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Presentacion

Esta memoria estd dedicada al estudio de cuatro modelos que provienen de la mecanica
de fluidos. Todos ellos son ecuaciones en derivadas parciales no lineales y no locales. Nuestro
interés se ha centrado en el analisis de la formacién de singularidades en tiempo finito.

El primer capitulo esta destinado a introducir las ecuaciones en las que estan basados los
problemas que se estudian en el resto de la disertacién.

En el segundo capitulo analizaremos una ecuacion que ha sido previamente estudiada
en diferentes contextos, apareciendo como modelo unidimensional de la ecuacién quasi-
geostroéfica superficial (SQG), como modelo del problema del vortex sheet, como aproximacién
lineal del problema de water waves o como modelo de la dindmica de dislocaciones en sélidos
cuando se supone que estas son lineas rectas. Los resultados obtenidos han sido, dependi-
endo del signo del dato inicial, existencia global y unicidad, ill-posedness, existencia local y
formacién de singularidades en tiempo finito . La principal idea para la obtencién de estos
resultados ha sido explotar la relacién existente entre este modelo y la ecuacién de Burger
compleja. De hecho, veremos que podemos entender nuestra ecuacion, como la restricciéon al
eje real de la equacion de Burger en el semiplano complejo superior. Utilizando una técnica
diferente (transformaciones hodégrafas) el fénomeno de blow up habia sido probado anterior-
mente para datos iniciales analiticos y en el caso en el que probaremos que el problema esta
mal propuesto en espacios menos regulares. El estudio realizado ha sido publicado en [7].

El propédsito del tercer capitulo es el andlisis del problema del vortex sheet y su relacion
con el modelo presentado en el primer capitulo. Este problema consiste en el estudio de
la evolucién de una curva sobre la que se concentra la vorticidad en un fluido ideal en dos
dimensiones. Los resultados obtenidos pueden encontrarse en [11].

En el cuarto capitulo estudiaremos soluciones de la ecuacién quasi-geostréfica superficial
con energia infinita. Esta ecuacién tiene un origen geofisico y se obtiene como cierta aproxi-
macién del sistema quasi-geostrofico general que considera la dindmica de fluidos atmosféricos
sometidos a la fuerza de Coriolis. En concreto, SQG mide la evolucién de la temperatura del
fluido cuando los niimeros de Rossby y Ekman son pequenos. Un aspecto de gran importancia
de esta ecuacion, desde el punto de vista matematico, fue senalado por Constantin, Majda
y Tabak en un trabajo en la que la propusieron como un modelo escalar y dosdimensional
de la Ecuacién de Euler tridimensional. Una primera observaciéon para entender la relacién
entre ambas es que la ecuacién para el gradiente perpendicular de la temperatura en SQG
tiene la misma estructura que en la ecuacién de Euler para la vorticidad. El mismo tipo de
soluciones con energia infinita que consideramos, ha sido estudiado en la ecuacién de Euler
en dos dimensiones. La principal diferencia entre los dos modelos es, que en nuestro caso,
la ecuacién resultante es no local. Previamente, una generalizaciéon de la ecuacién obtenida
habia sido propuesta por De Gregorio como un modelo unidimensional de la ecuacion de
Euler para la vorticidad en tres dimensiones debido a las similitudes entre sus estructuras:
un término cuadratico, formado por el producto de la funcién y una integral singular de la
misma, y un término de transporte en el que las derivadas de la velocidad son integrales
singulares de la funcién. El comportamiento del término cuadratico ya habia sido estudiado
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por Lax, Constantin y Majda, quienes probaron que podia dar lugar a la formacién de singu-
laridades. La pregunta que debemos hacernos entonces es si el término convectivo es capaz
de cancelarlas. La generalizacién de De Gregorio consiste en introducir un parametro en la
ecuacion que pondere el efecto de los dos términos implicados. En esta memoria mostraremos
que para valores negativos del parametro, el término convectivo no es capaz de impedir la
formacién de singularidades. Formalmente podemos decir, que en este caso ambos términos
trabajan en la misma direccién. Sin embargo, cuando el valor del parametro es positivo,
los términos compiten entre si y el efecto del término de transporte necesita de un estudio
mas detallado. Las soluciones con energia infinita de la ecuacién SQG son obtenidas cuando
el valor del parametro es igual a uno. Nuestro andlisis consistird en demostrar que bajo
ciertas condiciones sobre el dato inicial, que son preservadas por la evolucion, los términos
son comparables. Atn asi, se pueden imponer condiciones més restrictivas sobre la solucién
que proporcionan un crecimiento cuadratico. Aunque no se ha podido demostrar que dichas
condiciones se mantengan a lo largo del tiempo, un estudio numérico muestra que se pueden
encontrar datos iniciales que proporcionan soluciones que se comportan de la manera que
se les requiere. Otro indicio de la aparicién del fenémeno de blow up en el modelo de De
Gregorio, es la existencia de soluciones autosimilares para todo los valores del pardmetro
introducido. El estudio realizado ha sido publicado en [8].

El quinto capitulo estd dedicado al estudio de una ecuaciéon que ha sido propuesta como
un modelo de la propagacién de ondas con una frecuencia linealizada no constante y como
una aproximacion cuadratica de la dindmica de las ondas sobre una discontinuidad plana de
la vorticidad en un fluido ideal en dos dimensiones. El sistema resultante es la ecuacién de
Burger mas un término extra que viene dado por la transformada de Hilbert de la funcién.
Esta transformada de Hilbert es la que introduce el cardcter oscilatorio. Nuestro analisis
revela que bajo ciertas condiciones sobre el dato inicial, el méaximo de la solucién crece de
forma singular durante el tiempo de existencia. Ademé&s presentamos una generalizacién de
la ecuacién en la que el término lineal preserva el caracter oscilatorio pero introduce un orden
mas alto en derivadas. Probaremos, que ain en estas condiciones, las soluciones desarrollan
singularidades en tiempo finito. El estudio realizado puede encontrarse en [12].

El sexto capitulo tiene como objetivo el andlisis de una ecuaciéon de transporte donde
la velocidad viene dada por el vector de las transformadas de Riesz de la funcién. Este
sistema fue estudiado previamente y fue probada la existencia de singularidades. Nosotros
probaremos la existencia de soluciones autosimilares, que permiten visualizar como la ausencia
de incompresibilidad del flujo interviene en el fenémeno de blow-up. El estudio realizado ha
sido publicado en [9].

En el séptimo capitulo estudiaremos soluciones con energia infinita de las ecuaciones que
rigen la dindmica de un fluido incompresible en un medio poroso. En este sistema, la velocidad
del fluido viene dada por la ley de Darcy, que afirma, que dicha velocidad es proporcional al
gradiente de presiones més las fuerzas externas. De modo que las fuerzas no estédn acelerando
el flujo sino produciendo velocidades. Esta suposicién pretende modelar el efecto de frenado
que sufre el fluido al moverse en un medio poroso. En nuestro caso consideraremos que la
Unica fuerza externa a la que estd sometido el fluido es la gravedad. Después de demostrar
existencia local para la ecuacién resultante, daremos una solucién explicita que explota en
tiempo finito. El estudio realizado ha sido publicado en [10].



Abstract

This dissertation is devoted to the study of four models which arise in the field of fluid
mechanics. All of them are nonlocal and nonlinear partial differential equations. Attention
is focused on the analysis of singularity formation.

In the second chapter we shall analyze an equation which has been studied previously
in completely different contexts, arising as a one dimensional model of the surface quasi-
geostrophic equation (SQG), as a model of the vortex sheet problem, as a quadratic approx-
imation of the water-wave problem, or as model of the dislocation dynamics in solids when
the dislocations are supposed to be along straight lines. The obtained results are, depending
on the sign of the initial data, global existence and uniqueness, ill-posedness, local existence
and singularities. The main idea behind these results is to relate the model and the Burgers
complex equation. In fact, we will see that we can understand our equation as the restriction
to the real axis of the Burgers equation in the upper half complex plane. By using a different
technique (the hodograph transformation) the blow-up phenomena was shown previously for
analytic initial data and in the case in which we shall prove ill-posedness for less regular
spaces. These results have been published in [7].

The purpose of the third chapter is the analysis of the vortex sheet problem and its
relation with the model presented in the first chapter. The vortex sheet problem is concerned
with the study of the evolution of a curve where the vorticity accumulates for an ideal fluid
in two dimensions. The obtained results can be founded in [11].

In the fourth chapter we shall study solutions with infinite energy for the surface quasi-
geostrophic equation. This equation is a model of geophysical origin and is obtained as
an aproximation of the general quasi-geostrophic system which considers the dynamics of
atmospheric fluids taking into account the Coriolis force. Specifically, SQG measures the
evolution of the temperature of the fluid when both the Rossby and Ekman numbers are
small. An important aspect of this equation, from a mathematical point of view, was pointed
out by Contantin, Majda and Tabak, in a paper where they proposed it as 2D scalar model of
the 3D Euler equation. We can understand the relation between both equations by observing
that the equation for the perpendicular gradient of the temperature in the SQG equation
has the same structure that the equation for the vorticity in the 3D Euler equation. The
sort of solutions with infinite energy that we consider, have been studied for the 2D Euler
equation. The main difference between the models is that, in our case, the equation is
nonlocal. Previously, a generalization of the resulting equation was proposed by De Gregorio
as a one dimensional model of the 3D Euler equation for the vorticity, since their structures
are similar: one quadratic term, given by the product of the function and a singular integral
operator applied to the function, and a transport term in which the derivatives of the velocity
are singular integral operators of the function. The behavior of the quadratic term, had been
already studied by Lax, Constantin and Majda, who proved that it was able to produce
singularities. the question is then whether the convection term can cancel out them. De
Gregorio’s generalization consists in introducing a parameter in the equation which weights
the effect of the both terms. In this dissertation, we will show that, for negative values of the
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parameter, the convection term cannot cancel out the singularities. Roughly speaking, in this
case, both terms work in the same direction. However, when the parameter is positive, these
terms are fighting each other and the effect of the transport term needs a more exhaustive
analysis. The infinite energy solutions of the SQG equation are obtained when the parameter
is equal to one. Our analysis will consist in showing that, by assuming certain conditions
on the initial data, which are preserved along the evolution both terms are comparable. In
spite of that, we can impose a more restrictive condition on the solution which provides a
quadratic growth. Although it has not been proved that this condition is preserved along
the evolution, numerical analysis shows that we can find initial data such that the resulting
solution has the required behavior. Another indication about the formation of singularities
in the De Gregorio model, is the existence of self-solutions for all values of the introduced
parameter. These results have been published in [8].

The fifth chapter is devoted to the study of an equation which has been proposed as
a model for waves with constant nonzero linearized frequency and as an effective model
describing surface waves on a planar discontinuity in vorticity for a two-dimensional inviscid
incompressible fluid. The obtained system is the Burgers equation with an extra term given by
the Hilbert transform of the function. This Hilbert transform causes a oscillatory behavior.
Our analysis shows that, if the initial data satisfies certain conditions, the maximum of
the solution grows in a singular way for the time of existence. In addition, we present a
generalization of the equation in which the linear term holds the oscillatory behavior and
introduces a higher order in derivatives. We will prove that, also in this case, the solutions
develop a singularity in finite time. These results can be founded in [12].

The purpose of the sixth chapter is the analysis of a transport equation whose velocity
is given by the Riesz transform of the function. This system was studied previously and the
existence of singularities was proven. We shall show the existence of self-similar solutions,
which allow us to see how the compressibility influences the blow-up phenomena. These
results have been published in [9)].

In the seventh chapter we will study infinite energy solutions of the equations for the
dynamics of incompresible fluid in a porous medium. In this system, the velocity of the
fluid is given by Darcy law, which asserts that this velocity is proportional to the gradient
of the pressure plus the external forces. Thus the forces do not accelerate the flow but do
produce velocity. These assumptions are intended to model the restraining effect that the
fluid experiences when it is moving in a porous medium. In our case, we shall consider that
the only external force is gravity. After proving local existence for the obtained equation
we will exhibit a explicit solution which blows up in finite time. These results have been
published in [10].
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Chapter 1

Preliminaries

In this chapter we present a brief introduction of the equations which give rise to the
problems studied in this dissertation. All of them came from the field of fluid mechanics.
The general characteristics and some known results are presented.

1.1 The Surface Quasi-Geostrophic Equation

The Surface Quasi-Geostrophic Equation (SQG) is given by the following expression

90 +u- V6 =0, (1.1)
0(x,0) = 6°(),

where

0 : RZxRT =R
= AV and
u = VI =(-0,,7,0,0)
with A = (—A)'/2. Using the Fourier Transform it is easy to check that in the SQG equation

the velocity can be written as the perpendicular vector of Riesz transforms of the scalar
function

u = (R0, —I10),
where (see [65])

1 (z—y)
Rblw) = 21 Jre |z —yl?

0(y)dy.
Indeed, we have that

9 = (~0-A10(€). 0L AT0(0)) = (=i 2.0 ) 016) = (Fab(e). b o).

The SQG system (1.1) is a model of geophysical origin which was proposed by P. Constantin,
A. Majda and E. Tabak [19] as a model of the 3D-Euler equation. Numerical experiments,

3
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carried out by those authors, showed evidence of fast growth of the gradient of the active scalar
when the geometry of the level sets contain a hyperbolic saddle. Later, further numerical
studies were performed in [58] and [20] suggesting a double exponential growth in time. An
analytical study in [27] showed that a simple hyperbolic saddle breakdown can not occur in
finite time. In fact, the angle of the saddle is bounded below by a double exponential in time
and a quadruple exponential upper bound was obtained for the growth of the derivatives of
the active scalar. Subsequently, this bound was improved, for a formation of a semi-uniform
sharp front in [28], by a double exponential. In [35], under certain assumptions on the local
geometry of the level sets, the same bound is obtained. Recently, there has been different
approaches to understand the growth of the derivatives: in [14] an a priori estimate from
below for the Sobolev norms is shown, a study of the spectrum of the linearized SQG is
performed in [42] and the existence of the unstable eigenvalues is proven, and in [44] they
prove that the 0 solution is strongly unstable in H'!.

Chapter 2 is devoted to the study of a one dimensional model of the SQG system. In
chapter 4 we shall study particular solutions with infinite energy of this equation.

1.2 The vortex-sheet problem

The vortex sheet problem is concerned with a velocity field v = (v, v2) satisfying the
incompressible 2D- Euler equations

v+ (v-V)v = —=Vp, (1.2)

V.v=0. (1.3)

We will study weak solutions of the system whose vorticity w = V x v is a delta function
supported on the curve z(a,t):

w(z,t) = w(a,t)o(z — z(a,t)), (1.4)

i.e. w is a measure defined by

<w,n>= /w(a,t)n(z(a,t))da,

with n(x) a test function.
We can assume for the curve the following scenarios:

e Periodicity in the horizontal space variable: z(« + 2k, t) = z(«, t) + (2km, 0).
e A closed contour: z(«o + 2km,t) = z(a, t).

e An open contour flat at infinity: aan;o(z(a, t) — (a,0)) =0.

The vortex sheet z(a,t) evolves satisfying the equation,

zt(a,t) = BR(z,w)(a, t) + c(a, t)0nz(a, t), (1.5)
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where the Birkhoff-Rott integral on the curve, which comes from Biot-Savart law, is given by

zZ\«x —Z +
BR(w)a.t) = 5PV [ (|z((a’,?) = z((%”?))’Q (8, 1)d8,

and c¢(a,t) represents the re-parametrization freedom. Then we can close the system using
Bernoulli’s law with the equation:
w = Op(cw). (1.6)

The problem of existence of weak solutions of the Euler equations for a general initial
velocity in L? is not well understood [51]. There is solution for this problem but the velocity
field becomes a Laplace-Young measure (see [37]). Constantin, E and Titi [21] prove a condi-
tion of regularity in 3D within the chain of Besov spaces, v € L3([0, T]; B3"™) N C([0, T}; L?)
with o > 1/3, for weak solutions conserving energy (Onsager’s conjecture). Nevertheless
there are results of non-uniqueness for weaker solutions with zero initial data that becomes
nontrivial (see [62] and [63]) even for velocity fields in L2, i.e. v(z,t) € L([0,T]; L?) (see
[33]). There is also a result of uniqueness for a vorticity in L* N L due to Yudovich [69)].

For the particular case of a vortex sheet there are many papers which consider the case
of w with a distinguished sign. We can point out the work of Delort [34] where he prove
global existence of weak solutions for initial velocity in leoc and vorticity a positive Radon
measure. A simpler proof can be found in [49] due to Majda. Existence for a particular case
of a Radon measure with non distinguished sign is shown in [48] .

In the chapter 3, our first step will be to deduce the equations of motion of the vortex
sheet (1.5) and (1.6) from the weak formulation of the Euler equations. After that, we shall
study the case in which the term in the tangential direction is given by c(a, t) = SH(w)(a,t),
where Hw is the Hilbert transform of the function w (see [65]) given by

Hw(a) = %PV /OO Mdﬁ,

o @ —f3

and in the periodic domains also by

_ 1 " @ ()
Hw(a) = ;PV /_7r S tan((a — ﬁ)/2)dﬁ'

This term is just of the same order that the Birkhoff-Rott integral over w for a regular
one-to-one curve [26]. In fact, for z(«,t) = (,0), we have exactly

BR(z, @) (a,t) = %H(w)(a,t)(o, 1.

