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Error analysis of projection methods for non inf-sup
stable mixed finite elements. The transient Stokes
problem.

Javier de Frutos* Bosco Garcia-Archillal Julia Novo?

Abstract

A modified Chorin-Teman (Euler non-incremental) projection method and a
modified Euler incremental projection method for non inf-sup stable mixed finite
elements are analyzed. The analysis of the classical Euler non-incremental and
Euler incremental methods are obtained as a particular case. We first prove that
the modified Euler non-incremental scheme has an inherent stabilization that allows
the use of non inf-sup stable mixed finite elements without any kind of extra added
stabilization. We show that it is also true in the case of the classical Chorin-Temam
method. For the second scheme, we study a stabilization that allows the use of
equal-order pairs of finite elements. The relation of the methods with the so-called
pressure stabilized Petrov Galerkin method (PSPG) is established. The influence of
the chosen initial approximations in the computed approximations to the pressure
is analyzed. Numerical tests confirm the theoretical results.

keywords Projection methods, PSPG stabilization, non inf-sup stable elements

1 Introduction

In this paper we analyze a modified Chorin-Temam (Euler non-incremental) projection
method for non inf-sup stable mixed finite elements. The analysis of the classical Euler
non-incremental method is obtained as a particular case. We prove that both the modified
and the standard Euler non-incremental schemes have an inherent stabilization that allows
the use of non inf-sup stable mixed finite elements without any kind of extra added
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stabilization. Although this result is known (see for example [18], [10]) to our knowledge
there are no proved error bounds for the Chorin-Temam method with non inf-sup stable
elements in the literature (see below for related results in [1]). For the closely-related
Euler incremental scheme we analyze a modified method for non inf-sup stable pairs of
finite elements. In this case an added stabilization is required. The analysis of a stabilized
Euler incremental scheme is also obtained as a consequence of the analysis of the modified
method. We establish the relation of the methods with the so called pressure stabilized
Petrov Galerkin method (PSPG).

It has been observed in the literature that the standard Euler non-incremental scheme
provides computed pressures that behave unstably for At small and fixed h if non inf-sup
stable elements are used, see [3]. With our error analysis we clarify this question since in
that case the inherent PSPG stabilization of the method disappears.

In the present paper, we analyze the influence of the initial approximations to the
velocity and pressure in the error bounds for the pressure. In agreement with the results
obtained for the PSPG method in [14] a stabilized Stokes approximation of the initial data
is suggested as initial approximation. We show both analytically and numerically that
with this initial approximation we can obtain accurate approximations for the pressure
from the first time step.

Our analysis is valid for any pair of non inf-sup stable mixed finite elements whenever
the pressure space @Q), satisfies the condition Q;, C H'(Q). However, we prove that the
rate of convergence cannot be better than quadratic (in terms of h) for the L? errors of
the velocity and linear for the L? errors of the pressure so that using finite elements other
than linear elements in the approximations to the velocity and pressure offers no clear
advantage. In terms of At the rate of convergence we prove is one for the L? errors of
the velocity. For the L? discrete in time and H' in space errors for the velocity and L?
discrete in time and L? in space errors for the pressure the rate of convergence in terms
of At is one for the modified Chorin-Temam method and is one half for the standard
Chorin-Temam method, accordingly to the rate of convergence of the continuous in space
Chorin-Temam method, see [11] and the references therein. The analysis presented in
this paper is not intended to obtain bounds with constants independent of the viscosity
parameter. The possibility of obtaining viscosity independent error bounds will be the
subject of further research.

Of course, the Chorin-Temam projection method is well known and this is not the
first paper where the analysis of this method is considered. The analysis of the semidis-
cretization in time is carried out in [19], [20], [18], [16], [17]. In [3] the stability of the
Chorin-Temam projection method is considered and, in case of non inf-sup stable mixed
finite elements, some a priori bounds for the approximations to the velocity and pressure
are obtained but no error bounds are proven for this method. In [1] the Chorin-Teman
method is considered together with both non inf-sup stable and inf-sup stable mixed finite
elements. In case of using non inf-sup stable mixed finite elements a local projection type
stabilization is required in [1] to get the error bounds of the method. In the present pa-
per, however, we get optimal error bounds without any extra stabilization for non inf-sup
stable mixed finite elements.

For the Euler incremental scheme the analysis of the semidiscretization in time can
be found in [16]. The Euler incremental scheme with a spatial discretization based on
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inf-sup stable mixed finite elements is analyzed in [12]. To our knowledge there is no
error analysis for this method in case of using non-inf-sup stable elements. Some stability
estimates can be found in [3] for the method with added stabilization terms more related
to local projection stabilization than to the PSPG stabilization we consider in the present
paper. A stabilized version of the incremental scheme is also proposed in [15] although
no error bounds are proved. Finally, for an overview on projection methods we refer the
reader to [11].

Being the Chorin-Temam projection method an old one, it has seen the appearance
of many alternative methods during the years, many of which possess better convergence
properties. The purpose of this paper is not to discuss its advantages or disadvantages
with respect to newer methods, but just to analyze its inherent stabilization properties
which allow the use of non inf-sup stable elements without extra stabilization, and its
connection with (more modern) PSPG stabilization.

For simplicity in the exposition in most of the paper we concentrate on the transient
Stokes equations assuming enough regularity for the solution. However, in Section 4.2
we include a sketch of the analysis of the modified Euler non-incremental scheme in the
general case in which non-local compatibility conditions for the solution are not assumed.
For a detailed analysis including the analysis of the evolutionary Navier-Stokes equations
without assuming compatibility conditions we refer the reader to [8].

The outline of the paper is as follows. We first introduce some notation. In the second
section we consider the steady Stokes equations and introduce a stabilized Stokes approxi-
mation that will be used in the error analysis of the method. Next section is devoted to the
analysis of the evolutionary Stokes equations. Both methods Euler non-incremental and
Euler-incremental schemes are considered. In the last section some numerical experiments
are shown.

2 Preliminaries and notation

Throughout the paper, standard notation is used for Sobolev spaces and corresponding
norms. In particular, given a measurable set w C R? d = 2,3, its Lebesgue measure is
denoted by |w|, the inner product in L?(w) or L?(w)? is denoted by (-, -),, and the notation
(+,-) is used instead of (-, -)q. The semi norm in WP (w) will be denoted by | - |, and,

following [7], we define the norm ||-[[,, ,, as

m
p(j—m)
11 =D 1l T 1 s
§=0

so that [|f]l,,,. |w|%7% is scale invariant. We will also use the conventions || - ||, =
|- lm2w and || - [lm = || - [lm2q. As it is usual we will use the special notation H*(w) to
denote W*?(w) and we will denote by H} () the subspace of functions of H'(f2) satisfying
homogeneous Dirichlet boundary conditions. Finally, LZ(€2) will denote the subspace of
function of L?(w) with zero mean.

Let us denote by 7, a triangulation of the domain €2, which, for simplicity, is assumed
to be convex with Lipschitz polygonal boundary. On 7, we consider the finite element



spaces V, CV = HYQ)? and @, C L3(2) N HY(Q) based on local polynomials of degree
k and [ respectively. Equal degree polynomials for velocity and pressure are allowed. It
will be assumed in the rest of the paper that the family of meshes is regular.

