton constant and the Ricci scalar, respectively (see for instance [240] for
more details). One obtains

δS

δgµν
= 0 ⇒ Gµν ≡ Rµν −

1

2
gµνR = 8πGTµν , (3.2.14)

where Gµν , Rµν and Tµν are the Einstein, Ricci and Energy-Momentum tensors, respectively. The
energy-momentum tensor for a homogeneous and isotropic distribution of matter compatible with the
CP, must have the form [240]

Tµν = pgµν + (p+ ρ)uµuν (3.2.15)

where uµ is the 4-velocity field of the fluid, and ρ and p are the homogeneous time-dependent energy
and pressure densities. Substituting (3.2.15) and the FRW metric (3.2.13) into the Einstein equa-
tions (3.2.14), we find2 the Friedman equations, which govern the time evolution of the scale factor
a(t), related to the curvature k and the energy ρ and pressure p densities of the matter within the
Universe, as

ä
a = − 4πG

3 (ρ+ 3p) ′First′ Friedman Eq. (3.2.16)
(

ȧ
a

)2
= 8πG

3 ρ− k
a2

′Second′ Friedman Eq. (3.2.17)

The expansion of the Universe is therefore completely determined by the spatial curvature and the
energy and pressure densities of the matter within the Universe. Mixing these two previous equations,
we can also derive an equation which corresponds to the general relativistic version of conservation of
energy,

ρ̇+ 3
ȧ

a
(p+ ρ) = 0 . (3.2.18)

In order to find explicit solutions to eq. (3.2.18), we then need to provide the equation of state p = p(ρ).
Fortunately, for most of the evolution of the Universe, the expansion is dominated by barotropic fluids,

2Note that this is not equivalent to substitute the metric (3.2.13) into the action S = SG + Sm and then extremize
it with respect the only 2 dof of (3.2.13), k and a(t). Such a procedure would give a broader family of equations,
among which eqs. (3.2.16),(3.2.17) would only correspond to a particular case.
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3.2 Space-Time Background

for which p/ρ = w = const. For the different types of matter, relativistic matter (E ≫ m, p = ρ/3),
non-relativistic matter (E ≪ m, p/ρ≪ 1), cosmological-constant (p = −ρ) or a dark-energy/generic-
fluid with p/ρ = w 6= const., we then find

Radiation : a ∝ t1/2, ρ ∝ 1/a4

Matter : a ∝ t2/3, ρ ∝ 1/a3

Cosmological Const. : a ∝ eHt, ρ ∝ const.

Generic Case : a ∝ e
R

dtH , ρ ∝ e−3
R

da(1+w(a))/a

(3.2.19)

The rate of expansion of the Universe, i.e. the behavior in time of the scale factor, will then evolve
according to the type of matter dominating the energy budget of the Universe.

The actual value of the Hubble rate H ≡ ȧ/a, is known to be H0 ≡ 100 hkm s−1Mpc−1 =
3000 h−1 Mpc = H−1

0 = 9.773 h−1 Gyr, with h = 0.71 ± 4% [209]. The critical density, defined

as the one corresponding to a flat Universe, ρc(t) = 3H2(t)/8πG, is known to be ρ
(0)
c ≡ 3H2

0/8πG =
1.88 h2 10−29 g/cm

3
= 2.77 h−1 1011 M⊙/(h−1 Mpc)3 ≈ 11.26 h2 protons/m3, corresponding to a very

diluted fluid (less than 6 protons per cubic meter!). The ratio of the density ρi of each species i in
the Universe to the critical density, defines the Omega-parameters

Ωi ≡
ρi
ρc

=
8πG

3H2
ρi ⇒ Ω =

∑

i

Ωi =
8πG

3H2

∑

i

ρi (3.2.20)

We can write the rate of expansion in terms of the Omega-parameters evaluated today, including the
contribution of some unknown fluid X , like

H2(a) = H2
0

(

Ω
(0)
R

(a0

a

)4

+ Ω
(0)
M

(a0

a

)3

+ Ω
(0)
Λ + Ω

(0)
X e−3

R

da
a [1+w(a)] − k

a2
0H

2
0

(a0

a

)2
)

(3.2.21)

The total Ω, which amounts for all the matter within the Universe, determines indeed the spatial
curvature, as can be seen rewriting Eq.(3.2.17) as

Ω − 1 =
k

a2H2
or ΩR + ΩM + ΩΛ + ΩX − k

ȧ2
= 1 , (3.2.22)

This equation establishes a ’one to one’ correspondence between closed (k > 0), flat (k = 0) and open
(k < 0) Universes and Ω > 1, Ω = 1 and Ω < 1, respectively.

Finally, it is useful to define the red-shift parameter as

λ1

λ0
=
a1

a0
⇒ z ≡ λ0 − λ1

λ1
=
a0

a1
− 1 , (3.2.23)

which relates a wavelength λ0 or the scale factor a0, as measured by an observer at time t0, with the
scale factor a1 or wavelength λ1 at an earlier time t1 < t0.

On the other hand, a thermodynamical description of the Universe is also possible, since the matter
content of the Universe was in thermal equilibrium during a long period of its evolution. In particular,
for a relativistic (m≪ T ) gas of particles in thermal equilibrium with small chemical potential (µ≪ T )
and g internal dof , the energy, number and pressure densities can be written as

n =
g

2π2

∫ ∞

0

E2 dE

eE/T ± 1
= α

ζ(3)

π2
g T 3 , (3.2.24)

ρ = 3p =
g

2π2

∫ ∞

0

E3 dE

eE/T ± 1
= β

π2

30
g T 4 (3.2.25)
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3 MATTER and SPACE-TIME

with α = β = 1 for Bosons, α = 3/4, β = 7/8 for Fermions, and ζ(3) = 1.20206 . . . . Thus, taking the
temperature Tγ of photons as a reference temperature, we can always write the total energy density
of the relativistic species as

ρR =
π2

30
g∗ T

4
γ , pR =

1

3
ρR , g∗(Tγ) =

∑

bosons

gi

(

Ti
Tγ

)4

+
7

8

∑

fermions

gi

(

Ti
Tγ

)4

(3.2.26)

where Ti and gi are the temperature and specific dof of each species-i, and the factor 7
8 differentiates

the Fermionic versus the Bosonic contributions to the effective number of relativistic dof, g∗(T ).

3.3 Gravitational Radiation

Let us now consider the total metric in which the matter fields live, consisting in two pieces, a (flat)
homogeneous and isotropic (H&I) background part, and a small perturbation on top of it,

ds2 = ḡµν dx
µdxν = a2(t) gµν dx

µdxν = a2(t)(ηµν + hµν)dx
µdxν , (3.3.27)

with |hµν | ≪ 1. The term a2ηµν defines the spatially flat Friedman-Robertson-Walker (FRW) as
described in Section #3.2. Here we will rather focus on the inhomogeneous perturbations on top of
the FRW background. More specifically we will focus now on the spatial-spatial Transverse-Traceless
(TT) dof metric perturbations verifying3

hkk = hik,k = 0 , (3.3.28)

since only those characterize the gravitational radiative dof representing GW.

In order to describe the evolution of any metric perturbations in a FRW background, one has to split
the Einstein equations into background and perturbed parts. This requires some long calculations for
whose details we refer the reader to Appendix #B. Here we will just reproduce the result and discuss
how to solve the equation governing the generation and propagation of GW. Thus, at the end of the
day, after linearizing the Einstein eqs. on the metric perturbations, the eqs. for the TT dof are

ḧij(x, t) + 3Hḣij(x, t) −
1

a2
∇2hij(x, t) = 16πGΠTT

ij (x, t) , (3.3.29)

with H = ȧ/a, and · meaning derivatives with respect the cosmic time t. The tensor ΠTT
ij (x, t) –

the source of the GW – is thus the TT part of the spatial-spatial components of the anisotropic
stress-tensor, Πij , and therefore also verifies

∂iΠ
TT
ij = ΠTT

ii = 0. (3.3.30)

In the context of theories with scalars and vector fields within a gauge framework as the one described
in #3.1, the TT anisotropic stress tensor is given by

ΠTT
ij (x, t) =

{

1

a2

(

2Re{(Diϕ)†(Djϕ)} +
1

q2
ηαβGaiαG

a
jβ

)

(x, t)

}TT

(3.3.31)

where {...}TT means that we consider only the Transverse-Traceless part of the expression inside the
brackets4. Note that the total anisotropic stress Πij contains indeed more terms than those shown

3In the following, we will raise or low indices of the metric perturbations with the delta Kronecker δij , so hij = hi
j = hij

and so on.
4Again, for abelian fields, just substitute Di → ∂i, q → e, Ga

µν → Fµν and ϕ → ϕ/
√

2.
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3.3 Gravitational Radiation

inside the brackets in (3.3.31), but the extra terms not shown are eliminated when the TT dof are
filtered. Thus, we can therefore define an effective non-TT anisotropic-stress as

Πeff
ij (x, t) =

1

a2

(

2Re{(Diϕ)†(Djϕ)} +
1

q2
ηαβGaiαG

a
jβ

)

(x, t) , (3.3.32)

which is not the total anisotropic-stress Πij , but rather accounts only for the surviving terms after the
TT projection, i.e. ΠTT

ij = {Πeff
ij }TT . The terms kept in (3.3.32) contains nevertheless TT and non-TT

contributions, so the question arises now on how to extract the TT part of the effective source (3.3.32).

GW Energy Density Spectrum

The energy-momentum tensor of the GW is given by [4]

tµν =
1

32πG

〈

∂µhij ∂νh
ij
〉

V
, (3.3.33)

where hij are the TT tensor perturbations solution of Eq.(3.3.29). The expectation value 〈...〉V is
taken over a region of sufficiently large volume V = L3 to encompass enough physical curvature to
have a gauge-invariant measure of the GW energy-momentum tensor [4]. The GW energy density will
be just ρ

GW
= t00, so

ρGW =
1

32πG

1

L3

∫

d3x ḣij(x, t)ḣij(x, t) =
1

32πG

1

L3

∫

d3k

(2π)3
ḣij(k, t)ḣ

∗
ij(k, t) , (3.3.34)

where in the last step we Fourier transformed each ḣij and used the integral definition of the Dirac-
delta in the limit L→ ∞.

In Fourier space the GW equations read

ḧij(k, t) + 3Hḣij(k, t) +
k2

a2
hij(k, t) = 16πGΠTT

ij (k, t) , (3.3.35)

where k = |k| and ΠTT
ij (k, η) is the Fourier transform of (3.3.31). Considering that the GW production

begins at time te, the particular solution to Eq. (3.3.35) for t > te is given by a convolution with the
appropriate green function G(t, t′), as

hij(t,k) = 16πG

∫ t

te

dt′G(t, t′)ΠTT
ij (t′,k) (3.3.36)

Therefore, all we need to know for finding the TT metric perturbations representing GW, is the TT
anisotropic-stress tensor (3.3.31) and the Green function G(t′, t). However, from a numerical point of
view, neither solving (3.3.35) in a lattice nor using the solution (3.3.36) are very practical procedures,
since obtaining the TT part of a tensor in configuration space is computationally very expensive,
given that it amounts for a non-local operation (see next). Besides, the solution (3.3.36) can also
be problematic in another sense, since the Green function depends on the scale factor a(t) and there
can be situations where the time-behavior of the latter is not well known, as for instance during the
Reheating of the Universe that we will study in this Thesis.

As we will explain next, we have thought of a method by which we don’t need to know the actual
form of the Green function G(t′, t). To see this, let us extract the TT part of the effective stress-tensor,
as follows. Defining in momentum space the projectors

Λij,lm(k̂) ≡
(

Pil(k̂)Pjm(k̂) − 1

2
Pij(k̂)Plm(k̂)

)

(3.3.37)
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where

Pij(k̂) = δij − k̂ik̂j , (3.3.38)

the TT part of the anisotropic stress-tensor in Fourier space can be obtained [208] by

ΠTT
ij (k, t) = Λij,lm(k̂)Πeff

lm(k, t) (3.3.39)

It is indeed easy to check that (3.3.39) really filters the TT dof , since the projector verifies the
following properties

Pij(k̂)k̂j = 0 (3.3.40)

Pij(k̂)Pjm(k̂) = Pim(k̂) (3.3.41)

Thus, it is guaranteed that kiΠ
TT
ij = ΠTT

ii = 0, as long as ΠTT
ij is defined as in (3.3.39). Now, let

us note that the tensor ΠTT
ij is just a linear combination of the components of Πeff

ij , whereas the

solution (3.3.36) is just linear in ΠTT
ij . Thus,

hij(k, t) = Λij,lm(k̂)16πG

∫ t

te

dt′G(t, t′)Πeff
lm(k, t′) (3.3.42)

Since the projector is out of the integral, we can always write the TT tensor perturbations as

hij(k, t) = Λij,lm(k̂)ulm(k, t) , (3.3.43)

identifying ulm with

ulm(k, t) = 16πG

∫ t

te

dt′G(t, t′)Πeff
lm(k, t′). (3.3.44)

However, uij(t,k) is nothing but the solution of the following equation

üij(x, t) + 3Hu̇ij(x, t) −
1

a2
∇2uij(x, t) = 16πGΠeff

ij (x, t) (3.3.45)

This Eq. is simply Eq. (3.3.29), but sourced with the effective source Πeff
ij , instead of with ΠTT

ij . Of
course, Eq. (3.3.45) contains unphysical (gauge) d.o.f.; however,

In order to obtain the real physical TT d.o.f. hij, we can evolve Eq. (3.3.45) in configuration space,
Fourier transform its solution and apply the projector (3.3.37) as in eq. 3.3.43. This way we can
obtain in momentum space, at any moment of the evolution, the physical TT d.o.f. hij that truly
represent the GW. Whenever needed, we can Fourier transform back to configuration space and obtain
the spatial distribution of the gravitational waves.

In summary, for solving the dynamics of a particular model, we can evolve Eqs. (3.1.6),(3.1.7) for
finding the dynamics of the matter fields, while for the GW, instead of solving Eq. (3.3.29), we can
solve Eq. (3.3.45). Then, only when required, we Fourier transform the solution of Eq. (3.3.45) and
apply (3.3.43) in order to recover the physical TT dof representing the GW. From there, one can
easily build the GW spectra or take a snapshot of spatial distribution of the gravitational waves.

In the light of (3.3.31) there will be different sources of GW in the context of a gauge theory like
the one described by (3.1.1). Defining the electric and magnetic fields as in #3.1, we then obtain

{

ηαβ(GaiαG
a
jβ)
}TT

= −
{

Eai E
a
j +Bai B

a
j

}TT
(3.3.46)
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3.3 Gravitational Radiation

Thus, the effective equation (3.3.45) that we will solve for a gauge-scalar theory, can be written as

üij(x, t)+3Hu̇ij(x, t)−
1

a2
∇2uij(x, t) =

16πG

a2

(

Re{(Diϕ)†(Diϕ)} − Eai E
a
j −Bai B

a
j

)

(x, t) (3.3.47)

Then, Fourier transforming its solution

uij(k, t) =

∫

d3xe−ikxuij(x, t) (3.3.48)

we can finally recover the amplitude of the TT metric perturbations in configuration space, just
applying the projector (3.3.37), as

hij(x, t) =

∫

d3k

(2π)3
e−ikxΛij,lm(k̂)ulm(k, t) (3.3.49)

Moreover, we can always write the scalar product in (3.3.34) in terms of the (Fourier transformed)
solution uij of Eq.(3.3.45), by just using the spatial projectors (3.3.37) in momentum space,

ḣij(k, t)ḣ
∗
ij(k, t) = Λij,lm(k̂)Λij,rs(k̂)u̇lm(k, t)u̇∗rs(k, t) = u̇lm(k, t)Λlm,rs(k̂)u̇∗rs(k, t) , (3.3.50)

where we have used the fact that Λij,lm(k̂)Λlm,rs(k̂) = Λij,rs(k̂). This way, we can express the GW
energy density as

ρGW =
1

32πGL3

∫

d log k

∫

dΩk k
3 u̇ij(t,k)Λij,lm(k̂)u̇∗lm(t,k) (3.3.51)

where Ωk is the solid angle in k-space. From here, we can also compute the power spectrum per solid
angle and logarithmic frequency interval in GW, normalized to the critical density ρc, as

Ω
GW

(t) =

∫

dk

k
dΩk Ω

GW
(k, t) , (3.3.52)

where

Ω
GW

(k, t) ≡ 1

ρc

dρGW
dΩkd log k

=
k3

32πGρcL3
T (k, t) , (3.3.53)

T (k, t) ≡ u̇ij(k, t)Λij,lm(k̂)u̇∗lm(k, t) = Tr(P u̇P u̇) − 1

2
Tr2(Pu) , (3.3.54)

with (Pu)ij = Pim(k̂)umj(k) and Pij(k̂) given by (3.3.38).

We have checked explicitly in the simulations that the argument of the angular integral of (3.3.53) is
independent of the directions in k-space. Thus, whenever we extract the GW spectrum of any model,
we will be showing the amplitude of the spectrum (per each mode k) as obtained after averaging over
all the directions in momentum space,

ΩGW (k, t) =
1

ρc

dρGW
d log k

=
k3

8GL3ρc
〈T (k, t)〉4π ≡ k3

8GL3ρc

1

4π

∫

dΩk T (k, t) (3.3.55)
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3.4 Some Aspects of Field Quantization

Let us finally review some basic facts of bosonic field quantization, which we will encounter often later
in the context of Reheating. Let us begin considering for instance a real scalar field with constant
mass m and in a flat background, see eq. (3.1.2). Decomposing the field amplitude in Fourier modes,

φ(x, t) =

∫

d3k

(2π)3
e−ikxφk ⇔ φ(k, t) =

∫

d3x e+ikxφ(x, t) , (3.4.56)

the equation for each mode reads

(∂2
t + ω2

k)φk(t) = 0 , (3.4.57)

with ω2
k = k2 +m2. From here the solution in Fourier space is found as

φk(t) = Ak cos(ωkt) +Bk cos(ωkt) =
1√
2ωk

(

ake
+iωkt + a∗ke

−iωkt
)

(3.4.58)

with Ak, Bk real and ak =
√

ωk

2 (Ak − iBk). Thus the field can be read now as

φ(x, t) =

∫

d3k

(2π)3
e−ikx

√
2ωk

(

ake
+iωkt + a∗ke

−iωkt
)

(3.4.59)

From here, the conjugate momentum π(x, t) = φ̇(x, t) can then be expressed as

π(x, t) =

∫

d3k

(2π)3
e−ikx

√

ωk
2
i
(

ake
+iωkt − a∗ke

−iωkt
)

(3.4.60)

At a quantum level, the field amplitude is interpreted as an operator, φ → φ̂, and analogously,
ak → âk, a∗k → â†−k. The operators â†k and âk are the usual creation and annihilation operators,
and are crucial for the particle interpretation of a quantized field theory. Omitting from now on the ˆ
notation for simplicity, these operators are chosen to verify the conmutation relations

[âk, a
†
k′ ] = (2π)3δ(k − k′) (3.4.61)

[a†k, a
†
k′ ] = [ak, ak′ ] = 0 , (3.4.62)

From here we can define the Fock space of particle states as |nk, ñk′ . . . 〉 ∝ (a†k)n(a†k′)ñ · · · |0〉, with
nk, ñk′ , . . . the occupation numbers associated to the momenta modes k, k′, . . . , and the vacuum state
(that of minimum energy of the system) given by

ak|0〉 = 0, ∀k , (3.4.63)

The particle states are eigenvalues of the number operator n(k) ≡ a†kak, such that

n(k)|nk〉 = nk|nk〉 (3.4.64)

From the energy momentum-tensor of the classical field, one can easily find the Hamiltonian H and
total momentum P of the field, interpreted now as a quantum system. One simply has to substitute
the field amplitude φ(x, t) with the mode expansion (3.4.59), promoting the coefficients a∗k and ak to

become the creation and annihilation operators â†k, ak, verifying the conmutating properties above.
The result is

H =

∫

d3k

(2π)3
H(k) =

∫

d3k

(2π)3

(

n(k) +
1

2

)

ωk , (3.4.65)
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and

P =

∫

d3k

(2π)3
P (k) =

∫

d3k

(2π)3

(

n(k) +
1

2

)

k , (3.4.66)

from where it is clear that the expected energy and momentum of the field are given by 〈nk|H |nk〉 =
∫

d3k
(2π)3 ωk

(

nk + 1
2

)

and 〈nk|P |nk〉 =
∫

d3k
(2π)3 k

(

nk + 1
2

)

, thus reinforcing the interpretation of nk as

the number of quanta (per phase-space cell) of the field with momentum k and energy ωk. More
specifically, if given a state |Φ〉, one has n(k)|Φ〉 = nk|Φ〉, that means that such a state contains
(∆k)3

(2π)3 nk particles (per unit volume) with momentum p within [k, k+∆k], with ∆k ≪ k infinitesimally

small.

Now let us think in the more general situation in which the effective frequency of the field varies
in time. This could be due to the expansion of the Universe, see Section #3.2, or perhaps due to the
interactions with other fields (or with itself), see Chapter #4. Either way, we can now decompose the
field amplitude as

φ(x, t) =

∫

d3k

(2π)3
e−ikx

√
2ωk

(

akfk(t) + a†kf
∗
k (t)

)

(3.4.67)

where the eigenmodes fk(t) are the solutions to

(∂2
t + k2 +m2(t))fk(t) = 0 (3.4.68)

with m(t) a time-varying “mass”. We will encounter often this situation in the Thesis in the context
of Reheating after inflation.

In particular, let us consider a transition between two regimens, such that around a given time
t∗, the effective mass evolves from m(t) = m1(t) at t ≪ t∗ till m(t) = m2(t) at t ≫ t∗. If during
the transition the effective mass m(t) evolves non-adiabatically, i.e. verifying ω̇(t) ≫ ω2(t) for and
interval of time ∆t around t∗, then particles will be created during such interval. To understand this
interesting phenomenon, let us lay down the basic formalism based on the Bogoliubov transformations.

Calling phase I and phase II the regimes with m(t) = m1(t) and m(t) = m2(t), respectively, then
the quantum field expanded into modes in phase I, can be written as

φ(x, t) =

∫

d3k

(2π)3
e−ikx

√

2ωIk

(

aIkf
I
k (t) + aI

†

k f
I∗

k (t)
)

, (3.4.69)

where ωIk =
√

k2 +m2
1(t), and the vacuum is defined in this phase as

aIk|0〉I = 0, ∀k , (3.4.70)

The particle states are therefore obtained applying successively the operator aI
†

k over |0〉I . Analo-
gously, in phase II,

φ(x, t) =

∫

d3k

(2π)3
e−ikx

√

2ωIIk

(

aIIk f
II
k (t) + aII

†

k f II
∗

k (t)
)

, (3.4.71)

with ωIIk =
√

k2 +m2
2(t) and the new vacuum defined as

aIIk |0〉II = 0, ∀k . (3.4.72)
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The particle states are obtained now applying successively the operator aII
†

k over |0〉II . Both {f Ik , f I
∗

k }
and {f IIk , f II

∗

k } are a complete set, so we can express one in terms of the other. The relation between
f IIk and {f Ik , f I

∗

k } is known as the Bogoliubov transformation, and reads

e−ikx

√

2ωIIk

f IIk =

∫

d3k′
√

2ωIk′
e−ik

′x
(

αkk′f
I
k′ + βkk′f

I∗

k′

)

(3.4.73)

Inserting this relation into (3.4.71) and comparing with (3.4.69), one finds the relation between the
creation and annihilation operators in the two phases,

aIk =

∫

d3k′

(2π)3

(

αkk′a
II
k′ + βkk′a

II†

k′

)

(3.4.74)

aIIk =

∫

d3k′

(2π)3

(

α∗
kk′a

I
k′ − β∗

kk′a
I†

k′

)

(3.4.75)

Inserting one into another, then one also finds that the Bogoliubov coefficients {αkk′ , βkk′} verify

∫

d3k

(2π)3
(

αk1kα
∗
k2k − βk1kβ

∗
k2k

)

= (2π)3δ(k1 − k2) (3.4.76)

∫

d3k

(2π)3
(αk1kβk2k − βk1kαk2k) = 0 (3.4.77)

Since we are considering the same time-dependence in the evolution of the effective frequency at every
point of space (i.e. a spatially homogeneous mass term), the transition from phase I to phase II can
only suministrate energy to the particles, but not momentum, and therefore

αkk′ = (2π)3αkδ(k − k′) (3.4.78)

βkk′ = (2π)3βkδ(k − k′) , (3.4.79)

and consequently

aIk =
(

αka
II
k + βka

II†

k

)

(3.4.80)

aIIk =
(

α∗
ka
I
k − β∗

ka
I†

k

)

(3.4.81)

Thus, Eqs. (3.4.80)-(3.4.81) give the formal relation between the Fock spaces constructed in phases
I and II. Now, the basic picture is as follows. Suppose that the field was in a quantum state |Ψ〉
just before the transition, such that we can express |Ψ〉 in terms of the occupation numbers {nk}
relative to the number operators nIk = aI†k a

I
k of phase I. Then, for modes f Ik such that the transition

is sudden, i.e. those for which5 ω̇k ≫ ω2
k, the physical state did not have time to change during the

transition, and therefore it is still given by |Ψ〉 just after reaching phase II. However, we can now

express |Ψ〉 in terms of the occupation numbers relative to the number operators nIIk = aII†k aIIk in
phase II. Using the Bogoliubov transformation, one then finds the important relation

nIIk = |βk|2 +
(

1 + 2|βk|2
)

nIk = nIk + 2|βk|2
(

nIk +
1

2

)

(3.4.82)

5Not necessarily for all the momenta k the non-adiabatic condition ω̇k ≫ ω2
k

is fulfilled. There is indeed, always
a UV cut-off k∗ for which modes with higher momenta k > k∗ never evolve non-adiabatically. The reason is
simple, since if there is a maximum value of max(ṁ(t)) = mmax, then k∗ is the minimum momentum for which
ω2

k
(t) = k2 + m2 > 2ṁmax.
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3.4 Some Aspects of Field Quantization

We see that if there was an occupation number nIk associated to the momentum k in the phase I, then
the new occupation number associated to the same momentum in phase II, is enhanced by a factor
(1+2|βk|2). Besides, even if there was no particles at all in phase I, i.e. nIk = 0 ∀k, the 1

2 associated to
quantum vacuum fluctuations also gets amplified a factor 2|βk|2. Therefore, whenever there is a non-
adiabatic transition from one phase to another, the vacuum in the initial phase becomes a multiparticle
state in the new phase, i.e. particles are created thanks to the re-structuration of vaccum. For those
modes whose effective frequency evolves adiabatically during a transition between two phases, there
is no particle creation since their amplification factor tends exponentially fast to unity [260].
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3 MATTER and SPACE-TIME
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There is no heaven, above is only sky.

(John Lennon)

4 REHEATING THE UNIVERSE AFTER
INFLATION

In this Chapter we will first review the basics of the Inflationary Paradigm (IP) in Section #4.1.
Following, we will introduce the Reheating stage as the period matching the end of inflation and the
expansion of the Universe as driven by a relativistic thermal fluid. We will discuss the pertubative
approach to Reheating in Section #4.2, while the more complex but essential non-perturbative effects
of Reheating will be presented in Section #4.3. In particular, we will describe the parametric resonant
particle production characteristic of Reheating after chaotic inflation (Section #4.3.2), as well as the
idea of Spontaneous Symmetry Breaking (SSB) and its realization in Reheating after hybrid inflation
via tachyonic instabilities (Section #4.3.3). Finally, in the light of the discussions presented in this
Chapter, we will motivate in Section #4.4 our objectives for the research results presented in Part II
of the Thesis.

4.1 The Inflationary Paradigm (IP)

The hot Big Bang (hBB) theory based on the framework described in Section #3.2, describes
rather than the “Bang” itself, the evolution of the Universe from the first fraction of a second till
today (see the evolution of the expansion history of Universe summarized in Appendix #A). It
rests on two theoretical pillars, the Cosmological Principle [200] which determines the geometry
of the Universe, and the theory of General Relativity (GR) [199], which relates the evolution
of the Universe with the matter content within it. Three robust observational facts have given
credibility to this theory: the expansion of the Universe [202], the relative abundance of the lightest
nuclei [203], and the detection [204] of the cosmic microwave background (CMB) of photons with
(an almost) perfect Black Body spectrum. However, despite the success of the Big Bang theory
describing the observed Universe, several shortcomings of theoretical nature [182], mostly related to
the initial conditions of the Universe, indicate that the hBB theory is not all the story. Besides,
when extrapolated to an “initial” time, a(t → 0) → 0, the energy density of the matter diverges,
signaling the breaking of the theory. Moreover, in order to explain the actual structure of matter in
the Universe, certain anisotropies are expected in the CMB. Such irregularities were found in 1992 by
the COBE satellite [230], and later measured with much more accuracy and within a greater range of
scales between 2003 and 2009 by the WMAP satellite [231, 232, 233, 234]. Today, we are all awaiting
for the yet more accurate first results of the PLANCK [31] satellite, launched in 2009. The origin
of these inhomogeneities/anisotropies in the CMB cannot be explained neither within the hBB theory.

The initial motivation to introduce an inflationary period was indeed to solve the initial conditions’
problems of the hot Big Bang theory. Inflation would simply correspond to an early stage of the
evolution of the Universe in which expansion rate was accelerated. The merit of A. Guth was precisely
to connect the idea of inflation with an explanation for the large-scale homogeneity and spatial flatness
of the Universe [236]; the former a problem related to causality and the latter a problem related with
the long ’life’ of the Universe. Moreover, as also pointed by Guth, inflation would also dilute any
unwanted cosmic relics like topological defects. However, the original idea of Guth corresponded to a
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4 REHEATING THE UNIVERSE AFTER INFLATION

de Sitter scenario with a first order transition from a false to a true vaccum. Despite its success, this
model cannot describe our Universe correctly, since at the end of the transition, the collisions of the
true vaccum bubbles would produce a too big degree of inhomogeneity [205]. The revisited versions
of the model, ’new inflation’, were proposed by Linde [237] and Albrecht y Steinhardt [238] soon after
Guth’s seminal paper. The new model corresponded to a slow-roll inflationary regime (see next) with
a second order phase transition to the true vaccum. However, this model was also problematic, since
it had to be fine-tunned to spend long enough time in the false vacuum, to inflationate the Universe
sufficiently in order to solve the problems of the hot Big Bang theory. In 1983, Linde considered
another version of the slow-roll inflationary paradigm [239], in which the initial conditions of inflation
were essentially arbitrary. In the chaotic scenario, the inflationary stage could easily last long enough
for the flatness and homogeneity problems to be correctly solved. Moreover, at the beginning of the
90’s, Linde also proposed [55] a new model, the hybrid inflation model, in which a new symmetry
breaking field would set the end inflation. Nowadays the plethora of models have grown to over a
hundred, see ([244]) and ([245]) for a review and classification of all the models available in the market.

Although very generic, the precise definition of inflation can be expressed simply by requiring

INFLATION ⇐⇒ ä > 0 ⇐⇒ p < −ρ/3 (4.1.1)

Ordinary matter however does not satisfy such condition, since p = ρ/3 or 0 < p ≪ ρ for relativistic
and non-relativistic dof , respectively. Nevertheless, one can easily implement inflation simply requir-
ing the existence of a scalar field φ, the inflaton, with an appropriate potential V (φ) characterizing
the specific inflationary model. The dynamics of the inflaton during Inflation would then be given1

by the corresponding Klein-Gordon equation (3.1.6)

φ̈+ 3Hφ̇− 1

a2
∇2φ+ V ′(φ) = 0, (4.1.2)

with V ′(φ) = (dV (φ)/dφ). Here we see clearly that the term 3Hφ̇ plays the role of a friction: the
expansion of the Universe tends to slow down the motion of the inflaton along its potential. The
energy and pressure densities ρφ and pφ of a scalar field are given by

ρφ = T00 =
φ̇2

2
+ V (φ) +

(∇φ)2

2a2
, pφ =

1

3
T ii =

φ̇2

2
− V (φ) − (∇φ)2

6a2
. (4.1.3)

Notice that both the energy and pressure densities are made by the sum of three pieces: a gradient,
a kinetic and a potential term. If |∇φ| ≫ |φ̇|, V (φ)1/2, then we would obtain pφ ≈ −ρφ/3, which is

not enough to drive inflation, since we need p < −ρ/3. However, if V (φ)1/2 ≫ |φ̇|, |∇φ|, the potential
energy dominates, and then

pφ ≃ −ρφ (4.1.4)

Thus, requiring that

φ̇2 ≪ V (φ), (4.1.5)

1Here he have already assumed a FRW metric. The idea is that it is sufficient a tiny patch of the Universe where
the field is homogeneous, for the inflationary mechanism to start working. During inflation one usually split the
inflaton field in φ(x, t) = φ(t) + δφ(x, t), where φ(t) is the ‘classical’ homogeneous (infinite wavelength) field, that
is the expectation value of the inflaton field, while δφ(x, t) represents the quantum fluctuations around φ(t). This
separation is justified by the fact that quantum fluctuations are much smaller than the classical value and therefore
negligible when looking at the classical evolution. In this section, we will be only concerned with the evolution of
the classical field φ(t).
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4.1 The Inflationary Paradigm (IP)

the inflationary condition (4.1.1) is satisfied through (4.1.4). Assuming that the energy of the inflaton
dominates over the energy of other fields, the Friedmann equation (3.2.17) becomes then

H2 ≃ 8πG

3
V (φ) (4.1.6)

On the other hand, deriving the condition (4.1.5) wrt time, this implies φ̈≪ V ′(φ), and consequently,
the eq. of motion of the homogeneous scalar field becomes

3Hφ̇ ≈ −V ′(φ), (4.1.7)

Moreover, since |V ′| ∼ Hφ̇, then also φ̈ ≪ Hφ̇ holds. The above conditions just mean that the
inflaton rolls down its potential “slowly” enough, such that inflation lasts for a sufficient large time.
One usually quantifies all these conditions - the slow roll conditions - in a different manner, such that
we can deal with a general potential V :

(1) : φ̇2 ≪ V (φ)

(2) : |V ′(φ)| ≈ 3Hφ̇
(3) : H2 ≈ 8πG

3 V (φ)







⇒
{

(I) : V ′2/V ≪ H2

(II) : V ′′ ≪ H2 (4.1.8)

From here, it is useful to define the slow-roll parameters, ǫ and η in the following way

ǫ = − Ḣ

H2
= 4πG

φ̇2

H2
=

1

16πG

(

V ′

V

)2

, η =
1

8πG

(

V ′′

V

)

=
1

3

V ′′

H2
(4.1.9)

The parameter ǫ quantifies how much the Hubble rate H changes in time during inflation. Since

ä

a
= Ḣ +H2 = (1 − ǫ)H2, (4.1.10)

then inflation can be attained only if ǫ < 1. As soon as this condition fails, inflation ends. In
general, slow-roll inflation is attained if ǫ≪ 1 and |η| ≪ 1. During inflation the slow-roll parameters
ǫ and η can be considered typically to be approximately constant, since it can be easily shown that
ǫ̇, η̇ ∼ O(ǫ2, η2). Only at the very end of inflation, the slow-roll parameters change in time significantly.

Finally, we can define the number of e-foldings as

N ≡ log

(

af
ai

)

=

∫ tf

ti

Hdt, (4.1.11)

which characterize the amount of inflation from an initial time ti till the end of inflation at tf . In order
to solve the problems of the Big Bang theory, the Universe should have grown during inflation at least
around 60-70 e-folds [247]. After inflation ends, the friction term 3Hφ̇ of eq. (4.1.2), do not dominate
any more, thus resulting in an acceleration of the inflaton towards the minimum of its potential. For
example, for chaotic inflation of the type V (φ) = 1

2m
2φ2, inflation takes places when φ & Mp. When

the inflaton crosses below the Planck scale, φ < Mp, the friction term becomes less and less important,
such that inflation ends when φ ∼Mp/2 [182].

In the next sections we will see how the inflaton oscillates around the minimum of its potential
after inflation ends, giving rise to a huge variety of phenomenological effects. Before, let us note that
despite the success of Inflation to solve the old shortcomings of the Big Bang theory, probably the most
important issue of the inflationary paradigm (IP) is that it also proposses an explanation for the origin
of the density perturbations of the Universe. It is this fact by far, what have given to the inflationary
paradigm its actual importance in modern cosmology. Inflation generates in a natural way the matter
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4 REHEATING THE UNIVERSE AFTER INFLATION

density perturbations that later trigger the process of structure formation in the observable Universe.
Inflation provides a mechanism to generate a spectrum of cosmological perturbations almost scale
invariant: The quantum fluctuations of the inflaton field are ’frozen’ during the inflationary stage,
when their wavelength leaves the Hubble radius due to the tremendous quasi-exponential expansion.
Much later, those fluctuations re-enter the horizon as a classical random field. The anisotropies of
the CMB indeed strongly support this idea [231, 232, 233, 234, 235]. Nowadays, inflation seems to be
the only theory which proportionate a physical origin to the CMB anisotropies, without appealing to
much more ad hoc modifications of the cosmological standard frame-work. Moreover, inflation also
predicts [6] a spectrum of Gravitational Waves also almost scale free.

The origin of the density perturbations, although generic of any inflationary model, gives neverthe-
less the possibility to truly test the IP, allowing to distinguish one model from others. One expects
that soon or late, observations will lead to the characterization of the correct family models of in-
flation, or to rule out the idea itself. Despite its interest, we will nevertheless not describe here the
production and evolution of the cosmological perturbations arising during inflation, since this would
take us too far away from the real aim of the Thesis. We will rather focus on the details of the
post-inflationary evolution of the Universe, studying how the period following just immediately after
the end of inflation, might also be used to constraint further the IP.

In particular, if the Universe went through an inflationary expansion in an early stage of its evolution,
it must also have undergone a Reheating period afterwards, during which (almost) all the matter of
the Universe was created. A simple consequence of Inflation is that the number density of any
particle species exponentially dies away as n ∝ 1/a3 ∼ e−3N , with N the number of e-folds during
inflation. Therefore, at the end of inflation, there would be no particles at all within the Universe.
Only the homogeneous energy density responsible for inflation (usually the potential energy of an
inflaton scalar field) had survived. So, what is the problem with this? Well, the hot Big Bang (hBB)
theory describes the early Universe as an expanding space filled up with relativistic species in thermal
equilibrium. Therefore, we are left on one hand, with an empty Universe at the end of inflation and,
on the other hand, with a Universe full of relativistic particles according to the hBB. So, how can
those two periods be matched? Obviously, the energy density responsible for inflation - the potential
energy of the inflaton - had to get converted somehow into particles. The precise epoch in which the
primordial inflationary energy was converted into (almost) all the particles of the Universe, is known
as Reheating2. Reheating is like a ’fat spot’ matching the inflationary expansion with the hot Big
Bang theory and, although it is a period only lasting a tiny fraction of a second, it can be splitted into
different stages whose phenomenology is nowadays an active area of research. The aim of this Thesis
is precisely to investigate some theoretical and phenomenological issues of Reheating which could led
to observational traces and to a better understanding of such unknown period.

4.2 A Perturbative Approach to Reheating

Since any particles that were present (or which could have been produced) during Inflation were
diluted during the quasi-exponential expansion, at the end of inflation the Universe was devoided of
any matter particles. Only the homogeneous vacuum energy responsible for inflation had survived. It
is then natural to think that at the end of inflation, if one considers the inflaton as a condensate of
particles (see next), these should decay into the quanta of other fields, as long as there exist couplings
between the inflaton and those fields.

During inflation those couplings would not play a significant role. Nevertheless the existence of
such couplings cannot be ignored, since they determine the radiative corrections to the inflationary

2Perhaps a more appropriate name would have been the “Defrozing” of the Universe, since there is no need that the
Universe was in thermal equilibrium before.
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4.2 A Perturbative Approach to Reheating

potential. To see this, let us consider an inflaton φ with potential Vinf(φ), interacting with some scalar
and spinorial fields, χ and ψ, like

V = Vinf(φ) +
1

2
g2φ2χ2 + hψ̄ψφ (4.2.12)

The couplings g, h cannot be arbitrary, but rather have to be “small”, since radiative corrections to
Vinf(φ) should not become big, or otherwise this would contradict the observations in the following
sense. Let us consider for instance one of the simplest inflationary potentials one can think of,

Vinf(φ) ≃ 1

2
m2φ2 , (4.2.13)

which is the paradigmatic form for chaotic inflationary potentials. To one loop, the potential (4.2.12)
is radiatively corrected as [241]

V (φ) =
1

2
m2

effφ
2 +

1

4
λeffφ

4 + ... , with m2
eff = m2

(

1 − h2

8π2

)

, λeff =
3g4 − h4

16π4
(4.2.14)

In chaotic inflation models, described by an effective potential V (φ) = 1
2m

2φ2 + 1
4λφ

4, the couplings
are constrained by the amplitude of the CMB anisotropies [182], such that m ∼ 1013GeV, λ . 10−13.
Therefore, unless there is an extraordinary fine tuning between g and h such that |h4 − 3g4| < 10−10,
the couplings between the inflaton and the rest of fields must be constrained as

g4, h4 ≪ 16π4λeff ∼ 10−11 ⇒ g, h . 10−3 (4.2.15)

Thus, the inflaton’s couplings to other fields cannot be arbitrarily large3. It seems natural therefore, to
consider the application of the perturbative machinery of QFT for studying the decay of the inflaton
at the end of Inflation.

To begin with, let us first study the evolution of the inflaton field neglecting first the couplings to
other fields, and later we will restore such couplings. Considering the potential (4.2.13), the equation
of motion of the homogeneous inflaton, reads

φ̈+ 3Hφ̇+m2φ = 0 (4.2.16)

with m playing the role of a frequency. Inflation ends when the slow-roll conditions are violated, just
when the inflaton acquires a sub-planckian amplitude φ . Mp [182]. Soon after the end of inflation
the rate of expansion verifies H ≪ m, and the inflaton zero-mode approaches asymptotic and rapidly
to

φ(t) ≈ Φ(t) sin(mt) , (4.2.17)

with Φ(t) a slowly decaying amplitude4. If we average over the period of the inflaton oscillations,
T = 2π/m, we find that the effective energy and pressure densities of the inflaton are

〈ρ〉 =
1

2
〈φ̇2〉 +

1

2
m2〈φ2〉 ≈ 1

2
m2Φ2(t)

(

〈sen2mt〉 + 〈cos2mt〉
)

=
1

2
m2Φ2(t) (4.2.18)

〈p〉 =
1

2
〈φ̇2〉 − 1

2
m2〈φ2〉 ≈ 1

2
m2Φ2(t)

(

〈sen2mt〉 − 〈cos2mt〉
)

= 0 , (4.2.19)

3Unless, of course, one considers a supersymmetric theory in which the radiative corrections due to the bosonic fields
are compensated by the correction from the fermionic counterparts.

4Actually, the general solution will be φ(t) ∝ exp(
R

λ±dt), with λ± = −(3H/2)[1 ±
p

1 − (2m/3H)2 ]. So, as soon as
H ≪ m, then φ(t) ∼ exp

`

− 3
2

R

Hdt
´

exp(±imt).

33



4 REHEATING THE UNIVERSE AFTER INFLATION

where we have ignored the variation of Φ(t) within a single oscillation. The inflaton oscillations
then translate into the effective behaviour of a homogeneous fluid with negligible pressure5. As a
consequence, the effective equation of state of the inflaton will be that of non-relativistic matter, and
the scale factor will behave correspondingly like a(t) ∝ t2/3. The Universe then expands as dominated
by an effective non-relativistic fluid with number and energy densities

ρφ = mnφ =
1

2
m2Φ2(t) ∝ 1/a(t)3 ∝ 1/t2 , (4.2.20)

From here we deduce that Φ ∼ a−3/2 ∼ 1/t, in accordance with the previous assumption about the
“smooth“ change of Φ(t). We also conclude that the number of inflaton particles per comoving volume
is conserved.

Let us restore now the couplings of the inflaton to other matter fields, to see how the Reheating
of the Universe proceeds. A phenomenological approach we can adopt is to introduce in the eom
of the inflaton zero-mode, the corresponding polarization operator Π(ω) for a static scalar field with
4-momentum kµ = (m,0). This, way, the eom of the inflaton’s zero mode would read

φ̈+ 3Hφ̇+ (m2 + Π(m))φ = 0 (4.2.21)

In general, this polarization operator is complex. Typically, the real part can be ignored due to
the smallness of the couplings of the inflaton to other fields. Appealing to the optical theorem, the
imaginary part of the polarization operator is given by [242] Im(Π(m)) = mΓφ, where Γφ is the total
decay rate of the inflaton. In the regime m ≫ H,Γφ, i.e. when the period of oscillations is much
smaller than the Hubble time and the inflaton mean-life, T = 2π/m≪ H−1,Γ−1

φ , we can neglect the
time dependence of H and Γφ, and write the solution to eq. (4.2.21) as

φ(t) ∝ exp[−1

2
(3H + Γ)t] sin(mt) ≈ 1

t
e−

1
2 Γφt sin(mt) , (4.2.22)

This solution corresponds to the amplitude of a damped oscillator, whose amplitude decreases due to
the expansion of the Universe and due to the decay of the inflaton into other particles.

The total decay rate of the inflaton can be obtained adding all the partial decays corresponding to
each possible channel by which the inflaton may decay. Assuming that the inflaton posses a non-zero
VEV σ 6= 0 in which the potential is minimum at the end of inflation, we can expand the inflaton’s
potential around that minimum. Performing the shift φ − σ → φ, then the system acquires a new
interacting term ∆V = −g2σφχ2, while the effective masses of the scalars and of the fermions receive
contributions ∆m2

χ = g2σ2 and ∆m2
ψ = hσ. One can then use the Feynman rules with the potential

(4.2.12), and obtain the corresponding tree level [182] partial decay widths as

Γ(φ→ χχ) =
g4σ2

8πm
, Γ(φ→ ψψ) =

h2m

8π
(4.2.23)

The total decay width can then be written as

Γφ =
h2
effm

8π
, h2

eff =
∑

i

(

h2
i +

g4
i σ

2

m2

)

, (4.2.24)

5The fact that the effective pressure of the inflaton is negligible can be understood as follows. At the end of inflation,
the inflaton is homogeneous and only the zero-mode (k = 0) have survived. Thus, the inflaton field at that moment
can be interpreted as a condensate made out of particles at rest. The inflaton field oscillations can then be considered
as a coherent wave of particles with zero momentum and energy entirely given by the rest-mass. These are static
particles and, therefore, they don’t exert any pressure.
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4.2 A Perturbative Approach to Reheating

with heff an effective coupling given by the sum over all the different couplings to the fields χ and
ψ. From here it’s easy to calculate now the evolution of the inflaton energy and number densities.
According to the solution (4.2.22), one concludes that the amplitude Φ(t) obeys the equation

d

dt
(a3Φ2) = −a3ΓφΦ

2 , (4.2.25)

form where, by multiplying by m/2 and m2, one obtains the rate of change of the number and energy
densities of the inflaton particles,

d

dt
(a3nφ) = −Γφ · (a3 nφ) ,

d

dt
(a3ρφ) = −Γφ · (a3 ρφ) (4.2.26)

The comoving number and energy densities, a3nφ and a3ρφ will therefore decay exponentially in a
time-scale Γ−1

φ .

The decaying products (bosons χ and fermions ψ) of the inflaton in the example considered, will
be ultra-relativistic if m≫ mχ,mψ. In such a case, the energy density of the produced particles will
decrease with an extra power of the scale factor, ρχ, ρψ ∼ 1/a4, .i.e. faster than the amplitude of
the oscillating inflaton φ. On the other hand, since g, h & 10−3, then h2

eff/8π & 10−7 and, therefore
Γφ ≪ H initially. Thus, the inflaton amplitude will be initially decreasing only due to the expansion
of the Universe. However, since the Hubble rate decays as H ∼ 1/t, eventually the expansion rate
will become smaller than the inflaton’s decay rate (even if this only happens after millions of inflaton
oscillations). In other words, the mean-life of the inflaton will eventually become smaller than the age
of the Universe, τφ = 1/Γφ < tU ∼ 1/H . Consequently, the inflaton decays will become statistically
significant from there on, and all the inflaton’s energy will release into the new ultra-relativistic
products. The produced particles, which are expected to interact among themselves, would almost
immediately achieve a state of thermal equilibrium (with a common temperature), assuming the
likely situation that their interaction rate is much greater than the Hubble rate in that moment. This
process, this burst of energy released into the production of particles, could represent indeed the truly
”Bang“ of the Universe.

The previous picture of Reheating was, in fact, the common picture of such a process during more
than a decade, until Kofman, Linde and Starobinsky in Refs. [37, 38] studied in greater detail the
transfer of energy from the inflaton to other fields in the 90’s, see also [206] and [207]. They found
that, at least for the first stages of Reheating, not only the perturbative approach is not accurate
enough, but rather absolutely inadequate. The initial stage of Reheating in which the perturbative
approach is not valid, was named PReheating in [37]. We will describe the general issues of the non-
perturbative effects characteristic of pReheating in Section #4.3. Here, we will stress a bit more yet
the perturbative theory.

First of all, let us note that after inflation, the inflaton will only decay after the Universe becomes
old enough. We are used to particles with mean life of the order Γ−1 ∼ 10−10 − 10−23 s, i.e. so small
compared to our human time-scales that we consider their decays almost instantaneous. However, if
the scale of inflation was for instance a GUT scale, EGUT ∼ 1016 GeV, the Universe was only ∼ 10−35

s old at the moment in which the Reheating stage begun. The Universe was be yet many orders of
magnitude younger than the typical time-scale for a particle to decay. Thus, the probability that a
single inflaton quanta would decay into other particles was simply negligible, before the Hubble time
H−1 became big enough in comparison with the inverse decay rate of the inflaton Γφ. Once reached
that moment, i.e. Γφ > H , the decay of the inflaton almost proceeded exponentially (within the time
scale associated to the life-time of the Universe at that moment). It’s remarkable, indeed, that this
situation is opposed to the case when some particle species decouple from the thermal plasma in the
hot Big Bang theory. In that case, initially Γint ≫ H holds, and only when Γint . H is achieved, then
the species decouple from the rest of plasma.
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4 REHEATING THE UNIVERSE AFTER INFLATION

Let us now estimate the Reheating temperature Trh, i.e. the first temperature achieved in common
among all the (relativistic) particles which dictate the evolution of the Universe after the inflaton has
decayed. Statistically speaking, in the light of (4.2.22), the inflaton decay into other particles becomes
significant when H ∼ 1

3Γφ. Substituting this condition into the Friedmann equation (3.2.16), then

ρ(trh) ≃
Γ2
φM

2
p

24π
. (4.2.27)

If thermal equilibrium is achieved soon after the decay of the inflaton, then the recently created
ensemble of relativistic particles acquire a common temperature Trh. Using the thermal energy density
defined in (3.2.26), we then obtain the Reheating temperature as

ρ(trh) ≃
Γ2
φM

2
P

24π
≃ π2g(Trh)

30
T 4

rh ⇒ Trh ∼ O(0.1)

(

g(Trh)

103

)− 1
4

(ΓφMp)
1
2 , (4.2.28)

where g(T ) is the number of effective relativistic dof, usually ∼ 102 − 103 in most extensions of the
SM.

This temperature does not depend on the initial value of the inflaton field φ at the end of infla-
tion. Therefore, it is not sensible to the scale of Inflation, but rather is completely determined by the
microscopic parameters of the theory of Inflation, i.e. the inflaton couplings to other fields.

Using the previous upper bounds on the inflaton effective coupling heff , and the fact that m ∼ 1013

GeV, we then obtain that, for this model,

Trh . 1011GeV (4.2.29)

This is a remarkcable result: if literal, the Universe would had never been in a thermal state at higher
temperatures than ∼ 1011 GeV, and therefore many of the speculations extrapolating the hBB till the
GUT or Planck scales, would simply result invalidated6.

4.3 PReheating, a Non-Perturbative stage

As we will demonstrate shortly, the domain of applicability of the elementary perturbative Reheating
theory is very limited, since it does not consider Bose-condensation effects. In particular, immediately
after the end of inflation, particles coupled to the inflaton are produced exponentially fast by non-
perturbative effects (not considered in the previous formalism), in a stage known as pReheating. This
will represent indeed a complete change of the picture of Reheating so, let us see this, step by step.

4.3.1 Bose-Einstein Condensation effects

Let us begin by considering an inflaton φ of mass m which is allowed to decay into some scalar field
χ of (bare) mass mχ(0) ≪ m. In particular, let us consider for instance an effective cubic interacting
term

− ∆Lint = g2σφχ2 , (4.3.30)

6Similarly to chaotic scenarios, although for very different reasons, we will demonstrate in Section #4.3.3 that the
non-perturbative effects in models of hybrid inflation are also crucial in order to understand properly Reheating.
However, it is quite remarkcable that in hybrid scenarios, independently of whether Reheating is analyzed within
a perturbative or a non-perturbative framework, very low Reheating temperatures can be obtained, like Trh ∼ 100
GeV for instance. According to this, not even the extrapolations of the hBB above the EW scale would be valid.
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4.3 PReheating, a Non-Perturbative stage

which, as discussed previously, might correspond to a massive chaotic model with a non-zero ex-
pectation value of the inflaton, 〈φ〉 = σ. After inflation, the inflaton would then oscillate around
its VEV σ with a frequency equal to its mass m and decaying amplitude Φ(t) ∝ 1/t, as (4.2.17)
φ(t) ≈ Φ(t) sin(mt). From (4.3.30) and using momentum conservation, an inflaton particle φ at rest
might decay into two χ particles, with the same momenta k but opposite sign. Using a field decompo-
sition into fluctuations with associated creation and annihilation operators ak, a

†
k [see Section #3.4],

the probability of such a process, and of the inverse one, are proportional to

Pφ→χkχ−k
∝ |〈nφ − 1, nk + 1, n−k + 1|a†ka

†
−kaφ|nφ, nk, n−k〉|2 = (nk + 1)(n−k + 1)nφ , (4.3.31)

Pχkχ−k→φ ∝ |〈nφ + 1, nk − 1, n−k − 1|aka−ka
†
φ|nφ, nk, n−k〉|2 = nkn−k(nφ + 1) , (4.3.32)

where n±k and nφ are the occupation numbers associated to the χ±k fluctuations and to the inflaton
zero-mode, respectively.

Let us define now the dimensionless time-dependent ”parameter”

q(t) ≡ 4g2σΦ

m2
, (4.3.33)

and consider first the case in which, from the very end of inflation, q ≪ 1. This is equivalent to assume
g2σφ(t) ≪ m2 and, by conservation of energy, this allows us to determine the momentum of each χ
particle as

m = 2
(

k2 +m2
χ(0) + 2g2σφ

)1/2 ⇒ k =

(

(m

2

)2

−m2
χ(0) − 2g2σφ(t)

)1/2

, (4.3.34)

Since we are considering m2
χ(0) + 2g2σΦ ≪ m2, it’s clear that k ≈ m

2 . In particular, considering the
hierarchy, m2

χ(0) ≪ 2g2σΦ ≪ m2, we can expand (4.3.34) to first order in q, such that

k ≈ m

2
[1 − q sin(mt)] =

m

2
− 2g2σΦ(t)

m
sin(mt) (4.3.35)

Thus, all the particles are produced with momenta within a thin shell of radius k∗ = m
2 and width

∆k ∼ 4g2σΦ

m
= mq ≪ k∗ , (4.3.36)

On the other hand, since the occupation number represent the number of quanta per volume of
(2π)3 natural units in phase-space, then the total number density of χ particles at any time should
be given by

nχ ≈ nk∗
(2π)3

· 4π∆k
(m

2

)2

=
q(t)

8π2
nk∗m

3 =
g2σnφ
π2Φ(t)

nk∗ , (4.3.37)

with nk∗ the occupation number at k∗, and where in the last equality we have used the number density
of inflaton particles given by (4.2.20), nφ = 1

2mΦ2. Inverting this formula, We can then express nk∗
in terms of the total number densities nχ and nφ, like

nk∗ ≈ π2Φ

g2σ

nχ
nφ

(4.3.38)

Now, let us supposse that the Bose-Einstein condensation (BEC) effects, i.e. the fact that we produce
bosons with occupation numbers greater than unity, could be somehow relevant for the dynamics of

37



4 REHEATING THE UNIVERSE AFTER INFLATION

Reheating. If that is the case, their effects would appear when nk > 1, or from (4.3.38), equivalently,
as soon as

nχ >
g2σ

π2Φ
nφ (4.3.39)

Since Φ . Mp at the end of inflation, and the energy densities of φ and χ are ρχ ≈ nχ(m/2) and
ρφ ≈ mnφ, respectively, then the BE condensation effects should be taken into account when

ρχ
ρφ

& qe

(

m

Mp

)2

, (4.3.40)

with qe the parameter (4.3.33) evaluated at the end of inflation. Since we are assuming for the moment
qe ≪ 1, and because m2 ∼ 10−12M2

p in (quadratic) chaotic models of inflation, we can conclude that
as soon as a fraction as tiny as 10−12 of the inflaton initial energy has been transferred to the χ field,
the BE effects – if relevant – should be taken into account. In comparison for instance to the inflaton
mean life Γ−1

φ (4.2.23), the time ∆t required to transfer such a tiny fraction of the inflaton initial

energy, can easily be estimated from the above condition (4.3.40) as ρχ ∼ Γφ∆tρφ & qe (m/Mp)
2ρφ,

from where,

∆t & qe

(

m

Mp

)2

Γ−1
φ ∼ qe10−12Γ−1

φ , (4.3.41)

Thus, if BE effects are relevant, they should then be considered very soon after inflation ends, just
after a very tiny fraction of time many orders of magnitude smaller than the inflaton mean-life!. So
the question arises, Are BE effects really relevant for Reheating?. Considering the rate of the process
φ→ χχ and of the inverse one χχ→ φ, see (4.3.31), and since nk = n−k = nk and nφ ≫ 1, then the
effective decay width of the inflaton will be

Γeff ≈ (1 + 2nk)Γφ, (4.3.42)

Therefore, for nk < 1, the effective decay will be just dictated by Γeff ≈ Γφ, as given in (4.2.23).
However, for nk ≫ 1 there will be an enhancement of the decay rate due to the presence of other
quanta of the χ field. In particular, using the value of nk∗ derived in (4.3.38), the number of produced
χ particles will evolve as

d(a3nχ)

dt
= +2Γeff(a3nφ) ≈

πg2σΦ

2m
(a3nχ) ∼ 1

q

(

Mp

m

)2

Γφ(a
3nχ) , (4.3.43)

from where obtain that the comoving number density of χ particles grows as

a3nχ ∝ eµt , with µ = q−1

(

Mp

m

)2

Γφ ≫ Γφ (4.3.44)

Therefore, nk∗ will become exponentially large very soon, growing as nk∗ ∝ (Φ/σ)eµt. In the light of
this, we can answer the previous question:

The Bose effects (nk ≫ 1) are indeed very relevant and should be taken into account from the
beginning of the inflaton oscillations, since the time scale associated to them, ∆t ∼ µ−1, is many
orders of magnitude smaller than the time scale Γ−1

φ characteristic of the inflaton mean-life.
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4.3 PReheating, a Non-Perturbative stage

4.3.2 Parametric Resonance

Narrow Resonance

So, what is really happening? How can the occupation numbers grow so fast? In order to answer
this, let’s now re-analyze the situation with a more formal development. Let us decompose the field
χ into quantum fluctuations as in (3.4.67)

χ̂(x, t) =

∫

d3k

(2π)3

(

âkχk(t) e
−ikx + â†kχ

∗
k(t) e

ikx
)

, (4.3.45)

where âk and â†k are the creation/annihilation operators, and deal with a theory of a quantum field
χ interacting with the classical field φ. For simplicity, let us first consider mχ(0) = 0 and neglect
the expansion of the Universe. Then, since we are considering the case |φ(t)| ≪ σ, and given the
potential (4.3.30), the fluctuations of the field χ̂ will obey a dynamical equation like

χ̈k +
(

k2 + 2g2σΦ sinmt
)

χk = 0 (4.3.46)

This equation describes an oscillator with periodic time-varying frequency, ω2
k(t) = k2 +2g2σΦ sinmt.

Because there is such periodicity, we can already suspect that some kind a resonant effect is behind
the previous results we just found. Re-writting the equation (4.3.46) in terms a new time variable
mt = 2z − π/2, then (4.3.46) looks like

χ′′
k + (Ak − 2q cos 2z)χk = 0, (4.3.47)

which is nothing but the Mathieu equation [259], with ’ representing derivatives wrt z, Ak = 4k2/m2

and q defined precisely as in (4.3.33). The solution to this equation strongly depend on the parameters
Ak and q, and is such that for certain regions in the (Ak, q) plane, there are unstable (resonant)
solutions. In particular, when we are well inside one of these regions, a particular ”band” in momentum

space is defined for which the solution takes the form χk ∝ exp(µ
(l)
k mt), with l labelling the specific

band. Such an exponential growth of the amplitude of the fluctuations with momenta belonging to
some resonant band, also implies immediately an exponential growth of the corresponding occupation

number, since nk(t) ∼ |χk|2 ∼ exp(2µ
(l)
k mt). For the case we have considered so far, q ≪ 1, the

resonance is said to be a narrow, the reason being that the resonant instabilities are only developed
in certain narrow regions (bands) of momentum space, around the values Ak ≃ l2, with l = 1, 2, ....
There is a width associated to each band, of order ∆k ∼ ql. Since q ≪ 1, the first band (l = 1) will be
the widest one and, therefore, the most significant one exciting a number of modes much greater than
the others. Fluctuations whose momenta is out of the bands, will not develop a resonant behaviour.
Thus, the BE condensation effects previously discussed for the modes within [k∗ − ∆k, k∗ + ∆k], can
be interpreted as a narrow parametric resonant effect in the first instability band.

The situation does not change significantly if we consider the interaction term

− Lint =
1

2
g2φ2χ2 , (4.3.48)

Indeed, using all the previous results, we can reduce the study of the resonant inflaton decay due
to the interacting term (4.3.48), to the case of the trilinear interaction (4.3.30). Ignoring again the
expansion of the Universe for simplicity, the eq. of the modes of a massless field χ, coupled to an
oscillatory decaying inflaton φ ≃ Φ sin mt, takes now the form

χ̈k + (k2 + g2φ2 sin mt)χk = 0 (4.3.49)
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4 REHEATING THE UNIVERSE AFTER INFLATION

Again, after replacing t by mt = z, we can write the above equation as a Mathieu equation, with

Ak = k2

m2 + 2q, q = g2Φ2

4m2 . In other words, the two problems, i.e. the study of the growth of the
fluctuations as induced by the cubic term (4.3.30) or by a quartic one (4.3.48), are mathematically
equivalent. Thus, performing a similar analysis when q ≪ 1, one can then find the growth of the
occupation number of the fastest growing mode in the case of the interaction (4.3.48), as [37, 38]

nk∗ ∝ eµt , µ =
g2Φ2

8m
=

1

2
qm (4.3.50)

The condition for narrow resonance, q ≪ 1 ⇔ gΦ ≪ m, can then be used again to determined the
width of the principal band, as ∆k ∼ m(g2Φ2/m2) = 4qm≪ m.

In summary, we have shown that

Even for a small coupling, either for cubic or quartic interaction terms, the perturbative theory is
not a limiting case of the resonant theory. Independently of the smallness of the coupling between the
inflaton and the other scalar fields, the rate of particle creation due to BEC effects is always many
orders of magnitude greater than the inflaton tree level decay rate obtained ignoring the accumulation
of the decay products.

Broad Resonance

So far, we discussed the case q ≪ 1, either in the case of cubic or quartic interaction terms. However,
if m > g2σ > m2/Φ is verified in the three-legged interactions, or m > g2Φ > m2/Φ in the four-legged
case, the condition of narrow resonance is not verified, and rather q ≫ 1 is obtained. In fact, the
amplitude of the inflaton at the end of inflation in chaotic models, always verifies the latter condition.
So even if it was instructive to analyze the case q ≪ 1, the most general situation after chaotic inflation
will rather be that of broad resonance, precisely obtained when q ≫ 1. Since in the case q ≪ 1, the
width of the resonant bands was controlled by q, one can already anticipate that for the case of q ≫ 1,
the unstable bands will be much wider now (what justifies precisely the adjective broad).

Let us consider a quartic interaction term (4.3.48) between the inflaton and the extra scalar field,
since the trilinear interaction case can be easily mapped to a similar problem. This time we will
maintain the expansion of the Universe, since it will play an important role and we want to be as
general as possible. The mode equation (4.3.49) can then be written as

χ̈k + 3Hχ̇k +

(

k2

a2
+ g2Φ2 sin2 mt

)

χk = 0 . (4.3.51)

Redefining the mode amplitude by a conformal transformation Xk = a3/2χk, we then obtain the
equivalent equation

Ẍk +

(

k2

a2
+ g2Φ2 sin2 mt+ ∆

)

Xk = 0 (4.3.52)

where ∆ is a linear combination of O(H2) and O(ä/a) terms. At subhorizon scales k ≫ aH , ∆ is
therefore negligible versus the momentum term, since O(ä/a) ∼ O(H2), and thus ∆ ≪ k2/a2. We
will then ignore ∆ in what follows.

It is worth noting that in terms of Ak and q defined as

Ak =
k2

a2m2
+ 2q , q =

g2Φ2

4m2
, (4.3.53)
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we might again re-write the above equation as a Mathieu equation (4.3.47), as we did in the case
of q ≪ 1 in flat space-time. However, the advantage of mapping the mode equations under study
into a Mathieu equation is somehow dubious, since only when the values of a pair (Ak, q) are fixed,
then one can look into the unstable/stable character of the solutions of the Mathieu equation, and
determine whether there is resonance or not. In the case under consideration, nor Ak neither q are
fixed parameters in time. Therefore, we will not exploit the properties of the Mathieu family of
equations, and rather we will study the consequences of having q ≫ 1 and an expanding Universe, in
a different way. We will nevertheless use the definition of the parameter q as a function of time as
given in (4.3.53).

Coming back to equation (4.3.52), let us note that if the frequency ω2(t) =
(

k2/a2 + g2Φ2 sin2 mt
)

varies adiabatically in time, or more precisely, if it verifies the adiabatic condition

|ω̇| ≪ ω2 , (4.3.54)

we can then solve eq. (4.3.52) with the WKB semi-classical approximation, obtaining

Xk ∝ 1√
ω
e±i

R

ω(t′) dt′ (4.3.55)

Thus, as long as the adiabatic condition (4.3.54) holds, the occupation numbers become adiabatic
invariants, since nk ∼ |Xk|2 does not change significantly. However, as we explained in Section #3.4,
if the frequencies change non-adiabatically for some period of time, we might then expect to pro-
duce particles, i.e. a growth of the occupation numbers nk. For most of the time the adiabatic
condition (4.3.54) is indeed fulfilled for all the modes, during the oscillations of the inflaton. How-
ever, since φ oscillates as sin(mt), when its amplitude approaches to zero at the times ti = iπm−1,
i = 1, 2, 3 . . . , the effective frequency changes abruptly, since the variation of a sinusoidal function is
maximum at those instants. In particular, expanding the inflaton behaviour around any time ti as
sin m(ti + ∆ t) ≈ m∆t, we can then write the effective frequency of the field fluctuations as

ω2(t) =

(

k2

a2
+ k4

∗(∆t)
2

)

, (4.3.56)

with k∗ defined like

k∗ ≡
(

g2Φ2m2
)1/4

= (4qm4)1/4 ∼ q
1
4 m (4.3.57)

Note that this scale k∗ has appeared naturally in (4.3.56) through the coupling of the χ fluctuations
with the inflaton. Let us then rescale all variables to k∗, and write equation (4.3.52) in terms of the
“natural” variables of the problem

κ ≡ k/k∗
a

, τ ≡ k∗(t− ti) , (4.3.58)

as

X ′′
k + ω2(k, τ)Xk = 0 , ω2(k, τ) = (κ2 + τ2) , (4.3.59)

with ′ meaning derivatives wrt τ . Both k∗ and the scale factor a(t) are almost constant around any
time ti, since they evolve in a time-scale much greater than the ”brief” interval ∆t. Thus, if we
differentiate ω2(k, τ) wrt τ and maintain κ constant, we obtain ωω′ = τ . The adiabatic condition –
this time written in terms of τ – is then violated only when ω′ = τ

ω ≫ ω2, or equivalently, when

τ

(κ2 + τ2)3/2
& 1 ⇔

{

τ < 1
κ < 1

(4.3.60)
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Defining

∆t∗ ≡ 1

k∗
=

1√
gmΦ

∼ q−
1
4m−1 , (4.3.61)

we then conclude from the above condition τ < 1, that only during short periods of time ∆t . ∆t∗
around the zeros of the inflaton, at times ti, we expect to violate the adiabatic condition. Thus,
only during such brief intervals around ti we expect an abrupt production of particles of the χ field.
Moreover, and here comes one the biggest differences with respect to the narrow case, from the
violation of the adiabatic condition we also obtained the condition κ < 1, which allows one to extract
an upper bound for the possible momenta for which the resonance instability can be developed. During
the short period ∆t∗ in which resonance occurs, only the modes

k

a
< k∗ ≈ q1/4m (4.3.62)

will be excited. In other words, while in the narrow case, only the modes within a shell ka ∼ m
2 ± ∆k

(with ∆k ≪ m
2 ) develop instabilities, now all the modes of momenta k . q1/4m become resonant.