1.3 The vortex-patch problem

The vortex patch problem is concerned with the 2D Euler equation with an initial data
given by a vorticity which is the step function

wo(z) = { USO i;gg ; (1.7)
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where Qy C R? is bounded, simply connected and with smooth boundary. Since wg €
LY(R?) N L*°(R?) there exists a global solution of the Euler equation in a weak sense (see
[50]). In order to study these solutions we shall asume that the vorticity is given by

wo x € Qt)

“’(x’t):{ 0 g Q)

where the domain Q(¢) is transported by the flow. Then, by using Biot-Savart we obtain the
following equation for the boundary of Q(t)

wo 27

zi(a,t) = log (|z(a, t) — 2(B,t)]) za (B, t)dS (1.8)

Com 0
2(a,0) = zo(a).

In this situation it can be proven that if z(a,t) is a solution of the system (1.8) such that
z € C([0,T];C* ([0,2m))), then the velocity

w

27
v(z,t) = —272/0 log (|z — (8, t)]) 2a (8, t)d3

is a weak solution of the 2D Euler equation with the initial data (1.7) (see [50] for the details).
In [17] and [3] the authors proved the existence of solutions for all time for the vortex
patch system (1.8) with a smooth enough initial curve.
In chapter 5 we will study an equation which was obtained in [53] as a quadratic ap-
proximation of this problem in the circle and proposed in [4] as an effective model describing
surface wave on a planar discontinuity in vorticity.

1.4 An incompressible fluid in a porous media

The dynamic of an incompressible flow in a porous media is modelled by the following
system

pt+v-Vp = 0 (1.9)
Bv = —(Wp+g00.1), (1.10)
Vv = 0, (1.11)

where v is the incompressible velocity, p is the pressure, p is the dynamic viscosity, « is the
permeability of the isotropic medium, p is the liquid density, and g is the acceleration due to
gravity. To simplify the notation, we will consider £ = g = 1.

The equation (1.10) is Darcy’s law which relates the velocity of the fluid with the pressure
and gravitational forces in a porous media. Darcy’s law has been determined by the results of
many experiments, and has been deduced from the Stokes equation using homogenization [67].
The equations (1.9) and (1.11) mean the conservation of the mass and the incompressibility
of the flow respectively.

A study of the local existence of the system (1.9), (1.10) and (1.11) can be found in [30].

In chapter 7 we shall study particular solutions with infinite energy of this equation.



Chapter 2

Global Existence, Singularities and
Ill-posedness for a Nonlocal Flux

2.1 Introduction.

We consider the following non-local equation:

Of+(fHf)e = 0 on RxR" (2.1)
f(xa 0) = an
where H f is the Hilbert transform of the function f, which is defined by the expression
1
Hf(x)=—=PV. Mdy.
T T —y

One particular feature of equation (2.1) is the relation with the Burgers equation. Applying
the Hilbert transform over equation (2.1) yields (for more details see [15]),

WHf)+HfHf, — ffe = 0 (2.3)
Hf(x,0) = Hfo(x).

Multiplying (2.1) by —i, adding (2.3) and defining the complex valued function z(z,t) =
Hf(xz,t) —if(z,t) we get the equation

Otz + 22, =0

z(x,0) = zo(z) = H fo — i fo,

which is known as the inviscid Burgers equation.

In [1] the authors displayed equation (2.1) as a one dimensional model of the motion of a
vortex sheet using the ideas of [36]. In the chapter 3, we shall analyze in detail a new relation
of this equation with this problem. In [5] it also was proposed as a model of dislocations
dynamics in solid.
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Another motivation comes from the analogy that equation (2.1) has with the 2D surface
quasi-geostrophic equation, which was studied in [15]. Indeed, from the expression (1.1) we
can write the SQG system in the following way

0, + div ((Rie) 9) ~0.

Since the Riesz transform is a singular integral operator and since, in one dimension, the only
operator in this class is the Hilbert transform we can consider the equation (2.1) as a model
of the SQG system.

In [54] the authors studied the equation

fi+0(fH)z+ (1 =0)foHf = 0 (2.5)
f(2,0) = fo(x), (2.6)

and they show formation of singularities for 0 < § < 1/3 and § = 1. Another proof of the
existence of singularities for equation (2.1) can be found in [1] (notice that in this paper the
authors take a different sign for the Hilbert transform).

The equation (2.5) is also studied in [15] where the authors showed blow up for 0 < § < 1.
By an hodograph transformation an explicit solution for § = 1 is obtained over the torus,
with mean zero analytic initial data. In addition they analyzed the equation

fi+ (FHf), = —vHf, (2.7)
f(z,0) = fola), 2.8

and they showed that the solutions to this equation may also develop singularities with mean
zero analytic initial data and with the condition v < || fo||e. We will study this equation in
section 2.4.

The structure of the chapter is the following. In section 2.2 we show, for equation (2.1),
global existence for all initial data strictly positive in the class C%°(R) U L*(R). In section
2.3 we study the case where the initial data have different sign and we prove ill-posedness
in Sobolev spaces, H*(R), with s > 3/2. Finally, in section 2.4 we show local existence and
blow up in finite time for equation (2.1) when the initial data fj is positive and there exists
a point xy € R such that fo(zg) = 0. In order to obtain the last result we study the equation
(2.7) and we show global existence when the sum of the viscosity and the minimum of the
initial data is larger than zero. Ill-posedness occurs when this sum is smaller than zero.

Now we will give some comments about the notation.

We will set H*(R), with s € R to the usual Sobolev space,

H*(R) = {f : fis a function and
L 1FOP@+ e < o0).

We denote by A the operator (—A)%. This operator can be defined, using the Fourier trans-
form by

(AFNE) = €l f (&), (2.9)
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and we will use the representation

Af(z) = ip.v/ wdy — Hfu(x). (2.10)

We recall the following pointwise inequality (see [22]) for f € H?(R).

FAF > JA(), (211)

that will be used in the proofs below.

2.2 Global existence for strictly positive initial data.

In this section we study the equation (2.1) with initial data fo(x) > 0, which imply that
the solution will remain strictly positive, f(x,t) > 0. The main result is the following:

Theorem 2.2.1 Let fy € L*(R) N C%(R), with 0 < § < 1 and fy > 0 vanishing at infin-
ity. Then there exists a unique global solution of equation (2.1) in C1((0, c0]; Analytic) with

f(2,0) = fo(z).
Proof: We denote the upper half-plane by

M = {(x,y) € R* : y > 0}

and the upper half-plane including the real axis by

M = {(z,y) € R* : y > 0}.

Let
1 v 1 =z

Py($) = ;yQ —|—;(;2 and Ry(l’) = ;W,

be the Poisson kernel and the conjugate Poisson kernel respectively. Then we denote the
convolutions of a function, f(x), with these kernels by

Pf(x>y>:(Py*f)($7y) and Rf(a:,y):(Ry*f)(x,y),

We recall that with this notation the complex function g(z,y) = Pf(z,y) + iRf(x,y) is
analytic on M and

Tim_g(a,y) = (o) + M (). (2.12)
Other properties of the Poisson kernel, that we will refer to below, are the following:
o If f € L?, then

Rf(xz,y) = PHf(x,y) on M
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o If f € L and vanishing at infinity, then

lim Pf(z,y) =0 VzreR,
y——+00

and
lim Pf(x,y) =0 VYy>0.

z— oo
o If f € L™, then Pf(x,y) is a bounded function on M.
Consider the equation
Orz(x,t) + z(x, t)2g(2,8) = 0 (2.13)
z(x,0) = zo(x) H fo(x) —ifo(x), (2.14)

where z(x,t) = g(z,t) — if(x,t) is a complex valued function and g and — f its the real and
imaginary parts respectively. Equation (2.13) written in components can be read

hf+(9f)a = 0 f(z,0) = folz) (2.15)
g+ 99:. — ffe = 0 g(x,0) = Hfo(z). (2.16)
We set the inviscid complex Burgers equation on the upper half plane
hZ(w,t) + Z(w,t) Zy(w,t) = 0 on M (w=z+iy) (2.17)
Z(w,0) = Zy(w) = Rfo(z,y) —iPfo(x,y), (2.18)

where Zo(w) is an analytic function over M, lim, o+ Zo(w) = H fo —ifo and fo > 0.
We introduce the complex trajectories

X(w,t) = Zo(w)t + w, (2.19)

which in components reads
Xi(z,y,t) = Rfo(z,y)t+x (2.20)
Xo(z,y,t) = —Pfo(z,y)t+y. (2.21)

Thus, if Zp(w) is analytic in wg and %(wo, t) # 0 we can define the function
Z(a,t) = Zo(X (o, 1)),

with the property to be analytic on an open neighborhood of X (wp,t) and Z(«,0) = Zp(«).
Consequently
Z(X (wo,t),t) = Zo(wo).
Therefore,
dzZ (X t),t
—( (;1;07 )7 ) =0= 6tZ(X, t) + Zo(’wo)ZX(X, t)
=0 Z(X,t)+ Z(X,t)Zx(X,1).

Follows immediately that Z(«,t) is a solution of the complex inviscid Burgers equation on a
neighborhood of X (wo, t).

Now we shall show that there exists a suitable analytic inverse function for the problem.
First we prove the following lemma:
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Lemma 2.2.2 For all (X1, X2) € M there exists a unique pair (x,y) € M such that (2.20)
and (2.21) holds for all t > 0. In addition, if X (w) € M then (1 + t0,Rfo(z,y)) > 0.

Proof lemma 2.2.2: By fixing X9 > 0 and ¢ > 0, for all z € R, there exist a point y > 0 such
that the equation (2.21) holds. This is true since P fy(z,y) > 0 is bounded and we have that
y > Xo. Now we will prove that this value y is unique by a contradiction argument:

Let us suppose that there exist y; > yo such that

y1 — Xo = Pfo(z,y1)t
y2 — Xo = Pfo(z,y2)t.

Dividing both expressions we have

Pf()(l‘,yl) _ PfO('xva)

y1 — Xo yo — Xo '

which is a contradiction since the product

Y 1
y—Xo y?+ (z—s)?

is a decreasing function with respect to y (for y > Xs) and fp > 0. We will denote by yx, (z)
to be the solution of the equation (2.21) with fixed X3 > 0, ¢ > 0 and z € R (the time
dependence will be omitted), hence

yx, () — Xo = tP fo(z, yx, (z)) (2.22)
Differentiating implicitly the expression (2.22) with respect to z (fixed X2) we obtain

dyXQ(x) _ 8fo0(x7yX2($))
dx 1 —t0y P fo(z,yx,(x))

Since fy € C%° N L? follows that Hfy € L> and therefore Rfy(z,y) is a bounded function
over M. Furthermore

(2.23)

lilil Rfo(z,yx,(z)) + = £oo VX3 > 0.

In addition, by differentiating with respect to x the expression

Xl(.’IJ, YXs (.’E)) = Rf()(.’IJ, Yxo (.’B))t + T,
and using Cauchy-Riemann equations
8$Pf0($,y) = Onyg(a:,y)
8fo0(a:,y) = _afo0($ay)7

we obtain from (2.23)

dX (2,yx,(2)) _ (1 +t0:Rfo(z, yx,(2)))* + (s P fo(z, yx, (2)))?

dx 1+ tdyRfo(x,yx,(x))
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dX(xvaQ ((I,‘))

In the next step we shall prove that if Xo > 0 then 0 < T

to show that

< 00, which is equivalent
1+ t0.Rfo(z,y) >0 V(X1,X2) € M. (2.24)
Suppose that for ¢ > 0 we have 1 + t0, Rfo(z,y) = 0. Then

1

O:Rfo(z,y) <0 and t= — .
Jolw,y) <0 and = G )

The time employed by the trajectory X (z + iy,t) to reach the real axis, X2 = 0, is

Y

b= PfO(way)’

On the other hand we have

™

—y2 4+ (x — 5)?
~0uRiay) = Oefty < S = + [ LS gy

1 2 x —s)? 1 1 Pfo(zx,
<<l <(a:—s>)2>2f°<5>dsz R e LOL fog/ =

We now observe that on the hypothetical points (x,y) € M where 0, R fo(z,y) < 0 satisfies

xR fo(z,y) = Pfo(z,y)

Hence, we have shown that t, < t and consequently 1 + td,Rfo(x,y) > 0 V(X1, X2) € M.
The lemma (2.2.2) is proved. =

(2.25)

By the Complex Variable Inverse Function Theorem and by lemma (2.2.2), there exist an
analytic inverse function, X ~!(w,t) and an open set O; C C, time dependence, such that

X7t : O — M,

with M C O; Vt>0.

In fact, Z(w,t) = Zo(X " (w,t)) is an analytic function that satisfies the complex inviscid
Burgers equation over M and Z(w,0) = Zy(w). Furthermore Z(w,t) vanishes at infinity V¢
and the restriction z(z,t) = Z(x,t) satisfies (2.13).

Note that the real part of Z(w,t), RZ(w,t), is a harmonic function, vanishing at infinity
and with an analytic restriction to the real axis, Rz(x,t). But PRz(z,y,t) is a harmonic
function with restriction to the real axis equal to Rz(z,¢) and vanishes at infinity. Then
RZ(w,t) = PRz and by unicity of harmonic conjugate we can write

z(x,t) = HRz(z,t) —iRz(z,1).

The proof of the existence follows from substituting the previous expression in equations
(2.15) and (2.16).
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In order to prove uniqueness we consider the weak formulation of equation (2.1)

T
/ / (fOi + FH®,) dadt = / fol@)®(z,0)dz, (2.26)
0 R R

for all ® € C° ([0,T); H*(R)), with s > 2.
Let us assume that there exist a solution, f(x,t), of the equation (2.26), such that

fec ([O,T); LX(R) N 00»5(R)) .
Then we have that
T
/ / (fH®: + fHf(H®,)) dxdt = / fo(x)HO(x,0)dx
o Jr R

and therefore

/T/ (Hf®,+ H(fHf)P,)dxdt = / H fo(x)®(x,0)dz. (2.27)
0 R R

From equations (2.26) and (2.27), the complex function z(x,t) = H f(x,t) — if(x,t) satisfies

T 1
/ / (zq)t + 22@6) dxdt = / 20(x)®(z,0)dz.
0o Jr 2 R

Next, we will use Poisson kernel in the following way: we can write

T 1
/ / (zPy * Oy + 522Py * <I>x) drxdt = / zo(x) Py * ®(x,0)dx,
0 JR R
thus
r 1
/ / <Py x 2Dy + §Py * (22) <I>m> dxdt = / Py x zp(x)®(x,0)dx.
o JR R

In addition, we can check that
Pyx (2%) = (Pyx2)*. (2.28)
Indeed, both P, * (z2) and (P, * z)2 are analytic functions for y > 0 with the same restriction

to the real axis and with the same decay at infinity. Then they must be equal. Using this
identity yields

T
1
/ / (Py * 2 Dy + 3 (P, * z)? <I>z> dxdt = / Py x zp(x)®(z,0)dx.
0o JR R

The function Z(z,y,t) = (P, * z)(x,y,t) is an analytic function for y > 0, then we can
integrate by parts to obtain

T
/ /(Z(I)t—Zchb) dmdt:/zo(x,y)q>(x,o)dx. (2.29)
0 R R



14 CHAPTER 2. NON LOCAL FLUX

Fixed 7 € (0,7), let {®I}. be a sequence of smooth test functions, such that ®I(z,t) =

n(%)ﬂw), where
1 t< -1
n(t) = { 0 t>1

and 7(t) is decreasing in the interval (—1,1). For € > 0 small enough, we introduce ®7 in the
equation (2.29). Taking the limit e — 0 yields

/]R Z(1)p(z)dx = /]R <Zg(ﬂ;,y)— /0 TZ(T/)ZI(T’)dT/> o(z)da (2.30)

Finally, from equation (2.30) and for y > 0 we deduce the following equation for the function
Z(w, t)
Zy+ Z 7, =0. (2.31)

Uniqueness folows from the equation (2.31).

2.3 Ill-posedness for an initial data with different sign.

In this section we analyze the existence of solutions of the equation (2.1) for an initial data,
which has positive and negative values. The theorem that we shall prove is the following:

Theorem 2.3.1 Let fo € H®, with s > % Then, if fo(xz) is not C* in a point xo where
fo(xo) < 0, there is no solution of equation (2.1), satisfying f(x,0) = fo(x), in the class
feC(0,T),H*(R)) N C((0,T), H"*(R)), with s > 3 and T > 0. In addition, fy € C* is

not sufficient to obtain existence.

Proof: We will proceed by a contradiction argument.

Let us suppose that there exist a solution of equation (2.1) in the class C'((0,7"), H*(R))N
CH(0,7), H*~}(R)) with f(z,0) = fo(x).

Taking the Hilbert transform on equation (2.1) yields

OHf+HfHfy— ffz=0.
Now we define the complex valued function z(x,t) = H f(z,t) — if(x,t), that satisfies
Oz + 2z, = 0.
We set the complex function Z(x,y,t) by the expression (we omit the time dependence):
Z(x,y,t) = Rf(z,y) —iPf(x,y) = P(Hf —if)(z,y),

so that, Z(x,y,t) = Z(w,t) (w = x + iy) is an analytic function on M. Now we shall prove
that this function satisfies the complex Burgers equation on M. In order to do that, we take
the time derivative of Z

0t Z = 0¢Pz = P(0¢z) = —P(22z).
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From the identity (2.28) we have that P20, Pz = P(zz;). Therefore the analytic function on
M, Z(w,t), satisfies the inviscid complex Burgers equation,

hZ(w,t) + Z(w,t) Zy(w,t) = 0 over M
Z(w,0) = Zp(w)

Let us define the complex trajectories

D~ (X))
dt
X(w,0) = w=zx+1y,

where we choose w so that y > 0 and Pfy(z,y) < 0. For sufficiently small ¢, by Picard’s
theorem, these trajectories exist and X (w,t) € M. Therefore,

dZ (X (w,t),t)
dt
and we obtain that X (w,t) = Zy(w)t + w.

