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MULTIFRACTAL BEHAVIOR OF POLYNOMIAL FOURIER
SERIES

FERNANDO CHAMIZO AND ADRIAN UBIS

1. INTRODUCTION

The so called “Riemann’s example”

. sin(27rnx
R(z)=)_ sin(2mn’z) — )
n=1

has a long and fascinating history that has generated a vast literature (see
[BS86], [CUO7, §1], [Dui9l] and references). Just to give a glimpse of it in
few words, we mention that according to Weierstrass [Wei67], [Edg04], Rie-
mann considered R to be an example of a continuous nowhere differentiable
function. Indeed G.H. Hardy [Harl6] proved in 1916 that R is not differ-
entiable at any irrational value and at some families of rational values. In
1970, J. Gerver [Ger70] proved, when he was a student, that R is differen-
tiable at infinitely many rationals. The combination of [Harl6] and [Ger70]
gives a full characterization of the differentiability points of R.

More recently several authors have shown interest on the global properties
of R and allied functions (this interest was initially linked to wavelet methods
[JM96], [HT91]). For instance, it is known that the (box counting) dimension
of the graph of R is 5/4, in particular it is a fractal [Cha04], [CC99].

S. Jaffard [Jaf96] proved that R is a multifractal function, meaning that if
we classify the points in [0, 1] according to the Holder exponent of R, in the
resulting sets we find infinitely many distinct Hausdorff dimensions. The
terminology, introduced firstly in the context of turbulent fluid mechanics
(see [BPPVS&4]), suggests that a multifractal object is a fractal set with
an intricate structure, containing fractal subsets of different dimensions at
different scales.

The multifractal nature of a continuous function f : [0,1] — C is repre-
sented by its spectrum of singularities

df(ﬂ) = dimH{a: : ﬁf(a:) = 5}
where dimp denotes the Hausdorff dimension and B¢(x) is the Holder ex-
ponent of f at x given by

Bi(x) =sup{y : feC(x)}

The authors are partially supported by the grant MTM2011-22851 from the Ministerio
de Ciencia e Innovacién (Spain).
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2 F. CHAMIZO AND A. UBIS
with

CY'(z)={f : |f(z+h)—P(h)| = O(|h["), for some P € C[X],deg P < ~}.
For B¢(x) <1 we have the simpler and usual definition

Br(x) =sup{y <1 : [f(z+h)— fz)| = O(Ih]")}.

We let df(3) undefined if {z : S¢(x) = B} is the empty set. In this way,
the domain of dy is always a subset of [0, c0).

For a “purely fractal” function as the celebrated Weierstrass nondifferen-
tiable function, the graph of d; consists of a finite number of points while
for a multifractal function we observe a non-discrete graph [Jaf97].

The main results in [Jaf96] are summarized saying that for a given o >
1 the following function (already appearing in early works of Hardy and
Littlewood [HL14])

2. sin(2wn’z)
Ro(z) =) —a
n=1

has the following spectrum of singularities revealing its multifractal nature.

|
|
|
|
|
(

fa—1)/2 2a—1)/4 a—1/2

For instance, taking o = 2 we deduce that there are sets of points with
increasing Hausdorff dimension and Hoélder exponents ranging from 1/2 to
3/4. Moreover there is a O-dimensional set in which the Holder exponent is
a—1/2 =3/2, in particular R is differentiable in it. In fact, [Ger70] proves
that this set contains a certain explicit subset S C Q and [Harl6] that the
Holder exponent is not greater than 3/4 in R —S. In this way, these results
prove that for 5 > 3/4 the graph of dg(f) is a simple point at (3/2,0).

In this paper we study the spectrum of singularities of

(1.1) F(z)=)_ e(]jiiz)x)
n=1

where e(t) := €?™ and P € Z[X] is a polynomial of degree k > 1. Note that
for k = 1 the formula defines a C"*° function outside a discrete set. The func-
tions R, R, and F that we have considered belong to the rather unknown
realm of the Fourier series with gaps whose coefficients decay too slow to
be C'*° and whose frequencies do not grow quick enough to be lacunary se-
ries in the classical sense [Zyg77, Ch.V]. In harmonic analysis there are old
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conjectures (by W. Rudin [Rud60]) suggesting that gaps in the frequencies
induce some regularity even for general coefficients.

For kK = 2, R, is no other than the imaginary part of F'. The differences
between R, and F for & > 2 are fundamental. Basically R, is a fractional
integral of the automorphic theta function 6(z) = Y °° _ e(n?z) and the
local behavior of R, at a given x is determined by the convergents in the
continued fraction of x and by the Fourier expansion of # at the cusps
(every rational number is equivalent to a cusp). This approach is developed
in [Cha04] and [MS04] in a broader context.

For k > 2 there is no underlying automorphic function. Actually one
can control locally F' only in the intervals (a/q — h,a/q + h) with h <
¢ % whose union is a set of Hausdorff dimension 2/k (see [CUQ7, §1] and
Jarnik’s theorem [Fal03]) and it has positive measure only for k£ = 2. A more
important barrier to treat the case k > 2 is that using Poisson summation,
one improves the trivial estimate only when h < ¢~ */2 (see the comments
in the introduction of §3) while for rational approximations of a point we
have to deal with h almost like ¢! (cf. Lemma [6.3] with large 7).

To overcome these difficulties one has to go beyond the local analysis at
individual points, considering instead the problem globally, in average. But
it is important to keep in mind that the spectrum of singularities requires to
deal with subsets having fractional Hausdorff dimension. Then this average
has to be done in restricted sets and, for instance, integration that is useful
to compute the dimension of the graph of F' [CC99] [CU07] is too coarse
here. Once this fine average is carried out, we can construct some fractal sets
whose elements have special diophantine approximation properties that al-
low to extract a main term for the variation of F’ in some ranges. Such a main
term depends in some way on sums of the form ¢—1/2 ST e(aP(n)/q). The
purely arithmetic fact that this sum is typically greater for ¢ = p™ than for
q = p prime if P has multiple zeros modulo g, suggests an unexpected de-
pendence on the maximal multiplicity vz of a (complex) zero of P’. Namely
on

vy = max(vp, 2).

Our main result is a lower bound for the spectrum of singularities of F'.
It is worth remarking that in this context any lower bound is highly non-
trivial. The dependence on v allows to give the same result for P(n) = n?
(Riemann example) and P(n) = n3. This is noticeable taking into account
that we expect the bound to be sharp in some ranges.

Theorem 1.1. Consider F as before with 1 + k/2 < a < k. Then for
0<B<1/2k
a—1

dp(ﬁ—l- 2

) > (vo +2)B.

We complement this result with a upper bound that in particular implies
that F'is actually a multifractal function.
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Theorem 1.2. Let I = [0,1/2k‘] with the ranges as before. There exists
w: I — [0,1] continuous at 0 and strictly increasing with w(0) = 0 and

w(zr ) =1 such that dp (8 + 22) < w(B). In fact
283 : 1
ViR 28 i <B<s

1s a valid choice.

Note that, for 8 € [0,k127%), Theorem [l and Theorem [2imply that
dp (5 + O‘T_l) is bounded between two continuous functions that vanish at
6 =0 and hence dr cannot take a finite discrete set of values.

Geometrically, we have that the graph of d is contained in the shadowed
region in the indicated range. We think that for 5 small, the inequality in
Theorem [[T]is actually an equality (see §7).

(v +2)/2k

fa—1)/k (a—1/2)/k

We have restricted « in our main theorem to the range 1+ k/2 < o < k.
The bound 1 + k/2 is intrinsic to the method. The upper bound k is not
critical but it would require first to apply a wavelet transform to F' in order
to separate whole derivatives, as in [Ubi06], Corollary 1.33] for P(n) = n*,

and then to use our analysis here.

The structure of the paper is as follows. In §2 we study locally F' by
Poisson summation formula and exponential sums methods, getting as a by-
product the exact spectrum of singularities for R, (this gives a simplified
proof of some results in [Jaf96]). In §3 we state several results to control
the oscillation of F' for most rationals in some restricted sets, beyond the
ranges obtained in §2. The idea to get the lower bound for dg is to perform
an approximation process using special rational values to construct a subset
A C [0,1] such that Sp(z) is fixed for every x € A. The process leads to a
Cantor-like set construction and we devote §5 to define generalized Cantor
sets and to compute their Hausdorff dimensions. We need special arithmetic
considerations about exponential sums and the spacing of the elements of
some sets, that are included in §4. Finally in §6 we combine all the tools
to prove Theorem [I.1] and Theorem As an appendix, we include a last
section with some heuristics and conjectural properties of the spectrum of
singularities of F'. In fact, the reader can find convenient to read it after
this introduction to learn our motivation and the limitations of our method.
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The approximation process transfers our knowledge about the oscillation
at rational values to the selected points. The behavior of some exponential
sums imposes some restrictions on the denominators, but we think that the
method is lossless in terms of the dimension (see §7).

The idea of using averages over rationals in this problem was first devel-
oped in [Ubi06, Chapter 1], for the case P(x) = x*. We would like to take
this opportunity to point out an important error in Theorems 1.3 and 1.4
(restated in §1.6) there. It is claimed that Sr(xz) = w for any x in a set of
positive Hausdorff dimension and what can be really demonstrated is just
Br(xz) < w because for the lower bounds of the Hausdorff dimension one
would need restricted averages as in Proposition here.

The study of the spectrum of singularities of F' for P(z) = z* via Poisson
summation was initiated in [CUQT, §4]. We would like to remark that there
is a small typo in that paper: we defined s(z) = liminf,, s,, while it should
be defined in the same way but restricting n to subsequences n; for which
limy, ry,, = r(z).

k

2. LOCAL ANALYSIS

In this section we tackle two problems: The approximation of F' around
rational values and upper bounds for Sr(x) in terms of the approximation
of x by rationals. In both cases we assume that the leading coefficient of P
is cg > 0. Indeed this is not an actual restriction because the sign changes
under conjugation.