Moreover, since we are considering the case q ≫ 1, then we can produce particles with energy greater
than the inflaton mass!. This is a clear evidence, indeed, why any perturbative approach considering
the decay of a single inflaton particle fails: in order to produce such an energetic χ particles, only a
collective effect involving many inflaton particles can be invoked.

The occupation number of fluctuations within the instability sphere k/a . k∗ will evolve non-
adiabatically as a result of the inflaton passing through one of its zeros. When |τ | < 1, the instability
will take place, whereas before (τ < −1) and after (τ > 1) the fluctuations will evolve adiabatically.
Let us consider then the fluctuations of the χ field as given by some combination of the adiabatic
solutions (4.3.55),

Xk(t) =
αk(τ)
√

2ωk(τ)
e−i

R τ ωk(τ ′)dτ ′

+
βk(τ)
√

2ωk(τ)
e−i

R τ ωk(τ ′)dτ ′

, (4.3.63)

valid only when the inflaton is not crossing around one of its zeros at tj (i.e. |τ | < 1). In the light
of equation (4.3.59) we can think of the problem of the evolution of the χ fluctuations around tj as
a scattering problem in non-relativistic Quantum Mechanics, simply by inverting the sign of (4.3.59)
and identifying the −τ2 term as an inverse parabolic potential. We can then consider the “wave”
Xk(t) having the form

Xj
k(t) =

αjk
√

2ωk(τ)
e−i

R

τ ωk(τ ′)dτ ′

+
βjk

√

2ωk(τ)
e−i

R

τ ωk(τ ′)dτ ′

(4.3.64)

before the scattering at tj , and having the form

Xj+1
k (t) =

αj+1
k

√

2ωk(τ)
e−i

R

τ ωk(τ ′)dτ ′

+
βj+1
k

√

2ωk(τ)
e−i

R

τ ωk(τ ′)dτ ′

(4.3.65)

afterwards, but before the next scattering at tj+1. Equations (4.3.64) and (4.3.65) are therefore the
asymptotic expressions for the QM equivalent of an incoming wave at t < tj and outgoing wave at t >
tj , scattered at tj . By using the reflection Rk and transmission Dk amplitudes of a scattering process
through an inverse parabolic potential, it is therefore possible to express the outgoing amplitudes
αj+1
k , βj+1

k in terms of the incoming ones αj+1
k , βj+1

k . The advantage of mapping the problem into a
QM scattering one should be clear now: The reflection and transmission coefficients for a huge variety
of potentials have been computed and collected during many years, including of course the case under
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study of an inverted parabolic potential. The final result can simply be read from QM text books.
Defining κj = κ(tj), one finds (see [38] for more details)

(

αj+1
k

βj+1
k

)

=

(

√

1 + f(κj)e
iϕk i

√

f(κj)e
2iθj

k

−i
√

f(κj)e
−2iθj

k

√

1 + f(κj)e
−iϕk

)

(

αjk
βjk

)

, (4.3.66)

where f is defined as

f(κ) ≡ e−πκ
2

, (4.3.67)

whereas θjk =
∫ tj ωkdt

′ are the phases “accumulated” up to time tj , and ϕk are some phases involved
in the reflection and transmission coefficients7.

The relation (4.3.66) between the coefficients αk(t) and βk(t) before and after a scattering at tj,
are similar to the Bogoliubov transformations (see Section #3.4). The particle occupation number is
given by nk = |βk|2, so the expectation value for the particle number density (per comoving volume)
of quanta of the field χ, will be

nχ =
1

2π2a3

∫

dk k2 |βk|2 (4.3.68)

From (4.3.66), we can express |βj+1
k |2 in terms of |βjk|2, and therefore determine the occupation

numbers after the scattering at tj in terms of the occupation numbers previous to such scattering.
One finds,

nj+1
k = f(κj) + [1 + 2f(κj)]n

j
k − 2

√

f(κj)[1 + f(κj)]

√

njk(1 + njk) sin θtotj (4.3.69)

where θtotj = 2θjk − ϕk + arg{βjk − αjk}. The previous formula can be re-written in a more intuitive

way by simply adding 1
2 into both sides, obtaining

(

nj+1
k +

1

2

)

= [1 + 2f(κj)]

(

njk +
1

2

)

− sin θtotj

√

[1 + 2f(κj)]2 − 1

√

(

njk +
1

2

)2

− 1

4
(4.3.70)

Here we see clearly that even if the occupation numbers were zero before the scattering at tj , i.e. njk = 0,
the 1

2 associated to quantum fluctuations is nevertheless amplified by a factor [1 + 2f(κj)]. So at
each scattering, independently of the incoming nk, there is always an amplification of the vacuum
fluctuation giving rise to a ”spontaneous“ creation of particles. If, on the other hand, njk is not zero
before the scattering, then the same factor [1 + 2f(κj)] would also amplify the exiting occupation
numbers. At each scattering, therefore, there is also a ”stimulated” production of particles as long as
the modes are populated previous to the scattering. Finally, the third term of (4.3.70), which depends
on sin θtotj , accounts for the interference effects due to the mix of positive and negative frequency

modes. If previous to a scattering, njk = 0, this extra term would simply not contribute. However, if

the modes are already excited previous to the scattering and therefore njk 6= 0, such term can either
enhance yet more the production of particles, or on the contrary, depending on θtotj , it can decrease
the existing occupation numbers. This is, of course, a clear signal of the quantum mechanical nature
of the process under study.

If the phases θtotj were somehow random variables, the phase averaged growth per scattering could
be defined as

(

nj+1
k +

1

2

)

= [1 + 2f(κj)]

(

njk +
1

2

)

, (4.3.71)

7One can indeed find the explicit dependence of ϕk, but we will not discuss them further, see next.
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simply taking the average8 over angles 1
2π

∫

dθ in Eq. (4.3.70), and thus dropping out the term with

sin θtotj . One might indeed find a master formula for nj+1
k in terms of the functions {f(κj)}, simply

assuming nk = 0 just after inflation ends. One then obtains

nj+1
k = f(κj) +

j−1
∑

i=1

f(κj−i)D
(j)
i , D

(j)
i ≡

i−1
∏

m=0

(1 + 2f(κj−m)) (4.3.72)

Let us note that the inflaton amplitude crosses zero twice per oscillation, such that there are two
creational moments at each oscillation. At each scattering or inflaton zero-crossing, the instability
function f(κj) characterizes the strength of the resonant effect. It depends not only on k, but also
via k∗ in the coupling g and the inflaton amplitude Φ at time tj . For κj . 1 or, equivalently
k . a(tj)k∗(tj), we have f(κj) ∼ O(1). Therefore, the occupation number of the fluctuations with such
momenta, experience a resonant behaviour which is fully described by the iterative equation (4.3.70).
On the other hand, for the momenta κj ≫ 1 or, alternatively for k ≫ a(tj)k∗(tj), the growth function
verifies f(κ) ≪ 1, and therefore the fluctuations with such momenta remain adiabatically invariants.
Thus, beginning from a vacuum state at the end of inflation, with nk ≈ 0, after few oscillations of
the inflaton, we will soon encounter that nk ≫ 1 for the resonant modes, whereas nk ≈ 0 for the rest.
Once in the large-occupation number regime, we can indeed obtain the approximated expression for
the unstable modes as

nj+1
k ≈ njke

2πµj
k (4.3.73)

where µjk is known as the floquet index, given here by

µjk ≈ 1

2π
log

(

1 + 2f(κ1) + 2 cos θj

√

f(κj)(1 + f(κj))

)

(4.3.74)

The maximum value of this parameter is obtained for k = 0 and θ = 0,

µmax
k ≈ 1

π
log(1 +

√
2) ≈ 0.28 (4.3.75)

The question arises now on how to estimate the phases θtotj at each scattering, and see whether
equations (4.3.71) and (4.3.72) are good enough. In order to quantify this, note that in the interval
−π < θ < π, µ > 0 for 3π/4 > θ > −3π/4, whereas µ < 0 for 3π/4 < θ < π and −3π/4 > θ > −π.
It turns out that using the expression (4.3.56) of ωk, one finds [37, 38] that the change between θj
and θj+1 is much greater than 2π as long as q ≫ 1. One can then consider θtotj (modulus 2π) as a
uniform random variable betwen 0 and 2π. Thus, in such case of ”incoherent” successive scatterings,
the occupation number of a given mode grows three quarters of the time, and therefore, on average
(after some inflaton oscillations), it always grows. It is like if θtotj was random at each scattering, with
the number of particles changing chaotically at each zero crossing of the inflaton. The occupation
number of a given mode can even decrease in a given scattering 9, but on average after some inflaton
oscillations, there is always a global growth. Because of this particular behaviour in the q ≫ 1 case
in an expanding Universe, this effect was called stochastic parametric resonance.

8Note that this is not the real phase averaged occupation number after the (j +1)− th scattering, since this should be

defined as 〈nj+1
k

〉 ≡ 1
(2π)j

R

dθ1

R

dθ2...
R

dθj nj+1
k

(θtot
j , ..., θtot

1 ) ,, with nj+1
k

exppressed in terms of nj
k
, nj

k
in terms

of nj−1
k

, and so on, up to n2
k

given in terms of n1
k
, through Eqs. (4.3.70).

9Something impossible to obtain within the perturbative approach.
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4.3.3 Spontaneous Symmetry Breaking and Tachyonic PReheating

Let us now move into the description of Reheating in the family of Hybrid Inflationary models. As
indicated by the name, these models do not involve a single field during inflation, but rather there is
also, besides the inflaton φ, a symmetry breaking field ϕ coupled to the latter. In these scenarios there
will be again an initial period dominated by non-perturbative effects just after the end of inflation. It
will be a new pReheating stage, but very different from the parametric resonant mechanism discussed
so far. It will consist in the spontaneous symmetry breaking (SSB) of the field ϕ, evolving from a
symmetric phase 〈ϕ〉 = 0 towards a broken phase 〈|ϕ|〉 = v 6= 0. The issue of this Section will be
therefore to describe this new mechanism, called tachyonic pReheating, which will also give rise to
a rapid production of particles through the achievement of SSB. Tachyonic pReheating is indeed a
strongly nonlinear and non-perturbative effect, and it can lead to the production of particles with
large occupation numbers inversely proportional to the coupling constants. As a result, as in chaotic
models, the perturbative description is very limited and does not describe correctly the initial stages
of Reheating after hybrid inflation. In particular, it does not properly describe the production of
topological defects, or the re-scattering effects of the created particles.

SSB is in fact a basic feature of field theory, since the potential that gives rise to such phenomenon
is one of the most general renormalizable potentials for a scalar field. Therefore, we will first discuss
the idea of SSB in general, and later incorporate it into the framework of hybrid inflation. SSB
can for instance be achieved in a first order phase transition, where the symmetry breaking occurs
discontinuously, such that the field abruptly “jumps” into the true vacuum through a tunneling
process. However, we will be more interested here in a different case, in which the dynamics of
SSB is triggered due to the “sudden“ appearance of a negative square mass term in the effective
potential, like −m2

effϕ
2/2, with m2

eff > 0. Such term will then induce correspondingly a tachyonic
instability (also called spinodal instability), giving rise to an exponential growth of the long wave-
length quantum fluctuations with momenta k < meff . The rapid growth of these fluctuations will
increase the variance of the field, and finally lead to SSB when the field reaches the true vacuum. The
end of SSB is considered to be achieved once the configuration of ϕ has relaxed in the new vaccum,
and the initial symmetry has been finally broken completely. The field in that moment will then be
confined in the (true) vacuum manifold, except in those regions where topological defects are formed,
see next.

The essence of SSB can be grasped with the effective (Mexican-hat) potential of a multicomponent
field ϕ,

VSSB(ϕ) =
λ

4
(|ϕ|2 − v2)2 =

λv4

4
− λv2

2
|ϕ|2 +

λ

4
|ϕ|4 , (4.3.76)

where v is the VEV of the field. This potential has a minimum at |ϕ| = v, and a maximum at
ϕ = 0, where the curvature is V ′′ = −m2, with m ≡

√
λv. The development of a tachyonic instability

depends, of course, on the initial conditions of the problem. Let us consider that the total effective
potential is

Veff = VSSB(ϕ) +
1

2
m2

int(t)ϕ
2 (4.3.77)

with mint(t) some time dependent term given by the interactions of ϕ with some other fields. In the so
called second order phase transitions, the SSB process occurs gradually, with m2

eff ≡ m2
int(t) − m2

slowly changing from positive (mint(t) > m) to negative (mint(t) < m), such that the degree of sym-
metry breaking (i.e. how close the field is to the true vacuum) increases gradually in time. There
is nevertheless also the possibility that the tachyonic mass term appears gradually, but almost in-
stantaneously as compared to the time scale required for SSB to occur. This is precisely what will
happen in hybrid pReheating: the effective negative square mass in the potential will evolve gradually
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from positive to negative, but in a brief period as compared to the time-scale required by the field
to adapt itself into the new vacuum. The field will suddenly “feel” a negative curvature towards the
true vacuum, and therefore it will be forced to roll down the potential towards such VEV. In order
to understand this, let us assume that at some initial time the symmetry is restored, and the field
ϕ does not have any homogeneous component, i.e., 〈ϕ〉 = 0. This is what happens10 indeed in the
case of hybrid inflation, where the coupling of ϕ with and inflaton φ forces ϕ to be in the symmetric
phase during inflation, see discussion after eq. (4.3.84). For definiteness, let us consider that in the
symmetric phase, there are the usual quantum fluctuations of a scalar field,

ϕk =
1√
2k
e−ikt (4.3.78)

Then, at time let’s say t = 0, the term 1
2m

2
effϕ

2 becomes negative. Therefore, the modes with

k = |~k| < |meff | will grow initially exponentially as ϕk ∝ e
√
m2

eff−k2t, with a greater growth the
smaller the momentum k is. Of course, in the light of (4.3.76), even if 〈ϕ〉 = 0 initially, the rapid
growth of the fluctuations will also “activate” the non-linear term λ|φ|4, and this will reduce gradually
the tachyonic instability induced by the negative effective mass m2

eff < 0. When the amplitude of the

field finally becomes of order |ϕ| ∼ O(m/
√
λ), the fluctuations will not have a tachyonic effective

mass anymore, and the exponential growth will cease, recovering the usual oscillatory behaviour.
To estimate the field growth during the initial stages, before the non-linearities due to λϕ4 become
important, one can simply consider m2

eff = −m2 for simplicity, and write

〈ϕ2〉(t) =
1

4π2

m
∫

0

dk k e2t
√
m2−k2

=
e2mt(2mt− 1) + 1

16π2t2
, (4.3.79)

where we have ignored any time/field dependence in the effective mass.

In order to get some intuition about how the process of SSB develops in configuration space, let
us consider the simplified problem of single-component field, which can only take either a positive or
a negative VEV, i.e. 〈ϕ〉 = +v or −v. Let us also think of the field as consisting of a single wave
in space as ϕ = Fk(t)e

−ikx, with k . m and initial amplitude Fk ≪ v. The amplitude of this wave
will grow exponentially in the process of SSB, until it becomes of order ∼ O(v) ∼ m/

√
λ. This will

then lead to the division of the Universe into domains of size l ∼ O(2π/k) ∼ m−1, in which the field
changes from O(v) to O(−v). The gradient energy density associated to the regions in between those
domains with positive and negative values of the field, will then be ∼ k2δϕ2 ∼ O(m4/λ), which is an

energy of the same order as the total initial potential energy of the field V0 = λ
4 v

4 = m4

4λ . Thus, the
regions in space where the field “interpolates“ between the domains with positive and negative V EV ,
cannot be ignored, since the gradient energy associated to them is not negligible at all. This is one
of the reasons why any approximation based on perturbation theory fails in the correct description of
the process, since it does not consider the formation of topological defects in general.

Therefore, in principle a substantial part of the initial false vacuum energy V0 can transferred to the
gradient energy of the field ϕ, when it rolls down to the minimum of the potential towards the true
VEV. Since in a real situation, the initial state contains many quantum fluctuations with different
phases growing at a different rates, the resulting field distribution is very complicated, depending on
the number of components of the field. The tachyonic growth of all fluctuations with k < m, i.e. those
that contribute to 〈ϕ2〉 in Eq. (4.3.79), continues until 〈ϕ2〉 reaches the value v2/3. A that moment
the curvature of the effective potential vanishes, and the tachyonic growth ceases, such that the usual
oscillations of all the modes with positive squared frequency is recovered. Using (4.3.79) and imposing

10It also happens in thermal phase transitions, where above a threshold temperature, the thermal fluctuations restore
also the symmetry.
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Figure 4.1: Left : The process of symmetry breaking in the model with a complex field ϕ = 1√
2
(ϕ1 +

iϕ2). The field distribution falls down to the minimum of the effective potential at |ϕ| = v,
and experiences small oscillations with rapidly decreasing amplitude |∆ϕ| ≪ v. Time is
given in units m−1. Right : Formation of domains in the process of symmetry breaking in
the model with a real field ϕ. The tachyonic instability is the same in both cases and the
process of domain growth is qualitatively similar. [Figures taken from reference [57]].

〈ϕ2〉 = v2

3 = m2

3λ , we can estimate the end of the tachyonic growth (for λ≪ 1), at a time11

m2

3λ
≈ e2mtSSB2mtSSB

16π2t2SSB
⇒ mtSSB ∼ 1

2
ln
α

λ
(4.3.80)

with α ∼ O(10). Of course, this time tSSB is only indicative and simply represents the first moment
in which the symmetry breaking field changes from negative to positive the curvature of its poten-
tial. Anyway, analogously to the case of pReheating in chaotic inflation, the exponential growth of
fluctuations can be interpreted as the growth of the occupation number of particles. The occupation
numbers for modes with k < m, at the time tSSB, have grown up to

nk ∝ |ϕ2
k| ∼ e2mtSSB ∼ eln(α/λ) =

O(10)

λ
≫ 1 for λ≪ 1. (4.3.81)

For small λ the fluctuations with k < m have very large occupation numbers, and therefore they can
be interpreted as classical waves of the field ϕ. This in turn justifies that the system can be studied
with lattice techniques as we indeed do in Chapters (5) and (8).

The dominant contribution to 〈δφ2〉 in Eq. (4.3.79) at the moment tSSB, is given by a mode k∗,
which can be found maximizing the integrand of 〈δφ2〉 as

(

m

k∗

)2
[

(

m

k∗

)2

− 1

]

= 4 log2
(α

λ

)

⇔ k∗ ∼ 1√
2

m

log1/2(α/λ)
(4.3.82)

11Note that tSSB depends only logarithmically on the choice of the initial distribution of quantum fluctuations.
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Therefore, the associated wavelength is

l∗ ∼ 2πk−1
∗ ∼ 22/3πm−1 ln1/2 (α/λ) > m−1, (4.3.83)

As a result, at the moment when the fluctuations of the field ϕ relax around the minimum of the
effective potential, 〈

√

ϕ2 〉 ∼ v, the field distribution looks rather homogeneous on a scale l . l∗. On
average, one still has 〈ϕ〉 = 0, since the breaking of the symmetry occurs in different directions of field
space at different positions, but there is no preferred direction. In other words, the Universe becomes
divided into domains in which the symmetry breaking field points in different directions of field space
within the vacuum manifold |ϕ| ∼ v. See for instance the right fig. 4.1, where a single-component field
has spontaneously broken an initial Z2 symmetry, thus dividing the space into domains of positive and

negative VEV. The typical size of each domain in such figure is of order ∼ l∗
2 ∼

√
2π
(

ln α
λ

)1/2
m−1.

Of course, it is too difficult to obtain a full analytical understanding of the process of SSB, given the
fact that when the field rolls down to the minimum of its effective potential at ϕ ∼ v, its fluctuations
scatter off each other through the non-linear interactions. It is hard to study those scatterings ana-
lytically, but however one can do it using lattice simulations. The particular case of SSB after hybrid
inflation was indeed first studied in a 3D lattice in [57], and soon afterwards in more detail in [62].
Figure 4.1 (Left), taken from reference [57], illustrates precisely the dynamics of symmetry breaking
during tachyonic pReheating in a model with a two-component scalar field ϕ = (ϕ1 + iϕ2)/

√
2, as

simulated in a 3D lattice. It shows the two-dimensional histograms of the field distribution at a fixed
times, which then can be interpreted as the probability distribution P (ϕ, t) of the symmetry breaking
field acquiring at such times, a particular value ϕ within the complex plane. If at t = 0 one begins
with a probability distribution concentrated near ϕ = 0, after a single oscillation this probability
distribution stabilizes at |ϕ| ∼ v, which corresponds to SSB. In the particular example shown in 4.1
(Left), looking at the spatial distribution of the field ϕ we see that after the first oscillation the Higgs
field, the amplitude of oscillation is smaller than v/2. It is in that sense that the SSB occurs within
a single oscillation of the field distribution.

In particular, the theory of Reheating in the hybrid inflation scenario, is described by the effective
lagrangian

V (φ, ϕ) =
λ

4
(|ϕ|2 − v2)2 +

g2

2
φ2|ϕ|2 +

1

2
m2φ2 . (4.3.84)

where ϕ the symmetry breaking field to which the inflaton φ of mass m2, is coupled with strength g2.
The point where φ = φc ≡

√
λv/g and ϕ = 0 is a bifurcation point in what concerns the form of the

effective potential V (ϕ, φ), while the global minimum is located at φ = 0 and |ϕ| = v. However, for
φ > φc the squares of the effective masses of both fields m2

ϕ = g2φ2−λv2 +3λϕ2 and m2
φ = m2 +g2ϕ2

are positive and the potential has a valley at ϕ = 0. Inflation in this model occurs while the φ field
rolls slowly along this valley towards the bifurcation point. When φ reaches φc, inflation ends and the
fields rapidly roll towards the global minimum at φ = 0, |ϕ| = v, as a consequence of the tachyonic
instability in the long-wavelength modes of the symmetry breaking field. In the realization of SSB in
pReheating after hybrid inflation, the time (4.3.80) is indeed a good estimation of the time taken by
the system to fully break the initial symmetry, since in this case SSB is achieved typically only within
a single oscillation of the field. However, depending on the couplings of the model, the symmetry
breaking field might also oscillate for quite a while with a big amplitude, restoring and breaking
successively the initial symmetry. In either case, tachyonic pReheating can indeed be an extremely
efficient mechanism since, as first shown in [57], it allows for the transfer via the tachyonic instability
of all the initial inflationary energy into the particles created during the process, even within a single
(or few) oscillation(s) of the symmetry breaking field.

To conclude, let us emphasize the role of the number N of components of the symmetry breaking
field. If ϕ is a real one-component scalar, hybrid pReheating may lead to the formation of domain walls
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[see fig (4.1)], whereas if one considers ϕ is a complex field, then symmetry breaking after inflation
produces cosmic strings instead. If, on the contrary the field ϕ has 3 or 4 components, then this
can give rise to the formation of monopoles or of textures, respectively. Finally, if one considers a
field with N > 4 components, then topological defects are not formed (in a 3+1 space), but still the
field orders itself in the vacuum manifold, such that there are domains with ϕ pointing in different
directions of field space. In this Thesis we have in fact intensively studied the SSB process during the
Reheating stage after hybrid models of inflation, considering the cases N = 2 (Chapter #8), N = 4
(Chapter #5) and N ≫ 1 (Chapters #6 and #7).

4.4 New Aspects of Reheating: What this Thesis is about

In the perturbative theory of Reheating (Section #4.2) we found a decay rate inadequate to describe
the real physical effects taking place after inflation. From Section #4.3 it should be clear now that
considering the BE condensation of the fields is a crucial step, since this gives rise to an exponential
growth of the field fluctuations via the development of parametric resonance. If instead of considering
the single field inflationary models, we analyze Reheating after hybrid inflation, a tachyonic instability
in the long-wavelength modes of an auxiliary field leads also to an exponential growth of the occupation
numbers through the achievement of SSB.

We have described in some detail in the previous Sections, an encouraging analytical partial un-
derstanding of such non-perturbative processes. Despite this, at the end of the day, one encounters
too many difficulties when trying to obtain a complete analytical treatment of the whole period of
Reheating. Just to give an example, note that we did not analyzed properly the role of the expan-
sion of the Universe in our discussions. For instance, the expansion redshifts the physical momenta
changing continually the width of the resonant zone/s and the number of modes within it. On the
other hand, we have also ignored backreaction effects of the created particles into the dynamics of the
inflaton, which would change both the time evolution of its amplitude and its oscillatory frequency.
Besides, the re-scattering of the produced particles, which we have also ignored, would also suppress
the efficiency of the resonance by removing particles from the instability regions. Moreover, comparing
the perturbative decay rate Γφ (4.2.23) with the resonant one µk (4.3.74), one is forced to conclude
that the resonant behaviour cannot last indefinitely, since the decaying amplitude of the inflaton will
eventually become too small.

To be more concrete, the study of the particle production during Reheating is driven by non-
perturbative processes with such a complexity, which makes it too difficult to fully investigate
this stage by just analytical means. The full dynamics of the system, including expansion of the
Universe, backreaction and re-scattering effects, can only be in principle studied in detail with
numerical techniques. Not to mention that we are only exploring hypothetical couplings between
an unknown inflaton and a yet more unknown sector of scalar fields. In fact, if we really wanted to
describe a realistic Reheating scenario, not only we should account for all the non-linear interaction
effects, but also consider couplings to fermions and vector fields. One should then follow all the
interactions among all the created particles until their occupation numbers would finally relax into
a thermal state, usually after having passed through a turbulent regime. The physical problem of so
many dof of different nature (from scalar to fermions and vectors) evolving through non-linear and
non-perturbative interactions, in a far-away-from-equilibrium state, is simply too difficult to be solved
analytically. Thus, even if in the last 20 years many analytical results have been found shedding light
into the mechanisms that could drive Reheating, different approaches might be needed if we really
want to start probing the physics of such an unknown period of the Universe. A real understanding
of how the Universe reheated seems too far away from our actual knowledge, unless we would know
the details of the early Universe microphysics. We should know the ”lagrangian of the Universe” (at
least since inflation) in order to determine all the details of Reheating, and even in such a case, it
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would be really difficult to determine all the details. Having these caveats in mind, in order to probe
the Reheating epoch of the Universe we have then thought of a twofold approach for the Thesis:

• On one hand, instead of trying to extend further the theoretical framework of Reheating, we have
looked for observational consequences of the already known hypothetical mechanisms of Reheating.
For instance, if for a given model we can only describe the initial stages of Reheating (or perhaps
only the final stages), we still can investigate the cosmological traces surviving till today produced
during those stages, even if we don’t understand how the whole Reheating process proceeded.
This Thesis is for the most part of it devoted to such phenomenological/observational approach.
We have studied, in particular, hypothetical GW backgrounds and non-gaussian signatures in the
cosmological density perturbations, since these are cosmic fossils which could have been produced
during Reheating, and survived until today carring invaluable information about the details of
the Reheating process. In particular, we have mostly focused on hybrid models since these are
deeply rooted in particle physics, and can easily embedded within the many extensions of the SM.
Moreover, the first stages of Reheating after hybrid inflation can be explored in detail with numerical
techniques, whereas the evolution of the fields in the post-Reheating era (after the symmetry has
been broken) can also be studied with analytical methods. We have thus investigated the details of
the hypothetical observable consequences of Reheating in a step by step manner, as follows. First we
explore in Chapter #5, with lattice simulations and analytical estimations, the GWB produced at
sub-horizon scales during Reheating in hybrid and chaotic models. Next, we study in Chapter #6,
purely with analytical methods, the GWB produced at super-horizon scales after the achievement
of SSB in hybrid Reheating. Following we investigate the non-gaussianity signatures in the energy
density perturbations in Chapter #7, again after the completion of SSB in hybrid Reheating. Finally,
we improve the degree of realism of the hybrid model, embedding it into a gauge framework in
Chapter #8, where we study the GWB arising at sub-horizon scales in the presence of gauge fields.

• On the other hand, one would also want to improve our knowledge of Reheating by studying
the details of this period in realistic models, in which not only scalar but also spinor and vector
fields would be present. One might do this by exploring phenomenological arbitrary models which
could incorporate these ingredients in different manners. However, since adding more dof will
surely increase the degree of complexity of the phenomena arising, a guiding principle would be
very helpful here. In particular, since Reheating is the period matching the end of inflation with
the expansion of the Universe driven by a thermalized relativistic bath of SM particles, we should
then restrict ourselves to only those scenarios in which the SM constitute at least the minimum
particle content. The realization of Baryogenesis or the production of Dark Matter could also take
place during Reheating, but they are not essential ingredients needed for the matching with the
thermal era described by the hBB. Thus, a first step towards a realistic understanding of Reheating,
should begin by considering the phenomena arising from the study of that period after inflationary
models in which the SM can be naturally incorporated. In this Thesis we have chosen to study a
recently proposed model in which the Higgs field of the SM is responsible of inflation, thanks to the
incorporation of a non-minimal coupling to gravity. Since the Higgs plays here the role of the inflaton,
then both the strength and form of the couplings to the rest of the SM fields are known. Therefore
one can in principle study the details of Reheating in this model. We thus dedicate the last Chapter
of the Thesis, Chapter #9, to investigate the complex phenomena emerging in the gauge frame-
work of this model, where perturbative and non-perturbative effects are inevitably combined together.

THE SHOW MUST GO ON
(Freddy Mercury)

50



Part II

ASPECTS OF REHEATING
(RESULTS)

51





5 GRAVITATIONAL WAVES FROM
REHEATING AFTER INFLATION

One of the main purposes of this Thesis is to study the details of the stochastic GWB produced
during the Reheating of the Universe after inflation. In this Chapter we give a detailed account of the
lattice simulations of Hybrid models, performed with a modified version of the publicly available C++
package LATTICEEASY [229]. We also describe several analytical results, from the nucleation and
collision of bubbles of the symmetry breaking field to the development of the turbulent regime of both
the inflaton and the symmetry breaking field. We will focus mostly in Hybrid Inflation models, since
these scenarios are well motivated from the point of view of particle physics and the characteristic
parameter space allow for the production of a stochastic GWB within the observational range of some
of the future GW detectors. We have nevertheless also studied, albeit more briefly, the analogous GW
background from Reheating in some chaotic models. This Chapter is based on references [44], [45]
and [50].

5.1 Introduction: Gravitational Waves from the early Universe

Gravitational waves (GW) are ripples in space-time that travel at the speed of light, and whose
emission by relativistic bodies represents a robust prediction of General Relativity. The change in the
orbital period of a binary pulsar known as PSR 1913+16 was used by Hulse and Taylor [5] to obtain
indirect evidence of their existence. Although gravitational radiation has not been directly detected
yet, it is expected that the present Universe should be permeated by a diffuse background of GW of
either an astrophysical or cosmological origin [1, 2, 3]. Astrophysical sources, like the gravitational
collapse of supernovae or the neutron star and black hole binaries’ coalescence, produce a stochastic
gravitational wave background (GWB) which can be understood as coming from unresolved point
sources. On the other hand, among the backgrounds of cosmological origin, we find the approximately
scale-invariant background produced during inflation [6], or the GWB generated at hypothetical early
Universe thermal phase transitions [7, 8, 9, 10, 11, 12, 13, 14, 15], from relativistic motions of turbulent
plasmas [16, 17, 18], from the dynamics of cosmic strings [1], or from the self-ordering dynamics
after SSB in global models [32, 33, 34]. Fortunately, these backgrounds have very different spectral
shapes and amplitudes that might, in the future, allow gravitational wave observatories like the Laser
Interferometer Gravitational Wave Observatory (LIGO) [20] , the Laser Interferometer Space Antenna
(LISA) [21], the Big Bang Observer (BBO) [22] or the Decihertz Interferometer Gravitational Wave
Observatory (DECIGO) [24], to disentangle their origin. Unfortunately, due to the weakness of
gravity, this task will be extremely difficult, requiring a very high accuracy in order to distinguish one
background from another. It is thus important to characterize as many different sources of GW as
possible.

There are, indeed, a series of constraints on some of these backgrounds, the most stringent one
coming from the large-scale polarization anisotropies in the Cosmic Microwave Background (CMB),
which may soon be measured by Planck [31], if the scale of inflation is sufficiently high. There are also
constraints coming from Big Bang NucleosynThesis [25], since such a background would contribute as
a relativistic species to the expansion of the Universe and thus increase the light element abundance.
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5 GRAVITATIONAL WAVES FROM REHEATING AFTER INFLATION

There is also a constraint coming from millisecond pulsar timing [28]. Furthermore, it has recently been
proposed a new constraint on a GWB coming from CMB anisotropies [26]. Most of these constraints
come at very low frequencies, typically from 10−18 Hz to 10−8 Hz, while present GW detectors work at
frequencies of order 1-100 Hz, and planned observatories will range from 10−3 Hz of LISA to 103 Hz of
Advanced-LIGO [1, 20]. If early Universe phenomena like first order phase transitions [7, 8, 9, 11, 12]
or cosmic turbulence [16, 17, 18] occurred around the Electro-weak (EW) scale, there is a chance than
the GW detectors will measure the corresponding associated backgrounds. However, if such early
Universe processes occurred at the GUT scale, their corresponding backgrounds will go undetected by
the actual or future planned detectors, since these cannot reach the required sensitivity in the high
frequency range of 107 − 109 Hz, corresponding to the size of the causal horizon at that time. There
are however recent proposals to cover this range [36], which might become competitive in the future.

Present observations of the CMB anisotropies and the Large Scale Structure (LSS) distribution of
matter seem to suggest that something like Inflation must have occurred in the very early Universe.
We ignore what drove inflation and at what scale it took place. However, approximately scale-
invariant density perturbations, sourced by quantum fluctuations during inflation, seem to be the
most satisfying explanation for the CMB anisotropies. Together with such scalar perturbations one
also expects tensor perturbations (GW) to be produced, with an almost scale-free power spectra [6].
At present, the biggest efforts employed in the search for these primordial GW come from the indirect
effect that this background has on the B-mode polarization anisotropies of the CMB [29, 30], rather
than via direct detection. The detection of such a background is crucial for early Universe cosmology
because it would help to determine the absolute energy scale of inflation, a quantity that for the
moment is still uncertain, and would open the exploration of physics at very high energies.

In the early Universe, after inflation has ended, other backgrounds of GW could have been produced
at shorter wavelengths, in a ’classical’ manner rather than sourced by quantum fluctuations. In
particular, whenever there are large and fast moving inhomogeneities in the matter distribution, one
expects the emission of GW. This is like the situation in classical electrodynamics, but with some
differences. At large distances from the source, the amplitude of the electromagnetic field is expressed
as the first derivative of the dipole moment of the charge distribution of the source, while the amplitude
of the GW is given by the second derivative of the quadrupole moment of the mass distribution. In
both cases, the larger the velocity of the matter/charge distribution, the larger the amplitude of the
radiation produced. Nevertheless, the main difference between the two cases is the weakness of the
strength of gravity to that of electromagnetism. Thus, a rapid motion of huge masses at speeds close
to that of light, it is required in order to produce a significant amount of gravitational radiation,
in the case of astrophysical sources. Whereas in the case of early Universe cosmological sources, we
rather require a high density contrast in the continuous matter distribution, evolving relativistically.
In fact, that is believed to be precisely the situation at the end of inflaton, during the conversion of
the inflationary energy density into radiation and matter at Reheating, see Chapter #4.

Note that due to the weakness of gravity, any GWB from the early Universe, if generated below
Planck scale, immediately decoupled from the rest of matter upon production, and moved freely
through the Universe till today. This can be easily understood by the following dimensional analysis
argument. Assuming that gravitons were in thermal equilibrium with the early Universe plasma, at
a temperature T , the gravitons’ cross Section should be of order σ ∼ G2T 2. Then, given the graviton
number density n ∼ T 3 and velocity v = 1, the gravitons’ interaction rate should be Γ = 〈nσv〉 ∼
T 5/M4

p . Since the Hubble rate is H ∼ T 2/Mp, then Γ ∼ H (T/Mp)
3, so gravitons could not be kept

in equilibrium (Γ > H) with the surrounding plasma for T < Mp. Therefore,

GW produced well after Planck scale will always be decoupled from the plasma, and whatever their
spectral signatures, they will retain their shape throughout the expansion of the Universe. Thus, the
characteristic frequency and shape of the GWB generated at a given time should contain information
about the very early state of the Universe in which they were produced.
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Actually, it is conceivable that, in the not so far future, the detection of early Universe GW back-
grounds could be the only way we may have to infer the physical conditions of the Universe at such
high energy scales, which certainly no particle collider will ever reach. However, the same reason that
makes GW ideal probes of the early Universe − the weakness of gravity −, is responsible for the
extreme difficulties we have for their detection on Earth. For an extensive discussion see Ref. [4].

5.2 Expectations of a GWB from Reheating

The first stage of the energy conversion at the end of inflation, pReheating [37, 38, 39], is known
to be explosive and extremely violent, as discussed in Chapter #4. The details of the dynamics of
pReheating depend very much on the model and are often very complicated because of the non-linear,
non-perturbative and out-of-equilibrium character of the process itself. However all the cases have in
common that the fields suffer exponential instabilities only in specific regions of momentum-space, with
the corresponding occupation numbers growing by many orders of magnitude. The shape and size of
the spectral unstable bands depend very much on the inflationary model. If one translates this picture
into position-space, the highly populated modes correspond to large time-dependent inhomogeneities
in the matter distributions which, therefore, it is expected to act as a powerful source of GW.

In single field chaotic inflation models, the coherent oscillations of the inflaton during pReheating
generates via parametric resonance, see Section #4.3.2, a population of highly occupied modes that
behave like waves of matter. They collide among themselves and their scattering is expected to lead
to homogenization and local thermal equilibrium. These collisions occur in a highly relativistic and
very asymmetric way, being responsible for the generation of a stochastic GWB [41, 46, 45, 48] with
a typical frequency today of the order of 107 − 109 Hz, corresponding to the present size of the causal
horizon at the end of high-scale inflation. There is at present a couple of experiments searching for
such a background, see Refs. [36], based of laser interferometry, as well as by resonant superconducting
microwave cavities [52]. However, in models like hybrid inflation, since the work of Ref. [57], we know
that pReheating occurs in an even more violent way than in chaotic inflation models, via the spinodal
instability of the symmetry breaking field that triggers the end of inflation, irrespective of the couplings
that this field may have to the rest of matter. Such process, known as tachyonic pReheating [57, 62] and
described in Section #4.3.3, could be responsible for copious production of dark matter particles [64],
lepto and baryogenesis [65, 67, 69, 72], topological defects [57, 58], primordial magnetic fields [75, 76],
etc.

It was speculated in Ref. [42] that in (low-scale) models of hybrid inflation it might be possible
to generate a stochastic GWB in the frequency range accessible to present detectors, if the scale of
inflation was as low as Hinf ∼ 1 TeV. However, the amplitude was estimated using the parametric
resonance formalism of chaotic pReheating of Chapter #4, which is not be applicable in this case. As
first shown in [37, 38] and as we will see in this Chapter, the process of symmetry breaking during
tachyonic pReheating, proceeds via the nucleation of dense bubble-like structures moving at relativistic
velocities, which collide and break up into smaller structures. During the different stages of Reheating
in this model, gravitational waves will be therefore generated and amplified during the whole process,
until the Universe finally thermalizes and enters into the initial radiation era of the Standard Model
of Cosmology. From that moment until now, during the whole thermal history of the expansion of
the Universe, this cosmic GWB will be redshifted as a radiation-like fluid, totally decoupled from any
other energy-matter content of the Universe, such that today’s ratio of energy stored in these GW
to that in radiation, could range from Ω

GW
h2 ∼ 10−8 peaked around f ∼ 107 Hz for the high-scale

models, to ΩGWh
2 ∼ 10−11 peaked around f ∼ 1 Hz for the low-scale models. The detection of this

GWB could open a new window into the very early Universe and, in the future, it could even serve
as a new tool to discriminate among different inflationary models, as each of these would give rise to
a different GWB with very characteristic spectral features. Since these cosmic GWB could serve as
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a deep probe into the very early Universe, we should therefore characterize in the most detailed way
the information that we will be able to extract from them.

Thus, in the following sections of this Chapter we will then describe the details of the stochastic
background of GW arising from Reheating after hybrid inflation1. We will show that the production
of GW at Reheating after hybrid inflation is indeed very efficient, using both analytical estimates and
numerical simulations to derive the amplitude of the present day GWB. We will see that Reheating
in hybrid inflation goes through four well defined regimes: first, the exponential growth of long wave
modes of the symmetry breaking field via tachyonic pReheating; second, the nucleation and collision of
high density contrast and highly relativistic bubble-like structures associated with the field distribution
obtained previously; third, the turbulent regime that ensues after all the ‘bubble’ collisions, making
the energy density in all fields to cascades towards high momentum modes; finally, thermalization of
all modes when local thermal and chemical equilibrium induces equipartition. The first three stages
can be studied in detailed lattice simulations thanks to the semi-classical character of the process
of pReheating [252, 253], while the last stage requires a quantum approach in the lattice [250, 251],
which is at the moment beyond our analysis. We will follow the production of GW during the first
three stages.

5.3 Cosmological constraints on the Hybrid Model

Hybrid inflation models [55] arise in theories of particle physics with symmetry breaking fields (’Hig-
gses’) coupled to flat directions, and are present in many extensions of the Standard Model, both in
string theory and in supersymmetric theories [244]. The potential in these models is given by

V (Φ, φ) = λ

(

Φ†Φ − v2

2

)2

+ g2φ2Φ†Φ + Vinfl(χ) , (5.3.1)

where the contraction Φ†Φ should be understood as the trace Tr Φ†Φ = 1
2

∑

a ϕ
2
a = 1

2 |ϕ|2, where a
labels the Higgs components. Here χ is the inflaton2 and Vinfl(χ) is the inflationary potential. Inflation
occurs along the lifted flat direction, satisfying the slow-roll conditions thanks to a large vacuum energy
ρ0 = λv4/4. Inflation ends when the inflaton χ falls below a critical value and the symmetry breaking
field Φ acquires a negative mass squared, which triggers the breaking of the symmetry and ends in
the true vacuum, Φ†Φ = v2/2, within less than a Hubble time (see Section #4.3.3).

These models do not require a small coupling λ in order to generate the observed CMB anisotropies;
e.g. a working model with GUT scale symmetry breaking, v ∼ 10−3MP , with a Higgs self-
coupling λ and a Higgs-inflaton coupling g given by g =

√
2λ = 0.05, is compatible with the CMB

anisotropies [241], and predicts a tiny tensor contribution to the CMB polarization. The main ad-
vantage of hybrid models is that, while most chaotic inflation models can only occur at high scales,

with Planck scale values for the inflaton, and V
1/4
inf ∼ 1016 GeV, one can choose the scale of infla-

tion in hybrid models to range from GUT scales all the way down to GeV scales, while the Higgs
VEV can range from Planck scale, v = MP , to the Electroweak scale, v = 246 GeV, see for instance
Refs. [55, 258, 67, 63, 68, 69, 71, 222].

Depending on the particular model considered, the purely inflaton part of the potential Vinfl(χ) can
take different forms, see e.g. Ref. [244], and an appropriate choice of the parameters makes these
models completely compatible with CMB constraints. For instance, the original model [55], with
Vinfl(χ) = 1

2µ
2χ2 and µ = 1.4 × 1013 GeV, v = 3.6 × 1016 GeV, λ = 0.17 and g = 0.001, produces a

spectrum with scalar tilt ns = 0.98 and tensor-to-scalar ratio r = 0.1, in perfect agreement at 95% c.l.

1We will also discuss the analogous background produced after chaotic inflation, and compare with other groups.
2Note the different notation with respect Chapters #3 and #4. Now the inflaton is represented by χ, instead of by φ.
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with the WMAP-7yr data [209]. Other models based on logarithmic loop corrections to the flatness
of the potential also give a negative tilt during inflation compatible with WMAP data.

There are a series of constraints that a hybrid inflation model should satisfy in order to be in
agreement with observations. First of all, inflation should end in less than one e-fold, otherwise
unacceptable black holes would form [248]. This can be written as the waterfall condition [55],
λµM2

P ≫ m3, which becomes

µ

m
≫ v2

M2
P

. (5.3.2)

Then there is the condition, known as the COBE normalization, which gets translated into [59, 60, 61]

µ

m
∼ O(10)

√
g

(

v

Mp

)3/2

(5.3.3)

Moreover, the fact that we have not seen so far any tensor (gravitational waves) contribution in the
CMB anisotropies, r = A2

T /A
2
S < 0.3, imposes the constraint

λ1/4 < 2 × 10−3 MP

v
. (5.3.4)

The lower is the scale of inflation, the more difficult it is to accommodate the amplitude of the CMB
anisotropies with reasonable values of the parameters. For a scale of inflation as low as 1011 GeV,
one must significantly fine-tune the couplings, although there are low scale models based on super-
symmetric extensions of the standard model which can provide a good match to observations [249].

Since in this Thesis we are more interested in understanding the phenomenon of GW production,
rather than concentrating in a particular model, our attitude has been to modify the parameters of
the model in order to sit in a region where our results are more insensitive to the numerical cut-off
scales. This is no doubt a necessary first step to determine the requirements and viability of the study
of any particular model. In particular, we have thouroughly studied in this Chapter a model with
g2 = 2λ = 1/4. Within the hybrid scenario, we have analyzed the dependence of the shape, amplitude
and peak frequency of the produced GWB on the scale of hybrid inflation, and more specifically on
the VEV of the Higgs field triggering the end of inflation.

5.4 Fields’ Dynamics: Lattice Simulations

There is natural frequency at hand in hybrid models, m =
√
λv, whose inverse m−1 sets the char-

acteristic time scale during the first stages of Reheating. As long as v ≪ Mp, the Hubble rate

H ∼
√
λ(v2/Mp) will then be much smaller than such natural frequency, H ≪ m. Indeed, all the

initial vacuum energy ρ0 gets typically converted into radiation in less than a Hubble time, in just a
few m−1 time steps. Therefore, we should be able to ignore the dilution due to the expansion of the
Universe during the production of GW, at least during the first stages of Reheating. However, as we
will see, the turbulent behaviour developed after those first stages, could last for much longer than an
e-fold, in which case we might have to take into account the expansion of the Universe. Our approach
will be, therefore, first to ignore the expansion of the Universe and later see how we can account for
corrections if needed. Thus, we set the scale factor a = 1 and the Hubble rate H = 0 and Ḣ = 0. As
we will discuss later in Section #5.6, our approach of neglecting the expansion for the time of GW
production, will be completely justified a posteriori.

Since we are initially ignoring the expansion of the Universe, the coupled evolution equations for the
hybrid model that we have to solve numerically in configuration space in a lattice, simplify significantly.
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Figure 5.1: Time evolution of the mean field values of the Higgs and the Inflaton, the former normalized
to its VEV, the latter normalized to its critical value χc = m/g. This is just a specific
realization with N = 128, pmin = 0.1m, a = 0.48m−1, v = 10−3Mp and g2 = 2λ = 0.25.

Moreover, we have explicitly checked in our computer simulations that the backreaction of the gravity
waves into the dynamics of both the inflaton and the Higgs fields is negligible and can be safely
ignored. We therefore omit the backreaction terms in the following equations. Thus, in the light of
potential (5.3.1), can then write the eqs. (3.1.6) for the inflaton φ and the Higgs components ϕa, as

χ̈−∇2χ+
(

g2|ϕ|2 + µ2
)

χ = 0 (5.4.5)

ϕ̈a −∇2ϕa +
(

g2χ2 + λ|ϕ|2 −m2
)

ϕa = 0 (5.4.6)

For the GW we will follow the procedure described in Section #3.3, evolving eq. (3.3.45) for a non-
physical tensor perturbation uij , as

üij −∇2uij = 16πGΠeff
ij , (5.4.7)

with Πeff
ij given by Eq. (3.3.32), ignoring the presence of gauge fields and with the scale factor set to

a = 1. More explicitly, the effective source of Hij is given just by the gradients of the scalar fields,

Πeff
ij = χ,iχ,j + ϕa,iϕ

a
,j (5.4.8)

The truly dof that represent GW, can be obtained [see Section #3.3] from the Fourier transform of
the solution of equation (5.4.7), as

hij(k, t) = Λij,lm(k̂)ulm(k, t) (5.4.9)

with Λij,lm(k̂) defined in (3.3.37).

The initial conditions have been carefully treated following the prescription adopted in [62], as we
explain below. During the evolution of the system in the lattice (see Appendix #C for the details
of the lattice formulation), we have evaluated the mean field values, as well as the different energy
components. As shown in Fig. 5.1, the Higgs field grows towards the true vacuum and the inflaton
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Figure 5.2: The time evolution of the different types of energy (kinetic, gradient, potential, anisotropic
components and gravitational waves for different lattices), normalized to the initial vacuum
energy, after hybrid inflation, for a model with v = 10−3MP . One can clearly distinguish
here three stages: tachyonic growth, bubble collisions and turbulence.

moves towards the minimum of its potential and oscillates around it. We have checked that the sum
of the averaged gradient, kinetic and potential energies (contributed by both the inflaton and the
Higgs), remains constant during Reheating. This is just a numerical check, since the expansion of the
Universe is irrelevant in this model. We have also checked that the time evolution of the different
energy components is the same for different lattices, i.e. changing the number of points N of the
lattice, of the minimum IR momentum pmin = 2π/L or of the lattice spacing a = L/N , with L the
lattice size.

Looking at the time evolution of the Higgs’ VEV in Fig. 5.1, three stages can be distinguished.
First, an exponential growth of the VEV towards the true vacuum. This is driven by the tachyonic
instability of the long-wave modes of the Higgs field, that makes the spatial distribution of this
field to form lumps and bubble-like structures [57, 62]. Second, the Higgs field oscillates around the
true vacuum, as the Higgs’ bubbles collide and scatter off eachother. Third, a period of turbulence
is reached, during which the inflaton oscillates around its minimum and the Higgs sits in the true
vacuum. For a detailed description of the dynamics of these fields see Ref. [62]. Here we will be only
concerned with the details of the gravitational wave production.

The initial energy density at the end of hybrid inflation is given by ρ0 = m2v2/4, with m2 = λv2,
so the fractional energy density in gravitational waves is given by eq. (3.3.34) as

ρ
GW

ρ0
=

4t00
v2m2

=
1

8πGv2m2

〈

ḣij ḣ
ij
〉

V
, (5.4.10)

where
〈

ḣij ḣ
ij
〉

V
is extracted from the simulations, as explained in Section #3.3, like

〈

ḣij ḣ
ij
〉

V
=

4π

V

∫

dlogk k3
〈

u̇ij(k, t)Λij,lm(k̂)u̇∗lm(k, t)
〉

4π
, (5.4.11)

with V the lattice volume and uij(t,k) the Fourier transformed solution of Eq. (5.4.7). We can then
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Figure 5.3: We show here the comparison between the power spectrum of gravitational waves obtained
with increasing lattice resolution, to prove the robustness of our method. The different
realizations are characterized by the the minimum lattice momentum (pmin) and the lattice
spacing (ma). The growth is shown in steps of m∆t = 1 up to mt = 30, and then in and
m∆t = 5 steps up to mt = 60.

compute the corresponding density parameter today (with h2Ωrad ≃ 3.5 × 10−5)

h2Ω
GW

= h2 Ωrad

2Gv2m2 V

∫

dlogk k3
〈

u̇ij(k, t)Λij,lm(k̂)u̇∗lm(k, t)
〉

4π
(5.4.12)

which has assumed that all the vacuum energy ρ0 gets converted into radiation, an approximation
which is always valid in generic hybrid inflation models with v ≪ MP , and thus H ≪ m =

√
λ v.

We have shown in Fig. 5.2 the evolution in time of the fraction of energy density in GW. The first
(tachyonic) stage is clearly visible, with a (logarithmic) slope twice that of the anisotropic tensor
ΠTT
ij . Then there is a small plateau corresponding to the production of GW from bubble collisions;

and finally there is the slow growth due to turbulence. In the next Section we will describe in detail
the most significant features appearing at each stage. Note that in the case that H ≪ m, the maximal
production of GW occurs in less than a Hubble time, soon after symmetry breaking, while turbulence
lasts several decades in time units of m−1. Therefore, we can safely ignore the dilution due to the
Hubble expansion, up to times much greater than those of the tachyonic instability. Eventually the
Universe reheats and the energy in gravitational waves redshifts like radiation thereafter.

To compute the power spectrum per logarithmic frequency interval in GW, Ω
GW

(f), we just have
to use (3.3.55). Since gravitational waves below the Planck scale remain decoupled from the plasma
immediately after production, we can evaluate the power spectrum today from that obtained at
Reheating, by converting the wavenumbers k into frequencies f . We must address the fact that
the frequency range, for a GWB produced in the early Universe, will be redshifted today. Let us
distinguish then four characteristic times: the end of inflation, te; the time t∗ when GW production
stops; the time trh when the Universe finally reheats and enters into the radiation era; and today,
t0. Thus, today’s frequency f is related to the physical wavenumber kph at a time t of the GW
production, via f = (at/a0)(kph/2π), with a0 and at the scale factors today and at the time t.
Thermal equilibrium was established at some temperature Trh, at time trh ≥ t. The Hubble rate at
that time was M2

PH
2
rh = (8π/3)ρr, with ρr = grπ

2T 4
rh/30 the relativistic energy density and grh the
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effective number of relativistic degrees of freedom at temperature Trh. Since then, the scale factor has

increased as arh/a0 = (g0,s/grh,s)
1/3(T

(0)
CMB/Trh), with gi,s the effective entropic degrees of freedom

at time ti, and T
(0)
CMB today’s CMB temperature. Putting all together,

f = 6 × 1010 Hz
k

√

HMp

= 5 × 1010 Hz
k

m
λ1/4 . (5.4.13)

where we have used grh,s/g0,s ∼ 100, grh,s ∼ grh and ae ∼ a∗.

We show in Fig. 5.3 the power spectrum of gravitational waves as a function of (comoving) wavenum-
ber k/m. We have used different lattices in order to have lattice artifacts under control, specially at
late times and high wavenumbers. We made sure by the choice of lattice size and spacing (i.e. kmin

and kmax) that all relevant scales fitted within the simulation. Note, however, that the lower bumps
are lattice artifacts, due to the physical cutoff imposed at the initial condition, that rapidly disap-
pear with time. We have also checked that the power spectrum of the scalar fields follows turbulent
scaling after mt ∼ O(100), and we can thus estimate the subsequent evolution of the energy density
distributions beyond our simulations.

5.4.1 Initial Conditions

The validity of the semi-classical approximation depends on the loss of quantum coherence in the
evolution of the system. In hybrid pReheating scenarios, this problem was studied [62, 65] both in
the absence of and with gauge fields. In Ref. [62] an analytical approach to the dynamics of tachyonic
pReheating was derived, which can be summarized as follows: After inflation ends, we can start the
evolution of the system slightly after the critical time tc, which corresponds to the moment in which
the effective mass of the Higgs vanishes (see Section #4.3.3), putting all the modes in its (free field)
ground states. If the couplings are small, since the quantum fluctuations of the value of the fields
are not too large, the non-linear terms in the Hamiltonian of the system can be neglected. Then
the quantum evolution is Gaussian and can be studied exactly. The Hamiltonian has nonetheless a
time-dependence coming through the inflaton homogeneous mode. This time dependence can always
be taken to be linear for a sufficiently short time interval after the critical time. As a consequence, the
dynamics of the eigenmodes during this initial phase differs significantly from mode to mode. Most
of them have a characteristic harmonic oscillator behaviour with a frequency depending on the mode
in question. In the case of the Higgs field, the long-wave modes become tachyonic. By looking at
expectation values of products of these fields at different times, one realizes that after a while these
modes behave and evolve like classical modes of an exponentially growing size. The process takes
place very fast and therefore the rest of the harmonic modes can be considered to have remained in
their initial ground state.

The fast growth in size of the Higgs field expectation value boosts the importance of non-linear
terms and eventually drives the system into a state where the non-linear dynamics, including the
back-reaction to the inflaton field, are crucial. For the whole approximation to be useful this must
happen at a later time than the one in which the low-frequency Higgs modes begin evolving as classical
fields. In [62] it was showed that this is the case. Actually, there is a time interval in which classical
behaviour is already dominant while non-linearities are still small. We tested that our results, in the
absence of gauge fields, were insensitive to the matching time, provided it lies within this window.
In summary, the tachyonic quantum dynamics of the low momentum Higgs modes drive them into
classical field behaviour and large occupation numbers before the non-linearities and back-reaction
begin to play a role. It is the subsequent non-linear classical behaviour of the field that induces the
growth of classical inflaton and gravitational field components also at low frequencies.

The initial conditions of the fields in our simulations follow thus the prescription from Ref. [62].
The time-dependent Higgs mass is sourced by the inflaton field homogeneous component at a time ti
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after the critical time tc, with χ(ti) = χc (1 − V m(ti − tc)), where χc = m/g is the inflaton critical
amplitude introduced in Section #4.3.3 and where we have defined the dimensionless inflaton velocity
(at the critical time) as χ̇0(tc) = −χcV m. Introducing a new variable measuring time from tc,
(t − tc) → t, the equation (5.4.5) of Higgs modes ϕk, can be re-written using the previous inflaton
expansion, as ϕ̈k+

(

k2 − 2V m3t
)

ϕk = 0, with · representing a derivative wrt the new time variable t.

The Higgs modes with k/m >
√

2V (mti) are set to zero, while the rest are determined by a Gaussian
random field of zero mean distributed according to the Rayleigh distribution

P (|ϕk|)d|ϕk|dθk = exp

(

−|ϕk|2
σ2
k

)

d|ϕk|2
σ2
k

dθk
2π

, (5.4.14)

with a uniform random phase θk within [0, 2π] and dispersion given by σ2
k ≡ P (k, ti)/k

3, with P (k, ti)
the power spectrum of the initial Higgs quantum fluctuations as computed in the linear approximation
in Ref. [62]. In the region of low momentum modes it is well approximated by

2kP (k, ti) = k3
(

1 +A(ti) k
2 e−B(ti) k

2
)

, (5.4.15)

where A(ti) and B(ti) are parameters extracted from a fit of this form to the exact power spectrum
given in Ref. [62]. In the classical limit, the conjugate momentum ϕ̇k(t) is uniquely determined
through ϕ̇k(t) = F (k, t)ϕk(t), where F (k, t) = Im(fk(t)

∗gk(t)), with with fk and gk functions defined
in Eqs. (43) and (44) in Ref. [62]. In the region of low momenta, F (k, ti) can be well approximated
by

F (k, ti) =
2kC(ti)e

−D(ti)k
2

[1 +A(ti)e−B(ti)k2 ]
. (5.4.16)

where A(ti) and B(ti) are the previous coefficients for the amplitude of the field fluctuations, while
C(ti) and D(ti) are new coefficients obtained fitting the exact expression of F (k, ti).

The rest of the fields (the inflaton non-zero modes and the gravitational waves), are supposed to
start from the vacuum, and therefore they are semiclassically set to zero initially in the simulations.
Their coupling to the Higgs modes will drive their evolution, giving rise to a rapid (exponential)
growth of the GW and inflaton modes. Their subsequent non-linear evolution will be well described
by the lattice simulations. In the next Sections we will describe the different evolution stages found
in our simulations.

5.5 Analytical Estimations

5.5.1 Tachyonic PReheating

As shown in [62], the solution to the Higgs mode equations, for the initial tachyonic period in which
the non-linearities can be ignored, is given in terms of Airy functions [259] as

ϕk(τ) = C1(k) Bi (x(t)) + C2(k)Ai (x(t)) , x(t) ≡ 2V m3t− k2

(2V )2/3m2
(5.5.17)

with











C1(k) = − π
4
√

−4x(0)

[

Ai′ (x(0)) + ikAi (x(0))
]

,

C2(k) = π
4
√

−4x(0)

[

Bi′ (x(0)) + ikBi (x(0))
]

,
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Figure 5.4: The tachyonic growth of the Higgs’ spectrum, from mt = 5 to mt = 10. We compare
simulations of different sizes (pmin = 0.01 − 0.03) and N = 256, with the analytical
expressions from Ref. [62], eqs. (5.5.17).

Let us then compare these analytical estimates with our numerical simulations for the initial tachy-
onic growth of the Higgs modes and the subsequent growth of gravitational waves. The first check
is that the Higgs modes grow according to (5.5.17). We can see that such is the case in Fig. 5.4,
where the initial growth of the Higgs modes, from mt = 6 to mt = 10, follows precisely the analytical
expressions (5.5.17)

The comparison between the tensor modes hij(k, t) and the numerical results is somewhat more
complicated. We should first compute the effective anisotropic tensor Πeff

ij (k, t) (5.4.8) from the
gradients of the Higgs field (those of the inflaton are not relevant during the tachyonic growth), as
follows,

Πeff
ij (k, t) =

∫

d3x e−ikx [∇iϕ
a∇jϕ

a] (x, t) , (5.5.18)

where

[∇iϕ
a∇jϕ

a] (x, t) = −
∫

d3q

(2π)3
d3q′

(2π)3
qiq

′
j ϕ̃

a(q, t)ϕ̃a(q′, t) ei(q+q)x . (5.5.19)

After performing the integral in x and using the delta function to eliminate q′, we make a change
of variables q → q + k/2, and integrate over q, with which the Fourier transform of the anisotropic
stress tensor becomes

Πeff
ij (k, t) = ki kj

A(τ)

B(τ)
√

2
Ψ

[

1

2
, 0;

B(τ)k2

4

]

e−
1
4
B(τ)k2

, (5.5.20)

which gives a very good approximation to the numerical results, see Fig. 5.5, with Ψ(1/2, 0; z) ≃
(π−1 + z)−1/2 being the Kummer function.

A back of the envelope calculation can also be done to compare our numerical results of GW with
analytical estimates. The tachyonic growth is dominated by the faster than exponential growth of the
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Figure 5.5: The Fourier transform of the anisotropic stress tensor. We compare the numerical sim-
ulations of ΠTT

11 (k, t) for pmin = 0.01 with the analytical expressions (dashed lines) for
mt = 5 − 10, i.e. during the tachyonic growth. The small deviations at k ≤ m are
simulation artifacts due to the initial UV cut-off implementation and soon disappear.

Higgs modes towards the true vacuum. The effective anisotropic stress tensor Πij grows rapidly to a
value of order k2|ϕ|2 ∼ 2 · 10−3m2v2. From the eom of the tensor modes, we can then find a tensor
perturbation of order

∣

∣hijh
ij
∣

∣

1/2 ∼ 32π · 10−3 ·Gv2(m∆t)2 ∼ O(10−1)(v/Mp)
2(m∆t)2 , (5.5.21)

and from here, at m∆t ∼ O(10), the energy density in GW is of order

ρ
GW
/ρ0 ∼ 4O(10−2) (v/Mp)

4 (m∆t)4m2

32πm2 (v/Mp)2(m∆t)2
∼ O(0.1) (v/Mp)

2 , (5.5.22)

In the case at hand, with v = 10−3MP , we find ρGW/ρ0 ∼ O(10−7) when the field is close to achieve
the broken phase, which coincides with the numerical simulations at that time, see Fig. 5.2.

5.5.2 Formation and Collision of Bubbles

As shown in Ref. [62], the spinodal instabilities grow following the statistics of a gaussian random
field, and therefore one can use the formalism of [254] to estimate the number of peaks or lumps in
the Higgs spatial distribution just before symmetry breaking. As we will discuss shortly, these lumps
will give rise via non-linear growth to lump invagination and the formation of bubble-like structures
with large density gradients, expanding at relativistic speeds and colliding among themselves giving
rise to significant production of GWB. The size of the bubbles upon collision is essentially determined
by the distance between peaks at the time of symmetry breaking, and this can be computed directly
from the analysis of gaussian random fields.

This analysis works only for the initial (linear) stage before symmetry breaking. Nevertheless, we
expect the results to extrapolate to later times since once a bubble is formed around a peak, it remains
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Figure 5.6: Model: λ = 10−3, g2 = 1. In the left picture we show a two-dimensional slice of the spatial
distribution of the Higgs ϕ at a fixed time. We can see how a lump is being developed. In
the right picture we can see the structure of the ρ

GW
in the same plane, at the same time.

A ring has been formed around the Higgs lump. The GW energy density is concentrated
in the boundaries of the Higgs lumps, where the gradients of ϕ, and correspondingly the
amplitude of the ΠTT

ij components, are greater.

there at a fixed distance from other bubbles. This will give us an idea of the size of the bubbles at
the time of collision.

Defining a new time variable as

τ ≡ (2V )1/3mt , (5.5.23)

one can estimate the number density of peaks over a field threshold ϕth, as

npeak(τ) =
2

3
√

3 π2
ξ0(τ)

−3(ν2 − 1) exp[−ν2/2] , (5.5.24)

where ν = ϕth/σ(τ) is the ratio of the field threshold over the dispersion

σ(τ) =

√
λ

π
(2V )1/3

(A(τ)

B(τ)

)1/2

, (5.5.25)

with A(τ) =
(

π2(1/3)2/3/2Γ2(1/3)
)

Bi2(τ) and B(τ) = 2(
√
τ − 1). The average size of the gaussian

lumps is ξ0(τ) = 2B1/2(τ)m−1, see Ref. [62].

The distance between peaks can be estimated as twice the radius of the average bubble, with volume
Vpeak = 4π/3R3

peak. Since the total volume L3 is divided into Npeak bubbles, we find

dpeak = 2Rpeak =
1

ma

( 6

πnpeak

)1/3

a, (5.5.26)

which is typically of order 30-40 lattice spacings a, for a threshold value of ϕth ≃ 0.1v, and parameters
V = 0.024 and 2λ = g2 = 0.25 in a lattice with IR cut-off pmin = 0.15m and N = 128 points per
dimension.

The production of gravitational waves in the next stage proceeds through ‘bubble’ collisions. The
symmetry breaking is not at all a homogeneous process, see Section #4.3.3 and figure 4.1. During
the breaking of the symmetry, the Higgs field develops lumps in different positions in space, whose
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Figure 5.7: Here we show a snapshot of the same 2D slice chosen in figure 5.6, at a later time, showing
the evolution of the previous ring of GW when the Higgs is close to the symmetry breaking.
The Higgs amplitude within the bubble is growing (mt = 10-11) and has already reached
a higher value than the V EV .

peaks grow up to a maximum value [62] |ϕ|max/v = 4/3, and then decrease creating asymmetric
bubbles, with ridges that remain above |ϕ| = v. Finally, neighboring bubbles collide producing short
wavelength inhomogeneities, which populate the high momentum modes. Since initially only the
Higgs field sources the anisotropic stress-tensor Πij , then we expect the formation of structures in
the tensor metric perturbations, correlated with the Higgs lumps. The dependence of the hij tensors
on the gradient of the Higgs field, see Eqs.(5.4.7) and (5.4.9), is responsible of the formation of those
structures in the energy density spatial distribution of the GW.

In the following we will give account of the explicit form of the structures developed in the spatial
distribution of ρ

GW
, related with the first collisions among the bubble-like structures of the Higgs

field. We present simultaneously the evolution of both the Higgs’ spatial distribution when the first
bubbles start colliding, and of the corresponding structures in the GW energy density ρ

GW
. We leave

for the future the details of an analytical formalism describing the formation and subsequent evolution
of such GW structures. Here we will just give an estimate of the burst in GW produced by the first
collisions of the Higgs bubble-like structures.

As for the collision of vaccum bubbles in first order phase transitions [9], we can give a simple
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Figure 5.8: The Higgs lump begins to invaginate, and the GW ring expands (mt = 12-13) since the
wall of the bubble are moving away from the center. A similar behavior is observed in a
smaller lump underneath the central one in the figures.

estimate of the order of magnitude of the energy fraction radiated in the form of gravitational waves
when two Higgs bubble-like structures collide. A similar estimation was also presented in [43, 48].
In general, the problem of two colliding bubbles has several time and length scales: the duration of
the collision, ∆t; the bubbles’ radius R at the moment of the collision; and the relative speed of the
bubble walls. In section IV.B we found that the typical size of bubbles upon collisions, is of the order
of R ≈ 10m−1, while the growth of the bubble’s wall is relativistic. Then we can assume than the
time scale associated with bubble collisions is also ∆t ∼ R. Assuming the bubble walls contain most
of the energy density, and since they travel close to the speed of light (see Ref. [62]), it is expected
that the asymmetric collisions will copiously produce GW.