Now we take a sequence w® = z + iy° for each z such that fo(z) < 0, with y* > 0,
Pfo(x,y?) <0 and lim._oy* = 0. Since X (z,t) = Zo(z)t+2x € M , Vt > 0, then

= 0 Z(X.t) + Zx(X, 1) Z(X,t) =0,

Z(Zo(@)t + ) = lim Z(X (w?, 1)) = lim Zo(w?) = H fo(x) = ifo(x).

Taking one derivative respect to x in both sides of the previous equality we obtain

aZ(X(z,),t)
dX 1+ tdZo(w) '
Taking two derivatives we have the equation
PI(X(w,1)1) T
(dX)? (1 + t%ola)ys”

And for n-th derivatives,

d"Zy(z)
d"Z(X (x,t),t o
(X(2,1), 1) — dz + lower terms in derivatives
(dX)" (1+tdZ°( ))n+1

d"Hfo(z) _ .d"fo(x)

n n . . .
=3 ax + lower terms in derivatives

(1 + tdZO( ))n—i—l

Indeed, if at xg such that fo(xg) < 0 the n-th derivative of fy is not continuous we get a

contradiction. In addition, if fy(xg) < 0 and f(gn) (z9) = 0 Vn but fy is not constant we have
that
dZ(X(z,t),t)  dZ(X(z,t),t) dRZ(X', X%t N ASZ(XY, X2,t)
X dxt T axt T dxT
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dH fo(z) _ dfo(z)
dx dx

dH -dfo *
(14 4oy _ jdo

Therefore
d3SZ (X (z0), X?(0),1)

dx!
Continuing this process we obtain that all derivatives satisfy

=0.

d"SZ(X (wo), X%(x0))
(axt)n

=0.

But 3Z(z,y,t) is analytic on (z,y) = (X' (20), X?(xg)) , then IZ(x,y,t) is constant over
the line y = X?(x0) and this is a contradiction. Similar result can be obtained if fo(x) < 0
and %fﬁ"”‘)) = 0 Vn but the initial data fp is not a constant.

A stronger theorem of ill-posedness can be proven in the case of a strictly negative initial

data by using theorem 2.2.1. Indeed we have the following result:

Theorem 2.3.2 Let fy be a non analytic initial data such that fo < 0. Then, there does
not exist a solution of the equation (2.1) in the class C([0,T); H*(R)), with s > 3, for any
T >0.

Proof: Let us assume that there exist a solution f(z,t) € C([0,7); H*(R)) for the equation
(2.1) with fo(z) < 0 and for some T' > 0. Then we can check than the solution is strictly
negative along the evolution i.e, f(x,t) < 0. Indeed, we can define the trajectories

d‘X;f,t) = Hf(X([E,t),t), (232)
X(z,0) = =

Then we have that

df (X (x,1),t)

p = —f(X(z,1), ) H fo( X (2,1), t).

Integrating in time this expression we obtain the following expression

f(X(z,t),t) = fo(x)exp (/0 fo(X(x,T),T)dT> . (2.33)

In addition, taking a derivative with respect to z in the equation (2.32) and integrating in
time yields

Xo(@,t) = exp <— /Ot fo(X(x,T),T)dT> |

Thus we can invert the trajectory X (z,t) and therefore, since the expression (2.33), we can
conclude that f(z,t) < 0. But, since changing the time direction in the equation (2.1)is the
same as changing the sign of the initial data, we could prove that the initial data is analytic
using the theorem 2.2.1. This is a contradiction.



2.4. LOCAL EXISTENCE AND SINGULARITIES FOR POSITIVE INITIAL DATA. 17

2.4 Local existence and singularities for positive initial data.

The aim of this section is to prove local existence for equation (2.1) with positive initial
data. Furthermore, we shall prove blow up in finite time if there exist o € R such that the
initial data satisfies fo(zo) = 0.

The argument of the proof requires the introduction of a viscous term. The equation that
we shall study is the following

fi+t (Hff)e = —vHfs (2.34)
f(z,0) fo(z), (2.35)

where v > 0.

We will divide this study in two subsections. First we analyze the case fy + v > 0 and
we will show global existence. In the second part we study the case fy + v > 0 and we will
show local existence and blow up in finite time.

2.4.1 Global existence for f,+ v > 0.

Here we shall prove the following result:

Theorem 2.4.1 Let be fo € L2 (R)NCY(R), with 0 < § < 1 and fo+v > 0 vanishing at the
infinity. Then there exits a unique global solution of equation (2.34) in C*((0, 00]; Analytic)
with f(z,0) = folx).

Proof: This proof is essentially based on the proof of the (2.2.1) which we sketch below. The
complex transport equation that we have to consider is the following:

WZ(w,t) + (Z(w,t) —iv)Zy(w,t) =0

Z(w,0) = Zy(w) = Rfo(z,y) —iPfo(z,y).

In order to obtain global existence of this equation over M the only modification respect
(2.2.1) is the inequality (2.25). In this case we find that

)2
—0Rfo(x,y) = i/( (( S)Z)Qfo(s)ds

N R G, < P(fo+v)(z,y)

- /(y+(:v—))(f0() ) < y ;

where we have used ) )
/ VS e
(y2 + 52)2
Remark 2.4.2 [ll-posedness occurs in equation (2.34) if the addition of the minimum of the
watial data fo plus the viscosity is smaller than zero. In fact, we have the following theorem:
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Theorem 2.4.3 Let fo € H®, with s > % Then, if fo(z) is not C* in a point xy where
fo(zo) < —v, there is no solution of equation (2.1), satisfying f(x,0) = fo(x), in the class
feC(0,T),H*(R)) nC'((0,T), H"'(R)), with s > 3 and T > 0. In addition, fy analytic
in every point where fo < —v is not sufficient to obtain existence.

Proof: The proof follows the steps of the theorem (2.5.1).

2.4.2 Local existence in the limit case.

In this subsection we analyze the equation (2.34) with initial data fo > —v. We will use
energy estimates and the techniques used in the article [15] for the control of the L*>°-norm
of the solutions. The theorem that we shall prove is the following:

Theorem 2.4.4 Let fo € H? and
mo = ming fo(z) <0,

such that mo + v = 0. Then there exists a time T > 0 such that the equation (2.34) has a
unique solution in C([0,T]; H*(R)) N CL([0, T); HY(R)) with f(x,0) = fo(x).

Remark 2.4.5 In the case v = 0 this theorem asserts local existence of solutions of equation
(2.1) in the class C([0,T]; H*(R)) N CY([0,T]; HY(R)) when the initial data fo(z) > 0.

Proof: By theorem (2.4.1) we consider global solutions of the equation

fe+ (Hff)e = —eHfs (2.36)
f(2,0) = fo(x) € H* and e +mg >0, (2.37)

First we will compute two estimates of the L*°-norm of f, and H f, which are uniform with
respect to € > —myg

Lemma 2.4.6 Let fo € H?, with mo = mingegr fo(x) < 0 and mg +¢& > 0. Let f be the
solution of equation (2.36) given by the theorem (2.4.1). Then, if we define

m(t) = min f(z,1),

we have that
m(t)+e>0 Vi>0.

Proof of lemma 2.4.6: From theorem (2.4.1) we know that f € C'1([0,00) x R), in particular
the function m(t) is differentiable almost every t. There always exist a point x,, € R (which
depends on t) such that m(t) = f(x,,(¢),t). Using the same argument as [23] we obtain

m'(t) = fi(xm(t),t) at almost every t.
Therefore

m/(t) = —Hf(2m(t),t) fo(@m(t),t) = Hfo(zm, t)(f(2m(t),) + &)
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= —Hfy(xm(t),t)(m(t) +¢).

an by integrating

(m(t)+¢e) = (mo+e) exp(—/0 Hfo(zp (1), 7)dT).
Since .
Hiw) = 2pv. [T =T,

we have that —H fy(x,(t),t) > 0. Therefore
m(t) +e>mo+¢e > 0.

Lemma 2.4.7 Let fy € H?, with mo = minger fo(x) < 0 and mg +¢& > 0. Let f be the
solution of equation (2.36) given by theorem (2.4.1). Then, if we define

- {vnel[gfx(xJ) = fx(xm(t)’t)

m(t)

M(t) = maxfo(z,t) = fo(wm(t),t)
)
)

(t) = mianx(:Eat) = Hf:p(ajj(t)vt)
T€R

J(
J( = rggﬁinx(xvt):fx(xJ(t)vt)

t

we have that

m(0)
N (S TDE
M(0)
N O
: 3(0)
O 1+4(0)t
3 M2*0
T = O S T o
Therefore
sup (|[fz(®)|lLee + [[H f2(t)]|L) < 00
te[0,7)
if T<Tez—j(10) Ve > —my.

Proof of lemma 2.4.7: We know that f, € C'([0,00) x R) and Hf, € C([0,0) x R).
Therefore

m/(t) = Ofa(zm(t),1)  M'(t) = Opfu(zae(t),1)

§'(t) = O H fo(x;(t), 1) J'(t) = O H fu(ws(t),1).
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and
j/(t) - _jQ(t) + (fx)2(xj(t)7t> + (f(xj(t)vt) + E)f;tz(xj(t)7t)'

Using the following representation

fo(a) PV/fo((z;) yI;fx( )dy,

we have that f,.(x;(t),t) > 0. Since j(t) is negative this yields

. j(0)
](t) > m

Now we shall study the evolution of m(t).

m/(t) = —m(t) H fo(zm(t),1) — (f(xm(t),1) + &) H for (@m (), 1).

H foa(z / fol2) = Jolt) 5,

we have that H fy. (2, (t),t) < 0. We know that m( ) < 0 then

m/(t) > —2m(t)H fo(xm(t),t) > —2m(t);j(t),

Since

and the following inequality holds

m(0)
(t) > .
(1+(0)t)
Operating in a similar way we obtain that
M(0

Finally we have that

Jl(t) = _JZ(t) + (fx)2<xJ(t)ﬂt) + (f(xJ(t)vt) + E)fxx(xJ(t)7t) < Mz(t)'

Therefore
3 M*0)

J(0) (1+5(0)8)*

Next, we shall check that the L?-norm of f is bounded. Multiplying equation (2.34) by
f and integrating over R we have

J(t) < J(0) —

Ld||f (][5
L Az +/R(fo)xf+€/RHfzfd$
;d"f /fofxdx—i—e/Hfmfd:v
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;d”ffj 2 —/Hf ) dm+€/fofdac
d 2
:% ”f;t”L /Hfmfzdx—i—g/fofdx—O

By the expression (2.10) we can estimate the last two terms of the equality

_ L ppy [{@ 10
/Rfo(x)fQ(az)dm— 7T/Rf2( )P.V/ e dyd

_ 1 @) (f(x) = ) + ) (fly) — f=z)) .
— 27r/RP.V./ (x—y)z dyd.

_ 1 (f(@) + f)(f (@) = Fw))*
5 [pv.| Fa— dyda,

" /Hfmfd:n— /f PV/f yf)gy dydz
L ey 10 x_+ yf;(Q DU = 1),
/pv/ U@ = F&)F e
Therefore
1/fof2dx+e/Hfmfdm
47r/PV/ +2a;§§( )_f(y))QdydmZO,

and we can conclude

O z> < [l follz2

In addition we have an a priori estimate of L?-norm of f,,. Taking two derivatives to the
equation (2.34), multiplying by f,, and integrating in x we obtain

1
§wax(t)HL2 = /R(fo)xxxfwxdx - €/RHfa:g;xfg;g;d$ =0. (238)
All the terms of the right side of (2.38), except

_/(f+5)Hfrzzfrzdx, (2.39)
R
can be controlled in a simple way by

C(Hfﬂ&(t)HL‘x’ + HHfa:(t)HLOQ)fozH%Q
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To bound (2.39) we will use the inequality (2.11) as follows

R R

<5 |+ N e < G ol

Therefore

dl| fuzl|?2
”fdt”L < C(I @)l + N H Lo ()] 100)]] Fre| 2o

Finally, integrating in time, we get the estimate

| faa @)1z < || foaal|L2 exp(C sup (Hfa;( M zoe + |[H fo(8)]| ) T)

t€[0,T

Indeed we have that the H?-norm of f is bounded over [0,T] with T < T, and this
estimate is uniform in €. The rest of the proof is as follows. We take the approximating
problems

fi+(Hf )2 = —eHf]
fé(x,0) = fo(z) € H> and e+ mg >0,

We shall prove that {f¢}. is a Cauchy sequence in L?. Let f°! and f°2 be the solutions for
the equations

A (H ) = —elHSY
G (Hf2f?), = —e2Hf?
f€1(x70):f51(x’0> = fo(l‘)eHQ and 81,2_‘_7/”/0>0~

Then we have
Ld|f7 - 2|2,
2 dt

/f”H (F (@) = [2(@)(f7 (@) = [2(2) + (61 — €2 /H z) ([ (x) = [ (x))dx

-3 / H 5 (@) () — [ (@) P

Jr/(f62 +ea) H(f* () = [2(2))a(f (z) — [ (2))dz
R
< C||f = f22[[72 + Cler — eal.
Therefore, by using the Gronwall inequality we obtain
151 = 2|72 < Cler — el
Since {f¢}. is a Cauchy sequence in L? and is bounded in H?, by interpolation, we have that

{f¢}c is a Cauchy sequence in H®, with s < 2.

By taking the limit ¢ — —mBL we achieve the conclusion of theorem 2.4.4.
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Theorem 2.4.8 Let fo € H3(R) and fo(x) > —v such that there exist a point xo where
fo(xo) = —v. Then the solution f(x,t) of the equation (2.34), develops a singularity in finite
time in H*(R).

Remark 2.4.9 Theorem (2.4.8) assert blow up in finite time for equation (2.1) when the
initial data is positive and there exist a point xg € R such that fo(x) = 0.

Proof: Adapting the proof of theorem (2.4.4) we can show local existence of a solution, f €
C([0,T); H3(R)), for the equation (2.34) with a initial data satisfying the requirements of
theorem (2.4.8). In addition, we can extend the solution as long as the norm ||H fy|| e (w)(t)
is bounded. Now, we proceed by a contradiction argument. Let us suppose, that f €
C([0,T); H3(R)), is a solutions of the equation (2.34) for all T > 0. We set the trajectory
X (zo,t) by

Mgﬁ = Hf(X(z0,1),t)

X (:IJ(), 0) = Z.
If we evaluate the solution over that trajectory we obtain

df(X(lDa t)a t)
dt

= —(f(X (20, t),t) + V) H fo(X (20, 1), ).

dX

Therefore,

f(X(JUo,t),t)JrV:(f(X($0,0)70)+V)eXp(—/O H fo(X (x0,7),7)dT) = 0.

Evaluating the Hilbert transform of f over that trajectory we obtain,

dHf(X(xo, t)v t)
dt

= (f(X(z0,1),t) + v) fo(X (20,1),t) = 0.

= OH f(X,t) + HfHf(X, 1)

So that
Hf(X(wo,t),t) = H fo(xo),

and
X (x0,t) = H fo(xo)t + xo.

If we evaluate the first derivative of the solution over that trajectory we get

df (X (xo,t),1)
dt

= —2fo(X (20, t),t) H fo(X (w0, 1), 1)

= atfx(Xa t) + Hf(Xat)fxz(th)
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Since foz(z9) = 0, by the characteristics of fp, yields

fo(X(z0,t),t) = f2(X(x0,0),0) exp(—Q/O Hf,(X(xg,7),7)dT) = 0.

Finally we evaluate H f, over the trajectory and we obtain

dH fz (X (x0,t),1)
dt

= atHfa:<X7t> +Hf(X7t)Hf:vx(X7t)

= —(H fo(X (x0,1),1))%,

Which implies
H fo (o)

H f2(X (20,1),1) = T4 tH fou(z0)

Moreover, we can write

H fou(20) = 71TP'V/ fo((i(;)_—j)o2(y)dy Loy [mo- fo(y) dy < 0,

G (o — y)?

if fo # 0. Then we have a contradiction.



Chapter 3

A Naive Parametrization for the
Vortex-Sheet Problem.

3.1 Introduction

This chapter is devoted to the vortex sheet problem. In the section 3.2 we shall obtain
the classic Birkhoff-Rott system for the motion of the vortex sheet

zt(a,t) = BR(z,w)(a,t) + c(a,t)0a2(c, t) (3.1)

wy = Ou(cw),

where c(a,t) is a free quantity and the Birkhoff-Rott integral is given by the following ex-
pression .
BR(z,w)(a,t) = 1PV/ (zla,!) = 2(B,1)) w
2m |2(a,t) — 2(B, 1)
from the weak formulation of the Euler equation.