We address the first problem via Poisson summation formula. Our first
result is a simple general statement adapted to our setting and the second
is a consequence after the estimation of some oscillatory sums and integrals

Proposition 2.1. Assume 1 < k/2 < . Then for any 0 < h < 1 and any
irreducible fraction a/q, 0 < a < q < 1, we have the absolutely convergent
exTPansion

o0

FE0) = F () = a7 WO 3T (b g m)
where
. aP(n)+mn _ e(hP(h=Y*z)) —1
Tm = ZG(T) and gh(x) = (I)(h 1/kx) ( — )

n=1

with ® € C*, supp® C R, CID‘[l o) = 1 and gn(§) = [ gn(z)e(—&x) dz =
O((1+ |¢))79) for some & > 1.

Note that for « positive, limy, o+ gn(z) = 27%(e(coz*)—1). The condition

k/2 < « is only to assure easily the convergence but can be relaxed (see
the proof). It is important to note for future applications of this result that
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h > 0 is not an actual restriction because F'(a/q—h)—F(a/q) is the complex

conjugate of F((q —a)/q+ h) - F((q - a)/q).
In subsequent applications the main term will come from m = 0.

Proposition 2.2. Under the hypotheses of the previous result, assuming
also a < k and q prime, we have

F(g +h) — F(%) - A%(Coh)(a_l)/k +O(ho/hq!2)

where the O-constant only depends on F and

(2m)e=D/k 1 a1 -a
e )T )

Moreover the result extends to o = k introducing a factor |logh| in the
error term. In this extended range k/2 < a < k, the result still applies
for q square-free introducing an extra ¢ factor in the error term (e > 0) and
allowing the O-constant to depend on €. In the special case P(x) = coz® or
for any polynomial of degree 2, this latter form of the result also holds for

any q > 1. Indeed, the quadratic case holds with € = 0.

A=

As we mention in the introduction, this form of Poisson summation for-
mula suffices to give a short and simple proof of one of the main results
in [Jaf96] (Corollary 2), with a slightly more general function but a more
restrictive range.

Theorem 2.3. If P is a polynomial of degree 2 then

dF(5+a—1

1
) =48 for Ogﬂgz and 1<a <2

On the other hand, fr(z) < (a—1)/2+1/4 for any irrational x, in particular
dr (B + O‘T_l) is zero or remains undefined for B > 1/4.

We treat the second problem using Weyl’s inequality [Vau97] to obtain
the following bound. The constant cg could be omitted in the statement and
the bound still holds true but it is natural for a direct application of Weyl’s
inequality.

Proposition 2.4. Given r > 2 and ro € Q such that the number of ir-
reducible fractions a/q satisfying |coxo — a/q| < q~" is finite. Then for
l<a<k+1/2

a-1 . .1 1
> - ).
Br(zo) > . +2 mm(k:’Q(r—l))

We finish by stating an analogue of Proposition in the case vp > 1
that works in a larger range of h but just for a part of F.
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Proposition 2.5. Given p > k > «, let vg, the mazximal multiplicity of a
zero of P! modulo p. Assume vp, =vp > 1. Then, there exists some y > 0
such that for all 1 < a < g = p”F*1 but at most ¢*~7 exceptions we have

F 1 n) = (%) = Z A(cph) @Dk O (p~ R N(e=1/ky
q q p

for any h < p=2¢, where F* is the sum in (1)) restricted to {n :p | P’(n)}

and
aP(b)
=D el )
ves 1
with B the set of zeros of multiplicity v of P’ modulo p.

In fact the exceptions a/q in the previous result are essentially described
in its proof.

For the proof of Proposition 2.2l we state separately a well-known smooth-
ing device and the asymptotic expansion of a certain integral related to the
main term.

Lemma 2.6 (Dyadic smooth subdivision). There ezists ¢ € C3°(R) with
suppd C [1/2,2] such that ®(x) = > 22, é(x/27) verifies ®(x) = 1 for
x> 1.

Proof. Take f(x) = f1x/2 e~ 2u=D)?(w=1"% gy and choose for instance, ¢(z) =
F@)/f(1) in [1/2,1], 6(x) = 1— F(z/2)/f(1) in [1,2) and $(x) = 0 in the
rest of the points. Note that ¢ € C5°(R) and satisfies ¢(z) = 1—¢p(x/2). O

Lemma 2.7. Let P € R[X] be monic of degree k and 1 < a < k. For
0 < h <1, we have

1 u
with A the constant in the statement of Proposition [2.3, and the result ex-
tends to o = k substituting the error term by O(h|log hl).

Proof. The identity I'(z) = [;~ "' (e™" — 1) dt, valid for —1 < R(z) < 0,
follows from the integral representation of the I'-function by partial integra-
tion. Applying residue theorem,

h(a—l)/k (3] ()
S / (=R (o) 1) dt = / = (o) — 1) du.
0 0

For 0 < uw < 1 the last integral contributes O(h). Hence it is enough to
prove

Aple=1)/

I= O(ha/k) for I = /100 u_ae(huk) (e(hQ(u)) - 1) du

where Q(u) = P(u) — u*. Note that deg @ < k.
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Let ¢ € C§°(R) with supp¢ = [1,2] and [¢ = 1 and let &, (z) = [ ¢
and ®_(z) =1 — &4 (z). We write I = I_ + I where

I, = / @i(hl/ku)u_ae(huk) <e(hQ(u)) - 1) du.
1
The bound |e(hQ(u)) — 1| < hu*! gives I_ = O(ho‘/k) if @ < k and

I_ = O(h|loghl|) if « = k.
On the other hand,

h
I, = Qm'/ /<I>+(h1/ku)u_°‘Q(u)e(huk+£Q(u)) du d¢

B-1/ky,
= 2mih~ 1+a/k/ /<I>+ _a i k)/k) (uk—l—fQ(h_l/ku)) du d€.

The inner integral is O(1) integrating by parts, because the derivative of the
phase is bounded from below |[GK91], and we get I, = O(h"/ k). O

Proof of Proposition[2.. Note that we can write

P n) P = 3o ") 3 ey

nOé
J=1 n=j (q)

Poisson summation formula for arithmetic progressions [IK04, §4.3] implies,
assuming the absolute convergence

a a s -
F(=+h) - F(E) =q¢ ' Y mf(m/g)

q

m=—00

f(&) = /q)(a:)%e(—{x) dzx.

1/k

where

Changing variables = — h~
h(l_a)/kf(hl/kf).

Finally note that for large ¢ the integral defining g;, has a single sta-
tionary point at x ~ (k;_lf)l/(k_l) if £ > 0. Then the principle of sta-
tionary phase [Sog93], [Erd56] or simpler considerations [GK91l §3.2] prove
Gn(&) <, €0-a=k/2)/(k=1) and a better bound for £ < 0. Under our as-
sumption a > k/2, we have g, () = O(|¢|7'7¢) that assures the absolute
convergence after the trivial bound |7,,| < g. O

x, we get the expected formula with gp,(§) =

Proof of Proposition [2.2. Take ® as in Lemma[2.6], then we can write Propo-
sition 2] as

F(%—i—h)— F(%) = ‘12 Z T fv(m/q)

N=2i m=—o0

where
Fy(z) = ¢(%)M

xa
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The contribution of m = 0 in the sum is
0 hP -1 © e(hP -1
@/ @(@% d:n:@/ %dw—l—O(h)
q Jo T q J1 x
that gives the main term by Lemma 2.7

Weil’s bound [Sch04] proves 7., < ¢'/2. Hence after a change of variables
(2.1)

a a T o _ > o
F(=+h) = F(=) = A=(coh) @ VkE < g2 3™ N2 3" |gn(m/q)]
q q q = o
with
an(©) = [+ 0(a)e(~ENa) (e(hP(Va) ~ 1) da
If N*h < 1, we proceed as in the proof of Lemma 27 writing

h x
gn(§) = ZWiNk/O /:E_O‘qb(:zt)ng[\ff )

When N|[¢| < 1 the trivial estimate O(N k) for the inner integral is sharp.
Otherwise, we save N?|¢|? integrating by parts twice. Then

22) Y lav(m/g) < Nkh( o1+ > N—2q2m—2)

m#£0 m<q/N m>q/N
< hgN*'  for NFhL<1.
Note that for o = k this contributes O(ql/ 2h|log h|) in the right hand side

of 21).

If N¥h > 1, we separate gy in two integrals
() = [+ 0@)ehP(Na) — Na) da — [ 3™ 6(w)e(~¢N) da

In the range C~'AN*~! < |¢| < ChNF~! with C > 0 a large constant,

stationary phase method [Sog93] (or van der Corput estimate) proves that

the first integral is O(h_l/zN_k/z). If |¢] < C7'ANF—L it is O(h_lN_k)

integrating by parts once. Finally for [¢| > ChN*~! in the first integral, and

in the whole range in the second integral, we proceed as before using the

trivial estimate and double integration by parts to get O( min(1, h2/%|¢ |_2)).
These bounds give

(2.3) Y lgn(m/g)] < > hINTF+ YT RN

e(— &Nz +uP(Na)) da du.

m#0 m<qghNk—1 mxqhNk—1
+ E min(1, h?/*¢?m=?)
m>qhNk—1

< q(WANFRTLLpYEY  for  NFR> 1
Substituting ([2.2]) and (23]) in (Z.I) we obtain the expected result.
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If ¢ is square-free then the multiplicative properties of 7, (e.g. Th.1
[Smi80]) allow to replace g by each of its prime factors and apply Weil’s
bound, resulting |7,,| < K4¥)¢'/2 <« ¢1/?+¢ where d(q) is the number of
divisors of gq.

