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A B S T R A C T

A liquid-vapor interface is the region of the space where coexists the liquid and vapor phase
of a given element or molecule. The liquid-vapor interface can be described as a �uctuating
bidimensional region (a surface) or a quasibidimensional region, and both points of view
have associated a magnitude that characterizes both of them, the surface tension. Historically,
these di�erent visions gave birth to the theories known nowadays as: Capillary Wave Theory
(bidimensional vision) and Density Functional Theory, whose precursors were Madlestam and
van der Waals respectively. Both theories were developed in parallel and despite the e�ort
and the work performed to connect them, their link has been puzzling and is not clear yet.

In the �rst part of this thesis, we will focus on how to connect both descriptions through
the magnitude that relate them, which is a generalized version of the surface tension that
describes the interface at the mesoscopic level. We will obtain this magnitude by di�erent
routes to ensure that it is well de�ned for each system, something questioned recently. And we
will study di�erent systems which could be described as "interfaces", such as: 2D suspended
material (chapter 3), liquid-vapor interfaces (chapters 4 and 6) and lipid bilayers (chapter
5). In chapter 1, we will introduce the topic and the previous state of art, and in chapter 2
the theoretical techniques developed in this thesis to analyze 2D suspended materials and
liquid-vapor interfaces.

In the second part of this thesis, we will analyze, within the DFT, the novel experimental
technique 3D-AFM, which allows to scan a �uid in contact with a solid surface (substrate)
and allows to measure the in�uence of the �uid on the movement of the tip. This in�uence is
observed in the AFM observables, from which we can obtain the normal force (respect to the
substrate) over the tip at each position. This normal force should be related to the structure of
the �uid close to the substrate, but since it is a recent technique the way to connect them is
not yet clear. For this reason along chapters 7- 9 we will analyze this system from a theoretical
point of view and we will obtain some predictions, that we will check with experiments in
chapter 10.

The last part is a direct collaboration with an experimental group, they observed a huge
enhancement in the water adsorption isotherm of a novel composite (MOF@COF), which
should be regarded as a complex network of interconnected pores. In chapter 11, we will
analyze the adsorption isotherms, we will hypothesize a cooperative e�ect and we will check
(theoretically) if this e�ect takes place under the experimental conditions.
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R E S U M E N

Una interfase líquido-vapor es la región del espacio donde coexisten la fase líquida y de vapor
de un elemento o molécula dada. La interfase líquido-vapor puede describirse como una región
bidimensional �uctuante (una super�cie) o una región cuasi bidimensional, ambos puntos de
vista tienen asociada una magnitud que las describe y caracteriza, siendo esta magnitud la
tensión super�cial. Históricamente, estos puntos de vista dieron lugar a las teorías conocidas
hoy en día como: Capillary Wave Theory (la visión bidimensional) y Density Functional
Theory, cuyos precursores fueron Madlestam y van der Waals respectivamente. Ambas teorías
fueron desarrolladas en paralelo, y a pesar del esfuerzo y trabajo realizado para unirlas, el
proceso ha sido desconcertante y no se ha conseguido establecer dicha conexión.

En la primera parte de la tesis, nos centraremos en como conectar ambas descripciones a
través de la magnitud que las relaciona, que es una versión generalizada de la tensión super�cial
que describe la interfase a nivel mesoscópico. Para comprobar que esta magnitud está bien
de�nida, algo que ha sido cuestionado recientemente, la obtendremos a través de varias rutas.
En esta parte estudiaremos diferentes sistemas que pueden describirse como interfases, como
por ejemplo: materiales bidimensionales suspendidos (capítulo 3); interfases líquido-vapor
(capítulos 4 y 6) y bicapas lipídicas (capítulo 5). A lo largo del capítulo 1 introduciremos el
tema, mientras que en el capítulo 2 mostraremos las técnicas teóricas desarrolladas en esta
tesis para analizar materiales bidimensionales suspendidos e interfases líquido-vapor.

En la segunda parte de esta tesis, analizaremos con DFT la novedosa técnica 3D-AFM,
que permite escanear un �uido en contacto con una super�cie sólida (substrato) y medir la
in�uencia del �uido en el movimiento de la punta. Esta in�uencia se observa en las magnitudes
medibles por AFM, de las cuales podemos obtener la fuerza normal (respecto al sustrato) sobre
la punta en cada posición. Esta fuerza normal debe de estar relacionada con la estructura
del �uido en contacto con el sustrato, sin embargo al ser una técnica reciente no está claro
como se pueden relacionar. Por esta razón, a lo largo de los capítulos 7- 9, analizaremos esta
técnica desde un punto de vista teórico y obtendremos predicciones, que contrastaremos con
experimentos en el capítulo 10.

La última parte es una colaboración directa con un grupo experimental, ellos observaron
un gran aumento en la isoterma de adsorción del agua en un nuevo compuesto (MOF@COF),
que debe interpretarse como una red compleja de poros interconectados. En el capítulo
11, analizaremos las isotermas de adsorción e hipotetizaremos un efecto cooperativo que
contrastaremos (teóricamente) sí tiene lugar en las condiciones del experimento.
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Part I

C A P I L L A R Y WAV E T H E O R Y, D E N S I T Y F U N C T I O N A L T H E O R Y
A N D M O L E C U L A R D Y N A M I C S



1
I N T R O D U C T I O N

The aim to describe liquid-vapor interfaces produced simultaneously the development of
two di�erent frameworks, originally proposed hundred years ago by Madlestam and van der
Waals. Madlestam’s view of the liquid-vapor interface as a �uctuating mathematical surface
evolved and nowadays it is known as the Capillary Wave Theory (CWT). While, van der
Waals description of liquid surfaces at molecular scale, through a smooth density distribution
ρ(~r), was the origin of Density Functional Theory (DFT). The development of both theories
was performed in parallel.

As both theories describe a liquid surface, its �uctuations and its molecular structure, they
should be related. However, to �nd the connection between them is not easy due to some
fundamental inconsistencies, as we will see. Nowadays, we can perform Molecular Dynamics
simulations (MD) of those systems, with any speci�c molecular interaction. Hence, MD allows
us to check which theory describes more precisely any aspect of a liquid-vapor interface.
Historically, the use of Molecular Dynamics as a testing �eld of both theories was somehow
confusing, and it was related to the growth of our computational power.

This chapter is devoted to introduce the Capillary Wave Theory, the Density Functional
Theory and Molecular Dynamics. It describes their main assumptions, theoretical results and
the previous state of art on which the �rst part of this thesis is based.

Although along this chapter we will focus on the liquid-vapor interfaces, we want to remark
that all the theoretical tools that we will introduce here may be applied to any system which
could be regarded as a �uctuating surface, for instance, 2D suspended materials and lipid
bilayers.

1.1 M A C R O S C O P I C C A P I L L A R Y WAV E T H E O R Y

Capillary wave theory (CWT) [80] assumes the liquid-vapor interface as a �uctuating mathe-
matical surface, the intrinsic surface (IS), whose instantaneous shape is described by a function

z = ξ(~x) =
∑
q

ξqe
i~q~x,

where ξq are the transverse Fourier components on the plane ~x = (x,y), given by the mean
position of the �uctuating surface z = 〈ξ(~x)〉= ξ0, which de�nes the �at surface observed
macroscopically. However, at the microscopic level that surface is �uctuating, and the spectrum
of these thermal equilibrium �uctuations is extended from molecular size up to millimeters.
This upper bound is produced by any external �eld, like gravity, which damps the �uctuations
with longer wavelengths.

If we want to compute the energetic cost to create an interface with surface ξ(~x), we have
to consider two di�erent works, the work realized against any external �eld (normally the
Earth’s gravity �eld) and the work performed to corrugate the interface, given by the surface
tension γ0

w =

∫
d~x

∫ ξ(~x)

ξ0

dz(ρl − ρv)mgz+ γ0
(
1+ |~∇~xξ(~x)|2

) 1
2

 . (1.1)
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4 introduction

If we assume that the �uctuations of the intrinsic surface are small in amplitude, then we can
expand the square root term up to second order, obtaining

w = γ0A0+
1
2

∑
q1;q2

ξq1ξq2

∫
d~xei(~q1+~q2)·~x ((ρl − ρv)mg −γ0~q1 · ~q2) . (1.2)

With periodic boundary conditions in a MD box all terms with ~q2 , −~q1 vanish, giving

w = γ0A0

1+ 1
2

∑
q

ξqξ−q(2a
−2+ q2)

 (1.3)

where a is the capillary length given by

a2 =
2γ0

mg(ρl − ρv)
.

This length is typically of the order of 1 mm, for instance for argon at its triple point is
1.41 mm and for the water at room temperature is 2.68 mm. Therefore, �uctuations whose
characteristic wavelength, λ= 2π/q, is lower than the capillary length, λ ≤ a, i.e. q ≥ 2π/a,
are governed by the surface tension and consequently, are called capillary waves. The capillary
wave spectrum should have a lower wavelength bound, λu = 2π/qu , which is larger (but of
the same order of magnitude) than the molecular diameter.

The mean square displacement of the intrinsic surface, 〈ξ2(~x)〉, is given by

〈ξ2(~x)〉=
∑
q>0

〈|ξq|2〉;

with the sum over all the non-zero wavevectors q of the reciprocal lattice on the (x,y) plane.
As the probability of a given ξq is characterized by the Boltzmann factor e−w/kT , where w

is the work performed to corrugate the interface, then the probability distribution is

P (ξq) ∝ e−
γ0A0
kT (1+ 1

2
∑
q |ξq |2(2a−2+q2)), (1.4)

which has a Gaussian form, so that the mean square amplitude is given by

〈ξ2(~x)〉=
∑
q>0

〈|ξq|2〉=
∑
q>0

kT

γ0A0(a−2+ q2)
, (1.5)

and

〈 |ξq|2〉=
kT

γ0A0 (a−2+ q2)
. (1.6)

Within the CWT range, qa� 1, we may neglect the e�ect of the gravity (or external) �eld
and use

〈 |ξq|2〉=
kT

γ0A0q2
. (1.7)

The sum
∑
q>0〈|ξq|2〉 should have an upper cuto�, |~q| ≤ qu . This cuto� avoids the logarithmic

divergence of the sum,[17, 20], as an "ultraviolet catastrophe". This upper cuto� should be
related to the lowest wavelength of the �uctuations which may be described by the surface
tension.
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1.1.1 extended capillary wave theory

Historically, the value of λu ≡ 2π/qu was regarded as a molecular length parameter required
to describe the liquid surface along the macroscopic CWT. However, such sharp cuto� qu is
not well de�ned. The theory may be extended to avoid that ambiguity, de�ning something
equivalent to it, but closer to a thermodynamic description of the interface. That it is performed
by the Extended Capillary Wave Theory (ECWT),[58, 62], which includes a curvature term
relevant even at low q to be macroscopically well de�ned.

ECWT assumes a q-dependent surface tension, γ(q), which gives the free energy cost
of a surface corrugation with wavevector q. The q-dependent surface tension is usually
presented as an expansion γ(q) = γ0+ κq

2+ ..., where γ0 is the surface tension given by
thermodynamics and κ represents the surface bending modulus.

The requirement to introduce a q-dependent surface tension does not a�ect to the main
assumptions and results of the CWT, such as the existence of an intrinsic surface and the Gaus-
sian probability distribution of ξq. It just a�ects to the form of the mean square displacement
of the IS, 〈ξ(~x)2〉 and 〈|ξq|2〉, transforming Eq.1.5 and 1.6 into

〈ξ2(~x)〉=
∑
q>0

〈|ξq|2〉=
∑
q>0

kT

γ(q)A0(a−2+ q2)
; (1.8)

and

〈 |ξq|2〉=
kT

γ(q)A0 (a−2+ q2)
. (1.9)

As the surface bending modulus, is de�ned through an expansion of γ(q) at low q, it is closer
to a thermodynamic description of the interface. Besides, from Eq.1.9 we get 〈|ξq|2〉 ∼ 1/(κq4)
for high q, avoiding the logarithmic "ultraviolet" divergence of 〈ξ2(~x)〉. Hence, it could be
thought that the positive bending would play an equivalent role to the upper cuto� qu , and
consequently, describe γ(q) as a continuous rising function should be more accurate and
well behaved than a sharp cuto�. However, in practice the role of the bending modulus is not
enough to avoid the use of qu . The accurate matching between MD and CWT requires the use
of both parameters, because the CWT assumptions fail to be valid above a qu and κ describes
the low q deviation from γ(q) ≈ γ0.

1.2 D E N S I T Y F U N C T I O N A L T H E O R Y

Density Functional Theory (DFT) arises from the pioneer works of van der Waals. He was
the �rst to describe the equilibrium density pro�le in a liquid surface as the solution of an
Euler-Lagrange equation for ρ(z), that minimizes something related to the excess Helmholtz
free energy. Nowadays, DFT has been formalized and extended, but keeping the original ideas
of van der Waals. We will not introduce here the general theory, approximations and results,
the section 7.2 will be devoted to that, but we will comment the main aspects required to
present the fundamental inconsistencies between CWT and DFT.

Density Functional Theory[86] assumes the existence of a well de�ned magnitude known
as the equilibrium density distribution, ρ(~r), which is independent of the size of our system.

ρ(~r) =
〈
ρ̂(~r)

〉
≡

〈 N∑
i=1

δ(~r −~ri)
〉
, (1.10)
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where ~ri = (~xi ,zi) represents the instantaneous positions of the i-molecule. In a (macroscopi-
cally) �at interface ρ(~r) depends only on the normal coordinate z and it becomes the density
pro�le ρ(z).

The equilibrium density pro�le of a system corresponds to the absolute minimum of a
functional of the density distribution, Ω[ρ], known as the grand potential functional. Ω[ρ]
includes in its dependence all the interactions, correlations and �uctuation e�ects of the
system at equilibrium. Therefore, if we know Ω[ρ] for a given system, we could obtain the
equilibrium density pro�le, ρeq(~r), from the solution

∂Ω[ρ]

∂ρ(~r)

∣∣∣∣∣∣
ρeq(~r)

= 0.

Higher order derivatives would give us the n-order correlation function at equilibrium, for
instance the second order direct correlation function, C(~r,~r ′), is given by

C(~r,~r ′) ≡
β∂2Ω[ρ]

∂ρ(~r)∂ρ(~r ′)

∣∣∣∣∣∣
ρeq(~r)

; (1.11)

which, by its de�nition gives the energetic cost of a density �uctuation located in ~r ′ due to
another density �uctuation in ~r .

It is necessary to remark that the DFT is strictly exact and consistent. The assumption of a
well de�ned and independent of the size equilibrium pro�le should come out of the condition
of minimum of Ω[ρ], and it does when we minimize the usual approximated forms developed
in DFT for Ω[ρ]. However, the grand potential functional, Ω[ρ], is only exactly known for a
few cases, as the Hard Rods for 1D, and none representing a system with phase separation
[86].

1.2.1 evaluation of the density correlation function by dft

The main connection between the Capillary Wave Theory and the Density Functional Theory
is performed via the transverse Fourier transform, G(z,z′,q), of the density correlation

G(~r,~r ′) ≡ 〈ρ̂(r)ρ̂(r ′)〉 − 〈ρ̂(r)〉〈ρ̂(r ′)〉=

=

〈 N∑
i,j

δ(~r −~ri)δ(~r ′ −~r ′j)
〉
−
〈 N∑
i

δ(~r −~ri)
〉〈 N∑

j

δ(~r ′ −~r ′j)
〉
. (1.12)

Fortunately, the density correlation can be computed in DFT from the second order correla-
tion function, by the Orstein-Zernike equation[80]∫

dz′′C(z,z′′,q)G(z′′,z′,q) = δ(z − z′), (1.13)

where C(z,z′,q) is the Fourier transform of the second order correlation function, Eq.1.11.
The Orstein-Zernike equation tells us that the density correlation is related to the functional
inverse of the second order correlation function, a generic result for systems with classical
statistic, that relates their instantaneous correlation to their equilibrium response function.
Also, for any homogeneous system with classical statistics, there is an exact DF relation,[86]
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β∂2Ω[ρ]

∂ρ(~r)∂ρ(~r ′)

∣∣∣∣∣∣
ρb

≡
δ(~r −~r ′)

ρb
− c(|~r −~r ′ |;ρb);

where c(|~r −~r ′ |;ρb) is the direct correlation function of a bulk �uid with density ρb, that
includes all the molecular interaction e�ects. The delta function term corresponds to the ideal
gas entropy included in βΩ[ρ] and in C(~r,~r ′).

1.3 D E N S I T Y P R O F I L E S A N D C O R R E L AT I O N S T R U C T U R E I N T H E C A P -
I L L A R Y WAV E T H E O R Y

The section 1.1 was devoted to introduce the main concepts of CWT, as the existence of an
intrinsic surface, ξ(~x), the probability distribution of the Fourier components of the intrinsic
surface, ξ(~q), and the relationship between γ(q) and the mean square amplitude of ξq, by the
equipartition theorem. However, we did not introduce some key concepts and the formalism
of the CWT, this section is devoted to that.

Historically [80], to discuss the e�ects of the density �uctuations at the surface within the
CWT, it was assumed the existence of an intrinsic density pro�le, ρI (z), that is shifted following
the �uctuations of the intrinsic surface. Thus, the average over the surface �uctuation blurs
the shape of ρI (z), and consequently it is not observable macroscopically. Traditionally, as a
minimal hypothesis, the intrinsic density pro�le was de�ned as a step-function

ρI (z) = ρl if z > ξ0;

ρI (z) = ρv if z < ξ0;

ρl and ρv being the densities of liquid and gas bulk, respectively. This hypothesis could be
relaxed and it will not a�ect to the development of the theory presented in section 1.1, but
the assumption of a step-function was just the simplest starting hypothesis.

Therefore, the CWT assumes the existence of an intrinsic surface and an intrinsic density
pro�le. Both magnitudes are related, since the intrinsic density pro�le follows, strictly, each
position of the intrinsic surface and, as this surface �uctuates, the intrinsic pro�le is blurred
to become the equilibrium density pro�le. We present now a formal description of that e�ect.

1.3.1 formalism of the capillary wave theory: the splitting of statistical
averages

The concept of a blurred intrinsic density pro�le introduced by capillary wave theory could
be formalized as a splitting, in two steps, for the statistical average of any magnitude A, over
the full set of molecular positions

{
~ri
}
,

〈A〉=
〈
〈A〉{~ri}∈[ξ]

〉
ξ
, (1.14)

where
{
~ri
}
∈ [ξ] represents the statistical average over all the molecular positions compatible

with a �xed interfacial shape, z = ξ(~x), while the outer average, 〈〉ξ , is over all the intrinsic
surface shapes.

In particular, the average to get the mean density pro�le may be written as

ρ(z) = 〈ρ̂(~r)〉= 〈 ρI [~x,z − ξ(~x);ξ]〉ξ , (1.15)
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with an "intrinsic" density distribution, which is formally de�ned as a functional of the intrinsic
surface shape

ρI [~x,z;ξ] = 〈ρ̂(~x,z+ ξ(~x))〉{~ri}∈[ξ], (1.16)

given by the average over all the molecular positions compatible with a �xed interfacial
shape, z = ξ(~x), and shifted to follow it. The capillary wave theory assumes that ρI [~x,z;ξ] is
self-averaged in large enough systems, so that ρI [~x,z;ξ] ≈ ρI (z) for any instantaneous shape
of the intrinsic surface, allowing to compute it in simulations, instead of assuming a simple
step function [11]. Also, the intrinsic density pro�le de�ned as

ρI (z) = 〈ρI [~x,z;ξ]〉ξ (1.17)

should have a well-de�ned large Lxy limit because of the local shift z+ ξ(~x) used in Eq.1.16.
Then, Eq.1.15 leads to the usual CWT description of the surface �uctuation e�ects on the
density pro�le

ρ(z) ≈ 〈ρI (z − ξ(~x))〉ξ =
∫
dξ ρI (z − ξ(~x)) P (ξ(~x)); (1.18)

where the IS average 〈 〉ξ has been written in terms of the probability distribution of an
interfacial shape, P (ξ(~x)), which it is described by the Gaussian form given above.

The CWT prediction to the mean square displacement of P (ξ(~x)),∆(Lxy ,qu) =
∑
q≤qu 〈|ξq|

2〉,
depends on Lxy , through the values of q which belong to the set of the discrete values allowed,
that are given by ~q = (nx,ny)2π/Lxy , nx,ny ∈ Z. Then by Eq.1.18, the dependence of the
mean density pro�le with qu is lost while the dependence with Lxy is preserved. Therefore,
the mean pro�le should be de�ned as ρ(z;Lxy), where this dependence is explicitly shown 1.

On the other hand, the intrinsic density pro�le should have a well de�ned Lxy limit, but
it depends on the intrinsic surface, ξ(~x), by its de�nition. Hence, as the intrinsic surface
depends on the cuto� qu , which should be de�ned as the upper bound of the q values that
satisfy the CWT assumptions, the intrinsic density pro�le depends on qu , i.e. ρI (z;qu).

1.3.2 bedeaux weeks’s theory for the density correlation

The formal description of the CWT assumption, as a split average with self-averaged intrinsic
quantities, could also be applied to the density correlation. Following Bedeaux and Weeks[2],
we de�ne the capillary wave contribution to the density correlation as

GBW (z,z′,~x − ~x ′) = 〈ρI (z − ξ(~x))ρI (z′ − ξ(~x ′))〉ξ − ρ(z)ρ(z′); (1.19)

where

〈ρI (z − ξ(~x))ρI (z′ − ξ(~x ′))〉ξ =
∫
dξdξ ′ρI (z − ξ)ρI (z′ − ξ ′)P (ξ,ξ ′,x′′),

and P (ξ,ξ ′,x′′) is the pair height distribution at distance x′′ = |~x − ~x ′ | on the surface plane.

1 As introduced in section 1.2, Density Functional Theory assumes the existence of a well de�ned and size indepen-
dent magnitude, ρ(z), which identi�es as the equilibrium density pro�le. While, the CWT assumptions lead to a
size dependent equilibrium pro�le, ρ(z;Lxy). This discrepancy is the main fundamental inconsistency between
CWT and DFT predictions.
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Within the CWT hypothesis of independent Gaussian distributions for each ξq, Bedeaux
and Weeks got[2]

P (ξ,ξ ′,x) = ˆexp
{
S(x)

∂2

∂ξ∂ξ ′

}
P (ξ)P (ξ ′) =

∑
n=0

[S(x)]n

n!
∂nP (ξ)

∂ξn
∂nP (ξ ′)

∂ξ ′n
; (1.20)

with the height-height correlation function

S(|~x − ~x ′ |) = 〈ξ(~x)ξ(~x ′)〉ξ − 〈ξ(~x)〉ξ〈ξ(~x ′)〉ξ . (1.21)

To compute the Fourier transform, GBW (z,z′,q), of Bedeaux-Weeks’s proposal for the density
correlation, we need to perform the Fourier transform of the pair height distribution P (ξ,ξ ′,x),
which by Eq.1.20 takes the simple form

P (ξ,ξ ′,q) =
∑
n=0

Sn(q)

n!
∂nP (ξ)

∂ξn
∂nP (ξ ′)

∂ξ ′n
; (1.22)

with

Sn(q) =

∫
d~x S(~x)nei~q~x.

Using the decomposition ξ(~x) =
∑
q ξqe

i~q~x, it is easily obtained that

Sn=1(q) = A0〈|ξq|2〉ξ =
1

q2βγ(q)
.

Hence, going backwards and replacing these results in Eq.1.19 we get

GBW (z,z′,q) =
∑
n=1

Sn(q)

n!

∫
dξ ρI (z − ξ)

∂nP (ξ)

∂ξn

∫
dξ ′ρI (z

′ − ξ ′)
∂nP (ξ ′)

∂ξ ′n
; (1.23)

notice that the term n= 0 does not appear, as it is canceled due to the de�nition of the mean
density pro�le. Integration by parts gives∫ ∞

−∞
dξ ρI (z − ξ)

∂nP (ξ)

∂ξn
=

∫ ∞
−∞
dξ P (ξ)

∂nρI (z − ξ)
∂(z − ξ)n

;

which by the de�nition of the mean density pro�le is exactly∫ ∞
−∞
dξ ρI (z − ξ)

∂nP (ξ)

∂ξn
=
∂nρ(z)

∂zn
.

Therefore, Bedeaux-Weeks’s proposal takes the form

GBW (z,z′,q) =
∑
n=1

Sn(q)

n!
∂nρ(z)

∂zn
∂nρ(z′)

∂z′n
=

=
kT

γ(q)q2
dρ(z)

dz

dρ(z′)

dz′
+

∑
n=2

Sn(q)

n!
∂nρ(z)

∂zn
∂nρ(z′)

∂z′n
, (1.24)

in terms of the mean density pro�le ρ(z), with its dependence on the transverse size Lxy ,
and with no reference to the intrinsic density pro�le. The dependence on γ(q) and qu comes
through Sn(q), that (for n ≥ 2) depend also on Lxy .

Although, Bedeaux Weeks’s proposal for the density correlations describes correctly the
capillary wave contributions, there are other contributions to the density correlation, not
related to the capillary �uctuation modes, that are not included. The most obvious one is the
bulk density correlationGb(|z−z′ |,q), that should be recovered when both z and z′ are far out
the interface, and could not be described by BW series as it is only based on the derivatives of
the mean density pro�le.
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1.3.3 density correlation function from γ (q)

Instead, using Bedeaux Weeks’s proposal for the density correlations, GBW (z , z ′ , q), the
previous attempts to get γ (q) from G(z , z ′ , q) often used the previous Wertheim’s pro-
posal[80], which is just the n = 1 term of Bedeaux Weeks’s series. Wertheim’s term contains
the divergence of G(z , z ′ , q) as q goes to zero, that it is the most dramatic e�ect of the capil-
lary wave �uctuations in a liquid surface, while the higher order terms and the non capillary
contributions are represented as regular terms in the q = 0 limit. Therefore, Wertheim’s
proposal is described by

G(z,z′,q) = A0〈| ξq |2〉
dρ(z)

dz

dρ(z′)

dz′
+ reg. terms =

=
kT

γ(q)q2
dρ(z)

dz

dρ(z′)

dz′
+ reg. terms; (1.25)

where the equipartition theorem has been used with a q-dependent surface tension, as in
Extended Capillary Wave Theory[58, 62]. The divergence at low q wavevector due to the
equipartition theorem could only be limited by the presence of an external �eld, setting a
capillary length, or (in MD simulations) by the �nite restriction on the non-zero values of q.

Wertheim’s proposal explicitly shows that the density correlation could be used to compute
γ(q), but the unde�ned "regular terms" obscure this connection. For example, if we expand at
second order the q-dependent surface tension, γ(q) ≈ γ0+ κq2+O(q4), and consequently
1/γ(q) ≈ 1/γ0 − q2κ/γ2

0 . Wertheim’s proposal takes the form

G(z,z′,q) =
kT

γ0q2
dρ(z)

dz

dρ(z′)

dz′
−κkT

γ2
0

dρ(z)

dz

dρ(z′)

dz′
+ reg. terms; (1.26)

therefore, even to obtain the surface bending modulus, κ, we need to know exactly what are
the regular terms. Otherwise, the bending contribution could be considered as a regular term
and we would obtain the trivial solution γ(q) = γ0, or di�erent proposals for the regular
terms would give di�erent bending modulus. This simple expansion shows how delicate it is
to connect the molecular and microscopic scales, and why this topic is still open and has been
so puzzling.