In the case of an analytic initial data, a local existence result for system 3.1 and 3.2 is
given by Sulem, Sulem, Bardos and Frisch in [66] in the case where the curve is represented by
a graph. The first result of ill-posedness in Sobolev spaces for amplitude with a distinguished
sign is due to Ebin [41] in a bounded domain. In the same year Duchon and Robert [40]
proved global-existence for a peculiar initial data. They consider a particular ¢(a,t) which
gives z14(a,t) = 0 and therefore if one parametrizes initially zo(a) = (o, yo(e)) the free
boundary is given in terms of a function and the equations (3.1) become

/ (a — ﬁ) + (y(a7 t) — y(ﬁv t))aay(a7 t)
(= P)? + (y(a, t) —y(B,1))?
and ¢(a, t) in equation (1.6) is given by
_ 1 (y(et) —y(5, 1)) -
00 =57 [ G ) s

A similar approach is done by Caflish and Orellana [6] to show also global-existence for
particular initial data and moreover they give an argument to prove ill-posedness in H® for

(8,t)ds, (3-3)

1
y(a, t) = — PV
2

@ (6, t)ds

25
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s > 3/2. They choose c(a,t) = 0 which implies @w(«,t) = wo(a). If wo(a) has a distinguish
sign, the following change of variable is legitimate

do = wy(B)dp

and equations (3.1) can be written as

(2(at) — 2(8,1))*
|2, t) = 2(8,1)[?
which is the Birkhoff-Rott equation. By taking z(a,t) = (a4 ¢e1(a, t),e2(a, t)) (or w(a,t) =

1+e1(a, t) and y(a, t) = e2(a, t) in the parametrization of Duchon and Robert) and linearizing
in (3.4) one can obtain

s(ont) = %PV / a3, (3.4)

1 1
Oer = —5A(e2),  dea = —5A (1),

where A is the operator A = (—A)%. Therefore

S(E ) = €1(&,0) +82(8,0) gy n £1(£,0) ; £2(£,0) erlélt

é\l(éa 0) 52(67 0) 6—7r\§|t o ?-_‘\1 (fv 0) — §2(§7 O) e7r|§|t'

5\2(5,75) = 2

Since the initial data £1(£,0) = e2(§,0) only oscillate the dissipative waves, global existence
follows even for non-regular initial data. Applying Fourier techniques to the nonlinear case

|+ o+

1 1
81561 = —5[\(62) + T(El,ég), 81562 = —51\(61) + S(El,ég),

yields that these particular initial data, small enough, activate only the dissipative waves and
control the nonlinear operators T" and S obtaining global in time solutions.

The main idea to show ill-posedness of Caflisch and Orellana is to consider the following
function

so(1,t) = e(1 — §)[(1 — e~/2=17) 14V _ (1 — o=t/2Fim)14y)

which is a solution of the linearization of equation (3.4). For 0 < v < 1, s¢ has a infinite
curvature at v = t = 0. Then they prove that a function r(v,t) exists such that z(v,t) =
v + so + r is an analytic solution of equation (3.4) with infinite curvature at v = ¢t = 0.
Then they obtain ill-posedness in Sobolev spaces in the Hadamard sense using the following
symmetry properties:

If z(y,t) is a solution of (3.4) then so are zy(vy,t) = Z(v, —t), zs(7,t) = 2(v,t — tp) and
2n(7,t) = n~1z(ny,nt). A study of the existence of solutions of equation (3.4) in less regular
spaces than H*® can be found in [68]. We also quote that the first evidence of singularities
with analytic initial data was given by Moore in [55].

We shall study the case in which the term in the tangential direction is given by c(a,t) =
H(w)(a,t), where Hw is the Hilbert transform of the function w and we shall consider
an initial data for the amplitude of the vorticity with mean zero which is preserved by
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equation (3.2). From Biot-Savart law, at first expansion, the expression at infinity is of
the order of ﬁ J @ for a closed curve or near planar at infinity. To obtain a velocity field

in L? it is necessary to have [w = 0 (for more details see [51]). In the periodic case,
z(a+ 27k, t) = z(a,t) + (27K, 0), the following classical identity for complex numbers

1 2z 1
;(; + Z 22 — (27Tk)2) - 27 tan(z/2)’

yields (ignoring the variable t)

1 T Iz—zz(ﬁ) 2(z1=21(8) z1—21(5) 2(z2=22(B)\ _
1 /w(ﬁ) tanh( )(1+tan®(=—5-~)) tan(——5-=)(tanh”(=—5>~)—1)

v(x)=— g,
tan (271 21( ))—i—tanhQ(mQ zz(ﬂ)) tanZ(xl—gl(/B))+tanh2($2—;2(6)) )

47

for x # z(a,t). Then
lim ov(z,t) / B3)dp(1,0),

To—Fo0

and to have the same value at infinity it is necessary again mean zero.

In section 3.3 we show that the chosen parametrization provides solutions of the vortex
sheet problem. The requirements are the usual for this system: the initial data have to
be analytic. With our analysis we do not need to parameterize the interface in terms of a
function as in [66], the initial curve has to be one-to-one and with nonzero tangent vector.
In the argument we modify the proofs used in the Cauchy-Kowalewski theorems given in [56]
and [57] in order to deal with the arc-chord condition.

Finally, in section 3.4, we show ill-posedness for the equation of the amplitude (3.2) for a
non-analytic initial data with mean zero by adapting the argument of the section 2.3 to the
periodic case.

3.2 The evolution equation

In this section we shall obtain the classic Birkhoff-Rott equations from the weak formu-
lation of the Euler equations for the velocity. For this purpose we use the continuity of the
pressure over the vortex sheet. One alternative equation deduction, which does not need to
prove this property of the pressure, can be found in [47] where the authors use the weak
formulation of the Euler equations for the vorticity in 2D. We consider weak solutions of the
system (1.2-1.3): for any smooth functions  and ¢ compactly supported on [0,T) x R? i.e.
in the space C2°([0,T) x R?), we have

/ / (e +v - V) + pV - n)dxdt +/ vo(z) - n(xz,0)dz =0 (3.5)
R2

R2

/OT /R? v-V{dzdt =0, (3.6)

and
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where vo(x) = v(x,0) is the initial data. We do not require divergence free tests as in the
more common weak formulation because in this way we can obtain from (3.5) the continuity
of the pressure. Anyway, for vortex sheets both formulation are equivalent.
Let us assume that the vorticity is given by a delta function on the curve z(«, t) multiplied
by an amplitude, i.e.
w(z,t) = w(a,t)d(z — z(a, t)), (3.7)

where z(a,t) € O splits the plane in two domains Q7(¢) (j = 1,2) and w(a,t) € C™0 with
0<é<1.
Then by Biot-Savart law we get

xr—Zz L
o(w,t) = %PV / mw(ﬂ, 1d3 (3.9)

for  # z(a,t). We have

v (z(a = z,w)( L m(ot) 2(a
(20 00) = BRG,=)(0,1) + 5 7 050, -
vl (2(a,t),t) = BR(z,@)(a,t) — EM(‘? z(a, t),

where v/ (z(a, t),t) denotes the limit velocity field obtained approaching the boundary in the
normal direction inside €/ and BR(z,w)(a,t) is given by (3.3). It is easy to check that the
velocity v (3.8) satisfies (3.6) .

Next we shall obtain the equation for the curve z(«, t). We start from equation (3.5) with
n(z,0) = 0, which is

/T/ [v-(ne+v-Vn)+pV-n] dedt = 0. (3.10)
0 Jr2

Again we can split the equation (3.10) in the following way

T
lim</ / [v-(ne+v-Vn)+pV -] dedt+
0 Jal@)

e—0

T
// [v~(77t+v-Vn)+pV~n}dxdt)=0,
0 Jaz

where

QL(t) = {x € QY(t) : dist (z,00'(t)) > ¢}
Q%(t) = {2 € Q*(t) : dist (z,00%(t)) > €}.

We will study the first terms in detail. Integrating by parts we obtain

T T T
lim/ / v drdt = / /(v1 1) (2 - Ot 2)dodt — / / v - ndzdt.
e—0 Jg QL(t) 0 0 JQN(t)
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Similarly for the other terms we have

hm/ / (v-V)ndxdt = / / aL dadt—/ / (v-V)vdzdt
e—0 Ql(t) Ql(t

and
T
lim/ / pV - n, dxdt = / /p (n- aéz)dozdt — / Vp - ndzdt.
e—0 0 Qé(t) 0 0 Ql

Operating in a similar way with the integral over Q2(t) yields the following equations

/ / ( (82 — BR(z,@)) - & \8a |2(77 0az) + (' = ") (- a;z)> dodt =0  (3.11)

an
v+ (v-V)-v=-Vp over Q' and QO

where the derivatives of v on Q! and 992 have to be understood like the limits in the normal
direction to the curve z(a,t).

By choosing 7+ 9,z = 0 in the equation (3.11) he have that the pressure is continuos along
the vortex sheet. Writing this work we learned of the paper by Shvydkoy [64] who also prove
this fact for more general cases in a different way. In addition we obtain the equation

_ L, * _
(0yz — BR(z,w)) - 05 2 \(‘3 B 0.

Next we close the system giving the evolution equation for the amplitude of the vorticity
w(a,t) by means of Bernoulli’s law. Using (3.8) for z # z(«,t) we get v(z,t) = Vo(x,t)

where .
— t
P(w,t) = 2PV/arctan (152 22(5.1)

™

8
oG t))ww, £)dB.

We define
H(a7 t) = ¢2(Z(O‘7 t)v t) - ¢1(Z(a’ t)v t),

where again ¢/ (z(a, t),t) denotes the limit obtained approaching the boundary in the normal
direction inside €¥’. It is clear

Oall(a,t) = (V4 (2(a, 1), 1) = V' (2(a, 1), 1)) - Daz(a, 1)
( (2(a,t),t) = v (2(,1),1)) - Baz(a)

Now we can check that

$*(z(a, ), ) = IT(2, @) (a, t) + %H(a,t)
2 (3.12)
o (z(a,t),t) = IT(2, @) (a, t) — §H(a,t),
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where
2o(a, t) — 29(f3, 1)
Zl(Oé,t) — Zl(ﬁ,t))w(ﬁ’ t)dﬁ

Using the Bernoulli’s law in (1.2), inside each domain, we have

1
IT(z,w)(a,t) = %PV/arctan (

oe(z,t) + %\v(w,t)P +p(x,t) = 0.

Taking the limit it follows

91 (2, 1), 1) + %IUJ(Z(OM)J)\Q +p7 (2(a,1),t) = 0,
and since p'(z(a,t),t) = p*(z(a, t),t) we get

G (=(0,1),1) — 6} (=(, 1), 1) + [0 (2(a0, 1), D = 2o (e, 1), = 0. (3.13)

Then it is clear that ¢ (z(a, t),t) = (¢ (2(a, 1), 1)) — z(a, t) - VI (2(ev, t), ) and using (3.9)
together (3.12) in (3.13) we obtain
Onz(a,t)
‘aaZ(Oé, t)‘z .
Finally it is easy to show that the solutions of the system (3.1) and (3.2) provide weak
solutions of the Euler’s equation. Given a curve z(a,t) € C1° and a function w(a,t) € C1°

such that the equations (3.1) and (3.2) are satisfied, we define the velocity v(z,t) by the
expression (3.8) and the pressure by

(e, t) = w(a, t)(z(a,t) — BR(z,w)(a, t)) (3.14)

1
p(z,t) = —¢(x,t) — ilv(x,t)\z over Q! and Q2

where the potential ¢(z,t) is given by v = V¢. From equation (3.2) we have that the
pressure is continuous over the vortex sheet. In order to check that v(x,t) and p(z,t) are
weak solutions of Euler’s equations we just have to introduce them in the first member of
(3.5) and (3.6) and integrate by parts.

3.3 Local-existence for analytic initial data

We have the evolution equation given by
2zt = BR(z,w) + HwOy 2,

wi = Og(wHw). (3.15)

In this frame, we consider a scale of Banach spaces {X, },>0 given by periodic real functions
that can be extended analytically on the complex strip B, = {a +i( : « € T, |(] < r} with
norm

, 9o f(a+iC) — 07 fla+i¢ — B)|
»= max sup [OFf(a+il)l+  su Oa - )
171 0SkS2 o 1iceB, 9afle+ic)] S 181°

with 0 < § < 1 and | - |+ the modulus of a complex number. We then obtain the following
theorem.
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Theorem 3.3.1 Let 2°(a) be a curve satisfying the arc-chord condition

%) = (- B)]> _ 1
EE > (3.16)

and 2°(a), @ (a) € X, for some 1o > 0. Then, there exist a time T >0 and 0 < r < ry so
that there is a unique solution to (3.15) in C([0,T]; X,).

Remark 3.3.2 In the proof it is easy to check that the tangential term is not harmful to the
evolution equation of the curve. In fact, it is the easiest to deal with. Also, with solutions
of the system (3.15), by a reparametrization, one could recover solutions of the vortexr sheets
problem with the more usual choice of ¢ such as the one given by the lagrangian velocities or the
one with ¢ =0 (taking v = #} A similar theorem follows for all these parametrizations.

It is easy to check that X, C X, for ' < r due to the fact that || f||,» < ||f|. A simple
application of the Cauchy formula gives

C
10 fllrr < —— I flr, (3.17)

r—r!

for v < r.
The equation (3.15) can be extended on B, as follows:

zi(a+i¢,t) = Fi(z(a+i(,t), w(a +i(,t)),

3.18
o+ iG1) = Fy(w(a +iC. 1)) (319
with
Fi(z,w) = BR(z,w) + Hwd,z,
and
Fy(w) = 0p(wHw).
Proposition 3.3.3 Consider 0 < v’ < r and the open set O in B, given by
. ) 1
O={z,meX;: |zl =l <R, a+i(él}3fr,ﬂeTG(z)(a +1i6,0) > 73} (3.19)
with
G (o) (atiC, B) = (z1(a+i¢) — z1(a+i¢ — §))° + (22(a +i¢) — z2(a + i — 3)) - (3.20)

32 *

Then the function F' = (Fy, Fy) for F: O — X, is a continuous mapping. In addition, there
is a constant Cr (depending on R only) such that

c
|F Gz @)l < =51z )]l (3.21)

r—

Cr
\|F(z2,w2) - F(Zlﬂwl)HT’ < m”(zﬂ - Z17w2 - wl)HT’v (3'22)
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and
sup  |Fi(z, @)(a + i) — Fi(z, @w)(a +i¢ — B)|« < CrlB|, (3.23)
a+i¢E€B,,3€T
for z, 27, w,w’ € O.

Using the above proposition we have the proof of theorem 3.3.1.

Proof of Theorem 3.3.1: The argument is analogous as in [56] and [57] (see also [52]).
We have to deal with the arc-chord condition so we will point out the main differences. For
initial data 20, @w® € X, satisfying (3.16), we can find a 0 < 7, < ro and a constant Ry such
that HZOHr() < R, HwOHT(/) < Ry and

(2P (a +1i¢) — 2P (a +iC — ﬂ))Q;Q(ZS(a +iQ) —la+iC =) %, (3.24)
* 0

for o +i¢ € B,;. We take 0 < r < ro, and Ry < R to define the open set O as in (3.19).
Therefore we can use the classical method of successive approximations:

(1), w1 (1)) = (0, 0) + / F(2"(s), " (5))ds,
0

for F: O — X,» and 0 < v’ < r. We assume by induction that
|2%]l-(t) < R,  |@"|l.(t) <R  and G(ZF)(a+i¢, 8,t) > R™2

with a +i¢ € By, 8 € Tfor k <nand 0 < t < T with T = min(T4,Teck) and Tox
the time obtaining in the proofs in [56] and [57] (see also [52]). Now, we will check that
G(""Y(a +i¢,B,t) > R72 for a +i¢ € B, and 3 € T giving T4. The rest of the proof
follows in the same way as in [56], [57]. The following formula:

2 () =20 +/ Fi(2"(s),w"(s))ds

0
yields
G(Z" M) (a+iC, B,t) = G(2°)(a +i¢, B) — I — 21,
for
YR (2" ™) (a+ i, s) — Fi (2™ ™) (a+ i — B,5) |2

I = d

' /0 | 8 .
and

B 2(a+i¢) =22 (a+iC—p) bR (2", ™) (i, s) = Fi (2", @) (a+il -3, s)
I, = ‘ 3 */0 ‘ 3 *ds.

Using the induction hypothesis and (3.23) it is straightforward to get I; < C%t. The inequal-

1ty
2 (a+i¢)

0 .
=2 (a+ic=F) < sup |0a2°(a+i¢)|« < Ro
B * B,
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yields Iy < RoCrt. Therefore, taking 0 < Ty < (Ry% — R™2)(C% + 2RoCr)™!, we obtain
G(z"™N(a + i, B,t) > R™2. Proof of Proposition 3.3.3: We will show first (3.23). We split
as follows

Fi(z,w)(a+i¢) — Fi(z,w)(a+i( =) =L + L+ I3
for

I = BR(z,w)(a+i() — BR(z,w)(a + i — 1),

I = (H(®@)(a + i) — H(@)(a + i€ — ))daz(a +i0),

and
Is = H(w)(a + i) (Oaz(a +i¢) — Opz(a + i¢ — ).