In the case P(x) = cpz¥, we have Hua’s bound [LS82] that reads 7, <
dr—1(q)q"*(m, q)"/? with dj_; the k — 1 divisor function [[vi03]. The ele-
mentary bound )" _,,(m,q) < d(q)M shows that [22) and (23] are still
true with d(g) in the right hand side when introducing (m, ¢)'/? in the sum-
mation.

For the quadratic case, the e-free bound 7, < ¢'/? for Gaussian sums is
elementary. O

Proof of Theorem[2.3. Let {an/qn}32, be the convergents of z ¢ Q. We
consider the sets
A, ={ze[0,1]\Q : |z- a—n| = % with limsupr, =r}
qn qn
and A} defined in the same way but adding the condition 2 { g, for some
subsequence with limr,, = r. Note that |x — a,/qn| < g, ? implies r, >
2. By simple variants of Jarnik’s theorem [Fal03], dimy A, = dimy A} =
dimy Jgs, As = 2/r for 2 <r < co.
Given x € A, and any small h # 0, there exists n such that

L < <o
qn

Tn
n

Ap—1 1

dn—1 | B q;;n_—ll '

Hence, as (2¢nqn_1)"" > qn "', we have |h|~1/"n < g, < |h|71H1/rn-1,

The evaluation of the Gauss sums (cf. [IKO04, §3]) or more elementary
arguments, prove that 79 > /g for ¢ odd. Then by Proposition and the
bounds on ¢, we have, assuming a > 2 and writing s,, = max(r,—1,75),
(2.4)

Fz+h)— F(z) = Fz+h) — F(22) = (F(z) — F(22)) <« hla=b/2+1/2n

qn qn

and for the special choice h = h,, = = — a,/qn, if g, is odd and ¢»~2 is

greater than a large enough fixed constant,
(2.5) F(z) = F(x —hyp) = F(Z—" + hy) — F(Z_") s> ple=1)/2+1/2rn

n
Taking z € AX and n = ny in ([24) and (235 we deduce that Sr(z) is
exactly (o —1)/2+41/2r and
a—1
dp( 5
From (2.4) we have that any z with Holder exponent (o — 1)/2 4 1/2r is
contained in QU J,>, 4;. Since this is a set of dimension 2/r we have

1 2
—I——)ZdimHA::— for 2<r<oo.
2r T

2 +27‘
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This proves the result for a < 2 taking 5 = 1/2r except in the case § = 1/4.
Any z € [0,1] \ Q is in some Ag, 2 < s < oo. Take h,, = €|z — ay/q,| with
€ > 0 a small enough constant, then the last inequality in (23] still holds

for g, odd even if ¢"»~2 is not large and we have

(F(Z—: +hn) = F(2)) + (F(x) - F(Z—:)) - F(Z—: +hy) — F(Z—Z)
> pla—1)/2+1/4

that proves fr(z) < (a—1)/2+1/4 for z € [0, 1]\ Q unconditionally because
2| qp, implies 2t ¢41-

For the case § = 1/4 it only remains to note that (2.4]) implies Sp(x) >
(. —1)/241/4 in Ay which is a set of full dimension.

Finally, for a = 2 the same argument applies when 8 < 1/4 introducing a
harmless logarithmic factor in (2.4]), and the case 5 = 1/4 is treated in the
same way but choosing this time h,(log h,)? = €|z — a5 /qn|. O

Proof of Proposition [2.4. Applying the mean value theorem to the real and
imaginary parts of the series defining F' we have
(2.6)
Flag+ 1)~ Flag) < b Y nboe(Pme)| +] 3 noe(P()e)]
0 n<h—1/k n>h-1/k

for some & € [zg, zo + h/co] where we have assumed h > 0 (the other case is
similar).

Recall that Weyl’s inequality assures that if @) is a polynomial of degree
k with leading coefficient A such that |\ — a/q| < ¢~2 for an irreducible
fraction a/q, then [Vau97, Lemma 2.4]
(2.7)
Z e(Q(n)) <q.e (Nq_217k+]\f1_217k4—]\[1_"“214€q217k)N6 for every € > 0.
n<N

Consider two consecutive convergents of coxg such that

(2.8) |cox0 — a_n‘ <h< |cox0 _ ot |;
qn q

with n sufficiently large.
By our assumption on zy and elementary properties of the continued
fractions, we have

(2.9) ;" <h<g? —and ¢ <l
If h < %qg2 then |cof — an/qn] < h < g2 and we can take ¢ = ¢, in
Weyl’s inequality (7). Noting that A=/ < ¢, < (2h)~Y/2, we deduce
Br(z0) > (o — 1)/k + 21 "% min(1/r,1/k) from (2.6) by partial summation.
Ifh > %qg2 then ¢, 1 > qyl/(r_l) > h~Y20=1) " The inequalities
|co& —

Gn an—1

_1‘ < h + |Col‘0 — ‘ < 2‘603)0 — an—l‘ 21
dn—1 dn—1 qn—1 951
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prove that we can take ¢ = ¢,_; in (7). Noting ¢,—; < h~Y2, it gives
Br(z0) > (@ — 1)/k + 21K min(1/2(r — 1),1/k). O

Proof of Proposition[2.3. Let Z be the set of zeros of P/ modulo p. We have
Z = BUC where C is the set of zeros with multiplicity less than vp. We

write
P i (aP(n)) e(P(n)h) — 1‘

n=1 q ne
n=z (p)
Then F*(a/q + h) — F*(a/q) = ) _.cz F. and the proposition follows if we
prove for some v > 0
(2.10)

F, = p ' A(coh) e D/k ( q( )> +O0(p _lh(1+”’)(°‘_1)/k) when z € B
and for all 1 < a < ¢ but at most ¢g' =7 exceptions

(2.11) F, = O(p_lh(HV)(o‘_l)/k) when z € C.

If z € B, we have e(P(z —|—pn)/q) = e(P(z)/q) because ¢ = p“F 1 and
z is a zero of P’ of multiplic1ty VF Hence by Euler Maclaurin summation

formula in the form Y 2 | f(n) )+ [ f(x) de+ O( [°|f ()| da)
we have
> e(P h)—1
Fz:e<ap(n)>/ e(P(z + pr)h) dz + O (ho/)
q 1 (2 + px)°

and Lemma 2.7 gives (Z.10) after a change of variables for v small enough,
since p~! > hl/2k,

If z € C, let m be the multiplicity of z in P’. Then p™ 7! divides
PU)(z)/4! for 0 < j < m and the Taylor expansion of P gives that Q(n) =
p~™ Y(P(z +pn) — P(2)) € Z[z] and

F, = e<w> ie<aQ(”)) e(P(z +pn)h) — L

B q prE™ (z + pn)™

Note that outside the interval p~'h=1/%*7 < n < p='h=1/*=7 the contri-
bution of the sum is negligible to prove (2.II]). In this interval we seek
cancellation caused by the oscillation of e(aQ(n)/p""~™).

By Proposition 4.3 of [GT12], we have that there exists K > 0 such that
for any 0 < 0 < 1/2 we have

aQ(n
(2.12) Z e<pg(_nz) < ON for every N > Ny
n<N
unless
‘P(m—l-l)
(2.13) <ajqu7_m(z)> S\ for some 1 < j < 67K,
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This is a quantitative form of Weyl’s criterion more explicit than usual. Note
that for g = Q in Definition 2.7 of [GT12], i1 = P (2) #£ 0.

Whenever we have 212 for 6 = h**1)7 and Ny = p~'A~/¥*7, summa-
tion by parts in the remaining range for n gives

F, <<p—1h(1+v)(a—1)/k _|_5p—1h(a—l)/kh—-yk <<p—1h(1+7)(06—1)/k.

It only remains to prove that (ZI3)) can be satisfied by very few values of a.
For a fixed j, the number of a’s satisfying it is O(p™ + 5_KN0_m_1q), which
is bounded by ¢O(p~2 + 6 K Ng 2). Thus, the contribution from all j is at
most 6 K qO(p~2 + 5_KN0_2) which for v small enough is bounded by ¢' =7,
since p~! > hl/2k, O

3. AVERAGE OSCILLATION

The current knowledge about exponential sums and diophantine approx-
imation beyond the quadratic case, only allows to control the oscillation
of F' in very thin intervals around a given rational. For instance, recalling
70 < ¢*/2, the main term in Proposition does not become apparent for
h > ¢ % and if h > ¢~%/2 the error term is worse than the trivial estimate
O(h(o‘_l)/ k), cf. (2.6). We overcome this difficulty stating results about
the oscillation near most of the rationals having a fixed prime power as
denominator.

Along this section, p and p denote prime numbers not dividing the leading
coefficient of P and we write

P ifvp=1 . P ifvp=1
3.1 = and =
SR {p“F+1 ifop>1 1 {ﬁ”F“ ifup>1

We assume that the ranges of o and k are as in Theorem [I.T] although the
results of this section also apply in the wider range k/2 +1 < a < k+1/2
except Proposition

Firstly we show, roughly speaking, that in some ranges the Holder expo-
nent is not less than (2a — 1)/2k in most of them.

Proposition 3.1. For 0 < H < 1, we have
1< 2
- Z sup F*(g + h) — F*(g)‘ < HRa=D/k 4 q_lH(2o‘_2)/k
q .21 H<|h|<2H q q

where Fy, means the sum in (L)) restricted to {n : pt P'(n)} if vp > 1

and F, =F ifvp = 1.