1.4 P R E V I O U S S TAT E O F A R T F O R T H E D F T- C W T C O N N E C T I O N

Along this section we will present the state of the art, previous to the work done in this thesis,
relative to the connection between DFT and CWT. We will explain the di�erent proposals,
their similarities and the controversial points. The complex status of the problem is well
described in [14, 65, 66, 69]. Nearly all the previous proposals were based on the simplest DF
approach, the square gradient approximation (SGA), and led to incongruent results between
DFT and CWT [66]. The origin of these incongruences and how they could be avoided will be
discussed in detail in the chapter 6.

1.4.1 different proposals to link cwt and dft

As commented before, Bedeaux Weeks’s proposal was known, but seldom used. Instead, the
simple structure of Wertheim’s proposal was commonly used, and all the links that we will



11

present here are based on it [5, 6, 14, 24, 66, 67, 69, 83]. Through Wertheim’s proposal, the
problem to relate the density correlation obtained from DFT with a γ(q), to be used in CWT, it
is solved if we give a robust de�nition for the regular terms. There have been several attempts
to do it. However, it does not exist a general agreement in the community, beyond that any
licit background should contain the density correlation of the bulk phase, Gb(|z−z′ |,q), which
depends on |z − z′ | by the translational invariance. Although, we do not make it explicitly,
Gb(|z−z′ |,q) depends on the bulk density, so in any liquid-vapor interface we should subtract
the bulk correlation of each phase, and how to match these two limits across the interface
already sets a problem of choice for the correlation background.

Following Wertheim’s proposal and assuming a background Gbg(z,z′,q) that contains all
the "regular terms", we can de�ne the q-dependent surface tension as[69]

(∆ρlv)
2

βγ(q)q2
=

∫
dzdz′∆G(z,z′,q); (1.27)

being ∆ρlv = ρl −ρv the di�erence between the bulk densities and ∆G(z,z′,q) = G(z,z′,q)−
Gbg(z,z′,q). We will use this notation along the whole thesis and ∆G will be denoted as the
capillary density correlation or bare capillary density correlation, that it is interpreted as the
e�ect of the mesoscopic interfacial �uctuations. This proposal could seem naive, but it would
be consistent if we had a clear way to separate the e�ects due to the interfacial �uctuations
and the background correlation, which represents exactly the regular terms. However, as
for the moment it does not exist a generic background proposal for each system, we should
explore a more �exible and feasible CWT-DFT link.

The Orstein-Zernike equation relates the second order direct correlation function, C(~r,~r ′),
with the density correlation function, as two complementary forms to describe the thermal
�uctuations in equilibrium. In the grand-canonical ensemble, used in DFT, the liquid-vapor
interface has a translational symmetry along the z-axis, if we neglect the e�ect of any external
force, so that the direct correlation function should have a soft eigenmode which represents
that symmetry. In fact, it is a Goldstone mode since the corresponding eigenvalue should
be ∝ q2. Then, as by the Orstein-Zernike equation the density correlation function is the
functional inverse of C(~r,~r ′), then, G(z,z′,q) should have an eigenvalue ∝ 1/q2. This mode
is identi�ed as Wertheim’s term, and as this mode diverges at low q, it seems reasonable to
think that it will be the highest eigenvalue, over a non-empty set of q values. This it is known
as the normal surface mode route[83] (NMR). To obtain γ(q), the NMR proposes

γ(q) = γ0

limq→0

[
q2λ

(m)
q

]
q2λ

(m)
q

=

∫
dz(ρ′(z))2

βq2λ
(m)
q

; (1.28)

where λ(m)q represents the highest eigenvalue of the capillary density correlation given a
q-vector. Then, if we assume that the eigenvector with the highest eigenvalue is always ρ′(z),
Eq.1.28 becomes

γ(q) =

(∫
dz(ρ′(z))2

)2
βq2

∫
dzdz′G(z,z′,q)ρ′(z)ρ′(z′)

; (1.29)

to which we refer as the Blokhuis proposal [5, 6].
We have to remark, that in the Normal Mode Route or Blokhuis proposal Gbg it is not as

crucial as in Eq.1.27, it could contain an arbitrary contribution orthogonal to the eigenvector
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with the highest eigenvalue or to ρ′(z) respectively, without any change on γ(q). Hence,
these routes are quite robust in comparison with Eq.1.27, because both provide an implicit
de�nition for the correlation background.

1.5 T H E D F T- C W T L I N K R O U T E : G E N E R I C O N E S I T E I N T R I N S I C S U R -
FA C E D E F I N I T I O N S

The alternative DFT-CWT link proposed in [58] assumes a density distribution ρξ(~r) asso-
ciated to each shape of the intrinsic surface. If we evaluate the grand potential functional,
Ω[ρξ(~r)], for the density distribution ρξ(~r) we will be exploring the energetic cost associated
to corrugate the �at surface, represented by the equilibrium pro�le. Consequently, we could
expect that

Ω[ρξ(~r)]−Ω[ρeq(z)]

A0
≡ 1

2

∑
q

|ξq|2q2γDF(q) +O(ξ4). (1.30)

However, how could we de�ne or obtain ρξ(~r)? The simplest local approach it is based on
a simple shift of the equilibrium pro�le by ξ(~x), i.e. ρξ = ρloc

ξ (~r) ≡ ρeq(z − ξ(~x)), that used
in Eq.1.30 gives a q-dependent surface tension, γDFloc (q). Several works [65, 66, 69] have tried
to improve this local approach, through the minimization of Ω[ρξ ] constrained by a �xed
crossing density value ρξ(~r) = ρs at any point ~r = (~x,ξ(~x)) on the intrinsic surface. That non
local approach would give a γDFnloc(q), that it may be expected to give a better description than
the local one. However, as it implies a minimization process it would give a lower q-dependent
surface tension, i.e γDFnloc(q) ≤ γ

DF
loc (q). These proposals have been mostly explored in the

Square Gradient Approach and it has been obtained that γDFloc (q) ≡ γ0 for the double parabola
approximation. Therefore, this route cannot provide a rising γ(q), but rather a negative
bending modulus which could not describe correctly the molecular top of capillary wave
�uctuations.

The alternative to de�ne a ρξ(~r), as used in Eq.1.30, is to de�ne an Intrinsic Surface directly
from each instantaneous con�guration. Several recipes have been proposed over the last
decade, however, if we want to apply it within the DFT we should use the simplest recipe, as
we do not have available the same amount of information than in computer simulations. The
simplest recipe it is known as the one site de�nition, and it gives ξ(~x) as a linear functional of
ρ̂(~r), the one-site density distribution through a surface weight function, w(~r) and a surface
crossing density value, ρs, as in the non-local approach, i.e.∫

d~r w(~r −~rξ)ρ̂(~r) = ρs, (1.31)

with ~rξ = (~x,ξ(~x)). This equation may be solved to get the intrinsic surface ξ(~x) associated
to any density distribution ρ̂(~r). Following this de�nition[14], and performing a Fourier
transform and some approximations, we obtain

〈|ξq|2〉=

∫ ∫
dzdz′wq(z)wq(z

′)〈ρ̂q(z)ρ̂−q(z2)〉(∫
dzW ′0(z)ρeq(z)

)2 ;

from which, via the equipartition theorem, the q-dependent surface tension is given by

γ(q) =

(∫
dz w′0(z)ρeq(z)

)2
β
∫ ∫

dzdz′wq(z)wq(z′)G(z,z′,q)
, (1.32)
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where wq(z) is the Fourier transform of the surface weight function.
As Eq.1.32 is equivalent to Eq.1.30, it leads to a negative bending modulus, this may be

tracked down to the contribution of the Gbg to γ(q). Therefore, we should replace the density
correlation by the capillary density correlation, i.e.

γ(q) =

(∫
dz w′0(z)ρeq(z)

)2
β
∫ ∫

dzdz′wq(z)wq(z′)∆G(z,z′,q)
, (1.33)

although, then we sacri�ce the interpretation of the results as consistent with Eq.1.30.
Also, it should be noted that the Eq.1.33, obtained from DFT, generalizes the Blokhuis

proposal and the normal surface mode route as particular choices of wq(z), namely wq(z) =
ρ′(z) and wq(z) = ν(m)(z) (the highest eigenvector of G) respectively.

1.6 C O M P U T E R S I M U L AT I O N S

Nowadays, we can simulate the dynamics and the equilibrium properties of complex molecular
systems. Equilibrium properties could be simulated by Monte Carlo methods (MC), while its
dynamic is simulated by solving numerically their dynamic equations. This method is known
as Molecular Dynamics (MD) and it solves Newton’s equations of motion, for the position ~r
of the N molecules

mi
d2~ri
dt2

= ~Fi (~r1, ...~rN ) ; (1.34)

where Fi = −~∇~riV (~r1, ...~rN ) is the total force over the i-th molecule and V (~r1, ...~rN ) is the
potential energy of the system.

There are di�erent methods to solve Newton’s equations of motion, based on �nite dif-
ferences approaches, which discretize in a given mesh the time and solve the associated
di�erential equations. The dynamics of the system can be integrated with any time step ∆t,
and its choice, it is essential for the delicate balance between accuracy and computational
e�ciency. Larger ∆t minimizes the computational cost, however, the time step cannot be
larger than the fastest characteristic time of all the processes involved in MD (molecular
collisions, di�usion, collective di�usion..) if we want to describe them correctly.

Usually, we perform a MD simulation of a system under certain thermodynamic conditions,
as given temperature and pressure, that we want to keep constant (or nearly constant) along
the whole simulation. This is done with thermostats and barostats, of which there are several
kinds, and the choice of them depends on the problem that we want to address.

As we try to connect computer simulations2 with CWT and DFT we will explore the
equilibrium properties of di�erent systems. Therefore, we will use thermostats and barostats
that guarantee the correct statistic ensemble of each system in the MD or MC methods.

2 The simulations used during this Thesis were not performed by Jose Hernández. The corresponding author, or
authors, of the simulations will be mentioned in each chapter.
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1.6.1 evaluation of the mean density profile and the density correlation
function in simulations

As explained above, when we simulate a system we have access to the instantaneous position
of each molecule, and consequently to the instantaneous density distribution

ρ̂(~r) =
∑
i

δ(~r −~ri), (1.35)

where ~ri is the instantaneous position of the i-molecule. That huge amount of information
allows us to compute directly the mean density pro�le and the density correlation, whose
Fourier transform in the ~x−plane is given by

G(z,z′,q) =
〈 N∑
i,j=1

ei~q·~xij

A0
δ(z − zi)δ(z′ − zj)

〉
; (1.36)

for any ~q on the reciprocal lattice of the simulation box, q =
√
n2x + n

2
y 2π/Lxy, where{

nx,ny
}
∈ [−∞,∞), and the statistical average is performed over all the equilibrium con�gu-

rations along the simulation runs.
The computer simulations results for the mean density pro�le, give a direct test to see if it is

dependent or independent on the transverse size of the simulation box. As it was presented in
[32], ρ(z) depends indeed on the transverse size as predicted Capillary Wave Theory, through
a weak dependence ∝ log(Lxy) for the smooth density pro�les of the most usual liquids.
However, the so called cold liquids, those that are still liquid at T ≤ 0.2 Tc, presents a strong
layering in ρ(z) damped by a factor ∝ L−ηxy where η = kT /(πγ0σ2) [21], which produces a
much visible dependence of the density pro�le on Lxy . In any case, the transverse size of the
simulations has to be larger than Lxy ≈ 10 σ , to avoid the spurious correlations generated by
the boundaries, which will modify the CWT prediction.

In 1997, Stecki [82] observed the 1/q2 divergence predicted by Wertheim, analyzing the
modes of the density correlation, G(z,z′,q). Stecki even observed the eigenvectors related
with ∂nρ(z)

∂zn . Although, those modes could not be purely ∂nρ(z)
∂zn , due to the non-orthogonality

between ∂nρ(z)
∂zn and ∂n+2ρ(z)

∂zn+2 . That observation was surprising and unexpected, and it was
a clear indication that the structure obtained by Bedeaux-Weeks [2] was correct. However,
Bedeaux-Weeks’s structure is quite complex, compared with Wertheim’s proposal, and this
complexity makes tougher its direct observation and test.

1.7 C O N N E C T I N G C O M P U T E R S I M U L AT I O N S A N D C W T

As it was mentioned in section 1.4 the majority of the links between CWT and DFT were
based on G(z,z′,q). Therefore, we should analyze the density correlation obtained through
simulations, to connect MD, CWT and DFT. However, as in computer simulations, we have
access to much more information than in DFT, we can use this available information to perform
a direct link with CWT, without using the density correlation. In particular, we may put in
practice the splitting of the averages presented in section 1.3.2, with an explicit and workable
de�nition of ξ(~x) for each con�guration from the atomic positions. Hence, we could obtain
the �uctuations of the intrinsic surfaces, and consequently, the probability of an interfacial
shape, P (ξ(~x)). Moreover, we can decompose ξ(~x) via Fourier transform to obtain each ξ(q),
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which satis�es that ξ(~x) =
∑
ei~q·~xξq. Therefore, through the equipartition theorem we can

obtain the q−dependent surface tension γ(q), connecting CWT and computer simulations
directly, without using the density correlation.

1.7.1 intrinsic sample method

Assuming a rectangular box, with periodic boundary condition in the XY plane and a transverse
area A0 = L2xy , we can compute the mean density pro�le at equilibrium by

ρ(z,A0) =

〈
1
A0

N∑
i=1

δ(z − zi)
〉
; (1.37)

where ~r = (xi ,yi ,zi) is the instantaneous positions of the i = {1, ...,N } molecules. On the
other hand, its counterpart, the intrinsic pro�le ρI (z) is computed by

ρI (z,qu) =
〈
1
A0

N∑
i=1

δ(z − zi + ξ(xi ,yi))
〉
; (1.38)

where ξ(x,y) is the instantaneous intrinsic surface and qu the cuto� in the Fourier series of
ξ(~x).

The direct evaluation of the intrinsic pro�le shows that it depends strongly on the de�nition
used to compute the intrinsic surface3.

1.7.2 definitions for the intrinsic surface

CWT relies on the intrinsic surface, hence to �nd a well de�ned and feasible way of com-
puting ξ(~x) is a crucial step to connect computer simulations with CWT. There are several
operational de�nitions of the intrinsic surface, which can be carried out automatically for each
con�guration along the simulation. However, we will describe and use the method known as
the Intrinsic Sample Method (ISM)[7, 11, 13, 85], which it is based on a sequential percolative
analysis that allows to �nd the set of molecules or atoms (surface pivots) that will be used
to de�ne the intrinsic surfaces. Although the ISM is computationally expensive, its accuracy
guarantees the correct description of the intrinsic surface.

The robustness of the ISM relies on the oscillatory structure of the pair distribution g(r) in
dense liquids[7]. As explained above, this oscillatory structure is blurred in the mean density
pro�le by the capillary �uctuations. However, for each con�guration that structure should
be present in the intrinsic pro�le, and the amplitude of this oscillatory structure should be
maximum when we are close to the intrinsic surface. Hence, the atoms which de�ne the
intrinsic surface should have a larger number of neighbors than 2, the characteristic ones of
the vapor phase.

The �rst step in the ISM consists in determining which atoms could belong to the IS. This it
is done with a percolative analysis with radius d ∼ 1.5 σ , which it associates to each molecule
the number of neighbors that it has within that distance, ν. Then, we impose the value of ν
that should have the molecules which could belong to the IS, usually it is ν ≥ 3. This number

3 Consequently, it would depend of qu and other details (or parameters) used to de�ne ξ(~x). Physically, qu represents
the degree freedom allowed to the intrinsic surface to corrugate, following the molecular con�guration of its
components.
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of atoms, Nn, it is always lower than the number of molecules simulated, N , and greater than
the number of molecules (pivots) selected to describe the intrinsic surface, Ns.

After, a prism P is de�ned, which it contains all the possible pivots, i.e the Nn molecules.
This prism is divided in m2 equivalent prism Pm, with equal length along the z−axis than the
prism P . And as a �rst trial, m2 atoms are chosen as the initial set of pivots, being each atom
the closest to the vapor phase in each Pm4.

Once, we have chosen an initial guess of the pivots N1 = m2, with atomic coordinates
(~xi ,zi) ≡ (xi ,yi ,zi) we de�ne the intrinsic surface as that with the minimal area going through
all of the pivots [11]. To get it, we should minimize the quadratic form

Q[ξ] =
Nj∑
i=1

(ξ(~xi)− zi)
2+ ε

∑
~q

q2|ξq|2; (1.39)

where we have truncated the Fourier series of ξ(~x) at qm ≈ 2π/σ and Nj the number of
pivots at the j−th iteration. The cuto� qm is required not to allow the surface to corrugate with
wavelengths shorter than the molecular diameter, which would not be physically meaningful.
Also, in Eq.1.39 it has been added a quadratic term weighted by ε to break the degeneracy
in the minimum of Q[ξ], when ε = 0[85]. This degeneracy arises from the fact that we
want to de�ne a continuous surface using just a few points, then if Nj is too low several
di�erent surfaces will pass through all of the pivots with the same functional Q[ξ] value. The
optimal choice of ε is in the range (10−8,10−6), where there is a fair compromise between
numerical precision and the requirement over the surface to go through all the surface pivots,
|zi − ξ(~xi)| ≤ 10−3σ [7].

The minimization process of Q[ξ] is performed through the decomposition of the intrinsic
surface, ξ(~x), in cosine/sine functions[7]

ξ(~x) ≡ ξ(x,y) =
∑

µ2+ν2≤n2m

aµ,ν fµ(x) fν(y);

with f0(x) = 1, fµ(x) = cos(2πµx/Lxy) and f−µ(x) = sin(2πµx/Lxy), for µ > 0. The set
of {aµ,ν} ∈ R and nm is the index which de�nes qm = 2πnm/Lxy . As our degrees of freedom
are the set {aµ,ν}, we should minimize with respect to them, getting the following set of linear
equations

∑
µ′ ,ν′

 Ns∑
i=1

fµ′ (xi)fν′ (yi)fµ(xi)fν(yi)

aµ′ ,ν′+ε(2π)2(µ2+ν2)aµ,ν = Ns∑
i=1

zifµ(xi)fν(yi);

(1.40)

which can be solved with standard software packages of linear analysis, to get the intrinsic
surface de�ned by the Nj pivots[7].

This it is the procedure to obtain ξ(~x) given a series of pivots. As an initial guess of the
intrinsic surfaces, N1 = m2 pivots were chosen. Once that we have minimized Q[ξ] with
these initial pivots, we perform an iterative process to enlarge the number of pivots which

4 Usually, the choice of m it is quite conservative being m ∈ {3, ..,10}. It could be thought that larger m would
describe smoother intrinsic surfaces, however, will lead to a spurious roughness of ξ(~x) due to �uctuations
e�ect[85]. In fact, the formalism is quite robust respect the choice of m, as far as the area l2x is large enough to
have statistical relevance.
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should be considered as surface atoms. This procedure is performed using ξ(~x) and selecting
the 4 closest molecules to the intrinsic surface, i.e for the second iteration N2 will be given
by N2 = N1 + 4 and so on. Until we reach a prede�ned number of molecules, Ns, which
by construction it characterizes the 2D density of the surface layer, ns = Ns/A0 denoted as
occupation. A priori, the optimal value of the occupation is unknown, and for this reason it
will be explored the results of the intrinsic surface at di�erent occupation values to �nd its
optimal value.

1.7.3 ism dependence with the two dimensional density surface layer ns
and qm

The operational de�nition of the intrinsic surface (ISM) is clearly dependent on the choice of
a set of parameters. While it is quite robust against the choice of m, the number of neighbors
ν and the distance d , it is strongly dependent on the choice of Ns and qm [85]. Fortunately,
in the case of qm we have a physical limit given by qm ≤ 2π/σ , where σ is the atomic
diameter. If we do not respect this cuto� we will have an intrinsic surface which is corrugated
over distances lower than σ , which is clearly unphysical[11]. As far as we avoid a too high
cut o�, there is not much di�erence if we take it somehow lower, like if we use the average
distance between particles instead the molecular diameter.

On the other hand, as it was presented in [13], the ISM results depend strongly of the
number of molecules selected as pivots which will de�ne the intrinsic surface. This number of
molecules, Ns , may be used to de�ne a 2D density of the surface layer, ns , by ns = Ns/A0 .
Where A0 is the transverse size of the simulation box. In fact, ns is the key parameter to
describe the intrinsic surface, and it should be regarded as a well de�ned magnitude. As an
example of that, the exchange rate of molecules that left the intrinsic surface and that are
replaced by other presents a clear minimum at the optimum value of ns[13]. This optimal
choice of ns agrees with the values obtained by alternative routes, as the strongest layering
in the intrinsic density pro�les, the largest di�usion times across the ISM, and the agreement
between the hydrodynamic and structural predictions for γ (q).

1.7.4 testing the cwt prediction with the intrinsic sample method: rele-
vance of the wavelength cut-off qu

Along the computer simulation, we can sample the intrinsic surface for each con�guration,
getting the intrinsic pro�les and the Fourier components of ξ (~x) for that con�guration.
Therefore, we can compute the average 〈ρI (z ; ξ )〉ξ , 〈|ξq |2 〉 and the histogram of ξq along
the simulation. CWT predicts P (ξq ) to be a Gaussian with the mean square amplitude
given by 〈|ξq |2 〉 = kT

A0q2γ0
, at low q. It was presented in [85] that, even for larger q ′s,

the distribution was a Gaussian, but much narrower than the predicted by the CWT. That
con�rms the need to extend the CWT in the way proposed by the ECWT which assumes
〈|ξq |2 〉 = kT

A0q2γ (q)
, with a positive bending modulus κ that produces the narrowness of

P (ξq ) at higher q respect to the CWT prediction. Hence, the e�ective q−dependent surface
tension could be obtained directly through the ISM as γ I SM (q) ≡ kT

A0q2 〈|ξq |2 〉
.

However, the de�nition of the q−dependent surface tension via the ISM should be licit
just in a region of q, with an upper bound qu , qu ≤ qm ≈ 2π/σ , that may be well bellow
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qm , which it de�nes the limit of the resolution used to compute the intrinsic surface and that
satis�es the main assumptions of CWT, as

ρ(z) =

∫
dξ (~x) ρI (z − ξ (~x)) P (ξ (~x)) . (1.41)

The physical meaning of that upper cuto� could be related to the fact that, the corrugation
amplitude for q ≥ qu cannot be interpreted as mesoscopic capillary �uctuations. As we will
see, qu is crucial to obtain consistent de�nitions of γ(q) for di�erent ways.

1.8 G E N E R A L O V E R V I E W

After the introduction of the main results obtained through the Capillary Wave Theory,
Density Functional Theory and computer simulations; we can conclude that the mean density
pro�le is size dependent, as it was predicted by CWT, against the DFT assumption of size
independent equilibrium density pro�le. The size independent ρ(z) obtained by DFT is
a consequence of the use of approximated grand potential functionals, that include only
correlations within distances lower than a characteristic distance5, λDF[7]. Hence, we should
identify the density pro�le obtained by DFT as the mean density pro�le for systems with
transverse area A0 = (λDF)

2, or the intrinsic pro�le for qu = 2π/λDF . Checa et all[15],
using several liquid models and external �elds (such as gravity) estimated the characteristic
distance λDF as (10± 2)σ . Then, we should interpret the density pro�le obtained by DFT
as the mean density pro�le for areas A0 ≈ (10 σ )2, while for larger areas, it may be used as
the intrinsic density pro�le of qu ≈ 2π/(10 σ ), that it should be convoluted with Gaussian
�uctuations truncated at that qu , Eq.1.18.

Also, the CWT predicts a strong divergence of the density correlation G(z,z′,q) at low q,
∝ 1/q2, as pointed by Wertheim. In 1997, Stecki [82] observed this divergent term when he
analyzed the eigenvectors of the density correlation obtained from MD simulation. Moreover,
Stecki observed the existence of eigenvectors related to higher derivatives, neglected in
Wertheim’s proposal, and identi�ed as regular terms in the structure proposed by Bedeaux-
Weeks[2]. That observation encourages the search of a way to obtain γ(q) from G(z,z′,q),[5,
6, 24, 67, 83]. However, all the results, were based on Wertheim’s proposal, and these results
turned the problem into something complex and puzzling [14], this situation produced that
some authors claimed that DFT and CWT were incongruent theories in their predictions for
the density correlations [69].

In contrast to the turn and back progress in the use of the density correlation function to
obtain γ(q). The Intrinsic Sample Method [11] allows us to obtain directly from the simulation

5 However, if we could use the exact density functional we would obtain a size dependent density pro�le, since the
exact Ω[ρ] shall include the long range correlation of the surface Goldstone mode. Then, the size dependence of
the density distribution would appear in DFT from the external potential that represents the lateral walls, used to
�x the physical size of the interface (since periodic boundary conditions would be more cumbersome in DFT).
The long ranged e�ects with the exact Ω[ρ] would propagate the in�uence of those lateral walls over a distance
characterized by the capillary length, given by the (smooth) external potential used in the z direction to localize
the mean interfacial plane and to tame the Goldstone mode. The limit of null external �eld in the z direction (i.e.
in�nite capillary length) would keep the in�uence of the lateral walls across the whole interface, to produce a
mean density pro�le ρ(z,Lxy) that re�ects the separation between those walls. Any approximated form of Ω[ρ]
that misses these long ranged correlations keeps the in�uence of the lateral walls on the interface only for a few
molecular diameters on the x,y directions. So that it gives a well de�ned density pro�le, as the large Lxy limit in
which the e�ects of those lateral walls become irrelevant, and the DF minimization may be done assuming that
the density depends only on z.



19

a well de�ned intrinsic surface shape, ξ(~x), with the corresponding intrinsic density pro�le
and the Gaussian histograms of ξq. The progress of this technique [7, 11, 13, 85] allows to
check the main assumptions of the CWT, to connect the intrinsic density pro�les with the
mean density pro�le, Eq.1.18, and to obtain a well de�ned γ(q). However, the results of this
technique could not be compared with other routes to computed γ(q), as these routes did not
exist.

If we want to connect computer simulations with the CWT by the density correlation, we
should address the question of how to de�ne a feasible background correlation, and how γ(q)
should be read from the structure of the bare density correlations generated by the capillar
�uctuations. Both questions will be addressed in the following chapter.



2
O R I G I N A L C O N T R I B U T I O N S T O T H E G E N E R I C L I N K B E T W E E N C W T
A N D C O M P U T E R S I M U L AT I O N S

Along this chapter we will present our original theoretical developments to read γ(q) from the
density correlation. To try and be reader friendly, we will just present the theory for systems
well de�ned by a single surface, i.e graphene and liquid-vapour interfaces in chapters 3 and
4 respectively. The theoretical developments for the bilayer lipid membranes and the DFT
analysis within the Square Gradient Approximation will be described in their corresponding
chapters.