Far from a source that produces gravitational radiation, the dominant contribution to the amplitude
of GW is given by the acceleration of the quadrupole moment of the Higgs field distribution. Given
the energy density of the Higgs field, ρH, we can compute the (reduced) quadrupole moment of
the Higgs field spatial distribution, Qij =

∫

d3x (xixj − x2δij/3) ρH(x), such that the amplitude of

the gravitational radiation, in the TT gauge, is given by hij ∼ (2G/r)Q̈ij . A significant amount of
energy can be emitted in the form of gravitational radiation whenever the quadrupole moment changes
significantly fast: through the bubble collisions in this case. The power carried by these waves can be
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Figure 5.9: After symmetry breaking the expansion of Higgs lump compresses the GW, until the Higgs
gradient changes in the first oscillation (mt =13-13.5).

obtained via (3.3.34) as

PGW =
G

8π

∫

dΩ
〈...
Qij

...
Q
ij
〉

. (5.5.27)

Omitting indices for simplicity, as the power emitted in gravitational waves in the quadrupole
approximation is of order P

GW
∼ G(

...
Q)2, while the quadrupole moment is of order Q ∼ R5ρH, we

can estimate the power emitted in GW upon the collision of two Higgs bubbles as

P
GW

∼ G

(

R5ρ

R3

)2

∼ Gρ2
HR

4 (5.5.28)

The fraction of energy density carried by these waves, ρ
GW

∼ P
GW

∆t/R3 ∼ P
GW
/R2 ∼ Gρ2

H R
2,

compared to that of the initial energy stored in the two bubble-like structures of the Higgs field, will
be ρGW/ρH = GρHR

2. Since the expansion of the Universe is negligible during the bubble collision
stage, the energy that drives inflaton, ρ0 ∼ m2v2, is transferred essentially to the Higgs modes during
pReheating, within an order of magnitude, see Fig. 5.2. Thus, recalling that R ∼ 10m−1, the total
fraction of energy in GW produced during the bubble collisions to that stored in the Higgs lumps
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Figure 5.10: At this moment, when the Higgs falls, the GW structure is divided in two waves (mt =
14). These wave fronts propagates in opposite directions (mt = 14.5).

formed at symmetry breaking, is given by

ρ
GW

ρ0
∼ 0.1Gρ0R

2 ∼ (v/Mp)
2 , (5.5.29)

giving an amplitude which is of the same order as is observed in the numerical simulations, see Fig. 5.2.
Of course, an exhaustive analytical treatment of the production of GW during this stage of bubble
collisions remains to be done, but we leave it for the future.

In this Section we have shown a sequence of snapshots (mt = 5− 20) of the evolution of the spatial
distributions, before the fields are driven into the turbulent stage. We find that the first stages of
the GW dynamics is strongly correlated with the dynamics of the Higgs oscillations that give rise
to symmetry breaking. A qualitative way of understanding this question is to analyze the spatial
structure of the ΠTT

ij tensor, built from the TT part of the spatial gradients of the Higgs and inflaton
fields. Since the oscillations of 〈|ϕ|〉 are due to rapid changes of the Higgs’ values in its way of
symmetry breaking, this induces great variations in the behaviour of the spatial gradients. We are
now going to analyze briefly the different stages showing the most representatives images.

An interesting conclusion from the set of Figs. 5.6 − 5.10 is that the Higgs evolution from lump
growth, through invagination to bubble collisions, has a direct translation into the corresponding

69



5 GRAVITATIONAL WAVES FROM REHEATING AFTER INFLATION

growth of gravitational wave energy density. Not only does the volume-averaged amplitude ρGW follow
the Higgs time evolution, see fig. (5.2), but also the individual local features in the GW correspond
very closely with the Higgs features.

In the first stage both Higgs and GW backgrounds grow very fast. The lumps which grow in the
Higgs background induce structures around these, through the gradients appearing in the ΠTTij tensor.
The geometry of the gravitational structures comes from the position of the Higgs lumps. A typical
structure for an isolated lump is a ring of gravitational waves, see Fig. 5.6. More complex structures
can be formed around the position of the Higgs lumps. Before symmetry breaking these lumps grow
according to the previous analysis, generating domains which induces a great density of gravitational
energy.

The second stage begins when the symmetric broken phase 〈|ϕ|〉 ≈ v has been achieved already in
some locations in space, and then the Higgs lumps invaginate and expand, producing the growth of
gravitational waves around these structures, see Figs. 5.7 and 5.8. One can see that whenever the
bubble walls expand, the variation in the gradient of the Higgs’ field induces the expansion of the GW
ring. In the case of the rings, if one lump is very isolated, the expansion forces the ring to dilute and
disappear. In practice, however, the lumps are never isolated and bubbles collide before the gradients
of a single lump (and thus the GW) die away.

In the case when two Higgs’ bubble-like structures are close by, the expansion of their walls com-
presses the GW structures. This expansion continues until the first Higgs oscillation, see Fig. 5.3. If
the distance between Higgs’ structures is small, then the GW can be diluted, whereas in the other
case, a remnant string-like GW structure survives, and when the Higgs background goes to zero this
GW structure becomes divided into two waves that propagate in opposite directions, as one can see
in Figs. 5.9 and 5.10, which show four snapshots of this process. A similar behaviour is observed in
the second oscillations. Finally, the wave fronts propagate, colliding among themselves, driving the
system to the stage of turbulence.

5.6 Turbulence

The development of a turbulent stage is expected from the point of view of classical fields, as turbulence
usually appears whenever there exists an active (stationary) source of energy localized at some scale
kin in Fourier space. As first pointed out by Ref. [211], in Reheating scenarios the coherently oscillating
inflaton zero-mode plays the role of the pumping-energy source, acting at a well defined scale kin in
Fourier space, given by the frequency of the inflaton oscillations. Thus, the inflaton zero-mode pumps
energy into the rest of the fields that couple to it as well as into the non-zero modes of the inflaton field
itself. Apart from kin, there is no other scale in Fourier space where energy is accumulated, dissipated
and/or injected. So, as turbulence is characterized by the transport of some conserved quantity, energy
in our case, we should expect a flow of energy from kin towards higher (direct cascade) or smaller
(inverse cascade) momentum modes. In typical turbulent regimes of classical fluids, there exits a
sink in Fourier space, corresponding to that scale at which the (direct) cascade stops and energy gets
dissipated. However, in our problem there is no such sink3 so that the transported energy cannot be
dissipated, but instead it is used to populate high-momentum modes. For the problem at hand, there
exists a natural initial UV cut-off kout ∼ λ1/2v, such that only long wave modes within k < kout,
develop the spinodal instability. Eventually, after the tachyonic growth has ended and the first Higgs’
bubble-like structures have collided, the turbulent regime is established. Then the energy flows from
small-k scales to greater ones in Fourier space, which translates into the increase of kout in time.

In Ref. [73, 74] the turbulent stage reached in a hybrid model with gauge fields was described.
However, we don’t consider gauge fields here, so the number of degrees of freedom is different from

3At least, we don’t see it with the minimum IR momentum cut-off that we can consider in the lattice simulations.
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Figure 5.11: Variance of the Inflaton and the Higgs field as a function of time, the former normalized
to its critical value, the latter normalized to its VEV. As expected in a turbulent regime,
these variances follow a power law ∼ t−2p with p a certain critical exponent, although
the slope of the Inflaton’s variances evolves in time. The curves are produced from an
average over 10 different statistical realizations. This number of realizations has been
selected with a compromise between computational time and statistical errors.

that of Ref. [73, 74] and, therefore, the turbulent dynamics of the Inflaton and the Higgs fields should
be different. In particular, when the turbulence has been fully established, if the wave (kinetic)
turbulence regime of the fields’ dynamics is valid, the time evolution of the variance of a turbulent
field f(x, t), should follow a power-law-like scaling [211]

Var(f(t)) =
〈

f(t)2
〉

− 〈f(t)〉2 ∝ t−2p , (5.6.30)

with p = 1/(2N − 1) and N the number of scattering fields in a ‘point-like collision’.

In fact, such time behaviour corresponds only to the case of the so called free turbulence, when the
energy stored in the pumping source is subdominant to the energy in the turbulent fields. In our case,
this condition is reached very soon after the symmetry breaking, so we don’t expect a significant stage
of driven turbulence, which would make the variance to increase (Only the inflaton seems to increase
its variance between mt = 10 and mt = 30, but it is not very pronounced). In Fig. 5.11 we have
plotted the time evolution of the variances of the Inflaton χ and of the Higgs modulus |ϕ| =

√
∑

a ϕ
2
a,

and fitted the data with a power-law like (5.6.30), obtaining

Inflaton: p−1
I

= 5.1 ± 0.2, [35:85]

Inflaton: p−1
I

= 9.03 ± 0.03, [350:2000]

Higgs: p−1
H

= 7.02 ± 0.01, [50:2000]

where the last brackets on the right correspond to the range in time (in units of m−1) for which
we fitted the data. As can be seen in Fig. 5.11, the slope of the Higgs field (in logarithmic scale),
2p

H
∼ 2/7, remains approximately constant in time, corresponding to a 4-field dominant interaction.

However, the slope of the Inflaton’s variance increases in time, i.e. the critical exponent p
I

of the
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Figure 5.12: Some snapshots of the evolution of the spectral particle occupation numbers of the Higgs
field at different times, each averaged over 10 statistical realizations. We multiply them
by k4 so we can see better the scaling behaviour. In the upper right corner, we plot the
inverse relation of (5.6.31), n0(kt

−p) = tγpn(k, t), also averaged over 10 realizations for
each time. The scaling behaviour predicted by wave kinetic turbulent theory [211], is
clearly verified.

Inflaton decreases, until it reaches a stationary stage at mt ∼ 100. Since p
I

is related to the number
N of fields interacting in a collision, if there was a change from one dominant multi-field interaction
to another, this should produce a time-dependent effective pI , as seen in Fig. 5.11. However, we
will not try to explain here the origin of such an effective critical exponents as extracted from the
simulations. We will just stress that we have checked the robustness of those values under different
lattice configurations (N, pmin) and different statistical realizations, discarding this way a possible
lattice artefact effect. As we will see, the critical exponents p determines the speed with which the
turbulent particle distribution moves over momentum space, so this is a crucial parameter. Moreover,
although both the classical modes of the Inflaton and the Higgs contribute to the production of GW,
the Inflaton’s occupation numbers decrease faster than those of the Higgs so, after a given time, only
the Higgs’ modes remain as the main source of GW.

Actually, when turbulence is developed, it is expected that the distribution function of the classical
turbulent fields, the inflaton and the Higgs here, follow a self-similar evolution [211]

n(k, t) = t−γ pn0(k t
−p) (5.6.31)

with p the critical exponent of the fields’ variances and γ a certain factor ∼ O(1), which depends on
the type of turbulence developed. It is precisely this way that the exponent p determines the speed
of the particles’ distribution in momentum space: given a specific scale kc such that, for example, the
occupation number has a maximum, that scale evolves in time as kc(t) = kc(t0)(t/t0)

p. We have seen
that the evolution of the Higgs occupation number follows Eq. (5.6.31) with p ≈ 1/7, as expected
from the Higgs variance, and γ ≈ 2.7. Whereas the evolution of the Inflaton occupation number
follows (5.6.31) even more accurately than the Higgs, with an “effective” exponent p ≈ 1/5, and
γ ≈ 3.9. Since the slope of the inflaton’s variance changes in time, the value of the exponents of the
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Figure 5.13: Different times of the evolution of the particle occupation numbers spectra of the Inflaton,
multiplied by k4, and averaged over 10 statistical realizations or each time. Again, in
the upper right corner, we plot the inverse relation of (5.6.31), n0(k) = tγpn(ktp, t), also
averaged over 10 realizations for each time.

inflaton’s scaling relation will require further investigation. However, despite this time evolution of the
Inflaton variance, Eq. (5.6.31) is very well fulfilled by the Inflaton with the given effective exponents.
So we can perfectly obtain the universal n0(k) function for the Inflaton as well as for the Higgs. In
Figs. 5.12 and 5.13 we have plotted the occupation numbers of the Higgs and the Inflaton, also inverting
the relation of Eq. (5.6.31) in order to extract the universal time-independent n0(k) functions of each
field. As shown in those figures, the distributions follow the expected scaling behaviour. However,
for the range of interest of k, there are small discrepancies of order 0.1-4% (depending on k) among

the different universal functions n
(i)
0 (k), as obtained inverting Eq. (5.6.31) at different times mti. The

universal functions n0(k) plotted in Figs. 5.12 and 5.13 have been obtained from averaging over 10
statistical realizations for each time. The advantage of the development of a turbulence behaviour
is obvious: it allows us to extrapolate the time evolution of the fields’ distributions till later times
beyond the one we can reach with the simulations. Moreover, the fact that the turbulence develops
so early after the tachyonic instability, also allow us to check for a long time of the simulation,
the goodness of the description of the dynamics of the fields, given by the turbulent kinetic theory
developed in Ref. [211]. We have fitted the averaged universal functions n0(k) with expressions of the
form k4 n0(k) = P (k)e−Q(k), with P (k) and Q(k) polynomials in k, giving:

Inflaton : P (k) = 486.2k3 Q(k) = 6.39k (5.6.32)

Higgs : P (k) = 2.96k3 Q(k) = 2.26k2 − 3.18k (5.6.33)

There is no fundamental meaning for these expressions, but it is very useful to have such an analytical
control over n0(k), since this allows us to track the time-evolution of n(k, t) through Eq. (5.6.31).
Actually, the classical regime of the evolution of some bosonic fields ends when the system can be
relaxed to the Bose-Einstein distribution. We are now going to estimate the moment in which the
initial energy density gets fully transferred to the Higgs classical modes. Using Eq.(5.6.31) and the
fit (5.6.33), we find that the initial energy density is totally transferred to the Higgs when (in units
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Figure 5.14: Time evolution of the GW spectra from mt = 6 to mt = 2000. The amplitude of the
spectra seems to saturate after mt ∼ 100, although the high momentum tail still moves
slowly to higher values of k during the turbulent stage.

m = 1)

ρ0 =
1

4λ
=

∫

dk

k

k3

2π2
k n(k, t) =

7.565

2π2
t(4−γ)p , (5.6.34)

where we have assumed that the Higgs’ modes have energy Ek(k, t) = k n(k, t). In our case, with
λ = 1/8, the conversion of the initial energy density into Higgs particles and therefore into radiation
is complete by mt ∼ 6 × 104. Therefore, if we consider this value as a lower bound for the time that
classical turbulence requires to end, we see that turbulence last for a very long time compared to the
time-scale of the initial tachyonic and bubbly stages. Thus, if GW were significantly sourced during
turbulence, one should take into account corrections from the expansion of the Universe. In Fig. 5.14,
we show the evolution of the GW spectra up to times mt = 2000, for a lattice of (N,pmin) = (128,0.15).
It is clear from that figure that the amplitude of the GW saturates to a value of order ρGW/ρ0 ≈ 2·10−6.
At mt ≈ 50, the maximum amplitude of the spectra has already reached ρ

GW
/ρ0 ≈ 10−6, while at

time mt ≈ 100, the maximum has only grown a factor of 2 with respect to mt ≈ 50. From times
mt ≈ 150 till the maximum time we reached in the simulations, mt = 2000, the maximum of the
amplitude of the spectrum does not seem to change significantly, slowly increasing from ≈ 2 · 10−6

to ≈ 2.5 · 10−6. Despite this saturation, we see in the simulations that the long momentum tail of
the spectrum keeps moving towards greater values. This displacement is precisely what one would
expect from turbulence, although it is clear that the amplitude of the new high momentum modes
never exceed that of lower momentum. In order to discard that this displacement towards the UV is
not a numerical artefact, one should further investigate the role played by the turbulent scalar fields
as a source of GW. Here, we just want to remark that the turbulent motions of the scalar fields, seem
not to increase significantly anymore the total amplitude of the GW spectrum. Indeed, in Ref. [48],
published upon completion of the results presented here, the GW production at Reheating was also
considered, and there it was stated that the GW production from turbulent motion of classical scalar
fields should be very suppressed. That is apparently what we observe in our simulations although,
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as pointed above, this issue should be investigated in a more detailed way4. Anyway, here we can
conclude that the expansion of the Universe during Reheating in these hybrid models, does not play
an important role during the time of GW production, and therefore we can be safely ignore it.

5.7 Gravitational Waves from Reheating after Chaotic Inflation

The production of a relic GWB at Reheating was first addressed by Khlebnikov and Tkachev (KT)
in Ref. [41], both for the quadratic and quartic chaotic inflation scenarios. In these models, the long-
wavelength part of the spectrum is dominated by the gravitational bremsstrahlung associated with the
scattering of the extra scalar particles off the inflaton condensate, ‘evaporating’ this way the inflaton
particles. Using this fact, KT estimated analytically the amplitude of the power spectra of GW for
the low frequency end of the spectrum, corresponding to wavelengths of order the size of the horizon
at re-scattering. Moreover, KT also studied the GW power spectra numerically, although just for
the massless inflaton case. Recently, chaotic scenarios were revisited in Ref. [46, 47], accompanied by
more precise numerical simulations at different energy scales, including the case of a massive inflaton.
Finally, also very recently, Ref. [48] studied in a very detailed way, both analytical and numerically,
the evolution of GW produced at pReheating in the case of a massless inflaton with an extra scalar
field.

In Refs. [41] and [46], the procedure to compute the GW from Reheating relied on Weinberg’s
formula for the energy carried by a weak gravitational radiative field in flat space-time [240]. However,
in chaotic models, the expansion of the Universe can not be neglected during Reheating, so Weinberg’s
formula can only be used in an approximated way, if the evolution of the Universe is considered as
an adiabatic sequence of stationary Universes. Rescaling fields by a conformal transformation, their
evolution equations can be solved with a numerical integrator, while the evolution of the scale factor
can be calculated analytically. Discretizing the time, the physical variables can be recovered from
the conformal ones in each time step, thus allowing to compute the energy of gravitational waves
in terms of the physical fields. In this Thesis, however, we adopt another approach that takes into
account expansion of the Universe in a self-consistent manner, and let us calculate at any time the
energy density and power spectra of the GW produced at Reheating. As explained in Section #3.3
and applied to the case of hybrid inflation previously, we just solve numerically Eq. (3.3.45) for the
non-TT perturbations, together with those eqs. of the scalar fields (3.1.6) considered here. Then, using
the projector (3.3.37) into the (Fourier transformed) solution of Eq.(3.3.45), we recover the TT d.o.f
corresponding to GW. This way, we can monitor the total energy density in GW using Eq. (3.3.51), or
track the evolution of the power spectrum. On the other hand, to evolve the scale factor, we solve the
Friedman eqs. (3.2.16), (3.2.17) together with the previous equations. Considering that the expansion
rate is dominated by the scalars fields, then

− Ḣ

4πG
= φ̇2 +

1

3a2
(∇φ)2 + ϕ̇2

a +
1

3a2
(∇ϕa)2 (5.7.35)

3H2

4πG
= φ̇2 +

1

a2
(∇φ)2 + ϕ̇2

a +
1

a2
(∇ϕa)2 + 2V (φ, ϕ) (5.7.36)

where any term in the rhs of (5.7.35) and (5.7.36), should be understood as spatially averaged. Using
this technique, we will show in this Section that we reproduce, for specific chaotic models, similar
results to those of other authors.

Note that Refs. [47] and [48] also work in the same theoretical framework, considering the TT tensor
perturbations on top of a flat FRW space. However, we use a different way to extract numerically the
GW power spectra, relying on the commutating procedure, as explained in Section #3.3.

4In Chapter #8 we will review and extend the arguments of Ref. [48].
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Figure 5.15: Spectrum of the gravitational waves’ energy density, for coupled case with λ = 10−14

and g2/λ = 120. The spectrum is shown accumulated up to different times during GW
production, so one can see its evolution. At each time, it is normalized to the total instant
density. This plot corresponds to a N = 128 lattice simulation, from τ = 0 to τ = 240.

5.7.1 Lattice Simulations of Chaotic Models

We adapted the publicly available LATTICEEASY code [229], taking advantage of the structure of
the code itself, incorporating the evolution of Eq. (3.3.45), together with the equations of the scalar
fields, Eqs. (3.1.6), into the staggered leapfrog integrator routine. This way, we can solve at the
same time the dynamics of the scalar and tensor fields, within the framework of an expanding FRW
Universe Eqs.(5.7.35) and (5.7.36).

In particular, we concentrated only in an scenario with a massless inflaton χ, either accompanied
or not by an extra scalar field φ. In the following, we will describe the numerical results for GW
production at Reheating in such scenarios, described by the potential

V (φ, χ) =
λ

4
φ4 +

1

2
g2φ2χ2 , (5.7.37)

with φ the inflaton and χ an extra scalar field coupled to it. Rescaling the physical fields and time by
a conformal transformation

χc(τ) =
a(τ)

a(0)

χ(τ)

χ(0)
, φc(τ) =

a(τ)

a(0)

φ(τ)

χ(0)
(5.7.38)

dτ =
a(τ)

a(0)
χ(0)

√
λdt , (5.7.39)

then the equations of motion of the inflaton and of the extra scalar field can be written in terms of
the conformal variables as

χ′′
c −∇2χc −

a′′

a
χc + (χ2

c + qφ2
c)χc = 0 (5.7.40)

φ′′c −∇2φc −
a′′

a
χc + qχ2

cφc = 0 , (5.7.41)
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Figure 5.16: Spectrum of the gravitational waves’ energy density, for the pure case, with λ = 10−14.
Again, we show the spectrum accumulated up to different times during GW production,
normalized to the total instant density at each time. The plot corresponds to a N = 128
lattice simulation, from τ = 0 to τ = 2000.

where the prime denotes derivative with respect to conformal time. Since the Universe expands
as radiation-like in these scenarios, a(τ) ∼ τ , so the terms proportional to a′′/a in Eqs. (5.7.40)
are soon zero, as explicitly checked in the simulations. Thanks to this, the model is conformal to
Minkowski. The parameter q ≡ g2/λ controls the strength and width of the resonance. For the case
of a massless inflaton without an extra scalar field, we just set q = 0 in Eq. (5.7.40). However, in
that case, fluctuations of the inflaton also grow via parametric resonance. Actually, they grow as if
they were fluctuations of a scalar field coupled to the zero-mode of the inflaton with effective coupling
q = g2/λ = 3, see Ref. [39].

Following Refs. [41] and [46], we set λ = 10−14 and q = 120. Since, this case is also computed
in [48], we can also compare our results with theirs. Moreover, we also present results for the pure
λχ4 model with no extra scalar field, a case only shown in Ref. [41].

We begin our simulations at the end of inflation, when the homogeneous inflaton verifies χ0 ≈
0.342Mp and χ̇0 ≈ 0. We took initial quantum (conformal) fluctuations 1/

√
2k for all the modes up

to a certain cut-off, and only added an initial zero-mode for the inflaton, χc(0) = 1, χc(0)′ = 0. In
Figs. 5.15 and 5.16, we show the evolution of Ω

GW
during Reheating, normalized to the instant density

at each time step, for the coupled and the pure case, respectively. In the case with an extra scalar field,
the amplitude of the GWB saturates at the end of parametric resonance, when the fields variances
have been stabilized. This is the beginning of the turbulent stage in the scalar fields, which seems not
to source anymore the production of GW, as already stated in Refs.[46, 48]. For the pure case, we
also see the saturation of the amplitude of the spectra, see Fig. 5.16, although the long momenta tail
seems to slightly move toward higher values.

Of course, in either case, with and without an extra field φ, in order to predict today’s spectral
window of the GW spectrum, we have, first, to normalize their energy density at the end of GW
production to the total energy density at that moment. Secondly, we have to redshift the GW
spectra from that moment of Reheating, taking into account that the rate of expansion have changed
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Figure 5.17: Today’s ratio of gravitational waves normalized to radiation energy density, for both the
coupled and the pure case. We took g∗/g0 = 100 to redshift the spectra from the time of
the end of production till today.

significantly since the end of inflation. In particular, the shape and amplitude of GW spectra for
the case with the extra scalar field coupled to the inflaton with q = 120, see Fig. 5.17, seems to
coincide with the spectra shown in Ref. [48]. On the other hand, we also reproduce in Fig. 5.17
a similar spectra to the one shown in [41], for the case of the pure quartic model. Thanks to the
tremendous gain in computer power, we were able to resolve the ’spiky’ pattern of the spectrum with
great resolution. For the first time, it is clearly observed the exponential tail for large frequencies (see
Figs. 5.16 and 5.17), not shown in Ref. [41]. The most remarkable fact, is that we also confirm that
the peak structure in the GW power spectrum, see Fig. 5.16, remains clearly visible at times much
later than the one at which those peaks have disappeared in the scalar fields’ power spectrum. So, as
pointed out in Ref. [41], this characteristic feature distinguish this particular model from any other.
Let us emphasize that we have run the simulations till times much greater than that of the end of
the resonance stage, both for the pure and the coupled case. The role of the turbulence period after
pReheating seems, therefore, not to be very important, despite its long duration. The no-go theorem
about the suppression of GW at turbulence, discussed in [48], see also Chapter #8, is verified. In
Refs. [65, 226] it was pointed out that gauge couplings or trilinear interactions could be responsible
for a fast thermalization of the Universe after inflation (see also Ref. [256]), but as long as this takes
place after the end of the resonance stage, in principle this should not affect the results shown above.

5.8 Conclusions

To summarize, we have shown that hybrid models are very efficient generators of gravitational waves
at pReheating, in three well defined stages, first via the tachyonic growth of Higgs modes, whose
gradients act as sources of gravity waves; then via the collisions of highly relativistic bubble-like
structures with large amounts of energy density, and finally via the turbulent regime (although this
effect does not seem to be very significant in the presence of scalar sources), which drives the system
towards thermalization. These waves remain decoupled since the moment of their production, and
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Figure 5.18: The sensitivity of the different gravitational wave experiments, present and future, com-
pared with the possible stochastic backgrounds; we include the White Dwarf Binaries
(WDB) [255] and chaotic pReheating [λφ4, coupled (dotted red line) and pure (’spiky’
continuous line)] for comparison. Note the two well differentiated backgrounds from high-
scale and low-scale hybrid inflation. The bound marked (?) is estimated from ultra high
frequency laser interferometers’ expectations [36].

thus the predicted amplitude and shape of the gravitational wave spectrum today can be used as a
probe of the Reheating period in the very early Universe. The characteristic spectrum can be used to
distinguish between this stochastic background and others, like those arising from NS-NS and BH-BH
coalescence, which are decreasing with frequency, or those arising from inflation, that are flat [257].

We have plotted in Fig. 5.18 the sensitivity of planned GW interferometers like LIGO, LISA and
BBO, together with the present bounds from CMB anisotropies (GUT inflation), from Big Bang
NucleosynThesis (BBN) and from millisecond pulsars (ms pulsar). Also shown are the expected
stochastic backgrounds of chaotic inflation models like λφ4, both coupled and pure, as well as the
predicted background from two different hybrid inflation models, a high-scale model, with v = 10−3MP

and λ ∼ g2 ∼ 0.1, and a low-scale model, with v = 10−5MP and λ ∼ g2 ∼ 10−14, corresponding to a
rate of expansion H ∼ 100 GeV. The high-scale hybrid model produces typically as much gravitational
waves from pReheating as the chaotic inflation models. The advantage of low-scale hybrid models of
inflation is that the background produced is within reach of future GW detectors like BBO [22]. It is
speculated that future high frequency laser interferometers could be sensitive to a GWB in the MHz
region [36], although they are still far from the bound marked with an interrogation sign.

For a high-scale model of inflation, we may never see the predicted GW background coming from
pReheating, in spite of its large amplitude, because it appears at very high frequencies, where no
detector has yet shown to be sufficiently sensitive. On the other hand, if inflation occurred at low
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scales, even though we will never have a chance to detect the GW produced during inflation in the
polarization anisotropies of the CMB, we do expect gravitational waves from pReheating to contribute
with an important background in sensitive detectors like BBO. The detection and characterization
of such a GW background, coming from the complicated and mostly unknown epoch of Reheating of
the Universe, may open a new window into the very early Universe, while providing a new test on
inflationary cosmology.
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6 GRAVITATIONAL WAVES AFTER
SYMMETRY BREAKING

GW are expected to be copiously produced in the early Universe in a variety of processes. In Chap-
ter #5 we studied the GWB produced at sub-horizon scales during hybrid Reheating. In this Chapter
we analyze the shape and amplitude of the GW spectrum on scales which are superhorizon at the
time of production. In particular we study the GW expected from the self-ordering dynamics expected
after hybrid Reheating, or after a global phase transition in general. We show that, if the GW source
acts only during a small fraction of the Hubble time, the GW spectrum at frequencies lower than
the expansion rate at the time of production behaves as ΩGW(f) ∝ f3, with an amplitude too small
to be observable by GW observatories like LIGO, LISA or BBO. On the other hand, if the source is
active for a much longer time, until a given mode which is initially superhorizon (kη∗ ≪ 1) enters the
horizon (kη & 1), we find that the GW energy density is frequency independent, i.e. scale invariant.
Moreover, its amplitude for a GUT scale scenario turns out to be within the range and sensitivity of
BBO and marginally detectable by LIGO and LISA. This new GWB can compete and even overtake
the one generated during inflation, and distinguishing both will require extra information.

6.1 Introduction

For a brief review on the general expectations about GWB from the early Universe, see Section #5.1.
Here let us just mention that, with the exception of those GW generated during inflation [6], the mech-
anisms responsible for GW production during early Universe phenomena are typically causal processes,
like bubble collisions or turbulence, giving rise to spectra which peak at wavelengths well inside the
causal horizon during their generation. Thus, most of past analysis concentrate on contributions of
GW with wavelengths smaller than the horizon at the time of production.

In this Chapter we study the infrared behaviour of the GW spectrum produced after the Reheating
of the Universe in a Hybrid inflationary model, or after the achievement of SSB in a first order
phase transition. We investigate the spectral dependence of this background on scales which are
superhorizon at the time of formation, i.e. k < H∗, where k and H∗ are the comoving momentum
and inverse horizon size. We concentrate in a causal process of symmetry breaking like in hybrid
Reheating [57, 59, 60, 61, 62], see Sections #4.3.3, #5.4, where the order parameter has global O(N)
symmetry in the false vacuum and, upon symmetry breaking, the N fields undergo a self-ordering
process on scales much larger than the inverse mass of the field in the true vacuum.

We consider a multi-component scalar field which obtains a non-zero vacuum expectation value
(V EV ) v and a mass m, during a symmetry breaking process. We shall assume that this mass m
is much larger than the Hubble parameter H∗ at the time of the transition, since if the VEV in the
true vacuum is much smaller than the Planck scale, then H∗ ∼ m (v/Mp) ≪ m. Such a model could
describe the symmetry breaking process which triggers the end of hybrid inflation or a thermal phase
transition. As long as we are only interested in superhorizon scales, k ≫ H∗, we can neglect the radial,
massive mode and treat the dynamics within the non-linear sigma-model (NLSM) approximation. On
large scales, the anisotropic stresses are determined by gradient energy and the typical (comoving)
scale is simply the time dependent horizon scale H−1. The field self-orders at the horizon scale, and
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the source of GW decays inside the horizon. For scalar metric perturbations this process has been
studied e.g. in Ref. [77]. It is very closely related to the scaling of global topological defects [78] even
though for a number of components N > 4 there are no topological defects associated with such a
scalar field in 3 + 1 dimensions.

We work in the large N approximation within which the scalar field equation of motion, for scales
larger than the inverse mass, k ≪ m, can be solved analytically. The GW spectrum will then be
estimated by analytical approximations, introducing the anisotropic stress tensor sourced by the field
fluctuations at different scales.

Tensor perturbations from a NLSM in the large N approximation have also been studied in Ref. [32,
33]. There the authors have calculated the tensor perturbation spectrum for scales which enter the
horizon in the matter era and they have compared this with the inflationary signal in the CMB.
Here we shall concentrate on the radiation dominated era and the detection of the signal in direct
gravitational wave experiments like advanced LIGO [20], LISA [21] and BBO [22].

The Chapter is organized as follows. In the next Section we describe the formalism, derive the
scalar field solutions and calculate the unequal time anisotropic stress correlators which source GW.
In Section #6.3 we study the production of GW from long wavelength modes of this source. We
derive a general formula that can be applied to different situations, depending how long the GW
source is acting. In Section #6.4 we use this result to determine the shape and amplitude of the GW
spectrum in two situations, first the case of a source producing GW only during a small fraction of
the Hubble time and, second, the case in which the source producing GW acts for a much longer time,
until a given mode which is initially superhorizon, kη∗ ≪ 1, enters the Hubble radius, kη ≃ 1. In
Section #6.5 we summarize our results and conclude.

6.2 Formalism

We first introduce the NLSM and the large N limit of a global O(N) symmetric scalar field, then we
study the physics of the correlators of the anisotropic stress tensor.

6.2.1 The model

We consider an N -component scalar field with a Lagrangian

L = L0 + L1 = −∂µΦT∂µΦ − λ

(

ΦTΦ − v2

2

)2

+ L1 , (6.2.1)

where ΦT = (ϕ1, ϕ2, ..., ϕN )/
√

2, λ is the dimensionless self-coupling of Φ and v is the V EV in the true
vacuum. In the case of a thermal bath at high temperature, the Lagrangian L0 obtains corrections of
the form L1 ∼ −T 2Φ2, so that its minimum is at Φ = 0 which respects the global O(N) symmetry
of the Lagrangian. At low temperature, T < Tc ≃ v, the thermal corrections are too small to the
keep the minimum at Φ = 0 and the global O(N) symmetry is spontaneously broken to O(N − 1).
In the context of hybrid pReheating, there is no need for thermal restoration of the symmetry. The
field Φ acquires a large mass during inflation through its coupling to the inflaton χ, L1 = −g2ΦTΦχ2.
Above a critical value, χ > χc ≡

√
λv/g, the effective quadratic mass of Φ is positive and the field is

fixed at Φ = 0. When the quadratic mass becomes negative, χ < χc, a tachyonic instability triggers
the end of inflation and symmetry breaking. Soon after the symmetry is broken, thermal corrections
and tachyonic effects can be neglected, and Φ is closely confined (in most of space) to the vacuum
manifold, given by

∑

a ϕ
2
a(x, η) = v2. Nevertheless, in positions such that their comoving distance is

|x − x′| > H−1, the values Φ(x, η) and Φ(x′, η) are uncorrelated, which leads to a gradient energy
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density associated to the N − 1 Goldstone modes, ρ ∼ (∂iΦ)2. For N > 2, the dynamics of the
Goldstone modes is well described by a NLSM [68, 69, 78] where we force

∑

a ϕ
2
a = v2 by a Lagrange

multiplier. This corresponds to the limit λ→ ∞ in the above Lagrangian. This approximation is very
good for physical scales with are much larger than m−1 ≡ 1/(

√
λv). Of course, on small scales the field

fluctuations still oscillates around the true VEV, but in this paper we only focus on the superhorizon
modes which are free to wander around in the vacuum manifold, giving rise to a gradient energy
density which will generate GW on these scales.

Normalizing the symmetry breaking field to its V EV , β ≡ Φ/v, each component of the field obeys
the non-linear sigma model evolution equation [77]

2βa − (∂µβ · ∂µβ)βa = 0 , (6.2.2)

where (∂µβ · ∂µβ) =
∑

a η
µν∂µβ

a(x, η)∂νβ
a(x, η) and

∑

a β
a(x, η)βa(x, η) = 1. In the large N -limit,

we assume that the sum over components can be replaced by an ensemble average,

T (x) =
∑

a

ηµν∂µβ
a∂νβ

a = N〈ηµν∂µβa∂νβa〉 = T̄ (η) . (6.2.3)

where there is no sum on a in the second equality, and in the last equality we have made the usual
ergodic assumption, replacing the ensemble average by a spatial average.

By dimensional considerations, T ∝ H2, or

T̄ (η) = Toη
−2 , (6.2.4)

with To > 0. Replacing the non-linearity in the sigma-model by this expectation value we obtain a
linear equation which can be solved exactly. In Fourier space it reads

βa
′′

k +
2γ

η
βa

′

k +

(

k2 − To
η2

)

βak = 0 , (6.2.5)

where γ = d log a/d log η and primes denote derivatives w.r.t. η. In a radiation dominated Universe
γ = 1 while in a matter dominated Universe γ = 2. The solution to Eq. (6.2.5) for constant γ is given
by

βa(k, η) = (kη)
1
2−γ

[

C1(k)Jν(kη) + C2(k)Yν(kη)
]

, (6.2.6)

where

ν2 =

(

1

2
− γ

)2

+ To , (6.2.7)

and C1, C2 are constants of integration. Thus, ν > 1/2 for a radiation dominated Universe and
ν > 3/2 for matter domination. Since in general we have that ν > 0, Yν diverges for small argument,
so we will keep only the regular mode of the solution, Jν . We can then write

βa(k, η) =
√
A

(

η

η∗

)
1
2−γ Jν(kη)

(kη∗)ν
βa(k, η∗) , (6.2.8)

where βa(k, η∗) is the a-th component of the field at the initial time η∗. We assume1 that β is initially
Gaussian distributed with a scale-invariant spectrum on large scales and vanishing power on small

1This is, of course, not an arbitrary assumption. It is valid in the large-N limit and a demonstration of it can be found
in the appendix of [79].
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scales

〈βa(k, η∗)β∗b(k′, η∗)〉 =







(2π)3C δab

N δ(k − k′) , kη∗ ≪ 1

0 , kη∗ > 1 .
(6.2.9)

This means that the field is aligned on scales smaller than the comoving horizon η∗ and has arbitrary
orientation on scales larger than η∗. The condition that β2 = 1 actually introduces correlations be-
tween the different components of β but these lead to corrections of order 1/N to the above expression
which we will neglect here. We also do not enter into the details of the decay of this function around
kη∗ = 1. The constant C is chosen such that the normalization condition is satisfied (up to corrections
of order 1/N),

β2(x, η∗) ≡ 〈β2(x, η∗)〉
(

1 + O(1/N)
)

≃
∫

d3k

(2π)3
d3k′

(2π)3
〈βa(k, η∗)β∗a(k′, η∗)〉eix·(k−k′) ≃ C

6π2η3
∗

= 1 . (6.2.10)

In the large N -limit we neglect the corrections of order 1/N which come from the fluctuations in β2.
On large scales this is a very good approximation. However, on small scales, and in particular, on scales
comparable with the inverse of the mass of the symmetry breaking field, m−1, the fluctuations are
certainly not negligible. In our analysis we consider only large scales, where the above approximation
is valid.

In order for 〈β2〉 to be time independent we need that the equal time correlator be fixed to one:

〈β2(k, η)〉 = A C
∫

d3k

(2π)3

(

η

η∗

)(1−2γ)
J2
ν (kη)

(kη∗)2ν

≃ 3A

(

η∗
η

)2(1+γ−ν) ∫ ∞

0

dyy2(1−ν)J2
ν (y) = 1 , (6.2.11)

where we have substituted C = 6π2η3
∗ and we have set y = kη. Note that the upper limit is actually

η/η∗, but at late times, the (dimensionless) integral is insensitive to the upper boundary, so we can take
it to infinity and thus make the integral free of any time scale. In order to obtain a time-independent
V EV , we then just require

ν = γ + 1 . (6.2.12)

Introducing this relation into Eq. (6.2.7), one obtains To in terms of γ as

To = 3(γ + 1/4) . (6.2.13)

The constant A is determined then by the condition

1 = 3A

∫ ∞

0

dyy2(1−ν)J2
ν (y) , hence A =

4Γ(2ν − 1/2)Γ(ν − 1/2)

3Γ(ν − 1)
. (6.2.14)

Since ν = γ + 1, we can also write the amplitude of the field fluctuations, as

βa(k, η) =
√
A

(

η

η∗

)3/2
Jν(kη)

(kη)ν
βa(k, η∗) . (6.2.15)
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6.3 The production of gravitational waves

6.2.2 Unequal time correlators

From Eqs. (6.2.9) and (6.2.15) we obtain the following expression for the unequal time correlator of
the field:

〈

βa(k, η)β∗b(k′, η′)
〉

= A

(

ηη′

η2
∗

)3/2
Jν(kη)Jν(k

′η′)

(kη)ν(k′η′)ν
〈

βa(k, η∗)β
∗b(k′, η∗)

〉

= (2π)36π2A(ηη′)3/2
Jν(kη)Jν(kη

′)

(kη)ν(kη′)ν
δab
N
δ(k − k′)

≡ (2π)3δ(k − k′)Pabβ (k, η, η′) . (6.2.16)

The field β is (almost) Gaussian distributed initially2 and, as its time evolution is linear, it will
remain a Gaussian field and we can determine higher order correlators via Wick’s theorem. This will
be important in the next Section when we determine the unequal time correlator of the anisotropic
stresses which source the production of GW. Furthermore, this source is totally coherent [78] in the
sense that its unequal time correlator Pabβ (k, η, η′) is a product of a function of η and η′,

Pabβ (k, η, η′) =
δab
N

6π2A(ηη′)3/2
Jν(kη)Jν(kη

′)

(kη)ν(kη′)ν
≡ δab

N
f(k, η)f(k, η′) , (6.2.17)

with f(k, η) =
√

6π2A k3/2 Jν(kη)

(kη)ν−3/2
.

Note the k3/2 scaling law at horizon crossing (kη ∼ 1) which is characteristic for quantum fluctuations
from de Sitter, i.e. inflation. This already hints to the fact that we will find a scale-invariant spectrum
also in this case.

6.3 The production of gravitational waves

In this Section we derive a general formula for the GW power spectrum sourced by superhorizon modes
of a self ordering field. We also comment about the frequency range for the GW background produced
in this way. Let us consider tensor perturbations (GW) of the a flat-FRW background metric, as
discussed in Section #3.3

ds2 = a2(η)(ηµν + hµν)dx
µdxν , (6.3.18)

where hij is traceless, hii = 0, and divergence free, ∂ihij = 0. Linearizing Einstein’s equations yields
the evolution equation of GW sourced by the anisotropic stresses of the scalar fields ϕa,

h′′ij(x, η) + 2Hh′ij(x, η) −∇2hij(x, η) = 16πGΠTT
ij (x, η) , (6.3.19)

where ΠTT
ij represents the TT part of the (effective) anisotropic stress-tensor as3

ΠTT
ij = {∂iϕa(x, η)∂jϕa(x, η)}TT , (6.3.20)

where {}TT represents that we are considering only the TT dof of the expression within the brackets.
Note that only the gradient terms of the energy-momentum tensor contribute as a source of GW, so

2Again, this is not an arbitrary assumption. It is indeed a consequence of the Central limit theorem in the large-N
limit, as it is demonstrated in [79].

3Note where we are summing over repeated indices both in coordinates and in field components.

85



6 GRAVITATIONAL WAVES AFTER SYMMETRY BREAKING

in the computation of ΠTTij we simply kept such gradients and omitted other terms which are removed
after the TT filterring.

Using the projector Λij,lm(k̂) defined in eq. (3.3.37), we can filter out (see Section #3.3) the non-TT
part in Fourier-space of the effective anisotropic stress-tensor, obtaining

ΠTT
ij (k, η) = Λij,lm(k̂)

∫

d3q

(2π)3
qlqm ϕ

a(q, η)ϕa(k − q, η) . (6.3.21)

Fourier transforming the GW evolution equation (6.3.19) we then obtain

h′′ij(k, η) + 2Hh′ij(k, η) + k2hij(k, η) = 16πGΠTT
ij (k, η) , (6.3.22)

with ΠTT
ij (k, η) given by eq. (6.3.21)

The 2-point correlation function of the tensorial part of the anisotropic stress-tensor is of the form

〈

ΠTT
ij (k, η)ΠTT∗

lm (k′, η′)
〉

≡ (2π)3δ(k − k′)Π2(k, η, η′)Mijlm(k̂) , (6.3.23)

where

Mijlm(k̂) =
1

4

[

Λij,lm(k̂) + Λij,ml(k̂)
]

. (6.3.24)

Since the trace Mijij = 1,

〈

Πij(k, η)
TTΠTT∗

ij (k′, η′)
〉

≡ (2π)3δ(k − k′)Π2(k, η, η′) . (6.3.25)

To determine Π2(k, η, η′), we compute
〈

ΠTT
ij (k, η)ΠTT∗

ij (k′, η′)
〉

explicitly using Wick’s theorem to

reduce 4-point functions of the field to products of 2-point functions

〈

ΠTT
ij (k, η)ΠTT∗

lm (k′, η′)
〉

=

= Λij,pq(k̂) Λlm,rs(k̂
′)

∫

d3q

(2π)3
d3q′

(2π)3
qpqqq

′
rq

′
s

〈

ϕa(q, η)ϕa(k − q, η)ϕ∗b(q′, η′)ϕ∗b(k − q, η′)
〉

=

∫

d3q d3q′

(2π)6
(

qTΛq
)

ij

(

q′
T
Λq′
)

lm

[〈

ϕa(q, η)ϕ∗a(q − k, η)〉〈ϕb(−q′, η′)ϕ∗b(k′ − q′, η′)
〉

+

+
〈

ϕa(q, η)ϕ∗b(q′, η′)
〉〈

ϕa(k − q, η)ϕ∗b(k′ − q′, η′)
〉

+

+
〈

ϕa(q, η)ϕ∗b(k′ − q′, η′)
〉〈

ϕa(k − q, η)ϕ∗b(q′, η′)
〉]

=

∫

d3q d3q′
(

qTΛq
)

ij

(

q′
T
Λq′
)

lm

[

Paaϕ (|q|, η, η)Pbbϕ (|q′|, η′, η′) δ(k)δ(k′)

+ Pabϕ (|q|, η, η′)Pabϕ (|k − q|, η, η′) δ(q − q′)δ(k − q − k′ + q′)

+ Pabϕ (|q|, η, η′)Pabϕ (|k − q|, η, η′) δ(q′ + q− k′)δ(q′ + q − k)
]

(6.3.26)

where we use the notation
(

qTΛq
)

ij
≡ qlΛij,lmqm and introduced the reality condition ϕ∗(k) = ϕ(−k),

as well as the unequal time correlator of the field ϕ, defined in the same way as the one for β,

〈ϕa(k, η)ϕ∗b(k′, η′)〉 = (2π)3δ(k − k′)Pabϕ (k, η, η′) . (6.3.27)

The zero-mode of the anisotropic stresses vanishes due to isotropy so that the first term in the square
bracket of the integral (6.3.26) does not contribute.

86



6.3 The production of gravitational waves

We now can compute the unequal time correlator
〈

ΠTT
ij (k, η)ΠTT∗

ij (k′, η′)
〉

. Using

(

qTΛq
)

ij

(

qTΛq
)

ij
=

1

2
q4
(

1 − (k̂ · q̂)2
)2

, (6.3.28)

we obtain

Π2(k, η, η′) =

∫

d3q

(2π)3
q4
[

1 − (k̂ · q̂)2
]2

Pabϕ (|q|, η, η′)Pabϕ (|k − q|, η, η′) . (6.3.29)

We now relate the GW energy density spectrum to the unequal time anisotropic stress spectrum of
the source, Π2(k, η, η′). For this we first write the GW evolution equation in momentum space,

h′′ij + 2
a′

a
h′ij + k2hij = 16πGΠTT

ij . (6.3.30)

Defining a new variable h̄ij ≡ ahij , one obtains

h̄′′ij +

(

k2 − a′′

a

)

h̄ij = 16πGaΠTT
ij . (6.3.31)

In a radiation dominated background (a ∝ η) this reduces to

h̄′′ij + k2h̄ij = 16πGaΠTT
ij . (6.3.32)

The solution of this differential equation with the initial conditions hij = h′ij = 0 is given by the
convolution of the source with the Green function G(k, η, η′) = sin(kη − kη′),

h̄ij(k, η < ηfin) =
16πG

k2

∫ x

x∗

dy a(y/k)ΠTT
ij (k, y/k) sin(x− y) , (6.3.33)

where we have set x ≡ kη and y ≡ kη′. The source of gravity waves is acting for a time interval
∆η∗ = (ηfin − η∗) = ǫη∗. If ǫ < 1 we call the process short-lasting. This is the relevant case for
example for GW produced during a symmetry breaking phase transition where the source disappears
after the phase transition since the latter typically lasts only for a fraction of the Hubble time.
However, the Goldstone modes considered in this work may very well be long lived as they are not
expected to interact with ordinary matter. In this case therefore a long lasting source may be better
motivated. We discuss both cases below.

After the source has decayed, GW are freely propagating, and thus described by the homogeneous
solution of Eq. (6.3.32),

h̄ij(k, η > ηfin) = Aij(k) sin(kη − kηfin) +Bij(k) cos(kη − kηfin) . (6.3.34)

The coefficients Aij and Bij are fixed by matching the homogeneous solution to the inhomogeneous
one at η = ηfin. Matching both h̄ij and its derivative h̄′ij yields

Aij(k) =
16πG

k2

∫ xfin

x∗

dy a(y/k)Πij(k, y/k) cos(xfin − y) ,

Bij(k) =
16πG

k2

∫ xfin

x∗

dy a(y/k)Πij(k, y/k) sin(xfin − y) . (6.3.35)

The GW energy density is given by (3.3.34)

dρGW

d log k
=
k3|h′|2(k, η)
8(2π)3Ga2

, (6.3.36)
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where the GW power spectrum has been normalized as follows:
〈

h′ij(k, η)h
′∗
ij(q, η)

〉

= (2π)3δ3(k − q) |h′|2(k, η) . (6.3.37)

In the light of the solution for h̄ij obtained above, see (6.3.34), we can perform a time average over
a full period of oscillations, and obtain for η > ηfin,

|h′|2(k, η) =
1

2a2

(

k2 + H2
)

(2π)3

(

〈AijA∗
ij〉 + 〈BijB∗

ij〉
)

=
k2 + H2

2a2

(

16πG

k2

)2 ∫ xfin

x∗

dy

∫ xfin

x∗

dz a
(y

k

)

a
(z

k

)

cos(z − y)Π2
(

k,
y

k
,
z

k

)

, (6.3.38)

where in the first step we used the fact that 1
T

∫ T

0 dη cos2(kη) = 1
T

∫ T

0 dη sin2(kη) = 1
2 whereas

1
T

∫ T

0 dη cos(kη) sin(kη) = 0, an in the second step we have used Eq. (6.3.25). The GW energy density
at time η is of course well defined only for waves with a wavelength well within the horizon, k ≫ H.
Therefore we shall approximate k2 + H2 ≃ k2 in the following.

The GW are sourced by the anisotropic stress of the scalar field ϕa = vβa. The correlators are
simply related by

Pabϕ = v2Pabβ .

With Eq. (6.3.29) we obtain the following expression for the GW energy density after the decay of
the source, η > ηfin,

dρGW(k, η)

d log k
=

Gv4

4π4

k3

a4(η)

∫ ηfin

η∗

dτ

∫ ηfin

η∗

dξ a(τ)a(ξ) cos(kξ − kτ)

×
∫

d3p p4 sin4 θ Pabβ (p, τ, ξ)Pabβ (|k − p|, τ, ξ) , (6.3.39)

where cos θ ≡ k̂ · p̂. Inserting the power spectrum of β in the above expression and summing over the
field components, we find

dρGW(k, η)

d log k
=
Gv4

4π4

k3

a4(η)

36π4A2

N

∫ ηfin

η∗

dτ

∫ ηfin

η∗

dξ a(τ)a(ξ) cos(kξ − kτ)

×
∫

p < 1/η∗
|k − p| < 1/η∗

d3p p4 sin4 θ τ3ξ3
Jν(pτ)

(pτ)ν
Jν(pξ)

(pξ)ν
Jν(|k − p|τ)
(|k − p|τ)ν

Jν(|k − p|ξ)
(|k − p|ξ)ν . (6.3.40)

Here the constant A comes from the normalization of β, and it is given by Eq. (6.2.14). In the
radiation dominated background considered here, we have ν = 1 + γ = 2 and A = 5π/4. Note also
that we choose the normalization of the scale factor such that a(η0) = 1. Hence the comoving wave
number k is simply related to the present frequency of the GW by

f =
k

2π
.

In the next Section we evaluate the present amplitude and frequency dependence of the GW spec-
trum generated in this way explicitly. For this, the following relation between temperature and time
in a radiation dominated Universe is useful (see Section #3.2),

H2(t) =
1

η2 a(η)2
=

8πG

3

π2

30
geff(η)T 4(η) . (6.3.41)
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Assuming an adiabatic expansion, geff(aT )3 = const., one finds

η =
MP

T (η)T0

(

geff(η)

2

)1/3(
45

4π3geff(η)

)1/2

= 1.6 × 107sec

(

GeV

T

)

g
−1/6
eff (T ) . (6.3.42)

On the other hand, the expression for the temperature associated to a global O(N) symmetry breaking
is [108]

T∗ =

√

24

N + 2
v , (6.3.43)

independent of the coupling λ.

Before moving to the evaluation of Eq. (6.3.40), let us briefly determine the frequencies for the
GW sources discussed in this paper. We are studying the IR modes kη∗ < 1 of the GW spectrum,
corresponding to frequencies smaller than the expansion rate at the time of production, f∗ = H∗/(2π),

f∗ =
1

2πη∗
≈ 10−8

(

T∗
GeV

)

Hz . (6.3.44)

For the EW scale this corresponds to fEW
∗ ∼ 10−6 Hz, while for the GUT scale the associated frequency

is fGUT∗ ∼ 108 Hz. For a given energy scale M ≃ T∗ at the time of production, we are describing
one frequency range or another, but always frequencies smaller than the one corresponding today
to that energy scale, f < f∗(M) ∼ 10−8Hz(M/GeV). Clearly, only processes taking place in the
radiation dominated Universe generate GW with sufficiently high frequencies such that they can be
observed by direct GW detection experiments. Indeed the frequency associated to the horizon at the
matter-radiation equality is far too small, f eq

∗ ∼ 10−17 Hz, to be observed by direct GW detectors,
like LIGO, LISA or BBO will be working. Therefore we consider only processes in the radiation
dominated Universe and thus γ = 1 and ν = 2 are assumed for the rest of the paper.

6.4 The gravitational wave spectrum today

In this Section we study two different cases, first the situation in which the source producing GW
lasts only a small fraction of the Hubble time at the moment of production and, second, the case in
which the GW source acts for a much longer time, until the moment at which a given mode enters
the horizon.

6.4.1 Short lived source

We first estimate the amplitude of the GW spectrum for large wavelengths, k < H∗, from a short
lived source which lasts from η∗ to ηfin, such that (ηfin − η∗)/η∗ ≡ ǫ ≪ 1. This would correspond
to the case in which the (Goldstone) fields are coupled to some other species and therefore they are
allowed to decay very soon after achieving the symmetry breaking. Let us first note the following facts:

1) From Eq. (6.3.40) we see immediately that for small wavenumbers, kηfin ≪ 1, the result
scales like

dρGW

d log k
∝ k3 .

2) Since the source is short lived, η∗ ≈ ηfin, and we deal with superhorizon modes, kη∗ ≪ 1, we may
set cos(kη − kη′) ≈ 1 and the time integral can be replaced simply by a factor ǫη∗.
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3) To estimate the momentum integral, we use that Bessel functions at small arguments, x ≡ kη < 1,
can be approximated by Jν(x) ≈ (x/2)ν/Γ(1 + ν). To obtain the dominant contribution at large
wavelength (i.e. the least blue part) we may also set |k − q|η∗ ≃ qη∗.

Using all the above considerations, we are left with a simple integral for the evaluation of the spectra
of the IR modes (kη∗ ≪ 1) of GW, at any time η ≫ η∗ for which those modes have already crossed
the horizon

dρGW(η)

d log k

∣

∣

∣

∣

kη∗≪1

≃ Gv4

4π4
36π4A2 k3

a4(η)

2π

N

∫ 1

−1

d cos θ sin4 θ

∫ 1/η∗

0

dp
p6

22νΓ4(ν + 1)

×
(∫ ηfin

η∗

dτ a(τ)τ3

)2

=
3 · 5π3

7 · 211

Gv4

N

(

a∗
a(η)

)4

ǫ2H2
∗ (kη∗)

3 , (6.4.45)

where we used A = 5π/4, ν = 2 and we approximated
∫ ηfin
η∗

dτa(τ)τ3 ≈ a(η∗)η3
∗∆η∗ = ǫ a(η∗)η4

∗ , since
we have set ηfin − η∗ = ∆η∗ ≃ ǫη∗.

With this we can now evaluate the ratio of the GW energy density to the critical density today, for
the IR modes kη∗ ≪ 1, as

ΩGW(f) =
1

ρc

dρGW(η0)

d log k
≈ 5π4

7 · 28

(

v

MP

)4
ǫ2

N
Ωrad(kη∗)

3

∼ 10−5

(

v

MP

)4
ǫ2

N
(kη∗)

3 , (6.4.46)

where we used H2
∗ = 8πGρ∗/3, we expressed the radiation density today as ρrad ≈ ρ∗(a∗/a0)

4 and we
introduced the the radiation density parameter today as Ωrad ≈ 4.2 × 10−5. We have also neglected
the factors coming from the ratio of the effective relativistic degrees of freedom since they appear
only with the power 1/3.

Note that this formula is general for the IR spectrum of GW generated at any process in which the
source, a N -component scalar field, has rapidly acquired its true VEV v at η∗ and undergoes a short
phase of self-ordering which lasts for a fraction ǫ < 1 of the Hubble time.

Finally, note also that very generically we have η∗ ∝ T−1
∗ ∝ 1/v so that ΩGW ∝ v4η3

∗k
3 ∝ v k3 and

not as v4, as one could naively have concluded from Eq. (6.4.46).

The EW Phase Transition

The comoving horizon size at the ElectroWeak (EW) phase transition is given by the EW energy scale
T∗ ∼ 100 GeV, geff(T∗) = 106.75,

η∗ ≃ 7.5 × 104 sec .

Inserting this above with f = k/(2π), we find

ΩGW(f) ≈ 4.2 × 105 5π4(2π)3

7 · 28
Ωrad

(

v

MP

)4
ǫ2

N

(

f

mHz

)3

∼ 10−65 ǫ
2

N

(

f

mHz

)3

. (6.4.47)

For the last expression we have used v ≃ T∗. This result is of course immeasurable small.
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A GUT-scale Phase Transition

To have any chance to measure this spectrum, we need a VEV which is not too many orders of
magnitude below that Planck scale, since the GW energy density is suppressed by a fourth power of
the ratio of the V EV to MP . The best change might be a GUT scale with a VEV of the order of
v ≃ 1016GeV. But then of course η∗ will be very small and the dominant contribution will come from
very high frequencies, lower frequencies being suppressed by the factor (kη∗)3. For T∗ = 1016GeV we
have

η∗ ≃ 5 × 10−10 sec ,

leading to

ΩGW(f) ≈ 0.125
5π4(2π)3

7 · 28
Ωrad

(

v

MP

)4
ǫ2

N

(

f

GHz

)3

∼ 10−16 ǫ
2

N

(

f

GHz

)3

. (6.4.48)

Apart from the fact that this result suffers severe additional suppression at measurable frequencies
which are significantly below 1GHz = 109Hz, the sensitivity of 10−12Ωrad ≃ 10−16 cannot be reached
with any presently proposed experiment at those frequencies.

Therefore, we can only conclude that the superhorizon GW spectrum generated from a short lived
self ordering scalar field is much below presently proposed experimental sensitivities.

6.4.2 A long lived source

As we have seen in the previous Section, short lived Goldstone modes cannot lead to a significant
GW background. But since Goldstone modes are typically non-interacting and long lived, it is more
natural to consider them for a time which is much longer than the horizon scale η∗. To compute the
GW energy density produced by such a self ordering scalar field, we consider Eq. (6.3.40) and set
ηfin = ηk ≡ 1/k, since the solution (6.2.15) decays inside the horizon, when kη > 1. We then have to
compute the following integral

dρGW(k, ηk)

d log k
=
Gv4

4π4

k3

a4(ηk)

36π4A2

N

∫ 1/k

η∗

dτ

∫ 1/k

η∗

dξ a(τ)a(ξ) cos(kξ − kτ) ×
∫

pη∗ < 1
|p − k|η∗ < 1

d3p p4 sin4 θ τ3ξ3
Jν(pτ)

(pτ)ν
Jν(pξ)

(pξ)ν
Jν(|k − p|τ)
(|k − p|τ)ν

Jν(|k − p|ξ)
(|k − p|ξ)ν , (6.4.49)

Note that the range of integration of the variable p in the above expression is set to be {pη∗ <
1, |p−k|η∗ < 1} since the initial two point correlator of the scalar field turns out to be different from
zero only in this range of momenta [c.f. Eq. (6.2.9)].

In order to obtain an analytical result for the above integral, we perform the following approxima-
tions:

• We are interested in scales k that are superhorizon for all the time of GW production, namely
kτ < 1 and kξ < 1 for times τ, ξ between η∗ and ηfin = 1/k, therefore we approximate cos(kξ −
kτ) ≃ 1 .

• We neglect the angular dependence of |p − k| so that the angular integral reduces to
2π
∫

sin4 θd cos θ = 32π/15.

• In the range of integration where pτ ≫ 1 we substitute |k − p|τ ≃ pτ , while when pτ ≪ 1 we
approximate |k− p|τ ≪ 1.
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• The range of momenta for which we can expand the Bessel functions in terms of small arguments
is p < min(1/τ, 1/ξ), while in the range min(1/τ, 1/ξ) < p < max(1/τ, 1/ξ) we should distinguish
between large and small argument expansions of the Bessel functions. Finally, in the range
max(1/τ, 1/ξ) < p < 1/η∗ one can consider the large argument limit for all the four Bessel
functions of the above integral.

Taking into account all the above considerations, we find that the complete integral becomes

∫ 1/k

η∗

dτ

∫ 1/k

η∗

dξ

∫ ∞

0

dp f(p, τ, ξ) = 2

∫ 1/k

η∗

dτ

∫ τ

η∗

dξ

(

∫ 1/τ

0

dp f +

∫ 1/ξ

1/τ

dp f +

∫ 1/η∗

1/ξ

dp f

)

,

which allows us to separate the integral in p using the asymptotic behaviour of the Bessel functions,

Jν(x) ≃
xν

2νΓ(ν + 1)
for x≪ 1 ,

Jν(x) ≃
√

2

xπ
cos

(

x− (2ν + 1)π

4

)

for x≫ 1 .

We can distinguish three different intervals:

• The IR contribution, I1(k), for 0 < p < 1/τ , with |k − p|τ < 1 and |k − p|ξ < 1 .

• The mixed (UV+IR) contribution, I2(k), for 1/τ < p < 1/ξ, with |k − p|τ ≃ pτ > 1 but
|k − p|ξ ≃ pξ < 1 .

• The UV contribution, I3(k), for 1/ξ < p < 1/η∗, with |k−p|τ ≃ pτ > 1 and |k−p|ξ ≃ pξ > 1 .

Therefore we can finally write

dρGW(k, ηk)

d log k
= D(k) [I1(k) + I2(k) + I3(k)] , (6.4.50)

where the pre-factor D(k) contains the coefficients in front of the integral in Eq. (6.4.49), the factor
coming from the angular integration (32π/15) and the factor 2 that comes from the symmetry of the
double time integration, namely

D(k) ≡ Gv4

4π4

k3

a4(ηk)

36π4A2

N
× 32π

15
× 2 =

Gv4

N

k3

a4(ηk)
15 · 4π3 . (6.4.51)

The three integrals of Eq. (6.4.50) are given by

I1(k) ≡
∫ 1/k

η∗

dτ

∫ τ

η∗

dξ a(τ) a(ξ) τ3 ξ3
∫ 1/τ

0

dp p6 Jν(pτ)

(pτ)ν
Jν(pξ)

(pξ)ν
Jν(|k − p|τ)
(|k − p|τ)ν

Jν(|k − p|ξ)
(|k − p|ξ)ν

≃ H2
0Ωrad

4096

∫ 1/k

η∗

dτ

∫ τ

η∗

dξ τ4 ξ4
∫ 1/τ

0

dp p6

=
H2

0Ωrad

4096 k3

1

35

[

1

3
− 5

6
(kη∗)

3 +
1

2
(kη∗)

5

]

, (6.4.52)

I2(k) ≡
∫ 1/k

η∗

dτ

∫ τ

η∗

dξ a(τ) a(ξ) τ3 ξ3
∫ 1/ξ

1/τ

dp p6 Jν(pτ)

(pτ)ν
Jν(pξ)

(pξ)ν
Jν(|k − p|τ)
(|k − p|τ)ν

Jν(|k − p|ξ)
(|k − p|ξ)ν

≃ H2
0Ωrad

32π

∫ 1/k

η∗

dτ

∫ τ

η∗

dξ τ4 ξ4
∫ 1/ξ

1/τ

dp p6

(pτ)5
cos2

(

pτ − 5π

4

)

=
H2

0Ωrad

128π k3

[

2

45
+

1

18
(kη∗)

3 − 1

10
(kη∗)

5 +
(kη∗)3

3
log(kη∗)

]

, (6.4.53)
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and

I3(k) ≡
∫ 1/k

η∗

dτ

∫ τ

η∗

dξ a(τ) a(ξ) τ3 ξ3
∫ 1/η∗

1/ξ

dp p6 Jν(pτ)

(pτ)ν
Jν(pξ)

(pξ)ν
Jν(|k − p|τ)
(|k − p|τ)ν

Jν(|k − p|ξ)
(|k − p|ξ)ν

≃ 4H2
0Ωrad

π2

∫ 1/k

η∗

dτ

∫ τ

η∗

dξ τ4 ξ4
∫ 1/η∗

1/ξ

dp p6

(pτ)5(pξ)5
cos2

(

pτ − 5π

4

)

cos2
(

pξ − 5π

4

)

=
H2

0Ωrad

3π2 k3

[

1

9
− 1

9
(kη∗)

3 − (kη∗)
3

(

1

2
log2(kη∗) −

1

3
log(kη∗)

)]

. (6.4.54)

More precisely, in the above computation we substituted each cos2 x by its mean value
〈

cos2 x
〉

= 1/2
averaged over a few oscillations, and we introduced the usual expression for the scale factor in a
radiation dominated background, a(η) ≃ H0

√
Ωradη, which is consistent with a0 = 1 today.

All three terms have a scale-invariant spectrum. Actually, the ”UV” contribution given in
Eq. (6.4.54) is the largest. Summing all the three contribution and considering the dominant part in
the limit kη∗ ≪ 1 [hence also (kη∗)3 log(kη∗) ≪ 1], we obtain the following scale-invariant spectrum

dρGW(k, ηk)

d log k
≃ 5 · 25π4 Ωrad ρc

Na4(ηk)

(

v

MP

)4(
1

212 · 105
+

1

26π · 45
+

1

27π2

)

≃ 60 × Ωrad ρc
Na4(ηk)

(

v

MP

)4

, (6.4.55)

where we have used the Friedmann equation H2
0 = 8πGρc/3. Redshifting the above expression until

today, we obtain for the GW energy density parameter,

ΩGW(k, η0) ≡
dρGW(k, η0)

ρcd log k
=
dρGW(k, ηk)

ρcd log k
a4(ηk) ≃

60

N
Ωrad

(

v

MP

)4

. (6.4.56)

This corresponds to a scale-invariant GW spectrum produced by a self-ordering scalar field in the
large N -limit. This result is valid for all wave numbers k which enter the horizon when the Goldstone
modes of our N -component field are still massless and the field has not yet decayed. Scales which
enter the horizon after this time ηfin, i.e. scales with kηfin < 1, are suppressed by a factor (kηfin)3, as
for them the result for a short lived source with η∗ replaced by ηfin applies.

6.4.3 Numerical integration

In order to obtain more accurate results, and to check the validity of our analytical approximations,
we have also performed a numerical evaluation of the integrals in Eq. (6.3.40). If we set the final time
of integration to be the horizon crossing, ηfin = 1/k, as we did in the analytical evaluation for the long
lasting source (6.4.49), we obtain the following result for the final GW density parameter today

ΩGW(k, η0) ≃
22

N
Ωrad

(

v

MP

)4

, ηfin = 1/k . (6.4.57)

This suggests that the analytical approximation somewhat overestimates the result. However, we can
continue the integration to later times when the wavelength has already entered the horizon.

The integral in Eq. (6.4.49) allows us to compute the GW energy density in the limit kη∗ ≪ 1,
using the change of variables u = cos θ, q = p/k, x = kτ ,

ΩGW(k, η) =
G2v4Ωrad

Na4(η)
75π4

∫ ∞

0

dq q2F (q)







[

∫ kη

0

dx cosxJ2
2 (qx)

]2

+

[

∫ kη

0

dx sinxJ2
2 (qx)

]2






(6.4.58)
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Figure 6.1: The density parameter in gravitational waves as a function of kη. For scales outside the
horizon, kη < π, we observe the (kη)3 dependence (dashed line), while for scales that have
entered the horizon, kη > π, the GW energy density saturates, at a normalized value of
650 (solid line). This result implies a significant scale-invariant GW spectrum today.

where the kernel F (q) comes from the integration over angles,

F (q) =

∫ 1

−1

du (1 − u2)2

(q2 + 1 − 2qu)2
=

1

24q5

[

16q + 12q(q2 − 1)2 + 3(q2 − 1)2(q2 + 1) log
(q − 1)2

(q + 1)2

]

and we have made the approximation, J2(x
√

q2 + 1 − 2qu) → J2(qx), inside the time integration. We
have checked that for large times the result is correct within 0.1%.

Numerically evaluating (6.4.58), we find that the GW energy density continues to grow until horizon
crossing, kη ≃ π, and saturates thereafter, see Fig. 6.1. This agrees with the result of Ref. [33], who
find a peak in the power spectrum P(k, η) ∝ ΩGW/a

2 at approximately this value, and also explains
their 1/a(η)2 dependence for scales that have already entered the horizon.

For kη ≫ 4 the gravitational wave energy density saturates at a value

ΩGW(k, η0) ≃
650

N
Ωrad

(

v

MP

)4

, (6.4.59)

where we used again the usual normalization of the scale factor in a radiation dominated background.
These results suggest that the GW spectrum produced by this mechanism still grows inside the horizon
and reaches its final value somewhat after horizon crossing. This is consistent with the fact that the
power of the scalar field that sources these GW is not absent inside the horizon, but it is indeed given
by the Bessel functions in Eq. (6.2.17), which decay rather slowly as functions of kη.

