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Abstract

Our starting point is a variational model in nonlinear elasticity that allows for
cavitation and fracture that was introduced by Henao and Mora-Corral (Arch Ra-
tional Mech Anal 197:617-655, 2010). The total energy to minimize is the sum of
the elastic energy plus the energy produced by crack and surface formation. It is a
free discontinuity problem, since the crack set and the set of new surface are un-
knowns of the problem. The expression of the functional involves a volume integral
and two surface integrals, and this fact makes the problem numerically intractable.
In this paper we propose an approximation (in the sense of I'-convergence) by
functionals involving only volume integrals, which makes a numerical approxi-
mation by finite elements feasible. This approximation has some similarities to
the Modica—Mortola approximation of the perimeter and the Ambrosio—Tortorelli
approximation of the Mumford—Shah functional, but with the added difficulties typ-
ical of nonlinear elasticity, in which the deformation is assumed to be one-to-one

and orientation-preserving.

1. Introduction

Free-discontinuity problems have attracted a great amount of attention in the
mathematical community in the last decades because of their applications and of
the mathematical challenges that they pose. We refer to the monograph [1] for an
in-depth study. A common feature of these problems is the presence of an interac-
tion between an n-dimensional volume energy and an (n — 1)-dimensional surface
energy. The latter involves a surface set, which is an unknown of the problem. A
paradigmatic model is the MUMFORD and SHAH [2] functional for image segmenta-
tion, which was recasted as a variational free-discontinuity problem by De GIORGI

et al. [3] as follows: for a given f € L?(£2), minimize

/ [|Vu|2+ (u — f)z] dx + 2" Y1)
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among u € SBV (£2). Here, 2 is a bounded open set of R” and SBV is the space
of special functions of bounded variation. In this case, the free discontinuity set is
Ju, the jump set of u.

In elasticity theory, the paradigmatic free-discontinuity problem is that of frac-
ture, which can be seen as a vectorial version of the Mumford—Shah functional. In
its simplest form, the functional to minimize is

/ (Vu)? dx + "1 (1) (2)
2

among u € SBV(£2, R"). The first term of (2) is a handy substitute of the elastic
energy, and the second term penalizes the crack formation, as stipulated by GRIF-
FITH’s [4] theory of fracture. The quasistatic evolution of the variational formulation
of brittle fracture was first proposed by FRANCFORT and MARIGO [5].

Another phenomenon in elasticity theory that can be regarded as a free-discon-
tinuity problem is that of cavitation, which is the process of formation and rapid
expansion of voids in solids, typically under triaxial tension. The seminal paper of
BALL [6] described this process as a singular ordinary differential equation, but in
his work and in others following it, the location of the cavity points was prescribed.
It was shown by MULLER and SPECTOR [7] that cavitation can be recast as a free-
discontinuity problem following the general scheme described above. In this case,
the energy to minimize is

/ W(Du) dx + Peru(£2) 3)
Q

among u € W' P (£, R") satisfying some invertibility conditions. The first term
of (3) is the elastic energy of the deformation, while the second term represents
the energy produced by the creation of new surface, and, hence, by the cavitation.
The idea is that the image u(£2), properly defined, may create a hole which was not
previously in £2. The new surface created by the hole is detected by Per u(£2), so
in this case the free discontinuity set is the measure-theoretic boundary of u(£2),
which lies in the deformed configuration.

Our free discontinuity problem to be approximated gathers the fracture func-
tional with the cavitation functional. To be precise, HENAO and MORA-CORRAL
[8-10] showed that when the functional setting allows for cavitation and fracture,
it is convenient to replace the term Per u(£2) in (3) by the functional

Em) :=sup{&u,f): feCP2 xR, R"), |fllo <1}, (4)

where

&, f) = / [cof Vu(x) - Dgf(x, u(x)) + det Vu(x) div f(x, u(x))] dx. (5)
Q

They proved that & (u) equals the .7~ -measure of the new surface created by u,
whether produced by cavitation, fracture or any other process of surface creation.
They also proved the existence of minimizers of

/ W(Du) dx + "1 (Jy) + &) (6)
2
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I'-Convergence Approximation of Fracture and Cavitation

among u € SBV (£2, R") satisfying some invertibility conditions. We remark that
in (3) and (6), the stored-energy function W is polyconvex and has the growth

WEF) - oo as detF — 0. @)
In this paper, we define a slight variant of the functional &, namely
E) :=sup{Em, ) : fe P2 xR R"), |flloc < 1}. (8)

The main difference of & with respect to & is that, while & measures the surface
created, & also measures the stretching of the boundary 92 by the deformation. In
fact, it can be proved that, loosely speaking, the equality

Em) = &) + A" udR))

holds. Functional & also differs from Per u(£2), since the latter cannot detect the
creation of surface given by the set of jumps of u™!; see [8,9] for details.

A direct approach to numerical minimization of free-discontinuity functionals,
as those described above, is unfeasible using standard methods. A fruitful procedure
is the construction of an approximating sequence of elliptic functionals /., possibly
defined in a different functional space, that I"-converge to the functional / to be
approximated.

One of the first results in this direction was the example of MobicA and MOR-
TOLA [11], which was recast by Mopica [12] as an approximation of a model for
phase transitions in liquids. They showed how the perimeter functional can be ap-
proximated by elliptic functionals via I'-convergence. As a particular case, they
showed the convergence of

201 N2
3/9[s|1)w|2+w] dx 9)

for functions w € W12(£2) with prescribed mass f o w dx, to the functional
Per w1 (0)

in the space BV (£2, {0, 1}).
A landmark study was the approximation by AMBROSIO and TORTORELLI [13,14]
of the Mumford—Shah functional (1) by the functionals

1 .
/(v2+ﬂs)|DM|2 dX—I——/ [8|Dv|2+ﬁ] dx
2 2 o -

for u, v € W2(£2). Here v is an extra variable that converges almost everywhere
to 1, and indicates healthy material when v ~ 1 and damaged material when v >~ 0.
The infinitesimal 1, goes to zero faster than ¢.

The work of AMBROSIO and TORTORELLI [13] has given rise to many extensions
(the reader is referred, in particular, to the monograph [15]), as well as actual
numerical studies and experiments [16—19]. We ought to say that the numerical
experiments of BOURDIN et al. [20] (see also the review paper [21]) were in fact
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a strong motivation for our work, and so was the analysis by BURKE [22] of the
Ambrosio—Tortorelli functional.

In the context of our interest in fractures, we mention that CHAMBOLLE [23] was
able to extend their result to approximate, instead of (2), the more realistic energy

/ W (Vu) dx + 72" (Jy), (10)
22

when W equals the quadratic functional corresponding to linear elasticity. In the

case of a quasiconvex W with p-growth from above and below, the I"-convergence

was proved by FOCARDI [24] (see also BRAIDES et al. [33]). As a by-product of

our analysis, we cover the case where W is polyconvex and has the growth (7),

as required in nonlinear elasticity. We believe that this is the first lower bound

inequality proved for a stored energy function satisfying that growth condition.
This paper deals with the approximation of

/ W(Du) dx + 2" (Jy) + & (u), (1)
2

which is, as mentioned above, a variant of (6), and, hence, a model for the energy
of an elastic deformation that also exhibits cavitation and fracture. We chose the
functional (11) instead of (6), that is to say, & instead of &, because the latter lends
itself to an easier approximation. The study of a model that gathers cavitation and
fracture was partially motivated by the role of cavitation in the initiation of fracture
in rubber and ductile metals through void growth and coalescence (see [25-31]).
In particular, the numerical experiments carried out using the method described in
this work (see the companion paper [32]) aim to contribute to the understanding of
void coalescence as a precursor of fracture.

Broadly speaking lines, the term 7 n=1(Jy) of (I11) can be treated as an
Ambrosio—Tortorelli term, while the term & (u) resembles a Modica—Mortola term,
but it is subtler. The general scheme of the approximation of (11) proposed in this
paper is as follows. We will use two phase-field functions: v for "~ (J,) and
w for &(u). As in the Ambrosio—Tortorelli approximation, v lies in the reference
configuration, and v =~ 1 indicates healthy material, while v ~ 0 represents dam-
aged material. For technical reasons in our argument, we need v to be continuous,

so instead of
1 1 —v)?
_/ [8|DU|2+ ﬂ] dX,
2 Q &

Dvl4 1 —v?
/ PRI R L) Y
Q q qe

as an approximation of #"~!(J,), where g > n,and ¢’ is the conjugate exponent of
q-The Sobolev embedding guarantees that v is continuous. Thus, the approximation
of the term .77~ (J,) of (11) follows the scheme of BRAIDES et al. [33].

we choose
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I'-Convergence Approximation of Fracture and Cavitation

The approximation of the term &(u) is new and summarized as follows. As
in the Modica—Mortola approximation, the phase-field function w is defined in
the deformed configuration, and w >~ 1 when there is matter, while w >~ 0 when
there is no matter. In other words, w 2 xy(p). Naturally, there must be a relation
between the phase-field variables, which is that w follows v but in the deformed
configuration, so w o u =~ v. Imposing an exact equality w o u = v would make
the construction of the recovery sequence too strict, and, in fact, is incompatible
with the boundary condition for v and w. The exact way of expressing w ou >~ v
is that w o u < v and that w o u is close to v in L. Again, for technical reasons,
the function w is required to be continuous, so instead of (9), we choose

Duwl4 a1 — w)?
6/ g1t w|+w(,w) dy
0 q q¢

to approximate & (u). Although it might be possible to argue by density and remove
the assumption that v and w are continuous (hence to allow for any exponent g),
we have found difficulties in that approach.

Here Q C R” is a bounded open set containing a fixed compact set K, which
in turn is assumed to contain the image of u. A key result in this approximation is
the representation formula

&) = Peru(R) + 22" 1 (J,-1), (12)

valid for deformations u that are one-to-one. Equality (12) is the analogue of the rep-
resentation formula for & proved in [9, Th. 3]. We observe that the term Per u(£2),
explained above, appears together with the term .72 ~! (Jy-1), which measures the
set of jumps of the inverse and accounts for a possible pathological phenomenon
consisting in a sort of interpenetration of matter for deformations u that still are
one-to-one. We refer to [9] for a discussion of this phenomenon, and just mention
here that deformations u with .71 (Jy-1) > 0 are, in general, not physical.

Given A1, A2 > 0, the main result of the paper is an approximation result of the
functional

Dvl4 1 —v)d
L., v, w) ::/ % + 1) W(Du) dx+k1/ 8q—1| v| n ( ,U) dx
Q Q q q¢

Duwld (1 — w4
W PRI E A
0 q qe

(13)

to
I(u) ::/ W(Vu) dx
Q

+21 [%"—I(Ju) + " (x € 0pf2 1 u £ up)) + %%"_I(BN.Q)}

+1a & () (14)
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as ¢ — 0, where 0 < 1, < ¢, together with a constitutive relation in (13) ensuring
that w o u — v tends to zero in L'. We explain the two terms in / that have not
appeared so far. We impose to u a Dirichlet boundary condition ug in the Dirichlet
part dpS2 of the boundary 902, while the Neumann part dy 2 is left free. The
phase-field functions v and w are assumed to satisfy

vligpe =1, vlgye =0, wlpwe) =0.

The fact that v has to decrease to O at dy £2 forces a transition from 1 to 0, whose
energy is, approximately, %%ﬂ n—1 (0n £2). This term is a constant, and, hence, it
does not affect the minimization problem. On the other hand, the term

A" ([x € 3p82 1 u(x) # up(x)}) (15)

accounts for a possible fracture at the boundary. Indeed, it is well-known that
the traces are not continuous with respect to the weak™ convergence in BV (see,
for example, [1, Sect. 3.8]), so even though u, = ug on dps2 for a sequence of
deformations ug, it is possible that its weak* limit u in BV does not satisfy the
boundary condition. This phenomenon is, nevertheless, penalized energetically by
the term (15).

The admissible space for I is the setof (u, v, w) suchthatu € wlhr(2,RY), ve
wha(2), w e whi(Q) satisfying the boundary conditions described above, and
u is one-to-one almost everywhere. Moreover, u is assumed to create no sur-
face, which is expressed as &(u) = 0. The admissible space for I is the set of
u € SBV(£2,R") such that u is one-to-one almost everywhere.

The limit passage from /. to / is meant to be in the sense of I"-convergence,
but, unfortunately, in this paper we do not provide a full I"-convergence result. The
existence of minimizers, compactness and lower bound are indeed proved. To be
precise, the functional 7, has a minimizer for each ¢. Moreover, if (u., ve, w,) is
a sequence of admissible maps with sup, I (ug, ve, we) < oo then, for a subse-
quence, there exists a one-to-one almost everywhere map u € SBV (£2, R") such
thatu, — u, v, — 1 and we — xu(s ) almost everywhere. In addition,

I(u) < liminf I, (ug, ve, we).
e—0

Proving the upper bound, however, is out of reach at the moment, since it seems that
the construction of the recovery sequence would require, in particular, a density
result for invertible maps, whereas only partial results are known in this direction
(see [34-38]). This is so because the usual approach to proving a limsup inequality
consists in first proving it for a dense subset of smooth maps and then concluding by
density. As mentioned above, in the presence of the constraint that u is one-to-one
almost everywhere, there are no known results of density of smooth functions that
are useful for our analysis. There are, in fact, more difficulties that appear, such as to
identify the set of limit functions u. We only prove that this set is contained in the set
ofu € SBV (82, R") such thatu is one-to-one almost everywhere, .7 n=1(Jy) < 00
and &(u) < oo. Once that set was identified, another density result would be
needed, this time of the style that piecewise smooth maps (for example, maps with
finitely many smooth cavities and smooth cracks) are dense in the set to be identified;
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I'-Convergence Approximation of Fracture and Cavitation

that result would be in the spirit of that of CORTESANI [39] (see also [40]) stating
that functions that are smooth away from a polyhedral crack are dense in SBV with
respect to Mumford—Shah energy. Instead of a full upper bound inequality, what
we perform is a series of examples of deformations u in dimension 2 that can be
approximated by admissible maps (u., ve, w,) satisfying

I(u) = lim I (ug, ve, we).
e—0

We have chosen the deformations u so that one creates a cavity, one creates an
interior crack, one presents fracture at the boundary, and one exhibits coalescence,
which is modelled as the creation of a crack joining two preexisting cavities. Those
examples, as well as the numerical experiments of [32], allow us to believe that the
stated functional / is indeed the I"-limit of ..

We now present the outline of this paper. In Section 2 we present the general
notation as well as some results that will be used throughout the paper. In Section
3 we give a geometric meaning to & by proving the equality

&(u) = Peru(2) + 2" (Jy-1). (16)

We also show a lower semicontinuity property for this functional. In Section 4 we
present the general assumptions for the stored energy functional W and for the
deformations. We also define the admissible set for the functional /.. In Section 5
we prove the existence of minimizers for the functional /.. Section 6 proves the
compactness and lower bound for the convergence I, — I. Section 7 constructs
some examples for the upper bound.

2. Notation and Preliminary Results

In this section we set the general notation and concepts of the paper, and state
some preliminary results.

2.1. General Notation

We will work in dimension n = 2, and §2 is a bounded open set of R”. Vector-
valued and matrix-valued quantities will be written in boldface. Coordinates in the
reference configuration will be denoted by x, while coordinates in the deformed
configuration by y.

The closure of a set A is denoted by A, and its boundary by dA. Given two
sets U, V of R", we will write U cC V if U is bounded and U C V. The open
ball of radius r > 0 centred at x € R" is denoted by B(x, r), the closed ball by
B(x, r), while B(A, r) is the set of X' € R” such that dist(x’, A) < r. The function
dist indicates the distance from a point to a set. Unless otherwise stated, a ball will
always be an open ball.

Given a square matrix A € R™*" its transpose is denoted by A’ , and its deter-
minant by det A. Its cofactor matrix is denoted by cof A and satisfies (det A)1 =
AT cof A, where 1 indicates the identity matrix. The inverse of A is denoted by
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A~!. The inner product of vectors and of matrices will be denoted by -. The Euclid-
ean norm of a vector and its associated matrix norm are denoted by | - |. Given
a,b € R”, we indicate by a ® b € R"*" its tensor product.

Unless otherwise stated, expressions like measurable or almost everywhere (for
almost everywhere or almost every) refer to the Lebesgue measure in R”, which is
denoted by .#”. The (n — 1)-dimensional Hausdorff measure will be indicated by
"', The measure .7 is the counting measure.

The Lebesgue L” and Sobolev W -7 spaces are defined in the usual way. So are
the sets of class C* and their versions C é‘ of compact support. We do not identify
functions that coincide with almost everywhere. We will indicate the target space, as
in, for example, L? (2, R"), except if itis R, in which case we will write L? (£2). If
K C R", we indicate by L?(§2, K) the setof u € L?(£2, R") such that u(x) € K
for almost everywhere x € 2, and analogously for other function spaces. The
space Lf;c(.Q) indicates the set of f : £ — R such that f|4 € L?(A) for all open
A CC £2, and analogously for other function spaces.

Strong or almost everywhere convergence is denoted with —, while weak con-
vergence is denoted with —.

With (-, -) we will indicate the duality product between a distribution and a
smooth function. The identity function in R” is denoted by id.

If 1 is a measure on a set U, and V is a p-measurable subset of U, we denote
by wl V the restriction of p to V, which is a measure on U. The measure |u|
denotes the total variation of u.

