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Abstract

The main results in this thesis deal with the representation theory of certain classes
of groups. More precisely, if r,,(I") denotes the number of non-isomorphic n-dimensional
complex representations of a group I', we study the numbers r,(I") and the relation of this
arithmetic information with structural properties of I'.

In chapter 1 we present the required preliminary theory. In chapter 2 we introduce the
Congruence Subgroup Problem for an algebraic group G defined over a global field k.

In chapter 3 we consider I' = G(Og) an arithmetic subgroup of a semisimple algebraic
k-group for some global field k£ with ring of S-integers Og. If the Lie algebra of G is perfect,
Lubotzky and Martin showed in [56] that if I has the weak Congruence Subgroup Property
then I" has Polynomial Representation Growth, that is, r,(I") < p(n) for some polynomial
p. By using a different approach, we show that the same holds for any semisimple algebraic
group G including those with a non-perfect Lie algebra.

In chapter 4 we apply our results on representation growth of groups of the form I' =
G(Og) to show that if I" has the weak Congruence Subgroup Property then s, (I') < nPlo8”
for some constant D, where s, (I") denotes the number of subgroups of I' of index at most
n. As before, this extends similar results of Lubotzky [54], Nikolov, Abert, Szegedy [1] and
Golsefidy [24] for almost simple groups with perfect Lie algebra to any simple algebraic
k-group G.

In chapter 5 we consider I' = 1 + J, where J is a finite nilpotent associative algebra,
this is called an algebra group. The Fake Degree Conjecture says that for algebra groups
the numbers r,(I") may be obtained by looking at the square root of the sizes of the
orbits arising from Kirillov’s Orbit Method. In [36] Jaikin gave a 2-group that served as a
counterexample to this conjecture. We provide counterexamples for any prime p by looking
at groups of the form I' = 1 + I, where I, is the augmentation ideal of the group algebra
F,[x] for some p-group 7. Moreover, we show that for such groups r1(T') = ¢*(™~1| By(7)],
where By (7) is the Bogomolov multiplier of 7.

Finally in chapter 6, we consider I' = [[;c; S;, where the S; are nonabelian finite
simple group. We give a characterization of the groups of this form having Polynomial
Representation Growth. We also show that within this class one can obtain any rate of
representation growth, i.e., for any o > 0 there exists I' = [[,; S; where the S; are finite
simple groups of Lie type such that r,(I") ~ n®. Moreover, we may take all .S; with a fixed
Lie type. This complements results of Kassabov and Nikolov in [42].
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Introduccion

Sea I" un grupo. Una representacién de I' es un homomorfismo de grupos p : I' — GL(V)
para algin espacio vectorial complejo finito dimensional V. La Teoria de Representaciones
estudia la relacién entre propiedades estructurales de I' y sus representaciones. El Teorema
de Burnside fue la primera gran contribucién de la Teoria de Representaciones y desde
entonces se ha convertido en un area de investigacién en si misma. Este trabajo se centra
en la teoria de representaciones de ciertas clases de grupos. El bloque principal esta
dedicado al estudio de la teoria de representaciones (mas concretamente, del crecimiento de
representaciones) de grupos aritméticos, aunque también abordamos cuestiones relacionadas
con la teoria de representaciones de algebras de grupo y el crecimiento de representaciones
de (productos directos de) grupos finitos simples.

Sea I' un grupo y denotemos por 7,(I') el nimero de clases de isomorfia de repre-
sentaciones irreducibles n-dimensionales de I'. Si I es finito sabemos que r,(I") = 0 para
n > \I‘|1/ 2. El estudio de grupos finitos a través de las dimensiones de sus representaciones
irreducibles y clases de conjugacion es una gran area de investigacion, e.g., ver [34] o [32]
y referencias alli indicadas. Por otro lado para I' infinito r,(I") puede ser infinito. El
comportamiento asintético de la sucesién r, (I") es el crecimiento de representaciones del
grupo I'. Supongamos que r,(I") < oo para todo n. Entonces podemos asociar a la sucesion
{rn(T")} una zeta funcién de Dirichlet

()= ra(Mn~* (s€C).
n=1

La abscisa the convergencia a(I") de (r(s) es el infimo de todos los @ € R>( tales que la
serie (r(s) converge en el semiplano derecho {s € C | Re(s) > a}. La abscisa a(I") es
finita si y solo si I' tiene Crecimiento Polinomial de Representaciones (CPR), es decir, si
rn(I') < p(n) para algtin polinomio p.

Crecimiento de Representaciones de Grupos Aritméticos

Sea k un cuerpo global, S un conjunto finito de valuaciones de k que contiene a todas
las arquimedianas y Og el anillo de S-enteros correspondiente. Sea G un k-grupo conexo
simplemente conexo y semisimple y supongamos G C GLy. Un grupo I' es un grupo
aritmético si es conmensurable con

G(Os) = G(kﬁ) N GLN(Os).



Noétese que en términos del crecimiento de representaciones de un grupo aritmético I'
podemos asumir I' = G(Og). En [56], Lubotzky y Martin iniciaron el estudio del crecimiento
de representaciones de grupos aritméticos. Establecieron una conexién entre tener CPR y
el famoso Problema de los Subgrupos de Congruencia. Decimos que G tiene la Propiedad
de los Subgrupos de Congruencia con respecto a S si todo subgrupo de indice finito
H < G(Og) contiene algun subgrupo de congruencia principal G(p) para algin ideal
p C Og. En el capitulo [2] presentamos el Problema de los Subgrupos de Congruencia
y explicamos la condicién (ligeramente mas débil) de tener la Propiedad débil de los
Subgrupos de Congruencia (PdSC).

Teorema (Lubotzky y Martin). Supongamos que G tiene la Propiedad débil de los Subgru-
pos de Congruencia con respecto a S. Si char k = 2, asumimos también que G no contiene
factores de tipo A1 o Cy, para cualquier m. Entonces I' tiene Crecimiento Polinomial de
Representaciones. Ademds, si chark = 0 el reciproco también es cierto.

Si G tiene la Propi&i@ débil de los Subgrupos de Congruencia con respecto a S, la
complecién profinita G(Og) puede estudiarse a través de la compleciéon de congruencia
G(Og), la cuél, por el Teorema Fuerte de Aproximacién, es isomorfa a G(@S). Es decir, el
crecimiento de representaciones de I' viene dado por el de

G(0s) = [] G(0w).
vgS

Cada factor local G(O,) es un grupo compacto k,-analitico. Para obtener un crecimiento
polinomial de representaciones la clave es encontrar una cota uniforme de tal manera que
n(G(Oy)) < ¢n® para todo v ¢ S. Lubotzky y Martin obtuvieron esta cota uniforme
cuando Lg, el algebra de Lie del grupo algebraico G, es perfecta, equivalentemente, si
char k = 2 el grupo G no contiene factores de tipo A; o Cp,. Cuando el algebra de Lie
no es perfecta Jaikin obtuvo en [38] crecimiento polinomial de representaciones para cada
factor local, es decir, para cada v existe una constante ¢, tal que r,(G(O,)) < c,n®.
Siguiendo las ideas de Jaikin para el caso local abordamos el caso global al obtener una
cota polinomial uniforme para todo v, lo que finalmente lleva al siguiente Teorema (cf.

Theorem .

Teorema 0.1. Sean k, S, I' y G como anteriormente. Si G tiene la Propiedad débil de
los Subgrupos de Congruencia con respecto a S, entonces I' tiene Crecimiento Polinomial
de Representaciones.

El trabajo de Lubotzky y Martin en [56] inici6 el estudio del crecimiento de representa-
ciones de grupos aritméticos (con la Propiedad débil de Subgrupos de Congruencia). En
[50] Larsen y Lubotzky estudiaron la abscisa de convergencia (') y Avni demostr6 en [7]
que ésta es un numero racional para char k = 0. Una gran parte del trabajo reciente en el
area ha sido realizado por Avni, Klopsch, Onn y Voll en una seria de articulos (véase [3],
[4], [5] y [6]). Recomendamos [48] para una visién general sobre el area.




Crecimiento de Subgrupos de Grupos Aritméticos

Sea I un grupo finitamente generado. Escribiremos a,(I') para denotar el nimero
de subgrupos de I' de indice n y definimos s,(I') := > ; a,(I'). En analogia con el
Crecimiento de Representacioneﬂ el Crecimiento de Subgrupos de I' viene dado por el
comportamiento asintético de a,(I") (equivalentemente s, (I")). El estudio de propiedades
estructurales de I' a través de su crecimiento de subgrupos ha dado pie a una teoria
profunda con muchos resultados y aplicaciones, véase [55] y referencias alli.

Aligual que antes, nos centraremos en el crecimiento de subgrupos de grupos aritméticos,
mas concretamente, nos fijaremos en el crecimiento de subgrupos de un grupo I' = G(Og),
donde G es un grupo algebraico sobre k que es conexo, simplemente conexo y casi simple y
Og es el anillo de S-enteros del cuerpo global k.

Si el grupo G tiene la Propiedad de los Subgrupos de Congruencia con respecto a
S, entonces todo subgrupo de indice finito es un subgrupo de congruencia y por tanto
$n(T') = 7, (), donde 7, (I") denota el ntimero de subgrupos de congruencia de indice como
mucho n. El estudio del crecimiento de subgrupos de congruencia de grupos aritméticos
fue iniciado por Lubotzky en [54]. Para char k = 0 Lubotzky encuentra cotas inferiores y
superiores para v, (I").

Teorema ([54, Teorema A y F|). Sea I' = G(Og) como anteriormente. Si chark = 0,
entonces existen constantes ci,co tales que

cq log2 n co log2 n

n loglogn S fyn(r) S n loglogn |

Si chark > 0 y si chark = 2 asumimos que G no es de tipo A1 o Cy,, entonces existen
constantes cs, cq tales que
ncs logn < %(F) < pca 10g2n'

Abért, Nikolov y Szegedy mejoraron la cota superior en [1].

Teorema ([I, Teorema 1]). Sea I' = G(Og) como anteriormente y supongamos que
char k > 0. Supongamos que G es split sobre k y que si char k = 2 entonces G no es de tipo
Ay o Cy,. Entonces existe una constante C' que solo depende del rango de Lie de G tal que

fYn(F) < nDlogn‘

En [24], entre otros resultados, Golsefidy obtiene una cota similar sin la necesidad de
que G sea split sobre k.

Teorema. Sea I' = G(Og) como anteriormente y supongamos que chark > 5. Entonces
existen constantes C y D tales que

nClogn < 'Yn(r) < nDlogn.

'El estudio de propiedades estructurales de un grupo I' a través de su crecimiento de subgrupos en
realidad precede al enfoque desde el punto de vista del crecimiento de representaciones, de hecho, este
ultimo estd motivado de alguna manera por la rica teoria de Crecimiento de Subgrupos.
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En los resultados previos es necesario que el algebra de Lie (graduada) asociada a cada
factor local G(O,) sea perfecta. De ahi la necesidad de excluir los casos en los que G es de
tipo Ay o Cp,. Abordamos esta dificultad aplicando el Teorema y cierta relacion entre
el crecimiento de subgrupos y el crecimiento de representaciones.

Teorema 0.2 (cf. Theorem y.2). Sea T' = G(Og) como anteriormente. Entonces
existe una constante D > 0 tal que

'Yn(r) < nD logn'

Supongamos que G tiene la Propiedad débil de los Subgrupos de Congruencia con respecto
a S. Entonces
sn(I‘) < nDlogn'

La Conjetura de los Pseudogrados

Sea J un algebra associativa finito dimensional sobre un cuerpo finito IF,. Asumamos
ademéas que J es nilpotente, es decir, J" = 0 para algin n. Podemos entonces dar
al conjunto formal 1+ J = {1 +j : j € J} una estructura de grupo definiendo
(1+)A4+h):=1+j+h+ihy (1+5) = Zz;é(—l)’“jk. Llamamos a los grupos de la
forma 1+ J grupos asociados a élgebras; éstos fueron introducidos por Isaacs en [34] como
una generalizacién de los grupos unitriangulares U, (F,) = 1 + u(F,;), donde u,(F,;) es el
algebra de matrices cuadradas de tamanano n estrictamente triangulares superiores.

El grupo 1 4+ J actiia de manera natural en el dlgebra J y esto induce una accién de
1+ J en Irr(J), los caracteres irreducibles del grupo aditivo de J. En este contexto es
posible adaptar el método de las érbitas de Kirillov y tratar de construir una biyeccién

(1+ J)-6rbitas en Irr(J) — Irr(1+J).

Existen serias dificultades para llevar a cabo esta construcciéon y una tal biyeccion solo se
obtiene cuando JP = 0, donde p = char[F,. Sin embargo la adaptacion del método de las
orbitas de Kirillov sugiere una funcién

(1+ J)-6rbitas en Irr(J) — {x(1) : x € Irr(1 +J)}
0 - i,

Isaacs conjeturé que esta funcién esta bien definida y que los [Q|'/2 (los pseudogrados),
contando con multiplicidad, son los grados de los caracteres irreducibles de Irr(1 + J)
para cualquier grupo asociado a un algebra 14 J. Esta conjetura es conocida como la
Conjetura de los Pseudogrados. En [36] Jaikin refuté la Conjetura de los Pseudogrados
construyendo un grupo asociado a una [Fa-algebra que servia de contraejemplo. No obstante,
el comportamiento especial del primo p = 2 en correspondencias de caracteres y varios
calculos experimentales sugerian que la conjetura podria ser cierta para grupos asociados a
[F,-algebras donde charF, > 2. Consideremos la siguiente familia de grupos asociados a
[Fg-dlgebras. Si charF, = p, consideremos un p-grupo 7 y sea Ir, el ideal de augmentacion
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del dlgebra de grupo Fy[n]. Entonces 1+ I, es un grupo asociado a una [Fg-algebra. Si la
Conjetura de los Pseudogrados fuera cierta es facil ver (Lemma [5.3.2)) que se debe tener

(L +Ig, Jab| = ¢,

donde (1 + If,)ap, es la abelianizacién del grupo 1+ Ir, y k() denota el niimero de clases
de conjugacién del grupo 7. El siguiente Teorema da una descripciéon del tamaifio de la
abelianizacion de los grupos de la forma 1 + I, .

Teorema 0.3 (cf. Theorem . Sea 7 un p-grupo y I, el ideal de augmentacion de
F,[m]. Entonces

|(1+1g, )ab| = ¢! By ().

El grupo By(m) que aparece en el Teorema es el multiplicador de Bogomolov del grupo
7. Como para cada primo p existen p-grupos con multiplicador de Bogomolov no trivial
el Teorema anterior ofrece contrajemplos a la Conjetura de los Pseudogrados para todo
primo p.

La inesperada aparicién del multiplicador de Bogomolov en el Teorema anterior nos
llevé a seguir investigando los grupos (1 + I, )an. Notese que para toda Fy-dlgebra R,
1+ Ip, ®R da un grupo asociado a una [Fy-algebra. Esto define un Fy-grupo algebraico afin
G tal que 1+ Ig, = G(FF,).

Teorema 0.4 (cf. Theorem [5.5). Sea m un p-grupo y 1 + Ig, el grupo asociado a la
Fy-dlgebra correspondiente. Sea G el Fy-grupo algebraico asociado. Entonces el grupo
derivado |G, G| es un grupo algebraico afin definido sobre Fy y se tiene

(G, G](Fq)/|G(Fq), G(Fq)] = Bo(r).
Los resultados que aparecen en este capitulo fueron obtenidos en colaboraciéon con
Andrei Jaikin y Urban Jezernik y pueden encontrarse en [23].
Productos Directos de Grupos Finitos Simples

Consideremos la siguiente clase de grupos
C.={H= H S; : S; es un grupo finito simple no abeliano}.
el
Dago un grupo I' definimos R, (T") := >_1; 7;(I"). Hemos obtenido una caracterizaciéon de

los grupos en C que tienen Crecimiento Polinomial de Representaciones.

Teorema 0.5 (c.f Theorem . Sea H = [[;c; S; un producto cartesiano de grupos finitos
simples no abelianos y sea lgr(n) :=|{i € I : R,(S;) > 1}|. Entonces H tiene Crecimiento
Polinomial de Representaciones si y solo si lg(n) esta acotado polinomialmente.

Es natural preguntarse qué tipos de crecimiento de representaciones pueden ocurrir
dentro de los grupos de C que tienen CPR. En [42], Kassabov y Nikolov estudiaron
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cuestiones relacionadas con la clase de grupos C, y méas concretamente con la subclase
A C C donde
A={H= HSi :S; = Alt(m) para algin m > 5}
i€l
y Alt(m) denota el grupo alternado de m letras. Mostraron que dentro de esta clase A
cualquier tipo de crecimiento de representaciones es posible.

Teorema ([42, Theorem 1.8)). Para cualquier b > 0, existe un grupo H € A tal que
a(H) =b.

Los grupos que aparecen en la prueba del Teorema anterior son de la forma

H = [ Alt(i + 1)/,
1>5

para alguna f : N — N. En particular los factores simples de H tienen rango no acotado E]
como grupos alternados. Queremos obtener un resultado similar para la subclase £ C C,
donde
L:={H= H S; : Si es un grupo finito simple de tipo Lie}.

el
Obtenemos este resultado en el siguiente Teorema, donde probamos que un resultado
analogo es cierto para esta subclase. En nuestro caso, todos los factores simples pueden
tener el mismo rango de Lie.

Teorema 0.6 (cf. Theorem [6.12)). Para cualquier ¢ > 0, existe un grupo H = [[;cny Si € £
tal que a(H) = ¢. Ademds H puede ser elegido de tal manera que solo ocurra un tipo de
Lie entre sus factores.

Los resultados presentados en este capitulo fueron obtenidos en colaboracién con
Benjamin Klopsch durante mi estancia en la Universidad de Diisseldorf.

*Dado S un grupo finito simple no abeliano definimos rk.S = m si S = Alt(m) y tk S =1k L si S es un
grupo simple de tipo Lie.




Introduction

Let T be a group. A representation of I' is a homomorphism of groups p : I' — GL(V)
for some finite dimensional complex vector space V. Representation Theory studies the
interplay between the structural properties of I' and its representations. Burnside’s Theorem
was the first important application of Representation Theory and since then it has become
a research area on its own. This work focuses on the representation theory of certain classes
of groups. The main body is dedicated to the study of the representation theory (more
precisely, the representation growth) of arithmetic groups although we also address some
questions related to the representation theory of algebra groups and the representation
growth of (direct products of) finite simple groups.

Let I be a group and write r,, (") for the number of isomorphism classes of n-dimensional
irreducible complex representations of T'. If T is finite then r,,(T') = 0 for n > |T'|'/2. The
study of finite groups by means of their irreducible character degrees and conjugacy classes
is a well established research area, e.g., see [34] or [32] and references therein. On the other
hand for I' infinite r,,(I') might well be infinite. The asymptotic behaviour of the sequence
rn(I") gives the Representation Growth of the group I'. Let us assume that r,(I") < oo for
every n. Then we can associate to the sequence {r,(I")} a Dirichlet zeta function

Cr(s) = i rn(T)n™% (s € C).
n=1

The abscissa of convergence «(I") of {r(s) is the infimum of all & € R>¢ such that the series
Cr(s) converges on the right half plane {s € C | Re(s) > a}. The abscissa «a(I") is finite if
and only if I has Polynomial Representation Growth (PRG), that is, if r,(I") < p(n) for
some polynomial p.

Representation Growth of Arithmetic Groups

Let k£ be a global field, S a finite set of valuations of k£ containing all archimedean ones
and Og the corresponding ring of S-integers. Consider G a connected simply connected
semisimple algebraic k-group and suppose G C GLy. A group I is an arithmetic group if
it is commensurable with

G(Og) := G(k) N GLy(Og).

Note that in terms of the representation growth of an arithmetic group I' we may assume
that I' = G(Og). In [56], Lubotzky and Martin initiated the study of the representation
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growth of arithmetic groups. They established a strong connection between having PRG and
the famous Congruence Subgroup Problem. Recall that G is said to have the Congruence
Subgroup Property with respect to S if every finite index subgroup H < G(Og) contains
some principal congruence subgroup G(p) for some ideal p C Og. In Chapter [2| we
present the corresponding Congruence Subgroup Problem and explain the (slightly weaker)
condition of having the weak Congruence Subgroup Property (wCSP).

Theorem (Lubotzky and Martin). Suppose G has the weak Congruence Subgroup Property
with respect to S. If char k = 2, assume that G does not contain factors of type Ay or Cpy,
for any m. Then I' has Polynomial Representation Growth. Moreover, if chark = 0 the
converse holds.

If G has the weak Congruence Subgroup Property with respect to .S, the profinite

completion G(Og) can be studied through the congruence completion G(Og), which, by
the Strong Approximation Theorem, is isomorphic to G(Og). that is, the representation
growth of I' is given by that of

G(@S) = H G(Oy).
vgS

Each local factor G(Q,) is a compact k,-analytic group. To obtain polynomial repre-
sentation growth the key is to find a uniform bound such that r,(G(O,)) < en for every
v ¢ S. Lubotzky and Martin obtained this uniform bound when L, the Lie algebra of the
algebraic group G, is perfect, i.e., if char k = 2 the group G does not contain factors of
type A; or Cy,. When the Lie algebra is not perfect Jaikin obtained in [38] polynomial
representation growth for each local factor, that is, for every v there exists a constant c¢,
such that r,(G(O,)) < ¢,n®. Following Jaikin’s ideas for the local case we handle the
global case by obtaining a uniform polynomial bound for every v, which ultimately gives
the following Theorem (cf. Theorem [3.3).

Theorem 0.1. Let k, S, I" and G be as above. If G has the weak Congruence Subgroup
Property with respect to S, then I' has Polynomial Representation Growth.

The work of Lubotzky and Martin in [56] initiated the study of representation growth
of arithmetic groups (with weak CSP). In [50] Larsen and Lubotzky studied the abscisa
of convergence a(I') and Avni showed in [7] that this is a rational number for char k = 0.
Most of the recent work has been done by Avni, Klopsch, Onn and Voll in a series of papers
(see [3], [4], [5] and [6]). We recommend [48] for a survey on representation growth.

Subgroup Growth of Arithmetic Groups

Let I" be a finitely generated group. Let us write a,(I") for the number of subgroups of
I' of index n and put s,(I') := "7 a,(I'). Analogously as for the Representation Growt}ﬂ

3The study of structural properties of a group I' my means of its subgroup growth actually precedes the
representation growth approach and the latter is somehow motivated by the fruitful theory of Subgroup
Growth.




the Subgroup Growth of I' is given by the asymptotic behaviour of a,(I") (equivalently
sn(T")). The study of structural properties of T' via its subgroup growth has evolved into a
deep theory with many important results and applications, see [55] and references therein.

As above, we focus on the subgroup growth of arithmetic groups, more precisely, we look
at the subgroup growth of a group I' = G(Og), where G is a connected simply connected
simple k-group and Qg is the ring of S-integers of the global field k.

If the group G has the Congruence Subgroup Property with respect to S, then every
finite index subgroup is a congruence subgroup and so s, (I') = 4, (I"), where v, (") stands
for the number of congruence subgroups of index at most n. The study of the subgroup
growth of congruence subgroups of arithmetic groups was initiated by Lubotzky in [54].
For char k = 0 Lubotzky finds lower and upper bounds for 7, (T).

Theorem ([54, Theorem A and F|). Let I' = G(Og) be as above. If chark = 0, then there
exist constants ci,co such that

cq log2 n co log2 n

n loglogn S r}/n(r) S TLW.

If char k > 0 and in case chark = 2 G is not of type Ay or C,,, then there exists constants
c3, ¢4 such that
n logn < 'Vn(r) < 10g2n'

Abért, Nikolov and Szegedy improved the upper bound in [IJ.

Theorem ([I, Theorem 1]). Let T' = G(Og) be as above and suppose chark > 0. Suppose
that G splits over k and if char k = 2 suppose G is not of type Ay or Cyp,. Then there exists
a constant C' which depends only on the Lie rank of G such that

fYn(F) < nDlogn‘

In [24], among other things, Golsefidy obtained a similar bound without the split
assumption.

Theorem. Let I' = G(Og) be as above and suppose chark > 5. Then there exist constants
C and D such that
nClogn < 'Yn(r) < nDlogn.

In the results above it is necessary that the (graded) Lie algebra associated to each
local factor G(QO,) is perfect. This excludes the cases where G is of type A; or Cp,. We
overcome this difficulty by applying Theorem and the relation between subgroup and
representation growth.

Theorem 0.2 (cf. Theorem [4.1]and[1.2)). Let T' = G(Os) be as above. Then there exists a
constant D > 0 such that
'Yn(r) < nDlogn.

Suppose that G has the weak Congruence Subgroup Property with respect to S. Then

Sn(F) < nDlogn'




The Fake Degree Conjecture

Let J be a finite dimensional associative algebra over a finite field IF,. Assume further
that J is nilpotent, that is, J"™ = 0 for some n. Then one can give to the formal set
1+J={1+j : j€J} agroup structure by defining (14 j)(1 +h):=1+j+ h+ jh
and (14 j)7! := ZZ;&(—I)kjk. Groups of the form 1 + J are called Algebra Groups
and were introduced by Isaacs in [34] as a generalization of the unitriangular groups
Un(Fy) = 14+u(F,), where u, (F,) is the algebra of strictly upper triangular square matrices
of size n.

The group 1+ J acts naturally on the algebra J and this induces an action of 14 J on
Irr(J), the irreducible characters of the additive group of J. In this setting, it is possible
to adapt Kirillov’s Orbit Method and try to build a bijection

(14 J)-orbits in Irr(J) — Irr(1+J).

This approach has serious difficulties and such a bijection is only obtained when J? = 0,
where p = charIF;. Nevertheless, the adaptation of Kirillov’s Orbit Method suggests a map

(1 + J)-orbits in Irr(J) — {x(1) : x € Ir(1+J)}
Q — 1Q|1/2,

Isaacs conjectured that this map is well defined and that the |Q|'/?’s (the fake degrees),
counting multiplicities, give the irreducible character degrees of Irr(1 4 J) for every algebra
group 1+ J. This is known as the Fake Degree Conjecture. In [36] Jaikin disproved the Fake
Degree Conjecture by providing an Fe-algebra group which served as a counterexample.
Nevertheless, the particular behaviour of the prime p = 2 in character correspondences
and experimental computations suggested that the conjecture might hold for [F,-algebra
groups with charF, > 2. Let us consider the following family of F,-algebra groups. If
charF, = p, take a p-group 7 and let I, the augmentation ideal of the group algebra IF[r].
Then 1 + Ip, is an Fj-algebra group. If the Fake Degree Conjecture holds it is easy to see
(Lemma that we must have

(14 T, )ap| = ¢,

where (1 +Ig,)ap is the abelianization of the group 1+ Ig, and k(7) stands for the number
of conjugacy classes of the group m. The following Theorem gives a description of the size
of the abelianization of groups of the form 1 + I, .

Theorem 0.3 (cf. Theorem . Let m be a p-group and Iy, the augmentation ideal of
Fy[r]. Then

(1 +Tg, )an| = ¢* 1 By ().

The group By(7) appearing in the Theorem is the Bogomolov multiplier of the group
m. Since for every prime p there exist p-groups with nontrivial Bogomolov multiplier, the
previous Theorem provides counterexamples for the Fake Degree Conjecture for every
prime p.
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The somehow unexpected appearance of the Bogomolov multiplier in the previous
Theorem led us to further investigation of the groups (1 + I]Fq)ab. Note that for every
Fq-algebra R, 1 + Ip, ®R gives an Fg-algebra group. This defines an affine algebraic
F4-group G such that 14 Ig, = G(FF,).

Theorem 0.4 (cf. Theorem . Let w be a p-group and 1 +1Ig, the associated F-algebra
group. Let us consider the associated algebraic Fq-group G as above. Then the derived
group |G, G| is an affine algebraic group defined over Fy and we have

(G, G](IFy) /[G(Fg), G(Iy)] = Bo ().

The results appearing in this chapter were obtained in joint work with Andrei Jaikin
and Urban Jezernik and can be found in [23].

Direct Products of Finite Simple Groups
Let us consider the class of groups
C.={H= H S; : S; is a nonabelian finite simple group}.
el
Given a group I let us put R, (I") := > ; 7;(I"). We obtain a characterization of groups
in C having Polynomial Representation Growth.

Theorem 0.5 (c.f Theorem [6.1)). Let H = [[;c; Si be a cartesian product of nonabelian
finite simple groups and let lgy(n) := |{i € I : R,(S;) > 1}|. Then H has Polynomial
Representation Growth if and only if lg(n) is polynomially bounded.

It is natural to ask what types of representation growth can occur among groups in C

having PRG. In [42], Kassabov and Nikolov studied questions related to the class C, and
more in particular about the subclass A C C where

A={H= HSZ- . S; = Alt(m) for some m > 5}
i€l
and Alt(m) denotes the alternating group on m letters. They showed that within the class
A any type of representation growth is possible.

Theorem ([42, Theorem 1.8]). For any b > 0, there exists a group H € A such that
a(H) = 0.
The groups appearing in the proof of the previous Theorem are of the form
H = [ Al + 1)/,
i>5

for some f : N — N. In particular the simple factors of H have unbounded rankE] as
alternating groups. We want to obtain a similar result for the subclass £ C C, where

L:={H= H S; @ S; is a finite simple group of Lie type}.
icl

“For S a nonabelian finite simple group we define rk S = m if S = Alt(m) and k.S = tk L if S is a
simple group of Lie type L.
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We do this in the following Theorem, where it is shown that an analogous result holds for
this class. In our case, all of the simple factors may have the same Lie rank.

Theorem 0.6 (cf. Theorem [6.12)). For any ¢ > 0, there exists a group H = [[;cny Si € £
such that a(H) = ¢. Moreover H can be chosen so that only one Lie type occurs among its
factors.

The results presented in this chapter where obtained in collaboration with Benjamin
Klopsch during my research stay at Heinrich Heine Universtéat Diisseldorf.
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Chapter 1

Preliminaries

1.1 Global and local fields

By a global field we mean a finite field extension of Q or of Fy(t) for some prime
power g. Global fields have interesting arithmetic properties, resembling those of Q.

Let k be a field. A multiplicative valuation or an absolute value on k is a function
v : k — R>o which satisfies:

i) v(z) =0 if and only if z = 0.
ii) v(zy) = v(z)v(y) for every x,y € k.
iii) v(x +y) <wv(x)+v(y) for every z,y € k.
A valuation v is said to be non-archimedean if it satisfies the ultrametric inequality
v(z +y) < max{v(z),v(y)} for every x,y € k,

and is said to be archimedean otherwise.

We will always assume that a valuation is nontrivial, i.e., v(x) # 1 for some x € k\ {0}.
Any valuation v defines a metric d, on k, given by d,(z,y) = v(z — y) for z,y € k. Two
valuations are said to be equivalent if the metrics they induce define the same topology
on k. This gives an equivalence relation among valuations of a field k. From now on a
valuation will be identified with its equivalence class.