We will denote by Jpu € V}, the elliptic projection of a function u € V' defined by

(V(u — Jhu), VVh) =0, Vv,elV,.
The following bound holds for m = 0,1 and u € H¥+1(Q)4 0 < k' <k,
[a = Tpuflm < CRF " [ (1)

Analogously, we will denote by J,z € @), the elliptic projection of a function z €
HY(Q). Form =0,1, z € H'*(Q), 0 < I’ <[ it holds

CHIH™ 2, (2)
Cll=]]1 (3)

1z = Jnzllm

<
| Jn2llr <

The following inverse inequality holds for each vy, € V},, see e.g., [6, Theorem 3.2.6],

n—m—d(i-1
Wil < Cotie ™" v e, (1)

where 0 <n <m < 1,1 < qg<p< oo, and hy is the size (diameter) of the mesh cell
KeT,.

Let X be the smallest eigenvalue of A = —A subject to homogeneous Dirichlet bound-
ary conditions, A being the Laplacian operator in 2. Then it is well-known that there
exists a scale-invariant positive constant c_; such that

VI < cod 2 ivlly,  ve L), (5)

and, also,
IVllg < AV2 Vv, v e Hy()Y, (6)

this last inequality is also known as the Poincaré inequality.

3 A stabilized Stokes projection
Let us consider the Stokes problem

—vAs+Vz = g, in Q
V-s 0, in (7)
s = 0, on 0NQ.

We define the stabilized Stokes approximation to (7) as the mixed finite element approx-
imation (sp, z) € (Vi, Qp) satisfying

v(Vsi, Vxy,) + (Van, xn) = (9,Xn), VX € Va, (8)
(Vosp,¥n) = —0(Va, Vi), Yy € Qp, (9)



where 0 is a constant parameter. Observe that from (7) and (8) it follows that the errors
sp — s and z, — z satisfy

v(V(sp, —s),Vx,) + (V(zn — 2), x5) =0, Vxp € Vi. (10)
The pair (Jps, J,z) satisfies the following equations for all x, € V}, and ¥, € @,

v(VJws, Vx,) + (Vhz, x) = (9,x) — (11, V- x4), (11)
(V- dps,vp) = —0(Vdpz, Vo) 4+ 0(T3, Vibr),

where T} and T5 are the truncation errors

s— Jys
)

Ty =Jyz—2z, Th= + V2. (12)

Let us denote by
eh:sh—Jhs, Th:Zh—JhZ.

Subtracting (11) from (8) it is easy to reach

V(Veha VXh) + (Vrfn Xh) = (T17 % Xh)’ th € Vh (13)
(Veen,vn) = —0(Vry, Vi) = 8(Tz, Vibn), Vb € Q.

Taking x;, = e, and ¥, = r; we obtain
v||Venll§ + 0l Vralls < v IThll + Sl T2 6.

In view of the expressions of 77 and T» in (12), the right-hand side above can be bounded
in terms of v~ Jpz — 2|2 4+ 07| Tns — s[|2 + 6 ||V Izl , so that denoting

M(s,z) = v 2 || Tz — 2|y + 62| Tns — s, (14)
and recalling (3) we have
VIVenl + 819mll3 < C(M(s. 2) + 82 |V ],)" (15)

Using the triangle inequality we obtain

V2|V (s = sp)lo + 02|V (2 — zn)|lo < C(M (s, 2) + 62| Vz]|,)- (16)
In the sequel we set
h
= ——7" 17
p (V5)1/27 ( )
so that applying (1) and (2) we have the estimate

12k hl’—i—l

Mfs,2) < C (¥ [slliss + 7 2l ). (18)

To bound ||ry||o we will use the following lemma [4, Lemma 3], [14, Lemma 2.1].
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Lemma 1 For ¢y € Qy it holds

7v :
Jnlls < CIT o + € sup P X0) (19)

xneve Ixall
Applying (19), (13) and (15) we get

Irallo < ChO™Y26Y2||Vry|lo + sup V- X)

XnEVh ||Xh||1
< Chd Y2812V rhllo + vl Venllo + | 1o

< C((h6™2 + ) M(s, 2) + (h+ (v5)V2) Hvzu).

Applying the triangle inequality we have
2 = zallo < CvM2(1 4 p) (M(s, 2) + 82|V 2] ). (20)

To conclude this section we will get a bound for the L? norm of the error by means of a
well-known duality argument.

Lemma 2 There exist a constant C > 0 such that for any v € H}(Q)? with div(v) = 0,
q€ LiQ), vi € Vi and q, € Q) satisfying

v(V(vi = v),Vx;,) + (Vg — 9), x1,) = 0, VX € Vi, (21)
(V- (Vi =), %n) +0(Van, Vibp) =0, Vi € Qn, (22)

the following bounds hold:
v 2 ([ Vvllg + 62 [ Vanlly < C@ 2 VIl + 72 llaly), (23)
Vi =vllo < C (R (IV = villlg + v lla = anllo) +01[Vanllo) - (24)
Proof Observe that since div(v) = 0, relation (22) can be written in the form
(Vv thn) + 0(Van, Vior) = 0,

for all ¥y, € Qp,. Then taking ¢, = g, in this relation, x; = v; in (21) and summing both
equations, the bound (23) follows easily. To prove (24), for ¢ = v — vy, let (E, Q) be the
solution of

—VvAE+VQ = o, in €,
V-E = 0, in Q, (25)
E = 0, on 0f2.

Since we are assuming () is a convex domain with Lipschitz polygonal boundary, the
solution of (25) satisfies

V[Ellz + [|Ql: < Cligllo = Cllv = vallo. (26)



Then, we have
v = Vil = (@, v —vi) = (Vv = 1), VE) = (V- (v = V1), Q). (27)

For the first term on the right-hand side of (27) adding and subtracting J,E and using
(21) we get

v(V(v—=vy),VE) =v(V(v—-v,),V(E - J,E)) +v(V(v —v,),VJLE)
=v(V(v—vp),V(E—-JE))+ (¢—qn, V- J4E)
=v(V(v—=v),V(E - J,E)) + (¢ — ¢,V - (E = J,E))

Then, applying (1) and (26) we obtain

V(v =), VE) < (V]9 (v = vi)llo + Clla = aullo) IV (E = TE)

(IV(v = vi)llo + Cv g — anllo) || E]l2 (28)
Ch(IV(v = vi)llo + Cv g = aullo) [Iv = vallo-

IA TN

For the second term on the right-hand side of (27) we add and subtract J,@Q and apply
(22)

(Vo (v—=vp),Q) = (V- (v—vpn),Q — JpQ) + (V- (v—va), JnQ)
= (V- (v—=w4),Q — JhQ) 4+ 0(Van, VJ,Q).

Applying now (2) and (3) together with (26) we get

(V- (v=va), Q) < [IV(v = vi)lloll @ = JrQllo + 6l Vanlol[[V JrQllo
< C(RIV (v =vi)llo +6[IVanllo) Q1 (29)
< C(RIV(v =vi)llo + 0l Vanllo) [Iv = vallo

Inserting (28) and (29) into (27) we reach (24) O
We now apply (24) with v =s, ¢ = z, vj, = 85, and ¢, = 2, to get
Is = sally < C(b (19(s = su)llg + v 12— zally) + 811V ll).
Applying (16) and (20) together with definition (17) we get

s —sally < C (™22 4 p) (M(s.2) + 8" [ Vz]l) +5 [ Vnlly)
< C (p(2+ )02 (M(s,2) + 62|V zlly) +6[[Vzal)

By writing 6 ||Vz,|| < 0|V (2 — 2)|| + || Vz|| and applying (16) we have

s = sillo < C(1+p)%"2 (M(s, 2) + 62 [ V2lly) (30)
and applying (18),
/ 61/2 /
Is = sallo <CL+ p)? (B sy + SrphHzliss +81V2lo), (31



for <Kk <kand 0<[! <.