Given two sets A, B of R”, we write A = B almost everywhere if " (A\B) =
Z"(B\A) = 0, and analogously when we write that A = B holds .7~ -almost
everywhere. In particular, the expression A C B "~ !-almost everywhere means

"1 (A\B) = 0.

2.2. Boundary and Perimeter

Given a measurable set A C §2, its characteristic function will be denoted by
xA- Its perimeter in £2 is defined as

Per(A, £2) := sup I/ divg(y) dy: ge C(2,R"), |Igllec = 11,
A

while Per A := Per(A, R").
Half-spaces are denoted by

HY@,v):={xeR':(x—a)-v>0}, H (a,v):=H" (a,—v),

for a given a € R" and a nonzero vector v € R”". The set of unit vectors in R” is
denoted by "1

Given a measurable set A C R"” and a point x € R”, the density of A at x is
defined as

L BX,)NA)
PN =0 " 2B
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Definition 1. Let A be a measurable set of R". We define the reduced boundary of
A, and denote it by 9* A, as the set of points y € R” for which a unit vector v 4 (y)
exists such that

1
D(ANH™ (y, VA(Y))aY):E and D(ANH"(y,va(y),y) =0.

This v 4(y) is uniquely determined and is called the unit outward normal to A.

This definition of a boundary may differ from other usual definitions, but thanks
to FEDERER’s [41] theorem (see also [1, Th. 3.61] or [42, Sect. 5.6]) they ensure that
"~ -almost everywhere coincides with all other usual definitions of a reduced (or
essential or measure-theoretic) boundary for sets of finite perimeter. In particular,
if Per(A, £2) < oo then Per(A, 2) = "1 (3*A N 2).

2.3. Approximate Differentiability and Functions of Bounded Variation

We assume that the reader has some familiarity with the set BV of functions
of bounded variation, and of special bounded variation SBV; see [1], if necessary,
for the definitions. This section is meant primarily to set some notation.

The total variation of u € Llloc(.Q, R™) is defined as

V(u, )= sup[/ u(x) - Dive(x) dx : ¢ € C1(2, R™"), |g| < 1],
2

where Div ¢ is the divergence of the rows of ¢.
The following notions are essentially due to FEDERER [41].

Definition 2. Let A be a measurable set in R”, and u : A — R” a measurable
function. Let xg € R” satisfy D(A, xo) = 1, and let yg € R".

(a) We will say that xq is an approximate jump point of u if there exista™, a~ € R”
and v € S"! such thata™ # a~ and

D({xe AN HE(x0,v) : Ju(x) —a*| = 8} ,x9) =0

for all § > 0. The unit vector v is uniquely determined up to a sign. When a
choice of v has been done, it is denoted by vy(xg). The points a™ and a™~ are
called the lateral traces of u at xg with respect to the vy(Xg), and are denoted
by u™(xg) and u™ (xq), respectively. The set of approximate jump points of u
is called the jump set of u, and is denoted by Jy,.

(b) We will say that u is approximately differentiable at xy) € A if there exists
L € R"™" such that

Ju(x) —u(xg) — L(x —xo)|

D([XEA\{X()}. 26],)(0):0

X — Xo|

for all § > 0. In this case, L. (which is uniquely determined) is called the
approximate differential of u at x¢, and will be denoted by Vu(xg).
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We will say that a map u : 2 — R”" is approximately differentiable almost
everywhere when it is measurable and approximately differentiable at almost each
point of £2.

Ifu : 2 — R"isafunction of locally bounded variation, Du denotes the distri-
butional derivative of u, which is a Radon measure in £2. The Calder6n—Zygmund
theorem asserts that if u is locally of bounded variation then it is approximately
differentiable almost everywhere and Vu coincides almost everywhere with the
absolutely continuous part of Du.

Lemma 1. Let u : 2 — R” be approximately differentiable almost everywhere,
and let E C $2 be measurable. Then xgu is approximately differentiable almost
everywhere, and V(xgu) = xgVu almost everywhere.

Proof. As E is measurable, by Lebesgue’s theorem, almost every point in E has
density 1 in E, and almost every point in £2\ E has density 1 in 2\ E. It is im-
mediately possible to check that if x € E satisfies D(E,x) = 1 and u is ap-
proximately differentiable at x then xgu is approximately differentiable at x with
V(xgu)(x) = Vu(x), while if x € £2\E satisfies D(2\E,x) = 1 then xgu is
approximately differentiable at x with V(xgu)(x) =0. O

The following is a known result in the theory of BV functions; it is in fact a
particular case of [1, Th. 3.84].

Lemma 2. Letu € SBV (2, R") N L°°(2, R") and let E be a measurable subset
of §2 with Per(E, §2) < oo. Then xgu € SBV (2, R") and Jy,u C (JuNE)U
(3*E N ) A" -almost everywhere.

2.4. Area Formula and Geometric Image

We recall the area formula of FEDERER [41]. The formulation is taken from [7,
Prop. 2.6].

Proposition 1. Let u : 2 — R" be approximately differentiable almost every-
where, and denote the set of approximate differentiability points of u by §2;. Then,
for any measurable set A C §2 and any measurable function ¢ : R" — R,

/A<P(U(X)) |det Vu(x)| dx = /Rn p(y) #0(x € Q4N A ux) =y)) dy,

whenever either integral exists. Moreover, if v : A — R is measurable and r
u(2; N A) — R is given by

vy = D v,
xef2uNA
u(x)=y

then  is measurable and

/A ¥ (x) p(u(x)) |det Vu(x)| dx = / Y (y) ¢(y) dy, (17)

(24NA)

whenever the integral on the left-hand side of (17) exists.
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The area formula of Proposition 1 has given rise to the notion of the geometric
image (or measure-theoretic image, using the expression in [7]) of a measurable set
A C $£2 under an approximately differentiable map u : 2 — R”. This was defined
as u(A N £24) by MULLER and SPECTOR [7]; for technical convenience, however,
we use the following definition, which is an adaptation of that of ConTI and DE
LELLIS [43].

Definition 3. Letu : £2 — R”" be approximately differentiable almost everywhere
and suppose that det Vu(x) # 0O for almost everywhere x € §2. Define £2( as the
set of X € £2 such that u is approximately differentiable at x with det Vu(x) # 0,
and there exist w € C!(R”, R") and a compact set K C £2 of density 1 at x such
that u|x = w|x and Vu|x = Dw|g. For any measurable set A of §2, we define
the geometric image of A under u as u(A N £2p), and denote it by img (u, A).

Standard arguments, essentially due to FEDERER [41, Thms. 3.1.8 and 3.1.16]
(see also [7, Prop. 2.4] and [43, Rk. 2.5]), show that the set £2 in Definition 3 is of
full measure in £2.

2.5. Notation About Sequences

When computing the I"-limit of I, in (13), we will fix a sequence of posi-
tive numbers tending to zero, and denote it by {€}.. The letter ¢ is reserved for a
member of the fixed sequence, so expressions like “for every ¢” mean “for every
member ¢ of the sequence”, and {u.}. denotes the sequence of u, labelled by the
sequence of ¢. We will repeatedly take subsequences, which will not be relabelled.
All convergences involving ¢ are understood as the sequence {¢}, goes to zero,
abbreviated to ¢ — 0. For example, in the expression u; — u it is understood that
the convergence holds as ¢ — 0.

Given two sequences {a.}. and {b.}. of positive numbers, we write

. dg
ag < be when limsup — < 00,
e—>0 &
. Qg
ag K b when hrrb b = 0,
E—> <
. Qg
as >~ b, when lim — =1,
e—0 by
ag ~ b, when a, $b, and b, S a..

Sometimes, the sequences {a.}. and {b,}. will be positive functions. In this case,
and when a domain A of definition is clear from the context, the notation a, < b,
means

ag(X)

lim sup sup

< 0,
e—0 xeA be(X)

and analogously for the other notation.
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381 2.6. Inverses of One-to-One Almost Everywhere Maps

382 A function is one-to-one almost everywhere when its restriction to a set of full
33 Imeasure is one-to-one.

384 In this subsection we assume that u : 2 — R” is approximately differentiable

sss  almost everywhere, one-to-one almost everywhere, and det Vu(x) # 0 for almost
sss  everywhere x € £2. It was proved in [9, Lemma 3] that u| g, is one-to-one, where
a7 §2¢ is the set of Definition 3.

ss  Definition 4. The inverse u~! : img(u, £2) — R” of u is defined as the func-

ss0  tion that sends every y € img(u, §2) to the only x € £2p such that u(x) = y.
a0 Analogously, given any measurable subset A of §2, we define u;l :R" — R" as

L ul(y) if y €img(u, A),
391 llA (y) = . .
0 if y e R"\img(u, A).
392 By Proposition 1, the maps u~! and u;l are measurable.

0s  Lemma 3. The function w~' is approximately differentiable in img(u, ) and

s Vu l(u(x)) = (Vu(x))~! for all x € $29. Moreover, if A is a measurable subset
a5 of §2 then u;l is approximately differentiable almost everywhere and

. Vu;l ) = Vufl(y) for almost everywhere 'y € img(u, A),
0 for almost everywhere 'y € R"\ img(u, A).

397 The first part of Lemma 3 was proved in [9, Th. 2], while the second part is a
as consequence of Lemma 1.

399 2.7. Weak Convergence of Products and Minors

400 We will frequently use the following convergence result, whose proof can be
401 found, for example, in [44, Lemma 6.7].

«2 Lemmad. Foreach j € N, let fj, f € L®(£2) and gj, g € L' (2) satisfy
403 fi — [ almost everywhere and g; — g in Ll(.Q) as j — o0,

a4 Assume that SUP ;e | fillLe(2) < oo. Then
105 figi— fgin L'(2) asj— oo.

406 We denote by R" " the set of F € R"*” such that det F > 0. Let 7 = 7(n) be
a7 the number of minors (subdeterminants) of a matrix in R”*", Given F € R"*", let
sz po(F) € R?~! be the vector composed, in a given order, by all minors of F except
a9 the determinant, and u(F) € R" is defined as u(F) := (uy(F), det F). We denote
«0 by RY the set of vectors in R* whose last component is positive.

411 The following result on the weak continuity of minors is well known and can
412 be proved as in AMBROSIO [45, Cor. 4.9] (see also [1, Cor. 5.31]).
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Lemma 5. For each j € N, letuj,u € SBV (82, R") be such that the sequences
IVl pn-1 (@ roxny} jen and (! (Ju;)}jeN are bounded. Assume thatuj — u
in L'Y(2, R") as j — 00, and the sequence {cof Vu j}jeN is equi-integrable. Then

to(Vuj) = po(Vu) in L'(2,R"™") as j — oo.

2.8. Slicing

We will use the following slicing notation.

Definition 5. For every £ € S"~! let IT¢ be the linear subspace of R" orthogonal
to £&. For B C R", let B¢ be the orthogonal projection of B on IT¢. For every
x' € Ig define BS¥ .= (teR:xX +1E e B).If f: B— Randx € BE, let
8% BEX 5 R be defined by 5% (1) := f(X + 1£).
Proposition 2. Suppose that u € L°°(§2) satisfies that for all & € S"~1,

1) ubX e SBV(.Qg’X/)for almost everywhere x' € 2%, and

(ii)/ |:/ |Vu'§’x/| dt —I—%O(Jug,xr)] d"1(x) < .

Q& |LJsxY

Then u € SBV(82), " ~1(J,) < oo, and for all & € S"~!, the following asser-
tions hold:

(@) Vu(X' +1&)-& = VubX (1), for #"'-almost everywhere x' € 2§ and almost
everywhere t € 25X .
(b) The normal v, : J, — S"~ ! satisfies

v, - €] don! = / AU ev) A" X)),
Ju 28

(¢) For any 7"~ -rectifiable subset A of 352,
/ lv-&l do" ! = / AOAEXY Ao (X)),
A Aé
(d) Forany p 2 1, any v € C(82) with v = 0 and any measurable set A C 2,

/ / VEX (VU P dr d" T (X)) g/ v|Vul? dx and
08 JAEX A

/ / vEX dy d%n—l(x/)z/ v dx.
Q8 JAsXY A

(e) For any set E C $2 with Per(E, §2) < 00,

VG EEX N 28Xy do (X)) < AV OE N Q).
Q%
Proof. Part (¢) is proved in [41, Th. 3.2.22]. Part (d) is a consequence of (a) and
Fubini’s theorem, and part (e) is a consequence of (c). The remaining parts are
proved, for example, in [46, Th. 3.3] or in [47, Sect. 3] or in [1, Sect. 3.11] (in
particular Remark 3.104 and Thm. 3.108). O
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2.9. Coarea Formula

We will use the coarea formula in the following two versions (see, for example,
[1, Thms. 2.93 and 3.40] or [48, Th. 1.3.2 and Sect. 4.1.1.5]).

Proposition 3. Let f € L°°(R) be Borel measurable.
(a) If u : 2 — R is Lipschitz then

/ f(u(x)) |Du(x)| dx = /OO f() %”_1({X €2 :ulx) =t} de. (18)
2 —00
®) Ifu € WL1() is continuous then

/ f(ux))|Du(x)| dx = /00 f(@)Per({x € 2 :u(x) < t}, 2) dt
2 —00

o (19)
=/ f@)Per({x € 2 : u(x) > t}, £2) dr.

3. Representation of the Surface Energy Functional

In this section we prove the representation formula (16) and a lower semicon-
tinuity result for &. Recall from the Introduction that, given a map u : 2 — R”
approximately differentiable almost everywhere such that det Vu € L!(£2) and
cof Vu € L1 (£2, R"*"), we define, for each f € Ccx (2 x R*, R"), the quantities
(5), (4) and (8). In Equation (5), Dxf(x, y) denotes the derivative of f (-, y) evaluated
at x, while div always denotes the divergence operator in the deformed configura-
tion, so div f(x, y) is the divergence of f(x, -) evaluated at y. Note, in addition, that
a function in C2°(£2 x R", R") does not need to vanish in 32 x R”, as opposed
to a function in C2°(£2 x R", R").

The functional & was introduced in [8] to measure the creation of new surface
of a deformation. The functional & is new, and its difference with respect to &
is that & also takes into account what happens on 9£2, and, in particular, it also
measures the stretching of 952 by u.

It was shown in [9, Th. 2] that the inequality & (u) < oo implies that suitable
truncations of u~! (see Definition 4) are in SBV. The adaptation of that result is
as follows.

Proposition 4. Leru € L°° (82, R") be approximately differentiable almost every-

where, one-to-one almost everywhere, and such that det Vu > 0 almost everywhere,
cof Vu € L'(2, R"™") and &(u) < oo. Then u_(_21 e SBV(R", R").
Proof. As a consequence of Proposition 1, we have that det Vu € L'(£2), since
u e L®(2,R").

In order to calculate the total variation of u_al, fix ¢ € {1,...,n}, denote

by vy the a-th component of u?zl, and notice that v, € L*°(R"). For each ¢ €
C°(R", R™) with |l@]lcc < 1 we have, thanks to Proposition 1,

/ vy (y) div o(y) dy = / Xq div @ (u(x)) det Vu(x) dx. (20)
R~ 9}
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Let ey denote the a-th vector of the canonical basis of R"”. When we define f, €
CX(£2 x R", R") as

fo (X, y) == xq @(y),

we have that
&, fy) = / [cof Vu(x) - (p(u(x)) ® eq) + x¢ div @ (u(x)) det Vu(x)] dx,
2

hence, by (20) we find that
‘ /R va (y) div @ (y) dy‘ < E@) [lid ] oo (g ) + lcof Vull 1 g,

This shows that v, has finite total variation, and, hence u_al € BV(R"*, R").

Fix a bounded open set Q such that img(u, £2) CC Q. Letg € C°(R") have
support in Q and satisfy ||g]lec < 1, consider ¥ € C'(R) N WH>°(R) and fix
aefl,...,n}

When we define f € C§°(5_2 x R™", R™) as

f(x,y) = (¥ (xa) — ¥ (0)) g(¥),

we have that, thanks to Lemma 3, for almost everywhere x € £2 and all y € R",

Dyf (x, y) - cof Vu(x) = (g(y) ® ¥ (xa) €a) - cof Vu(x)
= ¥’ (xq) (cof Vu(x) ey) - g(y)

= det Vu(0) ¥/ (xo) (Va ™ @) e ) - 8 )
= det Vu(x) ¥’ (xo) Vg (u(x)) - g(y)

and

divi(x,y) = (¥ (xe) — ¥ (0)) div g(y),
so, thanks to Proposition 1,
&, )
= /Qdet Vu(x) [¢'(xg) Vg (u(x)) - g(x))+ (¥ (xo,) =¥ (0)) div g(u(x)) | dx
= /1 o) [V (va () Vv (y) - 8(¥) + ¥ (ve (y)) div g(y)] dy

— ¥ (0) divg(y) dy.

img (u, $2)
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On the other hand, using Lemma 1,
(D(Yr ovylg) — ¥ ovg Ve Z" L 0, 8lo)
= —/Q [V (va (y) divg(y) + ¥ (v () Vua (y) - g(y)] dy

= —/ we) [ (ve () div g(y) + ¥/ (va () Vu(y) - g(y)] dy
mg (u,

that

¥ (0)

div g(y) dy.

O\ img (u,$2)

Summing the last two expressions and using the divergence theorem, we obtain

£, D)+(D 0 vl )= 0 vy Vi L7 L Q,g|Q>=—w(0>/Qdivg(y> dy=0.