The set of (equivalence classes of) valuations of k will be denoted by Vj. Let us write
Voo for the set of archimedean valuations and V; for the non-archimedean ones. The set
of archimedean valuations V,, is non-empty if and only if char k = 0. Note that given a
valuation k,, addition in k is continuous with respect to the topology induced by v. We
can consider its completion k, which is again a valued field where multiplication, addition
and the valuation naturally extend those of k.

Given S C Vj, we define the ring of S-integers to be

Og:={x ek :v(x)<1foreveryve Vy\ S}

13
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The ultrametric inequality for non-archimedean valuations guarantees that Og is a subring
of the field k.

A local field is a field isomorphic either to C or R or a finite field extension of the
p-adic numbers @, or of the field of formal Laurent series over a finite field Fq((t)).

Suppose now that k is a global field. For every v € V}, the completion k, is a local field
and v extends to a valuation on k, which we will continue to denote by v. The following
cases may occur: If v € Vo then k, is isomorphic to C or R. If v € V; and chark = 0
then £k, is isomorphic to a finite extension of Q, for some prime p. If chark = p > 0 then
k, is isomorphic to a finite extension of F,((t)) for some p-power g¢.

Suppose now v is non-archimedean. Then

Oy ={z €k, : v(z) <1}

is a ring. It is the unique maximal compact subring of &, and is called the ring of integers
of k,. The ring O, is a discrete valuation ring with maximal ideal

m, :={r e 0, : v(zr) <1}

It follows that F, := O, /m, is a field, called the residue field of v (or of k). For z € m,
we will write
ord,(z) := max{k : z € mF}.
We define the adéle ring or ring of adéles of the global field k as

A = {(zy)vey, € H ky : x, € O, for almost every v € Vy}.
veVy

Note that Ay is a subring of the ring [], ¢y, kv, where ring operations are made component-
wise. The ring A is endowed with the restricted direct product topology with respect
to the O, (v € Vy), that is, the open sets are of the form [[,cy. Xy, where X, is open
in k, for every v € Vj, and X, = O, for almost every v € V;. With this topology A is
a locally compact topological group. Note that if x € k, then z € O, for almost every
v € V. It follows that we can embed k diagonally into A, as the set of principal adéles,
x — (x)pev, . Moreover k is discrete in Aj. Given a finite subset S C V; we will write Ag
for the image of Aj under the natural projection onto the direct product HU¢ g ky.

The following Lemma gives a bound for the number of distinct valuations in terms of
the size of their residue field, see |56, Lemma 4.7.(a)] for a proof.

Lemma 1.1.1. Let k be a global field. There exists a € N, depending only on the field k,
such that the number of v € V; such that |Fy| < n is bounded by an, and hence also by nb
for some b € N.

We shall also need an application of Chebotarev Density Theorem, see [62] for more
details.

Theorem 1.1 (Chebotarev density Theorem). Let k be a global field and K a finite
Galois extension of k. Let C be a conjugacy class in Gal(K/k). Let X be the set of
non-archimedean places v € Vy that are unramified in k and have Frobenius conjugacy
class C. The set Yo has a positive Dirichlet density and it is equal to |C|/| Gal(K/k)|. In
particular, Yo is infinite.
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Lemma 1.1.2. Let k be a global field and K a finite Galois field extension of k. Then for
infinitely many v € Vy we have K C k.

Proof. By Chebotarev Density Theorem applied to the trivial conjugacy class C = {1}
we obtain that there are infinitely many v € V; such that v completely splits in K,
i.e., Ky, = k,, where w is the extension of v to K. But this in particular implies that
K Ck,. O

1.2 Topological groups

We begin by recalling some definitions and concepts generally related to topological
spaces. Let us recall that a filter § in a set X is a collection of non-empty subsets of X
such that:

i) If Fe§and F C E, then F € §.
ii) If E,F € §then ENF € §.

The main example for us is the set of neighbourhoods 9%(z) of an element x in a topological
space X, which we called the neighbourhood filter of x. In this setting we say that a
filter § on X converges to z € X if M(z) C §F. Recall that a filter basis B on a set X
is a collection of subsets of X such that:

i) If Fy, Fy € B, then there exists F' € B such that F' C F} N Fb.
i) 0 ¢ 3.

The collection of supersets of a filter basis on X gives a filter on X.

To define the completion of a topological group we first need to establish a notion of
nearness of a pair of points in a topological space X. This is done via uniform structures.
A uniform structure on a set X consists of a family F of subsets of X x X called entourages
satisfying:

El) f Ve FEand V CU, then U € E.

E2) f U,V € E, then UNV € E.

)
)

E3) If V € E, then A = {(z,z) : z € X} C V.

E4) If V € E, then V! :={(z,y) : (y,2) €V} € E.
)

E5) If V € E, then there exists W € E such that W oW C V', where W o W := {(z, 2) :
(x,y), (y,z) € Wfor somey € W}.

If (x,y) € V for some V € E we say that x is V-close to y. We say that A C X
is V-small if A x A C V, equivalently, if every pair of points in A are V-close. Hence,
entourages provide a way to measure the nearness of a pair of points in X. Given a
uniform structure on X one can endow X with a topology as follows. For every V € F
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and z € X put V(z) :=={y € X : (x,y) € V}. Then, for every z € X we define a system
of neighbourhoods of x to be

N(z):={V(z) : V € E}.

It follows that X is Hausdorff if and only if ¢z V = A. The uniform structure allows us
to define a notion of uniform continuity. Namely, a function f : X — Y between uniform
spaces (X, E) and (Y, E’) is said to be uniformly continuous if for every W € E’ there
exists V € FE such that (f(x), f(z')) € W for every (z,2') € V.

In a similar fashion as a fundamental system of neighbourhoods of a given topology we
can define the notion of a fundamental system of entourages of a uniform structure. A
family F C F is called a fundamental system of entourages for F if for every V € E
there exists some W € F such that W C V. Equivalently given a fundamental system of
entourages F of a uniform structure E, we can recover E as

E={VCXxX :WCVforsomeW € F}.

A family F of subsets of X x X serves as a fundamental system of entourages for a uniform
structure on X if and only if F satisfies the following properties:

F1) For every U,V € F there exists W € F such that W CUNV.
F2) If Ve F, then ACV.

F3) If V € F, then there exists W € F such that W € VL.

F4) If V € F, then there exists W € F such that Wo W C V.

An entourage V such that V = V! is called symmetric. If V is symmetric, then
VNV~tand VUV ! are entourages and from this one can check that the set of symmetric
entourages forms a fundamental system of entourages.

Given a uniform space X with uniform structure E' we want to construct the completion
X of X. To this end we need to introduce the notion of a Cauchy filter. A filter § of
X is Cauchy if for every entourage V' € E there exists F' € § such that F' is V-small, i.e.,
FxFCV.

Proposition 1.2.1 ([16} I11.3.2.5]). Let X be a uniform space. For each Cauchy filter § on
X there is a unique minimal Cauchy filter Fo coarser than §. If B is a base of § and & is

a fundamental system of symmetric entourages of X, then the sets V(M) := {U e V(2)}
for M € B and V € & form a base of §o.

A uniform space X is called complete if every Cauchy filter on X converges to some
point.

Theorem 1.2 ([16, Theorem I1.3.7.3]). Let X be a uniform space. Then there exists a
complete Hausdorff uniform space X and a uniformly continuous mapping i : X — X
having the following property: Given any uniformly continuous mapping f : X =Y for
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some complete Hausdorff uniform space Y, there is a unique uniformly continuous mapping
f:)?—>Y such that f = goi.

Moreover if (', X') is another pair consisting of a complete Hausdorff uniform space
X' and a uniformly continuous mapping i’ : X — X' having the previous property, then
there is a unique isomorphism ¢ : X — X’ such that i’ = ¢oi.

Sketch of proof. The space X is defined as the set of minimal Cauchy filters on X (these
are the minimal elements with respect to inclusion of the set of Cauchy filters on X). We
shall define a uniform structure on X. For this purpose, if V is any symmetric entourage of
X, let V denote the set of all pairs (§, ®) of minimal Cauchy filters which have in common
a V-small set. One can check that the sets V form a fundamental system of entourages
of a uniform structure on X and that X with this uniform structure is a complete space.
The map i : X — X sends every element z € X to N(z), which is a minimal Cauchy filter.
One can check that the pair (7, X ) satifies all the required properties. O

Before moving to topological group completions we give the following Theorem about
extension of uniformly continuous functions.

Theorem 1.3 (|16, Theorem 11.3.6.2]). Let f: A — X' be a function from a dense subset
A of a uniform space X to a complete Hausdorff uniform space X' and suppose that f is
uniformly continuous on A. Then f can be extended to the whole of X by continuity, and
the extended function f s uniformly continuous.

This has as an immediate consequence:

Corollary 1.2.1. Let X and X' be two complete Hausdorff uniform spaces, and let A, A’
be dense subsets of X and X' respectively. Then every isomorphism f: A — A’ extends to
an isomorphism f : X — X'.

1.2.1 Topological groups and group completions

A topological group is a topological space G together with a group structure such
that multiplication m : G x G — G and inversion 7 : G — G are continuous. We will
write H <, G, respectively H <. GG, whenever H is an open subgroup, respectively closed
subgroup, of G. We similarly write H <, GG in case H is a normal subgroup. Let us denote
by 9(e) = M the neighbourhood filter of the identity element e. Since multiplication by
an element g € G is a homeomorphism, g - 91 or 91 - g are the neighbourhood filter of the
element g. Hence the topology on a topological group G is determined by 9. Since in a
topological group multiplication and inversion (and hence also conjugation) are continuous
it follows that 91 satisfies:

(GB1) For every U € 9 there exists V' € 91 such that V-V C U.
(GB2) For every U € 9 we have U~! € 9.
(GB3) For every g € G and every U € 9 we have gUg~ ! € M.

Conversely, we have:
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Proposition 1.2.2 ([16}, I11.1.2.1]). Let 0 be a filter on a group G such that N satisfies
(GB1),[(GB2) and[(GB3). Then there is a unique topology on G, compatible with the group
structure of G, for which N is the neighbourhood filter of the identity element.

Let G be an abstract group and § a family of subgroups of G. Consider B the set
of finite intersections of groups of the form g~!'Fg for g € G, F € §. Then B is a filter
base and by construction its associated filter satisfies ((GB1)} |(GB2) and |[(GB3)| From any
family of subgroups § of a given group G, one can construct a topology on G such that F
is open for every F' € § and with this topology G becomes a topological group.

Let us now focus on Hausdorff topological groups. Recall that we denote by 9t(e) the
neighbourhood filter of the identity element in G. It is easy to check that the families

Fri={V,={(z,y) : yz~t €V} :VeNe)}
Fii={Vi={(z,y) : a7 'yeV} :VeNe)}

satisfy the required properties to be a fundamental system of entourages, and hence define
a uniform structure E, (repectively E;) on G called the right (respectively left) uniform
structure of G which is compatible with the original topology of G, i.e., this uniformity
induces the original topology on G. If we now consider G; = (G, E;), we want to give
to C:’l (the completion of G; as a uniform space, see Theorem a topological group
structure such that G is a dense subgroup of G,. For this we need to define a continuous
multiplication and inversion on G, extending those of G.

Proposition 1.2.3 ([16], Proposition I11.3.4.6). Let § and & be two Cauchy filters on Gj.
Then the image of the filter § x & under the map (z,y) — (zy) is a Cauchy filter base on
Gy.

It follows that we can define a multiplication on G, that extends the original one in G.
To show that we can also extend inversion to él we must assume that the function z — z =1
maps Cauchy filters to Cauchy ﬁltersﬂ However let us note that if G has a neighbourhood
base of the identity consisting of subgroups then this condition is automatically satisfied.
Moreover one can show that the group C:’l obtained in this way is unique, in particular,
él = CA}r. In the end we obtain the following Theorem.

Theorem 1.4 ([16], Theorem I11.3.4.1). A Hausdorff topological group G is isomorphic
to a dense subgroup of a complete group G if and only if the image under the symmetry
z— x7t of a Cauchy filter with respect to the left uniformity of G is a Cauchy filter with
respect to this uniformity. The complete group é, which is called the completion of G, is
then unique up to isomorphism.

1.2.2 Profinite groups

A directed system (A, <) is a partially ordered set such that for every pair of elements
A1, A2 € A there exists an element )y such that A\g > Aj, Ag. The collection of (normal)
subgroups of a group is a directed system ordered by reverse inclusion.

!There are examples of groups where this assumption is not satisfied, see [16, Exercise 16 X.3].
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A projective system is a collection of sets (X))aea for some directed system A
together with maps fy, : X\ — X, for every A > p. Given such a directed system we
define its projective limit as

lim := {(zx)rer € [T X = (@) = @, for every A > pu}

AEA AEA
If we have a family of normal subgroups 9t of a given group G closed under intersection,
then we have group homomorphisms fyy : G/N — G/M whenever N < M. This way
hm o G/N becomes a subgroup of the direct product [[yecqn G/N. If all quotients are
finite and we give them the discrete topology, then the inverse limit becomes a closed
subgroup of the compact group []yecq G/N called the pro-91 completion of G. If we take
1 to be the family of all finite index normal subgroups of G, then

G := lim G/N
NeNn

is called the profinite completion of Gﬂ

A profinite group G is a compact Hausdorff topological group whose open subgroups
form a base for the neighbourhoods of the identity. The following Theorem collects
equivalent characterizations of profinite groups:

Theorem 1.5 ([22], Chapter 1). Let G be a topological group. The following are equivalent:
i) G is profinite.
it) G is totally disconnected.
iii) G =lim,_ G/N

i) G has a neighbourhood base of the identity consisting of finite index open subgroups
and G is complete.

Consider now an abstract group G and 91 a family of finite index normal subgroups
closed under intersection and such that (g NV = e. On the one hand N satisfies
[((GB2)land |(GB3)|so it induces a topology on GG, which makes G into a Hausdorff topological
group, and this gives G a uniform structure as well. On the other hand @ Nem G/N is a
profinite group.

Proposition 1.2.4. Let G and N be as above. Then G; = @Ne‘ﬂ G/N.

Proof. Note that G is dense both in @Ne‘ﬁ G/N and G,. Since the identity mapid : G — G
is continuous with respect to these structures, Corollary gives the result. O

A profinite group is called pro-nilpotent if it can be realized as an inverse limit of
nilpotent groups. Similarly, a profinite group is called a pro-p group if it can be realized
as an inverse limit of p-groups.

2Proposition Mjustiﬁes the overlaping of notation.

19



CHAPTER 1. PRELIMINARIES

1.2.3 Analytic groups

Throughout this section k is a local field complete with respect to a non-archimedean
valuation, O denotes its valuation ring and m its maximal ideal. We refer to Part II of [79]
for a more detailed exposition.

Let G be a topological group and suppose further that G has the structure of an
analytic manifold over k. We say that GG is an analytic group over k or a k-analytic
group if multiplication m : G X G — G and inversion i : G — G are analytic maps. If G is
a Qp-analytic group we say that G is a p-adic analytic group. The following Lemma
shows that every k,-analytic group can be seen either as a p-adic analytic group or an
F,((t))-analytic group, see [22, Exercise 13.4].

Lemma 1.2.1. Suppose k' is a finite separable extension of k with ring of integers O'. Let
G be a k' -analytic group and U <, G an O'-standard subgroup (see definition below). Then
G has the structure of a k-analytic group as well and U becomes an O-standard subgroup
with respect to this structure.

Formal group laws

Let us write x = (x1, ..., x,) to denote a tuple of n variables. For a = (o, ..., ay) € N”
let us write x* = z7' ..., 2% and |a| = 31" ; ;. Given a commutative ring R consider
the formal power series ring R|[z1,...,zy]] = R[[x]]. A formal group law over R in n
variables is an n-tuple F' = (F1,. .., F,) of formal power series in 2n variables, F; € R[[x,y]]
such that:

1. F(x,0) =xand F(0,y) =Y.
2. F(F(x,y),2) = F(x,F(y,z)).
If there is no danger of confusion we will write xy = F(x,y).

Proposition 1.2.5. Let F = (Fy,...,F,) be a formal group law over R and let O(3)
denote some formal power series whose homogeneous components of degree strictly less
than 3 are zero. Then:

i) For every 1 <i <n we have

Fxy) =zityi+ Y, capx”y”.
o], |1B]>1

it) There exists a unique ¢ = (P1,...,¢0n) where ¢; € R[[x]] called the formal inverse
such that ¢(0) = 0 and

F(x,¢(x)) = F(¢(x),x) = 0.

We will write x~ ! := $(x).
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i) F(x,y) =x+y+ B(x,y) + O(3), where B is an R-bilinear form. We define

x,¥] := B(x,y) = By, x).

w) x71 = —x+ B(x,x) + O(3).
v) F(F(x,y),x 1) =y +[x,y] + O(3) and more precisely

xyx ' =y+[x,y]+ > do, gxy",
lal, |81, lal+181>3

where do g € R.
vi) x ly ixy = [x,y] + O(3).
vii) [x. [y, 2] + [y, [2,x]] + [z, [x, y]] = 0.

viti) x™ =372 (")i(x), where 1;(x) has order at least i.

Standard groups
Let F = (Fy,...,F,) a group law over O and put

G={(g1,---,9n) + i €M} =(m)"

Given g = (g1,.--,9n), h = (h1,...,hy) € G, define multiplication on G by gh := F(g, h)
and inversion by g~! := ¢(g) where ¢ is the inverse associated to F.. Then G is an analytic
k-group. Any group isomorphic to one of the form of G is called an O-standard group.
To every O-standard group GG one can associate a corresponding O-Lie algebra, namely we
take Lg := (0O",[ ]) and define for x,y € O"

[X7y] - B(IIJ,y) - B(y,.%‘),

where B is the O-bilinear form associated to the formal group law F' as in|1.2.5liii), which
by vii)| defines a Lie bracket. Note that by v)| we have

xyx =y +[xy] + > dosx”y? = y Ado(x) + Oy (2),
lal1821.]al +18]>3

where O, (2) denotes some power series whose terms have degree at least 2 in y;. Hence
Adp : G — Autp(Lg) gives an O-linear action of G on L called the adjoint action. For
g € G, Adp(g) is given by

x— x4+ (g x|+ Z daﬁgaxﬁ. (1.1)
1Bl=1

Theorem 1.6. Every k-analytic group G has an open O-standard subgroup.

21



CHAPTER 1. PRELIMINARIES

The Lie algeba of an analytic group and the adjoint action

Given a k-analytic group G, let U <, G be an open standard subgroup with a
homeomorphism: f : U — k™ such that f(1) = 0. Then the group law in U gives a formal
group law F' on k™. Now let us denote by L£(G) the tangent space of G at 1. Then the
differential of f at 1 gives an isomorphism df : L(G) — k™. For every z,y € L(G) we define

df ([, y]) = ldf (x), df (y)]

where the Lie bracket on the right is the one associated to the formal group law F'. Note
that since U is standard, the formal group F' can actually be interpreted as a formal group
law over . The associated Lie bracket is thus O-linear and extends to a k-linear bracket.

If U’ is another standard subgroup with chart f’: U’ — k™ an associated formal group
law F', then f~'o f|/f(UmU') — f/(UNU') gives a local analytic isomorphism at 0 and
induces a formal homomorphism from F to F’. The following lemma shows that £(G) is
well defined.

Lemma 1.2.2. Let F and F’ be two formal group laws and let f be a formal homomorphism
from F to F' (that is, f(F(X,Y))=F'(f(X),f(Y))). Let f1 be the linear part of f. Then:

[F1(X), i) = (X, Y[F).

Equivalently, if we denote by k[G] the k-algebra of analytic functions on G, there is a
natural isomorphism from £(G) to the space of left invariant derivations of k[G], which is
a Lie algebra, see below. One can endow £(G) with a Lie algebra structure via this
isomorphism and this gives the same Lie algebra structure on £(G) as before.

For g € G, let 4 denote conjugation by g. Then ¢, defines an automorphism of G and
by the previous lemma its differential dy, gives an automorphism of £(G). The adjoint
action of G is Ady, : G — Auty, (L(G)), given by g — dp,. Moreover, Ady, is an analytic
map. Indeed, since Ady, is clearly a group homomorphism, it suffices to check that Ady,
is analytic at e. Now in local coordinates, it follows from that Ady, is analytic at e.

1.3 Affine algebraic varieties

We refer to [12] for a more detailed presentation. Let K be an algebraically closed field.
A K-space (X, Ox) is a topological space X together with a sheaf Ox of K-algebras on X
whose stalks are local rings. We will often write X for (X, Ox) and K[X] = Ox(X). For
r € X we write O, for the stalk over x. Its maximal ideal is denoted m, and its residue
class field by K(z). A morphism (Y, Oy) — (X, Ox) is a continuous function f:Y — X
together with K-algebra homomorphisms fY : Ox(U) — Oy (V) whenever U C X,V C Y
are open subsets such that f(V') C U. These maps are required to be compatible with the
respective restriction homomorphisms in Ox and Oy. For y € Y we can pass to the limit
over neighborhoods V' of y and U of z = f(y) to obtain a homomorphism f, : O, — O,. It
is further required of a morphism that this always be a local homomorphism, that is, that

fy(mz) Cmy,.
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An affine K-algebra A is a finitely generated K-algebra. We write
Spec,,(A4) :={m C A : mis a maximal ideal}.
Recall that the Nullstellensatz gives a canonical bijection

e: Homg(A,K) — X := Spec(4)
g > ker g.

Given z € X and f € A we will write f(z) = e ! (2)(f). The resulting function f : X — K
determines f modulo the nilradical of A. Hence if A is reduced (i.e. the nilradical of A is
trival), we can identify A with a ring of X-valued functions on X. We give X the structure
of a K-space as follows. We endow X with the Zariski topology, that is, the closed sets
are of the form

VJ)={meX : JCm}

for some J C A. Moreover, to every open subset U C X we associate the K-algebra
As(u), the localization of A at A\ S(U), where S(U) is the set of f € A such that f(x) # 0
for every x € U. This gives a presheaf on the topological space X, which induces a sheaf
Aon X. It is easy to see that for every z € X the stalk at x is isomorphic to the local
ring Ag.

Any K-space isomorphic to one of the form (Spec,,(A), A) will be called an affine
K-space. A homomorphism o : A — B of affine K-algebras induces a continuous
function a: Y — X, where Y = Spec,,,(B). If U C X and V C Y are open and (V) C U
then a(S(U)) C S(V) so there is a natural homomorphism Agqy — Bgy). These
induce a morphism on the associated K-spaces (Y, B) — (X, A). Hence the assignment
A — Spec,,(A) gives a contravariant functor from the category of affine K-algebras to the
category of affine K-spaces.

Theorem 1.7. Let X = Spec,,(A), Y = Spec,,(B) be affine K-spaces. The natural map
A A(X) is an isomorphism, and the map

Morg(Y,X) — Homg(A,B)
el = o

is bijective. Thus the assignment A — Spec,,(A) is a contravariant equivalence from the
category of affine K-algebras to the category of affine K-spaces.

Let X and Y be affine K-spaces. The product X x Y is characterized by the property
that morphisms from an affine K-space Z to X x Y are pairs of morphisms to the two
factors. Applying this to Z = Spec,,(K) we find that the underlying set of X x Y is
the usual cartesian product. From it follows immediately that the product of affine
K-spaces Spec,,(A) and Spec,,(B) exists and equals Spec,,(A @k B).

An affine K-space X = Spec,,(A) is said to be an affine K-variety if A is reduced.
By gluing affine K-spaces one can construct the more general concepts of K-schemes
and K-varieties. However, throughout this work we will only encounter affine K-spaces
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and affine varieties, so whenever we use the terms K-space and K-variety we mean affine
K-space and affine K-variety.

From now on let X = Spec,,(K[X]) be a K-variety. A subvariety Y of X is a closed
subset Y C X where Oy = Ox|y Every such Y is given by an ideal I C K[X] and
Y = Spec,,(K[X]/I) — Spec,,(K[X]).

We recall that a topological space X is said to be irreducible if it is not empty and is not
the union of two proper closed subsets. An algebraic variety is said to be irreducible, if it is
not empty and can not be represented as a union of two proper algebraic subvarieties. Every
algebraic variety X is a union of finitely many maximal algebraic irreducible subvarieties
which are called the irreducible components of X. We define the dimension of X,
dim X, as the supremum of the lengths, n, of chains Fy C Fy; C ... C F, of distinct
irreducible closed sets in X.

k-structures, k-varieties and k-morphisms

Let k be a subfield of K. Given a K-algebra A a k-structure on A is a k-subalgebra
Ay such that we have a natural isomorphism K ®j A = A.

Let Y be an algebraic subvariety of the affine space K™ = Spec,, (K [z1,...,2,]). The
subvariety Y is called k-closed or closed over k if X is the set of common zeros of a finite
system of polynomials with coefficients in k. A subvariety Y is k-closed if and only if
it is invariant under the natural action on K" of the Galois group of the field K over k.
Let us denote by I(Y) C Klz1,...,x,] the ideal of polynomials vanishing on Y, and put
I(Y)=I(Y)Nk[z1,...,2,]. A subvariety Y is said to be k-defined, or defined over k, if
I.(Y) is a k-structure on I(Y), i.e., if I(Y) = K ®j, I(Y'). A subvariety Y is closed over
k if and only if it is defined over some purely inseparable field extension of k. If Y is
defined over k, then K[Y| = K @y k[Y], where kY] = k[z1,...,2y|/Ix(Y). In other words,
if Y is defined over k, then the k-algebra k[Y] is a k-structure on the K-algebra K[Y]. A
function f € K[Y] is said to be defined over k if f € k[Y].

To define a k-structure on an affine algebraic variety X is the same thing as to define an
isomorphism « : X — Y of the variety X onto an algebraic subvariety Y of an affine space
which is defined over k. An affine variety equipped with a k-structure is called an affine
k-variety. The image of the k-algebra k[Y] under the comorphism o* is called the algebra
of k-regular functions on the k-variety X and is denoted by k[X]. Note that k[X] is a
k-structure of the k-algebra K[X] of regular functions on X. Two k-structures on an affine
variety are called equivalent if the corresponding algebras of k-regular functions coincide.
We say that a morphism o : X — X’ between two affine k-varieties is defined over k or
that o is a k-morphism if the image of k[X'] under the comorphism «* is contained in k[X].
If Y and Y’ are subvarieties of affine spaces defined over k, then a morphism a: Y — Y’
is defined over k if and only if « is defined by polynomials with coefficients in k.

If X and Y are affine k-varieties then X X Y becomes a k-variety with k-structure
given by k[X]| ® k[Y].

If X is an affine k-variety , we denote by X (k) = Homy (k[X], k) the set of its k-rational
points.

We shall identify the k-variety X with the set X (K). In particular, a susbset A C X is
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said to be Zariski-dense if it is dense in X (K).

Theorem 1.8 ([12, AG.14.4]). Let V be a k-variety and X C V (k). Then the Zariski
closure of X is defined over k.

Tangent spaces and differentials

Let X be an affine K-variety. Recall that O, denotes the local ring at x and m,, is
the unique maximal ideal in O,. Note that K is naturally isomorphic to the quotient
ring K (z) = Oy/m,. We denote the image of the element f € O, under the projection
O, — Oyp/m; =2 K by f(x). A derivation at the point z is a K-linear map ¢ : O, — K
such that 0(fg) = f(2)d(g) + (f)g(x) for every f,g € O,. We define T, (X) to be the set
of derivations at x, which has a natural structure of K-vector space. The space T,(X) is
called the tangent space of X at x. Note that there is a natural isomorphism between
T.(X) and Homg (m,/m2). Equivalently, one can interpret 7,(X) via dual numbers as
follows. Recall that given a ring R, the ring of dual numbers of R is R[e] = R[T|T? = 0] and
there is a natural projection R[e] - R. This induces a morphism Homg (K[X], K[e]) —
Homyg (K[X], K) whose fibre above z is K-isomorphic to 7,(X).

If : X — Y is a morphism of algebraic varieties, we can define a map do, : T(X) —
Ta(z)(Y), called the differential of a at x, as follows: if v € To(X), f € Oy, and
a* is the comorphism of «, we set da,(v)(f) = v(a*(f)). If X is a k-variety for some
subfield k one can give a k-structure O, to the local ring O, and and this induces a
k-structure T 1(X) on T,(X) given by the k-linear derivations from O, to k and we
have T, j, = ker (Homy (k[ X], k[e]) — Homy (k[X], k)). Moreover, if « is a k-morphism then
dog (Te k(X)) € Tp(a)k(Y). We call a point » € X a simple point if O, is a regular local
ring. If X is an irreducible variety this means that dim X = dim 7,(X) (if X is irreducible
we always have dim 7,(X) > dim X). The set of simple points of X is Zariski dense and
open in X. If all points are simple, then we say that X is smooth.

Local fields and the space of adéles

Let X be an affine k-variety and let ¢+ : X — A" be an embedding onto a closed
subvariety of an affine space. We make an abuse of notation an identify X = ¢(X). For
every v € Vi the subspace X (k,) = Hom(k[X], k,) can be given a topology induced by
that of k,. Indeed, since X C A™ we can see X (k,) C k) and give X (k,) the topology
as a subspace of the topological space k!'. Hence X (k,) is a closed subspace of a locally
compact topological space, which is itself locally compact. It is easily checked that this
topology does not depend on the embedding ¢ of X into A™.

For v € Vy let us write X (O,) for the points in X all of whose coordinates lie in O,,
so we have X (0,) C X (k,) is a compact subspace. We define the adéle space of X as
follows:

X(A) = {(zv)vey, € H X(ky) @ xy € X(O,) for almost every v € V}.
veVy

We endow X (A) with a topology by considering it as a subspace of the restricted topological
direct product of the X (k,) with respect to X(0O,), that is, open sets are of the form
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[lvev, Ouv where O, is open in X(k,) and O, = X(O,) for almost every v € V;. One
can check that the space X(Ay) does not depend on the initial embedding ¢ of X into
an affine space. Since the X (O,) are compact and X (k,) is locally compact, X (Aj) is a
locally compact space. In the same way that k embeds diagonally as a discrete subspace in
Ay, X (k) embeds diagonally as a discrete subspace in X (Ay), that is, X (k) is naturally
identified with the set of principal adeles of X (Aj) via the diagonal embedding x — (z)ev; -

1.4 Algebraic groups

Let G be an affine algebraic variety over an algebraically closed field K. Suppose that
we have morphisms of algebraic varieties m: G X G - G,1: G — G and e: G — K (i.e.
e € G(K)) such that G is a group with multiplication given by m, inversion given by i and
e as an identity element. Then we call G an algebraic group.

If G is a k-variety and the morphisms m,¢ and e are defined over k, then G is said to
be defined over k or an algebraic k-group or simply a k-group.

A subgroup H of an algebraic group G is called algebraic if H is an algebraic subvariety
of G. Algebraic subgroups defined over k (as algebraic subvarieties) are called k-subgroups.
An algebraic subgroup of an algebraic group is called k-closed or closed over k (respectively
k-defined or defined over k) if it is k-closed (respectively k-defined) as an algebraic
subvariety.

By the center of a k-group G we mean the center of the group G(K), which is an
algebraic subgroup of G that is k-closed and will be denoted Z(G).