In the following analysis we will consider the numbers arising from the numerical integration, as
given in Eq. (6.4.59).
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6.4 The gravitational wave spectrum today

Figure 6.2: The sensitivity of present and future GW experiments are compared with our results for
a long lasting source and inflation. We show, the amplitude of the scale-invariant GW
background expected from a GUT scale inflation (blue, dashed) and from a self-ordering
long lived source as studied in this paper, for a symmetry breaking field with N = 4 real
components and a V EV v = 10−2MP (top, red line), v = 10−3MP (middle, blue line,
overlying with inflation) and v = 10−4MP (bottom, green line). The big dot at the right
end of the horizontal lines represents the frequency (6.3.44) associated to the horizon at
the initial time of production.

6.4.4 Observational constraints

Our result for the amplitude of the GW spectrum (6.4.59) is inside the range of detectability of
the BBO [22] experiment (ΩGW(k) & 10−17) and is marginally detectable by LISA [21] or advanced
LIGO [20] (ΩGW(k) & 10−10). Indeed, with Ωrad ≃ 4.2 × 10−5, we find that BBO would detect this
signal if the symmetry breaking scale v satisfies

(

v

MP

)4

& 4.7 · 10−16N ⇒ v

MP
& 1.5 · 10−4N1/4 .

Concerning the sensitivity of LIGO or LISA, the signal is detectable if

(

v

MP

)4

& 4.7 · 10−9N ⇒ v

MP
& 0.008N1/4 .

In other words, for scales higher or around the GUT scale, v & 1016GeV, the very long wavelength
tail which we have studied here could be observed.

In order to relate the above scale-invariant GW energy density to the GW spectrum from inflation,
we compute the relative tensor-to-scalar ratio r. Following Ref. [80], one has the following expression
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for the GW density parameter from inflation

ΩGW(k, η0) = 4.36 × 10−15 r

(

k

k0

)nT

, r ≡ PT(k0)

PS(k0)
, (6.4.60)

where k0 = 0.002 hMpc−1, PT(k) = rPS(k0)(k/k0)
nT and we used the WMAP result, PS(k0) =

2.21 × 10−9. This concerns only the wavelengths which enter the horizon in the radiation dominated
era, before equality. Comparing the above expression for nT ≃ 0 with our Eq. (6.4.59), we obtain in
our case

r ≃ 3

N

( v

1016GeV

)4

. (6.4.61)

Another usefull comparison with inflation is the relative strength of the GW energy densities produced
by the above two different mechanisms. Considering always wavelengths which enter the horizon in
the radiation dominated epoch, we have [1]

Ω
(inf)
GW = 10−13

(

H∗
10−4MP

)2

= 8.4 × 10−5

(

Minf

MP

)4

, (6.4.62)

where M denotes the energy scale of inflation, H2
∗ ≡ 8πGM4/3. The ratio between the GW energy

density produced by our mechanism and the one from inflation is then

R ≡ ΩGW(k, η0)

Ω
(inf)
GW (k, η0)

≃ 325

N

(

v

Minf

)4

. (6.4.63)

Comparing these results with those of Ref. [33], where the authors mainly concentrate on the
spectrum of GW produced in a matter dominated Universe, we reproduce perfectly the amplitude of
their GW spectrum, but their final relative strength R is nearly 2 orders of magnitude larger than
what we find in Eq. (6.4.63). We believe this is due to the factor 1/(2π3) missing in their expression
for ΩGW(k, η0).

NOTE: After the publication of Ref. [34] on which this Chapter is based, the authors of Ref. [33]
finally agreed on the fact that they had a missing factor 1/(2π3), and corrected in a following paper
in Ref. [35].

6.5 Conclusions

In this Chapter we have estimated the contributions to the gravitational wave background from the
self-ordering dynamics following a symmetry breaking phase transition on large scales, kη∗ < 1. This
could be very well the case after Reheating the Universe through tachyonic pReheating, but it could
also be situation arising in general after the completion of any global phase transition in the early
Universe. We have concentrated on the analysis of the Goldstone modes and we obtained the following
main conclusions.

If the modes are short lived with duration ǫη∗, ǫ < 1 their contribution is blue and suppressed by
a factor ǫ2(kη∗)3. This result is actually generic, independent of the nature of the short lived source.
Indeed, one typically obtains

ΩGW(k) ≃ (kη∗)
3ΩradΩ2

Xǫ
2 , (6.5.64)
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where ΩX is the density parameter of the source of anisotropic stresses at the moment of creation. For
the Goldstone modes the factor Ω2

X is replaced by (v/MP )4. This strong suppression factor renders
GW from short-lived Goldstone modes entirely unobservable.

The situation is different for long lived Goldstone modes. There the suppression factor (kη∗)3 is
absent. Therefore, if the Goldstone modes remain massless until a time ηfin, for modes with kηfin

>∼ 1
the spectrum is scale invariant and the amplitude is given by

ΩGW(k) ≃ 650

N
Ωrad

(

v

MP

)4

, (6.5.65)

which is marginally detectable with the experimental sensitivity of advanced LIGO or LISA and is
well within the range of BBO for a GUT scale phase transition. The results for the long-lived source
are summarized in Fig. 6.2.

If the Goldstone modes are still present at decoupling, ηfin
>∼ ηdec, these GW will also leave a

signature in the cosmic microwave background (CMB) where they lead to a scale-invariant contribution
very similar to the one of global textures, i.e. a N = 4 global O(N) model [78].

Note that this new GW background from self-ordering fields after inflation (e.g. from hybrid
pReheating) has a power spectrum very similar to that coming from inflation, and therefore it may
become important to disentangle both if they are present simultaneously, that is if the scale of
inflation and that of symmetry breaking are related by parameters of order one, like in hybrid inflation.

NOTE: The self-ordering dynamics of Goldstone modes after a symmetry breaking process not only
sources tensor modes, as we studied here, but also generates vector metric perturbations. Therefore,
all the perturbations have to be taken into account for a correct determinations of the polarization
patterns induced by these models in the CMB. Recently we have argued, see Ref. [81], that the use of
the so called ”local-B” modes of the CMB polarization field constitute a superior technique to detect
(or discard) the existence of topological defects4 formed in the early Universe during a symmetry
breaking event. Despite its obvious interest, we leave the discussion of that topic for another Thesis,
since this would take us too far away form our topic of this one, the Reheating of the Universe.

4Or non-topological defects, as the ones arising in the case N > 4, which are the source of the GW studied in this
Chapter.
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7 NON-GAUSSIANITY AFTER SYMMETRY
BREAKING

The Universe may harbor cosmic relics of the post-inflationary epoch in the form of a network of
self-ordered scalar fields. These generate a scale invariant GWB, which might be detected by direct
interferometric GW observatories if the associated energy scale is sufficiently high, as discussed in
Chapter #6. As we will show now, the self-ordering fields also induce non-Gaussian features in
the statistics of the cosmological energy density perturbations, which might permit an alternative
direct way to probe for these relics. Here we calculate the Bispectrum, i.e. the 3-point correlation
function of the fields amplitude, that arises in models of self-ordered scalar fields after global phase
transitions like in hybrid Reheating. We find a compact analytic expression for the Bispectrum,
evaluate it numerically, and provide a simple approximation that may be useful for data analysis.
The Bispectrum is largest for triangles that are aligned (have edges k1 ≃ 2k2 ≃ 2k3) as opposed to
the local-model Bispectrum, which peaks for squeezed triangles (k1 ≃ k2 ≫ k3), and the equilateral
Bispectrum, which as indicated by its name peaks at k1 ≃ k2 ≃ k3. We estimate that this non-
Gaussianity should be detectable by the Plank satellite if the contribution from self-ordering scalar
fields to primordial perturbations is near the current upper limit. This Chapter is based on Ref. [210].

7.1 Introduction

A wealth of precise cosmological data are in good agreement with the predictions of the simplest
single-field slow-roll (SFSR) inflationary models [82, 83, 84, 85]. Still, no theorist considers these
as anything more than toy models, specially from the point of view of Reheating. Realistic models
must surely be more complicated, and they generically predict that there should arise, at some point,
observable phenomena that depart from the predictions of SFSR inflation. Some possible directions for
physics beyond the SFSR approximation include multi-field models, see Refs. [86, 87, 88, 89, 90, 91]
or [92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103], and inflaton models with non-standard kinetic
terms [104, 105, 106]. There has also been investigation of the consequences of topological defects [107,
108, 109] produced toward the end of or after inflation [112, 113, 114, 115, 116, 117, 57, 58].

If inflation was followed by a transition associated with the breaking of a global O(N) symmetry,
then self-ordering scalar fields (SOSFs) are another possibly observable early-Universe relic, even if
there are no topological defects (i.e., if N > 4). A global phase transition of this type can take place
within the context of Reheating after hybrid inflation, see Sections #4.3.3 and #5.4.1. When the
inflaton rolls below a critical value χc the interaction term between the inflaton and the symmetry
breaking field cannot compensate anymore the bare tachyonic mass of the potential, and SSB proceeds.
Afterwards, the alignment of the scalar field as the Universe expands gives rise to a scale-invariant
spectrum of isocurvature perturbations, without topological defects [118, 77], see Section #6.2. Sam-
ple variance on the current data limit these perturbations to contribute no more than ∼ 10% of
large-angle cosmic-microwave-background (CMB) anisotropy power [119, 120, 121]. SOSF models are
parametrized simply by the number N of scalar fields and the vacuum expectation value v. The CMB
constraint implies (v/N1/4) . 5 × 1015 GeV, as we explain in Section #7.3. At this low amplitude,
it is unlikely that any surviving relics leave a distinct imprint on the CMB temperature power spec-
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7 NON-GAUSSIANITY AFTER SYMMETRY BREAKING

trum [122, 123], although the polarization pattern of the CMB might be dominated by the presence
of these relics [172, 109, 81].

In recent years, non-Gaussianity has been developed as a novel tool to investigate beyond-SFSR
physics [124, 125]. SFSR models do not predict that primordial perturbations should be Gaussian,
but the departures from Gaussianity that they predict are unobservably small [126, 129, 130, 131].
Multi-field models [86, 87, 88, 89, 90, 91], such as curvaton models [92, 93, 94, 95, 96, 97, 98, 99, 100,
101, 102, 103], string-inspired DBI [104, 105, 106, 132, 133, 134] models, and models with features
in the inflaton potential [129, 135] can all produce larger, and possibly observable, deviations from
non-Gaussianity. For example, the detailed shape (triangle dependence) of the Bispectrum may also
help distinguish these different scenarios. The “local-model” Bispectrum, like that which arises in
curvaton and multi-field models, has a very different shape dependence than “equilateral-model” bi
spectra, like those in DBI models. Non-Gaussianity can be sought in the CMB [136, 137, 138], large-
scale structure (LSS) [139, 140, 141, 142, 143, 144, 145, 146], and the abundances and properties of
gravitationally-bound objects [147, 148, 149, 150, 151, 152, 153, 154] or voids [155]. Biasing may
significantly amplify the effects of non-Gaussianity [156, 157, 158, 159] in the galaxy distribution.

In the context of Reheating, the production of scalar metric perturbations and the corresponding
energy-density matter perturbations, has been addressed both in chaotic and hybrid models of infla-
tion. Particularly interesting is the fact that the scalar metric perturbations generated at pReheating
in these models, are not large enough to backreact onto the fields, but however might affect the evo-
lution of vector and tensor modes (i.e. GW) generated also during pReheating, see [221]. Moroever,
these density perturbations arising during pReheating have typically a non-Gaussian character, as it
has been studied in the case of parametric resonance (after chaotic inflation) [219, 217, 218], during
tachyonic pReheating [220], or during the realization of a phase transition [218] after inflation. These
perturbations can be calculated analytically or using lattice simulations and the so-called separate
Universe approximation. In massless chaotic pReheating models, in particular, the space of parame-
ters’ values can be significantly constrained [217, 218]. Thus, Reheating can play a crucial role when
assessing the viability of inflationary models, via the study of the non-gaussianity. In this Chapter we
will study the non-gaussianity, both in the matter an curvature perturbations, arising during the pos-
terior self-ordering dynamics following the completion of SSB in Reheating after hybrid inflation. The
energy-density perturbations induced by the self-ordering scalar fields are quadratic in the scalar-field
fluctuations, which may itself be approximated as a Gaussian field, see [79]. The density perturbations
induced by SOSFs are thus expected to be highly non-Gaussian [118, 79, 160, 161, 162, 163], even in
the absence of topological defects. It is thus plausible that the non-Gaussianity induced by SOSFs
might be detectable, even if they provide only a secondary contribution to primordial perturbations.

In this Chapter we perform the first calculation of the full shape (triangle) dependence of the Bis-
pectrum from SOSFs after hybrid Reheating. We follow the formalism of cosmological perturbations
generated by a stiff source developed in Ref. [79]. We find considerably simplified formulas for the
Bispectrum, evaluate them numerically, and find a simple approximation to aid in data-analysis ef-
forts. We estimate the current non-Gaussianity constraint to the model parameter space and find it
to be comparable to that from the upper limit to isocurvature perturbations from CMB fluctuations.
The plan of the Chapter is as follows: In Section #7.2, we summarize the details of the model, and
introduce the large-N scaling limit for the nonlinear sigma model. Then we write the relation be-
tween the matter-density perturbation and the scalar-field fluctuations. In Section #7.3, we derive
the power spectrum for density and curvature perturbations, discuss the normalization, and derive
current constraints to the v-N parameter space from upper limits to the SOSF contribution to CMB
fluctuations. In Section #7.4, we discuss the calculation of the Bispectrum, the central focus of this
paper. We present a simplified version, our Eq. (7.4.33), of the matter-Bispectrum expression in
Ref. [79], evaluate it numerically, and provide a simple analytic approximation for the results. We
write the bi spectra for matter and curvature perturbations, define a non-Gaussianity parameter fσnl

100



7.2 Matter-Density Perturbations induced by the Scalar-Fields

for the model, and estimate the current constraint to fσnl from the CMB. Section #7.5 presents the
matter Bispectrum for modes that entered the horizon during radiation domination, those relevant
for galaxy surveys. The central results of the paper are Eq. (7.4.39) for the curvature Bispectrum;
Eq. (7.4.38) which defines fσnl in terms of the SOSF model parameters v and N ; Eq. (7.4.34) which
approximates the Bispectrum function g3(k1, k2, k3); and Eqs. (7.5.40) and (7.5.41) which present the
matter Bispectrum in a form useful for galaxy surveys. We make concluding remarks in Section #7.6.

7.2 Matter-Density Perturbations induced by the Scalar-Fields

Self-ordering scalar fields are described by an N -component scalar field with an O(N) symmetry that
is spontaneously broken to O(N − 1). After symmetry breaking, the scalar field lies1 in different
places in its SN−1 vacuum manifold in different causally disconnected regions of the Universe. As
the Universe expands and these previously causally-disconnected regions come into causal contact,
field gradients tend to align the scalar field. The rate of alignment for these fields is limited only by
causality, and so the fields become aligned within a few Hubble times after horizon crossing. Still, as
the Universe expands, there are continually new causally-disconnected regions, on ever larger scales,
that enter the horizon. The result is thus a continual scale-invariant generation of new scalar-field
perturbations. We already described in Section #6.2 the scalar-field dynamics arising after SSB, so
here we will simply summarize the key ingredients needed to jump directly into the description of
how the gradient energy density in the self-ordering scalar fields induce perturbations into the matter
density.

7.2.1 Summary of the Self-Ordering Field Dynamics

The starting point is an N -component scalar field Φ = (ϕ1, ϕ2, · · · , ϕN ) with N real components, and
dimensionless self-coupling λ and vacuum expectation value (VEV) in the true vacuum v. During
the initial stages of Reheating in hybrid model where Φ is the auxiliary field coupled to the inflaton,
the initial O(N) symmetry is spontaneously broken, and the field is thereafter restricted to the SN−1

vacuum manifold (except in those regions where topological defects are formed). The dynamics is
thus effectively that of N −1 massless Nambu-Goldstone modes which we can describe in terms of the
N fields ϕa with a constraint |Φ|2 =

∑

ϕ2
a = v2 enforced on them. The resulting equations represents

the non-linear sigma model (NLSM from now on), that describes the evolution of the scalar field after
spontaneous symmetry breaking. In the large-N limit, the field components become [79] independent
of each other (up to corrections of order N−1). Introducing α = d log a/d log η with η the conformal
time, we obtain a solution in Fourier space, finite as η → 0, as (6.2.8)

ϕa(k, η) = vǫa(k)f(kη), f(x) ≡ x1/2−αJν(x), (7.2.1)

where Jν(x) is the Bessel function of order ν, and where we have considered α constant, with α = 1
for a radiation-dominated (RD) Universe and α = 2 for a matter-dominated (MD) Universe. Here,
ǫa(k) is the amplitude of mode k, and ν is fixed by ν2 = (1/2 − α)2 + To, see Section #6.2 for more
details.

In the large-N limit, the statistical distribution of each field component approaches [79] a Gaussian
distribution with mean 〈ϕa(x, η∗)〉 = 0 and variance

〈

ϕa(x, η∗)ϕb(x, η∗)
〉

= (v2/N)δab, where η∗ is the
time in which the symmetry breaking has been finally achieved. The initial field component ϕa(x, η∗)
takes on a random value at each point in space. We thus take the {ǫa(k)} to be Gaussian random

1Of course, if topological defects are formed, the field leaves the vacuum manifold in the position of these, since the
field is topologically obstructed to reach the true vacuum.
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variables with mean 〈ǫa(k)〉 = 0 and variance,

〈

ǫa(k)ǫb(k′)
〉

= (2π)3|k|−n δab
AN

δD(k + k′) , (7.2.2)

where δD(k) is the Dirac delta function, and A is a normalization constant. The power-law dependence
on k is taken since the initial conditions are set scale-free. The power-law index n in Eq. (7.2.2) is
fixed by the condition that

〈

ϕa(x, η)ϕb(x, η)
〉

=
v2

N
δab (7.2.3)

for all η. Plugging (7.2.1) into (7.2.3), we see that n = 3 gives a result for
〈

ϕa(x, η)ϕb(x, η)
〉

that is
independent of time, and so we choose n = 3 hereafter. Just after symmetry breaking, at conformal
time η∗, the field correlation is then

〈

ϕa(k, η∗)ϕb(k′, η∗)
〉

∝ η3
∗|k|−2(α+ν−1)δD(k + k′). Since the

initial values ϕa(x, η∗) are uncorrelated on scales k ≪ η−1
∗ , we set ν = α+ 1, so that the initial field

is described by a white-noise power spectrum. This then fixes To = 3(α+ 1/4).

Finally, we can fix the normalization constant A from the condition (7.2.3). We obtain (6.2.14)

A =
1

8π2

Γ(α)

Γ(2α+ 3/2)Γ(α+ 1/2)
. (7.2.4)

For α = 2 (MD), A = 16/2835π3 = 1.82 × 10−4, and for α = 1 (RD), A = 2/15π3 = 4.3 × 10−3.

7.2.2 Matter Density Perturbations

Although the scalar field will initially take on different values in different causally-disconnected re-
gions, the curvature perturbation is initially zero. The scalar-field gradient-energy perturbation that
arises as previously causally-disconnected regions come into causal contact is then compensated by a
perturbation in the matter density [164, 79].

In this Section, we calculate the time evolution of the matter perturbation. The action of the
scalar field occurs primarily within a few Hubble times after a particular Fourier mode k enters the
horizon. The subsequent evolution of the mode is then governed by gravitational infall as if it were a
primordial perturbation; i.e., the perturbation amplitude grows only logarithmically during radiation
domination, and then grows with the scale factor during matter domination. Our strategy here
will be to evaluate the matter-perturbation amplitude several Hubble times after horizon crossing, a
calculation that is relatively straightforward. Strictly speaking, our calculation applies only to modes
that enter the horizon during matter domination, but we argue below that our ultimate results for
the Bispectrum should also be roughly valid for the smaller-scale modes that enter the horizon during
radiation domination, those relevant for galaxy surveys.

As described in Ref. [79], the scalar-field alignment involves density perturbations that then lead
to gravitational-potential perturbations which in turn induce the perturbations to the matter density
that are our ultimate interest. Following Ref. [79], the matter-density perturbation induced by the
scalar field for modes that enter the horizon during matter domination is

δ(x, η) =
2πG

5
η2

∫

dη′ ∂iT0i(x, η
′) , (7.2.5)

where G is Newton’s constant, and

T0i = (∂0ϕ
a)(∂iϕ

a) , (7.2.6)
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is the 0i-component of the stress-energy tensor of the multicomponent scalar field. The integral
in Eq. (7.2.5) approaches a constant for η ≫ few/k—i.e., within a few Hubble times after horizon
crossing. The subsequent η2 evolution in the prefactor is then simply the δ ∝ a ∝ η2 linear-theory
growth of the perturbation amplitude in a matter-dominated Universe.

Using G = 1/M2
P, where MP = 1.22 × 1019 GeV is the Planck mass, and defining

C ≡ 2π

5

(

v

MP

)2

, (7.2.7)

the Fourier transform of the density perturbation is

δ(k, η) = −Cη2

∫

d3q

(2π)3
ǫa(q)ǫa(k − q) |k − q| (k · q)

∫

dτ f ′(|k − q|τ)f(qτ) , (7.2.8)

where f ′(y) ≡ df/dy. The crucial qualitative feature is that δ(k, η) is quadratic in powers of ǫa(k).
And since ǫa(k) is a nearly Gaussian field, the density field δ(x) will be highly non-Gaussian.

7.3 The Power Spectrum

The power spectrum P σ(k) for matter-density perturbations induced by the scalar field is defined by

〈δ(k)δ(k′)〉 = (2π)3 δD(k + k′)P σ(k), (7.3.9)

where the angle brackets denote an average over all realizations of the random field δ(k). The calcula-
tion of the power spectrum is lengthy but straightforward; From Eq. (7.2.8), the two-point correlator in
Eq. (7.3.9) is expressed in terms of the correlator of four ǫa(k)’s. Since ǫa(k)’s are gaussian distributed,
we find via the Wick theorem,

〈δ(k)δ(k′)〉 = C2η4

∫

d3q d3q′

(2π)6
〈

ǫa(q)ǫa(k − q)ǫb(q′)ǫb(k′ − q′)
〉

|k − q||k′ − q′|(k · q)(k′ · q′)

×
∫

dτ f ′(|k − q|τ)f(qτ)

∫

dξ f ′(|k′ − q′|ξ)f(q′ξ)

= C2η4

∫

d3q d3q′

(2π)6
[

〈ǫa(q)ǫa(k − q)〉
〈

ǫb(q′)ǫb(k′ − q′)
〉

+
〈

ǫa(q)ǫb(q′)
〉 〈

ǫa(k − q)ǫb(k′ − q′)
〉

+
〈

ǫa(q)ǫb(k′ − q′)
〉 〈

ǫa(k − q)ǫb(q′)
〉]

× |k− q||k′ − q′| (k · q) (k′ · q′)

∫

dτ f(qτ)f ′(|k − q|τ)
∫

dξ f(q′ξ)f ′(|k′ − q′|ξ) .

(7.3.10)

The correlator 〈δ(k)δ(k′)〉 is then contributed by three different terms, each of them quadratic in the
power spectrum of the {ǫa} amplitudes. Using Eq. (7.2.2), we find that the first term is

(k · q)(k′ · q′) 〈ǫa(q)ǫa(k − q)〉
〈

ǫb(q′)ǫb(k′ − q′)
〉

= (k · q)(k′ · q′)
∑

a,b

(2π)6

A2N2q3q′3
δaaδbbδD(k)δD(k′) = 0, (7.3.11)

and hence does not contribute, whereas the second and third terms are

(k · q)(k′ · q′)
〈

ǫa(q)ǫb(q′)
〉 〈

ǫa(k − q)ǫb(k′ − q′)
〉

=
(2π)6

NA2q3|k − q|3 (k · q)2 δD(q + q′)δD(k + k′) , (7.3.12)
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and

(k · q)(k′ · q′)
〈

ǫa(q)ǫb(k′ − q′)
〉 〈

ǫa(k − q)ǫb(q′)
〉

=
(2π)6

NA2q3|k − q|3 (k · q) (k · (k − q)) δD(q′ − q + k)δD(k + k′) . (7.3.13)

Substituting these expressions into Eq. (7.3.10), we obtain

P σ(k) =
C2η4

A2N

∫

d3q

(2π)3

[

(∫

dτ
f(qτ)f ′(|k − q|τ)
q3/2|k− q|1/2

)2

(k · q)2+

+

(∫

dτ
f(qτ)f ′(|k − q|τ)
q3/2|k − q|1/2

)(∫

dξ
f(|k − q|ξ)f ′(qξ)

|k − q|3/2q1/2
)

(k · q) (k · (k − q))

]

=
C2η4

A2

k

N

∫

d3v

(2π)3
I(v, |k̂ − v|)

[

(k̂ · v)2 I(v, |k̂ − v|) + (k̂ · v)(1 − k̂ · v)I(|k̂ − v|, v)
]

,

(7.3.14)

where I(a, b) is defined as

I(a, b) ≡
∫

ds
f(as)f ′(bs)

a3/2b1/2
. (7.3.15)

Strictly speaking, the upper limit in this integral is kη. However, here we will restrict our attention to
modes that have evolved well within the horizon, kη ≫ 1, and so we take the upper limit of the integral
in Eq. (7.3.15) to be infinity. In this case, the integral I(a, b) is antisymmetric in its arguments.

The result, given in Eq. (7.3.14), can also be re-written in a more compact form as

P σ(k, η) ≡ C2η4

(2π)2A2

k

N

∫ ∞

0

dv v3

∫ 1

−1

dl I(v, b) l [I(v, b) v l + I(b, v)(1 − v l)] (7.3.16)

where b =
√

1 + v2 − 2v l. From here, one can also write the power spectrum as

P σ(k, η) ≡ C2η4

A2

k

N
g2, (7.3.17)

where we have defined

g2 ≡
∫

d3v

(2π)3
[I(v, |ẑ − v|)]2 (ẑ · v) [2(ẑ · v) − 1] , (7.3.18)

and ẑ is a unit vector.

7.3.1 Evaluation of I(a, b) and g2

Once modes are well inside the horizon, the upper limit for the integral in Eq. (7.3.15) is large, and
the integral can then be approximated by

I(a, b) ≡
∫ ∞

0

ds
f(as)f ′(bs)

a3/2b1/2
, (7.3.19)

where f(x) = x1/2−αJ1+α. This integral can be performed analytically; the result is

I(a, b) =











1
b3Fα(a2/b2), for a < b,

− 1
a3Fα(b2/a2), for a > b,

(7.3.20)

104



7.3 The Power Spectrum

where

Fα(x) ≡ 3
√
π

4(α+1)

[

x 2F1

(

5
2 ,

3
2 − α;α + 3;x

)

Γ(α+ 3)Γ
(

α− 1
2

) − 2F1

(

5
2 ,

1
2 − α;α+ 2;x

)

Γ(α+ 2)Γ
(

α+ 1
2

)

]

, (7.3.21)

with 2F1(w, x; y; z) is the hypergeometric function. While straightforward to evaluate numerically,
this exact solution may be computationally expensive to evaluate repeatedly. We therefore use for
our numerical work the approximation,

I(a, b) ≃







−1
96b3

(b/a)κ−1
(b/a)κ+1 , if a < b,

1
96a3

(a/b)κ−1
(a/b)κ+1 , if b < a,

(7.3.22)

which provides good agreement with the exact results for κ = 2.5.

Using the above expressions for I(a, b), for α = 2 (MD) the integral (7.3.18) evaluates to g2 =
3.3 × 10−7 and for α = 1 (RD) it is g2 = 2.1 × 10−4. Note that the ratios g2/A

2 that appear in
Eq. (7.3.17) are approximately 10 and 11, respectively, for α = 2, 1, implying that the amplitude
of the matter perturbation induced by the unwinding of the scalar field is the same, to O(10%), for
modes that enter the horizon during matter and radiation domination.

7.3.2 Normalization of the power spectrum

We now estimate the constraints to the v-N parameter space from the empirical constraint that the
SOSF provide no more than a fraction pσ ≃ 0.1 to Cl=10 [119], the CMB temperature power spectrum
at multipole moment l = 10.

On subhorizon scales during matter domination, the curvature perturbation ζ(x) is related to the
gravitational potential Φ(x) by ζ(x) = (5/3)Φ(x). The gravitational potential is related to the density
perturbation through the Poisson equation, ∇2Φ = 4πGa2ρ̄δ, where ρ̄ is the mean density. In Fourier
space, the curvature perturbation ζ(k) is thus related to the matter-density perturbation δ(k) by

ζ(k) = −5

2

(

aH

k

)2

δ(k) , (7.3.23)

where we have used the Friedmann equation H2 = 8πGρ/3, and H = (da/dt)/a is the expansion rate.
The amplitude of the curvature power spectrum due to the SOSF is therefore,

∆2
Rσ ≡ k3

2π2
Pζ(k) =

k3

2π2

[

5

2

(

aH

k

)2
]2

P (k)

= 8

(

v

MP

)4
g2
A2N

≃ 80

(

v

MP

)4
1

N
, (7.3.24)

where we have used (aHη) = 2 during matter domination. The next step is then to determine
the relation between the curvature–power-spectrum amplitude ∆2

Rσ and the temperature-fluctuation
amplitude. This is a notoriously difficult calculation, but to get an estimate, we use Fig. 4 in Ref. [165],
which shows that the large-angle temperature fluctuation ∆T in a SOSF model is Gsw ≃ 10 times
greater than it would be in an adiabatic model with the same matter–power-spectrum normalization
on large scales2. Current CMB measurements indicate a curvature power spectrum ∆R ≃ 5×10−5, if

2The factor of 10 is a bit larger than the factor of 6 one might attribute due to the difference (1/3 versus 2) for the
Sachs-Wolfe amplitude for adiabatic and isocurvature perturbations. The additional ∆T may be due in part to the
vector and tensor perturbations that are also excited in SOSF models.

105



7 NON-GAUSSIANITY AFTER SYMMETRY BREAKING

primordial perturbations are adiabatic. If the SOSF provides Gsw times more ∆T for fixed curvature,
and if they make a fractional contribution pσ to the large-angle temperature variance, then ∆2

Rσ =
(pσ/G

2
sw)∆2

R. We thus obtain

v

N1/4
=

(

pσA
2∆2

R
8G2

swg2

)1/4

MP . 5 · 10−4MP , (7.3.25)

where the numerical result is obtained by taking pσ = 0.1 and Gsw = 10. The numerical upper limit
in Eq. (7.3.25) is in good agreement with limits obtained from simulations [167].

7.4 The Bispectrum

7.4.1 The calculation

The calculation of the Bispectrum proceeds analogously. The matter Bispectrum B(k1, k2, k3) is
defined by

〈δ(k1)δ(k2)δ(k3)〉 = (2π)3δD(k1 + k2 + k3)B(k1, k2, k3). (7.4.26)

Although the definition of the Bispectrum is nominally in terms of the vector quantities ki, the
triangle constraint k1 + k2 + k3 = 0 imposed by statistical homogeneity, plus the fact that we also
have statistical isotropy, imply that the Bispectrum is most generally a function of the magnitudes ki
of the three sides of the triangle. The details of the calculation are as follows.

The Bispectrum is obtained by starting with,

〈δ(k1)δ(k2)δ(k3)〉 = −C3η6

∫

d3q1 d
3q2d

3q3
(2π)9

〈

ǫa(q1)ǫ
a(k1 − q1)ǫ

b(q2)ǫ
b(k2 − q2)ǫ

c(q3)ǫ
c(k3 − q3)

〉

× |k1 − q1||k2 − q2||k3 − q3|(k1 · q1) (k2 · q2)(k3 · q3)

×
∫

dτ1 f(q1τ1)f
′(|k1 − q1|τ1)

∫

dτ2 f(q2τ2)f
′(|k2 − q2|τ2)

×
∫

dτ3 f(q3τ3)f
′(|k3 − q3|τ3). (7.4.27)

The expectation value of the product of six ǫa(k)’s can be expanded with Wick contractions and, after
some algebra, and using Eq. (7.2.2), we find

〈δ(k1)δ(k2)δ(k3)〉 = −(2π)3δD(k1 + k2 + k3)
C3η6

A3N2

×
∫

d3v

(2π)3
(k̂ · v) I(v, b)

{

[

(u · v) I(v, b2) − (u · b2) I(b2, v)
] [

((k̂ + u) · b) I(b, b2) + ((k̂ + u) · b2) I(b2, b)
]

+
[

(u · b I(b, b12) − (u · b12) I(b12, b)
] [

((k̂ + u) · v) I(v, b12) + ((k̂ + u) · b12) I(b12, v)
]

}

,

(7.4.28)

where k ≡ |k1|, k̂ ≡ k1/k, u ≡ k2/k, and we have defined b ≡ k̂ − v,b2 ≡ u + v,b12 ≡ k̂ + u − v.
Let us now write the Bispectrum as

B(k1, k2, k3) =
C3η6

A3N2
g3(k1, k2, k3) , (7.4.29)

106



7.4 The Bispectrum

From the definition of g3 in Eq. (7.4.29) and performing a change of variables v → (k̂ − v) in the
second term of the integral (7.4.28), we then find

g3(k1, k2, k3) =

∫

d3v

(2π)3
[

(k̂ · v)I(v, b) + (k̂ · b)I(b, v)
][

(u · v)I(v, b2) − (u · b2)I(b2, v)
]

×
[

b · (k̂ + u)I(b, b2) + b2 · (k̂ + u)I(b2, b)
]

.

(7.4.30)

If the upper limit of the integral defining I(a, b) is much greater than one (as expected for sub-horizon
modes), such that I(a, b) = I(b, a), we then obtain

g3 =

∫

d3v

(2π)3
I(v, b) I(v, b2) I(b, b2) [k̂ · (v − b)] [u · (v + b2)] [(k̂ + u) · (b − b2)] . (7.4.31)

Finally, simple algebraic re-arrangements in Eq. (7.4.31) then results in the far simpler expression, in
Eq. (7.4.33) for g3,

g3(k1, k2, k3) =

∫

d3v

(2π)3
H(u + v,v)H(v, k̂ − v)H(k̂ − v,u + v) (7.4.32)

with

H(a,b) ≡ I(a, b)(b2 − a2) ≤ 0 . (7.4.33)

This expression is indeed equivalent to Eq. (59) in Ref. [79], although it is written in a much more
compact and simpler way. Note that it is smaller by a factor (2π)3 than that of Ref. [79], as a

consequence of different conventions. We have chosen ~k1 in Eq. (7.4.33) to be in the ẑ direction,

without loss of generality, and we have then defined u ≡ k2/k1. Note that H(~a,~b) = H(a, b) = H(b, a);
i.e., it is a function only of the magnitudes of its arguments, and it is symmetric in its arguments. Note
further that H(a, b) ≤ 0, and thus g3(k1, k2, k3) < 0. The function g3(k1, k2, k3) depends only on the
shape of the triangle, not on its overall size—i.e., g3(k1, k2, k3) = g3(1, k2/k1, k3/k1)—a consequence
of the scale-invariance of SOSFs. We have checked that Eq. (7.4.33) is equivalent to, although far
simpler, than Eq. (59) in Ref. [79]. Given the symmetry of H(a, b) in its arguments, it is simple to
check that g3(w− ẑ−u) = g(u), as it should (given that the three sides of the triangle should add as
ẑ+u+w = 0). If we set the third side to have length w = k3/k1, then cos θ ≡ u·ẑ = (w2−1−u2)/(2u).
If we choose k1 ≥ k2 ≥ k3, then cos θ < −(2u)−1.

We have calculated g3(k1, k2, k3) numerically, and the result is shown in Fig. 7.1. We note (prefacing
the discussion below) that the quantity, −g3(1, x2, x3), with x2 = k2/k1 and x3 = k3/k1, that we plot
is the same (up to some normalization factor) as the quantity F (q, x2, x3)x

2
2x

2
3 plotted in Figs. 1 and 2

in Ref. [133] which show, respectively, the bi spectra for the local-model and equilateral model. Those
figures show that the local-model Bispectrum peaks sharply for “squeezed” triangles (k1 ≃ k2 ≫ k3)
and that the equilateral-model Bispectrum peaks at equilateral triangles (k1 ≃ k2 ≃ k3). Our Fig. 7.1
shows that the SOSF Bispectrum is, however, quite different. It is nonzero for equilateral triangles,
goes to zero in the squeezed limit, and it peaks for “aligned” triangles, k1 ≃ 2k2 ≃ 2k3.

To aid in data-analysis efforts, we have found that the following approximation reproduces the
numerical results for g3(k1, k2, k3) to within a few percent:

g3(k1, k2, k3) = − A3

143

(

262 − 127
k2

k1

)

[

947
k3

k1
− 1770

(

k3

k1

)2

+ 893

(

k3

k1

)3
]

, (7.4.34)

where we take k1 ≥ k2 ≥ k3 in this expression.
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Figure 7.1: Left: Triangular dependence of −g3, plotted as a function of cos(k1 · k2) and log(k2/k1),
for modes that enter the horizon during MD. The dominant contribution is located at
k2 = k1 and k1||k2, which implies k3 = 2k1, corresponding to an aligned triangle with
the asymmetric side twice bigger than the other two. The Bispectrum is also nonzero for
equilateral triangles (k1 = k2 = k3), while it goes to zero in the squeezed limit (k3 ≪ k1 =
k2). Right: Again the function −g3 (normalized to A3) for modes entering in MD, this
time plotted as a function of x2 = k2/k1 and x3 = k3/k1, for the easiness of comparison
with the Bispectra shown in Ref. [133]. The figures look virtually identical for modes that
enter the horizon during RD.

7.4.2 Curvature Bispectrum

To compare with results for other models, and for comparison with CMB constraints, we next calculate
the curvature Bispectrum F (k1, k2, k3), defined by

〈ζ(k1)ζ(k2)ζ(k3)〉 = (2π)3δD(k1 + k2 + k3)F (k1, k2, k3). (7.4.35)

Using the relations above, we can write C2 = (π2/50)(A2N∆2
Rσ/g2) and then find,

F σ(k1, k2, k3) = −2
√

2π3∆3
Rσ

g
3/2
2 N1/2

g3(k1, k2, k3)

k2
1k

2
2k

2
3

. (7.4.36)

A few observations: (1) It is only the amplitude, not the shape, that depends on the symmetry-
breaking scale v. (2) The Bispectrum decreases, for fixed ∆Rσ, as N−1/2 with increasing N , again
reflecting that the model should become increasingly Gaussian with more fields, a consequence of
the central-limit theorem. (3) The scaling with ∆R is ∝ ∆3

R, as opposed to the ∆4
R scaling of the

local-model Bispectrum. In words, the non-Gaussianity is of order unity, a consequence of the fact
that the density perturbation is the square of a Gaussian random field [cf., Eq. (7.2.5)], rather than
something very small, as in inflationary models.

We now put the curvature Bispectrum in a slightly more familiar form by defining a non-Gaussianity
parameter fσnl for the model. To do so, we recall that the local-model prediction for the curvature
Bispectrum is,

F local(k1, k2, k3) = 2
3

5
(2π2)2∆4

Rf
local
nl ×

[

1

k3
1k

3
2

+
1

k3
2k

3
3

+
1

k3
1k

3
3

]

, (7.4.37)

where f local
nl is the local-model non-Gaussianity parameter, defined by writing the curvature as ζ(x) =

ζg(x) + (3/5)f local
nl

[

(ζg)
2(x) −

〈

(ζg)
2(x)

〉]

in terms of a Gaussian field ζg(x).
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We now define the non-Gaussianity parameter fσnl for SOSFs by equating the local-model and SOSF
bi spectra for equilateral triangles; i.e., equating Eqs. (7.4.37) and (7.4.36), we define,

fσnl ≡ − 5 p
3/2
σ g3(1, 1, 1)

18
√

2 πN1/2g
3/2
2 ∆RG3

sw

≃ 40G−3
sw

( pσ
0.1

)3/2
(

N

5

)−1/2

≃ 3G−3
sw

(

v

5 × 1015 GeV

)6(
N

5

)−2

. (7.4.38)

With this fσnl, the curvature Bispectrum can then be written

F (k1, k2, k3) =
18

5
(2π2)2∆4

R
fσnl

k2
1k

2
2k

2
3

g3(k1, k2, k3)

g3(1, 1, 1)
. (7.4.39)

Similarly, the gravitational-potential Bispectrum can be obtained by multiplying this expression by
5/3 and then replacing ∆2

R by ∆2
Φ = (3/5)2∆2

R. Note that fσnl is manifestly positive, unlike fnl for
the local or equilateral models, which may take on either sign.

7.4.3 Estimate of CMB Constraints

As indicated in the Introduction, the Bispectrum can be probed with the CMB, large-scale structure,
and the abundances of objects. The strongest current constraints to the local-model Bispectrum
come from the CMB [168, 169, 170], followed closely by galaxy-clustering constraints. Given that
SOSFs produce a larger temperature-fluctuation amplitude for a given density-perturbation amplitude,
we surmise that the CMB will provide stronger constraints to SOSF non-Gaussianity than galaxy
clustering. We thus now estimate a constraint to fσnl from the CMB.

Before doing so, we first caution that Eq. (7.4.39) is derived for the curvature perturbation only
for modes once they are well within the horizon. It is thus not, strictly speaking, appropriate for
CMB modes l . 100. Still, the shape dependence of the Bispectrum, and its amplitude relative to
the curvature-perturbation amplitude, arises primarily from the quadratic dependence of the density
perturbation on the scalar-field perturbation as encoded in Eq. (7.2.8). The shape dependence of the
Bispectrum we calculate should thus be at least roughly correct even for l . 100.

CMB constraints to fnl are typically applied assuming that the density perturbations are adiabatic,
which implies a certain relation, (∆T/T ) ≃ −ζ/5, for the large-angle temperature fluctuation. In our
case, though, there is roughly Gsw ≃ 10 times more ∆T for a given ζ than in adiabatic models. If so,
and if all of these temperature fluctuations are due to scalar perturbations (rather than vector and/or
tensor modes), then the implied CMB Bispectrum should be roughly G3

sw times larger. Simulations
show, though, that only a fraction fs ≃ 0.5 of the SOSF temperature-fluctuation power is due to
scalar modes, the rest coming from vector and tensor perturbations [165, 166]. The implied CMB

Bispectrum should thus scale with f
3/2
s . Combining these scalings with fσnl ∝ G−3

sw [see Eq. (7.4.38)],
the Gsw dependence of the CMB Bispectrum drops out. We can therefore apply CMB constraints
to fσnl by identifying the fnl constraints obtained from the CMB for adiabatic perturbations with

G3
swf

3/2
s fσnl. And one final caveat: We disregard the differences in the temperature power spectra

from SOSFs and adiabatic perturbations.

Keeping these multiple caveats in mind, we proceed with our very rough estimate by noting that
the WMAP-7 95% C.L. limit to f equil

nl , the non-Gaussianity parameter for the equilateral model, is

−211 < f equil
nl < 266 [209]; this Bispectrum is maximized for equilateral triangles. On the other

hand, the SOSF Bispectrum is maximized for aligned triangles and is zero for squeezed triangles.

We thus conclude that the constraint to G3
swf

3/2
s fσnl will be stronger than that to f equil

nl , but it is
not clear—given the different weightings to squeezed and aligned triangles—how it will compare with
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that to f local
nl . Applying these rough arguments to Eq. (7.4.38), with fs ≃ 0.5, then we estimate a

non-Gaussianity parameter in excess of the predicted threshold fnl ∼ 7 for detection by Planck [171].

For now, however, we simply estimate conservatively that |G3
swf

3/2
s fσnl| . 200.

7.5 The Bispectrum for Galaxy Surveys

We have carried out our calculations in the regime where analytic progress is most easily made—i.e.,
modes that have entered the horizon during matter domination and only after those modes have
evolved well within the horizon. Strictly speaking, therefore, our calculations apply only to galaxy
surveys on very large scales—those generally larger than extant surveys cover—and possibly to mid-
scale regimes in the CMB.

Still, our results for the Bispectrum can be easily adapted to obtain roughly the Bispectrum for
smaller-scale modes, those that enter the horizon during radiation domination and those relevant for
galaxy surveys. The calculation for the evolution of these modes is altered by three effects: (1) The
index ν = 1 + α for the Bessel functions in the scalar-field dynamics (Section #7.2) is different. We
have already shown that this has no more than an O(10%) effect on the power spectrum. We have also
calculated g3(k1, k2, k3) for modes that enter the horizon during radiation domination. We find that

the combination g3(1, 1, 1)/g
3/2
2 that appears in the Bispectrum amplitude [see Eq. (7.5.40) below] is

bigger by 10% for modes that enter the horizon during radiation domination than for those that enter
during matter domination. We also find that the shape dependence g3(k1, k2, k3)/g3(1, 1, 1, ) is similar
at the O(10%) level for modes that enter the horizon during matter and radiation domination. This is
simply because the correlations between different Fourier modes of the scalar-field energy density are
imprinted, through Eq. (7.2.8), by the dependence of those Fourier modes on the scalar-field pertur-
bations. This is the same for modes that enter the horizon during matter and radiation domination.
The other two effects are (2) a slightly different amplitude for the matter perturbation, relative to the
scalar-field energy-density perturbation, for modes that enter the horizon during radiation domination
[Eq. (32) for RD in Ref. [79], as opposed to Eq. (29) in the same reference, our Eq. (7.2.5), for MD]; and
(3) the usual linear-theory growth of primordial isocurvature perturbations through radiation domina-
tion and the transition to matter domination. These latter two effects amount to a calculation of the
transfer function T (k) for the matter power spectrum in SOSF models, which can be accomplished
either with simulations [cf., Ref. [165, 167]] or approximately with standard linear-theory calculations
with primordial isocurvature fluctuations. Again, however, although the calculation of the evolution
of the amplitudes of the small-scale density-perturbation Fourier modes will be far more complicated
than the larger-scale modes we have focused upon, the correlations between those modes will be, at
the O(10%) level, the same as those we have calculated for larger-scale modes.

More precisely, all we need to do is replace the density fields δ(k) in Section #7.3 by δ(k)T (k),
where T (k) is the SOSF transfer function. The matter power spectrum P σ(k) due to SOSFs is then
obtained from that in Eq. (7.3.17) by multiplying by |T (k)|2, and the matter Bispectrum is obtained
by multiplying that in Eq. (7.4.29) by T (k1)T (k2)T (k3). We can then write the normalization constant
(Cη2/A)3 in Eq. (7.4.29) in terms of the (processed) matter power spectra using Eq. (7.3.17) to obtain
the matter Bispectrum,

B(k1, k2, k3) =
g3(k1, k2, k3)

g
3/2
2 N1/2

[

P σ(k1)P
σ(k2)P

σ(k3)

k1k2k3

]1/2

. (7.5.40)

valid for galaxy-survey scales. Here P σ(k) is the processed power spectrum due to SOSFs; i.e., it
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includes the transfer function. Using Eq. (7.4.38), this can be re-written in terms of fσnl as,

B(k1, k2, k3) =
18

√
2πfσnl∆RG3

sw

5p
3/2
σ

g3(k1, k2, k3)

g3(1, 1, 1)

[

P σ(k1)P
σ(k2)P

σ(k3)

k1k2k3

]1/2

≃ 25 fσnl

(

Gsw

10

)3
( pσ

0.1

)−3/2 g3(k1, k2, k3)

g3(1, 1, 1)

[

P σ(k1)P
σ(k2)P

σ(k3)

k1k2k3

]1/2

. (7.5.41)

We leave further evaluation of this Bispectrum, as well as assessment of current constraints, for future
work.

7.6 Discussion

If some post-inflationary physics involves the spontaneous breaking of an exact O(N) symmetry with
N > 4, then the ordering of these scalar fields may provide a secondary contribution to primordial
perturbations. Current constraints allow up to ∼ 10% of the power in primordial perturbations to be
due to SOSFs. SOSF models are appealing from the theoretical perspective because they are simple,
well-defined, and parametrized only by the symmetry-breaking scale v and number N of fields.

In this Chapter we have calculated the matter and curvature bi spectra induced by the ordering of
such scalar fields. Given that the density perturbation is quadratic in the scalar-field perturbation,
SOSF density perturbations are expected to be highly non-Gaussian, and if so, measurements of
non-Gaussianity may provide the means to test these models.

Here we have calculated analytically the Bispectrum due to SOSFs and presented results in a way
that should be easily accessible to those doing measurements with the CMB and large-scale structure.
We find that the triangle-shape dependence of the Bispectrum peaks for aligned triangles, unlike the
local-model Bispectrum, which is largest for squeezed triangles, and the equilateral Bispectrum, which
is largest for equilateral triangles. We have estimated a current upper limit to the non-Gaussianity
parameter fσnl for the model and find that the implied constraints to the v-N SOSF parameter space
are competitive with those from the upper limit to CMB temperature fluctuations.

Finally, we have already argued above, in Section #7.4.3, that the correlation of modes will be similar
for the large-scale modes as they enter the horizon, those relevant for large-angle CMB fluctuations.
We therefore believe that rough constraints to the model can be derived from CMB measurements by
assuming that the curvature Bispectrum we calculate is the primordial one.

Clearly, there is room for further numerical work to test our assumptions and to make our predictions
more precise. In the meantime, though, we believe that our analytic approximation captures the
essential physics and that our Bispectrum can be used in the meantime as a “working-horse” model
to derive constraints, from non-Gaussianity measurements, to this interesting class of models for
secondary contributions to primordial perturbations.

Finally, we note that the model makes a number of other predictions. Of course, there will be a
scale-invariant spectrum of primordial gravitational waves produced [32, 33, 34] that can be sought
in gravitational-wave observatories, as discussed in Chapter #6. Moreover, given that density pertur-
bations are actively generated as new modes come within the horizon, vector and tensor modes will
be excited, and these may give rise to interesting polarization signals [172] in the CMB and perhaps
excite B modes [173, 29, 174] in the CMB that might be distinguished from those due to inflation
[175, 176, 81]. In particular, in [81] we have predicted that using the so called non-local B-modes [177],
this constitutes a superb way of distinguishing in the CMB the presence or absence of topological and
non-topological defects in the Universe.
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8 GRAVITATIONAL WAVES FROM GAUGE
FIELDS AT REHEATING

Primordial gravitational waves provide a very important stochastic background, whose detection would
open a new window into the early Universe. It is therefore important to characterize in detail all
possible sources of primordial gravitational waves. In this Chapter we develop theoretical and nu-
merical methods to study the production of gravitational waves from out-of-equilibrium gauge fields
at (p)Reheating. We then consider hybrid models of inflation, where the symmetry breaking field
is charged under a local U(1) symmetry. We analyze in detail the dynamics of the system in both
momentum and configuration space. We show that gauge fields leave specific imprints in the resulting
gravitational wave spectra, mainly through the appearance of new peaks at characteristic frequencies
that are related to the mass scales in the problem. We also show how these new features in the spectra
correlate with string-like spatial configurations in both the Higgs and gauge fields, which arise due to
the appearance of topological winding numbers of the Higgs around Nielsen-Olesen strings. We study
in detail the time evolution of the spectrum of scalar and gauge fields and of the gravitational waves,
until the fields enter into a turbulent regime where the gravitational wave production ends.

8.1 Introduction

Although gravitational radiation has not been directly detected yet, it is expected that the present
Universe should be permeated by a diffuse background of GW of either astrophysical or cosmological
origin [1], see Section #5.1. Among the backgrounds of cosmological origin, we find the approximately
scale-invariant background produced during inflation [6], or the GWB generated at hypothetical early
Universe thermal phase transitions [7, 8, 9, 10, 11, 12, 13, 14, 15], from relativistic motions of tur-
bulent plasmas [16, 17, 18], from the decay of cosmic strings [1], or from the self-ordering dynamics
after SSB in global models [32, 33, 34] as discussed in Chapter #6. Fortunately, these backgrounds
have very different spectral shapes and amplitudes that might, in the future, allow gravitational wave
observatories like the Laser Interferometer Gravitational Wave Observatory (LIGO) [20], the Laser
Interferometer Space Antenna (LISA) [21], the Big Bang Observer (BBO) [22] or the Decihertz Inter-
ferometer Gravitational Wave Observatory (DECIGO) [24], to disentangle their origin. Unfortunately,
due to the weakness of gravity, this task will be extremely difficult, requiring a very high accuracy
in order to distinguish one background from another. It is thus important to characterize the many
different sources of GW as best as possible. Recently there has been a significant improvement in the
sensitivity of laser interferometers to a cosmological background of GW and there are now limits on
the amplitude of this background that are just below the BBN [25] and CMB bounds [26], as recently
reported by the joint LIGO and VIRGO collaborations [27].

In the particular case of global phase transition after the end of inflation, then a scale-invariant
GW background is also generated [32, 33, 34], and therefore the detection of a frequency independent
GWB (at sub-horizon scales) cannot be considered a distinctive signature of inflation. The detailed
calculations show that the amplitude of this new GW background is two orders of magnitude greater
than that expected from inflation for the same energy scale [34] (see Section #6.4), and thus might
be detected directly by the future GW detectors or in the B-mode polarization of the CMB [81].
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Another source of GW that may be relevant for interferometric experiments and whose study
will be our main target here, is provided by the violent period following the end of inflation, see
Chapter #5. In many models, the inflaton decays in an explosive and highly inhomogeneous way,
in the process of Reheating [37, 38, 39]. The particular mechanism responsible for pReheating is
model-dependent, but it is generally dominated by a non-perturbative production of Bose fields with
very high occupations numbers, far from thermal equilibrium, see Chapter #4. This leads to a
second [211], longer stage, characterized by turbulent-like interactions between classical waves, before
the system eventually reaches a thermal state. The large, time-dependent fields’ inhomogeneities
produced by pReheating source a stochastic GW background [41, 42, 46, 47, 44, 45, 48, 49, 51], as we
discussed in Chapter #5. When redshifted until today, this background may fall in the frequency range
accessible by interferometric experiments if inflation and pReheating occur at sufficiently low energy
scales, providing an alternative to test inflation with GW. In addition, GW from pReheating carry
crucial information about the mostly unknown post-inflationary dynamics and, because the details of
pReheating depend very much on the model, they could be used in the future to discriminate between
different inflationary models.

Gravitational waves from pReheating have been intensively studied by different groups [41, 42, 46,
47, 44, 45, 48, 49, 51]. Different numerical methods have been used in early works but the results
obtained by different groups agree well with each others [47, 45, 48, 51]. Two main classes of models
have been studied so far: pReheating after chaotic inflation and pReheating after hybrid inflation. In
the first case, pReheating proceeds via parametric resonance [37, 38]. Because inflation and pReheating
occur at high energy scales in these models, the resulting GW have a typical frequency today in the
range 106 - 109 Hz, which is too high for the signal to be observable by currently available experiments,
see Section #5.7. On the other hand, pReheating after hybrid inflation may occur at much lower
energy scales and the resulting GW may fall in a frequency range below 103 Hz, which is accessible
by high-sensitivity interferometric experiments, see Section #5.8. GW from pReheating after hybrid
inflation [55] were considered in Ref. [42], but in the framework of parametric resonance studied in [41].
It was later understood that hybrid inflation models preheat in an even more violent way, due to the
tachyonic amplification of fluctuations of the symmetry breaking field (see Section #4.3.3), when
the fields roll towards the true minimum of the potential, a process called tachyonic pReheating [57].
Gravitational waves from tachyonic pReheating after hybrid inflation were first studied in Ref. [44, 45]
and then further explored in [48] and [51]. Finally, it is also worth noting that the methods developed
to study GW production from pReheating may be applied to other out-of-equilibrium sources in the
early Universe. One example that is particularly interesting from the perspective of interferometric
detectors is the GW background produced by the non-perturbative decay of flat direction condensates
in supersymmetric theories [212]. Another example is the evolution of unstable domain walls [213].

One common point in these works has been to focus on models involving only scalar fields, as we
have indeed explored extensively in the previous Chapters. However, in realistic scenarios, gauge
(vector) fields may also be copiously produced during pReheating [63, 65, 75, 76]1. These lead to
new terms in the anisotropic stress sourcing GW, in addition to the gradients of the scalar fields,
and they may play an important role in GW production. Indeed, the numerical simulations [47, 45,
48, 51] indicate that scalar fields do not lead to a significant production of GW during the turbulent
evolution towards thermal equilibrium after pReheating. It was shown in [51] that perhaps massless
gauge fields might change this result. Out-of-equilibrium gauge fields are of course also ubiquitous in
other sources of GW, such as thermal phase transitions and local topological defects [1]. Moreover,
tachyonic pReheating [57, 58, 59, 60, 61, 62] could be responsible for copious production of dark matter
particles [64], lepto and baryogenesis [65, 63, 67, 68, 69, 72], topological defects [57, 58, 59, 60, 61],
primordial magnetic fields [75, 76] and even non-gaussianity [210], whose observational consequences

1Similarly, flat direction condensates in the MSSM are charged under the gauge symmetries and gauge fields are
produced by their non-perturbative decay [214, 215].
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could help put more stringent constraints on the period immediately after inflation responsible for the
Reheating of the Universe.

The main purpose of this Chapter is to study the GW background produced by physical models
with scalar and gauge fields at pReheating. We will develop numerical methods and derive theoretical
results which can be applied to out-of-equilibrium gauge fields in general. We will then consider models
of pReheating after hybrid inflation where the symmetry breaking field is complex and coupled to
a U(1) gauge field. As we will see, a major consequence of the gauge field is to introduce new
characteristic scales which are inherited by the GW spectra. This prompted us to study in detail of
the dynamics of the system in both Fourier and position spaces. We found in particular that a crucial
role is played by the dynamics of cosmic string configurations of the gauge and scalar fields. In order
to probe these different scales in the simulations, we had also to develop a lattice calculation of GW
with gauge fields that is accurate up to second order in the lattice spacing and timestep.

The paper is divided as follows. In Section #8.2, we specify the model of hybrid pReheating
embedded in a gauge framework that we will study in this paper, briefly reviewing the fields’ dynamics
after inflation. Section #8.3 is dedicated to theoretical perspectives on the effects of gauge fields on
GW production from pReheating. There we derive a no-go result for abelian models discussed in the
main text. In Section #8.4, we present our numerical method to compute the GW spectra produced by
scalar and gauge fields on the lattice. In Section #8.5, we study in detail the dynamics of an abelian-
Higgs model of tachyonic pReheating in Fourier space and the resulting GW spectra. Section #8.6
is dedicated to the study of spatial configurations in position space of both the sources and the GW
themselves. We conclude in Section #8.7 with a summary of our results and directions for future
works. The details of our lattice calculations are given in Appendix #C.

8.2 Abelian-Higgs PReheating After Hybrid Inflation

Hybrid inflation [55] is a class of inflationary models based on particle physics and in particular on
spontaneous symmetry breaking by a scalar field, as we have extensively discussed in the previous
Chapters. This field is coupled to a singlet scalar, the inflaton, and triggers the end of inflation when
its mass-squared goes from positive to negative due to its coupling to the rolling inflaton. Let us
consider a generic hybrid inflation model, as described by the potential

V (ϕ, χ) =
λ

4

(

|ϕ|2 − v2
)2

+
1

2
g2χ2|ϕ|2 + Vinfl(χ) , (8.2.1)

where g2 is the strength of the coupling of the inflaton χ to a symmetry breaking field ϕ, with self-
coupling λ and vacuum expectation value (VEV) v. As mentioned in Chapter #5, a relevant feature of
these models is that a small λ is not a prerequisite in order to generate the observed CMB anisotropies,
while the scale of inflation can be chosen to range from GUT scales (∼ 1016 GeV) all the way down to
GeV scales. Depending on the particular model considered, the purely inflaton part of the potential
Vinfl(χ) can take different forms, see e.g. Ref. [244], and an appropriate choice of the parameters
makes these models completely compatible with CMB constraints, see Section #5.3 for more details.

We want to embed this setup into a gauge-invariant framework, such that the symmetry breaking
field ϕ is coupled to the corresponding gauge fields. In general, the group of gauge symmetry could
be abelian or non-abelian (or a product of both) and ϕ could even be the Higgs field of the Standard
Model with gauge symmetry SU(3)×SU(2)×U(1). In the very early Universe the gauge group could
for instance contain multiple U(1)’s, as described in some compactifications of string theory. In the
numerical simulations, however, we will restrict ourselves to a complex field ϕ = (ϕ1 + iϕ2) coupled
to a single gauge field Aµ, with a U(1) symmetry. Nevertheless we will also consider other gauge
groups in Section 8.3, where we derive theoretical expectations about the production of GW from
gauge fields.
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For convenience, independently of the physical origin of ϕ, we will often refer to this field simply as
the “Higgs” of the model. In the case of a U(1) symmetry, we will consider the Abelian-Higgs model
coupled to an inflaton, as described by

S = −
∫

d4x
√−g

{

1

4e2
FµνF

µν + (Dµϕ)†(Dµϕ) +
1

2
(∂µχ)2 + V (ϕ, χ)

}

, (8.2.2)

with e the gauge coupling, g the background metric determinant, Fµν = ∂µAν − ∂νAµ is the (anti-
symmetric) field strength of the gauge field Aµ, andDµ = ∂µ−iqAµ the usual covariant derivative with
q the gauge charge. After inflation, the metric is that of a (flat) Friedman-Robertson-Walker (FRW)
background, with gµν = diag(−1, a2(t), a2(t), a2(t)) and a(t) the scale factor. The (classical) equations
of motion can then be derived varying the action (8.2.2), see eqs. (3.1.6), (3.1.7) in Chapter #3 and
Appendix #B for further details. One obtains

− ∂µ∂
µχ+ 3Hχ̇+ V,χ = 0 (8.2.3)

−DµD
µϕ+ 3Hϕ̇+ V,ϕ∗ = 0 (8.2.4)

Ėi +H Ei − ǫijk ∂jBk − 2e2 Im [(Diϕ)∗ϕ] = 0 , (8.2.5)

where a dot denotes the time derivative, H = ȧ/a is the Hubble rate, Ei = F 0i and Bi = 1
2ǫijkF

jk are
the gauge invariant electric and magnetic fields and ǫijk is the completely anti-symmetric 3-tensor.
Here and in what follows, Latin indices i, j, k, ... run over the three spatial coordinates and repeated
indices are summed unless stated otherwise.

As we explained in Section #3.1, the equation associated to the time component of the gauge field,

∂kEk = −2e2 Im [(D0ϕ)∗ϕ] , (8.2.6)

is not a dynamical equation, but rather a constraint equation equivalent to the Gauss Law of classical
electromagnetism, ~∇ ~E = ρ, with ρ = −2e2 Im [(D0ϕ)∗ϕ].

In this model the characteristic time scale evolution of the fields after inflation is set by the inverse
of m ≡

√
λv. As discussed previously, it follows then that the expansion of the Universe is negligible

during pReheating, since H ∼ (v/Mp)m≪ m. For studying pReheating it is thus sufficient to consider
a flat background ηµν = diag(−1, 1, 1, 1). Moreover, for convenience we will evolve the system in the
temporal gauge, i.e. fixing A0 = 0. The Higgs and gauge fields equations then look as

ϕ̈−DiDiϕ+ V,ϕ∗ = 0 (8.2.7)

Äi − ∂j∂jAi + ∂i∂jAj = 2e2 Im [ϕ∗Diϕ] (8.2.8)

∂iȦi = 2e2 Im [ϕ∗ ϕ̇] . (8.2.9)

The condition A0 = 0 does not fix the gauge completely as we can still perform a gauge transformation
ϕ→ eiαϕ, Ai → Ai + 1

e∂iα, with a time-independent function α = α(~x). Numerically, we will evolve
the system in the temporal gauge and use the remaining gauge degree of freedom to set Ai = 0
initially. The initial conditions for the electric field are then read from satisfying initially the Gauss
constraint (8.2.9), see below.

The abelian Higgs model is known to give rise, upon symmetry breaking, to cosmic strings con-
necting Nielsen-Olesen vortices, where the Higgs develops a non-trivial winding. The type of string
(I and II) depends on the ratio of Higgs to gauge field mass, β = 2λ/e2 = m2

ϕ/m
2
A. Magnetic flux

lines repel each other, while the scalar field produces an attractive force, and their range is controlled
by the Compton wavelength of the mediating boson, see Ref. [107]. Depending on which one is more
massive we may have type I or type II superconductors. For β < 1 (λ < e2/2) the penetration depth
of the magnetic field inside the string is smaller than the coherence length of the string, and local
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vortices are stable for arbitrary winding n, as in type I superconductors, while for β > 1 (λ > e2/2) we
have the opposite situation, and the magnetic flux lines can live inside the string (vortices with n > 1
are unstable in that case). Some of the properties that we will encounter in the time evolution of
the abelian Higgs model after symmetry breaking in fact depends on whether the cosmic strings that
are formed are type I or II. In both cases we find cosmic strings with windings of the Higgs around
them, and their energy density will be a strong source for gravitational wave production. We leave
for Sections V and VI the description of the rather complicated dynamics we find in the numerical
simulations of this model.

8.2.1 Hybrid PReheating

Let us summarize again very briefly some details of hybrid pReheating with scalar fields, and then
we can define our procedure to initialize the system in the presence of gauge fields. The general
qualitative dynamics of the system is as follows. For χ > χc = m/g, the Higgs field have positive
mass squared and the potential has a valley at ϕ = 0. During inflation the expansion is driven by
the false vacuum energy, V0 ≃ λv4/4, while the inflaton decreases slowly along the valley due to the
uplifting term Vinf (χ) in (8.2.1). Inflation ends either when χ reaches the critical point χc. When
χ < χc, the effective square Higgs mass becomes negative and this triggers the symmetry breaking
process from 〈|ϕ|2〉 = 0 to the true vacuum 〈|ϕ|2〉 = v2. The time at which the inflaton reaches
χc is called the critical time tc. Around that time, the inflaton’s time evolution can be linearly
approximated by χ(t) = χc(1 − Vcm(t − tc)), where and Vc is the (dimensionless) inflaton’s velocity
at tc, see Section #5.4. Through the Higgs-inflaton coupling, the evolution of χ(t) around χc induces
a time dependence in the Higgs effective mass, m2

ϕ = −2Vcm
3(t − tc), which changes from positive

at t < tc (χ > χc) to negative at t > tc (χ < χc). As described in Ref. [62], the quantum evolution
of the system around tc can indeed be solved exactly, as long as the non-linearities in the Higgs field
(i.e. the self-interactions of ϕ), the interactions with the inflaton fluctuations and with the gauge
fields are neglected. In such a case the Higgs behaves as a free scalar field with time dependent mass
mϕ(t), whose quantum evolution can be solved in terms of Airy functions [62]. When t & tc, the
low momentum k < m Higgs modes grow exponentially fast due to the negative square mass, in the
process known as tachyonic pReheating [57, 58, 59, 60, 61, 62, 63]. This in turn sources the production
of the gauge field through its interactions with the Higgs.

The low momentum Higgs modes acquire large occupation numbers during tachyonic pReheating
and therefore become quasi-classical very fast. The transition from quantum to classical of the Higgs’
long wavelength modes, takes place very rapidly indeed as compared with the time scale of the
symmetry breaking process itself. This way, soon after the end of inflation but much earlier than
the Higgs reaches the true vaccum, the modes within the tachyonic band have become fully classical,
while all other modes remain in their quantum ground state. Due to the non-linear λφ4 interaction
term, the non-tachyonic modes will eventually get populated thanks to the highly occupied low-
momentum modes. Moreover, since the Higgs and the gauge fields are directly coupled, the gauge
fields are also excited during and after tachyonic pReheating. Our strategy here, following [62, 63],
will be therefore to introduce the system into a lattice in the precise moment in which the Higgs
modes within the tachyonic band have became classical (slightly after the inflaton crossed the critical
point) but the non-linearities and other interactions are yet negligible. In order to solve for the
evolution of the system we will then use the lattice approach, consisting of replacing the quantum
evolution by the classical one. This way, the quantum nature of the problem remains in the stochastic
character of the initial conditions. This approach is, of course, only valid in the particular scenario
under study because the quantum dynamics of the low momentum modes of ϕ drives the system
into a regime of classical field behaviour, which ultimately justifies the use of the lattice. It is the
subsequent non-linear classical behaviour of the symmetry breaking field that induces the growth
of the inflaton and gauge fields, which then develop a non-trivial anisotropic stress-tensor which will
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Figure 8.1: Left: Time evolution of the inflaton’s mean 〈χ〉/χc (blue) and of the Higgs’ root mean
squared 〈|ϕ|〉/v (red) in a hybrid model with λ = g2/2 = 0.125, e = 0.3 and Vc = 0.024.
One can clearly see the growth of the Higgs towards the true vacuum, while the inflaton
rolls down to the bottom of the potential. Once the Higgs is sufficiently close to the
true vacuum, its self-interactions compensate the tachyonic mass and the field oscillates
close to the VEV, while the inflaton oscillates around χ = 0. Right: Time evolution of
the covariant energy density of the Higgs 〈Diϕ(Diϕ)∗〉 (black), the electric 〈EiEi〉 (red)
and magnetic 〈BiBi〉 (blue) energy densities, and the inflaton’s gradient energy density
〈∂iχ∂iχ〉 (green), all normalized to the total energy of the system. The parameters are the
same as in Fig. 8.1 (Left). A fast growth of the energy components is experienced during
tachyonic pReheating, first in the Higgs field and then in the rest of the fields due to the
their interactions with the Higgs.

source gravitational waves. This approximation has the clear advantage that it fully captures the non-
linear and non-perturbative nature of the problem, and allow for the use of gauge fields in a relatively
simple way. The full non-linear evolution of the system can then be studied using lattice techniques,
discretizing both in space and time the classical equations of all fields (8.2.7), (8.2.8) and (8.2.9), see
Section #8.4.2 below. Note that other authors have also used the lattice formulation to study hybrid
pReheating in the presence of gauge fields, studying some of its phenomenological consequences like
baryogenesis [65, 63, 67, 68, 69, 72] or the generation of the primordial seed of cosmological magnetic
fields [73, 74, 75, 76]. Here, for the first time, we study the production of GW associated to the
presence of such gauge fields.