Therefore,

(D ovalg) — ¥ o vy Ve L7 0, 8lo)|

EW) (11l oo (3 xrn mry

xes2

17\

t,seR

<
< &) sup Y (xo) — ¥ (0)]

&) sup Y () — ¥ (s)].

By the characterization of SBV given in [1, Prop. 4.12], this implies that vy|g €
SBV(Q). As vy is zero outside Q and in a neigbourhood of dQ, we have that
vy € SBV(R"), and, hence u;zl e SBV(R", R"). 0O

The following is a representation result for &. We follow the proof of [9, Th.
3], which showed an analogous statement for the surface energy &.

Theorem 1. Let 2 be a bounded Lipschitz domain satisfying 0 ¢ $2. Let u €
L>®(82, R") be approximately differentiable almost everywhere with cof Vu €
L' (82, R™*™"). Suppose that there exists a measurable subset A of §2 such that

(@ ulg\a =0.
(b) u|4 is one-to-one almost everywhere.

(c) det Vu > 0 almost everywhere in A.

(d) uy' € SBV(R", R").
Then img (u, A) has finite perimeter, for any f € C2° (£2 x R", R") we have that

&(u,f)

=),

()~}

+ / £l )", ¥) - Vimaa ) &),
0*img (u,A)

and

&) = Perimg(w, A) + 272" (Jyy ,)-1)-

[f(((“'“_])‘(y% y)—f((@l)™H*w), y)] V-1 () 42 (y)

21

(22)

-
~

2|0/5

0

8|2

0

B

Jour. No

Ms. No.
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Proof. As in Proposition 4, we have that det Vu € L(£2), sinceu € L®(2, R").
Assumption (d) and the chain rule in BV (see [49, Prop. 1.2] or [1, Th. 3.96])
show that |u;1| € BV (R"), so, as a particular case of the coarea formula for BV

functions (see, for example, [1, Th. 3.40]), almost all superlevel sets of |ug1 | have
finite perimeter. Since for each 0 < ¢ < infxe |X| we have

{y eR": uy'(y)] > t} — img(u, A),

we conclude that
Perimg(u, A) < o0. (23)

In this proof, given B C R" and a functionh : B — R", we define the function

he<id: B x R" - R" x R", (h < id)(y1, y2) := (h(y1), y2).

Letf € Cé’o(([_Z U{0}) x R", R"). As the image of uzl is contained in £2 U {0},
the function f o (u;1 < id) is well defined; moreover, thanks to assumption (d)
and the chain rule in BV, it belongs to SBV (R”, R"), and

V (Fo ;' smid)) = Dyf o (u' wid) Vuy' + Dyf o (uy! id),
D (f o (uy! s id)) - [fo ((u;1)+ et id) —fo ((ugl)— ba id)] (24)
-1
X Vu;l SO .]u;l,
where we have used the trivial identities

—1 . + —1 = .
Ju;'Mid = Ju/:l, Vulodid = Vuil (uA > ld) = (uA ) > id
and the notation D/ represents the jump part of the derivative (see, for example,
[1, Def. 3.91]). It is easy to check through the definitions and property (23) that the
following equalities hold up to .7~ !-null sets:

Juzl = ](ulA)—l Uao* imG(u, A), J(ulA)—l Nno* imG(u, A) =y,
b= P i )t
Ya Vimg(u,A) in 3% img(u, A), (25)
—1 + .
—1\+ ()™ )T in Jy),)-1, —1\— —1\—
u = u = ((u .
(uy") [0 in 8% img (u. A). (uy”) ((ula)™)

Let n € C2°(R™). On the one hand, we have that

(D(F o (uy' sid)), n1) = —/ (f o (u;! id)) -div(n1) dy
! (26)
= —/Rn fuy' ). y) - Dn@y) dy,
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whereas using (24) we find that

(D(f o (u,' id)),n1)

= /Rn [V“Xl(y)T - Duf(uy! (y), y) + divE(uy' (v), y)] n(y) dy

+ /J [F(@3) ®.y) = (@ H 0.9 | v @0 dr ),

YA

(27)

Recall that div denotes the divergence operator in the deformed configuration, that
is, with respect to the y variables. If 1 is chosen so that = 1 in a neigbourhood of
img(u, A), equalities (26) and (27) read, respectively, as

(D(fo (u,' <id)), n1) = —/ £(0,y) - Dn(y) dy, (28)
R”\ img (u,A)

and

(D(f o (u,' s<id)), n1)

_ / div £(0, y) n(y) dy
R\ img (u,A)

s [ @ Dt @ + diviy 0.9 @y
img (u,A)

+ /J [F(@Y ®.y) = (@01 y) |- v @) 4w, 29)

A

where we have used that J“Xl C img(u, A) as well as Lemma 3. Now, the diver-

gence theorem for sets of finite perimeter shows that

Comparing (28), (29) and (30), we find that

/ £(0,¥) - Vimg.4)(y) d2""L(y)
0*img(u,A)

/ [£0.y) - Dy(y) + div . y) n(y)] dy
R\ img (u,A)

= —/ £(0,¥) - Vimg,4)(¥) 42" (y).
0*img(u,A)

(30)

:/ [Vugl(y)T - Dxf(uy' (y),y) +divf(u;1(y),y)] dy
img(u,A)

+ /J [F(@3 . y) = (@ H ™01 y) |- v @) 47 @), G
1

vaA
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Using identities (25) we obtain that, in fact,

/J I:f((u;l)_(Y)a Y) - f((llgl)"_(y), y)] . vugl(Y) d%”_l(y)

YA

=),

e

[£(@l0™)~ @) ¥) (@D O, )] v @) 42 )

+ / [F(@l ™)), 5) = £0.9) ] Vimga ) 427 @),
0* img (u,A)

Equalities (31) and (32), together with Lemmas 1 and 3, thus yield

(32)

/ ) (V@)™ @ D) ). y) + divE@ln T @), v dy
1mgG (ua,

=),

(!

+ / (W)™~ 3. ¥) - Vimogy §) & ().
0* img (u, A)

[£(@l0™)~ @) ¥) (@D ®. )] v @) 42 )

(33)

Now we use assumption (a), Proposition 1 and equality (33) to find that

/ [cof Vu(x) - Dgf(x, u(x)) + det Vu(x) div f(x, u(x))] dx
2

= / [cof Vu(x) - Dgf(x, u(x)) + det Vu(x) div f(x, u(x))] dx
A

s / w [Vl ®" - Dl ™ @), ) + divE(@l) ™ ), )] dy
1mg (u,

=),

I

+ / ()™~ 3. ¥) - Vimogr ¥) 4.
0* img(u,A)

[£((@l0™)~ @), ¥) = F (@D ®. )] v @) 42 )

(34)

Expression (34) is independent of the value of f at 0. Therefore, for any f €
CX(£2 x R", R"), equality (21) holds. Consequently,

&(u) < Perimg(u, A) 4+ 22" (Jiyp,)-1)-

(35)

In particular, Equation (22) holds if & (u) = oco. Suppose, then, that & (u) < oo.
By Riesz’ representation theorem, there exists an R"-valued Borel measure A in
£2 x R" such that

|A](2 x R") = &(u)

(36)
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and
&(u, f) :/ f(x,y) - dA(x,y), feCXQ xR" R"). (37)

2 xR
Assumption (d) implies that the set J, -1 is o-finite with respect to J#” n=1 Let
A

F C J,-1 be a Borel set such that "1 (F) < 00, and consider the R”-valued
measure

A= (@l ™) e id)Li (imo 2"~ L (0" img(u, 4) N F))
+ [(((um—l)— ~aid) — ((@l)™)" e id)J
x (vt " L Ut N ). (38)

Here, the operator » denotes the push-forward of a measure (see, for example, [1,
Def. 1.70]). By definition of lateral traces,

(™)™ sid) (ma(, 4) 0 (@) ™) id) (mo(u, 4)) = 2, (39)

whereas the definition of jump set yields that any point in J,,)-1 has density one
in img(u, A), hence

A" (T -1 N 9% img(u, A)) = 0. (40)

Using (39) and (40), it is easy to check, by the definition of total variation of a
measure (see, for example, [1, Def. 1.4]), that

Ar| = ‘(((U|A)_l)_ > id)t{ (vimG(mA)jfn_l L (8" img(u, A) N F))‘
+ ‘(((U|A)_l)_ B> id)ﬁ (v(ulA)flf%””_' L (Jeup-1 N F))'

+ '(((u|A)_1)+ - id)ﬁ (vt 7" L g1 N F))' .
In fact, by [49, Lemma 1.3] and [1, Prop. 1.23],
_ —1\— . n—1 % -
np| = (((uIA) )~ b ui)n (,%ﬂ L (9% img (u, A) N F))

+ (@™ e id)ti (7" g 0 F))

n (((u|A)—1)+ . i«;l)ti (ff”—l L (gt F)) .
Thus, on the one hand,

Arl (2 x RY) = ! ({y € 9% img(u, A)N F: (1)~ )~ (y) € .(2})
o {y € Ty NF: (@)™ (e .Q})

+" ({y € Ju 1t NF: ((u)0) "Hry e S_Z})
B L%ﬂn_l(a*imG(u’ A)NF)+ 2°%0’1_1('](UIA)‘l NF). 4D
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I'-Convergence Approximation of Fracture and Cavitation

On the other hand, equalities (21) and (37) together with a standard approximation
argument based on Lusin’s theorem, show that the equality

/ o) g(y) - dA(x,y)
2 xRn

= / o) H () gy) - Vime (. A)(¥) 4" \(y)
9* img (u,A)

)

I

X V-1 () A (y)

is valid for any ¢ € C % (£2) and any bounded Borel function g : R” — R”. Let
now ¢ € C*(£2) and g € C.(R"), and apply (42) to ¢ and gxr so as to obtain

/_ d(x)g(y) - dA(x,y)
2xF

[o(@lD™) ) — s (@0 o) |

(42)

/ (@)™ &®) - Vimgw.a) ) 4" (y)
0* img (u,A)NF

w0 @™o - el o] e

Tl 1 NF

X -1 (¥) A" (y),

which, together with (38), yields

/_ d(x)g(y) - dA(X,y) =/_ d(x)g(y) - dAp(x,y). (43)
2xF 2 xRn

Using that the set of sums of functions the form

¢ (x) g(y)

with ¢ € CX(2)

and ge C.(R")

is dense in C.(£2 x R", R"), we conclude from (43) that

/_ f(X, y) : dA(X’ y) =
2xF

/fz xR

f(X’ Y) . d)"F(X’ Y)

holds true for all_f e C.(£2 x R", RM). By Riesz’ representation theorem, this
shows that AL (§£2 x F) = Ap. By virtue of (41), we obtain that

1Al (2 x F) = 2" (0" img(u, A) N F) + 2" (Jy -1 N F),

S0, in particular,

A1 (2 x R") = "1 (3% img(w, A) N F) + 2" (Jigp,-1 N F).

As Jy- is o -finite with respect to .77’ n=1 we conclude that
A

Al (2 x R") = 2" (3% img (u, A)) + 25" (J 1)
but Equations (35) and (36) show that, in fact, equality (22) holds.

O

-
-

2/0/5

0

3|2

0

B

Jour. No

Ms. No.

Dispatch: 21/11/2014
Total pages: 67
Disk Received []
Disk Used [ ]

Journal: ARMA
Not Used []
Corrupted []
Mismatch [ ]




Author Proof

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

DuvaN HENAO, CARLOS MORA-CORRAL AND XIANMIN XU

As in [8, Prop. 4], one can easily prove formulas (21) and (22) for functions u
that are diffeomorphisms outside finitely many smooth cavities and cracks.

The following is a lower semicontinuity result for & and will represent a key
step in the proof of the compactness and lower bound result for the I"-convergence
of I (see (13)) to be proved in Section 6. Its proof is an adaptation of those of [8,
Thms. 2 and 3].

Theorem 2. Let 2 be a bounded Lipschitz domain satisfying 0 ¢ §2. For each ¢,
letu, : 2 — R" be approximately differentiable almost everywhere, and let F, be
a measurable subset of §2 such that

(a) cof Vu, € L' (F,, R"™") and det Vu, € L' (F,).
(b) Z"(Fe) - £"(£2).
(¢) ug|F, is one-to-one almost everywhere.

(d) det Vu, > 0 almost everywhere in F,.
() u}, € SBV(R",R").

(f) sup, [Per img(ug, Fe) + ‘%pn_l(‘](uleE)‘l)] < o0.

(g) There exists 0 € LY(2)with6 > 0almost everywhere such that xr, det Vug —
6 in L'(R2).

(h) {ug}e is equi-integrable.

(i) There exists a map u : 2 — R" approximately differentiable almost every-

where such that u; — u almost everywhere.
() xF, cof Vug — cof Vu in L1(£2, R,

Then 6 = det Vu almost everywhere, u is one-to-one almost everywhere,
Ximg (e, F) —> Ximg(u,$2) 1 L! (R") and
Perimg(u, 2) + 2"~ (J,-1)
< lim inf | Perima u, Fo) + 2"~ (U, )] (44)
£—0 elte

Proof. As sup, Perimg(u,, F;) < 0o, there exists a measurable set V C R” such
that, for a subsequence, img(ug, F:) — V in LllOC (R™). We will see that, in fact,
there is no need of taking a subsequence.

Let ¢ € C.(R"). By Proposition 1, for all ¢,

/ @(y) dy 2/ ¢(ug(x)) det Vu, (x) dx.
img (ug, Fy) F.

Letting ¢ — 0 and using assumption (g) and Lemma 4, we obtain

/Rn o(y) xv(y) dy = /Q p(u(x)) 0(x) dx. (45)

A standard approximation procedure using Lusin’s theorem shows that (45) holds
true for any bounded Borel function ¢ : R” — R.

Now we show that det Vu(x) # 0 for almost everywhere x € £2. Let §£2; be the
set of approximate differentiability points of u, and let Z be the set of x € £2; such
thatdet Vu(x) = 0. As a consequence of Proposition 1, we find that " (u(Z)) = 0.
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I'-Convergence Approximation of Fracture and Cavitation

Thus, there exists a Borel set U containing u(Z) such that 2" (U) = 0. Applying
(45) with ¢ = xy, we obtain that

O§/9dx§/ xv((x)0x)dx=2"(UNV)<S L"(U)=0,
z 2

and, since # > 0 almost everywhere, we conclude that .£"(Z) = 0.

Define §2; as the set of x € £2; such that det Vu(x) # Q and 6(x) > 0. We
have just shown that §£21 has full measure in §2. The function ¥ : R" — R defined
by

7 . Q(X) n
U (y) = Zg‘, devac YR
u(x)=y

satisfies that ¢ > 0 in u(£21), ¥ = 0 in R"\u(£2) and, thanks to Proposition 1,
for any bounded Borel function ¢ : R" — R,

/Q pu(x))0(x) dx = /R ) @(y) U (¥) Ximgu.2)(y) dy. (46)

Equalities (45) and (46) show that xy = & Ximg (u, 2) almosteverywhere. Since & >
0 in u(£2y), necessarily V = img(u, £2) almost everywhere and 1} = Ximg(u,f)
almost everywhere. Moreover, img(ug, ;) — img(u, £2) in Llloc(]R”) for the
whole sequence ¢.

Defineu, := xf, u,. Assumptions (b) and (h) yield (4, —u,;) — 0in LY(2,RY),
and, hence, for a subsequence, the convergence also holds almost everywhere, so,
thanks to assumption (i), iy — u almost everywhere. For each f € C2° (2 x
R, R"), thanks to assumptions (g) and (j), and Lemma 4, one has

lin}) &g, ) = / [cof Vu(x) - Dgf(x, u(x)) + 6(x) divf(x, u(x))] dx.
E—> Q

Since & (g, £) < &) ||f]| oo for each ¢, thanks to Theorem 1 and assumption (f),
the linear functional A : C2°(£2 x R", R") — R given by

Af) = / [cof Vu(x) - Dif(x, u(x)) + 0 (x) divf(x, u(x))] dx
2

satisfies

lAMD)] = limi(l)lfoé(ﬁs) Iflo, feCX(2xR",R").
e—

By Riesz’ representation theorem, we obtain that A can be identified with an R"-
valued measure in 2 x R". At this point, one can repeat the proof of [8, Th.
3] and conclude that & = det Vu almost everywhere. In particular, for each f €
Ccx (£2 x R", R™), we have that & (i1, f) — & (u, f), so taking suprema we obtain
that & (u) < liminfg_ & (u), and we conclude assertion (44) thanks to Theorem
1 and Proposition 4.

The fact that & = det Vu almost everywhere shows that 1/~f(y) = #x €
21 :u(x) =y}) for almost everywhere y € R". Using now that = Ximg (u, 2)
almost everywhere, we infer that u is one-to-one almost everywhere. O
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Fig. 1. £2 is coloured in grey, and 21 is the union of the grey and light-grey parts

The list of assumptions of Theorem 2 may look artificial, but we will see in
Section 6 that they are naturally satisfied for a truncation of the maps u, generating
a minimizing sequence for the functional 7, of (13).

4. General Assumptions for the Approximated Energy

In this section we present the admissible set for the functional 7, of (13). We
also list the general assumptions for the stored energy function W.

The reference configuration of the body is represented by a bounded domain £2
of R". We distinguish the Dirichlet part dp§2 of the boundary 92, where the de-
formation is prescribed, and the Neumann part oy §2 := 9£2\0dp §2. We impose that
both dp 2 and dy §2 are closed. We assume that dp £2 is non-empty and Lipschitz;
in particular, 72"~ 1(3p£2) > 0. Moreover, we suppose that there exists an open set
§£21 C R" such that 2 U dp$2 C £21 and oy $2 C 0£2;. A typical configuration is
shown in Fig. 1. We will alsoneed sets K C Q C R" in the deformed configuration
such that Q is open and K is compact.