No restrictions are needed with an extra averaging in ¢. Even the special
form of ¢ (a prime power) is irrelevant.

Proposition 3.2. For Q % < H < 1, we have

1 = a a,|?
— sup |F(%4n) = F(2)| < g/
Q** Q<;2Q;H<|h<2H n n
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for any € > 0.

As we mentioned in the introduction, for the proof of Theorem [I.1] inte-
gration (mimicked by global average results like Proposition B.I] and Propo-
sition [3.2]) is too coarse. We need to perform some local averaging related
to diophantine approximation. Given a denominator ¢, we are led to con-
sider the fractions a/q with a bigger denominator ¢ that are very close to
a fraction of denominator §. We state below some average results over this
thin set of fractions a/q.

For ¢ < q and t > 1, consider the set

Ay={1<a<q: (ai/q) <@}

where (-) denotes the distance to the nearest integer. Note that |A(t)| < qq/t
because |A(t)| is counting solutions of |a/q — a/q| < t~!.

Proposition 3.3. Given r > 2k/(vp + 1), for ¢ V/* < H < §", we have

1 a a. |2
_ F(Z+n) —F(= < H2(Ol—1)/k+2/(l/p+1)’f“
AT, 2 il TG T =T Q)

The conclusion of this analysis of the oscillation is a kind of Chebyshev’s
inequality with deep details that is fundamental in the proof of Theorem L1l

Proposition 3.4. With the notation of Proposition [3.3, consider for e > 0

|F(a/q+h) — Fa/q)]

Cqi(e) = {a € AG") : sup > 1}.
9,9 iq*"ﬁ\h|<2§*" |h|(a—1)/k+1/(z/F+1)r—e

Then |Cy ()] < ()| A" 105 q uniformiy for q > G+,
For the proofs we employ a kind of maximal theorems for smoothed Weyl
sums.

Lemma 3.5. Consider the sum

S(a, M) Z/cnn(in))e(ap(n))

nx=xN

where n € CP(RT), |e,| < 1 and the summation is restricted to {n : p{
P'(n)} if vp > 1. Then

* N N?
! Z sup |S(a, M) < [flR(N + —)
o M<M*<2M q
where 7(t) = [ n(x 2=V dx. The result still holds for unrestricted summa-

tion inn and arbztmry q (not necessarily a power of prime) if the right hand
side is multiplied by the multiplicative function g(q) with g(p') = kp'~—*.



MULTIFRACTAL BEHAVIOR OF POLYNOMIAL FOURIER SERIES 15

Proof. By Mellin’s inversion formula

st = 5] [0 3 e (Eldying
Jacll Z cn(P<n>)“e(“Pq<" )|t
n=<N

Note that this bound does not depend on M. We assume tacitly in the
following that M = M/(a) is the M* giving the supremum. Multiplying
both sides by |S(a, M)| and summing on a

> IS(a, M) < unHlZ(ch
a=1

a=1 nxN

IN

)l

for some tg € R.
Note that opening the square and changing the order of summation the
inequality

(3.3) Z ‘ S Ape(2

a=1 nxN

( < (q+ N)N

holds for any |A,| < 1 because for each fixed m, the polynomial congruence
P(n) — P(m) = 0 (mod p“¥) has at most deg P solutions by Lagrange’s
Theorem and Hensel’s Lemma.

Using (33) in (B2) after Cauchy-Schwarz inequality, we get the result.
For the last claim in the statement, note that even if the hypotheses of
Hensel’s Lemma are not fulfilled, the number of solutions of a polynomial
equation Q(n) =0 (mod p) is at most p'~! deg Q (see a more detailed than
usual statement of Hensel’s Lemma in [Moll0, Ch.6]). O

Lemma 3.6. With the notation of Lemmal3.3 but with no restriction in the
summation S(a, M), and assuming § <t < q/2 and N* = o(q), we have

@ > sup |S(a, M) < 7l > 1

acA(t) M<M*<2M neCy meCy
|P(n)—P(m)|<t
P(n)=P(m) (mod §)

where Cy = {n < N : ¢, # 0}.

Proof. The first steps in the proof of Lemma 3.5 apply and we get (B.2)) with
the new summation range for a, and Cauchy-Schwarz inequality gives

> Istwanf < il 32 | 32 en(ron)” yoe(22)

acA(t) a€A(t) nxN

i
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Let K7, the Fejér kernel L‘l(sin(wL:v)/sin(mv))2 for L = [t/q]. Then

q

>IXl <« pmIxf

ac€A(t) nxN a=1
SR EEORD aChI Dol
L L’+
j a€A(t) n=<N
Opening the square and interchanging the order of summation, we get
DY > #{i il <t/a, Pm)~ P(n)+@j=0 (mod g)}.
nECN mGCN

On our assumptions, |[P(m) — P(n)| < ¢/2 and t < ¢/2, then the inner set
contains at most an element, given by j = (P(n) — P(m))/q which requires

G| P(n) — P(m) and |P(n) — P(m)| < t. 0

For the application of these lemmas in the proof of the previous proposi-
tions we need to estimate [|7j||; for a special choice of 7.

Lemma 3.7. For A\ > 0 and ¢ as in Lemmal2.8, consider
x
(z) = ¢(X)(e($) — 1)_
Then |||l < min (X, AY/2).

Proof. After a change of variables

[T (t)] = ‘/qﬁ(m)(e()\x) _ 1)6(751;)7%1) dx‘.

By the mean value theorem e(Az) — 1 can be substituted by 2mize(&x),
0 <& < A, andif 0 < A < 1, integrating by parts twice |7 (t)] < A(1+]¢]) 2
and ||7]; < A

If K~'\ <t < KX for some large constant K, by the second derivative
test |7a(t)] < t~'/2 and outside this interval, integrating by parts twice
[iia(t)] < (1+[¢))~2. Then |71 < AY2. O

Proof of Proposition [3. By Lemma

(3.4) F( h) - ¥ Z P(n) hPEIa)) e(apq(n))‘
L=2i n
Then
a. 2
(3.5) - Z;H<S|EI<)2H p 24 h) — (5)‘ <Y+ X

where ¥ and ¥ are the contributions coming from the terms L < H~! and
L > H~'in ([B4), respectively.



MULTIFRACTAL BEHAVIOR OF POLYNOMIAL FOURIER SERIES 17

For each L take

x ye(xx)—1
=K

() ¢(yh\L) Lok

with K > 0 a large constant and + the sign of h. With the notation of
Lemma [35] taking N < LY* and ¢, = K~'L%kn= < 1 we have

(3.6) Z/(b(Pén))e(hP(n)) - 1e(aP(n)) — S(a, B[,

ne q

By Cauchy-Schwarz inequality, introducing a factor (LH)- (LH)™¢, for

e>0
112 712
Y Ye ¥ oumy
L=2i<H-1 n L=2i<H-1 n
Hence
1
B7) i< S @H)=Y swp [S(alh ™)
L—2i<H-1 4 ] H<|h|<2H
Similarly
14
(3.8) Yo > (LH*=NT sup  [S(a, BT
L=2ioH -1 q .= H<|h|<2H

By Lemma and Lemma B (note that 7(¢) = 7(—¢) and then the
uncertainty of the sign in the definition of 1 is harmless),

Y < Z (LH)—26+2,L—2a/k(Ll/k+L2/kq—1) < HC=D/k(i/k =1
L=2i<H1

where we have implicitly chosen any € < (k — o + %) k.
In the same way

Yo K Z (LH)2€HL.L_20¢/]9(Ll/k+L2/kq—1) < H(2a—2)/k(H1/k_|_q—1)
L=2i>H1
under the assumption € < (o — k/2 — 1) /k. O

Proof of Proposition[3.2. According to the last part of Lemma 3.5 we can
repeat word by word the proof of Proposition [3.1] to get

1< 2
— sup ‘F(g +h) — F(g)‘ < g(n)HZo=1/k,
N H<|hl<2H' T n
By “Rankin’s trick”
o
. g(n) . k k
Y. ngn) <Q* an-i-e <@ H(1+ e T oivae +>
Q<n<2Q n=1 p p p

and the infinite product converges. O
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Proof of Proposition[3.3. We start performing the same dyadic subdivision
as in ([B4) but in this case replacing F. by F, defined analogously but
restricting the summation to {n : p{P'(n)} when vp > 1. Consequently
the sums S(a, |h|7!) in (B8] are affected by the same change. In this case
we distinguish three ranges

1
AT 2

acA(gr) HSIn<2H

- - 2
F*(g +h) _F*(g)( < D1+ By + By
where X1, 39 and X3 correspond to the contributions coming from the terms
with L < H™!, H' < L < ¢*/®+D) and L > ¢%/*+1) | respectively. The
trivial estimate for X3 is

Ny < (Ll/k)2(1—a) < q2(1—a)/(k+l) < g8@=D/(k+1) < pr2a=1)/k+2/(vr+1)r

For 31 and X we are going to apply LemmaB.6lwith ¢t = ¢" and N =< L/*.
Note that the hypotheses in this lemma are fulfilled.

Fixed m, the condition P(n) = P(m) (mod §) gives O(1+ N/q) solutions
for n (by Lagrange’s Theorem and Hensel’s Lemma). On the other hand, by
the second condition, any pair of valid values of n, say n; and no, satisfies
2t > |P(n1) — P(ng)| > N¥~1n; — ny| for N large, then they are concen-
trated in an interval of length O(tN 1_"“) and, as before, in a fixed number
of residue classes determined by P(n) = P(m) (mod g).