We notice that in the last bound there are positive powers of the parameter p. This
implies that in order to have optimal error bounds in the velocity p must be bounded
above. Hence, in the sequel, we will assume

P S P1, (32)

for a positive constant p; which implies

1
—h* <6 (33)

vpr

Assuming (32) we obtain the following simplified error bounds for 0 < &' < k and 0 <
I'<l.

c .
V2V (s = sn)llo + 87V (z = z) o < —aMis, 2),

|z = znllo < CM(s, 2),
s — spllo < CMa(s, 2), (34)

where the constants C' in the bounds above depend on the value p; in (32), and

Mi(s,2) = vA"[lslwsr + B | z]lver + (00) 2 V2o,

~

My(s,z) = W sllisr + v B2 P22l 4+ 0([V 2o + [l2lli),

where M, is obtained from (31) by writing %hl/“ < % + hQ(;/:l) We observe that
independently of the degree of the piecewise polynomials, in view of condition (33), we
do not achieve more than second order in the L? norm of the error of the velocity and
first order in the L? norm of the error of the pressure due to the terms §||Vz|y and
§1/2||V z||o respectively. Using piecewise linear polynomials both in the approximations to
the velocity and the pressure (i.e. with k =1 = 1) and assuming (s, z) € H*(Q)? x H(Q)
(i.e. taking I’ = 0) we get

h
vIV(s —sillo+ 02V (z =)l < C—p(wlisla + [12]0) + €82 2],

1z = znllo < Ch(llslla +[|z]l1) + C(wd)?|1z]l1, (35)
h2
Is =sullo < C—(vlIsll2 + [z]l1) + Coll=]1,

the constants C' depending on the value p; in (32). Here and in the rest of the paper we
use C' to denote a generic non-dimensional constant.
Finally, we will also use the following bound that can be easily obtained (see [8, Section

3.1])

Is = sullo < C(h+ 11262 ([Isll + v~ |2llo) - (36)



4 Evolutionary Stokes equations

In the rest of the paper we consider the evolutionary Stokes equations
vi—VvAv+Vqg = g, in
V-v 0, in (37)
v = 0, on 01,
v(0,x) = wvp(x), in Q.

We will introduce a modified Euler non-incremental scheme in the first part of this section
and we will end the section considering a modified Euler incremental scheme. The error
analysis of the second scheme is obtained as a consequence of the error analysis of the
first method.

4.1 Euler non-incremental scheme

We will denote by (viI, v}, ql), n = 1,2,..., vV} € Vi, ¢f € Qp and v} € V, + VQ,
the approximations to the velocity and pressure at time ¢, = nAt, At = T/N, N > 0
obtained with the following modified Euler non-incremental scheme

{,Tb-l—l -V ~n n
(hA—thJ(h) + (Vv Vx,) = (8" xn): VX € Va

(V-9 ) = —6(Vg ™, V), Vi, € Qu, (38)

n+l _ on+l n+1
v =Vt =0V T

Let us observe that for § = At, (38) is the classical Chorin-Temam (Euler non-incremental)
scheme [5], [21]. In case 6 = At we can remove v} from (38) inserting the expression of
v} from the last equation in (38) into the first equation in (38) to get

{,n+1 — " 3
( Y h’Xh) + (VL V) + (Ve xa) = (877 xa), ¥ € Vi (39)

(V- b)) = =8(Vg ™, V), Yy, € Q. (40)

The method we study is exactly (39)-(40) with ¢ a parameter not necessarily equal to
At. More precisely, we suggest to take § as defined in (33). Let us observe that in the
formulation (39)-(40) we only look for approximations v} € V}, and ¢)' € @, to the velocity
and pressure respectively. The discrete divergence free approximation v} to the velocity
is not part of the scheme. As a consequence of the error analysis of this section we will
get the error bounds for the classical Euler non-incremental scheme assuming in that case
0 = At.

Remark 1 Let us observe that condition (40) is analogous to the condition imposed
for the pressure stabilized Petrov-Galerkin (PSPG) method to stabilize non inf-sup stable
mixed-finite elements, see [14]. The difference is that in the PSPG method instead of (40)
one has the full residual

ont+l — ~n
(Vo) = Y ((g”*l,wm - (u,wh)
e At P
_(VA{IZJFl)wh)K - (Vq}TLH_la V%th)K ) (41)
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so that the PSPG method is consistent, while in (40) we only keep the last term on
the right-hand side above which is the one giving stability for the approximate pressure.
However, due to the lack of consistency no better that O(h?) error bounds can be obtained
for the method (39)-(40). The analogy between the PSPG method and the modified Euler
non-incremental scheme applies also to the value of the stabilization parameter ¢ which is
in general for the PSPG method § ~ h?, see [14]. Let us observe that we assume a lower
bound for § of size h? in (33) for the method (39)-(40). In view of (35) assuming also an
analogous upper bound, i.e. § &~ h? gives an error O(h) for the first two bounds in (35)
and O(h?) for the last one so that assumption d & h? equilibrates all terms in (35).

Let us denote by g" = g(t,) and v = v;(t,,). Let us consider (s}, z}') the stabilized
Stokes approximation to the steady Stokes problem (7) with right-hand side g" = g" —v".
Let us observe that (v, p") = (v(t,),p(t,)), i.e., the solution of the evolutionary Stokes
problem (37) at time ¢ = t, is also the exact solution of this steady problem. More
precisely, (s}, zjt) € V3, x @y, satisfies

v(Vsi, xn) + (Va,xn) = (8"Xn),  Xu € Va, (42)
(Vesy, ) = —0(Vzy, Viby), Vi, € Q.

In the sequel we will denote by
€, =Vh —Sh, Th =0 — % (43)

From (39)-(40) and (42) one obtains the following error equation for all x;, € V4, ¥ € Q4

én+1 — €, ~n n n n n
(h—ha Xh) + V(veh+17 Vixp) + (Vrysxs) = (T xa) — (V2 — Zh+1)7 Xn)»

At
(44)
(V- & aby) + 6(Vrpt! Vi) = 0. (45)
where
. . Sn+1 —gn . . . Sn+1 _gn
R R v A A B (VAL S e B

To estimate the errors €} and r; we will use the following stability result.

Lemma 3 Let (w})52, and (b})2,, sequences in Vi, and (yp)2, and (d})2, sequences
n Qn satisfying for all x;, € Vi, and Y, € Qp

WZH - WZ n+1 n n n
A X )t v(VwW ™ Vxg) + (Vg x) =(by + Vdy, x4), (47)
(V- with ) + 6(Vy ™, Vi) =0. (48)
Assume condition
At <6 (49)

10



holds. Then, there exists a non-dimensional constant cy such that the following bounds

hold

n—1

Iwillo + Z Wi = willg + A3 (I 9wi™ I + 01V )

J=0

n—1
Co (HWZII% +ALY (b, +5||Vdi||3)> ,  (50)
7=0

n—1 n—1
LA+ S trallw ™ Wil At (9w 3+ o9 )
=0 =0
n—1
(to||wh||o+m2||wh||o+Atth+1 o I3+ 81V )>, 51
Jj=0 j=0
n—1 W{L_H ;Z 2 n—1 - ‘
2
> 8| g+ SV v X IV — W
=0 =0
n_l . .
<a <u||w2||3 +AIVIRIR +Ae Y (I3 + IIVdiIIS)> o ®
=0

Proof Taking x;, = Atwt! in (47) and ¢, = Aty} in (48) we get

1 n n n n n
3 (Wi I8 = Wi g + [wh ™ = whl§) + v AL Vwi [ + AL(Vyg, wi ™)
= At(b} + Vd}, with), (53)
ALV - Wiy + SAH (VY™ Vi) = 0. (54)

Summing both equations and noticing that, after integration by parts, At(Vyp, wi'!)
in (53) cancels out with the term A¢(V - WZH, yp) in (54), we have

1 n n n n n
S (I3 13 = I3l 4wt = will3) + v At Vwp st} + S8 (Vg Vi)
= At(b} + Vd, with).

