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ABSTRACT: We study the realization of non-Abelian discrete gauge symmetries in 4d
field theory and string theory compactifications. The underlying structure generalizes the
Abelian case, and follows from the interplay between gaugings of non-Abelian isometries of
the scalar manifold and field identifications making axion-like fields periodic. We present
several classes of string constructions realizing non-Abelian discrete gauge symmetries. In
particular, compactifications with torsion homology classes, where non-Abelianity arises
microscopically from the Hanany-Witten effect, or compactifications with non-Abelian dis-
crete isometry groups, like twisted tori. We finally focus on the more interesting case of
magnetized branes in toroidal compactifications and quotients thereof (and their heterotic
and intersecting duals), in which the non-Abelian discrete gauge symmetries imply powerful
selection rules for Yukawa couplings of charged matter fields. In particular, in MSSM-like
models they correspond to discrete flavour symmetries constraining the quark and lepton
mass matrices, as we show in specific examples.
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1 Introduction

Discrete symmetries are a key ingredient in particle physics, and especially in physics
beyond the Standard Model. A prototypical example is the introduction of R-parity (or
other similar Abelian symmetries) in the MSSM to forbid or suppress certain operators
leading to exceedingly fast proton decay. Another fertile industry is the use of discrete
(possibly non-Abelian) symmetries in flavour physics, to generate textures of quark and
lepton masses and mixings.

Such discrete symmetries are thus introduced for phenomenological reasons, but their
fundamental origin remains obscure. Of course they could be just accidental symmetries of
the lowest-dimensional terms in the effective theory, but it is clearly important to consider
them as possibly exact symmetries at the fundamental level. In this respect, there are di-
verse arguments strongly suggesting that global symmetries, either continuous or discrete,
are violated by quantum gravitational effects, and hence cannot exist in any consistent
quantum theory including gravity (see [1-3] for early viewpoints, and e.g. [4, 5] and refer-
ences therein, for more recent discussions). This suggests that discrete symmetries should
have a gauge nature in such theories [6-13], in particular in string theory.

The realization of discrete gauge symmetries in string theory is therefore an important
topic. Abelian gauge symmetries, and their application to MSSM-like models have recently
been explored in D-brane models in [14-16], with nice agreement with the classification
of anomaly-free discrete symmetries in [17, 18] (see also [19-26] and references therein;
also [27] for attempts to implement R-parity in heterotic models).

In this paper we consider the realization of non-Abelian discrete gauge symmetries in
field theory and string theory, and study the constraints that they impose on the Yukawa
couplings of the theory. This requires generalizing the Abelian intuition that Z; symmetries
can be constructed as remnants of U(1) gauge symmetries broken by vevs of charge k
fields. The non-Abelian generalization involves the gauging of non-Abelian isometries in
the space of scalar fields of the theory, and its interplay with the field identifications (e.g.
axion periodicities, or possibly more general dualities) in this scalar manifold. The analysis
leads to a 4d Lagrangian formulation of (at least certain classes of) non-Abelian discrete
gauge symmetries in terms of gauging of such ‘non-Abelian axions’.

We also find several explicit realizations of this framework in the context of string
theory, with particular focus on type II compactifications and orientifolds thereof (although
much of the analysis holds more generally):

e First, extending the observation for 5d theories in [28] (see also [29, 30]), we show
that non-Abelian discrete gauge symmetries can arise from compactification of p-
form fields along torsion homology classes with non-trivial relations (which we de-
scribe explicitly). We perform the dimensional reduction from 10d, and indeed find
a 4d Lagrangian realizing non-Abelian discrete gauge symmetries, typically discrete
Heisenberg groups, in terms of gaugings of non-Abelian axions. This generalizes the
relation between torsion homology and discrete symmetries observed in the Abelian
case in [14].



e We also consider the realization of (possibly non-Abelian) discrete gauge symme-
tries from discrete isometries of the compactification space. Their general analysis
is beyond our present scope, and we focus on the particular simple case of com-
pactifications on twisted tori. Their realization in terms of gaugings allows to de-
scribe the discrete gauge symmetry in the language of gauging of non-Abelian ax-
ions.

e Finally, we show that systems of magnetized branes on tori (or their heterotic or inter-
secting brane duals) in general enjoy non-Abelian discrete gauge symmetries, acting
non-trivially on 4d charged matter fields. The resulting discrete symmetries have
a Heisenberg-type structure and underlie some powerful selection rules for Yukawa
couplings. These include those observed in [31, 32] (interpreted in terms of sym-
metries in [34], see also [35]), and the rank one textures in certain MSSM-like mod-
els [31]. Our analysis shows that these properties are not merely accidental but rather
stem from genuine non-perturbatively exact discrete gauge symmetries present in the
model.

The paper is organized as follows. In section 2 we review Abelian discrete gauge
symmetries, and emphasize their interpretation in terms of gaugings. The intuitions are
subsequently generalized in section 3 to realize non-Abelian discrete gauge symmetries in
terms of gaugings of non-Abelian axions. In section 4 we realize non-Abelian discrete
symmetries from compactification of p-form fields on geometries with torsion homology
classes with relations. In section 5 we study non-Abelian discrete symmetries from com-
pactification on geometries with discrete isometries, focusing on the illustrative case of
twisted tori compactifications. In section 6 we describe non-Abelian discrete symmetries
in toroidal compactifications with magnetic fields. In section 6.1 we derive the discrete
symmetry in a toy situation of magnetization in a single T?, and reproduce the constraints
for Yukawa couplings appeared in [31, 32]. In section 6.2 we derive the non-Abelian dis-
crete symmetry from dimensional reduction of magnetized type I on T®, and obtain the
natural holomorphic variables in the effective action in section 6.4. In section 6.3 we de-
scribe such discrete symmetry for the MSSM-like model of [31, 33], and show it underlies
the rank-one texture for Yukawa couplings in this model, which is thus exact even at the
non-perturbative level. In section 7 we study non-perturbative instanton effects, and how
they manage to preserve the non-Abelian discrete gauge symmetry. Section 8 contains our
final remarks, and several technical results are kept in appendices: appendix A presents
a generalization of the construction in section 4.2, appendix B discusses the action of dis-
crete symmetries of twisted tori on KK modes, and appendix C details the derivation of
eq. (6.41).

The sections dealing with open strings in magnetized brane models are fairly self-
contained. Hence, the reader interested just in the selection rules for charged matter fields
in magnetized brane systems (or their duals), may get the relevant intuitions from section 2
and jump onto section 6.



2 Abelian discrete gauge symmetries and gaugings

2.1 Review of the Abelian case

The basic action for a Zj, discrete gauge symmetry (see [5] for a recent discussion)? is

/d%ﬁ@¢—kﬂ@2 (2.1)

where the gauge field A; is normalized such that the minimum electric charge is 1, and ¢
is a scalar field (henceforth dubbed ‘axion’) with a periodic identification

p~o+1 (2.2)

The above Lagrangian can be dualized into an alternative BF' formulation, involving
a 2-form and a (magnetic) gauge potential. Such formulation has been useful in the study
of Abelian discrete gauge symmetries in string theory (e.g. [14-16]), but for our present
purposes we however stick to the axion formulation. This form is largely inspired by
considering ¢ to be the phase of a Higgs field with charge k& under a broken U(1) gauge
group. However, we prefer to regard it just as a scalar, whose moduli space (locally given
by R) has a continuous isometry

p—>p+e (2.3)
The action (2.1) describes the gauging of this isometry by a U(1),
Ay = Ay + 0N, & — ¢+ kA (2.4)

Before taking into account the periodicity (2.2), the value of k could be removed by rescaling
¢, and would not be relevant. The integer k is thus properly interpreted as the winding
number in the map between the S! of U(1) gauge transformations e?™< (with a ~ o + 1
due to charge quantization), and the S' parametrized by the axion ¢. The fact that k
is integer is a compatibility condition of the gauging by the U(1) with the pre-existing
discrete equivalence (2.2).

The gauging directly implements the field identification ¢ ~ ¢+ k. On the other hand
the discrete equivalence (2.2) corresponds to a ‘fractional’ 1/k U(1) gauge transformation,
namely a Zj gauge transformation. This perspective displays the close relation of the
discrete gauge symmetry with the underlying field identification in the scalar manifold.
More precisely, the discrete gauge symmetry is the group of field identifications in the
scalar manifold modulo those already accounted for by the gauging. This intuition is the
key to the non-Abelian generalization in the coming sections.

Theories with discrete gauge symmetries have sets of (possibly massive) charged par-
ticle states. These often provide a practical way to identify the discrete gauge symmetry
in a given theory. In the case of the above Zj theory, charge n particles with worldline C'
are described as insertions of the line operator

Oparticle ~ 627“” fc A1 (25)

!See also [36] for a more formal viewpoint on theories with discrete gauge symmetries.



Their charge is conserved modulo k, since there are gauge invariant ‘instanton’ vertices
which create/annihilate sets of particles with total charge k,

e2mio ik Jo A — o=2mie Obparticle(s) (2.6)

—27i% at a point P, out of which a charge k set of particles emerges

describing an insertion e
along a worldline C' (i.e. 9C = P). In many realizations, the above operators are induced
in the 4d action by effects e~Sinst, non-perturbative in some suitable coupling, with Sy =
2mi¢ + ... linear in the gauged axion. The overall U(1) charge of Oparicle(s) 15 thus
compensated by shifts of Sjygt..

In addition, the theory contains Zj charged strings, described as the insertion of op-

erators along a worldsheet X
Ostring ~ 6_2mpf2 B2 (27)

where Bs is the 2-form dual to ¢, and p is defined modulo k. A charge n particle defined
by (2.5) suffers a Zj, discrete gauge transformation, n — n + p, when moved around the

charge p string (2.7), i.e. its wavefunction picks up an Aharonov-Bohm phase e2mipn/k,

Conversely, a charge p string looped around a charge n particle picks up a phase €™ np/k,
In more abstract terms, the amplitude associated to a charge p string on a worldsheet X

and a charge n particle on a worldline C' contains an Aharonov-Bohm phase
exp | 2mi n—]fL(E, C)} (2.8)

where L(3, C) is the so-called linking number of ¥ and C.
String charge is also conserved modulo k, since there are operators describing strings
of total charge k on worldsheets ¥ ending along a junction line L (0¥ = L)

o—2mi [} AL 2mik [ B (2.9)
These ingredients have a natural yet more involved generalization to the non-Abelian
case [8, 10-13] (see [37] for a review).
2.2 The multiple Abelian case

Before moving onto the non-Abelian case, let us sharpen our intuitions in a slightly more
involved (yet Abelian) situation. Consider a theory with several U(1) gauge symmetries,
labelled with an index «, and several axions ¢%, a = 1,...,N. The generalization of
eq. (2.1) is

£ (0.6° — ka"AT) (c‘wb - kabA,c;) 7 S (2.10)

with integer k,* € Z. We take U(1) generators normalized such that charges are integer
and axions have integer periodicity.

In general, it is not immediate to identify the surviving discrete gauge symmetry. In
the literature this is usually done by ‘trial and error’, by scanning through different integral

linear combination of U(1) generators

Q = ZCQQQ with ¢4 € Z and g.c.d.(cp) =1 (2.11)

and checking for the greatest common divisor of the U(1) axion couplings > caka®.



There is however a systematic closed description of the surviving discrete gauge sym-
metry based on our earlier intuitions. For that aim, we consider the space spanned by the
scalars ¢®. This is a torus T?V which we regard as RV /T, with I" the lattice of translations

defined by vectors of integer entries
I'={(r1,...,rn)|ra €Z} (2.12)

The Lagrangian (2.10) implies that U(1), gauge transformations act as translations in R
along the vectors ko

Aoy = Ay +dda i 6" = 0"+ 3 ka®Aa (2.13)

For simplicity, we focus on the case where the number of axions and U(1) gauge symmetries
is equal.? Finite U(1) gauge transformations leaving all charged fields invariant (i.e. gauge
parameter )\, = 1) act as discrete translations in RY by the integer vectors k,, and
therefore span a sublattice I' C T,

D= (ki,....,kn)z = { D cakalca €2} (2.14)
Following our previous discussion for the single Abelian case, the discrete gauge symmetry
is given by the set of identifications in the space of scalars modulo those implemented by
the finite U(1) gauge symmetries, namely by the quotient

r
P== 2.15
- (215)

As we will now see these intuitions generalize to the non-Abelian case as well.

3 Non-Abelian discrete gauge symmetries and gaugings

While the construction introduced above describes the well-known case of Abelian discrete
gauge symmetries, it admits a natural generalization to the non-Abelian case. In the non-
Abelian version instead of a single field we will have a whole set of scalars (dubbed ‘non-
Abelian axions’) which span a manifold with non-commuting isometries. This more general
construction can also be regarded as a procedure to construct a Lagrangian formulation
for (at least certain) non-Abelian discrete gauge theories.