Summing up, in our case Lemma reads

1 . _ ~_ . I
A S S MR < (LY g min (1,371 7))
acA(qn) "~

with [|77]]; < min (HL, (HL)l/z) by Lemma 3.7
Therefore

s< Y (LH)_ZEHZLQ_QO‘/k<L1/k+L2/kcj_1min (1,q”’"L_1))
L=21<H-1

That gives ¥ < H2(@~ D/ (Hl/r + Hl/k). In the same way, we have
Sp< Y (LH)*HL'2/E(LUR 4 21t
L=2i>H"1

and Yo < H2V/k(Fr 4 gi/k),
This concludes the proof for vp = 1. For vp > 1 we still have to prove
the bound for F' — F,. In this case, by definition,

F(z) ZZ

P’ (C)
where the congruences are (mod p). Then it is enough to prove
1 hP —1 aP(n) 2 2(a—1)/k+2/vor
po sup ‘ e ‘ < H or,
|A(q")] M<M*<2M Z ( q )

aEA(q )
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Proceeding as before, after a dyadic subdivision and disregarding the terms
n > ¢t/(k+1) by the trivial estimate, we have to deal with

o 1 142
¥ = Z (LH)™2 A Z sup |S(a,|h| 1)‘

L=2i<H-1 acA(gr) H=Ih<2H

and

1 _
Viea] sup  |S(a,|h|™)]?
ac AG") H<|h|<2H

RS Z (LH)>

H-1<L=2i<gk/(k+1)

where now ¢, = 0 when n # ¢ (mod p).

When applying Lemma with t = §" and N =< L'/*_ relaxing (mod §)
to (mod p) we obtain the bound O(1+ LZ/k/ﬁ2) for the double summation.
On the other hand, fixing m, |P(c + lp) — P(m)| < ¢" only can hold for
O(qNT’/ﬁLl_l/k) and the double summation is O(qNT’/ﬁ2L1_2/k).

Recalling [|7]|1 < min (HL,(HL)Y?) by Lemma 37, we have

s< Y (LH)—2EH2L2—2a/k(1+L2/kﬁ—2min (1,¢7L—1))
L=21<H-1

that is < H2e=D/k+2/rvr a5 expected, using ¢" < H™' and p = ¢/ vrt1),
And

Yy < Z (LH)*HLY720/k (14 L1252  fr2(e)/ke2/rvet1)
L=2i>H~1

This concludes the proof. O

Proof of Proposition [3.4]. For g /* < |n| < 2§77, Proposition B3 and Cheb-
yshev’s inequality after a subdivision into dyadic intervals (which introduces
an extra logarithm), give a contribution O((¢")~*|A(¢")|log q).

For %q_r < |h| < ¢~'/4, the trivial bound when vp > 1

I E ) = PO < B |
gives an admissible contribution. It remains to take care of F} in the range
%q_r < |n| < ¢~'/*. The same argument as above with Chebyshev’s in-
equality after a dyadic subdivision, but now using Proposition Bl gives
O((¢"*)*qlogq).
Adding these contributions, we get the expected bound in the range ¢ >
22+ =27 that is wider that the one in the statement. O

4. ARITHMETIC LEMMATA

If ¢ is a prime power such that P’ has an unusual number of zeros modulo
q, then the behavior of F(a/q + h) — F(a/q) depends, in part, on a short
exponential sum, as we saw in Proposition [Z.5] and a basic task is to prove
that it is large enough for a significant part of the values of @ when working in
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a fixed interval. We state a general result of this kind here, with no reference
to the actual parameters and frequencies appearing in our particular case.

Lemma 4.1. Let {\, } _, be a list of integers and q € Z". For every closed
interval I C [0, 1] satisfying |I| > N2/q, it holds

1 na ‘[‘ N 1
m#{aez eIand|Z )| = (155) }27(1001\7)2.

The proof is based on Turdn method as described in [Mon94]. In partic-
ular, we employ

Theorem 4.2 (Turdn’s First Main Theorem [Mon94, §5.2]). Let s, denote
the sum

N
S, = anzz with by, z, € C and |z,| > 1.

Then for any non-negative integer M there exists v € [M +1,M + N|NZ

such that
N ) N-1
)

> -
sl 2 ‘30’<2e(M +N
We shall also appeal to a result of the same flavor.

Theorem 4.3 (cf. [Mon94, §5.4]). With the notation as in the previous
result, for any H > N

2 5 |50|
Z [sv]” 2 SNIJH _ |

Note that this statement is slightly stronger than Th.3 in [Mon94, §5.4]
but this is the result actually proved there.

Proof of Lemma[4.1l Consider s, as in Theorem .2 with z, = e(),,/q) and
by, = e(Anao/q), choosing ag/q € I such that |so| =max | 2111\;16()‘na/q)| for
a/q € I.

Take H = |I|q/2 and note that perhaps changing z, by Z, we have s, =
S e(Ana/q) for a/q € T with 1 < v < H. Let § be the proportion of these
values of v satisfying |s,| > |so|/86N. By Theorem A3} dividing by H|so|?,
we have

L -

(86N)2 — e8N?/H _ 1

Writing y = N2/H < 1it is easy to derive that § > 2(100N)~2. Hence there
are H§ > (100N)~2|I|q values of v such that |s,| > |so|/86N and the result
follows if we prove

|0l ]\~
: 0L > (L
(4-1) son > (i000)

This is indeed a simple variation of Lemma 1 in [Mon94l, §5.3], due to Turan.
By completeness we provide the proof here.

5+ (1-0)
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Our assumptions allow to find an interval I’ C I with ag/q € I’ such that
|I'| > |I]/2 and g|I'|/N = m € Z. If « is the lower limit of I’ then vm/q € I’
for M +1<v <M+ N with M = |ag/m], and N/(M + N) > |I'|.

By the maximal property of |so| and applying Theorem to 5, =
Zivzl e(Apmv/q), we deduce

- ~ N\ ~N=1 [I]\N-1
> > — > —
Isol 2 M+12/3§XM+N‘SV’ > [5ol( 2e ).z N(4e) ’
that is stronger than ([4.1]). O

We also need a lower bound for a positive proportion of the 7y in each
interval (cf. Proposition 4.2 of [CUQ7]). It can be that in some cases one
can get a stronger result by the methods in [Kat88], but we could not locate
a precise statement there.

Lemma 4.4. Let I C (0,1) be a closed interval. Given 0 < € < 1 there exist
C = C(e) such that if Q|I|*** > C then

2 2
CQIOLI‘Q < #{g el : Q<qg<2Q, q prime and |19| > %\/@} < ng’g.
Proof. In |[CJU] is proved that P(x) — P(y) + r is absolutely irreducible
over F, when ¢ { deg P and r # 0. Hence by the Riemann hypothesis over
finite fields (see Ch.3 of [Sch04]) the corresponding algebraic curve contains
q-+ O(ql/z) points over F, and proceeding as in Proposition 4.4 of [CUQ7]
we have for each ¢

q—1
(4.2) > Il =111 ol + 0(¢*?log g)
a:a/qel a=1

and the O-constant only depends on P (see the details in [CJU]).
Divide the values of a in the left hand side of (£.2) into two sets A and
B according |1p| > % g or not, respectively. Assume

7,

q—1
(4.3) > frol* =
a=1

then

DO =

1
[Tlg* — SalBl + 0(¢**1og q).

N =

§:|To|2 2

acA

By Weil’s bound (see Corollary 2.1 in [Sch04, Ch.2]) |75| < (deg P — 1)¢"/?
for ¢ > deg P and this and the trivial estimate |B| < q|I|+1, give |A| > ¢||.
In other words (cf. Proposition 4.2 in [CUQ7]), for ¢ large

1
q\[\<<#{a : gefand |T0| > iﬂ}gqm—i—l.
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Note that opening the square

q—1
(4.4) > Jrol? = q#{(n,m) € Fg x Fy : P(n) — P(m) =0} — ¢*.

a=1
Then to deduce that (4.3)) holds for a positive proportion of the primes, the
aim is to prove that for many primes the congruence P(n) = P(m) (mod q)
has many solutions distinct from the obvious diagonal ones. This is done in
[CJU]. Theorem 1.2 in that paper gives

q—1

> ol = ¢+ 0(¢*?)

a=1
if P is not a composition of linear and Dickson polynomials. In the rest of
the cases this inequality fails for infinitely many primes ¢ but Theorem 1.3 in
[CJU] proves that it holds for a positive proportion of the primes, determined
by their splitting properties in certain number fields. In this way we have
that a stronger form of (43]) holds true for a positive proportion of the
primes. U

Finally, we also need to extract a well-spaced subset from the fractions
having a prime power as denominator.

Lemma 4.5. Consider the set
a
on{—nel : Q <p" <2Q, p prime}
p

where I C (0,1) is a closed interval with Q'=2/™|I| > 4 and n > 2 is a fized
integer. Given 0 < « < 1 there exists 0 < < 1 (only depending on «)
such that for any X1 C Xo with | X1| > a|Xo| we can find Xo C X1 with
| Xo| > B|Xo| satisfying |x —y| > |I|/|Xo| for any = and y distinct elements
OfXQ.

Proof. Let D be the number of primes p in [Ql/”, (2@)1/"). It is the number
of different possible denominators of the elements of Xy and X is the union
of at most D finite arithmetic progressions. Hence the result is obvious if D
is bounded by an absolute constant and we can assume D > 6. In this case

(4.5) X0l = D(QII] - 1) > 4QI1].
Omit one of the extreme points of I and subdivide the result into |Xp|
equal consecutive half-open intervals I, Iz, ..., I|x, of length [I|/|Xo|. Con-

sider a subsequence of them O; = I,,, defined by the property |O; N Xp| < .
Assume the following inequality that we shall prove later

(4.6) #reX: vg|JOi) < @p{oy

Taking A = 16000/, we have

1
#{x €cX; :zxc UOZ} > §|X1|,
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and |O; N X7] < A = 16000/« implies that O; N X7 # 0 for at least
a?|X|/32000 values of i. Choose an element in each of these nonempty
sets and eliminate at most one half of them to assure that they do not be-
long to consecutive intervals I;. Then we get a set X5 such that | Xo| > 5] X
with 8 = a?/64000 and |z — y| > |I|/|Xo| for any z,y € Xa, = # y.