Recall the notation for minors from Section 2.7. The assumptions for the func-
tion W : 2 x K x RY" — R are the following:

(W1) There exists W : 2 x K x RT — R such that the function W, y, &) is
measurable for every (y, §) € K x R’ , the function W(X, -, -) 1S continuous
for almost everywhere x € £2, the function W(X, y, -) is convex for almost

everywhere X € §2 and every y € K, and
Wx,y,F) = W (x, y, £(F)) for almost everywhere x € §2
and all (y, F) € K x R,
(W2) There exist a constant ¢ > 0, an exponent p = n — 1, an increasing function

hi : (0, 00) — [0, 00) and a convex function A5 : (0, 00) — [0, 00) such
that

hi(t ho(t
fim O oy 2O ha(t) = 0o
t—>oo t t—oo t—07t

and
Wx,y,F) 2 c|F|” + hi(|cof F|) + hy(det F)

for almost everywhere x € §2, ally € K and all F € R*".
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I'-Convergence Approximation of Fracture and Cavitation

Assumptions (W1)—(W?2) are the usual ones in nonlinear elasticity (see, for
example, [50,51]), in which W is assumed to be polyconvex and blows up when
the determinant of the deformation gradients goes to zero. However, the growth
conditions are slow enough to allow for cavitation (see, for example, [7,8,10,44]):
this is why p is only required to be greater than or equal to n — 1, and A is only
required to be superlinear at infinity. We also remark that the dependence of W on
y is not physical, but we have included it for the sake of generality, since it does
not affect the mathematical analysis.

Given parameters A1, A2, &, 17, b > 0, an exponent ¢ > n and functions u €
whr(2,K),v e whi(£2,[0,1]), w € Wh4(Q, [0, 1]), we define the approxi-
mated energy as

I(u, v, w) = / (v(x)? + n) W(x, u(x), Du(x)) dx
2

i / [Sq-lle(an N (1—v<x>)‘f’} i
$2

q q'e

63 / [Sq_llDwQ/)w L (= ) } b
o

q q'e

We assume the existence of a bi-Lipschitz homeomorphismug : £2; — K such
that det Dug > 0 almost everywhere and

/ W(x, up(x), Dug(x)) dx < oo. (48)
2

Note that img (ug, £2) is open, as it coincides with uy(£2). Moreover, & (ug) = 0
(see, for example, [8, Sect. 4]).
We define 7 £ as the set of u € W2 (£2, K) such that

u=ugondps2, (49)
in the sense of traces, and that, defining
in 2
T (50)
upg 1n 2 1 \.Q s

we have that u is one-to-one almost everywhere, det Du > 0 almost everywhere
and
&) =0. (51)

Note that the following properties are automatically satisfied: i € W17 (82, K),
img(u, £2) C K almost everywhere (52)

and
L (img(a, £21\82) Nimg(u, £2)) = 0. (53)

Moreover, ug € <7 .
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It was shown in [10, Th. 4.6] that condition (51) prevents the creation of cavities
of u in £2;. In particular, it prevents the creation of cavities in £2 and at dp 2 (as
in [44]). Moreover, (51) is automatically satisfied if p = n (see [8, Sect. 4]), or if
u satisfies condition INV and Det Du = det Du (see [10, Lemma 5.3] and also [7]
for the definition of condition INV and of the distributional determinant Det).

We define .7 as the set of triples (u, v, w) such that u € &/* v € Whe
(82,10, 1]), w € Wh4(Q, [0, 1]) and

v=1 onadps2, 54)

v=0 ondyS2, (55)

w=0 in Q\img(u, £2), (56)

v(x) = w(u(x)) almost everywhere x € £2, (57)

/ [v(x) — w(u(x))] dx < b. (58)
Q

The functional I of (47) will be defined on the set 7. We explain the choice of
conditions (54)—(58). The functions v and w are phase-field variables: v in the
reference configuration, and w in the deformed configuration. A value of v close
to 1 indicates healthy material, while if it is close to zero, it indicates a region with
a crack. The function w indicates where there is matter, SO W > Ximg(u,)- Except
close to the boundary, the function w follows v in the deformed configuration, so
w o u =~ v: this is expressed by inequalities (57), (58), since, eventually, b will
tend to zero. The fact that w 2 Ximg,s) agrees with the boundary condition (56).
Condition (54) is also natural since the trace equality (49) and the existence (50)
of an extension u in W7 (2, R") prevent a fracture at dpS2. Condition (55) is
somewhat artificial and comes from a technical part of the proof. As dy 2 is the
free part of the boundary, there is no information about whether u presents fracture
at oy £2. Condition (55) allows for it but it does not impose it. At some point of the
proof of the lower bound inequality (see Proposition 7, and, in particular, relation
(133)), we need to distinguish dy §2 from dp §2 with the mere information of v, and
we are only able to do it with (55). Naturally, condition (55) has an effect on the
limit energy, since it forces a transition from 1 to O close to dy §2, whose cost is
approximately %jf”*l (0N £2). This term is a constant, hence it does not affect the
minimization problem, and explains its appearance in the limit energy (14).

5. Existence for the Approximated Functional

In this section we prove that the functional (47) has a minimizer in 7, so the
approximated problem is well posed.

Theorem 3. Let Ay, Ay, e,n,b > 0, p =2 n—1and g > n. Let I be as in (47).
Then there exists a minimizer of I in <7.

Proof. We show first that the set .7 is not empty and that / is not identically infinity
in .o/ . As dp 2 and dy §2 are disjoint compact sets, there exists a Lipschitz function
vo : §2 — [0, 1] such that vo = 1 on dps2 and vg = O on AN S2.
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Let ug be as in Section 4. By the regularity of the Lebesgue measure, there
exists a compact £ C ug(§2) such that

b
L (o ($2)\E) = I (59)

where L is the Lipschitz constant of u, Uin ug(£2). As up(£2) is open, there exists
a Lipschitz function wy : Q — [0, 1] such that w; = 1 in a neighbourhood of E,
and w; = 0in Q\up(£2). Define wo : Q — [0, 1] as

vy 0 ual in E,
wo = 1 min{wy, vy o ual} inug(2)\E,
0 in Q\up(£2).

It is easy to check that wy is Lipschitz and that vy = wg o ug almost everywhere in
£2. Moreover, thanks to (59) we find that

/ [vp — wp o up] dx = / [vo — wg oug] dx = ¥£" (Q\ual(E)) < b.
2 2\uy ' (E)

Thus, conditions (54)—(58) hold for the triple (u, v, w) = (ug, vo, wp). In conse-
quence, (ug, vg, wo) € 7. In addition,

/[|Dvo|q+(l—vo)q/] dx<oo and /[|Dwo|q+wg/(l—wo)q/] dy < oo,
2 0

(60)
Using (48) and (60), we find that [ (ug, vg, wo) < oo. Furthermore, assumption
(W2) shows that I = 0. Therefore, there exists a minimizing sequence
{(uj,vj, w;)}jen of I in /. Again assumption (W2) implies the bound

]S:l% [H Du; HLP(Q,R"X”) + th (I cof Duj) HLl @t ||h2(det Duj) ”Ll (.(2)] < oc.
Moreover, calling u; the extension of u; as in (50), and using De la Vallée—Poussin
criterion, we find that the sequence {Du;} jcn is bounded in L (£21, R"*"), while
the sequences {cof Du;} ;< and {det Du;};cn are equi-integrable. As, in addition,
det Du; > 0 almost everywhere, u; is one-to-one almost everywhere and & (u;) =
Oforall j € N, the same proof of [8, Th. 4] shows that there existsu € wlr(2;, K)
such that u is one-to-one almost everywhere, det Du > (0 almost everywhere,
& (u) = 0 and that, for a subsequence,

u; — u almosteverywherein £2;, u; = u in whr (2, RY,
det Da; — det Da in L'(£2)) (61)
as j — o0o. Moreover, a standard result on the continuity of minors (see, for
example, [52, Th. 8.20], which in fact is a particular case of Lemma 5) shows that

mo(Duj) — puo(Du)in L'(£2,R* ") as j — oo, where we are using the notation
for minors explained in Section 2.7. With (61) we obtain

u(Du;) — p(Du) in Ll(.Q, R%) as j — oo. (62)
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In addition, u = ug in £21\£2, so, calling u := u| we have that condition (49) is
satisfied and, hence, u € &7 £.
Using that g > n, the Sobolev embedding theorem, the estimate

sup [1Dv;llLa(e.rry + 1Dw;llLac0.rr)| < 00,
jeN

and the inclusions v;(§2), w;(Q) C [0, 1] for all j € N, we find that there exist
ve Whi(2,[0,1]) and w € Wh4(Q, [0, 1]) such that, for a subsequence,

vi—>v  inC*(R), v;—v inWhi(Q),

wj — w in cOe(Q), w; = w in Whi(Q), ©3)

for some « > 0. Now, for all j € N and almost everywhere x € §2,
lwj(u;(x)) —wx)| = w;;x) —w;@x)]+w;@x) —wx)|
o
= Jwjllcougg) 00 —u@[" + Jw; —w] g,
s0, thanks to the convergences (61) and (63), we infer that

wjou; — wou almosteverywhere as j — o00. (64)

Thanks to (63), (64) and dominated convergence, we have that inequalities (57)—
(58) are satisfied, as well as the boundary conditions (54), (55). We show next that
condition (56) is also satisfied. For this, we first prove that

Ximg(uj,2) = Ximg(u,2) s j —> 00 (65)

in L'(R™). Thanks to [8, Th. 2], there exists an increasing sequence {Vi}zen of
open sets such that 2 = weN Vi and, for each k € N,

Ximg (uj, V) = Ximg(u,Vy) @S j —> 00 (66)

. 1
n L10C

for all j € N, we have that the convergence (66) is in L'(R™). For all Jj, k € Nwe
have that

(R™), up to a subsequence. In fact, as Ximg (u;.£2) < xk almost everywhere

H Ximg(uj,.Q) — Ximg(u,$2) ||L1(R”) é HXimG(uJ',Q) - XimG(Uj,Vk) HLI(]R”)

+ HXimG(uj,Vk) — Ximg(u, V¢) HLI(Rn) + HXimG(u,Vk) — Ximg(u,R2) ”Ll(Rn) .

(67)
Thanks to Proposition 1,
HXimg(uJ-,.Q) — Ximg(u;, Vi) HU(R") = HXimG(uj,.Q\Vk) HLI(Rn)
= / det Du;(x) dx (68)
£2\ Vi
and
HXimG(u,Vk) — Ximg (u,£2) HLI(Rn) =/ det Du(x) dx. (69)
2\ Vi
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Let & > 0. By the equi-integrability of the sequence {det Du;};cn given by (61),
there exists k € N such that for all j € N,

/ det Du;(x) dx +/ det Du(x) dx < &. (70)
2\ Vi 2\Vi

Using the LY(RM) convergence of (66), for such k € N there exists jo € N such
that for all j = jo,

=

™I

| Ximg (uj, Vi) — Ximg (u, V) HLI(Rn) (71)
Thus, the L (R") convergence (65) follows from (67)—(71). For a subsequence, it
also holds almost everywhere. To conclude the argument, we lety € Q\ img(u, £2).
By the almost everywhere convergence of (65), there exists jo € N such that
y ¢ img(u;, £2) forall j = jo, and, by (56), w;(y) = 0. Passing to the limit using
(63) shows that w(y) = 0. Therefore, condition (56) holds and we conclude that
(u,v, w) € «.
On the other hand, convergences (63) show that

/(1—v)q'dX= lim [ (1-v)7 dx, /IDqu dx§liminf/ |Dv;|7 dx
2 Q j— Jo

j=oo )0
(72)
and
/wq/(l—w)q/dy: lim [ w? (1 —wp)? dy,
0 j=oe)g
/ |Dw|? dy < liminf/ |Dw; |7 dy. (73)
0 i~ Jo

In addition, we can apply the lower semicontinuity result of [53, Th. 5.4], according
to which, thanks to the polyconvexity of W given by (W1) and to convergences
(61), (62) and (63), we have that

/ ((x)? + n)W(x, u(x), Du(x)) dx

g (74)

< lim inf/ (W (x)* + ) W(x,u;(x), Du;j(x)) dx.
2

j—o00

Inequalities (72), (73) and (74) show that (u, v, w) is a minimizer of / in &/. O

6. Compactness and Lower Bound

For the rest of the paper, we fix a sequence {¢}, of positive numbers going to
zero. As in Section 4, we fix parameters Aj, A» > 0, exponents p = n — 1 and
g > n and sequences {n:}. and {b.}. of positive numbers such that

supne < 00 (75)
&
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and
b, — 0.

(76)

For the upper bound inequality (see Section 7) we will need that 5, tends to zero
faster than ¢, but for this section, only the boundedness of 7, given by (75), is re-
quired. The functional 7 of (47) corresponding to the parameters A1, A2, €, e, P, ¢
will be called I, and the admissible set .7 of Section 4 corresponding to b = b,

in the restriction (58) will be called 7.

Given &, measurable sets A C 2 and B C Q, and (u, v, w) € 7, define

1Eu, v A) = / (w(x)? + n,) W(x, u(x), Du(x)) dx,
A

ISV('U; A) ::/ Sq—] |DU(X)|q + (1 - v(x))q/
A

q q'e

}dx

B

q

Define also

q'e

(77)

} ay

[Fa,v)=1F@v;2), 1V :=1 @ 2) and 1Y (w):=1"w;Q),

so that

Io(u, v, w) = IEu, v) + 11 1) (v) + 625 1Y (w).

This section is devoted to the proof of the following theorem.

Theorem 4. For each ¢, let (g, ve, wWe) € o, satisfy

sup ¢ (ug, v, we) < 00.
e

(78)

Then there exists u € SBV (82, K) such that u is one-to-one almost everywhere,

det Du > 0 almost everywhere and, for a subsequence,

u, — u almost everywhere, v, — 1 almost everywhere  and

We = Ximg(u,2) almost everywhere

Moreover, for any such u, we have that

/ W(x, u(x), Vu(x)) dx
Q

(79)

+ A [,%””_I(Ju) + 2" ({x € 3p£2 : u(x) £ up(x)}) + %%n—l (aNQ)]

+ [Per img(u, 2) + 2%”_1(Ju_1)] < liminf £ (u;, ve, ).
E—>

In the inequality above, the value of u on 952 is understood in the sense of traces
(see, for example, [1, Th. 3.87]). Theorem 4 constitutes the usual compactness and
lower bound parts of a I'-convergence result. Its proof spans the next subsections,

and will be divided into partial results.
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6.1. A First Compactness Result
For the sake of brevity, for each ¢ we define W, : £2 — [0, oo] through
We(x) := W(X, ug(x), Dug(x)). (80)
We present is a preliminary compactness result for the sequence {(ug, vg)}s.
Proposition 5. For each ¢, let (u,, v,) € o/F x W4 (82, [0, 11) satisfy
sup [IsE(ug, ve) + ISV(UE)] < 0. (81)
e

Then, for a subsequence,
ve — 1 in L! (£2), almost everywhere and in measure, (82)
and there existsu € BV (82, K) such that
u, — u almost everywhere and in L' (£2,R"). (83)

Proof. For each ¢, we use the equality
D ((31)? — 2vg) ug) = 6v.(1 — ve)u, ® Dv, + vg (3 — 2v,) Dug,
the bound 0 < v, < 1 and the L a priori bound for u, given by K to find that

‘D ((302 - 20) u)

< (1= ve) [ug ® Dvg| + v2 | Dug|

2
S (1 —we) [Dug| + v¢' [ Dug],

so by Holder’s inequality, Young’s inequality and assumption (W?2) we obtain that

/ ‘D ((31}3 — 2vg’) ug)
2
1
< 2 p P
~ (I —ve) [Dvg| dx + v; [Dug|” dx
2 2

1
P 1
é ISV(US) + (/ v? W, dX) < ]sv(vg) + IEE(ug, Vg) P é 1.
2

dx

Therefore, there exists u € BV(£2, K) such that (3v§ — 21)3)u‘s — u almost
everywhere, for a subsequence.
On the other hand,

/ (1—v)? dx < q'e 1) () e,
Q
so, taking a subsequence, the convergences (82) hold and, hence,

(3v2 —2v}) u,

e = (3vg — 2vg)

— u almost everywhere.

By dominated convergence, u, — uin L'(£2, R") as well. O
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6.2. Fracture Energy Term

In this section we study the term 1.”. Its analysis is essentially due to AMBROSIO
and TORTORELLI [13,14], who proved it in the scalar case when W is the Dirichlet
energy. In this section, we take many ideas from the exposition of [54, Sect. 10.2]
and [33, Sect. 5.2], who extended the result to the vectorial case for a quasiconvex
W. Some adaptations are to be made, though, because of the boundary conditions
(49), (54) and (55), so that inequality (85) of Proposition 6 below is stronger than
the usual lower bound inequality for ISV. In addition, our W is polyconvex, is
allowed to have a slow growth at infinity and blows up when the determinant of
the deformation gradient goes to zero, all of which add further difficulties in the
analysis.

We first present a version of the intermediate value theorem for measurable
functions, which will be used several times in the sequel. Although the result is
well known for experts, we have not found a precise reference.

