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Abstract

Small-World networks are networks with high local
clustering and small distance between the nodes. In order
to study the properties of this kind of networks, Watts
and Strogatz developed a method based on varying the
probability of rewiring each edge on a regular graph.
As initial substrate for the regular graph, some specific
topologies are usually selected, as for example, ring-lattice
or grids. These regular graphs are not suitable for mod-
eling of certain hierarchical topologies as for example,
holonic systems and Internet. We present a new regular
substrate, that models more accurately topologies with
certain hierarchical properties. We also investigate the
dynamics of the diffusion of information packages over the
network for different types of network substrates.

Key words: Small-world networks, networks model-
ing, hierarchical networks, Internet, biconnectivity.

1 Introduction

In the last few years, the growth of communication net-
works, multi-agent systems [2], holonic systems [3] and ar-
chitectures [1], complex systems and specially the Internet
have generated many studies focused on network topolo-
gies. In this framework, graphs represent the most adequate
abstract representation of the network, where each node rep-
resents an agent and each edge represents a connection be-
tween two agents. There are many investigations that deal
with graphs that model communication networks [10, 11].
In a previous work [9], the use of transit-stub networks is
proposed as an improvement to model real networks, be-
cause they capture the most relevant topological character-
istics (diameter, average degree, average path length, con-
nectivity and biconnectivity). In [17] the use of scale-free
networks is proposed since it models more accurately some
real-life networks such as cell populations, social networks
and Internet. A common aspect in all these studies is the

limited set of graphs subjected to study, that is, star, ring,
grid, regular, and random networks. Many interesting prop-
erties arise when the network topology itself is an intrinsic
parameter that can vary with a given set of rules. This set
of rules determines a dynamics over the set of edges in the
graph.

In [6] a method to study the dynamic behavior of net-
works when the network is shifted from a regular, ordered
network to a random one is proposed . The method is based
on the random rewiring with a fixed probability p for each
edge in the graph. When p is 0 we obtain the original regu-
lar graph, and when p is 1 we obtain a random graph. It was
found that there is a range of values of p where there are
short paths but the graph is highly clusterized. The topolo-
gies in this range are known as Small-World (SW) topolo-
gies. SW topologies present some very interesting features
that make them very suitable for efficient transmission of
commodities [13, 6]. And in fact they appear naturally in
many real life networks.

As initial substrate for the generation of SW, the use of
a ring-lattice or a grid is usually proposed [7, 13]. They are
used because these graphs are connected, present a good
transition from regular to random, and there is no spe-
cial nodes on them. Multi-agent networks can be analyzed
within the frame of Small-World topologies, yet the family
of graphs generated by Watts and Strogatz method presents
a very significant difference with many real multi-agent net-
works. In [9], the graphs generated present a high number
of biconnected components [14], intuitively a biconnected
component is a subnetwork connected by a set of outputs
to the network. Furthermore, the number of biconnected
components in the graph grows with the number of nodes
in the graph. On the other hand, the substrate selected in [6]
presents a single biconnected component, independently of
the number of nodes in the graph. In many multi-agent net-
workts there are special nodes that connect backbones with
subnetworks, and as discussed in [9], communication net-
works continue to grow in size and importance. For all these
reasons realistic models of network topologies will be criti-
cal for the meaningful assessment of all kinds of algorithms



and policies.

In this communication we present a theorem of exis-
tence, and a method to build regular graphs with a high
number of biconnected components. We provide an analytic
expression for the number of biconnected components. We
also present by means of computer simulations the dynami-
cal behavior of the agent state information broadcasting on
a set of agents ranging from regular to random graphs with
multiple biconnected components. These agent state broad-
cast of information is used, for example, in any link-state
routing protocol as could be OSPF or IS-IS routing proto-
cols [8].

2 Biconnected Small-Worlds

This section describes an algorithm to generate a SW
graph with a high number of biconnected components in
contrast to lattices. In the literature about Small-World, the
ring-lattice is used as the initial graph substrate due to the
following advantages: ring substrates are connected, have a
good transition from “large” to ”small”, and have no special
nodes. The ring-lattice substrate has some characteristics
that makes it unsuitable for modeling some specific types
of networks such as hierarquical multi-agent networks or
Internet. These networks have special nodes, the ones that
connect stubs with backbones, and seem to present a num-
ber of biconnected components higher than one [9]. On the
other hand, as it can be seen in figure 4, the number of con-
nected bicomponents in the ring lattice substrates is very
close to 1 when p ranges from 0 to 1.

For a given graph G we use n as |G| i.e., the number of
nodes in the graph, and k; as the number of neighbors the
node i has. We denote k as > ., k;/n i. e. the average
number of neighbors each node has.