3.1 The scalar manifold

Let M be the moduli space of N scalars ¢%, endowed with a metric Gy;(¢) with a set of (in
general non-Abelian) continuous isometries with Killing vector fields X4 = Xﬁ@b. Under
infinitesimal space-time independent isometry transformations the scalars transform as

¢’ — ¥+ XY (3.1)

2Generalization is straightforward. If the number n of U(1)’s, is smaller than the number N of scalars,
we restrict to those scalars which actually shift: we consider the R € R given by real linear combinations
of the vectors ke (assumed linearly independent for simplicity), and the sublattice I', C T" lying in this R",
and proceed as above with n playing the role of N. For Ko not linearly independent, we just eliminate the
decoupled linear combinations of U(1)’s, and restart. Similarly if the number of U(1) gauge symmetries is
larger than the number of scalars to start with.



and their kinetic term

/ d'z G(¢)ap 00" 0" 0" (3.2)
is invariant provided that (Lx,G)q = 0. The Killing vector fields satisfy a Lie algebra

[(Xa,Xg] = fag®Xc (3.3)
with fap® the structure constants and [ , | the Lie Bracket.

Given the 4d Lagrangian (3.2) it is easy to guess how to implement a gauging analogous
to eq. (2.10), see eq. (3.12) below. Before doing that it is however useful to consider the
scalar manifold M and try to understand which kind of metrics Ggp(¢) one may obtain in
the case where all the fields ¢® are axions. This will allow in particular to rewrite (3.2) in
a simpler form (namely eq. (3.8) below) which we will use extensively when reproducing
non-Abelian discrete gauge symmetries from string theory setups.

In order to characterize the metric Gy it is useful to describe the manifold M in the
language of group theory, as follows. Note that each Killing vector field describes a flow
within M, and so there is a natural action of the Lie group of isometries Iso(M) on the
scalar manifold M. We may then consider that Iso(M) acts transitively on M,? and so
identify M with the coset K,\Iso(M), with K, the stabilizer or little group of an arbitrary
point p € M. Therefore we may apply the usual procedure (see for instance appendix A.4
of [38]) for building a Riemannian metric Gy;(¢) for M in terms of the elements of Iso(M)
and K.

In general, the quotient K, \Iso(M) will not be a Lie group itself: for this it is necessary
that K, is a normal subgroup of Iso(M). However, if M is parametrizes the vevs of only
axion-like scalars, the choice of M as a Lie group is quite natural. Indeed, for an ‘axionic
manifold” M the number of independent shift symmetries at any point should equal the
dimension of M. This is automatically satisfied if M is a Lie group, since in this case
we can identify each axion with an element of the Lie algebra of the group M, while the
continuous shift symmetry corresponds to the one-parameter subgroup generated by such
Lie algebra element. Hence, in the following we will consider the case where our axionic
manifold M is a Lie group.?

In the case that M is a Lie group we can systematically build an affine representation
of M acting on the plane RV*! with N = dim M. For this construction, familiar from
the description of twisted tori geometries, we first consider the affine plane RV 1 described

- "

as well as a vector € € R that parametrizes an element of the Lie algebra of M. Second,

by vectors

we consider the adjoint representation of Lie(M), given by (adz)y® = € fu¢, and construct

3Tf not, we may take the orbit O, created when Iso(M) acts on a point p € M, and then restrict the
initial set of scalars ¢ to those that span O,.

4In general we would expect that a coset M that is not a Lie group but is nevertheless a parallelizable
manifold could also qualify as an axionic manifold. We are nevertheless unaware of any example of this
kind arising from a string compactification, and so this possibility will not be analyzed here.



the matrices

lads @
g@zGOO) (35

which provide a faithful (N + 1)-dimensional linear representation of Lie(M) C iso(M).
Taking the exponential map, we obtain

1 _ 1.4 =
€221 2ad;(e2"% — Lxn) 6) (3.6)

g(€)=<0 .

where €® now parametrize arbitrarily large translations in M. Finally, we can build an
explicit expression for the metric Gg;(¢) in terms of the right-invariant 1-forms 7%, which
are defined as

-, -,

(dg - g7)(@) = 1(d) ta (3.7)

with ¢, the generators of Lie(M). We then obtain that the metric for M is such that
/ d'x Gop(4) 9" ¢8,0" = / d*z Pan® -1 (3.8)

where P, is the metric in the tangent space of M, and so independent of ¢, while n®-n° =
ntv nZn,lj with n*¥ the 4d Minkowski metric. Notice that this expression is automatically
invariant under continuous right-translations by group elements g(¢) — g(¢)g(€), and so
it indeed respects the axionic shift symmetries.

A particularly relevant case to forthcoming applications is when Lie(M) is a 2-step

nilpotent algebra (see [39] for a recent review). In this case we have that e2nde = 1 4 tadz

ladg €
aazc+g¢J (3.9)

Then, applying eq. (3.7) we obtain

and so eq. (3.6) reduces to

1
M = O0ud” + 5 foed" 0,0° (3.10)

yielding a particularly simple expression for the right-invariant forms n* and hence for the
metric in (3.8).

Since the above construction is general it is important to note that, unless Lie(M)
is semi-simple, M will be a non-compact manifold which is unsuitable to describe the
moduli space of axionic-like scalars. We may however make this moduli space compact
by taking its quotient by a lattice I' C M. This is in fact something quite common in
string theory, where moduli spaces are quotients of the form M = M /T, with T a discrete
subgroup of Iso(M) that takes into account the dualities of the theory. A well-known
example is the 10d axio-dilaton coupling 7 of type IIB theory, whose moduli space is not



M. =S0(2)\SL(2, R) but rather M, = SO(2)\SL(2, R)/SL(2, Z) once S-duality has been
taken into account.®

Going back to the general case, if [' is cocompact, namely if there is a subset X C M
such that the image of X under the action of T’ covers the entire M, then M = M /T
is compact. Finding such a lattice is in general a complicate task and its existence is
not guaranteed. However, if M is a nilpotent Lie group it is enough to require that the
structure constants are integer in some particular basis and that they satisfy f,;* = 0 [40].
For the time being we will assume that such cocompact I' exists, but ignore its effect until
subsection 3.3.

3.2 The gauging

Let us now write a 4d Lagrangian describing a set of non-commuting U(1) gauge symmetries
that gauge some of the isometries of M, ignoring the effect of the discrete lattice I'. To
describe such gauging, instead of (3.1), we consider infinitesimal space-time dependent
isometry transformations

#° — " + )XY (3.11)

where x represents the set of 4d coordinates. Invariance of the action under local trans-
formations becomes manifest once we introduce the corresponding set of gauge fields (see
e.g. [41]). We have the generalization of (2.10)

/ d'z Gap(¢) (040" — kaAT) (8,,gz5b — /%bAE) n (3.12)

where the set of vector fields {k, } is similar to the above { X 4}, but not necessarily identical
due to relative normalizations to be discussed in the next subsections. In order for this
action to be invariant under the infinitesimal isometry transformations (3.11), covariant
derivatives have to transform as

0ud® — ko"AY — (65 + €10, X%5) (048" — ka"A) (3.13)
which means that the gauge fields Aj transform as
ko A% = k" A% + XE0ue” + fCap X& (X)) Al kgt P (3.14)

As in the previous section, let us focus on the case where M is a Lie group. For
notational simplicity, we will assume that all the right isometries of M are gauged. It is
easy to see that the right-invariant 1-forms are now given by

(Dg-g~")(6) =1"($)ta with Dg = dg — tk2AS, (3.15)

5As a slightly more involved example, we may reconsider the multiple Abelian case in subsection 2.2.
Before taking the quotient by the lattice (2.12), the scalar manifold is M = R" and its isometry group is
the Euclidean group, Iso(M) = R x O(N). Since the action of Iso(M) on M is transitive and the little
group of any point of M is O(N), M can be identified with the quotient O(N)\Iso(M), which is nothing
but the group of translations in M. Finally, this space is made compact by taking the quotient M=M /T,
with I a group of discrete translations.



and so are built by performing the replacement dg — Dg everywhere. In terms of these
new 1-forms the action is still given by

/d4:): Papn® - 1° (3.16)

As before, for the particular case of 2-step nilpotent groups things simplify and these
right-invariant 1-forms read

1
M = Oud" — koA + 3 foc @ (00" — kg Al) (3.17)
and so under a space-time dependent right-translation g(¢) — ¢(¢)g(€) gauge fields trans-
form as

—,

kaaAzéta — kaaAﬁtag(a+9(¢)aug(g) (318)

3.3 A simple example

The above construction provides the Lagrangian for a massive non-Abelian gauge symme-
try, but it still does not reveal potential residual discrete gauge symmetry. To proceed
further and make the discussion concrete, we introduce here an example of scalar manifold
M and lattice I' whose gauging leads to a non-Abelian discrete symmetry group. The
example is constructed using the Heisenberg group, M = H3z(R), and will be realized in
several physical systems in coming sections. In the next subsection we then extend the
discussion to the general case.

Thus, we consider the 3-dimensional Heisenberg group as generated by matrices of the

form
1 0 0¢€
0 1 0 €2
9(€) = _%62 %61 163 (3.19)
0 0 01

with M an integer. The associated Lie algebra is
[t1,ta] = Mts (3.20)

where t1, t9 and t3 are the elements of the algebra that generate the 1-dimensional sub-
groups parametrized by €', €2 and €. The right-invariant 1-forms are given by eq. (3.10),
which in this particular case corresponds to

M
N =0ud"s My =00, 1 =0ud’ + (6 0u6” — $°0,0") (3.21)

in terms of which the metric of M is given by the r.h.s. of (3.8).
Since M is non-compact, we take our axionic moduli space to be given by the compact
coset M = H3z(R)/T" where, for concreteness, we take the cocompact lattice I' C Hsz(R)

,10,



to be generated by (¢!, ¢2, ¢®) = (n1, n2, n3) with n; € Z, namely by the discrete transfor-
mations

DL00) @' gl 41, 6 gt T, (322)
D0.1L0) @@+l $ gt T
r0,0,1) : # = P> +1.

We can gauge the right isometries of M following the general procedure described in
the previous subsection. Thus, we introduce a set of U(1) gauge bosons Afj, a=1,2,3, and
replace the right-invariant 1-forms (3.21) by their gauged counterparts eq. (3.17), which in

this particular case read
ny = 0ud" — k1A, n = 0ud” — koA (3.23)

M
M = 0u0” = ks A+ T [01(0467 — ka}) — 67(80" — k1 4})]

with ky, € Z, = 1,2, 3.
After the gauging, U(1) gauge transformations of the gauge bosons A}l induce non-
trivial shifts on the scalars

AL = AL+ 9L A2 A2 49,02, (3.24)
Mk
2k

M
o' — ot + ki, % — &% + ka)Z, & — ¢+ ?(k;gqbu? — k1AL 4 kX3 .

M
AD = A+ 0,0° + (VA =N A% + 273(@&@% — k16”0,

Compatibility of these transformations with (3.22) then leads to a set of non-commuting
Zy,, discrete gauge symmetries. Indeed, the gauge symmetry is given by the set of iden-
tifications (3.22) modulo these finite gauge transformations, in analogy with the Abelian
case. For instance, for k1 = ko = ks = k € Z and M = 1 we have that the discrete gauge
symmetry is given by P = (Zy x Zy) x Zj, with generators Ty, T and Ty satisfying

TF=TF=TF=1, NIy =TT, (3.25)

For k = 2 this is isomorphic to the dihedral group, P ~ Dihy, whereas for k& = 3 the
discrete symmetry group is P ~ A(27).

3.4 The discrete gauge symmetry

To obtain the non-Abelian discrete gauge symmetry group in the above example we have
closely followed a similar reasoning to the one that we used for Abelian discrete gauge
symmetries. Indeed, we have seen that gauge transformations span a lattice I ¢ M and
in order to gauge the left isometries of M it is enough to specify such a lattice. As in the
Abelian case, the discrete gauge symmetry arises when we take into account the group I
of scalar field identifications; namely when we specify the periodicities of the isometries
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generated by X4 and compare them with those of the gauge transformations (3.14), gen-
erated by k.. Thus, once I' is taken into account, a non-trivial compatibility condition for
the gauging arises.

The discrete gauge symmetry of the theory is

P=—- 3.26

7 (3.26)

Fields charged under the original U(1) symmetries end up in some representation of this

discrete gauge symmetry (whether they are massless fields or not), as we later on discuss
in explicit string theory examples.

4 Torsion p-forms and discrete gauge symmetries

Gauged shift symmetries, and thus discrete gauge symmetries, are ubiquitous in 4d string
theory models. This is particularly manifest in D-brane models, where Abelian discrete
gauge symmetries arise from the coupling of D-brane U(1)’s to axion fields [15]. As pointed
out in [14], another source of discrete gauge symmetries appears by considering compact-
ification manifolds with torsion in homology. As we will discuss in this section these two
frameworks are directly related, and the latter can be easily generalized to describe non-
Abelian discrete symmetries. In fact, we will show that dimensional reduction of type
1IB supergravity on a manifold with torsion produces the 4d Lagrangian of non-Abelian
discrete gauge symmetries constructed in the previous section.

4.1 Abelian discrete gauge symmetries and torsion homology

Before describing the non-Abelian case let us review the relation of Abelian discrete gauge
symmetries to torsion classes [14]. As mentioned in section 2.1, a practical way to identify
discrete gauge symmetries is to tag a set of Z; charged particles and Zj charged strings
inducing relative holonomies on each other via the Aharonov-Bohm phase (2.8). In string
theory compactifications, we thus search for dynamical objects in the higher-dimensional
theory that lead to Aharonov-Bohm strings and particles in the 4d effective theory.