Finally, note that in general the model-dependent inflaton part of the potential Vinf (χ) does not
affect significantly the dynamics of pReheating, except by setting the initial velocity with which the
inflaton reaches the critical point. We will thus ignore Vinfl(χ) and treat the initial velocity Vc as a
free parameter.

8.2.2 Initial Conditions

The initial conditions of the fields follow the prescription from Refs. [62, 63]. For the scalar fields
we then implement the procedure already explained in #5.4.1, which we summarize now very briefly:
The Higgs modes ϕk follow initially oscillator-like equations with time-dependent frequencies, as
ϕ̈k +

[

k2 − 2m3Vc(t− tc)
]

ϕk = 0. If Vc is not extremely small and the couplings λ, e and g are not
very big [62], there is always a time ti > tc, much shorter than the time scale in which the non-
linearities are important, for which the Higgs modes within the tachyonic band have become classical.
Those out of the tachyonic band can be set (classically) to zero. The amplitude of the tachyonic
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modes can then be found at the time ti, as distributed according to a Gaussian random field of zero
mean, which translates into a Rayleigh distribution, see Eq. (5.4.14) for the modulus, with a uniform
random phase θk within [0, 2π]. The dispersion σ2

k is given by σ2
k ≡ P (k, ti)/k

3, where P (k, ti) = |fk|2
is the power spectrum of the initial Higgs quantum fluctuations in the background of the homogeneous
inflaton [62]. In the classical limit, the conjugate momentum ϕ̇k(τ) is uniquely determined through
ϕ̇k(ti) = F (k, ti)ϕk(ti), where F (k, τ) = Im(f∗

k (τ)gk(τ)), with fk and gk functions defined in Eqs. (43)
and (44) of [62]. In practice, we use the fits shown in eqs. (5.4.15), (5.4.16).

The rest of the fields (the gauge fields, the non-zero modes of the inflaton and the gravitational
waves) are supposed to start from the vacuum, and therefore we will set them to zero initially in the
simulations. Their coupling to the Higgs modes will drive their evolution, giving rise to a rapid growth
of the gauge and inflaton modes and GW subsequently. Their non-linear evolution will then be well
described by the lattice simulations.

One could think that, initially at time ti, since the vector fields are in vacuum (they have not been
excited yet), one could put their amplitude and conjugate momenta to zero, once the classical regime in
the Higgs sector has been established. However, the Gauss constraint in Eq. (8.2.6) imposes a relation
between the gauge fields and the Higgs’ components, which must be fulfilled at any time during the
evolution. Therefore, given our initial conditions for the Higgs described above, we initialize the gauge
field in such a way that Gauss constraint is satisfied initially, following [63]. In the temporal gauge
A0 = 0, the Gauss constraint (8.2.9) in Fourier space reads

+ ikiȦi(k, ti) = j0(k, ti) , (8.2.10)

with j0 = −2e2 Im [ϕ̇∗ϕ]. Note that our initial conditions for the Higgs ensures that the initial charge
vanishes,

∫

d3x j0(ti) = 0. This is a necessary condition for Eq. (8.2.9) to be satisfied initially. We
then set the initial conditions for the electric field in Fourier space, according to

Ȧi(k, ti) = −i ki
k2
j0(k, ti) (8.2.11)

Ȧi(~k = ~0, ti) = 0 (8.2.12)

which is a particular solution of (8.2.10). Thus our initial conditions for the gauge field are such
that initially the electric field is purely longitudinal, Ȧi(ti) ∝ ki, while the magnetic field vanishes,
Ai(ti) = 0.

8.3 Theoretical Perspectives on the GW Production in Scalar

Gauge Theories

Our main purpose in this Chapter is to study the details of the production of a stochastic GWB
during the Reheating of the Universe after hybrid inflation. Such GWB has indeed been extensively
studied in global models of hybrid inflation, in the absence of gauge fields [44, 45, 48]. There the
dynamics of the interacting fields generate a non-trivial anisotropic stress-tensor in the scalar fields,
which source a significant background of GW, as discussed in Chapter #5. Here our aim is to embed
the hybrid model described in Eq. (8.2.1) into the gauge invariant framework of Eq. (8.2.2). The
symmetry breaking field ϕ will then be coupled to the corresponding gauge fields associated to the
gauge symmetry, and the dynamics of all the fields will be described by the set of differential coupled
equations (8.2.7), (8.2.8) and (8.2.9). We will then study in detail numerically (in Sections #8.4, #8.5
and #8.6) the production of GW as coming form the new sources due to the presence of the gauge
fields. Before going into the details of this model, however, we will first highlight some theoretical and
model-independent results about the production of GW from gauge fields.
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In this section, therefore, we start laying down the basic formalism to study GW production in scalar
gauge theories. We will review the argument of Ref. [48] why massless vector fields might enhance
GW production during the turbulent evolution towards thermal equilibrium after pReheating and we
will extend this argument to gauge-invariant theories. We will then show that massless gauge fields
are not produced at pReheating in abelian scalar gauge theories.

Gravitational waves on top of a (spatially flat) FRW background correspond to (gauge invariant)
linear perturbations of the metric that are symmetric, transverse and traceless (TT), δgij = a2(t)hij
with ∂ihij = hii = 0 2. The perturbed Einstein equations describe the evolution of these tensor
perturbations [223] as

ḧij + 3Hḣij −
1

a2
∇2hij = 16πGΠTT

ij . (8.3.13)

The source term is the TT part - verifying ∂iΠ
TT
ij = ΠTT

ii = 0 - of the anisotropic stress, a2 Πij =
Tij − p gij where p is the background pressure. In the present case, both the scalar fields (Higgs and
inflaton) and the vector fields (gauge bosons) contribute to the GW source.

Defining h̄ij = a hij and going to Fourier space, the GW equations (8.3.13) read

h̄′′ij +

(

k2 − a′′

a

)

h̄ij = 16πGa3 ΠTT
ij (8.3.14)

where k2 = ~k2 is the square of the comoving wave-number and primes denote derivatives with respect
to conformal time dτ = dt/a. The TT part of a symmetric tensor in Fourier space is obtained by the
projection

ΠTT
ij (~k) = Λij,lm(k̂)Πlm(~k) (8.3.15)

where Λij,lm was defined in eq. (3.3.37) of Chapter #3, and k̂ = ~k/k is the unit vector parallel to ~k.

For causal processes like those in Reheating, most of the GW are produced well inside the Hubble
radius, where the term in a′′/a can be neglected in (8.3.14). The solution of (8.3.14) is then expressed
in terms of a simple Green function 3

h̄ij(~k, τ) =
16πG

k

∫ τ

τi

dτ̃ sin [k(τ − τ̃ )] a3(τ̃ )ΠTT
ij (~k, τ̃ ) (8.3.16)

for initial conditions hij = h′ij = 0 at τ = τi.

The expansion of the Universe will not play an important role for the discussion in this section.
Besides it is usually negligible during the Reheating stage after hybrid inflation that we will study in
the next sections. Therefore, from now on, we will work with a Minkowski background, a = 1. In
that case, the TT part of the anisotropic stress for the abelian model (8.2.2) reads

ΠTT
ij =

[

∂iχ∂jχ+ 2 Re
[

Diϕ (Djϕ)
∗]−BiBj − EiEj

]TT
(8.3.17)

where pure-trace terms have been removed by the TT projection. Non-abelian gauge fields would
lead to similar contributions, with the corresponding modifications of the covariant derivative and the
electric and magnetic fields.

2From now one, we will raise or lower indices of the metric perturbations with the spatial metric, which reduces at
first order in h to the Kronecker δij , so hij = hi

j = hij and so on.
3This is also the exact solution for all the modes in a radiation-dominated Universe where a′′ = 0. This is a good

approximation in a wide class of pReheating models where the equation of state quickly jump towards w = 1/3 at
the beginning of pReheating [225, 226]. In a matter-dominated Universe, the Green function for wavelengths of the
order of, or larger than the Hubble radius is given by other Bessel functions.
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8.3.1 GW from wave-like sources

In general, the calculation of GW production through (8.3.16) requires the knowledge of the time
evolution of the source. It is interesting to study the very simple case where the source corresponds
to a superposition of waves with wave-like dispersion relation and adiabatically evolving frequencies.
This case covers to a good approximation different situations that occur in the context of pReheating,
in particular the stage of turbulent evolution towards thermal equilibrium4. Specifically, consider the
following time evolution for the Fourier modes of some generic scalar field φ,

φ(~k, τ) = α+
k (τ) ei ωφ(k) τ + α−

k (τ) e−i ωφ(k) τ with ω2
φ(k) = k2 +m2

φ (8.3.18)

and similarly for the other fields. In the context of pReheating, we deal generally with interacting
waves where the interactions contribute to the effective mass mφ. The cases in which the frequency
ωφ is not constant but is nevertheless evolving adiabatically with time (ω̇ ≪ ω2), can be treated in

the same way, since there the WKB approximation gives φ(~k, τ) ∝ α±
k exp

(

±i
∫ τ

ωφ(k, τ̃ ) dτ̃
)

.

In theories involving only scalar fields, the source terms for GW have the same form as the first
term in the RHS of (8.3.17). In Fourier space, the product of the spatial derivatives of the scalar field
leads to the convolution

ΠTT
ij (~k, τ) ∝ Λij,lm(k̂)

∫

d3~p pl pm φ(~p, τ)φ(~k − ~p, τ) (8.3.19)

where we have used Λij,lm km = 0. Inserting (8.3.19) into (8.3.16), and using the time dependence
(8.3.18), we get, whenever the coefficients α±

k (τ) evolve adiabatically with time,

hij(~k, τ) ∝ Ge±i k τ Λij,lm(k̂)

∫

d3~p pl pm α
±
p α

±
k−p

∫ τ

τi

dτ̃ exp
[

i τ̃
(

±ωφ(p) ± ωφ(|~k − ~p|) ∓ k
)]

(8.3.20)

where we have decomposed the sine in (8.3.16) into imaginary exponentials. In the limit of large
time τ with respect to the frequencies, the time integrals above reduces to Dirac delta distributions,
enforcing energy conservation for trilinear processes involving two “particles” of the field φ and one
graviton. For instance, we have

ωφ(p) + ωφ(|~k − ~p|) = k . (8.3.21)

for two φ-particles emitting a graviton (left panel of Fig. 8.2). Not only the conservation of energy,
but also the conservation of momentum is taken into account in (8.3.21). Other signs in the phase
inside the time integral in (8.3.20) correspond to other trilinear processes, such as the decay of a
φ-particle into another φ-particle and a graviton. Energy and momentum conservations are possible
only for massless φ-particles 5 and for ~k ‖ ~p. However, for ~k ‖ ~p, the TT projection brings the GW
amplitude to zero, Λij,lm(k̂) pl pm = 0 in (8.3.20). The reason for this is clearly helicity conservation,
which forbids interactions between scalar waves and a graviton at leading order in the gravitational
coupling constant G. Interactions involving several gravitons are possible beyond the linear order in
hij , but they are highly suppressed by extra powers of the Newton constant G.

On the other hand, the presence of massless vector fields (photons) may change this result, since
interactions between two vector waves with helicity 1 and a graviton (middle panel of Fig. 8.2) are

4Of course, there are also several situations in the context of pReheating where the time-evolution of the fields is not

wave-like, such as the exponential amplification of fluctuations or the collision of non-linear bubble configurations.
5That Eq. (8.3.21) implies mφ = 0 simply reflects the well-known fact that a massless particle (here a graviton) cannot

be emitted by two massive particles (here the φ-particles), since in the frame of the center of mass of the two incident
particles the massless particle should be emitted with zero momentum.
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Figure 8.2: Contribution of different source terms to GW production from wave-like fields. Left panel:
contribution associated to the source term in ∂iφ∂jφ for scalar fields, corresponding to the
interaction between two scalar waves and a graviton (forbidden by helicity conservation).
Middle panel: contribution associated to the terms in (8.3.22), corresponding to the inter-
action between two vector waves and a graviton (allowed if the vector field is massless).
Right panel: contribution associated to the second term in (8.3.23), corresponding to the
interaction between several scalar and vector waves and a graviton.

not forbidden by helicity conservation. Indeed, consider the two terms BiBj and EiEj in the source
(8.3.17) of GW, and decompose the vector field Ai into a longitudinal part ALi = ∂iL and a transverse
part AT

i with ∂iA
T
i = 0. Proceding as above leads to energy-momentum conservation like in (8.3.21),

which again implies the momenta of the two vector particles to be parallel to the momentum of the
graviton. As before, each term involving a spatial derivative ∂i or ∂j then leads to a factor of ki or kj
in Fourier space, which vanishes when contracted with Λij,lm(k̂). However, the terms BiBj and EiEj
in (8.3.17), include contributions as

∂kA
T
i ∂kA

T
j and ȦT

i Ȧ
T
j (8.3.22)

which do not involve ∂i and ∂j . These terms can therefore lead to a non-zero GW amplitude from
a wave-like source, through processes like the one illustrated in the middle panel of Fig. 8.2. Note
however that energy-momentum conservation for these processes still requires the vector field to be
effectively massless.

In addition, extra channels of GW production from wave-like fields arise in scalar gauge theories
from the covariant derivative of the scalars. Indeed, consider the second term in the source (8.3.17)
of GW. It involves contributions of the form

e ∂iϕAj ϕ
∗ and e2AiAj |ϕ|2 . (8.3.23)

Since these source terms are cubic and quartic in the fields, GW production from these terms for
wave-like fields correspond to interactions between three and four particles and a graviton, see e.g.
the right panel of Fig. 8.2. Clearly, these higher-order interactions are less restrictive as for instance
they are now possible even for massive scalar and gauge fields.

These qualitative arguments, although valid only for a very simple time-dependence of the source,
illustrate that gauge fields can lead to new channels of GW production. In particular, they suggest
that gauge fields can keep GW production active well after pReheating, during the stage of turbulent
evolution towards thermal equilibrium. Since this stage can last for a long period of time, this could
significantly increase the amplitude of the resulting GW spectrum. As we will see, this does not
happen for the hybrid model described by (8.2.1) and (8.2.2). In the context of the hybrid abelian-
Higgs models, the gauge field will have specific effects on GW production during pReheating but
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the GW amplitude will eventually saturate during the later stages of the dynamics. Indeed, in such
abelian model the gauge field acquires a mass through the Higgs mechanism during the dynamical
spontaneous symmetry breaking. Thefore, as discussed above, processes like the one in the middle
panel of Fig. 8.2 are forbidden 6. It is possible that massless gauge fields produced at pReheating could
still enhance GW production during the subsequent evolution towards thermal equilibrium. However,
this does not happen in abelian scalar gauge theories, as we discuss next.

8.3.2 No massless gauge fields from Abelian-Scalar theories (A Theorem)

In the rest of this section, we argue that massless gauge fields are not produced during pReheating in
abelian scalar gauge theories, at least with canonical kinetic terms. More precisely, we show that in
this case the gauge fields are either (effectively) massive or decoupled from the other scalar and gauge
fields and therefore not produced 7. We will show this for an arbitrary number of U(1) symmetries
and of scalar and gauge fields charged under these symmetries, as well as for an arbitrary form of the
scalar potential. However, the argument does not apply to non-abelian theories, like SU(2) × U(1),
where massless photons may be produced at pReheating [73].

Before considering the general case, consider again the system (8.2.2) of a single abelian gauge field
Aµ coupled to a single scalar field ϕ. A first possibility to obtain a massless gauge field would be that
the VEV of ϕ vanishes, since otherwise the gauge field acquires a mass through the Higgs mechanism.
However, in that case, Aµ acquires an effective mass through its interaction with the fluctuations δϕ
of ϕ

∂νFµν + 2e2 〈|δϕ|2〉Aµ = 2e Im [ϕ∗ ∂µϕ] . (8.3.24)

The fluctuations δϕ are produced whenever Aµ is produced, since both of them act as a source for the
production of the other. Either the fluctuations of ϕ are responsible for the production of Aµ or the
gauge field is produced by another mechanism and leads in turn to the production of δϕ fluctuations
through its interaction with ϕ. Thus it does not seem possible to produce a massless gauge field at
pReheating in this model.

Another possibility is to consider several gauge fields so that a combination of them might remain
massless like in the SU(2)×U(1) Standard Model. Consider therefore an abelian model U(1)×U(1),

with two gauge fields A
(1)
µ and A

(2)
µ , coupled to a single scalar field ϕ with coupling constants e1 and

e2, and unit charges such that Dµϕ =
(

∂µ − ie1A
(1)
µ − ie2A

(2)
µ

)

ϕ. The system is invariant under the

gauge transformation

ϕ→ eiα(x)+iβ(x) ϕ , A(1)
µ (x) → A(1)

µ (x)+
1

e1
∂µα(x) , A(2)

µ (x) → A(2)
µ (x)+

1

e2
∂µβ(x) . (8.3.25)

The equations of motion are

∂νF (k)
µν = 2ek Im [ϕ∗Dµϕ] (8.3.26)

for k = 1, 2 and where F
(k)
µν = ∂µA

(k)
ν − ∂νA

(k)
µ . It is easy to see that the combination Ãµ =

e2A
(1)
µ − e1A

(2)
µ is massless. However, both the mass term and the source term vanish for Ãµ, so it is

a free field

∂νF̃µν = 0 (8.3.27)

6On the other hand, processes like the one in the right panel of Fig. 8.2 are in principle possible, although they are
further suppressed by the gauge coupling constant.

7Here we do not consider fermions, which of course can also couple to gauge fields. Since the production of fermions
is limited by Pauli blocking they are not expected to lead to an abundant production of gauge fields at pReheating.

123



8 GRAVITATIONAL WAVES FROM GAUGE FIELDS AT REHEATING

where F̃µν = ∂µÃν − ∂νÃµ is the gauge field strength of the massless combination Ãµ. Thus the
massless gauge field is decoupled from the system and therefore not produced. This is similar to
the photon of the SU(2) × U(1) Standard Model, which does not couple to the Higgs at tree level.
However, it couples to the W and Z bosons because of the non-linear nature of non-abelian theories.
In that case, Higgs fluctuations amplified at pReheating may source the production of W and Z
bosons, which in turn source the production of photons [73]. On the other hand, in the case of
U(1) symmetries, interactions between gauge fields would require non-canonical kinetic terms in the
lagrangian, like (FµνF

µν)
2
, or higher order terms like θFµν F̃

µν or φ†φFµνFµν , in order to avoid the
tree-level decoupling of the photons.

It is straightforward to extend the arguments above to an arbitrary number of scalar and gauge

fields. Consider an abelian theory U(1)K , with K gauge fields A
(k)
µ coupled to N complex scalars ϕn

−L =
1

4

K
∑

k=1

F (k)
µν F

(k)µν +

N
∑

n=1

(Dµϕn)
∗ Dµϕn (8.3.28)

with

Dµϕn = ∂µϕn − i

K
∑

k=1

eknA
(k)
µ ϕn (8.3.29)

and F
(k)
µν = ∂µA

(k)
ν − ∂νA

(k)
µ . The equations of motion are

∂νF (k)
µν + 2

N
∑

n=1

|ϕn|2 ekn
K
∑

l=1

elnA
(l)
µ = 2

N
∑

n=1

ekn Im [ϕ∗
n∂µϕn] for k = 1, ...,K . (8.3.30)

Denoting by vn the VEV of ϕn, the K ×K mass matrix of the gauge fields is

Mkl = 2
N
∑

n=1

v2
n ekn eln for k, l = 1, ...,K . (8.3.31)

The matrix M is real and symmetric, so it can be diagonalized with an orthogonal matrix O: OT MO
is diagonal with O−1 = OT . For the system to admit a massless gauge field, at least one eigenvalue
of the mass matrix should vanish. Suppose that the jth eigenvalue λj vanishes, so that

λj =
(

OT MO
)

jj
= 2

N
∑

n=1

v2
n ẽ

2
jn = 0 (8.3.32)

where we have defined

ẽkn =

K
∑

l=1

Olk eln for k = 1, ...,K and n = 1, ..., N . (8.3.33)

In the new basis

Ã(k)
µ =

K
∑

l=1

Olk A
(l)
µ for k = 1, ...,K , (8.3.34)

Ã
(j)
µ is a massless candidate. It satisfies the equation

∂νF̃ (j)
µν + 2

N
∑

n=1

|ϕn|2 ẽjn
K
∑

l=1

ẽln Ã
(l)
µ = 2

N
∑

n=1

ẽjn Im [ϕ∗
n∂µϕn] for k = 1, ...,K , (8.3.35)
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where F̃
(j)
µν is its gauge field strength. There are two cases to consider. If all the scalar fields have a

non-zero VEV, vn 6= 0 ∀n = 1, ..., N , then the condition (8.3.32) implies that ẽjn = 0 ∀n = 1, ..., N .

In this case, we see from (8.3.35) that the massless gauge field Ã
(j)
µ decouples from all the scalars,

∂νF̃
(j)
µν = 0. On the other hand, for this field to remain coupled we need ẽjn 6= 0 for at least one value

of n. The condition (8.3.32) then implies that ϕn has a zero VEV. However, since ẽjn 6= 0, we see

from (8.3.35) that Ã
(j)
µ acquires an effective mass proportional to ẽjn 〈|δϕn|2〉 due to its interaction

with the fluctuations of ϕn. Thus the U(1) gauge fields are either effectively massive or decoupled
from the scalars and the other U(1) gauge fields.

We conclude thus that massless gauge fields are not significantly produced during pReheating in
abelian scalar gauge theories. As discussed in the previous Section, we therefore do not expect a
significant production of GW during the stage of turbulent interactions after pReheating in such
theories. The situation could be different, however, for non-abelian theories.

8.4 Numerical Calculation of GW with Gauge Fields

In this section, we present our numerical method to calculate GW production in scalar gauge theories
on the lattice. The basic methods developed in [45, 48, 51] for scalar fields can be directly generalized to
such theories. We briefly review these methods in the first Section. On the other hand, in the presence
of gauge fields, special care must be paid in the lattice calculation of GW in order to reproduce the
continuum theory up to O(dx2) and O(dt2) accuracy in the lattice spacing dx and timestep dt. This
is discussed in Section #8.4.2.

The numerical results presented in this paper were obtained with lattices of 1283 and 2563 points.
We performed a number of checks to verify that the results are physical and not affected by lattice
artefacts like insufficient IR or UV coverage or too large timestep.

8.4.1 Numerical Method

Since the expansion of the Universe is negligible during pReheating after hybrid inflation, we will
work in a Minkowski background to simplify the notations. The extension to an expanding Universe
is straightforward [45, 48, 51]. In a Minkowski background, the equation (8.3.13) describing the
evolution in time of the TT tensor perturbations representing GW reduces to

ḧij − ∂k∂khij = 16πGΠTT
ij (8.4.36)

where the source term ΠTT
ij was given in (8.3.17). In the lattice simulations, however, as explained in

Section #3.3, we can solve an alternative equation in position space,

üij − ∂k∂kuij = 16πGΠeff
ij (8.4.37)

where the source term 8

Πeff
ij = ∂iχ∂jχ+ 2 Re

[

Diϕ (Djϕ)
∗]−BiBj − EiEj (8.4.38)

is not Transverse-Traceless. We can thus solve eq. (8.4.37) together with the evolution equations of the
scalar and gauge fields sourcing GW. Let us briefly review the reason of this: the TT part of the source
is most easily calculated in Fourier space through the projection (8.3.15), which is non-local in position
space. One could of course Fourier transform the anisotropic stress tensor at each timestep in order
to calculate its TT part and then evolve the Fourier transformed GW equation, but this is highly

8Here we neglect again pure-trace terms in Πeff
ij because they will be removed by the TT projection.
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8 GRAVITATIONAL WAVES FROM GAUGE FIELDS AT REHEATING

time-consuming. However, since the equation (8.4.36), the TT projection (8.3.15) and the Fourier
transform are all linear in hij , we can just solve for Eq. (8.4.37) with a an effective non-TT source
term, and apply the TT projection (8.3.15) on uij in Fourier space only at those moments of time
when we want to output the GW spectra, or the spatial distribution of the GW energy density. This
is certainly a faster procedure since it does not require to take Fourier transforms at each timestep.
This method was originally proposed in [45]. A modified version was developed in [51]. Another
alternative method is to use the formal solution of (8.3.14) in terms of its Green function (8.3.16) to
directly calculate the GW spectra from the source ΠTT

ij [48]. The results presented in the next Section
were obtained using the methods of both Refs. [45] and [51] and we checked that the method of [48]
give the same results.

The GW propagate freely after their production and their energy density can be calculated by the
spatial average of the kinetic and gradient terms

ρgw =
〈ḣij ḣij〉
32πG

=
1

32πGV

∫

d3~k
(

ḣij(~k) ḣij(~k)
∗
)

(8.4.39)

where V is the volume of the lattice box and hij = Λij,lmulm is the TT component calculated in
Fourier space, see Section #3.3. The spectrum of energy density in GW per logarithmic frequency
interval at the time of production is then given by

(

dρgw

dlnk

)

p

=
k3

8GV

〈

u̇ij(~k) Λij,lmu̇lm(~k)∗
〉

4π
(8.4.40)

where we have used the fact that the spectrum is statistically isotropic (〈f〉 = 1
4π

∫

dΩ f), see
Eq. (3.3.55).

Finally, the quantity of interest is the present-day spectrum of energy density in GW per logarithmic
frequency interval divided by the critical density

h2Ωgw(f) =

(

1

ρc

dρgw

dlnf

)

0

(8.4.41)

where the subscript “0” refers to today. Assuming a “standard” thermal history after Reheating, the
frequency and amplitude of the GW today are obtained from the spectrum at the time of production
according to

f = 4 × 1010 Hz
k

ap ρ
1/4
p

(

ap
a∗

)
1
4 (1−3w̄)

(8.4.42)

h2 Ωgw = 9.3 × 10−6

(

1

ρ

dρgw

dlnk

)

p

(

ap
a∗

)1−3w̄

(8.4.43)

where ap and ρp = λv4/4 are the scale factor and total energy density at the time of GW production,
a∗ is the scale factor when the Universe becomes radiation-dominated and w̄ is the mean equation of
state between these two moments of time, see e.g. [48] for details. Since tachyonic pReheating is a
very fast process, we assume that the Universe becomes radiation-dominated in less than a Hubble
time, so that the dependence on the scale factor in Eqs. (8.4.42,8.4.43) is negligible.

8.4.2 Lattice Formulation

Our lattice formulation for the evolution of the scalar and gauge fields is standard and described in
full details in Appendix #C. The scalar fields are defined at the lattice points and the gauge field in
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the segments between lattice points. We start from a discretized version of the continuum action of
the abelian-Higgs model (8.2.1)

S = −dtd3~x
∑

{xλ}

[

1

2
∆+
µχ∆+µχ+D+

µ ϕ
(

D+µϕ
)∗

+
1

4
Fµν F

µν + V (χ, |ϕ|)
]

(8.4.44)

where the sum is over all the spacetime lattice points. The lattice expressions for the forward partial
derivative ∆+

µ , the forward gauge covariant derivative D+
µ and the gauge field strength Fµν , are given

in the Appendix C. The action (8.4.44) is invariant under the lattice gauge transformation

ϕ(x) → ei α(x) ϕ(x) , Aµ

(

x+
µ̂

2

)

→ Aµ

(

x+
µ̂

2

)

+
1

e
∆+
µα (8.4.45)

which is a discretized version of the gauge transformation in the continuum. This ensures in particular
that the discretized equations of motion derived form (8.4.44) lead to the conservation of the discretized
version of Gauss constraint [63]. These equations are derived in Appendix #C, where we show that
they reproduce the continuum equations up to O(dx2) and O(dt2) accuracy in the lattice spacing dx
and timestep dt.

On the other hand, this accuracy would be lost by a naive discretization of the equations of motion
(8.4.36, 8.4.37) for GW. The non-TT tensor perturbations uij(x) are defined at the lattice points and
their discretized equation of motion is

∆+
µ∆µ

+uij = 16πGΠeff
ij . (8.4.46)

Contrary to the equations of motion of the scalar and gauge fields, the lattice expressions ∆+
µ , D+

µ

and Fµν reproduce their continuum analog up to O(dx, dt) only as dx, dt → 0, see Appendix #C.
Therefore, the same would be true for the RHS of Eq. (8.4.46) if we use these lattice expressions to
calculate the different source terms (8.4.38) of ΠTT

ij . Instead of this, we have to construct new lattice
expressions that reproduce their continuum analog up to O(dx2, dt2) accuracy and which lead to a
stress-energy tensor that is still invariant under the gauge transformation (8.4.45). The details of this
procedure are derived in Appendix #C and the final expression for ΠTT

ij is given in Eq. (C.2.35).

Note that the calculation of GW production with O(dx2) accuracy ensures a much better control
on the UV part of the GW spectra. This is illustrated in Fig. 8.3 (Left), where we compare the GW
spectra obtained by computing the GW source term with O(dx) and O(dx2) accuracy, for the same
lattice and model parameters. The two spectra agree well in the IR, but the O(dx) spectrum (in red)
displays a larger (unphysical) growth in the UV.

Finally, we conclude this Section by showing in Fig. 8.3 (Right) how the total energy density in
GW is accumulated with time during pReheating in the model (8.2.1)-(8.2.2) for typical values of the
parameters. As anticipated in Section #8.3, GW production eventually saturates at late times after
symmetry breaking. Another observation that we can already make form Fig. 8.3 (Right) is that the
total energy density in GW varies in a non-monotonic way with the ratio of the gauge coupling and
the Higgs’ self-coupling e/

√
λ. For e/

√
λ ∼ 1, the gauge field leads to higher GW energy density than

in the case with only scalar fields. This does not result from the mere addition of an extra field, but
rather from an increase of the terms sourcing GW due to the dynamics of the coupled system of scalar
and gauge fields. As we will see in Section #8.6, a crucial role in the dynamics of pReheating in the
model (8.2.1)-(8.2.2) is played by cosmic string configurations of the fields in position space. When
e/
√
λ ∼ 1, strings of the Higgs field and strings of the gauge field have the same width and lie on top

of each other. In that case, the different source terms in (8.3.17) add to each others at the position of
the strings. As we will now discuss, not only the amplitude of the GW signal is affected by the gauge
field, but also its spectral properties.
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Figure 8.3: Left: Example of GW spectra calculated with O(dx) (red) and O(dx2) (blue) accuracy (see
Appendix #C for details), for the model (8.2.1)-(8.2.2). The two spectra were obtained
with the same model and lattice parameters and they were output at the same moment
of time (mt = 100). Right: Evolution with time of the fraction of energy density in GW
during pReheating, ρgw/ρtot, for the model (8.2.1)-(8.2.2) with e/

√
λ = 6 (red), 0.5 (blue)

and 0 (black). The last case simply corresponds to the model without gauge field. The
other parameters were v = 10−3MP, λ = g2/2 = 10−4 and Vc = 0.024.

8.5 Scalar, Vector and Gravity Waves Spectra

In this Section we present our results for the GW spectra produced by the system of scalar and
gauge fields at pReheating in the model (8.2.1)-(8.2.2). In order to highlight the consequences of the
presence of gauge fields, let us first quickly review the gross features of the GW spectra produced from
pReheating in models involving only scalar fields. In that case, the spectra of the scalar fields amplified
by pReheating are usually strongly peaked around some typical momentum k∗, which depends on the
particular model considered and can usually be calculated analytically as a function of the parameters.
The final GW spectrum depends essentially on this typical scale k∗, with a peak frequency and
amplitude today that can be estimated according to

f∗ ≈ k∗

ρ
1/4
p

4 × 1010 Hz , h2Ω∗
gw ≈ 10−6

(

Hp

k∗

)2

, (8.5.47)

where Hp and ρp are the Hubble parameter and the total energy density at pReheating when gravity
waves are produced. The factor 10−6 arises from the redshift of the GW radiation. In configuration
space, R∗ ∼ 1/k∗ corresponds to the typical size of the “bubble-shaped” fluctuations of the scalar fields
amplified by pReheating. Not surprisingly, similar estimates hold for the GW produced by bubble
collisions in first order phase transitions, where in that case R∗ is the typical size of the bubbles when
they collide.

As we will see, a major consequence of the presence of gauge fields is to introduce, in addition to
k∗, new characteristic scales in the problem, which will be inherited by the final GW spectra. We
will therefore first study the appearance of these scales in the spectra of the scalar and gauge fields
themselves, before considering their consequences for the GW spectra. In the next section, we will
see how these new scales arise from the dynamics of string-like spatial configurations of the scalar
and gauge fields. Of course, at the practical level, the presence of different scales in the problem
makes numerical simulations more difficult, since each scale has to be resolved efficiently in a single
simulation. One can tune the parameters in such a way that the different scales coincide with each
other, but important consequences of the gauge field can then be missed. It was therefore important
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for us to develop a lattice formulation accurate up to second order in the lattice spacing dx (see
Appendix C), as it allowed us to obtain reliable results for the UV behavior of the GW spectra while
keeping a higher IR resolution as compared to a calculation accurate up to O(dx) only. Nevertheless,
we will naturally be able to simulate only a restricted region of the parameter space. We will therefore
study in some detail how our results vary with the model parameters, in order to extrapolate them to
other regions of the parameter space.

As discussed in Section #8.2, the model involves five independent parameters: the Higgs VEV v,
its self-coupling λ, its coupling to the inflaton g, the gauge coupling constant e and the initial velocity
of the inflaton condensate at the critical point Vc. The GW produced in this model without gauge
field were first studied in [44, 45] and [48], and more in detail, exploring the parameters space, in [51].
Without gauge field (e = 0), the GW spectra are already very sensitive to the remaining parameters.
In general, however, very small values of the coupling constants λ and/or g2 are required for these
GW to have a sufficiently small frequency today to be observable. Neglecting the expansion of the
Universe (which is a good approximation for pReheating after hybrid inflation, unless v is very high),
the VEV v can be scaled out of the field equations and of the initial conditions by suitable redefinition
of the fields and variables, so the dependence of physical quantities on v is known exactly. For the GW
spectrum redshifted into present-day variables, one finds that the GW frequencies do not depend on v
at all 9, while the GW energy density scales as h2Ωgw ∝ Gv2. These scalings with v are preserved in
the presence of gauge fields and we will simply take v = 10−3MP throughout this section. Depending
on the remaining parameters λ, g and Vc, three different dynamical regimes of GW production from
pReheating after hybrid inflation can be identified, see Ref. [51]. In each regime, the scale k∗ and
the resulting GW spectra vary in a very different way with the parameters λ, g and Vc. As we will
see, the effects of the gauge field may also depend on which regime is considered. Our main interest
here is on the consequences of the gauge field for GW production and, as could be easily expected, an
important parameter in this respect is now the ratio e2/λ. Note that, in a regime where a very small
λ is required for the GW to fall in an observable frequency range, the ratio e2/λ may be huge.

Let us first study the consequences of the gauge field for λ ∼ g2 and a significant initial velocity
Vc. As far as the scalar sector is concerned, this is the easiest case to simulate as different dynamical
scales are of the same order of magnitude. In that case, the scalar fields are amplified with a typical

momentum k∗ ∼ V
1/3
c m [62], where m =

√
λ v is the mass of the Higgs’ fluctuations around the

minimum of the potential divided by
√

2, i.e. m = mϕ/
√

2. In Fig. 8.4 (Left), we show the spectra
k3 |ϕ|2 and k3 |B|2 of the Higgs and magnetic fields at late time, mt ∼ 250 (when the field distributions
have saturated and evolve very slowly with time), for λ = g2/2 = 10−4, Vc = 0.024 and e/

√
λ = 8.

The main observation is that the two spectra are peaked around well distinct scales, k ∼ V
1/3
c m for

the Higgs, and k ∼ mA = e v for the magnetic field (i.e. at the vector mass). This is a rather unusual
situation in the context of pReheating with only scalar fields, where mode to mode interactions tend
to smooth the differences in the spectra of the different fields. In the present case, the vector mass
is the typical scale for the width and interactions of string-like spatial structures of the gauge field,
see the next Section. We also note a “UV bump” in the Higgs’ spectrum, which is absent without
gauge fields. As we will see, these features will be imprinted in the resulting GW spectrum. We find
that the spectra of the gauge field are always peaked around its mass as long as it is more massive
than the Higgs. This is illustrated in Fig. 8.4 (Right), where we plot the spectra of the magnetic
energy density for different ratios of the vector and Higgs’ masses, mA/mϕ = e/

√
2λ. The spectra of

the electric energy density behave in a similar way. This ratio plays a crucial role in the theory of
cosmic strings (in the Abelian Higgs model), distinguishing between Type I (mA > mϕ) and Type II
(mA < mϕ) strings. For instance, the dynamics of multivortex solutions is governed by the fact that
the interactions between vortices is attractive for mA > mϕ and repulsive for mA < mϕ. Here we

9Despite the fact that different values of v lead to different values of the energy density ρ = λv4/4 during inflation
and pReheating.
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Figure 8.4: Left: Spectra k3 |ϕ|2 and k3 |B|2 of the Higgs and magnetic fields at mt = 250 for λ =

g2/2 = 10−4, Vc = 0.024 and e/
√
λ = 8. Here the normalization of the amplitude of

the two spectra is arbitrary and has been chosen only for convenience. The results were
checked with N = 256 simulations with kIR/m = 0.075, 0.1 and 0.15. Right: Spectrum
of magnetic energy density per logarithmic frequency interval divided by the total energy
density, 1

ρt

dρmag

dlnk ∝ k3 |B|2, at mt = 250 for different values of e/
√
λ. From left to right,

e/
√
λ = 0.2 (black), 0.5 (blue), 2 (red), 4 (black, dashed) and 8 (green). The other

parameters are the same as in Fig. 8.4 (Left).

note that the spectrum of the gauge field tends to be peaked around the greatest of these scales, i.e.
k ∼

√
λv if mϕ > mA and k ∼ ev if mϕ < mA. Note however the “IR features” of the spectra for

mϕ > mA.

The presence of well-distinct characteristic scales for the scalar and gauge fields leads to specific
signatures in the resulting GW spectra, as illustrated in Fig. 8.5 (Left). In order to compare the GW
and matter fields’ spectra, we will first consider the spectrum of energy density in GW per logarithmic
frequency interval

Ωpgw(k) =

(

1

ρt

dρgw

dlnk

)

p

(8.5.48)

as a function of the wave-number k, both quantities being evaluated at the time of GW production (i.e.
during pReheating). Present-day redshifted spectra will be considered later on. We see in Fig. 8.5
(Left) the presence of three distinct peaks in the GW spectrum for e ≫

√
λ: an IR peak around

k ∼ 0.25m, a middle peak located around the Higgs mass, k ∼ m, and a UV peak located around the
vector mass k ∼ e v (i.e. k/m ∼ e/

√
λ). We never encountered such features in models without gauge

field, where the GW spectra are usually peaked around a single frequency (see e.g. the black spectrum
in Fig. 8.5 (Right)) even when different scales are present in the model. Contrary to the UV peak,
the position and amplitude of the IR and middle peaks in Fig. 8.5 (Left) are independent of e/

√
λ, as

long as e≫
√
λ. We will see how they vary with the other parameters later on. The frequency of the

IR peak tends to be smaller than in the case without gauge field, see Figs. 8.5 (Left) and 8.5 (Right).
When e ∼

√
λ, the middle and UV peaks are superimposed. The resulting GW amplitude is greater

than in the cases e≫
√
λ and e≪

√
λ, see Fig. 8.5 (Right). This is already the case for e/

√
λ = 6 in

Fig. 8.5 (Left) (red spectrum), where the UV peak has a higher amplitude than for e/
√
λ = 8 (blue

spectrum). Finally, for e ≪
√
λ the GW spectrum becomes indistinguishable from the case without

gauge field, see e.g. the black and green spectra in Fig. 8.5 (Right) for e/
√
λ = 0 and 0.2 respectively.

Up to now, we have considered the spectra of the scalar, vector and gravity waves at late times,
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Figure 8.5: Left: GW spectra (8.5.48) for e/
√
λ = 6 (red) and 8 (blue) at mt = 250. The other

parameters are the same as in Fig. 8.4 (Left). The results were checked with N = 256
simulations with kIR/m = 0.075, 0.1 and 0.15. Right: Same as Fig. 8.5 (Left) for e/

√
λ = 0

(black), 0.2 (green), 0.5 (blue), 2 (red) and 4 (black, dashed).

when the distributions have saturated and evolve very slowly with time. It is interesting to see how
they build up with time, as for instance the different peaks in the GW spectra of Fig. 8.5 (Left) are
actually produced at different moments of time. Furthermore, although the spectra of the magnetic or
electric energy density are useful to single out the vector sector, the covariant gradient energy of the
Higgs contributes to a greater fraction of the total energy density, see Fig. 8.1 (Right), and similarly
the source of GW is dominated by the covariant gradient terms in (8.3.17). By analogy with (8.5.48),
we can consider the spectrum of the covariant gradient energy density of the Higgs, per logarithmic
frequency interval, divided by the total energy density

Ωpcov(k) =

(

1

ρtot

dρcov

dlnk

)

p

(8.5.49)

where ρcov = 〈Diϕ (Diϕ)
∗〉 is the covariant gradient energy density of the Higgs.

The evolution with time of Ωpcov(k) is shown in the left panels of Figs. 8.6, 8.7, together with
the evolution of the spectrum of energy density in GW (8.5.48) in the right panels. Each row in
Figs. 8.6, 8.7 corresponds to a different interval of time. We see that from mt = 5. to mt = 15.5 (first

row in Fig. 8.6), both spectra Ωpcov and Ωpgw are peaked around k∗ ∼ V
1/3
c m and their amplitude

increases exponentially with time as the tachyonic instability amplifies the Higgs’ fluctuations. From
mt = 15.5 to mt = 19.0 (second row in Fig. 8.6), the peak of the spectra moves clearly towards the
UV, while their amplitude still increases. During this interval of time, the amplitude of the Higgs’
fluctuations reach its VEV in more and more regions of space and start to oscillate ”back“ in the
potential. This leads to the collision of bubbles of the fluctuations and thinner and thinner regions of
space where the Higgs is locally small and where it is energetically more favorable for the gauge field
to be localized, as we will see in Section #8.6.

Next, from mt = 19 to 23 (third row in Fig. 8.6), the spectrum Ωpcov moves back towards the IR,
where two peaks form around k∗ ∼ 0.25m and k∗ ∼ m. During this interval of time, the fluctuations
of the Higgs have oscillated back in the potential and become small in more and more regions of
space, where the gauge field tends to be localized. Indeed, we will see in the next Section that the
string-like configurations of the gauge field get significantly fatter during this interval of time, the
increase of their width corresponding to the shift of the spectrum towards IR that we observe here.
Meanwhile, the IR part of the GW spectrum starts to increase during this interval of time. Then from
mt = 23.0 to mt = 26.5 (first row in Fig. 8.7), the two IR peaks in Ωpcov disappear and the spectrum
oscillates back towards UV. During this time interval, the amplitude of the Higgs’ fluctuations goes
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Figure 8.6: Time evolution of the spectra of covariant gradient energy density (8.5.49) (left figures)
and of the spectrum of energy density in GW (8.5.48) (right figures), for λ = g2/2 = 10−4,
Vc = 0.024 and e/

√
λ = 6. The spectra corresponds to times mt = 5.0 − 15.5 (first row),

mt = 15.5− 19.0 (second row) and mt = 19.0− 23.0 (third row). In each case, the spectra
are output every mt = 0.24 units, where red spectra correspond to earlier moments of time
and blue spectra correspond to later times.

back to its VEV in more and more regions of space. We will see in the next Section that the string-like
configurations of the gauge field tend to fragment into smaller structures during this interval of time.
We see here that the IR part of the GW spectrum grow significantly during this period. In fact, the
IR peak of Ωpgw around k∗ ∼ 0.25m reaches almost its final amplitude during this interval of time,
while the UV part of the spectrum will still significantly increase. This IR peak is inherited from the
peak of Ωpcov at the same location that formed during the previous interval of time and which has now
disappeared.

Finally, Ωpcov moves slightly back towards IR from mt = 26.5 to mt = 29 (second row in Fig. 8.7)
with a new peak forming around k∗ ∼ m, before going back to the UV from mt = 29 to 50 (third row
in Fig. 8.7). During this interval of time, the GW spectrum increases significantly around k∗ ∼ m.
From there on the spectrum of Ωpcov has saturated and it is peaked around the vector mass, k∗ ∼ 6m.
The GW spectrum then slowly increases around this momentum to eventually reach its final form
displayed in Fig. 8.5 (Left) (red curve).

To sum up, we see that the different peaks in the GW spectrum appear at different moments of
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Figure 8.7: Same as in Fig. 8.6, for mt = 23.0 − 26.5 (first row), mt = 26.5 − 29.0 (second row) and
mt = 29.0 − 50.0 (third row).

time during the process of tachyonic pReheating and symmetry breaking. They can be traced back
to similar features in the spectrum of the covariant gradient energy density of the Higgs. However,
whereas these features disappear in Ωpcov, which becomes eventually peaked around the vector mass,
the IR peaks remain in the GW spectrum, since GW decouple as soon as they are produced and their
spectral shape remains unchanged since then.

Let us now study how the GW spectra varies with the other parameters. Without gauge field, and
still in the regime λ . g2 and significant initial velocity, the peak frequency of the GW spectrum at

the time of production varies as k ∝ V
1/3
c m and the peak amplitude as Ωpgw ∝ V

−2/3
c v2, see Ref. [51].

In Fig. 8.8 (Left), we show the GW spectra computed for Vc = 0.024, g2 = 2λ, e = 3
√
λ and two

values of the Higgs’ self-coupling: λ = 10−2 and 10−6. The two spectra are almost on top of each
others (in the units of k/m) so, as in the case without gauge field, the GW amplitude is independent
of λ while their frequency at the time of production varies as k ∝ m ∝

√
λ, as far as the ratios g2/λ

and e2/λ are kept constant. The dynamics and the shape of the final GW spectrum are very sensitive
to these ratios of the coupling constants but not to the absolute value of λ 10.

In Fig. 8.8 (Right), we show the GW spectra computed for λ = g2/2 = 10−4, e/
√
λ = 3 and

10Rescaling the coordinates as x → m x and the fields as φ → φ/v, the coupling constant λ drops out of the equations
of motion and enters only in the initial conditions for the amplitude of Higgs’ fluctuations. These have very little
consequences on the shape of the final GW spectrum, as illustrated in Fig. 8.8 (Left).
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Figure 8.8: Left: GW spectra for λ = 10−2 (red) and λ = 10−6 (blue) at mt = 300. The other

parameters are Vc = 0.024, g2 = 2λ and e = 3
√
λ. Right: GW spectra for Vc = 0.024

(red) and Vc = 0.003 (blue) at mt = 250. The other parameters are λ = g2/2 = 10−4 and
e/
√
λ = 3. The results were checked with N = 256 simulations with kIR/m = 0.05, 0.075

and 0.1.

two values of the initial velocity of the inflaton at the critical point: Vc = 0.024 and Vc = 0.003.

The frequency of the IR peak of the GW spectrum varies exactly as V
1/3
c , as without gauge field.

Its amplitude does not vary exactly as V
−2/3
c , which even without gauge field is only approximate

anyway, but nevertheless increases as Vc decreases. Thus we see that the IR peak of the GW spectrum,
which is present when e &

√
λ, varies with the parameters approximately in the same way as the GW

spectrum produced without gauge field. For e &
√
λ, however, extra peaks are still present around the

Higgs mass k ∼ m and the vector mass k ∼ e v. These are on top of each other in Figs. 8.8 (Left) and
8.8 (Right). We see in Fig. 8.8 (Right) that the amplitude of at least one of these extra peaks seems to
decrease when Vc decreases, while the amplitude of the IR peak behaves in the opposite way. However,
a quantitative estimate of the GW amplitude as a function of the initial velocity of the inflaton at the
critical point would require to consider a larger range of values of Vc. Since the frequency of the IR
peak decreases with Vc while the frequency of the two other peaks remains constant for e &

√
λ, it

becomes soon impossible to catch accurately the different scales in a single simulation. On the other
hand, for e≪

√
λ the gauge field becomes negligible and we recover the results of [51].

The regime with λ . g2 and a significant initial velocity Vc that we have considered up to now is the
easiest one to simulate but not the most interesting one from an observational perspective. Without
gauge field, another regime of GW production in the model (8.2.1) occurs for λ . g2 and a small
initial velocity Vc, where the onset of pReheating is driven by quantum diffusion of the fields around
the critical point, see [51]. We will not study the consequences of the gauge field in this case here,
but the main difference of this case compared to the previous one is in the onset of pReheating, while
the gauge field is amplified during the later stages. We thus expect the gauge field to have similar
consequences as above.

Finally, the third regime of GW production corresponds to the case g2 ≪ λ. In that case, the
hybrid potential is much flatter in the inflaton direction than in the Higgs direction. As a result,
the inflaton condensate oscillates several times around the minimum of the potential with relatively
large amplitude, see Fig. 8.9 (Left). This leads to successive amplifications of the inflaton fluctuations
by a combination of tachyonic instability and non-adiabatic resonance. In Fig. 8.9 (Right), we show
the GW spectrum for λ/g2 = 16 with (blue) and without (red) gauge field. As before, the gauge
field leads to GW spectra with several peaks. We see here that the frequency of the IR peak can
be significantly lower than the frequency of the peak without gauge field. This prevents us from
simulating a significant range of parameters, since both the IR and UV scales have to be included
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Figure 8.9: Left: Time evolution of the inflaton’s mean 〈φ〉/φc (blue) and of the Higgs’ root mean

squared 〈|ϕ|〉/v (red) for λ/g2 = 16, e/
√
λ = 0.5, λ = 10−4 and Vc = 0.024. Notice the

large oscillations of 〈φ〉 as compared to Fig. 8.1 (Left). Right: GW spectra for λ/g2 = 16
and e/

√
λ = 0 (red, no gauge field) and e/

√
λ = 0.5 (blue) at mt = 400. The other

parameters are λ = 10−4 and Vc = 0.024. The results were checked with N = 256
simulations with kIR/m = 0.03, 0.04 and 0.075.

in the same simulations. Nevertheless, the results are consistent with a UV peak located around the
vector mass, see Fig. 8.10 (Left), as was the case for λ ∼ g2. As before, we also expect the emergence
of a middle peak located around the Higgs mass when e ≫

√
λ, although we could not simulate this

case for g2 ≪ λ.

In any case, the main feature seen in Fig. 8.9 (Right) is the effect of the gauge field on the IR part
of the GW spectrum, which can be of particular interest from the observational perspective. When
λ/g2 increases, the frequency of the IR peak decreases while its amplitude increases, see Fig. 8.10
(Right). This is similar to the behavior of the GW spectrum without gauge field, which could be
studied more accurately for a much wider range of values of λ/g2 in [51]. It is thus possible that
the gauge field merely enhances this behavior but that the frequency and amplitude of the IR peak
remain relatively well described by the predictions of [51] without gauge field. On the other hand, it
is perhaps not surprising to observe specific effects of the gauge field for g2 ≪ λ. As shown in Fig. 8.9
(Left), the inflaton condensate oscillates with relatively large amplitude around the minimum of the
potential in that case. When it is far away from the minimum, the minimum in the Higgs direction is
at |ϕ| < v and the Higgs amplitude is small in relatively large regions of space. As we will see in the
next section, these regions play a crucial role as magnetic strings are produced there. We therefore
expect a different dynamics of the strings when g2 ≪ λ. A detailed study of this case is certainly
interesting, but it lies beyond the scope of this paper.

To conclude this section, let us summarize our results and relate them to the position space picture
discussed in the next section. For e >

√
λ, the final GW spectrum can be understood as made of three

different peaks, which are produced at different moments of time during the process of tachyonic
pReheating and symmetry breaking. A IR peak appears first, when bubbles of the Higgs start to
collide and strings are formed in between the bubbles. The frequency of this IR peak tends to be
smaller than the frequency of the peak of the GW spectrum produced without gauge field, but our
results indicate that it varies in the same way with the model parameters. The frequency of the IR
peak is set by the typical size of the bubbles of the Higgs field when they collide and by the correlation
length of straight string segments at that time (these two scales are approximately equal). Next, a
middle peak appears, whose frequency is set by the Higgs mass. This is the typical scale for the
width and interactions of the Higgs’ strings. Finally, a UV peak is formed when a significant fraction
of energy has already been radiated away from the strings, see the next section. At that time, the
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Figure 8.10: Left: GW spectra for λ/g2 = 8 and e/
√
λ = 0.5 (blue), 1 (black) and 2 (red) at mt = 350.

The other parameters are Vc = 0.024 and λ = 10−4. The results were checked with
N = 256 simulations with kIR/m = 0.045 and 0.06. Right: GW spectra for λ/g2 = 0.5
(black), 8 (red) and 16 (blue) at mt = 400. The other parameters are Vc = 0.024,
λ = 10−4 and e/

√
λ = 0.5. The results were checked with N = 256 simulations with

kIR/m = 0.03, 0.04 and 0.075.

spectrum of the gauge field is peaked around the vector mass, which is the typical scale for the width
and interactions of the strings of the gauge field, and this scale sets the frequency of the UV peak of
the GW spectrum.

Once the GW are redshifted until today, their frequency is given by Eq.(8.4.42). We can then
predict the present-day frequency of the three peaks as

f1 . f (g, λ, Vc) (IR peak)

f2 ≈ λ1/4 1011 Hz (Middle peak)

f3 ≈ e√
λ
λ1/4 1011 Hz (UV peak)

(8.5.50)

where the frequency f1 of the IR peak depends on the parameters g, λ and Vc and is of the order of,
or smaller than, the frequency of the peak of the GW spectrum produced without gauge field. We
can then use the predictions of [51]

f (g, λ, Vc) ≈



















λ
1
4 V

1
3
c 1011 Hz for g2 & λ and Vc & 500 g3

λ
1
4 g 1011 Hz for g2 & λ and Vc . 500 g3

λ
1
4

g√
λ

1010 Hz for g2 ≪ λ

(8.5.51)

for the frequency of this peak. When e ∼
√
λ, the middle and UV peaks merge into a single one

with higher amplitude. For e≪
√
λ, the gauge field becomes negligible and the results reduce to the

case with only scalar fields, characterized by a GW spectrum with a single peak around f (g, λ, Vc).
Note that, depending on the parameters, the frequencies f1, f2 and f3 of the three peaks can differ by
many orders of magnitude. It is of course not possible to simulate such cases on the lattice, but we
expect the estimates (8.5.50) to remain valid in such cases since they result directly from the presence
of well-defined characteristic scales in the problem.

Finally, we come to the amplitude of the GW spectrum. Without gauge field, or for e ≪
√
λ, we
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can use the predictions of [51]

h2 Ω∗
gw ∼
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(8.5.52)

for the peak amplitude of the GW spectrum today. For e &
√
λ, we could not vary the parameters

over a sufficiently large range to study quantitatively how they affect the amplitude of each peak in the
GW spectrum. However, our results indicate that the amplitude of the IR peak behaves roughly as
in the case without gauge field and agrees within an order of magnitude with (8.5.52). The amplitude
of the UV peaks should then be also well-described by these estimates if a significant fraction of the
total energy density is indeed efficiently converted into small-scale structures of the Higgs and gauge
fields. When e ∼

√
λ, the middle and UV peaks are superimposed and their amplitude is slightly

larger than in the case without gauge field. On the other hand, when e≫
√
λ, the amplitude of each

peak is slightly smaller than in the case without gauge field. In any case, the amplitude of the three
peaks is mostly sensitive to the VEV of the Higgs and the corresponding behavior is known exactly,
Ωgw ∝ Gv2.

8.6 Spatial Configurations

The spectra of the anisotropic stresses of the matter fields and GW power spectra give us only a partial
information on the evolution of the fields and the origin of the peaks in the spectrum. In order to
understand the detailed dynamics one has to use all the information available, and in particular, follow
the spatial configurations in detail as a function of time, since then one can understand how specific
features (like topological strings configurations) are formed and give rise to the observed peaks in the
spectrum. Moreover, apart from both spatial images and power spectra, a very useful tool for this
detailed understanding is the time evolution of histograms of both the Higgs and the magnetic fields’
energy densities. These histograms allows us to identify the moments when the Higgs’ oscillations
make its VEV reach zero and induce non-trivial windings at places where topological defects form.

For this purpose we turn to the discussion of the production of GW in configuration space, describing
the spatial distributions and correlations between the energy density of the scalar and vector sources,
and that of the GW. We will see how the Higgs field forms bubbles that expand and collide and
how the gauge field is excited during the symmetry breaking, forming elongated structures (tubes)
in between the Higgs’ bubbles. These string-like spatial configurations of the time-dependent Higgs
and gauge fields follow from the dynamical equations of motion of the coupled system and will of
course exhibit some differences with respect to the usual Nielsen-Olesen solution for static and infinite
strings [107, 110, 111]. For instance, the cosmic strings will acquire a time-dependent width, becoming
successively thinner and wider, as the Higgs bubbles squeeze the strings when they approach each other
and moreover, as the oscillations of the Higgs induce a time-dependent mass for the gauge field. We
will follow the formation and evolution of these strings during and after the symmetry breaking, but
well before any scaling regime of string networks has been achieved and on length scales much smaller
than the Hubble radius.

8.6.1 Higgs bubbles

In Fig 8.11 we show a sequence of snapshots of the spatial distribution of the modulus of the Higgs
field for a model with couplings g2 = 2λ = 0.25, initial inflaton velocity Vc = 0.024, and gauge
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Figure 8.11: Time evolution of the spatial distribution of the modulus of the Higgs field, |ϕ|(x, t) =
√

ϕ2
1 + ϕ2

2, during the process of symmetry breaking. The images have been obtained
with a N = 256 lattice simulation with an IR cut-off kIR = 0.15m, and parameters
g2 = 2λ = 0.25, Vc = 0.024 and e = 6

√
λ. From left to right, top to bottom, the

snapshots correspond to mt = 5.5, 11.0, 17.3 and 23.0.

coupling e = 6
√
λ. From left to right, top to bottom, the snapshots correspond to mt = 5.5, 11.0,

17.3 and 23.0, and capture the details of the symmetry breaking process towards the true VEV. We
have chosen a simulation beginning at mt = 5, when the tachyonic modes of the Higgs are already well
inside in the classical regime. Therefore, the distribution of the Higgs at mt = 5.5, i.e. slightly after
the initialization of the simulation, simply shows the bubble-like structures as developed in random
positions, corresponding to the tail of high field values of the gaussian distribution (5.4.14) which
describes the tachyonic modes. Since we are using a big lattice with N = 256 points per dimension,
the number of bubbles we capture in a single box is statistically quite significant, and the resolution
of their spatial profiles is also quite well captured, as can be clearly seen in the figures corresponding
to mt = 5.5 and mt = 11. In the snapshot corresponding to mt = 11, the tachyonic instability of
the excited modes has already led to the growth of the amplitude of the Higgs field towards the true
vacuum, such that the Higgs field at the center of the bubbles at that time has reached already a 5%
amplitude of the true VEV. The higher the random value of the Higgs was in a given location at the
initial time, the faster the amplitude of the Higgs has grown in such location and the neighboring
region. However, at time mt = 11, for the parameters chosen, the system has already entered into a
regime in which the non-linearities due to the self-coupling for the Higgs are not negligible anymore.
In the non-linear regime, the initially IR tachyonic modes are transferring power into the higher
momenta modes out of the initial tachyonic band. As a result, in configuration space one can see
that the amplitude of the Higgs has grown everywhere in space, although the bubble structures are
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Figure 8.12: Snapshots at time mt = 17 of the spatial distribution of the magnetic energy density B2

(in units of m4). The images have been obtained for a N = 256 lattice with an IR cut-off
kIR = 0.1m, and parameters g2 = 2λ = 0.25, Vc = 0.024 and e = 6

√
λ. In the left we see

clearly how the string-like configurations of the magnetic fields are localized where the
minima of the Higgs are, as described by the coloured transverse plane which plots the
Higgs amplitude (normalized to the VEV) at that moment. On the right, the analogous
figure where now the transverse coloured plane shows the phase of the Higgs, thus clearly
demonstrating the existence of non-trivial winding in the Higgs around the positions of
the the magnetic strings.

yet preserved. At mt = 17.25 we see that the Higgs has already reached the true VEV. Indeed, the
Higgs at the centers of the bubbles has overpassed the VEV and reached a slightly greater value (as
allowed by energy conservation). Due to the non-linearities, the bubbles are growing in that moment
and are about to percolate. Since the size of the bubbles grows in time, the effective volume of the
regions of lower amplitude in between the bubbles is naturally shrinking. At mt = 23, the bubbles
have already percolated and one can clearly see in the intermediate regions between bubbles, that
the Higgs amplitude is an order of magnitude lower than the true VEV. Those regions correspond to
the locus of points in configuration space where a non-trivial winding has been developed, therefore
leading to the formation of a spatial region where the Higgs amplitude is frustrated to reach the true
VEV. Of course, we are still far away from the stationary regime describing the evolution of topological
defect networks. Rather, in the previous sequence of snapshots, we are looking at the dynamics of
the symmetry breaking process itself, from the false to the true vacuum, in a time scale in which the
fields are still highly oscillatory and have not reached a scaling behaviour.

The growth and collisions of the Higgs bubbles during symmetry breaking give rise to a significant
anisotropic stress-tensor in the scalar fields, which drives the initial production of GW in this model.
The specific correlation in configuration space between the locus of points where the gradients of the
Higgs are maximum and the distribution of the GW energy density was already shown in [45] (Section
V of that paper), see also [51]. We will not reproduce again here such correlations and rather we will
focus on the correlations between the GW energy density distribution and the energy density of the
new source of GW considered in this paper, the gauge fields.

Note that we will maintain the parameters chosen for Fig. 8.11 fixed through the rest of this section,
such that all the plots shown will represent some output from a simulation run with those values for
the parameters.
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Figure 8.6.1: Time evolution of the spatial distribution of the magnetic energy density B2 (in units
of m4) along the process of the Higgs symmetry breaking. The images have been obtained with a N
= 256 lattice simulation with an IR cut-off kIR = 0.1 m, and parameters g2 = 2λ = 0.25, Vc = 0.024
and e = 6

√
λ. From left to right, top to bottom, the snapshots correspond to mt = 5.5, 11.0, 17.3,

19.0, 21.0 and 23.0. At early times, before the Higgs bubbles percolate, the magnetic field is still
very small and has not acquired yet the distinctive shape of topological string configurations. At
times mt ∼ 17 − 19, the string-like spatial distributions of the magnetic energy density have finally
developed, following the locus of points which corresponds to the intermediate regions between Higgs
bubbles. The string-like distributions are most clearly seen at time mt = 19. Later, due to the time
evolution of the gauge field’s mass, the string segments fatten and start shedding away the magnetic
field.
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8.6.2 Magnetic string formation and evolution

We already saw in momentum (Fourier) space how a new scale emerges in the spectrum of the gauge
fields as the Higgs approaches the true vacuum, since then the gauge field acquirers a mass through
the Higgs mechanism. The covariant gradient energy of the Higgs is minimized for [63]

Aµ =
1

e
Ω∂µΩ ,

where Ω = φ/|φ| is an element of U(1). This induces the magnetic field to concentrate its energy
density within those regions in which the Higgs amplitude is smaller and phase gradients are larger.
Thus, during the symmetry breaking of the Higgs, magnetic flux tubes will be concentrated in the
regions between the Higgs bubbles. This can clearly be seen in the left panel of Fig. 8.12, where we plot
a high value isosurface of the magnetic energy density, showing this way how the three dimensional
configurations of the magnetic field forms flux tubes (strings). Together with the strings, we also show
a two dimensional plane orthogonal to those long flux tubes, showing how the strings appear in those
places where the Higgs is minimum. This correlation between Higgs’ zeros and magnetic field strings
is a universal feature of the Abelian-Higgs model, and is related to the Nielsen-Olesen vortices (and
strings) predicted in the model many decades ago [107, 110, 111].

Note that in the Abelian-Higgs model, the magnetic flux along the strings is quantized and is related
to the Higgs winding number,

ΦB =

∫

d2x ~B · ẑ =

∮

d~x · ~A =
2πn

e
,

where n is an integer called the winding number. This topological number is conserved along the
evolution unless there are over-the- barrier transitions during pReheating, see Ref. [63]. In the right
panel of Fig. 8.12, we have shown the magnetic strings (the magnetic energy density) from a perspective
in which one can see the (color coded) variation of the phase of the Higgs from 0 to 2π, as painted in
a transverse plane to the string in the center of the box. Such plane correspond to a bi-dimensional
cut of the three dimensional distribution of the values of the Higgs’ phase between 0 and 2π. Around
the place where the central string segment touches the plane, one can clearly see that the Higgs phase
winds non-trivially around the string. The plane is also crossed by another string segment close to
one of the walls of the box, and again one can see the non-trivial structure of the winding around such
string. Besides, the two-dimensional distribution of the Higgs phase in the chosen plane, also shows
very clearly the locus of points (lines within the plane) where the Higgs phase jumps from 2π to 0. If
we interpret the plane as a Riemann surface, the curve lines where the Higgs phase jumps would then
be the edges of the Riemann surfaces.

In Figure 8.6.1 we show the time evolution of the spatial distribution of the magnetic energy density,
from time mt = 5.5 till mt = 23. As explained above, the magnetic fluxes will tend to concentrate in
those regions in which the Higgs amplitude (gradients) will be minimum (maximum). Thus, in the
first two plots of Fig. 8.6.1, we see that during the initial times of symmetry breaking (when the Higgs
bubbles have not yet percolated), the distribution of the magnetic field forms inhomogeneous lumps
where the magnetic energy density is maximum in the spatial regions in between the initial nucleated
Higgs bubbles. However, the amplitude of the magnetic field is still very small to compete with the
gradients of the Higgs, so the GW production is driven initially only by the Higgs inhomogeneities.

When the Higgs bubbles percolate, the magnetic field is finally excited significantly and its amplitude
grows by several orders of magnitude. At the same time, the regions between the percolating bubbles
shrink, forming elongated tubes, i.e. topological defects, which correspondingly induce new spatial
configurations in the distribution of the magnetic field. In particular, at times mt = 17 and mt = 19,
see the third and fourth plots of Fig. 8.6.1, the magnetic field is compressed into thin tubes, located
precisely in the locus of points where the Higgs field was prevented to reach the true V.E.V. due to
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Figure 8.6.2: Evolution in time of both the histograms of the Higgs field normalized to its VEV
(top) and the magnetic energy B2 normalized to m4 (bottom). The first column corresponds to the
initial times, from mt = 5.05 to mt = 19. The second column coresponds to times from mt = 19
to mt = 32. The third column corresponds to times from mt = 32 to mt = 50. It can be clearly
distinguished that the Higgs moves very fast towards the true VEV in the initial stages of hybrid
pReheating and later oscillates close to VEV (see the left tails of the Higgs histograms). At any
moment, even when the Higgs is oscillating in the broken phase with small amplitude compared to the
VEV, there remains a significant fraction of points in the lattice where the amplitude of the Higgs is
much smaller than the VEV, corresponding to the spatial regions located in between the Higgs bubbles.
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the development of a topological winding around the tube. Since the effective mass of the gauge
field oscillates dynamically according to the amplitude of the Higgs around the VEV, the string-
configurations of the gauge field do not have a constant width, but rather a time-dependent one, see
fifth plot of Fig. 8.6.1. Indeed, the magnetic field string-configurations get thicker and eventually
break into concentric layers which are shedded away, see the sixth plot of Fig.8.6.1. Nevertheless, the
Higgs winding remains, following the Higgs’ zeros at the cores of the strings. At time mt = 23 we can
even see in the figure a thin string at the core of a thicker one. Later, we will see that these features
are also inherited by the spatial distribution of the energy density of GW. Since the magnetic field
energy is pushed away from the core of the strings, one expects that, at late times, there will be three
components of the magnetic field, one associated with the core of the strings, another one which has
“evaporated” from the core and now occupies the whole box in the form of very small-scale structures,
plus a diffuse radiation component [73]. This is indeed what we see in the first two plots of Fig.8.13.
Again these features will also be inherited by the GW distribution of energy, see the last two plots of
Fig. 8.6.4.

8.6.3 Histograms of the Higgs and magnetic field energy

Histograms give yet another perspective on the dynamics of the Abelian- Higgs model at pReheating.
Power spectra gave us an idea of the energy distribution as a function of scale, and allowed us to pick
up certain typical scales of the problem. Then we could look at the spatial distributions/configurations
to search for specific features and find those given scales, like the string width and length. However,
neither the power spectra nor the spatial distributions, tell us how common those features are. For
that we have to look at the histograms of the values of the fields, and see how these distributions
change with time. For instance, since magnetic strings seem to the localized around the zeros of the
Higgs, if we can follow the time evolution of the Higgs histograms, we can see how often the Higgs
field has a significant fraction of lattice points with its VEV close to zero. At those points one expects
new windings to appear, and indeed this is what it seems to occur, see left panel in Fig. 8.6.2.