Lemma 6. Let [ C R be a measurable set with £ (I)>0.Let f,g: 1 — [0, c0]
be two measurable functions such that f € L'(I). Then the set of so € I such that

/If(S)g(S) ds = g(So)/If(S) ds

has positive measure.

Proof. Let J be the set of s € [ such that f(s) > 0. The result is immediate if
Z1(J) =0, so assume that £ (J) > 0. The result is also trivial if g is constant
almost everywhere in J, so assume that this is not the case. Then

[, f(s)g(s) ds
fJ f(s) ds

> essinf g.
J

By definition of essential infimum, we have that

1 . fjf(s)g(s) dS])
< (lso e J:g(so) = f] o) s > 0. (84)

Assume the conclusion of the lemma to be false. Then, together with (84) we would
infer that there exists so € J such that

[, f(s)g(s) ds
[, f(s) ds

/Jf(s)g(s) ds </Jf(S) ds g(so) and g(so) =

which is a contradiction. O

The following lemma is a restatement of the well-known fact that Lipschitz

domains satisfy both the interior and exterior cone conditions (see, for example,
[55, Prop. 3.7)).
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Lemma 7. Let §2 be a Lipschitz domain. Then there exist 5 > 0 and yy € (0, 1)
such that for " -almost everywhere x € 32 and every & € "~ such that

£ -vo(x) > yo,
{1 €(=8,8):x+1£ € 2} = (=8, 0).

The compactness result of Proposition 5 is complemented by the following one,
in which we also prove the lower bound inequality for the term 7.”'.

Proposition 6. For each ¢, let (u,, vy) € /F x W-4(2, [0, 11) satisfy (81). Let
u € BV (82, K) satisfy (83). Thenu € SBV (£2, K) and

1
A" T+ ([x € 3p£2 1 u(x) # up(x)}) + 5%"—1 (INS2) )
< lim inf 1) (ve).

Proof. Fix0 < § < % We perform a slicing argument, for which we will use the

notation of Definition 5. By Fatou’s lemma, Proposition 2 and (W2), we have that
for every & € sr—1

/ lim inf / @5¥)2 | DubX|P dr a7 (X))
2t 28X

e—0
< limi £.x'\2 Ex'p n—1 o/
< lim inf (v’*)” |Duz’™ |P dt d2" (X))
0t Joex

e—0

e—0

D x q 1 — X q
/ liminf/ s ML o " d" 1 (x)
0t =0 QEx q'e

q
DuEX e (1 —oE X
§liminf/ / [eq—ll v I Uf ) }dz do" 1 (x)
28 Jtx q

< liminf / v2 | Dug|P dx 5 lim inf 1F (ug, ve) (86)
Q e—

and

e—0 q'e
< lim inf 1) (ve). (87)
e—

Inequalities (86), (87) and the energy bound (81) imply that for 2" -almost
everywhere x' € 2§,

lim inf / 52 DU P dr < oo,
Q&X

e—0

DE¥ e (1= of %)
liminf/ ga—11Dv | +( e )T | 4t < oo (88)
e=>0 Jox q q'e

By (82), (83), using slicing theory and passing to a subsequence (which may depend
on x'), we also have that, for .7~ !-almost everywhere x’ € £2¢,

7! ({t e 28 b () <1 - 5}) —0 and ub¥ — uf¥ in L1(25¥, R).
(39)
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Fix any x' € 2% for which Equations (88), (89) hold, and let U be a non-
empty open subset of £2. Then U* X s also open, hence it is the union of a disjoint
countable family {/i};cn of open intervals. Note that each [, depends also on
U, x" and &, but this dependence will not be emphasized in the notation. Also for
simplicity, we use the notation {/; };cn, even though the family of intervals may be
finite.

By Young’s inequality, the coarea formula (19) and Lemma 6, for each k € N
and each ¢ there exists s x € (8, 1 — J) such that, when we define

1-6
as ::/ (1—s)ds, Eep:={tel:v5%@1) <sexl, (90)
$

we have

DvEX | | —uEX)d
/[8q_1| P a-of )]dt
Iy q qe

> [ (1= v8%) | DvEX | s
I

1-6
> / (1—1y) %O(B*U € ly: vf’x/(t) <syN L) ds
1)
> as A°(9* Ecx N I). 1)

The function vE’X/ is absolutely continuous, hence differentiable almost every-
where. In addition, by a version of Sard’s theorem for Sobolev maps (see, for
example, [56, Sect. 5]), we have that

7 (vg’x/ ({t e 8% . ng, is differentiable at ¢ and (vf’x/)/(t) = O})) =0.
On the other hand, it is easy to see that for any so € R with the property that
all 1 € (v5%) ™! (s0) is such that v5X is differentiable at 7o and (v5%)'(10) # 0,
one has
It e 25% 08X (1) < s0) = 3{r € 5% 18X (1) < so).
Moreover, since vE’X, is continuous, E; x is an open set. These facts together with

Lemma 6 allow us to assume that the number s,  in (90) was chosen so that not
only (91) holds, but also *E; y = dE . Thus,

=0 e—0

1 / / /
57 lim inf / WE™)? DU |P dr = > liminf / | Duf ™ |” dr,
8 UEx keN I \Ee i

Dv Xg l—v’x/ q
liminf/ |:8q_1 [Due” | + ( e ) :| dr 2 aslim inf %ﬂo(aEg,k N I).
e—0 UEx q q/s e—0

(92)
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Fix k € N. From (88) and (92), we infer that lim inf,_, o .7 (3 Ec NIx) < oo,
and, hence, for a subsequence, E; ; has a uniformly bounded number of connected
components. Let Fi be the Hausdorff limit of a subsequence of {m}g, that is, Fy
is characterized by the facts that it is compact, contained in ; and for each > 0
there exists ¢, such that if ¢ < &, then

Ecx C B(Fr,n) and Fy C B (Eqp, ). (93)

Moreover, Fj can be found by taking the limit of the sequences of endpoints of the
connected components of E; ;. Call

Gro:={t € Fe Nl : lim v&X (1) = 0},
e—0

Gri:={t € F Nl : lim v¥¥ (1) = 1},
e—0

§.x

ways exists because v's’x, is uniformly continuous. By (89) and (90) we have that
Z1 (E¢ k) — 0, hence Fy necessarily consists of a finite number of points. Using
this and that each E 4 is a union of a uniformly bounded number of open intervals,
the following argument allows us to conclude that

where the value of v in 0/ is understood in the sense of traces, and it al-

1 1
HOF N L) 4+ #°(Gr1) + 3 H(Gro) < lim inf APDEc i N 1), (94)

Indeed, we first observe that for each r € Fj there exist sequences {7}, and {T;},
tending to ¢ such that

T

T, <Tg, T,.Te €0Eg; and (7,,T¢) C Egx for all ¢.

Consider the following two cases.

(a) If t € I, then T, T, € I; for every ¢ sufficiently small. Therefore, to ¢ there
correspond two points in d E¢ x N I: 7, and T,.
(b) If t € 91, assume, for definiteness, that ¢ = inf I;. Then ¢t < 7, forall ¢

sufficiently small. If lim,_,¢ vg’x/(t) = 1, then, by (90) we have that r # 7,
and,hence 7, T, € Ij. Therefore, to 7 there correspond two pointsin d E¢ N 1:

7. and T,. If, instead, lim;_,¢ vf’x/(t) = 0 then still T, € I, but it may
happen that T, = t for all ¢ sufficiently small, so we cannot guarantee that
7, € Ix. Hence we only conclude that to ¢ there corresponds at least one point
indEg NIk Te.

This discussion completes the proof of (94).
Now, for each n > 0 there exists ¢, such that if ¢ < g, the inclusions (93)
hold. Thus, by (88) and (92),

e—0 e—0

oo > lim inf/ |Du§’x,|p dr = lim inf/ i |Du§”‘/|p dr. (95)
T \Ee i I \B(F.,n)
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1014 From (89) and (95) we obtain that ubX e WL (L \B(F, n), R") and

1015 / B |Du§,x’|p dr § liminf/ |Du§’xl|p dr. (96)
LA\B(Fi,n) I \Ee¢ i

e—0

1016 Since the right-hand side of (96) is independent of 7, we conclude that ué X e
1017 Wl’p(lk\Fk, Rn) and

018 \Vaé¥|? dr < liminf / |DuX|P dr. (97)
T \Ee k

Ik e—0

1019 A standard result in the theory of S BV functions (see, for example, [1, Prop. 4.4])
1020 shows then that ué* € SBV (I, R") and

1021 JuE’X' NI, C FpNI. (98)

w2 In particular, ué"* € SBVioe(USX, R") and, by (98), (94) and (92),

/ 1
1023 %O(Jug,x/ NUSX )+ z [%O(Gk,l) + 3 %O(Gk’O)}
keN
1 DuEX e (1 — 8%
1024 < —lim inf/ |:8q_1| v | + ( ve” ) ] dr. (99)
as 0 Jyex q q'e
1025 The analysis above is true for any non-empty open U C £2. In the rest of the

1026 paragraph, we take U to be £2. We have

% (uE’X', ngx/) ->v (uE’X’, Ik)

keN

1027 _ z /
keN | 71

vub¥

dr + Z ‘ug’x/(fr) — u's’x/(t_)

l‘EJus’X/ NIy

(100)

128 Both equalities of (100) are standard: see, for example, [42, Rk. 5.1.2] for the first
w29 and [1, Cor. 3.33] for the second. In (100), uf ’X/(t+) denotes the limit at 7 of the
1030 precise representative of ué¥ from the right, and ub-¥ (t7) from the left. On the
1031 one hand, we have, due to (99) and (88),

> > [ eh - w2 2suplyl A (Upew) <00 10D
keN re] ¢ Nl yek

w33 and, on the other hand, using (97), (92), (88) and Fatou’s lemma,

Z/ |Vu§,x’|p dr < ]imian/ |Du§,x’|P dr
1 Ik\Es,k

A e—0

g KN oo (102)
< — lim inf/ @82 DU P dr < oo.
82 QE,X/

e—0
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Thus, equations (100), (101) and (102) show that ubx ¢ SBV(.QE’X/, R™). In
addition, by (99) and (87),

1
/Q E AT gn) dt" (X)) < o mggf 1) (ve), (103)

whereas, by (102) and (86),

/ / |Vu§ $'Y |P dr do"~ 1 / Z |VuE,x’|p dt d%l’l—](xl)
& JoEx

< liminf IE (ug, vg).
~ e=0

(104)

Proposition 2 and equations (103), (104), and (81) conclude thatu € SBV (§2, R")
and "1 (Jy) < o0.

We pass to prove (85). Fix a dense countable set {§j }jenin S" landy € [y, 1),
where g is the number appearing in Lemma 7. Define the sets

S:={xe€dpf :ux) £uy(x)},
Sj := {x € 982 : there exists 0 > O such thatx — (0, 0)§; C £2
and x + (0, 0)&; C R"\ 2},
Aj = {XeJuUSUBN.Q:v(x)-’g'j >y andv(x)-& <y foralli < j},

where v(x) in the definition of A; denotes either vy (X) if X € Jy, or vo(x) if
X € S U dy $2. For convenience, the Borel maps vy : Jy — S" landvg : 092 —
S"~1 are defined everywhere, even at those points where Jy or 352 do not admit
an approximate tangent space; for those points x (which form an .7~ !-null set),
vu(X) and v (x) are defined arbitrarily so that the resulting maps vy and v, are
Borel. Note that {A;} ;e is a disjoint family whose union is Jy U SUdy £2. Indeed,
for each x € Jy U S U dn$2 there exists j € N such that [v(x) - §;| > v, since
{}jen is dense in S"=1If jo € N is the first such j, then x € Aj,. Notice, in
addition, that

§

s/ c Q% (105)

Indeed, let T be the linear projection onto IIg; (see Definition 5). If xg € S 2 then
there exists x € §; such that xo = urs (x). By definition of §;, there ex1sts t>0

such that x — 1§ ; € £2, so g, (x — 1§ ;) € 2%, but g (x — 1§ ) = 7 ;(X) = Xo.
This shows (105). Now, Lemma 7 implies that, since y = yp,

A;Na2NS; =A;NaS2 2" almost everywhere. (106)

Use the regularity of the finite Radon measure 2"~ L (Jy U SUdy £2) to find,
for each j € N, an open set U; such that A; C U; and

A" ((JaUSUBNR)NUNA;) 277 (1 —y). (107)
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Foreachx € JyUSUdn$2,let j € Nsatisfy x € A}, and define .7 as the family
of all closed balls B centred at x such that B C U; and

AN (WU SUIN2)NIB) = 0. (108)
Then the family
F :={B:B e Zxforsomex € J,US Uiy}

forms a fine cover of J, USUdy §2. Apply Besicovitch’s theorem (see, for example,
[1, Th. 2.19]) to obtain a disjoint subfamily ¢ of .% such that "~ ((Jy U S U
INS2)\ U ¥) = 0.Foreach j € N, call V; the union of the interiors of all the balls
in ¢ that are centred at a point in A ;. Each V; is open and contained in U}, the
family {V;};cn is disjoint, and

i ((Ju usuav\ V]-) =0, (109)
jeN
because of condition (108).

Fix j € Nand X' € 257 such that Equations (88), (89) hold for § = §;. As
each V; is open, we can apply (99) to U = £2 N V; so as to obtain

! ix 1 i x'
A @OV + 3G + 5 G |
keN
(110)

&..x E.x
1 Dv,’'" |1 -7 )

< —liminf/ / ga—1 1DV | + ( e ) dt,

2as -0 @nv;i q q'e

where the family {/i};cn of intervals this time corresponds to (£2 N VJ-)EJ’X/, and
the dependence of Gy o and Gi; on V;, & I and x’ has been made explicit in the
notation. Now we analyze the last two terms of the left-hand side of (110). We
discuss the following two cases.

(a) Letp € (OS2 N S; N Vj)gf’x/. Thus, there exist x € dy2 NS; N V; and
X € Q2N SN Vj)EJ' such that x = x’ + togj. Then 79 € 91 for some
k € N, by definition of S;. By (55) we have that uf-”" (to) = 0 for all ¢, so by

. X . X .
the continuity of vf’ , we infer thatt € E.; forall ¢ € Q8% with t ~ 10;
see (90). Since x € §;, this implies that f) € E; . From the definition of Fj
we conclude that #y € Fj. This shows that

@vens;nvpiX c | JG6ly. (111)
keN

(b) Note now that .#"~!-almost everywhere X € 9p 2 satisfies u,(x) = ug(x),
thanks to (49). Take such an x that in addition belongs to SN §; N V;. As in

the previous case, letx’ € (SN S; N VJ-)EJ' and7g € (SNS; N Vj)gj”‘/ be such
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1089 that x = x" + 10§ ;, so to = sup I for some k € N. By (54), vff”‘ (to) = 1 for
1090 all e, while we have just seen that
gjvx/

1091 u.’  (fh) = up(x). (112)
1002 On the other hand, 7o must belong to Fy, since otherwise, having in mind
1003 equation (93) and the fact that Fy is compact, there would exist n > 0 such
1094 that (to — n,t9) C Ix\E¢x for all ¢ sufficiently small. By (88), (89), (112)
1005 and the continuity of maps in WLP((tg — n, tp), R"™), we would conclude that
1096 usj’x/(to) = ug(x), which contradicts the fact that x € S. This shows that for
1007 2" -almost everywhere X' € (S N SN Vj)E./',
- sns;nvpsix c |Gy (113)

keN

1009 Inclusions (111) and (113) imply that

/ %0((3N9 ns;n vj)E.fsx/) d" 1 (x)
(O 2NS;NV)Ei

<

it /(aermSjmvj)sf

AOGLY) d" (x),
(114)

1100
/ A (505N Vi) e &)
(Sns;nv;)ti
<> / ANGIY) A (x).
fon sns;nvti ’

1101 Now recall from (105) that
we  (AN2NS;NVHE C(@2nVpdi and (SNS;NVHE c(2nVpdi. (115)

103 Thus, combining (114), (115), (110), Fatou’s lemma and Proposition 2, we find that

od / A0 (J gw N (20 Vj)ﬁf”") A" (x)
@nvyi v
1105 +/ A0 ((S ns; N Vj)gf’x/> d%n_l(X/)
(SNS;NV;)%i

1 /
1106 +—/ 0 ((8NQ ns;N Vj)gj’x) d%n_l(X,)

2 Jone2ns;nv)ti

1

1107 < —liminf I, (ve; 2 N V). (116)

2as &—0
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By Proposition 2,

/ . %O(Jugj,x/ NN V)Ex) d%”‘l(x’):/ v - &;| dor" 1,
(QﬂVJ’) J VinJu

/ A0S N S;NVHEX) A" (x) =
(sns;nvyti

\/(BN.QﬂSjﬂV]‘

)%

:/ ‘VQ-gj‘d%n_l.
aN§2NS;NV;

Using the definition of A ;, we find that

/‘/jﬁJuﬂA.i

4___

1
2

|vu.g,\wn—l+/

VjﬁSﬂAj

/ vg - &] den!
ViNony $2NA;

SﬂSijj

AN 2 N S;NV)HEX) d" ™ (X))

[vo - &;] drm

(117)

‘V_Q §J| d%n_l

> y[ﬁf"—l(vj NJuNA)+2"N(V;NSNA)

1
+5 A"V (Vinaye2n A,-)].

(118)

On the other hand, using the inclusion V; C U; and (107), we find that

1
A" NV N )+ 2NViNS) + 3 A"NViNayR)

1
SANVN I NA)+2"(ViNSNA)) + 5%”“(&/]- NIN2NA))

+277(1 = ).