An algebraic group morphism « : G — G’ is defined as a group homomorphism which is
an algebraic variety morphism. The morphism « is said to be k-defined if it is k-defined as
morphism of algebraic varieties. If G and G’ are k-groups we say that they are isomorphic
over k or k-isomorphic if there exists a k-isomorphism o : G — G'.

The following proposition shows that every affine algebraic k-group is linear.

Proposition 1.4.1 ([I2, Proposition 1.1.10])). Let G be an affine k-group, then G is
k-isomorphic to a k-subgroup of the group GL,, for some n.

Algebraic subgroups of GL,, are called linear algebraic groups. The algebra k[GL,,]
has the form k[GL,] = k[z11, %12, .., Tnn, det_l], where we have chosen coordinates such
that for a matrix g = (g;;) € GL,, we have z;;(g) = ¢i; — 0i; and det(g) = det((gi;)). Note
that with respect to this coordinates, the identity matrix has zero coordinates except for
detId = 1.

An algebraic group is called connected if it is connected in the Zariski topology. We
will denote by G° the connected component of the identity in the group G, that is the
maximal connected algebraic subgroup of G.

Proposition 1.4.2 ([12, 1.1.2]). Let G be an affine algebraic k-group. The factor group
G/G° is finite, G° is defined over k and every algebraic subgroup of finite index in G
contains GO.
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Reductive, semisimple and (almost) simple groups

Let K be an algebraically closed field and G a linear algebraic group. Fix an embedding
t: G — GL,(K) for some n and assume from now on that G C GL,(K). An element
g € G is said to be semisimple if it is diagonalizable as an element of End,(K). An
element g € G is said to be unipotent if g — Id is a nilpotent element in End,,(K). These
concepts are independent of the chosen embedding . We say that G is unipotent if all of
its elements are unipotent.

The unipotent radical R,(G) of an algebraic group G is the maximal connected
algebraic unipotent normal subgroup in G. If R,(G) is trivial then G is said to be a
reductive group. We present some results concerning reductive groups.

Theorem 1.9 ([15, 2.14 and 2.15]). Let G be a connected reductive k-group. Then
i) If k is infinite then G(k) is Zariski dense in G.
it) Z(G) is defined over k.

The following Theorem by Mostow (see [65], 7.1] or [14, Proposition 5.1]) shows that in
charactersitic 0 any k-group G is a semidirect product of a reductive k-subgroup H and its
unipotent radical Ry (G) (Ry(G) is a k-defined subgroup of G).

Theorem 1.10. Suppose chark = 0. Let G be a k-group and Ry, (G) its unipotent radical.
Then there exists a reductive k-subgroup H such that G = H x R, (G) (as k-groups).

Lemma 1.4.1. Let G a connected reductive k-group. Then G = [G,G] - Z(G)°.

The solvable radical R4(G) of an algebraic group G is the maximal connected algebraic
solvable normal subgroup in G. If R¢(G) is trivial then G is said to be semisimple.

An algebraic group G is called (absolutely) simple (respectively (absolutely) almost
simple) if the trivial subgroup is the only proper algebraic normal subgroup of G (respec-
tively all such subgroups are finite). If G is an algebraic k-group, then G is called k-simple
(respectively almost k-simple) if this condition holds for k-closed normal subgroups.

Tori, rank and root systems

A commutative algebraic group T is said to be a torus if it is connected and T is
isomorphic to the product of dim 7T many copies of the group G,,. A torus T is called
k-split or split over k if it is defined over k and is k-isomorphic to the direct product of
dim 7" many copies of G,,. Every torus defined over k is split over some finite separable
field extension of k.

Let G be an algebraic k-group. If G is reductive, then (see [I5, 4.21 and 8.2]) the
maximal k-split tori of G are conjugate by elements of G(k) and, hence, all have the same
dimension. If G is reductive we denote by rank; G the k-rank of the group G, i.e., the
common dimension of maximal k-split tori in G. If ranky G > 0, then G is said to be
k-isotropic or isotropic over k. Otherwise G is said to be k-anisotropic or anisotropic
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over k. An almost k-simple factor of G which is k-isotropic (resp. k-anisotropic) will be
called a k-isotropic (resp. k-anisotropic) factor. A reductive k-group G is called k-split or
split over k, if G contains a k-split torus which is a maximal torus of the group G, in other
words, if ranky G = rankg G where K is the algebraic closure of k.

Let G be a connected semisimple algebraic k-group and let T' be a maximal k-split
torus in G. Then one can associate to the pair (T, G) a root system ®(7,G). We refer to
[12, Chapters 4 and 5] for a detailed exposition on this subject.

Isogenies and simply connected groups

A surjective group homomorphism with finite kernel is called an isogeny. A morphism
f : G — @G of algebraic groups is called quasi-central if ker f C Z(G). In other
words, f is quasi-central if there exists a mapping x : f(G) x f(G) — G such that
x(f(z), f(y)) = zyz~'y~! for all z,y € G. We say that f is central if it is quasi-central
and the mapping x is a morphism of algebraic varieties. We say that a connected semisimple
group G is simply connected if every central isogeny f : G’ — G between connected
algebraic groups is an algebraic group isomorphism.

Theorem 1.11. If G is a semisimple k-group there exists a connected simply connected
semisimple k-group G and a central k-isogeny p: G — G.

Theorem 1.12 ([15] 2.15]). Let G be an algebraic k-group. Suppose that G is connected
and semisimple. Then:

i) G decomposes uniquely (up to permutation of the factors) into an almost direct
product of connected non-commutative almost simple algebraic subgroups G1,...,Gpm,
i.e., there exists a central isogeny

p:G1 X ...xGp — G

it) G decomposes uniquely (up to permutation of the factors) into an almost direct
product of connected non-commutative almost k-simple k-subgroups G, ..., G, i.e.,
there exists a central k-isogeny

PGy x...xG. —G.

Moreover, the almost simple factors (almost k-simple factors) are invariant under isogenies
(k-isogenies), that is, if f : G — H 1is an isogeny (k-isogeny), the image of an almost
simple factor (almost k-simple factor) is an almost simple factor (almost k-simple factor).
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The Lie algebra of an algebraic group

Recall that given an R-algebra A for some commutative ring R, an R-derivation of A is
an R-linear map D : A — A such that D(ab) = D(a)b+aD(b). We denote by Derg(A) the
set of R-derivations of A. It is easy to check that for D, E' € Derg(A) [D, E] := DE — ED
belongs to Derg(A) as well. Hence Derg(A) has a Lie algebra structure.

Let G be an algebraic k-group. We will write Lg = T¢(G) and give it the structure of
a Lie algebra as follows. For every x € G, left multiplication by g gives an automorphism
Ag : K[G] = K[G]. We define

Lie(G) := {D € Derg(A) | \¢D = D)y, for every g € G}.

One checks that Lie(G) is a Lie subalgebra of Dery (A). Moreover, one can give Lie(G) a
k-structure via

Lie(G)y, := {D € Lie(G) | D(k[G]) C k[G]}.

Now note that evaluation at e gives a map D +— D, from Lie(G) — T.(G) such that
D.(f) = (D(f))(e). Moreover, this is a linear isomorphism, so L becomes a Lie algebra
via this isomorphism.

Restriction of scalars

We refer to [15], 6.17-2.21], |59} 1.7] and [87), 1.3] for a detailed presentation. Let [ be
a finite separable extension of k. If V' is an [-variety we want to find a k-variety W such
that in some sense W (k) corresponds to V (I). Suppose V is an affine [-variety given by
some ideal I <l[xy,...,zy], i.e., [[V] =l[z1,...,2,]/]. Let 0 € Gal(l/k) and define V7
to be the [-variety defined by 17 := o(I), i.e., [[V?] = l[z1,...,2,]/I°. Analogously if
p:V — V'isan [-morphism of [-varieties we obtain from ¢ a morphism p? : V7 — V7. Let
{o1 =1d,09,...,04} be the set of all distinct k-embeddings of the field [ into the algebraic
closure of k. Then for each [-variety V there exists a k-variety W and an l-morphism
p: W — V such that the map (p?',...,p%) : W — V7 x ...V is an isomorphism of
algebraic varieties. Moreover, the pair (W, p) is defined uniquely up to k-isomorphism.

The variety W is denoted by R;/, (V') and is called the restriction of scalars from I
to k of V. The restriction of scalars from [ to k, R;/;,, gives a functor from the category
of [-varieties into the category of k-varieties. The map p : R/, (V) — V has the following
universal property: for a k-variety X and an [-morphism f : X — V there exists a unique
k-morphism ¢ : X — R/, (V) such that f = po¢. Notice that if f is an [-group morphism,
then ¢ is a k-group morphism. The restriction of the projection projection p: W — V to
W (k) induces a bijection between W (k) and V' (I). We denote by R?/k the inverse map
to py). If V' is an l-group, then Ry, (V) is a k-group, p is an [-group morphism and
R?/k : V(1) - W(k) is a group isomorphism.

Theorem 1.13 ([83] 3.1.2]]). Let G be a simply connected almost k-simple k-group. Then
there exist a finite separable extension k' of k and a connected simply connected absolutely
almost simple k' -group H such that G = Ry, (H).
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1.5 Affine group schemes

We refer to [89, Chapter 1 and 2] for a more detailed presentation. Throughout this
section let k be a commutative ring with 1. A functor F' : k — algebras — Sets is said to be
representable if there exists a k-algebra A and a natural correspondence between F'(R)
and Homy(A, R) for every k-algebra R, in this case we will say that A represents F. If F’
is representable, k[F'] will denote a k-algebra which represents F'.

An affine group scheme over k or an affine group k-scheme is a representable functor
from the category of k-algebras to groups. Suppose G is an affine group scheme over k
represented by a k-algebra k[G], then multiplication and inversion induce k-algebra maps
A : k[G] — k|G] ®k k[G] (comultiplication), € : k[G] — k (counit) and S : k[G] — k[G]
(antipode) such that (k[G], A, €, S) becomes a Hopf Algebra. Equivalently, every Hopf
k-algebra A, gives an affine group k-schme G given by G(R) = Homy(A, R) for every
k-algebra R, where multiplication, unit and inverse are induced from A, € and S.

Theorem 1.14. Affine group schemes over k correspond to Hopf algebras over k.

Dual numbers and the functor Lie

Given a k-algebra R, the algebra of dual numbers of R is the k-algebra R[e] := R[x]/(x?).
More precisely, R[e] = R + Re is a free R-module of rank 2 with multiplication given by
(a+be)(c+de) = ac+ (ad + be)e for a, b, c,d € R. Note that we have two natural k-algebra
morphism ¢ : R — R[e] and pg : R[] — R such that p, o tgp = idpg.

Consider now an affine group k-scheme G. Then we have a map G(pgr) : G(R[e]) —
G(R). We define Lie(G)(R) := ker G(pgr). Let us write Ig := ker (e : k[G] — k).

Theorem 1.15. For every k-agebra R there are isomorphisms of abelian groups between
the following:
i) Dery(A, R).
i) Homy(Ig/13, R).
i17) Lie(G)(R).

These isomorphisms are natural in R and compatible with the action of R.

Affine algebraic groups and affine group schemes

Let now k be a field. Given an affine algebraic k-group G the algebra of regular
functions k|G| defines a representable functor, which by abuse of notation we will continue
to denote by G,

G : k-algebras — Sets
R —  Homy(k[G], R)
Note that the multiplication, inversion and unit maps in G gives comaps m* : k[G] —
k|G| ®k k|G], i* : k[G] — k[G] and €* : k — Ek[G]. Since G is an algebraic group these
comaps make k[G] a Hopf algebra over k. It follows that we can see an affine algebraic
k-group as an affine group k-scheme which is represented by k[G].
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1.6 Representation Theory
Definition. Let I" be a group. A complex representation of I is a group homomorphism
p: T — GL(V),

where V' is a finite dimensional C-vector space. Equivalently, a representation of I is a linear
action of I' on a finite dimensional complex vector space V. We say write dim p = dim V'
for the dimension of p.

If the group I" has a topology, we require p to be continuous, where GL(V') is given the
usual topologyE] as a subset of the C-vector space Endc (V).

We say that p is finite if it has finite image, otherwise we say that p is infinite.

A subrepresentation of p is given by a subspace W C V such that p(I')(W) C W. Note
that if W is such a subspace, p gives a linear action of I' on W and hence a representation

A representation p is irreducible if it has no nontrivial subrepresentation 0 C W C V.

Two representations p : I' = GL(V) and p/ : T' — GL(W) are isomorphic, p = o/, if there
exists an isomorphism of vector spaces f : V. — W such that f(p(g)(v)) = p'(9)(f(v))
for every v € V and g € I'. The relation = gives an equivalence relation. We write
Rep,, (I') (respectively Irr,(I')) for the set of isomorphism classes of n-dimensional complex
representations (respectively irreducible representations) and put Rep(T") := {J,, Rep,,(I")
(repectively Irr(I') = U,, Irrp,(I')). We will also write Irr<,(I') = U<, Irr; (I'). We will
usually make an abuse of notation by identifying a class p € Irr(f‘) with one of its
representatives p.

We say that p € Irr(T") is an irreducible constituent of a representation 6 : I' — GL, (V)
if there exists a subrepresentation W C V such that p = 0.

Given two representation p; : I' = GL(V) and p2 : I' = GL(W) we can construct a new
representation p; @ pg : I' = GL(V @ W), called the direct sum of p; and py, by diagonally
embedding GL(V') and GL(W) into GL(V & W).

A representation p € Rep(I") is called completely reducible if it is isomorphic to a
direct sum of irreducible subrepresentations.

Theorem 1.16 (Maschke’s Theorem). IfI' is a finite group, then every representation of
I' is completely reducible.

Given p € Rep(I") by Maschke’s Theorem we have p = miA; @ ... & m,\, for some
Ai € Irr(T). The A; are called the irreducible constituents of p and m; € N is the multiplicity
of \; in p, where mA := @ A\. If A € Irr(T"), we write (p, A) for the multiplicity of X in p
(which might be equal to zero). Both the irreducible constituents of a representation and

their multiplicities are uniquely determined.

30ften in the literature GL(V) is given the discrete topology. This ensures that a continuous homomor-
phism from a profinite group I' to GL(V') has finite image. Nevertheless, one gets the same conclusion if
GL(V) is given the usual topology, see Lemmam
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Suppose now I < T is a finite index subgroup such that |I': | =m. If p: T' — GL(V)
is a representation of I', we can consider the restriction of p to I, P I — GL(V'), which
gives a representation of I".

Given p : I' — GL(V') we say that p is imprimitive if there exist W1, ..., W,, subspaces
of V such that V= @ W; and the W; are transitively permuted by the action of I', otherwise
we say it is primitive. Given a representation p € Rep,, (I') there exists a representation
Indl (p) : T — GL(V) having an imprimitive decomposition V' = @7, W;, where T" is the

stabilizer of W) and p = (Indll:,(p)‘p,> W

Theorem 1.17 (Frobenius reciprocity). Let T' be a group and T7 < T a finite index
subgroup. If p € Irr(T") and p' € Irr(I) then

(p,Indp p') = (pjpv, ')

Consider now N < I'. If A € Rep(N), then for g € I' we can define \9 given by
N (n) = (gng™!). If X is irreducible then so is A\9. This gives an action of I on Irr(N). We
have the following Theorem.

Theorem 1.18 (Clifford Theory). Let N < T and consider \ € Irr(N). Let H = Stp(\) =
{g el : N =\}. Then the map

Ind: {ypelir(H) : <Yy, A>#0} — {pelr(l') : <pn, A >#0}
0 > IndL; ¢

is a bijection. In other words, every irreducible representation p € Irr(I') such that
< pN, A >F# 0 is induced from an irreducible representation of the stabilizer of \.

Given a representation p : I' = GL(V') we define its character

Xp: I' — C
g — trp(g),

where tr p(g) stands for the trace of the matrix p(g). Note that dim p = x,(1), so given
a character y its dimension or degree is given by x(1). A character of an irreducible
representation is said to be an irreducible character. It is easy to check that character
are constant on conjugacy classes and that two isomorphic representations have the same
character. Conversely we have the following Theorem.

Theorem 1.19. Let I" be a finite group. Then two representations pi, p2 € Rep, (')
are isomorphic if and only if X, = Xp,- Moreover, p = miA1 © ... mpA, if and only if
XP :m1X>q ++X/\k

It follows that a representation of a finite group is completely determined by its character.
A projective representation of I' is a group homomorphism

p:T = PGL(V)

where V' is a finite dimensional complex vector space and PGL(V') stands for the projective
linear group of V. We write dim p = dim V.
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1.7 Finite groups of Lie type

We refer to [57, Part ITI] and references therein for a more detailed presentation. Let p be
a prime, let ¢ denote some p-power and let us write IF for an algebraic closure of IF,,. Suppose
G is a reductive algebraic group defined over F,. The map F° : F,[G] — F,[G] given by
z + 27 is an F -endomorphism of the algebra F,[G]. Hence, the map Frob, := F° ® Id
gives a map F[G] — F[G] called the Frobenius endomorphism of G. A Steinberg
endomorphism of a linear algebraic group G is an endomorphism F': G — G such that
F'™ = Frob, for some F,-structure of G and some m > 1. A finite group of Lie type
is a group of the form G¥ where G is a reductive algebraic group and F is a Steinberg
endomorphism of G. Finite groups of Lie type give rise to an important part of the finite
simple groups.

Theorem 1.20 (Tits, see [57), 24.17]). Let G be a simply connected absolutely simple linear
algebraic Fy-group with Steinberg endomorphism F'. Then, except for a finite number of
exceptions (in particular whenever q # 2,3) GF' is perfect and G¥'/Z(GF) is a finite simple
group.

A finite simple group of the form G¥' /Z(G¥) is called a finite simple group of Lie type.

Let G be a connected reductive algebraic group with root system ® and let I’ be a
Frobenius endomorphism of G with respect to some F,-structure of G. Then F' induces an
automorphism 7 of the Coxeter diagram associated to ®. Moreover if G is an absolutely
almost simple simply connected algebraic group, F' is uniquely determined (up to inner
automorphism) by the pair (7,q), see [57, Theorem 22.5]. Given a reductive algebraic
group G and a Frobenius automorphism F, we will say that the finite group G is of
type L = (®,7), where ® is the root system of G and 7 is the automorphism induced
by F on the corresponding Coxeter diagram. By a Lie type L we mean a pair (®,7)
obtained as the type of some finite group of Lie type G¥". For a root system ®, we denote
by rk @ its rank and by ®T a choice of positive roots. For a Lie type L = (®,7) we write
rk L = rk ®. Finally, given an irreducible root system ® its Coxeter number h is defined
by h = |®|/rk ®.

The following is Lemma 4.11 in [56].

Lemma 1.7.1. Let ® be a perfect finite central extension of a finite simple group of Lie
type H(F,)/Z(H(F,)). Then there exists 6 > 0, depending neither on q nor on the Lie
type, such that every nontrivial complex projective representation of ® has dimension at
least ¢°. In particular, any proper subgroup ® < ® has index at least ¢°.

1.8 Commutative algebra

Let R be a ring and M an R-module (we will consider all modules to be right modules).
If R and M carry topological structures, the action of R on M is assumed to be continous
and all submodules are considered to be closed. Given r € R and m € M, we will write
[m,r] = mr —m. If M' C M and R’ C R, denote by [M’, R'] the smallest R-module
containing all elements of the form [m,r], where m € M', r € R/.
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If a group H acts by automorphisms on an abelian group M, we call M an H-module.
We adopt similar conventions and notation for H-modules as for R-modules.

Lemma 1.8.1. Let H be a pro-p group, M an abelian pro-p group and suppose that M is
an H-module. If M/[M, H] is finite, then M is a finitely generated H-module. Conversely,
if M has finite exponent and M is a finitely generated H-module then M/[M, H| is finite.

Proof. Suppose that M/[M, H]| is finite. Let mi,...,m, € M be representatives of
M/[M, H] and write N for the H-submodule they generate. Suppose N < M, then there
exists an H-module L <, M such that N + L < M ([75, Lemma 5.3.3(c)]). Pick M’
maximal H-module such that N + L < M’, then M /M’ is a finite simple H-module (i.e.,
it has no nontrivial proper H-submodules). But H being a pro-p group, this implies that
H acts trivally on M /M’ (otherwise the set of fixed points would be a nontrivial proper
H-submodule as we have a p-group acting on a set of p-power order), that is, [M, H] C M'.
It follows that N + [M, H] < M’, which contradicts the construction of N. Therefore,
N =M and my, ..., m, generate M.

Conversely, suppose that M is finitely generated and M has finite exponent. Then the
action of H on M/[M, H] is trivial, hence it is just a finitely generated abelian group with

finite exponent, hence finite.
O
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Chapter 2

The Congruence Subgroup
Problem

2.1 Introduction

Let k be a global field, S a finite set of valuations and Og the ring of S-integers.
Prototypical examples of global fields are Q and F,(t) with rings of S-integers Z (S = ()
and Fp[t] (S = {UOO}ED. Let us consider an algebraic group G defined over k. The relation
between the group G(k) of k-rational points of G and the arithmetic of k represents a source
of interesting questions. The arithmetic of k is best reflected on its rings of S-integers
Ogs. Analogously, if we fix a k-embedding ¢ : G — GL,, we can see G(k) as a subgroup of
GL, (k) and set

G(Og) := G(k) N GL,(Og).

Note that, in general, the group G(Og) depends on the choice of the k-embedding. For
instance, if we take G = (k,+), the additive group of k, and two different embeddings

tj : G — GLg, given by
z z
L1:x|—><(1) %) ngmr—><(1) i),

we obtain different groups G(Qg) for each embedding. Nevertheless certain properties
have an intrinsic nature that are independent of the chosen embedding. The Congruence
Subgroup Property is one of these. Let us start by giving an example that lies in the origin
of the subject.

Take k = Q, Og = Z and G = SL,, (n > 2). For every integer m € Z we have a ring
homomorphism Z — Z/mZ and this gives a group homomorphism SL,,(Z) — SL,(Z/mZ).
The kernel of this map is called the principal congruence subgroup of level m. Any
subgroup of SL,,(Z) which contains a principal congruence subgroup of some level is called
a congruence subgroup. Note that SL, (Z/mZ) is a finite subgroup, hence every congruence
subgroup has finite index in SL,(Z). The Congruence Subgroup Problem asks whether

oo stands for the degree valuation on Fy(t): v (0) = 0 and voo(g) = ¢ (degg—degf)
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every finite index subgroup is a congruence subgroup, or more generally, how far this is
from being true.

By the end of the 19 century Fricke and Klein showed that the answer is negative for
SL2(Q). In the 1960s Bass, Lazard and Serre [8] and independently Mennicke [61] solved
the problem in the affirmative for SL,, n > 3. The formulation of the problem for G any
linear algebraic group and k a global field was introduced in [9]. We refer to the surveys
[74], [72] or the book [82] for more references and results on the Congruence Subgroup
Problem.

2.2 Arithmetic groups

Throughout this section we follow [59, 1.3]. Let k be a global field. We refer to section
for notation and definitions concerning global and local fields. Fix a finite subset .S of
Vi that is supposed to be non—emptyﬂ in case char k > 0. Recall that

Os={reck|zecO, VveV;\S}

is the ring of S-integers of the field k.
Let G be an algebraic k-group. We fix a k—embeddingﬁ t : G — GLy and consider from
now on G C GLy. We define the group of S-integral points of G as

G(OS) = G(k‘) N GLN(Os).

Let us note that G is an affine k-variety, that is, we can see G as the vanishing set
of a radical ideal J < KJz11,...,2yn], where K is an algebraic closure of k. Since
G is a k-group, we have J = J; ® K where J; := J N k[z11,...,2yn]. Now since
GLy is an affine group Z-scheme it can be seen in particular as an affine group Og-
scheme represented by Og|GLy| = Z[GLy] ® Og, see section If we put Jog =
J N Oglzi1,...,znN], we can consider the affine group Og-subscheme Go, defined by
the ideal Jo,, i.e., represented by Og|Gog] := Oglzi1,...,xnN]|/Jog. Note that by
construction we have k[G] = Og|Go,| ®o4 k. We will make an abuse of notation and write
G for Goy if there is no danger of confusion. Hence, from now on we will assume that G
has the structure of an affine group Og-scheme. In this sense we have

G(0Os) = Homp, (05[G], Os)

and the notation is consistent with both descriptions of G(Og).
For every ideal q of Og we define the principal S-congruence subgroup of level g
to be
G(q) == G(Os) N GLy(q),

where GLy(q) is the subgroup of GLy(Og) consisting of matrices congruent to the identity
matrix modulo q. Equivalently, we have

G(q) = G(Og) Nker (GLy(Og) — GLN(0s/q)) -

ZNote that otherwise the ring of S-integers is empty.
3By Proposition there exists a k-isomorphism onto a k-subgroup of some GL,, but it is not unique.
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If we regard G as an affine group Og-scheme then Og/q is an Og-algebra and we have a
map G(Og) — G(Og/q), so equivalently we have

G(q) = ker (G(Os) — G(Os/q)) -

Subgroups of G(Og) containing some G(q) (q # o) are called S-congruence subgroups.
The following Lemma collects some facts that will be used in the sequel.

Lemma 2.2.1 ([59, 1.3.1.1]). Let f : G — G’ be a k-morphism (as k-varieties) between
linear algebraic k-groups, G C GL, and G' C GL,, . Then

i) for every non-zero ideal p C Og, there exists a non-zero ideal ¢ C Og such that

f(G(a)) € G'(p).

it) Suppose that f is a homomorphism of k-groups. Then for every S-congruence
subgroup H < G'(Og), f~Y(H) contains an S-congruence subgroup of the group
G(Og). In particular, the notion of S-congruence subgroup is independent of the
chosen embedding.

iii) Every S-congruence subgroup of the group G(Qg) is of finite index in G(Og).

i) Suppose that f is an isomorphism of k-groups. Then the subgroups f(G(Og)) and
G'(Og) are commensurable.

v) For each g € G(k) the subgroups gG(Os)g~! and G(Og) are commensurable.

A subgroup of G is called an S-arithmetic subgroup if it is commensurable with
G(Og). From Lemma it follows that the notion of S-arithmetic subgroup is
intrinsic with respect to the k-structure on G, that is, if f : G — G’ is a k-isomorphism of
k-groups, then a subgroup I' of G is S-arithmetic if and only if f(T") is an S-arithmetic
subgroup of G'.

Lemma 2.2.2 ([59} 1.3.1.3]). Let f : G — G’ be a k-morphism of k-groups and let T’ C G,
I € G’ be S-arithmetic subgroups. Then:

i) The subgroup T N f~Y(I") is of finite index in T, in particular, it is an S-arithmetic
subgroup.

ii) For every g € G(k) the subgroups gT'g~" and T are commensurable.

Theorem 2.1 ([69, Theorem 4.1]). Suppose chark =0 and let f : G — H be a surjective
morphism of k-groups. Then for every S-arithmetic subgroup I' of G, f(I') is an S-
arithmetic subgroup.

A discrete subgroup I' in a locally compact group H is a lattice if uy(I'\ H) < oo,
where ppr stands for the Haar measure of H. We present now some results about lattices in
semisimple groups and see that S-arithmetic groups are a main source to find them. Recall
that & is discrete in Ay, the ring of adeéles of k, and so is G(k) in G(Ayg), see sections
and [I.3] Moreover, if G is connected and reductive we have a characterisation of the groups
G for which G(k) is a lattice in G(Ay). Let X;(G) be the group of k-rational characters of
G, i.e., the group of k-homomorphisms from G to G,,. We have the following Theorem.
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Theorem 2.2 ([I3] for char k = 0 and [11] and [28] for char k # 0). Let G be a connected
reductive k-group. Then G(k) is a lattice in G(Ay) if and only if Xi(G) = 1.

It is natural to ask whether G(Og) gives a lattice in an appropriate subgroup of G(Ay).
Before proceeding we need to understand when the local factor G(k,) gives a compact
group. Recall that for v € Vi, we say that G is k,-isotropic if G(k,) contains a nontrivial
ky-split subtorus. Otherwise we say that G is k,-anisotropic. We write ranky, G for the
dimension of a maximal k,-split subtorus of G, hence G is isotropic (anisotropic) if and
only if rank;, G > 1 (= 0). Put A = A(G) := {v € V; : G is ky-anisotropic}. The
following Theorem, originally showed by Bruhat and Tits, can be found in [71].

Theorem 2.3. Let G be a reductive k-group. Then G(k,) is compact if and only if G is
ky-anisotropic.

For every S C Vj let us denote by Gg the subgroup in G(Ay) consisting of the adeles
whose v-component is equal to the identity for every v € Vj, \ S. Note that if S is finite
then Gg = [[,cg G(ky). Let us note that the S-integral points G(Og) can be written as

G(0s) =G(k) N (Gsuve - [ G(O (2.1)
veV\S

Let G be a reductive k-group. Note that for v € ANV}, G(k,) is a compact group and
hence G(O,), being an open subgroup, is of finite index. Since A is finite (|80, Lemma
4.9]), it follows that G(Og) is of finite index in G(Ogna).

On the other hand, since G(k) is discrete in G(Ay) it follows from that G(Og) is

discrete in
I[I Gk)= JI Gk)x JI Gk

vESUVio VE(SUVao )\ A VE(SUVio )N A

The second factor is a compact group, hence G(Og) (identified with its image under the
diagonal embedding into Gg) is discrete in Gg whenever Vo, \ A C S.
The above remarks together with Theorem give

Theorem 2.4. Let G be a connected reductive k-group and let Vo \ A(G) C S. Then
G(Og) is a lattice in Gg if and only if Xi(G) = 1.

Let us note that for G’ semisimple, the condition Xj(G) = 1 is automatically satisfied.
We begin now to investigate the relation between G(Og) being infinite, being Zariski-dense
in G and having Strong Approximation.

Proposition 2.2.1. Let G be a connected semisimple k-group and suppose Voo \ A(G) C
S C Vi. Let T be an S-arithmetic subgroup of the group G(k). Suppose Y, cgranky, G' > 0
for every k-simple factor G’ of G. Then T is infinite and Zariski dense in G.

Proof. Note that it suffices to consider the case G k-simple. Let H be the Zariski closure
of I and H° be the connected component of the identity in H. By Theorem H is
defined over k and so is H° . Note that ¢gI'¢g~! is commensurable with T' for every
g€ Gk - and since H 0 is the intersection of all algebraic subgroups of finite
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index in H, it follows that G(k) normalizes H". Moreover, since G(k) is Zariski dense in
G , H° must be a normal subgroup of G.

Now by assumption ), .grank;, G > 0 and this implies (recall Theorem that
[I,c5 G(ky) is not compact. Since G(Og) is a lattice in the locally compact group Gg
(Theorem , it follows that G(Og), I' and H are all infinite. But then H° is an infinite
normal k-subgroup of G, which is a k-simple group. Thus, we must have H? = G, as
desired. O

An algebraic k-group G is said to have Strong Approximation with respect to a
finite set of valuations S C V; if the group G(k)Gys is dense in G(Ay). Note that this in
particular implies that G(Os) is dense in [],cy\ 5 G(Ov) = G(Os). We will make use of
the Strong Approximation Theorem. This was shown by Kneser ([46]) and Platonov ([68])
for char k = 0 and by Margulis ([58] and [59]) and Prasad ([70]) for char k& > 0.