4.1.1 Aharonov-Bohm strings and particles from torsion

A simple way to obtain Aharonov-Bohm strings and particles in type Il vacua is to consider
D-branes or NS-branes wrapped on p-cycles of the compactification manifold, the inequiv-
alent possibilities being classified in terms of homology. In general, the homology group of
a D-dimensional manifold Xp consists of a free part, given by b, = dim H,(Xp,R) copies
of Z, and a torsion part, given by a set of finite Zj; groups,

Hy(Xp,Z) = H*(Xp,Z) & Tor Hy(Xp,Z) = Z & (Zy, & ... ® Zy,,) (4.1)

It has been argued in [14] that 4d Aharonov-Bohm strings and particles arising from a

compactification in Xp are associated to the torsion part of the corresponding homology

lattice. This is based on the observation that if we wrap a p-brane on a torsion p-cycle
tor tor

T, and a dual (D — p)-brane on a torsion (D — p — 1)-cycle mj5"  ; then we will have
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a 4d particle and string, respectively, that induce fractional holonomies on each other
proportional to the torsion linking number L([r,*"], [Wt[g’r_p_l]) in the internal dimensions.
Such torsion linking number is one of the main topological invariants that can be defined
for the torsion homology classes of Xp, and it univocally relates torsion classes of p-cycles

to torsion classes of (D — p — 1)-cycles, such that
Tor Hy(Xp,Z) ~ Tor Hp_p-1(Xp,Z) (4.2)

Let us be more specific and consider M-theory compactified on a manifold X7 with Ga
holonomy. Gauge symmetries in the 4d effective theory arise from the M-theory 3-form
As and are classified by elements of Ho(X7,Z). On the one hand, elements belonging
to the free part of Ho(X7,Z) are in one-to-one correspondence with harmonic 2-forms in
X7 so, upon expanding As in such 2-forms, we obtain standard U(1) gauge symmetries
in the 4d effective theory. On the other hand, elements that belong to Tor Hy(X7,Z)
must correspond to discrete Zy, gauge symmetries.® This can be seen from the fact that
M2-branes wrapping torsion 2-cycles lead to Aharanov-Bohm particles in 4d, whereas M5-
branes wrapping the dual torsion 4-cycles (which exist because of eq. (4.2)) lead to 4d
Aharanov-Bohm strings.

Indeed, let us consider an M2-brane wrapping a Zj, torsion 2-cycle 75" and with 4d
worldline C', as well as a 4d string with worldsheet ¥ that arises from an M5-brane wrapping

tor

a Zj, torsion 4-cycle m;°" of X7. Following [14], one can see that the holonomy that these
two objects induce on each other is given by

1 n 1 1
—log [hol(x,C)] & / Ay = — / Fy = - / 5 (4.3)
271 C xmler k Dxkmier k DxSs3

1 1
mo—dl/ Ag = / Fr = / 53 (4.4)
xmtor k J Bxkrtor k JBxss

The upper chain of equalities represent the Aharanov-Bohm effect that a 4d string creates
on a 4d particle circling around it with a path C' = dD. Indeed, the M5-brane that becomes
a 4d string will create a flux Fy via backreaction, and we should integrate the corresponding
potential A3 on the M2-brane worldvolume C' x 7" to compute the induced holonomy on
the 4d particle. The computation is then carried by applying Stokes’ theorem and by
noticing that because w5’ is k-torsion there is a 3-chain S3 such that 9S3 = kni®", and
that dFy = &5 with d5 a bump 5-form transverse to the M5-brane worldvolume ¥ x 7§,
Similarly, the lower chain represents the holonomy created by the 4d particle on a 4d string
surrounding it with ¥ = 9B, with now 0S5 = ki and dF; = ds. Notice that the integral
of a bump function like d5 or Jg is always an integer, and so we end up with a fractional
holonomy of the form exp (27if/k) with ¢ € Z. One can see that the integer £ in egs. (4.3)
and (4.4) is the same integer mod k, since both quantities in the r.h.s. are the definition
of the torsion linking number L([75"], [r{°"]) multiplied by the 4d linking number L(X, C)
of eq. (2.8).

STf the manifold has discrete isometries, there can be in addition discrete gauge symmetries coming from
the metric. We touch upon them in section 5.
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To summarize, one finds that the Aharanov-Bohm phase that an M2-brane and an
M5-brane wrapped on torsion cycles create on each other is given by

exp [ 2mi L([n5™], [73™]) - L(Z, C)] (4.5)
Comparing with eq. (2.8), we can identify L([75"],[7{°"]) = np/k, and so the charges n
and p of the 4d objects correspond in the higher dimensional M-theory picture to choose
torsion cycles with appropriate linking numbers.

This M-theory picture allows to reinterpret the Abelian discrete gauge symmetries
that arise in type ITA compactifications with intersecting D6-branes [15]. Indeed, if the
(9 manifold X7 admits a weakly coupled type IIA limit with D6-branes, some of the
U(1) symmetries classified by H2(X7,Z) are downlifted to U(1) symmetries localized at
D6-branes. Massless 4d particles charged under such U(1)’s, which in type IIA are open
strings at the D6-brane intersections, correspond to M2-branes wrapping collapsed 2-cycles
of X7. The U(1) gauge symmetries that in M-theory are related to Hi*®(X7, Z) become in
type ITA D6-brane U(1) symmetries without any axion coupling, while those discrete gauge
symmetries related to Tor Ho(X7,Z) become D6-brane U(1)’s broken to Zj through axion
couplings. Consequently, massless 4d particles are charged under the unbroken U(1)’s if
they are M2-branes wrapped on non-torsional 2-cycles, while particles that only have Zj
charges correspond to M2-branes wrapping collapsed torsional 2-cycles of X7.

This M-theory perspective provides also a geometrization of the instanton contribution
structure (2.6), as follows. Consider a set of particles ¢; with Zj charges, namely a set
of M2-branes wrapping torsion 2-cycles D;; whenever the total homology charge of the
combination is zero (in particular, the torsion classes add up to a trivial class) there exists
a 3-chain S connecting them (9S = ), D;). An M2-brane wrapped on S would describe
an instanton effect on the 4d theory, but it contains open holes. A completely consistent
instanton can be obtained by glueing M2-branes on D;, emerging from the instanton from
the 4d perspective. This is precisely the dressed instanton structure (2.6) with O = [[, v.
Also, this is the M-theory picture of a D2-brane instanton with insertions of 4d charged
matter multiplets, observed in [42-44].

4.1.2 Torsion and dimensional reduction

Interestingly, this geometrical picture that relates torsion to discrete gauge symmetries
can also be made manifest by means of dimensional reduction [14]. For this, we need to
associate to each generator of Tor H,(X p, Z) a differential p-form which is also an eigenform
of the Laplacian, just like we do when we associate harmonic p-forms to the generators of
H;ree(X D, Z). In the case of torsion groups, however, these eigenforms must have a non-
zero eigenvalue and in order to reproduce the topological information of Tor H,(Xp, Z)
we must consider non-closed p-forms satisfying specific relations. More precisely, given
the generators of Tor H,(Xp,Z) and Tor Hp_,—1(Xp,Z) we consider non-closed p- and
(D — p — 1)-forms w, and o such that [14]

dwo = ko’ Bs do? = (=1)P=PKP " (4.6)
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where 83 and W are exact eigenforms of the Laplacian which are trivial in de Rham coho-
mology but represent non-trivial elements of HP*1(Xp, Z) and HP~P(Xp,Z), respectively.
Moreover, k.” € Z must be given by
T tor, —
L([mien] (e 1) = (k1) (4.7)

y21e]

so that it contains the topological information of the torsion cycles that these eigenforms
are related to. Finally, the integral of these forms satisfy

/ap/\ﬂ(,:/ WP Nwy, = 6P (4.8)
XD XD

Including this set of non-harmonic eigenforms when performing the dimensional reduc-
tion allows to reproduce the 4d Lagrangian for Abelian discrete gauge symmetries, and in
particular displays the gauging structure discussed in section 2.1. Indeed, taking again the
above example of M-theory on 7-manifolds, for each torsion 2-cycle we need to consider an
exact 3-form ag and a non-closed 2-form ws, with dws = kB3 and k € Z. Expanding the
M-theory 3-form Aj in such eigenforms we obtain

As = ¢p(x") A Bs + Ay(a!) Awe + ... (4.9)

namely, a 4d U(1) gauge boson A; and a 4d scalar ¢. One can check that the gauge
transformation (2.4) shifts A3 by the exact 3-form d(Aw2) and so it indeed leaves any 4d
quantity invariant. In particular we have that

dAs = (d¢— k‘Al) A B3 + dAl(x“) Nwy + ... (4.10)

and so the 4d Lagrangian (2.1) arises from the dimensional reduction of the 11d kinetic term
dAs N\ *11dAs. These observations will be exploited and generalized in the next subsections
in the context of type 1B compactifications, in order to reproduce via dimensional reduction
the 4d Lagrangian of non-Abelian discrete gauge symmetries.

4.2 Non-Abelian discrete symmetries from torsion homology

Torsion classes have appeared in an example in [28] as a source of discrete non-Abelian
gauge symmetries in 5d in the AdS/CFT setup (see also [29, 30]). In this subsection we
further explore and generalize this realization in the 4d setup, unveiling that the key to
non-Abelianity lies in the existence of wedge (or cup) product relations among torsion
classes. The corresponding dimensional reduction allows an elegant derivation of a general
class of 4d theories with non-Abelian discrete gauge symmetry.

4.2.1 Non-Abelian strings and the Hanany-Witten effect

In order to describe the link between non-Abelian discrete gauge symmetries and torsion
let us consider the class of models given by type IIB compactifications to 4d. In a generic
6d manifold there are two independent torsion classes, corresponding to torsion 1-cycles
(and 4-cycles) and torsion 2-cycles (and 3-cycles)

Tor Hy(X¢,Z) ~ Tor Hy(Xs,Z) and Tor Ho(Xes,Z) ~ Tor Hs(X¢,Z) (4.11)
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The first class actually describes two different kinds of discrete gauge symmetries: one of
them associated to spontaneously broken U(1) symmetries that result from reducing the
RR 2-form C9 and the other to the spontaneously broken U(1)’s that result from reducing
the NSNS 2-form Bs. In the latter case the 4d particles and strings charged under the
discrete gauge symmetry arise from fundamental strings wrapping torsion 1-cycles and
NSNS 5-branes wrapping torsion 4-cycles, respectively, while in the former case they arise
from D1 and D5-branes. On the other hand, the second class in (4.11) describes discrete
gauge symmetries associated to the RR 4-form Cy, with charged particles and strings
arising from D3-branes wrapping torsion 3-cycles and 2-cycles, respectively.

As emphasized above, in compactifications with torsion classes the key to non-Abelianity
is encoded in the existence of relations between torsion elements. Let us be more specific
and consider the simple case where the torsion groups of Xg are given by

Tor Hl(X(;, Z) = Tor H4(X6, Z) = Zk Tor HQ(XG, Z) = Tor Hg(XG, Z) = Zkz’ (412)

In general k # k' although their precise relation is not relevant for our momentary purposes.
Naively, considering general (p, ¢)-strings and 5-branes, the torsion 1-cycles would seem to
produce a Zj, x Zj, symmetry, while also considering D3-branes in torsion cycles would add
an extra Zj factor. This mere Abelian structure is however promoted to a non-Abelian one
if the corresponding classes have non-trivial relations. Indeed, if the torsion 4-cycles dual
to the 1-cycles intersect non-trivially along a torsion 2-cycle, there is a non-trivial Hanany-
Witten effect [45] between the 4d strings obtained from NS5 and D5-branes wrapping the
torsion 4-cycles. Crossing the strings in 4d leads to the creation of D3-branes wrapped on
the torsion 2-cycle at the intersection of the 4-cycles, namely the creation of a 4d string
associated to the RR 4-form. This 4d string creation effect is associated to non-Abelian
discrete symmetry groups [8, 10-13, 37]. At the level of the gauge holonomies that result
from moving around the 4d strings, we have the non-Abelian relation

T = Ty, (4.13)

among the generators T}, Tb of the two Zj;’s and the generator T of Zjs. This defines a
finite Heisenberg group (c.f. eq. (3.25)). The same result can be obtained by working out
the non-Abelian transformations undergone by particles moving around 4d strings, again
by invoking the Hanany-Witten effect [28].

4.2.2 Dimensional reduction and four-dimensional effective action

Just like in the Abelian case, this microscopic description of a non-Abelian discrete gauge
symmetry should have a macroscopic counterpart via dimensional reduction. Indeed, we
will show below how a 4d effective Lagrangian reproducing such non-Abelian symmetries
can be obtained by following the same procedure as in the Abelian case. Again, in order
to perform the dimensional reduction we need to consider a set of non-harmonic forms
satisfying (4.6), together with certain relations among them which are necessary for the
non-Abelian pattern to emerge, and are equivalent to the topological conditions which
allow for the Hanany-Witten effect. For simplicity, we will consider here the simple case
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where the torsion classes of X are given by (4.12). The more general case can be worked
out in a similar way, as it is explicitly done in appendix A.