2.1 C O N T R I B U T I O N S T O L I N K C A P I L L A R Y WAV E T H E O R Y A N D C O M -
P U T E R S I M U L AT I O N S

All the previous proposals to read γ(q) from the density correlation were based on Wertheim’s
proposal. Later Weeks pointed to higher order CW terms in G(z,z′,q), which were further
analyzed by Bedeaux and Weeks (BW) in 1985[2]. The density correlation function was written
as a series, GBW (z,z′,q), of which Wertheim’s diverging term was just the �rst element. The
validity and rigor of the BW analysis within the CWT has been generally admitted, but, as
those authors pointed, it is still not a realistic representation of the density correlation in
a liquid surface, since it fully neglects �uctuations whose origin is not "capillar", as we use
here to refer in short to the mesoscopic interfacial �uctuations in any of the systems that
we have analyzed. On the other hand, the regular terms of Wertheim’s proposal include the
non-capillary �uctuations and also the terms n > 1 of Bedeaux-Weeks’s expansion. For these
reasons Bedeaux-Weeks’s proposal has not been used in the �eld, since its improvement over
Wertheim’s was mixed with the (unknown) non-CW background correlation. In this chapter
we will show how within the BW formalism, we can formally evaluate the non capillary wave
contribution, Gbg , to the density correlation from MD simulation results.

2.1.1 formal expression and local hypothesis for the non-capillary wave
contributions to the density correlation

In section 1.3.2 it was presented the theoretical development performed by Bedeaux and
Weeks[2] to predict the contribution of the capillary �uctuations to the density correlation.
However, their proposal does not contain the non-capillary �uctuations, which are required
to describe correctly G. In this section we will present an extension of the original Bedeaux-
Weeks’s argument, which shows explicitly the contribution of these non-CW terms, Gbg .
To do it, we will use the characteristic split average of the CWT, section 1.3, in the density
correlation

G(z,z′, |~x−~x ′ |) = 〈ρ̂(~r)ρ̂(~r ′)〉−〈ρ̂(~r)〉〈ρ̂(~r ′)〉 ≈ 〈ρ(2)I [~x,z−ξ(~x),~x ′,z′ −ξ(~x ′);ξ]−
−ρI [~x,z−ξ(~x);ξ]ρI [~x ′,z′−ξ(~x ′);ξ]〉ξ+〈ρI (z−ξ(~x))ρI (z′−ξ(~x ′))〉ξ−ρ(z)ρ(z′),

(2.1)

21
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where

ρ
(2)
I [~x,z,~x ′,z′;ξ] = 〈ρ̂(~x,z+ ξ(~x))ρ̂(~x ′,z′ + ξ(~x)′)〉{~ri}∈[ξ] =

= 〈ρ̂(2)(~x,z+ ξ(~x),~x ′,z′ + ξ(~x ′)〉{~ri}∈[ξ]; (2.2)

which it is formally equivalent to Eq.1.16, used to get the intrinsic two-sites density distribution
as a functional of ξ(~x). Then, as the BW series is

GBW (z,z′, |~x − ~x ′ |) = 〈ρI (z − ξ(~x))ρI (z′ − ξ(~x ′))〉ξ − ρ(z)ρ(z′),

we could de�ne

GI (z,z
′, |~x − ~x ′ |) = 〈ρ(2)I [~x,z,~x ′,z′;ξ]− ρI [~x,z;ξ]ρI [~x ′,z′;ξ]〉ξ ; (2.3)

and if we assume that the intrinsic two-sites density distribution is self-averaged in large
enough systems, as it was assumed for the intrinsic pro�le, then we have ρ(2)I (~x,z,~x ′,z′) ≈
〈ρ(2)I [~x,z,~x ′,z′;ξ]〉ξ and

GI (z,z
′, |~x − ~x ′ |) = ρ

(2)
I (~x,z,~x ′,z′)− ρI (z)ρI (z′). (2.4)

Hence, going backwards and replacing this intrinsic density correlation in Eq.2.1, we get

G(z,z′, |~x − ~x ′ |) ≈ GBW (z,z′, |~x − ~x ′ |) + 〈GI (z − ξ(~x),z′ − ξ(~x ′), |~x − ~x ′ |)〉ξ , (2.5)

and consequently, the background density correlation leaved out of GBW is

Gbg(z,z
′, |~x − ~x ′ |) = 〈GI (z − ξ(~x),z′ − ξ(~x ′), |~x − ~x ′ |)〉ξ =∫

dξ

∫
dξ ′GI (z − ξ(~x),z′ − ξ(~x ′), |~x − ~x ′ |)P (ξ(~x),ξ(~x ′), |~x − ~x ′ |); (2.6)

which, taking the transverse Fourier transform of Eq.2.5, it gives

G(z,z′,q) = GBW (z,z′,q) +Gbg(z,z
′,q) =

=
kT

γ(q)q2
dρ(z)

dz

dρ(z′)

dz′
+

∑
n=2

Sn(q)

n!
∂nρ(z)

∂zn
∂nρ(z′)

∂z′n
+Gbg(z,z

′,q); (2.7)

where Wertheim’s term has been shown explicitly. If we compare with Wertheim’s original
proposal the regular terms are

reg. terms ≈
∑
n=2

Sn(q)

n!
∂nρ(z)

∂zn
∂nρ(z′)

∂z′n
+Gbg(z,z

′,q);

whose contributions are both: capillar (terms higher than 2 of Bedeaux-Weeks’s expansion) and
non-capillar, Gbg . The above proof would be strictly exact if we accept the CWT assumptions,
i.e

i) ρI [~x,z;ξ] is self-averaged in large enough systems, so that ρI [~x,z;ξ] ≈ ρI (z) for any
instantaneous shape of the intrinsic surface, IS.

ii) ρ(2)I (~x,z,~x ′,z′) is self-averaged in large enough systems, hence, for any instantaneous
shape of the intrinsic surface ρ(2)I (~x,z,~x ′,z′) ≈ 〈ρ(2)I [~x,z,~x ′,z′;ξ]〉ξ .
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If these assumptions may be made valid, with the appropriate choice of the upper wavevector
limit qu , then we will have a clear de�nition of the non-CW background, Eq.2.6, which can be
computed in simulations as we will see immediately.

The main di�culty to compute the background correlation is that the two-sites probability
distribution P (ξ(~x),ξ(~x ′), |~x − ~x ′ |) is not easy to apply. However, we may expect that
GI (z − ξ(~x),z′ − ξ(~x ′), |~x − ~x ′ |) is short-ranged in |~x − ~x ′ |, so that we could approximate
P (ξ(~x),ξ(~x ′), |~x − ~x ′ |) ≈ δ(ξ(~x) − ξ(~x ′))P (ξ(~x)). That gives a workable local approach
for the background correlation,

Gbg(z,z
′, |~x − ~x ′ |) ≈

∫
dξ GI (z − ξ(~x),z′ − ξ(~x), |~x − ~x ′ |) P (ξ(~x)). (2.8)

This approach explicitly shows the dependence of the non-capillary wave correlation back-
ground with the system size, consistently with the density pro�le. Although, for simulation
boxes of typical low size we may get that Gbg ≈ GI , it is crucial to use Eq.2.8 to describe
correctly the background. This could be easily seen if we look at the ideal correlation term
of the intrinsic background correlation, ρI (z)δ(z − z′), while the ideal term of the density
correlation is given by ρ(z)δ(z − z′). Hence, if we do not use Eq.2.8 we will not describe
correctly this local term.

2.1.2 calculation of the intrinsic background correlation in simula-
tions

Previously, we obtained the background correlation that we have to subtract to the density
correlation to obtain the purely capillary correlation described by Bedeaux-Weeks’s proposal
[2], and therefore to be able to read the q−dependent surface tension, γ(q), from G(z,z′,q).
However, to obtain this background it is required to know the intrinsic density correlation,
GI , which by de�nition, Eq.2.4, may be computed from simulation as

GI (z,z
′,q) =

〈 N∑
i,j=1

ei~q·~xij

A0
δ (z − (zi − ξ(~xi)))δ

(
z′ − (zj − ξ(~xj))

)〉
; (2.9)

where we refer the instantaneous position of the molecules to the intrinsic surface, so that all
the capillary waves are eliminated, while the non capillar �uctuations are preserved. As it is
related to the intrinsic surface de�nition, this GI (z,z′,q) depends parametrically with qu , the
cuto� at which we truncated the Fourier series of ξ(~x).

2.2 G E N E R I C C W T- M D L I N K T H R O U G H T H E D E N S I T Y C O R R E L AT I O N :
T H E D E C O N S T R U C T I O N M E T H O D

The de�nition of the background correlation, Eq.2.8, and their relationship with the total
density correlation, Eq.2.5, allow us to obtain directly the structure proposed by Bedeaux-
Weeks[2].

∆G(z,z′,q) = G(z,z′,q)−Gbg(z,z′,q) ≈
∑
n=1

Sn(q)

n!
∂nρ(z)

∂zn
∂nρ(z′)

∂z′ n
; (2.10)

where

Sn=1(q) = A0〈|ξq|2〉 ≡
kT

γ(q)q2
.
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We have developed a method based on this equation to get γ(q) from ∆G(z,z′,q).

∆G(z,z′,q) = G(z,z′,q)−Gbg(z,z′,q) ≈
kT

γ(q)q2
∂ρ(z)

∂z

∂ρ(z′)

∂z′
+

∑
n=2

Sn(q)

n!
∂nρ(z)

∂zn
∂nρ(z′)

∂z′ n
.

(2.11)

The structure of ∆G could be transformed into a matricial form

B(q) = A C A; (2.12)

where A represents the matrix Ai,j = 〈ρ(i)|ρ(j)〉, and B represents the matrix built from the
elements Bi,j = 〈ρ(i)|∆G|ρ(j)〉. And we have used ρ(i)(z) = ∂izρ(z) and the Dirac brack-ket
notation. Therefore,

Ai,j = 〈ρ(i)|ρ(j)〉=
∫
dz
∂iρ(z)

∂zi
∂jρ(z)

∂zj
; (2.13)

Cij = δi,j
Si(q)

i!
; (2.14)

and

Bi,j = 〈ρ(i)|∆G|ρ(j)〉=
∫ ∫

dzdz′
∂iρ(z)

∂zi
∆G(z,z′,q)

∂jρ(z′)

∂z′j
. (2.15)

The matrices A, B and C are square by de�nition, and their dimension (formally in�nite) may
be truncated if we assume that Bedeaux-Weeks’s series is convergent. Therefore, we could
truncate Bedeaux-Weeks’s expansion at some order, nBW , to handle A, B and C as square
nBW ×nBW matrices. If we assume that the determinant of A is not null, we may obtain its
inverse A−1, and read C from B by

C = A−1 B A−1. (2.16)

Since C1,1(q) is related with γ(q) by de�nition, we could de�ne a "deconstructed" surface
tension by

γDC(q) ≡ kT

q2C1,1(q)
=

kT

q2
∑nBW
i,j A−11,iBi,j(q)A

−1
j,1

. (2.17)

As γDC(q) may depend on nBW , it becomes necessary to analyze its convergence for each
system.

To contrast the consistency of the results obtained from the density correlation, we will
compare them with the results predicted by a direct calculus of the intrinsic surface, i.e. γDC(q)
with γ ISM(q) obtained directly by the ISM. Besides, we will check the description of the
non-CW contribution by a comparison between ∆G = G−Gbg and

∑n<nBW
n=1

Sn(q)
n!

∂nρ(z)
∂zn

∂nρ(z′)
∂z′ n

through 2D color maps. The chapter 3 will be focused on 2D suspended materials, while the
chapter 4 will describe liquid-vapor interfaces with di�erent pairwise interactions, SA[12, 94]
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and Lennard Jones, at di�erent temperatures. That will allow us to contrast if our background
de�nition, Eq.2.8, and the deconstruction proposed in Eq.2.17 are correct. In fact, with both
chapters we will explore the majority of systems where the CWT could be applied. Which will
allow us to conclude under which conditions the proposals as the normal mode or Blokhuis
routes could be used, and when the higher terms of Bedeaux-Weeks’s series are required to
describe the system accurately.

2.3 C O N C L U S I O N S

Under the CWT assumptions we have obtained the exact background density correlation
Gbg . Its evaluation would require the two-sites probability distribution P (ξ(~x),ξ(~x ′), |~x −
~x ′ |), whose complexity would not make feasible its use. However, the intrinsic background
correlation should be short-ranged, so we could approximate P (ξ(~x),ξ(~x ′), |~x − ~x ′ |) ≈
δ(ξ(~x)− ξ(~x ′))P (ξ(~x)) giving a workable approximation to the background correlation.

The formalism developed here shows the relevance of BW series[2], which generalizes
Wertheim’s term[80]. For this reason, we have developed a method based on the BW series
(the deconstruction method), which generalizes the normal mode route and Blokhuis proposal,
and that, with the background density correlation, it allows to obtain directly the γ(q) from
the capillar density correlation, ∆G.
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S U S P E N D E D G R A P H E N E : A N I D E A L S Y S T E M T O C H E C K T H E
D F T- C W T L I N K S

Although the CWT is usually applied to liquid-vapor interfaces, mathematically it describes a
�uctuating surface, hence any system which may be reduced to a �uctuating surface could
be described by this theory. Several systems can be described by �uctuating surfaces such as
lipid membranes, 2D suspended material, liquid-vapor interfaces. As we have tried and found
a route to connect ECWT and computer simulations, this route should be able to describe all
these systems.

The route analyzed here will be based on the density correlation function, and it relies on
obtaining the CW contributions, ∆G, to the density correlation, G. This requires to subtract
to G an excess contribution, that we refer to it as background Gbg , and as Gbg is in general
unknown, it would be interesting and fruitful to analyze systems where this term is expected
to be negligible. Usually, Gbg is related to bulk �uctuations, and consequently, systems which
do not present a bulk phase with strong correlations could be regarded as ideal systems where
Gbg ≈ 0. This is the case of 2D suspended materials, since their 2D atomic structure allows
us to skip the di�culty to de�ne an excess contribution. This means that, at least over a
broad range of q, the full density correlation could be directly assumed as purely capillar, i.e.
G(z,z′,qz) h ∆G(z,z′,q).

3.1 C H A R A C T E R I S T I C S O F T H E S U S P E N D E D G R A P H E N E

Graphene is the main representative of the 2D materials, and it has been deeply analyzed
and studied. Then, the realistic force �elds used to reproduce the dynamics of graphene by
molecular dynamics are highly contrasted. Our goal is to use MD simulations of a realistic
model of graphene to get directly γ(q) from the shape corrugations, using the ISM [7, 11,
13, 85], and to check whether and how γ(q) could be obtained from the MD results of the
density correlation.

The 2D atomic structure of graphene dodges the most di�cult step in the matching of the
atomistic (MD) and the mesoscopic views, i.e. the excess contribution to the density correlation
should be small. This characteristic will allow us to compare the di�erent proposals for the
density correlations generated by the capillary �uctuations. We will compare the normal
mode route, the Blokhuis proposal and Bedeaux Weeks’s prediction.

We have to remark that, although graphene can be regarded as two interleaving triangular
lattice sheets, they are so correlated that the energetic cost associated to perform a �uctuation
of the lower sheet, keeping �x the upper sheet, it is too high to be re�ected in the �uctuation
spectrum explored here. Then, to our purpose, the graphene could be treated as a single
�uctuating surface.

27
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3.2 M D - I S M F O R S U S P E N D E D G R A P H E N E

We have used classical molecular dynamics (MD) simulations1 of a suspended graphene sheet
using an empirical long range carbon bond order potential, the so called LCBOPII[50, 51]. We
will use the parametrization described in [40, 76, 77] which yields to a realistic description
of the vibrational, mechanical and thermal properties, with a bending constant of 1.48 eV
for a single graphene layer at low temperature. We use standard algorithms[56, 92] for the
isothermal-isobaric ensemble, with N = 8400 carbon atoms, chains of four Nosé-Hoover
thermostats at temperature T = 300 K , coupled to each atomic coordinate, and the additional
chain of four barostats coupled to the in-plane area of the simulation cell, to �x the applied in
plane tensile stress Px[3]. The results reported here corresponds to Px = −0.16 N/m, which
gives Lxy = 148.26 Å as the mean side of the square MD box, and a much higher tensile
stress Px = −3.2 N/m, that gives Lxy = 149.67 Å. These values of Px cover the range of the
experimental stress-strain for suspended graphene[3]. The equations of motion have been
integrated with the reversible reference system propagator algorithm (RESPA), which allows
di�erent time steps for the integration of the slow and fast degrees of freedom[57]. The time
step ∆t which corresponds to the interatomic forces is 1 fs, while for the evolution of the fast
dynamical variables, including the thermostats, we used a time step δt = ∆t/4.
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Figure 3.1: The density pro�les ρ(z) are represented for the tensile stress Px = −0.16 N/m (left) and
Px = −3.2 N/m (right). Red full line the MD mean density pro�le ρ(z), obtained for the
MD box of size Lxy = 148.24 Å (left) and Lxy = 149.67 Å (right). Blue full line the intrinsic
density pro�le ρI (z;qu) with qu = 0.21 Å−1, and independent of Lxy . Dashed green line
the mean density pro�le obtained through Eq.3.3, with the probability distribution P (ξ)
obtained along the same MD-ISM con�gurations used to get ρI (z;qu). The agreement
between red full line and dashed green line proves the correct description of the IS with
qu = 0.21 Å−1.

The corrugations of the graphene could be analyzed within the language of phonons as
harmonic displacements of the atomic positions from the sites in the periodic 2D lattice, giving
the acoustic band of frequencies wA(q) with z polarization, or in the CWT language, as the
thermal �uctuations of a mathematical surface z = ξ(~x,qu) that corresponds to a continuous
limit representation of the atomic out of plane vibrations. The ISM was developed to optimize
this description, over the largest possible range of q, in the harder problem of a liquid surface[7,
11, 13, 85], as it was presented in section 1.7. For the ISM it becomes crucial to de�ne which
molecules should be considered as surface pivots, this task in graphene is much easier, since

1 The simulations were performed by Rafael Ramírez and Carlos P. Herrero. Instituto de Ciencia de Materiales de
Madrid, CSIC.
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Figure 3.2: The di�erent e�ective wavevector dependent surface tension are represented for tensile
stress Px = −0.16 N/m. Blue line: the γ ISM(q) obtained from the mean square amplitude
of the �uctuating modes of ξ(~x), and the green dashed line is the �t of γ ISM to its quadratic
form γ(q) = γ0 + κq

2. Red line the dynamic result γdyn(q), from the dispersion relation
of the acoustic vibrational modes.

it could be regarded as an ideal interface in which all the carbon positions are used as surface
pivots. So that at the maximum resolution, the IS is de�ned as a triangulated surface with
the edges joining each carbon atom to its nearest neighbors. We use the periodicity of the
simulation box on the ~x plane to get the Fourier components of that surface by least-square
�ts, up to a large |~q| / 0.41 Å−1 = |~qm|, to leave room for the choice of the upper cuto� qu
that de�nes z = ξ(~x;qu) as the truncated Fourier series

z = ξ(~x;qu) =
∑

0<|~q|≤qu

ξqe
i~q·~x.

The sampling of 20000 con�gurations, sorted each 500 MD steps, gives the mean square
values

〈
|ξq|2

〉
that are used to get γ(q) through the equipartition theorem

γ ISM(q) ≡ kT〈
|ξq|2

〉
q2A0

= γ0+ κq
2+ ...; (3.1)

For biological membranes and liquid vapor surfaces the contribution of the bending modulus,
κ, gets entangled with internal �uctuation modes of the interface, and the quadratic description
of γ(q) is valid only at the lowest values of q. However, graphene shows a quadratic behavior
γ(q) ≈ γ0+κq2 over a large q range2, Fig.3.2. We get βγ0 = 0.66087Å−2 and βκ = 63.5669
for Px = −0.16N/m, and βγ0 = 7.8749 Å−2 and βκ = 62.045 for the tenser graphene with
Px = −3.2 N/m.

2 It has to be remarked that the agreement at low q, where the expansion should be exact, seems to be worse. This
behavior is quite common and is a consequence of the low energetic cost of these �uctuations, which produces
that the sampling of

〈
|ξq |2

〉
is only statistically signi�cant for very long MD simulations. Hence deviations from

the quadratic form observed in Fig.3.2 at low q should be regarded as the error bars for the accuracy of our MD
results.
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As a test for the physical signi�cance of this γ ISM(q) we compare it in Fig.3.2 with its
dynamical (dyn) counterpart, described from the frequency band wA(q) obtained in the same
MD simulations. If we assume a continuous 2D mass density ρ2D , the energy cost of the
corrugations is given by

γdyn(q) =
ρ2Dw

2
A(q)

q2
. (3.2)

The good agreement between the dynamical de�nition and the ISM thermal �uctuations re-
sults for γ ISM(q) presented in Fig.3.2, had been reported for liquid surfaces[18]. For graphene
that agreement is excellent, over a much larger range of q that for liquid surfaces.

As we commented before, the CWT assumes that the mean density pro�le ρ(z) can be
described as an intrinsic pro�le ρI (z;qu) which follows the intrinsic surface �uctuations, i.e.

ρ(z) ' 〈ρI (z − ξ(~x);qu)〉ξ =
∫
dξ ρI (z − ξ;qu) P (ξ); (3.3)

the probability distribution P (ξ) for the local �uctuations of the IS is accurately described as
a Gaussian distribution, with mean square value

〈|ξ |2〉 ≡ S(0) =
∑

0<q≤qu

〈|ξq|2〉,

as it is predicted by CWT. The parameter qu controls how closely the mathematical surface
z = ξ(~x;qu) follows the atomic position, keeping the CWT assumptions. For graphene we
have �xed qu = 0.21 Å−1 and the intrinsic pro�le, calculated as the MD-ISM average

ρI (z;qu) = 〈ρ(~x,z+ ξ(~x;qu))〉, (3.4)

forms the narrow peak in Fig.3.1, re�ecting the small �uctuations in the distance from the
atomic positions to the IS. Our choice, qu = 0.21 Å−1, is much lower than the main peak in
the structure factor of the graphene at q ≈ 3 Å−1. This guarantees that the correlation e�ects
for q ≤ qu , are well separated from other vibrational modes. Also, the value of qu is quite
close to the value of q where γdyn(q) begins to separate from the structural γ ISM(q), Fig.3.2.
This is completely di�erent for liquid vapor interfaces, where qu is lower and they require
costly simulations, with a very large box sizes to get just a few discrete values within the
range q ≥ 2π/Lxy set by the simulation box,[37]. The larger qu for graphene makes easier to
analyze G(z,z′,q) over a broad range of wavevectors.

Previously, it was commented that the 2D atomic structure of graphene dodges the need
to compute the excess contribution of the density correlation, Gbg . Nevertheless, as we have
de�ned a non-capillary wave excess term in section 2.1.1, we could prove this hypothesis.
Fig.3.3 presents the density correlation G(z,z′,q) (bottom row), the excess correlation at
the second row, computed through Eq.2.8 where the intrinsic correlation (third row) was
computed as we explained in section 2.1.2. The bare capillary wave contribution ∆G(z,z′,q)
at the top row of Fig.3.3 should be compared with the bottom row, from this comparison it is
clear that ∆G ≈ G, as it was expected.

Hence, along this chapter we will use indistinctly ∆G(z,z′,q) ≡ G(z,z′,q)−Gbg(z,z′,q)
or G(z,z′,q), and we will interpret them as the capillary wave contributions to the density
correlation.
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Figure 3.3: The density correlation functions from MD simulation with tensile stress Px = −0.16N/m.
Left column q = 0.042 Å−1, right column q = 0.12 Å−1. Bottom row: the density corre-
lation G(z,z′ ,q). Second row: the excess contribution to density correlation, Gbg(z,z′ ,q).
Third row: the intrinsic excess correlation, GI (z,z′ ,q). Top row: the bare capillary wave
contribution, ∆G = G − Gbg . If we compare bottom and top panels, their quantitative
agreement supports the assumption that the 2D atomic structure of graphene dodges the
need to compute the excess contribution of G(z,z′ ,q).

3.3 N O R M A L M O D E R O U T E , B L O K H U I S P R O P O S A L A N D T H E D E C O N -
S T R U C T I O N M E T H O D

Once we have checked that ∆G is equivalent to G, we could directly apply to the density
correlation any of the di�erent proposals to obtain the q-dependent surface tension γ(q).
These proposals encompass: those based on Wertheim’s term, where we include the normal
mode route (NMR), [83]; Blokhuis proposal, [5, 6], and the local proposal3 Eq.1.27, [69]
introduced in section 1.4, and those based on Bedeaux-Weeks’s proposal and the deconstruction
method, section 2.2). First, we will analyze the proposals based on Wertheim’s term.

3 This proposal would not be used since for Graphene the term ∆ρlv is strictly null.
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The normal mode route is based on Wertheim’s term and it assumes that the lowest
eigenvalue of the second order correlation function, C, is proportional to γ(q). Hence, the
NMR proposes that

γNM(q) =

∫
dz(ρ′(z))2

βq2λ
(max)
(G) (q)

; (3.5)

where λ(max)
(G) (q) is the highest eigenvalue of the density correlation, which is the functional

inverse of the second order correlation function, by the Orstein-Zernicke equation. Therefore,
it is clear that the NMR requires to diagonalize G.

On the other hand, the Blokhuis proposal is similar to the NMR but it assumes that the
eigenvector is given by ρ′(z) ∀q, so γB(q) is obtained through

γB(q) =

∫
dz(ρ′(z))2

βq2
∫
dzdz′ρ′(z)G(z,z′,q)ρ′(z′)

.
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Figure 3.4: The spectrum of C(z,z′ ,q), i.e. the inverse spectrum of the full density correlation function
G(z,z′ ,q), at each wavevector q allowed by our MD simulation box, for the system with
tensile stress Px = −0.16 N/m (left panel) and Px = −3.2 N/m (right panel). The orange
full lines represent γ0q2/

∫
dzρ′(z)2, which should be similar to the lowest (CW) eigenvalue

of C (black full circles) at low q, with an eigenfunction proportional to the �rst derivative
of the density pro�le.

In Fig.3.4 is presented the spectrum ofC for the systems with tensile stress Px = −0.16N/m
(left panel) and Px = −3.2 N/m (right panel). In both panels, the full black circles correspond
to the lowest eigenvalue of C, i.e 1/λ(max)

(G) (q), while the full red circles correspond to higher
eigenvalues. It is also included q2γ0/

∫
dzρ′(z)2 (orange full lines) to compare the NMR

predictions with the results with γ(q) = γ0. From this comparison, it is obtained that the
NMR would lead to a negative bending modulus, as the black full circles are below the orange
full line. Besides, Wertheim’s description of the CW contribution to the density correlations
predicts that C has a single eigenmode (Wertheim’s term). While, in Fig.3.4 we observe several
eigenvalues, for each q, di�erent and close to Wertheim’s term. In fact, the second lowest
eigenvalue is closer to the softest mode for the tensile stress Px = −0.16N/m (left panel) than
for Px = −3.2 N/m (right panel). Hence, as these eigenvectors should correspond to modes
associated with CW �uctuations we will analyze them, we present these eigenvectors in Fig.3.5.
In that �gure, the left panel present the �rst (black) and second (red) lowest eigenvectors, while
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the third (black) and fourth (red) eigenvector are presented on the right panel. In both panels,
the full lines correspond to the eigenvectors at q = 0.042 Å−1 and the dashed lines to the
eigenvectors at q = 0.084 Å−1. At the lowest q, these eigenvectors have similar shapes that
the consecutive derivatives of the density pro�le ∂nρ(z)

∂zn . However, this quantitative agreement
is lost at higher q values, this is produced by the non-orthogonality of the derivatives of
the density pro�le, which produces a hybridization process between the eigenvectors, that
explains the di�erence between the dashed and full lines in Fig.3.5
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Figure 3.5: Eigenvectors of the lowest eigenvalues ofC, νn(z), for our suspended Graphene model with
tensile stress Px = −0.16 N/m at q = 0.042 Å−1 (full lines) and q = 0.084 Å−1 (dashed
line). On the left panel we present the �rst (black) and second (red) lowest eigenvectors,
while the third (black) and fourth (red) lowest eigenvectors are presented on the right panel.
The shape of this eigenvectors is νn(z) ∝ ∂nρ(z)

∂zn at the lowest q, while at higher q values
these modes are hybridized.