Theorem 2.5 (Strong Approximation). Let G be a connected simply connected semisimple
k-group. Let S C 'V be a finite set of valuations of k. Suppose that Gg = Ilves G'(ky) is
non-compact for every almost k-simple factor G*. Then G(k) - Gg is dense in G(Ay).

As a direct consequence of the previous results we obtain:

Theorem 2.6. Let G be a connected semisimple k-group and suppose that Voo \A C S C V.
Then G(Og) is infinite if and only if Gs is noncompact. Moreover, if G is simply connected
and k-simple, then G(Qg) is infinite if and only if G has Strong Approximation.

Proof. By Theorem G(Og) is a lattice in Gg. Since a compact group does not admit
an infinite lattice, the direct implication follows. For the converse note that Theorem [2.3]
forces one of the almost k-simple factors of G to be noncompact. But then by Proposition
2.2.1| G(Og) must be infinite. For G simply connected and k-simple Theorem [2.5| gives
that G has Strong Approximation if and only if Gg is noncompact. O

Finally the following Lemma describes the relations between arithmetic groups under
restriction of scalars, see section [I.4]

Lemma 2.2.3 ([59, 3.1.4]). Let k' be a finite separable field extension of k, let H be a k'
group and let S C V. For each v € V., we denote by v' the set of valuations of the field k'
extending the valuation v . Put 8" = J,cgv'.

i) For each v € Vj, there exists a natural k,-isomorphism

for RppwH — [ Ry i, H.

wev’

The isomorphisms f; ! o Rgiu/kv’ for v € Vi, w € v induce a topological group
isomorphism of the adele groups associated with H and Ry, H, whose restriction to
H(K') agrees with Rg,/k.

it) The subgroups Rg,/k(H((’)S/)) and (R (H))(Os) are commensurable.
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2.3 The general formulation

Let k be a global field, fix S a non-empty set of valuations containing V., and let Og
be the ring of S-integers. Let G be an algebraic k-group which is assumed to be embedded
in GLy or to have an affine group Og-scheme structure as in section Let us consider
the arithmetic group G(Og).

Let M, be the family of all normal subgroups of finite index of G(Og). One can consider
N, as a fundamental system of neighbourhoods of the identity (see Proposition , this
induces a topology 7, on G(Og), which is compatible with the group structure, known as
the profinite topology.

A rich source of normal subgroups of finite index of G(Qg) is provided by the arithmetic
of the ring Og. Namely, for every ideal q of Og we can consider the principal S-congruence
subgroup G(q). If we take the family 9t of all principal S-congruence subgroups of I' as a
fundamental system of neighbourhoods for the identity, this defines a topology 7. on I,
which is compatible with the group structure, called the S-congruence topology. Note that
every S-congruence subgroup has finite index in G(QOg) ([2.2.1}fiii)) , so we have M. C N,,.

The Congruence Subgroup Problem arises from the following question:

Is every finite index subgroup in I an S-congruence subgroup?

Clearly, an affirmative answer is equivalent to 7. = 7,. This equality can be reinterpreted

as follows. Observe that G(Og) admits completions G(Og) and G(Og) with respect to the
(left) uniform structures induced by 7, and 7., see section By Proposition we
can describe these completions via projective limits as follows:

G(0s) = lm G(0s)/N and G(Os) = lim G(0s)/G(a).
NeN, 074

Since 7, is finer than 7. we have a surjective (uniformly) continuous homomorphism

o @) — G(Og) (Corollary . It follows that 7, = 7. if and only if the S-
congruence kernel

C(G,S):=kerm

is the trivial group.

Note that the definitions of G(Og) and G(q) depend on the embedding ¢. Nevertheless
C(G, S) is independent of the chosen embedding. To see this let us reconstruct C(G, S) in
terms of the group G(k). We will analogously use two families of subgroups of G(k).

We say that a subgroup I' C G(k) is an S-congruence subgroup if G(q) C T' for some
q # 0. The family 9. of all S-congruence subgroups of G(k) serves as a fundamental
system of neighbourhoods of the identity and defines a topology 7. on G(k). Indeed, N,
clearly satisfies |(GB1) and |[(GB2)[in |1.2.2| and |(GB3)| follows from Lemma and the
fact that conjugation by an element g € G(k) is a k-automorphism of G. Clearly 9. C ‘flc,
hence G(Og) with the topology 7. is a on open subgroup of G(k).

A subgroup I' C G(k) is an S—arithmeticﬁ subgroup if I and G(Og) are commensurable.
The family N, of all S-arithmetic subgroups of G(k) serves as a fundamental system of

“In general a subgroup H < G(k) is called S-arithmetic if H and G(Og) are commensurable.
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neighbourhoods of the identity and defines a topology 7, on G(k). Indeed, N, clearly
satisfies [(GB1)| and |[(GB2)} while follows from Lemma Clearly M, C N,
hence G(Og) with the topology 7, is an open subgroup of G(k).

It follows from [i)| and in Lemma that the definition of the above topologies
on G(k) does not depend on the embedding ¢. As above, 7, and 7, induce two uniform
structures in G(k) and these give respective completions which will be denoted respectively

—_— T

by G(k) and G(k). Since 7, is finer than 7, the identity map in G(k) induces a continuous
surjective homomorphism

—_—

7T G(k) — G(k).
Moreover, note that @) , respectively G(Og), is naturally isomorphic to the closure of
G(Og) with respect to 7, respectively 7., as a subgroup of G(k) , respectively G(k)— since

—_—

Nyem, = 1 the group G(k), and in particular G(Og), embedds both in G(k) and G(k).

Remark. Note that by construction G(k) is nothing but the closure of G(k) in the topological
group G(Ag), see section

Lemma 2.3.1. Let 7™ and 7 be as above. Then kerm = ker . In particular, C(G,S) is
independent of the embedding v : G — GLy.

Proof. Suppose x € @ is a minimal Cauchy filter on G(k) converging to 1 with respect to
Tc. This implies that 91, and, in particular, all principal congruence subgroups and G(Og)
belong to x. Hence, if we look at z N G(Og) := {F NG(Og) : F € x} this gives a filter on

G(Og) which is Cauchy with respect to (the uniform structure given by) 7. and converges
to 1 in 7. It follows that x N G(Og) gives rise to a point in G(Og), which is isomorphic to

o — o —

the closure of G(Og) in G(k). This implies that x € G(Og) and so z € C(G, S). O
Let us note that the proof of the previous Lemma actually shows the following.

Lemma 2.3.2. Let I' < G(k) be a subgroup, and denote by T and T the closure of I in

—

G(k) and G(k). We have a natural map I - T. Suppose that T is open both in 7y and 7.
Then ker® = C(G, S) 2 ker(I' — T).

The Congruence Subgroup Problem therefore reduces to the study of the group
C(G, 5) = ker (G(05) = G(Og)) .

Whenever C(G,S) is trivial we say that G(Og) has the Congruence Subgroup
Property (CSP). If C(G, S) is finite, we say that G(Og) has the weak Congruence
Subgroup Property (wCSP). Even the finiteness of C'(G,S) has some interesting
consequences, see Theorem [3.3] and

2.4 Reductions and necessary conditions

We begin by describing the behaviour of C(G, S) for different G.
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Proposition 2.4.1. The assignment G — C(G,S) gives a functor C(_,S) from the
category of affine k-groups to the category of profinite groups.

o —

Proof. Tt follows from Lemma that C(G,S) = ker 7 is a closed subgroup of G(QOg),
hence a profinite group. Let f : G — H be a k-morphism of k-groups. Note that
fiaw) » G(k) — H(k) is continuous with respect to both the congruence and arithmetic

topologies ( [2.2.1}}ii)| and [2.2.2]li))) and so it extends to a continuous function between

the respective completions. Given z € G(k) a minimal Cauchy filter, since fig) is
continuous, f(z) := {f(F) : F € x} gives a Cauchy filter basis on H (k). Thus we define
c(.,9S): C?(E) — f?(?) by assigning to every element z € CT(F) the minimal Cauchy filter
containing f(z). Let us check that under this map C(G, S) maps to C(H,S). If H(p) is a
principal S-congruence subgroup in H (k). Then by Lemma there exists an ideal
q C Og such that f(G(q)) € H(Og). Now if z € C(G, S) then x converges to 1 in 7, and
this implies G(q) € x. Hence f(G(q)) € f(x) and thus any filter contaning f(x) contains
H(p). It follows that C(_,S)(f)(C(G,S)) C C(H,S) as desired. O

Lemma 2.4.1. If G° is the connected component of the identity in G, the inclusion map
i:GY — G induces an isomorphism C(G°,S) — C(G, 9).

Proof. First let us note that G is a normal k-subgroup of G of finite index (Proposition
1.4.2). Hence we may keep the chosen embedding for G? as well and we have G°(Og) =
G(0g) N G(k) and G°(q) = G(q) N G°(k) for every ideal ¢ C Og. Moreover the quotient
G(k)/G°(k) is a finite group, hence G°(Og) has finite index in G(Og). This implies that
G°(0g) and GO(k) are open subgroups of G(k) with respect to the arithmetic topology
of G(k). By Lemma it suffices to show that G°(k) is also open with respect to the
congruence topology in G(k), i.e., there exists an ideal ¢ C Og such that G(q) € G°(k).

To prove the claim let us denote by G°, G, ..., G™ the connected components of the
algebraic k-group G. The identity component G is defined over k (Proposition
and this implies that G’ := U?_;G' is defined over k as Wellﬂ It follows that we have a
decomposition k[G] = k[G°] @ k[G'] as a direct sum of algebras. Now this implies that
1 = eg + e for some ey € k[G"] and e € k[G].

It follows that e(g) = 1, for g € G'(k), and e(g) = 0 for g € G°(k). Now we know that
k[G] = k[zij, det(zi;) 1|1 < 4,5 < n], where z;(1) = 0 for every i € I. Then e = f(x;) for
some polynomial f € k[X;]. Pick an ideal ¢ C Og such that ¢ ¢ q for every coefficient ¢ € k
of f. We claim that G(q) N G’(k) = 0 and hence G(q) € G°(k). Indeed, since e(1) = 0,
we must have e(g) =0 mod q for g € G(q), but e(g) = 1 for every g € G'(k). Hence we
must have G(q) N G'(k) = 0. O

The following Lemma describes the behaviour of C(G,S) when G is a semidirect
product of k-groups.

°In an algebraic group the connected and irreducible components coincide and are disjoint. The
irreducible components are defined over the separable closure ks and a component is defined over k if and
only it is stable under the action of Gal(ks/k), which permutes the irreducible components. Now since
G° is defined over k this implies that G \ G is stable under Gal(ks/k) and hence defined over k, see [12
Proposition 1.1.2] and references therein for details.
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Lemma 2.4.2 ([73]). Let G be an algebraic k-group, such that G is the semidirect product
of a normal k-subgroup N and a k-subgroup H. Then C(G,S) is a semidirect product of
C(H,S) and a quotient of C(N,S). In particular, if C(N,S) is trivial then C(G,S) =
C(H,S).

2.5 The characteristic 0 case

Throughout this section we assume that char k = 0, that is, k is a number field. The
aim of this section is to reduce the Congruence Subgroup Problem to the case of semisimple
algebraic groups. By Lemma we may restrict to connected groups. We begin by
investigating the additive and multiplicative groups G, and G,,.

Lemma 2.5.1. Let G = G, then for any S C Vy we have C(G,S) = 1.
Proof. Suppose H < Og has index m. Then mOg < H. O

To show that the congruence kernel for the multiplicative group is also trivial we will
apply the following Theorem by Chevalley ([I8, Theorem 1]).

Theorem 2.7. Suppose H < k* is a finitely generated subgroup. Then, given m € N and
any non-zero ideal p C O, there exists a non-zero ideal ¢ C O coprime to p such that for
every x € H such that x =1 mod q, we have x € H™. The statement x =1 mod q is to
be interpreted in k, that is, x — 1 € $q where a,b € O and (b) is coprime to q.

Lemma 2.5.2. Let G = G,,. Then for any finite S C Vy we have C(G, S) = 1.

Proof. Let N < O% be a subgroup of index m. Then we have (O%)™ < N. It is well known
that OF is a finitely generated group. Hence we can apply Theorem to H = Og and
p = [ es bo to obtain an ideal q coprime to p such that for every x € O% such that x =1
mod q we have x € (O%)™. Consider q° := qOs. Now observe that ¢° is an ideal in Og (q
is coprime to p) and that G(¢°) C {z € O* : x =1 mod q} < (0%)™ < N, ie., N is an
S-congruence subgroup.

O

Lemma 2.5.3. Let G be a connected unipotent k-group. Then for any S C V; we have
C(S,G)=1.

Proof. We may suppose that G is an algebraic k-subgroup of U,, [89, Theorem 8.3]. One
can construct a central normal series of algebraic k-groups

Un:UODUlD..-DUn(nfl) =1
2

such that U;/Ujt1 = G, for every i < @ This gives a central normal series
G=GyDG1D...0G;=1

such that each quotient G;/Gj41 is a isomorphic to G, (note that G, has no algebraic
subgroups) and d = dim G. We apply induction on d. For d = 1 this is Lemma [2.5.1}
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Suppose the result holds for d = r — 1, in particular C'(Gy,S) = 1. Then G is of the form
G4 X G' where G’ is a unipotent k-group of dimension d — 1. By induction and Lemma,

we can apply Lemma to obtain C(G, S) = 0. O

Let us now consider the case of a connected k-group G. By Theorem [I.I0, G is the
semidirect product of a semisimple k-subgroup and its unipotent radical. Hence, the
previous Lemma together with Lemma shows that for number fields the study of
C (G, S) reduces to the case G reductive. The following Lemma shows that we can futher
reduce it to the case of a semisimple group.

Lemma 2.5.4 ([72, 2.4]). Let G be a connected reductive k-group. Then

C(G,S) = C(|G, G, S).

2.6 The semisimple case

Throughout this section we assume that GG is a connected semisimple k-group. Note
that by Lemma [2.4.1] the assumption G connected is harmless regarding CSP. By Theorem
G is the almost direct product of its almost k-simple factors G, ...,Gy,. We will
further assume that G;(Og) is infinite, equivalently (G;)s is non-compact (Theorem [2.6)),
for every 1 <i < m. Let us note that otherwise C(G;,S) = 1. The aim of this section is
to reduce, when char k = 0, the Congruence Subgroup Problem for semisimple k-groups to
the following setting:

(Al) G is simply connected.

(A2) G is almost k-simple.

(A3) G has the Strong Approximation Property.
(A4) G is absolutely almost simple.

(A5) For every v € SN V; the group G(k,) is noncompact, equivalently (Theorem ,
for every v € SNV the group G is k,-isotropic.

Lemma 2.6.1. Let G be as above and suppose char k = 0. Suppose further that C(S, Q)
1s finite. Then G is simply connected.

Proof. By Theorem G is the almost direct product of its almost k-simple factors
G1,...,G,. By Theorem there exists a connected simply connected semisimple
k-group G which decomposes as a direct product of its almost k-simple factors él, e
and a central k-isogeny p : G — G with finite kernel p such that p(éz) = G;. Note that
ranky, C:’Z = ranky, G; and so (C:'Z) s is not compact. Hence, by Theorem G has Strong

Approximation, that is, é(kz) = G(AS). Applying the functor C(_,S) we obtain the
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following commutative diagram.

1 1
1 —— C(u,S) (k) — p(As)
lc(b) o(k) L(As)
1 —— C(G,S) —— G(k) —5s G(As)
lcw) p(k) p(As)

—

1 —— C(G,8) — G(k) = G(Ag)

Note that by Theorem [2.1{ the map p/(E) is open and has finite kernel ,LXE) = p(k). Hence
the horizontal and vertical sequences starting at 1’s are exact and since G has Strong
Approximation the map 7 is surjective. It follows that C(G,S) contains a subgroup

isomorphic to ﬂ'él (M(As))/,u/(g) Now observe that p(Ag) C G(Ag) is an infinite group.
Indeed by Lemma if # € p then = € u(k,) for infinitely many v’s. Since p is

nontrivial, this implies that ©(Ag) is infinite. Hence C'(G, S) contains an infinite subgroup,
a contradiction. Therefore G must be simply connected. O

We can therefore assume from now on that G is a simply connected semisimple group.
But then G is the direct product of its almost k-simple factors (see Theorem . It is
then clear that C(G,S) is finite if and only if C(G;, S) is finite for every k-simple factor
(;. Hence we may assume

Now G is a connected simply connected almost k-simple group and since we are
assuming that G(QOg) is infinite, Theorem gives Gg is non compact, so by the Strong
Approximation Theorem G has Strong Approximation, i.e., we may assume The
following Lemma shows that we may assume

Lemma 2.6.2. Let G be a connected simply connected almost k-simple k-group. Then
there exists a finite separable extension k' of k and a connected simply connected absolutely
almost simple k'-group H such that G = Ry ,(H) and C(G,S) = C(H,S") where S =
Uves{vl e Vi v"k = U}.

Proof. By Theorem there exist a finite separable extension k' and a connected simply
connected absolutely almost simple k’-group H such that G = Ry /iH. Now Lemma
shows that G(Og) and RY, Jk (H(Og)) are commensurable and this implies that
the restriction of the respective S-arithemtic topologies to G(Og) N RY, /k(H (Og/)) induce
the same topology. Moreover by the respective congruence topologies define the
same topology when restricted to the intersection as well. Hence by Lemma [2.3.2) we have

C(G,S) = C(H, 5. O

45



CHAPTER 2. THE CONGRUENCE SUBGROUP PROBLEM

Finally we show that [(A5)|is necessary for G to have CSP.

Lemma 2.6.3. Let G be a semisimple k-group and assume that G(Og) is infinite. Put
A:={veV; : G is ky-anisotropic}. If ANS is non-empty, then C(G,S) is infinite.

Proof. By Theorem G (ky) is compact for every v € A. In particular G(m!) C G(k,)
gives a descending sequence of finite index open subgroups with trivial intersection. Note

that for v € S we have G(Og) C G(ky,). Hence, for v € ANS, G(Og) N G(m},) gives a
descending sequence of finite index subgroups of G(Og) with trivial intersection. Since
v € §, none of them are S-congruence subgroups so we can build a surjection

C(G,S) - lim G(0s)/(G(Os) N G(m,)).

Since the latter inverse limit contains G(Og) as a subgroup it follows that C'(G,S) is
infinite. O

Let us finish this chapter by stating famous Serre’s Conjecture.

Conjecture (Serre). Let G be a simply connnected absolutely almost simple k-group. Then
C(G, S) is finite if and only if rankg G = >~ cgrank,, G > 2 and G(k,) is noncompact for
every v € SN V;.
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Chapter 3

Representation Growth of
Arithmetic Groups

3.1 Representation Growth

In this section we introduce the necessary notation for the study of representation
growth and present some well known results on representation theory. We then focus on
the representation growth of p-adic analytic and F)|[[t]]-analytic groups. Theorem (3.1 shows
that every compact p-adic analytic group with perfect Lie algebra is of representation type
¢ for some ¢, this was shown by Lubotzky and Martin in [56]. Jaikin showed in [38] that
the same result holds for I, [[t]]-standard groups under the weaker condition (in chase
char k > 0) of having a finitely generated Lie algebra (see Theorem [3.2). We present both
results for completion. Jaikin’s avoidance of a perfectness hypothesis in Theorem [3.2] paves
the way to extend Theorem 1.2 in [56] to any semisimple group over a global field. We
refer to for notations and definitions concerning representation theory.

Let T be a group. We want to study the representations of the group I', in particular,
in this work we are interested in representations with finite image. From now on Rep(I")
(respectively Irr(I')) denotes the set of isomorphism classes of (irreducible) representations
of I with finite image. Evidently this is no restriction if I' is a finite group. The following
Lemma shows that for profinite groups this is no restriction either.

Lemma 3.1.1. Let I" be a profinite group. Then every representation of I' factors through a
finite index open subgroup. Hence, every representation of I' has finite image. In particular,
if T is the profinite completion of T' we have ry,(T') = r,(T).

Proof. Let p € Rep,,(I'). Recall that p is a continuous homomorphism p : I' — GL,,(C), in
particular, ker p is a closed subgroup of I' and since I' is compact, so is p(I'). This implies
that p(T") is a compact Lie group isomorphic to the profinite group I'/ ker p, which is a
totally disconnected group (Theorem . It follows that the identity component of p(T")
must be trivial. Hence p(I') must be finite, since it is compact. This implies that {1} is
open in p(I') and hence ker p < T is a finite index open subgroup. O

The previous Lemma shows that most results of the representation theory of finite
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groups apply to the representation theory of profinite groups as well. If I" is finite, then
Irr(T") is finite as well, however for infinite I' we may have Irr,,(T') # () for infinitely many
n. Let us define

o (L) = [ Irr, ()],

Ry(T) = rn(l) = | It (T)].
=1

We call r,,(T") the representation growth function of I'. Note that, in general, r,(T")
may be infinite, e.g., I' = Z.

We say that I" has polynomial representation growth (PRG for short) if the
sequence 71, (I") is polynomially bounded, that is, if there exist constants c;, ca € R such
that r,(T") < ¢;n® for every n. In particular, this requires r,(I") < oo for every n. Note
that r,(T") is polynomially bounded if and only if R, (T) is.

We say that I is of representation type c if there exist ¢ € R such that [I'/ K, (I")| <
cn® for every n, where

K,():= ﬂ ker p = ﬂ ker p.
pERep,(T) pElrr<,(T)

Lemma 3.1.2. Suppose I' is of representation type c, then I' has PRG.

Proof. Note that every p € Irr<,(I") factors through K,(I'), hence it can be seen as a
representation of I'/ K, (I"). If I is of representation type c, we can see p € Irr<,,(I") as a
representation of the finite group I'/ K, (I") which is of order at most cn®. It follows that
| Irr<,, (T')] < en€, hence I" has PRG. O

Lemma 3.1.3. Let I' be a profinite group and I < T' a finite index subgroup. Put
m = |[ : TY|. Then for every n € N we have

i) Ryp(T) < mRa(T").
ii) Rn(I") < mRpum(D).

As a consequence, if I' and T'” are commensurable then T' has PRG if and only if T has
PRG.

Proof. Let p € Trr<,,(T") and consider p’ € Irr<,(I') an irreducible constituent of pv. Note
that N := ker p NI has finite index in I, so we may assume that we are working with
representations of the finite groups I'/N and I"/N. Hence by Frobenius reciprocity we
know that p is an irreducible constituent of Indk, p. Moreover note that the number of
irreducible constituents of Indll:, p' is at most m ( each of them has p’ as a constituent when
restricted to IV by Frobenius reciprocity and dimIndk, o/ = mdim /). Hence we have a
map f : Irr<, (') — Irr<,, (I") whose fibers have size at most m. This proves

Now consider p' € Irr<,,(T) and let p € Irr(T) be an irreducible constituent of Indk, p'.
Clearly p has dimension at most nm. Moreover for every such p, pjr» can have at most m
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irreducible constituents (if & is the number of irreducible constituents of pjr» and A is one
of minimal dimension, say d, then k§ < dim p < mdim A, where the last inequality follows
from the fact that p is a constituent of Indk A by Frobenius reciprocity). Hence we have a
map [ : Irr<,,(I") — Irr<y, (I') whose fibers have size at most m, which proves O

Lemma 3.1.4. Let I’ be a profinite group and I < T a finite index open subgroup such
that [T : T'| = m. ThenT is of representation type c for some ¢ € R>q if and only if I is of
representation type ¢’ for some ¢ € R>qg. As a consequence, if I' and I are commensurable
and any of them is of representation type c, there exists d such that T', T” and T NT" are of
representation type d.

Proof. First let us suppose that I is representation type ¢’. Given p € Irr<,, ('), we have
prr = M @ ... & A\ for some \; € Irr<,(T'). By definition, K, (I') < ker pjr» and since
K, (I") is a characteristic subgroup of I we obtain

K, C ﬂ (ker pjrv)¥ = ker Ind} (,0|1w) C ker p.
gel

It follows that K, (I'") C K, (T') and so
IT/K,(I)] < 0 : Kp(I)| = |0 : T 2 K ()] < mé'n® < enf

for some ¢ € R>q as required.

Suppose now that T' is of representation type c. If p/ € Trr<, (V) then Indk o' €
Rep,,,(T'). Hence K,,(T') C kerIndk, /. By Frobenius reciprocity p’ is a constituent of
(Indr/ p’) - hence Ky, (') NI C ker p'. We thus have Ky, (G) NI C K, (I"). This gives

T/ Kn(T')] < [T/ (K (T) NTY)| < [T/ K ()| < e(nm)® < ¢n”

for some ¢’ € R>( as desired.

O]

Lemma 3.1.5. Let T' be a pro-nilpotent group. Then for every p € Irr(T') there exists
IV <T with T : T'| = dim p and p' € Trr(T) such that p = Indk, p/.

Proof. If p € Irr(T") then by Lemma p factors through a finite index open subgroup
N. Then we can regard p as a representation of the finite nilpotent group I'/N. For a finite
nilpotent group every irreducible representation is induced from a linear representation of a
subgroup (see [33, Corollary 6.14]. Suppose p = Indll://zj\\;/ N A for some subgroup I'N/N and
representation A € Irr1(I"N/N). Then the result follows if we regard A as a representation
of T'N. O

Lemma 3.1.6. Let I' be a profinite group and N <, I' an open normal subgroup. Then I
acts on Irr(N) by conjugation and if H < T is the stabilizer of A € Irt(N) the map

Ind: {¢y elr(H) : (Yn,\) #0} — {pelr(l) : (pn,A) # 0}
0 > IndY; ¢

is a bijection.
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Proof. This is nothing but to extend Theorem to profinite groups. If p € Irr(T"), by
Lemma p factors through some finite index open subgroup M. Moreover we may
assume that M < N, otherwise take M N N. Suppose A is an irreducible constituent of
PN e, (A pn) # 0. If we regard p as a representation of I'/M and A € Irr(N) as a
representation of N/M we can apply Theorem to obtain a bijection

{ e r(H/M) = (bin/m, ) #0F = {p e ee(T/M) : {pjnjar; A) # 0}
" — Ind/ )

Hence, regarding ¢ € Irr(H/M) as a representation of H, we obtain the desired bijection
if A € Irr(IV) factors through M. Since every A € Irr(N) factors through some such M the
result follows. O

Lemma 3.1.7. Suppose I'y and I's are profinite groups. Then every irreducible represen-
tation of I'y x I'a is of the form p1 ® p2, where p; is an irreducible representation of I';. In
particular, if 'y and I's have PRG then I'y x I's has PRG.

Proof. The result is true if we assume the groups I'; and I's are finite. Using again Lemma
we see that every p € Irr(I'; x I'9) factors through a finite index open subgroup N. It
follows that (I'y x I'2)/N is isomorphic to I'y /(N NT';) x I'y/(N NT'y), which is a finite
group. If we regard p as a representation of this finite group, we have p = A\ ® Ag for some
Ai € Irr(T; /N N Ty). If we regard A and Ag as representations of I'y and I'y we obtain the
desired decomposition.

Now if py € Irr,,, (I'1) and py € Irrg(I'2) we have by construction p; ® pg € Irry,,(I'1 X T'g).
Hence, if R, (T'1) < cin® and R, (I'2) < can®?, we have

Rn(l“l X FQ) S Z Rm(F1>Rk(F2) S Clcgncﬁ_CQ—H

mk=n

and I'1 x I'; has PRG. ]

Theorem 3.1 ([56}, 2.7]). Let G be a compact p-adic analytic group and suppose that the
Lie algebra of G is perfect. Then G is of representation type c for some c € Rxg.

Proof. Every p-adic analytic group has an open standard subgroup U (Theorem , and
since G is compact, every open subgroup has finite index. Thus, by Lemma it suffices
to show that U is of representation type c for some ¢ € R>g. Moreover, note that, since
U is an open subgroup of G, both G and U have the same associated Lie Q,-algebra.
Therefore we may assume that G is a standard group.

This means we have a global chart for G, i.e., a homeomorphism

f+ G — (PZp)d
g = g,

where d = dim G (as a Qp-analytic group). Moreover, multiplication in G is given by an
analytic function m : Zg — Zg with coefficients in Z, that can be written as

m(x,y) =x+y+ B(x,y) + O(3),
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where B is a Z,-bilinear form and O(3) is a power series with monomials of total order
at least 3, see section We will make an abuse of notation an identify an element
g € G with its coordinates g € (pr)d. The Lie algebra £ = L associated to the standard
group G is (Z,)? with Lie bracket given by [x,y]r = B(x,y) — B(x,y) for x,y € (Q,)%.
By the coordinates of the commutator of two elements z,y € G are given by

[X7y] = f([a:,y]) = [X7y]L + 0(3)

Let us write G; = f~1((p'Z,)?), which gives a natural filtration of G by finite index open
normal subgroups. Moreover, by the proof of Theorem 8.31 in [22] we have G411 = G,
where the latter subgroup denotes the closed subgroup generated by p’-powers of elements
of G.

Now since £L(Q,) = £ ®z, Q, is perfect, this implies that p"L C [L, L] for some r € N
and so p?"*"L C [p"L,p"L] for every n € N. This implies that Gonir C [Gn, Gpn]G3n.
Indeed, any element g € p?"T"L can be written as a sum of d elements of the form
[x1,y1]rL + - .. [Xd,ya]r for some x;, y; € pL. Thus, applying the above formula for the

coordinates of commutators and multiplication, we have that

(x1,¥1] - [xa,ya] =g+ O(3).

Therefore g € (G, Gn]Gsn and Gopyr C [Gp, Gr)Gap,.

If n > r+2then 2(n+ 1) +r < 3n and we can apply the above inclusion to obtain
G3n < Gogy1)4r < [Gn, Gn]G3(ny1)- Since this holds for every n > r+2, applying induction
we obtain that Gs, C [Gy, Gy]G3p, for every m > n, which implies Gs,, < [Gp, Gy].

Consider now p € Irrpn (G) where n > r 4 2. Since G is a pro-p group and hence pro-
nilpotent, p is induced from p’ € Irry(H) for some subgroup H < U of index p" (Lemma
. Recall that G411 = GP" < H, so we have G3ing1) < [Gri1, Gnt1] < [H, H]. Hence,
G3(nt1) < ker p' and since G3(n41) is normal this gives G, 11) < ker p.

It follows that |G /K, (G)| < G/G3(nq1) = PP+ for n > r 4 2. Therefore, we can
find ¢ € R>¢ such that |G/K,(G)| < en€ for every n € N. O

The following Theorem is an unpublished result of A. Jaikin. We present it here for
completion.

Theorem 3.2 ([38, Theorem 3.1]). Let G be an Fy[[t]]-standard group and suppose that L
is finitely generated as a G-module. Then G is of representation type c for some c € R>q.