It only remains to prove (4.6]). Consider the function

Q
o) = #{pm € 2.20) + ra) < 2
where (-) denotes the distance to the nearest integer. By (5] the elements
of |I; N Xg| have different denominators (because |I;| = |I]/|Xo| < p™™). If
A < |I; N Xp| < 2A then f(t) > A for every ¢t € I;. Hence the number of
intervals I; with |I; N Xo| € [A,2A) is at most A72I|7}Xo| [; f? and we
have

41X
(4.7) #{z € Xy : $¢UOZ} < |‘[|§‘ /IfQ_

Let L be the integral part of | Xy|/(4]|1|@), note that L > 1 by (&3], then
it is easy to see that

2 sin?(wLp™x 2 k n
SRS SP VR~ R TP P M G AT
Q<p"<2Q Q<p<2Q |k|<L
Substituting in (£7), by Lemma 7.1 of [IK04] (with Y = |I|/2 and a trans-
lation), which is essentially to add a Fejér kernel to the integral, we have

#oex:ogJop<HR T S a-Bhe-B)

|k1l,lk2| <L Q<pft,p3<2Q
Ip’fkl—pgkzklfl’l

The terms with k1 = ko = 0 contribute to the sum as D2. If k; = ko £ 0,
necessarily p = p5 and the contribution of the sums is DL. Finally in the
rest of the cases, for each (k1,k2) there is at most a pair (p}, ph) satisfying
Iptk1 — pika| < |I|~! because a second pair (p§,p}) would give, assuming
without loss of generality k1 # 0 and p; > po,

pY _ P
Py DY

2|11 p1 @‘ S 1
Q p2 pal T (2Q)%/m
that contradicts our assumption Q'~2/*|I| > 4. Hence we can forget the

summations over p} and py, getting that the multiple sum is at most L2
Summing up, we have

6110 |

#areXo : wg|JOi) < S (D 4+ DL+ L?).
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Using the definition of L and the first inequality in (4.5]), it follows

X _
L~ | Xol 2D|I|Q 13D
8171Q 8111Q  ~ 32
Substituting in the previous formula, we obtain (4.0)). O

5. SOME CANTOR-LIKE SETS

For the lower bound in the main theorem we need to compute a lower
bound for the Hausdorff dimension of some limit sets of sequences of nested
intervals.

In general, if G1,Gs,Gs, ... are sets of disjoint closed intervals in [0, 1], we
say that I € G; is the son of J € G;_1 if I C J. And we say that I,[» € G;
are brothers if they are sons of the same interval J € G;_1. By convenience
we define Gy = {[0, 1]} and then all the intervals of G; are brothers.

In the usual Cantor set (and in some straightforward variants) the number
of sons of each interval is fixed. The rough idea is that more sons imply more
dimension and then a number of sons bounded from below is enough to get
a lower bound for the Hausdorff dimension.

Lemma 5.1. Let G;, i € Z*, be nonempty sets of disjoint intervals in
0,1] and G; = Ureg, I- If G1 D G2 D G3 D ... and any I € G; has at
least m; > 1 brothers separated by gaps of at least §; with {;}52, strictly
decreasing to 0, then G = (2, G; satisfies

n—1
| ;
dimy G > lim inf 2i=1 1987
n—oo _IOg(mnén)

On the other hand, if any interval in G; has at most M; > 1 brothers and
length at most L; then

" log M;
dimyg G < lim sup w.
n—00 —10gLn

Proof. The first part is the Example 4.6 of [Fal03]. The second part follows
from the definition of Hausdorfl measure because

> PP < MMy - ML,
1€y

and if s is greater than the upper limit the sum goes to 0 as n — oo. (]

Note that for instance, m; = M; = 2 and L; = 37 for the usual Cantor
set C, and Lemma [5.1] implies dimy C = log; 2.

In our construction some of the intervals (infinitely many of them) are
banned. The idea is that if we preserve a substantial part of the intervals we
should still keep the lower bound while the upper bound follows by inclusion.

Lemma 5.2. Let G; be as in Lemmal51l but now we assume that any I € G;
has at least 2m; brothers. Let G be as G; but omitting d; intervals and
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define accordingly Gi = U;cg- I. If the cardinality of Gy is greater than
2d1 +2% 2, d; H§:2 m; ! then G* = (52, GF # 0 and

n—1
dimy G > lim inf 2= 108"
n—00 _IOg(mnén)
Proof. Let G! as Gf but omitting the intervals having less than m; brothers.
If I € GF\ G/, more than one half of its brothers in G; are not in G}, hence
G5\ @)l < 1G:\ G, in particular || > 2/G7] — |Gl > |G| — 2d; and G # 0
under the hypothesis of the lemma. Clearly any interval in G/ has either at
least m; sons or none. This latter possibility impedes a direct application
of Lemma 5.1

Let A; = {I € G{ : 3J € G/ with no sons and J C I'}. If A =72, (G} \
A,-) is non empty then the sets {J egl:Jcle A} are also non empty
(note that G/ = 0 implies A;_; = G}) and Lemma [5.T] gives the result.

It remains to show that A = @) leads to a contradiction. If A = ) then
we can assign to each I € G; the smallest index ¢ = i(I) such that I € A;.
There are at most |Ga \ G|/m2 < 2da/my intervals with i(I) = 1 because
each interval in G} \ Ay has at least mg sons. In the same way, there are
at most |Gs \ G5|/mamg < 2d3/momg intervals with i(I) = 2 because each
interval in (G \ A1) N (G} \ A2) has at least mams grandsons (sons of sons).
In general, considering all possible values of i(I), we have

2d 2d 2d
ma2 mam3  M2MM3imy
which contradicts our hypothesis (recall that |G]| > |G1| — 2d;). O

6. PROOF OF THE MAIN THEOREM

The lower bound for the spectrum of singularities comes from the con-
struction of a set with Hausdorff dimension (vy + 2)/2r and Bp(z) = (o —
1)/k + 1/2r for every x in this set.

The proof is clearer in the case vp = 1 that we present firstly.

Proposition 6.1. With the notation in main theorem, if vp = 1, given
any v > k there exists a set C, such that dimy C, = 2/r and Bp(z) =
(o« = 1)/k+1/2r for every x € C,.

Proof. For each irreducible fraction a/q we consider the closed interval

I [a + 1 a + 1
“e g T ag g 2 )
In our case vp = 1 we assume that ¢ is prime (recall the comments at the
beginning of §3). Note that this intervals are disjoint.
We are going to construct nonempty sets of disjoint intervals G; fulfilling

the hypothesis in Lemma We take Gy = {[0,1]} and

1 :
gi:{Ia/qCJegi—l Qi < <2Q;, |T0|2§\/§}, 1=1,2,3,...
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where Q; = KF)' with R = [5r] and K a large enough constant. Note
that with the notation introduced before Proposition B.3if I, /, C I5/7 with
Ia/q € G; and [5/(7 € G;_1 then a € A(fqu)

The brothers of a given /,,, € G; are spaced at least §; = %Q; 2 because
la/q —a’'/q¢'| > 1/qq’. And the number of brothers m; satisfies
Q:Q; " P CQ?QZ_H
C'log Q log Qi

for certain C' > 0, just applying Lemma [£.4] with I the interval of G;_1
containing all the brothers of I ,.

Now we consider G = G1, G5 = Gz and for ¢ > 2, with the notation of
Proposition 3.4]

Gr = {[a/q €Gi : Iy Clz/5€ Gy with a & Cq,a(‘l/i)}-

The definition of @; implies @Q; > (2Q,~)2T(2+i/ 4 as required in Proposi-
tion B4l for Q; < ¢ < 2Q; and Q;—1 < g < 2Q;—1. Then for d; = |G;| — |G|
we have
di < Q' 10g Q) Y. N A@)] < QY Q¥ Q¥ log Qi1) !
G=Qi §XQi—1
Note that the cardinality of A(@T ) is O(Ejl_"q) because fixed one of the O(q)
possible values of the integral part of aq/q, there are O(q~_7’q) possibilities

for a.
Hence (6] implies

(6.1)

di < CZQ—8/ZQ2 log Ql H (@;—2 log Q])

mamg - - my; 0g @1

and this is < Ql__ll/ " and the condition in Lemma is fulfilled for K large
enough, giving

1 e 1 2 -r 9
dimyg G* > liminf O8 Mn—1 > ! (Q”_l?"_z) =2,
n—oo — log(mn5n) — log Qnil T

On the other hand, by Lemma [5.1]

log Q? 2
dimyg G* < dimpg G < limsupLQ" = —.

n—00 —10g Q;LT r
We take C, = G*. It remains to check Bp(xz) = (o — 1)/k + 1/2r for
every z € G*.
Given z € G*, take h; = = — a;/q; > 0 where = € lo,/q; € G; Proposi-
tion 2.2] gives

[Pl —he) = F(a)| = |[F(CE 4 he) = FCO| > h 0

where we have employed h; =< ¢; " and |19| > /g by the definition of G;.
Hence, fr(x) < (o —1)/k +1/2r.
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On the other hand, given x € G* and h small enough, we can find I5/;7 D
Ioyq > @ with I,y € G; and I35 € Gi—1, and ¢7" < |h| < ¢". Then
2¢7" <|z+h—a/q| <2§" and by the definition of G},

|F(z+h)—F(x)| < ‘F($+h)—F(%)|—|—‘F(gj)_F(g)| & |B|~ i |p| @D k12

so letting ¢ — oo, allows to conclude Sp(z) > (o —1)/k +1/2r. O

In general terms the proof in the case vp > 1 parallels the previous
proof but there are some problems when adapting it. Firstly, the spacing of
fractions with denominator given by a perfect power is a difficult issue (even
for small exponents, see for instance [Zah95]) that we avoid using Lemma [4.5]
to work in a well-spaced subset. Secondly, now the role of 7y is, in some way,
played by 7y, a very short exponential sum depending on the ramification
modulo p. An algebraic approach seems unfeasible and we instead appeal
to Lemma A1l a variant of Turdn method, to get an lower bound. Finally,
a requirement in Proposition to introduce 74 is the equality between
“local” and “global” ramification. To fulfill it we appeal to a weak form
of Chebotarev’s theorem due to Frobenius [SLI6] that already appeared
indirectly in the case vp = 1 through the application of [CJU, Th 1.3] in
the proof of Lemma [£.4]

Proposition 6.2. With the notation in main theorem, if vp > 1, given
any s > k there exists a set Cs such that dimpyg Cs = (vp + 2)/2s and
Br(z) = (a—1)/k+1/2s for every x € Cs.