3

Multiplying by 2 and adding and subtracting ||Vy; we get

Iyt 2 = W+ wi = will2 + 20 A Vw2 4 200 Tyt
= 20}, Wi ) + 280Vl wit ) + 20AH (Ve LV~ ). (55)

From (48) it is also easy to obtain

S(V(yp™ =y, Vyr™) = —(V - (wpth = wi),yp ),

11



so that
n+1 n+1 n 2 n+1 ni|2 3 2 n+1(12
25At(vyh V( —yp)) < _”W _Wh||o+§<At) ||Vyh llo-
Thus, from (55) and (49) we have

1
Wi FHIE = 1w 15 + —IIW”+1 = wWillg + 20 AL VWG + S0AL VG
< 2At(by, with) + 2At(wh,w7;+1). (56)
We now bound the two terms on the right-hand side above. For the first one we write

2A4(bh, Wi ) < — bR, + vAL VWG,

For the second one we have 2At(Vdy, wit!) = —2At(d}, V - wit!), so that using (48)
with ), = 2Atd} we may write

AN
2NV, wih) = 26AH(Vyi T, V) < STy + 4548 T (57)

Using the two inequalities above in (56) we obtain

1 n n n 1 n
w36 = IWRlIG+3 Wi ™ = willlo + 2v AL VWi g + S0ALI VY™ g
§7|lbh||2—1 + vALVWET G + ALV RE + — =V
Arranging terms we get
n n n 1 n
w16 = IIwilg + —HW = whlls + vALI VWG + J0ALI VG

<—Ilb 12, + oAtV R |5, (58)

so that (50) follows easily.
To prove (51), multiply (56) by t,4+1 and write
Lar W31 = tallW3IE + At]lwi 5.

Use (57) to bound the term 2t, 1 At(Vdy, wi™), and for 2t,. At(b}, wi) use the fol-
lowing bound
21 At by, wi ) < 1 Atl[bIG + Atllw S,

so that

n+1HWh+1”O thWZHg
1 1
(Gl = Wi + 20 Vs 4+ L0A Ty R)

< tua A (bt [R5 + 48[ VR 15) + At (Wi 5+ [wi H15)

12



and (51) follows by summing consecutive values of n.
To prove (52) we take x;, = W)™ — w7 in (47). Then

n+1 2

w, T — Wy V n n n
e[| 2 (17w — I+ IV e )
29
(VWi = ) o
= (by,w n+1 —wp) + (Vdy, wi™h — wi).
For the last term on the left-hand side of (59) applying (48) we obtain
(Vy, wi ™ = wi) = —(yi, V- (wi ™ = wi)) = 0(Vyi, Vg™ —ui)
5 i . . (60)
=5 (Vg6 = IVoRlls = IV i™ = widll6)
We will bound the last term on the right-hand side above applying (48) again:
oV =yl = —(V - (Wi = wi).un ™ — wp)
= (Wit = wi Vgt =)
5 n n 1 n n
< IV = yills + g5llwi™ = wills,
so that " )
" " n o|lwyp™ —wp
IV =l < gl —wily = 5| k|
Inserting the above inequality into (60) we reach
" J . 5wt —wr |
(Vo wi™t = wii) = 2 (Vo5 = IVlle) = 5| = ——"| - (61)
2 J
0

so that from (59) it follows that

2 2

WZ—H o
0 0

+ v (IVWi G = [IVwillg + [V (wh ™ = willo)

+0 (Ve g = 1Vui )

< Q(b;zlv n+1 - Wh) + Q(thaWZH - WZ)

n+l

Wi W
At

n
Wy

24¢)

-

0

Using from now on that restriction (49) holds we get

2
+v (Vw5 = IVwill§ + IV (wh ™ = wi)l[5)

0
. . (62)
+0 (Ve ™15 = IIVuRlls)

<2(by,w n+1 —wp) + Q(VdeZH - wp).

n+1 n
W, T Wy

A
{~

13



To conclude we bound the two terms on the right-hand side above. For the first one we

write
2

+4At|[br]I5,
0

n+1 n
Wy Wy

At

At
2(bj, wit —wi) < e '

and for the second one,

2
+ 4AH|Vd} 3.
0

n " Atl|witt — w7
2(Vdy, wit! —wj) < T 'hTth

Using these two bounds in (62) we reach

wi ! — Wh 1 1 2
S o i - rowi + 19 - wil
+ 0 (IVyHIE = I1Vylle)
< 4At[bh[5 + 4AL| V]IS,
from where (52) follows easily. O

Remark 2 At the price of a more elaborate proof, it is possible to replace condition (49)
by At < 24.

We now prove a bound for the error in the velocity and pressure in the approximation
defined by (39)-(40). We assume the solution (v,q) of (37) is smooth enough so that
all the norms appearing below on the right-hand side of the bounds in Theorem 1 are
bounded.

Theorem 1 Let (v,q) be the solution of (37) and let (V] qp), n > 1, be the solution of
(39)-(40). Assume § satisfies condition (33) and At satisfies condition (49). Then, the
following bounds hold

n . h*
V5 = v(t)l§ < Cllenlls + s (Zllv ()2 + lla(t)lIE) + Co*[lalta)ll: (63)
+ O, A + Cht,h* + CH (v )~ ,0%,

n

ALY VIV, = vt)s + 6V (g, — alt)lE)

j=1
n? (64)
<02 = 2 2
< IR + Ot (v s (VOIB + o)) )
+Ctyd max lg@®)|7 + Ot At* + Cit,h* + CF(vA) 1,62,
where CT, C3 and C% are defined as
e
cr = € (5} max Il +0 s VG0 ) (65)
" C
o = o5 ( mas (MO + ) ). (66)
n o __ 2
ey = ¢ (mux la)l?). (57)

14



Proof We apply Lemma 3 to relation (44)-(45), that is, taking wj = €}, yp = r},
by = Py, 7} and d}f = 2! — 27, where Py, is the L? orthogonal projection onto Vj. As
a consequence of (50) we have

€515 + Z len™ — &3+ Atz (vIIVe™ 15 + allvry ™ II7)

7=0

n—1
<||éh||0 +AEY (P THIE +OIV (T - Zi)ll%)) -

7=0

(68)

We now estimate the last two terms on the right-hand side above. For the second one we
have

tj+1
< At / IV Ga)il2 dt. (69)
t

J

RPN ti+1 2
|V (=, )|y = t V(z), dt
j 0

where in the last inequality we have applied Holder’s inequality. Thus we can write

tn
Zauv | < (5At/ 1V (za)el 2 dt. (70)
0

To estimate the truncation error we first consider the second term in the expression of T{L
n (46). Applying Holder’s inequality we may write

.+1 S]+l — Sh tJ"rl 2 tit1 9
O H - sead| <ac [ @)
0 t;
so that, recalling (5) and applying (71) we obtain
J 2 2y iz o e
1Pz, < SHIPLTiE < SHirls
(72)

< 2¢

, ti+1
vt = e o [ sl at).
t

J

N

which allows us to write

t1<t<

n—1
) At2 tn t
A IR < 2 (50 [ el ar+ 5 s v - 60 01R)- (73
=0

Thus, inserting (70) and (73) in (68) it follows that
Iillo + Z CAR AR AtZ V&1 + 611V )

N o
= <|Ie2H3 a8 [ (SHall + IV Gl d
tn
re 5 e ()~ s (013).