Proof. We will use the notation of Theorem If £ = Lg is the Fp[[t]]-Lie algebra of the
standard group G, we have now a homeomorphism from G to t£ = (tF,[[t]])¢ given by

fr G = ()
g — g’

where d = dimG . Let us denote the adjoint action of G by Ad = Adp,[g : G —
Autp,(g(£), see section m
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If we let G act by conjugation on the abelian group Gj/Ga, from and the
description of the adjoint action (see (|1.1)) in section we obtain an isomorphism of
G-modules

Gr/Gox — E/tkﬁ

g = thg

Let us write A for the Fp[[t]]-subalgebra of Endg (L) generated by {Ad(g) : g € G} and

for every subset H C G let I(H) denote the left ideal of A generated by {Ad(h) —Id :

h € H}. We will write I, = I(Gy). Note that since G}, is a normal subgroup, I is an ideal.

Under this notation [£, Gy] = LI} if we see £ as an Endp jj(£) module. Let us state
and prove a series of claims that are required for the proof.

(3.1)

Claim 1. There exists s such that for every k > s we have
Grys < [Gr, Gl

By assumption L is finitely generated as a G-module, equivalently (see(1.8.1)) |£/[L, G|
is finite. Hence there exists s € N such that t°£ C [£, G]. From this and isomorphism (3.1))
it follows that for every k > s we have

Grys < [Gk, G]Ga.
If we take n > k this gives
Gon < Gnt1)ts < [Gni1, GlGamyny < [Gr, GlGagnta),
Hence, whenever k£ > s we can apply an inductive argument to obtain
Gits < [Gr, G]Gan
for every n > k and since Gy is closed this gives Gi1s < [Gg, GI.

Claim 2. There exists | € N such that I} < tA.

Note that F,[[t]] is a Noetherian local ring and A is an [F[[t]]-submodule of the finitely
generated IFy[[t]]-module Endg, (L), hence A is finitely generated as well. We can apply
Nakayama Lemma to get that A/tA is finite. Now note that from the description of the
adjoint action (see in section it follows that Ad(G) —1Id C t Endg, ;4 (£), which

implies Iy C ¢ Endp, (L), i.e., I} C tl Endg ;4 (£). Thus ¢ gives a strictly decreasing
sequence of submodules, so there exists [ € N such that Iﬁ < tA.
Claim 3. For every u > s we have I, <1 I, + 1, I;.

By Claim 1 we know that G1s < [Gy, G]. Suppose g = [gu, g1], where g, € G4, g1 € Gj.
Then

Ad(g) — Id = Ad([gu, g1]) —1d
= Ad(g, 97 V)[Ad(gu) — Id,Ad(g1) — Id];, € L, + L1 I,,.

If g = fh is a product of commutators in [G,, G|, then
Ad(fh) —1d = (Ad(f) — Id)(Ad(h) — Id) + Ad(f) — Id —(Ad(R) — Id)  (3.2)

and by the previous case g € I I, + 1, I;.
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Claim 4. For every u > s we have I, 9;_1)s < t1y.

Applying the previous claim (2] — 1) times we obtain

Iu—i—s(?l—l) - Z I7i L, Il .
itj=21—1

It follows from Claim 2 that T, 42—1) < ¢ 1.
Claim 5. Let H be an open subgroup of G, then I; /I(H) is finite.

Let f1,..., fa2 be a set of free generators of Endp,(;)(£) as an Fy[[t]]-module. Then
every element F € EnquHt”(ﬁ) can be expressed as linear combination of the f; with
coefficients in Fp[[t]]. If we assign to every such E its coefficients with respect to the
fi, this gives Endg,g;(£) the structure of an F,[[t]]-analytic variety. Note that the map
Ad—1Id : G — Endg,j;)(£) is then an analytic map. We can consider any power series
in the f; with coefficients in Fy[[t]] as an analytic function on Endp,(£). Since I; is
finitely generated, to prove the claim it suffices to show that ¢/ I; C I(H) for some j € N.
Suppose that there exists no such j, this means that I(H) is a free Fp[[t]]-module of rank
strictly less than that of Iy. So there exist ai,...,agz such that ¥(f) = Y o, f; satisfies
¥(Ad(h) — Id) = 0 for every h € H but there exists g € G such that ¢(Ad(g) — Id) # 0.
that is, H is contained in the zeroes of some analytic equation but G is not. But this is
impossible by [39, Theorem 3.3]

Claim 6. Let s(G) :={g € G : Ad(g) is semisimple}. Then the closed subgroup generated
by s(G) is open in G.

Note that gpd € s(G) for every g € G. We can apply Zelmanov’s positive solution to
the Restricted Burnside Problem to obtain that GP” is a finite index subgroup of G and
hence open. It follows that the closed subgroup generated by s(G) is open as well.

Claim 7. Suppose h € s(G). Then A(Ad(h) — Id)?, the left ideal of A generated by
(Ad(h) — 1d)?, has finite index in I(h) = A(Ad(h) — Id).

From the point of view of F,[[t]]-modules the claim holds if and only if t* A(Ad(h)—1d) C
A(Ad(h) — 1d)? for some k and this happens if and only if F,((¢)) ® A(Ad(h) — 1d) =
Fp((t)) ® A(Ad(h) — Id)?. This is an equality of vector spaces and hence reduces to an
equality of their respective dimensions, which are stable under extension of scalars, so
this holds if and only if F,((t)) ® A(Ad(h) —Id) = Fp((t)) ® A(Ad(h) — 1d)?. Now an
appropriate change of coordinates allows us to assume that Ad(h) —Id is a diagonal matrix,

and so for every element M € Endm(Fp( (t))d) we have M (Ad(h) — Id) = 0 if and only

if M(Ad(h) —1d)? = 0. Hence F,((t)) ® A(Ad(h) —1d) = F,((t)) @ A(Ad(h) —Id)? and we

are done.

Claim 8. There exist ¢; and ¢y such that t©1H*¢2 T C I, for every k.

By Claim 5 and 6 we know that I(s(G)) is of finite index in I;. Pick g1,...,g: € s(G) such
that Ad(g;) —Id generate I(s(G)). By Claim 7 we know that A(Ad(g;)—1Id)/A(Ad(g;) —1d)?
is finite. Thus there exists ¢ such that for every i we have tA(Ad(g;)—1d) C A(Ad(g;)—1d)2.
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Hence for every j > 0 we have

D I(5(G)) < 3 A(Ad(gy) — 1P = 3" A(Ad(g,)” —Td) < T,

The last inequality follows from the fact that Gr < Gpi, see [1.2.5 Now it is clear
that there exist constants ¢; and co satisfying the claim.

Consider now p € Irr(G) and suppose Go(,—1y € ker p but Gy, C ker p. Let X € Irr(Gy,)
be an irreducible constituent of pig, and let H < G be the stabilizer of A with index
|G/H| = p™.

Claim 9. Gyo1—1)(m+1) < H.

Consider the chain of subgroups

H < HG -1y m+1) S HGyoi-1ym < - < HGg91-1).

Note that |G : H| = p™ implies that there must be an equality in the above chain. If
H = HGy21-1)(m+1) We are done. If not, suppose HG 1), = HGy21-1)(i41) for some
1 <4 <m. From it follows that I(JN) =I(J) + I(N) whenever N < G and J < G.
We can now apply the previous equality of subgroups and Claim 4 to obtain

I(H) + Lygi—1ys = I(H) + Lyi—1y(i+1) = LH) + t Lya1-1; -

If we apply the Nakayama Lemma to the above equality of IFy[[t]]-modules we get Lyo_1); <
I(H). In particular, £L1,9_1); < LI(H). Therefore, isomorphism (3.1)) gives

(Gr, Goa-1):)Gar < [G H]|Go.
In particular, Gyg—1); stabilizes A and Gy1—1)(m+1) < Gs@-1)i < H.
We are now ready to finish the proof. Suppose that k > ¢; + cos(20 — 1)(m+1) +2. It
follows from Claim 8 that

tc1+025(2l—1)(m+1)£11 < £Is(2l—1)(m+1) )

Now first applying Claim 1 and then the previous inequality together with isomorphism
(3.1)) we obtain

Gy ters@—1)(m+1)+ht+s < [Geyters(2—1)(mt1)+k> G1]Gak
< [Gry Gsa-1)(ma 1) G-

However, since by Claim 9 we have Gy2;—1)(m+1) < H, we must have

Gk+cl+025(2l—1)(m+1) < ker \.

But recall that Gy(,_1) % ker A and hence

2k —2<k+c1+cs(2l—-1)(m+1),
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equivalently, k < ¢1 4 c2s(2l — 1)(m + 1) + 2, which contradicts our assumption. Therefore,
we must have
E<ci+ecs(2—1)(m+1)+2.

It follows that Goc)teps(21—1)(mt1)+2) < kerp. By Lemma p is induced from an
irreducible representation of H and so dim p > p™ so we have Gy(c, 4., s(21—1)(log, n+1)+2) <
ker p for some constants dj, do which only depend on ¢; and cp. This implies

Gd1+d2 log, n < KH(G)

Thus, |G/Kn(G)| < |G/Gay+dy10g,n] = plimGlditdzlog,n) < epe for some ¢ € Rxg as
desired. O

Remark. Note that the above proof works equally well for Z,-standard groups if we assume
that p*L£(G) < [£, G] for some k € N, nevertheless for p-adic analytic groups this condition
is equivalent to £(G) ® Q, being perfect.

3.2 CSP and Representation Growth of Arithmetic Groups

Let k be a global field and G a simply connected semisimple algebraic k-group. Let
S C Vi be a non-empty finite set of valuations such that Vo C .S and I' and S-arithmetic
subgroup of G. In this section we investigate the relation between the weak Congruence
Subgroup Property (namely the finiteness of C'(G,.S)) and the representation growth of I.
The main Theorem is the following.

Theorem 3.3. Let k, S, I' and G be as above. If G has the weak Congruence Subgroup
Property with respect to S, then I' has Polynomial Representation Growth.

As in the previous sections we fix a k-embedding ¢ : G — GL,,. We also give G the
structure of an affine group Og-scheme through this embedding, see section [2.2]

We will make use of the previous sections to reduce Theorem [3.3]to a particular setting.
First let us note that, by definition, I" is commensurable with G(Qg), so applying Lemma
it follows that I' has PRG if and only if G(Og) does. Hence we may assume that
I'=G(Og). If G(Og) is finite, then so is I' and Theorem |3.3| becomes trivial, so from now
on we will assume that G(Og) is infinite.

Let GY be the connected component of G. Since GV is of finite index in G (Theorem
[1.4.2), it follows that G°(Os) has finite index in G(Og). Hence applying Lemma
again it suffices to study the representation growth of G°(Og). Moreover by Lemma
G has wCSP if and only if G° does, so we may assume that G is connected.

Since G is simply connected, Theorem [1.12] gives that G is a direct product of its almost
k-simple factors, say G1q,...,G,. Now Lemma shows that G(Og) has PRG if and
only if each G;(Og) has. Hence, we may assume that G is almost k-simple. Moreover
Theorem [2.6] now implies that G has Strong Approximation. Recall that this means
that G(k)Gg is dense in G(Ag), which in particular implies that G(Og) is dense in
G(0s) :=[lyev,\s G(Oy). Hence we have G(Os) = G(Os).
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Moreover, Lemmata and (together with one furhter application of Lemma
3.1.3) allow us to further assume that G is absolutely almost simple.

S —

Now if G(Og) has wCSP, then C(G,S) = ker (G(OS) — G(@S)) is finite. Hence we

can find Ty of finite index in G(Og) such that its profinite closure [ has trivial intersection
with C(G, S). Thus, we can see [y as a finite index subgroup in G(@g). It follows from
Lemma and Lemma that G(Og) has PRG if and only if I'y does, if and only if
fo does , if and only if G(Og) does. Therefore to prove Theorem it suffices to show the

following Theorem.

Theorem 3.4. Let k be a global field and S C Vi, a finite set of valuations. Let G be a
connected simply connected absolutely almost simple k-group. Then G(QOg) has Polynomial
Representation Growth.

Remark. Note that in Theorem [3.4] we do not need to assume that G has wCSP with
respect to 5.

Let us write st ={veV; : véS} Recall that

G(0s) = [ G(0),

vEVfS

so we want to better understand the groups G(O,) for v € st . The idea is to find a
uniform bound for the representation growth of the groups G(O,), that is, to find ¢ € R>g
such that for every "good valuation" v the group G(O,) has representation type ¢, and then
apply Lemma to obtain a polynomial bound for the representation growth of G (@S)
By Proposition we can control the effect of G(O,)/G(m,). Then we show that for
almost every v the group G(m,) is O,-standard (Lemma and we can "uniformly"
apply Theorem to obtain Theorem

First, let us briefly recall how G(k,) has the structure of a k,-analytic group for every
v E st. If we see G C GLy C Ap2,q, then G is determined by an ideal given by some
polynomials f1,..., fm € klz1,...,2N241]. Since G is an algebraic variety the set of regular
points is Zariski dense in G, moreover since G acts transitively on itself by automorphism,
it follows that all points in G are regular. Hence, by the Jacobian Criterion (see for instance
[53, Theorem 2.19], the Jacobian of fi,..., f;, has rank N? 4+ 1 — dim G. Thus, applying
the Inverse Function Theorem for local fields ([79, Part II, Chapter III]) it follows that
at every point = € G(k,) the projection onto the, say first, dim G coordinates defines a
chart on an open neighbourhood of x. This gives the structure of a k,-analytic variety to
G(ky) and multiplication and inversion, which are given by maps of algebraic k-groups,
are analytic with respect to this structure.

Now on the one hand we have L(G(k,)), the k,-Lie algebra associated to the analytic
group G(k,) and on the other hand we have Lg(ky) = k, ® L(k) the k,-Lie algebra
associated to the algebraic k-group G. Since Dery, (ky[G(ky)]) = kv @ Derg(k[G]) we have
L(k,) 2 L(G (k).

Equivalently, if we regard GG as an affine group Og-scheme then

La(R) = Derog(0s[G), R) = Homo, (Ioga)/I14(c))s R)
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for every Og-algebra R, see section In particular,
Lg(ky) = Lg(k) ® ky = La(Os) ® ky = L(G(ky)).

Let us introduce some useful notation and state a series of results which will allow us
to prove Theorem . Given v € VfS, recall that m, stands for the maximal ideal of O,
and let us write p, := {x € Og : z € O,} for the corresponding maximal ideal of Og. We
will fix a uniformizer m, € O, such that m, = (m,). Recall that F,, = O, /m, stands for the
corresponding residue field of size ¢, := |F,|. For every k € N let us write

Nf = G(mf) := G(O,) Nker (GLy(O,) = GLy(Oy/mk))

for the principal congruence subgroup of level &k of G(O,). If we see G embedded in GLy
this is nothing but the points of G whose coordinates lie in m*. If one thinks of G as an
affine group Og-scheme then

G(mf) = {¢ € Homo, (O5[G],0y) : (Iogc)) € my},

where Ip g = kere and €: Og [G] — Og represents the identity of Gy, see section
We want to apply Theorem to the groups G(O,), so we begin by investigating the
adjoint action in semisimple algebraic k-groups.

Lemma 3.2.1. Let Q be a connected simply connected semisimple algebraic group defined
over a field F and H < Q(F) a Zariski dense subgroup. If L is the Lie algebra of Q, then

Proof. Since we are dealing with vector spaces, the equality amounts to equality of
dimensions. Extension of scalars does not affect dimension and hence if F' is an algebraic
closure of F it suffices to show F ®@p L(F) = F @p [L(F), H], that is, L(F) = [L(F), H].
Moreover, since the adjoint action is Zariski continuous and [L(F), H], being a vector
subspace, is Zariski closed we have [L(F), H] = [L(F),Q(F)]. We may therefore assume
without loss of generality that F' is algebraically closed and that H = Q(F).

In this setting @ can be obtained as a Chevalley group scheme over F' (see the comments
before Corollary 5.1 in [81]). Let o be a root of an associated (absolute )root system &
of QQ and let X, denote the corresponding unipotent subgroup, then G is generated by
{Xs : a € P}, see [81, Chapter 3]. Then, since @ is simply connected, the subgroup
(Xa, X_o) acts on its Lie algebra p_o, @ ho @ 1o as SLo(K) acts on its Lie algebra sly ([81),
Corollary 3.6]). Moreover L(F) = (3 cqo I—a + ha +a), so it suffices to check the equality
in the case Q = SLs and this reduces to the following quick calculation.

CYRYE 6D L
LOEDED 6D 6o
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From the first calculation we obtain that all elements of the form (8 g) belong to

[sl2, SLo] and by a symmetric operation the same holds for elements of the form (2 8)

Now from the second calculation we obtain that all elements of the form g _Ox> belong
to [sl2, SLo] and this finishes the proof. O

As a direct application, we obtain the following Lemma.

Lemma 3.2.2. Let k, S and G be as in Theorem . Then for every v € VfS, L(Oy) is
finitely generated as an N}-module. Moreover, for almost every v € st we have

L(Ov) = [L(Ov)v G(Ov)]

Proof. G(Og) is Zariski-dense by Proposition m Thus, we can apply Lemma to
obtain L(k) = [L(k),G(Og)]. Since L(k) = k ®o4 L(Og), this implies

pil - p L(Og) C [L(Os), G(Os)]

for certain prime ideals p,, C O corresponding to distinct valuations vy, ..., v € VfS It
follows that L(O,) = [L(O,), G(O,)] for every v € st \ {vi, ..., v}

In general, note that, for v € VfS , G(O,) is Zariski-dense since G(Og) is. It follows that
N} = G(m,), being a finite index subgroup in G(0O,), is Zariski-dense. Applying Lemma
we obtain L(k,) = [L(k,), N}]. Hence, [L(O,), N}!] has finite index in L(O,), which
implies that L(O,) is a finitely generated N!-module (note that N} is a pro-p group for
p = charF,, and apply Lemma to L(O,) as an N}-module). O

Lemma 3.2.3. Let G be a connected simply connected absolutely almost simple algebraic
k-group. Then for almost every v € VfS the group G(0O,)/N} is perfect and is a central
extension of a finite simple group of Lie type H(F,)/Z(H(F,)), where H is of the Lie type
of G.

Sketch of proof. The proof of this result rests on the relative theory of reductive group
schemes over rings which lies beyond the general scope of this work. We give here a sketch
of the proof and point out to references for the details.

Recall that we gave G the structure of an affine group Og-scheme. Given v € V2, let
us write Gy, for the reduction of G modulo p,, that is, Gy, is an affine group IF,-scheme
represented by Og[G] ®og Os/pe = Os[G] ®o4 Fy, where Og[G] represents G. Since G is
a connected and irreducible algebraic variety (as an affine algebraic group), it is reduced
(as an affine group Og-scheme, that is Og[G] has no nilpotent elements) and this implies
that the same holds for Gy, for almost every v € VfS , see [26], Proposition 9.7.7 and 9.7.8].
If Gy, is reduced, then it is an algebraic variety and hence has some regular point, but it is
also an algebraic F, group, so indeed all points are regular and G, is smooth. Hence we
can apply [26, 18.5.17] and obtain that the reduction map G(O,) — Gy, (F,) is surjective
for almost every v € st .
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Now if we see k as the direct limit of the rings Og[1/r] for r € Og and since G is a
semisimple k-group, we can apply [19, Corollary 3.1.11] to obtain that there exists s € Og
(consisting of those "bad" primes) such that Gog[i/, (Which is the affine group Og[1/s]-
scheme represented by Og[G]®0,Os[1/s]) is a semisimple affine group Og[1/s]-scheme, that
is, for every p € Spec(O[1/s]) the group represented by Og[1/s][G] ®o41/5 (Os[1/s]/p) is a
semisimple (Og[1/s]/p)-group. But note that Og[1/s][G]®o1/5 (Os[1/5]/p) = Os[G]F,
where v is the valuation corresponding to the prime ideal p N Og. This means that for
almost every v € VfS the group Gy, is semisimple.

Now maybe after considering a finite extension k' of k ( or the corresponding finite
integral extension Og of Og) one can find a split maximal k’-torus 7" in Gy (Go,,) and
applying a similar direct limit argument one shows that 7}, is a split maximal torus in Gy
for almost every p € Spec(Og) (see section 3 in [I9] and in particular Lemmata 3.2.5 and
3.2.7).

This shows that for almost every v € VfS the root systems associated to G' and Gy, are
the same. Since the root system detects being simply connected and absolutely almost
simple, this implies that G, is simply connected and absolutely almost simple for almost
every v € st .

Therefore, for almost every v € st the F,-group Gy, is semisimple, simply connected
and absolutely almost simple and we have G(O,)/N}! = Gy, (F,). Given a connected simply
connected absolutely almost simple algebraic group H defined over a finite field Fy, H(IF,)
is perfect and H(F,)/Z(H(F,)) is a finite simple group of Lie type (except for a finite
number of ¢’s), see Theorem Hence, noting that for a given prime power ¢ there is a
finite number of valuations v such that ¢ = ¢, (Lemma , it follows that the statement
is true for almost every v € st . O

Lemma 3.2.4. Let G be an algebraic group defined over k. Then for almost every v € st,
G(my) is an Oy-standard subgroup of G(Oy).

Proof. Recall that we have given G a structure of affine group Og-scheme. Multiplication
and inverse operations in G are given by Og-algebra maps m* : Og[G] — Og[G] ®04 Os[G]
and ¢* : Og[G| — Og[G]. Recall that the group G(k,) inherits the structure of a k,-analytic
group, where G(O,) and G(m,) are open subgroups. We can interpret G(m,) as

G(m’v) = {90 € HomOs(OS[GL Ov) : @(IOS[G]) - mv}?

where Ipgig) = kere and ¢ : Og[G] — Og represents the identity element. If we regard
G C GLy, this is nothing but the points of G all of whose coordinates lie in m,,. Let us
write I = Ipg(q and define

I, := {py, I N Os[G]) C Os[G].

Consider Og[G]y,, the localization of Og[G] at I,,. Let R, denote the completion of Og[G]y,
with respect to its unique maximal I,Og[G];, and write M, for the maximal ideal of R,.
We then have

G(mv) = {90 € HOHlOS (OS[G]a Ov) : SO(IOS[G]) - mv} = HOHI(RU, Ov)a
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where the latter are assummed to be continuous homomorphisms with respect to the M, and
m,-adic topologies. The isomorphism follows from the fact that any ¢ € Homp(Os[G], Oy)
such that ¢(Ipg(q) € m, uniquily extends to an elelement in Hom(R,, O,). Note that the
isomorphisms above are indeed group isomorphisms, where multiplication and inversion
naturally extend from G(m,) — m* and i* extend to R, and this represents affine group
schemes over O,,.

If we show that R, = O,[[y1,.-.,vd4]], the ring of power series over d indetermi-
nates with coefficients in O,, this would induce an isomorphism of groups G(m,) =
Hom(Oy[[y1, - - -, yd]], Ov). Note that there is a natural identification Hom (O, |[[y1, - - -, y4]], Ov) =
m? and under this identification the induced multiplication and inversion in the latter
are given by analytic functions on d variables with coefficients in O,, that is, G(m,) is a
standard subgroup of G(O,).

We claim that such isomorphism exists for almost every v € st . First let us note that
if char k = 0 then charF, ¢ M2, otherwise Io4(c) would not be a proper ideal. Hence we
may assume that charF, ¢ M2. Now it suffices to show that R, is regular, since in this
case R, is a complete regular local ring such that charF, ¢ M2 and by Cohen’s Structure
Theorem of complete regular local rings [60, Theorem 29.7] R, = Oy[[y1,- - -, y4]]. Now R,
is the completion of O[G]y,, so R is regular if and only if O[G];, is ([2, Proposition 11.24]).

If d = dim G (as an affine k-group) then dim O[G] = dim k[G] + 1 (dim A stands for the
Krull dimension of a ring A) and dim Og|G|;, = d + 1 for every v € VfS since O[G] is
equicodimensional, see [26, 10.6.1]. Now note that dimg, I,,/I2 = 1+dimp, (I ®F,/I?®TF,)
and the latter equals 1 4+ dim G for almost every v € st ( I/I? is isomorphic as a vector
space to the tangent space at 1 of G or equivalently its Lie algebra, which is given by
linear equations with coefficients in Og, these equations will clearly give a F,-vector space
of dimension dim G for almost every v € VfS ). Hence O[G];, is regular for almost every

v E st and the proof is complete. ]
Putting together the previous results we obtain the following Lemma.

Lemma 3.2.5. Let P be the subset of all v € st such that:

i) G(O,)/N} is perfect and is a central extension of a finite simple group of Lie type
H(F,), where H is of the Lie type of G.
i) N} is a standard subgroup of G(O,).
iti) for everyn € N, [N}, G(O,)] = N}

v

i) G(Oy) is a perfect group, that is, G(O,) = [G(Oy), G(Oy)].

Then L/f \ P is finite, i.e. , statements and are satisfied for almost every
veVp.
f

Proof. Note that [i)| and [ii)| are Lemma and respectively.
We prove Given v € VfS, suppose that L(O,) = [L(O,), G(O,)] and that N} is a

standard subgroup of G(0O,). The group N! = G(m,) is a normal subgroup of G(0,), so
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G(O,) acts on it by conjugation. Recall that for an O,-standard group we have a natural
identification f : N} — m,L(0,) and under this identification we have for every k € N an
isomorphism of G(O,)-modules

Ny NG 2 L(Oy) fm L(Oy).
In particular, L(O,) = [L(O,), G(Oy)] implies that for every k € N, we have
[N}, G(O)INZ* = Ny
Now fix n € N. Note that we have
[N, G(OW)IN" = [N}, G(OL)]INS™, G(Ou)|N,™

Hence an easy induction argument gives that for every k > n we have [N, G(O,)]NF = NI
and this implies [N', G(O,)] = N;}. From [ii)| and Lemma it follows that our initial
assumptions hold for almost every v € st and the proof is complete.

For [iv)| note that [i)| implies that [G(O,), G(O,)]N} = G(O,). But fiii)| implies that
[G(O,), N}] = N}, hence N} C [G(O,),G(0,)] and [G(O,),G(O,)] = G(O,) for almost
every v € st .

O

We are now ready to prove the following Proposition, which will be used for the proof
of Theorem 3.4l

Proposition 3.2.1. Let P be as in Lemma[3.2.5. There exists & > 0 such that for every
v € P, every nontrivial irreducible representation of G(O,) is of dimension at least qJ.

Proof. Pick 6 as in Lemma [I.7.1] that is, every projective representation of a perfect central
extension of a finite simple group of Lie type, say H(F,)/Z(H(F,)), has dimension at least
q°. Suppose v € P and take p € Irr(G(O,)). Let p|n1 be the restriction of p to N

If pyy is trivial, that is, if N} C ker p, we can see p as a representation of G(O,)/N_}.
By Lemma i) we can apply Lemma to get dim p > qg .

Suppose now that there is a nontrivial y € Irr(INV}) such that u is a constituent of
pint-  Let H < G(O,) be the stabilizer of . We claim that H is a proper subgroup
of G(Oy). For suppose not, and let k¥ € N be maximal such that yyx is nontrivial. By
assumption [N¥, N¥] € N2¥ C keru. Hence any nontrivial constituent A € Irr(NF) of
fny 1s linear. Indeed, there is only one such constituent, since [NF N} < NF <kerp
implies N¥ C Z(p), the center of u, see [33] 2.26 and 2.27]. It follows that G(O,) stabilizes
\. But since \ is linear this implies [N*, G(O,)] C ker \. By lemma we have
Nk = [NF,G(O,)], i.e., NF Cker \. But X is an arbitrary constituent of [Nk thus e
must be trivial, which contradicts our choice of k. Therefore N! < H < G(0O,). Now
by Clifford’s Theory (Lemma , we know that p is induced from an irreducible
representation g € Irr(H), in particular dim p = dim p|G(O,) : H|. We can see H/N]} as
a subgroup of G(0,)/N} and by Lemma we can apply Lemma m to obtain
|G(O,) : H)| > ¢3. Tt follows that dim p > ¢4 and the proof is complete. O
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Lemma 3.2.6. For every v € st, there exists ¢ > 0 such that G(O,) is of representation
type ¢, i.e., |G(Oy)/Kn(G(Oy))| < enf for every n € N. In particular G(O,) has PRG.

Proof. Recall that the group G(O,) has a natural structure of k,-analytic group. Hence
there exists H <, G(O,) such that H is a O,-standard group. Since H, being an open
subgroup of a profinite group, is a finite index subgroup, it suffices to show the claim
for such a group H (Lemma @ . For chark > 0, H can be given the structure of an
[, [[t]]-analytic group (Lemma@ whose Lie algebra is finitely generated as an H-module
by Lemma so the result follows from Theorem Analogously if char k = 0, then
H can be given the structure of a compact p-adic analytic group for p = charF, (Lemma
with perfect Lie algebra L (G is a simple algebraic k-group and for char & = 0 this
implies its Lie algebra is perfect). Thus the claim follows from Theorem 3.1 O

Theorem 3.5. There exists ¢ > 0 such that for every v € VfS, G(Oy) is of representation
type c.

Proof. Note that thanks to Lemma [3.2.6] it suffices to show that there exists ¢ > 0 such
that G(0O,) is of type ¢ for almost every v € st . Hence we want to give a polynomial
bound for |G(O,)/K,(G(O,))| that holds for almost every v € st . In particular, we may
assume that v € P (see Lemma for the definition of P).

Consider p € Trr<,,(G(Oy)) and put 7" = [log, n]. We claim that there exist c¢1,co € N

such that for almost every v € st we have Ng“’/*c? C ker p, in particular,
N7 C K (G(O).
This will finish the proof, for we would have
|G(00)/En(G(O0))] < |G(O) /NG 2] = |G(Oy) N} [Ny /NG He2].

From our initial embedding ¢ : G — GLy it follows that G(O,)/N;} embedds in GLy (F,)
and this implies |G(O,)/N}| < qf]VQ. On the other hand the group N} is O,-standard,
hence |N¥/NF+H1| = ¢dim & for every k and we have | N} /Ne7'+ez| < gl T MG g ally

note that for v € P, Proposition gives ¢, < n'/%. All together this implies
‘G(Ov)/Kn(G(OU))’ < qé\ﬂql()clr’—&-@)dimG < net dim G+(c2 dim G+N2)/§

for every v € P, as we required.
To prove the claim let us first observe that since N} is a normal subgroup of G(0O,), it
suffices to show
NETE C (N,

Indeed, suppose p € Irr(G(O,)) and let p’ € Irr(NN}) be an irreducible constituent of PIN1-
Then we would have N,f“”/“? C ker p/, and being normal, Ng”"“rc? C ker Indf](lo“) p', which

by Frobenious reciprocity has p as an irreducible constituent. Hence Ngﬂ”’ﬂ? C kerp as
we required. To prove the claim we will follow the proof of Theorem [3.2]
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Recall that for every v € P, N} is a standard subgroup of the O,-analytic group G(O,)
with associated Lie algebra L(O,). Hence, we have a homeomorphism from N} to
T L(O,) given by

N} — m,L(O,)

g = g,
where 7, stands for a uniformizer of the local ring O,. Let us denote the adjoint action
of N} by Ad, = Adp, : N} — Aute,(L(O,)). Recall that for every k € N, N¥/N2k is

an abelian normal subgroup of N} /N2* where N} acts by conjugation and we have an

isomorphism of N!-modules N¥*/N2* = [(0,)/mEL(O,) given by

Ny /NZE = L(Oy)/T5L(Oy)

& 3.3
g — T, ", (3:3)

see the proof of Theorem For every v € st , let us write A, for the O,-subalgebra of
Endp, L(O,) generated by {Ad,(g) : g € N!} and for every subset H C G(O,) let I,(H)
denote the left ideal of A, generated by {Ad,(h) —Id : h € H}. We will write I, for the
ideal I,(NF).