As the initial substrate for our Small-World model of
the hierarquical networks, we have developed a construc-
tive method to build a finite regular graph with multiple bi-
connected components that we name stub-domain regular
graphs. It is not clear a priori that such graphs exist and,
if they exist, it needs to be proven that they can be built
algorithmically for given values of n and k.

Here we present a theorem that establishes the existence
of regular finite graphs with several biconnected compo-
nents. The theorem is constructive i.e. it proves the ex-
istence by building such graphs. The algorithm is based
on building a regular ring-lattice and then attach an almost-
regular stub to each node in the central ring. This algorithm
produces a k-regular graph with n nodes and a number of
biconnected components higher than one. We show that, in
this graph, for fixed & the number of biconnected compo-
nents grows linearly with n.

Theorem 1: Provided that & is odd and (k + 3) divides
n, there is a regular graph with n nodes, & neighbors per

node, and 2n/(k + 3) + 1 biconnected components.

Proof: The proof is constructive. First, we build a cen-
tral ring-lattice with n/k + 3 nodes, and & — 1 neighbors
per node. Then we build a graph for each node in the ring-
lattice with k+ 2 nodes and each node connected to & neigh-
bors, except one of them that should be connected only to
k — 1 neighbors (this is possible since & es odd, and there-
fore k + 2 is also odd). This node must be connected to the
corresponding node in the ring-lattice.

The previous algorithm generates a regular graph with
n nodes and & neighbors per node. The number of bi-
connected components can be easily calculated which is
2n/(k+3)+ 1. A similar theorem can be established when
k is even.

3 GraphsMetrics Dynamic Behavior

In order to study the dynamic behavior of our graphs, we
follow the standard procedure described in [6]. Other pro-
cedures to build small-world graphs, have been described
by [15, 16], however they increase the number of edges
and/or nodes in the graph, while the Watts-Strogatz method
maintains constant the number of nodes and edges in the
graph. Figure 2 displays the process of shifting a regu-
lar stub-domain graph to a random one. When p = 0 no
changes are made over the substrate and the graph remains
unchanged. As p increases shortcuts appear in the graph. In
the limit of p = 1 a random graph is obtained.

The metrics used to characterize the graph are the char-
acteristic path length L, the characteristic cluster C [7] and
the number of biconnected components B [14] in the graph
. These parameters are the most extensively studied in the
existing literature. The diameter of the graph is tightly re-
lated to L (being in fact an upper bound)[12]. Therefore we
consider L because it provides more specific information
about how far the nodes are in the graph.

Figure 3 shows the behavior of L and C in a ring-lattice
and in a regular stub-domain graph for both & even and odd
when they are shifted from a regular to a random situation.
Note that all of them present a clearly visible Small-World
area (that is, low L and high C'). However the decrease of
L in the stub-domain models is smoother mainly due to the
fact that characteristics paths are shorter in the case of a reg-
ular stub-domain substrate than in the case of a ring-lattice
one. In the ring lattice substrate the value of the character-
istic path L is very close to the maximum for any regular
graph and has a very fast descent. In the case of the char-
acteristic cluster C', no significant differences are found be-
tween both kinds of substrates. Figure 4 dispays the number
of biconnected components in the graph as a function of p.
Observe that the number of biconnected components is re-
duced to a very low number as p increases in an initially
regular stub-graph substrate. However it remains constant



Figure 1. Stub-domain graphs for n = 120 and k£ = 3. (A) Regular stub-domain graph for p = 0. (B)
Small-world stub-domain graph for p = .02. (C) Random graph for p = 1.

Figure 2. (A) L and C for ring-lattices with n = 2982 and k£ = 8. (B) Stub graphs (k odd) with n = 2980
and k = 7. (C) Stub graphs (k even) for n = 2982 and k = 8.

2000

Figure 3. 1) (A) Number of biconnected components for stub graphs for n = 2980 and &k = 7. 1) (B)
Stub graphs for n = 2982 and k = 8. 2) Ring-lattice graphs for n = 2982 and k£ = 8.

when a ring-lattice graph is used.

4 Agent state information diffusion

Comparisons based on different topological metrics have
provided differences between graph generation methods.
However, as [9] pointed out, it does not mean much by it-
self unless a link to its function is established. Therefore
we must study how different static topologies affect the per-
formance in real networking problems, such as problems of
diffusion of agents state information.

The overall goal is to model the paths (i.e. sequence of
nodes) along which the information flows in an internet-
work. Let us provide a brief sketch for an agent state infor-
mation difussion algorithm. The algorithm is performed by

each node in the following way: the node collects informa-
tion relative to its current state, builds a package containing
all the information, sends this package by selective diffu-
sion to the rest of the agent, and, finally, the agent takes
decisions based on its own information and on the informa-
tion packages it receives from the other agents.