Hence, to describe correctly the contribution of the CW �uctuations to the density correla-
tion, we should take into account the higher order derivatives of the density pro�le. As these
terms, could not be described by Wertheim’s term we may expect that the proposals based on
it (NMR and Blokhuis) would not describe accurately γ(q). While, as Bedeaux-Weeks’s series
takes into account these terms, we expect that within the deconstruction method, introduced
in section 2.2, γ(q) could be obtained.

3.4 E Q U I VA L E N C E B E T W E E N B E D E A U X W E E K S ’ S S E R I E S A N D T H E
I N T R I N S I C S A M P L E M E T H O D

The deconstruction method to obtain γ(q) from G depends on the value nBW at which we
truncate the BW series. There is not a general criteria over the value of nBW , so we have to
analyze the convergence of Bedeaux-Weeks’s series for each system. This analysis is rather
simple and it consists in increasing the value of nBW until γDC(q,nBW ) converges. Fig.3.6
presents this analysis for the suspended graphene under tensile stress Px = −0.16 N/m (left
panel) and Px = −3.2 N/m (right panel). The left panel presents a more exhaustive analysis
of the convergence of γDC , the green empty square line corresponds to γDC(q;nBW = 3),
the orange empty square line to γDC(q;nBW = 10) and the blue empty square line to
γDC(q;nBW = 20), at which (nBW = 20) is obtained a practical convergence. While, the right
panel of Fig.3.6 just presents γDC(q;nBW = 3) (green empty square line) and γDC(q;nBW =

20) (blue empty square line). And it is obtained that for the suspended graphene under tensile
stress Px = −3.2 N/m γDC converges at nBW = 20. Besides, in both �gures are presented
γNM(q) (full red squares) and γ ISM(q) (full blue circles), and on the left panel the results of
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Blokhuis proposal, γB(q). In both systems are obtained a quantitative agreement between
γ ISM(q) and γDC(q,nBW = 20), while the proposals based on Wertheim’s term (NMR and
Blokhuis) fail drastically to reproduce γ ISM(q), given a nearly null (left panel) or negative
(right panel) bending modulus.
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Figure 3.6: Comparative of all the proposals to obtain γ(q) from the density correlation with γ ISM(q)
(full blue circles) for suspended graphene under a tensile stress Px = −0.16 N/m (left
panel) and Px = −3.2 N/m (right panel). Red full squares correspond to the normal mode
route, γNM(q), the black squares on left panel correspond to the Blokhuis proposal, γB(q),
the deconstruction method results, γDC(q), based on Bedeaux-Weeks’s series are presented
for several truncations of the series at nBW = 3 (empty green square line), nBW = 10
(empty orange square line) and nBW = 20 (empty blue square line), at this order we obtain
practical convergence for both systems.

Then, through the deconstruction method we obtain the correct γ(q) and as the BW series
predicts the shape of the lowest eigenvectors of C, it could be expected that the BW proposal
may reproduce accurately the CW contributions to the density correlation, ∆G ≈ G for these
systems. This comparison is performed in Fig.3.7, which presents G(z,z′,q) (obtained directly
from the simulation) at the bottom row and several truncations for the Bedeaux-Weeks’s
proposal, GBW , at q = 0.042 Å−1 (left column) and q = 0.126 Å−1 (the right one). The top
row corresponds to the �rst term of the BW series, which is equivalent to Wertheim’s term,
the second row is the BW series up to the third term and the third row presents the full BW
series, when it has converged (nBW = 20).

It could be expected that at the lowest q, Wertheim’s term dominates, as it presents a
divergence at q→ 0. However, even at the lowest q (left panel on Fig.3.7) Wertheim’s term (�rst
row) does not predict completely the density correlation (bottom row). These discrepancies
tell us that even at the lower q’s of our simulation, the proposals based on Wertheim’s term
will not describe correctly γ(q), at least for low tensile stress. On the other hand, the BW
series up to the third term (second row) describes accurately the structure of G. However, the
quantitative agreement is obtained with the full BW series, truncated at nBW = 20, as we
observe if we compare the third and bottom row.

If we increase q, the discrepancies between Wertheim’s term and the BW series up to
the third term with G are magni�ed, as presents the right column of Fig.3.7, q = 0.126 Å .
However, at this q the quantitative agreement between the full BW series (third row) and the
density correlation G (bottom row) is still fairly good.
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Figure 3.7: The density correlation, G(z,z′ ,q), (obtained directly from the simulation and presented at
the bottom row) is compared with Bedeaux-Weeks’s series truncated at di�erent orders, for
suspended Graphene with tensile stress Px = −0.16N/m at di�erent q values, q = 0.042 Å
(�rst column) and q = 0.126 Å (second column). Top row corresponds to the �rst term of
BW series, which is equivalent to Wertheim’s term; second row Bedeaux-Weeks’s up to
the third term, nBW = 3, and third row the full Bedeaux-Weeks’s series, nBW = 20, the
value of which is obtained a practical convergence. The quantitative agreement between
the third and the bottom row for both columns, gives support to the BW prediction to the
CW contributions to the density correlation.

3.5 C O N C L U S I O N S

We have analyzed suspended Graphene at di�erent tensile stresses, its 2D structure allows us
to skip the main di�culty to obtain γ(q) from the density correlation, G. This di�culty is the
correlation excess, Gbg , included in G but that is not related to the CW �uctuations. Hence,
as in Graphene the density correlation from the surface �uctuations, ∆G = G −Gbg is nearly
equivalent to G (see Fig.3.3), we could apply directly over the density correlation the di�erent
proposals to obtain γ(q). These proposals are those based on Wertheim’s term (NMR[83]
and Blokhuis[5, 6]), section 1.4, and the Bedeaux-Weeks’s series, used with the deconstruc-
tion method developed in this Thesis and presented in section 2.2. The proposals based on
Wertheim’s term require to diagonalize the density correlation, this has been performed in
section 3.3, and it has been obtained that this proposal would give a null or negative bending
modulus for the di�erent systems analyzed, Fig.3.4 and Fig.3.6. Moreover, from the spectrum
we obtained that the lowest eigenmodes have similar shapes that the higher derivatives of the
density pro�le, ∂

nρ(z)
∂zn with n ≥ 2, Fig.3.5. These terms could not be described by Wertheim’s
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term, as they should be identi�ed as part of the unde�ned "regular terms" of its proposal.
However, these terms are explicitly included in Bedeaux-Weeks’s prediction, as terms of its
series GBW (z,z′,q) =

∑
n=1

Sn(q)
n!

∂nρ(z)
∂zn

∂nρ(z′)
∂z′n , [2]
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Figure 3.8: Presents a comparison of the di�erent proposals of γ(q) for the suspended Graphene with
tensile stress Px = −0.16 N/m. Blue full circles, the surface tension obtained through
the �uctuations of the intrinsic surface, γ ISM(q). Dashed blue line the quadratic �t of
βγ ISM(q), βγ ISM(q) ' 0.66+ 63.56 q2 (Å−2). Blue empty squares, the deconstruction
method, γDC(q), based on Bedeaux-Weeks’s prediction. Red empty squares, the NMR
results, γNM(q), based on Wertheim’s term. Black full triangles, the dynamical result
from the dispersion relation of the acoustic vibrational modes , γdyn(q). The quantitative
agreement between γ ISM(q) ' γdyn(q) ' γDC(q) up to q ∼ 0.2 Å−1, it gives support to
the ECWT assumption of the existence of a well de�ned γ(q).

Then, it could be expected that the "deconstruction method", based on GBW , could give
the correct description of γ(q). In Fig.3.8 the surface tension obtained by the deconstruction
method, γDC(q), is compared with that given by ISM, γ ISM(q), and from the dispersion
relation of the acoustic vibrational modes, γdyn(q). We observe that γ ISM(q) ' γdyn(q) '
γDC(q) up to q ∼ 0.2 Å−1, similar to the value of qu used to described correctly the intrinsic
surface through the ISM, section 3.2. To obtain this agreement, the deconstruction method
requires the use of the full BW series, i.e. we have to include the successive terms until the
series has converged. In these systems it is obtained a practical convergence at nBW = 20

Besides, in Fig.3.7 we compare the full Bedeaux-Weeks’s series (third row) with the density
correlation G (bottom row), obtained directly from the simulations. This comparison shows
that Bedeaux-Weeks’s proposal [2] describes accurately the CW contributions to the density
correlation up to q ∼ 0.2 Å−1, while, Wertheim’s term, which describes correctly the diver-
gence at q→ 0, does not reproduce accurately G even at the lowest q from our simulation,
left panel on Fig.3.7. Therefore, we can conclude that the contribution of the CW �uctuations
to the density correlation is precisely described by Bedeaux-Weeks’s series.
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L I Q U I D - VA P O R I N T E R FA C E S O F R E A L I S T I C F L U I D S AT L O W A N D
I N T E R M E D I AT E T E M P E R AT U R E S

In the previous chapter we have applied the capillary wave theory to suspended graphene, as
the main representative of 2D materials. These systems are interesting by their 2D atomic struc-
ture, which allows to interpret the full density correlation G(z,z′,q) as the bare capillary con-
tribution ∆G(z,z′,q) that comes from surface �uctuations. Then, as G(z,z′,q) ' ∆G(z,z′,q)
we skip the crucial point of de�ne an excess (background) contribution Gbg = G − ∆G.
For graphene we have seen that the CW contribution to the density correlation function
is well predicted by the full Bedeaux-Weeks’s series, and not by just Wertheim’s term
as it has been often assumed. However, capillary wave theory has been developed and
used mainly for liquid-vapor interfaces, which are characterized by the need to subtract
a background correlation Gbg(z,z′,q) in order to obtain the pure capillary contribution
∆G(z,z′,q) ≡ G(z,z′,q)−Gbg(z,z′,q). The di�erent proposals to compute the q-wavevector
dependent surface tension, γ(q), from the information given by G(z,z′,q) are tied to the
estimation and the use of that correlation background.

In this chapter, we will explore liquid-vapor interfaces; both those of common liquids
described by the Lennard-Jones (LJ) interaction, and cold liquid surfaces through the soft-
alkali (SA) pairwise interaction potential[12, 94]. Our analysis will allow us to check the
main conclusions obtained in chapter 3, i.e. we will analyze if Bedeaux-Weeks’s proposal[2]
describes completely the capillary contribution to the density correlation at the liquid-vapor
interfaces, and under which conditions it becomes necessary to go beyond Wertheim’s term.
Also, we will explore the de�nition of the background proposal presented in section 2.1.1,
and we will analyze if it predicts correctly the excess correlation of the density correlation at
liquid-vapor interfaces.

I N T E R A C T I O N P O T E N T I A L S : L E N N A R D - J O N E S A N D S O F T- A L K A L I
M O D E L S

Common liquid-vapor interfaces at temperatures Tc > T > Tt ∼ 0.5 Tc (where Tt and Tc
represent the triple point and critical temperature, respectively) could be described by a
Lennard-Jones interaction, whose characteristic pairwise potential is given by

ΦLJ(r) = 4ε
((σ
r

)12
−
(σ
r

)6)
; (4.1)

where ε is the depth of the potential well and σ the molecular diameter de�ned as ΦLJ(σ ) = 0.
To analyze liquid-vapor interfaces with lower ratio Tt/Tc we will use the SA model pairwise

interaction, which is designed to obtain Tt/Tc = 0.10 similar to the experimental values of
some liquid metals [12, 94]. This pairwise potential allows us to study ’cold liquid’ surfaces
with a much larger βγ0 than the simple liquids described by the LJ model. These systems
are characterized by a non-monotonic (oscillatory) density pro�le, Fig.4.2, contrary to the
monotonic density pro�les obtained for systems with LJ pairwise interaction. This is produced
by the huge di�erence between the surface tension value for each system, as CWT predicts

37
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that the CW �uctuations damp the amplitude of the oscillatory decay by a factor ∝ L−ηxy with
η = kT /(πγ0σ2) [21]. Hence, systems with larger surface tension require a larger simulation
box to reduce the relevance of the oscillatory decay.
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Figure 4.1: Comparison of the two pairwise interaction models used in this chapter: Soft-Alkali (SA)
with the parameters in Table.4.1 (black full line) and the Lennard-Jones (LJ) (red full line).
The molecular diameter σ is de�ned in both models as Φ(r = σ ) = 0, and used as the
length scale. The energy scale in the �gure is �xed by εLJ = 1, i.e, ΦLJ (rmin) = −1 and to
have the same volume integral of both Φ(r) models for r ≥ σ . The liquid-vapor critical
temperature with these energy scales is kTc/εLJ = 1.21 for LJ and 1.43 for SA.

Potential A0(eV) α (Å−1) A1(eV) β(Å−1) R1(Å) σ (Å) kTc (eV) kTt (eV)
SA 37.55 1.4881 0.21054 0.2140 3.5344 3.4884 0.27 0.027

Table 4.1: Parameters for the pairwise e�ective interaction potential that gives a realistic description
of the SA model used here, Eq.4.2, [12].

A phase diagram with low ratio Tt/Tc may be related to the e�ective interaction potential.
Two di�erent mechanisms, based on simple pairwise potentials, have been described to
produce low melting temperatures[94]. One mechanism softens the repulsive part of potential
interaction, so that the distribution of nearest neighbors distances becomes broader. The other
is to have a range of the attractive well that destabilizes solid compact structures, such as the
face-centered cubic (fcc) and hexagonal close-packed (hcp) lattices, relatively to the disordered
packing in the liquid. Sodium and other alkali metals are representative of the �rst mechanism,
while the second mechanism describes the Hg. We will focus on the �rst family, with the
name of Soft-Alkali (SA) systems, whose pairwise potential interaction could be described by

ΦSA(r) = A0e
−αr −A1e

−β(r−R1)
2
; (4.2)

where A0,A1,α,β,R1 describe completely the parametric dependence within the SA family.
This form is based on a realistic description of the Na, [12, 94].

The SA potential used herein is described by the parameters given in Table.4.1. It corresponds
to an (arti�cially) softer repulsive core, while it keeps the typical mean nearest neighbor
distance and the total strength of the attractions in Na. The parameters of the Lenard-Jones
potential, truncated at rc = 4.4 σ , used here are ε = 0.1885 eV and σ = 3.48 Å, which
reproduce the characteristics of the NA interaction (the mean nearest neighbor distance
and the total strength). As it is presented in Fig.4.1 the SA pairwise interaction is softer and
�atter than the Lennard-Jones potential, and it gives a very low triple point temperature



39

Tt/Tc = 0.10, similar to the experimental values of some liquid metals, for this reason it is
used to explore the capillary waves in very cold liquids. To compare the SA model with the
LJ model, we de�ne the SA molecular diameter σ as the distance at which ΦSA(r) = 0, and
use it as the natural unit length. The energy scale is waived by the use of βγ(q), with the
temperature given always in terms of the critical temperatures Tc in each model.
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Figure 4.2: MD-ISM mean and intrinsic density pro�les for SA at T /Tc = 0.12 (right) and for LJ at
T /Tc = 0.63 (left). Full black line: mean density pro�les in the MD box; Dashed red line:
intrinsic density pro�les at the optimal resolutions for the matching with CWT, quσ = 0.70
for SA (right) and quσ = 0.63 for LJ (left).
(Left) Full cyan line shows the CWT prediction for the SA mean density pro�le in a system
with a lateral size increased by a factor of 32 over our MD simulation box.
(Right) Full blue line: the intrinsic pro�le given by the ISM at the sharpest resolution
qu = 2π/σ .

4.1 M O L E C U L A R D Y N A M I C S I M U L AT I O N S

The low triple point temperature of the Soft-Alkali (SA) model allows us to study cold liquid
surfaces, with high surface tension and very low capillary wave amplitudes. On the other
hand the Lennard-Jones (LJ) potential (truncated at rc = 4.4 σ ) represents common liquids,
with lower surface tension and higher CW amplitudes. We used the LAMPPS[74] package to
run canonical ensemble NVT-MD simulations1 of a liquid slab coexisting with vapor. The SA
system was simulated at T /Tc = 0.12with Lxy = 36.10 σ 2 and the LJ system at T /Tc = 0.63
with Lxy = 41.28 σ . The molecular dynamic step was dt = 5 10−3 σ

√
m/ε and the Nose-

Hoover thermostat was set with a time constant 10 dt. For the initial con�guration we used
a previously equilibrated liquid bulk in a smaller cubic box, then that box was replicated to
�ll a slab of thickness 3 Lxy , within the full simulation box, leaving initially empty a similar
volume. Each system was equilibrated with 2 106 MD steps to form thick liquid and vapor
slabs, the thickness of the liquid slab guarantees that the CW �uctuations at the two interfaces
are well decoupled. We sampled 5000 con�gurations separated by 5000 MD time steps, these
long simulation runs are required to get good statistics for the slowest CW �uctuations at
low q. The same set of con�gurations was used to get βγ0σ2 = 10.71 ± 0.02 (SA) and
βγ0σ

2 = 1.50 ± 0.01 (LJ), from the integral of the virial expression for the pressure tensor
components.

1 The simulations were performed by Enrique Chacón. Instituto de Ciencia de Materiales de Madrid, CSIC.
2 The appendix A presents the simulation results for the SA system at T /Tc = 0.15.
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Fig.4.2 (left panel) presents the mean density pro�le for the SA system, which has a strong
layering structure produced by the high surface tension. However, we know that, due to the
capillary waves �uctuations, the density pro�le depends on the cross section of the simulation
box, then, in a MD simulation with a larger box the density pro�le would have weaker
layering, as it is presented in the same �gure (full cyan line) with the CWT prediction, by
using γ(q) = γ0, to extrapolate to a larger box of transverse size 32 Lxy . This size e�ect in
the layering of the mean density pro�le is much more visible than in the monotonic density
pro�les of a typical simple liquid, like the LJ system. If we increase the temperature, the
layering and the surface tension are reduced, and for similar values of T /Tc than for the LJ
model, the SA model would show a monotonic density pro�les, similar to those of the LJ
system in the right panel of Fig.4.2. Therefore, the qualitative di�erence between the results
for G(z,z′,q), which we will show below, for the SA and the LJ systems come from the low
value of Tt/Tc for the SA system that gives access to a ’cold liquid’ regime, also observed
in experimental X-ray di�raction data for liquid metals [47, 61, 72, 73]. In that regime the
layering of the density pro�le is observed even if ρ(z) is sampled over rather large areas,
although it would eventually disappear if we keep increasing that area. That ’cold liquid’
regime is inaccessible to a typical simple liquid, which is represented by the LJ model, because
the liquid crystallizes at these temperatures and for this reason, the MD results for the LJ
liquid surface gives always monotonic density pro�les, even for the smallest sampled areas,
Lxy ≈ 10 σ , that are used in MD simulations. However, the intrinsic pro�les obtained by
ISM, Fig.4.2, presents the layering even for the Lennard-Jones systems. The strength of this
layering depends on the level of resolution used to obtain ξ(~x), at quσ = 0.63 is observable
but nearly negligible, while at the sharpest resolution, quσ = 2π, this layering dominates.

Directly from ISM, γ(q) may be obtained via the equipartition theorem Fig.4.6. To get
a robust mesoscopic description of the intrinsic surface, ξ(~x), we have to use quσ = 0.63
(LJ) and quσ = 0.70 (SA). At this resolution a positive bending modulus is obtained for
LJ at T /Tc = 0.63, although much lower than the obtained for graphene. For the SA at
T /Tc = 012 the bending is lower than in LJ and even marginally negative, but at higher
temperatures this model liquid would recover properties similar to those obtained for LJ
systems and a positive bending modulus. Along the sections 4.3 and 4.4 we will compare the
results of the di�erent proposals to obtain γ(q) (normal mode route, Blokhuis proposal and
the deconstruction method) with the ISM prediction.

4.2 M D R E S U L T S F O R T H E T O TA L C O R R E L AT I O N F U N C T I O N S

The transverse Fourier transform of the density correlation, for any q , 0, is computed by
Eq.1.36 where the average is performed over 5000 con�gurations, separated by 5000 MD time
steps, with binning ∆z = σ/10. As we have simulated a slab, with two equivalent interfaces,
the statistics were accumulated with z and z′ referred to the instantaneous dividing plane at
each interface, to get ξ0 = 0.

On the left panel of Fig.4.3, we present the di�erent density correlations for the SA system
at T /Tc = 0.12 with qσ = 0.174 (left column) and qσ = 0.522 (right column). While the
right panel corresponds to the LJ system at T /Tc = 0.63 with qσ = 0.15 (left column) and
qσ = 0.45 (right column). The bottom row of Fig.4.3 corresponds to G(z,z′,q) without the
ideal self-correlation ρ(z)δ(z − z′), which it is equivalent to exclude from the sum in Eq.1.36
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Figure 4.3: The di�erent density correlations from MD simulation and the CWT-ISM analysis. Left
panel: the SA system at T /Tc = 0.12, for qσ = 0.174 (left column) and qσ = 0.522 (right
column). Right panel: the LJ system at T /Tc = 0.63, for qσ = 0.15 (left column) and
qσ = 0.45 (right column). Top row: Wertheim’s term with the �rst derivative of the MD
density pro�le ρ(z) and the ISM result for γ(q). Second row: Bedeaux-Weeks’s series up
to nBW = 7, for which we get practical convergence in both systems. Third row: The bare
capillary contribution ∆G(z,z′ ,q) = G(z,z′ ,q) −Gbg(z,z′ ,q). Fourth row: the intrinsic
correlation, GI (z,z′ ,q), used to compute the background correlation associated to the BW
series. Bottom row: MD results for theG(z,z′ ,q)−ρ(z)δ(z−z′). Wertheim’s term describes
correctly ∆G at low q (�rst column in both panels), due to the divergent term. However,
at higher q’s (second column) ∆G presents some fundamental aspects which cannot be
recovered by Wertheim’s term. On the other hand, the quantitative agreement between
the second and the third rows explicitly proves that Bedeaux-Weeks’s series describes
accurately ∆G(z,z′ ,q).

the terms i = j . The fourth row presents the intrinsic correlation GI , required to obtain the
background Gbg by Eq.2.8, and GI computed through

GI (z,z
′,q) =

〈 N∑
i,j=1

ei~q·~xij

L2xy
δ (z − (zi − ξ(~xi)))δ

(
z′ − (zj − ξ(~xj))

)〉
; (4.3)

where ξ(~x) is the Intrinsic Surface obtained via ISM [7, 11, 13, 85] for each MD con�guration
sampled, and GI (z,z′,q) is averaged over the same set of con�gurations than G(z,z′,q) and
with equivalent binning. As we introduced in section 2.1.1, GI is independent of the system
size, but it depends on the intrinsic surface, ξ(~x), which by ISM depends mainly on qu . Hence,
GI contains the capillary wave �uctuations with q ≥ qu , as well as any molecular correlation
not related to the �uctuations of the interface. Then, the background correlation, that we
get from GI , includes all these non CW correlations, that will be removed of the density
correlation to get ∆G = G−Gbg , that represents the density correlation associated to surface
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�uctuations with wavevector q ≥ qu . The optimal value of qu is quσ = 0.70 for the SA system
at T /Tc = 0.12, and quσ = 0.63 for the LJ system at T /Tc = 0.63. These optimal choices
are used to compute GI and ∆G = G −Gbg , which are presented in the third and fourth row
of Fig.4.3. The �rst row in that �gure corresponds to Wertheim’s term and the second row to
the BW series with nBW ≥ 7.

Wertheim’s term reproduces accurately ∆G only at the lowest q, when the proximity to
the q2 divergence hides any other e�ect. At higher q the symmetry and structure presented
by Wertheim’s term are blurred by the higher terms of the BW series, proving the need to
describe ∆G for the full BW series instead of Wertheim’s term. This is observed clearly for
the SA system (left panel), while for the LJ system (right panel) the discrepancies between
∆G and Wertheim’s term are just observed in the broken symmetry along the z = z′ axis
observed in ∆G at qσ ≥ 0.15.

4.3 S P E C T R U M O F T H E C O R R E L AT I O N F U N C T I O N . T H E N O R M A L
M O D E R O U T E A N D T H E B L O K H U I S P R O P O S A L

Although the previous results reveal the need to use the full Bedeaux-Weeks’s series[2] to
reproduce the bare density correlation, it is interesting and fruitful to analyze the spectrum of
the direct correlation function C(z,z′,q), i.e. the functional inverse of the density correlation,
G(z,z′,q), to check the estimations for the bending modulus κ that we would obtain from an
analysis limited to Wertheim’s diverging term in G(z,z′,q).
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Figure 4.4: Left: The spectrum of C(z,z′ ,q), i.e. the inverse spectrum of the full density correlation
function G(z,z′ ,q), at each wavevector q allowed by our MD simulation box, for the SA
system at T /Tc = 0.12. Right: the inverse spectrum of ∆G(z,z′ ,q). The orange full lines
represent γ0q2/

∫
dzρ′(z)2, which should be similar to the lowest (CW) eigenvalue of

C (black full circles) at low q, with an eigenvector proportional to the �rst derivative
of the density pro�le. This comparison clari�es why the normal mode route will give a
negative bending modulus for SA. The left panel shows explicitly the in�uence of the
background, as a nearly �at dense band in the spectrum (red full circles). On the right panel,
this dense band is removed in the (inverse) spectrum of ∆G(z,z′ ,q) by the background
correlation, to leave the eigenvectors associated to the CW correlations presented for the
lowest eigenvalue (black full circles) and the second low eigenvalue (red full circles). As it
could be expected, this second eigenvalue is associated with higher order derivatives of
ρ(z), and by its proximity with the lowest eigenvalue it shows explicitly the relevance of
the n ≥ 2 terms of Bedeaux-Weeks’s series.
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Figure 4.5: Left: The spectrum of C(z,z′ ,q), i.e. the inverse spectrum of the full density correlation
function G(z,z′ ,q), at each wavevector q allowed by our MD simulation box, for the LJ at
T /Tc = 0.63. Right: the inverse spectrum of ∆G(z,z′ ,q). The orange full lines represent
γ0q

2/
∫
dzρ′(z)2, which should be similar to the lowest (CW) eigenvalue of C (black full

circles) at low q, with an eigenvector proportional to the �rst derivative of the density
pro�le. The similarity between the lowest eigenvalue at the left panel (full black circles) and
the orange line, reveals that for the LJ system at T /Tc = 0.63 the normal mode route would
give accurate results, as it was presented in [36]. However, for the full density correlation
function these results are only accurate up to qσ ∼ 0.3 due to the �at band associated with
the background (full red circles). This limitation is overcome by the use of the background
proposed, that removes the �at band in ∆G, as it is presented in the right panel. There the
comparison with the lowest eigenvalue and γ0q2/

∫
dzρ′(z)2 shows that the normal mode

route will give κ > 0 for the LJ system.