It is easy to get

sup [I|« < sup|Oaz(a +iC)|« sup |[H(Oaw) (e + iC)l+|A],
a+iC€Br76€T Br BT

and due to
H:C°— (9, (3.25)

(see [65]), yields

sup L]« < R?|3].
a+iCeB,,B€T

In a similar fashion it follows:

sup |I3|* SRQIB‘
a-+i¢EB,,B€T

For I, a straightforward calculation gives

sup ] < sup|OaBR(z, w)(o + i) ],
a+i(eBy,B€T B

and it remains to bound d, BR(z, w)(« + i¢). For this term we use the following decomposi-

tion:

(9QBR(Z,’(D)(O¢ + ZC) =J1+ Jo + Js,

with
1 - (2(7) (7 ﬁ))
PV/_f“ O - ar
i (7)—(%2(7—6)
BV | R
x v— )L
=-2pv [ a- 5>(|Z<()) e () =+(1-) - (us() sl 5))) 5,

where v = a + i(. Here we have to deal with nonlinear singular integral operators given by
one-to-one curves. We proceed as in [29] considering the arc-chord condition (see also [26]).
we take J; = K7 + Ko + K3 for

T Dol — B) (2(7) = 2(v = B) - 3a2(7)5)Ld57

o), 2(y) — (v - B)]2
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Ozt [T, (N
el e [”)(r M) =2 = PF  [0az()28

(9az(7))+ 1
% oy y? 27r/_7r6°‘w7 ﬁ)[ﬂ W]d5+f1(%m(v)).

We rewrite K7 as follows:

K = )as,

_ LM B0) — 2y = B) — 0az(1)B8)* 32
= — /ﬂaa (v—08) 7 ’Z(v)_z(v_ﬁwdﬂ,

and therefore, using that z,ww € O and the following estimate:

sup [2(7) = 2(7 = B) — Ba2(7)Bx < sup |032(7)[4I 8P,

YE€B;,B€T YEB,

we obtain supg_ |K1|s < R*. In the integral in Ky we find
9az(7)B+2(v) —2(y = B)) - (0az(7)B — (2(7) — 2(v — ﬂ))))
12(7) = 2(v = B)P0az(7) |28 '

The bound for the infimum of G also gives supg [|0.2(7)| 7|« < R? in O, so we have
supp, | Kol < 2R8. The integral in K3 has a bounded kernel in 3 and therefore

ouo(y - ) (4

sup | K3, < (C +1)R*
B

for C' = maxger |37 — (2tan(8/2))7]. In Jo we write Jo = K4 + K5 + Kg

s 2 — Op2 . 1
Ky = ;ﬂ/_ (w(y—B) — =) (8a|z((7y)) —2(7(1 5)|62)) ds,
_FO) [T i i 8 a(— BN 1 - 1
o= 52 [ @nsto) = 0uste -0 (i == ~ )
Ko = 5 (2 [ 000) = 00y = )1 = e sl + (A(@a2) ()
200az(VP \m " ¢ B%  (2sin(8/2))? ¢ ’
where A = H(0,). In K4 we rewrite
1T (@ = 8) —@() Baz(r) — daz(y — B)* 32
K=o /_ 3 3 [2(y) = 2(v - B)IZdﬁ’
and therefore supp |K4|, < R*. We take
_ @) [T Daz(y) = Baz(y = B)* 3 1
= /7r B (!2(7) —z(y =B \f%zw)\?ﬁ)dﬁ’

and therefore, as for Ko, we find supg [Ksl. < 2R8. The first term in Kjg is easy to deal
with because the function 372 — (2sin(3/2)) 2 is bounded. For the second term we find

sup [A(9a2)) . = sup |H(222))*|. < OR
B, By
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using (3.25). For the term J3 we proceed as before to get finally (3.23).
Now we will show how to obtain (3.22). The estimate (3.21) follows in a easier fashion
(see also [26]). Here we will use the following estimate:

Ifgllcs < W fllesllgllize + [1f]lze~llgllcs. (3.26)

For Fy we get 02Fy(w) = 93 (wHw). In the subtraction 02 Fy(w?) — 02 Fa(w!) we find
terms of different order. Here we deal with the terms with greatest order. The rest of

the terms can be estimate in a simpler way. We find in the subtraction the term I} =
03w?H(w?) — 03w H(w') and we split
L = (Ow® — Oow' ) H(w?) + o' (H(w”) — H(w")) = J1(7) + J2(7).

07

For p € T and v € B,, the inequality (3.26) yields

[J1() = Ji(y = B)ls
181°

< 2”804732 - aawlnr’HwQH?"/?

and using (3.17) it follows:

Ji(v) ="y =Bl _ 2R
sup AOIZ NG = Dl o 2Ry 0 oy
Y€EB,/,B€T ’/8‘ r—=
Analogously
Jo(v) = J2(v—=0)|« 2|t 2R
B0l < sguw -l < AT e < 2 I

Also the term I, given by Iy = w?H(93w?) — w! H(03w!), can be decomposed as
J3(7) = (@® — @) H(95w?), Ju(7) = w' H(95(w? — =),

and as before

[J3(7) = J3(v = B)l«

< 2||@’ — @' ||| H(Gaw?) | < 2C||@* — @ ]| 00wl

13]°
SRC
< |w? — @',
rTr—r
For J, it follows:
— Ja(y — 2
1) = Js = Bl 9 peion (2 — )] < 2 RC ~Jle? — |l

181°

Now we consider the operator F(z,w) = BR(z,w) + Hwd,z. The estimates for the second
term are as before, we then show the control for the Birkhoff-Rott integral. While the terms
of lower order are easier, we consider in 82 BR(z,w) the most singular:

e Loy [ o ) #a0) = 20— )

d
2wtV ) ) =B "
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_ ™ z —z2(7— L
=2V [ - = )y 9) - (02:(0) -0t 905,

v)—z(y—06)*
e LT (2(7) — 2y — B))*
=g PV [ o) EOEE R
We take I3 = J5 + Jg + J7 + Jg with
T 22’ _ 22’ _ 1
5= 5= [ @t = 9) - i) EEL =R g,
_wl) [T 1 1
Jo= 50 [ @)~ e - ) e~ e

w(y) 4 1 1

Jr = 200z (I ) (032(y) — 022(y — ﬁ))L[@ - m]dﬁ,

and

Js = M(A(aizw%

Then, with this splitting, in 92 BR(2?, @w?) — 0> BR(z!, @), one can find the term
@*(7) @' ()
DJe = — 2 ) (A(5252 L__ @) A2t 1
J8 2|8a22(’7)|2( (aaz )(7)) 2‘30421(7”2( (8042 )(7))
Now, for h € T and v € B,-, it follows:
IDJs(v) = DJs(y = h)lx < Cr(l|(z* = 2", @® — @) || [pl° (r — ')
+IAOR(2% = 2)(7) = A2 (% = 21)) (v = ).,

and using (3.25) one finds

A (2% =21) (1) = A(B2(22 ==21)) (v=h)|« = [H(93(2* = 2") (7) — H(95(z° = 2") (y =) |«
< CHaa(Z2 - Zl)”r’|h|6v

and finally
[DJs(7) — DJs(y = M)« _ Chr

|h|® —r—7
In an analogous way we may define DJs and split it as follows:

(032%(v) = 02" (v = )+
22(7) = 2%(v = B)I?
(032 =21 (1) — (2% — 2 ) (v = B)*
22(7) — 22(v — B)?

2

(% = 2" @? — @)l

1

K= [ (&= =)0 -5~ @ -=)0)

g,

K= / (@' (y— ) — w'(2))

2m J_

dp,

and

Ky = o / (@7 - B) — = ))(@221(9) — 8221 (y — B)) - Al B)d,
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with A(v, 8) = |22(7) — 22(y — B)|72 — |2} (y) — 2 (v — B)|72. All kernels in the integrals in
K7, Kg and Kg have grade 0 so the control of all these terms are analogous. Now we will
show in detail the term K7. We rewrite it as

Ko =5 [ BOLHCGLHD(, )5,
with ) . , .
_ (8222() 222 (1=B))* ) p
Cln. ) = 5 - PO g ag e

to get the following splitting

K7(v) — K7(y—h) = L1+ Lo + L3,

where
L= o [ (B.8) = Bly—h5)Clr.5)D(.5)ds,
La= o [ BOBICHB) - Ol 1 B)D(, )5,
and Lo
L= [ BO.AHCH.HDG.S) - D = hap))ds.

—T

We take the term B as

1
B(y,8) = /0 Dol — ) (v — 58) ds,

and therefore
IB(v,8) — B(y — b, B)|x < ||@® — @' [ |h]°.

for v € B,» and h € T. It yields

L1l < llw? = @] Al°]|0az? |l R? < lw? — @l 1A

r—r
For C(v, ) it follows:
1
Cnd) = [ @220+ (=13 ds,

and analogously one gets

3

Lol < |lw? — @] [10a2" |+ R? < lw? — @l |-

r—r!
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In L3 we rewrite the difference D(v,3) — D(y — h, 3) as

3 32
|22(7) =22 (v=B)I? |22(y — h)—2%(y — h—3)

PEl(%h?B) - By(v, h, B),

where
B b, ) - OO h A HE0) =)
Es(v, h, B) = (ZQ(Vh)ZQ(’th))(22(7)22(7@)

As before one can take
Es(v, b, B) = /01 (002 (y=h+ (s = 1)B) = da2?(7+ (s = 1)B))
and therefore |Es|, < ||22[|,/||°. Tt provides as before
[D(v,8) = D(y = h, B)| < 2R°|A|’,
and

2R"

r—r!

|Ls|x < |@? — @' |[|0a2®||2R°|R| < lw? — @l [Al’.

All these estimates for the terms L; yield

[BK7(y) = Kr(y = h)l« _ Cr
|h|® ~—r—y

lw? — = |lr,

for vy € Bl and h € T.
In a similar way it is possible to get the appropriate control for Jg and J7. The terms Iy
and I5 can be estimated as I3, so that with this argument we finish the proof.

3.4 Ill-posedness for the amplitude equation.

In this section we choose the tangential term c(«a, t) = Hw(a, t) which gives the following
closed equation for the amplitude of the vorticity

w; — (wHw), =0, (3.27)
w(o,0) = wp(o). (3.28)

We shall prove the following theorem:

Theorem 3.4.1 Let wo € H¥(T) with s > 3 and

/WOZO.
T

Then if there exist a point og where wy(og) > 0 and wy is not C* in oy, there is no
solution of equation (3.27) in the class C([0,T); H*(T)) with s > 2 and T > 0. In addition,
wp € C™ is not sufficient to obtain existence.
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Proof: We will proceed by a contradiction argument.

Let us assume that there exist a solution of equation (3.27) in the class C([0,T), H*(T))
with @w(o,0) = wp(o).

First we have to note that if the initial data, g, is of mean zero the solution w will
remain of mean zero.

Now, taking the Hilbert transform on equation (3.27) yields

OHw — (HwHw, — ww,) = 0,

where we have used the following properties of the Hilbert transform for a periodic function
with mean zero:

e HHw) = —w.
e HwHw) = 3((Hw)? — w?).
We denote the complex valued function z(co,t) = Hw(o,t) — iw(o,t) which satisfies

Oz — 225 = 0. (3.29)

Take P,(u) to be the Green’s function of the Laplacian for the Dirichlet problem in the unit
ball

11— |ul?
PO' = 9
() 27 lu — o|?

and Pw(u) will be
Pw(u) E/ P (u)w(7)dT.
aB(0,1)

Therefore ‘
Z(U) = P(Hw — Z’W) (u) with o = relg’

is an analytic function on the unit ball. Applying P to the equation (2.17-) yields
0Pz = P(zz,),
where we can write the second term in the following way
P(zz,) = Pz(Pz),,

since both terms have the same restriction to the boundary of the unit ball and both are
harmonic.
Thus, we have for Z(u,t) the equation

Zy—ZZy=0 on ue B(0,1),
hence

Zy—iuZZ,=0 on wue€ B(0,1), (3.30)
Z(u,0) = Zy(u) = P(Hwy — iwp) (u). (3.31)
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We will define the complex trajectories X (u,t) by

dX (u,t)
dt

X (u,0) =u, wueB(0,1).

= —iX (u,t)Z(X (u,t),t),

For sufficiently small ¢, by Picard’s Theorem, these trajectories exist and X (u,t) € B(0,1).
Therefore

dZ(X (u,t),t)

- = O Z(X (u,t),t) — iX (u, ) Z(X (u, ), ) Zo(X (u, 1), t) = 0.

Thus, we have
Z(X(ua t)a t) = Zo(u),

and
dX (u,t)

T —iX (u,t) Zo(u).

Moreover
X (u,t) = ue~ %o,

Taking modules in the last expression we obtain
R(u,t) = | X (u,t)| = re F=ore)t,
If we consider a point €70 = ug € dB(0, 1) with wg(og) > 0, then
R(ug,t) = e~0l@0)t < 1,
Hence X (uo,t) € B(0,1) for all ¢ > 0, and a continuity argument yields
Z(X(00,t),t) = z0(00) = Hwo(0o) — iwo(00),
where to simplify we denote X (ug,t) = X (00,t). Then we have
X (00,t) = el0=20(0)t),
Taking a derivative with respect to g on this equation we find that

dX t
(E”O’ ) —i(1 — 200(00))X (00, ).
00
With the chain’s rule we obtain
dz . dz ZOU(JO)
—(X t),t)e X t) = —(X t)t) = ——MmM———
dX( (007 )7 )Z (O-Oa ) d@( (007 )7 ) (1_200(0_0)t)7

where '
X (00,t) = R(0g,1)e®@),
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Taking two derivatives

d*Z ZOO’O’(UO)
—(X t),t) =
d@g( (007 )7 ) (1 N ZOJ(JO)t)3
For the n-th derivative we have
"z 420 (6p)
X(0g,t),t) = do « t
d@n( (00,1),1) (1= 204 (00)8)" + “lower terms

We observe that (1 — zp,(09)t) # 0 for ¢ small enough.

Then if wg is not C*° in o this is a contradiction since Z(u, t) is analytic on X (o9, ) for
all ¢ > 0.

In addition, if wy(og) > 0 and
hood of og, we can conclude

dm™ wo
do™

(60) = 0 Vn but wy is not constant on any neighbor-

IRYA
W(Xl(a()? t)7 XQ(O-Oa t)) = 0.

Continuing this process we obtain that all derivatives satisfy

a3z
doen

(X (o0,t), X*(00,t)) = 0.

The imaginary part SZ(x1,z2,t) is analytic on (z1,22) = (X (00,t), X*(00,t)) for all t > 0,
thus SZ(x1,x2) is constant over the circumference, R = R(0y,t), and this is a contradiction
if zog is not constant .
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Chapter 4

Infinite Energy Solutions of the
Surface Quasi-Geostrophic
Equation.

4.1 Introduction.

In this chapter we study the existence of particular solutions with infinite energy of the
surface quasi-geostrophic equation (SQG), i.e.

90 +u -V =0, (4.1)
0(x,0) = 6°(x),

where

9 : RxRT =R
= AV and (4.2)
u = VU= (-9,,¥,0,0) (4.3)

with A = (—A)Y/2.
Specifically, we shall analyze the case in which the stream function, ¥, is given by the
expression

\I/(.T}l,l'Q,t) = —:L'ng(xl,t), (4.4)

where H is the Hilbert transform, i.e.

f

Hf(z) = 71TP.V./ (y)ydy.

With the choice (4.4) of the stream function (see below in section 2), the solutions of (4.1)
can be written as

O(z1, 22, t) = @2 fa, (21, 1), (4.5)

43
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where f, satisfies the following one dimensional equation

8tfx+HffJ:a: = Hfa:faca (46)
fx(x70> = fa[c)(w)

In this way, for an odd initial data, the geometry of the level set of the active scalar contain a
hyperbolic saddle in a neighborhood of zero. Nevertheless, the angle of opening of the saddle
is not observed to go to zero in time. Similar stagnation-point solutions were considered for
2D Navier-Stokes equation in [16].

We will consider that the unknown quantity is the function f, and we will define f by
the expression

f@) = [ " L)y,

Then, if we take f, with zero mean and with a suitable decay at infinity, we have

i@ = ([ fwar) =1 [ oule - iy

At this point it is important to stress that equation (4.6) is mean preserving. In order to
verify this property it is enough to recall the orthogonality character of the Hilbert transform.

A more general version of (4.6) was proposed, in a different context, by H. Okamoto, T.
Sakajo and M. Wunsch in [60]

where a is real parameter. It was motivated by the work of P. Constantin, P. Lax and A.
Majda ([18]) and the work of De Gregorio ([31] and [32]) where the equation is presented as
a 1D-model of the 3D vorticity Euler equation.

Indeed, we can write the 3D Euler equation as

Ow + (u- V)w = Dw, (4.8)
where
1 (z —y)
— d
and
1
Dw) = 5(Vu+ Vu').

Thus, D is a singular integral operator and it is easy to check that equation (4.7) and (4.8)
are of the same order. The natural question, behind equation (4.7), is if a transport term
(preserving the structure of the Euler equation) can cancel the singularities of the model
(a = 0) in [18]. See [31], [32] and [59] for a discussion on the role played by the convection
term.
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In [60] the authors show local existence of classical solutions for (4.7) with f0 € H(T)
and they present a blow up criteria: The local solution of (4.6) can be extended to time T if

T
0

In addition they carry out a numerical analysis (see also [61]) and conjecture that solutions
may blow-up for —1 < a < 1 and global existence otherwise.

The case a = —1 has been proposed as a 1-D model of the SQG equation (see [24]) and
as a 1-D model of the vortex sheet problem (see [1] and [54]). For this case, local existence is
proven in [54], singularities in finite time are shown for even, compact support and positive
classical solutions in [24] and for a more general positive initial data in [25].