5 Dynamic Metrics

Two metrics are the most frequently used to measure the
dynamic properties of a given network system, namely the
error rate of information arriving at the nodes and the trans-
fer time of information throughout the network. Both af-
fect the QoS of a network. In our work, both measures are
directly related to the Sustained Cell Rate (SCR), and the
Cell Error Ratio (CER) parameters of the Quality of Service



(QoS) standard. SCR is usually a negotiable parameter, and
the customer usually acquires a specific quantity of SCR.
CER usually is not negotiable and is network inherent.

The transmission time is of critical importance in
delay-guarantee systems such as industrial control [4] and
mission-critical Internet Servers [5]. Network congestion is
also of critical importance as it determines essentially the
transfer time and the number of packets lost in their way.

6 Modéd Description

This section presents a generalization of the state infor-
mation diffusion algorithm. One of the key common aspect
is the diffusion of agents state information packages. This
becomes increasingly important as the network becomes
highly dynamic. In order to make the model network more
realistic, a set of qualitative properties found in communica-
tion networks has been added to the model. In our simula-
tions each node maintains a finite queue of packages. In the
[ first time instants  packages of a file containing routing
information are sent by one fixed agent by selective diffu-
sion to the whole set of nodes in the network. Each pack-
age has an unique identification number and a time to live
(ttl) counter that decreases by one by each hop the package
crosses. The package also maintains a list of visited nodes
in order to trace the route the package has followed and to
implement effectively the selective diffusion. When the ¢¢l
counter becomes 0, the package is considered obsolete and
removed from the network. In addition, the package can
become corrupted at any bit, including ¢tl, route or identifi-
cation number. Packets are of fixed size.

At each time instant each node gets the first no-obsolete
package (a package becomes obsolete if there is another
copy of the package in the queue with a higher ¢t or its
ttl takes the value 0) from its queue and sends the package
by selective diffusion. If the destination node is congested
(i.e its queue is full) the package is removed from the net-
work reflecting the congestion properties of the network. At
every time instant all obsolete packages are removed from
the queues. This allows queues to maintain the most re-
cent version of the package. At each crossed hop, the pack-
age decrements its ¢t/ and updates its route register. The
package has a maximum number of hops that corresponds
to its t¢l, if the maximum is reached (i.e ¢t/ = 0), the pack-
age is removed from the network. At each hop the package
has a probability of becoming corrupted as it crosses links
with certain probability of corrupting packages. The sys-
tem stops when the whole set of nodes owns a copy of the
complete file.

When the system stops the two metrics are computed.
The time it takes to diffuse the file to the whole set of nodes
between the total number of packages delivered.

The other metric we compute is the average error rate.

We use the Hamming distance between the original pack-
ages and the packages at each node.

We have carried out our simulations for each of the dif-
ferent topologies obtained by applying the Watts-Strogatz
method in a ring-lattice and stub-domain substrates. The
next section presents the results obtained by varying the
model parameters. All the metrics are averages over 100
different experiments.

7 Reaults

Figure 5 dislays the plots for the transfer time T" and the
error rate E. The left plot represents T both for ring-lattices
(squares) and regular stub-domain graphs (circles). Note a
very similar behavior between both dynamical metrics. The
central plot shows the error rate for both substrates. Notice
the lower error rate in ring-lattice substrates for high values
of p. We can observe that, in both substrates, the average
time T' decreases and the error ratio E increases when p
grows (i.e when the graph becomes more random). The re-
duction in the average time is due to shorter paths that are
characteristic of random graphs (See fig. 2). The error ratio
increases as clusters disappear and the wires become pro-
gressively longer. We can also see that in both models the
error ratio E increases with p.

A clear difference between the two models is established
when the average of the two measures is computed. If an
average measure of the two parameters is used as in [13],
an optimal point for building networks with optimal error-
time delay ratio would be the networks corresponding to
the small-world area for stub-domain graphs. However, for
ring-lattice graphs a higher number of shortcuts are needed
in order to achieve the minimum value.

8 Conclusions

We have developed a method to build initial regular sub-
strates with different topological characteristics than the
usual ones, as for example, the number of biconnected com-
ponents. We studied a specific real-life dynamics over these
new topologies, comparing it with the same dynamics over
previously studied topologies.

We would like to conclude with several ideas. There ex-
ist regular graphs with & even and odd that present high
number of biconnected components. These networks bet-
ter resemble hierarquical networks than structures like stars,
rings and grids. These new stub-domain networks present a
similar small-world area when they are shifted from a regu-
lar to a random situation in a similar way as the ring-lattice
substrates do. However stub-domain networks present a
slower descent in its characteristic path. The selected sub-
strate changes the values of the dynamical metrics of a well
known internetworking problem over a network of agents.



Figure 4. (A) T .(B) E.(C) (T+E)/2 for stubs-domain graphs with values n = 2980 and k£ = 7 (circles) and

ring-lattice with values n = 2980 and k£ = 8 (squares).

The small-world area is an optimal point for error/time ratio
average for stub-domain graphs.
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