One can also correlate the time evolution (oscillations) of the Higgs histograms with the production
of magnetic field energy, associated with both the strings and the diffuse component coming from
their evaporation. We show the time evolution of these histograms in the right panel of Fig. 8.6.2.

8.6.4 Spatial distributions of GW

Finally, let us consider the spatial configurations of GW. The expression for the GW energy density
was given in (8.4.39) and here we will look at the spatial distribution of ḣij ḣij . We will show in a

sequence of snapshots the time evolution of |ḣij(x, t)|2 in space, similarly to what we did with the

Higgs and magnetic fields previously. Note that we will plot |ḣij(x, t)|2 in arbitrary units, since we
only want to hint the spatial features developed in the distribution of GW over the lattice, to show
that these features follow precisely the string-like configurations of the source. however the relative
amplitude between snapshots in Figure 8.6.4, indicate the physical growth of the GW. As expected,
the spatial distribution of GW will follow that of the dominant source term at each time.

In Fig. 8.6.4, a series of six snapshots of |ḣij(x, t)|2 are shown sequentially frommt = 5.5 to mt = 23.
In the first two figures, corresponding to times mt = 5.5 and mt = 11, the distribution of GW follows
the spatial configurations of the Higgs bubbles during the initial tachyonic stage. The correlation
between the Higgs features and the GW distribution was studied in detail in [45] (Section #5.5.2 in
this Thesis), here we simply want to emphasize that initially the spatial configurations of GW are
distributed as lumps over the lattice. However, in the middle figures of Fig. 8.6.4, corresponding to
times mt = 17 and mt = 19, the GW distribution has begun to concentrate within elongated regions
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Figure 8.6.4: Time evolution of the spatial distribution of |ḣij(x, t)|2 (in arbitrary units). We use
the same arbitrary units for all the panels, so the relative amplitude between snapshots indicate
the physical growth of the GW. The images were obtained with N = 256 lattice, with IR cut-off
kIR = 0.1m and parameters g2 = 2λ = 0.25, Vc = 0.024 and e = 6

√
λ. From left to right, top to

bottom, the snapshots correspond to mt = 5.5, 11.0, 17.3, 19.0, 21.0 and 23.0. At early times, before
the Higgs bubbles percolate, the GW energy density is still very small and distributed in lumps
over the lattice, with highest values in the regions where the gradients of the Higgs are maximum.
At times mt ∼ 17 − 19, however, the string-like configurations of the gauge and Higgs fields induce
similar string-like distributions in the GW. The tubes of highest energy in GW can be seen most
clearly at times mt = 17− 19. Later, due to the time evolution of the strings, i.e. their fattening and
”shedding“ away of small-scale structures, the distribution of the GW seems also to follow a similar
pattern. Particularly noticeable here is the figure corresponding to time mt = 21, where inside one
of the concentric tubes one can see another string-like configuration in the core of the tube, very
similar to what we observed in the magnetic energy density. Finally note that the orientation of the
box have been chosen to see as best as possible some of the features developed by the spatial distri-
bution of GW. Thus, there is no specific correlation between the particular magnetic strings shown
in figure (8.6.1) and the ones shown here, since the boxes are being observed from different orientations.
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Figure 8.13: Here we show the magnetic field energy density B2 in units of m4 (top) and the GW

spatial distribution |ḣij |2 in arbitrary units (bottom), for times mt = 29 (left) and mt =
35 (right). Note that there are in fact three components in the magnetic field spatial
distribution, the very core of the strings (barely seen here), as well as lumps of a small-
scale structure which has been shedded away from the initial string-like configuration,
plus a diffuse background (in green in the figures) which we interpret as radiation. The
spatial distribution of GW follows a similar pattern.

which coincide precisely with those positions in space in which the Higgs and gauge fields have formed
string-like configurations. The spatial distribution of GW is clearly concentrated around these strings.
In the last two snapshots of the sequence of Fig. 8.6.4, corresponding to a times mt = 21 and mt = 23,
we see that the string-like configurations of GW also fatten and break into small structures shedded
away in the lattice, in full analogy with the behaviour of the magnetic energy density that we observed
before. At later times, we show in Fig. 8.13 how both the magnetic field and the GW are distributed
all over the lattice, in the form of very small-scale structures. This behavior of the spatial distribution
of GW, closely tracking the behavior of the abelian-Higgs strings as they are formed, evolve and later
fragment into small-scale structures, is in perfect agreement with the successive appearance of the
different peaks in the GW spectrum that we observed in Section V.

8.7 Discussion and Perspectives

A robust prediction of inflation is that it must have ended, converting the vacuum energy responsible
for the tremendous expansion into the matter and radiation we observe today. Such a process, known
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as Reheating, is typically very violent and very inhomogeneous, with large density waves moving at
relativistic speeds and colliding among each other, thus converting a large fraction of their gradient
energy into gravitational waves. In some cases, the conversion is so sudden and violent that a significant
fraction of the total energy that goes into radiation ends in a stochastic background of GW, which
could be detected in the future. The energy spectrum of such a GWB is non-thermal and far from scale
invariant, but actually peaked at a frequency which is related to the typical mass scale responsible
for the end of inflation (either the mass of the inflaton or that of the field that triggers the end of
inflation, like in hybrid models), which could be orders of magnitude smaller than the Hubble scale
at the end of inflation. However, if the energy scale of inflation is large (of order the GUT scale)
then this stochastic GWB will be peaked at GHz frequencies, far from the present sensitivity of GW
interferometers. Nowadays, our only chance of detecting the GWB from Reheating is to consider
the low-scale models of inflation - like hybrid models - with the appropriate parameters to convert
a large fraction of the initial vacuum energy into GW. The analysis done so far have considered
only scalar fields whose gradient energies source the anisotropic stresses needed for GW production.
However, vector fields (gauge or not gauge) are expected to be an even better source of GW, due to
their anisotropic curl components, so that pReheating scenarios with gauge fields may have a larger
contribution to the GWB than scalar models. In fact, previous studies of gauge fields at pReheating,
in the context of Electroweak Baryogenesis and in the generation of Primordial Magnetic Fields, have
identified the formation of long-wave semiclassical gauge field configurations like sphalerons and helical
magnetic flux tubes which evolve with time very anisotropically and could contribute significantly to
the production of GW.

In this Chapter, we have developed a formalism to calculate the production of GW by coupled
systems of scalar and gauge fields on the lattice. The numerical method that we have constructed can
be applied to different sources of GW where out-of-equilibrium gauge fields play an important role,
such as thermal phase transitions, cosmological networks of local defects or non-perturbative decays
of scalar condensates into gauge fields. We have studied in detail the dynamics and the production of
GW during pReheating after hybrid inflation, in the context of abelian-Higgs models that go through
dynamical symmetry breaking triggered by the expectation value of the inflaton field. As the inflaton
is driven slowly (as opposed to a quench) below the critical value, the mass squared of the abelian
Higgs field becomes negative and drives the spinodal growth of long-wave modes of the Higgs. Since
the Higgs is charged, its rapid growth induces a corresponding growth of gauge field configurations. At
the end of inflation there are no temperature fluctuations that can induce over-the-barrier transitions.
However, long-wave quantum fluctuations become semi-classical and act as a stochastic force that
allow transitions over the false vacuum and thus induce (locally) the generation of a topological
winding number of the Higgs field. After symmetry breaking, there is not enough energy to unwind
the Higgs phase, leaving behind a Nielsen-Olesen string. Such cosmic string configurations can be
seen explicitly in our spatial distributions of both Higgs and gauge fields. They play a crucial role in
the production of GW at pReheating and we observe that the spatial distribution of GW is indeed
concentrated around the strings. Those strings will eventually decay (we see that they become wider
and disperse away their energy density in the form of small-scale structures of the fields, although the
winding phase around the core of the string remains, since it is topologically stable), which eventually
shuts-off the GW production.

The complicated dynamics occurring at pReheating in this abelian Higgs-inflaton model has been
studied using both power spectra analysis, as well as the fields’ distributions in configuration space,
together with histograms of the fields’ values, as a function of time, in order to correlate the different
features observed and their evolution. The picture that arises is the following. At the end of inflation
the tachyonic growth of the Higgs Gaussian random field creates an inhomogeneous distribution of
fields characterized by “bubbles” of Higgs energy density that expand and collide. The gauge field
concentrates at the valleys between bubbles, where the Higgs has low values, forming long flux tubes of
magnetic energy density. The dynamics of the bubbles when they expand and collide leads to regions
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in space where the Higgs field reaches the false vacuum and there are over-the-barrier transitions, with
topological windings associated with them. These Nielsen-Olesen vortices are connected with each
other in a cosmic string which runs along the core of the magnetic flux tubes. There are strings that
encompass the whole simulation box and even beyond, thanks to periodic boundary conditions. We
observe this process both in configuration space and with the histograms of Higgs VEVs.

We have followed the dynamics of the strings during and after the symmetry breaking, although
still on time scales shorter than the Hubble time and on length scales smaller than the Hubble radius.
Once the strings are formed, they evolve by increasing their size and shedding away layers of magnetic
energy density. At the cores of the strings there always remain a thin magnetic flux line but the energy
seems to pour away from the strings in the form of waves concentric with the string. Nevertheless, we
observe (in a transverse plane to the string) that at the core of the string there remains a conserved
winding number of the Higgs. We have followed this winding number up to long times and we confirm
that it is still there, in spite of the fact that the magnetic flux tube is so dilute that we cannot see
it coherently: it seems to have “evaporated”. What remains is a diffuse background of small-scale
structures of the Higgs and gauge fields permeating the whole box, together with the remnants of the
strings.

The formation, evolution and fragmentation of the strings are accompanied by a significant pro-
duction of gravitational waves which inherit specific features from the string dynamics. In position
space, we observe how the distribution of GW follows very closely the evolution of the strings, being
first concentrated around the straight segments of strings, then fattening as the strings become wider
and finally being dispersed over the lattice as the strings emit small-scale structures of the fields. In
Fourier space, this dynamics is encoded into the successive appearance of very distinct peaks in the
GW spectra. The position of each peak is directly related to the physical scales in the problem: the
Higgs mass, which governs the width and interactions of Higgs field’s strings, the gauge field mass,
which governs the width and interactions of gauge field’s strings, and the typical momentum amplified
by tachyonic pReheating, which determines the characteristic size of the bubbles when they collide
and the correlation length of the straight segments of strings. The former two determine the peaks
in the high momentum (UV) range of the spectrum, while the latter corresponds to the long-wave
(IR) peak. The IR peak appears first, when the bubbles collide and the strings are formed, while
the UV peaks are formed later on, when the strings evolve and decay into small-scale structures of
the Higgs and gauge fields. When the different scales are close to each other, the different peaks are
superimposed and the amplitude in GW increases. When the gauge coupling constant is significantly
smaller than the Higgs’ self-coupling, the results reduce to the GW spectra produced without gauge
field, characterized by a single peak.

We have calculated the GW spectra produced in this abelian Higgs model of pReheating after hybrid
inflation with state-of-the-art simulations, although still limited in spatial resolution and box sizes. In
order to probe reliably the different scales in the problem in each simulation, we developed a lattice
calculation of GW production with gauge fields that is accurate up to second order in the lattice
spacing. Our numerical results for the GW spectra today are well described by Eqs. (8.5.50-8.5.52).
The present-day frequency and amplitude of these GW are very sensitive to the model parameters and
the frequency of the different peaks may differ by many orders of magnitude, as illustrated in Fig. 8.14.
As in the same model with only scalar fields, very small coupling constants are still necessary for these
GW to fall into a frequency range that is accessible by interferometric experiments. Whether this is
natural or not depends on the underlying theory for inflation and particle-physics models of hybrid
inflation with such small coupling constants have indeed been already proposed in the literature,
see [51] and references therein. We also observed that the frequency of the IR peak in the GW
spectrum can be smaller than the peak frequency produced in the same model with only scalar fields,
so the gauge field may enlarge the regions of the parameter space that may lead to an observable
signal. More generally, there are many other models of inflation and pReheating where gauge fields
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Figure 8.14: The predicted stochastic background of GW from pReheating in the abelian-Higgs model
for two different sets of parameters, λ ∼ 10−3, g ∼ 10−8, e ∼ 0.1, v ∼ 1011 GeV (red
curve) and g ∼

√
λ ∼ 10−6, e ∼ 10−4, v ∼ 1013 GeV, and negligible initial velocity

(blue curve), together with the expected sensitivity from future GW Observatories like
Advanced LIGO/VIRGO, LISA, ET, BBO and DECIGO. Note that in order to reach
GW Observatories sensitivity we had to extrapolate the position of the IR peaks using
the expressions in Eq. (8.5.51), and make an educated guess for the slope of the spectra
between the peaks (dashed lines), which span many decades and therefore cannot be
captured by a single lattice simulation. Also plotted are the expected GWB from a
global phase transition with V EV = 1016 GeV (see Chapter #6) and that from an
inflationary model with tensor to scalar ratio r = 0.1.

may play an important role and which may lead to GW that could be observed in the future.

After pReheating the system enters into a turbulent regime where, at least in the abelian Higgs
model that we considered, gravitational waves are no longer produced and the GW energy density
saturates. We expect this result to be rather generic in abelian scalar gauge theories, because in that
case the gauge fields that are produced at pReheating acquire a mass, either directly through the
Higgs mechanism or due to their interactions with scalar fields’ fluctuations. It would be interesting
to study models with other gauge groups, like SU(2) × U(1), where gauge fields remain effectively
massless after symmetry breaking. This may happen for instance during pReheating after hybrid
inflation close to the ElectroWeak scale (possibly a secondary stage of inflation, not necessarily related
to the CMB anisotropies, only responsible for Reheating the Universe), where the photon spectra
may exhibit inverse cascade during the turbulent evolution towards thermal equilibrium [73]. This
could significantly lower the typical frequency of the resulting GW today and relax the conditions
on the parameters for these GW to be observable. The details of the GW spectra produced from
pReheating should also be rather sensitive to the particular gauge group under consideration because
this determines the nature of the defects that can be formed (defects that do not have to be stable
since these GW are produced when they are being formed).
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9 REHEATING THE UNIVERSE FROM THE
STANDARD MODEL HIGGS

We study the details of Reheating in an inflationary scenario in which the Standard Model Higgs,
strongly non-minimally coupled to gravity, plays the role of the inflaton. We find that the Universe does
not reheat immediately through perturbative decays, but rather initiate a complex process in which
perturbative and non-perturbative effects are mixed. The Higgs condensate starts oscillating around
the minimum of its potential, producing W and Z gauge bosons non-perturbatively, due to violation
of the so called adiabaticity condition. However, during each semi-oscillation, the created gauge
bosons partially decay (perturbatively) into fermions. The decay of the gauge bosons prevents the
development of parametric resonance, since bosons cannot accumulate significantly at the beginning.
However, the energy transferred to the decay products of the bosons is not enough to reheat the
Universe, so after about a hundred oscillations, the resonance effects will eventually dominate over
the perturbative decays. Around the same time (or slightly earlier), backreaction from the gauge
bosons into the Higgs condensate will also start to be significant. Soon afterwards, the Universe is
filled with the remnant condensate of the Higgs and a non-thermal distribution of fermions and bosons
(those of the SM), which redshift as radiation and matter, respectively. We compute the distribution
of the energy budget among all the species present at the time of backreaction. From there on until
thermalization, the evolution of the system is highly non-linear and non-perturbative, and will require
a careful study via numerical simulations. This Chapter is based on reference [185].

9.1 Introduction

Inflation is nowadays a well established paradigm, consistent with all the observations, that solves most
of the puzzles of the Hot Big Bang Model in a very simple and elegant way. It is able to explain not
only the homogeneity and isotropy of the present Universe on large scales, but also the generation of
almost scale invariant primordial perturbations that give rise to the structure formation [182, 246, 224].
However, the origin of inflation is directly related to the origin of the inflaton. Most of the inflationary
models proposed so far require the introduction of new matter/fields’ dof to drive inflation. The nature
of the inflaton is completely unknown, and its role could be played by any candidate able to imitate
an effective scalar field, from a real “fundamental” scalar field, to a fermionic condensate or even
higher order terms of the curvature invariants. The number of particle physics motivated candidates
is as big as the number of extensions of the Standard Model (Grand Unified Theories, supersymmetry,
extra dimensions, etc.), where it is not very difficult to find a field that could play the role of the
inflaton [244].

In addition, given a model we must find a graceful exit to inflation and a mechanism to reheat the
Universe, i.e. to bring it from a cold and empty post-inflationary state to the highly entropic and
thermal Friedmann Universe. As discussed in Chapter #4, unfortunately the theory of Reheating is
also far from being complete, since not only the details, but even the overall picture, depend crucially
on the different microphysical models. It seems difficult to study the details of Reheating in each
concrete model without the experimental knowledge of the strength of the interactions among the
inflaton and the matter fields. Because of this, most of the work until now has focused on models
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encoding the different mechanisms that could play a role in the process, with the strength of the
couplings set essentially by hand. The relative importance of each one of these mechanisms can only
be clarified in light of an underlying particle physics model, able to provide us with the couplings
among the inflaton and matter fields. From this point of view it is very difficult to single out a given
model of inflation, and even more difficult to understand the details of the Reheating process via the
experimental access to the couplings.

We may be very far away from understanding the microphysical mechanisms responsible for inflation,
but maybe the natural candidate for being the inflaton was already there long ago. If we do not want
to introduce new dynamical degrees of freedom in the theory, apart from those present in the Standard
Model (SM) of particle physics, and at the same time we require Lorentz and gauge invariance, we
are left with just one possibility: the Higgs field. Early models of inflation in terms of a Higgs-like
scalar field χ with a quartic self-interaction potential λ4χ

4 need an extremely small coupling constant
λ ∼ 10−13 [182], and are also nowadays excluded at around 3σ by the present observational data
[209]. However, inflation with a quartic potential for a Higgs-like field might be rescued from these
difficulties replacing the usual Einstein-Hilbert action by a non-minimal (NM) coupling of such Higgs
to the Ricci scalar R [88],

SNM =

∫

d4x
√−g ξH†HR , (9.1.1)

where ξ quantifies the strength of the coupling, and g is the metric determinant. Adding such a term
into a theory with a scalar field is indeed a very natural step, given the relevance of the non-minimal
coupling to gravity for re-normalizing a scalar theory [178] in curved space-time. Moreover, the
action (9.1.1) is, at least at the classical level, just a different representation of the Starobinsky’s model
of inflation [179], where inflation is entirely a property of the gravitational sector. Both representations
of the same theory are simply related by a Legendre transformation. This fact, together with the
possibility of having an inflationary expansion of the Universe, makes the model extremely appealing.
Notice however that the term (9.1.1) is not the most general one that can be written in a nontrivial
background. As was shown in [88], the simultaneous existence of a reduced bare Planck mass mP and
a non-minimal coupling of a Symmetry Breaking field to the scalar curvature

SHG ≡
∫

d4x
√−g

{

m2
P

2
R+ ξH†HR

}

, (9.1.2)

are both required to give rise to an inflationary expansion of the Universe together with a potentially
successful Reheating. However, Ref. [88] had always in mind a field H which would belong to a sector
beyond the SM.

In this Chapter we present an initial the study of the Reheating process in the model presented in
Ref. [186], in which considering a gravitational sector given by (9.1.2), the field H is the Standard
Model Higgs, strongly non-minimally coupled to gravity and playing the role of the inflaton. The
novelty and great advantage of this model is simply that it is based on ordinary gravity, on the SM,
and the only additional ingredient is the non-minimal coupling of the SM Higgs to gravity. The SM
Higgs sector will hopefully be accessible very soon in the LHC. If the Higgs is finally detected, the
measurement of its mass will complete the list of the couplings of the Standard Model and, from the
point of view of Reheating, one should then be able to study all the details of the Reheating mechanism
within this scenario. This makes the model under consideration extremely interesting and, moreover,
potentially predictive.

Note that Reheating in the context of scalar-tensor theories has been studied previously [88, 183,
184], but never with the Higgs boson playing the role of the inflaton, and thus never with an explicit
knowledge of the couplings of the inflaton to matter. Here, studying the details of Reheating in the
Higgs-Inflaton scenario proposed in [186], we have put special attention to the relative impact of
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all the different mechanisms that can take place, both perturbative and non-perturbative. As first
discussed in [186], if we require this model to be responsible for inflation, the parameters ξ and the
Higgs self-coupling λ must be related as ξ ≃ 105

√
λ. The reason is that while the amplitude of the

CMB anisotropies fixes the self-coupling of a quartic potential to be λ ∼ O(10−13) [182], the addition
of the non-minimal coupling changes that condition to λ/ξ2 ∼ 10−10 [186]. Since we are thinking of
the SM Higgs, λ ∼ O(0.1) is expected and we are then forced to require ξ ∼ O(104). For more details
see [186], or the more recent discussions [188, 189, 190, 191]. For a critical viewpoint see [192, 193].
Here we just want to stress that a large non-minimal coupling is a fundamental ingredient if the SM
Higgs is to be responsible for inflation. Thus, assuming that (9.1.2) correctly describes the early
Universe at the required energy scale for inflation (see next), we will only focus in this Chapter on
the details of Reheating [187],[185], just after the inflationary period.

The Chapter is organized as follows. In Section #9.2 we present the model with the Higgs field
non-minimally coupled to the scalar curvature, transform it into a new frame where the action takes
the usual Einstein-Hilbert form, and derive an approximate inflationary potential. In Section #9.3
we study the effect of the conformal transformation in the matter sector, including the interaction
among the Higgs, gauge bosons and fermions. Section #9.4 is devoted to the analysis of the different
Reheating mechanisms – both perturbative and non-perturbative – that can take place, leaving for
Section #9.5 the analysis of the combined effect of parametric resonance and perturbative decays.
We then study the backreaction of the produced particles on the Higgs oscillations and the end of
pReheating in Section #9.6. Finally the conclusions are presented in Section #9.7.

9.2 The Standard Model Higgs as the inflaton

The Glashow-Weinberg-Salam [181] action is divided into four parts: a fermion sector (F ) which
includes the kinetic terms for the fermions and their interaction with the gauge bosons, a gauge sector
(G), including the kinetic terms for the intermediate bosons as well as the gauge fixing and Faddeev-
Popov terms, a Spontaneous Symmetry Breaking sector (SSB), with a Higgs potential and the kinetic
term for the Higgs field including its interaction with the gauge fields, and finally, a Yukawa sector
(Y ), with the interaction among the Higgs and the fermions of the Standard Model,

SSM = SF + SG + SSSB + SY . (9.2.3)

The simplest versions of this Lagrangian in curved spacetime follow the principles of general covariance
and locality for both matter and gravitational sectors. To preserve the fundamental features of the
original theory in flat space-time, one must also require the gauge invariance and other symmetries in
flat space-time to hold for the curved space-time theory. The number of possible terms in the action
is unbounded even in this case and some additional restrictions are needed. A natural requirement
could be renormalizability and simplicity. Following this three principles (locality, covariance and
restricted dimension), and the previously motivated requirement of not introducing new dynamical
degrees of freedom, the form of the action is fixed, except for the values of some new parameters to
be determined by the physics. This procedure leads to the non-minimal Lagrangian for the Standard
Model in the presence of gravity, given by

SSMG = SSM + SHG , (9.2.4)

where SSM is the Standard Model part (9.2.3) defined above, and SHG is the new Higgs-gravity sector,
given by Eq. (9.1.2). Here mP = (8πG)−1/2 is the reduced Planck mass, R the Ricci scalar, H the
Higgs field, and ξ is the announced non-minimal coupling constant. As showed in Ref. [180], the
parameters ξ and the self-coupling λ of the Higgs potential are related by ξ ≃ 44700

√
λ [190]. In the
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unitary gauge, H = h/
√

2, and neglecting all gauge interactions for the time being, the Lagrangian
for the Higgs-gravity sector in the so-called Jordan (J) frame takes the form

SHG + SSSB ⊃
∫

d4x
√−g

[

f(h)R− 1

2
gµν∂µ h∂νh− U(h)

]

, (9.2.5)

where f(h) = (m2
P + ξh2)/2, and

U(h) =
λ

4

(

h2 − v2
)2
, (9.2.6)

is the usual Higgs potential of the Standard Model, with VEV v = 246 GeV.

In order to get rid of the non-minimal coupling to gravity, we proceed as usual, performing a
conformal transformation

gµν → g̃µν = Ω2gµν , (9.2.7)

such that we obtain the Lagrangian in the so-called Einstein (E) frame

SEHG+SESBS ⊃
∫

d4x
√

−g̃
{

f(h)

Ω2

[

R̃+ 3g̃µν∇̃µ∇̃ν ln Ω2 − 3

2
g̃µν∇̃µ ln Ω2∇̃ν ln Ω2

]

− ∂̃µh∂̃
µh

2Ω2
− 1

Ω4
U(h)

}

.

(9.2.8)

The usual Einstein-Hilbert term can then be obtained imposing f(h)/Ω2 ≡ m2
P /2, which implies the

following relation between the conformal transformation and the Higgs field

Ω2(h) = 1 +
ξh2

m2
P

. (9.2.9)

This allows us to write the Lagrangian (9.2.8) completely in terms of h

SEHG + SESSB ⊃
∫

d4x
√

−g̃
{

m2
P

2
R̃− 1

2

[Ω2 + 6ξ2h2/m2
P

Ω4

]

g̃µν∂µh ∂νh− 1

Ω4
U(h)

}

, (9.2.10)

where we have neglected a total derivative that does not contribute to the equations of motion. As
we will be working in the Einstein frame from now on, we will skip over the tilde in all the variables
to simplify the notation.

Notice that the conformal transformation (9.2.7) leads to a non-minimal kinetic term for the Higgs
field, which can be reduced to a canonical one by making the transformation

dχ

dh
=

√

Ω2 + 6ξ2h2/m2
P

Ω4
=

√

1 + ξ(1 + 6ξ)h2/m2
P

(1 + ξh2/m2
P )2

, (9.2.11)

where χ is a new scalar field. Doing this, the total action in the Einstein frame, without taking into
account the gauge interactions, is simply

SEHG + SESSB ⊃
∫

d4x
√−g

[

m2
P

2
R− 1

2
gµν∂µχ∂νχ− V (χ)

]

, (9.2.12)

with

V (χ) ≡ 1

Ω4(χ)
U(h(χ)) , (9.2.13)
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9.2 The Standard Model Higgs as the inflaton

the potential in terms of the new field χ. To find the explicit form of the potential in this new variable
χ, we must find the expression of h in terms of χ. This can be done by integrating Eq. (9.2.11), whose
general solution is given by

√
ξ

mP
χ(h) =

√

1 + 6ξ sinh−1
(

√

1 + 6ξu
)

−
√

6ξ sinh−1

(

√

6ξ
u√

1 + u2

)

, (9.2.14)

where u ≡ √
ξh/mP . Since ξ ≫ 1, we can take 1 + 6ξ ≈ 6ξ and, using the identity sinh−1 x =

ln(x+
√
x2 + 1) for −∞ < x <∞, we can approximate Eq. (9.2.14) by

√
ξ

mP
χ(h) ≈

√

6ξ ln(1 + u2)1/2 , (9.2.15)

or, equivalently,

Ω2 = eακχ , (9.2.16)

where α =
√

2/3 and κ = m−1
P . The χ field is therefore directly related in this approximation (just

in the limit ξ ≫ 1 and far from u = 0) to the conformal transformation Ω in a very simple way and
the inflationary potential (9.2.13) is just given by

V (χ) = Ω−4U(h) =
λm4

P

4ξ2

[

eακχ −
(

1 + ξ
v2

m2
P

)]2

e−2ακχ . (9.2.17)

Since v ≪ mP , then 1+ ξ v2

m2
P
≈ 1 and we can safely ignore the VEV for the evolution during inflation

and pReheating, and simply consider the potential

V (χ) =
λm4

P

4ξ2

(

1 − e−ακχ
)2

. (9.2.18)

For χ≫ mP /α the potential becomes flat and we obtain inflation. The inflationary energy density is
then

Vinf ≈
λm4

P

4ξ2
∼M4

GUT, (9.2.19)

whereMGUT = 1016 GeV is the GUT scale. Thus, we already know the initial conditions for Reheating
in this model. The Universe is filled with a homogeneous condensate of the Higgs field, whose energy
density is around the GUT scale. During Reheating, the Higgs condensate will oscillate around the
bottom of its potential. Therefore, in order to study the production of particles in the presence of a
dynamic Higgs condensate, we first have to derive the couplings between the Higgs and the rest of the
SM particles, in the Einstein frame.

Notice that the previous potential only parametrizes partially the original potential (9.2.6), since
it neglects the region χ < 0, as can be seen in Fig.9.1, where we compare the exact solution (red
continuous line) obtained parametrically from Eq. (9.2.14), with the analytic formula (9.2.18) (blue
dashed line). Both solutions agree very well in the region of positive χ but differ substantially for
χ < 0. The conformal transformation is even ill-defined in the negative field region. From Eq. (9.2.9)
and Eq. (9.2.16) we have

ξh2

m2
P

= Ω2 − 1 = eακχ − 1 = (1 − e−ακχ)eακχ , (9.2.20)
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Figure 9.1: Comparison of the exact solution (red continuous line) obtained parametrically from
Eq.(9.2.14), the analytic formula (9.2.18) for the potential (blue dashed line), and their
parametrization (9.2.21) (green dotted line).

which is inconsistent, since the left-hand side of this equation is positive definite, while the right hand
is negative definite for χ < 0. Taking this into account, in order to study the different mechanisms of
the post-inflationary regime, we will then use the parametrization

V (χ) =
λm4

P

4ξ2

(

1 − e−ακ|χ|
)2

. (9.2.21)

which correctly describes the potential obtained from Eq. (9.2.14), for the whole field range of interest.
In Fig. 9.1, this parametrization (green dotted line) is again compared to the exact solution (red
continuous line) obtained from Eq. (9.2.14). Around then minimum, the potential (9.2.21) can be
approximated as

V (χ) =
1

2
M2χ2 + ∆V (χ) , M =

√

λ

3

(

mP

ξ

)

∼ O(1013) GeV (9.2.22)

where M is the typical frequency of oscillation and ∆V are some corrections to the quadratic ap-
proximation, which soon become negligible after inflation ends, see Section #9.4. Thus, at the end
of Inflation, the Higgs condensate is formed by Higgs quanta of momentum k = 0 (corresponding
to a homogeneous field) and mass M . This might seem surprising to those familiar with the SM
ElectroWeak (EW) Spontaneous Symmetry Breaking (SSB) process, since there the mass of the Higgs
excitations around the true vacuum, is known to be

√
λv/

√
2 ≪M . However, let us remind the that

the EW SSB process, as indicated by its name, takes place at the EW scale MEW ∼ O(102) GeV,

whereas here the energy scale is V
1/4
inf ∼MGUT ∼ O(1016) GeV. We are considering a very large field

approximation of the SM Higgs SSB potential, |χ| ≫ v, as induced through the non-minimal coupling
to gravity and the requirement of inflation. At the inflationary scale, the system does not see the
static Higgs V EV v.

Note, that approximations (9.2.15),(9.2.16) and therefore parametrization (9.2.21), do not describe
correctly the potential for very small values of the field v ≪ |χ| ≪ mP /ξ. As can be read from
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9.3 The Standard Model in the Einstein frame

Eq. (9.2.11), for |χ| ≪ χt ≡ mP /ξ, we have dχ
dh ≈ 1 and therefore, there is a transition in the potential

from V (χ) = 1
2M

2χ2 to V (χ) ≈ λ
4χ

4. However, as will be shown in Section 9.4.3, the transition
region, |χ| < χt, is several orders of magnitude smaller than the non-adiabaticity region, |χ| < χa, see
Eq. (9.4.63), inside which the concept of particle is not properly defined. Therefore, from now on we
will neglect the change in the behaviour of the potential (from 1

2M
2χ2 to λ

4χ
4) in this “small” field

region, since χt ≪ χa. See Section #9.4 for more details.

The analysis of the inflationary potential (9.2.21) can be performed either in the Jordan [194, 195]
or in the Einstein frame [180] with the same result. The slow roll parameters can be expressed
analytically, in the limit of h2 ≫ m2

P /ξ ≫ v2, as a function of χ,

ǫ =
m2
P

2

(

V ′(χ)

V (χ)

)2

=
2α2

(eακχ − 1)2
, η = m2

P

V ′′(χ)

V (χ)
=

2α2(2 − eακχ)

(eακχ − 1)2
. (9.2.23)

The slow roll regime of inflation will end when ǫ ≃ 1, which correspond to the field value

χend =
1

ακ
ln

(

1 +
2√
3

)

. (9.2.24)

Note that the slow roll parameter η is then negative, ηend = 1 − 2√
3
< 0, so there is a small region

of negative (mass squared) curvature in the potential just after the end of inflation. The effective
curvature of the potential will be negative until χ∗ = 1

ακ ln 2, which corresponds to the inflection
point, given by η∗ = 0.

During the slow-roll regime HSR = κ√
3
V 1/2, which evaluated at N = 60 e-folds is approximately

given byH60 ≃ M
2 , with M defined in (9.2.22). At the end of inflationHend = κ√

2
V 1/2 or, equivalently,

Hend ≃ 2
3H60 = M

3 .

9.3 The Standard Model in the Einstein frame

In this Section we will perform a conformal transformation to all the different sectors of the ac-
tion (9.2.3). Consider for instance the Spontaneous Symmetry Breaking sector, responsible of the
masses of the intermediate gauge bosons W and Z

SSSB ⊃ −
∫

d4x
√−g

{

m2
WW

+
µ W

µ− +
1

2
m2
ZZµZ

µ
}

. (9.3.25)

In the Standard Model, the masses of the SU(2) bosons are due to a Spontaneous Symmetry Breaking
mechanism, realized by the constant VEV of the Higgs field, and therefore are constant. In our case
the Higgs field evolves with time giving rise to variable effective masses for the gauge bosons

mW =
g2h

2
, mZ =

mW

cos θW
, (9.3.26)

with θW the Weinberg angle defined as θW = tan−1(g1/g2) and g1 and g2 are the coupling constants
corresponding to U(1)Y and SU(2)L at the scale M , where the relevant physical processes during
pReheating will take place. As mentioned before, numerically this correspond to a value g2

1 ≈ g2
2 ≈

0.30, which implies sin2 θW = cos2 θW ≈ 1/
√

2. From now on we will use these values for numerical
estimations. The action (9.3.25) preserves its form under the conformal transformation

SESSB ⊃ −
∫

d4x
√

−g̃
{

m̃2
W W̃

+
µ W̃

µ− +
1

2
m̃2
ZZ̃µZ̃

µ
}

, (9.3.27)
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provided that we redefine the fields and masses with the corresponding conformal weights as

W̃±
µ ≡

W±
µ

Ω
, Z̃µ ≡ Zµ

Ω
, cos2 θW m̃

2
Z = m̃2

W =
m2
W

Ω2
=
g2
2m

2
P (1 − e−ακ|χ|)

4ξ
. (9.3.28)

The same can be applied to the interactions between fermions and gauge bosons. Let us consider, for
instance,

SF = SNC + SCC ⊃
∫

d4x
√−g

{

g2√
2
W+
µ J

−
µ +

g2√
2
W−
µ J

+
µ +

g2
cos θW

ZµJ
µ
Z

}

, (9.3.29)

where J−
µ ≡ d̄Lγ

µuL, J
+
µ ≡ ūLγ

µdL , are the charged currents carrying the information about the
couplings of the W± to the Standard Model fermions, and

JµZ ≡ 1

2
ūLγ

µuL − 1

2
d̄Lγ

µdL − 2 sin2 θW
3

ūLγ
µuL +

sin2 θW
3

d̄Lγ
µdL . (9.3.30)

is the neutral current with the information of the couplings of the Z boson. In the Einstein frame the
action (9.3.29) preserves its form

SEF = SENC + SECC ⊃
∫

d4x
√

−g̃
{

g2√
2
W̃+
µ J̃

−
µ +

g2√
2
W̃−
µ J̃

+
µ +

g2
cos θW

Z̃µJ̃
µ
Z

}

, (9.3.31)

as long as we redefine the currents as

J̃µZ ≡ JµZ
Ω3

, J̃±
µ ≡

J±
µ

Ω3
, (9.3.32)

which is equivalent to redefine the Dirac fields

d̃ ≡ d

Ω3/2
, ũ ≡ u

Ω3/2
. (9.3.33)

where d and u stand for down- and up-type quarks respectively. Finally, concerning the Yukawa
sector, we have, for a given family of the quark sector,

SY ⊃ −
∫

d4x
√−g

{

mdd̄d+muūu
}

, (9.3.34)

The effective masses in the Jordan frame, mf =
yfh√

2
, become

m̃f ≡ yfmP√
2ξ

(

1 − e−ακ|χ|
)1/2

, (9.3.35)

in the Einstein frame.

On the other hand, the total decay widths, summing over all the allowed decay channels in the
Standard Model of the W± and Z bosons into any pair of fermions and over all the polarizations of
the gauge bosons, are given respectively by [196]

ΓW+ = ΓW− =
3g2

2mW

16π
, ΓZ =

g2
2mZ

8π cos2 θW
Lips . (9.3.36)

where Lips denotes the Lorentz invariant phase-space factors

Lips ≡ 7

4
− 11

3
sin2 θW +

49

9
sin4 θW . (9.3.37)
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The decay rates will preserve their functional form in the Einstein frame, being only changed through
the conformal transformation of the masses, i.e.

ΓEW± =
3g2

2m̃W

16π
=

3g3
2mP

32πξ1/2

(

1 − e−ακ|χ|
)1/2

=
3 cos3 θW

2Lips
ΓEZ (9.3.38)

where m̃W± , m̃Z ∝
(

1 − e−ακ|χ|
)

1
2 , are the dynamical masses in the Einstein frame, see Eq. (9.3.28).

9.4 Reheating in the Standard Model of particle physics

In this Section we will analyze the different mechanisms that could give rise to efficient Reheating of
the Universe, both perturbative and non-perturbative. The natural mechanism, given the strength
of the interactions of the Higgs boson with the Standard Model particles, would be a perturbative
Reheating process right after the end of slow-roll. However, as we will see, perturbative Reheating
is not efficient enough, and non-perturbative effects must be taken into account. Given the shape of
the potential (9.2.21), very different (p)Reheating mechanisms could in principle take place, from a
tachyonic production in the region between the end of inflation and the inflection point [57, 58, 62],
an instant pReheating mechanism [197] and a parametric resonance effect around the minimum of the
potential [37, 38, 39]. Therefore, it will crucial to disentangle the contribution of each mechanism and
quantify their relative importance.

In order to study the different Reheating mechanisms it will be useful to have an approximate
expression for the evolution of the inflaton. As mentioned before, we can expand potential (9.2.21)
for the range of interest, as

V (χ) =
1

2
M2χ2 + ∆V (χ) , (9.4.39)

with M2 = λM2
P /3ξ

2 the typical frequency of oscillation. The first terms of the corrections ∆V to
the quadratic potential are given explicitly by

∆V (χ) = −β
3
|χ|3 +

ζ

4
χ4 + O(|χ|5) , (9.4.40)

with β = λmP /
√

6ξ2 and ζ = 7λ/27ξ2. The Klein-Gordon equation for the inflaton,

χ̈+ 3Hχ̇+ V ′(χ) = 0 , (9.4.41)

can then be written, for a power-law evolution a ∝ tp, as

t2χ̈+ 3ptχ̇+ t2M2[1 + δM2(χ)]χ = 0 , (9.4.42)

where we have neglected the Higgs’ interactions with other fields, because they are proportional to the
number density of particles of a given species and therefore they will be negligible (see Section #9.6)
during the first oscillations of the Higgs field. The backreaction of other particles into the dynamics
of Higgs will only be relevant once their occupations numbers have grown sufficiently. The non-linear
terms of the Higgs’ self-interaction, described by

δM2 ≈ −β|χ| + ζχ2 + O(χ3) , (9.4.43)

will be also negligible from the very beginning of Reheating, |δM2(χ)| ≪ 1, as we will justify a
posteriori. Thus, neglecting such a term in the effective equation of χ, the general solution can be
expressed as

χ(t) =
1

(Mt)ν
[AJ+ν(Mt) +B J−ν(Mt) ] , (9.4.44)
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with A and B constants depending on the initial conditions (end of inflation), and J±ν(x) Bessel
functions of order ±ν, with ν = (3p − 1)/2. For a reasonable power index, p > 1/3 – for matter
p = 2/3, while for radiation p = 1/2 – the second term in the right-hand side of Eq. (9.4.44) diverges
in the limit Mt→ 0 and therefore should be discarded on physical grounds. The physical solution is
then simply given by

χ(t) = A (Mt)−
(3p−1)

2 J (3p−1)
2

(Mt) , (9.4.45)

which making use of the large argument expansion (Mt≫ 1) of fractional Bessel functions [259], can
be approximated by a cosine function

χ(t) ≈ χe (Mt)−
3p
2 cos (Mt− (3p/2)(π/2)) . (9.4.46)

with χe an amplitude to be determined yet. From the (covariant) energy conservation equation,
ρ̇χ = −3(ȧ/a)ρχ, we can then find χe

χe =

√

8

3
mP (9.4.47)

Note that χend differs from χe in approximately a factor 2.

The energy and pressure densities associated to the general solution (9.4.45) are given, after aver-
aging over several oscillations, by

ρχ ≈
〈

1

2
χ̇2 +

1

2
M2χ2

〉

≈ 1

2
M2X2[

〈

cos2(Mt− 3πp/4)
〉

+
〈

sin2(Mt− 3πp/4)
〉

] =
1

2
M2X2 ,(9.4.48)

pχ ≈
〈

1

2
χ̇2 − 1

2
M2χ2

〉

≈ 1

2
M2X2[

〈

cos2(Mt− 3πp/4)
〉

−
〈

sin2(Mt− 3πp/4)
〉

] = 0 ,(9.4.49)

with X(t) ∝ (Mt)−
3p
2 . Since the averaged pressure is negligible pχ ≈ 0, then a(t) ∝ tp with p ≈ 2/3.

Using this fact, the physical solution is finally expressed as

χ(t) =
χe
Mt

sin(Mt) . (9.4.50)

Rewriting the previous equation in terms of the number of times the inflaton crosses zero, j = (Mt)/π,
or equivalently in terms of the number of oscillations N = j/2, then

χ(t) ≈ χe

2πN
sin(2πN) =

χe

jπ
sin(πj) ≡ X(j) sin(πj) , (9.4.51)

Therefore, the Higgs condensate oscillates with a decreasing amplitude X(j) ∝ 1/j. We can obtain
an upper bound, ακ|χ| ≪ 0.122/N , on the amplitude of the Higgs field after N oscillations, which in
terms of the correction of δM2 to 1, see Eq. (9.4.42), implies |δM2| ≪ 0.122, 0.0615 or 0.0244, after the
first N = 1, 2 and 5 oscillations, respectively. Thus, from the very beginning, the effective potential
of the Higgs field tends very rapidly to that of a harmonic oscillator, which justifies a posteriori the
approximation |δM2| ≪ 1 used in the derivation of Eqs. (9.4.44) and (9.4.51).

Note that if we neglect the presence of other fields and consider the Higgs-condensate as a free
field only damped by the expansion rate, then we can easily estimate the number of semi-oscillations
before the amplitude of the field becomes smaller than the transition value χt ∼ mP /ξ, defined in
Section #9.2. For |χ| < χt, the Higgs potential will not be anymore approximated by Eq. (9.4.39),
but rather by a quartic form (λ/4)χ4. This will happen when X(jt)/χt ∼ ξκχe

πjt
< 1, which implies

j ≥ jt ≡
ξ log(1 + 2/

√
3)

απ
∼ O(104). (9.4.52)
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Therefore, if before such a moment, the Higgs field has not yet transferred efficiently its energy into
other fields, then after jt semi-oscillations, the transition in the behaviour of the potential will also
imply a change in the expansion rate, from a matter-like, characteristic of quadratic potentials, to
radiation-like, characteristic of quartic potentials.

9.4.1 Perturbative Decay of the Higgs Field

A natural Reheating mechanism, given the strength of the interactions of the Higgs boson with the
Standard Model particles, would be a perturbative decay process of the inflaton quanta into the
Standard Model particles right after the end of slow-roll. As we saw, soon after the end of inflation
the effective potential for the Higgs field can be approximated by a simple quadratic potential (9.2.22).
In this approximation, the masses of fermions and gauge bosons, see Eqs. (9.3.28) and (9.3.35), are
simply given by

mf ≃ yf

(

α|χ|
2ξmP

)1/2

mP , mW ≃ g2

(

α|χ|
4ξmP

)1/2

mP , mZ ≃ g2
cos θW

(

α|χ|
4ξmP

)1/2

mP .

(9.4.53)

In order to have a perturbative decay two conditions must be fulfilled :

1) There should be enough phase-space in the final states for the Higgs field to decay, i.e. M >
2mf , 2mA, which will only happen when the amplitude of the Higgs field becomes smaller than a
certain critical value χc. In particular, for a decay into gauge bosons and/or fermions, in the light of
Eq. (9.4.53), one needs

χ & χc ≡
1

g2

√

λ

2
M , (9.4.54)

where g = g2, g2/ cos θw for the W and Z bosons, respectively, and g = yf for the fermions. When
compared to the initial amplitude (9.2.24) of the Higgs field at the end of inflation, χc ≃ χe/(3g

2ξ), we
see that this critical value is much smaller than χe for the gauge bosons and the top quark; of the same
order for the bottom and charm quarks, and even greater for the rest of the quarks and the SM leptons.

2) The Higgs decay rate Γ ∼ g2

8πM has to be greater than the rate of expansion H2 =
ρχ

3m2
P

≈
1
6

(

M
mP

)2 (
χe

πj

)2

, where we have used Eq. (9.4.48). Such a condition, Γ > H , can be translated into

the following inequality

j ≥ jc ≡
4(ακχe)

g2
, (9.4.55)

which defines the critical number of semi-oscillations required for this second condition to be true
(again, g = g2, g2/ cos θw and yf , for W , Z bosons and fermions, respectively).

The critical amplitude (9.4.54) below which the Higgs is allowed to decay into gauge bosons is of
order χc ∼ 0.1M . As mentioned before, this amplitude is much smaller than that of the Higgs at the
end of inflation, χend ∼ mP ≈ 106M . Therefore, the Higgs condensate would need to oscillate ∼ 106

times before being able to decay through this channel. The same applies to the top quark. In the case
of other fermions, due to the wide range of the Yukawa couplings, several situations can take place.
For instance, the decay channel into bottom and charm quarks is opened only after a few oscillations
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of the Higgs, while for the rest of quarks and leptons, the decay-channel has sufficient phase space
from the very end of inflation. In general, the smaller the Yukawa coupling of a given fermion species
to the Higgs, the less oscillations the Higgs will go through before there is enough phase-space for it
to decay into such fermion species. Notice however that the smallness of the Yukawa coupling implies
also a smaller decay rate. Consider for instance the decay of the Higgs into electrons, whose Yukawa
coupling is of order ye ≈ 10−6. From the very end of inflation, see Eq. (9.4.54), there is phase-space
in this channel for the Higgs to decay into. However, it is precisely the smallness of the electron’s
Yukawa coupling that allows the decay to be possible, which prevents the condition 2) to be fulfilled.
The decay width is much smaller than the Hubble rate for a huge number of oscillations. Looking at
Eq. (9.4.55), we realize that the Higgs condensate should oscillate j ∼ 1012 times before the decay
rate into electrons overtakes the Hubble rate.

One can check that the previous conclusions also hold for the rest of fermions of the Standard
Model. When there is phase-space for the Higgs to decay into a given species, the decay rate does not
catch up with the expansion rate and, vice versa, if the decay rate of a given species overtakes the
expansion rate, there is no phase-space for the decay to happen1. Therefore, during a large number of
oscillations, the Higgs field is not allowed to decay perturbatively in any of the Standard Model fields.
Moreover, before any of those decay channels is opened, many other interesting (non-perturbative
effects) will take place, as we will describe in detail in the next sections.

9.4.2 Tachyonic PReheating and Particle Production at the Inflection Point

As we pointed out in Section 9.2, the effective square mass m2
χ of the Higgs field χ is negative just

after the end of inflation and will be so till the inflection point. When this happens spinodal instability
takes place [57, 58] and long wavelengths quantum fluctuations χk, with momenta k < |mχ|, grow
exponentially. The width of the tachyonic band will be limited in our case by the point of maximum
particle production, the end of inflation. At this point the effective mass mχ takes a value

m2
χ(χend) =

∂2V (χ)

∂χ2

∣

∣

∣

∣

∣

χend

≈ −M
2

30
, (9.4.56)

which corresponds to a maximum momentum for the tachyonic band kmax = 0.2M . This comes from

vacuum quantum fluctuations, χk(t) ∝ exp(it
√

k2 +m2
χ) = exp(Mt

√

1/30 − (k/M)2), which grow

exponentially.

However, since the inflaton is fast rolling down the potential towards the positive curvature region,
the duration of the tachyonic pReheating stage is so short that the occupation numbers of those
modes in the band do not grow significantly and the effect can be neglected. In particular, the time
interval from the end of inflation till the inflection point is just M∆t ≈ 0.5 and therefore, even for
the fastest growing mode, k = 0, its growth is only ∼ e0.5/

√
30 ≈ 1.09. This is a negligible effect and

thus, one can still consider an initial spectrum of quantum vacuum fluctuations even at the inflection
point. For simplicity, all our analytical estimations have been done ignoring this period of tachyonic
instability, taking as initial conditions at the end of inflation, the amplitude of the Higgs condensate
χend ≈ mP

α log(1 + 2/
√

3) (9.2.24) and quantum vacuum fluctuations.

Another physical effect before the Higgs condensate reaches the bottom of the potential for the first
time, will be the particle production in the inflection point, due to the violation of the adiabaticity

1Note that the condition (9.4.54) (which prevents Higgs decay into gauge bosons and top quarks) assumes an average
amplitude over a single Higgs oscillation, while smaller values are attained around the minimum of the potential
when X(t) < χc. However, when this happens the Higgs field is well inside the non-adiabatic range |χ| < χa (9.4.64),
in which the very concept of particle (gauge bosons and top quark) is not properly defined, see Section #9.4.3.
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condition,

|ω̇k| ≫ |ω2
k| , (9.4.57)

where the frequency of oscillation of the fluctuations is ω2
k(t) = k2 + V ′′(χ). Differentiating this and

rewriting the adiabaticity condition as ω̇kωk ≫ ω3
k, we find that only those modes within the band

k3 ≪
∣

∣

∣

∣

∣

V
′′′

(χ)χ̇

2

∣

∣

∣

∣

∣

, (9.4.58)

are amplified. At the end of inflation Ḣ = −H2 which implies χ̇ ≈ −V 1/2(χ). Extrapolating the
previous formula to the inflection point (ip) we get

χ̇ip ≈
√

V0

4
= −

√
3M

4κ
, (9.4.59)

which indeed seems to be a very good approximation if we compare it with the result of a numerical
solution beyond slow-roll. Inserting (9.4.59) into Eq. (9.4.58) we get

k3
ip ≪

∣

∣

∣

∣

∣

V
′′′

(χ)χ̇ip

2

∣

∣

∣

∣

∣

=
H3

60

2
, (9.4.60)

which corresponds to a maximum excited wave number at the inflection point given by kip < 0.4M .
Again, here the time of production is so brief that the occupation number of modes within the band
is not significantly enhanced. We will have to wait until the next stage of consecutive oscillations of
the Higgs field around zero for a significant production of particles.

9.4.3 Instant PReheating

During each oscillation of the Higgs field χ, the rest of the quantum fields that couple to it will oscillate
many times. Consider for instance the interaction of the Higgs field with the Z bosons around the
minimum of the potential. In this region the associated action (9.3.27) can be approximated by a
trilinear interaction where the masses of the W and Z bosons (9.3.28) are given by

m̃2
W ≃ αg2

2mP

4ξ
|χ| , m̃2

Z ≃ αg2
2mP

4ξ cos2 θW
|χ| , (9.4.61)

which are much greater than the inflaton mass M for the main part of the oscillation of χ. As a
result, the typical frequency of oscillation of the gauge boson is much higher than the one of the Higgs
field χ. This implies that during most of the time the effective masses of the intermediate boson are
changing adiabatically and an adiabatic invariant can be defined: the number of particles. However,
for values of χ very close to zero, the adiabaticity conditions

∣

∣

∣

∣

˙̃mW

m̃2
W

∣

∣

∣

∣

≪ 1 ,

∣

∣

∣

∣

˙̃mZ

m̃2
Z

∣

∣

∣

∣

≪ 1 , (9.4.62)

are violated. In such a case, there will be an in-equivalence between the vacua before and after the
passage of χ through the minimum of the potential, which can be interpreted as particle production,
as we discussed in Section #4.3. In terms of the field χ, the violation of (9.4.62) corresponds to the
region −χa . χ . χa ,

χa =

(

ξ|χ̇(t)|2
αg2mP

)1/3

, (9.4.63)
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where, from now on, g = g2, g2/ cos θW for the W or Z bosons. Only outside this region, the notion
of particle makes sense and an adiabatic invariants can be defined. Taking into account that and
approximating the velocity of the field around zero as χ̇(j) ≈ M χe

πj = MX(j), see Eq. (9.4.51), the

general expressions (9.4.63) can be approximated as

χa(j) =

(

ξM2|χe|2
αj2g2π2mP

)
1
3

=

(

λπ

3ξ log(1 + 2/
√

3)

)
1
3 j

1
3

g
2
3

X(j) . (9.4.64)

Note that the previous regions are indeed very narrow compared to the amplitude of the oscillating
Higgs, χa ∼ 10−2j1/3X(j). Therefore, the particle production that takes place in that region happens
within a very short period of time as compared to the inflaton’s’ oscillation period T = 2π/M ,

∆ta(j) ∼
2χa
|χ̇| ∼ 10−2 j1/3 M−1 ≪ T , (9.4.65)

Notice indeed that different values of λ do not change appreciably the above conclusions about
the smallness of the non-adiabatic regions. Given the weak dependence of ∆t ∝ j1/3, many semi-
oscillations (∼ 103) will pass before the fraction of time spent in the non-adiabatic zone will increase
from a 1% to a 10%, as compared with the period of oscillations. This holds also independently of
the species, W or Z bosons.

Moreover, despite the smallness of χa as compared to the amplitude X(j), it is important to note
that the field range corresponding to the region of non-adiabaticity still is much greater than those crit-
ical regions defined in Section #9.2. In particular, let us recall that there is a field value, χt ∼ mP /ξ,
below which there is a transition of the effective potential from a quadratic to quartic behaviour.
However, this is well inside the region of non-adiabaticity, χt ≪ χa, as we emphasized before. More-
over, there is also an interval of Higgs field values, |χ| < χc for which the Higgs perturbative decay
into W , Z and top quarks can occur [see Eq. (9.4.54) in Section #9.4.1], which nevertheless is also
much smaller than the non-adiabaticity interval, χc ≪ χa.

We will now discuss the non-perturbative creation of particles in the non-adiabatic region. This
production is formally equivalent to the quantum mechanical problem of a particle scattering in
a periodic potential. In the case under consideration the equations of motion for the fluctuations
of each gauge field with a given polarization will be given by W ′′

k + (k2/a2 + m̃2
W )Wk = 0, and the

corresponding one for the Z-fluctuations. Expanding Eq. (9.4.51) around the j-th zero at time tj = πj,
the evolution equation of the fluctuations can be approximated as

W ′′
k +

(

k2

a2
+
αg2

2mPχe| sin(M(t− tj))|
4πj ξ

)

Wk = 0 , (9.4.66)

Z ′′
k +

(

k2

a2
+
αg2

2mPχe| sin(M(t− tj))|
4πj ξ cos2W

)

Zk = 0 . (9.4.67)

Notice that around the zeros of the inflaton the sinusoidal behaviour | sin(M(t − tj))| can be very
well approximated by | sin(M(t− tj))| ≈ M |t− tj | ≡ τ , which allows us to rewrite Eqs. (9.4.66) and
(9.4.67) as a Schrödinger-like equation like

−W ′′
k − qW

j
|τ |Wk = K2Wk , −Z ′′

k − qZ
j
|τ |Zk = K2Zk , (9.4.68)

where primes denote derivatives with respect to the rescaled time τ = Mt,K is the rescaled momentum
K ≡ k

aM and

qW = cos θ2W qZ =
g2
2ακχe

4πξ

(mP

M

)2

=
3g2

2ξ ακχe

4πλ
, (9.4.69)
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Figure 9.2: Spectral distributions (9.4.72) for the gauge bosons created in a single zero crossing through
the first term of Eq. (9.4.70), calculated after j = 1, 2, 5 and 10 oscillations (from left to
right). The horizontal axis represents x ≡ k/Mq1/3, so x = 1 is the typical width of
the band of momenta of particles created at the first scattering. For later times, the
distributions broaden out to greater momenta, since the argument of Eq. (9.4.72), xj
behaves as ∝ j−1/3. The typical momenta of the distribution agree with the one calculated
in Section 9.4.3.

are the usual resonance parameters [38]. Each time the inflaton crosses zero can be interpreted
therefore as the quantum mechanical scattering problem of a particle crossing an inverted triangular
potential. Let T and R = 1 − T , for either W or Z, be the transmission and reflection probabilities
for a single scattering in this periodic triangular barrier. The number of particles just after the j-th
scattering, nk(j

+), in terms of the previous number of particles nk(j
−) just before that scattering,

can be written as [38] (see also Section #4.3)

nk(j
+) = (T−1

k (j) − 1) + (2T−1
k (j) − 1)nk(j

−) + 2 cos θj

√

T−1
k (j)

(

T−1
k (j) − 1

)
√

nk(j−) (nk(j−) + 1) ,

(9.4.70)

where θj are some accumulated phases at each scattering, that we will discuss later on in Section #9.5,
since they will not play any role in the following discussion of this section. The inverse of the trans-
mission probability for the j-th scattering can be expressed as [198]

T−1
k (j) = 1 + π2

[

Ai
(

−x2
j

)

Ai′
(

−x2
j

)

+ Bi
(

−x2
j

)

Bi′
(

−x2
j

)]2
, (9.4.71)

with xj ≡ K/(q/j)1/3 and Ai(z),Bi(z) the Airy functions. Note that we have used the Wronskian
normalization, Ai(z)Bi′(z) − Bi(z)Ai′(z) = π−1.

Consider the situation, nk(j
−) ≪ 1, which is certainly true in the first scattering j = 1, or can

happen for j > 1 if the previously produced gauge bosons have fully decayed into fermions. In such a
case,

∆nk(j
+) ≈ T−1

k (j) − 1 , (9.4.72)

where we have retained only the first term of Eq. (9.4.70). This corresponds to the spontaneous
particle creation of W and Z bosons each time the Higgs crosses zero and, therefore, tells us about the
number of particles of these species that are created in each zero-crossing. The momenta distribution
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is shown in Fig. 9.2. In particular, the total number of produced particles of a given species with a
given polarization, just after exiting the non-adiabatic region around the j-th zero-crossing, can be
obtained as

∆n(j+) =
1

2π2 a3
j

∫ ∞

0

dk k2
[

T−1
k (j) − 1

]

=
q

2j
IM3 , (9.4.73)

with I =
∫∞
0

[

Ai(−x2)Ai′(−x2) + Bi(−x2)Bi′(−x2)
]2
x2dx ≈ 0.0046 and q the resonant parameters

given by Eq. (9.4.69). Thus, the only difference between the number of W and Z bosons produced
is simply encoded in the different resonance parameter, qW ∝ g2

2 and qZ ∝ g2
2/ cos2 θW , respectively.

Notice that the effect of the non-perturbative production of these particles is proportional to the
coupling square. If the couplings of the Higgs field to the gauge bosons were not so large (g2 ∼
0.5, cos−1 θW ∼ 1.4), then their production would be very suppressed. Strictly speaking the previous
analysis is just valid for gauge bosons. The production of fermions through this mechanism is different
and more involved than for bosons. Nevertheless, if the effect is, as expected, proportional to the
Yukawa coupling squared [64] then only the top quark production would be non-negligible.

After the passage through the minimum of the effective potential the number of W and Z particles
remains (almost) constant while their masses grow when the field χ increases. The W and Z bosons
tend to decay into fermions in a time ∆t ∼ 〈ΓEW,Z〉−1

j , where ΓEW,Z are given by Eq. (9.3.38), while 〈·〉j
represents a time average between the j- and the (j+1)-th scatterings. Given the time-dependence of
the χ field (9.4.51), the typical time of decay turns out to be ∆t ≃ 0.64 j1/2M−1 for the Z bosons and a
bit bigger, ∆t ≃ 1.55 j1/2M−1, for the W bosons, as was expected. This implies that in a semiperiod,
T/2 = πM−1, the non-perturbatively produced gauge bosons at the j-th scattering, decay significantly
before the next scattering takes place, at least for the first scatterings. However, as the amplitude
of the Higgs field decreases with time due to the expansion of the Universe, the probability of decay
of the gauge bosons, see Eq. (9.3.38), becomes smaller and smaller as time goes by. This explains
the j1/2 behaviour, which essentially means that after a certain number of oscillations, the number
of produced fermions through the perturbative decays per semi-oscillation, will become eventually
negligible.

In the Jordan frame the Standard Model presents its usual form and the fermions produced in the
decay of the Z and W bosons are mainly relativistic. Since both momenta and masses transform in
the same way under a change of conformal frame, if a gauge boson is allowed to decay into a pair
of fermions in the Jordan frame, it will also be able to decay in the Einstein frame. Therefore, the
relation between the typical momenta and masses of those fermions (F) and gauge bosons (W,Z) in
the conformally transformed frame, is simply given by

2(k̃2
F + m̃2

F ) = k̃2
W + m̃2

W , 2(k̃2
F + m̃2

F ) = k̃2
Z + m̃2

Z . (9.4.74)

In terms of the field χ, the previous equations can be rewritten as

k̃2
F

m̃2
F

=
1

y2
F

(

ξk̃2
W

m2
P (eακ|χ| − 1)

+
g2
2

4

)

− 1 , (9.4.75)

k̃2
F

m̃2
F

=
1

y2
F

(

ξk̃2
Z

m2
P (eακ|χ| − 1)

+
g2
2

4 cos2 θW

)

− 1 , (9.4.76)

for the W and Z fields respectively. Note that the relativistic or non-relativistic nature of a given
particle is something intrinsic to the particle and should not depend on the conformal frame. As
expected the transitions Z → t̄t, W → tb are not allowed in the Einstein frame. For the rest of quarks
k̃2
F ≫ m̃2

F , which implies that all the fermions produced in the decay of the W and Z bosons are
clearly relativistic, as happened in the Jordan frame. The total number density of gauge bosons n(j+)
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present just after the j-th crossing will decay exponentially fast until the next crossing, due to the
perturbative decay into fermions. Therefore the total number density just previous to the (j + 1)-th
zero crossing, n((j + 1)−), is given by

n((j + 1)−) = n(j+)e
−

R tj+1
tj

Γdt
= n(j+)e−〈Γ〉j

T
2 . (9.4.77)

The number of fermions produced between those two scatterings, ∆nF (j), is simply given by

∆nF (j) = 2 × 3 ×
[

nZ(j+)(1 − e−〈ΓZ〉j
T
2 ) + 2nW (j+)(1 − e−〈ΓW 〉j

T
2 )
]

, (9.4.78)

where the factor 2×3 takes into account that each gauge boson can have one out of three polarizations
and decay into two fermions, while the extra factor 2 in front nW , accounts both for the W+ and
W− decays. The averaged value of the decay widths in the previous expressions can be estimated, see
Eqs. (9.3.38), as

〈ΓZ→all〉j =

(

g2
cos θW

)3
mP Lips

16π
√
ξ

〈

(1 − e−ακ|χ|)1/2
〉

j
≡ 2γZ

T
F (j) , (9.4.79)

〈ΓW→all〉j =
3 cos3 θW

2Lips
〈ΓZ→all〉j ≡

2γW
T

F (j) , (9.4.80)

where T = 2π/M is the typical oscillation period and we have defined

F (j) ≡
〈

(

1 − e−ακ|χ|
)1/2

〉

j

=





1

π

∫ (j+1)π

jπ

dx

[

1 −
(

1 +
2√
3

)−| sin x
x |]

1
2



 ≈ 0.3423
1√
j
.(9.4.81)

Note that the last approximated equality is simply a (good) fit to F (j) for all j. The constants γZ , γW
are just numerical factors depending of the parameters of the model and the decaying species,

γZ =

(

g2
cos θW

)3 √
3ξ1/2

16λ1/2
Lips ≈ 14.23λ−

1
4 , γW ≡ 3 cos3 θW

2Lips
γZ ≈ 5.91λ−

1
4 , (9.4.82)

Using the notation, EFZ(j) and EFW (j) for the mean energy of the fermions produced between tj
and tj+1, from the decay of Z or W bosons, respectively, then we find

EFZ(j) ≡
〈

√

k2
F +m2

F

〉

j

≈ 〈kF 〉j ≈
1

2
〈mZ〉j ≈

g2
4ξ1/2 cos θW

F (j)mP , (9.4.83)

EFW(j) ≡
〈

√

k2
F +m2

F

〉

j

≈ 〈kF 〉j ≈
1

2
〈mW 〉j ≈

g2
4ξ1/2

F (j)mP , (9.4.84)

where we have used the fact that the produced fermions are relativistic, see Eqs (9.4.75) and (9.4.76),
while the gauge bosons are non-relativistic, see Eq. (9.5.114) in Section #9.5.

Let us work now under the following hypoThesis: we will consider that the perturbative decay of
the gauge bosons into fermions is sufficiently effective, such that the gauge bosons do not accumulate
significantly. This amounts to neglect initially a potential effect of parametric resonance. This is
of course a rough approximation, which is only valid for the first oscillations, where e−γ F (j) ≪ 1.
Numerically, after j = 1, 2, 10, 15 and 20 zero-crossings, the 99.5%, 98.5%, 94.2%, 87.4%, 81.9%,
77.4% respectively, of the produced Z particles have decayed into fermions (and a similar though
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smaller fraction of the W bosons). This implies that there will be always a remnant of the gauge
bosons produced at each scattering, that will not decay in one semi-period of the inflaton’s oscillation.
Let us neglect this for the time being, therefore ignoring the possibility of having parametric resonance,
and estimate the energy transferred simply through the perturbative decay into fermions, during the
first oscillations.

In particular, the energy density of those fermions produced after the first scattering, averaged over
the first semi-oscillation between Mt = π and Mt = 2π, will be

∆ρF (1) ∼ 6 [∆nZ(1)EFZ(1) + 2∆nW (1)EFW (1)] = ε

(

1

2
M2χ2

e

1

π2

)

F (1) , (9.4.85)

with

ε ≡ 33/2πα2(2 + cos−3 θW )Ig3
2

8λ1/2ξ1/2(ακχe)
≈ 3 × 10−5λ−3/4 . (9.4.86)

The energy density of the inflaton, evaluated at the maximum amplitude of the first semi-oscillation,
is given (9.4.48) by

ρχ(1) ≈ 1

2
M2χ2

e

(

2

3π

)2

. (9.4.87)

Therefore, the ratio between the energy density of the fermions and of the inflaton, at that moment,
Mt ≈ 1.5π, is

ǫ(1) ≡ ρF (1)

ρχ(1)
=
εF (1)

(2/3)2
≈ 2 × 10−5λ−3/4 , (9.4.88)

which means that initially, for e.g. for λ = 0.4, only a ∼ 0.004% of the inflaton’s energy has been
transferred to the fermions. Thus, the so called Instant PReheating mechanism ([197]) results frus-
trated here, because in order to make it work efficiently, the couplings of the theory must be really
fine-tuned, in such a way that a significant fraction of the energy of the inflaton was transferred (in the
first semi-oscillation) to the decay products of the bosons to which the inflaton is coupled. Moreover,
in the instant pReheating scenario, the produced fermions must be non-relativistic while the effective
behaviour of the background inflaton should be effectively mimicking that of relativistic matter (like
e.g. in λχ4 models). Only in this case it would be guaranteed that the remnant energy of the inflaton
would decay faster that that of the fermions, thanks to the extra suppression factor 1/a due to the
expansion of the Universe. If the inflaton would effectively behave as non-relativistic matter and the
produced fermions were relativistic, the energy of the inflaton could again overtake very soon that of
the fermions, because now the fermion’s energy would decrease faster than that of the background.
That is, precisely, the situation we have in the scenario under discussion. Even if we had found that
ǫ(1) ∼ O(1), the relativistic nature of the fermions and the non-relativistic effective behaviour of the
Higgs oscillations, would have prevented the Universe to instantaneously reheat at that point.