Proof. We consider, as before, for each irreducible fraction a/q the closed
interval

7 [a n 1 a + 1 } “th 2s
= | — _— — W1 T = .
o1 g Tag g 2 v+ 1
vr+1

Recall that now ¢ = p with p prime, according to the notation intro-

duced in B.1).
We take Gy = {[0, 1]} and

Gi={l,yCJeGi1: a/qge Si(J)}, i=1,2,3,...
where S;(J) is a set of irreducible fractions a/q € J such that the following
conditions are fulfilled
(1) Qi < q = p*P*! < 2Q; where Q; = K with R = [5r] and K
a large enough constant, as in the proof of Proposition [6.1], and P’
splits in [F,[x].
(ii) Proposition 25 holds with || > (400Q5_,)~ !Bl for i > 2.
(iil) If 2,y € S;(J) are distinct then |z —y| > (2Q;) "1~/ (wr+D),
() 1S:()] > Q@i /log Q.
These requirements make the difference with respect to the proof in the

case vp = 1 and once the existence of S;(J) having these properties is
assured, we shall be able to adapt the rest of the proof.
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Firstly, by a weak form of Chebotarev’s theorem (see the theorem of
Frobenius in [SL96]), the polynomial P’ splits in Fy[z] for a positive density
of the primes. Hence, by the prime number theorem, the primes p considered
in (i) are at least C’Qi/ wr+1) /log Q; with C' > 0. For any of these primes
we have clearly vp, = vp with the notation of Proposition and its
hypotheses are fulfilled. Disregarding a negligible amount of the primes
considered in (i), the formula in that proposition holds. On the other hand,
by Lemma 1] with I = J and {1, Ag,...,Ax} = B, given ¢ we have
7] > (|J]/100)/B] for more than C'Q;|J| > Q:Q;.", values of a (note that
|J] > @, because J € G;_1).

To sum up, we have got a set of fractions a/q € J of cardinality compa-
rable to Q; Z-Hl/(VFH)/log Q; such that the formula for F*(a/q + h) —
F*(a/q) in Proposition applies with |7.| > (400Q;")~/8l for i > 2. By
Proposition [4.5] we can extract a subset S;(J) of comparable cardinality, as
claimed in (iv), satisfying the spacing property (iii), in fact we could save
an extra logarithm.

Now we start our adaptation of the proof of Proposition [6.11

By the construction of S;(J), especially note the spacing property (iii),
the number m; of brothers of a given I/, € G; satisfies

QI+ +D) QI+ +D)
6.2 - <my<C=Lt— for certain C' > 0,
(6:2) CQr_log Q; i1 1log Q;

and the distance between each couple of brothers is greater than §; =
%Q;l_l/(wﬂ). On the other hand, by Proposition B.1] we have for

- . |F\(a/q+ h) — F.(a/q)|
By(e) ={a<q: qfr/4i122w/2 hla=1)/k(p1/2k 4 p1/2r)p—e > 1

the bound |B,(e)| < ¢! 72",
Consider, as in the case vp =1, G = G1, G5 = G and for ¢ > 2, with the
notation of Proposition [3.4]

g;k = {Ia/q eg; : Ia/q C Ia/a € G;_1 with a & Bq(4/i) U Cqﬁ(él/i)}.

In this case, by Proposition B.4] and the bound we just gave for By(e) (due
to the rapid growth of @Q);), we have for d; = |G;| — |G|,

di < Q' 1og Q) Y > A@)]

q=Q;i §=Qi—1

where ¢ and ¢ are the denominators as in (i) appearing in the fractions of
S;(J), J € G;_1 and in those of S;_1(J), J € G;_o, respectively. Then, as

we have already seen, ¢ and g runs over sets of cardinality Q)" *" /log Q,
and QX(fFH)/log Q;. We have

d; < QZ-__Sl/i_T (Qi—lQi)lH/(VFH)(lOg Qi-1)"".
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By (6.2),
1—2

d; < (20) Q—8/z 141/(vp+1) l0g Qs H (Qr—1—1/(up+1) log Q).

momsg - - - mi log Q1 J

We are under the conditions of Lemma with 6, = (2Q,) 1~/ wr+l)
by (iii), and then, recalling the notation r» = 2s/(vr + 1) and (6.2)),
10g M1 log (Q(VF+2 /(VF+1)Qn 2) Vg + 2

dimyg G* > lim inf 2 =
M S = —log(mydy,) — —log @, 2s

On the other hand, by Lemma [B.1], again by (6.2]),

1+1/(vp+1)

2

dimyg G* < dimgy G < limsup log @n _rQn_l _ et )
n—00 - log Qn 2s

If we check Br(z) = (o — 1)/k + 1/2s for every x € G* then we can
take Cs = G* to finish the proof. This is done as in the case vp =1 (end of
Proposition [6.1]) but appealing to Proposition instead of Proposition
Namely, given z € Cs = G*, we have z € I/, € §; and taking h; =
x — a;/q;, Proposition gives for i large

|F*(x — h;) — F*(2)| = \F* s hi) - %)\ > %hga—”/k

where p = ql/(VFH) = h; I/T(VFH) and F* is defined modulo p. Moreover

for F, = F' — F*, since a; ¢ By, (4/1), we have
|Fu(z—hy) = Fu(2)] = |Fu(> +h) (q | < BT PR

According to (i) and (ii), ]T*\ > Ch;" with ¢, — 0 as ¢ — co. Hence, since
we are in the range r(vp + 1) > 2k, fr(z) < (a = 1)/k + 1/r(vp +1) =
(o —1)/k+1/2s.

The proof of the lower bound Sr(z) > (a—1)/k+1/2s is identical to that
in the case vp = 1 (see the last lines in the proof of Proposition [6.1]). (]

Proof of Theorem [ Write g = 1/2r with r > k. Then
a—1

dF(a 1 +5) = dimH {.Z' : Bp(a;) = L

where C, is the set in Proposition or Proposition [6.2] that verifies
dimy C, = (v +2)/2r. O

1
— | >dimy C
+2r}_ impy Cy

For the proof of Theorem we employ an observation about continued
fractions related to the sets considered by Jarnik

E, = ({:17 . |Cogg — §| < ¢ " for infinitely many % € @} U Q) N[0, 1].
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Lemma 6.3. If c € E, UQ, r > 2, and {an/qn}32, are the convergents
of x, then for n large enough

q;’"g‘x—Z—:‘<|x—Zn

-1 ‘ < q;T,/
1

where r and v’ are Holder conjugate, i.e., 1/r +1/r" = 1.

Proof. The first inequality follows from the definition of F, and the second
comes from the basic properties of continued fractions, that also assure
‘.’L’ - an—l/Qn—l’ < 1/(2QnQn—1)- Using ’x - an—l/Qn—l‘ > q;ﬁl (because
x ¢ E,) we get the third inequality. O

Proof of Theorem[I.3. According to Proposition 2.4],

-1 27k
ﬁp(:n)zak +7‘—1 for every x ¢ E, and 2 <r <1+ k/2.
Hence, for any small enough € > 0,
a—1 27F a—1  27F
i ( ) < dimy {a } < dimy B, .
P\~ +r—1 <dimg iz : Br(r) < ? +r—e—1 < dimyg

By Jarnik Theorem [Fal03| §10.3] dimpy E,_. = 2/(r — €) and letting ¢ — 0
and writing 3 = 27%/(r — 1), we conclude

—1 2 27k
dF(ak +ﬁ)§ﬁ forevery0<5<7.
The case 8 = 0 follows with similar considerations letting » — co in

a—1+ o~k
k r—1

On the other hand, for € E,, r > 2, and |h| small enough let a/q the
first convergent of z satisfying | — a/q| < |h|/2. We write

(6.3) [F(z+h)—F(z)| < |F(a/q+h)—F(a/q)|+|F(a/q+ hs) — F(a/q)|
where hy = +h—a/q and hy = x—a/q. By LemmaB.3] 2¢~" < |h| < 2¢7"".
Hence ¢~ < |hy| <3¢~ and ¢~ < |ho| < ¢~"".
If the convergents of x from one onward verify
(6.4) sup F(g +h) — F(E)Hh]_(o‘_lﬂ)/k < q1_2/’",
g r<hl<3g 4 q

then substituting in (6.3])

|F(ﬂ;‘ + h) o F($)| < 2q1—2/r|h|(a—1/2)/k < |h|(a—1/2)/k—(1—2/r)/r’.