More precisely, we consider a set of non-harmonic Laplacian eigenforms in Xg

d’yl = kpg y dﬁ4 = ,ICC5 (414)
dag = k‘/(.:J4 , dwe = kjﬂi’)

with po, @4, (5 and B3 representing the generators of the torsion cohomology Poincaré dual
to (4.12), and such that

/71/\C5=/ /32/\/342/ 043/\532/ wa ANy =1 (4.15)
Xo Xo Xo Xg

In these expressions £~ and k’~! are the torsion linking numbers between dual p- and
(5 — p)-cycles, with p = 1,3 respectively, and encode the monodromies which are felt
by an electric (magnetic) charge when moved in a closed loop around its dual magnetic
(electric) source. The fact that these torsion cycles have a non-trivial intersection pattern
as described above is expressed in terms of these dual forms as

p2 N\ pa = M @y (4.16)
with M € Z, which can be integrated to”
p2 Ay =M as M’ € Z such that kM = k' M’ (4.17)

Let us then perform dimensional reduction of the type IIB supergravity action, taking
into account the relations that we have introduced above. The relevant part of the action
written in the 10d Einstein frame is

1 ) 1 i ) .
Sioa = —5 [ d' [(—GE)W <—Mij dB} - dBj — (F5)2) + %d@ A Bi A dBj}

4K7 2
(4.18)

where B = By and B2 = Cy are respectively the NSNS and RR 2-form potentials, F5 =
dCy — Cy A\ dBg, the matrix M,; denotes the SO(2)\SL(2,Z) coset metric

2 _
My = —— ( i7" —Re T) (4.19)

Im7 \—-Rer 1

and 7 = Cy + ie~? the complex axio-dilaton.

"In principle, instead of (4.17) one could have chosen the more general condition
p2 Ay =M oz + M'Bs M M'eZ

This choice however, corresponds to gauging also the magnetic degrees of freedom and it will not be explored
here.
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In order to dimensionally reduce this action, we expand the NSNS and RR 2-forms
and the RR 4-form potentials as®

BY =bipy + AL Ay i=1,2 (4.20)
04:b3@4+A%/\a3+V13/\63+02/\w2

obtaining several 4d vectors and scalars. The corresponding 10d field-strengths read

dBY =n'Apy +dA Ay,  i=1,2 (4.21)
F5:173/\(;)4—Fg/\ag—Fﬁg)/\,@g—i—dCQ/\WQ (4.22)

where we have introduced the following 4d 1-form potentials

n, = b — kAL, n = 0ub° — K AS — Mbn), (4.23)
and field-strengths
KF$ =dn® — %M?f‘ N FS =dV3 4+ ke (4.24)

and we have made use of the relations (4.16) and (4.17). Substituting these expansions
into eq. (4.18) we get (up to total derivatives and in 4d Planck mass units)

1 , : R
Sia = / d*z [(9)1/2 <Mij/\/dA§ ~dA] — M T o — §(F§)2+
3 &3 §~32_Q 2_97_1 332\ .0 3 3
+QF5 - Fy + 2( 5) 2(d02) 5 (n?) n° ANdcg — Fs NFy |  (4.25)
where we have defined?
N = Y1 A K671 T= / p2 N *6p2 (4.26)
X6 X6
Q= ag N *¢f3 , T\’,E/ ag A *gag
X6 X6
S = B3 A x¢33 , g= wa A *6W3 ,
X6 XG

Since we have not yet imposed the self-duality condition of the RR 5-form field-strength,
F5 = %19F5, the 4d effective action (4.25) contains redundant degrees of freedom. Making
use of

= -FOS™ -« F387",  dey =G warp (4.27)

8This expansion is the most general one if we assume an underlying orientifold structure, according to
which v; and p2 must be odd and w2, @4, a3 and S5 even forms under the orientifold action. We also ignore
4d 2-forms resulting from B3, as they do not play any role in what follows.

9Note that idempotency of the hodge operator imply the non-trivial relation RS + Q% = —1, so these
quantities are not all independent.
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we finally obtain
1 . .
Suq = 4/(141‘ [(—9)1/2 (_MianZ . 77] _ g—l(n3)2
~ My NdAL - dAT + 5‘1(F23)2) +QST'F AFP| (4.28)

From the first line of this equation and comparing to eq. (3.16) we observe that the 4d
axion-like scalars in this setup span a gauged scalar manifold with tangent space metric

1(G' o0
P, = , 4.29
ab 4 ( 0 TM”) ( )
right-invariant 1-forms given by the egs. (3.23) upon the following identifications
M
or=0bt, ¢ =b, @ =B - WY ki=hke=k, k=K (430)
1 1 2 2 3 s M oo 20
see. 5.3 = Au Al see. 55 = A0 Alsec. 55 =An ~ 7(b Ay 04,

and structure constants of the Heisenberg algebra Hs. The example based on the Heisen-
berg manifold M = Hs3(R)/T" discussed in section 3.3 is thus physically realized in a large
class of type IIB compactifications with torsional homology.

4.2.3 Non-Abelian discrete gauge symmetries

As the 4d effective action (4.28) is identical to the one analyzed in section 3.3, the discrete
gauge symmetries that one obtains from it can be directly extracted from the discussion
therein. It is however illustrative to reproduce the previous 4d discussion from a 10d
perspective. In the present context, the shift symmetries of the scalars b', b2, and b are
inherited from the 10d gauge transformations of By, Cs and Cy. Indeed, at the perturbative
level we have that the 10d field strengths dBs, dCy and F5, egs. (4.21) are invariant under
any of the following shifts

By — By +€1p2, Cy — Oy —|—€2p2, Cy — C4—|—€2p2/\B2 +63d)4, (4.31)

with €123 € R. Hence, they are symmetries of the Lagrangian (4.18). Upon dimensional
reduction they become isometries of this axionic manifold, which at this level can be thought
to be Hs. On the other hand, one should impose the discrete identifications

Cy— Cy+ Q4 (4.32)
BQ_)BQ+p27
Cy — Cy+ p2, Cy = Cy+p2N\Boy,

which in 4d become the discrete transformations

bt — bt 41, (4.33)
b= b? 41, b — b+ Mb!
b= b3+ 1,
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in agreement with egs. (3.22) once we make use of the identifications (4.30). These sym-
metries generate a non-Abelian discrete group I', so that the final axionic manifold is
M = H3/T. The corresponding algebra generators satisfy eq. (3.20) and the symplectic
Sp(2,Z) ~ SL(2,Z) global structure of this algebra is in this context inherited from the
SL(2,Z) invariance of the 10d action.

Because of the torsion, the discrete shifts of Bo, Co and Cy above not only imply the
discrete transformations (4.33), but also discrete transformations of the 4d massive gauge
vectors A that must occur simultaneously with them. That is, we find that the discrete
shifts of the scalars are gauged to

Al — AL+ 0\ A% = A2+ 0,07, (4.34)
AS = AD + 0,0 + M'EN A, + M'b' 9,07,
bt — bt kA, b2 = b+ kN2, b2 — b3+ MELIAZ + K23 .

Compatibility with the discrete transformations (4.33) leads to a sublattice I cT,asin
egs. (3.24).

As already discussed, the gauge symmetries of the action (4.28) for non-vanishing k and
k' are then given by the quotient P =T/ L. It is insightful to work out the transformation
of charged fields under such discrete gauge group. For that aim, consider a 4d charged
particle 1 (x) with integer charges ¢; under A, I = 1,2,3. From a 10d perspective this
corresponds to a bound state of gg D3-branes wrapping the torsion 3-cycle above, and
q1 fundamental strings and ¢o D1-branes wrapping the torsion 1-cycle. The 4d covariant
derivative is given by

Dip(w) = [d+iqr Af| (x) (4.35)

with flzl =k ', i=1,2, and fl:f = k=15, In general, under a discrete gauge transforma-
tion (4.34) the field ¢(x) will transform with a holonomy phase and a charge redefinition.
Indeed, acting on (4.35) with (4.34) we obtain the following transformation properties
under the action of P

Ty = (x) — exp [2mik ™ q1] ¥ () (4.36)
Ty : YP(x) — exp [27rik_1q2] U ()
T35 : (x) — exp [27rik'71q;3] P(x)

where U is the charge redefinition

Q1 1L0MY\ (a1
U : @] — |01 0 q2 (4.37)
q3 00 1 q3

The above monodromies can also be derived from a higher dimensional point of view, by
simply performing the discrete shifts (4.33) on the Chern-Simons actions of the correspond-
ing type IIB p-branes, and reading the induced charges before and after the shift. Note
that a particle with charge ¢; is indistinguishable from a particle with charge ¢; + kn’ (or

— 20 —



q3 + k'n? for the case I = 3) for n’ € Z, and therefore represent the same physical state, in
agreement with the underlying discrete symmetry discussed above. Moreover, due to the
non-Abelian structure the basis of charge eigenstates of T, and T are not compatible with
each other, and the two types of charges cannot be simultaneously measured.

4.2.4 A simple example revisited

In order to illustrate the usefulness of the above results let us consider the simple setup
of [28], consisting on a set of N fractional D3-branes at a C3/Z3 singularity on type II
string theory. In the large N limit this setup backreacts to string theory on AdSs x S°/Zs,
dual to a certain supersymmetric SU(N)? gauge theory with bifundamental matter. The
SCFT has a A(27) discrete symmetry, which can be obtained from torsion homology in
the 5d AdS dual, as described in [28]. Alternatively, we can make use of the results of the
previous subsection for torsion p-forms in order to make explicit the non-Abelian discrete
gauge symmetry directly from dimensional reduction of the backreacted setup. Indeed, in
this case the torsion homology of S%/Z3 x S! corresponds to eqs. (4.12) with k = k' = 3
and M = M’ =1 in eq. (4.16). Charged particles in the 4d theory are thus labeled by
three fractional charges %(ql, 42, q3), with g defined mod 3. In particular, the three types
of bifundamental fields described in [28] correspond to states ¥,(z), r = 1,...,3 with
(q1,92,q3) = (r —1,0,1). These are 4d particles which result from wrapping a D3-brane
in the torsion 3-cycle and 0, 1 or 2 fundamental strings in the torsion 1-cycle. From our
previous results, we obtain that the three generators of discrete symmetries act in these
states as

Ty : (¢17¢27w3) — (w17£¢2>£2¢3)
T2 : (1/}1) 1/)27 ¢3) — (1/]27 ¢37 1/11) (438)
T3 : (¢1, ¢27 ¢3) — (§¢1a §¢2> §¢3)

with & = >™/3N in complete agreement with the results of [28].

5 Non-Abelian discrete symmetries from discrete isometries

In Kaluza-Klein compactification, isometries of the compactification manifold produce
gauge symmetries in the lower dimensional theory. This is familiar for continuous isome-
tries, but also holds for discrete isometries, suggesting a natural source for (possibly non-
Abelian) discrete gauge symmetries. Although this mechanism is seemingly different from
the description in terms of gaugings in section 3, in this section we focus on an illustrative
example which nicely fits within this framework.

Prototypical examples of compactification spaces with discrete isometries are twisted
tori. For simplicity we focus on the case of a twisted torus (T3),s (where M denotes the
first Chern class of the S fibration over the base T?). This space and its symmetries can
be neatly displayed by the following coset construction (see e.g. [46, 47]). Consider the set
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Hs(R) of upper triangular matrices

Lo z+4 %
g(z,y,z) = [01 gy , x,¥y,2z€R (5.1)
00 1

which forms a non-compact Heisenberg group under multiplication
/ / / / / / 1 / /

A basis of e.g. right-invariant forms n* = dz, 0¥ = dy, n* = dz — %(yd:z: — zdy) allows
the introduction of a metric ds? = (%)% + (n¥)? 4+ (n*)? with an isometry group defined
by right multiplication, and therefore given by Hs(R) itself. More precisely, we have that
the Killing vectors of this metric are given by the left-invariant vectors of Hz(R), a simple
basis for them being

1 1
X7 =0, — iyaz g(r,y,2) = g <:13 + A, Y, 2 — Qy)\z> (5.3a)
Yy 1 1
X] =0y+ 51:(% g(x,y,2) > gz, y+ Ay, 2+ ix)\y (5.3b)
X = 0: 9(@,y,2) = g(z,y,2 + A) (5.3¢)

where we have also specified the continuous isometries generated upon exponentiation of
such Lie algebra elements.

The twisted torus is obtained as a left coset (T3)y = H3(R)/Hs(M) of the non-
compact space Hs(R) by the infinite discrete subgroup I' = H3(M) with elements of the

form
1 Mn, Mn,
0 1 Mny , Ng,Ny,n; €Z (5.4)
0 0 1

In other words, by imposing the identifications

M M
9(x,y,2) ~ g(m+M7y,z—2y> ~ g<x,y+M,Z+2x> ~ g(z,y,z+ M) (5.5)

As the metric is made of right-invariant forms, (T?);; has a well-defined quotient metric.
On the other hand, some of the isometries of the parent space Hs(M) are broken in
(T3)as. The quotient enjoys a continuous U(1) isometry along the S! fiber, generated by
the invariant Killing vector X7 = X3 = 0,. However, the other two vectors X7 and X7
are not right-invariant, and so the corresponding continuous isometries disappear. Indeed,
one can see that the action of X¥ and X7 is in general different for different points of
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Hs(M) which are identified under (5.5). For instance,

. 1
ML g(a,y,2) = g (ﬂs + Az, Yy 2 — 23/)\:1:) (5.6)

A XT

~

e

M M 1
:g<x7y+M,z+2a:> —>g<x—|—)\x,y—|—M,z+21:—2(y—|—M))\x>

1
~g (x"f'Amvyvz_Qy)‘x"’_M)\x)

and so these two actions are the same only if A\, € Z. A similar statement holds for the
parameter A\, in (5.3b). Hence, one finds that the identifications (5.5) break two of the
continuous isometries of the parent H3(R), preserving only the discrete order-M actions
generated by

o 1 XV 1

el :g(x,y,z) =g <x+1,y,z— 2y> , eL:g(ry,z) =g (:L‘,y+ 1,z + 2x> (5.7)
Just like X7 and X%, these generators do not commute, but rather produce an element of
the U(1) generated by X7, and realize a discrete Heisenberg group P = Hjys = Ha(M =
1)/H3(M). This discrete non-Abelian isometry group produces a discrete non-Abelian
gauge symmetry Hj; in the lower-dimensional theory.'?