We will state and prove a series of claims that are required for the proof.
Claim 1. For every v € st, [L(O,), N}] has finite index in L(O,).
This is Lemma [3.2.2]

Claim 2. There exists s € N such that for almost every v € VfS and every k > 0, we have

M L(0,) C [mFL(0,), N = mPL(0,) T, .

v

Since G is an algebraic group, the map Ad —id is a morphism of algebraic varieties given
by

L x G — L
@, 9 = 1, 9]
(lla"'ald) 9 (gla"'vgN2) — (fl(l17'"7ld7glv"'7gN2)7
fd((llv R 7ldagl7 o agN2))7
where d = dim G, we have chosen a basis for L such that (I1,...,l;) are the coordinates of
l and (g1, ...,gn2) stand for the usual coordinates induced from the embedding G — GLy.

Moreover,the f; are polynomials with coefficients in Qg (note that G is an affine group
Og-scheme), which give the coordinates of [, ¢g] in L with respect to the chosen basis. Note
that Ad, is given by the same polynomials for every v € st .

Putx = (z!,...,2%), where 27 = (:L’jl, cee xé), y= (', ...,y%), wherey/ = (y{, . ,yg\,z)
and similarly for 1€ (L(O,))?, g € (N})? By abuse of notation we will identify ele-
ments of L(O,) and G(O,) with their corresponding coordinates. Consider the matrix
M(x,y) = (mi;(x,y))1<ij<d> Where m;;(x,y) = fi(z7,37). Then M(1, g) represents the
coordinates of d elements of the form [l g], where | € L(O,) and g € N}!. Write V(1,g) for
the O,-module generated by these d elements.
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Note that for 1 € (m¥L(0,))? and g € (N7)¢ we have V(l,g) C [mFL(O,), NT].
Moreover, we claim that there exists a pair (1,g) € (mFL(0,))? x (N7)? such that equality
holds. Indeed, [m¥L(O,), N¥] € mFL(0O,) and mFL(0,) is a free O,-module of rank d
generated by elements of the form [I, g] for | € m¥L(O,) and g € N?. Since O, is a local
ring, this implies that [m¥L(0O,), N'] is generated by at most d elements of the form [, ]
where | € mFL(O,), g € NI.

Now from Claim 1 it follows that [L(O,), N}] has finite index in L(O,). Therefore,
[L(O,), N} is a free O,-module of rank d as well. But observe that V (1, g) is free of rank d if
and only if det M(1, g) # 0. Hence, there must exist a pair (I, g) € (m,L(O,))¢ x (N})¢ such
that det M(1,g) # 0. In particular det M(x,y) is a nontrivial polynomial with coefficients
in Og. We can see this determinant as a regular function of the affine variety L x G.
Moreover, let us note that if we put r = ord,(det M(1,g)), then m},L(O,) C V (1, g).

Therefore it suffices to show that there exists s € N such that for almost every
v E VfS and every k > 1, there exists a pair (1X, gk) € (mFL(0,))? x (NF)? that satisfies
ord,(det M(1X, g¥)) = ks. This follows from Lemma below.

v

Claim 3. For every u > s and for almost every v € VfS , we have
NI < (NN,

Recall that we may assume v € P, in particular, we may assume that Nl} is a standard
subgroup of G(O,). From the previous claim it follows that 7%*$L(0O,) < [74T1L(O,), N}].
Hence, for u > s the isomorphism gives N+ < [N¥, N}N2*. Applying induction
on [ as in Claim 1 in Theorem [3.2] we obtain that if v > s, then for every [ > 2u,
NUFs < [N, N}N!. Therefore N*t5 < [N¥, NJ].

Claim 4. There exists [ € N such that for every v € VfS , we have

1271 < Ty A,.

Note that A, is an O,-submodule of the finitely generated O,-module Endp, (L(O,)).
Since O, is Noetherian, this implies that A, is a finitely generated O,-module as well.
In particular, by Nakayama Lemma A, /7, A, must be finite. Now note that from
the description of the adjoint action (see in it follows that Ad(G) —Id C
7y Endo, (L(Oy)), which implies 1,1 C m, Endo, (L(0y)), ie., I} ; C m Endo, (L(Oy)).
Thus 1271 gives a strictly decreasing sequence of submodules, so there exists [ € N such that
15171 < m,A,. But note that since Endp, (L(O,)) is generated by d? (d = dim G) elements
it suffices to take | = d?, which is independent of v.

Claim 5. For every u > s and for almost every v € VfS , we have
Iv,u+s g Iv,l Iv,u + Iv,u Iv,l .

If g € N¥*5 then g € [N¥, N}] for almost every v € st by Claim 3. Now apply the
same argument as in Claim 3 of Theorem

Claim 6. For every u > s and for almost every v € st we have

Iv,u+s(2[—1) Cmylyu-
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Applying the previous claim (2] — 1) times we obtain

i J
Iv,u—l—s(?l—l) C Z Iv,l Iv,u Iv,l :
itj=21—1

It follows from Claim 4 that T, ;1 s2—1) < 7y Ly u-

So far we have shown that the set of all v € VfS that satisfy all of the above claims is
cofinite in VfS . Hence we may assume that all of the above claims hold for v. Consider
now p € Irr(N}) and suppose that Ng(k_l) ¢ ker p but N2F C ker p. We may assume that
k > s, otherwise Ngs C ker p and we may add 2s to the constant co. Let )\ € Irr(N{f) be an
irreducible constituent of pyr and let H < N} be the stabiliser of X. Pick ¢ as in Lemma
1.7.1land put r := [log, |N, : H[]. Note that if n = dim p then [N} : H| <n by Lemma
3.1.6|and so r < 7.

Claim 7. Let M < H and suppose M < G(O,). Put m := [log, |N, : M|]. Then for
almost every v € VfS we have N*CG=DUIF1+D) < fr.

For convenience we will put ¢ := s(2] — 1). Consider the chain of subgroups
M < MNSTSTD < NS < e NTSTD << e,

Suppose that there is some equality in the above chain, say M Ng(iﬂ) = M N¢ for some
1 <4 < [%]. From the previous equality and Claim 6 (see Claim 9 in Theorem [3.1) as well)
it follows that

I(M) 419 = [(M) 4 1€ = (M) 4 7, 1.

We can apply Nakayama Lemma to the above equality of O,-modules to obtain I < I(M).
In particular, L(O,) I < L(O,)I(M). Therefore, the isomorphism (3.3|) gives

(NG, NINGE < [Ny, MINGF.

In particular, NS stabilizes A and NUC((%HI) < N¢ < H. We will show that there

must be an equality in the chain. Suppose that all inequalities in the chain are strict.
We claim that if MNS™ < MNS then [MNS™ 0 MN| > ¢o. If this holds, then

Ly |
N} M| > (qg) ki > @™ > |N}: M|, which contradicts the choice of m. Suppose then
that M Nﬁ(iﬂ) < MN¢ and consider the following refinement.

MNZHD < MNQFD™L < MNGEFD=2 << N2

Then for some c(i +1) < j < ¢i + 1 we have MNJ ! < MNJ. Note that since M is
normal in G(0,), G(O,) acts by conjugation on the abelian group M N} /M NJ™1. The
action is non trivial, for [G(O,), Ni] = NJ by but N! does act trivially. Hence,
MNJ] /M NJ*!is a nontrivial G(0,)/N}! module. By we can apply Lemma to
obtain |[M NJ /M Nj*+'| > ¢J, which finishes the proof.

s(21—1)74r
Claim 8. For almost every v € st we have Nv(2l DEg T+ <H.
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Put H' := ﬂ HY, where HY9 := g~ 'Hg. Suppose |G(O,) : H'| < |G(O,) : H|?,
gGG(Ov)
where d = dim G. Then, since H < G(O,) we can apply the previous claim to obtain
_1)([dm
N{jw DA+ < H. We claim that H' = ﬂ HY for some gy, ...,9q4 € G(O,), which
9g1,--,9d
implies |G(O,) : H'| < |G(O,) : H|%. Let us write Irr(NF|N2F) := {3 € Irr(NF) | N2k C
kerv}. Note that Irr(NF|N2F) = Irr(NF/N2*). Recall that A € Irr(N*|N2¥) and since
NE < G(0,) we have an action of G(O,) in Irr(N¥). Indeed, G(O,) acts on Irr(NF|N2¥)
as well. It is clear that HY is the stabiliser of A9 under this action. Now by the isomorphism
(of G(Oy)-modules) (3.3) we obtain an isomorphism of G(O,)-modules

Irr(NF|N2R) 2 Ter (N /N2F) 2 Tee (L(O,) /78 L(O,)).

We can give Irr(L(O,)/7¥L(0,)) an O,-module structure given by rA(l) := A(rl) for
every r € Oy, A € Irr(L(0,)/7FL(0,)) and | € L(O,). Since the action of G(O,) on
L(0O,) is the adjoint action, this action is O,-linear and it follows that the O,-structure
on Trr(L(0,)/7FL(O,)) is compatible with the G(O,)-action. Tt is then clear that for
g € G(O,) and X € Irr(L(O,)/TEL(O,)), g stabilizes A if and only if g stabilizes (\)o, .
Now L(0,)/m*L(0,) is an O,-module of rank d and so is Irr(L(O,) /78 L(O,)). Tt follows
that for A € Irr(L(O,) /78 L(0,)), (M : g € G(O,))0o, is an O,-submodule generated by
A9 N9 for some g1, ..., 94 € G(O,), which finishes the proof.

We are finally ready to prove our very first claim. Recall that r := [log, |N, : H|] and

let us set ¢’ := [4]. Suppose that k > s2(20 —1)(c'r + 1) 4+ 3. Then it follows from Claim 2
that ,
ﬂ'i (2=1)(e TJrl)L(Ov) Iv,l < L(Ov) Iv,s(QZfl)(c’r+1) :

Now from Claim 3 and isomorphism (3.3), we obtain

Nf+s2(2l—1)(c’r+1)+s < [qujc—l—sz(Zl—l)(c’r—&-l)’N&]Ngk < [N57N5(2l—1)(c’r+1)]N3k‘

However, since Ny~ D) < (Claim 8), we must have
N11)€+32(2l71)(c/r+1) < ker \.
But recall that Ng(k_l) % ker A, hence 2k — 2 < k + s%(2] — 1)(c'r + 1), or equivalently,

k < s2(21 — 1)(¢'r + 1) + 2, which contradicts our assumption. Therefore we must have
k < s%(20 — 1)(¢'r + 1), so there exist ¢1, ca such that

Nclr’+cg < NClT+CQ < Kn(Nl)
v —_ v —_ v/
which finishes the proof. ]
We are finally ready to Prove Theorem [3.4]

Proof of Theorem[3.4. We want to show that G(Og) = HUGVfS G(0O,) has polynomial

representation growth. Let us consider the set of valuations P, see Lemma We can
write

GOs)= [] G x [] G0,

UGVfS\P veP
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Recall that by Lemma m G(O,) has PRG for every v € st . As P is confinite in VfS ,
the first term is a finite product of groups each of which having PRG and hence it has
itself PRG (Lemma . Therefore it suffices to show that the second term in the above
isomorphism has PRG.

Let p be an irreducible n-dimensional representation of [[,cp G(O,). Then p = p1®...®
pt, where p; is an n;-dimensional irreducible representation of G(O,,) for some v; € P and
ny...ng =n. By|3.2.5 n; > 1 and by Lemma below there are at most n? possible
configurations of the form (ni,...,n;) such that n;...n; = n. Given such a configuration
(n1,...,n¢), the number of valuations v; such that G(O,,) has a nontrivial representation

/0 (Proposition [3.2.1] and Lemma . Hence the
b/s

of dimension n; is bounded by n?
number of choices for (vy,...,v;) is bounded by Hn? O — pb/%. Now given (ny,...,n)
and (vi,...,v¢), we know that G(O,,) has at most cn{ irreducible representations of
dimension n; (Theorem . Therefore [,cp G(O,) has at most nn®9cl°8™ne irreducible
n-dimensional representations. In particular, it has polynomial representation growth,
which finishes the proof.

]

Auxiliary results

We present here some auxiliary results that we use in the proofs of the results of the
previous section. Lemma [3.2.7]is needed for Lemma [3.2.8 which is the final step of Claim
2 in Theorem B.5]

Lemma 3.2.7. Let f = f(x1,...,2,) be a nontrivial polynomial with coefficients in a
finite field F. Put d = max{deg, f:1<i<n}. If |F| > d, then there exists yo € F" such
that f(yo) # 0.

Proof. We will apply induction on the number of variables n.

For n =1 it is clear that the polynomial f can have at most d solutions, which implies
the claim.

Now suppose the lemma holds for n — 1 variables. We may see f(x1,...,z,) =
f(zn)(x1,...,2,) as a polynomial in 1 variable with coefficients in F(z1,...,z,—1) and of
degree at most d. This polynomial can have at most d solutions in . Hence, there exists
yn € F such that f(y,)(x1,...,2n—1) is a nontrivial polynomial with coefficients in F and of
degree at most d. By induction, there exist y1,...,yn—1 € F such that f(yn)(y1,---,Yn—1)
is nonzero. Then, setting yo = (y1,...,Yn), we have f(yo) # 0 and we are done. O

Lemma 3.2.8. Given Og[A"] := Oglx1, ..., x,], put I == (z1,...,2,) 9O5[A"] and con-
sider a radical prime ideal J<I such that Og[X] := Og[A"]/J is a finitely generated reduced
Og-algebra. Suppose Og[X| @ k gives an affine k-variety and we further assume that this
variety is smooth. For every Og-algebra R let us write X (R) = Homop4(Os[X], R) for the
"R-points" of Og[X].

Suppose that f € I = I/J aOg[X] is non trivial. Then there exists s € N such that for
almost every v € st and every k > 1 there exists ¥ € X (mF) with ord,(f(x%)) = ks.
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Proof. The affine k-algebra k[X] := Og(X) ®p4 k determines an affine algebraic variety
defined over k, which, by construction, is embedded in the affine space A". By abuse of
notation we will denote this algebraic variety by X. Suppose that J = (g1,...,9,), let [;
be the linear component (in terms of the z;’s) of g; and write L = (l1,...,l,) <Og[A"] for
the ideal generated by the [; in Og[A"]. Then k[7o(X)] := (Og[A"]/L) ®og k is an affine
k-algebra which determines the tangent space of X at 0.

The ring Og[X] is a Noetherian domain, so we have (1™ = 0 (|2, Corollary 10.18]).
Hence, there exists s such that f € I8\ I*t'. Pick f € I* \ I**! such that =(f) = f,
where 7 is the natural projection 7 : Og[A"] — Og[X], and let h be the homogeneous
component of degree s of f. We claim that h ¢ L. Indeed, suppose that h =Y l;m;. Then
B =S (g; — l)m; € I**" and f' := f — h+ A’ € I**!. But note that 7w(h) = &, hence
7(f) = 7(f") = f, which implies f € I**!, a contradiction.

Now for every prime ideal p, C Og we have a reduction map 7, : Og[A"] — F,[A"] :=
Os[A™] ®pg Os/p, and analogously for Og[X]| — F,[X,] := Og[X] ®0g Os/p,. We say
that F,[X,] is the reduction modulo p, of Og[X]. Since Og[X] is a reduced domain, it
follows that for almost every v € VfS , Fy[X,] is a reduced F-algebra with no zero divisors.
For those v, F,[X]| determines an affine algebraic variety defined over F,, which will be
denoted by X,, with tangent space at 0 given by the affine algebra

Fo[To(Xy)] =: (Os[A"]/L) ®og Os/ps = F,[A"]/ (L ®og Os/pv) -

If we set h, = 7y(h) and L, = 7, (L), since h ¢ L it follows that h, ¢ L, for almost every
vE VfS. It follows that I(h,), the image of h, in F,[To(X,)], is non trivial.

Suppose that dim k[X] = d, then since X is a smooth variety we have dim 7o(X) = d,
hence dimF,[7o(X,)] = d for almost every v € st . Thus, for almost every v € VfS

there is an Fy-isomorphism p, : F,[To(X,)] — Fy[x1,...,24]. By construction p,(I(hy))
is a polynomial of degree s. It follows now from Lemma [3.2.7 that for every v such
that |F,| > s, there exists y’, € F® such that p,(I(h,))(%/,) # 0, equivalently there exists
Vv € To(Xy)(F,) such that yy(I(h,) # 0, i.e., there exists x € F? such that h,(x2) # 0.
If we now reinterpret 7o(X,)(F,) via dual numbers (for a ring R, R[e] & R[x]/(x?))

and recall that F,[X,] = Og[X]| ® Og/p, we have natural bijections
To(Xo)(Fy) = Hom(Fy[To(Xy)], Fy)
< {p € Homog (Fu[Xo], Fule]) = o(Fo(1)) C eFule]}
& Homoyg (F,[X,], mf /mf ™)
< Homo, (O5[X], mF /mr+1y,

where the bijections (<) are induced by the evaluation maps at the x;’s. Recall now (the
proof of) Lemma and set I, = (p,, I) so that we have

Homog (Os[X], my /mi*t)  Homog (Os[X];,, my/my ™),
where Og[X]; denotes the completion of the ring Og[X];, with respect to its unique
maximal ideal and the latter are assummed to be continous homomorphisms with re-
spect to the I,-adic topology. It follows from the proof of Lemma [3.2.4] that for almost
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—

every v € VfS there is an isomorphism Og[X]; = Ou[[y1,...,ya]], which implies that

Homop, ((’)/5[}][”,1115) < (mF)? and so for those v’s we have a projection

o — o —

Homoeg (Os[X] I, mﬁ) — Homeg (Os [X]Iv ] mﬁ/mﬁ+1)

again induced by the evaluation maps at the z;’s under the corresponding homomorphisms.

Now, following the constructions, this gives for almost every v € VfS a point zF € X (mk)
such that f(z¥) # 0 mod m#*!. But recall that h has degree s, so ord,(f(z¥)) = ks as
desired. O

The following Lemma is used in the proof of Theorem

Lemma 3.2.9 ([56, Lemma 4.7]). Given n € N, define f(n) to be the number of tuples
(n1,...,n¢) of integers such that n; > 0 and n =ny...n.. Then there exists d € N such
that f(n) < n? for every n € N.
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Chapter 4

Subgroup Growth of Arithmetic
Groups

4.1 Subgroup Growth

Given a group I' let us write a,(I") for the number of subgroups of I' of index n and
sp(I") for the number of subgroups of I' of index at most n, i.e., s,(G) = > i a;(G). If T’
is a topological group, we will only consider closed subgroups. Note that if ' is a profinite
group and H < I is a subgroup of finite index, then H is open if and only if it is closed.
Hence, s, (I") equals the number of closed (equivalently open) subgroups of index at most
n.

We recall some standard properties concerning subgroup growth in the following Lemma.

Lemma 4.1.1.  §) If N QT ,then a,(I'/N) < a,(T") and s,(T'/N) < s,(T).
it) If H<T and |T': H| =m, then ay(H) < amn(T) and s,(H) < $pmn(T).

iii) Suppose an(I') is finite, then an(I') = an(I'/N) for some finite index normal subgroup

A

N <T. In particular, a,(T') = a,(T'), where T' denotes the profinite completion of T.
The following Lemma gives an upper bound for the subgroup growth of a finite group.
Lemma 4.1.2. Let I’ be a finite group. Then s,(T) < |T[°8IT],

Proof. If d(H) denotes the minimum number of generators of a group H, let us define the

rank of G as
rk(I') ;== max{d(H) : H<T}.

Thus, every subgroup of I' is generated by at most rk(I") element, so we have
s,(T) < [T,

Moreover rk(I") < log |T'|. Indeed, suppose d(H) = r for some H <T', say H = (hy,...,h,)
and put H; :=< hq,...,h; >. Then

’F’ > |H| = ‘Hr : Hr—l‘ ... ‘HQ : HIHHI‘ > 2,

Therefore s,(I') < [T < |P°elT] a5 desired. O
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Lemma 4.1.3. Let U be a finite index subgroup of I' with |I' : U| = m. Then for each k
the number of subgroups H of T such that U < H and |H : U| < k is bounded by m'°8*,

Proof. The maximal length of a chain of subgroups between U and H is at most logk,
so H can be generated by U and at most log k further elements. Moreover, note that for
UL, .- Ulogk € U we have (U, hy, ..., hogk) = (U,u1h1, ..., UogkPiogk) SO the number of
distinct subgroups of this form is at most [T : U|°8% = mloek, O

Lemma 4.1.4. Let H be a finite index subgroup of I' such that |I' : H| = m. Then for
each n € N we have
5n(T) < (mn)'°e™s, (H).

Proof. To each subgroup S < I' we associate the subgroup SN H. If |I' : S| < n, then
|H : (HNS)| <n as well. Suppose that U N H = SN H, then |U : (HNS)| <m. By the
previous lemma the number of such possible U is bounded by (mn)°e™

$n(T) < (mn)'8 ™ s, (H).

, so we have

O]

Lemma 4.1.5. Suppose I'1 and T'y are commensurable subgroups of a group I'. Then
5,(T'1) < nPrloen for some Dy € R>¢ if and only if s,(I'2) < nP218n for some Dy € R>g.

Proof. This follows by repeated applications of the inequalities in [4.1.2] and [4.1.4] to the
groups I'1,I'y and I'y N Ts. L]

The following lemmata explain how one can obtain information on the subgroup growth
of a group from its representation growth.

Lemma 4.1.6. Let I" be a group. If T is of representation type ¢, i.e., |I' : K,(I')] < n€,
then s, (I") < nelogn
Proof. i) Let H < T be a subgroup of index at most n. Then I' permutes the right cosets of
H by right multiplication. The associated permutation representation p : I' = GLp.5((C)
is of degree |I' : H| < n. It follows that K, (I") C ker p C H. This is true for any such H,
so we obtain
T: () H|I<:K,(I)|<nt
I:H|<n

If we set Sy, := (r.g<n H, it follows that S, C H for any subgroup H < I of index at
most n and we have s,(I") = s,(I'/S,). Now I'/S,, is a finite group of order at most n°
and we can apply Lemma [£.1.2] to obtain

sa(l') = 50(I/8,) < (n€)/°8"" = pe*los™,
O
Lemma 4.1.7. Let I" be a profinite group with Polynomial Representation Growth, say,
rn(T) < n€. Then for every subgroup P < T of index at most n we have |P : [P, P]| < n¢t1.

Proof. Note that |P : [P, P]| = r1(P). On the other hand, since |I' : P| < n, by Lemma
we have r1(P) < nr,(I') < n¢tl, O
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4.2 CSP and Subgroup Growth of Arithmetic Groups

In this section we show how Theorem can be used to obtain results on subgroup
growth of arithmetic groups. Let k be a global field and fix S C V}, a finite set of valuations
which is assumed to be non-empty if char k > 0. We aim at proving the following Theorem.

Theorem 4.1. Let G be a simply connected almost simple k-group. Let I' < G be an
S-arithmetic subgroup and suppose that G has the weak Congruence Subgroup Property
with respect to S. Then there exists a constant D > 0 such that s, (T') < nPlen,

If I' is an S-arithmetic group of G, then it is commensurable with G(Og). By Lemma
we may assume I' = G(Og). We can apply the same scheme of reductions as in section
B2 by using Lemma [£.1.5] instead of Lemma [3.1.3] to show that we may assume that G is a
connected simply connected absolutely almost simple k-group with Strong Approximation.

Recall that since G has wCSP with respect to .S, the map

™ G(Og) - G(Os).

o —

has finite kernel. Thus, there exists a finite index subgroup I" < G(Og) that embedds in
G(Og) as a finite index subgroup. Therefore repeated applications of Lemma allow
us to obtain Theorem [.1] as a consequence of the following Theorem.

Theorem 4.2. Let G be a connected simply connected absolutely almost simple k-group.
Then there exists a constant D such that

sn(G(Og)) < nPlosn,

Hence, we are reduced to the study of the subgroup growth of the group G(@S) =
HUEVfS G(O’U)

We obtain the following Corollary as direct application of Theorem [3.5] and Lemma
4.1.0l

Corollary 4.2.1. There exists d > 0 such that for every v € VfS we have
sn(G(Oy)) < pdlosn,

To prove Theorem we basically follow [I] and apply Lemma in the final step.
The following Proposition is [54, Proposition 4.3]. Let us note that in [54] G is assumed to
be split, however the same argument works without this assumption.

Theorem 4.3. Let G be as in Theorem . If H is a subgroup of index n in G(@S), then
H contains a sub-normal subgroup of G(Og) of index at most n for some constant dy .

The following Proposition describes the subnormal subgroups of the local factors G(O,)
for v € P (see Lemma for the definition of P).

Proposition 4.2.1. Let P be as in Lemma [3.2.5. Then for every v € P the following
hold:
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i) If H is a subnormal subgroup of G(O,) such that HN! = G(O,) then H = G(O,).

it) Let Z, denote the inverse image in G(O,) of the center of G(O,/my). If H is a
proper subnormal subgroup of G(O,) then H < Z,,.

Proof. i) A proper sub-normal subgroup is contained in a proper normal subgroup, so we
may assume that H is normal in G(O,). By Lemma we know that [N}, G(0,)] =
NPF for every k. We claim that N} C HNP for every k > 1. The claim implies that N} C H
(recall that we assume H to be closed) and hence H = HN! = G(0,) as required.

To prove the claim it suffices to show that N¥ C HN¥*+! for every k > 1. We know that
[Nk, G(0,)] = [NF, HN}!] = N¥. But note that [N*, HN}] C [N*, H][NF, N}] € HNFH,
which proves the claim.

ii) We may assume as above that H is a normal subgroup. By Lemma the group
G(F,)/Z(G(Fy)) = G(Oy)/Z, is a finite simple group. Hence, a proper normal subgroup
H either satisfies HZ,, = G(0O,), whence H = G(O,,) by i), or H < Z,,. O

We can now derive some properties of subnormal subgroups in the global case.

Proposition 4.2.2. Let H be an open subnormal subgroup of G(@S) of index n. Let P
as in Lemma[3.2.5 and define V(H) := {v € P | HNG(O,) # G(Oy)}. Then for every
v e V(H) we have

HnNGO,) < Z,

and there exists a constant do such that

1
Z log q, < 7 log n.
veV (H) 2

Proof. Let v € st. By definition and Proposition if v e P\V(H), then
G(0,) C H. On the other hand if v € V(H), then by Proposition we have
HNG(O,) < Z,. Moreover we claim that m,(H) < Z,, where 7, denotes the projection
from G(Og) to G(O,). Note that to prove the claim we may assume that H is a normal
subgroup. But for H normal, if 7,(H) = G(O,) then H N G(O,) = G(O,), since G(O,) is
a perfect group (Lemma . We have shown that

[I coycaC I GO)x ] Z.

veP\V (H) veEVE\V(H) veV (H)

Therefore, if we write Z(H) := [[,ev () Zv and E := Hfuevfs\73 G(0O,), we may see H as a
subgroup of Z(H) x E.

Let us put G := [[,cy () G(Op) x E. On the one hand M := |E : Hveva\P G(my)| is
independent of H. On the other hand [Z(H) : [,y () G(my)| is negligible compared to
| [Toevm) G(Ou) : Tluev ) G(my)|. Let us write

G(1) = 11 G(m,).

veV(H)U(VS\P)
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Since |G : Z(H ) x E| < |G : H| we can find a constant d) (independent of H) such that
G : G(1)| < nd

Now note that |é : é(l)| is approximately M [[,cv(u qv , where d, = dim G. Moreover
we also have

[[ ¢ <|G:H|<n®h,
veV(H)

where dj is a constant slightly less than dj. In particular, we have

1
Z log ¢, < d—logn (4.1)
veV (H) 2

We can finally give a proof of Theorem

Proof of Theorem[].3 Let H be an open subgroup of G(@S) of index at most n. By
Theorem [4.3[ and (the proof of) Proposition there exist constants dj, d2 (independent
of H), a subnormal subgroup H' and a finite set of valuations V(H’) such that

G(Os) : H'| < n,

G G(1)] < n™,
[I cGoncHC J] GO)x [[ 2,
vEP\V(H') veVE\V (H') veV (H')

1

Z log q, < 7 log nt
veV (H') 2

where G = H G(O,) x Eand G(1) = H G(m,) are as in Proposition |4.2.2
veV (H') VeV (H)U(V\P)

Then, for fixed V(H’), by Lemma we can reduce the problem to counting subgroups
H of index at most n in the group G. By [55, Proposition 1.3.2] we know that

50(G) < 5u(G/G(1))5,(G(1))n™(E/GWD) (4.2)

where rk(G/G(1)) is the maximal cardinality of a minimal generating set of a subgroup of
G/G(1). Clearly

rk(G/G(1)) < log |G/G(1)| < logn® = d; logn.
Applying Lemma 9 to the finite group G/G(1) we obtain
5n(G/G(1)) < it Iosn®t — i lonn,

To prove the appropriate bound for sn(G(l)) we apply Lemma By Theorem .
G(Og) has PRG, say r,,(G(Og) < nC. By construction, it follows that (@) < nC as well.

75



CHAPTER 4. SUBGROUP GROWTH OF ARITHMETIC GROUPS

Now given a subgroup K < G(1) such that |G(1) : K| < n, we have |G : K| < n®*!. By

Lemma applied to K and G we get
K : ®(K)| < (nbth)CH < pF (4.3)

for some constant E, where ®(K) denotes the Frattini subgroup of K. Now if P is a
subgroup of the pro-p group G(1) of index at most n, find a sequence

é(l):K()ZKl > ---ZKLlogan =P

such that |Kg : Ks11| = 1 or p. For every s, Ks/®(K;) is an elementary abelian p-group
which can be interpreted as an Fp-vector space of dimension d(K). By construction
®(Ky) < Kst1, hence Kg41 can be interpreted as a subspace of codimension at most 1 in
K,/®(K). Hence given K the number of choices for Ky is

M) —1 E
< plKs) = |K, - B(K,)| < n,

1
+ b1

where the last inequality follows from (4.3]). Hence the number of possibilities for P is at
most nf1o8 " < pE2logn {51 some constant Fs.
If we substitute the above bounds in (4.2]) we obtain

Sn(é) < ’I’Ld% lognnEg lognndl logn < ndg logn (4.4)

for some constant ds.
We have found the appropriate bound for a fixed V(H’), so it remains to estimate
the number of possible V(H’). Recall that > vev(ay log gy < é logn, in particular,

[V(H")| < % logn. On the other hand by Lemma the number of valuations v with

¢ < n™/% is bounded by n%/d2 Therefore the number of possible subsets V (H') is
bounded by n”1°8" for some constant B. This together with ([&.4]) gives

Sn(G(@S)) < ndg lognnB < nDlogn

for some constant D, which finishes the proof.
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Chapter 5

Algebra groups and the Fake
Degree Conjecture

5.1 Introduction

The theory and results presented in this chapter are motivated by the so-called Fake
Degree Conjecture. The Fake Degree Conjecture appears in the context of algebra groups,
a class of groups introduced by Isaacs which can be seen as a generalization of unitriangular
groups. It is natural to try to adapt Kirillov’s Orbit Method for this class of groups and
this was first made, under certain hypothesis, by Kazhdan. Kirillov’s method suggests a
correspondence between the so-called coadjoint orbits and the irreducible characters of the
group under study. The Fake Degree Conjecture claims that in the class of algebra groups
one can use this correspondence to read the irreducible character degrees from the square
root of the sizes of the coadjoint orbits (the fake degrees).