As we are interested in the softest �uctuation mode, we will focus on the lowest eigenvalue of
C(z,z′,q) which, at least at low q, should be proportional to ∝ γ0q2 and with the eigenvector
proportional to ρ′(z), as Wertheim’s term predicts. The spectrum of C is presented in the
Fig.4.4 for the SA at T /Tc = 0.12, and Fig.4.5 for the LJ at T /Tc = 0.63. At the lowest q we
observe that the lowest eigenvalue of C(z,z′,q) is clearly detached downwards from the �at
band of the next eigenvalues. Its value is similar to γ0q2/

∫
dzρ′(z)2 and its eigenvector is

indeed proportional to ρ′(z), making clear that it corresponds to the CW �uctuation mode
that becomes increasingly soft at smaller q. However, within our MD simulation for the LJ
system (left panel in Fig.4.5) there are only two values of q before the CW mode merges
into the �at band. For these q values there is an excellent agreement with the simplest CWT
prediction based on γ(q) = γ0, but for qσ ≥ 0.3 the CW eigenmode is fully lost, hybridized
with the �at band which should be related to the background correlation, and more precisely
to the structure factor of the liquid bulk [36]. For the SA system (left panel in Fig.4.4) the full
merging of the CW eigenmode into the background correlation occurs at a slightly larger
q, but the layering structure of the density pro�le (and hence of the CW eigenvector ρ′(z))
produces a much stronger coupling of the surface mode with the correlation at the bulk liquid.
That it is re�ected in a downwards deviation of the CW eigenvalue from the γ0q2/

∫
dzρ′(z)2

prediction of the simplest CWT version, and also in the �atter merging of that eigenvalue
into the band.

The normal mode results γNM(q) based on G for the SA at T /Tc = 0.12 (left) and LJ at
T /Tc = 0.63 (right) are presented in Fig.4.6 as red triangles. The dotted red line corresponds
to the constant γo and the dashed black line gives the ISM results for γ(q), that for the SA
surface are just very little below γo, which corresponds to the marginally negative bending
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Figure 4.6: The (adimensional) surface tension βγ(q)σ2 for the SA system at T /Tc = 0.12 (left
panel) and the LJ system at T /Tc = 0.63 (right panel). Empty symbols represent γNM(q)
obtained from the eigenvalues of ∆G(z,z′ ,q) (black squares), G(z,z′q) (red up-triangles)
and Gbg(z,z′ ,q) (blue down-triangles). The latter should not be understood as a surface
tension, but it clari�es the results obtained at high q from G(z,z′ ,q). Full green circles are
the deconstruction method results, γDC(q), presented in section 2.2 with nBW = 7. The
black dashed line is the direct ISM results for γ(q) obtained by the |ξq |2 coe�cients of
the intrinsic surface, via the equipartition theorem. Red dotted line represents the surface
tension γ0.

modulus obtained in the ISM analysis. The NM result (over G) for the cold SA would give a
much larger (absolute) value for the negative κ. While, for the LJ system the NM results give
a null bending modulus, γNM(q) = γo for qσ ≤ 0.3, in contrast with the positive κ given by
the ISM. Therefore, both in the SA and the LJ systems, the NM analysis based on the lowest
eigenmode of C(z,z′,q) (interpreted as the inverse of Wertheim’s term for G(z,z′,q)) pushes
downwards the apparent value of κ with respect to the direct ISM analysis of the interfacial
�uctuations observed at molecular scale.

The blue downward triangles in Fig.4.6 correspond to the application of the NMR over
the background correlation, Gbg(z,z′,q), instead that over the density correlation G(z,z′,q),
which was used to get the red triangles. Obviously, Gbg(z,z′,q) does not contain the soft
Goldstone mode of the CW �uctuations, so that the values represented by the blue triangles be-
come meaningless and diverging at small q. However, we present them to show quantitatively
the q range where the highest eigenvalue of G(z,z′,q) is a pure capillary mode, equivalent to
the range of the detached lowest eigenvalue in the left panels in Fig.4.4-4.5. Moreover, there is
a clear contrast between the SA and the LJ results, that helps to understand the peculiarity of
cold liquid surfaces with respect to the surface of a typical simple �uid. For the LJ, there is a
sharp crossing between the CW mode and the correlation background, so that the simplest
CW theory, with γNM(q) = γo applies up to the value qσ ≈ 0.3, when the lowest eigenmode
of C(z,z′,q) becomes bulk-like. In contrast, for the cold liquid (SA) the blue and red triangles
approach each other in a smooth way, without any sharp crossing point, which shows the
gradual hybridization of the CW �uctuations with the correlations in the liquid bulk.

If we remove the eigenvalues related to Gbg(z,z′,q) in the spectrum of C(z,z′,q), we
could expect to reveal the softest mode of the (bare) capillary �uctuations which is hidden
and hybridized with that �at band in the left panels of Fig.4.4 and Fig.4.5. We will use the
background de�ned in Eq.2.8 to obtain the bare surface correlation ∆G, and the spectrum of its
inverse eigenvalues is presented in the right panels of Figs.4.4(for the SA at T /Tc = 0.12) and
Fig.4.5 (for the LJ at T /Tc = 0.63). For the LJ we observe that the �at band of eigenvalues ofG
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is cleanly removed, up to some very high values, λ(∆C) = 1/λ(∆G) ≈ 3. The CW eigenmode is
uncovered over a much larger range of q and, at the same time, the removal of that background
correlation pushes the CW eigenvalue of the LJ surface mode slightly above the asymptotic
value γ0q2/

∫
dzρ′(z)2. The black squares line in the right panel of Fig.4.6 shows the NM

route results γNM(q) from the highest eigenvalue of ∆G(z,z′,q). These results, based on the
structure of Wertheim’s term, reproduce accurately the positive bending modulus obtained
from the ISM.

On the other hand, for the cold liquid surface of the SA at T /Tc = 0.12 the results in the
right panel of Fig.4.4 show that the �at band of C(z,z′,q) eigenmodes is removed when we
use (the inverse of) the bare surface correlation ∆G(z,z′,q), although not as much as for
LJ. A second isolate eigenvalue appears at λ(∆C)(q) = 1/λ(∆G)(q) ≈ 0.5, and for qσ ≥ 0.4
it is apparently pushed up (as a signature of hybridization) as the lowest (CW) eigenmode
approaches it. This is qualitatively similar to the spectrum of graphene, for which the second
eigenvector is related with the higher order derivatives of the equilibrium density pro�le. As
it could be expected from the study of graphene, γNM(q) (line of black squares in the left
panel of Fig.4.6) does not describe correctly the behavior of liquid surfaces when the spectrum
of ∆G presents several soft eigenvalues. The use of ∆G, instead of the full G reduces to a half
the di�erence between γNM(q) and the ISM result, but, in contrast with the LJ case, to take
into account the full BW series becomes now crucial.

4.4 R E L E VA N C E O F B E D E A U X- W E E K S ’ S S E R I E S AT L I Q U I D - VA P O U R
I N T E R FA C E S A N D T H E D E C O N S T R U C T I O N R E S U L T S

We have applied over ∆G the deconstruction method developed in section 2.2, and we have
obtained the results of γDC(q) presented as green squares in both panels of Fig.4.6. For LJ
at T /Tc = 0.63 (right panel of Fig.4.6) the deconstruction results shows only a marginal
increase of γ(q) over the NM result. This small increase comes mainly from the contribution
of the third term of the BW series, ∝ ∂3ρ(z)

∂z3 . The second term does not contribute, since ∂2ρ(z)
∂z2

is orthogonal to ∂ρ(z)
∂z . On the other hand, the SA system at T /Tc = 0.12 (left panel of Fig.4.6)

requires now to keep the BW terms up to nBW ∼ 7 for practical convergence, and they give a
nearly �at γDC(q) ≈ γo similar to the obtained by ISM. We need to go up to nBW ≥ 7 for the
SA, while for the LJ the BW series has converged if nBW is around 3− 5, which explains the
reason why the results of γDC(q) and γNM(q) were similar for the LJ system, but di�erent
for the SA system.

It is interesting to analyze the value (in kT units) of the gap between the �rst and second
inverse eigenvalues of ∆G, as we increase the temperature, and its relationship with the need
to use the full BW series. For the SA system at T /Tc = 0.12 that gap is close to 0.3, for
T /Tc = 0.15 it goes up to 0.6− 0.75 (Appendix A), and for LJ at T /Tc = 0.63 it is larger
than 2. The large energy gap between Wertheim’s term, with eigenvector ρ′(z), and the
next surface mode related to the higher order derivatives in BW series, justi�es the lack of
observation in previous studies of any e�ect from those high lying modes[36]. If the gap
it is as large as in our LJ system at T /Tc = 0.63, there would be very little hybridization
between the di�erent capillary modes, and γNM(q) would be an accurate representation
of γ(q), while the cold SA surface resembles the case of graphene, with lower gap, and it
requires the calculation of γDC(q) from the full analysis of Bedeaux and Weeks.

Even more interesting is to analyze in depth the structure of GBW , to understand why the
higher terms become more relevant at lower temperature. The series of Bedeaux-Weeks relies
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on two components, the derivatives of the equilibrium density pro�le and the factors Sn(q)
de�ned as

Sn(q) =

∫
d~xei~q·~x (S(~x))n =

∫
d~xei~q·~x

(∫
d~qe−i~x·~q

1
βq2γ(q)

)n
≡ 1
(βγ0)

n Ŝn(q); (4.4)

where Ŝn(q) is de�ned equivalently to Sn(q) but based in Ŝ1(q) ≡ 1/q2(1+ q−1r q
2 + ...),

to scale out the role of γo except for qr ≡ k/γ0, which represents the relevance of bending
constant over the surface tension. Both, for the typical LJ surface and for the cold SA one, the
cut o� qu is more relevant than the bending modulus; hence we may expect that the values
of Ŝn(q) would be similar for both systems, and the dependence of Sn(q) with the surface
tension should be nearly ∝ 1/(βγ0)n. This may be counter intuitive because the cold SA
systems are characterized by a high surface tension (βγ0σ2 = 10.71 at T /Tc = 0.12), while
for the LJ at T /Tc = 0.63 we get βγ0σ2 = 1.50. Hence, if the Sn(q) factor of the SA are
lower than the corresponding of the LJ, why are the terms with n > 1 more relevant in the
SA systems than for the LJ systems? The reason should be related to the derivatives of the
equilibrium density pro�le.

The high surface tension of the cold SA implies an increase of the energetic cost of the
capillary �uctuations, and as a consequence of that the equilibrium density pro�le (for a given
transverse size) would present a layering, Fig.4.2, similar to the obtained for the intrinsic
pro�le. This property is produced by the inverse dependence of 〈ξ(~x)2〉with γ0, so that higher
surface tension corresponds to lower 〈ξ(~x)2〉, and consequently the Gaussian distribution
of P (ξ) tends to a delta distribution, that produces by Eq.1.18 the similarities between the
equilibrium density pro�le and the intrinsic pro�le. Therefore, the density pro�le of the SA
systems at low temperature could be represented asymptotically by ρ′(z) ∝ ei(κi+iκr )z, with
an imaginary part κi ∝ 2π/σ0. In contrast, the LJ systems have a monotonic decay described
by the (real) inverse decay length κr , ρ′(z) ∝ e−κrz.

Hence, for the SA systems we may expect that ∂
nρ(z)
∂zn ∝ |κr + iκi |

(n−1), and the successive
n-order terms in Bedeaux-Weeks’s expansion should be

Ŝn(q)

n!(βγ0)n
|κr + iκi |(2(n−1)) ≈ Ŝn(q)

κ
(2(n−1))
i

n!(βγ0)n
≈ Ŝn(q)

2π(2(n−1))

n!(βγ0σ2)n
;

which for the SA at T /Tc = 0.12 leads to ∼ Ŝn(q) 3.7n
4π2n! , that proves the need to include at

least a few terms in the deconstruction procedure. For the LJ system (or for the SA system at
equivalent values of T /Tc), the monotonic decay ρ′(z) ∝ e−κrz goes typically with κrσ ∼ 1,
i.e. about a factor 2π below the imaginary part κi . Then, the lower value of (βγo)n in the
denominator is more than compensated by the lower value of κr , as κ2nr ∼ (1/σ )2n� κ2ni ∼
(2π/σ )2n. Hence, the higher terms of Bedeaux-Weeks’s series will not be so relevant for the
LJ system, as ∼ Ŝn(q) 1

n!(1.5)n .
We want to remark the strong dependence of Bedeaux-Weeks’s series with the transverse

area simulated. For instance, the term ei(κi+iκr )z in the density distribution pro�le is propor-
tional to L−ηxy [21], while the e−κrz presents a logarithmic dependence with the area. Also, by
de�nition the terms Sn(q) with n ≥ 2 depend on the area, except for S1(q), which is used to
obtain γ(q). This produces that for the LJ systems with larger areas than the presented here
the relevance of the n ≥ 2 terms of BW is increased, and we need to use the deconstruction
method to obtain γ(q), as it was presented in [37].
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4.5 C O N C L U S I O N S

By CWT we know the structure (Bedeaux-Weeks’s series [2]) and their main characteristics
(Wertheim’s term [80]) of the capillary wave �uctuation, ∆G. However, in liquid-vapor
interfaces (contrary to simpler system such as Graphene, chapter 3) the predictions of CWT
could not be directly applied because the density correlation, G, includes non-capillary waves
correlations, Gbg . Therefore, it becomes crucial a correct and workable de�nition of this
background to obtain ∆G and to analyze its structure. The search of the background in liquid-
vapor interfaces has been the main topic in the search for the CWT link during these recent
years [35, 41, 65, 66, 69]. In section 2.1.1 we proposed a background based on Bedeaux-Weeks’s
series. This proposal was used in section 4.1 to obtain ∆G presented, as 2D color maps, in the
third row of Fig.4.3. It is compared with Bedeaux-Weeks’s series (second rows) and Wertheim’s
term (�rst rows), and we conclude that the structure of ∆G is described accurately through
Bedeaux-Weeks’s series [2] rather than Wertheim’s term, which is only accurate at the lowest
q-values.

Once we have tested that the bare density correlation, ∆G, is well described by Bedeaux-
Weeks’s series, we tried and read from ∆G the q-wavevector dependent surface tension
γ(q). In section 4.3 we obtained γ(q) through the normal mode route [83], γNM(q), and in
section 4.4 by the deconstruction method proposed in this thesis, γDC(q). Both q-wavevector
dependent surface tensions are compared with that given directly by the ISM γ ISM(q), Fig.4.6,
for the di�erent systems SA at T /Tc = 0.12 (left panel) and LJ at T /Tc = 0.63 (right panel).
We have got a quantitative agreement between γDC(q) and γ ISM(q) for both systems, while
γNM(q) describes accurately the q-wavevector dependent surface tensions only for the LJ
system. This is produced by the relevance of the higher terms of Bedeaux-Weeks’s series
for the SA system at T /Tc = 0.12, contrary to the obtain for the LJ system at T /Tc = 0.63
where the relevance of these terms is drastically reduced. However, as it was pointed in [37],
if the same LJ system were simulated in a larger box, the relevance of the n ≥ 2 terms of BW
will be increased, and the deconstruction method will have to be used to obtain γ(q). Then,
as the deconstruction method generalizes the previous proposals (normal mode route and
Blokhuis proposal) we recommend to use it in general.



5
D E N S I T Y C O R R E L AT I O N S A N D F L U C T UAT I O N S I N L I P I D
M E M B R A N E S

Lipid bilayers are soft-matter 2D structures which play a crucial role as constituents of
living matter. They self-assemble in water, as two monolayers of lipid molecules, with the
hydrophobic hydrocarbon tails towards the interior and the polar head groups facing the
water on both sides. For wavelengths much larger than its thickness (d ∼ 4 nm) the bilayer
�uctuates as a unique surface, while for shorter wavelengths, it behaves as two surfaces
(weakly) correlated through their �exible hydrocarbon tails. The smooth transition between
both regimes, over the wavelength range 1−50 nm, it is relevant to the biological function of
the phospholipid membranes since it covers the typical size of the inserted proteins[52] and
lipids rafts[46].

Here we start with the description of a lipid membrane as a unique surface, section 5.4,
with its �uctuations analyzed by the formalism developed in chapter 2. We explore the small
wavevector range that gives a quantitative agreement between the theoretical (CWT-BW)
predictions and the direct ISM analysis of MD simulations. For larger q values, the CWT based
on a unique �uctuating surface cannot describe completely the system and we have to extend
the formalism to describe the (partially uncoupled) �uctuations of the two lipid layers, section
5.4, with a generalized version of Bedeaux-Weeks’s theory and the formalism presented in
chapter 2.

5.1 M AT H E M AT I C A L D E S C R I P T I O N O F L I P I D M E M B R A N E S

At the mesoscopic scale, bilayer membranes may be described as two mathematical surfaces
z = ξ±(~x), which represent the molecular polar heads in the upper (+) and the lower (−)
lipid monolayers. The Fourier components ξ±

~q
, for each transverse wavevector ~q allowed by

the transverse area in a MD simulation, give the instantaneous shape of each surface

ξ±(~x) =
∑
|~q|<qu

ξ±~q e
i~q·~x; (5.1)

with an upper cuto� qu .
The description of the �uctuations in bilayer membranes, [45], it is usually performed in

terms of the matrix

1
2

 〈|ξ+q |2〉 〈ξ+∗q ξ−q 〉
〈ξ−∗q ξ

+
q 〉 〈|ξ−q |2〉

 (5.2)

whose eigenmodes give the characteristic modes of the lipid bilayer. The undulatory (U) mode
corresponds to the highest eigenvalue, and it describes the �uctuations of the mean surface

〈|ξUq |2〉=
〈ξ

+
q + ξ−q
2


2〉

=
1
2
〈|ξmq |2〉+

1
2
〈ξ−q ξ+∗q 〉; (5.3)

where 〈|ξmq |2〉 ≡ 〈|ξ−q |2〉= 〈|ξ
+
q |2〉 characterizes the mean square �uctuations in either of the

two (identical) lipid monolayers.
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On the other hand, the lowest eigenvalue corresponds to the peristaltic (P) mode, which
gives the �uctuations of the bilayer thickness

〈|ξPq |2〉=
〈ξ

+
q − ξ−q
2


2〉

=
1
2
〈|ξmq |2〉 −

1
2
〈ξ−q ξ+∗q 〉. (5.4)

In the coupled regime, at low q, we expect that 〈|ξmq |2〉 ≈ 〈ξ−q ξ
+∗
q 〉 so that the �uctuations of

the U mode (mean surface) would be similar to those of the monolayers, and much larger than
those of the P mode, which does not present a Goldstone mode. At high q, the uncoupled regime
is characterized by 〈ξ−q ξ

+∗
q 〉 ≈ 0 leading to 〈|ξPq |2〉 = 〈|ξUq |2〉 = 1

2〈|ξ
m
q |2〉. This uncoupled

regime is usually referred as monolayer protrusions, [49], since it corresponds to (nearly)
independent molecular �uctuations of the lipids at each monolayer. The transient between
these two regimes goes through a gradual change in the relevance of the undulatory and
peristaltic modes.

Following [90], we describe the lipid bilayers �uctuations with peristaltic and the (so called)
coupled undulatory (CU) mode, de�ned as

〈|ξCUq |2〉= 〈ξ−q ξ+∗q 〉= 〈|ξUq |2〉 − 〈|ξPq |2〉; (5.5)

that vanishes in the uncoupled regime and it is equivalent to the undulatory mode 〈|ξCUq |2〉 ≈
〈|ξUq |2〉= 〈|ξmq |2〉 in the coupled regime, when both monolayers are fully correlated.

The CWT may be directly applied to a lipid membrane described as �uctuating mathematical
surfaces. As in liquid surfaces, the equipartition theorem associates a surface tension γx(q) 1

to each �uctuating mode

γx(q) =
kT

q2〈|ξxq |2〉A0
; (5.6)

where x represents each possible choice (monolayer (m), peristaltic (P), undulatory (U) and
coupled undulatory (CU)). Although, the coupled undulatory mode can not be associated with
the instantaneous shape of a surface, and it could be considered as an abuse of language relate
it with a surface tension, it is a useful way to describe correctly the lipid bilayers. Also, the
peristaltic mode description through γP (q) presents some problems, as γP (q) diverges at low
q, since it does not correspond to a surface deformation, being more appropriate its description
through a function with no null q = 0 limit, uP (q) ≡ q2γP (q), as a surface undulation term
that produces the apparently weird form of γP (q). In our description we would use γP (q),
but keeping in mind that uP (q) is the quantity that characterizes the peristaltic mode in a
more intuitive way.

When the CWT is applied to �uid interfaces, chapter 4, it is usually assumed that the
description of the system at this mesoscopic scale is reduced to the bending modulus in the
quadratic expansion of γ(q),

γx(q) ≈ γx(0) + κxq2+ ...

The functional form of γ(q) beyond the q2 term would only matter for large q and it would
depend too much on the assumed link between the molecular positions and the mesoscopic

1 For lipid bilayers the requirement to use ECWT instead CWT, i.e γ(q) instead γ0, it is clearest as γ0 can be null
in some lipid bilayers.
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surface ξ(~x). However, the complex behavior in lipid membranes requires and makes possible
a realistic description of the functions γx(q) well beyond their quadratic expansions, that
could just describe the coupled regime at low q. That description, in terms of a handful of
parameters with clear physical interpretation, is going to be revised in section 5.3.

5.2 M D - I S M O F L I P I D M E M B R A N E S

The MD simulations presented in this section were performed by Fernando Bresme, Imperial
College (UK), and the ISM analysis of these simulations could be found in [90]. We will analyze
POPC bilayers2 (1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine), which belongs to the
phospholipid family with an important biological role, and the tensionless bilayers DPPC (1,2-
dipalmitoyl-sn-glycero-3-phosphocholine) membranes with (50:50 composition) and without
Cholesterol[99]. Both simulations used coarse-grained MARTINI force �elds to model the
molecules as beads, joined by rigid bonds, with angular and dihedral springs parametrized to
give a good description over a wide range of phospholipids [53]. The temperature was �xed
at T = 320 K to avoid the freezing of water in its MARTINI representation and to keep the
membranes well within the liquid crystal phase. The Lennard-Jones e�ective interactions
were truncated and shifted at 0.9 nm, while the Coulomb potential for the polar head group
of POPC was used with a dielectric constant of 15 and a cuto� of 1.2 nm.

γ0 〈Lxy〉 APhos ∆T

System (mN/m) (nm) ( nm2) NPhos Nwater (µs) NCW

POPC 15.4± 0.9 25.85± 0.01 0.703± 0.001 1000 57 · 103 7.5 2 · 104

DPPC 0 25.24± 0.01 0.636± 0.001 1024 53 · 103 7.5 104

DPPC (1 : 1) 0 25.24± 0.01 0.636± 0.001 1024 53 · 103 7.5 104

Table 5.1: Parameters of the lipid membrane simulations, in the ensemble (N ,γ0,T ).

Periodic boundary conditions were applied in all directions, and the center of mass dis-
placement was removed every 10 time steps. Two Berendsen thermostats, with a coupling
constant of 2 ps, were used to keep the solvent and the bilayer at the desired temperature.
Further simulation details are given in [38, 90].

The Intrinsic Sampling Method (ISM) [7, 11, 13, 85] describes the instantaneous intrinsic
surface for each con�guration along the simulation. As we introduced in section 1.7, the
method relies on the selection of pivots used to de�ne the intrinsic surface, which requires a
careful choice in liquid surfaces. However, lipid bilayers as graphene could be considered as
ideal surfaces, since all the polar head positions are used as surface pivots. The mean distance
between layers, d ∼ 4 nm, is much larger than the �uctuations in the position of each polar
head observed within the size of our MD simulations. Therefore, the two peaks of the mean
density pro�le do not overlap and it is trivial to associate each surface pivot to the + or the −
monolayer.

The ISM was used on 20000 equilibrated con�gurations for the POPC, 10000 for the DPPC
without cholesterol and 8000 for the DPPC with cholesterol homogeneously distributed along
the simulation [38]. The Fourier components ξ+q and ξ−q were computed with a maximum
cuto� qm = 7.5 nm−1 well beyond the value of qu used as a cuto� in the CWT analysis. As

2 We will present the POPC results with γ0 = 15.2± 0.9. mN/m. However, the results remain equivalent to lower
surface tensions.
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Figure 5.1: (Left panel) Density pro�les for the POPC lipid bilayers under tension γ0 = 15.2 mN/m.
Red full line: the MD mean density pro�le ρ(z) from the MD simulation with size box
Lxy = 26.52 nm, blue full line the intrinsic pro�le ρI (z;qu) with qu = 2.6 nm−1 . Dashed
green line: mean density pro�le obtained from the intrinsic density pro�le, Eq.1.18, with
the probability distribution P (ξ) obtained along the same MD-ISM used to get ρI (z;qu).
(Right panel) The surface tensions obtained from the ISM[90] as a function of the wavevector
q for the POPC lipid bilayers under tension γ0 = 15.2mN/m. Green symbols represent the
coupled undulatory mode γCU (q); red symbols the peristaltic mode γP (q); blue symbols
the undulatory mode γU (q) and black symbols the monolayer γm(q). Dashed lines are
the parametric �t of γP (q) and γCU (q) through the proposals given in section 5.3, with
the parameters presented in Table.5.2.

~q = 2π(nx/Lx,ny/Ly) changes along the simulation by isobaric �uctuations, we accumulate
the average 〈ξ±q ξ±∗q 〉 by their integer index nx and ny , de�ning the corresponding q of those

average by q = 2π
√
(n2x + n

2
y)/A0 whereA0 = 〈LxLy〉. The validity of the CWT assumptions,

to relate G(z,z′,q) to the surface �uctuations, narrows the wavevector range to q ≤ qu =

1.66 nm−1, while the box size limits q ≥ 2π/A0 ≈ 0.237 nm−1. This range of q covers the
transient regime between the coupled regime 〈ξ−q ξ

+∗
q 〉 ≈ 〈|ξmq |2〉 and the uncoupled regime

〈ξ−q ξ
+∗
q 〉 ≤ 〈|ξmq |2〉, right panel of Fig.5.1.

From the positions of the molecular head-groups we may get their density pro�le ρ(z),
which is presented in the left panel of Fig.5.1 for the POPC lipid bilayer under tension
γ0 = 15.2 mN/m. The shape of the density pro�le is well reproduced by Gaussians centered
at each monolayer, if we increase the projected area A0 those Gaussians would be wider, as
CWT predicts, by the convolution in Eq.1.18. The intrinsic pro�le could be obtained by ISM, to
satisfy the CW assumptions the intrinsic surface should be calculated with qu = 1.66 nm−1
as it is presented in the left panel of Fig.5.1.

5.3 PA R A M E T R I Z AT I O N O F T H E F U N C T I O N S γ x ( q )

The �uctuation matrix for symmetric lipid bilayers depends on two elements, 〈 |ξ mq | 2 〉 =
〈 |ξ +

q | 2 〉 = 〈 |ξ −q | 2 〉 and 〈 |ξ C Uq | 2 〉 = 〈ξ −q ξ
+ ∗
q 〉 . By the equipartition theorem and the

de�nition of the peristaltic and undulatory modes, all the functions γ x ( q ) may be written
in terms of two of them,

1
γ U ( q )

=
1
2

(
1

γ m ( q )
+

1
γ C U ( q )

)
(5.7)
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and

1
γ P ( q )

=
1
2

(
1

γ m ( q )
− 1
γ C U ( q )

)
. (5.8)

Alternatively, following [90], we may use γCU (q) and γP (q) as the independent functions,
and consequently the undulatory and monolayer surface tension would be described by

1
γU (q)

=
1

γP (q)
+

1
γCU (q)

(5.9)

and

1
γm(q)

=
2

γP (q)
+

1
γCU (q)

. (5.10)

A simple parameterization for these functions was proposed in [90]; however, we will use
here a generalized version of γCU (q), which includes the e�ective tilt contribution earlier
proposed by Watson et all [97]. The coupled undulatory mode is described as
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Figure 5.2: The inverse of the coupled undulatory surface tension, q2/(βγCU (q)) (left panel) and
the inverse of the peristaltic surface tension, 1/(q2βγP (q)) (right panel), for the three
di�erent systems analyzed; DPPC free (black), DPPC with cholesterol free (red) and POPC
under tension γ0 = 15.3 mN/m (green). Empty symbols present the results obtained by
ISM, while the corresponding solid lines are the �t through Eq.5.11 (left panel) and Eq.5.13
(right panel).