The above construction is a particular case of a more general setup (see e.g. [48, 49]).
Given a non-compact group G, the metric constructed with right-invariant forms has G
itself as its isometry group (by right multiplication). In taking the coset G/H by a subgroup
H, some of these isometries may survive (in continuous or discrete versions). In general,
H is not a normal subgroup of G, so G/H is not a group, and cannot be the isometry
group. To identify the correct isometry group, note that a point ¢ in G/H 1is, at the level
of GG, an equivalence class of points of the form go = g1y, with v € H. An isometry R
in G, mapping such ¢g; and g2 to g1 R and ¢goR, is an isometry in G/H if the images are
in the same equivalence class, namely if goR = g1 Ry for some v € H. This requires R
to satisfy R~!yR = 4/, namely conjugation by R should leave H invariant (although not
necessarily pointwise). Those transformations form the so-called normalizer group Ny of
H, and define the maximal subgroup of G such that H is normal in Ny. Since H acts
trivially on G/H, the actual isometry group of G/H is Ny /H.

It is easy to show that in the twisted torus the group Ny, ar)/H3(M) corresponds to
the one identified above, namely Hj;x U(1). The simplicity of the twisted torus allows to
explicitly compute interesting restrictions imposed by the discrete symmetry on couplings
of the lower-dimensional theory, as analyzed in detail in appendix B.

It is natural to ask if, besides the above higher-dimensional description, there is a lower-
dimensional description of the discrete gauge symmetry in terms of gauging of suitable
scalars. Indeed, it is familiar that compactification on a twisted torus can alternatively be
viewed as a compactification on T? with metric fluxes, which can be described in terms

ONote that although the twisted torus geometry has torsion cycles, the discrete gauge symmetry from
discrete isometries is associated to components of the metric, and not to p-forms reduced on torsion classes,
in contrast with the previous section.
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of gauging a Heisenberg algebra [50]. The qualitative structure of the gauging is already
manifest in the twisted torus metric, with g,. ~ y and g,. ~ x, as follows. A gauge
transformation of the KK gauge boson Vi ~ g*, along the circle parametrized by y (i.e.
a translation in y) shifts the vev of the scalar ¢ ~ g¢,., and similarly for the KK gauge
boson along x and the scalar g,.. The integer M arises as the ratio of winding numbers
of the map between full translations in the geometric circles, and the induced shifts in the
scalar manifold. The non-Abelian structure of the isometries of the scalar manifold makes
the resulting discrete gauge symmetry non-Abelian. This qualitative description can be
fleshed out by performing the dimensional reduction explicitly; this is carried out in detail
in the related but more interesting case of magnetized toroidal compactification in the next
section.

6 Magnetized branes and discrete flavour symmetries

In this section we discuss the appearance of non-Abelian discrete symmetries in magne-
tized toroidal compactifications, focusing on magnetized D-brane systems, although similar
conclusions hold for analogous heterotic models and T-dual intersecting brane models (for
review of these constructions, see [51] and references therein). These symmetries are anal-
ogous to those in the twisted torus in the previous section, since dimensional reduction of
the latter on the S' fiber produces a T? compactification with a constant magnetic field
for the KK gauge boson. We start our analysis with the case of magnetized T2, to make
the main ideas manifest, and also to allow contact with the earlier geometric discussion for
twisted tori; subsequently we move on and analyze the more involved system of magne-
tized T® compactifications. For the latter, and via dimensional reduction of the 10d type
I supergravity action, we will make direct contact with the formalism of section 3.

6.1 Non-Abelian discrete symmetries and Yukawa couplings in magnetized T2

As a warm up, let us consider a T? compactification with a U(1) gauge field background
Ay = oM (zdy — ydz), so that Fh =27Mdx Ady (6.1)

Before introducing F» the translations generated by 0, and 9, are clearly symmetries of
the system. When introducing a non-vanishing F», even if constant along T?, they are no
longer so, since Ay depends explicitly on its coordinates x,y

Al(ﬂ?,y + Ay) = Al(l” y) + )\dey Xy e —ﬂMx

Hence, if we want to leave our system unchanged, with every translation we need to perform
a gauge transformation that compensates the change in A;. Acting on a wavefunction of
charge ¢, this means that we need to perform the operations

Yz, y) = ey (z + Ay, y) = PN h(2,y) (6.3)
P(z,y) = e VX, y + Ny = e Evy(z,y)
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instead of plain translations. The above are generated by the operators X, X, defined as
(we also introduce the generator of gauge transformations Xq)

Xy =0y —itMy , Xy,=0,+inMz , Xg=2mi (6.4)

These are the analogues of the left-invariant vectors of the twisted torus. Indeed, they
satisfy the Heisenberg algebra [X,, X,| = M Xq, which exponentiates to the group

€ € €Q
9(ex, €y, €Q) = exp (M:CXm + MyXy + MXQ) (6.5)
€€y 6906;)

/ J—

g(exv€;7€b)g(€za€y7€Q) =g (61 + 62;: €y T+ 6;7 €Q + G,Q + oM oM

Again, the continuous version of this group is not a symmetry of our system. The point is
that since the two-torus is compact, we need to impose well-defined boundary conditions
on our charged particles, namely

Yl +1y) = Nopr,y)  and  Y(zy+1) = EY(a,y) (6.6)

In order to be actual symmetries of the system, the actions of X, X, and X must be
compatible with the above identifications. This is automatic for X, but not for X, and
Xy, since

eiq)xxxxw(x,y_‘_ 1) — eiQXyquxXxw(l»’y) — eiq}WM =1 (67)

which is only true if \,¢M € Z. Similarly, we obtain that A\,¢M € Z and so, for particles of
minimal charge ¢ = 1 the symmetry corresponds only to a set of discrete elements together
with the gauge transformations generated by X, namely

P = {g(ng,ny,€Q) | nw,ny =0,...,.M — 1;e9 € R} = Hy x U(1) (6.8)

Notice that in order to arrive to the above conclusion it was not necessary to know
the precise form of the wavefunctions in a magnetized torus. This is to be expected be-
cause (6.8) is a symmetry group of the background, and not of its fluctuations. Nevertheless
such symmetry group should have a well-defined action on the magnetized torus wavefunc-
tions, which should transform as a particular representation under the discrete group H;.
Indeed, by solving for the ¢ = 1 wavefunctions of a magnetized T? one finds (see, e.g., [32])

. . J
w],M(z’ U) _ ez7erImZ/ImU .9 [ ]\6’ (MZ, MU) (69)

where U stands for the complex structure and z = x 4+ Uy the complex coordinate of the
T2, j € Zmod M is a family index and 9 is the Jacobi theta function
9 [T (v, U) = Zem'(rJrl)QU e2mi(r+)(v+p) (6.10)
p
leZ
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One can now check that the action of the symmetry group (6.8) on this set is given by

)

g(nm’ Ny, EQ) ’l,bj’M(Z, U) _ 627ri(5Q+nxny/2M)627r17 Q,Z)j+ny’M(Z, U) (611)

with n,, n, and €g taken as in (6.8). Notice that acting on the vector of functions
wO,M

U = : (6.12)

¢M—1,M
the action of g preserves the norm ), |4/7|? and corresponds to an element of U(M). In
particular, the discrete parameters n,, n, that generate the group Hj; are mapped to the

t Hooft clock and shift M x M matrices
1 1

~ w ~ 1

P(1,0,0) — T, = P(0,1,0) — T, = (6.13)

with w the M-th root of unity. Hence, via its action on wavefunctions, the discrete gauge
group H)s is embedded into a non-Abelian discrete subgroup of SU(M).

The above system can be equivalently described as gaugings of a T? compactification
(see [50] for a heterotic description, and [52] for a D-brane/F-theory setup). In fact, the
gauging structure is already manifest in (6.1), as follows. A gauge transformation of the
KK gauge boson V" ~ g*/, along the circle parametrized by y (i.e. a translation in y) shifts
the vev of the Wilson line scalar &, ~ A,, and similarly for the KK gauge boson along =z
and the Wilson line scalar along y. The integer M arises as the ratio of winding numbers
of the map between full translations in the geometric circles and the induced shifts in the
Wilson line scalars. The non-Abelian structure is manifest in the above Heisenberg algebra,
which corresponds to the gauging algebra (3.20). In this respect, the appearance of the
discrete Heisenberg group gauge symmetry in the compactified theory fits within the general
perspective in section 3. Note that such picture implies that performing translations along
the coordinates x and y should be equivalent to performing shifts in the corresponding
axion scalars, which for the gauging associated to magnetization are the T? Wilson lines.
Indeed, in the presence of Wilson lines the wavefunction (6.9) generalizes to

4 , g
PM (2 4 €,U) = mMEFOIm (4 /ImU- 4y [ v ] (M(z+ &), MU) (6.14)

with § = —§, + U&;, and so a translation in T? can be traded for a change in the Wilson
line, and viceversa, in agreement with the gauging picture. This qualitative description
can be fleshed out by performing the dimensional reduction of the U(1) theory on a mag-
netized T2, as we analyze in the next section for the more complete case of magnetized T
compactifications.

Before that, we pause to emphasize the effect of these non-Abelian discrete gauge
symmetries at the level of the 4d effective action, in particular as selection rules for charged
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matter Yukawa couplings.'! For simplicity, we consider the case where all charged matter
fields involved have equal range M, and transform under the discrete Heisenberg group with
the clock and shift matrices (6.13). Further possibilities, with different field multiplicities
and transformations, are illustrated by the example in section 6.3. Hence our present case
involves couplings

Aijie DL DUCPEE (6.15)

where 4,5,k =1,..., M are family indices, and a, b, ¢ are Chan-Paton gauge indices. Since
the massless 4d fields ®; have an internal wavefunction (6.9), they also transform with the
matrices (6.13). The constraints imposed by the symmetry are

Aijk = Nit1,j+1k+1 (6.16)
These selection rules were obtained by explicit computation in [31, 32] for magnetized
and intersecting brane models, respectively; they were suspected to arise from a discrete

symmetry in [34] (see also [35]). Our analysis shows that this is not an accidental symmetry
but rather a discrete gauge symmetry present in the model.

6.2 Dimensional reduction and non-Abelian discrete symmetries

Let us now generalize the above simple picture and consider N magnetized D9-branes on
a TS = (T?); x (T?)s x (T?)3 orientifold compactification with O9 and O5-planes (the
conclusions hold for any system leading to the same 4d theory, in particular T-duals with
lower-dimensional intersecting/magnetized branes). The 10d effective action for this setup
can be suitably described in terms of the type I supergravity action

1 1, - 1, -
S = gz [ A0H(-G)V2 [ PR+ 40,00%0) — (IR — (1B - TP

(6.17)
where we have doubled the degrees of freedom of Fj by introducing a dual 7-form field-
strength Fr=—x 1:"3, with

- ~ 1
F3 = dCQ — w3, F7 = d06 - EO.W (6.18)

and w3 and wy respectively the 3- and 7-dimensional Chern-Simons forms
9
ws = Try [A/\dA—SZA/\A/\A (6.19)
4
wr = Try [A/\dA/\dA/\dA— ng/\A/\A/\dA/\dA—

—%A/\A/\AAA/\A/\dA—i—%A/\A/\A/\A/\AAA/\A

HThat Yukawas and other couplings are constrained by discrete gauge symmetries is not only true for
magnetized D-brane models, but holds in general. For instance, one obtains selection rules on the Yukawas
arising from twisted tori compactifications, as shown in appendix B.
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In order to achieve a chiral 4d compactification we magnetize the D9-branes by considering
a background for the Yang-Mills field strength F% of the form

"
ra]InT
Ng a -
> i %”Hng o
Fy = Z o mip dz" A dz (6.20)
r=1 nl “Me

where 2" = da” + U"dy" is the complexified coordinate of (T?),, U " its complex structure
and nl,,m., € Z the D9-brane ‘magnetic numbers’, with N = >"_ nln2n3.

Upon dimensional reduction, and focusing on ‘diagonal’ geometric moduli, the 4d
effective theory contains 7+ 3N complex scalars: 3 complex structure moduli UP, 3 Kahler

moduli 77, 1 axio-dilaton S and 3N complex Wilson lines &4, that can be defined as [53, 54]

" _/ Cotie™®], S=[ Cs+ie®Volg, & =-&& +UP, (6.21)
(T?)p TS
with J the Kihler form of TY, and Volg = J3/3! its volume form. The scalars &5 , and &
are the real Wilson lines along the two 1-cycles of (T?),, with periodicity [0,2/n7,).12
There are in addition 6+ N U(1) gauge bosons in the 4d effective theory: 6 U(1) gauge
bosons coming from the isometries of the TY, that we shall represent by VP and ViIP,
and N U(1) gauge bosons from the Cartan generators of the D9-brane U(N) gauge group,
denoted by Aj in what follows.
The kinetic terms for the 4d scalars can be obtained by dimensionally reducing the
10d action (6.17) on the above background (see also [50]), resulting in'?