U t1<t<tn

15



Now, in view of (34) we can write

n—1 n—1
&5+ Y lent —&lls + A Y (wIve 115 + 61V IF)
7=0 7=0

tn 2
< <012 2 €1 2 2
< < (Hehuo a8 [ (SHsnul + 59l ar

C
b (V202 max V@) + OB max (a0}

V3 t1<t<tn t1 <t<tn

(74)

¢, oo 2
bt e la(0lR).
Taking £ = 1 and [ = 0 in (74), applying triangle inequality and the error bounds (35)
we conclude (63) and (64). O

Remark 3 We observe that the norms ||(sy) |0 and 6'/2|V(23):]lo in (65) can be easily
bounded in terms of ||vy||; and ||¢||; by adding and subtracting vy and V(g;), respectively,
and applying (34).

Remark 4 Let us observe that taking § = At the analysis above applies to the standard
Euler non-incremental scheme assuming

1
—h* < At (75)

vpt

This result is in agreement with the error bounds in [1] where the authors prove error
bounds for the Euler non-incremental scheme for inf-sup stable elements assuming At >
Ch?, see [1, Assumption 7]. It is also in agreement with the classical results for the
continuous in space Euler non-incremental method (see for example [11]) since for § = At
the rate of convergence in terms of At in the L? norm of the velocity is one and the rate
of convergence in the H* norm of the velocity and the L? norm of the pressure is one half,
see (63) and (64).

Let us also observe that condition (75) is stronger than condition (49), At < 4. As a
consequence, the modified Euler non-incremental scheme with ¢ different from At would
be advisable if one wants to use the method for At — 0 since there is no need in the
modified method to impose (75) for the time step At. Moreover, the error analysis carried
out explains the instabilities that can be observed in the approximate pressures computed
with the standard Euler non-incremental scheme for a fixed h and At tending to zero in
case of using non inf-sup stable elements, see for example [3]. In that case, the lower
bound in (75) is not satisfied and the stability for the pressure induced by equation (40)
disappears. This is in agreement with the analogies stated in Remark 1 between the Euler
non-incremental scheme and the PSPG method.

Remark 5 It must be observed that the time step restriction (49) is not an artifact of
the proof but, as it can be easily checked in practice, the modified Euler non-incremental
method becomes unstable if At is taken larger than 26.
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We now turn to estimate the error in the pressure. We first notice that we already
have an estimate of the form

ALY 61V (g, — a(t)I} = O + 2 +0)
j=1

from (64). However, we will obtain error bounds for stronger norms than this one.

Lemma 4 Under the assumptions of Theorem 1 the following bound holds

OIIV (a5 — (eI} < C(VIVELIE + SN VRIS + Citn A2 + Ctah® + Citad
h2 2 2 2 2 (76)
+ = IV I3 + la(ta) 1) + Sllatt) 1),

where C¥ is the constant in (67) and

Cp = max [[(s1)u®)lf + max V()0 (77)
" 1
cp = = (o7 s w0l + s ). (78

Proof We apply (52) to (44)-(45) so that we get

n—1
8 |[Vrillo < co <V||V62||3 +8IVrls + ALY (1P Tillg + V(20 = Zi)H%) :

=0
In view of (70) and (72)-(73) we have
tn
319313 <C VIV + 1Tr8I + & [ (Isulell + 19l
o 2
oo g [lt) = O1R) (79

which in view of (35) can be written as

tn
5 [Vrilly <0 (vHVé‘zu% + 8[|V 3 + Ar° / (Isw)elld + 19 Cza)el2) at

h? (80)
- 2 2 2 2
o (u Jmax |[vi(t)ll; + max |\qt<t>\|1) + tnd max Hqt(t)H1> .
To conclude we apply the triangle inequality together with (35). 0

Remark 6 The norm [|V(zp)¢]|o in the constant C} in (67) can be bounded as follows.
Using inverse inequality (4) and (3) we get

IV (zn)ello < IV ((2n)e = Jna)llo + 1 Vaillo < cih™ [[(z0)e = Jngello + Cllgell1-
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Applying now (35) and (2) we finally bound ||V (zp)¢||o in terms of ||v¢||2 and ||¢:||;.
Remark 7 As before, the bound (76) applies to the standard Euler non-incremental
scheme with § = At assuming in that case h?/(vp?) < At, i.e. condition (75) holds. We
can deduce from (76) that the errors in the pressure are bounded in terms of & VrY||3.
Let us observe that using (39) to get v}, apart from the standard initial condition for
the velocity v{ one would need an initial pressure ¢). If one takes for example ¢) = 0,
then one gets |[Vrl||2 = |[Vz)|lo, the last norm being O(1) as can be proved arguing as
in Remark 3. Then 6||Vr||2 = O(6) which is of the same order as the last term in (76).
As a consequence, the choice ¢) = 0 in (39) does not spoil the rate of convergence of the
pressure.

Next lemma gets an improvement of the error bound (80) that will allow us to under-
stand the effect of the initial condition chosen on the error in the approximate pressure.

Lemma 5 Letr] = qp—z} the error defined in (43). Under the assumptions of Theorem 1
the following bound holds

Hé(’)‘”%+A—t2HVr0|\2+At(O”+t CP)+6CE ((vN) ' +t,) +vh*(Ch +t C”))
5t 2 nllo 1 Tinly 3 n 2 Ttnls) |,

(81)
where C7, C¥, C¥, C} and C? are the constants in (65), (66), (67), (77) and (78),

respectively.

Ivril < of

Proof Multiply (44) and (45) by t,+1, and add +(¢,€,,/At, x;,) and ££,,(Vr}, x;,) to (44),
so that for
wy, = t,€), Yp =t by =t 1Py, T + €5,

and
dp =t (20T = 211) — Atr,

we get (47)-(48). Applying (52) we have

n—1
2 . . .
otx [Vrills <coAt Y 5, (Imlls + IV (T = 2D)15)
7=0
n—1 ' ' <82)
+ oAt ([181[5 + ALV 13).
7=0

For the second sum on the right hand side above using (49) and At < t,, for n > 1 we get

n—1 n—1

~7 112 2 j 112 ~7J 112 2 0112 i (12

At Z;(HehHO ATV [lo) <t max le[lo + AL Vry[lp + ¢ 2 IAL[Vr [l
Jj= =

and then apply (74) to reach

n—1
ALY (ll831l5 + AL VD)
=0 (83)
< Ct,||eplls + SALZ | Vrylls + C(CTL AL + CRtih* + %tiﬁ),
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where C7, C% and C¥ are the constants in (65), (66) and (67), respectively.
For the first sum on the right hand side of (82) we write t3,, <2 and apply (69) and
(72), (73). Then, we get

n—1
. 1 .
ALY L (Il5+ IV ET = 2D
7=0

< ORAP ( | Wena@l + 19 01R) dt)