γCU (q) =

(
γ0+

q2

1/κ+ q2/κθ

)
e
(
q
qcu

)2
; (5.11)

which for κq2� κθ and κ� γ0q
2
cu recovers the quadratic form γCU (q) ≈ γ0+ κq2+ ... in

terms of the macroscopic surface tension and the bending modulus. The parameter κθ sets the
limit q�

√
κθ/κ for the validity of that quadratic form determined by κ. For q well above

that threshold (if there is still room for q� qcu) the growth of γ(q) is moderated, as a signal
of some relaxation mechanism that lowers the free energy cost of corrugations over that
range of wavevectors. Watson et al. [97] proposed that κθ re�ects the change from the low q
corrugations of the membrane, in which the molecular tilt follows the instantaneous (local)
normal direction, to a higher range of q in which the hydrophobic tails of the molecules keep
their mean orientations with respect to the �x mean plane. As our description is based on the
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positions of the polar head groups, we have not tested the assumption that the e�ects described
by the parameter κθ arise from that change in the statistical distribution of molecular tilts
associated to the membrane corrugations. There may be other relaxation mechanisms that
produce similar e�ects, setting a limit for the rapid growth γ(q)−γo ≈ κq2, and our use of
Eq.5.11 as a mesoscopic description of the membrane �uctuations would be equally valid if
the e�ect would come from some other molecular details. The third parameter, qcu , included
in the exponential term exp

[(
q
qcu

)2]
, which describes the transition between the coupled and

uncoupled regimes. The advantage of the CU mode with respect to the U mode is precisely to
have a clean e�ect of the decoupling between the two monolayers, 〈ξ+∗q ξ−q 〉 ≈ 0, as the very
rapid growth of γCU (q), for q > qcu .

The role of the e�ective tilt parameter κθ becomes crucial in the case of free standing
membranes, i.e. those with γ0 = 0, in which the bending modulus determines the divergence
of the mean square corrugations at low q, as 1/(βκq4). The left panel in Fig.5.2 presents
q2/(βγCU (q)) = A0〈|ξq|2〉q4 together with its (excellent) �t, using Eq.5.11 with the parame-
ters given in Table.5.2. For suspended membranes, with γ0 > 0, this representation goes as
q2/(βγ0) at low q, but with γ0 = 0 the relevance of κθ is clear in the quadratic expansion

q2

βγCU (q)
=

1
βκ

+

(
1
βκθ
− 1

βκq2cu

)
q2+

(
1

2βκq2cu
− 1

βκθq
2
cu

)
q4+O(q6), (5.12)

showing that (βκ)−1 may be obtained directly from the q = 0 limit. A previous analysis [90],
disregarding the role the tilt parameter κθ (i.e. assuming 1/κθ = 0) had interpreted the results
of pure DPPC free standing membranes as if q2/(βγCU (q)) were a simple Gaussian with
maximum at q = 0. The results (black circles in the left panel in Fig.5.2) showing a shallow
minimum at q = 0 (rather than a maximum) were attributed to the inherent di�culties set by
the very large corrugations of tensionless membranes. However, the results with a 1:1 mixture
of DPPC and Cholesterol (red squares, in the same �gure) make clear that q2/(βγCU (q))
cannot be represented by a pure Gaussian with maximum at q = 0; the role of κθ becomes
obvious, since the Cholesterol molecules couple the two DPPC monolayers for much larger q
and make the membrane more rigid, giving a large positive value to the quadratic coe�cient
in q2/βγCU (q), which requires the existence of κθ . The use of the parametrization proposed
for γCU (q), captures all these e�ects (also the pure DPPC and POPC systems) and gives new
and more accurate estimations for βκ than those which had been reported from the earlier
analysis of same simulations [90].

On the other hand, as the peristaltic mode 〈|ξPq |2〉 should not diverge at low q, the repre-
sentation of its free energy cost as a "surface tension" γP (q) should present a divergence
at low q. This representation becomes more physical at higher q, when it describes the cost
of molecular protrusions in each monolayer [49] as an increase in the exposed area of the
hydrophobic tails to the water. To include both limits and the transition between them, we
use the parametrization

γP (q) =
uP0
q2
exp

−( qqcu
)2+ γ0,P + κP q2; (5.13)

where γ0,P and κP represents the surface and bending modulus associated to the protrusion
contribution. The same qcu used to parametrize γCU (q), describes the transient regime
between coupled and uncoupled regime in terms of the correlation loose between monolayers
at intermediate q, as a Gaussian damping exp

[
−
(
q
qcu

)2]
, while uP0

q2 describes the rigidity
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modulus at q = 0, i.e. the divergence of the function γP (q) for the peristaltic mode. In
practice, in the context of the density correlations, we will drop here the bending modulus
κP , which is relevant only for high values of q, when the mesoscopic description based in the
CWT and BW analysis becomes ill de�ned.

System βγ0 βκ βκθ qcuσ βuP0 βγ0,P

nm−2 nm−2 nm−1 nm−4 nm−2

POPC 3.39 17.35± 1.0 10.45± 1.0 0.89± 0.15 23.4± 1.0 17.2± 2.0
DPPC 0 28.9± 1 12.95± 1 0.946± 0.15 26.2± 1.0 18.1± 2.0

DPPC (1 : 1) 0 43.72± 1.0 28.07± 1.0 1.62± 0.15 56.1± 1.0 44.7± 2.0

Table 5.2: Parameters of the lipid bilayers simulations, simulated under the ensemble (N ,γ0,T ).

As all the γx(q) are described accurately by the parameterization of γCU (q) and γP (q),
these parameterizations should be regarded as a robust mesoscopic description of lipid mem-
branes.

5.4 C A P I L L A R Y WAV E D E S C R I P T I O N O F D E N S I T Y C O R R E L AT I O N S
B A S E D I N T H E U N D U L AT O R Y M O D E

As the original BW proposal, section 1.3.2, was developed for the �uctuations of a single
intrinsic surface, we may apply it to lipid bilayers through the undulatory mode which
relies on the mean surface between the two monolayers. Consequently, we could use all the
theoretical developments presented in chapter 2 to describe the lipid bilayers at this (U) level
of description.

Hence, Eq.2.9 and Eq.2.8 should be evaluated respect ξU (~x), i.e

GI (z,z
′,q) =

〈 N∑
i,j=1

ei~q·~x

A0
δ(z − (zi − ξU (~xi)))δ(z′ − (z′j − ξ

U (~x ′j)))

〉
; (5.14)

and

Gbg(z,z
′,q) =

∫
dξUP (ξU )GI (z − ξU ,z′ − ξU ,q); (5.15)

to describe the correlations which are not related to the undulatory mode.
Fig 5.3 presents the results of Gbg (second row) and Bedeaux-Weeks’s series GBW (third

row), added up to nBW = 20 for practical convergence. The top row in the same �gure presents
Gbg +GBW which should be compared with the density correlation G obtained directly from
MD simulations (bottom row), without the ideal self-correlation term ρ(z)δ(z − z′). At the
lowest q = 0.237 nm−1 (left column) we observe the nearly perfect symmetry between the
four quadrants; that symmetry implies the equivalence between the interlayer correlation
(for z at one lipid layer and z′ at the symmetric position of the other layer) and the intralayer
correlation (z and z′ position in the same layer) which should be perfectly described by
Wertheim’s term. The divergence ∝ 1/q2 of that contribution leads to G ≈ GBW for low q,
however, if we increase q (second and third column of Fig.5.3) we observe two main e�ects:
The terms n ≥ 2 of Bedeaux-Weeks’s proposal modify the structure predicted by Wertheim’s
term, and we would enter in the transient regime between the coupled and uncoupled regime,
which will produce an asymmetry between the interlayer and intralayer correlations. This
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Figure 5.3: The density correlation functions from MD simulations of POPC under tension γ0 =
15.2 mN/m. Left column q = 0.237 nm−1, middle column q = 0.71 nm−1 and right
column q = 1.18 nm−1. Bottom row presents the direct density correlation obtained from
MD, excluding the ideal self-correlation term ρ(z)δ(z − z′). Third row: Bedeaux-Weeks’s
predictionGBW based on the undulatory mode with nBW = 15. Second row: the background
correlation Gbg with qu = 2.6 nm−1. Top row: The prediction of GBW +Gbg . The top and
bottom rows are quantitatively equivalent at low q, while at higher q (right column) the
diagonal quadrants present some discrepancies.

asymmetry could not be described by GBW (as it is symmetric ∀ q, third row of Fig.5.3) and it
has to be included through the correlation background Gbg . If we compare the top and bottom
row of the middle column, that corresponds to q = 0.71 nm−1, we would conclude that the
density correlation of the system is accurately described by GBW +Gbg , i.e G ≈ GBW +Gbg .
On the other hand, at q = 1.18 nm−1 (right column) this equivalence is totally lost for
the interlayer correlation, while the intralayer correlation of G is still well reproduced by
GBW +Gbg . Even more surprising is the similar shape of the interlayer correlation of Gbg and
the intralayer correlation of GBW at this q, whose main di�erence is its sign. Since GBW gives
the CW contributions to the density correlation, this suggest that we are including some CW
�uctuations in the background. In order to check it, we have diagonalized Gbg and obtained
its highest eigenvalue, presented in Fig.5.4.

The left panel of Fig.5.4 compares γP (q) obtained directly through ISM (full black line) with
γNM(q) (red full circles) obtained from the highest eigenvalue of Gbg , whose corresponding
eigenvectors are presented on the right panel. From the left panel of Fig.5.4 it is clear that
γP (q) ≈ γNM(q). Moreover, the associated eigenvectors present the same symmetry than
the peristaltic mode, odd parity with respect to the interchange of the monolayers, in contrast
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Figure 5.4: (Left panel) γNM(q) (red full circles) from the highest eigenvalue of Gbg(z,z′ ,q), which is
quantitatively similar to the MD-ISM peristaltic mode γP (q) (full black line). Therefore,
the capillar description of the density correlation based on the undulatory mode leads to a
background whose main contribution is the peristaltic mode γP (q).
(Right panel) The eigenvector with the highest eigenvalue of Gbg(z,z′ ,q). Blue line for
q = 0.237 nm−1, red line q = 0.71 nm−1 and green line q = 1.18 nm−1. The black dashed
line shows the normalized derivative of the intrinsic density pro�le with qu = 2.6 nm−1
respect to the undulatory mode.

with the even parity of the undulatory mode. Hence, although it contains some small amounts
of interlayer correlations (associated with other �uctuations), the background given by Eq.5.15
comes mainly from the peristaltic mode. Besides, its eigenvectors seem to be hybridized
with modes related to the higher terms of Bedeaux-Weeks’s series. Hence, the background
correlation contains Bedeaux-Weeks’s series associated to the peristaltic mode. This clari�es
the similarities between the interlayer correlation ofGbg andGBW observed at q = 1.18 nm−1,
Fig.5.3, as both are BW series (over the peristaltic mode for Gbg and the undulatory mode
for GBW ) and for q ≥ 1.1 nm−1 〈|ξUq |2〉 ∼ 〈|ξPq |2〉, Fig.5.1. It may be expected that for these
q′s Gbg ∼ GBW for the interlayer correlation, except a global phase, which arises from the
di�erent symmetry for the undulatory and peristaltic modes.

Hence, our CWT-BW analysis of the density �uctuations in the lipid bilayer through the
undulatory mode has to be complemented with the contribution of the second mesoscopic
mode (peristaltic), including it as correlation background. In consequence, we could expect
that by this route we can only describe correctly the lipid membranes over the range of q
where the peristaltic mode is negligible, i.e q ≤ 1.1 nm−1, as it is observed in Fig.5.1. In this
range there is a quantitative agreement between γUDC(q) and the γU (q) obtained by ISM,
while for larger q this agreement is lost, Fig.5.5.

Therefore, within the description based on the undulatory mode, we are able to describe
accurately only the coupled regime of the lipid bilayers, i.e when the peristaltic mode is
negligible. Since for intermediate q’s (transient regime) where the relevance of the peristaltic
mode increases, and the undulatory, monolayer and coupled undulatory modes begin to
behave di�erently, we are trying to describe the lipid bilayers through a single mode. Also,
we obtain that the main contribution of the background is one of the characteristic modes of
the bilayer. This produces a loss of the information about the behavior of the lipid bilayers, as
several modes could not be described by a single one. Then, if we want to describe correctly the
transient regime of the lipid bilayers, we should include in our formalism the undulatory and
peristaltic modes. To do that, we have to extend the original formalism of Bedeaux-Weeks[2]
(based on a single mode) to describe simultaneously several modes, and we generalize the
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Figure 5.5: Presents the result of capillary wave description based on the undulatory mode compared
with the results obtained by ISM[90]. Green circles: ISM results for coupled undulatory mode
γCU (q); Blue circles: undulatory mode by ISM γU (q); Red full line: normal mode route
result γUNM(q); Cyan full line: Bedeaux-Weeks’s decomposition ofG(z,z′ ,q)−ρ(z)δ(z−z′)
with nBW = 15; Blue full line: Bedeaux-Weeks’s decomposition of G(z,z′ ,q)−Gbg(z,z′ ,q)
where Gbg is given by Eq.5.15 with nBW = 15 and qu = 2.6 nm−1. The results obtained
from normal mode route and Bedeaux-Weeks’s decomposition should be compared with
the undulatory results from ISM, as it is the only mode included in the description.

deconstruction method, section 2.2, to obtain di�erent surface tensions γx(q) from the density
correlation.

5.5 D O U B L E B E D E A U X- W E E K S ’ S D E S C R I P T I O N F O R B I L AY E R M E M -
B R A N E S

To describe the e�ects of the peristaltic and undulatory modes in the density correlations, we
should introduce some general results of bivariant Gaussians which leads to Bedeaux-Weeks’s
formalism and allow to extend it. The proof of this extension is performed in the appendix B,
herein, we will just present the most relevant results.

As it is proved in the appendix B, the double Bedeaux-Weeks’s description of symmetric
lipid bilayers is given by

GdBW (z,z′,~x
′′
) =

∑
n

∑
µ,ν=±

(
(Sm(x′′))nδνµ+ (SCU (x′′))n(1− δνµ)

)
∂nzρ

ν(z)∂nz′ρ
ν(z′);

(5.16)

where Sm and SCU are the corresponding height-height correlation functions of the monolayer
and coupled undulatory mode Sx(|~x−~x ′ |) = 〈ξx(~x)ξx(~x ′)〉. As the bilayer thickness d ≈ 4 nm
is much larger than the �uctuations of each monolayer (with the size of our simulated
membranes) the intralayer and the interlayer contributions to the density correlations are
spatially separated in four (z,z′) quadrants, which separate the values of z and z′ in positive
and negative. And the Fourier transform of GdBW could be rewritten as

GdBW (z,z′,q) =

 ∑nS
m
n (q)∂

n
zρ

+(z)∂nz′ρ
+(z′)

∑
nS

CU
n (q)∂nzρ

+(z)∂nz′ρ
−(z′)∑

nS
CU
n (q)∂nzρ

−(z)∂nz′ρ
+(z′)

∑
nS

m
n (q)∂

n
zρ
−(z)∂nz′ρ

−(z′)

 . (5.17)
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Figure 5.6: The density correlation functions from MD simulations of POPC under tension γ0 =
15.2 mN/m. For each panel, left column q = 0.237 nm−1, middle column q = 0.71 nm−1
and right column q = 1.18 nm−1. Bottom row presents the direct density correlation
obtained from MD, excluding the ideal self-correlation term ρ(z)δ(z − z′). Fourth row:
The double Bedeaux-Weeks’s prediction based on the undulatory and peristaltic modes up
to nBW = 20. Third row: The Gbg de�ned as in Eq.5.20 computed for qu = 2.607 nm−1.
Second row: : The GdBW +Gbg . Top row: The GdBW +Glbg , where Glbg is the approach
of Gbg based on the compressibility background for qu = 2.607 nm−1. Top, second and
bottom rows are quantitatively equivalent at low q, while at higher q (right column) the
interlayer correlation of the second row presents some discrepancies. On the other hand,
the compressibility background, GdBW +Glbg (top row) reproduces accurately G (bottom
row) even for q = 1.18 nm−1.

The GdBW , fourth row in Fig.5.6, is compared with G (bottom row) for the POPC under
tension γ0 = 15.2 mN/m. From this comparison we obtain that GdBW predicts accurately
the interlayer correlation of G. Hence, we expect that the background correlation would not
contribute to the interlayer correlation.

The double Bedeaux-Weeks’s proposal represents the correlations associated to super�cial
mesoscopic �uctuations; however, it does not describe the non-super�cial mesoscopic �uc-
tuations with molecular scale that contributes to the density correlations. To include these
correlations we split G as in section 2.1.1
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Figure 5.7: The intralayer density intrinsic and backgrounds correlation proposed for the POPC lipid
bilayers under tension γ0 = 15.2 mN/m. Left column q = 0.71 nm−1 and right column
q = 1.18 nm−1. Fourth and bottom row present the intrinsic correlation GlI and the Glbg ,
Eq.5.25 and Eq.5.26 respectively, based on the lateral compressibility of lipid monolayers.
Top and second row: the intrinsic correlation obtained by Eq.5.21 and the background
correlation given by Eq.5.20 with qu = 2.607 nm−1. Middle row: the excess correlation
term of the density correlation G−GdBW . The comparison between the second, middle and
fourth row clari�es that even at high q, Gbg ∼ Glbg ≈ G −GdBW .

G(z,z′, |~x − ~x ′ |) =
∑
ν;µ=±

〈ρ̂ν(~r)ρ̂µ(~r ′)〉 − 〈ρ̂ν(~r)〉〈ρ̂µ(~r ′)〉 ≈

∑
ν;µ=±

〈ρ(2)I ;ν,µ [~x,z − ξ
ν ;~x ′,z′ − ξ ′µ;ξν ,ξµ]− ρνI [~x,z − ξ

ν ]ρ
µ
I [~x

′,z′ − ξ ′µ]〉+

〈ρνI (z − ξ
ν)ρ

µ
I (z
′ − ξ ′µ)〉 − ρν(z)ρµ(z′); (5.18)

and after some manipulations, presented in the appendix B, we obtain than G is given by

G(z,z′,q) ≈ GdBW (z,z′,q) +Gbg(z,z
′,q); (5.19)

where GdBW is given by Eq.5.16 and Gbg represents the background given by

Gbg(z,z
′, |~x−~x ′ |) =

∑
ν;µ=±

∫
dξUdξP P (ξU )P (ξP )G

ν;µ
I (z−ξν ,z′ −ξµ, |~x−~x ′ |); (5.20)
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Gbg requires to know the intrinsic correlation Gµ,νI (z,z′, |~x − ~x ′ |) which is de�ned as

G
µ,ν
I (z,z′, |~x − ~x ′ |) = ρ

(2)
I ;ν,µ(~x,z,~x

′,z′)− ρνI (z)ρ
µ
I (z
′);

its equivalence with the density correlations de�nition, Eq.1.36, allows us to compute it directly
from simulations, once we known the intrinsic surfaces ξx(~x)

G
µ,ν
I (z,z′, |~x − ~x ′ |) =

〈 N∑
i,j=1

ei~q·~xij

A0
δ(z − (zi − ξµ(~xi))δ(z′ − (z′j − ξ

ν(~x ′j)))

〉
; (5.21)

where, as we refer to the instantaneous position of the molecules relative to the intrinsic
surface, all the super�cial mesoscopic �uctuations are eliminated, while the non super�cial
mesoscopic �uctuations are preserved. However, as they both are related to the intrinsic
surface de�nition, GI and Gbg depend parametrically on qu , the cuto� at which we truncate
the Fourier series of ξ(~x). The �rst and second rows of Fig.5.7 present the intrinsic correlation,
GI , and the background correlation Gbg , respectively, with qu = 2.607 nm−1 for the POPC
under tension γ0 = 15.2 mN/m. In both rows, we present only the intralayer correlation,
since the background does not contribute to the interlayer correlation, as it could be seen in
the third row of the right panel of Fig.5.6.

5.5.1 γ (q) from the deconstruction of the double bedeaux-weeks’s series

Along section 5.5 we have presented the extension of Bedeaux-Weeks’s description [2] to de-
scribe the peristaltic and undulatory modes in lipid bilayers, and also a workable approximation
for the remaining correlation background left out of the capillary mesoscopic �uctuations. We
consider now how, and up to what point, we could extract the di�erent surfaces q-wavevector
dependent tension γ x (q) introduced in section 5.3 from ∆G = G −Gbg , as it was performed
in section 2.2 for liquid surfaces. To do that, we should use the matrix decomposition of GdBW ,
Eq.5.17, taking advantage of the spatial split in four quadrants (z , z ′ ) observed in Fig.5.3. To
analyse separately each quadrant, we will treat each monolayer pro�le as distinct, although
equivalent, describing them by ρν (z). Therefore we could rewrite GdBW asB+ ,+

i ,j (q) B+ ,−
i ,j (q)

B− ,+i ,j (q) B− ,−i ,j (q)

 =

∑
n=1 A

+
i ,n

Smn (q)
n ! A+

n ,j
∑
n=1 A

+
i ,n

SCUn (q)
n ! A−n ,j∑

n=1 A
−
i ,n

SCUn (q)
n ! A+

n ,j
∑
n=1 A

−
i ,n

Smn (q)
n ! A−n ,j

 ; (5.22)

where ν and µ takes the ± values, and

Aνi ,j =

∫
dz
∂ iρν (z)

∂z i
∂j ρν (z)

∂z j
; B

ν ,µ
i ,j (q) =

∫
dzdz ′

∂ iρν (z)

∂z i
∆G(z , z ′ , q)

∂j ρµ (z ′ )

∂z ′ j
;

by the equipartition theorem we may relate S x1 (q) to γx (q). Then, as

Sm1 (q) =
1
2

∑
i ,j

(
A+

1,j

)−1
B+ ,+
j ,i (q)

(
A+
i ,1

)−1
+

∑
i ,j

(
A−1,j

)−1
B− ,−j ,i (q)

(
A−i ,1

)−1 ;
(5.23)
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and

SCU1 (q) =
1
2

∑
i ,j

(
A+

1,j

)−1
B+ ,−
j ,i (q)

(
A−i ,1

)−1
+

∑
i ,j

(
A−1,j

)−1
B− ,+j ,i (q)

(
A+
i ,1

)−1 ;
(5.24)

we can compute directly the monolayer and coupled undulatory surface tension as

γm(q) =
kBT

q2Sm1 (q)
;

γCU (q) =
kBT

q2SCU1 (q)
.

We want to remark that in systems where the mean density pro�les of the two molecular
layers do not overlap, we could obtain directly from ∆G the undulatory and peristaltic surface
tension, see appendix B. However, in systems with larger areas the density pro�le of each layer
could overlap, in these cases we could only obtain the monolayer and coupled undulatory
mode, and will be required to analyze separately the density correlations (of the polar heads)
associated to each layer Gν,µ, de�ned by

Gν,µ(~r,~r ′) = 〈ρ̂ν(~r)ρ̂µ(~r ′)〉 − 〈ρ̂ν(~r)〉〈ρ̂µ(~r ′)〉;

where Gν,ν is the intralayer density correlations of the ν layer, while Gν,µ the interlayer
density correlations. Hence, in these systems Bν,µi,j has to be obtained through

B
ν,µ
i,j =

∫
dzdz′

∂iρν(z)

∂zi
∆Gν,µ(z,z′,q)

∂jρµ(z′)

∂z′j
,

and the procedure (to obtain γCU (q) and γm(q)) introduced above may still be used.
Fig.5.8 presents a comparison between the monolayer γm(q) and the coupled undulatory

γCU (q) surface tensions obtained by the deconstruction method and the ISM, for the POPC
with γ0 = 15.2 mN/m (left panel) and DPPC without Cholesterol (right panel). The dashed
lines present the deconstruction results overG(z,z′,q)−ρ(z)δ(z−z′) and full lines forG−Gbg
with qu = 2.607 nm−1. While, the empty symbols corresponds to the ISM results, green for
γCU (q) and black for γm(q). The excellent agreement between the predictions of γCU (q), it
proves that we do not have to subtract a background to the interlayer correlation, since the
ISM results are nearly equivalent to the deconstruction method over the interlayer correlation
obtained directly from simulations. This result is important as it told us that the simplest way
to obtain the correct γCU (q) of the lipid membrane it is through the deconstruction method
and the interlayer density correlation without the need of any background. And as we know
the relation of γCU (q) with the bending modulus, we are able to analyze the dependence
of the bending modulus with the molecular details of the membrane. Something relevant,
since the mesoscopic Helfrich Hamiltonian for the membranes shapes, [34], depends on the
bending modulus.

On the other hand, to obtain γm(q) is required to give a correct description of the back-
ground; the results obtained assuming that the fullG−ρ(z)δ(z−z′) has the form of the double
BW series are accurate for q < 0.5 nm−1 (black dashed line). While, this range is increased up
to q ∼ 1.2 nm−1 if we use the background Gbg .
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Figure 5.8: A comparison of the surface tension γm(q) (blue) and γCU (q) (green) obtained from ISM
and with di�erent background proposals, for the POPC lipid bilayers with γ0 = 15.2 mN/m
(left panel) and the DPPC without Cholesterol (right panel). The dashed lines present the
results obtained through the deconstruction method for G(z,z′ ,q)− ρ(z)δ(z − z′) (for the
interlayer correlation) and black full line for G −Gbg with qu = 2.607 nm−1. The empty
circles correspond to γCU (q) and γm(q) obtained directly from ISM. While, the blue lines
present γm(q) through the deconstruction of G −Glbg with qu = 1.66 nm−1 (full line) and
qu = 2.607 nm−1 (dashed line).

5.6 C O R R E L AT I O N B AC K G R O U N D A S T H E C O M P R E S S I B I L I T Y O F L I P I D
M O N O L AY E R S

The density background correlation associated to the double BW formalism is presented in
the third row of Fig.5.6 as a (z,z′) plot, for several values of q. It is clear that the o� diagonal
terms (interlayer correlations) become negligible when we introduce the double Bedeaux-
Weeks’s description, in contrast with the results under the description of the whole system
through the undulatory mode, that lefts the peristaltic �uctuations as the main contribution
to the correlation background, section 5.4 . On the other hand, the second row of Fig.5.7
presents the intralayer correlation of Gbg , which should be compared with the third row
that corresponds to G −GdBW , where GdBW is computed using the surface tensions obtained
by ISM. Both rows show that the background contribution is mainly local in z, i.e. relevant
when z′ ≈ z; and that the background Gbg di�ers from G −GdBW by the halo that surrounds
the local term (the positive contribution) which should be related to the contribution of the
molecular protrusions, as that halo is also observed in GI (top row of Fig.5.7). That halo is
related to the molecular protrusions, so that, it may need a better description than the xy-local
approach P (ξ,ξ ′,x)→ P (ξ)δ(ξ−ξ ′), that we are using as a workable approximation for the
correlation background. However, the simplicity of G −GdBW indicates that the background
correlation is mainly made by a rather simple mode.