2
£4d—(5 DS—;%:CP PDE — &b DE o) +
3 2
2,
+p21 wr—ome VT e [PT T ZC — & DL,
! ‘o D& +UPDer I°|  (6.22
+UP_UPZTP_Tp|_ Sy,a"*" 538,0(‘ ( )

where we have defined the following covariant derivatives

DuS = 0,5 + ) ddAY D,T? = 9,T" - > " db A% (6.23)
mb mb
Dﬂgg,a - allfg,a + nTV;?7p Dﬂfg,oz - aﬂfg,a - nTVi7p

127 different (yet common) convention in the literature for the normalization of the Wilson line scalars
is such that & ,, &%, lay on the interval [0,1/n%).

!3We have taken the magnetization to be actually along the vector representation of SO(2N), so that
sums over « in eq. (6.22) and following expressions do not run over the orientifold brane images.
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Notice that the coefficients of this expression

o_ .1_2_3 1 _ 1.2 3 2 1.2 3 3 _ 1.2, 3

Co, = My NN, Ch = Nomemy, c,, = Mmgnomy,, co = mgmeng, (6.24)
0 __ 1, 2, 3 1 _ 1.2 3 2 1,2 3 3 1,2 3

da - mamama ) da - manana ) da - namana ’ da - nanama

measure the D9-, D5-, D3/D3 and D7/D7-brane charges of our system, induced on the
stack of N D9-branes by the magnetization.

In order to make contact with our general discussion of section 3, let us analyze the
symmetries of the axion-like scalars within (6.22). Due to the shift symmetries of the RR
potentials in 10d, the real scalars ¢° = Re S and ¢” = Re T" behave as axions in the 4d
effective theory with shift symmetries

of = of + P P=0,1,23 (6.25)
and discrete identifications
of ~ o +1 P=0,1,2,3 (6.26)

The same occurs for the Wilson line scalars £/, , and &, ., for whom 4d shift symmetries
descend from 10d YM gauge invariance. Setting momentarily d; = 0, we see that in order
to have a symmetry of the action (6.22) a shift in the Wilson lines should be accompanied
with a shift in the above RR axions. More precisely we have that

1 1

ba 2ot ehe, O 2 d5dacts,  F 2P -Shlach.  (6:27)
1 1

g,y — ég,y + eg,y ’ ¢O — ¢0 - icgfg,aeg,y 9 (bp — ¢p + icggg,aeg,y

leave (6.22) invariant. We thus have the discrete identifications

P~ 2 0 40 pfg,a ~ 065,04
oa,r — a,x+nT7 (25 ~ ¢ + ¢ P ¢p_¢p_ca P (628)
e «a o
P P 2 0 0 P 5701 ogg,a
By=Qytig P=P-ATF P=Prdy
« o o

Switching the coefficients df back on, the action (6.22) can be rewritten in the form
(3.12). In particular, it can be written as a gauged non-Abelian scalar manifold with
action (3.16), right-invariant 1-forms (c.f. eq. (3.17))

1 P P
0 = 0 + 5 (20 AL + A — i) (6.29)
(e
3
0 1 b le% ga
i = 00+ 5 3 |20 = S (Al — e )
« p=1

p
fia _ p Moy ry.p
U augac,a + nTV#
o

p
657@ — P ma x,p
M = Oulya = 5 Va
Na
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tangent space metric

Popgr 0 0 0
'P 0 P¢O¢O 0 0
ab = =
0 0 Pa.e, Pe.a.

0 0 Per er, Per er

1
TP T) 0 0 0
0 o 0 0
S5—5)2
0 ( 0 ) A |ur|? S wr+ur) (630)
(Ur—UP)(TP-T?)  (UP—UP)(TP-T")
0 0 . QA (UP+UP) &
(UP—UP)(TP-T?) (UP—UP)(TP-TP)
and algebra of shift symmetries
[ty t,r] = coter — cBtgo (6.31)

where t,», t,», tgr and f4 denote the generators of shifts of the axion-like scalars & o
& o, ®P and #°, respectively.

From these expressions we observe that the coefficients ¢/ (i.e., the D9- and D5-brane
charges our our model) determine the structure constants of the non-Abelian algebra in
the axionic manifold (¢7, €% 4, &) o). On the other hand the coefficients d, (the D3/D3 and
D7/D7 charges) specify the set of D-brane U(1)’s that become massive and the embedding
of their gauge lattice into the lattice of scalar shifts. Indeed, as one can check from (6.23),
the linear combinations of D9-brane U(1) gauge symmetries

Q" =>"dlQ*, P=01,23 (6.32)

are spontaneously broken to discrete gauge symmetries by eating the RR scalars ¢!, as it
is familiar from the generalized Green-Schwarz mechanism in magnetized D9-brane com-
pactifications. Similarly, the U(1) Kaluza-Klein isometries V" and V""" are spontaneously
broken to discrete isometries by eating Wilson line scalars.

From (6.29) one can check that under the U(1) gauge transformations the above axion-
like scalars shift according to

Q“ XP YP
AY — AS+ 0N | VP = VP 9,02 VIP = VIP 4,00
00 = % —doAt | 8% = 60 =30, doghad? | @0 = 60— 30, dogy N
P — QP+ dOAL | @ = P + 3, dRED AT | B = P + 3, dal] N3
55,& — 55,(1 + %}g)\z fga — f:lt),a — %E")\:S

AY — A%+ £ 00N AS — A+ & 00N

(6.33)
This in turn implies that these gauge generators satisfy the gauge algebra [52]
P
P yr — _ "M Ha
[(XP, Y7 e (6.34)
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No [ (np,my) [ (n2,m2) | (nd, m3) |

N,=3] (1,0) 3,1) | 3,-1)
Ny=1| (0,1) (1,0) | (0,—1)
N.=1| (0,1) | (0,-1) | (1,0)
Ny=1| (1,00 | 3,-1) | (3,1

Table 1. Wrapping and magnetization numbers of the T-dual model to that of [31, 33] with D5
and magnetized D9-branes.

The discrete identifications (6.26) and (6.28) are mapped via the above shifts to the discrete
gauge symmetry group of the theory, which can be embedded in the continuous Lie group
that arises from (6.34). Rather than describing the most general case, in what follows
we illustrate the type of discrete gauge symmetries that one may obtain by analyzing a
semi-realistic example.

6.3 An example: flavour symmetries in a MISSM-like model

We can illustrate the application of the above general ideas by considering the MSSM-like
model of [31-33] and its global realization in terms of an orientifold of T®/(Zy x Z2) [55, 56].
The model consists of two stacks of magnetized D9-branes (stacks a and d), and two stacks
of D5-branes (stacks b and ¢). The wrapping and magnetization numbers are summarized
in table 1.

If brane b is not on top of the orientifold plane, the gauge group is SU(3) x SU(2), x
U(1l)y x U(1)p_r, x Z3.** The two U(1) factors are related to the diagonal U(1) generators
of the three stacks a, ¢ and d as

1 Qa

Qy = E(Qa —3Qc +3Qa) Q-1 = 3 T Qq (6.35)

whereas the remaining orthogonal combination of U(1)’s

Qz; =3Qq — Qq (6.36)

is anomalous and is spontaneously broken to a discrete Z3 gauge symmetry [15].1° Indeed,
observe from table 1 that the the magnetization on the D9-branes induce non-trivial D7/D7
charges

P2=di=3, d=di=-3 (6.37)

so that from eq. (6.29) we observe that 3U(1),—U(1)4 becomes massive by combining with
the linear combination of RR axions ¢? — ¢3.

The chiral spectrum of the model is summarized in table 2, and is exactly that of the
MSSM with three generations of quarks and leptons and one vector-like pair of Higgses. As

14 At other particular points of the moduli space, the continuous part of the gauge group can be enhanced
to the maximal SU(4) x SU(2)r x SU(2)r gauge symmetry of this model. See [31] for details.

5More precisely, the anomalous U(1) is broken to a Zg discrete gauge symmetry, but a Zs C Zg subgroup
actually corresponds to the center of SU(3). Hence, the only non-trivial discrete symmetry is Zg/Zs3 ~ Zs.
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| Sector | Field | SU(3) x SU(2), | Qv | Qs_1 | Qz, |
ab | Qr 3(3,2) 16 [ 1/3 [ 3
ac_ | Ug 3(3,1) -2/3 [ -1/3 | -3
ac* | Dpg 3(3,1) 1/3 ] -1/3 [ -3
b | L 3(1,2) 12 -1 |1
dc Ngr 3(1,1) 0 1 -1
dc* Eg 3(1,1) 1 1 -1
be H, (1,2) 1/2 0 0
be | Hq (1,2) 12 0 0

Table 2. Chiral spectrum, Higgs sector and charges of the model in table 1.

it has been noticed in [15], the Z3 discrete gauge symmetry of this model is equivalent to
baryon triality [18], up to U(1)p_r, and U(1)y transformations. In particular dimension five
proton decay operators QrQrQrL and UrErUrDp vanish to all orders in perturbation
theory and, according to the discussion in section 7, also at the non-perturbative level.l6

Besides this Zs discrete gauge symmetry, there are additional discrete gauge symme-
tries in this model that come from the isometries of T2 x T? x T? and act non-trivially
on the flavour indices of the MSSM fields. Indeed, following our discussion in the previous
subsection, we observe that the four translational symmetries of the second and third 2-
tori are gauged and spontaneously broken down to Zj3 discrete gauge symmetries. Together
with the above flavour-universal discrete symmetry, these symmetries form a non-Abelian
discrete gauge symmetry algebra

_ Qz,
3

(X7 Yz,) = —[X7,.Y7,) = +.. (6.38)

where the dots in the r.h.s. denote possible additional continuous U(1) generators. The
four discrete isometry generators act on the MSSM fields as

2mik

B IR ¢ S o ¢ (6.39)
X2y . Xf N Xf

% (XhXEXD) - (XE XD XD)

%o (X} X3,XY) - (X, X1, XP)

where k = 1,2,3 denotes the three generations of MSSM fields and Xr and X denote
collectively the right-handed and the left-handed MSSM fields, respectively. The resulting
finite discrete symmetry group can be thought as two copies of A(27) acting respectively
on the left or the right-handed MSSM fields and sharing a common flavour-universal center
that contains Qz,.

Baryon or lepton violating operators with dimension less than five are forbidden in this model because
of the continuous U(1)p_1 gauge symmetry.
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The most interesting implications of flavour symmetries are the constraints they impose
on the flavour structure of the couplings and, more particularly, on Yukawa couplings. In
order to describe the structure of Yukawa couplings imposed by the non-Abelian discrete
symmetry in this particular model, let us write them schematically as

3

> Vi XiXLH (6.40)

ij=1
where Y;; are holomorphic functions of the complex structure and the complex Wilson line
scalars. In general, under a discrete gauge transformation the MSSM fields transform as
in (6.39), so that Yj; will also transform accordingly such that the sum (6.40) remains
invariant under discrete symmetry transformations. This, together with the fact that Yj;
are holomorphic functions, leads to a set of constraints on the structure of the couplings.
For the particular case at hand, we find that

Yu Yo Ya o Ya Yo _Ya  Ya_Ye Ya o
Yor Yoy o Yas' Y31 Yz o Yag' Yinu Yo Y3 '
Yo _Ya _Ya Yo Ve Ye Y _Ya Yg
Yio Y Yi' Yiz Yoz Yi3' Yii Yo Ya

The details on the derivation of these relations can be found in appendix C. These relations
imply that Yukawa couplings in this model have the structure

a161 albg a1b3
(Yij) = | a2b1 azbs azb; (6.42)
asby azby asbs

with a; and b;, ¢ = 1,2, 3, holomorphic functions of the moduli. Intuitively, the fields Xi
and X }% in (6.40) are triplets under two different non-Abelian factors (albeit with a common
center) associated to two different internal T?’s; their transformations must cancel against
those of Y;;, which must be made up of two objects a; and b;, transforming as conjugate
triplets under the two factors.

The above result is in agreement with what was found in [31, 32] from a direct compu-
tation and in particular implies that the Yukawa matrices of this model have rank one. As
we have already mentioned, discrete gauge symmetries are exact symmetries of the theory
so this rank one structure will be preserved in the complete non-perturbative formulation
of the model. In particular, for this model the rank one texture should survive through
the instanton effects mentioned in [57]. Indeed, as we discuss in detail later on, and in
analogy with the Abelian case, non-perturbative effects will in general induce couplings
that violate the underlying continuous symmetries, but are invariant under the discrete
gauge symmetry. This results in a very much constrained flavor structure also for those
non-perturbative couplings.

6.4 Kaihler potential and holomorphic variables

In the previous subsection we have made use of the holomorphic dependence of superpo-
tential Yukawa couplings on the complex structure and complexified Wilson lines in order
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to obtain the selection rules that the discrete gauge symmetry imposes on them. As we
will see in the next section, holomorphicity of the superpotential is also a key ingredient
in deriving analogous rules for non-perturbatively induced superpotential couplings. Note
however that, while the complex structure and Wilson lines transform holomorphically
under the transformations (6.33), the complex axio-dilaton and Ké&hler scalars defined in
eq. (6.21) in general transform non-holomorphically. Thus, the latter are not the right
variables in terms of which the superpotential and gauge kinetic functions are holomorphic
quantities.