One could hope that after a certain number of oscillations, let us say jp, that ratio would grow up to
a value ǫ(jp) ∼ O(1). The successively produced fermions, generated each semi-oscillation through the
perturbative decay of the (non-perturbatively produced) W and Z bosons, could perhaps accumulate
a sufficiently amount of energy that could finally equal that of the Higgs condensate. This seems
not totally unreasonable because the total energy stored in the Higgs decreases with the expansion
of the Universe as ρχ ∝ 1/j2, see Eq. (9.4.48), such that the total amount of energy that we would
require to transfer to the fermions would be less and less. Moreover, the number of fermions would
only increase as time goes on, so one keeps adding energy each semi-oscillation in the form of new
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produced fermions. Thus, these two effects would contribute to the increment of the ratio of the energy
between the fermions and the Higgs. On the other hand, the relativistic nature of the fermions and
the decrease of their production rate with the expansion, as Γ ∝ 1/

√
j, would tend to decrease such

a ratio. Therefore, one must put together all these competing effects in order to obtain the evolution
in time of the energy transferred from the Higgs to the fermions. To do this, we will assume, both
for simplicity as well as for trying to make this mechanism more efficient, that since the gauge bosons
do not accumulate significantly, only the first term of Eq. (9.4.70) should be considered, such that W
and Z bosons are only produced through spontaneous creation at each zero-crossing.

In this case the averaged energy density of the fermions produced between tj and tj+1 will be given
by

∆ρF (j) ∼ 6
[

∆nZ(j)(1 − e−γZF (j))EFZ(j) + 2∆nW (j)(1 − e−γWF (j))EFW (j)
]

= ε

(

1

2
M2χ2

e

1

π2

)

F (j)

j
Υ(j) , (9.4.89)

where ε is given by Eq. (9.4.86) and we have defined

Υ(j) ≡
(

1 − (1 + 2 cos3 θW e
−(γW −γZ)F (j))

(1 + 2 cos3 θW )
e−γZF (j)

)

. (9.4.90)

Then the ratio between the energy of the fermions to the Higgs condensate at the j-th zero crossing,
finally reads

ε(j) ≡ ρF (j)

ρχ(j)
≈ ε

(

j + 1
2

)2

j

j
∑

i=1

F (i)Υ(i)

(

i

j

)
5
3

= εG(j)

(

j + 1
2

)2

j
, (9.4.91)

where

G(j) ≡
j
∑

i=1

F (i)Υ(i)

(

i

j

)5/3

. (9.4.92)

Note that the strength of the effect, i.e. the amplitude of ε(j), is modulated by the gauge couplings
through ε ∝ g3

2 so, even in this case in which the SM gauge couplings of the Higgs to the vector bosons
are quite big (g2

2 ∼ 0.3), that does not help to transfer sufficient energy initially. As mentioned before,
if we could apply this formalism to the production of fermions at each Higgs’ zero crossing, by substi-
tuting the gauge couplings with the Yukawa ones, we would obtain even a more ridiculous production
of particles (except perhaps for the top quarks). Of course, the question of fermionic pReheating at
each zero crossing deserves more investigation and we will address it in a future publication.

The numerical values of the ratio ε(j) after e.g. j = 1, 2, 5, 10, 15 and 20 semi-oscillations, for e.g. for
λ = 0.4, are respectively ε(j)[×105] ∼ 3.90, 5.97, 11.82, 37.26, 65.04 and 97.59. For different values of
λ, these numbers do not change significantly. Thus, we see that the transferred energy from the Higgs
field to the fermions through the gauge bosons is generically a very slowly growing function. After
20 crossings the transferred energy is still only ∼ 0.03% of the Higgs energy at that time. Therefore,
we clearly see that this successive Instant PReheating mechanism is not efficient enough as to rapidly
reheat the Universe. If we consider that the former formalism (9.4.91) is valid up to an arbitrary
number of oscillations, then we can estimate the number jp of semi-osculations required to achieve
ε(j) ∼ O(1). Equating ε(j) to 1 in Eq. (9.4.91), we obtain jp ∼ O(104). However, much earlier than
that, parametric resonance effects should be considered, see Section #9.5.

In other words, notice that we have neglected the presence of those Z and W bosons that did not
decay into fermions in each semi-oscillation. The occupation number of the bosons produced at the
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bottom of the potential is not simply generated by the first term of Eq. (9.4.70), but rather by the rest
of the terms in Eq. (9.4.70), which indeed give rise to the phenomena of resonant production of bosons.
Taking this into account will have very interesting consequences. The number density of the bosonic
species will grow exponentially fast and thus will also transfer energy into the fermions exponentially
rapidly. We must therefore develop a mixed formalism that takes into account the two competing
effects: that of parametric resonant production of bosons versus the effect of their perturbative decay
into fermions. It is crucial to note that while the perturbative decay does not transfer enough energy
(as we have just seen), the fact that those bosons disappear will have very important consequences
for the development of the resonant effect. In particular, the resonance will not become effective from
the beginning of the oscillations of the inflaton right after inflation, as usually assumed, but only after
the inflaton has already performed a significant number of oscillations.

9.5 Combined PReheating: mixed Parametric Resonance and

Perturbative Decays

Let us now analyze how the occupation number of the Z and W bosons grow if we consider the
effect of all the terms in Eq. (9.4.70). The production of gauge bosons will also occur, as before, in
a very short interval of time (9.4.65) when the Higgs condensate crosses around zero, violating then
the adiabaticity conditions (9.4.64), |χ| < χa. In the large occupation limit nk ≫ 1, the first term in
Eq. (9.4.70) can be neglected and therefore the spectra number density of the produced gauge bosons
just after the j-th scattering is given by

nk(j
+) ≈

(

(2T−1
k (j) − 1) − 2 cos θj

√

T−1
k (j)(T−1

k (j) − 1)

)

nk(j
−) , (9.5.93)

which indicates the spectral number density nk(j
+) just after the j-th scattering, in terms of the

spectral number density nk(j
−) just before such scattering. Since the interval between successive

scatterings is M∆t = π, we can define naturally a growth (Floquet) index µk(j) as [37, 38]

nk(j
+) ≈ nk(j

−)e2µk(j)M∆t = nk(j
−)e2πµk(j) . (9.5.94)

Comparing formulas, we obtain

µk(j) ≈
1

2π
log

(

(2T−1
k (j) − 1) − 2 cos θj

√

T−1
k (j)(T−1

k (j) − 1)

)

. (9.5.95)

The θj are some accumulated phases at the j-th scattering, which can indeed play a very important
role, since they can enhance (cos θj < 0) or decrease (cos θj > 0) the effect of production of particles
at each scattering.

Depending on the phases, we can consider the following cases: The typical behaviour of the Floquet
index, for cos θ = 0,

µ
(typ)
k =

1

2π
log
(

2T−1
k − 1

)

, (9.5.96)

the maximum index, achieved for cos θ = −1, given by

µ
(max)
k =

1

π
log

(

√

T−1
k +

√

T−1
k − 1

)

, (9.5.97)
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and the average index over an oscillation, obtained as

µ
(av)
k =

1

2π

∫ 2π

0

µk(θ) dθ =
1

2π
log
(

T−1
k

)

. (9.5.98)

All these possibilities are shown in Fig. 9.3, as a function of x ≡ K/(q/j)1/3, where q are the resonant
parameters (9.4.69) for the Z and W bosons, while xj is the natural argument of the transmission
probability scattering functions (9.4.71).

As explained in Ref. [38], when ∆θj ≡ θj+1 − θj ≫ π, the effect of resonance will be chaotic, being
then the phases essentially random at each scattering. For instance, using the effective frequencies
of the fluctuations (9.4.66) of the W field, these phases can be estimated, for the relevant range of
momenta, as follows

∆θj =

∫ tj+1

tj

dt
√

K2 + m̃2
W ≈ g2π

√
3ξ

2
√
λ

F (j) ∼ O(10−2)j−1/2 , (9.5.99)

where F (j) was defined in Eq. (9.4.81) and we have neglected K2 versus m̃2
W in the second equality,

since, as will be justified later (9.5.114), the produced bosons are non-relativistic. Comparing the
above formula with π, we see that the end of the stochastic behaviour will occur after ∼ (2− 5)× 103

zero crossings, depending on λ. For the case of the Z boson the previous estimation of the end of
the stochastic resonance is modified by a factor (cos θW )−1 ≈ O(1), being thus the result essentially
unaffected. Therefore, since for the first thousand of oscillations of the Higgs, the accumulated phases
of the fluctuations of the gauge bosons will be chaotic, we will average out the phases and work with

µ
(av)
k .

On the other hand, the perturbative decay of the produced vector bosons occurs precisely just
between two successive Higgs zero-crossings, n((j + 1)−) = n(j+) exp(−γ F (j)), where F (j) is given
by Eq. (9.4.81) and γ = γZ , γW , see Eq. (9.4.82). Taking into account Eq. (9.5.94) and Eq. (9.5.95)
we can express the number of gauge bosons just after the (j+1)-th scattering in terms of the number
just after the previous one

nk((j + 1)+) = nk((j + 1)−)e2πµk(j+1) = nk(j
+)e−γ F (j)e2πµk(j+1) , (9.5.100)

Applied recursively, this formula allows us to obtain the occupation number for each species and
polarization, just after the (j + 1)-th scattering in terms of the initial abundances nk(1

+),

nk((j + 1)+) = nk(1
+) exp

[

− γ

j
∑

i=1

F (i)
]

exp
[

2π

j
∑

i=1

µk(i+ 1)
]

. (9.5.101)

The initial abundances are, of course, only generated through Eq. (9.4.72), and are given by

nk(1
+) = T−1

k (1) − 1 ≡ π2Ci2(−x1) , (9.5.102)

where we have defined the function

Ci(xj) = Ai(−x2
j)Ai′(−x2

j ) + Bi(−x2
j )Bi′(−x2

j ) , (9.5.103)

xj ≡
j1/3k

Mq1/3aj
. (9.5.104)

Again, we used xj in light of Eq. (9.4.68), as the natural argument of the expression of the transmis-
sion probability (9.4.71). Note that here, the species are only distinguished through the resonance
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Figure 9.3: Left: The Floquet index for a given polarization of the W and Z bosons as a function of
the variable xj = k/k∗(j). Here we show the maximum (continuous red), typical (long
dashed blue) and the average (short dashed green) indices. Right: The initial spectral dis-
tribution nk(1

+) (lower blue curve) and the Gaussian approximation n(j+ ≥ 2) (9.5.111)
for different j′s greater than 2 (rest of the curves), describing the resonant behaviour. The
approximation is so good that it is hard to distinguish it from the real curve, presenting
small deviations just on the tail. The horizontal axis is x = k/k∗(1) and the curves cor-
respond to different j’s. It is clearly distinguishable the fact that only the range x < 1
(k < k∗(1)) is filtered and therefore excited through parametric resonance, no matter if
j ≫ 2.

parameters in Eq. (9.4.69). Normalizing the scale factor at the first zero crossing as a1 = 1, then we
can simply write the evolution of the scale factor as aj = j2/3. Thus, the behaviour of xj with the
number of zero crossings goes as ∝ j−1/3. Then, we can define a typical momentum of the problem,
k∗(j), related in a very simple way to the resonance parameters qZ , qW (9.4.69), as

xj =
k

j1/3k∗(1)
⇒ k∗(j) ≡ k∗(1)j1/3 , (9.5.105)

where

k∗(1) ≡ q1/3M ≡
(

2g2ξακχe

4πλ

)
1
3

M , (9.5.106)

with g = g2 and g2/ cos θW for W and Z bosons, respectively. Since k∗(j) is the natural scale for the
momenta of the problem, its order of magnitude should coincide simply with the one obtained via the
Heisenberg uncertainty principle, see Eq. (9.4.65), as it is indeed the case since

k(j) ∼ aj(∆ta)
−1 ≡ j

1
3 k∗(1)

21/3
≈ k∗(j) . (9.5.107)

Notice that the typical momenta range will be red-shifted because of the expansion of the Universe
and, even the comoving typical moment k∗, is not a static quantity but rather depends on j.

Let us obtain now the total number density of created particles. Just after the j-th scattering, this
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will be given by

n(j+ ≥ 2) =
1

2π2a3
j

e{−γ
Pj−1

i=2 F (i)}
∫

dkk2nk(1
+)e{2π

Pj
i=1 µk(i)}

= M3 k
3
∗(1)

2a3
j

e{−γ
Pj−1

i=1 F (i)}
∫

duu2Ci2(−u2)

j
∏

l=2

(2π2Ci2(−u2/l2/3) + 1) , (9.5.108)

where k∗(1)3 ∝ g2 (9.5.106) should be evaluated with g = g2 or g2/ cos θW , and γ = γW or γZ ,
respectively for W or Z bosons. This formula encodes the usual resonant behaviour discovered in
the 90’s, see Refs. [37, 38], in which it was implicitly assumed that the produced bosons didn’t decay
between successive inflaton zero-crossings. However, as we saw in Section #9.4.3, the bosons produced
each time the Higgs condensate crosses zero, significantly decay before the next scattering. Therefore,
we had to correct our formulas for this effect. Fortunately, this was easily done, since the resonant
growth occurs in a step-like form, instantaneously (within a time ∆ta, see Eq. (9.4.65)) when the Higgs
condensate crosses around zero, while the perturbative decay of the produced vector bosons occurs
during the time just between two successive Higgs zero-crossings. Thus, the occupation number just
before the (j + 1)-th scattering, in terms of the occupation number just after the j-th scattering, has

been corrected by the factor exp{−γ∑j−1
i=1 F (i)}, which accounts for the accumulated effect of the

perturbative decays up to the j-th scattering.

The combined effect of the non-perturbative parametric resonant at the non-adiabatic regions at the
bottom of the potential, together with the perturbative decay along the adiabatic zone during the rest
of the semi-oscillation, give rise to a new phenomenology, as we will immediately see. Therefore, to
emphasize the difference from the usual parametric resonance or instant pReheating-like mechanisms,
we will call these effect Combined PReheating. Expanding the combination of Airy functions (9.5.103)
for small-arguments, it is possible to write

(2π2Ci2(−u2/l2/3) + 1) ≈ Ae−Bu
2/l2/3

, and Ci2(u) ≈ Ce−Du
2

, (9.5.109)

where u ≡ j1/3xj < 1 and

A =
4

3
, B = 31/3 Γ(2/3)

Γ(1/3)
C =

1

3
, D = 4B . (9.5.110)

Substituting Eqs. (9.5.109) and (9.5.110) in Eq. (9.5.108), then we obtain

n(j+ ≥ 2) ≈ M3 e
−γFΣ(j−1)k3

∗(1)

2j2
Aj−1C

∫

duu2e−Du
2

e−B(
Pj

i=2 i
−2/3)u2

= M3 e
−γFΣ(j−1)k3

∗(1)

2j2
Aj−1C

√
π

4

(

D +B

j
∑

i=2

i−2/3

)−3/2

. (9.5.111)

where we have used aj = j2/3, performed the resulting gaussian integral and defined

FΣ(j) ≡
j
∑

i=1

F (i) , (9.5.112)

for simplicity. Notice that the resonant behaviour is now encoded in the factor Aj−1, which, for
sufficiently great j, will finally overtake the decaying factor e−γFΣ(j−1), since A > 2. Taking also into
account the factor 1/j2 due to the expansion of the Universe, the first result we can read from here is
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Figure 9.4: Left: The ratio k2/〈m2〉 between the typical momenta produced around zero and the
average mass in every oscillation for the W (dashed blue line) and Z bosons (continuous
red line) as a function of the number of oscillations. This ratio is significantly smaller
than 1 for all crossings, which allows us to consider the produced gauge bosons as non-

relativistic. Right: Successive spectral distributions k2nk(1
+)e2π

Pj
k=2 µk(j), at different

j’s, including the volume factor k2. One can see the predicted (9.5.113) slow displacement
of the maximum of the distribution. The x-axis is given in terms of x = k/(k∗(1))

that only for those values of j for which (j − 1) logA − 2 log j > γFΣ(j − 1), the resonant effect will
dominate over both the perturbative decay and the expansion rate.

Note that inside the integral (9.5.111), the function u2e−(D+B
Pj

i=2 i
−2/3)u2

has a maximum at a value

up ≡ (D + B
∑j

i=2 i
−2/3)−1/2, which implies that that the typical (comoving) excited momentum is

kp ≈
k∗(1)

(D +B
∑j
i=2 i

−2/3)1/2
. (9.5.113)

In the right hand side of Figure 9.4, one can easily observe this behaviour: the value of the
momentum at which the distribution peaks, slightly moves to smaller values, according to kp ∝
(D + B

∑j
i=2 i

−2/3)−1/2. Thus, it is noticeable that the typical momentum k of the resonant fluc-
tuations is always of order k∗(1), independently of how many oscillations the Higgs performs. The
reason of this is that the parametric resonance effect builds up initially from the spectral distribution
nk(1

+), which only filters k . k∗(1), see Eq. (9.5.101) and Figure 9.4.

On the other hand, the ratio k2
p/〈m〉2j for both W and Z bosons, between the typical momenta

produced around zero and the average masses in every oscillation is shown in Fig. 9.4. In particular,
it is easy to estimate the evolution in time of such a ratio, in terms of the resonant parameters (9.4.69),
as

(kp/aj)
2

〈m〉2j
=

q
2
3

(D +B
∑j
k=2 k

−2/3)g2
(

3
2λ

)

ξF (j)2
∝ 1

g2/3

1

j1/3(D +B
∑j

k=2 k
−2/3)

≪ 1 ∀j ,

(9.5.114)

Taking into account that the previous ratio (9.5.114) is a decreasing function with j, as well as its
dependence with the gauge couplings g−2/3, we can conclude that the vector bosons produced at the
bottom of the potential are always non-relativistic. This justifies a posteriori the calculation of the
energy of the fermions as EF (j) ≈ 1

2 〈mZ,W 〉j , see Eq. (9.4.83) in Section #9.4.3. Extrapolating Eq.
(9.5.114) to the case of fermions we realize that the produced particles at each zero crossing would
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be mainly relativistic, due to the smallness of the Yukawa couplings, being the only exception the
production of top quarks.

The energy density transferred to the fermions between the j-th and the (j+ 1)-th scatterings, will
be

∆ρF (j) = 6
[

(1 − e−γZF (j))nZ(j+)EFZ(j) + 2(1 − e−γWF (j))nW (j+)EFW (j)
]

=
ǫ̃

2π2
M2χ2

eA
j−1C

√
π

4

k3
∗
j2

(

D +B

j
∑

l=2

l−2/3

)− 3
2

F (j) ×

×
(

(1 − e−γZF (j))e−γZΓΣ(j−1) + 2 cos θ3W (1 − e−γWF (j))e−γW ΓΣ(j−1)
)

, (9.5.115)

where we have used the energy of the fermions (9.4.83) and defined a momentum scale independent
of the gauge couplings, common to both bosonic species, as

k∗ ≡ k∗(1)

g2/3
. (9.5.116)

The gauge coupling dependence is indeed incorporated on the definition of the parameter

ǫ̃ ≡ 3g3
2λ

1/2π2

(cos θW )3ξ5/2(ακχe)2
, (9.5.117)

which modulates again the strength of the effect as ǫ̃ ∝ g3
2.

The total energy density transferred into the fermions will be

ρF (j) =

j
∑

i=1

∆ρF (i)

(

i

j

)8/3

, (9.5.118)

and the ratio of such an energy to that of the inflaton,

εF (j) ≡ ρF (j)

ρχ
=

2π2
(

j + 1
2

)2

M2χ2
e

j
∑

i=1

∆ρF (i)

(

i

j

)8/3

, (9.5.119)

with ∆ρF (i) given by Eq. (9.5.115). Here we can clearly see the two competing effects; that of the
perturbative decay of the bosons, given by the factors of the form (1−e−γF (j))e−γFΣ

(j−1), which tend
to decrease the rate of production of bosons and fermions, while the factors e2πµk encoded in the form
of the gaussian approximation, describe the resonant effect due to the accumulation of previously
produced bosons and fermions. Initially, the perturbative decay will prevent the resonance to be
effective. However, after a certain number of oscillations (a number that we will estimate next), the
resonant effect will overtake the perturbative decays and parametric resonance will be developed as
usual, as if the produced bosons would not decay perturbatively during each semi-oscillation.

In order to estimate the time in which the perturbative decays stop blocking the parametric res-
onance effect, we can evaluate numerically when the expression e−γΓΣ(j−1) becomes subdominant

versus e2π
Pj

i=2 µk(i). In particular, we can evaluate the ratios, for either W or Z

σ ≡ 2π
∑j

i=2 µk(i)

γΓΣ(j − 1)
, (9.5.120)

for the fastest growing mode k = kp (9.5.113), and find the number of semi-oscillations jR for which
the previous ratio becomes greater than one, σ > 1. We find jR ≈ 70 for the W bosons and jR ≈ 300

173



9 REHEATING THE UNIVERSE FROM THE STANDARD MODEL HIGGS

λ 0.2 0.4 0.6 0.8 1.0

j
(F )
eff 107 111 113 114 115

j
(B)
eff 111 113 115 116 117

Table 9.1: Number of semi-oscillations of the Higgs required, as a function of λ, for an efficient transfer
of energy from the inflaton to the gauge fields and/or to the fermions.

for the Z bosons. The fact that parametric resonance becomes important much earlier for W ’s than
for Z’s is not a surprise, since their decay rate (9.3.38) differ in a factor γZ/γW ≈ 2.4, which simply
means that there are many more W bosons surviving per semioscillation than Z bosons. Therefore,
the combined pReheating of the W bosons is much faster driven into the parametric-like behaviour,
while the evolution of the Z bosons is much more affected by the perturbative decays, delaying (or
even completely preventing) the development of parametric resonance. Obviously, after a dozen of
oscillations, the transfer of energy from the inflaton to the gauge bosons will be completely dominated
by the channel into the W bosons, since by that moment they will be fully resonant while the Z bosons
will still severely affected by their perturbative decay. We can follow the time evolution of the energy
density of the Bosons and of the Fermions using the above formulas. The results are summarized in
Fig. 9.5.

Finally, to conclude this Section and achieve an overall complete picture of all the details, let us
also estimate the transfer of energy from the inflaton to the gauge bosons. In particular, the total
energy transferred to them just after the j-th scattering, ρB(j), is given simply by

ρB(j) = 3
(

nZ(j+)〈mZ〉j + 2nW (j+)〈mW 〉j
)

, (9.5.121)

where we have used the fact that the gauge bosons are non-relativistic and have 3 polarizations.
Therefore, the ratio of the energy of the gauge bosons to the energy of the inflaton, can be expressed
as

εB(j) ≡ ρB(j)

ρχ
=
(

j+
1

2

)2
(

1

cos θW

)2 √
π ǫ̃k3

∗F (j)Aj−1C

4j2
(

D +B
∑j

i=2 i
−2/3

)3/2

(

e−γZFΣ(j) + 2 cos θ3W e
−γWFΣ(j)

)

,

(9.5.122)

where we have used Eq. (9.5.111) and ǫ̃, defined in Eq. (9.5.117), modulates again the amplitude of this
growing function. Using Eqs. (9.5.119) and (9.5.122), we can then estimate the time in which finally
the energy of the inflaton would be transferred efficiently to the fermions or the bosons. Defining that
moment, respectively, like εF (jeff) ≡ 1 and εB(jeff) ≡ 1, one obtains the numbers in Table I.

Unfortunately, as we will see in the next Section, before reaching the stage in which ǫF,B ∼ 1,
the backreaction of the produced gauge fields into the homogeneous Higgs condensate will become
significant, and it will have to be taken into account.

9.6 Backreaction

Let’s now calculate the backreaction from the W and Z bosons into the Higgs condensate. Neglecting
the vectorial nature of the bosons, the effective equation of the Higgs condensate can be written, in
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Figure 9.5: Evolution of the energy density transferred into the gauge bosons and into the fermions

as a function of j, for λ = 0.2 and ξ = 44700
√
λ. The decay of the homogeneous energy

density of the Higgs is also shown. All densities are in units of M4.

the Hartree approximation, as

χ̈+ 3Hχ̇− 1

a3
∇2χ+

[

M2 +
g2m2

P

4ξ

1

χ

∂

∂χ
(1 − e−ακ|χ|)〈ϕ2〉

]

χ = 0 , (9.6.123)

where there is a ϕ field for each polarization of each gauge boson species, such that g2 = g2
2 and

g2 = g2
2/ cos2 θW , as usual, for theW and Z bosons, respectively. From here, performing the derivative,

one obtains for the effective Higgs frequency

ω2 = M2 +
αg2mP

4ξ|χ| e
−ακ|χ|〈ϕ2〉 . (9.6.124)

where the second term in the r.h.s. should be summed over polarizations and species. For the fraction
of time of each semi-oscillation, during which the Higgs frequency evolves adiabatically, we can use
the correlation function

〈ϕkϕ∗
k′ 〉 = (2π)3|ϕk|2δ(k − k′) , (9.6.125)

with ϕk(t) expressed as

a3/2ϕk(t) =
αk(t)
√

2ω(k)
e−i

R

t
0
ωkdt

′

+
βk(t)
√

2ω(k)
e+i

R

t
0
ωkdt

′

. (9.6.126)

Thus, one can compute the expectation value of the bosonic fields (components)

〈ϕ2〉 ≡ 1

2π2a3

∫

dkk2|ϕk|2 =
1

2π2a3

∫

dkk2

ωk

(

1

2
+ |βk|2 + Re{αkβ∗

ke
−i2

R t ωdt′+Argαk+Arg βk}
)

≈ 1

2π2a3

2
√
ξ

gmP

1√
1 − e−ακ|χ|

∫

dkk2 nk

[

1 + cos
(2π

M

∑

j

〈ω〉j + Argαk + Arg βk

)]

,(9.6.127)

where, to obtain the last expression we have used ωk = gmP

2
√
ξ

√
1 − e−ακ|χ|, |βk|2 = |αk|2 − 1 = nk and

∫

ωk(t
′)dt′ = (π/M)

∑n
j=1〈ω〉j , with 〈ω〉j = M

π

∫ tj+1

tj
dt′ω(t′). Following [38], since we don’t know the

175



9 REHEATING THE UNIVERSE FROM THE STANDARD MODEL HIGGS

λ 0.2 0.4 0.6 0.8 1.0

jbackr 107 110 112 113 114

Table 9.2: Number of semi-oscillations of the Higgs required, as a function of λ, for the backreaction
of the gauge fields into the Higgs background to become significant.

accumulated phases of αk and βk, we will write

〈ϕ2〉 ≈ 2
√
ξ

gmP

nϕ√
1 − e−ακ|χ|

[

1 +A cos
(2π

M

∑

j

〈ω〉j
)]

, (9.6.128)

with A < 1 and nϕ = (2π2a3)−1
∫

dkk2nk.

From here, one can define the effective frequency of the Higgs condensate as

ω2 ≡M2 +
αg nϕ

2
√
ξ|χ|

[

1 +A cos
(

2π
M

∑

j〈ω〉j
)]

√
e2ακ|χ| − eακ|χ|

. (9.6.129)

The backreaction of the gauge boson fields over the Higgs field, will be non-negligible when the last
term in the r.h.s. of the previous expression becomes of the order of M2. In terms of the number
densities of the Z and W bosons, i.e. summing the contribution over polarizations and species of all
the fields that back react, this will happen at a time tj = jπ/M ,

Backreaction ⇔
(

nZ(j)/ cos θW + 2nW (j)
)

&
2
√
ξ|χ(tj)|(ακ|χ(tj)|)1/2M2

3αg2
, (9.6.130)

where we have expanded
√
e2ακ|χ| − eακ|χ| ≈ (ακ|χ|)1/2, which is certainly accurate after a couple of

dozens of oscillation, since |χ(tn)| ∝ 1
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π
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πj . Using the analytical expressions

for the occupation numbers (9.5.111) we can translate the above condition into the following one
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Thus, if we find numerically the number of semi-oscillations of the Higgs, jbackr, for which j > jbackr

fullfills the above condition, then we know the moment in which backreaction of the bosonic fields
becomes significant, tbackr ≈ πjbackr/M . Note that the above condition depends on λ both in the
left- and right-hand sides. In particular, the λ dependence is rather weak in the constant of the
right-hand side of the inequality, since it goes as λ1/4, while in the left-hand side, it enters through
the exponentials so it can change the number nbackr in a more significant manner. Taking values of λ
between 0.2 and 1.0, we obtain the numbers in Table II.

We clearly see that backreaction seems to become important at a time slightly earlier than that at
which we were expecting the Higgs to have transferred efficiently its energy to the bosons and fermions.
This means that our analytical estimates of these transfers were biased, and a careful numerical study
of the process is required. Beyond backreaction, the strength of the resonance very quickly decreases
due to the increased frequency of oscillations of the Higgs. Eventually, the broad resonance driving
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the production of gauge bosons and thus their decay into SM particles becomes a narrow resonance
and finally shuts off. From then on, the inflaton will oscillate like a matter field while the produced
particle will redshift as radiation, its effect on the expansion becoming negligible after a few hundred
oscillations.

9.7 Conclusions

We have studied the different stages of Reheating after inflation in a model where the role of the inflaton
is played by the Higgs field of the Standard Model of particle physics with a non-minimal coupling
to gravity. Inflation in this model takes place at the GUT scale, along the lines of the Starobinsky
model of inflation since a conformal transformation makes these two models indistinguishable from
the point of view of inflation. The usual difficulty with large self couplings of the Higgs is tamed
here by the inclusion of a large non-minimal coupling to gravity, ξ ∼ 105, which nevertheless does not
leave any signature at low (ElectroWeak) scales due to the fact that the Higgs field acquires a vacuum
expectation value and does not evolve at present, while the local spacetime curvature is negligible.

The advantage of this model of inflation for the study or Reheating after inflation is that all the
couplings of the Higgs-Inflaton to matter fields are known at the ElectroWeak scale, and can be
extrapolated to the GUT scale using the renormalization group equations, and therefore one can study
in detail the process of Reheating of the Universe, without having to impose ad hoc assumptions about
their values. The surprise is that the process becomes more complicated than expected, and a series of
subsequent stages take place, where essentially all different types of particle production mechanisms
at pReheating occur. Moreover, since the Standard Model couplings of the Higgs to gauge and matter
fields are non-negligible, nor are their couplings among themselves, the process of non-perturbative
decay via parametric resonance is mixed with the usual perturbative decays of the decay products,
which complicates things significantly.

Inflation ends at values of the Higgs field of order the Planck scale and goes through a brief stage of
tachyonic pReheating soon after the end of inflation. The passage is so short that particle production
is not significant at that stage. The same occurs with the production at the inflection point. Finally
the Higgs-Inflaton field starts oscillating around the minimum of its potential with a curvature scale
of order 1013 GeV. At this stage, particle production occurs whenever the Higgs passes through zero,
creating mostly vector gauge bosons W and Z. These gauge bosons acquire a large mass while the
Higgs increases towards maximum amplitude and start to decay into all Standard Model leptons and
quarks within half a Higgs oscillation, rapidly depleting the occupation numbers of gauge bosons, like
in instant pReheating. However, the fraction of energy of the Higgs that goes into SM particles is still
very small compared with the energy in the oscillations, and therefore the non-perturbative decay is
slow. This implies that a relatively large number of oscillations take place before a significant amount
of energy is transferred to the gauge bosons and fermions.

The amplitude of Higgs boson oscillations decreases as the Universe expands in a matter-like dom-
inated stage with zero pressure. Eventually, this amplitude is small enough that the gauge boson
masses are not large enough for inducing a quick decay of the gauge bosons and these start to build
up their occupation numbers very rapidly via parametric amplification. The question whether this
effect can give rise to the production of a significant Gravitational Wave Background (GWB) poten-
tially observable today remains to be addressed. Several papers have studied recently such an issue in
the chaotic and hybrid models of inflation [46, 47, 44, 45, 48, 51], but in the present model, we don’t
have simply a parametric resonance phenomena but a combined pReheating effect which, perhaps,
could modify the properties of such a GWB. Similar arguments would affect also the production of
magnetic fields at pReheating [75, 76] or even ElectroWeak baryogenesis [65, 67, 68, 69, 72].

After about a hundred oscillations the gauge bosons produced backreact on the Higgs field and the
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9 REHEATING THE UNIVERSE FROM THE STANDARD MODEL HIGGS

resonant production of particles stops. The Higgs field acquires a large mass via its interaction with
the gauge condensate and pReheating ends. From there on, both Higgses and gauge fields decay per-
turbatively until their energy is transferred to SM particles. Since the stage after backreaction is very
non-linear and non-perturbative, it cannot be solved analytically and we have to resort to numerical
studies in the lattice. We leave the description of our numerical studies to a future publication.

Note : Upon completion of this work, Ref. [187] also presented a study of pReheating in the same
model. Although the formalism is common to both, our conclusions are somewhat different from
those of Ref. [187]. We find that the Higgs decay into gauge bosons is significantly faster, and that
backreaction occurs much before thermalization. We thus think it is not possible to determine the
Reheating temperature without a careful numerical analysis with lattice simulations. Moreover, after
this work was completed, Refs. [188] and [189] also showed up, performing an analysis of the 2-loop
quantum corrections to the running of all the parameters involved in the model. The main result of
these references is a relationship between the Higgs mass and the spectral index which, in principle,
could be tested in the future against data from PLANCK and the LHC.
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10 SUMMARY AND OUTLOOK

In this Thesis we have studied the details of the production of potentially observable signals coming
from a very early epoch of the Universe, the Reheating stage, which corresponds to a period matching
the end of inflation and the beginning of the standard cosmic expansion driven by a relativistic
thermal fluid. We have focused on Gravitational Waves and Non-Gaussianity. Moreover, we have also
presented the details of how Reheating proceeds on its first stages in a complex but realistic scenario
in which the Higgs of the SM would represents the inflaton, transferring the inflationary energy into
all the SM species. Let us summarize the main results we have obtained and give some perspectives
for the future:

• About the Gravitational Waves produced at sub-horizon scales:

In the most popular inflationary models, the Reheating of the Universe after inflation proceeds
through the nucleation and subsequent collision of large concentrations of energy density (bubble-like
structures) in the spatial configurations developed by the scalar fields coupled to the inflaton. This
violent process generates a significant fraction of energy in the form of a stochastic background of
gravitational waves, whose time evolution is determined by the successive stages of Reheating. First,
different mechanisms like tachyonic pReheating in hybrid models or parametric resonance in chaotic
models, make the amplitude of Gravity Waves grow exponentially fast many orders of magnitude.
Second, bubble collisions add a new burst of gravitational radiation. Finally, turbulent motions of
the scalar fields content of the theory set the end of Gravitational Wave production. From then on,
these waves propagate unimpeded to us. We find that the fraction of energy density today in these
primordial Gravitational Waves could be significant for GUT-scale models of inflation, although well
beyond the frequency range sensitivity of gravitational wave observatories like LIGO, LISA, BBO
or DECIGO. However, low-scale hybrid models could still produce a detectable signal at frequencies
accessible to BBO or DECIGO. Moreover, the presence of gauge vector fields can enhance significantly
the signal and modify the characteristic spectra.

In this Thesis we have mainly focused on numerical simulations and analytical calculations of
the Gravitational Wave production by matter fields excited during the Reheating stage after hybrid
inflation. This model is advantageous compared to others, not only because it is firmly rooted in
particle physics, but also because it has phenomenological consequences that may be tested against
observations in the near future. We have developed theoretical and numerical methods to study
the production of GW from out-of-equilibrium scalar and gauge fields at (p)Reheating. We have
analyzed in detail the dynamics of different scenarios (with and without gauge fields), characterizing
the dynamics of the system by the time evolution of the field’s spectra in momentum space, or of
the Field’s spatial configuration in configuration space. We have shown that while the scalar fields
produce a well defined GW spectrum peaked around the characteristic sub-horizon scale excited during
Reheating, gauge fields add extra specific imprints in the resulting gravitational wave spectra, mainly
through the appearance of new peaks at specific frequencies related to the new mass scales introduced
in the problem. Depending on the couplings and model parameters, the spectra might have one,
two or even three peaks. During the production time, we have shown how these new features in
the GW spectra correlate first with the initial bubbly-like distribution of the Higgs, and then with
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string-like spatial configurations in both the Higgs and gauge fields, which arise due to the appearance
of topological winding numbers of the Higgs around Nielsen-Olesen strings. We have studied in detail
the time evolution of the spectrum of scalar and gauge fields and of the gravitational waves, until the
fields enter into a turbulent regime where the gravitational wave production finally ends.

We have also studied, albeit more briefly, how some chaotic models are also very efficient generating
GW at Reheating. However, the analogous GWB background from Reheating in chaotic models, unlike
the one from hybrid models, is more unlikely to be detected since there is not nowadays any observatory
with the sufficiently sensitivity within the high frequency range required by these scenarios. Anyway,
we have shown that GW are first produced in these models by the non-perturbative parametric
resonance effects, while later the collision of the structures of the scalar fields add a new increment
(of another order of magnitude) of the amplitude of the GW energy density. Finally the scalar fields
enter into a turbulent regime and GW stop being sourced significantly.

Upon production, these GW backgrounds remain decoupled and thus the obtained amplitude and
shape of their spectra, after red-shifted till today, might be used as a probe of the Reheating period in
the very early Universe. The discovery of any of these backgrounds would open a new observational
window into the very early Universe, where the details of the process of Reheating – the truly Big
Bang – could be explored. Moreover, it could also serve in the future as a new experimental tool
for testing the Inflationary Paradigm. The characteristic shape and frequency range predicted for
the GWB generated are particular of each model, and thus might be used to distinguish from one
inflationary model to another.

A natural step further in this line of reseach will be to study the details of the GW background
produced in the presence of a non-abelian sector of gauge fields. There we can obtain a massless gauge
field after SSB, and perhaps this field might continue producing more GW during the turbulent stage
towards the thermal equilibrium.

• About the Gravitational Waves produced at super-horizon scales:

Gravitational waves were copiously produced in the early Universe whenever the processes taking
place were sufficiently violent. The spectra of several of these gravitational wave backgrounds on
subhorizon scales have been extensively studied in the literature, not only from Reheating but also from
thermal phase transitions, turbulent motions of the plasma or from the dynamics of string networks.
In this Thesis we have also analyzed the shape and amplitude of the GW spectrum on scales which are
superhorizon at the time of production. Such gravitational waves are expected from the self-ordering
of randomly oriented scalar fields, as might be present during a thermal phase transition or during
Reheating after hybrid inflation. In particular, in scenarios of Reheating after Hybrid inflation, the
SSB process finally leads the symmetry breaking field to relax in the true vacuum (but for topological
obstructions in the case of N 6 4). The correlation length of this field has nevertheless to be bounded
by the horizon at that time, and therefore the massless goldstone modes are free wander around the
vacuum manifold, thus keeping the self-ordering process forever as the correlation grows. We have
found that if the GW source (i.e. the Goldstone fields) acts only during a small fraction of the Hubble
time, the GW spectrum at frequencies lower than the expansion rate at the time of production behaves
as ΩGW(f) ∝ f3, with an amplitude much too small to be observable by GW observatories like LIGO,
LISA, DECIGO or BBO. On the other hand, if the source is active for a much longer time, until a
given mode which is initially superhorizon (kη∗ ≪ 1), enters the horizon, for kη & 1, we find that the
gravitational wave energy density spectrum is frequency independent, i.e. scale invariant. We have
also computed the corrections to to this flatness behaviour and found that they are totally negligible.

We have found that the amplitude for a GUT scale scenario turns out to be within the range and
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sensitivity of BBO and DECIGO and marginally detectable by LIGO and LISA. This new GWB
can indeed compete with the one generated during inflation, and distinguishing both would require
extra information. If inflation occurs at “low” energies, as is the case in many models motivated by
high-energy physics, GW from inflation would have an amplitude that is too low to be observable by
the planned interferometric detectors. However, in the case of the self-ordered fields after a global
phase transition, the detailed calculations show that the scale-invariant GW background generated
there has an amplitude, for a V EV equal for the inflationary scale, between one and two orders of
magnitude greater than that expected from inflation. Therefore, this GWB might be detected in the
future directly by the GW detectors or in the B-mode polarization of the CMB.

A natural step further in this line of reseach will be to study the details of the effect in the CMB
of this GW background, as well as of the vector perturbations arising in these models. Both tensor
and vector perturbations sourced by the self-ordering or the scalar field will induce a characteristic
pattern in the B- and E-polarization modes of the CMB, which would either allow for a detection of
these relics or for the establishment of severe constraints on their parameters space.

• About the Non-Gaussianity induced in the Matter perturbations:

Cosmic relics of the post-inflationary epoch in the form of a network of self-ordered scalar fields,
could have had survived the evolution of the Universe until today. If some post-inflationary physics
involves the spontaneous breaking of an exact O(N) symmetry with N > 4, then the ordering of
these scalar fields may provide a secondary contribution to primordial perturbations. As discussed
above, they generate a scale invariant GWB, which might be detected by direct interferometric GW
observatories if the associated energy scale is sufficiently high. Moreover, as we have shown in the
Thesis, the self-ordering of these fields also induce very a very characteristic non-Gaussian feature
in the statistics of the cosmological energy density perturbations, which might permit an alternative
direct way to probe for these relics.

We have calculated analytically the Bispectrum, i.e. the 3-point correlation function of the fields
amplitude, that arises in these kind of scenarios which describe the posterior evolution of the fields after
a global phase transition, like in hybrid Reheating. We have found a compact analytic expression for
the Bispectrum, which we have evaluated numerically. We have also provided a simple approximation
that may be useful for data analysis. The more distinctive features of our findings are summarized in
the fact the Bispectrum we obtain is largest for triangular configurations that are aligned, i.e. have
edges k1 ≃ 2k2 ≃ 2k3. This is very different from the local-model Bispectrum, which peaks for
squeezed triangles (k1 ≃ k2 ≫ k3), as well as from the equilateral Bispectrum, which as indicated by
its name peaks at k1 ≃ k2 ≃ k3. We have estimated that this non-Gaussianity should be detectable
by the Plank satellite if the contribution from self-ordering scalar fields to primordial perturbations
is near the current upper limit.

This non-gaussian signature constitute indeed a new secondary contribution to the Bispectrum in
the cosmological perturbations, which can be very significant. Therefore, in the eventual detection
of a (presumably) primordial non-gaussian signal, one could not conclude anymore that single field
inflationary models should be rule out, since such deviation from gaussianity could be due not to
inflation but to the post-inflationary phase transition.

A natural step further in this line of reseach will be to study the details of the CMB Bispectrum
fluctuations. However this could be extremely difficult. So, another possible continuation would
be a calculation of the transfer function on small scales, which should be a more straightforward
computation. It would require a solution of the combined scalar field equations and Boltzmann
equations for an individual mode of the density field that is sourced by the scalar field.
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• About Reheating the Universe into the Standard Model particles:

In our search towards a more realistic Reheating scenario, we have also purchased the inclusion of
all kind of fields in the study of Reheating. Including more matter dof just adds more free adjustable
parameters into a model, so in order to have a clear picture of Reheating in a complete gauge theory
with scalars, fermions and gauge vectors, we have focused on inflationary models which necessarily
incorporate the SM particles. We are then only left with few possibilities, among which we have taken
probably the most economical one, that of the SM with a non-minimal coupling to gravity. Reheating
in this model can be considered very realistic plus, given the fact that the strength of the couplings
is known, one should (in principle) be able to compute the exact distributions of energy among the
different species produced. Moreover, this also allowed us one to check whether the usual mechanisms
of more simple models actually take place or not. The answer was surprising, since not only those
usual mechanisms take place, but also other new effects have to be incorporated.

In particular, when considering the SM Higgs non-minimally coupled to gravity, we have found
that the initial stages of Reheating are driven by a complex process in which perturbative and non-
perturbative effects occur simultaneously. This constitutes a new phenomenon in Reheating, so we
have given it a proper name, Combined Reheating, for which we have developed analytical and numer-
ical tools to describe it. Essentially, we have found that the Higgs field produces non-perturbatively
W and Z gauge bosons while oscillating around the minimum of its potential. During each oscillation,
the created gauge bosons significantly decay (perturbatively) into the SM fermions and, as a result, the
usual parametric resonance is blocked. Nevertheless, the energy transferred into the decay products
(fermionic species) of the bosons is not enough to reheat the Universe, so after about ∼ O(102) oscil-
lations, the resonance effects eventually dominate. Since we know the couplings between the Higgs,
leptons and quarks of the SM, we have been able to compute the exact energy distribution among
all the species (at least until the time in which the particle’s backreaction into the Higgs becomes
important). Due to the non-linear and non-perturbative nature of the system, to study the evolution
from backreaction until thermalization, numerical simulations and new theoretical considerations will
be required.

The novelty of Combined PReheating is precisely a simultaneous competition between perturbative
decays and non-perturbative production of particles, affecting each other recursively. Depending on
the couplings, the energy density transferred into the fermionic species might dominate over the Higgs
condensate before parametric resonance becomes relevant or, perhaps, the energy transferred into
the fermions is negligible and the perturbative decays simply delay the development of parametric
resonance. Since in the model with the SM Higgs non-minimally to gravity we know the strength of
the couplings, we have determined univocally which of the two previous options was the correct one.
However, note that Combined PReheating might be a common ingredient (ignored so far) in many
Reheating scenarios. As soon as the inflaton is coupled to some primary fields and the latter to some
secondary fields, a competition between the non-perturbative production of the primary particles and
a pertubative production of the secondary (from the decay of the primary ones) will take place. The
rate at which energy is exchanged between the inflaton and the primary and secondary fields, could
only be determined in each specific scenario if the involved couplings were known. However, the
couplings of the inflaton to other matter fields are essentially free parameters in most models.

Therefore, a natural step further in this line of reseach will be to explore the space of parameters of
other models different than the one studied in the Thesis, in order to determine the role that Combined
PReheating could play. Another natural extension of our study would be to study the details of
thermalization, considering the re-scattering and thermal screening effects between particles. This
would constitute an extremely difficult project, but progress could be made by borrowing techniques
from the studies of non-equilibrium field dynamics in other contexts.
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11 RESUMEN Y PERSPECTIVAS FUTURAS

En esta Tesis hemos estudiado los detalles de la producción de señales potencialmente observables
procedentes de una época muy temprana del Universo, el estad́ıo del Recalentamiento, que cor-
responde a aquel periodo del Universo primigenio que enlaza el final de inflación con el comienzo
de la expansión cósmica estándar conducida por un flúıdo relativista en equilibrio térmico. Nos
hemos centrados en ondas gravitacionales y en no gausianidad. Además también hemos presentado
los detalles de cómo el Recalentamiento procede en sus primeros estad́ıos en el complejo pero
realista escenario en el que el Higgs del Modelo Estándar representa al inflatón, transfiriendo aśı
la enerǵıa inflacionaria a todas las part́ıculas del Modelo Estándar. A continuación, resumiremos
los principales resultados que hemos obtenido y propondremos alguna perspectiva nueva para el futuro.

• Sobre las ondas gravitacionales producidas a escala sub-horizonte:

En los modelos inflacionarios más populares, el Recalentamiento del Universo después de inflación
procede a través de la nucleación y posterior colisión de grandes concentraciones de densidad de enerǵıa
(estructuras de tipo burbuja) en las configuraciones espaciales desarrolladas por los campos escalares
acoplados al inflatón. Este violento proceso genera una fracción significativa de enerǵıa en la forma
de un fondo estocástico de ondas gravitacionales, cuya evolución temporal está determinada por los
sucesivos estad́ıos del Recalentamiento. Primero diferentes mecanismos como el del pRecalentamiento
taquiónico en modelos h́ıbridos o la resonancia paramétrica en modelos caóticos, hacen que la am-
plitud de las ondas gravitacionales crezca muchos órdenes de magnitud de forma exponencialmente
rápida. Segundo, las colisiones de burbujas añaden un nuevo fogonazo de radiación gravitatoria.
Tercero, finalmente la dinámica turbulenta desarrollada por los campos escalares, establece el final
de la producción de las ondas gravitacionales. Desde entonces dichas ondas se propagan libremente
(desacopladas) hasta nosotros. En esta Tesis hemos encontrado que la fracción de densidad de enerǵıa
hoy en d́ıa contenida en estas ondas gravitacionales primordiales, podŕıa ser significativa para modelos
de inflación a escala GUT, aunque desafortunadamente, dicho fondo quedaŕıa muy fuera del rango es-
pectral caracteŕıstico de los observatorios como LIGO, LISA, BBO y DECIGO. Sin embargo, modelos
h́ıbridos de escala menores de enerǵıa śı que podŕıan producir una señal detectable a las frecuencias
accesibles a BBO y DECIGO. Además, la presencia de campos vectoriales gauge podŕıa aumentar
significativamente la amplitud de la señal, aśı como modificar sus caracteŕısticas espectrales de forma
muy espećıfica.

En esta Tesis nos hemos centrado, principalmente, en las simulaciones numéricas y cálculos anaĺıticos
de la producción de ondas gravitacionales por los campos de materia excitados durante el Recalen-
tamiento después de un periodo de inflación h́ıbrida. Este modelo es muy ventajoso comparado con
otros, no sólo porque está firmemente arraigado en la f́ısica de part́ıculas, sino porque además, sus
consecuencias fenomenológicas podŕıan ser testadas observacionalmente en un futuro cercano. Para
nuestro trabajo, hemos desarrollado métodos numéricos y teóricos para estudiar la producción de
ondas gravitacionales en contextos de campos escalares y campos gauge fuera del equilibrio durante
el Recalentamiento del Universo. Hemos analizado en detalle la dinámica de diferentes escenarios
(con y sin campos gauge), caracterizando la dinámica del sistema mediante el estudio de la evolución
temporal de los espectros de los campos en el espacio de momentos, aśı como de las configuraciones es-
paciales en el espacio de posiciones. Hemos mostrado que mientras que los campos escalares producen
un pico en el espectro de ondas gravitacionales alrededor de la escala sub-horizonte caracteŕıstica que
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se excita durante el Recalentamiento, los campos gauge añaden improntas espećıficas en el espectro
de ondas gravitacionales mediante la creación de nuevos máximos centrados en frecuencias muy par-
ticulares, relacionadas con las nuevas masas introducidas en el problema. Dependiendo de los acoplos
y los parámetros del modelo, los espectros podŕıan tener uno, dos, o incluso tres máximos. Durante
el tiempo de producción hemos mostrado cómo estas nuevas caracteŕısticas en los espectros de ondas
gravitacionales se correlacionan primero con la distribución ”burbujeante” del Higgs y después con la
configuración espacial de tipo cuerda desarrollada tanto en el Higgs como los campos gauge (debido a
la aparición de números topológicos de winding no triviales alredador de las cuerdas abelianas). Hemos
estudiado en detalle la evolución en el tiempo de los espectros de los campos escalares y campos gauge,
aśı como de las ondas gravitacionales, hasta que los campos entran en el régimen turbulento en el que
la producción de ondas gravitacionales llega a su fin.

Hemos estudiado también, aunque más brevemente, cómo algunos modelos caóticos resultan gen-
eradores muy eficientes de ondas gravitacionales durante el Recalentamiento. Sin embargo, el fondo
de ondas gravitacionales análogo que se produce durante el Recalentamiento en modelos caóticos, a
diferencia del de los modelos h́ıbridos, es mucho más improbable que sea detectado, puesto que no hay
hoy en d́ıa ningún observatorio (planificado) con la suficiente sensitividad requerida en el rango de alta
frecuencia caracteŕıstico de estos escenarios. En cualquier caso, hemos mostrado que aqúı también
las ondas gravitacionales son primeramente producidas por los efectos no perturbativos de resonancia
paramétrica, mientras que la posterior colisión de las estructuras desarrolladas por el campo escalar,
añade un nuevo incremento de un orden de magnitud a la amplitud de la densidad de enerǵıa de las
ondas gravitacionales. Finalmente, los campos escalares entran en un régimen turbulento y las ondas
gravitacionales dejan de ser producidas.

Desde el momento de su producciòn estos fondos de ondas gravitacinales permanecen desacoplados
y por lo tanto, la amplitud y forma de sus espectros (después de ser “desplazadas al rojo” hasta hoy en
d́ıa), podŕıan ser usados para inferir las caractreŕısticas del periodo de Recalentamiento del Universo
primigenio. El descubrimiento de uno de estos fondos abriŕıa una nueva ventana observacional al
Universo primordial, donde los detalles del proceso del Recalentamiento – el verdadero Big Bang –
podŕıan ser explorados. Además esto podŕıa servir también en el futuro como nueva herramienta ex-
perimental para testear el paradigma inflacionario. Tanto la forma como el rango frecuencial predicho
para el fondo de ondas gravitacionales generado durante el Recalentamiento, constituyen aspectos par-
ticulares de cada modelo y, por tanto, podŕıan ser usados para distinguir unos modelos inflacionarios
de otros.

Un paso natural para continuar esta ĺınea de investigación, seŕıa el estudio de los detalles del
fondo de ondas gravitacionales producido en presencia de un sector de campos gauge no abelianos.
Entonces se podŕıan obtener campos gauge sin masa después de la rotura espontánea de simetŕıa,
y quizá dichos campos podŕıan continuar produciendo más ondas gravitacionales durante el estad́ıo
turbulento hacia el equilibrio térmico.

• Sobre las ondas gravitacionales producidas a escalas super-horizonte:

Las ondas gravitacionales son producidas copiosamente en el Universo primitivo siempre que los
procesos f́ısicos que tienen lugar son suficientemente violentos. El espectro de varios de estos fondos
de ondas gravitacionales ha sido estudiado extensamente en la literatura, no sólo en el Recalentamiento
del Universo sino también en transiciones de fases térmicas, movimientos turbulentos del plasma aśı
cómo en la dinámica de una red de cuerdas topológicas. En esta Tesis hemos estudiado también la
forma y amplitud del espectro de ondas gravitacionales a escala super-horizonte en el momento de
su producción. Tales ondas gravitacionales se esperan a partir de la dinámica de auto-ordenamientro
de campos escalares estocásticamente orientados, como pudiera ser el caso durante una transición de
fase térmica o durante el Recalentamiento después de un proceso de inflación h́ıbrida. En concreto,
en escenarios del Recalentamiento del Universo después de inflación h́ıbrida, el proceso de ruptura
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espontanea de simetŕıa finalmente da lugar a que el campo de ruptura de simetŕıa acabe relajándose
en el verdadero vaćıo (salvo por obstrucciones topológicas en el caso de N 6 4). La longitud de
correlación de este campo debe estar en cualquier caso, limitada por la escala del horizonte en ese
momento y, por lo tanto, los bosones de Goldstone sin masa son libres de moverse libremente dentro del
manifold de vaćıo, manteniendo de esta forma el proceso de auto-ordenamiento mientras la correlación
crece. Hemos encontrado que si la fuente de ondas gravitacionales es decir, los campos de Goldstone,
actúan solamente una pequeña fracción del tiempo de Hubble, el espectro de ondas gravitacionales
a frecuencias menores que la del ritmo de expansión del Universo en el momento de producción,
se comporta como Ωgw(f) ∝ f3, con una amplitud demasiado pequeña para ser observable por los
observatorios de ondas gravitacionales como LIGO, LISA, BBO o DECIGO. Por otro lado, si la
fuente está activa por un tiempo mucho mayor, hasta que un modo dado que inicialmente fuera
super-horizonte entra dentro del horizonte, encontramos entonces que el espectro de la densidad de
enerǵıa de las ondas gravitacionales no depende de la frecuencia, es decir, es invariante de escala.
También hemos calculado las correcciones a este comportamiento plano y hemos determinaddo que
son totalmente despreciables.

Hemos encontrado que la amplitud para un escenario a escala GUT resulta estar dentro del rango
de sensitividad de BBO y DECIGO, e incluso es marginalmente detectable por LIGO y LISA. Este
nuevo fondo de ondas gravitacinales puede de hecho competir con el generado durante inflación y, por
lo tanto, distinguir ambos requiere cierta información extra. Si inflación ocurrió a “bajas” enerǵıas,
como es el caso de muchos modelos motivados por la f́ısica de part́ıculas, las ondas gravitacionales
procedentes de inflación tendŕıan una amplitud demasiado pequeña para ser observadas por los de-
tectores interferométricos planeados. Sin embargo, en el caso de los campos auto-ordenantes tras una
transición de fase global, los cálculos detallados muestran que el espectro de ondas gravitacionales
invariante de escala generado en tal caso, tiene una amplitud para un VEV igual al de la escala
inflacionaria, entre uno y dos órdenes de magnitud mayor que el fondo inflacionario. Por lo tanto
este nurevo fondo de ondas gravitacionales qur hemos predicho, podŕıa ser detectado en el futuro
directamente por los observatorios de radiación graviatatoria, o mediante la detección del modo B de
la polarización del fondo cósmico del microondas (CMB).

Un siguiente paso natural en esta ĺınea de investigación, seŕıa por tanto estudiar los detalles del
efecto en el CMB de este fondo de ondas gravitacionales, aśı como de las perturbaciones vector que
se generan también en estos modelos.

• Sobre la no gausianidad inducida en las perturbaciones cosmológicas de materia:

Reliquias cósmicas de la época post-inflacionaria en la forma de una red de campos escalares auto-
ordenados, podŕıan haber sobrevivido a la evolución del Universo hasta nuestros d́ıas. Si cierta f́ısica
post-inflacionaria involucrase la ruptura espontánea de una simetŕıa exacta O(N) con N > 4, entonces
el ordenamiento de estos campos escalares podŕıa proveer una contribución secundaria a las pertur-
baciones primordiales. Como se ha discutido más arriba, estos campos generan un fondo de ondas
gravitacionales invariante de escala que podŕıa ser detectado por los observatorios interferométricos
de ondas gravitacionales, si la escala de enerǵıa asociada fuera lo suficientemente alta. Además, como
hemos mostrado en esta Tesis, el auto-ordenamiento de estos campos también induce una caracteŕıstica
no gausiana en la estad́ıstica de las perturbaciones cosmológicas de densidad, lo que podŕıa permitir
una forma alternativa de estudiar estas reliquias.

Hemos calculado anaĺıticamente el bi-espectro, es decir, la función de corelación a tres puntos
de la amplitud de las perturbaciones, que aparece en este tipo de escenarios que describen la pos-
terior evolución de los campos, tras una ruptura de simetŕıa global como en el Recalentamiento
h́ıbrido. Hemos encontrado una expresión anaĺıtica compacta para el bi-espectro que hemos evaluado
numéricamente. Además hemos dado una aproximación simplificada que podŕıa ser usada para el
análisis de datos. Las caracteŕısticas más significativas de nuestros hallazgos se resumen en el hecho
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de que el bi-espectro que hemos obtenido es máximo para configuraciones triangulares alineadas, es
decir, con los ejes k1 ≃ 2k2 ≃ 2k3. Esto es muy diferente del bi-espectro del modelo local cuyo máximo
se encuentra localizado en configuraciones triangulares de tipo esqueezed (k1 ≃ k2 ≫ k3), aśı como del
bi-espectro equilátero que, como su nombre indica, es máximo en configuraciones triangulares de tipo
k1 ≃ k2 ≃ k3. Hemos estimado que esta nueva no gausianidad debeŕıa ser detectable por el satélite
Planck si la contribución de los campos escalares auto-ordenantes a las perturbaciones primordiales
estuviera cerca del ĺımite máximo permitido en la actualidad.

Esta nueva signatura no gausiana constituye una nueva contribución secundaria al bi-espectro de las
perturbaciones cosmológicas que, de hecho, podŕıa ser muy significativa. Por lo tanto, en el evento de
una potencial detección de una presumible señal no gausiana primordial, uno no podŕıa concluir ya más
que los modelos inflacionarios de campo único debeŕıan quedar descartados, pues tal desviación con
respecto a gausianidad podŕıa ser debida a una transición de fase post-infalcionaria, y no a inflación.

Un paso natural más allá en esta ĺınea de investigación seŕıa estudiar los detalles del bi-espectro
de las fluctuaciones en el CMB, aunque ciertamente este estudio resultaŕıa extremadamente dif́ıcil.
Aśı pues otra posible continuación consistiŕıa en el cálculo de la función de transferencia a pequeñas
escalas, lo que supondŕıa un cálculo mucho más asequible. Se requeriŕıa, en concreto, una solución
combinada a las ecuaciones del campo escalar y las ecuaciones de Boltzmann para cada modo
individual del campo de densidad alimentado por el campo escalar.

• Sobre el Recalentamiento del Universo en el Modelo Estándar de part́ıculas:

En nuestra búsqueda de un escenario del Recalentamiento más realista, hemos buscado también
la inclusión de todo tipo de campos en el estudio del Recalentamiento. Incluyendo más grados de
libertad de materia, simplemente añadiŕıa más parámetros libres ajustables en el modelo, por lo
que con objeto de obtener una imagen clara del Recalentamiento en una teoŕıa gauge completa que
incluyera escalares, espinores y vectores gauge, nos hemos centrado en modelos inflaccionarios que
necesariamente incorporasen el Modelo Estándar de part́ıculas elementales. Esto nos deja con pocas
posibilidades, entre las cuales hemos elegido posiblemente la más económica, aquella en que el Higgs
del Modelo Estándar está acoplado no-mı́nimamente a gravedad. El Recalentamiento en este modelo
puede ser considerado muy realista y, además, dado el hecho de que conocemos la intensidad y forma de
los acoplos, uno debeŕıa ser capaz en principio de calcular la distribuciñón exacta de enerǵıa entre las
diferentes especies producidas. Además este hecho, es decir el conocimienbto de los acoplos, también
nos ha permitido chequear si los mecanismos usuales de modelos más simples suceden de hecho, o no,
en este escenario. La sorprendente respuesta es que no sólo dichos mecanismos usuales tienen lugar,
sino que además nuevos efectos más complejos deben ser también considerados.

En Concreto, hemos encontrado que los estad́ıos iniciales del Recalentamiento son conducidos en
este modelo por un complejo proceso en el que efectos perturbativos y no perturbativos ocurren
simultáneamente. Esto constituye un nuevo fenómeno en el Recalentamiento y, por tanto, le hemos
dado un nombre propio ”Recalentamiento Combinado”, y hemos desarrollado herramientas anaĺıticas
y numéricas para describirlo. Esencialmente hemos encontrado que el campo de Higgs produce no
perturbativamente bosones gauge W y Z mientras oscila alrededor del mı́nimo de su potencial. Durante
cada oscilación los bosones gauge creados se desintegran perturbativa pero significativamente en los
fermiones del Modelo Estándar y, como resultado, la resonancia paramétrica usual queda bloqueada.
Sin embargo, la enerǵıa transferida a los productos de desintegración fermiónicos, no es suficiente para
recalentar el Universo y unas cien oscilaciones después, los efectos de resonancia usuales finalmente
acaban dominando. Puesto que conocemos el acoplo entre el Higgs, los leptones y los quarks del
Modelo Estándar, hemos sido capaces de obtener la distribución exacta de enerǵıa entre todas las
especies, al menos hasta el momento en el que el Higgs se ve afectado por las part́ıculas producidas.
Debido a la naturaleza no lineal y no perturbativa del sistema, el estudio de la evolución desde ese
momento hasta la termalización, requerirá nuevas consideraciones teóricas y simulaciones numéricas
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más allá de lo estudiado en esta Tesis.

Nótese, sin embargo, que lo novedoso del pRecalentamiento combinado es presicisamente la com-
petición simultánea entre las desintegraciones pertubativas y la producción no perturbativa de
part́ıculas, afectándose una a la otra recursivamente. Dependiendo de los acoplos, la enerǵıa transferida
a las especies fermiónicas podŕıa haber dominado sobre el condensado del Higgs antes de que la reso-
nancia paramétrica se hiciera relevante, o quizás, por el contrario, la enerǵıa transferida a los fermiones
podŕıa resultar despreciable y las desintegraciones perturbativas solo retrasaŕıan el desarrollo de la
resonancia paramétrica. Puesto que en el modelo con el Higgs del Modelo Estándar no mı́nimamente
acoplado a gravedad conocemos los acoplos, entonces hemos determinado uńıvocamente cual de las
dos opciones previas era la correcta. Sin embargo, nótese que el pRecalentamiento Combinado podŕıa
ser un ingrediente común (ignorado hasta la fecha) en muchos escenarios del Recalentamiento. Tan
pronto como el inflatón está acoplado a ciertos campos ”primarios” y estos últimos a su vez, a otros
campos ”secundarios”, una competición entre la producción no perturbartiva de las part́ıculas pri-
marias y la producción perturbativa de las secundarias (a partir de la desintegraión de las primarias),
tendŕıa lugar. El ritmo al cual la enerǵıa será intercambiada entre el inflatón y los campos primarios
y secundarios, sólo puede ser determinado en cada escenario espećıfico si los acoplos involucrados
fueran conocidos. Sin embargo, los acoplos del inflatón a otros campos de materia, son esencialmente
parámetros libres en la mayoŕıa de modelos.

Por tanto, un paso natural más allá en esta ĺınea de investigación, consistiŕıa en explorar el espacio
de parámetros de otros modelos diferentes que el estudiado en la Tesis, con objeto de determinar el
papel que el pRecalentamiento combinado podŕıa jugar. Otra extensión natural de nuestro estudio
seŕıa investigar los detalles de la termalización en el modelo considerado, teniendo en cuenta el re-
scattering y los efectos de apatallamiento térmico entre las part́ıculas. Esto constituiŕıa un proyecto
extrmadamente dif́ıcil, pero cierto progreso podŕıa ser hecho si tomáramos prestadas ciertas técnicas
del estudio de la dinámica de los campos fuera del equilibrio en otros contextos.
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A Brief History of the Universe

• Today (t ≈ 13.7 years = 4.3 · 1017 s): We are presently living in an epoch which is experiencing a
transition from matter domination to dark energy (cosmological constant like) domination. Present
energy content within the Universe seems to be divided between baryonic matter (∼ 4%), dark matter
(∼ 25%) and dark energy (∼ 71%), while radiation (the CMB and the neutrino cosmic background)
is completely negligible. The CMB has been measured today to be (almost) a perfect Black Body
spectrum with an associated temperature of T = 2.726 ± 0.002 K, with the first deviation of perfect
isotropy at the level of 0.001 %.

• Structure Formation (t = 1.000-13.700 million years [1016−1017 s]): Large scale structure is formed,
from stars and galaxies to clusters and superclusters. The matter distribution forms bound structures
from initially small inhomogeneities as a result of gravitational instability. The CMB anisotropies
is the best proof to know that those ’seeds’, inhomogeneities in the matter field distribution, were
already present at the time of recombination. One of the most fundamental issues regarding the period
of structure formation is the nature and the role of dark matter and dark energy.

• Decoupling of Photons (t = 380.000 years [1012 − 1013 s], z = 1090, T = 0.3 eV): Photons decouple
from baryons since the mean energy of photons drops bellow the value required to ionize hydrogen
and, therefore, all free electrons and protons recombine to form neutral hydrogen. Helium, which
constitutes 25 % of the baryonic matter, had recombined and become neutral before this time, but
most of the electrons remained free after Helium recombination. The tiny inhomogeneities of the
matter distribution at recombination, induces the temperature anisotropies in the photons which,
once decoupled at the Last Scattering Surface (SLS), survive till today on top of the black-body
distribution of the CMB, carrying direct information about the state of the Universe at this epoch.

• Equality Matter/Radiation (t = 60.000 years [1011 s], z = 3400, T ∼ 1eV): At this moment, the
non-relativistic and the relativistic matter densities become equal, separating the initial radiation-
dominated epoch from the matter-dominated one. By the time the Universe becomes transparent
to radiation, 300.000 years later, when the photons decouple from the baryons, the expansion rate
is already dominated by a 90 % of non-relativistic matter and only 10 % of radiation. Previous to
the matter-radiation equality, the Universe was radiation dominated, which gives rise to the adjective
’hot’ of the Big Bang theory.

• Big Bang NucleosynThesis (BBN) (t = 1-200 s, T ∼ 0.5-0.05 MeV): When the temperature drops
below the energy required to form nuclear bound systems, as a result, free protons and neutrons form
(mainly) Helium-4 (25 %) as well as tiny amounts of other light elements like Helium-3, Deuterium,
Lithium-6, Lithium-7, .... Around 75% of the protons still remain free as simple Hydrogen. The
abundances of the light elements resulting from this process known as primordial nucleo-synThesis
(BBN) are in good agreement with the available observational data, which strongly supports the
theory of the evolution of the Universe according the hot Big Bang back to the first second.

• Electron/Positron annihilation (t ∼ 1 s, T ∼ 0.5 MeV): The numerous electron-positron pairs that
were present before the temperature fell below the electron mass threshold, begun to annihilate,
leaving only a very tiny excess of electrons over positrons, of the order one per billion of photons.
The overleft electrons just become non-relativistic when they were still in thermal equilibrium with
photons, so the temperature of the photons increased with the energy transferred by the electrons,
while the neutrinos had decoupled earlier and therefore did not receive part of this energy.
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• Neutrino Decoupling (t ∼ 0.2 s, T ∼ 0.8-2 MeV): In this moment, primordial neutrinos decouple
from the rest of particles since weak interactions fall out of equilibrium. Moreover, roughly at the same
time, the ratio of protons to neutrons freezes out, because the interactions that were maintaining these
nucleons in thermal equilibrium becomes inefficient when competing with the rate of expansion of the
Universe. Note that the ratio of protons to neutrons depends very much of the mass difference between
protons and neutrons, despite the fact that such a difference is very small, (mp−mn)/(mn+mp) ≪ 1.

• Quark-Gluon plasma (t ∼ 10−5 s ,T ∼ 200 MeV): Quarks and gluons, previously free at higher
temperatures, became confined forming baryons and mesons. We yet lack of a complete understanding
of the physics of the quark-gluon transition, though we know for sure that T ∼ 200 MeV is the energy
scale below which, perturbative-QCD breaks down and quarks can not stay free anymore, but rather
forming bound colorless states.