Lipid monolayers behave as a soft system, in contrast with the rigidity of graphene, they
could be compressed on the (x,y) plane. That mode is not described by the CWT, as it
is not related to shape �uctuations of a surface, and consequently its contributions to the
density correlation should appear in the background term Gbg . At intrinsic level, this 2D
compressibility mode should have the same (z,z’) dependence, given by ρνI (z)ρ

ν
I (z
′), for any

value of the transverse q. However, the energetic cost of the compressibility waves should
depend on q and it should be related to the bidimensional structure factor of the membrane
S2D(q), or the Fourier transform of the total correlation function h(q) = (S2D(q) − 1)/ρ2D

b ,
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where ρ2D
b is the mean 2D density. Hence, we could assume that the intrinsic contribution

arising from the compressibility mode in the monolayer is given by

GlI (z,z
′,q) = h(q)

∑
ν=±

ρνI (z)ρ
ν
I (z
′); (5.25)

and we compute the corresponding local background as

Glbg(z,z
′,q) = h(q)

∑
ν=±

∫
dξmρνI (z − ξ

m)ρνI (z
′ − ξm)P (ξm); (5.26)

keeping the xy−local approximation for the height-height probability distribution.
Fig.5.7 presents a comparison between Gbg (second row), G −GdBW (third row) and Glbg

(fourth row). The second and fourth rows show the quantitative agreement between Gbg and
Glbg , except for the halo out of the diagonal z ≈ z′ (positive terms ofGbg ) which is not included
in the compressibility background. Although, in principle, the intrinsic background, based
on the MD-ISM intrinsic surface, should be more precise and robust, the local approach of
Eq.5.20 does not recover the density correlation G(z,z′,q), without the ideal term ρ(z)δ(z −
z′), from GdBW (z,z′,q) +Gbg(z,z′,q) as it is presented in Fig.5.6, bottom and second row
respectively. The agreement G ≈ GdBW +Gbg is satis�ed at q ≤ 1 nm−1, while at higher q the
interlayer correlation is not described accurately by GdBW (z,z′,q)+Gbg(z,z′,q), as it shows
the third column of Fig.5.6 for q = 1.18 nm−1. These discrepancies should be originated by
the halo observed inGI (z,z′,q), which under the local approach P (ξP (~x),ξP (~x ′), |~x−~x ′ |) ∼
P (ξP (~x))δ(~x − ~x ′) does not reproduce correctly G −GdBW .

On the other hand, the quantitative agreement between G −GdBW and Glbg presented in
Fig.5.7, third and fourth row respectively, is obtained up to q = 1.18 nm−1. Then, we may
expect that GdBW +Glbg reproduces correctly the density correlations G at higher q that
GdBW +Gbg . In Fig.5.6 we compare G and GdBW +Glbg , bottom and top row respectively,
and they agree for q ≥ 1 nm−1 as it is presented in the third column (q = 1.18 nm−1)3.

Since Glbg and Gbg depends on qu in Fig.5.8 we compare the deconstruction results of
γm(q) for the local background at di�erent values of qu (qu = 1.66 nm−1 the blue full line and
qu = 2.607 nm−1 the blue dashed line),Gbg at qu = 2.607 nm−1 (black full line) and γmISM(q)
(black empty symbols). And we obtain that for the local background at qu = 2.607 nm−1
the agreement with γISM(q) is excellent up to q ∼ 2 nm−1, while at qu = 1.66 nm−1 it only
describes correctly the q dependent surface tensions up to q ∼ 1.2 nm−1, as it is obtained for
Gbg .

5.6.1 dependence of γ (q) description with the background based on com-
pressibility

We explore here how accurately could we get γ (q) (even for large q) from the density
correlation in a bilayer membrane, with the double Bedeaux-Weeks’s expansion, without
the need of the ISM analysis of an MD simulation to get the correlation background. The

3 Although, this agreement is almost exact, GdBW +Glbg fails to reproduce the, almost negligible, asymmetry in
the density correlation between the inner and the outer direction of the lipid bilayer. However, this correlation
left out from GdBW +Glbg presents the opposite symmetry that ρ(z). And consequently, via the deconstruction
developed in section 5.5.1 would not a�ect to the prediction of γx(q).
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proposal for G lbg , based on the 2D compressibility of the membrane, is a workable and well
behaved approach to the background correlation, and here we explore up to what point it
may be used without any information that requires the ISM, such as the intrinsic pro�le and
the probability distribution of the intrinsic surface. Our aim is to set and test a procedure
that we could apply directly to MD results for the density correlation, without the heavy
computational cost imposed by the identi�cation of the intrinsic surface for a large set of
molecular con�gurations.
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Figure 5.9: The q dependent surfaces tension for POPC with γ0 = 15.2mN/m (left panel) and DPPC
without Cholesterol (right panel). The color green represents the monolayer surface tension
results γm(q) obtained by Eq.5.23, the color blue the coupled undulatory surface tension
γCU (q), Eq.5.24, the color black the undulatory surface tension γU (q) and the color red the
peristaltic surface tension γP (q), through its relationship with γm(q) and γCU (q) Eq.5.7
and Eq.5.8, respectively. Full lines present the results obtained directly by ISM, full triangles
the results obtained by the deconstruction method based on the double BW description
with the analytical local background, given by the Eq.5.27, with ∆I = 1.612 nm for POPC
and ∆I = 1.643 nm for DPPC without Cholesterol. Dashed circles the results from the
deconstruction based on the double BW description presented in section 5.5.1 with the
background Gbg =

∑
ν δ(z − z′)ρν(z).

The mean and intrinsic density pro�les of the monolayer in lipid bilayers are well de-
scribed by Gaussian distributions, ρ(z) = ∆ρ√

π∆2
exp

[
−
(
z
∆

)2]
and ρI (z) =

∆ρI√
π∆2

I

exp
[
−
(
z
∆I

)2]
respectively, where z is referred to its mean position. Therefore, as the CWT assumes
that ξx behaves as a continuous random Gaussian variable, with probability distribution
P (ξx) = 1√

π∆2
x

exp
[
−
(
ξx

∆x

)2]
, and that ρ(z) =

∫
dξmP (ξm)ρI (z − ξm) we could give an

analytical expression to Glbg

Glbg(z,z
′,q;∆m) = h(q)

∆ρ2

π
√
∆4 −∆4

m

exp
(
−
(∆2(z2+ z′2)− 2∆2

mzz
′)

∆4 −∆4
m

)
. (5.27)

The CWT assumption of getting the mean density pro�le from the intrinsic one, is equivalent
for lipid bilayers to assume that ∆2 = ∆2

m + ∆2
I , as all the probability distributions are

Gaussians. Hence, the analytical expression of Glbg is well behaved.
Now we have an analytic proposal for the background correlation with a free parameter, ∆I .

We know from the CWT that ∆I has to satisfy that ∆(Lxy)2 = ∆m(Lxy ,qu)2+∆I (qu)
2, which

through the ISM is held only if we keep qu ≤ 1.66 nm−1. This restriction is equivalent to impose
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that ∆I (qu) ≥ 2.07 nm (for the POPC with γ0 = 15.2mN/m, whose ∆(Lxy) = 4.05 nm),
as ∆I (qu) = 2.07 nm is the value that characterized the intrinsic density pro�le at qu =

1.66 nm−1. However, we could assume that the relationship, ρ(z) =
∫
dξmP (ξm)ρI (z−ξm),

holds at any qu , i.e ∆I (qu) ∈
(
0,∆(Lxy)

)
, and consequently Eq.5.27 would depend only

of ∆I , as ∆ is given by the MD simulations at a given area. Under these assumptions the
deconstruction procedure described in section 5.5.1 over G −Glbg , recovers the ISM results of
each βγx(q) up to q = 2.6 nm−1, Fig.5.9, with ∆I = 1.612 nm for the POPC under surface
tension γ0 = 15.2 mN/m and ∆I = 1.643 nm for the DPPC without Cholesterol, while for
the DPPC with Cholesterol is ∆I = 1.2 nm as it is presented in the appendix C.

The choice of ∆I as the free parameter of Glbg is not arbitrary and it is based on its inde-
pendence with the transversal area simulated, so that this parameter should be applicable
for any (large enough) simulations of the same system. It is surprising that similar values of
∆I for the POPC and the DPPC without Cholesterol, ∆I ∼ 1.6 nm, reproduce the slow slope
presented at high q of γm(q) in both systems. For DPPC with Cholesterol, appendix C, this
slope is drastically reduced so that it becomes nearly negligible, that explains the di�erent
value for ∆I . From this analysis, we could expect that soft lipid bilayers will be described
by ∆I ∼ 1.6 − 1.7 nm while sti�er systems would require ∆I ∼ 1.1 − 1.2 nm, which is a
reasonable range of this parameter to describe di�erent systems through Glbg and the double
Bedeaux-Weeks.

5.7 C O N C L U S I O N S

Lipid bilayers play a crucial role as constituents of living matter, they are self-assembled �uc-
tuating soft matter structures and their �uctuations are relevant to their biological functions.
As extensive two-dimensional forms, their largest �uctuations are precisely those of their
shape, which are in many aspects similar to those of a liquid surface, and therefore amenable
to be analyzed at mesoscopic scale by similar methods. Namely those of the Capillary Wave
Theory (CWT) and the Intrinsic Sampling Method (ISM) of analysis for Molecular Dynamics
(MD) simulations. However, the internal structure of the bilayer phospholipid membranes
produces a rich spectrum of mesoscopic �uctuations, with relevance in the wavelength range
1 − 50 nm that covers important aspects of their biological functionality. Over that range
the lipid bilayers change smoothly between the two regimes, from coupled to uncoupled
regime �uctuations of the two symmetric lipid monolayers that form the membrane. The
realistic description of the membranes requires much more than the quadratic expansion
of γ(q) in a liquid surface, in terms of the surface bending modulus, as previously done,
for liquid interfaces and graphene. Besides, the richness of its behavior requires to describe
them through two independent modes, that may be combined in several surface tensions,
{γCU (q),γP (q),γU (q),γm(q)}; which are related between them. Consequently, with two of
them the system is completely described, and all of them may be written in terms of a handful
of parameters, with clear physical interpretation. Following [90] we have used γCU (q),γP (q)
as the basis set, however, we have used a generalized version of the parameterization proposed
in that work, which includes the e�ective tilt contribution earlier proposed by Watson et al.
[97], Eq.5.11 and Eq.5.13, that voids the previous claim [90] that the CU mode presents a pure
bending contribution damped by the uncorrelated term exp

[(
q
qCU

)2]
.

From MD simulations and ISM analysis, we may get directly the di�erent surface ten-
sions via the equipartition theorem, these results are reproduced accurately by the proposed
parametrization, which should be regarded as a robust mesoscopic description of the lipid
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bilayers up to q ≈ 1.9 nm−1. The main goal of this chapter was to explore how and at to
what extent the mesoscopic �uctuations of a bilayer membrane may be read from its density
correlation function G(z,z′,q), that we manage in the Fourier space of the mean plane of the
membrane and in real space (z,z′) across that plane.

Bedeaux-Weeks’s proposal, the background introduced in section 2.1.1 and the deconstruc-
tion procedure allow to connect the density correlations with the ISM, both for liquid surfaces,
chapter 4, and for suspended graphene, chapter 3. Although, lipid bilayers �uctuate with sev-
eral modes, the original BW proposal and the method to evaluate the correlation background
left out of it, are based on a single mode, and they could be applied to lipid bilayers through
the undulatory (U) �uctuation mode, section 5.4. The deconstruction procedure over the
density correlation G(z,z′,q)−ρ(z)δ(z− z′), without taking out any correlation background,
allows to get a correct description of the undulatory mode up to q ∼ 0.7 nm−1. This range is
increased up to q ∼ 1.0 nm−1 if we apply the deconstruction over G(z,z′,q)−Gbg(z,z′,q),
where the background is obtained through Eq.5.15. In lipid bilayers, as in graphene and cold
liquid surfaces, the density correlations over that range of q get a signi�cant contribution
from the n ≥ 2 terms in the BW series, so that their representation by the (most often used)
Wertheim’s (n= 1) term is not accurate. Therefore, to get γu(q) from the density correlations
it becomes crucial the deconstruction procedure presented in section 2.2; if we use any other
CWT-MD link, such as normal mode route, we would describe correctly the undulatory mode
only up to q ∼ 0.3 nm−1, instead of the full range up to q ∼ 1.0 nm−1 that is shown in
Fig.5.5. The background correlation (left out of the U mode) has as its main component the
peristaltic mode, that becomes comparable in mean square amplitude to the undulatory mode
at q ∼ 1.1 nm−1, so that for larger q the description through the undulatory mode, as the only
mesoscopic �uctuation mode, begins to fail.

To go beyond that range, we should extend the original analysis of Bedeaux-Weeks to
include both the peristaltic and undulatory mode as mesoscopic �uctuations (in what we call
double Bedeaux Weeks’s description), see appendix B. From that process we get a consistent
new background and deconstruction procedure, section 5.5. This new background contributes
very little to the interlayer correlation, Fig.5.7, and consequently, the function γCU (q) is
the best candidate to capture the membrane undulations, via the deconstruction procedure
presented in section 5.5, if we have separated access to the interlayer density correlation. On
the other hand, γm(q) for the �uctuations of one of the monolayers, cannot be obtained so
easily from the intralayer density correlation; an important correlation background should be
removed or the excess correlation will foul the interpretation as a BW series. This background
could be obtained from Eq.5.20 and it comes mainly from the 2D lateral compressibility of the
lipid layers, which could be approached from Eq.5.26.

Therefore, at the mesoscopic level the density correlation of the lipid bilayers could be fully
described from the 2D compressibility mode of lipid layers, together with the undulatory an
peristaltic modes which give the shape �uctuations of the lipid layers. That allow us to obtain,
from G(z,z′,q), all the surface tensions (as functions of q) that give a complete description of
the lipid bilayers �uctuations at mesoscopic level. This description is consistent with CWT, but
it is limited by the resolution, qu , of the intrinsic surface at which the ISM results satisfy the
CW assumptions. As it is presented in Fig.5.8 the CW-MD link is robust up to q ∼ 1.2 nm−1,
and we conclude that CWT should be regarded as a robust mesoscopic description of the
lipid bilayers in the wavelength range 1− 50 nm, where lipid bilayers are relevant for living
matter. The range of applicability of CWT could be extended up to q ∼ 2.6 nm−1 through
the assumptions of the CWT hypothesis and the local background, section 5.6, leading to
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a complete description of lipid bilayers in this range in terms of the width of the intrinsic
pro�le, whose value depends on the softness of the interlayer correlation of the lipid bilayers.



6
S Q UA R E G R A D I E N T A P P R O X I M AT I O N F O R T H E D E N S I T Y
F U N C T I O N A L T H E O R Y O F F L U I D I N T E R FA C E S

Along this chapter we are going to study the liquid-vapor interface through the Density
Functional Theory, more precisely through the Square Gradient Approximation, trying to
connect its results with the Capillary Wave Theory.

Density Functional Theory (DFT) assumes that we know the functional dependence of the
grand-potential free energy with the density distribution, Ω[ρ]. However, Ω[ρ] is exactly
known only for a short list of systems, and none of them describes a liquid-gas interface. For
this reason, in any practical use of DFT for the liquid-gas surface Ω[ρ] has to be approxi-
mated, and the success of the formalism relies on the development of good (and easy to use)
approximations for Ω[ρ]. That development could be performed bottom-up, starting with a
particular model for the molecular interactions; or top down, as in Landau-Ginzburg-Wilson
(LGW) models, which describes the common features of inhomogeneous �uids in terms of
two basic characteristics:

• Bulk thermodynamic, described by the local term Φ(ρb) =
Ω[ρb ]
V to give the grand

potential energy per unit volume as a function of the uniform density, ρb = N/V , in a
bulk phase formed byN � 1 particles distributed over a volume V . To possibly describe
an interface, Φ(ρ) should include the coexistence of the liquid (l) and gas (g) phases; i.e.
it has to have two degenerated minimum, Φ ′(ρl) = Φ ′(ρv) = 0 and Φ(ρl) = Φ(ρg),
for the coexisting bulk densities ρg and ρl .

• Non locality, which represents the energetic cost of having a non-constant density
distribution ρ(~r) beyond the local term of Ω[ρ], described by Φ(ρ(~r)).

The square gradient approximation (SGA) is the simplest, symmetry allowed, form of non-
local contributions, and it assumes that the non local term could be described as proportional
to |∇ρ(~r)|2. Thus, the grand-potential, in natural units β ≡ 1/kT = 1, is described by

Ω[ρ(~r)] =

∫
d3~r

(
Φ(ρ(~r)) +

b
2
|∇ρ(~r)|2

)
, (6.1)

with the constant b to weight the non-local term. The value of b should depend on the
molecular characteristics of the system, which would also determine the function Φ(ρb) in a
bottom-up approach. However, in the top-down approach simple models for Φ(ρb) are used,
in terms of a few parameters that (together with b) may be scaled out, to get the generic
properties of systems under that DFT description.

Although SGA is not the most realistic representation of the liquid-gas interface, its simple
form allows us to understand the main properties of the interfaces described through DFT1.
The Van der Waals pioneering works on the liquid-vapor surface used what we understand
nowadays as a SGA-DF[80].

1 For its simplicity, the SGA-DFT was the �rst topic explored for the author during its Thesis, and allowed him to
understand the main properties and the di�culties of the CWT-DFT link. Although, the �rst works were based on
this topic, we have decided to include it at the end of this part of the Thesis, to do not break the �ow of it and
focusing on what we think that are the main contributions to the CWT-MD-DFT link.
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6.1 S Q UA R E G R A D I E N T A P P R O X I M AT I O N

If we minimize the grand potential Ω[ρ] with respect to the density pro�le ρ(z), and we
assume a (macroscopically) �at interface, we obtain the Euler-Lagrange equation

b
∂2ρ(z)

∂z2
= Φ ′(ρ(z)), (6.2)

whose solution is the equilibrium density pro�le. This equation is invariant under translational
displacements along the z axis, which provokes the Goldstone mode presented on the second
correlation function. However, this invariance will be broken if we impose an external potential,
such as gravity �eld, or if we use the canonical ensemble instead the grand canonical. This
broken symmetry would eliminate the divergence at q = 0, keeping its quadratic expansion
at low q. On the other hand, when ρ(z) approaches to the liquid bulk density, away from
the interface, Eq.6.2 leads to an asymptotic (monotonic) decay of the density pro�le, i.e.
ρ′(z) ∝ e−ζ0z, where ζ0 is given by ζ20 ≡ Φ ′′(ρb)/b.

Once we know the equilibrium density pro�le, we may compute the second order correlation
function C(~r,~r ′) through its de�nition, Eq.1.11,

C(z,z′,q) = −bδ′′(z − z′) + (bq2+Φ ′′(ρ(z)))δ(z − z′); (6.3)

and the density correlation could be obtained via Orstein-Zernike equation, Eq.1.13,

(−b∂2z + bq2+Φ ′′(ρ(z)))G(z,z′,q) = δ(z − z′). (6.4)

In a bulk system, with homogeneous density ρ(z) = ρb, this latter equation is solved by the
bulk phase correlation, Gb(|z − z′ |,q) = e−ζq |z−z

′ |

2bζq
, that depends only on the relative distance

|z − z′ | with the inverse decay length ζq =
√
ζ20 + bq

2.
Although Eq.6.4 seems simple, to �nd its analytical solution across the interface is rather

cumbersome, even with simple models for Φ(ρ). For this reason several authors [5, 6, 14, 24,
65–67, 69, 83] have focused on the analysis of the local structure factor, S(z,q), de�ned by

S(z,q) =
∫
dz′G(z,z′,q); (6.5)

which could be obtained through the di�erential equation

(−b∂2z + bq2+Φ ′′(ρeq(z)))S(z,q) = 1. (6.6)

In a bulk phase, ρ(z) = ρb, the function S(z,q) becomes just a function of q, equal (except for
a trivial ρb factor) to the usual bulk structure factor S(q3D) used to characterize the correlation
structure in liquids. Within the SGA, it takes the Lorentzian form Sb(q) =

1
b(ζ20+q

2)
, which

gives a hint of under which conditions should SGA be applicable, since it does not take into
account any e�ect of the molecular packing which are relevant a large q.

In real systems, the shape of the bulk structure factor is mainly described by the relative
position of the system with respect to its corresponding Fisher-Widom line [25]. The Fisher-
Widom line is a boundary on the temperature-density (T ,ρ) plane that separates the dense
liquid states, with oscillatory decays, from those, less dense, whose decay is given by a
monotonic exponential decay.

Hence, the bulk structure factor will present a Lorentzian shape centered in qσ = 2π,
where the oscillatory decay domains, while in the other region will be ∝ 1/(ζ20 + q

2) at low
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q. Therefore, we could expect that the SGA can only be applied to systems which belongs
to the region delimited by the Fisher-Widom line and the critical temperature. However, the
SGA could be also apply under the Fisher-Widom line, this is produced by the dependence
of ρ(z) with the transverse size, whose oscillations are damped by a factor ∝ L−ηxy where
η = kT /(πγ0σ2) [21]. Then, in systems with transverse size large enough the oscillatory
decay would be negligible, leaving the monotonic exponential decay which could be described
by SGA. For instance, the Lennard-Jones system at T /Tc = 0.63 presented in chapter 4 has a
pure exponential decay, Fig.4.2. And consequently, could be represented by SGA but just at
low q.

6.2 A P PA R E N T C O N T R A D I C T I O N S

Di�erent authors [5, 6, 14, 24, 65–67, 69, 83] have analyzed the correlation structure in liquid
surfaces, within the SGA. The generic SGA-DF prediction was that any density �uctuation at
the (x,y) plane of the surface propagates towards bulk phase with an inverse decay length
given by ζq, [68]. This predicts that CW modes with larger (transverse) q decay faster towards
the uniform bulk liquid, which has been con�rmed in molecular dynamics simulations of an
LJ system [24]. However, it seems to be in contradiction with the CW prediction, section 1.3,
for the local structure factor, for instance Wertheim’s proposal, Eq.1.25, should give

S(z,q) =
kT∆ρl,g
q2γ(q)

∂ρ(z)

∂z
+ reg. terms of S; (6.7)

that decays with the inverse length ζ0 of the density pro�le.
We should be aware that the simpler theoretical analysis of S(z,q), compared with that of

G(z,z′,q), has important limitations. The integral over z′ kills all the n ≥ 2 terms in Bedeaux-
Weeks’s series, so that the capillary contribution to S(z,q) comes only from Wertheim’s term,
despite the relevance of them inG(z,z′,q). In contrast, the ’regular terms’ in Eq.6.7 come only
from the correlation background, which is unknown. Moreover, S(z,q) is not experimentally
accessible. The surface structure factor S(q,qz) that may be extracted by X-ray or neutron
di�raction data corresponds to the Fourier transform of G(z,z′,q) with respect to z − z′ . In
the (ideal) limit of strict grazing incidence, qz = 0 we get the total integral of G(z,z′,q) with
respect to both z and z′ , which could also be obtained from the integral of S(z,q) with respect
to z. However, under realistic experimental conditions qz is never strictly zero, and to get the
dependence of S(q,qz) with respect to qz the n ≥ 2 terms in Bedeaux-Weeks’s series become
relevant [39], while only Wertheim’s term contributes to S(z,q).

Except for some particular (and over simpli�ed) models for the bulk thermodynamics Φ(ρb),
within the generic SGA, the evaluation of S(z,q) in liquid interfaces for DFT models gives
results compatible with the CW predictions, S(z,q)−Sb(q) ∼ e−ζ0z, instead of the faster decay
with ζq, predicted by the nonlocal propagation of the capillary waves towards the liquid bulk.
Parry et al. discussed this problem in [66] concluding that DFT and ECWT are qualitatively
incongruous theories. Here, we will analyze the general properties of the density correlation
in SGA models, and the possible observation of the non-local decay of the capillary modes.

6.2.1 generic characteristics of G(z , z ′ , q) in any sga-df

Herein, we will discuss the general properties of SGA-DFT. Without need to specify the form
of Φ (ρ) and to solve the Euler-Lagrange density pro�le equation, Eq.6.2. The structure of
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this equation plugged into βΩ [ρ ] leads to a generic result for the equilibrium surface tension

γ0 =
Ω [ρeq (z)] −Ω [ρb ]

Ax ,y
= 2

∫
dz(Φ (ρ(z)) − Φ (ρb )) = b

∫
dzρ ′ (z)2 ; (6.8)

with equal contributions from the square gradient terms and from the local thermodynamics
across the interface.

We could ask us what is the energy cost associated with the capillary modes, with eigenvec-
tor ρ′(z). The energetic cost of a CW with transverse wavevector q should be proportional
to ∫

dzdz′ρ′(z′)C(z,z′,q)ρ′(z) =

=

∫
dzdz′ρ′(z′)

(
−bδ′′(z − z′) + (bq2+Φ ′′(ρ(z)))δ(z − z′)

)
ρ′(z); (6.9)

which integrating by parts it takes the form∫
dzdz′ρ′(z′)C(z,z′,q)ρ′(z) =

∫
dz′ρ′(z′)

(
−b ∂

2

∂z2
+ (bq2+Φ ′′(ρ(z)))

)
ρ′(z′). (6.10)

The derivative of the Euler-Lagrange equation for the equilibrium density pro�le gives

b
∂3ρ(z)

∂z3
= Φ ′′(ρ(z))ρ′(z); (6.11)

which plugged into Eq.6.10 turns it out as

〈ρ′ |C|ρ′〉 ≡
∫
dzdz′ρ′(z′)C(z,z′,q)ρ′(z) =

=

∫
dz′ρ′(z′)

(
bq2

)
ρ′(z′) = q2b

∫
dz′ρ′(z′)2 = γ0q

2. (6.12)

Hence, for any SGA-DF, ρ′(z) is an eigenvector of the second correlation function C(z,z′,q)
for any value of q, and its eigenvalue is given by bq2. This is general (when q→ 0) in any DF
description and it is known as the direct correlation route to the surface tension[80]. However,
the peculiarity of SGA is that this route is exact at any q.