+Ct? max [ve(t) — (su)e(t)]I3,

t1<t<tp

and applying (35)
n—1
ALY G (Imhls + IV = 2)IF) < O (CIAE + CRtn' + C66%) . (84)
=0

where C¥, C} and C? are the constants in (67), (77) and (78). Inserting (83) and (84)
into (82) we obtain

n||2 Hé?LHg 5At2 012 2 n n 4 n n
o|Vrylle < C 1 +—t2 [Vryllo + At (CT + t,.CF)) + hH(Cy + 1,C5)

+CO?CF ((vAN) ! + ).
Dividing by ¢ and using conditions (33) and (49) we reach (81). O

Remark 8 Let us assume we choose the initial condition for the velocity such that the
error [|€)]p = O(h?) and ¢} = 0. Then ||[VrY]lo = O(1) (see Remark 7) and, as a
consequence, the second term in (81) for n = 1 is O(1) and the first one is O(h*/At) and
then is also O(1) in case (75) is satisfied or it can be worse than O(1) if we consider the
modified Euler non-incremental scheme and we take At tending to 0 for a fixed h.

However, in the case (V),r)) = (s%,z)), i.e., taking as initial approximation to the
velocity and pressure the stabilized Stokes approximation of the solution (v, p) of (37) at
time ¢t = 0, as suggested in [14], the errors ||V}l are O(h) from the first step. This
result is in agreement with both theoretical and numerical results shown in [14] for the
PSPG method applied to the evolutionary Stokes equations and supports the analogy
between the Euler non incremental projection scheme and the PSPG method previously
found in the literature [10], [18]. We refer the reader to [14] for details about the practical
computation of the initial stabilized Stokes approximation using only the given data g
and v°.

Lemma 6 Under the assumptions of Lemma 4 and assuming (v9,q%) = (s, 2Y), the
following bound holds for the error q; — q(t,)

lgh — a(tw)ll5 < CAT (AH(CY + taCY) + 6C5 (vA) " +10) + vh?(C5 + .CF))
+ CR* (Vv (ta) 13 + lla(ta) 1) + Cwidlla(ta) 1,

where CF, Cy, C}, Cp and C¥ are the constants in (65), (66), (67), (77) and (718)
respectively.

(85)
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Proof Applying Poincaré inequality and (81) we get
[l < CATH Vs < CATH (AL(CT + £,CF) + 6CF (vA) ™ +t,) + vh*(CF + ,C)) .
Now, (85) follows applying triangle inequality together with (35). O

To conclude this section we get an error bound for the pressure valid for any initial
condition.

Theorem 2 Under the assumptions of Theorem 1 the following bound holds
Z Atllg, = a(t)lls < Cltav + AH)(WIIVES + 8] Vrhlle) + Crl& s + CtrvCyd

2 2 2 2
+Ctah” max ([[v(t)]z + lla(®)lly) + Ctard max flg®)l;  (86)

Oty A (v, O+ vOP+L 4 Ot 4 ATIOmH)
+ Clyyrh* (U, CF 4+ vCpH + AT P + Oty A1 O3 162

where
n 2 1 2
Co = max (IR + A max [9CaIR, (s7)
n 2
= max s}, (55)

and CT, Cy, Cy, C}, C2, C¢ and C¥ are the constants in (65), (66), (67), (77), (718),
(87) and (88).

Proof We first observe that from (80) we get

0[IVritllo < C (VIVEE + SIVrplli + Cita A + CFth* + C56) (89)
where C¥, C} and C? are the constants in (67), (77) and (78). Applying Lemma 1 we get
V-
770 < CV25Y2 ||Vl + C sup M
xneVin  1Xnlh

From (44) we obtain

V-
sup (rh7 Xh)
xneve  IXalh

~n+1 ~n

At +v||IVeE o + [Py, 7hll=1 + 2 — 22 o

~1
Then, we can write

2

~]+1 ~7
— €
At <C At§ CY At||l—"
Z 77112 VZ IVl + Z A |
+Cv? ZAt||VeJ“\|O+cZAtHPVh Al (90)
7j=1 j=1
+C Y Atz =215
7j=1
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To bound the first term on the right-hand side of (90) we apply (89) and get

vy A||Vrlls < Ctov (v VERI[5 + SIIVrpllE + tn (CRAE + Ch* + C36)) . (91)

=1

For the third term we apply (74) with n + 1 instead of n to obtain

VY AL VES < Cv (80115 + tani CF T AL + 1, O3 R 4+ C3 (0 A) 04067

j=1
(92)
Applying (73) with n replaced by n + 1 again to bound the forth term we get
D APy, )% < CAT (i CF T AL + £, O 4 O 1067) (93)
j=1
For the last term on the right-hand side of (90) we observe that
" , , tnt1
St - A< a8 [ el e (94
i=1 h

To conclude we will bound the second term on the right-hand side of (90) applying (5)
and (52)

j=1

éj+1 ~j 2
h

~jt+l xj
At

2 n
e —e
<A\t At ||—h
- Z At
-1 j=0 0

< i (v VR[5 + 0l Vrylo)

+ 21X (ALY IR+ IV (2 — 2 7)IR)-
=0

To bound the last two terms on the right-hand side above we apply (73) for the first one
as before and argue as usual for the second so that we reach
12

< OX (VIVEY 3 + 61|V r2)

—1
+ ON (bt COFIAR 4 £, CP P 4 O, 00%) (D)

tn+1
L ONTAR / IV ()l dt.

t1

Inserting (91), (92), (93), (94) and (95) into (90) we obtain

DAL < Clav + A WIVEE + 8IVralE) + Crl& + CtavCys (96)
j=1
+Cty1 A (v1,CF + vCP 4+ Cgtt + XTI + Ot AT CFH 62
+Ctprh* (v, CF + vCy + XTICET)

Using the triangle inequality together with (35) we finally reach (86). O
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Remark 9 We observe that Remark 5 can be applied to the error bound (86). On the
one hand, the error bound for the pressure holds for the standard Euler non-incremental
scheme whenever At satisfies (75). However, for the modified Euler non-incremental
scheme only condition (33) is required so that for any h we can allow At — 0 without
loosing the optimal rate of convergence. On the other hand, any initial approximation for
the velocity satisfying ||[Vé?||o = O(h) and any initial pressure satisfying ||Vr)|o = O(1)
(including ¢ = 0) will result in an optimal error bound of size O(h + At + §'/2) for the
discrete L?(L?) norm of the pressure error.

It is well-known that the solution of the Stokes and Navier-Stokes equations, no matter
how smooth the initial velocity and the forcing term are, cannot be expected to have third
spatial derivatives bounded up to t = 0, unless certain nonlocal compatibility conditions
(which are difficult to check in practice and cannot be realistically assumed) are satisfied.
For the pressure, the same can be said for second spatial derivatives. The analysis of the
method in the case in which such compatibility conditions are not assumed (for both time-
dependent Stokes and Navier-Stokes equations) is carried out in [8]. For the conveniency
of the reader, we reproduce in the next section the most revealing parts of the analysis
in [8] in the case of the Stokes equations.