A simple method to obtain the suitable variables consists on expressing the 4d effective
action (6.22) in terms of the second derivatives of a Kahler potential

Lig=—) KzOM'OM (6.43)

Indeed, after some algebra we find that the following Kéhler potential

p_ P
7P D _ Ay (g —&a )
log(UP — U )—l—log( -7 3 2 T

3

==

p=1

—log [ S - S+ ZZ aUp )2 (6.44)

Oép_

correctly reproduces eq. (6.22),!” where the redefined fields S and TP are given by!8

g S_*ZZ 50{111150{7 Tp:Tp_'_;ZCOM (6.45)

* Im UP
« p_

In particular, the discrete identifications (6.26) and (6.28) in terms of these variables now
correspond to the holomorphic identifications (see also [59])

S~85+1 (6.46)
TP ~ TP +1
2
P~ P R
& otz
20° G Ur o UP
& ~&+—5 S:S—§<2§g+p> TP~TP+ <2§p+ p>

"In fact, the above Kihler potential leads to an extra term in the kinetic term of the complex Wilson
line scalars that is not present in eq. (6.22)

1 o c?
Kexer :*ULUPZ<TLTP B sf§>

This terms perfectly agrees with the CEFT result obtained in [58]. From this point of view, this extra term
comes from the Tr(|F»|*) term that we have neglected in eq. (6.17).
18GSimilarly, matter fields are also redefined by the Wilson line scalars. This redefinition can be seen for

instance from the perturbative Yukawa couplings [59]. The latter carry an exponential prefactor which
depends non-holomorphically on the Wilson line scalars, and that it is absorbed into a redefinition of the
bifundamental fields.
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We will make use of these holomorphic variables when discussing instanton effects in the
next section.

7 Instantons

As we have seen in the previous section, the presence of non-Abelian discrete gauge symme-
tries in D-brane and other string theory models directly constrain the structure of Yukawa
couplings at the perturbative level. A natural question is then if such discrete symmetries
also affect those couplings that are generated at the non-perturbative level, in particular
by instanton effects in 4d chiral compactifications. The purpose of this section is to show
that this is indeed the case, and that most of the intuition that holds for instanton effects
in compactifications with discrete Abelian symmetries generalizes to the non-Abelian case.

In order to do so, let us recall the structure of instanton induced couplings in 4d chiral
D-brane models, which is typically of the form (c.f. (2.6))

D1 Py... Dy Ae Sinse (7.1)

where

Sinst. = 277(95_1‘/ + Z¢) (72)

is the complexification of the D-instanton volume and ®; are 4d chiral open string modes.
Finally, the prefactor A is a non-trivial function of the open and closed string moduli of the
compactification, excluding those closed string moduli that enter into D-instanton actions
Sinst.- The open string operator ®1®s ... Py is non-trivially charged under a U(1) gauge
symmetry arising from a bulk D-brane, symmetry that becomes massive by eating the
axionic closed string modulus ¢. Both this term and exp(—Sipst.) are not invariant under
such U(1) gauge transformations and the corresponding shift in ¢, but their product is, so
that (7.1) is an allowed operator. In case that the massive U(1) symmetry is not totally
broken but a Zj subgroup remains, then exp(—Sipst.) is invariant under the action of such
Z;. subgroup, and so must be ®; ... Py, so that not all operators can be generated in the
effective theory [15].

Let us now turn to the non-Abelian case. As we have seen in section 6 when considering
discrete symmetries in D-brane models we may not only focus on axions ¢ arising from
the closed string sector, but also on open string axions &,. Hence, in order to check the
transformation properties of each of the factors in (7.1) under non-Abelian transformations
we need to consider the prefactor A and its dependence on those open string axions that
enter into the definition of the non-Abelian symmetry.

The prefactor A is oftentimes difficult to obtain, but it can be explicitly computed in
examples like toroidal compactifications with magnetized and/or intersecting D-branes.'?
For instance, let us consider two magnetized D9-branes on an orientifold of T® = (T?); x
(T?)2 x (T?)3 with magnetic numbers (n, m”) and (n},m}) as in (6.20), and an Euclidean
D1-brane wrapping (TQ)p’s. If this E1-brane has the appropriate zero mode structure and

9This also applies to elliptically fibered Calabi-Yau compactifications where the interaction between open
string chiral fields is localized at the elliptic fiber [60].
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assuming that d, = —d; = N, a superpotential coupling like (7.1) will be generated for
the open string fields ®¢° that transforms in the bifundamental of U(1),xU(1),. More
precisely we will have something of the form

eIt N "D, By AL, AL (7.3)
(63

where each of the factors A,, arises from a three-point function of open string chiral fields,
namely two fermionic zero modes of the El-brane and a 4d chiral multiplet @gﬁ?. Since T
is factorized, such three-point functions are given by the product of three functions of the
form

As

ijk

_ inMEmE/ImU g [58’“] (M&, MU) (7:4)

one for each factor (T?), r = 1,2,3, where for simplicity we have omitted the label 7 of
the T2 in all these quantities. Here U = U is the complex structure modulus of such T?
and ¢ is a linear combination of complex open string moduli in (T?),. Namely,

Mf = (Ibcéa + Ica&b)/d M = abIbcIca/d2 (75)

with &, = £, defined as in (6.21) and I, = I}, = n{m; — nym], the number of zero modes
that arise in the sector ab from (T?),. Similarly, one can define I, = I7, and I, = I}, as
the zero modes of the El-brane charged under U(1), and U(1), respectively, arising from
(T?),. Finally, d = g.c.d.(Iup, Ipe, Ica) and we have that

{ J k
5ijk - f,b + Tca + Tbc (76)
where i, j, k label the chiral zero modes at each D-brane sector. In particular, the index ¢
labels 4d chiral fields ®,, in (7.3) and j, k the charged zero modes of the El-instanton that
couple to them.

It is easy to see that (7.4) is not a holomorphic function of the open string mod-
uli &, of the compactification. However, one may absorb the non-holomorphic prefactor
exp(imMEImE/ImU) into the definition of the instanton classical action Sing. and the
chiral fields ®,. Indeed, as first pointed out in [59], the whole expression (7.3) can be

rewritten as

¢S N by by Ay Aay (7.7)

where S”inst, is a linear function of the holomorphic variables S , 77 defined in (6.45), <i>a are
the redefined 4d chiral fields of [59] and the prefactors A, are now holomorphic functions
of the moduli. In the example at hand we have that Sint, = Tp, and that (7.4) gets
replaced by

Asigp =0 léiojk] (ME,MU) (7.8)

One can now check how the non-perturbative coupling transforms under the discrete
gauge symmetry, and in particular under discrete Wilson line shifts. On the one hand we
have

S LI

i o As,y, €20 (7.9)
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If Iy = Iye = I.q = d then (7.9) corresponds to the third identification in (6.46), under
which the other holomorphic variables do not transform. In particular S”inst, remains invari-
ant and since the product of A’s saturates all possible values j, k for the charged instanton
zero modes we obtain the transformation

_a _& 2mi Y,
e SmsLAal . 'AOéN — e Slnst.Aal L. AaNe ZZ Tap (710)

which means this term is invariant only if the flavor indices «; add up to a multiple of I,
or in other words if

Zai = 0 mod I (7.11)

in analogy with the selection rules for perturbative Yukawa couplings.
On the other hand we have the shift

U —T1 — 27
£ = E+yg Ase = Aserajpre TUM T2 (7.12)

that can be partially compensated by a simultaneous shift of the form
Sinst. — S'inst, + 25 +U (713)

as follows from the last identification in (6.46). Hence the product in the right hand
side of (7.10) remains invariant under (7.12) except for a shift in the zero mode indices
(i,4,k) — (i +i0,J + jo, k + ko) such that

iolvelea + JolapToe + kolealuy = d* (7.14)

which is always possible. Notice that Aj,;, only depends on the value of the Lh.s. of (7.14),
so given a prefactor Aq, in (7.7) there is a unique image A, under the shift (7.14). We
then we have that the second transformation acts as

e—gixlst.Aal . 'AQN N e_ginst.Aall . AO&IN (715)

and as a permutation of the chiral fields ®,, and instanton zero modes. Hence, if the
operator (7.7) is not invariant under this shift, the whole instanton amplitude should be a
sum of operators of this form invariant under (7.15).

An example. Let us consider an example used in section 5 of [31], namely the case where
there is only one T? and I, = Iy = I.q = 3. There we have that

A5111 =19 8] (3§>3U) = A6222 = A5333 =A (7'16)

[ 1/3
A5132 =19 é ] (3£a3U) = A5213 = "45321 =B

[ —1/3
A5123 =7 ()/ ] (35’ 3U) = “45231 = "45312 =C
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all the other couplings vanishing. This induces a coupling of the form
¢~ Sinst. [AB(J (é? + O3 + ég) + (A% + B® + C%) D, D903 (7.17)

which is indeed invariant under the discrete shifts (7.9) and (7.12), acting as

& — §+% A= A, B— &mBB, C— e ¢ (7.18)
§_>§+% A—-B—=C—A

Notice however that none of the terms of (7.17) is invariant individually. Interestingly, for
¢ =0 we have that A =0 and B = —C, so (7.17) vanishes identically at that point.

8 Conclusions

In this paper we have analyzed the realization of non-Abelian discrete gauge symmetries
in field theory and 4d string compactifications, and provided a fairly general ‘macroscopic’
formulation based on the interplay between gauged non-Abelian isometries of the scalar
manifold and non-trivial field identifications. We have studied several mechanisms to gen-
erate non-Abelian discrete gauge symmetries, and shown that they indeed fall into this
formulation.

In particular we have extended the realization in [14, 28] of discrete gauge symmetries
from NSNS and RR p-form fields in compactifications with torsion homology. We have also
touched upon the discrete symmetries arising from discrete isometries of the compactifica-
tion manifold, exemplified by twisted tori compactifications. The realization of the latter
as a toroidal compactification with geometric fluxes suggests the extension to the study
of discrete symmetries in other fluxed compactifications, which we leave for future work.
It would be interesting to generalize this analysis to other geometries, in particular CY
spaces with (Abelian or non-Abelian) discrete isometries.

Finally we have described non-Abelian discrete gauge symmetries in systems of magne-
tized gauge fields in toroidal compactifications (or quotients thereof). Although we focused
on magnetized D-brane models, the results apply to analogous heterotic or T-dual intersect-
ing brane models. We have derived the symmetry microscopically (from analysis of charged
matter wavefunctions, and from dimensional reduction) and also shown its relation with
the macroscopic gauging formulation. The discrete groups typically have a Heisenberg-like
structure, with generators associated to discrete isometries of the torus geometry, commut-
ing to discrete symmetries generated by the D-brane U(1)’s (broken to discrete subgroups
as in [15]). We have shown that these symmetries imply powerful selection rules on the
Yukawa couplings of charge matter fields, including those observed in [31, 32] (and their
interpretation in [34, 35]), and the rank-one structure in certain MSSM-like models [31],
which are thus exact even at the non-perturbative level. It would be interesting to apply
our insights to discrete symmetries in other semi-realistic constructions, e.g. to comple-
ment the recent discussions of discrete symmetries in heterotic orbifolds (see [61, 62] and
references therein).
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As a final remark, note that our analysis is independent of the supersymmetry of the
models. It would be interesting to particularize onto supersymmetric compactifications,
and understand possible special properties of R-symmetries. We hope to come back to
these and other appealing properties of discrete gauge symmetries in the future.
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A Non-Abelian discrete symmetries from torsion forms: general case

We have explored in subsection 4.2 the structure of non-Abelian discrete gauge symme-
tries from the perspective of dimensional reduction, for the simplest case with torsion
groups (4.12). In this appendix we perform dimensional reduction of the type IIB action
for the more general case with arbitrary torsion homology groups (4.11). Thus, we intro-
duce a set of non-harmonic eigenforms associated to the generators of the torsion homology
groups with

Ay = k305, dpap = k®5Cs.0 (A1)
daf§ = K503y, dwy,p = K pB3.0

and

/ M AGs= / p3 N Pap = / ag A PBsp = / wyp A@f = 0 (A.2)
X6 X6 X6 X6

In these expressions k~! and &'~! are the linking matrices between dual p- and (5—p)-cycles,
with p = 1, 3 respectively.
We recast the torsion cycle intersection pattern in terms of these dual forms as

VAR =0,  psA =AP 0], p§ AP =K, a] (A.3)
where consistency with the exterior derivative requires
6 o 8
Aa[’Bv Kl =0, ks K 57 - k/ﬁvA “p (A.4)

We proceed now to perform dimensional reduction of the type IIB supergravity ac-
tion eq. (4.18), taking into account these relations. Following the same reasoning than in
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subsection 4.2, we expand the NSNS and RR 2-forms and the RR 4-form as