To introduce the class of algebra groups let us first consider the group U, (F,), this
is the group of unitriangular matrices of size n x n with coefficients in the finite field F,.
The unitriangular groups and their representation theory have been object of study for
several reasons. Let us note that for p = char[F, the group U, (F,) is a Sylow p-subgroup
of GL,(IF,). This implies that any p-group can be embedded in some U, (F,), for every
finite group can be represented as a permutation matrix group in some GL,(Z). The
understanding of this class of groups may therefore give information about the family
of p-groups. For instance, a lower bound for the number of conjugacy classes of U, (FF,)
produces an estimate for the number of isomorphism classes of p-groups of order p”, see
[29] and [84]. On the other hand, unitriangular groups have a rich representation theory.
Indeed, classifying their irreducible representations is known to be a wild problem. Recent
work on the representation theory of unitriangular groups can be found in [20].

The first trivial observation about the representation theory of U, (F,) is that, being a
p-group, every irreducible representation has p-power degree. However it was soon observed
that all known irreducible representations of U, (F,) have indeed g-power degree. The
corresponding conjecture was publicize, among others, by Thompson and read as follows.

Congjecture 1. All irreducible representations of Uy, (F,) have g-power degree.
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In 1977 D. Kazhdan gave in [43] a description of all irreducible characters of the
groups Uy, (F,) in the case where n < p. Kazhdan adapted Kirillov’s Orbit Method
thanks to the fact that for n < p the logarithm and exponentinal functions are well
defined bijections between the unitriangular group U, (F,) and the strictly uppertriangular
matrices u,(F,). In this setting we have a natural action of Uy, (F,) on u,(IF,) and on its

dual L@) = Irr((un,(Fy), +)) (see section for more details). For X € Irr(u,(F,)) let
) denote its corresponding U, (F,)-orbit.

Theorem 5.1 ([43] Proposition 1]). Suppose n < p = charF,. For every x € Irr(U,(F,))
there exists an Fy-subalgebra b C u,(F,) and a linear character X € Irr(exp(h)) such that

1
HES

In particular, it follows that, for n < p, every irreducible representation of U, (F,) has
degree |Up(F,)|/|b| (for some Fy-subalgebra b C u,(F,)), which is a g-power.

However, for arbitrary n the problem was open until 1995, when [.M. Isaacs presented
a proof of a more general statement. In [34] Isaacs generalized the class of groups under
study by introducing the concept of "algebra groups', which contains, in particular, the
class of unitriangular groups.

Let R be a commutative ring with unit and let us consider a finite associative R-algebra
J which is assumed to be nilpotent, i.e., J™ = 0 for some n € N. Let us consider the set of
formal objects

1+J:={142z : zeJ}.

Then 1 + J is easily seen to be a group with respect to the natural multiplication (1 +
z)(1+y) =14z +y+zxy. Infact, 1 + J is a subgroup of the group of units of the algebra
A= R-1+4J, in which J is the Jacobson radical. The group 1+ J constructed in this way
is the R-algebra group based on J. It is clear that U, (F,) = 1 + u,(F,), so unitriangular
groups are algebra groups. This more general definition allowed Isaacs to apply inductive
arguments to a broader class of groups. This way he obtained an affirmative answer to
Conjecture

Theorem 5.2 ([34, Theorem A]). For every F,-algebra group P (and in particular for any
untriangular group U, (F,)) every irreducible representation of P has q-power degree.

Isaacs’s result and his new approach motivated further investigation of algebra groups.
Theorem can be interpreted as a partial generalization of Kazhdan’s aforementioned
result for certain unitriangular groups to the class of algebra groups. It was natural to
study to what extend were Kazhdan’s results in [43] extendible to the class of F,-algebra
groups. In the algebra group setting there is a natural bijection given by 1 4+ 2 — «
between the group 1+ J and the algebra J, which may be used to apply Kirillov’s Orbit
Method (see section for more details). In this sense Halasi showed the following partial
generalization of Theorem [5.1] to algebra groups.

Theorem 5.3 ([27, Theorem 1.2]). Let 1+ J be an Fy-algebra group and x € Irr(1 4 J).
Then there exist an Fy-algebra H < J and a linear character A € Irr(1 + H) such that
X = AT
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Nevertheless, obtaining a explicit description of all irreducible characters of a given
algebra group in terms of coadjoint orbits as in Theorem is not possible (see section |5.2)).
However it was suggested that obtaining the irreducible character degrees might be possible
in the following way. Note that in Theorem for every y € Trr(Uy(Fy)), x(1) = [Q]'/2
for some A € Irr(u,(F;)) and corresponding U, (F,)-orbit €. In the case of an algebra
group 1+ J we similarly have a (1 + J)-action on both J and J := Irr((J, +)). Consider the
list of integers obtained by taking the square roots of the sizes of the conjugation orbits of
14+ J on Irr(J). The sum of these numbers is |J| = |1 + J| and the length of the list is the
number of conjugacy classes of 1+ J. In other words, this list of square roots of orbit sizes
resembles the list of degrees of the irreducible characters of 14 J. In an unpublished set of
notes circulated by Isaacs in 1997, these numbers were called the “fake character degrees”
of the algebra group 1 + J. It was suggested that perhaps they are always the actual
irreducible character degrees. This has been later known as the Fake Degree Conjecture.

Congjecture 2 (Fake Degree Conjecture). For every prime power g and every Fy-algebra
group 1 + J the irreducible character degrees of 1 + J coincide, counting multiplicities,
with the square root of the cardinalities of the (1 + J)-orbits in Irr(.J).

Note that an immediate corollary of this conjecture (see Lemma is that the orders
of [J,J]r and [1 + J,1 + J] have to be equal (we write [a,b], = ab — ba for Lie brackets
when necessary to avoid confusion with group commutators). Thus in order to understand
Conjecture [2] one should first answer the following question.

Question 1. Is it true that the size of (1 + J)ap, the abelianization of 1 + J, coincides with
the index of [J, J]p in J?

In [36] Jaikin gave an explicit counterexample to the Fake Degree Conjecture by
constructing an Fs-algebra group that gives a negative answer to the above question.
However, this approach was not sufficient to disprove the conjecture for odd characteristics.
The particular behaviour of the prime p = 2 regarding character correspondences and
computations for odd p suggested that the Fake Degree Conjecture might hold for algebra
groups defined over fields of odd characteristic.

This was our motivation for looking at the following family of examples. Let 7 be a
finite p-group. Given a ring R we will set Ip to be the augmentation ideal of the group
ring R[n]. If we take R = [, then If, is a nilpotent algebra and 1 + I, is the group of
normalized units of the modular group ring F,[x]. It is not difficult to see that the index of
[Ir,, Ir, ]z in If, is equal to ¢“™=1 where k() is the number of conjugacy classes of 7 (see
Lemma . In section we give a disproof for the Fake Degree Conjecture by showing
that the aforementioned question cannot have a positive answer for every IF,-algebra group.
The disproof points out to a possible relation between k(7) and (1 +1Ig,)qp. Our next result
describes this relation by determining the size of (1 4 Ig,)ap, the abelianization of 1 + I, .

Theorem 5.4. Let 7w be a finite p-group. Then
(14 Tr, )an| = ¢! Bo (7).

The group By(w) that appears in the Theorem is the Bogomolov multiplier of m. It is
defined as the subgroup of the Schur multiplier H?(7, Q/Z) of 7 consisting of the cohomology
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classes vanishing after restriction to all abelian subgroups of w. The Bogomolov multiplier
plays an important role in birational geometry of quotient spaces V/7 as it was shown by
Bogomolov in [I7]. In a dual manner, one may view the group Bo(m) as an appropriate
quotient of the homological Schur multiplier Hy(7,7Z), see [64]. We were surprised to
discover that, in this form, the Bogomolov multiplier had appeared in the literature much
earlier in a paper of W. D. Neumann [66], as well as in the paper of B. Oliver [67] that plays
an essential role in our proofs. The latter paper contains various results about Bogomolov
multipliers that were only subsequently proved in the cohomological framework.

There are plenty of finite p-groups with nontrivial Bogomolov multipliers (see for
example [41]). Thus we obtain explicit counterexamples to the Fake Degree Conjecture for
all primes.

Our next result provides a conceptual explanation for the equality in Theorem [5.4]
Note that multiplication and inversion in 1 + I, extend to 1+ I, @R for every F,-algebra
R. Hence we can associate to (1 + Ir,) an algebraic group G defined over [F,. It is clear
that G is a unipotent group. A direct calculation shows that the [Fy-Lie algebra Lg of G
is isomorphic to Ir,. The derived subgroup G’ of G is also a unipotent algebraic group
defined over F, ([I2, Corollary 1.2.3]), and so by [40, Remark A.3], |G'(F,)| = ¢¥™ G'. Note
that in general we have only an inclusion

(1+ I]Fq)/ = G(Fq), < G,(Fq)7
but not the equality.

Theorem 5.5. Let 7 be a finite p-group and G the associated algebraic F,-group as above.

1. We have
dim G’ = dimp,[La, Lg]r = |7| — k().

In particular,
G(F,) : G'(Fy)| = ¢,

2. For every q = p", we have

G'(IFy)/G(Fy)" = Bo(m).

Our hope is that the second statement of the theorem would help better understand
the structure of the Bogomolov multiplier. As an example of this reasoning, recall that a
classical problem about the Schur multiplier asks what is the relation between the exponent
of a finite group and of its Schur multiplier ([78]). Standard arguments reduce this question
to the case of p-groups . It is known that the exponent of the Schur multiplier is bounded
by some function that depends only on the exponent of the group ([63]), but this bound is
obtained from the bounds that appear in the solution of the Restricted Burnside Problem
and so it is probably very far from being optimal. Applying the homological description of
the Bogomolov multiplier, it is not difficult to see that the exponent of the Schur multiplier
is at most the product of the exponent of the group by the exponent of the Bogomolov
multiplier. Thus, we hope that the following theorem would help obtain a better bound on
the exponent of the Schur multiplier.
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Theorem 5.6. Let w be a finite p-group and G the associated algebraic IFp-group associated
to 1 +1Ig, as above. For every q = p", we have

exp Bo(m) = min{m | G'(F,) C G(Fym)'}.

5.2 Algebra groups and Kirillov’s Orbit Method

Throughout this section we mainly follow [77]. Fix a prime p and let R be a commutative
ring with unit and char R = p. Let us consider a finite associative R-algebra J and assume
further that J is nilpotent, i.e. J® = 0 for some n € N. We define the R-algebra group
based on J as

1+J={1+j5 : jeJ},

where group multiplication and inverse are given by

(I+5)(A+h)=1+j+h+jh,
n—1
(144)7 = (-1)k~

k=0

Associativity of the algebra multiplication guarantees that the group operation is associative
and thanks to the nilpotency of J the inverse operation is well defined. Note that |J| = |1+J|
and hence 1+ J is a finite p-group. Groups constructed in this manner are called R-algebra
groups.

Let us note that given any finite associative R-algebra A, 1 + Rad(A) is an R-algebra
group. From now on we will take R = F; (¢ being some p-power) and in this case J
becomes an F,-vector space. Nevertheless, some of the results presented below hold for
more general R. Let us present some examples of algebra groups that will be useful later
on.

Example. Take J = u,(IF,) be the strictly upper triangular matrices of size n x n with
entries in Fy. Then 1+ J =1+ Uy(F,) is the unitriangular group of dimension n over F,.

Example. Let m be a finite p-group and consider the group algebra Fy[r]. Let us write
Ig ] = ker (Fy[n] — ;) for the augmention ideal. Then Rad Fy[r] = Ip, ) and 1+1p, ) is

an algebra group. Note that we can describe the units of Fy[r] as (Fy[n])" = F} x (1 + IFqW)'
For this reason 1 + Ig, [, is called the group of normalized units of F, [7].

As explained in the introduction Isaacs introduced this class of groups motivated by
Conjecture [I] on unitriangular groups. Isaac’s Theorem can be seen as a generalization
of Kazhdan’s results on unitriangular groups (Theorem . Kazhdan’s work followed
the spirit of Kirillov’s Orbit Method. Kirillov presented in [44] a method to describe the
irreducible unitary representations of a connected simply connected nilpotent Lie group N.
If we denote by n the Lie algebra of the Lie group IV, the adjoint action on n induces an
N-action on 1, the unitary dual of (n,+). Kirillov established a correspondence between
N-orbits in fn and irreducible unitary representations of N (up to isomorphism). Kirillov’s
Orbit Method has been applied to several class of groups, among others p-groups and pro-p
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groups ([25], [30] and [37]), finitely generated nilpotent groups ([85]) and arithmetic groups
([5]), see [45] for a general discussion. We explain how to adapt Kirillov’s Orbit Method to
the class of [Fy-algebra groups and show that it works best for groups of nilpotency class
strictly less than p.

Let J be as above and 1+ J the associated F4-algebra group. There is a natural action
of 1+ J on J given by

a0 — 1+ b)_la(l +b) for every a,b € J.

Note that this action is equivalent to the conjugation action of 1+ .J on itself, the equivalence
being given by a + 1+a. The (1+J)-action on J, induces a (1+.J)-action on J := Irr(J, +),
called the coadjoint action, given by

MF(a) = /\(a(Hb)_l) for every A € Irr(J) and every a,b € J.

Let us write Fun(1 + J)'*7 for the set of complex functions on 1+ J that are constant
on conjugacy classes. From the above setting one can immediately construct an assignment

(1 + J)-orbits in Irr(J) — Fun(1 + J)*/
Q = Xxa(l+7) = Q72 Xiea M),

which associates to each coadjoint orbit 2 a class function of 1 4 J. The following Lemma
states some remarkable properties of the functions xgq.

Lemma 5.2.1. Let J be as above and 1 + J the associated algebra group.

i) The number of (1 + J)-orbits in J and in Irr(J) equals k(1 + J), the number of
conjugacy classes of 1+ J.

it) Let Q1 and Qo be two (1 + J)-orbits in Irr(J). Then

L if € =y,

0 otherwise.

<XQl7XQQ> = {

Proof. [i)| It was pointed out above that the (1 + J)-action on J is equivalent to the
conjugation action of 1 4+ J on itself. Hence the number of (1 4 J)-orbits in J equals
k(14 .J). Now by the well known orbit-counting formula often known as Burnside’s Lemma,
the number of orbits of a (1 + J)-action equals the average number of fixed points of the
elements of 1 + J in this action. Hence it suffices to show that an element g € 1 + J has
the same number of fixed points in J and in Irr(J).

Given g € 1+ J, note that the action of g on J is Fy-linear, hence f, : J — J, j = j9—7,
is an Fy-linear homomorphism. Now g fixes A € J if and only if A(j9 — ) = 0 for every
j € J, ie., if and only if im f; C ker A\. Since im f, is clearly a subgroup of (J,+), the
number of characters A € Irr(J) vanishing in im f, equals |J/im f,|. On the other hand,
note that j € J is fixed by g if and only if j € ker f,. Clearly |ker f4| = |J/im f,| and so
the number of fixed points of ¢ in J and Irr(J) coincide.
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We claim that for every A\, ¢ € Irr(J), (A, ¢) = 1 if A = ¢ and (A, ¢) = 0 otherwise.
Indeed, note that every xq is the sum of the distinct A € Q2 and the summands are disjoint
for distinct orbits €2, so orthogonality of irreducible characters proves the claim. The result
is now clear. O

It follows from Lemma that {xq : Q isa (1 + J)-orbit} is a set of k(1 + J)
orthonormal functions in Fun(1 + J)*/. It is tempting to think that this could be the
set of irreducible characters of 1+ .J. However, note that xo(1) = |Q|'/2. Thus for xq to
be a character, the number of elements in every orbit must be a square. Computing the
length of an orbit amounts to knowing the order of the stabilizer of any of its elements.
The interplay between the algebra and group structures will allow us to obtain a nice
description of the stabilizer of a given character A € Irr(J). At this point let us remark that
together with the associative multiplication, the algebra J inherits a Lie algebra structure
given by the bracket [a,b] = ab — ba.

Let us now introduce for every A € Irr(J) the form By : J x J — C* given by
(a,b) — X([a,b]). Put RadBy) := {j € J : By(j,u) = 1 Yu € J}. We will say
that B) is non-degenerate if Rad By = 0. For every [F -subspace H C J we will write
Ht={jeJ : B\(j,h) =1Vh € H} and we will call an F-subspace H C J isotropic if
HCH

The following Lemma states some important properties of the forms B) and explains
how to use them to obtain the stabilizer of a character A € Irr(J).

Lemma 5.2.2. Given X\ € Irr(J), let By : J x J — C* be as above. Then:

i) Bx(u+ v,w) = By(u,w)Bx(v,w) , Bx(u,v + w) = By(u,v)By(u,w), Bx(ru,u) =1,
By (ru,v) = By(u,rv) and By(uv,w) = By(u,vw)By(v,wu) for every u,v,w € J,
r e lFy,.

ii) For every Fq-linear subspace H C J, H*' is an Fy-linear subspace. In particular,
Rad By = J* is an IFy-linear subspace.

ZZZ) St1+J()\) =1+ Rad B,.

i) If H is mazimal isotropic Fy-linear subspace, then |J/H| = |H/Rad By|. In particular
|J/ Rad By| = |Q] is a square.

Proof. i)| Since both A and the Lie bracket are bilinear with respect to addition the
first two equalities hold. For the third, note that the Lie bracket is F-linear and hence
[ru, u] = r{u,u] = 0 for every u € J, r € F,. From the previous equalities it follows that
By(r(u + v),u +v) = By(ru,v)Bx(rv,u) = 1 (in particular By(u,v)™! = By(v,u)) for
every u,v € J, r € F,. It follows that By(ru,v) = Bx(rv,u)™! = By(u,v). The last
equality follows from the Jacobi identity of Lie algebras.

For every u,v € H+ and w € H, applying [i)| we have

By (ru+ v, w) = Bx(ru,w)Bx(v,w) = Bx(u,rw)By(v,w) = 1.

Hence H' is an Fy-linear subspace.
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Let ¢ = 1 + u be an element of 1 + J. Then g fixes A if and only if for every
v € J, Mgvg™t) = A(v) or equivalently A(gvg~! —v) = 0. Since multiplication by g
acts bijectively on J we may change v for vg in the above equality so this amounts to
Agv —vg) = AMuv — vu) = A([u,v]) = 0 for every v € J, i.e., u € Radp,.

Let us first assume that Rad By = 0 . Then B) induces an isomorphism:

¢: (Ji+)
J

(Irr(J), )
Bg\ : J — Cx
u B)\(.jv U)

%
H

Note that for an F,-subspace H C J, we have an isomorphism ¢(HL) = Irr(J/H),
in particular, |[H+| = |J/H|. If we assume H isotropic, then H C H-*. Moreover,
equality holds precisely when H is a maximal isotropic subspace. Indeed, if h € H*
then H + F,h is isotropic, hence h € H. It follows that for H maximal isotropic we have
\H| = |J/HY = |J/H].

If Rad By # 0 then X\ : J/Rad By, x J/Rad By — C* given by (u + Rad By,v +
Rad By) — A([u,v]) is a nondegenerate form and the claim easily follows from the previous
claim. O

The previous Lemma gives further evidence that the yq could be the irreducible
characters of 1 4+ J. Now since 1 + J is a finite p-group, by [34, Corollary 6.14] every
irreducible character of 1 4+ J is induced from a linear character of a subgroup N <1+ J.
Hence it will be reasonable to try to obtain xq as the induced character of a linear character
1 of a subgroup 1+ Hq, where Hgp C J is a subalgebra of index |Q\1/2. Note that for
A € Q, we have

xo(l+u) = Z M (u),

g€(1+J)/St145(N)

thus it will be natural to pick ¢y € Irr(Hgq) such that ¥ (1 + 7) := A(j).

However this approach has serious obstructions. One can easily observe that this will not
work even for an abelian R-algebra J. Indeed, in this case, for any coadjoint orbit 2, || = 1,
which would imply Hq = J for every 2. But note that for ¢, to be a character we must have
Au+§) = Mu)A() = a1 u)r(145) = oa(1+u-tj+ug) = Mutj+uf) = Au+j)A(wj)
for every u,j € J, that is J? C ker X. If this were to hold for every A € J, then J? = 0
and this is certainly a very strong restriction which does not hold for every commutative
F,-algebra J.

Nevertheless another approach is possible. Let us observe that the abovementioned
strategy will make sense equally well if we set a correspondence of the form

(14 J) —orbits in Irr(J) — Fun(1 + J)1+/
Q = xale(j)) = @ 2aeaA);

where e : J — 1+ J is any bijection preservig the (1 4+ J)-actions. Observe that the
assigment j — 14 j clearly satisfies this property. It is not clear how to find an alternative
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map different from the obvious one, however if we assume that J? =0 (i.e. if n < p) we
can consider the exponential map given by

exp: J— 1+J
j exp(j) = Xk

Note that (J,+) is a p-group and hence the map j % is to be considered as the inverse
of the map j +— kj, which is well defined. As usual, its inverse is given by the logaritm

log: 14+J — J
L+j = log(l+j)=p(-D)F 1

It is clear that both maps respect the (1 + J)-action on both J and 1+ J. For the rest
of the section we will assume that J? = 0. We will show that, in this case, the outlined
strategy works and we have a bijection

(1 + J)-orbits inIrr(J) — Irr(1+ J)
Q = exp(j) = Xaea )
L+j = XieAlog(l + 7))

First let us recall that thanks to the universal Baker-Campbell-Hausdorff Formula (see
[47, Lemma 9.15]), for every u,j € J we have exp(u) exp(j) = exp(u + j + v(u, j)), where
~(u,j) is a sum of Lie words on the elements u and j. It follows that given Hy C J a
subalgebra of index |Q|'/2, exp(H)) = 1 + H, is a subgroup of 1+ J with the same index.
Let us now define ¥y (exp(j)) = A(j). Then for 1) to be a linear character of exp(H)) we
must have

Au +7) = Mu)A() = ¥alexp(d))ia(exp(u))

— palexp(ut i +1(wd) = Aut iy, D

Thus, if [Hy, Hy] C ker A, then 1)) is a linear character of exp(H)). Therefore, to construct
1) with the desires properties it suffices to find a maximal isotropic subalgebra with respect
to By. This is the content of the following Proposition.

Proposition 5.2.1. Let A € Irr(J) and consider the form By as above. Then there exists
an Fy-subalgebra Hy such that Hy is a maximal isotropic subspace of J.

Proof. We will apply induction on dimp, J. The result is clear if B is trivial. By refining
the chain of ideals {0} = JP C JP~! C ... J? C J we can obtain a chain of ideals

{0}=Jkn1 CIHC...C L CJi=J

such that J;/J;+1 has dimension 1 for every ¢ < k. Since B}, is nontrivial, J is not isotropic,
so there exists ¢+ < k 4+ 1 such that J; is isotropic but J;_; is not. Note that J; SZ Rad B,
for J; has codimension 1 in J;_1 and so the latter would be isotropic as well. Hence
Ji- C J. Note that J;- is a subalgebra (recall that By (uv,w) = By (u,vw)By (v, wu) by
. If we consider the restriction of By to Ji- as a form on J;-, by induction there
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exists a subalgebra Hy C J;- that is a maximal isotropic subspace of Jil. We claim that
H) is a maximal isotropic subspace of J as well. Indeed, suppose Hy C U for some
maximal isotropic subspace U. First note that J; C H) for H) is maximal within Jf and
Ji+ Hy C Jf- is isotropic. This implies J; C U and since U is isotropic, we have U C Jf-.
Since H) was maximal, this forces Hy = U and the claim follows. ]

It only remains to show that 1,7 (1+ j) = xa(exp(j)), which will show that the latter
is a character of 1 + J. We will first need the following Proposition.

Proposition 5.2.2. Let \,¢ € Irr(J) an consider a mazximal isotropic subspace Hy C J
for By as in Proposition [5.2.1, Then ¢z, = Ny, if and only if A\ and ¢ are 1 + H)

conjugate.

Proof. Note first that by construction (B)) g, is trivial and so by Lemma if
A = @9 for some g € 1 + H), then for any h € H) we have

A(h) = ¢7(h) = ¢(h? ") = ¢(h).

Now let % be the set of elements ¢ € Irr(J) such that A\ g, = ¢x,, then |X| = [J/H,|. On
the other hand, 1 + H) acts on ¥ and the ( + H))-orbit of A has size |Hy|/|St1+7(N\)| =
|Hy|/|Rad By| = |J/Hy| = |X| by Lemma [5.2.2liv)l Therefore ¥ is the (1 + H))-orbit of A

and we are done. O

1

Theorem 5.7. Let 1+ J be an algebra group with JP = 0. Consider \ € Irr(J) and let Q
be its corresponding (1 + J)-orbit. Then

X (1) = xalexp(h)) = 2] 7Y2 3" A()
AEQN

is an irreducible character of 1 + J. Moreover, all irreducible characters of 1 + J are of
this form.

Proof. For a (1 + J)-orbit Q take A €  and let Hy be as in Proposition [5.2.1] By (5.1)
the function ) given by ¥y (exp(j)) = A(j) is an irreducible character of 1 + Hy. We
claim that wH‘I = Xxa(exp(j)). This would show that X exp is a character of 1 + J. Let

us define ¢ : 1+ J — C that maps 1+ h — YA(1+ h) for 1 +h € 1 + H) and vanishes
elsewhere. By definition we have

by (exp(5) > halexp(j Y dalexp(59))
‘H)\‘ gel+J |H>‘| gel+J
1 o1
A gel+J
j9 " eHy

Let us consider Irr(J/H)) and regard its elements as members of Irr(J). By orthogonality
relations of irreducible characters we obtain -, cpy(j/m,) v(J) = [J/H)| if j € Hy and 0
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otherwise. Hence, we can rewrite

1 - - 1 )
I (exp(j)) = i YA () = 7 S W)
gel+J gel+J
velrr(J/Hy) velrr(J/Hy)
_ 1 IE\ 9(;
=1 2 VO =g 2 M
gel+J gel+J

vey

where ¥ is the set of v € Irr(J) such that v, = Ay, and we have [X| = [H,|/| Rad B,|,
see (the proof of) Proposition Now recall that Sti;7(A\) =1+ Rad By by Lemma

so we obtain

St _ .
o) = 5 30 W) = LS ) = a2 S

gel+J HEQ HEQ

Therefore xqexp is indeed a character. So we obtain k(1 + J) characters of the form
XQ,exp Which, applying the same idea as in Lemma are irreducible, whence the
Theorem. ]

By using the Lazard Correspondence one can extend Theorem to the class of
p-groups of nilpotency class less than p, see [77]. Nevertheless the approach presented
above is more convenient for our results. In general it is not possible to extend Theorem
to algebra groups where J? is not necessarily equal to 0. Indeed, suppose that J is an
[F,-algebra, then by construction of xq all character values of xq lie in Q(§) where  is a
nontrivial p'* root of unity. This would force all character values to be real if p = 2. A well
known result from Character Theory says that if x takes real values for every x € Irr(1+J)
then every element g € 1 + J is conjugate to its inverse. However, one can find Fy-algebra
groups where the last condition does not hold, see [35].

Note that in Theorem the character degrees are given by |Q2,|"/*. So even though
Kirillov’s Orbit Method cannot provide all of the irreducible characters, it might be possible
that one can obtain the irreducible character degrees by looking at the size of the coadjoint
orbits |2)|. This is the content of the Fake Degree Conjecture, which we present in the
following section.

1/2

5.3 The Fake Degree Conjecture: a disproof

Kirillov’s corespondence between (1 + J)-orbits in Irr(J) and Irr(1 + J) suggests a
correspondence
(1+J) —orbits in Irr(J) — {x(1) : x € Irr(1 + J)}
Q — Q2

The Fake Degree Conjecture suggests that this correspondence is well defined and gives
a bijection counting multiplicities for every algebra group 1 4+ J. To show that the Fake
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Degree Conjecture is false, we will focus on linear characters. The correspondence then
restricts to a bijection between linear characters of 1+ J and fixed points of Irr(.J) under the
coadjoint action of 1+ J. The idea of the proof is to show that this leads to a contradiction.

Lemma 5.3.1. Let J be a finite dimensional nilpotent algebra over a finite field F. Then
the number of fized points in Irr(J) under the coadjoint action of 1+ J equals the index of
[J,J]r in J. In particular if the Fake Degree Conjecture holds,

/[ Tl = (1 + J)anl- (5:2)

Proof. By Lemma A € Irr(J) is fixed under the coadjoint action of 1+ J if and
only if Rad By = J, which amounts to A\([J, J]r) = 0. It is now clear that the number of
fixed points in Irr(J) equals the number of linear forms vanishing on [J, J]1, and hence if
the Fake Degree Conjecture holds

|J/[J, J]L| = |{fixed points of Irr(J)}| = |Lin(1+ J)| = [(1 + J)ab|-
O

The following family of examples will prove to be key for the study of the equality
(5.2). Let 7 be a finite p-group and Fy[r] the group algebra over the finite field F,. The

augmentation ideal
IIFq = {Z Chh : ZC}LIO}
hem hem

coincides with the Jacobson radical Rad Fy[n| of Fy[n] and hence it is a nilpotent ideal.
We can then consider the algebra group 1 + I, these are the normalized units of Fy[r]. If
the Fake Degree Conjecture holds, we know

I[L+Tr,. 1+ Ie, )| = [T, I, ) -

The following Lemma gives a relation between the size of [I]Fq, I]Fq] 1, and the number of
conjugacy classes of the group .

Lemma 5.3.2. Let 7 be a finite group and F a field. Then
dimp Ip /[Ip, Ip|r = k(7)) — 1.
Proof. Tt is clear that the set 7 is an F-basis for F[r]. We first claim that
dimp Fr]/[F[r], F[r]]r = k(7).

Let z1,..., o) be representatives of conjugacy classes of 7. Observe that for any
r,y,9 € T withy = g"'zg, we have z —y = [g, g~ 'z|r. The elements 71, .. ., Ty (x) therefore
span F[r]/[F[x], Fr]|L.

Set A; to be the linear functional on F[r] that takes the value 1 on the elements
corresponding to the conjugacy class of z; and vanishes elsewhere. Observe that for any
g,h € 7, we have [g,h]; = g(hg)g_1 — hg and hence each ); induces a linear functional
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on F[n]/[F[x], F[r]]L. Now if 3°; a;7; = 0 for some «j € F, then a; = \i(32; a;z;) = 0 for
each . It follows that 1, ..., Ty(r) are also linearly independent and hence a basis. This
proves the claim.