• EW Symmetry Breaking (t ∼ 10−10 s, T ∼ 100 GeV): The EW symmetry is broken below this
energy, such that the W and Z bosons acquire a mass, making the weak interactions short-range,
while the photon remains massless such that the electromagnetic interaction becomes long-range.
Fermion and Baryon numbers, strongly violated in topological transitions above the scale of EW
symmetry breaking, stop being active soon after the symmetry is broken.

• Baryogenesis (1 MeV < T < 1016 GeV): All structures we observe in the Universe seem to be
made only of matter, as opposed to anti-matter1. It could be that the Universe begun with such an
asymmetry, but it looks rather improbable since we know that fundamental interactions do not put
on equal footing particles and antiparticles (since C,P and T symmetries are not always conserved).
Moreover, if one assumes an inflationary epoch (as we do here in this Thesis), then the (inflationated
patch of the) Universe is left empty of particles and anti-particles. Then, only dynamically, through
interactions differentiating particles from anti-particles, one could expect to produce an asymmetry
between particles and anti-particles. This process is very model-dependent, but it should be produced
between the end of inflation and the beginning of NucleosynThesis.

• Reheating (1 MeV < TRH < 1016 GeV (?)): Whatever the initial content of the inflated patch of the
Universe, the super-luminical expansion diluted and redshifted everything away. So, somehow, after
inflation ends, there must be some mechanism that produce all the particles that we see in the Universe
today. This process of particle creation is called Reheating and this Thesis is devoted to it: on one
hand, to the possibility of detecting observational signatures characteristic of such a violent process,
and on the other hand, to the further development of the theory itself. This process is very model-
dependent and so far it has not been completely understood, specially towards the matching with the
ordinary standard cosmology of an expanding Universe dominated by a relativistic thermalized fluid.

• Inflation (MP > ρ1/4 > ?): If an accelerated process in the very early Universe lasted for long
enough, the fine-tuning and causality problems of the Big Bang theory are solved. Moreover, such an
inflationary epoch also provides a natural mechanism to create the initial seeds for the formation of
the large-scale structures much later on. Most models of inflation are based on simple scalar sectors
dominated by the vacuum energy associated to them, so it is a process very model dependent (although
all models share the basic ingredients stated above).

• Big Bang (t = 0 (?), ρ1/4 > Mp (?)): Apparently, the study of the creation of the Universe awaits
for a consistent quantum theory of gravity.

1There is a tiny amount of antiparticles expected from the collision of cosmic rays in the atmosphere
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B Fields Dynamics in the continuum

The purpose of this Appendix is twofold. On one hand we will derive the equations of the matter
fields shown in Chapter #3, both in Minkowski and in the presence a curved background. On the
other hand, we will also derive explicitly the equations governing the Gravitational Wave production
in the context of a FRW metric, showing step by step the procedure to linearize the Einstein GR
equations.

B.1 Matter Fields

The most generic theory we have considered is a Yang-Mills theory invariant under a SU(N) internal
symmetry group. Let us consider two types of scalar fields: those which are singlets under any internal
field symmetry, χ, and those with a SU(N) gauge structure, which we denote (in the fundamental
representation) as

ϕ =











ϕ1

ϕ2

...
ϕN











(B.1.1)

with N {ϕi} complex fields. There will be correspondingly some gauge vector fields, denoted as Aµ
for the abelian case (N = 1) and Bµ for the non-abelian case (N ≥ 2). In flat space-time, such a
theory is described by

− L =
1

4e2
(FµνF

µν) +
1

2q2
Tr(GµνG

µν) + (Dµϕ)†(Dµϕ) +
1

2
(∂µχ)2 + V (χ, ϕ), (B.1.2)

where Fµν and Gµν are the abelian and non-abelian field strengths respectively, given by

Fµν = A(ν,µ) , Abelian Case (B.1.3)

Gµν = B(ν,µ) − iB(µBν) , Non − Abelian Case (B.1.4)

and Dµ is the covariant derivative, defined as

Dµ = ∂µ − iqAAµ − iqBBµ , (B.1.5)

with qA and qB the abelian and non-abelian Yang-Mills Coupling.

An element Ω(x) of the SU(N) group, can be expressed in terms of the SU(N) generators {Ta}, as

Ω(x) = e−iαa(x)Ta , (B.1.6)
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with αi real. The generators of SU(N) are1 N2 − 1 matrices, which verify the following properties

[Ta, Tb] = ifabcTc (B.1.7)

Tr(TaTb) =
1

2
δab (B.1.8)

Tr(Ta) = 0 (B.1.9)

T †
a = Ta (B.1.10)

In (B.1.7), we have introduced through the commutators the so called structure constants of the
group, fabc. These are totally anti-symmetric constants which characterize the non-abelianility of
the group. The generators are thus non-conmutative, traceless, hermitician matrices, arbitrarily
normalized according to (B.1.8).

Given an arbitrary matrix element Ω(x) of SU(N), the system described by (B.1.2) is gauge invariant
under the set of transformations

ϕ(x) → Ω(x)ϕ(x) (B.1.11)

Bµ(x) → Ω(x)Bµ(x)Ω†(x) − i
1

qB
Ω(x)Ω†

,µ(x) (B.1.12)

Gµν(x) → Ω(x)Gµν(x)Ω
†(x) (B.1.13)

with χ simply a singlet.

Since a non-abelian vector field can be expressed as a linear combination of the generators, also its
field strength, so

Bµ = BaµTa ⇒ Gµν = GaµνTa , (B.1.14)

Using the generators’ properties, we find that

Gaµν = Ba(ν,µ) + fabcBbµB
c
ν ⇒ Tr(GµνG

µν) =
1

2
GaµνG

µν
a . (B.1.15)

while the covariant derivative can be written component by component as

(Dµ)ij = δij(∂µ − iqAAµ) − iqBB
a
µ(Ta)ij. (B.1.16)

Thus, one should be aware of the two notations we have introduced so far: one hidding the gauge
structure, like in ϕ,Bµ and Gµν , which represent matrices, and the other explicitly showing the
“colour” index of the group, like in ϕi, B

a
µ and Gaµν , which are just single-number functions.

Let us now obtain the classical eom of a generic system characterized by the lagrangian (B.1.2).
Varying the action, the eom for the scalars can be computed as follows,

δϕ∗
j
L = δϕ∗

j
((Dµϕ)†(Dµϕ) + V (ϕ, φ))

= δ([ϕ∗
i ,µ+iqBB

a
µϕ

∗
j (Ta)ji][ϕ

,µ
i − iqBB

b
µ(Tb)ikϕk] + V (ϕ, φ))

= [(δϕ∗
j ),µ δij + iqBB

a
µ(δϕ

∗
j )(Ta)ji](D

µϕ)i + V,ϕ∗
j
δϕ∗

j

= −δϕ∗
j (δij∂µ − iqBB

a
µ(Ta)ji)(D

µϕ)i + V,ϕ∗
j
δϕ∗

j

= −δϕ∗
j (Dµ)ji(D

µϕ)i + V,ϕ∗
j
δϕ∗

j

= [−(DµD
µϕ)j + V,ϕ∗

j
]δϕ∗

j = 0. (B.1.17)

1Note that for the abelian case N = 1, the generators are simply constants.
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Although this equation is the one characteristic of the gauged scalar fields of the theory, ϕ, the eq. for
a non-gauged scalar field like χ, can be obtained if one just substitute Dµ → ∂µ. On the other hand,
the equations of motion of the gauge vectors can be obtained from

δBa
µ
L = δBa

µ

(

1

4q2
GaµνG

µν
a + (Dµϕ)†(Dµϕ)

)

=
1

4q2
(2δGaµν)G

µν
a + δBa

µ
(ϕ∗
j ,µ +iqBB

a
µϕ

∗
i (Ta)ij)(D

µϕ)j + (Dµϕ)†jδJa
µ
(ϕ
,µ
j − iqBδB

µ
b (Tb)jkϕk)

=
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2q2
(δBa(ν,µ) + fabc(δBbµB

c
ν +BbµδB

c
ν)G

µν
a + iqBδB

a
µϕ

∗
i (Ta)ij(D

µϕ)j − i(Dµϕ)†jqBδB
µ
a (Ta)jkϕk

=
1
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c
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µν
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µϕ− (Dµϕ)†Taϕ)δBaµ
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1

q2
(δab∂ν − fabcBcν)G

µν
b + iqB(ϕ†TaD

µϕ− (Dµϕ)†Taϕ)]δBaµ

= [
1

q2
DνGµνa − jµa ]δBaµ = 0, (B.1.18)

where he have defined the adjoint covariant derivative Dµ and the current jaµ as

DνOa = Dab
ν O

b ≡ (δab∂ν + facbJcν)O
b = ∂νO

a + fabcJbνO
c (B.1.19)

jaµ = iqB((Dµϕ)†Taϕ− ϕ†TaDµϕ)
[

= iTr((DµΦ)†TaΦ − Φ†TaDµΦ)
]

(B.1.20)

The last expression of jaµ, written as a trace, should be used if the gauge scalar fields are given in
the adjoint representation Φ (i.e. in terms of a base of generators and the identity), instead of in the
fundamental representation ϕ (where is a column matrix (B.1.1)). When the gauge fields are abelian,
one has to replace qB → qA and the current is taken with Ta = 1, while the adjoint covariant derivative
reduces to an ordinary derivative Dµ → ∂µ, since fabc = 0.

We could consider a Non-Gauge Vector (NGV) sector, like

LNGV = −1

2
Nµ,νNµ,ν −

1

2
m2NµN

µ (B.1.21)

Then, given the choice we have made for the kinetic term, the eom of Nµ would be an ordinary
Klein-Gordon-like eq. for each component of this massive non-gauge vector field,

δNµLNGV = −δNµ,νNµ,ν −m2NµδNµ = [Nµ,ν ,ν −m2Nµ]δNµ = 0, (B.1.22)

as if each componet was a massive scalar field. If we had chosen − 1
4N(µ,ν)N

(µ,ν) as the kinetic term,
we would have had to add an extra term [∂µ(∂νN

ν)] into the eom of the NonGauge vectors. However,
given that this is a non-gauge sector, then there is not motivation to choose such a kinetic term.

In summary, the set of equations are

NonGauged Scalars : ∂µ∂
µχ = V,χ (B.1.23)

Gauged Scalars : DµD
µϕj = V,ϕ∗

j
(B.1.24)

Abelian Vectors : ∂νF
µν = e2jµ (B.1.25)

Yang − Mills Vectors : DνGµνa = q2jµa (B.1.26)

NonGauge Vectors : ∂ν∂
νNµ = m2Nµ + [∂µ(∂νN

ν)] (B.1.27)
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It is usefull to define the electric and magnetic fields as

Abelian Case : E i = F 0i,Bi =
1

2
ǫijkF

jk ⇔ Fµν = (δµ0δνi − δµiδν0)E i + ǫijkδ
µiδνjBk

NonAbelian Case : Eia = G0i
a , B

i
a =

1

2
ǫijkG

jk
a ⇔ Gµνa = (δµ0δνi − δµiδν0)Eia + ǫijkδ

µiδνjBka

(B.1.28)

Then, the eom for the gauge fields ca be re-written as

DkEak = q2ja0 (Gauss Constraint) (B.1.29)

−D0E
i
a + ǫijkDjBak = q2jai (B.1.30)

For abelian fields, one just have to replace Dµ → ∂µ, E
i
a → E i, Bia → Bi, q → e. The equation (B.1.29)

represents the eom associated to the B0 component of the vector Bµ. Such a component is not
dynamical, since there is not a time derivative term of B0 in the lagrangian (B.1.2), so eq. (B.1.29)
represents more a constraint relating all the components of the vector field, rather than a dynamical
equation. Eq.(B.1.29) is simply the Gauss Law as generalized for SU(N) groups.

B.1.1 Dynamics in Curved Space

To derive the previous laws in a curved background, we could just replace the action in flat space by
another action invariant under diffeomorphisms in a curved space-time gµν , like

S =

∫

Ld4x →
∫

L√gd4x , (B.1.31)

with g is the reversed-sign determinant of the metric

g ≡ −Det(gµν) , (B.1.32)

such that
√
gd4x is a 4D volume element invariant under general coordinate transformations. By

varying the new action with respect to gµν , one would obtain the corresponding laws in the curved
background. However, once we know the dynamical equations of a given system in Minkowski space,
the minimal gravitational coupling prescription allows us to promote them into a curved space-time
gµν , simply by performing the replacement into the flat-space equations:

ηµν → gµν (B.1.33)

∂γV
αβ..
µν.. ≡ V αβ..µν.. ,γ → ∇γV

αβ..
µν.. ≡ V αβ..µν.. ;γ = V αβ..µν.. ,γ + ΓαγσV

σβ..
µν.. − ΓσγµV

αβ..
σν.. + ..., (B.1.34)

where V;µ = ∇µV represents a (gravitational) covariant derivative, Γµαβ are the Christoffel Symbols

and V αβ..µν.. is an arbitrary tensor. Of course, to derive the dynamics of the gµν background, we will

have to add a term 1
16πG

∫ √
gRd4x into the action, where R is the Ricci scalar. Now we will just

generalize to a curve background, the eom of the matter fields that live in a flat background.

The eom of the scalar fields are just trivial to modify, since only the term ∂µ∂
µϕi should be modified

when promoting them to a curved background. The rest of terms in the scalars’ eom either has no
space-time indices or are just first derivatives of the scalar field components, so no change is required.
Using (ϕi)

;µ
;µ = g−1/2(g1/2ϕ,µ),µ, then

DµD
µϕi = (ϕi)

,µ
,µ + ... → (ϕi)

;µ
;µ + ... = g−1/2(g1/2ϕ,µ),µ + ...

=
1

2
ϕ,µ(log g),µ +DµD

µϕi

(B.1.35)
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B.2 Gravitational Waves

On the other hand, the lhs of the eom of the vectors can be modified as

DνGµνa = Gµνa,ν − fabcG
µν
b Bcν → Gµνa;ν − fabcG

µν
b Bcν = g−1/2(g1/2Gµνa ),ν −fabcGµνb Bcν

=
1

2
Gµνa (log g),ν + DνGµνa , (B.1.36)

where in the second line we used that Gµν is antisymmetric in µ ↔ ν, and therefore Gµν;ν =

g−1/2(g1/2Gµν),ν .

Note that the general relativistic version of Gaµν remains unchanged with respect to the flat version,
since B(ν;µ) = B(ν,µ), so

Gαβa = gαµgβνGaµν = gαµgβν(Ba(ν;µ) + fabcB
b
µB

c
ν) = gαµgβν(Ba(ν,µ) + fabcB

b
µB

c
ν)

= B(ν,µ)
a + fabcB

µ
b B

ν
c (B.1.37)

Moreover, the only space-time indices in source terms of the vector fields, the currents (B.1.20), come
from the derivatives over the (gauge) scalar fields. Therefore, those derivatives remain also unchanged
when promoting to a curve background. In other words, the current remains also unchanged with
respect to the flat version.

In particular, for a flat-FRW Universe, g = a6(t), so ∂t(log g) = 6(ȧ/a), and therefore,

DµD
µϕi → DµD

µϕi + 3Hϕ,0i (B.1.38)

DνGiνa → DνGiνa +HGi0 (B.1.39)

DiG0i
a → DiG0i

a (B.1.40)

where H = ȧ/a, and Dµ and Dν are still defined by their flat-space counterparts (B.1.16) and (B.1.19),
respectively. Note that, since DiG0i

a remains unchanged, the Gauss constraint also remains unchanged
when promoting from flat space to FRW.
In Summary, putting all together, for a FRW background,

−DµD
µϕj + 3Hϕ̇j + V,ϕ∗

j
= 0 (B.1.41)

DνGµνa +HδµiG
i0
a = q2jµa (B.1.42)

Defining the electric and magnetic fields, and the currents as well, like in the flat case, then (B.1.42)
be rewritten also as

DkEak = q2ja0 (Gauss Constraint) (B.1.43)

−D0E
i
a −HEia + ǫijkDjBak = q2jai (B.1.44)

For abelian fields, just replace Dµ → ∂µ, E
i
a → E i, Bia → Bi, q → e.

B.2 Gravitational Waves

We have obtained the dynamical equations of some matter fields living in a curve background. Let
us now study the dynamics of the background itself, within the context of GR. This would require to
solve the Einstein GR equations sourced by the energy-momentum tensor of the matter fields. This is
a very difficult task in general and some tricks will be required. In particular, to simplify the calculus,
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B Fields Dynamics in the continuum

it is convenient to use a relation bettween the Ricci tensor computed from a given metric gµν and that
from another metric ḡµν , related such that

ḡµν = e2Ω(x)gµν (B.2.45)

Then, in the n+1 -dimensional case, one can obtain the relation

R̄µν = Rµν + (n− 1) {Ω,µΩ,ν −Ω,ν;µ } − gµνg
αβ {(n− 1)Ω,αΩ,β +Ω,β;α } (B.2.46)

Let us consider that ḡµν is the background in which the matter fields live, which consist of two pieces:
a homogeneous and isotropic spatially flat part (a FRW solution), plus a small perturbation on top
of it,

ds2 = ḡµν dx
µdxν = a2(η) gµν dx

µdxν = a2(η)(ηµν + hµν)dx
µdxν , (B.2.47)

Here, we consider |hµν | ≪ 1. Notice that we have introduced the conformal time dη = dt/a(t), since
this way we will be able to apply the previous relation (B.2.46). Thus, identifying

a(η) = eΩ(x) , (B.2.48)

then Ω(x) = log a(η) only depends on time, and hence

Ω,i= 0, Ω′ = a′/a = H, Ω′′ = a′′/a−H2 , (B.2.49)

with ’ ≡ d
dη . For n = 3 spatial dimensions, then

ḡµν = e2Ωgµν ⇒ R̄µν = Rµν [ηµν + hµν(x)] + 2(Ω,µΩ,ν −Ω, ν;µ) − gµν(2Ω,αΩ,α+Ω,α;α) (B.2.50)

where,

Ω,µ= Ω′δµ0 ⇒ Ω,µΩ,ν = Ω′2δµ0δν0 (B.2.51)

Ω,ν;µ= Ω,µν −ΓλµνΩλ = Ω′′δµ0δν0 − Γ0
µνΩ,0 . (B.2.52)

Expanding to first order in hµν ,

Γ0
µν =

1

2
η0α(hα(µ,ν) − hµν,α) =

1

2
(h′µν − h0(µ,ν)) +O(h2) , (B.2.53)

the rhs terms of (B.2.50) are

Ω,µΩ,ν −Ω,ν;µ= (Ω′2 − Ω′′)δµ0δν0 +
1

2
(h′µν − h0(µ,ν))Ω

′ (B.2.54)

gµν(2Ω,αΩ,α+Ω,α;α) = (2Ω′2 + Ω′′)δα0δβ0(ηµνη
αβ + hµνη

αβ − ηµνh
αβ) +

1

2
ηµνη

αβ(h′αβ − h0(α,β))

(B.2.55)

To simplify the calculus, it is convenient to perform a specific coordinate transformation. In partic-
ular, given hµν , then is always possible to perform a transformation into a new system of coordinates
x∗µ, such that

hµν = h∗µν + ǫ(µ;ν) , with h∗0µ = 0. (B.2.56)
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B.2 Gravitational Waves

This is known as the Synchronous Gauge, and we will assume it from the beginning. Thus omitting
the ∗ mark, we will consider a perturbation in (B.2.47) such that h0µ = 0. Using this fact and putting
together (B.2.51),(B.2.52),(B.2.53),(B.2.54) and (B.2.55), then

R̄µν = Rµν [ηµν + hµν ] + 2

(

2H2 − a′′

a

)

δµ0δν0 + Hh′µν + (ηµν + hµν)

(

H2 +
a′′

a

)

− 1

2
ηµνh

′φ′ ,

(B.2.57)

with Rµν the Ricci tensor of a perturbed Minkowski space gµν = ηµν + hµν

Rµν =
1

2
(h′αα(µ,ν) − h,µν −h′αµν,α), (B.2.58)

and h = hii(= hµµ) the trace of the perturbation.

The Einstein field eqs. for the total metric ḡµν = a2(η)gµν , are

R̄µν = 8πGS̄µν , with S̄µν = T̄µν −
1

2
T̄ ḡµν , (B.2.59)

Let us split these equations into the background R
(0)
µν = 8πGS

(0)
µν and the perturbed δRµν = 8πGδSµν

equations, the latter computed to first order in hµν . Thus, we should decompose the (trace reversed)
energy-momentum tensor Sµν into background and anisotropic parts, and then split each of those
parts as contributed by different sources (scalars, vectors, ...),

S̄µν =
〈

SFRW
µν

〉

+ Πµν =
∑

i

〈

SFRW(i)
µν

〉

+ Π(i)
µν , (B.2.60)

where
〈

SFRW
µν

〉

should be understood as a spatial average, with the tensor SFRW
µν computed in a

non-perturbed FRW background. Alternatively, one can think of a H&I perfect-fluid with energy-
momentum tensor (3.2.15) Tµν = (ρ + p)a2uµuν + pgµν , with the 4-velocity uµ and homogeneous
energy and pressure densities and ρ and p. From there one can build up the (trace-reversed) tensor
as SH&I

µν = (ρ + p)a2uµuν + 1
2 (ρ − p)gµν , and then identify SH&I

µν =
〈

SFRW
µν

〉

. Thus, one obtains the

identification
〈

SFRW
00

〉

= a2(ρ+ 3p)/2 and
〈
∑

i S
FRW
ii

〉

= 3a2(ρ− p)/2. We will drop from now on, for
the shake of clarity, the label FRW from the terms spatially averaged, though one should bare in mind

that the averages 〈...〉 will be always taken over S
(i)
µν tensors computed in a FRW background.

Using R̄µν (B.2.57) written in terms of hij and a(η), then the Einstein eqs., component by compo-
nent, read

00 :
1

2
(−h′′ + Hh′) + 3(H2 − a′′

a
) = 8πG(〈S00〉 + Π00) (B.2.61)

0i : h′ki,k −
1

2
h,′i = 8πG(〈S0i〉 + Π0i) (B.2.62)

ij :
1

2
(h′kk(i,j) − h,ij +h′′ij − hij,kk) + Hh′ij + (δij + hij)

(

H2 +
a′′

a

)

− 1

2
Hh′δij = 8πG(〈Sij〉 + Πij)

(B.2.63)

Appealing to isotropy in the FRW Universe, then

〈Sij〉 =
1

3
δij
∑

k

〈Skk〉 (B.2.64)
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and therefore 〈S0i〉 = 0. Thus, the background parts of (B.2.61)-(B.2.63), which describe the evolution
of the flat FRW Universe, will be

00 : 3

(

H2 − a′′

a

)

= 8πG 〈S00〉 (B.2.65)

0i : 0 = 0 (B.2.66)

ij : (H2 +
a′′

a
) =

8πG

3

∑

k

〈Skk〉 , (B.2.67)

As said before, identifying the energy and pressure densities ρ and p of a H&I perfect-fluid as 〈S00〉 =
a2(ρ+3p)/2 and

∑

k〈Skk〉 = 3a2(ρ−p)/2, it can be easily shown that eqs. (B.2.65),(B.2.67) are indeed
equivalent to linear combinations of the Friedmann eq.s (3.2.16), (3.2.17), but written in conformal
time.

On the other hand, the perturbed Einstein equations, which describe the evolution of the metric
perturbations, are

00 : −h′′ + Hh′ = 16πGΠ00 (B.2.68)

0i : 2h′ik,k − h′,i= 16πGΠ0i (B.2.69)

ij : h′k(i,j),k − h,ij +h′′ij − hij,kk + 2Hh′ij + 2hij(H2 + a′′/a) −Hh′δij = 16πGΠij (B.2.70)

In general, a (spatial-spatial) metric perturbation hij has six independent degrees of freedom, whose
contributions can be splitted into scalar, vector and tensor metric perturbations as

hij = ψ δij + E,ij + F(i,j) + hTTij (B.2.71)

with ∂iFi = ∂ih
TT
ij = hTTii = 0. The two scalars (ψ and E) plus one transverse vector (Fi) plus a

transverse-traceless tensor (hTTij ), account for the required 1 + 1 + 2 + 2 = 6 dof , as it should. If we
introduce such a decomposition into the equations (B.2.68),(B.2.69),(B.2.70), we obtain2

00 : 3(Hφ′ − φ′′) − E′′
kk + HE′

kk = 16πGΠ00 (B.2.72)

0i : 2ψ′
i − 3ψ′,i−E′

,ikk + 2Fi,kk = 16πGΠ0i (B.2.73)

ij : −3ψ,ij +(ψ′′ − ψ,kk −Hψ′ + 2(H2 + a′′/a)ψ)δij

+(E
′′ − 2E,kk + 2HE′

+ 2(H2 + a′′/a)E),ij − δijHE
′

kk

+(F
′′

(i − 2F(i,kk + 2HF ′

(i + 2(H2 + a′′/a)F(i)j)

+hTT
′′

ij − hTTij,kk + 2HhTT ′

ij + 2(H2 + a′′/a)hTTij = 16πGΠij (B.2.74)

From now on, we will only consider the Transverse-Traceless part of the perturbations, since those
are the only dof carring energy in the form of GW. Notice that there are only non-TT parts in the
00- and 0i−components (B.2.72),(B.2.73) of the perturbation equations, so we will focus only in the
ij-component (B.2.74) of the perturbations equations. Taking only the TT part of equations (B.2.74)
and dropping the TT label from hTTij for simplicity, the equation for the perturbations that represent
GW is

h′′ij(η,x) + 2Hh′ij(η,x) − hij,kk(η,x) + 2hij

(

H2 +
a′′

a

)

= 16πGΠTT
ij (η,x) , (B.2.75)

2Notice that only the TT metric components obey a wave-like operator in the lhs of (B.2.74). Therefore, only the hTT
ij

metric perturbations — the transverse-traceless dof — characterize the radiative dof in the spacetime, see [4].
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where

h = hik,k = 0 , (B.2.76)

The tensor ΠTT
ij (η,x) is the TT part of the spatial-spatial components of the anisotropic stress-tensor

Πij , and thus

∂iΠ
TT
ij = ΠTT

ii = 0. (B.2.77)

Therefore, in order to solve (B.2.75), we have now to obtain Πij from the matter fields of the the-
ory (B.1.2), and then take its TT part ΠTT

ij . Considering the stress-tensor S̄ij computed on the total

background ḡµν , and the stress-tensor SFRW
ij computed over the FRW metric, the anisotropic tensor

is defined, from (B.2.60), as

Πij ≡ Sij −
〈

SFRW
ij

〉

(B.2.78)

Thus, the source of GW is the TT part of (B.2.78). The question arises now how to extract the TT
part of (B.2.78). However, first, we need to compute the anisotropic stress-tensor Πij . We will only
obtain it for the non-abelian sector of (B.1.2), since the abelian sector is just a particular case of the
Yang-Mills theory (dropping out the internal colour group indices Baµ → Aµ, and taking the structure
constants to zero fabc → 0), while the non-gauge sectors of scalar fields χ, can be recovered by the
replacements Dµ → ∂µ and ϕ→ χ/

√
2.

Thus, in a curve background ḡµν , the YM lagrangian from which we will compute the source of
GW, reads

√
ḡL = −√

ḡ

(

ḡαβ(Dαϕ)†(Dβϕ) +
1

4
ḡµν ḡαβGaµαG

a
νβ + V (ϕ†ϕ)

)

, (B.2.79)

where we have taken q = 1 for the coupling. The energy-momentum tensor of a system described by
a lagrangian L, is given by

T̄ µν =
2√
ḡ

δ(
√
ḡL)

δḡµν
(B.2.80)

With the help of the following identities [240]

δ
√
ḡ = (

1

2
ḡµν)

√
ḡδḡµν (B.2.81)

δḡαβ = −ḡαµḡβνδḡµν (B.2.82)

we can then compute the energy-momentum tensor of the matter fields as

T̄ µν =
2√
ḡδḡµν

{

1

2
(Lḡµν)√ḡδḡµν −

√
ḡ(δḡαβ(Dαϕ)†(Dβϕ) +

1

4
(δḡαβ ḡγδ + ḡαβδḡγδ)GaαγG

a
βδ)

}

=
2√
ḡδḡµν

{

(
1

2
Lḡµν)√ḡδḡµν +

√
ḡ(ḡαµḡβνδḡµν(Dαϕ)†(Dβϕ) +

1

2
ḡαµḡβνδḡµν ḡ

γδGaαγG
a
βδ)

}

= ḡµνL + Re{2(Dµϕ)†(Dνϕ)} + ḡαβG
µα
a Gνβa (B.2.83)

From here, we can write the (reduced) energy-momentum as

S̄µν = T̄µν −
1

2
T̄ ḡµν = 2(Dµϕ)†(Dνϕ) + V ḡµν + ḡαβGaµαG

a
νβ − 1

4
GaαβG

αβ
a ḡµν = S̄(s)

µν + S̄(v)
µν

(B.2.84)
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where we have splitted the stress-tensor into several contributions, defined as

S̄(s)
µν = 2Re{(Dµϕ)†(Dνϕ)} + V ḡµν (B.2.85)

S̄(v)
µν = ḡαβGaµαG

a
νβ − 1

4
GaαβG

αβ
a ḡµν (B.2.86)

such that S̄
(s)
µν is made from the terms of the (gauge) covariant derivatives of the scalar fields, coupling

scalar to vector fields, while S̄
(v)
µν is made from pure vector contributions. Note that the splitting

S̄µν = S̄
(s)
µν + S̄

(v)
µν is gauge invariant, i.e. each contribution, S̄

(s)
µν or S̄

(v)
µν separately, is invariant under

the transformations (B.1.11). The anisotropic tensor is then,

Πµν = Π(s)
µν + Π(v)

µν (B.2.87)

Π(s)
µν = 2Re{(Dµϕ)†(Dνϕ)} −

〈

2Re{(Dµϕ)†(Dνϕ)}
〉

+ a2(η)ηµν(V − 〈V 〉) + hµνa
2(η)V (B.2.88)

Π(v)
µν =

1

a2
ηαβ(GµαGνβ − 〈GµαGνβ〉) −

a2

4
ηµν(G

a
αβG

αβ
a −

〈

GaαβG
αβ
a

〉

)

− 1

a2
(hαβGµαGνβ + a4 1

4
hµνG

a
αβG

αβ
a ) (B.2.89)

Since 16πGΠµν = δRµν [a
2(ηαβ + hαβ)] ∼ O(h), then 16πG (GµαGνβ − 〈GµαGνβ〉) ∼ O(h) and

16πG
(

GaαβG
αβ
a −

〈

GaαβG
αβ
a

〉)

∼ O(h). Therefore, we can substitute the terms proportional to hµν

in the rhs of Πµν , by spatial averages

Π(s)
µν = 2Re{(Dµϕ)†(Dνϕ)} −

〈

2Re{(Dµϕ)†(Dνϕ)}
〉

+ a2(η)ηµν(V − 〈V 〉)
+ hµνa

2(η) 〈V 〉 +O(h2) (B.2.90)

Π(v)
µν =

1

a2
ηαβ(GµαGνβ − 〈GµαGνβ〉) −

a2

4
ηµν(G

a
αβG

αβ
a −

〈

GaαβG
αβ
a

〉

)

− 1

a2
(hαβ 〈GµαGνβ〉 + a4 1

4
hµν

〈

GaαβG
αβ
a

〉

) +O(h2) (B.2.91)

To write down the GW eq., we have first to simplify the source term, made by the TT part of the sum
∑

iΠ
(i)
ij . Appealing to Isotropy, we can write

〈

GaµνG
αβ
a

〉

= δαµδ
β
ν

〈

(Gaµν)
2
〉

and
〈

Re{(Dµϕ)†(Dνϕ)}
〉

=

δµν
〈

2Re{(Dµϕ)†(Dµϕ)}
〉

, and thus we will get rid of the pure-trace terms of the GW source, when
taking the TT part of the anisotropic stress. In particular

h′′ij −∇2hij + 2Hh′ij + 2hij

(

H2 +
a′′

a

)

= 16πG

{

2Re{(Diϕ)†(Djϕ)} + a2 hij 〈V 〉 +
1

a2
ηαβGiαGjβ − a2

4
hij

〈

GaαβG
αβ
a

〉

}TT

(B.2.92)

where {...}TT means that we consider only the Transverse-Traceless part of the expression inside the
brackets.

On the other hand, the background equations look explicitly like

H2 − a′′

a
=

8πG

3
〈S00〉 = 8πG

(

2

3

〈

(D0ϕ)†(D0ϕ)
〉

− a2

3
〈V 〉 +

1

3a2
δij
〈

Ga0iG
a
0j

〉

+
a2

12

〈

GaαβG
αβ
a

〉

)

(B.2.93)

H2 +
a′′

a
=

8πG

3

∑

k

〈Skk〉 = 8πG

(

2

3

〈

(Dkϕ)†(Dkϕ)
〉

+ a2 〈V 〉 +
1

3a2
ηµν

〈

GakµG
a
kν

〉

− a2

4

〈

GaαβG
αβ
a

〉

)

(B.2.94)

202



B.2 Gravitational Waves

Using eq. (B.2.94) for H2 + a′′

a , we then obtain

h′′ij −∇2hij + 2Hh′ij +
16π

3
hij

(

∑

k

〈

2Re{(Dkϕ)†(Dkϕ)} +
1

a2
ηµνGakµG

a
kν

〉

)

= 16πG

{

2Re{(Diϕ)†(Djϕ)} +
1

a2
ηαβGaiαG

a
jβ

}TT

(B.2.95)

Note that eq. (B.2.95) could have been also been derived by realizing that: first, using the in-
terpretation of a H&I fluid, 2(H2 + a′′/a) = 16πGa2(ρ − p)/2 = (16π/3)Ga2

∑

k〈SFRW
kk 〉, and sec-

ond, using the definition of the anisotropic stress-tensor, {Πij}TT = {S̄ij − 〈SFRW
ij 〉}TT = {S̄ij}TT ,

since 〈SFRW
ij 〉 ∝ δij and therefore dies away when the TT -projection is applied. Thus, we can write

eq. (B.2.75) like

h′′ij + 2Hh′ij −∇2hij = 16πG

{

S̄ij −
hij
3

∑

k

〈SFRW
kk 〉

}TT

(B.2.96)

Expanding to first order in O(h) the rhs of this equation, we then obtain

{

S̄ij −
hij
3

∑

k

〈SFRW
kk 〉

}TT

= Re{2(Diϕ)†(Djϕ)} +
1

q2a2
ηαβGaiαG

a
jβ

− hij
3

(

∑

k

〈

2Re{(Dkϕ)†(Dkϕ)} +
1

a2
ηµνGakµG

a
kν

〉

)

(B.2.97)

from where, moving the terms proportional to hij to the lhs of eq. (B.2.96), we recover eq. (B.2.95).

At subhorizon scales,
〈

2(Diϕ)†(Diϕ) + 1
a2 η

µνGkµGkν
〉

∼ H2 ∼ a′′

a ≪ k2, so we will neglect those
terms in the lhs of eq. (B.2.95). Therefore, the effective eq. for the GW, as sourced by scalars and
vector fields, will be

h′′ij + 2Hh′ij −∇2hij = 16πG

{

2(Diϕ)†(Djϕ) +
1

q2a2
ηαβGaiαG

a
jβ

}TT

(B.2.98)

where we have introduced the YM coupling q again. For abelian fields, just substitute, q → e,
Gaµν → Fµν and ϕ→ ϕ/

√
2.

Unfortunately, obtaining the TT part of a tensor in configuration space is very demanding in
computational time. However, as we explained in Chapter #3, we have thought of a method by which
we can circumvent this issue, as explained in Section #3.3.
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C The Lattice Formulation

In general, in the scenarios of Reheating studied in the Thesis, our approach to the dynamics of the
system is to assume that the leading effects under study can be well-described by the classical evolution
of the system. The justification of this point rests upon the fast quantum evolution of the certain
wavelength modes of the excited fields (for instance the tachyonic band of the symmetry breaking field
during Reheating after Hybrid inflation). All the other degrees of freedom will evolve slowly from their
initial quantum vacuum state. The quantum evolution of such unstable modes drives the system into
a quasi-classical regime. It is essential that this regime is reached before the non-linearities couple all
degrees of freedom to each other and questions like back-reaction start to affect the results. It is thus
assumed that it is the classical dynamics of the initially unstable fields that matters, and that at the
end all wavelengths of all the fields resolved in the lattice behave also as classical fields. Of course, this
can hardly be the case for very short wavelengths which stay in a quantum state with low occupation
numbers. However, for the cases studied in this Thesis, the effect of shorter wavelengths is relatively
small, and the spectrum of modes remains always dominated by long-wavelengths (i.e. there is a peak
in the spectra), as indeed shown in the hierarchical structure between the large and short wavelengths
of the spectra obtained in the simulations, see Chapters #5 and #8. In this appendix we will then
describe the procedure to discretize the equations of motion on a lattice, in order to simulate in a
computer (or a cluster) the type of models discussed in the Thesis. We will focus only on the abelian
case in a flat-space time.

C.1 The need for a Lattice Gauge Invariant Formulation

As it is well known, special care has to be made when discretizing a gauge theory in order to preserve
gauge invariance on the lattice. For instance, these techniques are necessary in order to preserve
that constraint equations follow from the dynamical discretized equations that are evolved. The basic
formalism that we use is standard (see e.g. [227, 228]) but, in the presence of gravitational waves, we
have to generalize if we want to reproduce the continuum theory up to O(dx2) and O(dt2) accuracy
in the lattice spacing dx and timestep dt, see next Section.

In the lattice formulation, the scalar fields χ and ϕ are defined at space-time lattice points x while
the gauge fields Aµ are defined in the middle of the Links connecting two lattice points, at x + µ̂/2,
where µ̂ a vector of length dxµ in the µ direction, with dxi = dx the lattice spacing and dx0 = dt the
time-step. Often one defines a stability parameter as κ ≡ dt/dx, which usually has to be smaller than
one in order to have a stable iterative scheme for integrating the equations. A point in the lattice can
be denoted by a collection of 4 integer numbers, n = (n0, ~n), with ~n = (n1, n2,3 ), such that a position
in the lattice is given by x = (n0 · dt, dx · ~n) = dx(κn0, ~n).

Let us define the ordinary derivative(s) of some field φ at position n in the lattice as

(∆+
µφ)(n) =

1

dxµ
(φ(n + µ̂) − φ(n)) , (∆−

µ φ)(n) =
1

dxµ
(φ(n) − φ(n− µ̂)) (C.1.1)

When one discretizes a gauge theory - invariant under some gauge group - substituting all the ordinary
derivatives in the continuum oem by finite differences like in (C.1.1), then the gauge symmetry is not
preserved anymore at the lattice level. This is not simply a problem of accuracy that can be solved
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choosing a very small lattice spacing, but rather has physical consequences, like for instance that
the Gauss constraint is rapidly violated in just few iteration steps. The reason why this happens is
simple. The Leibniz rule (fg)′ = f ′g + fg′ does not hold when promoting continuum derivatives to
finite differences in the lattice as ∂µ → ∆±

µ . Let us consider the abelian case with a complex scalar ϕ
and a gauge field Aµ, described in the continuum by

− L = (∂µ + iAµ)ϕ
∗(∂µ − iAµ)ϕ+

1

4e2
A(ν,µ)A

(ν,µ) (C.1.2)

This lagrangian is invariant in the continuum under the following gauge transformation

ϕ(x) → e−iα(x)ϕ(x) , ϕ∗(x) → e+iα(x)ϕ∗(x) , Aµ(x) → Aµ(x) − α,µ (x) (C.1.3)

The reason of this invariance is well known: when transforming ∂µ(e
−iα(x)ϕ(x)) = e−iα(x)∂µϕ(x)

- i∂µα(x)e−iα(x)ϕ(x), the extra term i∂µα(x)e−iα(x)ϕ(x) (generated because of the Leibniz rule),
is compensated by the transformation −i(Aµ − ∂µα(x))e−iα(x) which produces an extra term
+i∂µα(x)e−iα(x)ϕ(x), equal but opposite in sign with the previous. However, if we discretize naively
promoting ∂µf(x) → ∆+

µ f(x), then ∂µ(e
−iα(x)ϕ(x)) → ∆+

µ (e−iα(x)ϕ(x)) = [e−iα(x+dxµn̂µ)ϕ(x +

dxµn̂µ) − e−iα(x)ϕ(x)]/dxµ, and therefore, we don’t obtain the required ’extra term’ to be com-
pensated by the the other (reversed signed) extra term from −i(Aµ−∆+

µα(x))e−iα(x)). It’s clear that

the reason is because, in the lattice, ∆+
µ (e−iα(x)ϕ(x)) 6= ∆+

µ (e−iα(x))ϕ(x) + e−iα(x)∆+
µϕ(x), so the

Leibniz rule does not hold anymore. Therefore, in order to mimic in a lattice a gauge theory in the
continuum, one must adopt certain caution in the discretization procedure.

How can we fix the problem? One can introduce the parallel transporter connecting two points in
the space-time

U(xµ, yµ) = Pexp

{

−i
∫ yµ

xµ

dxµAµ

}

=

∞
∑

n=0

in

n!

∫

dt1

∫

dt2...

∫

dtnżµ1(t1)...żµn(tn)P (Aµ1(zµ1(t1))...Aµn(zµn(tn)))

(C.1.4)

where Pexp... means path-ordered along the trajectory. The crucial observation, is that under gauge
transformations of the fields, the parallel transporter transforms as

U(x, y) → Ω(x)U(x, y)Ω†(y) (C.1.5)

Thus, typically one define in the lattice, the links as elements of the group of invariance (here we focus
on U(1)), corresponding to the minimun connector between two lattice points

Uµ,n ≡ e−i
R

n+i
n

Aidx ≈ e−idxAi , (C.1.6)

with the gauge field of the last equality taken as living on a lattice point n+ µ̂/2. A useful property
of the Link is that is verifies U−µ,n = U∗

µ,n−µ. In the continuum limit, we recover the gauge fields and
the strength tensor such that

(1 − Uµ,n) → idxµAµ (C.1.7)

We will see next that using judiciously the links, we can build up an action for a gauge model which will
preserve the gauge symmetry under some analogous lattice gauge transformations, and will recover
up to order O(dx2

µ) the gauge theory in the continuum.
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C.2 Lattice Formulation with O(dx2
µ) Accuracy

For simplicity, we will use the following conventions:

• A lattice point n displaced in the µ-direction by one lattice spacing, n+ µ̂, will be often referred
simply as n+ µ or by +µ. For example, ϕ+µ ≡ ϕ(n+ µ̂).

• The scalar fields “live” on the integer lattice points {n}, so we will represent this by φ(n) or φn.
However, when an equation is written considering a particular n as the reference point, for clarity of
the notation, we will then implicitly understand that for those scalar fields for which we don’t specify
an argument (or subindex), it is because they are located at n. For instance, φ represents the field at
n, while φ±µ represents the field at n± µ̂.

• The gauge fields live on the intermediate points n + µ̂/2 of the lattice, so when an equation is
written considering a particular n as the reference point, we will also implicitly understand that each
component of a gauge field Aν , for which we don’t specify its position, it is because it is located at
n+ ν̂/2. For instance, Aµ represents the field at n+µ̂/2, while Aµ,±ν represents the field at n+µ̂/2± ν̂.

In order to mimic in a lattice a gauge theory in the continuum, one must adopt certain caution in
the discretization procedure, as explained before. Thus, using the Links defined above, one defines
the Lattice Covariant Derivatives :

(D+
µ ϕ)(n) =

1

dxµ
(Uµ,nϕ+µ − ϕ) (Forward (F)) (C.2.8)

(D−
µ ϕ)(n) =

1

dxµ
(ϕ− U−µ,nϕ−µ) (Backward (B)) (C.2.9)

which mimic the gauge covariant derivative in the continuum to first order in the lattice spacing, such
that in the continuum limit, (D+

i ϕ)(n) → Diϕ+O(dx).

The lattice version of a gauge transformation is

ϕ(n) → ei α(n) ϕ(n) , Aµ

(

n+
µ̂

2

)

→ Aµ

(

n+
µ̂

2

)

+
1

e
∆+
µα (C.2.10)

where we have written the explicitly for this time, the position-dependence of the fields for the shake
of clarity. Thus, under a discrete lattice transformation like the one above, the links transform as

Uµ,n −→ e−iαnUµ,ne
+iαn+µ (C.2.11)

U−µ,n −→ e−iαnU−µ,ne
+iαn−µ (C.2.12)

We can then write a discretized action which is gauge invariant in the lattice under the above trans-
formations, as

S = dtdx3
∑

n̂,t







1

2
∆+
o φ− 1

2

∑

j

∆+
j φ+ (D+

o ϕ)†(D+
o ϕ) −

∑

j

(D+
j ϕ)†(D+

j ϕ) − V (ϕϕ∗, φ)

+
1

2e2

∑

j

(

∆+
o Ai − ∆+

i Ao
)2 − 1

4e2

∑

i6=j
(∆+

i Aj − ∆+
j Ai)

2







(C.2.13)

where repeated indices are not summed, and where we have included also a singlet field φ. More
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explicitly, this LGI (Lattice-Gauge-Invariant) discretized action looks like

S = dtdx3
∑

n̂,t







1

2a2
o

(φ+0 − φ)2 − 1

2a2

∑

j

(φ+j − φ)2 +
1

a2
o

(

e+iaoAoϕ∗
+0 − ϕ∗) (e−iaoAoϕ+0 − ϕ

)

− 1

a2

∑

j

(

e+iajAjϕ∗
+j − ϕ∗) (e−iajAjϕ+j − ϕ

)

− V (ϕϕ∗, φ) (C.2.14)

+
1

2e2

∑

j

(

1

ao
(Ai,+0 −Ai) −

1

a
(Ao,+i −Ao)

)2

− 1

4e2

∑

i6=j

1

a2
((Aj,+i −Aj) − (Ai,+j −Ai))

2







from which, varying with respect to the fields, we obtain the Lattice Equations:

For Ao :

δAoS ≡ S(Ao + δAo) − S(Ao)

∝
∑

n̂,t

{

(+iaoδAoU
∗
oϕ

∗
+oD

+
o ϕ− iaoδAo(D

+
o ϕ)∗Uoϕ+o) +

1

2e2

∑

i

(−2(∆+
i δAo)[∆

+
o Ai − ∆+

i Ao])

}

=
∑

n̂,t

{

2i(−i)Im{(D+
o ϕ)∗Uoϕ+o}δAo +

1

e2

∑

i

[∆−
i (∆+

o Ai − ∆+
i Ao)]δAo

}

=
∑

n̂,t

{

−2Im{(ϕ∗Uoϕ+o} +
1

e2

∑

i

[∆−
i (∆+

o Ai − ∆+
i Ao)]δAo

}

= 0 , (C.2.15)

and then,

∑

i

∆−
i (∆+

o Ai − ∆+
i Ao) = 2e2Im{(ϕ∗Uoϕ+o} (Gauss Constraint) (C.2.16)

For Ai :

δAiS ≡ S(Ai + δAi) − S(Ai)

∝
∑

n̂,t

{

−
∑

i

(−iaδAiϕ∗
+iU

∗
i ϕ+ iaδAiUiϕ+iϕ

∗) +
1

e2

∑

i

[(∆+
o δAi)(∆

+
o Ai − ∆+

i Ao)]

+
1

2e2

∑

i6=j
[(∆+

i δAj)(∆
+
i Aj − ∆+

j Ai) − (∆+
j δAi)(∆

+
i Aj − ∆+

j Ai)]







=
∑

n̂,t

{

−
∑

i

(2i(i)Im{ϕ∗Uiϕ+i})δAi −
1

e2

∑

i

[∆−
o (∆+

o Ai − ∆+
i Ao)]δAi

− 1

e2

∑

i6=j
[∆−

j (∆+
i Aj − ∆+

j Ai)]δAi







=
∑

n̂,t







2Im{(ϕ∗Uiϕ+i} −
1

e2

∑

i

[∆−
o (∆+

o Ai − ∆+
i Ao)] −

1

e2

∑

i6=j
[∆−

j (∆+
i Aj − ∆+

j Ai)]







δAi = 0 ,
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and then,

∆−
o ∆+

o Ai −
∑

j

(

∆−
j ∆+

j Ai + ∆+
i ∆−

j Aj
)

− ∆−
o ∆+

i Ao − 2e2Im{(ϕ∗Uiϕ+i} = 0 (C.2.17)

For ϕ:

δϕ∗S ≡ S(ϕ∗ + δϕ∗) − S(ϕ∗)

∝
∑

n̂,t

{

[U∗
o δϕ

∗
+0(D

+
o ϕ) − δϕ∗(D+

o ϕ)] −
∑

i

(U∗
i δ

∗
+i − δϕ∗)D+

i ϕ− V,ϕ∗δϕ∗
}

=
∑

n̂,t

{

[U∗
o,−0(D

+
o ϕ)−0δϕ

∗ − δϕ∗(D+
o ϕ)] −

∑

i

(U∗
i,−i(D

+
i ϕ)−iδ

∗ − δϕ∗)D+
i ϕ− V,ϕ∗δϕ∗

}

=
∑

n̂,t

δϕ∗
{

−D−
o D

+
o ϕ+

∑

i

D−
i D

+
i ϕ− V,ϕ∗

}

= 0 , (C.2.18)

and then,

D−
o D

+
o ϕ−

∑

i

D−
i D

+
i ϕ+ V,ϕ∗ = 0 (C.2.19)

Taking the Coulomb Gauge Ao = 0 (U0 = 1), in summary we obtain

∑

i

∆−
i ∆+

o Ai = 2e2Im{(ϕ∗Uoϕ+o} (Gauss Constraint) (C.2.20)

∆−
o ∆+

o Ai −
∑

j

(

∆−
j ∆+

j Ai + ∆+
i ∆−

j Aj
)

− 2e2Im{(ϕ∗Uiϕ+i} = 0 (C.2.21)

∆−
o ∆+

o ϕ−
∑

i

D−
i D

+
i ϕ+ V,ϕ∗ = 0 (C.2.22)

The equation for the singlet scalar field can be read from (C.2.22) by simply replacing D+
i → ∆+

i .
These equations represent the so-called non− compact formulation of the U(1)-abelian theories. Note
that one can also write an equivalent set of equations in the compact formulation, in which one
does not consider the gauge fields as the fundamental variables, but rather work only with the links,
associating them a kinetic term in the LGI in terms of plaquettes defined Uµν ≡ UµUν,+µU

∗
µ,+νU

∗
ν .

We have written in the computer a code with the compact formulation like that and found essentially
no differences in the output of the simulations. We will then not derive here the details of the
compact-formulation for an abelian theory1.

Note that if the discretized version of Gauss constraint is satisfied initially, then its func-
tional form is preserved during the time evolution, since it that follows from the dynamical equa-
tions (C.2.21), (C.2.22), which are derived from the same gauge-invariant lattice action (C.2.13).
Gauss constraint was satisfied down to machine precision in all our runs.

1We have also written a code for simulating non-abelian gauge theories with a SU(2) symmetry (or SU(2)×U(1)), for
which the compact formulation becomes mandatory since there is no other way to represent the non-abelian gauge
fields in the computer. However, since at the end of the day, we have not presented in Thesis results from numerical
simulations in non-abelian models, we will not show the details of this.
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In the limit dt → 0, one can show that the previous equations of motion in the non-compact
formulation implies that the total energy density

ρ =

〈

1

2
χ̇2 + |ϕ̇|2 +

1

2
Ei Ei +

1

2
∂+
i χ∂

+
i χ+D+

i ϕ
(

D+
i ϕ
)∗

+
1

4
Fij Fij + V

〉

(C.2.23)

is conserved, i.e. dρ/dt = 0, where we have defined the Electro-magnetic strength tensor and hence
the electric and magnetic fields (in the temporal gauge) in the lattice as

Fµν ≡ ∆+
µAν − ∆+

ν Aµ , Ei ≡ ∆+
0 Ai , Bi = ǫijk∆

+
j Ak , (C.2.24)

with ǫijk the usual 3-index totally anti-symmetric tensor. Here 〈...〉 denotes the average over all the
lattice points. Energy was conserved up to ∼ 0.1% in all our runs.

It is important to note that the derived discretized equations of motion reproduce the continuum
counterparts up to O(dt2) and O(dx2) precision, when dt, dx → 0. This can be checked explicitly,
remembering that the gauge fields and thus their equations of motion, are defined in the intermediate
points between the lattice positions. In particular, we have

LATTICE → CONTINUUM (C.2.25)

D−
i D

+
i ϕ → DiDiϕ(x) + O(dx2) (C.2.26)

Fij → Fij

(

x+
î

2
+
ĵ

2

)

+ O(dx2) (C.2.27)

∆−
j Fji → ∂jFji

(

x+
î

2

)

+ O(dx2) (C.2.28)

Im
[

ϕ∗D+
i ϕ
]

→ Im [ϕ∗Diϕ] (x+
î

2
) + O(dx2) (C.2.29)

We now come to the discretized equations of motion for gravity waves represented by the TT-tensor
modes hij . Remember that we rather evolve the non-TT functions uij , connected in Fourier space

with the hij via the TT-projector (3.3.37), hij(k, t) = Λij,lm(k̂)ulm(k, t), as carefully explained in
Section #3.3. The fields uij will be living on the lattice points, together with the scalar fields. Fortu-
nately, we don’t have to start from a discretized action for them because the TT-tensor perturbations
are gauge invariant and no constraint equation is associated to them. However, in the presence of
gauge fields, special care needs to be put in order to reproduce the continuum equations of uij up to
O(dx2) and O(dt2) accuracy. In order to do so, we cannot replace the terms of the anisotropic stress
in the continuum,

ΠTT
ij =

{

Πeff
ij

}TT
=
{

∂iχ∂jχ+ 2 Re
[

Diϕ (Djϕ)∗
]

−BiBj − EiEj
}TT

(C.2.30)

by their lattice analogs defined above, because these reduce to the continuum values at lattice points
only up to O(dx) or O(dt) accuracy. We thus have to construct new lattice expressions that reproduce
the continuum up to second order and which lead to a gauge-invariant stress-energy tensor. For the
partial derivative of a singlet scalar (for instance the inflaton in hybrid models), this is just the
symmetric derivative

∆s
iχ =

1

2dx
[χ+i − χ−i] (C.2.31)

which indeed reduces to ∂iχ(x)+O(dx2) for dx→ 0. We can achieve the same accuracy for the gauge
covariant derivative of the Higgs, by defining

Ds
iϕ =

1

2

(

D+
i ϕ+D−

i ϕ
)

=
1

2dx

[

Ui ϕ+i − Ui,−i/2 ϕ−i
]

. (C.2.32)
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Under the lattice gauge transformation (C.2.10), this transforms as Ds
iϕ→ eiαDs

iϕ, as it should.

For the lattice gauge field strength F̃ij , note that it reduces with O(dx2) accuracy to the continuum
Fij evaluated at location between the lattice points, see Eq.(C.2.27). To achieve the same accuracy
at the lattice points themselves, we can then consider the clover average

F cij(n) =
1

4

[

Fij

(

n+
î

2
+
ĵ

2

)

+ Fij

(

n+
î

2
− ĵ

2

)

+ Fij

(

n− î

2
+
ĵ

2

)

+ Fij

(

n− î

2
− ĵ

2

)]

,

(C.2.33)

which then will give us the magnetic fields with accuracy O(dx2) at any lattice point. Similarly,
the lattice electric field Ei reduces with O(dx2) and O(dt2) accuracy to its continuum counterpart
evaluated at x+ î/2 + dt/2. We thus consider its clover average

Eci (n) =
1

4

[

Ei

(

n+
î

2
+
dt

2

)

+ Ei

(

n+
î

2
− dt

2

)

+ Ei

(

n− î

2
+
dt

2

)

+ Ei

(

n− î

2
− dt

2

)]

(C.2.34)

which reduces to Ei(n) + O(dx2) + O(dt2) for dx, dt → 0, at any lattice point n. In terms of these,
the lattice analog of (C.2.30) is given by

Πeff
ij =

[

∆s
iχ∆s

jχ+ 2 Re
[

Ds
iϕ
(

Ds
jϕ
)∗]

+ F cikF
c
jk − EciE

c
j

]

. (C.2.35)

It fulfills the conditions stated above, namely it is invariant under the lattice gauge transformation
(C.2.10) and reproduces the continuum with second order accuracy in dx and dt.

Contrary to Ei defined in (C.2.24), which was displaced by half-timesteps, the clover average of the
electric field Eci is defined at the timesteps themselves, as the other terms in (C.2.35). This indeed
allows to preserve the leapfrog scheme for iterating the discretized version of the (non-TT) GW, which
looks like

∆−
0 ∆+

0 uij − ∆−
k ∆+

k uij = 16πGΠeff
ij (n) . (C.2.36)

This is easily implemented at each iteration, by first advancing Ei by half a time step, then advancing
the gravity waves by a full timestep and finally advancing Ei by the remaining half timestep. As
discussed in Section #8.4.2, the O(dx2) calculation of GW allows for a much better control on the
UV part of the GW spectra.

Note that all our codes have been implemented on the basis of LatticeEasy [229] or ClusterEasy [216],
such that we evolve the equations in the temporal gauge (A0 = 0, U0 = 1) with the staggered leapfrog
method incorporated in that code, where the fields and their time derivatives are evaluated at times
that differ by half a timestep. Note also that all our runs have been performed in our local cluster [243].

A comment about our procedure for evolving the GW

We can now see the advantage of the method we proposed in Section #3.3 for solving the equation
of the non-TT functions uij ’s, instead of directly solving for the hij ’s. Computationally speaking
this trick is extremely convenient. To see this, imagine that we would evolve a lattice version of the
equation of the TT tensor perturbation in configuration space, Eq. (3.3.29), with the source given by

ΠTT
ij (x, t) =

1

(2π)3

∫

d3k e−ikxΛij,lm(k̂)Πeff
lm(k, t) , (C.2.37)
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such that ∂iΠ
TT
ij (x, t) = ΠTT

ii (x, t) = 0 at any time. In a numerical lattice simulation, at each time
step of the evolution of the matter fields, i.e. the source of GW, one would have first to compute
Πeff
ij (C.2.30) in configuration space, then Fourier transform it to momentum space, apply the projec-

tor (3.3.37) Λij,lm and finally perform the volume integration defined in Eq. (C.2.37) [summing over
all the lattice points]. However, proceeding as we propose, there is no need to Fourier transform the
fields neither to perform any volume integration at each time step, but rather only at those times at
which we want to measure, for instance, the GW spectrum. Most importantly, with this procedure we
can take into account backreaction simultaneously with the evolution of the matter fields, we don’t
need to know the exact green function of the GW wave operator (which depends on the scale factor
behaviour on time) and we can easily add any new GW sources simply by adding the corresponding
contribution to (C.2.30) in configuration space.
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[198] A. Galindo and P.Pascual, “Mecánica cuántica”, Ed. Alhambra Universidad, Madrid (1978).

[199] A. Einstein, Annalen Phys. 49 (1916) 769 [Annalen Phys. 14 (2005) 517].

[200] A. Einstein, Sitz. Preuss. Akad. Wiss. Phys. 142 (1917) (§4); Ann. Phys. 69 (1922) 436.

[201] A. Friedmann, Z. Phys. 10 (1922) 377.

[202] E.P. Hubble, Publ. Nat. Acad. Sci. 15 (1929) 168.

[203] G. Gamow, Phys. Rev. 70 (1946) 572; Phys. Rev. 74 (1948) 505.

[204] A.A. Penzias and R.W. Wilson, Astrophys. J. 142 (1965) 419.

[205] A. H. Guth, E. J. Weinberg, Nucl. Phys. B212 (1983) 321

[206] J. H. Traschen and R. H. Brandenberger, Phys. Rev. D 42 (1990) 2491.

[207] Y. Shtanov, J. H. Traschen and R. H. Brandenberger, Phys. Rev. D 51, 5438 (1995) [arXiv:hep-
ph/9407247].

[208] C. W. Misner, K. S. Thorne and J. A. Wheeler, “Gravitation,” San Francisco 1973, 1279p

[209] E. Komatsu et al., “Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Cosmological Interpretation,” arXiv:1001.4538 [astro-ph.CO].

[210] D. G. Figueroa, R. R. Caldwell and M. Kamionkowski, Phys. Rev. D 81, 123504 (2010) ;
arXiv:1003.0672 [astro-ph.CO].

219



Bibliography

[211] R. Micha and I. I. Tkachev, Phys. Rev. Lett. 90, 121301 (2003); Phys. Rev. D 70, 043538 (2004).

[212] J. F. Dufaux, Phys. Rev. Lett. 103, 041301 (2009) arXiv:0902.2574 [astro-ph.CO].

[213] T. Hiramatsu, M. Kawasaki and K. Saikawa, “Gravitational Waves from Collapsing Domain
Walls,” arXiv:1002.1555.

[214] K. A. Olive and M. Peloso, Phys. Rev. D 74, 103514 (2006) arXiv:hep-ph/0608096.

[215] A. E. Gumrukcuoglu, K. A. Olive, M. Peloso and M. Sexton, Phys. Rev. D 78, 063512 (2008)
arXiv:0805.0273 [hep-ph].

[216] G. N. Felder, Comput. Phys. Commun. 179:604 (2008). [arXiv:0712.0813 [hep-ph]].

[217] A. Chambers and A. Rajantie, Phys. Rev. Lett. 100 (2008) 041302 [Erratum-ibid. 101 (2008)
149903] [arXiv:0710.4133 [astro-ph]].

[218] A. Chambers and A. Rajantie, JCAP 0808 (2008) 002 [arXiv:0805.4795 [astro-ph]].

[219] K. Enqvist, A. Jokinen, A. Mazumdar, T. Multamaki and A. Vaihkonen, Phys. Rev. Lett. 94,
161301 (2005) [arXiv:astro-ph/0411394].

[220] K. Enqvist, A. Jokinen, A. Mazumdar, T. Multamaki and A. Vaihkonen, JCAP 0503 (2005)
010 [arXiv:hep-ph/0501076].

[221] M. Bastero-Gil, M. Tristram, J. F. Macias-Perez and D. Santos, Phys. Rev. D 77 (2008) 023520
[arXiv:0709.3510 [astro-ph]].

[222] M. Bastero-Gil, S. F. King and Q. Shafi, Phys. Lett. B 651 (2007) 345 [arXiv:hep-ph/0604198].

[223] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, “Theory of cosmological perturba-
tions. ” Phys. Rept. 215, 203 (1992).

[224] V. Mukhanov, “Physical foundations of cosmology,” Cambridge, UK: Univ. Pr. (2005) 421 p

[225] D. I. Podolsky, G. N. Felder, L. Kofman and M. Peloso, Phys. Rev. D 73, 023501 (2006)
arXiv:hep-ph/0507096;

[226] J. F. Dufaux, G. N. Felder, L. Kofman, M. Peloso and D. Podolsky, JCAP 0607, 006 (2006)
arXiv:hep-ph/0602144.

[227] J. Ambjorn, T. Askgaard, H. Porter and M. E. Shaposhnikov, Phys. Lett. B 244, 479 (1990).

[228] J. Ambjorn, T. Askgaard, H. Porter and M. E. Shaposhnikov, Nucl. Phys. B 353, 346 (1991).

[229] G. N. Felder and I. Tkachev, “LATTICEEASY: A Program for Lattice Simulations of Scalar
Fields in an Expanding Universe”, arXiv: hep-ph/0011159;
http://www.science.smith.edu/departments/Physics/fstaff/gfelder/latticeeasy/

[230] http://lambda.gsfc.nasa.gov/product/cobe/

[231] D. N. Spergel et al., astro-ph/0603449;

[232] M. Tegmark et al., astro-ph/0608632;

[233] W. H. Kinney, E. W. Kolb, A. Melchiorri and A. Riotto, Phys. Rev. D 74, 023502 (2006).

[234] H. Peiris and R. Easther, astro-ph/0609003.;

[235] C. L. Reichardt et al., arXiv:0801.1491 [astro-ph].

[236] A. H. Guth, Phys. Rev. D 23, 347 (1981).

[237] A. Linde, Phys. Lett. 108B, 389 (1982).

[238] A. Albrecht and P. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).

[239] A. Linde, Phys. Lett. 129B, 177 (1983).

[240] S. Weinberg, “Gravitation and Cosmology”, John Wiley & Sons, 1972.

220



Bibliography

[241] J. Garcia-Bellido, arXiv:astro-ph/0502139 & “CERN Theory Division Course on Inflation”
(unpublished).

[242] M. E. Peskin and D. V. Schroeder, Reading, USA: Addison-Wesley (1995) 842 p

[243] IFT cluster Home Page:
http://lattice.ft.uam.es/iftcluster/

[244] D. H. Lyth and A. Riotto, Phys. Rept. 314, 1 (1999).

[245] A. D. Linde, Lect. Notes Phys. 738 (2008) 1 [arXiv:0705.0164 [hep-th]].

[246] A. R. Liddle and D. H. Lyth, Cosmological inflation and large-scale structure, Cambridge
University Press (2000).

[247] A. Riotto, “Inflation and the theory of cosmological perturbations”, arXiv:hep-ph/0210162.

[248] J. Garcia-Bellido, A. D. Linde and D. Wands, Phys. Rev. D 54, 6040 (1996).

[249] R. Allahverdi, K. Enqvist, J. Garcia-Bellido and A. Mazumdar, Phys. Rev. Lett. 97, 191304
(2006); R. Allahverdi, K. Enqvist, J. Garcia-Bellido, A. Jokinen and A. Mazumdar, JCAP 0706
(2007) 019 [arXiv:hep-ph/0610134].

[250] A. Arrizabalaga, J. Smit and A. Tranberg, JHEP 0410, 017 (2004); [arXiv:hep-ph/0409177].

[251] J. Berges and J. Serreau, Phys. Rev. Lett. 91, 111601 (2003) [arXiv:hep-ph/0208070].

[252] S. Y. Khlebnikov and I. I. Tkachev, Phys. Rev. Lett. 77, 219 (1996); 79, 1607 (1997);

[253] T. Prokopec and T. G. Roos, Phys. Rev. D 55, 3768 (1997).

[254] J. M. Bardeen, J. R. Bond, N. Kaiser and A. S. Szalay, Astrophys. J. 304, 15 (1986).

[255] A. J. Farmer and E. S. Phinney, Mon. Not. Roy. Astron. Soc. 346, 1197 (2003).

[256] G. N. Felder and L. Kofman, Phys. Rev. D 63, 103503 (2001).

[257] T. L. Smith, M. Kamionkowski and A. Cooray, Phys. Rev. D 73, 023504 (2006).

[258] L. M. Krauss and M. Trodden, “Baryogenesis below the electroweak scale,” Phys. Rev. Lett. 83
(1999) 1502 [hep-ph/9902420].

[259] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, Dover, New York, 1970.

[260] N. Birrel, P.C.W. Davies, Quantum Fields in Curved Space, Cambridge University Press, Cam-
bridge, 1982.

221





Bibliography

Let us hope Reheating was not due to these guys...

223


	Acknowledgments
	Glossary, Conventions and All that
	MOTIVACIONES Y RESUMEN
	MOTIVATIONS AND SUMMARY
	THEORETICAL FRAMEWORK
	MATTER and SPACE-TIME
	Matter Fields
	Space-Time Background
	Gravitational Radiation
	Some Aspects of Field Quantization

	REHEATING THE UNIVERSE AFTER INFLATION
	The Inflationary Paradigm (IP)
	A Perturbative Approach to Reheating
	PReheating, a Non-Perturbative stage
	Bose-Einstein Condensation effects
	Parametric Resonance
	Spontaneous Symmetry Breaking and Tachyonic PReheating

	New Aspects of Reheating: What this Thesis is about


	ASPECTS OF REHEATING (RESULTS)
	GRAVITATIONAL WAVES FROM REHEATING AFTER INFLATION
	Introduction: Gravitational Waves from the early Universe
	Expectations of a GWB from Reheating
	Cosmological constraints on the Hybrid Model
	Fields' Dynamics: Lattice Simulations
	Analytical Estimations
	Turbulence
	Gravitational Waves from Reheating after Chaotic Inflation
	Conclusions

	GRAVITATIONAL WAVES AFTER SYMMETRY BREAKING
	Introduction
	Formalism
	The production of gravitational waves
	The gravitational wave spectrum today
	Conclusions

	NON-GAUSSIANITY AFTER SYMMETRY BREAKING
	Introduction
	Matter-Density Perturbations induced by the Scalar-Fields
	The Power Spectrum
	The Bispectrum
	The Bispectrum for Galaxy Surveys
	Discussion 

	GRAVITATIONAL WAVES FROM GAUGE FIELDS AT REHEATING
	Introduction
	Abelian-Higgs PReheating After Hybrid Inflation
	Theoretical Perspectives on the GW Production in Scalar Gauge Theories
	Numerical Calculation of GW with Gauge Fields
	Scalar, Vector and Gravity Waves Spectra
	Spatial Configurations
	Discussion and Perspectives

	REHEATING THE UNIVERSE FROM THE STANDARD MODEL HIGGS
	Introduction
	The Standard Model Higgs as the inflaton
	The Standard Model in the Einstein frame
	Reheating in the Standard Model of particle physics
	Combined PReheating: mixed Parametric Resonance and Perturbative Decays
	Backreaction
	Conclusions

	SUMMARY AND OUTLOOK
	RESUMEN Y PERSPECTIVAS FUTURAS

	APPENDIXES
	Bibliography