Applying (106), we obtain that

/ \vu-§j|d,%ﬂ"—1+/

VinJu
+1/ }
2 ViNay $2NS;

+/
A;nSNV;

By (109) and (119), we have that

[ve-&;] 4"+ 5 / v &l drl (120)
AjﬂaN.QﬂVj

[ve - &l dr!

S;nsNV;

V_Q-gj}d%n_l z/v
J

1

(119)

vy - ;] do !

ﬂJuﬂAj

1
AN (Jy) 4+ (S) + 3 A" Oy 2)

<> [%”_I(Ju NV;NAj)
jeN

I
+A"T A NSOV + 2 A4 N v N VJ’)] 1=y (2

-
~

2

0

5

0

8

2

0

B
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Putting together successively inequalities (121), (118), (120), (117), (116), we ob-
tain

1 1
A"V I + AN 4+ - " (9 R2) < liminf I, (ve) + 1 — p.
2 2a5y e—0

Letting y — 1 and § — 0, we conclude the validity of (85). O

6.3. Surface and Elastic Energy Terms

In this section we study /, 8E (ug, ve) and [ gw(wg). The analysis of the term
If (ug, ve) is initially based on BRAIDES et al. [33, Sect. 3], who proved a I'-
convergence result for a quasiconvex stored energy function W with p-growth. The
term / SW(wS) resembles a MoDICA--MORTOLA [11] functional, but for its analysis
we also need the convergence result of Theorem 2. In fact, in order to deal with a
polyconvex function W that grows as in (W2) and with the invertibility constraint
for the deformation, we need to apply the techniques of [8].

The following auxiliary results will be used several times. Recall from Section
2.7 the notation for minors.

Lemma 8. For each ¢, let (ug, v,) € F x Wh4($2, [0, 1]) satisfy (81). Let {A¢}¢
be a sequence of measurable subsets of §2 such that inf inf 4, ve > 0. Then, the
sequence {V(xa,0¢)}e is bounded in LP (2, R"*"), and {i(V (xa,0¢))}e is equi-
integrable.

Proof. Call§ := inf, inf 4, v.. Using Lemma 1 and (W2), as well as notation (80),
we find that

1
/ |V()(Aau5)’17 dx < 8_2/ vg |Du|P dx é/ vg W, dx < ISE(ug,vg) S L
2 Ag

Ag

Let_h1 and K be the functions of (W2). Fori € {1, 2}, define 4; : [0, 00) — [0, 00)
as h;(t) := h;(max{l1, t}). Then

h;:(t
lim hi®) =00, i€e{l,2)
t—oo t
and
/ i1 (1 cof V(xa,ue)]) dx < 3"(9)h1<1)+/ W, dx
2 Ag
1
< LM(2) hi (1) + 8—21£(u8, ve) S 1;
similarly,

_ 1
/Q (et V (4, 00) dx < 27 () ha(1) + 55 1 e v) 5 1

By De la Vallée—Poussin’s criterion, {cof V(xa,us)}: and {det V(x,u.)} are
equi-integrable. The rest of the components of {(V (x4, u¢))}¢ are equi-integrable
because p = n — 1 and, due to Holder’s inequality, minors of order k € N with
k < p are equi-integrable, as {V(x4,u.)}¢ is bounded in L?(£2, R"*"). O

Dispatch: 21/11/2014 | Journal: ARMA
&'. 2 0 5 O 8 2 0 B Total pages: 67 Not Used []

Disk Received [] Corrupted []
s Jour. No Ms. No. Disk Used [] Mismatch []




Author Proof

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1170

171

172

1173

1174

1175

1176

1177

1178

1179

1180

1181

1182

1183

1184

1185

1186

1187

DuvaN HENAO, CARLOS MORA-CORRAL AND XIANMIN XU

Lemma 9. For each ¢, let (u,, vg) € /F x Wh4(£2, [0, 1]) satisfy (81). Let u €
SBV (82, K) satisfy (83). Let { A} be a sequence of measurable subsets of §2 such
that L (Ag) — L"(82). Assume that

inf ilglf ve >0 and supPer(A;, £2) < oo.
€ & &

Then
1o(V(xa,0:)) — po(Vu) in L' (2, R™™H.

Proof. We check that the sequence {x4,u.} satisfies the assumptions of Lemma
5.

Lemma 2 shows that x4, u, € SBV (£2, R") and 1 (Jya,ue) < Per(Ag, 2)
for each ¢. In addition, thanks to (83) and .Z"(A;) — Z"(S2), we have that
XA, Ug —> win L'(£2, R"). Therefore, using Lemma 8, we find that the sequence
{V(xa,us)}e is bounded in L7 (£2, R"*"), and the sequence {cof V() u;)}c is
equi-integrable. The conclusion is achieved thanks to Lemma 5. O

Proposition 7. For each ¢, let (ug, ve, we) € <, satisfy (78). Letu € SBV($2, K)
satisfy (83). Then u is one-to-one almost everywhere, det Du > 0 almost every-
where,

Perimg(u, £2) + 2%”_1(Ju_1) < 6 lim i(I)lf IEW(wS), (122)
e—

/ W(x, u(x), Vu(x)) dx < liminf IEE(ug, Ve) (123)
o e—0

and, for a subsequence,

We = Ximg.2) i1 L1(Q). (124)

Proof. Fix 0 < §; < 8, < 1. Asin (91), using the coarea formula (19), we obtain
that for each ¢ there exists s, € (81, 62) suchthattheset A, := {x € 2 : v, (X) > s¢}
satisfies sup, Per(A, £2) < oo and, due to (82),

LA — LN (R). (125)
Thanks to Lemma 9,
1o(V(xa,ue)) = po(Vu) in L'(2, R™H. (126)

Again as in (91), for each ¢ there exists 7, € (81, §2) such that, defining

8
bs, 5, :=/ s —s)ds, Erim(ye0:w() >0l
81

Fo={xe 2w (u(x)) >t}

we have that

1Y (we) 2 / we (1 — we) [Dwg| dy 2 bs, s, Per E,. (127)
Q
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We have also used the equality Per £, = Per(E., Q), which is true because condi-
tions (56), (52) and the continuity of w, imply that £, CC Q. In particular, (127)
shows that
sup Per E; < oco. (128)
&
Thanks to (57), (58) and (76), we have that (w, ou; — v;) — 0in L' (£2). With the
convergence (82), we conclude that, for a subsequence, w,; o u;, — 1 in measure,
hence
L(F,) — LM(2). (129)

Denoting by A the operator of symmetric difference of sets, we have, thanks to
(57), that vg|a,aF, = 81 for all &, so Lemma 8 yields the equi-integrability of the
sequence {fo(xa,aF. Dug)}e. Therefore, using also (125) and (129),

| o(V (xa.ue)) — o (VR | 11 g ety = /A lo(Duy)| dx — 0,

& &

which, together with (126), shows that
1o(V(xFue)) — po(Vu) in L'(2, R™1). (130)

Now we verify the assumptions of Theorem 2 for the sequence {u.}. of maps
and the sequence {F;}. of sets. Using (56), it is easy to check that

img (ug, Fz) = E, almost everywhere, (131)

SO
Perimg(ug, F;) = Per E, (132)

and, recalling (128), we obtain that sup, Per img (u;, F;) < oo.

Now we show that u;}pg € SBV(R",R"). Any x € F, satisfies v.(x) > ft,,

thanks to (57). As v, is continuous, any X € F, satisfies vy (X) =, 50 X ¢ InS2,
because of (55). Thus, .
F,NoyR = 2. (133)

Let now i, € W!-P(£2;, R") be the extension of u, given by (50). Thanks to the
relations 2 U 0p$2 C £2; and (133), as well as to the fact that dp 2 and dy §2 are
closed disjoint sets, we can apply [9, Th. 2] to infer that, thanks to (51), there exists
an open set U, CC 2 such that F, C U, and ﬁ;bg e SBV(R", R"). Using (131)
and the inclusions

E; C img(ug, £2) C img (g, U),

we obtain that img(u,, F;) = img(ug, Ug) N E, almost everywhere; therefore,
u; 11% =X Egﬁ; %]5 almost everywhere. Thus, by Lemma 2, we conclude that u; 11% €
SBV(R", R").

As & (i) = 0, we can apply now [9, Th. 3] to obtain that 2"~ (I'; (i) = 0.
Here I'; denotes the invisible surface, as defined in [9, Def. 9]. For the purposes

of the proof, here it suffices to know that I';(u,) is the set of y € Jﬁgl such that
both lateral traces (;) T (y) belong to £21. Now, any y € Jy, F)1 satisfies that the
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lateral traces ((ug|f, )~ I+ (y) exist, are distinct and belong to F,,and, hence, to 2,
due to (133). Thus, y € I'7(u;). Therefore, J, r)1 C I'7(u,) and, consequently,

A" Uy 1) =0 (134)

Due to (57) and Lemma 8, there exists 8 € L!(£2) such that, for a subsequence,
XF. det Dug — 6 in L'(£2). Moreover, 6 > 0 almost everywhere. If 6 were
zero in a set A C £2 of positive measure, using (125) and (129), we would have
(for a subsequence) det Du, — 0 almost everywhere in A and x4, — 1 almost
everywhere in §2; hence by assumption (W2), we would obtain x4, 4> (det Dug) —
oo almost everywhere in A, and, by Fatou’s lemma,

lim hy(det Du,) dx = o0,
e—0 A:NA

but for each &, recalling the notation (80),

1E (ug, ve) g/ VW, dx 2687 [ W.dx > 3%/ ha(det Dug) dx
& AS &

> 52 / h»(det Du,) dx,
ANA

which is a contradiction with (78). Thus, # > 0 almost everywhere. We can there-
fore apply Theorem 2 and (134) in order to conclude that & = det Vu almost
everywhere, u is one-to-one almost everywhere,

Ximg(ue, F.) —> Ximg(u,2) almost everywhere and in Ll(R” ), (135)
up to a subsequence, and

Perimg(u, £2) + 2.1 (J,-1) < lim inf Per img (u, Fy). (136)
e—

In particular,
det(xr, Dug) — det Vu in L'(£2). (137)

Having in mind (127) and (132), we obtain

Perimg (ug, F;) =

1Y (wy). (138)
b51,52

Putting together (136) and (138), and letting §; — 0 and § — 1, we obtain

inequality (122).
We prove now (123). Convergences (129), (130) and (137) show that

m(xr,Dug) = p(Vu) in Ll(.Q, R?) and xpu, — u almost everywhere.
(139)
Let {I:"g}g be the increasing sequence of sets obtained from {F.}, that is, I:"g =
Ug>, Fer. Trivially, (129) and (139) yield

L"(F) — £"(2), w(xp Due) = p(Vu) in L' (2, RY),

XpUe = U almost everywhere. (140)
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Now fix an element €1 of the sequence {¢}.. Convergences (140) and assumption
(W1) allow us to use the lower semicontinuity theorem of [53, Th. 5.4] applied to the
function ng 2 x K x RY — R defined as ng (X, y, p) := XF,, X)W (x, Y, L),
so as to obtain that

W (x, u(x), Vu(x)) dx < lim i(r)lf W(x, (Xﬁgug)(x), (Xﬁs Vug)(x)) dx.

(141)
Moreover, for each ¢ < ¢; we have F;, C F;, so using assumption (57), we find
that

Fél F}I
/ W, (X780 (%), (xz VUe) (X)) dx = / W, dx < / W, dx
Fe, Fe, Fe

1 1
<= | vg W, dx < ISE(ug, V).

tJk 8
(142)
On the other hand, by (140) and the monotone convergence theorem,
lim W(x, u(x), Vu(x)) dx :/ W(x, u(x), Vu(x)) dx. (143)
e1—0 Fsl Q

Formulas (141), (142) and (143) show that
L. . F
W(x, u(x), Vu(x)) dx < — liminf 7" (ug, ve).
Q 81 e—0

Letting 61 — 1 and 6, — 1 we conclude the validity of (123).

We pass to prove (124). As sup, 1 SW(wg) < 00, a well-known argument going
back to Mobica [12, Th. I and Prop. 3] (see also [57, Sect. 4.5]) shows that there
exists a measurable set V C Q such that, for a subsequence,

we — xy  almost everywhere and in L! (0). (144)

Take ay € Q for which convergences (135) and (144) hold aty. If y € img (u, £2),
applying (135), for all sufficiently small ¢ we have that y € img(ug, F;). The
definition of F, shows that w.(y) = 81, and, due to (144) we must have w,(y) — 1
andy € V. Letnow y ¢ img(u, §2). Applying (135), for all sufficiently small
e we have thaty ¢ img(ug, F;). If y ¢ img(ug, £2) then we(y) = O because
of (56), whereas if y € img(ug, 2\ F;) then w.(y) < ;. In either case, due to
(144), necessarily we(y) — O andy ¢ V. This shows that ximgw,2) = xv almost
everywhere in Q and concludes the proof. 0O

It is clear that Propositions 5, 6 and 7 complete the proof of Theorem 4.
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7. Upper Bound

In this section we prove the upper bound inequality for some particular but
illustrating cases. For simplicity, and to underline the main ideas of the construc-
tions, we assume the space dimension n to be 2. This is mainly a simplification for
the notation, since the deformations considered enjoy many symmetries that lend
themselves to natural n-dimensional versions. Moreover, we assume that the stored-
energy function W : Rixz — [0, oo] depends only on the deformation gradient,
and there existc; > 0, py, p» = 1, and a continuous function 4 : (0, 00) — [0, 00)

satisfying
(W1) W(F) < ¢ [F|P" + h(detF) for all F € R2*?,

- h(t
(W2) limsup Q < 00, and
t—oo0 P2

(W3) forevery o > 1 there exists C(ag) > 0 such that h(at) < C(ag)(h(t) +1)
forall o € (o ', @) and all ¢ € (0, 00).

Assumptions (W1)—(W2) are somehow the upper bound counterpart of assumption
(W2) of Section 4. Assumption (W3) does not have an analogue in the lower bound
inequality, and it is used here to conclude that if the determinant of the gradient
of two deformations are similar, then their energies are also similar. It allows, for
example, a polynomial or a logarithmic growth of W in det F.

Since our main motivation is the study of cavitation and fracture, the deforma-
tions u chosen for the analysis present cavitation and fracture of various types. For
those deformations, we prove that for each ¢ there exists (u., ve, we) € <7 such
that (79) holds and

/ W (Vu(x)) dx
2
1
A1 [,%”I(Ju) + " ((x € 9pR2 : u(x) # up(x)}) + 5L%ﬁl(aNQ)]
+12 [Per img(u, 2) + 2%1(Ju_1)] = lim L, (u, v, ). (145)

The calculations leading to (145) are lengthy, and will only be sketched. It is also
cumbersome to check that each element (u., v,, wy) of the recovery sequence
actually belongs to .27, so the proof of this is left to the reader. Moreover, in the
constructions of this section, the container sets K and Q (see Section 4) do not play
an essential role, so we will not specify them.

For convenience, the notation of (77) will be further simplified. Since the func-
tionals IEE v/ SV and / 8W will always be evaluated at (u,, v¢), v, and we, respectively,
for any measurablesets A C 2 and B C Q, the quantities / SE (ug, vg; A), I SV (ve; A)
and I (w,; B) will be simply denoted by IF(A), 1V (A) and 1V (B), respectively.

This section has the following parts. In Section 7.1 we construct the optimal
profile for the phase-field functions v, and w, to vary from O to 1. Section 7.2 reviews
some well-known concepts and formulas related to curves in the plane. In Sections
7.3-7.6 we construct the recovery sequence for four particular deformations, each
of them with a specific kind of singularity: a cavity, a crack on the boundary, an

Disk Received [] Corrupted []
Jour. No Ms. No. Disk Used [] Mismatch []

2 [2/0/5]0[8[2]0| B[ Tt
o™




Author Proof

1318

1319

1320

1321

1322

1323

1324

1325

1326

1327

1328

1329

1330

1331

1332

1333

1334

1335

1336

1337

1338

1339

1340

1341

1342

1343

1344

1345

1346

1347

1348

I'-Convergence Approximation of Fracture and Cavitation

interior crack and a crack joining two cavities. All constructions follow the same
general lines, which are explained in Section 7.3 and then adapted in Sections
7.4-1.6.

7.1. Optimal Profile of the Transition Layer

We introduce the functions that will give the optimal profile for v, and w,
to go from O to 1. The construction is purely one-dimensional, so that v, and
w, will only depend on the distance to the singular set through a function called,
respectively, o, v and o, w. These functions solve an ordinary differential equation,
which is presented in this subsection, and determine the optimal transition, in terms
of energy, of going from O to 1. The construction is standard and goes back to
Mobica and MorToLA [11] for the approximation of the perimeter; it was then
used by AMBROSIO and TORTORELLI [13] for the approximation of the fracture
term.

We start using the fundamental theorem of Calculus: as 1 < ¢’ < 2 the function

s
—d
H/o A—gr1 %

is a homeomorphism from [0, 1] onto [0, fol (1—?%]' Its inverse oy is of class
C! and, by definition,

_ o
avl(s)z/omdg, s € [0, 1].