Now, it is clear that {g—1: g € w\ {1}} is an F-basis for Ir. Since for any g, h € 7, we
have [g,h|, = [g—1,h—1]1, it follows that [F[r], F[r||r = [Ip, Ir]r, whence the lemma. [

As an immediate consequence of the above results we obtain

Proposition 5.3.1. Let 7 be a finite p-group and I, the augmentation ideal of Fy[r]. If
the Fake Degree Conjecture holds, then for any finite p-group m,

1+1Ig, /[1+1r,, 1+ Ig,]| = |15, /[, . Ir, ]| = <1
Theorem 5.8. The Fake Degree Conjecture is false for any prime p.

Proof. Let us assume that the Fake Degree Conjecture holds for IF,-algebra groups for
some prime p. Take the p-group

7= (x1,T2, T3, 74 : ¥ = [xj, 28, 71] = 1 for all 4,5, k, 1 € {1,2,3,4}).

Consider the element z := [r1, z2][23, 74] € Z(7) and write 7 := 7/(z). We denote by I,

the augmentation ideal of Fp[r] and by T]Fp the augmentation ideal of F,[7|. We will try to
estimate |1 +1Ip, /[1 +Ir,,1 + I, ]|. For this consider the series of subgroups

Ai=1+(z—1)'Fy[r] Q1 +1I5, , i€ {1,...,p—1}.
We then have:
|1 ‘|‘I]Fp /[1 —I—IFp,l +IFpH = |1 +IIFp /Al[l —I—I]Fp,l +IIE‘p]|'
p—1

[T 1AL+ 15,1+ Ig,] /Ais1[1 + Ig,, 1 + Ig, |-
=1

The first term is just |1 +I]Fp/[1 —f—TFp, 1 —l—T]FpH = pk(a_l, by the preceding Proposition.
For the rest of the terms observe that we have isomorphisms:

Al 415, 141 | /A1 1+ 1p,, 1+ 1) = A/ (A1 [1 + Ip,, 1+ Ip, ] N Ay).

Moreover we have an isomorphism of 1 + Ir,-modules between A;/A;;1 and Fy[7], where
1+ Ir, acts naturally by conjugation and the isomorphism is given by 14 (2 — 1)z + Z for
every x € m. We observe that 1+ Ip, acts trivially on the quotient A;/(A;1[1 +1Ig,, 1+
Ir,] N A;) and hence |A;/(Aip1[1 +1Ip,, 1+ Ir,] N A;)| < [Fp[7]/[Fp[7], 1 + Ir,]|. However

[Fp7, 1+ Ir,] = [Fp[], 1+ Ir,] = [Fp[7], T, )2 = [Ir, . Ir, ),

since for every h € 7 and g € 1 —{—T]Fp we have h — h9 = [¢g~!, gh]r. This in turn implies
that for every i € {1,...,p — 1} we have

[Ai/ (Aia[L+ g, 1+ I, ] 0 Ai)| < [Fp[7]/Fp (7], 1+ T, |
= [Fp [7]/[Fy 7], Fp [7]) | = P

3
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We can in fact sharpen this inequality for ¢ = 1. Observe that z=1+(z —1)1 is a
commutator and hence belongs to As[l +Ig,, 1 + I, ] N A1, however 1 ¢ [F,[7], F)[7]]L.
Hence _

|A1/(A2[1 +Tp,, 1+ Ig ] N Ap)| < pH=L

Therefore we have shown the following inequality
11 +1g, /[1+ 15,1 +1g)]| < pPE-2,
The following lemma establishes the relation between k(7) and k(7) :

Lemma 5.3.3. Let m and 7 be as above, then k(mw) = pk(7).

Proof. Let {xho:l,ﬁ, .. ,xT"} be a conjugacy class in 7, where T stands for z(z) € 7.
Let us show that {z,zp,,..., z} is a conjugacy class in 7. If there exists h € 7 such that
¢ {x, M, .. 2" then x = 2"i2* for some i € {0,...,n}, k€ {1,...,p—1}. Hence

T = xhih_lzk, which implies z = [h;h 1, xl/k], but z is not a simple commutator. Since
x was an arbitrary representative of T, it follows that Z™ splits into p distinct conjugacy
classes of . H

Substituting this in the previous inequality we obtain
141, /[1+1g,1 +1p,]| < pem=2,

which contradicts the previous Proposition. ]

5.4 Abelianization of groups of units and the Bogomolov
multiplier

Motivated by the results in the previous section, we want to better understand the
groups (1 + Ig,)ap. To this end we will apply Oliver’s results in [67]. This will allow us to
prove Theorem which gives enough information about the group (1 + Ir,) to prove
Theorem [5.41

5.4.1 The group (1 +1Ir,)ab

Given a ring R, recall that Iz denotes the augmention ideal of the group ring Rix],
that is,
Ig :=ker (R[r] = R) = {Z reg : ng =0}.
gem gem
We will approach the group (1 +1Ig,)ap via K-theory. Given a ring R, the first K-theoretical
group of R is defined as
Ki(R) := GL(R)ap.

When R is a local ring, we have K; (R) = (R*),p (see [76, Corollary 2.2.6]), the abelianization
of the group of units of the ring R. Hence we have Ki(Fy[r]) = F; x (1 + I, )ap. We will
apply the results in [67], to obtain information about the group K; (F,[x]).
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Let us first introduce the appropriate setting. Let O be the ring of integers of a p-adic
field k. We define

SK1(O[n]) := ker (K1 (O[n]) — Ky (k[n]))
Wh(OIr]) := K1 (O[n])/ (OF X map,)
WL'(Olr]) := Wh(O[n])/ SK1(Olr])

The main Theorem in [67] is the following.

Theorem 5.9. Let m be a p-group and O the ring of integers of a p-adic local field. Then
SKi(Olr]) = Bo(m).
Recall that the Bogomolov multiplier of the group 7 is defined as
Bo(r) = Hy(m, Z)/H3" (m, Z),

where HEP(m,Z) denotes the subgroup of Hy(w,Z) generated by Ho(r,Z) for every abelian
subgroup 7 < 7.

Let us introduce the appropriate setting to apply Theorem Let (4—1 be a primitive
g—1-root of unity. If p is a prime and ¢ is a power of p, let R, = Zy[(,—1] be a finite extension
of the p-adic integers Z,. Note that Ry /pRq = F,. Fix a Zy-basis By = {\; | 1 < j <n}
of Ry and let ¢ be a generator of Autz, (Ry) = Gal(FF,/F,) such that p(\) = A (mod p).
Let us define

I, =g, /(z—29 |2z €IR,, gE ).
Set C to be a set of nontrivial conjugacy class representatives of w. Then TRq can be
regarded as a free Z,-module with basis {\(1 —r) | A € By, r € C}. Finally define the
abelian group M, to be

M, =1Ig,/(PA(1 —7) — @A) (1 = 1P) | A € By, 7 €C).

The proof of Theorem [5.4] rests on the following structural description of the group
(14 1Ir, )ab-

Theorem 5.10. Let w be a finite p-group. There is an exact sequence

1 ——Bo(m) X Tap — (1 4+ 1IF, )ab M, Tab 1.

Proof. Our proof relies on inspecting the connection between K (F,[7]) and K;(R4[7]) by
utilizing the results of [67]. By Theorem [5.9] we know that SKi(Ry[n]) = By(w). The
crux of understanding the structure of the group K;(Ry[x]) is in the short exact sequence
(see [67, Theorem 2])

| W (Ry[r]) — Ty, —> 7y — 1,

91



CHAPTER 5. ALGEBRA GROUPS AND THE FAKE DEGREE CONJECTURE

where the map I' is defined by composing the p-adic logarithm with a linear automorphism
of TRq ® Qp. More precisely, there is a map Log: 1 + Ir, — Ig, ®Q)p, which induces an
injection log: Wh'(R,[r]) — Ir, ® Qp. Setting ®: Ig, — I, to be the map > . ayg9 —
Y gen Plag)g?, we define I': Wh'(Ry[n]) — Ir, ® Q, as the composite of log followed by
the linear map 1 — %q). It is shown in [67, Proposition 10] that imI" C qu, ie, I'is
integer-valued. We thus have a diagram

1+1g, (5:3)

&i@)olog

1 ——> Wh'(Ry[]) ——1Ig,.
The group Wh'(R,[7]) is torsion-free (cf. [86]), so we have an explicit description
K1 (Rg[n]) = Ry x SK1(Rg[n]) X map, x Wh'(Rg[7]). (5.4)

To relate the results above to K (F,[7]), we use the functoriallity of K;. Given a ring R
and and ideal I C R, the projection map R — R /I induces a map u : Ki(R) — Ky (R /1)
whose kernel is denoted by K;(R,I). Let p be the ideal in Rg4[n] generated by p. Since
F,[r] = Ry[m]/p we obtain an exact sequence

K1 (Rq[7], p) —2> K1 (Rg[r]) —> Ky (Fy[n]) — 1. (5.5)

Since Rgy[7] is a local ring ([10, Corollary XI.1.4]), we have Ki(Rgy[r]) = R x (1 +Ig,)
and so the map y indeed surjects onto K (IFy[n]) = Fy x (1+1Ir,). Moreover Ky (Ry[7],p) =

(1+pRy) x Ki(Ry[n],pIR,) and R /(1 +pRy) = F;. Hence (5.4) and (5.5) give a reduced
exact sequence

I (1 + IFq)ab
1(SK1(Rg[7]) X map)

K1 (Ry[n], pTr,) —= Wh'(Ry[]) L (5:6)

To determine the structure of the relative group Ki(Rg[7],pIr,) and its connection to
the map 0, we make use of [67, Proposition 2]. The restriction of the logarithm map Log
to 1 + plIr, induces an isomorphism log: Ki(Rg[7],pIr,) — pTRq such that the following
diagram commutes:

1 +plg, (5.7)

| X

1 —
1 —Ki(Ry[7],pIR,) &pIRq-

In particular, the group Ki(Ry[n], pIg,) is torsion-free, and so u(SKi(Rg[n]) X map) =
SKi(Rgy[n]) x map. Note that by [I0, Theorem V.9.1], the vertical map 1+ plg, —

Ki(Rq[n], pIR,) of the above diagram is surjective.
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We now collect the stated results to prove the theorem. First combine the diagrams

(5.3) and ([5.7)) into the following diagram:

1 +plg,

l’ log
Ky (Rq [ﬂ-] P IRq)
10\

plg,

(5.8)

0

Since the back and top rectangles commute and the left-most vertical map is surjective,
it follows that the bottom rectangle also commutes. Whence coker § = coker(1 — 1®).
Observing that the latter group is isomorphic to My, the exact sequence gives an
exact sequence

I ——Bo(7m) X ap — (1 + IFq)ab My Tab 1. (5.9)

The proof is complete. O
We now derive Theorem [5.4] from Theorem [B.101

Proof of Theorem[5.]. The exact sequence of Theorem implies that [(1 + I, )an| =
|Bo(m)| - [Mg|. Hence it suffices to compute |M,|. To this end, we filter M, by the series of
its subgroups

My 2pMy 2p° My 2 -

Note that the relations pA(1 —7) — p(A)(1 —rP) = 0 imply (exp7) M, = 0, so the above
series reaches 0.
For each ¢ > 0, put

T = {xpi |zen}and C;=CN(m \ Tit1).
Note that C; is empty for p' > exp 7. Now,

P'My /p T Mg =(A1=7r) | A€ By, reC)=2Cy.
C;

It follows that |[M,| = ¢l = ¢&(M=1 and the proof is complete. O

5.4.2 By and rationality questions in unipotent groups

As explained in the introduction, for a linear algebraic F,-group we have G(F,) =
[G(F,),G(F,)] € G'(F,), where G’ is the derived group of G. Suppose now G is the group
defined by the algebra group 1 + I, where If, is the agumentation ideal of IF[n] for some
p-group 7. Theorem and give a precise description of the behaviour of the difference
between G'(F,) and G(FF,)’ for this class of groups.
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Proofs of Theorem [5.5 and[5.6. We will consider an extension F; of F, of degree m. The
inclusion G(F,) C G(F;) induces a map f: G(Fg)ap — G(F;)ap with

ker f = (G(Fq) NG(F)")/G(F,)"

Note that there exists a large enough m such that G'(F,) = G(F,) N G(F;)’, and hence
ker f = G'(F,)/G(F,)’. For this reason we want to understand ker f for a given m.
The inclusion F, C F; induces a map

incl: Ky (Fy[n]) — Ky (Fy[x]).

Note that f is just the restriction of incl to (1 + If,)ap. Recalling sequence (5.6 from the
proof of Theorem [5.10], we set

SK1 (Fy[n]) = pu(SK1(Ri[x]) € (1 +1Ir,)ap = G(F;)/G(Fy)".

Commutativity of the diagram

K1 (Ry[7]) —= K (F,[x]) (5.10)

l incl l incl

Ky (Ry[r]) —— K1 (Fy[])

shows that incl restricts to a map incl: SK;(F4[n]) — SK;(IF;[x]). Recall that SK;(R;[r]) =
Bo(7),s0 we obtain from sequence (j5.9) the commutative diagram

1*>SK1(F(][7TD XﬂabHG(Fq)ab Mq Tab 1
iinclxid J{f J/L
1HSK1(F1[7TD X WabHG(Fl)ab Ml Tab 1,

where ¢ is the map induced by the inclusion I, C I, .

We will now show that ker: = 0. This will imply ker f C SK; (F,[x]). Without loss of
generality, we may assume that there is an inclusion of bases B, C B;. As in the proof of
Theorem let us consider the series

M; 2 pM; 2 p° My D -+
Observe again that for each ¢ > 0 we have
P My /p My = (A1 =7) [ A € By, 7 €Ci),
pi M; /]Qi—"_1 M, = <)\(1 — ’f’) | ANEB, re Cz>

If we consider the graded groups associated to the series above, we get an induced map

gr(v): @ My /p My = Pp' M /p M.

i>0 i>0
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By construction ¢ is induced by the assignments A(1 — ) — A(1 —r), for every A € By, r €
C. Hence gr(¢) is injective in every component and therefore injective. This implies ker ¢ = 0,
as desired. In particular, we obtain that

|G(F,) /G (F)| = | M, | = ¢ (5.11)

We are now ready to show the first statement of Theorem Observe that G is a
unipotent connected algebraic group defined over F,, and so is G’ ([12}, Corollary 1.2.3]).
Hence G’ =y, AdmG" (of 40, Remark A.3]) and so |G/(F,)| = pd™&". By , we
have |G(F,)/G'(F,)| > pX(M=1 whence dim G’ < |n| — k(7). On the other hand we have
(L, Lelr = [Ip, Ir]r, which, by Lemma has dimension |r| — k(7). It is known
that for an algebraic group, dim G’ > dim[Lq, Lg|r (see [31, Corollary 10.5]). Thus
dim G’ = || — k(7).

Let us set e = expBg(w), the exponent of the group Bg(m). We now claim that
ker f = SK;(F,[n]) if and only if e divides m = |F; : F,|. This will imply the second
statement of Theorem and also Theorem

Let us consider F;[n] = @~ F,[n] as a free F[r]-module. This gives a natural inclusion
GL1 (Fy[n]) = GL;,(IFg[n]), which induces the transfer map

trf: Ky (F[n]) = Kq(Fy[n]).

Note that if z € K;(F4[n]), then (trfoincl)(z) = 2™. By commutativity of (5.10) the
transfer map restricts to a map

trf: SKq(Fy[n]) — SKi(Fy[r]).

Moreover, by [67, Proposition 21] the transfer map is an isomorphism. It thus follows that
incl(SK; (Fy[n])) = 1 if and only if e divides m. Hence ker f = SK; (F,[r]) if and only if e
divides m and we are done. O
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Chapter 6

Finite groups of Lie type

6.1 Introduction

In this chapter we investigate the representation growth of a certain class of groups
arising from finite simple groups. We refer to Section for notation and concepts relating
to representation growth. As above, we only consider continuous representations. Let H
be a group and suppose that r,(H) < oo for every n. Then one can formally define the
representation zeta function of H as the Dirichlet series

Cu(s) = Z rn(G)n™°.

neN

We write a( H) for the abscissa of convergence of (7. Recall that given a group I' we define
R, (T) = > i (). The invariant o(H) is related to the asymptotic behaviour of the
sequence R, (H) by the equation

log Ry, (H)

a(H) = limsup Tog

Let us consider the class of groups

C:={H= H S; : S; is a nonabelian finite simple group}.
el

We want to study the representation growth of groups in this class. In particular, we want
to understand under which conditions a group of this class has polynomial representation
growth. Given a cartesian product of finite groups H = [];c; S;, let us define Lg(n) :=
{i € I:R,(S;) > 1} and put lg(n) := |Ly|. Hence, lg counts the number of factors in H
with a nontrivial irreducible representation of dimension at most n. We will usually write
[(n) = lza(n) when there is no danger of confusion. We immediately obtain the following
necessary condition.

Lemma 6.1.1. Let H = [[;c; Si. If lu(n) is not polynomially bounded then H does not
have PRG.
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We aim at proving that for H € C, then the converse is also true.

Theorem 6.1. Let H = [[;c;S; be a cartesian product of nonabelian finite simple groups
and let lgp(n) = |[{i € I : R,(S;) > 1}|. Then H has PRG if and only if lg(n) is
polynomzially bounded.

Theorem provides us with a way to construct numerous examples of groups within
C having PRG. We will denote this subclass of groups by C, .. It is natural to ask what
types of representation growth can occur among groups in C,,,. In [42], Kassabov and

Nikolov studied questions related to the class C, and more in particular about the subclass
A C C where
A:={H= HSi : S; = Alt(m) for some m > 5},
el
where Alt(m) denotes the alternating group on m letters. They showed that within the
class A any type of representation growth is possible.

Theorem 6.2. For any b > 0, there exists a group H € A, such that o(H) = b.

The groups appearing in the proof of Theorem are of the form

H = ] Alt(i + 1)/,
i>5

for some f : N — N. In particular the simple factors of H have unbounded rank E] as
alternating groups. We want to obtain a similar result for the subclass £ C C, where

L:={H= H S; : S;is a finite simple group of Lie type}.
el

We do this in the following theorem, where it is shown that an analogous result holds for
this class. In our case, all of the simple factors may have the same Lie rank.

Theorem 6.3. For any ¢ > 0, there ewists a group H = [[;cnSi € Lppo such that
a(H) = ¢. Moreover H can be chosen so that only one Lie type occur among its factors.

It is natural to ask whether the cumbersome groups appearing in the proof of Theorem
[6.3] are finitely generated as profinite groups. We give a positive answer in the following
theorem.

Theorem 6.4. Let H € C. If H has PRG then H is finitely generated as a profinite group.

The next natural question is whether such a group is the profinite completion of finitely
generated residually finite group. If this is true, we say that the group in question is a
profinite completion. This question was answered by Kassabov and Nikolov for cartesian
products with factors of unbounded rank (see [42, Theorem 1.4]).

'For S a nonabelian finite simple groups we define rk.S = m if S = Alt(m) and rk.S = rk L if S is a
simple group of Lie type L.
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Theorem 6.5. Let H = [];cy Sf(i) where the {S;} are an infinite family of finite simple
groups such that vk S; — oco. If H is topologically finitely generated then it is a profinite
completion.

Moreover they also explain why the condition rk.S; — oo is necessary. In particular, the
groups appearing in the proof of Theorem are not profinite completions. It is not clear
however whether Theorem remains true if we require H to be a profinite completion.

6.2 Representation Growth of Finite Groups of Lie Type

We refer to section for definitons and concepts regarding finite groups of Lie type.
Let G be a connected simply connected absolutely almost simple affine algebraic group with
Steinberg endomorphism F' : G — G, then (except for a finite number of exceptions) the
group G is quasisimple and in particular G /Z(GF') is a simple group (see Theorem.
Finite simple groups of this form are called finite simple groups of Lie type. According to
the classification of finite simple groups, all but a finite number of the nonabelian finite
simple groups are either an alternating group or a finite simple group of Lie type. Therefore
the asymptotic behaviour of the representation growth of groups of the form G may be
used to derive asympotic properties for the representation growth of finite simple groups of
Lie type. The representation growth of the quasisimple groups G¥ has been studied in [52]
by Liebeck and Shalev using Deligne-Lusztig theory. For a prime power ¢ and Lie type L,
let L(q) denote (if there exists one) a finite quasisimple group of type L defined over F,.

Theorem 6.6 ([52, Theorem 1.1)). Fiz a Lie type L and let h be the corresponding Cozeter
number. Then for any fixed real number t > 2/h, we have

Criq)(t) = 1 as ¢ — oo.

Theorem 6.7 ([52, Theorem 1.2]). Fiz a real number t > 0. Then there is an integer r(t)
such that for any L(q) with tk L > r(t), we have

{L(q)(t) — 1 as |L(q)| — oc.

The corresponding result for alternating groups reads as follows.

Theorem 6.8 ([51), Corollary 2.7]). Fiz a real number t > 0. Let A,, denote the alternating
group on n elements, then
Ca,(t) = 1 asn — oo.

Note that for a finite simple group of Lie type S = L(q)/Z(L(q)) for some Lie type L
and primer power ¢, we have (g(t) < ¢ L(q) (t) for every t > 0. Therefore the above theorems
provide information about the asymptotic behaviour of the representation zeta functions
for all the infinite series of nonabelian finite simple groups. As a corollary, one obtains a
general result for the representation growth of any nonabelian finite simple group.

Corollary 6.2.1. Let S denote a nonabelian finite simple group.
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i) Fort> 1, we have
Cs(t) = 1 as |S| — oc.

it) There exists an absolute constant ¢ such that rn(S) < cn for every nonabelian finite
simple group S.

For the proof of Theorem [6.3] we will need a more precise study of the representation zeta
functions (7,4)(s). Let us first introduce some concepts which will be useful for comparing
different zeta functions, cf. [0, Definition 2.4]. Let f(s) = Y ooy a,n" % and g(s) =
Yoo 1 byn~® be Dirichtlet generating series, i.e., Dirichlet series with integer coefficients
ap,bp, > 0. Let C € R. We write f <¢ g if f and g have the same abscissa of convergence
a and f(s) < C'*3g(s) for every s > a. We write f ~¢ gif f <cgand g <¢ f.

In [6] Avni, Klopsch, Onn and Voll obtained a precise description of the asymptotic
behaviour of the representation zeta functions of finite groups of Lie type.

Theorem 6.9 ([0, Theorem 3.1 (3.1)]). For every connected semi-simple algebraic group
G defined over a finite field F, with absolute root system ®

rk ®—|®]|s k(1—Lks)

Cary)(8) ~c 1+4¢ =1+gq :

The following lemma provides a way to study inifinite products of representation zeta
functions.

Lemma 6.2.1. Let f, g be Dirichlet generating series and denote by oy and oy their corre-
sponding abscissae of convergence. Suppose that f = [[o _1(1+ fm) and g = TTre—1(1 + gm),
where fm, gm are Dirichlet generating series with vanishing constant terms. Suppose further
that there exists C € Rsq such that, for all m, fm Sc gm- Then oy < ay.

Finally the following Theorem will be used several times to obtain the necessary bounds
to apply Theorem see [49)].

Theorem 6.10. There are absolute constants d, e > 1 such that for any finite simple
group of Lie type S and any irreducible projective representation x of S we have

x(1) > dg™"

where r =tk L, and S is of type L and defined over F,.

6.3 Polynomial Representation Growth in C
We begin by giving a proof to Lemma [6.1.1

Proof of Lemma [6.1.1l Suppose that [(n) is not polynomially bounded. Observe that
for some (distinct) i1, ...,4; € I and p;;, an n;,-dimensional irreducible representation of the
group S;;, the tensor product p;, ® ... ® p;, naturally defines an irreducible n-dimensional
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representation of the group H§:1 Si; (and in particular of H), where n = n;, ...n;,. Indeed,
every irreducible representation of H has this form. In particular, it follows that

{(n)(l(n) —1)
R,:(H) > - 5

Hence R, (H) cannot be polynomially bounded, as we assumed that [(n) is not. This
implies that r,(H) is not polynomially bounded. O

Proof of Theorem [6.1l The direct implication follows from Lemma [6.1.1

For the converse take a as in Lemma Since i(n) is polynomially bounded and
Ig(1) = 1 ( the S; being nonabelian and simple), we can take b € N such that I(n) < n’.
Similarly, by Corollary we can take ¢ € N such that r,(S5) < n¢ for every nonabelian
finite simple group S.

Now let p be an irreducible n-dimensional representation of H = [],c; S;. Recall that
p = piy ®...Q p;, for some (distinct) 41,...,4; € I, where p;; is a nontrivial n; -dimensional
irreducible representation of Sl-j and n;, ...n;, =n. Moreover, n;; > 1 since the groups Sij
are simple. By the previous lemma there are at most n® possible configurations of the form
(n1,...,n¢) such that n; ...n; = n. Given such a configuration (n;,,...,n;,), the number
of factors S of H such that S has a representation of dimension n;; is at most Iy (nz]) < nlz?j.
Hence the number of choices of factors (i1, ...,4;) € I' for such a configuration is bounded
by ] né’j = n’. Now each group S; ; has at most nfj irreducible representations of dimension

a+b+c

i, Therefore r,,(H) < n®nn¢ =n and H has polynomial representation growth. [J

Given a finite group G let us denote by d(G) the minimal number of generators of G.
It is known that d(S) = 2 for every nonabelian finite simple group. The following result in
[88] will be used for the proof Theorem 6.4

Theorem 6.11. Let S be a nonabelian finite simple group. For every e € N, d (S|S|E) =
e+ 2.

Proof of Theorem [6.4l Suppose H has PRG. For S a nonabelian finite simple group,
let ¢(S) denote the number of copies of S appearing as a composition factor of H. By
Theorem we know that [(n) < n® for some e € N. Since for every finite group S,
S has a nontrivial irreducible representation of dimension less than |S|, it follows that
¢(S) < 1(]S|) < |S|¢ for every S. Note that we can write H = [[g 5%, where S runs
along the nonabelian finite simple groups.

Applying Theorem we obtain that, for every S, S¢%) is generated by e elements.
Let us pick for every S a tuple (¢7,...,¢°) € S99 such that < ¢7,..., g7 >= S, We
claim that the e-tuple (g1 = []g gt ... ge =11 g g>) generates H as a profinite group. Put
G =<gi1,...,8e >. It follows by construction that G x [[gg Q@) = H. Thefore

H/ H QC(Q) o~ ge(S)
Q#ES

is in the top of G for every S. But this clearly implies G = H.
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6.4 Types of representation growth

Example. Let us first look at an example to ilustrate the idea of the construction. Let us
consider the groups SLy(FF;). The representation theory of these groups is well understood
(see [21, Chapter 15]) and we know that for ¢ = p™ (p odd prime) their representation zeta
functions are given by

_ q—3 _ qg+1\~"*
CSLy(F,) =1+ ¢ s+?(q4—1) 5+2+2() +

2
q—1 s (q -1 ) -’
—(qg—1 2 —— )
5 (@=1)7"+ 5
For convinience, we will encode the nontrivial part as

f(q,8) = sy, (8) — 1

Fix an odd prime p and consider now the group H = [];cy SLQ(Fpi). Note that all
factors of the cartesian product have rank 1. Hence, applying Theorem we readily
obtain that if SLy(IF,) has a representation of dimension n, then n > dg°. It follows that
lg(n) <log,(n/d), in particular, I (n) is polynomially bounded and H has PRG. Recalling
once again that irreducible representations of H are given by finite tensor products of
irreducible representations of the factors SLy(IF,), we obtain that the representation zeta
function of H is given by

Ca(s) = H CSLQ(IE'pi)(S) = H(l + f(p',s)).

1€EN €N

It follows that (m(s) converges if and only if 3 ,cy f(p',s) does. An analysis of the
summands ocurrying in each f(p’, s) gives that the latter series converges if and only if the
series Zq:pi gt = ZieN(p_SH)i does. The latter expression, being a geometric series,
converges if and only if p~*T! < 1, that is, if and only if s > 1. Therefore a(H) = 1. O

Theorem 6.12. Given ¢ € Ry, there exists a Lie type L, a prime number p and H =
[Licn Si, where for every i € N, S; = L(q) for some p-power q, such that H has PRG and
a(H) =c.

Proof. Given ¢ € R, pick a Lie type L with Coxeter number h and k£ = rk ® such that
khc > 2. Let us assume that h is an even integer (this holds for all root systems except
for those of type Agi, moreover and easy adaptation of the proof also works for h odd).
Construct a sequence of natural numbers {a,} C N such that ¢ — 9= < % for every n € N.
Clearly a, — c and there exists N € N such that hka, > 2 for every n > N. Pick a

k(ha;—21) o i
prime number p. Consider the function f : N — N given by ¢ — p~ 2 ifi>N,i—0

otherwise. Recall that L(g) denotes a quasisimple group of type L defined over F,. Finally
consider the group
B =[]0,
€N
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We claim that o(H) = ¢. First observe that, by Theorem if L(p’) has an irreducible

representation of dimension n, then n > dp", that is, i < lii(gé‘;) < C'logn for some
ik(ha;—2i) ikhc—2i .
constant C'. On the other hand note that f(i) = p~ 2 <p e pP? for some

constant D. Thus
lz(n) < Clognf(Clogn) < ClognpPI™ < ClognnP e,
that is, g7 (n) is polynomially bounded. By Theorem H has PRG and we have
=] Cﬁ;)z)
€N
Now by Theorem [6.9] we know that

i(rk —|PT|s) _ ik:(lfgs).

Crpiy Sc1+p L+p

Therefore an application of Lemma [6.2.1] gives

aH) =« (H (1 —I—p”“( ))f(l)) .

1€N
The latter product convergences if and only if the series

Zf(i)pz‘k(l Z P pi* (1-4s) Z pl’;h %

ieN i>N i>N

k(ha;—2i)

converges. We claim that the latter series converges if and only if s > ¢. Suppose first that
s > ¢, then % — s < —¢ for some € > 0. Thefore

Z p%(%_s) < Z p%(cfs)_

i>N i>N
Since the latter is a subseries of a geometric series of ratio p=z (¢™ < 1, it converges.

Suppose now that s < c. Then there exists N < M € N and € > 0 such that % — s > ¢ for
every ¢ > M. Hence

IS WAL S e

>N i>M i>M

kh
Since the latter series is a tale of a geometric series of ratio pT(E) > 1, it does not
converge. O

Theorem [6.3] is now a corollary of Theorem [6.12]

Proof of theorem [6.3l Let us pick L = (A,,id) such that rk ® = p is a prime number
and pc > 2. Now by (the proof of) Theorem there exists H = [[;en S; such that for
every ¢ € N, S; = L(p®) for some e € N and o(H) = ¢. Note that in this case we have
L(p®) = SLy(Fpe) and Z(SLy(F,e)) = 1, since there are no nontrivial p*"-roots of unity in a
field of characteristic p. Hence the groups L(p®) are indeed simple and the theorem follows.
Note that one can similarly find an appropriate Lie type within the other infinite families
(B, Ci, D;, i € N) and mimic the above construction for that type. O
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