The main results of this chapter are organized as follows: In section 4.2 we will show
that the solutions of equation (4.6) provide solutions of the SQG equation. In section 4.3 we
will construct self-similar solutions for equation (4.11) for any value of the parameter a. The
existence of such solutions for the SQG equation has been studied by D. Chae in [13]. He
showed that self-similar solutions do not exist with the form

1 T
ulx, = U 1 )
0 g (@—tw)
1 T
o) = <T—t>ﬁq><<zvt>¢a>’
a, B €R, a# —1,

if the profile @ is in the class LP* N LP2, with 0 < p; < py < oo, and if the profile U €
C([0,T); CY(R%; R?)) generates a C* diffeomorphism from R? onto itself. Nevertheless, this
theorem can not be applied to solutions with the form (4.4). Finally, in the section 4.4, we
will prove blow up for classical solutions of (4.11) with a < 0 and in the section 4.5 we will
analyze the case a = 1.

4.2 SQG solutions with infinite energy.

In order to obtain the evolution equation for the function, f(x,t), we will use the following
representation of the operator A

‘I’(ﬂﬂlal‘z) - ‘1’(3/1,3/2)
R2 |55 - y|3

1
AV (z1,29) = o P.V. dy. (4.9)

Then, introducing (4.4) in (4.9) we have

1 woH f(x1) — yoH f(y1)
AU (2, 29) = 5 PV. /R2 P— dy

_ —1P.V./ xo (H f(x1) — Hf(y1)) +,77Hf(y1)dy1dn
R2

3
2m ((z1 = y1)* +1%)2
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1
= g2 P.V-/RHf(xl) ~ PIV./R (@1 —51)? +n?)

——PV Hf PV. L ~dn | d
/ y( e 77) !

__! 2pv/ Hf VZHIW) g =, H(H f(21)) = 2200, f(21).
—y)?

3 dT} dyl
2

Therefore, from (4.2) follows
0(z1, x2,t) = AV (21, 22,t) = 204, f(21,1). (4.10)
Combining (4.10) with (4.3) and with the equation (4.1) yields
22 (04 (Op, f) (1, t) + Hf (21,8)02, f(1,t) — O, H f (21,)0, f(21,1)) = 0.
Thus, the solutions of (4.6) provides solutions of the equation (4.1) with infinite energy.

4.3 Self-Similar solutions for any a.

The aim of this section is to prove the existence of self-similar solutions of the equation
(4.7) but since the lack of regularity of this type of solutions we will work with the equation
for f, instead of f,, which is given by

Of +aHff, — (1+a) / H () ful)dy (4.11)
f(.%',()) = fo(w)

The theorem we will prove is the following:

Theorem 4.3.1 Let
G(z) = /(1= =%)4,
where and fi is the positive part of the function f. Then, the function
1
is a self-similar solution of the equation (4.11).

The proof of this theorem is based on the next lemma:

Lemma 4.3.2 The Hilbert transform of the function

G(z) = (1 - a2);
s given by the expression
T — x2 -1 difz>1
HG(x) = if |x| <1
x—i—\/xz 1 ife<—1



4.3. SELF-SIMILAR SOLUTIONS FOR ANY a. 47

Remark 4.3.3 A more general statement is obtained in [43]. Here we will give a simpler
proof for lemma 4.3.2.

Proof of lemma 4.3.2. Consider the complex function
F(z)=V1—-22+iz, z=ux+iy,
where the square root is defined by
Vz = ]z\% exp? ™8()  with —7 < arg(z) <.
Then the following properties of F' can be checked:
1. F(z) is an analytic function for y > 0.

2. F(z) vanishes at infinity.

3. The restriction of F(z) to the real axis is given by the expression

it —va2—1) ifz>1
lim+F(z): V1—22+iz  if |z <1
y=0 i(z+vVaZ—1) ifz< -1

Then, since the restriction of F(z) has to be of the form

lim F(z) = f(z)+iH f(x),
y—0+
the lemma 4.3.2 is proven. «
By introducing the ansatz, f(x,t) = ﬁ@(tax), in the equation (4.11) we obtain

3
a® (&) (H® +£&) = (1+4a) / ' (y) (H®' (n) + 1) dn. (4.12)
Using lemma 4.3.2 we have that the function, ®(§) = —G(€), satisfies equation (4.12) for
any a.
An important consequence of this self-similar solutions is the following corollary:

Corollary 4.3.4 The function f(x,t) = WG ((1 = t)%zx) is a solution of equation (4.11)
with the following behavior at time t = 1: i) For a > —1 there is blow-up i.e. f(0,t) tends to
infinity in finite time. i) For a = —1 the solution collapses in a point.

In order to prove this corollary it is enough to observe that the equation is time translations
invariant and that changing the time direction is the same that changing the sign of the initial
data.
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4.4 Blow up for classical solutions with a < 0.

In this section we will present a proof of blow up of classical solutions for the equation
(4.11) with a < 0. We will say that a solution f(x,t) of equation (4.11) ”blows up in finite
time” if there exits 0 < T' < oo such that either f is not in C*°(R x [0,7]) or H fy(x,t) is
unbounded on R x [0, 7.

Theorem 4.4.1 Let f0 € C®(R) an odd function such that Hf(0) > 0. Then the solution
of (4.11) with a < 0 blows up in finite time.

Proof. We will proceed by a contradiction argument. Let us suppose that there exist a
solution of (4.11), f, € C1([0,T],C*®(R)) for all T < oo with f¥ as in the theorem. Then,
fz satisfies the following properties:

1. fz(-,t) is odd.
2. fz(-,t) is of compact support.

The first property is evident. In order to check the second property, we define the trajectories

dX(x,t)
i = aHf(X(x,t),t),
X(z,0) = =

Then the function f, (X (x,t),t) satisfies the equation

d fo(X(z,1),1)
dt
fo(X(,0),0)

= CLfo(X(SC,t), t)fac(X($7t)7t)v
f2(@)

and therefore .
Fo(X (2, ), 8) = exp ( / fo<X<x,r>,r>dT) £(a).
0

Taking the Hilbert transform on (4.7) yields

OcH fo(x,t) + aH(Hf frz)(z,t) = (lllfgg(a:,t)2 — fx(a:,t)2) )

N =

By evaluating this equation in x = 0 we obtain

dAF(0,1) 1

= 5 (AF(0,0)) = aH(H f f2)(0,0). (4.13)

Thus, if we prove that H(H f f3,)(0,t) is bigger than 0, we obtain a contradiction since a < 0.
Therefore, in order to prove theorem (4.4.1) we just have to show the following lemma:

Lemma 4.4.2 Let f € C°(R) an even function. Then

H(H ff22)(0) = 0.
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Proof of lemma 4.4.2: We will use the Fourier transform:
/ f(@)e ™ dz and f(x / f(k)e*dk.

Then, we can write

H(H f12)(0 / H(HT foo) (k) dk

1

(27T) / ik / H f(k = 1) fex (n)dnd:

s (bl
o | [ R = ) A ()

- wA 0
o | | RO A panac

Since Af is a real even function, we have that Ji\f is also a real even function. Therefore we
can write the previous expression in the following way

H(H [ f2)(0) = (;) /0 h /0 (1 4 sign (€ - )V ERF)RF (e

1 P P df
; a&Af(a&){Af(&)da?

Defining the function, g(x) = fo(x), and the dilatation g,(x) = g(ax) we have that

1015100 = 5 [ ([ 90,0 )

Now we recall the definition of the Mellin transform:

ke _
Af f(§)dnd§ = 2n)?

Definition 4.4.3 Let g be a real function such that the integral
e dz
| 1e@1% < o,
0 X

Then, we define the Mellin transform, Mg(\), of g(x) by the expression

M) = [ o)

This operator has the following properties:

1. The Mellin transform of a dilatation is given by

Mga(N\) = a=PMg(N).
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2. The Parseval identity

o0

| r@e@ = o [ MriIgan

2 J_

Therefore, )
H(Hffm)(O)—(;)g /0 | e argPovande.

Since |Mg|(-) is an even function we can conclude that

HUH 7100 = s [ 00P ) (R [ a-a) i (4.14)

4 [ Mg
— a)\ > 0.
<2w>3/_oo Tz =0

The lemma (4.4.2) is proven. =

4.5 A study of blow up for classical solutions with a=1.

In this section we shall study the blow up problem for classical solutions of the equation
(4.6) which is concerned with the SQG equation as we have shown in the section 4.2.

We choose an initial data satisfying the requirements of theorem 4.4.1. Let us assume
that there exists a solution of (4.6), f, € C! ([0,T],C>®(R)) for all T < co. Then, from the
expressions (4.13) and (4.14) we have that

dAf(0,8) 1 4 [ [Mg]A())
S = 007 - g [ RS 9

where

Mo()) = / T EARF(©)de.

0
In order to compare the terms in the right hand side of equation (4.15) we will use the
following lemma:

Lemma 4.5.1 Let f € C°(R) be an even function. Then

4 /OO ]Mg]2()\)d)\_ 16 /OO cosh®(2F)  Ar
3

(27)3 J_ o 14 A2 -~ (27) 1+ A2 sinh(A7)

M (f2) (V) Pd.
Proof of lemma 4.5.1: From the definition of Mg(\) yields

Mo(\) = /0 TR (6)de

— tim [ M exp(-cRT©)d = Jim ~i [T P ep(-c0)Fl) e

e—0t
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where we have used the symbol of the Hilbert transform.
Using the Fourier transform formula we obtain

Mg(\) = lim —i / - £ exp(—ef) /_ - fo(x) exp(—iz€)dz(€)dE

e—0t 0

= lim —i /_ fo(x) /O £ exp(—e€) exp(—ifx)dédx

e—0t
= 6£%1+ —zF(l + Z)\) /_OO W
Since f, is an odd function we have that

o0

Mg(X) = il (1+i)) lim ((5 i) T (e — ix)—l—M) fola)de
e=0% Jo
= —i'(1+4iN) 51_i>%l+ Ooo (exp (—(1 4+ iA)log(e 4+ ix)) — exp (—(1 +i\) log(e — ix))) fr(z)dx

o0
= —ilD(1+3)) lim [ (2+a%) 72" 2 (exp (— (1 + i\)i arg(c + iz))
e—07 Jo

—exp (—(1 +iN)iarg(e —ix))) fz(x)dx

= —iI'(1 41N /Ooo r—1—13)\ (exp ( 142X z—) — exp ((1 + Z)\)Z%)) fo(z)dx

2iT(1 + i) cosh( > A oz )

Therefore, the square of the module of Mg()\) is given by the expression
|Mg(\)? = 4T (1 + i) P[M(f2) (V).

Since the classical formula
AT

D1+i)NP?P= "
IP(L+iA)] sinh(Arr)’

lemma 4.5.1 is proven. .
Now, we shall observe that the value of M(f,)(0) is related with the value Af(0). Indeed

e d 1 [ d 0
0= [ twF =3[ £@F=-FHLO.
Therefore, we can write )
M (f2)(0) = T AF(0) (4.16)

The following lemma provides a sufficient condition on the function f,(x) in order to obtain
a suitable decay of the function |M(f,)(\)| with respect to its value at the point A = 0.

Lemma 4.5.2 Let f € C2°([0,00)) be a function such that:
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1. The value of f at the point x = 0 is equal to zero.

2. f reaches a global minimum at the point ,, € [0,00).
3. f is a convex function in the interval [0, z,].

4. f is an increasing function in the interval [T, 00).

Then

(M fA)] < —==5IM[(0)].

V1 )\2

Proof of lemma 4.5.2: By integrating by parts we obtain

I de 1 o dyttit dx
Mfw_/o * f‘””(x)x_HM/O w TO

1 & oo d T 1 . T
T —i—z’)\/o T <fx)> T z‘)\/g o (f(x) - fm(x)) -
Therefore -
/ ™ (f(x) - x(a:)) dx‘
0 T
(

D fo(a)

1

MO =

dx.

1
<), |
Since f(x) is convex in the interval [0, z,,] we have the following inequality
FY) = folx)(y —2) + f(2) 2,y € [0, 2m].
Thus, taking y = 0 yields
ff) — f2(x) <0z € (0,24,
In addition, we know that f(z) <0 for all z € R and fz(x) > 0 for all z € [x,,,00) and we

can write M) < m/ < ) f(;)) N

_ m/o <_;> dr = s M O)].

Lemma 4.5.2 is proven. =
By applying lemmas 4.5.1 and 4.5.2 together with expression (4.16) we have the following
result

Lemma 4.5.3 Let f € C°(R) be an even function such that:
1. fy reaches a global minimum at the point x,, € [0, 00).

2. fz is a convex function in the interval [0, xy,).
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3. fr is a increasing function in the interval [x,,, 00).

Then

4 [ |Mg]*(\) 1 , [ cosh? (%) Ax 3 ,
(2m)? /—oo T =g MO /_oo a7 smhom = 2 MO

where 0 < B <1 and

o0
Mg = [ ERF()de.
0
Finally we summarize section 4.5 in the following corollary:

Corollary 4.5.4 Let f0 € C>°(R) an odd function such that:
1. 9 reaches a global minimum at the point ., € [0, 00).

2. fVis a convex function in the interval [0, ).

3. f is an increasing function in the interval [x,,,c0).

Let us assume that the solution f(x,t) of the equation (4.6) holds the properties 1, 2 and 3
along the evolution. Then f(x,t) blows up in finite time.

Proof. Suppose that there exist a solution of (4.6), f, € C'([0,T],C*®(R)), for all T' < oo
satisfying the requirements of corollary 4.5.4. Then using the expression (4.15) and lemma

4.5.3 we have
dAf(0) S 1-0
dt — 2
where 3 < 1, which is a contradiction.

AF(0)%,

Remark 4.5.5 It has been checked that the conditions 1, 2 and 8 on the initial data in
corollary 4.5.4 do not assure the assumption on the solution f(x,t). However, numerical
experiments , carried out by the author, show evidence of the existence of initial data such
that the solution to the equation (4.6) holds these conditions along the evolution.

4.5.1 Numerical Analysis

In order to carry out a numerical analysis of the equation (4.6) we shall study the equation
of the trajectories

dX(x,t)
— = Hf(X(z,t),t)
X(z,0) = =

Using the equation (4.6) we obtain that the trajectories satisfies

dX(x,t) 1

et _ 2 /R log (X (2, £) — X (3, )]) (Xa(, )% £2(y)dy (4.17)

X(z,0) = =
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In addition the solution will have the expression

f:B(X(xv t)7 t) = X$($7 t)fa?(l‘)
In the numerical simulations, which are presented below, we have taken as a initial data

—8z(1 —2%)? |z <1

= { S s (418

Thus, we only have to solve the equation (4.17) for z € [—1,1].
We approximate the solution in a mesh with N = 401 nodes and second order splines. In
order to compute the integral we have used the MATLAB routine cumtrapz with the step
2

size h = 15ra—y = 0.005. The time integration has been carried out with a fourth order
solver ode45 of MATLAB up to ¢t = 1.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 4.1: The solution f,(x,t) of equation (4.6) between ¢t = 0 and ¢t = 1. The initial data
is given by the expression (4.18).



Chapter 5

Singularity Formations for a
Surface Wave Model.

5.1 Introduction.

In this chapter we shall study the formation of singularities for the equation

us +uuy, = A“Hu, (5.1)
u(z,0) = uo(x),

with 0 < @ < 1, where H is the Hilbert transform [65] defined by

Hf(z) = %P.V. [ mdy

and A* = (—A)*/2 is given by the following expression

N fw) g, [ L@ =W, T a)eos((1 = a)r2)
R |7 —y[lte 7T
The case a = 0
up + uuy = Hu (5.2)

was introduced by J. Marsden and A. Weinstein, in [53], as a second order approximation
for the dynamics of a free boundary of a vortex patch (see [17] and [3]). Recently J. Biello
and J.K. Hunter, in [4], proposed it as a model for waves with constant nonzero linearized
frequency. They gave a dimensional argument to show that it models nonlinear Hamiltonian
waves with constant frequency. In addition, an asymptotic equation from (5.2) is derived,
describing surface waves on a planar discontinuity in vorticity for a two-dimensional inviscid
incompressible fluid. They also carried out numerical analysis showing evidence of singularity
formation in finite time. Let us point out that the Hamiltonian structure of the equation
(5.1) (in particular for o = 0) comes from the representation

OH

1 1
o || = h = [ (suA*u 4 —u? ) da. _
ut + 0 [(m] 0, where  H(u) /R<2u u+ U )dm (5.3)

95
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In section 5.2 we show that the linear term in the equation (5.2) is too weak to prevent
the singularity formation of the Burgers equation. In fact, we show that, if the L* norm of
the initial data is large enough compared with the L? norm, the maximum of the solution
has a singular behavior during the time of existence. One of the ingredients in the proof is
to use the following pointwise inequality

u\xr) —u 2
u(z)* < 16||u|]%2(R)/R(((;_y)('g))dy, (5.4)

(see lemma 5.2.2 below) which can be understood as the local version of the well-known
bound

c (u@) — u(y)?
4 - 2 AL/, n20 — Y02 // _
Il < CllullfallA2ullfs = g llullfs | S5 dyde

In the appendix we provide a generalized pointwise inequality (n—dimensional) in terms of
fractional derivatives.