Analogously, there exists a homeomorphism ow from [0, fol W] onto
[0, 1] of class C! such that

s 1
-1 _
UW (S) _/0 Sq,_l(l . é:)q’—l dsv s € [0’ 1]

We note that oy and oy, ! can be given a closed-form expression, but not oy or
av;l. Notice that

v =0, o, =0-0p)?"", oW =0, of =0l "1—ow)?".
(146)
As an aside, we mention that the initial value problem satisfied by oy (the last
two equations of (146)) does not enjoy uniqueness, since the nonlinearity is not
Lipschitz. In fact, the function ow thus constructed is the maximal solution of those
satisfying the initial value problem.
For each ¢, define o, v : [0, 80‘71(1)] — [0, 1] and o w : [0, 80‘;,1(1)] —

[0, 1] as
t t
oe,v(t) :=oy (—) ., ogw(t) =ow (—) .
€ €
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Both o, v and o, w are homeomorphisms of class C ! such that

osj‘l,(s) = 80‘71(S), 08’1 (s) = 80‘;,1(s),

In particular,

Moreover, by (146),

o, v(0) =0,

oe,w(0) =0,

0<Ss=1

o y(D~o (1) ~e.

/_
;o (=0 y)d !
as,V_

/
08, w

’

&

"—1 r_
Ggw (1 _Us,W)q !

&

7.2. Some Notation About Curves

(147)

(148)

We recall some definitions and facts about plane curves. Given a, b € R2, we
define a A b as the determinant of the matrix (a, b) whose columns are a and b. The
:= (—ap, a;) whenever a = (aj, ap).

matrix (?)) has rows a and b. We define a+
Note that
aAb=at.-b=—a-bt=alt Abt

and

(a,b)! = :

—bt
a/\b(al )

Let © be a C? differentiable manifold of dimension 1, and leta € C11(©, R?)
satisfy 0 (0) # 0 for all @ € @. The normal v € C%'(©,S") to i and the signed
curvature k © ® — R of u are defined as

@)+

|’

TN
u'|?

The following identities hold almost everywhere:

v-v =0, v AU = 0],

a v

vAY

a’|2

= = K}

|

v/ - _ (l—l//)J_ o

v'| =[] [«].

1 l—l/ . l—l//
| |2

(149)

v,

(150)

Given an interval I and a differentiable function g : I — R, we consider the

function

Y:Ix@—>R2,

Y(t,0):=u@®) + g)v®),

and find the gradient of its inverse y +— (t, 6) by writing Dt and D6 as a linear
combination of % and v and solving the linear system

Dt-¥ =1, Dt
Do -X =0, Do-

Y
w =0
9% =L

-
~

2|0/5

0

8|2

0

B
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which yields
1 1 u
Dt = /—v, D6 = my = (151)
g'(1) [a’| (1 + g()k) [0
We also have, by (150), that
Y , Y  _, ,
—=g@®v®), ——=u@)+g)v(0),
i A X ") |0’ ©)| (14 g(1)x(9))
— A — = u K .
or " oe ¢ &

7.3. Cavitation

We consider a typical deformation creating a cavity. Let @ be the differentiable
manifold defined as the topological quotient space obtained from [—, ] with the
identification —m ~ 7, and note that @ is diffeomorphic to S!. Functions defined
on ® will be identified with 2 -periodic functions defined on R, in the obvious
way. We assume the existence of a homeomorphism ug as in Section 4. Moreover,
£2 is a Lipschitz domain containing y := {0}, we take dp§2 = 92 and p; < 2.
Suppose, further, that:

(D1) u € CH1(2\y,R?) is one-to-one in §2\y, satisfies det Vu > 0 almost
everywhere in §2, and

/ [IDu|”" + h (det Du)] dx < oo. (153)
2

(D2) There exist p € C11(O, (0, 00)) and ¢ € CV1(R) with ¢’ > 0 and (- +
27) - ¢(-) = 2m such that, when we defineu : ® — R? as a(0) :=
0(0)e'??  we have that

lim sup [u(zei?) — ﬁ(@)} —0.

t—0t gco

(D3) u is a Jordan curve, and u(.@\y) lies on the unbounded component of
R2\u(O). . .

(D4) lim sup, o+ supgee (| grute’™)| + | Gue®)|) <oco.

(D5) The inverse of u has a continuous extension v : u(£2\y) — £2.

The reader can check that a typical deformation creating a cavity at y indeed
satisfies assumptions (D1)—(D5), the only artificial assumption may be (D2), which
implies that the cavity is star-shaped. Note, in particular, that the assumptions
imply thatu € WP (2, R?), 51 (J,-1) = 0 and img (u, £2) = u(£2\y) almost
everywhere.

For the approximated functional /. and the admissible set <7, the sequences
{ne}e and {bs}¢ of (75), (76) are chosen to satisfy

ne < e and e < b,. (154)

Under these assumptions, the following result holds. We remark that the notation
of the proof is chosen so that some of its parts can be used for the constructions of
Sections 7.4-7.6.
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Proposition 8. For each ¢ there exists (ug, ve, W) € < satisfying (79) and (145).

Proof. (Sketch) The construction requires five steps, which will correspond to five
independent zones Z{-Z5 in the domain $2. These zones follow one another in
order of increasing distance ¢t = |x| to the singular set y.

Let {a;}. be any sequence such that

1
ne L ai?t a, L ez, (155)
which is possible thanks to (154). Introduce the auxiliary function
fotlag, 00) = [0,00),  fo(t) :=1" —a;. (156)

The values of ¢ at which one zone ends and the other begins are

G, acy =acto y (1), aew = £ (felasy)+o (D), 2aew. (157
More precisely,

Z7 ={x € 2 :dist(x, y) < a.},
Z; = {x:a.y = dist(x, y) < ag,w}

Z5 = {x:a, < dist(x, y) < ae v},

4
Z; = {x:a,,w S dist(x, y) < 2a.,w}, Z: = 2\ U AR
i=1

(158)

Thanks to (147) and (155), we have that a, y ~ max{a,, ¢} and a, w ~ e%.
Step 1: regularization of u. Itis in Z{ where the singularity of u at y is smoothed
out, so that u, fills the hole created by u. More precisely, we set

X(1.0) =t e, u.(X(t.0)) = —@(0). ve(X(t.0)):=0.
ae (159)

we (e (X(2,0))) :=0, (t,0) €[0,a:) x O.

The reason why v, = 0 in Z{ is that det Dug is roughly the area of the cavity (of
order 1) divided by the area of Z{ (of order a, 2), so det Du, ~ a; 2 and W(F)
normally grows superlinearly in det F; it is thus necessary that v, = 0 so as to make
1 SE (Z7) small. The precise calculations are

u, du,
Du,(X(t, 0)) = , ® Dt + T ® D6,
1 160
(Dt) B (ax aX)—l 1 (—% ) (160)
—\ 5, 50 =X . ox\ oxl )
Do or 96 DI %_t
From (159), we find that
0X : 0X . X 09X
52 10, Eztielg, E/\%:t,
du, 1 _ du, tr _, du, dug r _ (161)
= —u, = — y =—=uAu )
dr ae do  a, dr do  a?

t2>12/05/0(82(0 B|miiper 7
> Dok eea 03
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we so Dt = ¢'? and DO = 1~ ie'?. Consequently, using (160), (161) as well,
. ‘Dug(tem)) Sa ' vraTl ~al (162)
1a3¢  On the other hand, considering that
a5 d;; A CL‘;"‘ = ((Dus)%) A ((Dus)g—?) — det Du, (aa—)f A 2—?) (163)

s we find from (161) and (D2) that det Du, = a0 A @ = a;2p%¢’, so

- det Du, ~ a; 2. (164)

ues  Using (W1)—(W2), (162) and (164) we find that

1439 W(Du,) S |Dug|P! + (det Dup)”? S a; P +a;°P? S a2
Therefore, thanks to (155) we conclude that

IF(Z) S nea ™ LA(Z5) ~ e al P < 1,
Yz ~e ' 22 zh ~e a2 <1, 1Y u(Z)) =0.

1440 Step 2: transition of v, from 0 to 1. It is very expensive for v to be equal to zero,
141 hence we set

t(x) —ag), if <t ,
v Ve (X) 1= og,v (1(X) — ag) 1 ag S t1(X) < agy (165)
1, if 1(x) 2 aey,
1443 which satisfies
1444 |Dve (x)| = o*é’v(t(x) —ag), ifag é t(x) < agy.
145 Since
Clq bq/ /
1446 ab = — + — whenevera,b =2 0 witha? = b? (166)
q q
124z and (148) holds, we have that
1 q -5 ¢
(e‘—a |Dv8|) (8 (11— vg))
1448 + ; = |Dvg| (1 —vg). (167)
q q
1a9  Consequently, thanks to the coarea formula (18),
1
1) (2\z5) :/ (1 —s) 2 (x € Z5 : ve(x) = 5}) ds
0
1450 (168)

1
:/ (1= 5)27 (as + 0,7 () ds < 1.
i |
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Step 3: transition of we from 0 to 1. In Z5 U Z5 we are not able to construct u,
as a close approximation of u. Instead, we define

u(X(#,0) :=Y(fe(1),0),  (1,0) € [ae, as,w) x O;

Y(r,0) :=u@®) +tv(®), 120, (169)

with f; and v as in (156) and (149). This definition is partly motivated by the
explicit construction of incompressible angle-preserving maps in [58, Sect. 4]. In
this way, the deformation u, follows the geometry of the cavity, while det Du,
remains controlled. Note that there exists 5 > 0 such that Y is a homeomorphism
from [0, 3] x @ onto its image.

As for w,, we recall that v, (x) was constructed as a function of the distance
t = |x|from x to y, and notice that / SW is minimized when w; (y) is a function of the
distance from y to the cavity surface u(®). Since we want w; o u, to coincide with
Ve 1n a subset of £2 with almost full measure, it is convenient that the level sets of
the function x +— dist(x, y) are mapped by u, to level sets of y — dist(y, u(®)).
This is precisely the main virtue of the definition (169) of u,.

The radial function f, was defined as (156) so as to maintain det Du, bounded
and far away from zero. Indeed, by (152), (161), (163) and (169) it can be seen that

t

det Du, = ' |(1 4+ fe (K (0)) ~ 1.
At the same time, (151), (152), (160), (161) and (169) yield | Du, (te')| < t~1.
Therefore, recalling (W1)—-(W2) and (161), and changing variables, we find that

ag, W
E /¢ ey < 1—p1 ~ 2=DP1
Ié (232 LJ 233) ~ l)/(‘ t (1[ ~s CZS,vV ~ £

dg

Pl
1_2

Due to the choice of f; in (156), the image of Z5 by u, is an annular region
of width agv — ag = max{ag, 82}, where w, does not have enough room to
do an optimal transition. This is why we let the transition of v, and w, occur
independently: first v in Z5, and then w, in u.(Z3). So we set we = 0 in u.(Z3)
and

we(W(O) +1v(0) :=0ew (T — fe(ae,v)),  felaev) ST < felag,w). (170)

In order to calculate ISW, first we fix s € (0, 1) and observe that the level set
{y € ug(Z5) : we(y) = s} can be parametrized by y = u(0) + 7. (s)v(6),for0 € ©
and 7o (s) := fe(ae,v) + 0,y (s) < &. Thus,

lir%%”l({y e u.(Z3) t we(y) =s}) = lir%/ ' (0) + T (s)v' ()| do
e— £— ®
= [ 10| d9 = ' w®)).
e

Inverting the map (7, 0) — y = u(f) + tv(0) we obtain that t(y) is the distance
from y to the cavity surface u(®) and that Dz (y) = v(6(y)) (see also (151)), hence
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|Dwg| = o; w (7). Using (166) and the differential equation (148) for o¢ w, we
find, in an analogous calculation to that of (167), (168), that

1
lim 1V u(zd) = (/ s(1—s) ds) A@(®)) = é%l(ﬁ(@)). (171)
E—> 0

Step 4: back to the original deformation. In the fourth zone, u, must find a way
to attain all the material points in u(Z{ U Z5 U Z3 U Z}) using only those points
in Zj. The resulting map u, needs to be continuous at the interface between Z
and Z§, and the regions u, (Z5 U Z%) and u, (Z3) must not overlap. To this end, we
introduce the auxiliary functions

u <<
G (@(6) + v(9)) 1= [““)) + (felaew) +T/2v(0). 0= T <2f(aew),

u(®) + v (), T 2 2fe(asw),
(172)
and
2 2 2
FS(X(Z‘, 9)) — X(}"(l’)’ 9), r(l‘) — [Tg e — a&‘,W’ ag w < 1< 2ag,Wv
t, t 2 2a.w.
(173)

Forany a > 2 f;(ag,w), function G, retracts Y([0, a] x @) onto Y ([ fz (as, w), al x
®), while F, expands {x : dist(x, y) > a. w} onto {x : dist(x, y) > 0}. Moreover,
G, =idin Y([2fe(as,w), 00) x ®) and F, = id in Zg. Defineu, := G, ouoF,
in Z3 U ZZ. Note that u; = uin Z£, and that, thanks to (D2), u, is continuous on
Z5N Z5.

As in (160), writing % = (Du (r(t)eie)) e?,in region Z; we have that

. d . d :
Du(r(t)e’e) = d—l: ® e’ + r_ld—lel Rie'?,

. . . ro. .
DF,(te'%) = r'e'? @ ¢'? + ;ie’e Qie?.

Hence det DF, =1’ % = % and, thanks to (D4), we conclude that

1
t

du

do

/

. d
Do Fg)(tele)’ <y d—‘:

5 _1
Salwt—asw) 2.

1
< max{r’, ;} =r

~

Analogously, the gradient of G, can be calculated as in (151) (with g(t) = 7,
which corresponds to the definition of Y(z, 0) of (169)) and (160):

dG, 1 dG, o
DG, (Y(t.0)) = _ —
(Y(T.0) == v+ e a0 C
hence
dG, | dG,

IDG.(Y(z, )] < ’ <1 (174)

dr | [ +tk) | do
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Moreover, the analogue of (163) and (152) (applied to g(t) = 7 in the denominator
and g(t) = fe(as,w) + 7/2 in the numerator) yields

dG, dG, l_l’ 1
det DG, = -4t — 49 ~ A — 4+~ 1. (175)
/| (1 + tk) | 2

The above calculations imply that

1 1
[Dug| é a{;‘z’W(t _as,W) 2,

det Du, (X(z, 0)) = (det DG;)(det Du)(det DF;) =~ det Vu(X(r (1), 0)).

Hence, thanks to (W1)—(W3),

jan
2

W(Du(X(1,0)) S a2y (t — azw) ™2 + h (det DuX(r (1), 0))) .

Therefore, by the last assumption in (D1), considering that .35,”2(U?=1 Z7) ~

2
ag w X e,

E za&W Pl P1
& Y
15(Z3) g/ a&zW(t —agw) 2t dt

ags W

3
+—/ h(det Vu(z)) dz < a? y + 1 ~ 1.
4 Ut z 7

Step 5: transition of we from 1 to O close to the outer boundary. A further
transition is needed in order for w, to satisfy the boundary condition (56). Let
vo(y) denote the unit normal to 'y € ug(0d52) pointing towards R2\u(£2\y). Call
also

Y = {y—tvo(y): y €w(d2), 0= <o} (1) (176)
Set we = linug(Z35 U Z£)\Y, and

we(y —tvoy) =oew(r), 0=7 o, y(D). (77

Proceeding as in the argument leading to (171), one can show that
: w 1 1
hr% 1" (Y;) = 6% (u(0£2)). (178)
£—>

Concluding remarks. Based on the results obtained, it can be checked that
(ug, ve, w,) fulfils the conclusion of the proposition. Here we will show only that
dimg(u, £2) = u(®) Uug(0S2). First note that for all 6 € ®,

v(a(d)) =v (lin}) u(reie)) = lim v(u(re'?y) = lim re'? = 0.

It follows from (D2) that u(®) C u(£2\y). Moreover, u(®) Nu(2\y) = <,
since otherwise there would exist y € u(®) and x € £2\{0} such that y = u(x);
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as seen before, v(y) = 0, but on the other hand, v(y) = v(u(x)) = x, which is a
contradiction. Therefore,

u(@) Cu(2\y)\u(2\y) = ou(2\y),

the latter equality being due to the invariance of domain theorem. It is easy to see
that up(0£2) is also contained in du($2\y), since every X € 952 is the limit of a
sequence {X;};eN C £2,up(x) = u(x), and u : .{_2\)/ — R? is continuous and
injective.

Conversely, let y € du(£2\y). Then there exist a sequence {X;}en in £2\y
converging to some X € §2 such that u(x;) — yas j — oo. Since du(£2\y) N
u(£2\y) = J, necessarily x € {0} U 0£2. If x € 92, theny € uo(d$2) since
u: 2\y — R?is continuous. If x = 0 then rj = x| — 0as j — o0o. For each
J € Nletf; € @ be such thatx; =r; ¢'% . Using (D2) and the inequality

ly —a@)] < ly —ux;)| + [u(rje’®) —a(@;)|

we find that u(6;) — yas j — 00,s0y € u(®) = u(®). This completes our
sketch of proof. O

7.4. Fracture at the Boundary

We illustrate the role of the term 7"~ '({x € 9p£2 : u # ug}) in (145) by
means of a simple example in which the Dirichlet condition is not satisfied. Let
2 =DB(0,1),0ps2 =052, p > 0, and consider the functions

F() =2+ p2,  u@e?) =r@0)e?,  ugx) = rox,

and anumber Ao > 7(1). Callu(0) := pe'? for6 € O, and O asin Section 7.3. This
choice of u satisfies hypotheses (D1)—-(D5) of Section 7.3. Call p := max{p1, p2}
and assume that

ne K &Pl & K b (179)

Take sequences {a.}. and {c.;}. of positive numbers satisfying a, < 8%, ce K &
and n, < cf ~! The numbers ag,v and a. w, and the transition levels are defined
asin (157), the zones Z{-Z¢ as in (158), the functions f; asin (156), X as in (159)
and G, F., r asin (172), (173). Finally, set

df =1-0_,(), d :=df —c,.