4.2 FError analysis without compatibility conditions
We shall assume that there are positive constants M; and Mj such that for ¢ € [0, T,
V@I + v la@®llg < My, IVl + 27 (la@®lly + Ve (®)llg) < M2, (97)

and, following the analysis in [13], for & > 2 integer, we shall assume that the following
quantities are finite

Mies = goass (6/T) 2L (1w (Ol + 07 o)1) (98)
Mz = e (4T (v Vi) o 0 0Ol o). (99)
) T ¢\ k=3 L 9 4 9
K= (7)) (72l + v s ) dt (100)
0
together with,
LTt >
K2y = 4/ vl dt (101)
0
and .
K=o [ gl de. (102
0

Theorem 3 Let (v,q) be the solution of (37) and let (V},qp), n > 1, be the solution of
(39)-(40). Assume § satisfies condition (33) and 6 < T, and that At satisfies condition
(49). Then, the following bounds hold for n > 1,

“n - 2
9 = v < (19 = vO) R+ A [vis]2)
+CLAE + Co(R* + 5212, (103)
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where Cy and Cy are defined as
O = O (02 + VK2, T + KIT + M;Q) , (104)
Cy = C(VK;,T+vK3,+ M), (105)

Moreover, it also holds,

Atz VIV (5, = v ()l + 81V (g, — at;)F)

(106)
< O|¥9 —v(0)|12 4 CL AL + Co( B + v6).
where, assuming 0 < T,
G, = Ci((wN)'+T), (107)
Cy = Co(A\ '+ diam(Q)? + 7). (108)

Proof In view of (45) we can apply (51) for w} = €}, yj = r}, b} = 7/ and d} =
2t — 2n Tt follows that

tn HéhHo“‘AtZt V||V lls +olvrlig)
(109)
<%@Q]@m Zﬁtﬂmm+%mww“ D).

To bound the second term on the right-hand side of (109), we notice that t;./t; < 2
for j=1,...,n— 1, so that we may write

AtZt +1||Th||0 <Ct AtZt ||Th||0>

7=0
where ¢’ = max(At, t;). From definition (46) we may write
112

J+1 VIt —

At

V=l = (v s, (110)

I <2 +o

To bound the first term on the right-hand side of (110), after taking Taylor expansion
with integral reminder and applying Holder’s inequality we have

AtZt

Now, for j > 1, we write t;(s — t)? = tj(s — t;)? < t;At* < sA#?, and, for j = 0,
th(s —t;)? = At(s)? < sAt?, so that applying (101) we get

+1

Ejt/ (5= tPvald

tj

J+l

n—1 ) Vj+1 . VJ 2 tn
ALY v - ———| < At2/ s||ves|? < APTV K2, (111)
= I At 0 o :
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To bound the second term on the right-hand side of (110) we observe that

2
0

.
vt s = v sl = [ s ds
J

ti+1 )
< At / I(v = s)al2 ds,
t.

J

where, in the last inequality we have applied Holder’s inequality. Now, for 7 > 1 we write
t: =t; < s and apply (35) to bound |[|(v — sn)sl|2, and, for j = 0, tj = At and apply (36),
so that we have

1 ) . ) .
5 2 G0 = s = (v =)

tn
<c / (4 802)s (vl + 2 |2) ds

t1

t1 h4
o [ (e s Bs) (I o 2al) ds
0
< C(h* + V(AP + 8°) (VK] ,T 4+ vK3,), (112)

where in the last inequality we have applied (100). Thus, from (110), (111) and (112) we
finally reach

n—1
ALY TG < C (AP TR 5 + (h* + (AP 4 0°) (K3, T + vK3,)),  (113)

=0
so that for the second term on the right-hand side of (109) we write
n—1 A
ALY 8 ITlls <CAPVTES,
~ (114)
+ Cto(h* + V(A + 6*) (VK T + vKs).
Let us also observe that by writing At_lt; > 1 and using (110), and repeating the argu-
ments to prove (112), but using (36) instead of (35) for j > 1 we get

n—1
ALY |ITlls < C (A T(KE, + Kiy) + (B* + v0)v°K3,) (115)

J=0

For the last term on the right-hand side of (109), applying Holder’s inequality and (23),
we may write

) ) tir1 9 tit1
IV = IE =3l [ (el < at [ sIvaIR ds
tj t;

J

t1
< Al / WIIvl2 + v gsl2) ds. (116)
0
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Thus,

At2 tn B
AtZHv =S S [ Ol + el ds, (117)

and, consequently, for the last term on the right-hand side of (109), using also (100), we
have

n—1
At |V = 28 < CVPAPES ytng. (118)

7=0

To conclude we need to bound the first term on the right-hand side of (109). The proof
of this term is more involved and we refer the reader to [8]. It can be proved that

Y Atle |z <o <tn||\72 —V(O)|2+ £ A2 | V)2 + u%if(gM)

(119
+C (AP (K3 h® + o (M3, + M3,)) + to(h' 4+ 6% M3 ) .

Going back to (109) and inserting (114), (118) and (119) we finally reach

tall &I + ALYt (VIVELlIF + oIV G)

< C (tall¥5 = VO + AR + ta(AL)? | Tr|[] + ALV RS
+ C (ta(h* + 6 (VK] , T + VK3, + M3,))
+ CAE (VT (K7y 4 K§ )ty + tap1* K3 )
+ CAE (v* (K300 + (M3, + M3,)))
. 2
< Ot (58 = VO3 + 813 + A |12
+ Cit A + Cot, (W + 6%07), (120)
where C) and Cy are the constants in (104) and (105) and we have used the bounds
tnt1 < Ctyn, At < t, and that (At)?0?K3,h* < t,(At)V2 K3 ,h* < t,((At)*V + h'v)K3,.
To conclude (103) we apply (120) together with triangle inequality, (35) and (98).

Finally to prove (106) we apply (50) instead of (51). Then, using (5) and then apply-
ing (115), (117) and (100), we have that

ALY (vVIVERls + lVralls) < C (1) = v(0) 1§ + M3, (h* + (v6)*))
j=1
2 4 2 2 2 2 2 2
+ N (Kjo+ Ki3)TAt + v Kso(h® + vd + v2AAL
y : :
< C(Ivh = v(0)l3
+ C(C1AL(vA) "+ AL) + Co(AH R + 1) + h* + (v6)?)
< C|[¥) = v(0)]|2 + C1At 4 Cy(h? + v6), (121)
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where C} and C, are the constants in (107) and (108). Taking into account (35) the
estimate (106) follows. O

4.3 Euler incremental scheme

Let us denote by (v}, Vi, ql), n = 1,2,..., Vil € V3, ¢} € Qp and v}! € V}, + VQy, the
approximations to the velocity and pressure at time ¢, = nAt, At =T /N, N > 0 obtained
with the following modified Euler incremental scheme

Vn+1 Vn ~ N n n
(—x) (VL V) + (Vi x) = @ xa) Y € Vi

At
(Vv ) = =6(V(gr ™ — ai). Vou),  Vibn € Qn, (122)
Vit = vt — 6V (gt — qp).