Let A, be the set of the irreducible fractions a/q € [0, 1], 2" < ¢ < 2"*! not
satisfying (6.4]), and let A be the set of x € [0, 1] having convergents in 4,
for infinitely many values of n. Then

(6.5) {z : 5F(:n)<O‘_l/z—l(l—%)}cEruA.

k r!

dp(a ; 1) < dimpg {:17 : Br(z) < } < dimpg E,.




MULTIFRACTAL BEHAVIOR OF POLYNOMIAL FOURIER SERIES 31
Clearly, for any m, A admit the covering

o 1
AcC U U (g—q—z,

n=m a/qun

1

7)-

a
—+

q g
By Proposition B.2] the cardinality of A, is 0(2”(4/ T+E)) as the length of

each intervals with a/q € A, is 0(2_2") we have, letting m — oo, that the
(2/r + €)-Hausdorff measure of A is zero for every ¢ > 0. Hence

a—1/2 1 2 . 2
dp( ’ r’(l 7’)> < dimg(E, U A) "
This gives
a—1 3 k+4 1
< Z_ /- _
dF(ﬁ—l— 3 )_2 P 23 for 0<5<2k
writing 8 =1/2k — (1 —r~1)(1 —2r71). O

7. HEURISTICS

Our aim in this section is to comment our expectations regarding the true
nature of dp and to explain our way of proceeding in the paper in light of
them.

A direct application of Parseval formula proves

1 1/2 _
</ ‘F(:E—I—h)—F(:E)|dx) ~ ChPH1/2k Wherep:aTl,
0

then we expect typically the Holder exponent to be 8p(z) = p+ 1/2k. This
is consistent with w(5; ) = 1 in Theorem In fact, as we shall see later,
it is likely that Sp(x) < p 4 1/2k for every irrational value z. On the other
hand, it can be proven as in [CUQ7, Corollary 2.3] that the points a/q with
7o = 0 have exponent (p + 1/2k)k/(k — 1), the rest having exponent p.

As we mentioned in the introduction, the integration based techniques are
wasteful here because they overlook 0-measure sets and hence are incapable
of detecting the fractal sets determined by Hoélder exponents different from
p+ 1/2k that we need to prove the multifractal nature of F.

Given an irrational value z and h > 0 small, we think that one can
understand F'(x + h) — F(x) by looking at F(a/q+h)— F(a/q), where a/q is
the convergent in the continued fraction of x nearest to x + h. This implies

(7.1) ¢T<h< ()t r>2,

where ¢~ = |z — a/q| and d’/¢’ is the previous convergent of .

The factor e(P(n)h) — 1 appearing in the series expansion of F(a/q+h)—
F(a/q) is small when n is much smaller than h~'/* and the coefficients of
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the series decay when n is large. This suggest that we can model F'(a/q +
h) — F(a/q) by h*S with

S:hl/k Z e(aP(n))

nx<h—1/k q

The range (Z.I) includes h > ¢~2. There S is a short sum, and if we
assume nothing better than square root cancellation, i.e., S > hY/2%_ then
we would get Sr(x) < p+ 1/2k as claimed above. We are not able to prove
this lower bound for S because we do not have a “trivial main term” that we
can separate. On the other hand, it should be possible to push the methods
in this paper to prove that dp(p + 1/2k) > vy/2k.

We assume r > k, then when & is close to its lower limit in (Z.IJ), we
have that the length of the range of summation is greater than ¢ and the
periodicity leads to think that S can be compared with the complete sum 7

S =gt Z e(an(n)) = q 7.

n (mod q)

Now, for prime ¢ there is always at least and typically at most, as shown
in Lemma 4] square root cancellation in 79, so we have S = ¢~%/2 which
gives S =< h'/?" under h =< ¢~". With this information we can build (see
Proposition [6.1]) a set with Hausdorff dimension 2/r whose elements x have
Holder exponent Sp(x) = p + 1/2r, hence the lower bound 48 obtained in
the main theorem for dp(p + ) follows.

The square root cancellation philosophy fails drastically for prime powers
under conditions depending on the fine structure of the polynomial P. In
particular, when vp > 1 we expect the main contribution in S to come
from arithmetic progressions in n for which the phase of the exponential
is essentially constant modulo 1. The simplest example is P(z) = z*. In
this case, by choosing ¢ = p/ with p prime and j < k it follows that the
exponential restricted to the sequence n =0 (mod p) is constant, that is

k
hl/k Z e(ap%) — hl/k Z e(apk—]lk) - p—l7
nxh~1/k I<h=1/k/p
n=0 (mod p)
so in that part of the sum there is no cancellation. We think that the rest
of S gives a smaller contribution (actually in Proposition Bl we proved
it in average over a) and then we should get S < p~! = ¢~ /7 that for
h = ¢ " reads S < h'/J". Proceeding as before, we can construct a set of
of dimension (1 + 1/j)/r and constant Holder exponent Sp(z) = p + 1/jr,
and then the lower bound (j+ 1) for dp(p+ ) follows. The best choice of j
is, of course, the largest value, that in our range is j = k and corresponds to
j = vr+1in the setting of the main theorem, as fixed in §3. In principle one
may think that j > k could give a stronger lower bound but in this range
the phase is not going to stay constant so there will be further cancellation;
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moreover, by the scarcity of the rationals of the form a/p’, the dimension is
going to be smaller. By the chinese remainder theorem, the number of terms
in special arithmetical progressions behaves multiplicatively, so taking ¢ as
a prime power is the best choice to prevent cancellation in S and even to
get stronger lower bounds for dg.

For some time we thought that the exponential can be essentially constant
in a large arithmetic progression only if P’ has zeros of high order, this and
the periodicity give the lower bound for dr proven in the paper. That
guess was based on the fact that we had proven it in average over a (see
Proposition B4]). Afterward we realized that it can also happen if some of
the higher derivatives of P has zeros of large order; but in that case it will
happen for fractions a/p’ with just very special a determined by arithmetic
conditions. This will not give a better lower bound for P(x) = z*, but it
will do for instance for P(x) = x¥ + 22 with large k. In this last case the
zeros of P’ are all of order one, so the lower bound for dr from the paper
would be 4. But, although P’ does not have high order zeros, since P"”
does at = 0, the monomial n* in the phase can be “deleted” for n = 0
(mod p) by taking ¢ = p":

k 2 2
k a(n” +n”) ! ap
R R o
nxh=1/k n=0 (mod p) I<h=1/k/p
As we know, for most a there is further cancellation in this sum, but not for
the a verifying (ap®/p*) < (h='/%/p)=2. There are around q(h~'/*/p)=2 of
them. Actually, we can parametrize them as

(7.2) a4

a —1/k\—2
pk )

)

— S+ 2 d<e<p? 1<s<qh

p p
with s coprime to p. For these values, S =< p~! = hY/*" under h =< ¢ "and,
as before, we could build a set of x with constant Holder exponent S (z) =
1/kr and dimension (1 — 2(r — 1)/k + 1/k)/r, since this time the number
of the possible values of a is ¢*~2"~1/k This would give a lower bound of
(k+3)B —2/k for dp(p+ ), which is larger than our previous bound 4/ in
the range § > 2/k(k — 1).

This last example suggests that, for some polynomials, the lower bound
given in Theorem [Tl is not going to coincide with the true value of dp.
The obstruction to prove with our approach that it actually happens for
P(z) = 2¥ + 22 is that the rational numbers defined by (Z.2)) are quite sparse
and it seems difficult to get average results over them. For some very special
polynomials, like P(z) = z* + z, one can really prove that the lower bound
of Theorem [I.1] is not the real value of dp in some range by using Poisson
summation and a precise knowledge of the coefficients 7,,,. In particular, one
cannot expect an exact formula for the spectrum of singularities of F' only
depending on vp.

Even though we know that the lower bound from the paper is in general
not sharp on the whole range, we think that it is so when 3 is near zero.



34 F. CHAMIZO AND A. UBIS

Our reasoning is that S should always be bounded by ¢~1/* (notice that
this equals p~! for ¢ = p*) which is hY/"* for h =< ¢ and then gives an
exponent of at least p + 8 with 5 = 1/kr. But then 8 can be small only if
r is large, this means that we have very good rational approximations and
Poisson summation (Proposition 2.1]) allows to see that S depends just on
70, and the size of 7y is controlled by the largest order of a zero of P’ (see
Theorem 2 in [LV85]).

For k > 2, we also think that dp should always have a discontinuity at
p+ 1/2k, with dp(p + 1/2k) = 1 and dp(p + 1/2k~) < 1. This would
represent a contrast with the quadratic case. The idea is that deviations
from square root cancellation should come either from r > k or from special
q (like prime powers), and both cases give small Hausdorff dimensions.

The behavior of dp for P(z) = (2?4 1)¢ 4 2% should be similar to P(z) =
zF + 22; in both cases, we expect the graph of dr(p + /3) to consist of two
segments in the range 0 < < 1/2k, the lower bound from Theorem ]
for 8 small and the one from the special a’s otherwise. But there are even
more complex examples, like P"”(z) = (2% 4 1)% + x2; for this case it is even
difficult to guess, when taking the rationals a/p?, the density of a for which
the phase remains essentially constant for the arithmetic progression n = b
(mod p), with b a root of 22 + 1 modulo p, due to the fact that we do not
control the location of b in the interval [1, p)].

The previous examples suggest that the spectrum of singularities of F
depends on fine points about the structure of the polynomial P. On the other
hand, these examples are very artificial and involve terms with unbalanced
multiplicities. By this reason, we think that the lower bound in Theorem [I.1]
becomes an equality in the whole range for most polynomials.
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