In zones Z{-Zj, define u,, v, and w, as in Section 7.3. The definition of
(ug, ve, we) in Z; needs to be modified, due to the following considerations. On
the one hand, u, has to satisfy the Dirichlet condition violated by u: u.(x) = Agx
if |x| = 1; on the other hand, most of the time u, should coincide with u. Since
u, must be continuous, we will define it in such a way that it stretches the material
contained in {d; < |x| < d;} in order to fill the gap between u($2) = B(0, 7(1))
and ug(0£2) = dB(0, Ag). This stretching of material comes with large gradients
that are prohibitively expensive in terms of elastic energy, unless v, = 0 in that
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annular region. Because of restriction (57), we need to produce first a transition for
w, from 1 to O before the transition of v, from 1 to 0. After the stretching takes
place, v, must go back from O to 1 due to condition (54).

In the region {2a, w = |x| < d; } we set u, := G, ou o Fg, as in Step 4 of
the proof of Proposition 8. It is easy to see that u, (te'?y = u@e?) ifF(t) — p =
2 fe(ae.w). Since 7(d;) — (1) and fe(aew) < 1, it is clear that u.(te'?) =
u(te'?) long before ¢ reaches the value d;. In {d; < |x| < dF}, define u,(te'?)
as re(t)e'?, where r, is the linear interpolation such that r.(d;) = r(d; ) and
re(df) = r(d}) + 2 — 7(1). In the remaining annulus {d;7 < [x| < 1}, set
re(t) = F(t) + o — 7(1). To sum up, u, (te'?) = re(t)e'’ in Z£, with

(COFL 4 £ (aew), iF7(1) — p S 2fe(aew),
r (1), if7(1)—p = 2fe(aew)andr < d,
re(t) := e dm it i B .
g T+ G m CUD Hho =71, di Stsdf
7(6) + 20 — 7(1), g <<

The definition for v, is as in (159) and (165) in zones Z{ U Z5 and

11 agv § t § dg_ _0_8_,‘/(1)’
0. Joevds =10, d7 —o (1) St =dy,
ve(te'”) = ~ g
0, d; <t <df,
oev(t —df), df <1<

The assumption on {c;}¢ is such that
IFd; S Sdip+ 1) (d7 SIXISdT) gmece (77 +6.7) +eee™ < 1

The definition of wy is 0 in u.(Z} U Z2), as in (170) in u.(Z3), 1 in u.(Z%), and
in ue(Zg) it is

1, if 7 (2ae,w) ST SRy —o, (1) — o,y (D),

, oew (F(dy — o (1) — 1),

we(re'?) =

if 7(d; — o,y (1) =0,y () St SFd; — o,y (1),

0. if F(d7 — o,y (1) St SF(D.

With respect to the analysis of Section 7.3, the only extra term appearing in the
energy estimates is

1/ (1d7 ooy () S IxI S d7) U LdF £ Ix1 £ 1))
1
=27 (d +dj)/ (1—s)ds — #'(3R2).
0

This completes the sketch of proof of (145) in this example of fracture at the
boundary.
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7.5. Fracture in the Interior

In this subsection we consider a deformation creating a crack in the interior of the
body. To be precise, the reference configuration is £2 = B(0, 2) with 0p$2 = 952.
We fix A > 1 and declare uy = Aid. We set y = [—1, 1] x {0}. Let ® be the
topological quotient space obtained from [—2, 2] with the identification —2 ~ 2.
Define X : [0, 00) x ® — R, first for 6 € [0, 1] by

X0 i | 1O F1ePEO e Oy(0) = 10, 77,
A=A+ F0,1), 0€01(t) =55, 11, (180)

1 T
p,0) =@t + 5)9,
and then extended to all [0, co) x & by symmetry:

X(1.0) = (—x1(t,2 —0), x2(t,2—0)), 0 ¢€]l,2], (181)
U eaw, —0), —xat, —6)), 0 € [-2,0],

where we have called x, x; the components of X. A representation of X is shown
in Fig. 2a. Note that X(z, -) is a parametrization of the level curve {x € £ :
dist(x, y) = t}, which is close to being of arc-length. The assumptions for the
deformation are the following:

(F1) u € CH1(£2\y, R?)is one-to-one in £2\ y, satisfies det Vu > 0 almost every-
where in §2, and (153) holds.

(F2) There are ty € (0, dist(y,d82)),p € C%([0, to] x O, (0, 00)) and @ €
C2([0, 1] x R) such that

0
%(t, 0) >0, ¢,0+4+4) =0¢p,0)+2m, (t,0) € 10,10] x R
and
uX(,0)) = p(t,0) "D (1,0) € (0, 10] x O.

(F3) Forallt € (0, ty), the curvature «; of u(X(z, -)) (as defined in (149)) satisfies
k; > 0 almost everywhere. o
(F4) The inverse of u has a continuous extension v : u(£2\y) — £2.

(a) Representation of X(z,-). (b) Representation of u.

Fig. 2. Representation of X and u corresponding to Section 7.5

Dispatch: 21/11/2014 | Journal: ARMA
&'. 2 0 5 O 8 2 0 B Total pages: 67 Not Used []

Disk Received [] Corrupted []
s Jour. No Ms. No. Disk Used [] Mismatch []




Author Proof

1613

1614

1615

1616

1617

1618

1619

1620

1621

1622

1623

1624

1625

1626

1627

1628

1629

1630

1631

1632

1633

1634

1635

1636

1637

DuvaN HENAO, CARLOS MORA-CORRAL AND XIANMIN XU

(F5) For each a € [—1, 1], the limits

ut (@, 0):= lim u(;,x), u (@0:= lim ulxg,x)
(x1,x2)—(a,0) (x1,x2)—(a,0)
x>0 x2<0
exist.

A representation of u is shown in Fig. 2b. Thanks to (F1) and (F5) one can easily
show that u € SBV (£2,R?) and J, = y I I_almost everywhere. Furthermore,
also using (F4) and reasoning as in the last part of the proof Proposition 8, we can
check the equalities

Perimg (u, £2) = Peru(2\y) = 2 (™ (y)) + ' (" (y)) + 7" (o (992)),
AN (Jy-1) = 0.
(182)
Call p := max{p1, p2} and assume that (179).
Proposition 9. For each ¢ there exists (Ug, v, W) € <7, satisfying (719) and (145).

Proof. (Sketch) The construction of (u., v,, w,) follows the same scheme of Propo-
sition 8. Let {a.}. be any sequence such that
1

" <a. <e. (183)

Instead of (156), define f.(t) := t — a.. Define a. vy and a. w as in (157), and
Z7{-Z: asin (158). Note that a; vy ~ a. w ~ €.
Step 1. Define u; in Z{ by

u, ({X(ag, 0)) := Lu(d), u(d) :=uX(ag, 9)), «,0) €[0,1] x ©.

Let v, = 0 in Z{ and w, = 0 in u.(Z7). As in (160), we have that Du, =
u® D¢+ ' ® DO, with

G Y B 0 € Oo(ac)
(_ 90 ) aztcosp | —aesinp ltaccosp |- olde),
(Df) _ X@.et) (+%a) €(+%a,)
D) X(a.,0) A X 0 1
’ % a]_s —a.  1-0 |> 0 € O1(a),
t(+Za) ¢

the result in the rest of ® being analogous. Taking (F2) into account we obtain that
|Du,| < a; ! From the analogue of (163) it follows that

P2 (as0)

ﬁ/\gﬁ/ (1"‘%515) ng+COSﬂ’ 9 S @O(a£)7
det Du8 = X 0 EaX = pzaﬁ(aé\,g)
(@, 0) A 30 aa(al@-q_—%ag)’ 0 € O1(as).

Hence, by (F2),

1 9
5 (inf p)” in % < det Du, < a; .
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In addition, the geometry of y shows that & 2(Zf ) & ag. Therefore, thanks to
(183),

IEZH) +1Y(Z) + 1Y 0 (Z5) S ne (a7 +a;72) ae + 6 'ae < 1.

Step 2. Define v, in Z5 as in (165). The analysis is the same as in Proposition
8, save that now we have that for all ¢ € (ag, a.,v),

AV((x € 2 dist(x, y) =1}) =2 (%l(y) + m) ,
hence
1
lim 1) (Z5) = lim/ (1—5) 2 ((x € 2 :dist(x, y) = ac + 0} (s)}) ds
e—=0 e—0Jo ’
= ().
Step 3. Define u in Z2U Z2 and Y (7, 0) as in (169), recalling that now f; () =
t—ag,and Xis given by (180), (181). The function v, is defined as 1in Z5UZ{U ZE,
and w, asin (170) inu, (Z5). By (150) and (F3) we have that |v'| = Kk, [0']. Observe

from (F2) that |’| is bounded from below by inf (,0 ) > 0. Therefore,

SUpSUP kg, = Sup Supk; < 0o.
3 t€(0,10]

8X X b4 X
+ =t
ar 80 2 ar

<1 ‘ —1—|——t in [0, 00) x ®.
(184)
Using now (160) and (F2) we find that

1 X _,
1Due (X0t 0] = (‘ - ' ] (1+ (= a)ia,)

de
<1 = — )=z
= +Sup(‘89 +089)N

On the other hand, (163), (152), (F2), and (F3) imply that

X
ot

['[(1 + (t — ag)ka,)

det Du, = T+ I
2

~ 1.

Hence

1E(Z50 7% 5 2225075 S e

Dispatch: 21/11/2014 | Journal: ARMA
&'. 2 0 5 O 8 2 0 B Total pages: 67 Not Used []

Disk Received [] Corrupted []
s Jour. No Ms. No. Disk Used [] Mismatch []




Author Proof

1658

1659

1660

1661

1662

1663

1664

1665

1666

1667

1668

1669

1670

1671

1672

DuvaN HENAO, CARLOS MORA-CORRAL AND XIANMIN XU

The analysis for / EW is the same as in (170), (171), except that we need (F2) in order
to conclude that

{}E)r(l)%l({y € ue(Zg) twe(y) = s})

. d(u o X)
= lim E—
e—>0 /o 00

= lim A (o X)(ag, )(O)) = A @ (y) + " @ (y)).

(ag, 0)‘ dé

Step 4. Define u; := G ouoF, in Zj U Z¢, with F, and G; as in (172), (173),
but changing r(¢) to

W (185)

2(t —ag,w) +as(2 — a;)’ agw <t <2aew,
r(t) = e
t, t z zag’W.

By (160) (applied to F;), (185), and (184),

t

1.

1 X aX| |oX ). ¢
< __ | |—= / — — —
|DF (X(t,0)| = +x NI (‘ Y (r(t),e)‘ Ir' (@)l ’ a0 | T ‘ 20 (r(t),G)‘ ‘ Y )

QA

Using now (163) we find that

1+ Fr)Q2 - aZ‘fW
1+ 73t

)
det DF, = ~ 1

Having also in mind the estimates (174) and (175), we find that
|Du;| < |Du| and det Du, ~ det Du.

On the other hand, the definition of G, and F, are so that u; (x) = u(x) whenever
x = X(7,0) with t = 2a, w and u(x) = a(0) + rv(6) with t = 2(a..w — as).
Therefore, the set N of x € Z;UZS such that u. (x) # u(x) satisfies & 2(N®) « 1.
Using (W1) and (F1), we conclude that

IgE(Ng)é/ [IDul?' + h (det Du)] dx <« 1.
Ne\y

Step 5. This is exactly the same as in the proof of Proposition 8. The function
we is defined as 1 in ug(Z§ U ZZ)\Ye, and as (177) in Y, where the region Y is
defined as (176). We thus arrive at (178). This concludes our sketch of proof. O
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7.6. Coalescence

Coalescence is the process by which two or more cavities are joined to form a
bigger cavity or else a crack. In this subsection we present a simple example of a
deformation that forms a crack joining two preexisting cavities.

Letr > 0,u > 0and h > 0. Let £2 be a Lipschitz domain such that

(-Lhx{0lcR, 2nB(-1-r0,nUB(+r,0),r)=0

and
IB(—1—r,0),r)UIB((1+r,0),r) C 2.
Set
N2 =0B((—1—r,0),r)UdB((1+r,0), 1), 0§2p = 082\0nN $2,
y = [—1, 1] x {0}
We assume

(L1) u e CM1(2\y, R?) is one-to-one in £2\y, satisfies det Vu > 0 almost
everywhere in £2, and (153) holds.

(L2) The inverse of u has a continuous extension v : u(2\y) — £2.

(L3) When we define u® : y — R? as

ut(xy,0) = (uxi, £h),  x1 € (=1,1),
we have that for all x; € (—1, 1),

lim u(x)= ui(xl, 0).
x— (x1,0)
+x,20

(L4) The deformation u can be continuously extended to dy £2\{(—1, 0), (1, 0)}
by

. , 3
u((=1 =10 +re® 0N = (-, 00+ he'?, e (% 7”) ,
u(( 42,00 +re®) = .0 +he, e (-2, 5).
A representation of u is shown in Fig. 3. As in Section 7.5, it is easy to check that

ue SBV(R2,R?, J, = y 1 -almost everywhere and (182) holds.
Assume (179). The following result holds.

Proposition 10. For each ¢ there is (ug, ve, we) € <, satisfying (79) and (145).
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A3 Ay

Ay
(a) Representation of @. (b) Construction of %; and 6.

Fig. 4. Representations of @, x| and 6, corresponding to Section 7.6

Proof. (Sketch) We define first a parametrization X(¢, ) of the domain in which
the parameter 7 represents the distance from X(z, ) to y Udy £2. To this aim, define
® as the quotient space obtained by taking the union A; U A U A3 U A4, where

Ay = [—1, q x {1}, Ay :=[—1,1] x {2},
2° 2
Ay = [% 37”] X (3}, Agi=[—1,1] % {4},

and identifying the points

(1)~ 1o aa~(3.3),
(37”3) ~(=1,4), (1,4)~ (—% 1).

A representation of © is shown in Fig. 4a. Note that @ is diffeomorphic to St
Define ¥ : [0, 00) — [0, 00) and 6 : [0, 00) — S! as

_ t
X1@):=1+r—/rr+2rt, 0(t) := m — arctan ——. (186)
S Vr?+2rt

The point (x1(¢), t) lies on the circle of centre (1 + r, 0) and radius r + ¢, whereas
0(t) is the angle of (x1(¢), t) with respect to (1 4 r, 0); see Fig. 4b. The parabola
(x1(t), t) represents, therefore, the interface between the set of points that are closer
to y and those that are closer to 0 B((1 4+ r, 0), r).
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Define X : [0,00) x ©® - R%2and Y : [—h, 00) x ©® — R? as

izé(r)g

(147,00 + @+ 70 if0 e Ay,
X(,0) := 1 (—=x1(1)0,1) if0 € As,

| by symmetry if 6 € A3 U Ay,

[(11,0)+ (h +T)e’? it 6 € Ay,
Y(7,0):={(—ub,h+ 1) if 0 € As,

| by symmetry if60 € A3 U Ay.

In both definitions, we have identified A; with [-7, 7], A with [—1, 1] and so

on. Let {a.}.

a{;\’V = as +

be any sequence such that (183) holds. As in Section 7.5, write
ooy andagw = asy + o, (1). Let

u(X(,6)), 6 elntA; UlIntAs,
u(d) :=Y(0,0) = {ut(X(0,0)), 6 € Ay,
u (X(0,0)), 6 € A4,
em, 0e Al UA;3,
v(0) :=1(0, 1), 0 € Aj,
0, —1), 6 € A4,

where Int A; stands for (=7, 7) x {1}, which is further identified with (-7, 7),and
analogously for Int A3. Let G, be as in (172), where f; is given by f.(¢) :=t —a,.

The recovery

u, (X(7,0)) 1=

Ve (X) 1=

and

we (Y)
0,

L,

sequence is defined as

(Y(h(;-—1),6), (t,60) € (0,a.] x O,

Y(t —ag, 0), (t,0) € (as, as.wl x O,

Goou (X (2(t —agw).0)), (t,0) € (ag,w,2asw] x O,

| G: ou (X(z,0)), (t,0) € (Qag,w,0) x ©) NX"1(),

[0, if dist(x, y UdnR) < ag,
US,V(diSt(X, yUoN$2) —ae), ifae § dist(x, y U dn $2) § ag Vv,
Ll, if dist(x, y UdnS$2) > ae v,

inY([0, ag.y — as] x O),

Og, W (diSt (y, w(®)) — (as,V - as)) , in Y([as,V —dg, e W — ag] x ©),
oe,w (dist (y, u(dp£2))) ,

ify € u(£2\y) and dist (y, u(dp£2)) < o, 3, (1),
in any other case in u(£2\y).

From (186) we obtain

() = ——— 0'(t) =

r _

r
JrE 42t (r + 02 +2rt

2
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Standard calculations show that

X 90X 0X 09X

il I TR i iy NS
ot 30 at " a0

AN
RA

in compact subsets of (¢, 0) € [0, c0) x ®, and

Y Y Y 9Y _

—| <1, —Isl =A==l
dt 30 |~ at = 90

QA

incompactsubsets of (7, ) € [—h, 00) x @. Using this, the result can be established
exactly as in Section 7.5. 0O
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