In section 3 we consider the more general family of equations, with a higher order term
in derivatives, given by (5.1). By a different method, we prove that the blow up phenomena
still arises. Let us note that, since AHu = —u,, the case a = 1 trivializes. Using the same
approach as in section 2, it is possible to obtain blow up for 0 < « < 1/3. Inspired by the
method used in [24], we check the evolution of the following quantity

|z|~9sign (x) if|z| <1

P — Py — Plr) —
Jqu(sc)—/qu(x y)u(y)dy, where wh(x) { o Psign () if|z]>1

with 0 < ¢ < 1 and p > 2 to find a singular behavior. Let us note that a similar approach
was used by H. Dong, D. Du and D. Li (see [39]) to show blow up for the Burgers equation
with fractional dissipation in the supercritical case (0 < o < 1):

ug + uuy = —A%u. (5.5)

A different method to show singularities can be found in [45].
It is well known that the LP norms of the solutions of equation (5.5) are bounded for all
1 < p < oo. However, to the best to the authors knowledge, two quantities are conserved by
equation (5.1). The orthogonality property of the Hilbert transform provides the conservation
of the L? norm, i.e.
u( Ollr2®) = lluollL2®)- (5.6)

Since the equation is given by (5.3), we have that

/R (;ui%(x,t) + (Aazlu(:c,t)>2> dx = /R <;u8(x) + <Aa21u0(x)>2> dx. (5.7)

5.2 Blow up for the Burgers-Hilbert equation.

The purpose of this section is to show finite time formation of singularities for solutions
of the equation (5.2). The result we shall prove is the following:
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Theorem 5.2.1 Let ug € L*(R) N CO(R), with 0 < § < 1, satisfying the following condi-
tion:
There exists a point By € R with

H’LLO(,B(]) > 0, (5.8)

such that s
wo(Bo) = (327l[uolZamy) - (5.9)
Then there is a finite time T such that

tlLH% Hu(7 t)HCH"s(]R) = 00,

where u(z,t) is the solution to the equation (5.2).

Proof: Let us assume that there exist a solution of the equation (5.2)
u(z,t) € C([0,T),C'(R))

for all time T' < oo and with wug satisfying the hypotheses.
Now, we shall define the trajectories x(f,t) by the equation

dz(0,t)
B0 = was0.0,
z(B,0) = p.

Considering the evolution of the solution along trajectories, it is easy to get the identity
du(w(3,1), ) dw(3,1)
dt dt
and taking a derivative in time we obtain

d*u(x(6,1),1)
dt?

:ut(x(ﬂ,t),t)—F ux(a:(ﬂ,t),t) :Hu(a:(ﬂ,t),t),

= Huy(2(8,1),1) + u(x(5, 1), ) Hug (2(5, 1), 1)
= —H(uug)(x(3,1),t) — u(z(8,1), 1) + u(z(6, 1), t) Huz (2(5, 1), 1).

Since

we can write

u(z)? — u(y)? u(r) —u 2
%A(uQ)(x) = ;ﬂ_P.V/]R Mdy = u(x)Au(z) — = /R Wdy,
and therefore it follows that

dQU(JJ(ﬁ, t)’ t) — i / (u(l‘(ﬁu t)) t)) — u(y’ t)))2
dt? 2m Jr (z(B,t) —y)?

In order to continue with the proof we will prove the lemma below (for similar approach
see [23]):

dy — u(z(0,1),1). (5.10)
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Lemma 5.2.2 Let u € L*(R) N C'™(R), for 0 < < 1. Then

u(z) — u(y))?
where
1

= 31E

and
B = |lul 22

Proof of lemma 5.2.2: Let us assume that u(z) > 0 (a similar proof holds for u(z) < 0).
Let € be the set

Q={yeR : |z—y[<A},
where A will be given below. And let Q! and Q2 be the subsets
O = {yeQ ula) - uly) > (2)}
0 = {yeQ ulx)—uly) < }:{yeQ:u(y)>T}.
Then ) )
2 Jp (z—y)? 8w A2

On the other hand

and therefore

u(x)?
Since |21 = |Q| — |Q?| and |Q| = 2A, we have that

L[ (u(z) —u(y)” u(z)? AE
il dy > 2A —
2 Jp (x—y)? A2( u(ac)z)
: . . 4F
We achieve the conclusion of lemma 5.2.2 by taking A = @) .
u(x

Next, let us define J(t) = u(x(Bo,t),t). Thus, applying lemma 5.2.2 to the expression
(5.10), we obtain the inequality

Ju(t) > CJ(t)* — J(t). (5.11)

Since Hug(Bp) > 0 and Ji(t) = Hu(x(Bo,t),t), we obtain that J(t) > 0 and J(t) > J(0)
for t € (0,t*) and ¢* small enough. Therefore, multiplying (5.11) by J;(¢) we have that

(Jt( e > —(J(1)°) — §(J(t)2)t7 vt € [0,t7).
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Integrating this inequality in time from 0 to ¢ we get

1
R0 = (307 + 20— J0F) - (07 - 702, viebr).  (512)
Now, since CJ(0)* — J(0) > 0, by the statements of the theorem we obtain that Jy(t) >
Ji(0) > 0 for ¢t € (0,t*). Therefore, Jy(t) is an increasing function [0, ¢*). Thus, the inequality
(5.12) holds for all time ¢ and we have a contradiction.

Remark 5.2.3 It is easy to check that there exists a large class of functions satisfying the
requirement of the theorem (5.2.1). For example, we can consider the function

—ax
R N

a
Huo(®) = Ty

where a, b > 0. Choosing a and b in a suitable way we can have the norm ||ug||r2w) as small
as we want and the norm |[ug|| ) as large as we want.

Remark 5.2.4 We note that the requirements (5.8) and (5.9) in theorem 5.2.1 can be re-
placed by

H’I,L()(ﬁo) Z Oa
) 1/3
wo(Bo) > (32mlluolam)

attaining the same conclusion.

5.3 Blow up for the whole range 0 < a < 1.

In this section we shall show formation of singularities for the equation (5.1), with 0 <
«a < 1. The aim is to prove the following result:

Theorem 5.3.1 There exist initial data ug € L*>(R) N CTO(R), with 0 < § < 1, and a finite
time T, depending on ug, such that

L fJu(, )llorvs @y = 00

where u(x,t) is the solution to the equation (5.1).

Proof: Let us assume that there exists a solution of the equation (5.1)
u(z,t) € C([0,T),C"(R))

for all time 7' < oo. Let J{u be the convolution

Jhu(r) = /R’wf;(w —y)u(y)dy
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where
P (z) = ‘w|q51gn( x) if|z| <1
s E |ps1gn( xz) if|z| >1 "7
with 0 < ¢ < 1 and p > 2. In order to prove theorem 2.2.1 we shall need the following two

lemmas.

Lemma 5.3.2 Let f in C1T(R) N L*(R) and 0 < a < 1. Then

AaHf(LU):ka f(x)_f(y)

T —giTe sign (z — y)dy

where
I'(1+ a)sin((1+ oz)7r/2).

ko = —

Proof of lemma 5.3.2: Let f be a function on the Schwartz class. The inverse Fourier
transform formula yields

ACH f(z) = % /R isign (k) [k|° F (k) exp(ikz)dk.

We will understand the above identity as the following limit

e—0+ 27

A*H f(z) = lim 1/R—isign (k)]k\aexp(—dk])exp(ikx)(/Rf(y) exp(—iky)dy)dk

= lim 1 fy) ( /000 k% exp(—ek) sin(k(z — y))dk:) dy.

A“Hf(z) = lim I+ / ) sin ((1+a) arctan <$;y))dy

0+ T R ( 62 + (z ?J) )(Ha)/Q
I'(1+a) f(@) = f(y) =y
T sli%lJr /R + (z —y)?)(1He)/2 sin ((1 + a)arctan ( £ ))dy
I‘(1+oz)sm (1+ a)m/2) ( ) —[(y)

=— o=y sign (z — y)dy.

We achieve the conclusion of lemma 5.3.2 by the classical density argument. =

Lemma 5.3.3 Let I} (x) be the integral

) = [ MW g (o - )y

where 0 < ¢ <1 and p > 2. Then

e 0< 2] < 3

2 .
15 (z)] < MXW if 2 <z < o0
K3 ifi<|z[<2

where K, K? and K3 are universal constants depending on ¢ and p.
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Proof of lemma 5.3.3: Since the function I} (z) is even, we can assume that z > 0. The
constant values of K and K? can be different along the estimates below.
First, let us consider the case 0 < z < 1/2. We split as follows

I (x) = /|y<1 dy + /y|>1 dy = I (z) + Ix(z).

It yields

|z — y[tte
1 1 1 11
x4d Yy . x4d yq
= sign (x + ) )
/0 <Ifc—y|”“ gu (e —y) @+ g1+ )

and a change of variables allow us to split further

1 1 1
1 T 1_,77 . 1+777
Li(z) = q+a/0 (’1_ ’1+a51gn(1 )+ ’1+n|1+a)dn

=W/ / e (Ri@) + Bafa)).

For Fi(z) we find the bound
/ ‘ 1+ ana

[Fi(z ’</ "1 |1+a
On the other hand
o1 o
At = [ (|1"— ) / / =)t )
For ji(z) it is easy to obtain
< [

For jo(z) we decompose as follows

1 1

z 1 1 1 @ 1 1
; _ = d ( — )d.
i) = || s s * ) [, (e~ )

Thus, since 0 < ¢ < 1 and

d’f]_Kl

1 _
nd

|1 —n|tte

e 1

1" lap < K.
YRR !

3

2
dn+/
1

1 Kt
N <K
|1 —mn|tte " [1 4 pllte n
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we have that

@ <K [ oap+ w’ L]
P Sy et Jy e e

Let us continue with Is which can be written in the form

1 . 1 1 1 1 1
*q—Slgn(y)W o0 2 TP 2 t P
Ig(x)—/ a Y sign(m—y)dy—/ (— L Y )dy
wi>1 |z =yt 1 |z —y|tte o+ oyt

dn < K.

UL,
T aere i \[L—qfite T L piFe -
The following decomposition

PR B 1 Ly
2(x)_mq+a i (‘1+n‘1+a_‘1_n‘l+a) N

n 1 /°° 1( 1 n 1 )d
e Ju L=t gt

yields

dn

Kt 1 > 1 1 1
@) < s+ 5a [, 5] ¥
pate  gpta Jiooppl|l —plite |14 p|ite

K! K'Y o[>~ 1 1 1 K
- pata ™ $p+aﬁ np'f‘ldn S K (|x‘a+q + |x‘a) S xq-i—a’

Next, we consider the case 2 < z < oo taking

B = [ 2 oy |

dy+/ dy = Ji(x) + Jo(x).
o —ylire jyl<1 yl>1 () al)

For Jy(x) we have that

Yy
1 1 1 1
X TP w TP
= —_sien (x — +7>d
/1 (Ix—yllw gn (= —y) @+ y| i+ )Y

and a change of variables provides

1 o 1—77—119 ] 1—i—77ip
Jz(ac):prra/1 (|1_n|1+as1gn(1—n)+m>dn

- a:al+p (/; +/100> - a;a1+p (H () + Hy(x)).
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For Hy(z) one could bound as follow

dn < K2.

o0 1— L oo 1+ L
o <[] [T
o= [ sl | et
On the other hand, in Hy(z) we split further

L 1- 1+ .5 3 1
Hl(x):/l <1—n!1+a+!1+nll+a)d”:/; dn+/§ dn = hi(z) + ha(x).

T

The term hg(x) is bounded by

11— 2L 114+ L )
h < ‘7’7‘61 / 777‘61 < K2
rxmmié Tl [, | <

3

We reorganize hj(x) so that

2
3 1 1 i1 1 1
o= [ IR (e e
(@) /1 |1—77|1+"+|1+77\1+“ n+/1 np \[L—p|ite 14 pita )

x

Since p > 2 and

< K-n for ne]0,2/3],

1 1
[1—nlt*e [ 4pt+e

we obtain that

Im@N§A§

Therefore

Lo,
[T =mtte 14 ptte

2
3 1
d77+K2/1 FdnSKz(l—i—l‘p_Q)

1 1)K2

[ a()] < K2( < e

xp"roé + $2+0‘

Next, we deal with J; given by

1 g 1 1/ L 1 1, 1
Ji(z) = 5 — sign (y) Tyl du — 2P [y 4 + Mg p
n r—ye Ty \ o=yt T eyt )
ly|<1 Yy 0 Yy Y

P—a

1 /i 1- 25 +1+‘”2;q ;
Tt fo \JT—gre T e | O

1

Ji(2) 1 /x( 1 " 1 )d + 1 /x 1 ( 1 1 )d
x) = — = — :
1 arto Jo \|T— it L4 g[t+e )T gava ) e \[L 4 g)i+e 1 — pite) "
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Since p > 2 and

1 1 )
|1 4 |+ o ‘17,’7’1+a‘ < K-, for ne€l0,1/2],

we obtain that

K2 K2 % 1— 9 1 1 K?
@S s+ )0 < K (Gt ) € e

The bound for 1/2 < z < 2 is obvious, which allow us to conclude the proof. =

In order to prove theorem 2.2.1, we shall study the evolution of J(t) = J{u(zp(t),t), where
xp is the trajectory zp(t) = z(0,t). Hence
dJ(t)
dt
We can write

- —%Jé’((zﬁ)x)(xb(t), £) + JPAY Hu(xp(), 1) + w(ap (L), ) (0pTPu) (25(1), £).

T2((u?),) = /}R (u()? — u(y)?)WP(x — y)dy
and

O (J7u) () = /R (u() — u(y))WE(z — y)dy

where

3
I

Then, it is easy to check that
1 1
—§J5((u2)x)(w) +u(@)(0:Jgu) (@) = 5 /R(u(:c) —u(y))*W(x — y)dy,
and therefore
dJjt) 1

= 5 [ 0) — @)W ) ~ )y + A Hua(0). 0. (513)

Using lemma (5.3.2), the linear term becomes

DA _ » _ u(y) _u(s) : _
JYA*Hu(z) k‘a/qu(:L' y)/R]y—s|1+o‘ sign (y — s)dsdy,

and a wise use of the principal value provides

—u(s) .
JPAHu(x) = ka/ wPl(x —y)P.V. | ——=——sign (y — s)dsdy
2 (x) A ACES) Ty — s (y—s)

u(x) —u(s) .
—ka/wp x—y)PV. | ————~sign(y — s)dsdy
R o ) R |y —s[ite ( )

= —u(s Msin -5 s
=k [ (ule) —u)PV. [ T i - )y

_ oty [ —s) —wgle—y) .
_ka/R(u(x) ( ))/R iy — s+ gn (s —y)dyd
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to find finally

JIA“Hu(z) = kq /R(u(:c) —u(s)) 17 (x — s)ds.
Therefore

| Jg A Hu(x)| < [kal /R u(z) = u(y)[| 15 (x — y)|dy

< kol ( [ o) = utwwyta - y>dy>é ( / év@fi) d:n)é .

17 (x)? < 7|z‘2£q,1 when |z| — 0
We(z) —

Since

~—

W%,p when || — o0 '

by taking 2 < p < 2+ 2« and ¢ < 2(1 — «), we obtain that

1

2

JPA® Hu(z)| < Clp.q) ( [ (ute) - u<y>>2wg<y>dy)

1
< 5 [ 0@ —u)yWy e — gy +
This inequality in the equation (5.13) yields

YO 2 1 ) )W)~ 9y~ Clp

On the other hand

J(t) = /RU(y)wg(be(t) —y)dy = /R(U(y) — u(y(t)))wg (z(t) — y)dy

Wq

< ( [ () = utwwytante) - y>dy)é ([ e da:)é .
The following bound

wg(:n)z < ‘ngl when [z| — 0
Wix) = | mp

EIE
allows us to obtain, for 2 < p <2+ 2a and 0 < ¢ < 1,

/R (ulan(t)) — u(y)) WP (s(t) — y)dy > clq p)T(1)?.

when |z| — oo

Therefore we obtain a quadratic evolution equation
dJ(t)

dt
and by taking c(q, p)J(0)? — C(g,p) > 0, we find a contradiction for the mere fact that

J(t) < Clg, p)l|ullLo

> c(q,p)J(t)* = C(q,p)
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5.4 Appendix

In this section we generalize the pointwise inequality (5.4) envolving the nonlocal operator
2fAYf — A%(f?). Some simple applications to Gagliardo-Nirenberg-Sobolev inequalities are
also shown.

Lemma 5.4.1 Consider a function f : R™ — R in the Schwartz class, 0 < a < 2 and
0<p<oo. Then

F@)PE < Clap )11y (27 (@)A () = A(F) (@) (5.14)
for any x € R™.
Proof of lemma 5.4.1: The formula for the operator A® in R™
Aaf({[,‘) — ka,n f(iL‘) — f(y)dy

re [T —y[mte
and 0 < a < 2, allows us to find

zf@gAaf(x)-Aﬂ(f%(x)::kmnj/
We consider f(x) > 0, being the case f(r) < 0 analogous. Let Q, Q! and Q2 be the sets
Q ={yeR:|lz—yl <A}
Q' ={yeQ: fla) - fly) > f()/2},
W ={yeQ:f(z) = fly) < f(2)/2} ={y €Q: fly) > f(x)/2}.

() = F@)*

|z — y|nte

n

Then

— f(x))?
2N (a) = A = b [ LD > bont 0l (515)

On the other hand

f(z)P
op

1Wpiay = [ 17 Py >

therefore

: : 2|12
2 (2)A F(x) —~ A*(2)(w) 2 Ko (192~ 0%]) > Ko ) (e —

where ¢, = 27™/%/(nT'(n/2)). By choosing
et )21
OéCnf( )

we obtain the desired inequality. =

Remark 5.4.2 Inequality (5.14) allows us to get easily the following Gagliardo-Nirenberg-
Sobolev estimate:

2452 0 S r12
HfHL%% < 20(047P7”)Hf”Lp(Rn)HA2 fHLQ(]Rn)
for0<a<2and0<p<oo.