Let us observe that for § = At in (122) we have the classical Euler incremental scheme [12].
It is well known that this method is not stable if non inf-sup stable mixed finite elements
are employed [3]. Following the suggestion in [9] (see also [16]) we consider the following
method

—VnJrl Vh v n n
< : At h’Xh) + (Vi Vx) + (Vai xa) = (8" xa), - Vxs € Vi,

(Vi an) = =6(V(gt = q7), Vo) — 6a(Vagpt, Vin), Vb € Qn,  (123)

Vit = = oV(g T = g,

where 65 is a second stabilization parameter.
In case § = At we can remove v} from (123) to get

L Xh) + (Vi Vi) + (Vg — g ) xn) = (8" xa), VX, € Vi,
(Vv ) = =5(V(g T — q), Von) — 6(Vgith, Vb)), Vb, € Q. (124)

As in the previous section the method we study is (124) with § not necessarily equal
to At. However, since now the parameter d, is the one equivalent to the stabilization
parameter in the PSPG method a reasonable choice for the parameters would be § = At
and Jy defined as ¢ in (33). In this section we do not carry out the error analysis of the
method for these values of the stabilization parameters. We only study the errors in the
particular case 02 = 0 defined in (33) since in that case the analysis is a direct consequence
of the error analysis of the previous section. The analysis of the Euler non-incremental
scheme in time with finite elements in space for inf-sup stable elements can be found in
[12]. To our knowledge there is no error analysis for this method in case of using non
inf-sup stable elements. Some stability estimates can be found in [3], but for stabilization
more related to local projection stabilization than the one we consider here, which is more
related to PSPG stabilization. In [3] instead of adding &,(Vg) ™, V) as in (124) the
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n+1

term 0o(Vgp ™ — mp, Vaby,) is added where m, is the projection of Vg't! into a certain

finite element space.
Going back to (124) we first observe that for J, = § and

ar =2qp — qp ",

it is easy to check that (v}, ¢;') satisfies (39) and then we can apply the error bounds (63),
(63) and (86) to (V},qy). To conclude this section we prove an error bound for ;' — q(t,,).

Theorem 4 Let (v,q) be the solution of (37) and let (V},q}'), n > 1, be the solution of
(124). Assume 6 = g satisfies condition (33) and At satisfies condition (49). Then, the
following bounds hold

Z Atllg, = a(t;)[I§ < Cltar + X)W VERE + VRIS + Crlleqlls + CivCys
+ CAtl|g, — q(0)llg
2 2 2 2
+Ctah” max (v|[v(t)]z + lla®)]y) + Ctard max {lg(t)]);
+ Oty A (v, CF +vCOP ™ + G+ A0 + max la(1)]5)
0xlxtn

+ Ol KA (W, C2 + vCE Y+ ATLCPHY) 4 Oty C7HIAT162, (125)

where C7, Cy, C¥, C}, CF, C§ and C} are the constants in (65), (66), (67), (77), (78),
(87) and (88), respectively.

Proof We first observe that

G~ alta) = 5% — alta)) + 5 (g™ — alta)) + laltn ) — alta)

Taking into account that (a + b+ ¢)? < 4a* + 4b* 4+ 2¢? for any a,b,c € R we can write
> Atllg, —at)ls < ZAthh —q(t;)Ils + ZAthh —q(t;)|I3
j=1

+ Z Atllq(ti—1) — q(t;)Il
=1
and then

1 — .
52At|lqi—q e < ZAtllqh—q )G+ AtHQh_Q( N[
j=1

+ Z Atllg(tj-—1) — a(t;)l5-
j=1
Applying (86) and taking into account that

n tn
S Atllalt; 1) — alt) 2 < AF / a2 dt
j=1

to

we reach (125). O
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L% errs.: lin. (solid), quad. (broken). »=0.01 Pressure errs.: lin. (solid), quad. (broken). »=0.01

10

10°

Figure 1: On the left, errors s, — I1,(s) in L? for linear (solid line) and quadratic (broken
line) elements for different values of 6 = h?/(vp?). On the right, pressure errors z; — I, (2).

Remark 10 Choosing § = 0, = At the error analysis of the modified Euler non-
incremental scheme gives the analysis of the classical Euler non-incremental scheme with
PSPG stabilization whenever condition (75) is assumed.

5 Numerical experiments

In this section, we take 2 = [0, 1] x [0, 1] and all grids are regular N x N triangular grids
with SWNE diagonals for different values of N

We first check that no better than second order convergence is achieved in the velocity.
For this purpose we consider the errors of the steady state approximation (9) to (7) with
v = 0.01 where the forcing term g is such that the solution is

2?(1 — x)?sin(27y)
—22(1 + 3z + 222) sin®(7wy) |’

z(z,y) = sin(x) cos(y) + (cos(1) — 1) sin(1). (127)

This solution is taken from [2] and it is used as a motivating example in [14]. We show
the errors s, — I;,(s) and z, — I,(z), where I;, denotes the standard (Lagrange) interpolant
on N x N grids, with N ranging from 20 to 320 in the case of linear elements and from 10
to 160 in the case of quadratic elements. Errors in L? for the velocity for different values
of 6 = h?/(vp?) are plotted as a function of the mesh size h on the left of Fig. 1, where the
results corresponding to a given value of p are joined by straight segments of continuous
and discontinuous line for linear and quadratic elements, respectively. It can be observed
that, for small values of p, linear and quadratic elements produce the same errors. As p
increases the errors with quadratic elements are smaller than those of linear elements but
the convergence rate is two for both methods. We can also observe that the optimal value
of p for the errors is around p ~ 100 which gives § ~ 0.01h2. This value is not far away
from the value of 6 = 0.005h? suggested in [14] for the PSPG method.

In the errors for the pressure, shown on the right of Fig. 1 we can observe that for p =1
linear and quadratic elements produce the same errors but as p increases the errors of

s(z,y) = (126)
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quadratic elements are smaller although with the same convergence rate as linear elements.
For the pressure the best value of p is around p ~ 10 and as p increases the errors in the
pressure increase remarkably. For p = 1000 (i.e., § = 0.0001h?) we can observe that the
errors of the pressure hardly decrease for most of the largest values h. This result is in
agreement with the fact that 6 must be strictly positive to stabilize the pressure in (9) if
non inf-sup stable mixed finite elements are used.

Pressure errors in L? for At=6

10t
100 ot %

\ \ \\

\ \ \
10t Vo Y

\
\ S~ _
107} e o h=v2/203
- h=v2/40
1031 AR ~ h=v2/80]
10—4 L L L
10°® 10 1072 10°

Figure 2: Pressure errors pl! — I,(p(t,)) for At = § y 6 = h?/(100v): Initial data (129)
(solid line), and (128) (broken line).

For the evolution problem (37) we now study how the choice of the initial condition
affects the errors in the method (39)-(40). We choose the forcing term g so that the
solution is

v(z,y,t) = s(z,y)cos(t),  q(z,y,1) = 2(z,y) cos(t),

where s and z are those in (126)-(127). We show the errors corresponding to two different
initial conditions, the first one being that given by the linear interpolant of the true
solution,

Vi = L(v(0), g = In(q(0)), (128)
and the second one that given by the stabilized Stokes approximation (8)-(9) to (7)

Vi =s1(0), gy = 2n(0) (129)

where g is chosen so that the solution is v(0) and ¢(0). According to Remark 8, any
initial data other than (129) should give an O(1) error in the pressure in the first step.
This can be seen in Fig. 2, where we show the time evolution of the errors ¢j — I5(q(t,)),
for 6 = h?/(100v) and decreasing values of h. It can be observed that whereas for initial
data given by (129) (joined by a solid line) the errors decrease with h already from the
first step, they remain O(1) in the first step for initial data (128) (joined by a broken
line). Nevertheless, these O(1) errors decay very fast with time and, for a fixed ¢t > 0 they
decay with h as well. Eventually, for ¢ sufficiently large, they are indistinguishable from
those corresponding to initial data given by (129).
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