By =bips + Al o A i=1,2
Cy= b0 + Aia Aag + Vf”a A B3a+ 5 Awa o

The corresponding 10d field-strengths read

dBézng/\pg‘—i—dAiLa/\’yf‘, i=1,2
F5:ng/\cDZ—Fia/\ag—i—ﬁg”a/\ﬁg,a—i—dcg/\wga

where now

nt = dbl — kﬂaAﬁvﬁ, n = db? — k;’ﬁaAi — K.b2n,

and
k’aﬂFia = dng — %Kpo‘gnfl A nf;, Fg”a = dVl?”a + k’agcg

Substituting into eq. (4.18) and making use of the relations (A.4) we get

S =1 [ do (02 (~MoNPdAL - da] y - MT o

(A.6)

(A7)

(A.8)

(A.10)

4
RoB . Sap = ~ g
—TFg,a'F23,6+QaﬁFg,a‘FQ?)’ﬂ‘i'%ﬁFg’a‘F;ﬂ aﬁda defj -
(G 1)~ =3,
— S ) — e ANde — AR, (A9)
where
N‘”‘ﬂz/ VA6 s T“ﬁz/ P3N *6py
X6 Xe
Q% = / ag A *eB33, RB = / ag A *Gag,
Xﬁ X6
Sap = B3, N *6/3.3 Gop = / w2.a N\ *6W2 8,
X6 X6
and

Raﬁsﬁv + Qaﬁgﬁv = =05, Saﬁgﬁv - QﬁaSﬁw =0

The self-duality condition of the RR 5-form field-strength, F5 = *19F5, implies
Fj = —F3 500 (ST — sy P p(S7HP, dey = (G717 xy )

so we finally obtain

S4d—/d4 (=) (=M Tl oy = (G -

(A.11)

(A.12)

~MyNPFj - FQ{B +(SH*PF}, - Fgﬁ) + QY (STHPFS A Fgﬁ} (A.13)
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The gauge symmetries of this effective action are

Alo = Aa+dry,  Aby— AT +dN (A.14)
A}, = AF AN+ AP KT 5(AT pA2 + bEdND)
by = by +h%Aa,  bE D BE RN, by = by KPR s ALbs + K]

These correspond to a set of non-commuting discrete Zré gauge symmetries, where ré is
the lower integer for which (k:_l)aﬁré (or (k’_l)aﬂrg in the case of I = 3) is an integer.

We can also work out the transformation of charged fields under these discrete gauge
transformations. For that aim, we consider a 4d charged particle ¥ (x) with integer charges
qf. The 4d covariant derivative is given by

Dip(w) = |d+igf A] o] ¥(a) (A.15)

with fli’a = (k_l)aﬂné, i=1,2and Ai{’a = (k’_l)aﬁng. Acting on (A.15) with (A.14) we
obtain the following transformation properties under the discrete gauge symmetry genera-
tors

T} : Y(x) = exp {2%1’(1{:_1)57q‘1§] () (A.16)
T3+ (o) = exp [2rilk )y ad| Un(a)
T+ (@) = exp [2mitk)6d] ()

where U is the charge redefinition

q 0§ 0 A%\ (¢
U: |g| — |06 0 @ (A.17)
¢ 00 05 ) \gs

B KK modes and Yukawas in twisted tori

We have seen in section 5 that non-Abelian discrete isometries of the twisted torus (T2)y, =
Hs(R)/Hs(M) lead to non-Abelian discrete gauge symmetries in the compactified effective
theory. Thus, and in analogy to what occurs for Yukawa couplings in magnetized branes,
we expect the presence of powerful selection rules in this setup for the couplings of KK
modes. In this appendix we work out such selection rules for the three-point couplings,
this time exploiting the underlying group structure of the twisted torus.

In more general terms, for a compactification on a group manifold G/T", where G is a Lie
group and I' C G a cocompact lattice, we expect 4d KK particles to arrange in irreducible
unitary representations of the discrete isometry group P of G/I'. Such representations
can be explicitly worked out from the irreducible representations of G that are invariant
under I". In physical terms, the components of these (generically infinite dimensional)
representations correspond to wavefunctions of the particles in the 4d theory. The Clebsch-
Gordan decomposition of the tensor product of two representations (namely, the operator
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product expansion, OPE) then allows the computation of superpotential couplings in the
4d effective theory, relating overlaps of n wavefunctions to overlaps of two wavefunctions.
Since the '-invariant irreducible representations of GG are also arranged in finite dimensional
irreducible representations of the discrete symmetry group P, the OPE must satisfy the
set of selection rules associated to the discrete charge conservation.

In what follows we illustrate this procedure with the twisted torus compactification of
section 5, for which G = H3(R) is the Heisenberg group.

B.1 KK wavefunctions in twisted tori

The irreducible unitary representations of the Heisenberg group can be worked out starting
from eq. (3.19), for instance by means of Kirillov’s orbit method (see e.g. appendix D
of [63] for details). In general, irreducible representations 7(g) of non-Abelian groups are
not simple functions, but rather operators acting on a Hilbert space of functions u(5) €
L?(RP(™) with p(m) € N. For the case of the 3-dimensional Heisenberg group the complete
set of irreducible unitary representations is given by

—,

Ti(P)u(s) = exp [2m'k <¢3 + %qﬁl(f + ¢25>] u(s + Me1),  u(s)e LAR) (B.1)

Thy ko (@) = €Xp [2m’ (k‘lgbl + k2¢2)]

I-invariant irreducible representations can be constructed by taking sums over the lattice I'

B(g) =Y _w(vg)u(s) (B.2)

yerl’

For the particular case of the Heisenberg group the complete procedure was carried out
in [63]. Taking complex coordinates, z = ¢! + U ¢?, and imposing B(g) to be eigenstates
of the Laplacian (namely, of the quadratic Casimir invariant of H3(R)), we obtain

B, 5(z,¢%) = UE (2) exp (2mike?) (B.3)

Bui(z) = exp [2m' IITH((I{UZ))]

where k = —ky + Uk, with k12 € N. We have defined

\Ilﬁxé(z) =
1 ) Im(z) , ) Im(z)
(27| N|) ;wn |:\/27T|N| <N + 5+ Im(U)ﬂ exp [ZMNRe(z) <N + 5+ Im(U))}
(B.4)
with n € N, § € Zy and 9, (x) the Hermite functions given by
(@) = e H, (a)e 2 (B.5)

Vnl2ngl/2

where H,(x) are the standard Hermite polynomials.
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B.2 Yukawa couplings for KK modes

We are particularly interested in 4d particles with wavefunctions of the type (B.3) as those
carry a non-zero KK momentum along the fiber of the twisted torus and therefore see
the non-Abelian nature of the gauging. In the language of magnetized D-branes these
correspond to particles with non-trivial charge k under the gauge symmetry of the D-
brane. In such magnetized brane language, n denotes the Landau level and § runs over the
degeneracy of the corresponding Landau level (namely, it is a flavour index).

For any given set of states (B.3) with fixed k£ and ¢ (namely, for any given I'-invariant
representation of G with non-vanishing central charge) the ground state n = 0 (i.e., the
highest weight of the representation) can be expressed in terms of Jacobi theta functions as

)

kM I
3%75(2’91)3) = (277”‘3]\/—[’)i v [ké\f} (kMz; kMU ) exp i7Tk:MZ m(z)

Im(U)

+ 2mik¢®|  (B.6)

One may easily check that (B.6) transforms under the generators of the gauge lattice I as

1 ) @?
o' = ot + o, o' =o' =, Bios =« Bios  (B7)
2 2 1 3 3 ¢l BM BM
"= ¢ +a ¢° = t5 k0,6 — Biost+k
1
¢3 — ¢3 + M y B]%’(s — kal%,(S

with w = exp(27i/M). As we saw in section 5, these are the generators of the discrete gauge
symmetry P = T'/T” for the level k. For instance, for k = 1 we have P = (Zy; X Zps) ¥ Zyy,
and in the particular case of M = 3, P = A(27) as we have seen in different contexts in
the main part of the text.

Let us now focus on the OPE of irreducible representations. For for zero-th Landau
levels (B.6) the OPE can be easily worked out from the following relation between theta
functions [32]

02

O1 02
) [1\61] (lel; NlU)’ﬁ ]\62] (NQZQ; NQU) =

01+ 09 + Nim
- | (N Nyzo: (N7 + No)U)-
Z 79[ N, + Ny ]( 121 + Nazo; (N1 + No)U)

mEZN1+N2
9 |:N251 — Nidg + N1 Nom
NiNa(N1+ Na)

:| (NlNQ(Zl — 22); NlNQ(Nl + NQ)U) (BS)

which leads to,

N- N-
‘110,51(21)‘1/0,32(22)
Y Niz1 + Naza | NiNa(N+Ne) a-2) o
— 0,01+02+N1m Nl +N2 0,N261—N162+ N1 Nom N1 +N2 .
mGZN1+N2
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Setting z1 = 20 = 2z, M} = My = M and multiplying in both sides of this equation by
e2mik+9)9* we obtain

kj(k+j)M>
Bl]c%, g1 (2, ¢3) B%: 62 (2, ¢3) = Z Bl]v\ij, 0, 51+52+kmM(zv ¢3) ‘1’071(\/1(]%)1—1@52%ij)(0)

MEZN (k)

(B.10)
This OPE can be used to compute superpotential couplings which only involve 4d KK
modes with zero-th Landau level. For instance, we see from the above expansion that, up

to an overall normalization factor, 3-particle couplings are given by

kjhM3
Yik,0,60)(7,0,62) (1.063) = Yo" M 65 i) (0) (B.11)
together with the selection rules,
03 — 1 — &
h=k+7, %ezw (B.12)

Let us now generalize eq. (B.10) to KK particles with higher Landau level. The key obser-
vation is that higher Landau levels can be obtained by acting with the creation operators
on the lowest Landau level (namely, by acting with the lowering operator on the highest
weight of the corresponding irreducible representation). The Heisenberg algebra has only
one creation operator. This is given by

al = 252 — 7Nz (B.13)
Indeed, from eq. (B.3) one may check that

al U5 = in/Ar[N|(n + 1) TN, 5 (B.14)

n7
Acting with this operator an arbitrary number of times on both sides of eq. (B.9) and
performing some algebra, we obtain

p
N N (=1)mtp S / — 0 ArpHl—
\Ijn,gl (zl)qlpj?(m) - \/(N1 + No)ntptl Z Z Z(_l)s N1n+s Ng E

mEZN, +N, {=0 s=0

n\(p\[(n+p—~C—s)\ ({+s
l S n—~{ l
NN Niz1 + Nazp VN2 (N1+Ne) 21 — 22 (B.15)
n+p—~£—s,61+02+N1m Nl + N2 l+s, Nod1—N162+N1 Nom N1 + N2 .

Setting z1 = z9 = 2z, M1 = Ms = M and multiplying in both sides of the equation by
62”i(k+j)¢’3), as we did before, we obtain the OPE for the complete set of KK modes of the
4d theory

1
2

Bl]f\f[n,(ﬁ (Z, ¢3) Bj,]\4p,52 (Zv ¢3)

_1 n—+p n p |
\/(kij)’zﬂjﬂM Z ZZ(—US\/W.

meZhI(k+j) /=0 s=0

(=) ()

M 3y ki M3 (k+j)
’ Bk‘+]7 n+p*£78,51+52+k‘mM(z? ¢ ) \Ilei& M(j(gl*k‘52+kij) (0) (Blﬁ)
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From this expression we easily read the 3-particle couplings for arbitrary KK modes in the
4d theory. Up to combinatorial and overall numeric factors, these are given by

kjhM?3

Y(k7n761)(jap762)(haq763) ~ \Ijn—i—p—q,M(j(Sg—h(Sg)(O) (B17)
together with the selection rules (B.12) and
qe{0,1,...,n+p} (B.18)

C Details on the derivation of (6.41)

In order to obtain the set of constraints that the discrete symmetry imposes on the holo-
morphic Yukawa couplings Yj; it is important to recall that if f(¢) is a holomorphic function
of £ with domain on C and is invariant under some discrete lattice I" then f(&) is actually
independent of £&. Knowing how Y;; transform under the isometry generators, we can then
build holomorphic invariants of {X7_, Y7 } and/or {X}_,Y7 } that are independent of the
corresponding complex Wilson line scalars and that satisfy particular relations.

Let us first illustrate the procedure on a similar model with only two generations of
fields transforming as

Xz, 1 Xp—e ™XR Y7+ (XhXE) = (X3, XE) (C.1)
Xz, + X[ —e™X] Vi o (XEXP) = (X3,X})

with £ = 1,2. Yukawa couplings are of the form
Y11 Y
y= " (C.2)
Yo1 Yoo
Taking into account the above transformations of the fields, we observe that the following

function

=— - = (C.3)

is invariant under X%3 and (YZ33)2, so that a is independent of the complex Wilson line
scalar £3. Moreover, under YZ33 it transforms as

A——-A (C4)

but since acting with YZ?’3 is equivalent to performing a shift in &3, this means that a has
to be identically zero. We have therefore shown that

Yiun Yo

I C.5
Yor Yoo (C.5)

For the three generation model of section 6.3 the proof follows the same logic. For
instance, let us consider the following functions

i Yie Yo o, Y Ye Y o Yu Ve Y oo
Yo Yoy Yoy’ Yo1 Yoo Yoz’ Yor Yoo o Yoz '
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invariant under X%g and (YZ33)3 and therefore independent of the complex Wilson line
scalar €2, Under YZ33 they transform as

A—-B—-C—A (C.7)

and therefore we must have A = B = C, from which the first relation in (6.41) follows.
The other relations in (6.41) are proven similarly.
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