Chapter 6

Self-Similar Solutions for a
Transport Equation With
Non-Local Flux.

In this chapter we shall construct self-similar solutions of the transport equation
0:+RO-VO = 0 on RY xRT, (6.1)
0(x,0) = 6Gy(x), (6.2)
where 0 : RV x RT — R, N > 2, R = (R10, ..., Ry0) and R;0 are the Riesz transform of 0

in the i-th direction, i.e.

N+1\ _nu1 Ti — Yi .
The equation (6.1) was studied in [2] and the authors showed blow-up in finite time for all
positive initial data. For a simple proof of the formation of singularities with radial initial
data see [38] and for the viscous case see [46].

The technique used in this chapter to construct self-similar solutions of the form
||
t

Oz, 1) = Nk(N)((l - ( )2)+)é e O3 (RY), (6.4)

is based on a result of [43] where the author shows that the function, 6(x,1) is such that
Af(z,1) = N in the unit ball (see section (6.1)).
In section (6.2) we will construct self-similar solutions of the equation

0, +(0HO), = 0 inRxRT, (6.5)

0(z,0) = 6p(x), (6.6)

which was studied in the chapter 2. Although the same techniques and lemma 4.3.2 can be
applied to construct these solutions, we shall use the results of the chapter 2.

Next we shall comment briefly the notation: the spaces W*P are the classical Sobolev
space (k derivatives in LP).

67
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6.1 Riesz transport equation.

6.1.1 Self-Similar Solutions.

From the scaling invariance of equation (6.1), 0(x,t) — 6(Az, At), with A > 0, we will
consider a self-similar function with the following form

O(x,t) = ®(xz/t) = P(E), (6.7)
where £ = z/t. The equalities

ob(z,t) = 0®(x/t) = —=VoO()
RO(z,t) = R®(E)

yields, from equation (6.1),
Ve(E) - (RD(E) - €) =0. (6.8)

Now we shall show the existence of a solution of equation (6.8) by means of the following
lemma.

Lemma 6.1.1 The function
v(€) = NE(N)((1 - [E2))2 € CHRY), (6.9)

where k(N) = T'(N/2) (21/2F(3/2)F((2N + 1)/2))71 and fy is the positive part of the func-
tion f, satisfies the equalities:

Ro(§) =¢ if €] <1,
and

Vo) =0 if [§ > 1.
Proof of lemma 6.9: From [43] we know that v(§) satisfies the following properties:
1. Av(€) = N if [¢] < 1.
2. Av(€) € LY(RV).
3. Aw is radial.

Since
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we have that A¥ = Av and therefore ¥ is a radial function with AW(£) = N if |{] < 1. This
implies the following expression for ¥,

_lee -
V() = 9 +ap if|¢] <1,

where q is constant. By using (6.10) we obtain

€0 e
.Thus, the function
0(z,t) = Nk(N)((l - (‘f')Z)J e 03 (RY) (6.13)

is a self-similar solution of equation (6.1) (almost everywhere).

Remark 6.1.2 We can check that the functions 67 (z,t) = —0(x, (T —t)), with 0 < T < oo
are solutions with an initial data 07 (x,0) = —0(x,T) which collapse in a point in finite time
T.

6.1.2 Formal weak solutions and non-uniqueness.

In this section we shall check that the previous functions are solutions of the equation (6.1)
in the weak sense that we define below. In addition we will be able to show non-uniqueness.

Definition 6.1.3 The function 0(x,t) is a weak solutions of equation (6.1) if

0 € C((0,T), LYRY)) nC((0,7), W"P(RY))  with1<g<ooandl<p<2,
o0 € WHP(RN) V>0 withl <p<2,
/ (0, 8), + RO, 1) - V(. 8)) (e, ) dz = 0Vt € (0,T)Vé € C((0,T) x V),
RN

and
lim 0(z,t) = 60p(z) in LIRY)

t—0t

Theorem 6.1.4 (Non-Uniqueness). The function

seo=men (- (),)

is a global weak solution of the equation (6.1) in the sense of the definition (6.1.3) with zero
initial data.
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Proof: Given a function ¢(z,t) € C°((0,00) x RY) and a fixed time ¢ > 0 we have that
/ (®(z,t) + R®(z,t) - VO(z,1))d(, t) da
RN
= / (®(z,t)e + R®(2,t) - V®(,1))d(z,t) dx
|z|<t
= / (®(z,t)e + R®(2,t) - VO (,1))d(z,t) dx
e<|z|<t

+/ | (®(z, )t + R®(z,t) - VO(z,1)) (. t) da,

where 0 < € < t. The second term on the right hand side of the last expression is equal to
zero. In addition we have the following identities,

0 x| >t

(a-Lfy

0 |z| >t
— _le?

(1-Lfyz

Thus, if p < 2, we obtain,

|z[P P
190, 6)]| ey = NE(N) ( /| de) (6.16)

2
x| <t (1 — %

1
— NE(N)t» ™ / S .
<t (1 = |z]2)P/2

N 1 erler D N_,

|z |2P »
0D (-, = NEk(N B
100l ) = N >(/Ix<t(1_|f;)p/2 )

NE(N)t? / P, :
= tp Xz
jaj<1 (1 — |z[)p/2

N_ L p2ptN-1 v N_,
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Therefore,

| 2@ D@, e < 18: (-, )] 1 @y 16, Ol oo vy = CN, EV [0, )] oo )

and

|y Be@ ) - V(@ )¢z, )dr < [[REC, D@ [V Ol r @) 160, Dl @y) <

C(N7qap)tN_p||¢('7t)HLOO(RN)v
where 1 <p<2,1/p+1/¢g=1and ¢ > 0. Then, we can conclude that

lim (®(z,t)¢ + R®(x,t) - VO(,1))p(z,t) de =0 Vit >0,

=t Jec|a|<t

and
/ (®(z, 1) + RO(2,t) - VO(2,8)) p(a,t)dz =0 Yt >0 Vo e C((0,00) x RY).
RN

In addition is easy to check that

lim ®(z,t) =0 in LP(RY) with 1 < p < oo.
t—0

6.2 Self-similar solutions for the equation 2.1

In this section we will construct self-similar solutions for the equation
0, +(0HO), = 0 inRxRT, (6.17)
0(x,0) = 6p(x), (6.18)
where 6 : R — R and HE is the Hilbert transform of the function 6.

We sketch the main features of the equation (6.17) in the following lemma.

Lemma 6.2.1 Let Z(w,t) be a complex function, Z : M — C, where M = {w = z + iy :
y > 0} such that

L+ ZZy = 0 onM (6.19)
Z(w,0) = ROy(x,y) —iPbOy(z,y). (6.20)

PO(z,y) is the convolution with the Poisson kernel and RO(x,y) is the convolution with the
harmonic conjugate Poisson kernel, i.e.

PO, y) i/}RMG(s)dS Ré(z,y) — iAMG(S)ds. (6.21)

Then, if Z(w,t) is analytic on M and vanishing at infinity
0(z,1) = =3 (Z(w,t)ly=0) (622)

is a solution of equation (6.17), with 6(x,0) = 6y(x) on the points where 8 and HO are
differentiable.
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Proof of lemma 6.2.1: If Z(w,t) satisfies the statements of lemma (6.2.1) we can write it in

the following way
Z(w,t) = RO(z,y;t)) — iPO(x,y;1) (6.23)

where 6(z,t) = =3 (Z(w, t)|y=0). In addition we know that
Zy+ 727, =0 on M,

and from (6.23) follows Z(w,t)|y=0 = HO(z,t) — i0(z,t). By taking the limit y — 0T in
equation (6.23) we have the desired result.
Next we shall use the previous lemma to prove the following theorem.

Theorem 6.2.2 The function

bty = ((1-7 éecé(R)
N i),

is a self-similar solution (at least in a weak sense) of equation (6.17) with the initial data
Oy = 0o, where dy is the Dirac Delta.

Proof: By the lemma (6.2.1), we have to study the solutions of the equation,

Zi+Z2Zy, = 0 onM (6.24)
1 T 1 Y

z = — s — i 2

(w,0) TR AT (6.25)

A standard argument yields that the solution is constant along the following complex trajec-

tories
1 T
X! t) = ————t 6.26
(:C,y, ) 7T-T2+y2 +x ( )
X%(z,y,t) = —lit—i—y. (6.27)
7ra:2+y2
Thus

Z(Xl(x,y,t),XQ(x,y,t),t) = ZO(xuy)v

and one can check that the solution, Z(w,t), satisfies the requirements of the lemma (6.2.1).
In addition

0(X' 1) = —S (Z(X", X2, 1)|x2_0) = Plo(@,y, 1) x2—0 = %y)@:o.

-om((-5) )

satisfies equation (6.27) with X2 = 0 and by the equation (6.26) we have that

1 _ 2x |z| < \/t/7
Ltz |z >t/

The function
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Furthermore we can conclude that,

- (%))

Remark 6.2.3 This solution was obtained in [5] and by using the techniques of section (6.1).
In fact they constructed self-similar solutions for the equation

ug + A%, = 0 onRxRT, (6.28)
u(x,0) = H(x), (6.29)

where H(x) is the Heaviside function and 0 < o < 2.
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Chapter 7

Infinite Energy Solutions for an
Incompressible flow in a Porous

Medium

7.1 Introduction

In this chapter we will study solutions with infinite energy for a incompressible flow in a
Porous Medium. We are concerned with the following system

pt+v-Vp = 0 (7.1)
vo= - (Vp + p(ov 1)) ) (72)
Vv = 0, (7.3)

For a divergence free velocity field there exists a stream function 1, in the two dimensional
case, such that

v =V = (=00, 00, 1),

We shall choose a stream function of the form
Y(z1, 2, 1) = —w2 f(21,1).
Taking the rotational over the equation (7.2) we obtain
V X v = 03,01 —0zv2 = At = x28§1f = Oy, p-
Therefore, the function p has the following expression
p(r1,72,t) = 2204, f(21,1) + §(22, 1)
where we choose

. 1 !
g($27t) = :EQ/ Hamlf(T)H%?(—Tr,ﬂ')dT'
™ 0
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Substituting the expression in (7.1), without diffusion in the two dimensional case, we
obtain

Ofe = —0kg — ffox+ (f2)* + gfu, (7.4)

(here and in the following section, we denote with subscript the derivatives with respect to
x) where g satisfies

t
o) = = [ el (7.5

and we define f as

x
flz,t) = fo(2! t)da'. (7.6)
—T
Notice that the difference between this system and the one obtained in [30] is that this has the
property of conserving the mean zero value of the initial data. Indeed, integrating equation
(7.4) over the interval [—7, ) and imposing periodical condition on f;, we have

™

o [ et de = (—falm ) +9) [ e

Therefore, if f; is a solution of equation (7.4) and
f2(2',0)dz’ = 0,
we obtain -
fe(2' t)da' =0, vt > 0.

7.2 Existence.

In this section we prove the following theorem.

Theorem 7.2.1 Let pg € H?(T) with mean zero value and

My = .
0 = max vo(x)

Then, there exist a solution f(x,t) of the equation (7.4) with initial datum f.(xz,0) = @o(z)
such that
fo € C([0,T), H*(T)),

with T = Myt

In order to prove this theorem, first, we add other diffusion term to the equation (7.4).
Thus, we have the following system

{ Ofe = —0tg — [ foa + (fx)2 +9fe + V(fom”%ﬁ +92)fxzxa
fﬂ:(xao) = 900(%')’

where g satisfies (7.5) and v > 0. In the next lemma, we prove the global existence of the
solutions of (7.7).

(7.7)
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Lemma 7.2.2 Let pg € H?(T) with mean zero value and v > 0. Then, there erists a
function f(x,t) defined by (7.6) where f, is solution of the equation (7.7) such that

fe € C([0,00), H3(T)).

Proof of lemma 7.2.2: We note that if g has mean zero value then f has mean zero value.
Multiplying the equation (7.7) by f, and integrating over the interval [—m, ), we obtain

3 s
s el =3 [ (54 gl e = (el B + 9P el
—T
Therefore,
2dt’|fx||L2 < 2HfocHLooIIfaclle + gl fellZe = v(| fazllZ2 + )| fral 72

Using Gagliardo-Nirenberg and Poincaré inequalities, we have

1 1
waHL‘X’ < CHfa:HzZfoQCHEZ < CfoxHL2'
Hence,

2dtllfsclle < Ol foal T2\l follzz + gll foll 2] foall2)

_VHfszZ/é? - V92||fmc||%2-

And using the Young’s inequality we obtain

S i+ E U elths + 6% Fol ) < Cull ol
Therefore,
1fallz2 < ligollzz exp(Cut), (7.8)
and .
LAHﬁm%ﬁSCﬂmmA%ﬂv YT > 0. (7.9)

Taking a derivative over equation (7.7), multiplying by f., and integrating over the interval
[—7, ) yield

1d 3

2dt‘|fszL2 +V(Hfa:acHL2 +g )HfacmxHLQ = f:v(fxa:)de"i‘ngmHQL?

2/

Hence,

thHmeLz = 2||f:cHL°°\|meLz +gllfeallF2 < Ol foallZ2 + 91l frall72)-

Integrating between 0 and 1" we obtain

||fxx||%2 <

T T
(A!MM%ﬁ+AgMM@ﬁ)

IA

T
wwm;+an41ma;
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and we can conclude that ||f;z||z2 is bounded for all T' < co.
Finally, we estimate ||frzz||r2 and ||fozez||r2. Taking two derivatives on the equation
(7.7), multiplying by f.., and integrating over the interval [—7, 7] yield

1d 1 (7
5%|‘fmxw”%2+y(||fxx”%2 +92)Hfzmc:c”%2 = 2/ fx(fx:ca&)Z"i_ngwsz%?

Applying Gronwall inequality we have that || fzzz||72 is bounded for all 7' < co. We obtain
that || frzzz||r2 is bounded in a similar form and we conclude the proof. =

In order to prove theorem 7.2.1 we show some estimates, independent of v, of the global
solutions of the equation (7.7) by the lemma 7.2.2, which allows us to obtain the local existence
for the equation (7.4). Next, we prove the following lemma.

Lemma 7.2.3 Let f, be a global solution of the equation (7.7) with initial data vo and M (t)
the maximum of f.. Then

M)+ g(t) < O

< T (7.10)

Proof of lemma 7.2.3 In this proof we use the techniques of article [30] for the control of
the maximum of the solution of equation (7.4). Let zs(t) denote the point where f, reaches
the maximum, then

(M +g) = M2+9M+V("fxx|’2"‘QQ)fm:(xM(t)vt)
< M?+gM < (M +g)°

Since ¢g(0) = 0 we obtain

M(0)
M+g< m7

and the proof is finished.

Proof of theorem 7.2.1. Multiplying the equation (7.7) by f, and integrating over the
interval [—m, ) yields
3 S FalZs < (M + 9)lLfal
Applying lemma 7.2.3 and Gronwall inequality we have that ||f||z2 is bounded for all T' <
M(0)~!. In a similar way, we can obtain that ||fzz||z2 and ||frzz||z2 are bounded for all
T < M(0)~! independently of v .
To finish the proof, we consider a sequence of solutions { f¢}c~¢ of the equations

{ 8tf1'6 = _gf - faf:im + (f§)2 _|_gef§ + g(Hfri:pHLQ + (96)2)f§x (7 11)
fz(@,0) = pj(z), '

where {5}, is a sequence in H3(T) such that

lim ¢ = o € H?,
e—0
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€ = ¢ < =
MF(0) = max Fio(x) < M(0) = max po(),

and
5! zr2¢ry < ol a2 (T)-

The above estimates provide that
[ fzllr2(ry  is bounded VT' < M(0)~™'  uniformly in e.
Using the Rellich’s theorem we conclude the proof taking the limit € — 0.

Remark 7.2.4 We shall consider the equation

8tfx:_8tg_ffa:x+(fx)2+gfx_VAafxv (7'12)

which is (7.4) with an extra dissipating term. For this system we have a local existence result
similar to theorem 7.2.1. Moreover, we can construct solutions that blow-up in finite time for
a=1,2and v >0 (see below) which show the existence of singularities for PM with infinite
energy.

7.3 Blow up.

Next, we show that there exist a particular solution of the equation (7.12), with v > 0
and o = 1, 2, which blows up in finite time.
We consider the following ansatz of (7.4) and (7.12)

fo(z,t) = r(t) cos(x), (7.13)

then r satisfies

t
= r(t) / r2(7)dr + vr. (7.14)
0
We define the function .
B(t) = / r2(r)dr. (7.15)
0
Multiplying the equation (7.14) by r(t) we have that [ satisfies

& d d
O — 9P 4 9,20

Integrating with respect to the variable ¢ yields
B'(t) = 5'(0) = B2(t) = B%(0) + 2v(8 — B(0)).
Since 3(0) = 0 and 3'(0) = r%(0) we obtain

B'(t) _
r(0)2 4+ 2v6 + B(t)2
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If we choose 7(0)? > v it follows

B(t) = /r(0)? — v2tan (\/r(0)2 — 2t + arctan(é)) -

r(0)2 —v2
Therefore, the function
fa(z,t) = 7(t) cos(z), (7.16)

is a solution of equation (7.4) and (7.12) which blows up at time

(% — arctan(

7‘(01;2—1/2 ))
r(0)2 — 2 .

t:
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