As a consequence, the SGA-DF density correlation G(z,z′,q), being the functional inverse
of C(z,z′,q), may be expressed in terms of its eigenvectors as

G(z,z′,q) =
1
q2b

|ρ′〉〈ρ′ |
〈ρ′ |ρ′〉

+
∑
ν≥1

λν(q)
|ν(q)〉〈ν(q)|
〈ν(q)|ν(q)〉

; (6.13)

where, for simplicity, we use the bra-ket notation.
Through Eq.6.12 we obtain that the �rst term is exactly Wertheim’s term with constant

γo, all the other eigenvectors ν(z;q) have to be orthogonal,
∫
dzρ′(z)ν(z;q) = 0, and

they have to be also eigenvectors of C(z,z′,q) with the inverse eigenvalues 1/λ(q), i.e.∫
dz′C(z,z′,q)ν(z′;q) = ν(z;q)/λν(q) ∀q. From Eq.6.3

ν(z;q)/λν(q) =
∫
dz′C(z,z′,q)ν(z′;q) =

(
−b ∂

2

∂z2
+Φ ′′(ρeq(z))

)
ν(z;q)+bq2ν(z;q);
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(6.14)

which allows to get the dependence of all the eigenvalues with q, 1/λν(q) = (1+bq2λν(0))/λν(0).
Therefore, Eq.6.13 takes the form

G(z,z′,q) =
|ρ′〉〈ρ′ |
q2γ0

+
∑
ν≥1

λν(0)
(1+λν(0)q2b)

|ν(q)〉〈ν(q)|
〈ν(q)|ν(q)〉

. (6.15)

The speci�c shape of ρ(z), the value of γo and the q = 0 eigenvalues λν(0) would depend on
the bulk thermodynamics Φ(ρb) used in the SGD-DF, but the dependence with q is generic.
In the spectrum of C(z,z′,q) all the non-CW modes (ν ≥ 1) raise as γ0q2, keeping pace with
the CW mode. It is clear that ρ′eq(z) is the softest mode of G(z,z′,q) ∀ q in any SGA-DFT, and
consequently the normal mode route [83] would lead to γNM(q) = γ0 which corresponds to
the macroscopic CWT for any SGA-DF, section 1.1, without the requirement of any extended
(ECWT) version of it.

The generic properties obtained for any SGA-DF allow us to conclude that the generic
SGA-DF and the earlier macroscopic CWT (based on the constant surface tension γo with null
surface bending modulus) should be considered as twin theories, perfectly consistent and with
a clear identi�cation of the non-capillary correlation background as the functional subspace
orthogonal to ρ′(z). Both theories should be supplemented with an upper wavevector cut
o�, which does not appear from the theory, but that has to be incorporated as a limit for the
validity of the assumptions made by the theory. We cannot expect that the free energy cost
of a surface corrugation is γ0q2|ξq|2A/2 for arbitrarily large q, since there is a molecular
limit of what we describe as ’surface corrugations’. In the same way, we cannot expect that
the SGA-DF describes well very sharp changes in the density ρ(z), since it is based on the
assumption of a smooth variation. Any restriction to minimize Ω[ρ] only within a functional
subspace of ’smooth enough’ density distributions, to keep the accuracy of SGA-DF, would
imply an upper wavector cuto� for the use of the CWT with γ0. This upper cuto� arises
naturally in realistic simulations of LJ systems, as we presented in the left panel of Fig.4.5 along
chapter 4 at T /TC = 0.63. In that �gure it is observed the cuto�, at qσ = 0.3, that restricts
where ρ′(z) is the softest eigenvector of G(z,z′,q) and γ0q2 its corresponding eigenvalue.
Hence, as the SGA could reproduce, qualitatively, the soft (monotonic) density pro�le of LJ
at T /Tc = 0.63, left panel of Fig.4.2, and it describes correctly the CW mode at qσ ≤ 0.3,
DF-SGA should be regarded as a reasonable description of the capillar modes of those systems
at low q. However, the DF-SGA fails drastically to describe the cuto� observed in the left
panel of Fig.4.5, as this cuto� is related to the background correlation, more precisely to the
structure factor of the liquid bulk, which is not correctly described by SGA at high q, and
consequently does not present this cuto�. However, more accurate functionals, such as DIFMT,
reproduced correctly the structure factor of the liquid bulk, and in such DF description it
could be expected a correct description of this cuto�.

6.2.2 generic characteristics of ∆G(z , z ′ , q) in any sga-df

We may now consider what is the result of taking out the dense band of bulk-like �uctuation
modes, as we did in chapter 4 for the MD results for the LJ liquid surface. Notice that the
background is subtracted from G(z , z ′ , q), and then we analyzed the inverse eigenvalues of
∆G(z , z ′ , q), as the free energy cost of ’bare’ capillary �uctuations, undressed of correlation
background. In chapter 4 we saw how this procedure, applied to the MD results for the LJ
system, uncovered the CW mode over a larger range of q and also produced a γ (q) =
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γo + κq2 + . . . with a surface bending modulus very similar to that obtained from the direct
sampling of the surface �uctuations with the ISM method. Although we do not have a close
de�nition of Gbg (z , z ′ , q) for any SGA-DF, in contrast with MD simulations (section 2.1.2),
we know that asymptotically it should tend to the bulk correlation Gb ( |z − z ′ | , q) = e−ζq |z−z

′ |

2bζq
.

For the sake of simplicity, we will assume a symmetric bulk correlation, equal in both bulk
coexisting phases. This assumption will simplify the algebra and clarify the conclusions.
However, it would be easy to generalize our conclusions to an asymmetric system.

We will denote the bare CW eigenvector of ∆G(z,z′,q) as | ˜cw〉, whose decomposition on
the eigenvector basis of G(z,z′,q) is | ˜cw〉= |ρ′〉+q2

∑
νwν |ν〉+O(q4). Therefore, we could

de�ne ∆G(z,z′,q) on its eigenvector basis as

∆G(z,z′,q) ≡ | ˜cw〉〈 ˜cw|
q2γ̃NM(q)

+
∑
ν̃≥1

λ̃ν̃(q)|ν̃〉〈ν̃|; (6.16)

where |ν̃〉= |ν〉+ q2w̃ν |ρ′〉+O(q4), with w̃ν = −wν to ful�ll 〈 ˜cw|ν̃〉= 0 . Therefore, from
Eq.6.15, the ∆G operator is

| ˜cw〉〈 ˜cw|
q2γ̃NM(q)

+
∑
ν̃≥1

λ̃ν̃(q)|ν̃〉〈ν̃| ≡
|ρ′〉〈ρ′ |
q2γ0

+
∑
ν≥1

λν(q)|ν(q)〉〈ν(q)| −Gbg(q). (6.17)

The projection over 〈ρ′ |, using the quadratic expansion of | ˜cw〉 and |ν̃〉, gives

〈ρ′ |ρ′〉〈 ˜cw|
q2γ̃NM(q)

−
∑
ν̃

q2λ̃ν̃(0)wν̃〈ν̃|+O(q2) =
〈ρ′ |ρ′〉〈ρ′ |
q2γ0

− 〈ρ′ |Gbg(0) +O(q2). (6.18)

The quadratic expansion of 〈 ˜cw| is given by

〈 ˜cw|
γ̃NM(q)

=
〈ρ′ |
γ0
− q2
〈ρ′ |Gbg(0)
〈ρ′ |ρ′〉

+O(q4); (6.19)

and projecting over |ρ′〉 we get the surface bending modulus, γ̃NM(q) ≈ γ0 + κ̃q2 + ..., for
any SGA-DFT as

κ̃ = γ2
0

〈ρ′ |Gbg(0)|ρ′〉
〈ρ′ |ρ′〉2

. (6.20)

From Eq.6.19 we may also analyze the generic asymptotic decay of 〈 ˜cw|. We project over
|z〉, to get the representation in terms of the eigenvectors, and focusing on any z far away
from the interface, where Gbg(z,z′,q) ≈ Gb(|z − z′ |,q), we get

γ0
γ̃NM(q)

〈z| ˜cw〉= 〈z|ρ′〉 −
q2γ0
〈ρ′ |ρ′〉

〈z|Gb(q)|ρ′〉. (6.21)

We decompose now the bulk correlation on plane waves, 〈z|k〉 ∼ eikz, as its obvious eigenvec-
tors,

Gb(q) =
∑
k

|k〉〈k|
b(ζ2q + k2)

=
∑
k

|k〉〈k|
b(ζ20 + q

2
3D)

;

with the isotropy recovered by the combination of q2+ k2 as the 3D square wavevector q23D.
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In this plane waves representation, Eq.6.21 becomes
γ0

γ̃NM(q)
〈z| ˜cw〉=

∑
k

〈z|k〉
(
1−

q2γ0
〈ρ′ |ρ′〉

1

b(ζ20 + q
2
3D)

)
〈k|ρ′〉=

∑
k

〈z|k〉F(k)〈k|ρ′〉; (6.22)

where we have de�ned the function F(k) as the bracket in the second term. Using Eq.6.8, for
any SGA-DF model, this function is given by

FSGA(k) = (ζ20 + k
2)/(ζ2q + k

2);

with zeros at k = ±iζ0 and �rst order poles at k = ±iζq = ±i
√
ζ20 + q

2.
The asymptotic decay ρ′(z) ∼ e−ζ0|z|, projected on plane waves, leads to a pole at k = ±iζ0,

which is canceled by the zeros of FSGA(k). In the continuum limit of the sum over k, the
integral is given by a single residue at k = ±iζq (depending on sign of z) that gives the non
local decay ζq

γ0
γ̃NM(q)

〈z| ˜cw〉= e−ζq |z| Resk=iζq

ζ20 + k2ζ2q + k2
〈k|ρ′〉

+ .... (6.23)

Hence, for any SGA-DF the bare capillary wave mode presents the non local decay ζq, as
predicted [68]. To observe this decay we have to subtract the background, which tends to the
correlation at bulk phase; at the same time the subtraction of that background changes the
bare CW eigenvalue to include a positive surface bending modulus Eq.6.20, instead of the
perfectly constant γo that gives (formally for any q) the eigenvalue of the full (dressed by the
bulk-like background) correlation function.

6.3 I S T H E R E A N Y S I G N AT U R E O F B E D E A U X- W E E K S ’ S S E R I E S I N T H E
S G A ?

Most of the generic analysis presented in section 6.2.1 would lead to a negative answer to the
above question. Wertheim’s term comes out, clean and clear, as the CW mode with eigenvalue
γoq

2 and eigenvector ρ′(z), for any value of q at which we dare to apply a SGA-DF, but there
is not an obvious generic signature of the higher order derivatives of the density pro�le, that
would hint to the n ≥ 2 terms in BW series. However, in a classic contribution to the modern
era of the CWT, in 1967 Zittartz [100] observed that the Φ4 model, within the SGA-DF class,
shows an isolated non-CW surface mode of G(z,z′,q), separated from the dense band of
bulk-like modes. That mode seems to be related with ρ′′(z), possibly dressed by the bulk
correlations2.

TheΦ4 model is the most popular symmetric SGA-DF model, where the bulk thermodynamic
is given by

Φ(m(~r)) =
ζ20
8m2

b

(m(~r)2 − 1)2; (6.24)

where m(~r) = ρ(~r)− (ρl + ρg)/2. The coexisting phases correspond to m= ±mb = ±(ρl −
ρg)/2, and the Euler-Lagrange equation for the pro�le m(z) across the interface Eq.6.2, may
be solved analytically to get

m(z) =mb tanh
(ζ0z
2

)
. (6.25)

2 Herein we are focusing in the Φ4 model, as is the only SGA-DF realistic model which has been analytical
diagonalized, [100]. And could be expected that its properties are preserved in more realistic models.
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Figure 6.1: Left panel: Eigenvectors of the �rst (full lines) and second (dotted lines) softest eigenmodes
of ∆G(z,z′q) = G(z,z′ ,q) −Gb(|z − z′ |,q) for the symmetric SGA Φ4 DF model, Eq.6.24,
Both are compared with ρ′(z) and ρ′′(z) (red dashed lines). Two di�erent q−values are
presented: q = 0.1 ζ0 (black) and q = 0.9 ζ0 (green).
Right panel: Full lines show the exponential decay of the CW eigenvector | ˜cw〉 at di�erent
q-values, q = 0.1 ζ0 (black), q = 0.3 ζ0 (red), q = 0.6 ζ0 (green) and q = 0.9 ζ0 (blue).
Dotted lines present the non-local decay[68] ζq =

√
ζ20 + q

2 predicted by Eq.6.23.

Eq.6.8 gives the surface tension βγ0 = 2
3m

2
bζ0, and Orstein-Zernike equation, Eq.6.4 becomes,

(
−b∂2z + bq2+

ζ20
2
(3tanh2

(ζ0z
2

)
− 1)

)
G(z,z′,q) = δ(z − z′); (6.26)

which may be solved numerically by LDU methods.
If we assume that the background correlation is, for any z and z′ , that of the two (symmetric)

bulk phases, Gbg(z,z′,q) = Gb(|z− z′ |,q) = e−ζq |z−z
′ |

2bζq
, then the corresponding Orstein-Zernike

equation for ∆G(z,z′,q) is(
−b∂2z + bq2+

3ζ20
2

tanh2
(ζ0z
2

))
∆G(z,z′,q) = 0. (6.27)

We have solved and diagonalized numerically∆G, at given q/ζ0, to get the results presented
in Fig.6.1. The right panel shows the non-local decay ζq of | ˜cw〉 predicted by Eq.6.23, in
agreement with the CWT-DFT analysis [68]. The left panel in the same �gure presents the
�rst, | ˜cw〉, and the second softest eigenvectors of ∆G(z,z′,q) for three values of q. The
second eigenvector is quantitatively equivalent to ρ′′(z), Fig.6.1, as we expected for Bedeaux-
Weeks’s series. Therefore, it seems that the higher terms of Bedeaux-Weeks’s series could be
masked by the background in any SGA-DF. However, we do not have yet a clear proof of that
hypothesis, mainly by the lack of a close de�nition Gbg(z,z′,q) in SGA-DF models, contrary
to MD simulations section 2.1.2. If that close de�nition would exist, we could perform a more
exhaustive analysis of the existence of these terms3.

3 However, we should mention that preliminary results of the SGA-DF Φ4 model, seems to agree with a CWT
description with an associated capillary length a ∼ 8 d, being d = ζ−10 the characteristic length of the system.
The origin of this capillary length comes from the use of an approximated grand potential functional, and the
associated capillary length obtain agrees with previous results [15].
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6.4 C O N C L U S I O N S

Despite its simplicity the SGA-DF describes rather well common liquids as LJ systems, which
are characterized by monotonic density pro�les. On the other hand, cold liquids with oscillating
density pro�les, represented by the SA model used in chapter 4, could not be described by the
simple non local term of SGA, which clari�es the discrepancies observed in chapter 4 between
the SA and LJ systems.

From the analysis of the density correlation we conclude that there are two di�erent links
between DFT and CWT, depending on the interpretations of the (bare) surface excess of
the density correlations ∆G or the full G, with the surface correlation "dressed" by the bulk
�uctuations. That is congruent with the results observed in MD simulations of LJ systems
(chapter 4). Both routes are valid, but di�erent and exploring both in parallel clari�es the
relevance of the background correlation and the limitations of macroscopic CWT, section 1.1.

The analysis of G(z,z′,q) leads to consider the SGA-DF and the macroscopic CWT as twin
theories, obtaining that γ(q) = γ0 ∀q. However, SGA-DF as macroscopic CWT requires to
impose an unde�ned cuto�, qu , which could not be obtained from any of these theories. In
macroscopic CWT that cuto� is unde�ned, as in SGA-DF which describes correctly the liquid
structure factor al low q, while qu is given by the liquid structure factor at qσ ∼ 2π [36]. The
MD simulations of LJ systems, chapter 4, give us a value of quσ ≈ 0.3, left panel of Fig.4.5,
which is quite lower that 2π.

On the other hand, the analysis of the bare CW obtained from ∆G, after subtracting a
generic background Gbg which tends to Gb at the bulk phase, leads to a positive bending in
γ(q), as it is obtained from the ISM, and used in the extended mesoscopic theory (ECWT).
The range for the mesoscopic description covers a wider range of q than the obtained from
G. From this analysis we get the non-local decay predicted by Parry et al.[66] and observed
in MD-ISM simulations for LJ systems [24], the capillar mode in any DF-SGA model, as a
generic property of the use of the density correlation instead of the local structure factor as
has been often used in theoretical analysis. This requirement seems reasonable as we try to
connect a many body description, i.e. the intrinsic surface, with the two body correlation
G(z,z′,q). Hence, this lack of information force us to use the density correlation instead the
local structure factor, which has less information than what give us the density correlation.
So that, if we analyze the local structure factor, we could obtain spurious incongruence.

Hence, to describe the interface of common liquids at usual temperatures, which could be
described by LJ interactions. We could use the macroscopic CW with γ(q) = γ0 applicable in
a short range of q without a precise description of the intrinsic surface. If we want to extend
the range of q we should undress the CW and describe correctly the intrinsic surface, at the
mesoscopic level, that requires a correct description of the non-CW background Gbg . Both
theories could be used, and the choice of one of them depends on what we want to address.

As we concluded in chapter 4, the contribution of the higher terms of Bedeaux-Weeks’s
series is reduced when we increase the temperature and cross the Fisher-Widom line [25].
Hence, the higher terms of BW should not be relevant where SGA-DF model are applicable.
However, Zittartz [100], in the symmetric SGA-DF model Φ4, found a second surface mode
similar to the second derivative of the pro�le, i.e. the second term of BW expansion. Left
panel of Fig.6.1 explicitly shows the second softest eigenvector of ∆G for di�erent q/ζ0
values, proving that is quantitatively equivalent to ρ′′(z). However, as we do not have a close
de�nition of Gbg in SGA-DF models, we cannot treat ∆G as if were Bedeaux-Weeks’s series
and check that the coe�cients Sn(q) follow the prediction of Bedeaux-Weeks.



Part II

AT O M I C F O R C E M I C R O S C O P E A N D D E N S I T Y F U N C T I O N A L
T H E O R Y



7
AT O M I C F O R C E M I C R O S C O P E A N D D E N S I T Y F U N C T I O N A L T H E O R Y

Atomic Force Microscope (AFM) techniques allow to scan the surface of the sample revealing
its structure through the direct interaction of the surface with the AFM tip. Normally it operates
at high vacuum, to reduce the in�uence of the environment over the AFM tip. However, many
interesting physical problems occur in �uids near a surface. For these phenomena, which
covers from catalysis to the hydration structure of proteins, AFM could be the most useful
technique to extract information about the structure and relevance of the solvent.

A recently developed technique called 3D-AFM [27, 28, 54] measures the e�ects of the
�uid environment on the movements of the tip, scanned in a three-dimensional (3D), to
characterize its structure near the substrate. The �nal goal would be to obtain, through that
indirect measure, the density distribution of the liquid near the surface. However, the presence
of the AFM tip represents a very strong intrusion so that, as in other scanning microscopy
techniques, a theoretical analysis is required to relate the force on the AFM tip to the structure
of the �uid near the substrate in the absence of the tip. Hence, the task of this second part
of the thesis is the development of a theoretically consistent and computationally workable
framework, which allows to connect the indirect measures of 3D-AFM with the structure
of the �uid near the substrate in the absence of the tip. Along this chapter we are going to
introduce the theoretical tools that we will use in the following chapters.

7.1 I N T R O D U C T I O N T O A F M

The Atomic Force Microscope was originally developed by Gerd Binning, Christoph Gerber
and Calvin Quate in 1986[4]. AFM allows to measure forces of the orders of piconewton[71] and
distances higher than 2 picometers[26]. It consists of a metallic structural element (cantilever),
which is carried out by a support, while at the end of the cantilever is �xed a sharp tip which
will scan the surface. The tip is included to improve the sensitivity of the AFM, normally it
has a height of 1 µm, allowing to describe the net force, generated by the substrate or/and
the environment, over the cantilever through the tip. The material and geometry of the tip
become crucial to analyze and interpret the results obtained, the most frequent geometry used
to model the shape is the spherical tip, with radius Rt .

The de�ection of the cantilever is measured by a laser beam focalized at the free end of the
cantilever, where the tip is placed. The re�ected beam is collected by a photodetector, with
four quadrants well de�ned (A, B, C, D), to relate the re�ection of the laser beam with the
normal and transversal de�ection of the cantilever.

Among the di�erent measurement techniques developed for AFM, the oscillatory mode is
performed by exciting the cantilever to one of its resonance frequencies, where the sensitivity
to small changes in the environment is maximum. The observables are the amplitude of the
oscillation and its frequency. Di�erent techniques, like frequency modulation and amplitude
modulation[9], are used to feedback on the exciting force, which could be produced by
acoustic, piezoelectric, or phototermic e�ect, with a modulated laser localized on the base
of the cantilever. A xyz piezo scanner, based on a piezoelectric ceramic which respond to
an external voltage expanding or contracting in the three spatial component, is used for
the 3D displacements. Those components (cantilever, laser diode, photo-detector and xyz
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piezo scanner) are the main components of the AFM. Depending of each microscope their
characteristics may change, but we do not analyze them further.

7.1.1 afm observables

The oscillations of the cantilever present several eigenmodes and the geometry and materials
of the cantilever are crucial to analyze and to interpret the results. However, its dynamics is
usually described as a single frequency resonance w0, of a point mass with a static spring
constant

k =
Ecdt

3

4L3
; (7.1)

where Ec is the Young’s modulus of the material and d, t and L corresponds to the width,
thickness and length of the cantilever. Although the commercial �rms play with those free
parameters to cover a range of k ∈ (0.01,80) nN/mm, the exact value of k in the experimental
set up is determined by the thermal noise method [44] or Sader’s methods[33]. The e�ective
mass m∗ takes into account the environment, thus leads to a reduction in a factor of 3− 4 the
resonance frequency of a cantilever,

w0 =

√
k
m∗

; (7.2)

between ultra-high vacuum regime and water. The damping coe�cient γ takes into account
the friction produced by the environment along the movement, and it is related to the quality
factor

Q =
m∗w0

γ
; (7.3)

which gives the band-width of the thermal noise spectral density, whit a Lorentzian shape.
The quality factor in vacuum is of the order of 104, in air 100− 500 and in liquids 2− 25.
This lead to a much better contrast in vacuum than in liquids.

7.1.2 dynamic mode: amplitude modulation afm

In operation the cantilever would be a�ected by extra forces, originated by the substrate
and/or the environment; the amplitude, frequency and phase of their oscillation would depend
of those external forces, so that the observed motion of the cantilever is analyzed as the
solution of the corresponding Newton equation of a forced oscillator

m∗
∂2Z(t)

∂t2
+ 2m∗γ

∂Z(t)

∂t
+ k(Z(t)−Zc)− fex(Z(t)) = fpz(wt); (7.4)

where the dissipative contribution is included as proportional to the instantaneous velocity1,
Zc corresponds to the equilibrium point of the cantilever, fex(Z(t)) to the external force
produced by the substrate or/and the environment and fpz to the oscillating external force
of the piezoelectric, the frequency of the oscillation is normally the same that the resonant
frequency w0 of the cantilever, fpz is given by

fpz(wt) = fd cos(w0t); (7.5)

1 Although the damping coe�cient should depend on the position, i.e. γ(Z), for realistic AFM set up this dependence
is nearly negligible as we will see in section 7.5.



83

where fd gives the amplitude of the piezoelectric force and it determines the amplitude
A0 = fd/kQ of Z(t) in absence of fex(Z(t)). At that limit the steady-state solution of Eq.7.4
is given by

Z(t) = A0 cos(w0t+φ),

where φ represents the phase di�erence between the cantilever oscillations and the piezoelec-
tric force. By convention, the phase shift at resonance is always taken as 90.

When the tip approaches the substrate and fex(Z(t)) is non negligible, we describe the
steady state oscillations of Eq.7.4 by

Z(t;Zc) = A(Zc)cos (w(Zc)t+φ(Z(t))) . (7.6)

where Zc corresponds to the equilibrium point of the cantilever. Therefore, the observed
amplitude, frequency and phase depend functionally of Zc, through the external force fex.
That dependence could be obtained directly by solving numerically Eq.7.4 until the steady state
is reached, or following Giessibl [31] it could be obtained the frequency shift ∆w = w(Zc)−w0
by

∆w(Zc) = −
w0

kA2
0

〈fex(Zc+ q(t))q(t)〉T0 ; (7.7)

where T0 is the oscillation period of the unperturbed spring, i.e where fex is negligible, and
q(t) = A0 cos(w0t+φ). Therefore, once we know ∆w, and consequently w(Zc), we could
obtain the amplitude and phase shift as

A(Zc) =
A0√

1+
(
2∆ww0+∆w2

2γ

)2 ≈ A0

1− 2(
Q∆w
w0

)2+O(∆w4); (7.8)

φ(Zc) = arctan
(
(w(Zc)

2 −w2
0)

2γw0

)
≈ arctan

(
2Q∆w
w0

)
+O(∆w2). (7.9)

Where a �rst order expansion allows to observe the general trends. The amplitude will be
always lower than the unperturbed one, A(Zc) ≤ A0, as the cantilever is moved out of its
resonance; but without revealing any information about the sign of ∆w. While, the phase
shift φ(Zc) depends strongly on the frequency shift and it presents a linear dependence with
it. Consequently, the phase shift is the main observable to obtain direct information about the
force.

Since the phase shift is given by the external force fex(Z(t)), Eq.7.7, becomes crucial to
obtain this external force over the tip to describe the experimental AFM results. As we are
interested in the 3D-AFM technique in �uids, and the external force that measures, it includes
the direct interaction between the tip-substrate and the force produced by the liquid close to
the substrate. We have to describe accurately the interface between the tip and the substrate,
which produces the liquid contribution to the force. Here we will describe this interface
through the Density Functional Theory and we will focus on its contribution to the force,
since the direct interaction between the tip-substrate will only a�ect to the lower distances
and will produce a divergence, in the force, when the tip collides with the substrate.
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7.2 D E N S I T Y F U N C T I O N A L T H E O R Y : I N T R O D U C T I O N

Density Functional Theory (DFT) arises from the pioneer works of van der Waals. He was
the �rst to describe the equilibrium density pro�le in a liquid surface as the solution of an
Euler-Lagrange equation for ρ(z) that minimizes an excess Helmholtz free energy. Nowadays,
Density Functional Theory has been formalized and extended, keeping the original ideas of
van der Waals, and incorporating the main elements of Landau theory for inhomogeneous
distributions of an order parameter, as well as the concepts developed in the theory of simple
liquids, like the total and direct correlation functions.

DFT for systems with classical statistics [22] establishes that for any given temperature
(β = 1/kT ) and pair molecular interaction potential energy, there is a unique intrinsic free
energy F [ρ], which depends functionally on the density distribution ρ(~r). Thermodynamics
relates the intrinsic free energy with the grand potential energy Ω[ρ], in presence of any
external potential, V (~r), and in contact with a reservoir of particles at chemical potential µ
through

Ω[ρ] ≡ F[ρ] +
∫
d~rρ(~r)(V (~r)−µ); (7.10)

DFT predicts that the equilibrium density pro�le is such that minimizes the grand potential
energy given in Eq.7.10. That minimum (Euler-Lagrange) condition gives

∂Ω[ρ]

∂ρ(~r)
≡
∂F[ρ]

∂ρ(~r)
+V (~r)−µ= 0. (7.11)

Hence, if we know the intrinsic free energy F [ρ], which contains in its (non-local) functional
dependence all the interactions and correlations of the system at equilibrium, we may obtain
the corresponding equilibrium density distribution for whatever external potential by solving
Eq.7.11. However, the explicit form of the intrinsic free energy F[ρ] is in general unknown,
except for simple cases like the ideal gas or the 1D system of Hard Rods [70].

The ideal gas corresponds to the dilute limit where we could neglect the pair molecule
interaction potential energy. At that limit Boltzmann law may be applied separately for each
molecule or particle, which leads to the equilibrium density pro�le

ρ(~r) = e−β(V (~r)−µ);

and from Eq.7.11 it is obtained that the functional derivative of Fid [ρ] is

∂Fid [ρ]

∂ρ
=

1
β
lnρ(~r),

consequently

βFid [ρ] =

∫
d~rρ(~r)(lnρ(~r)− 1). (7.12)

The local dependence of this expression on ρ(~r), i.e. the fact that it does not mix the density
at two di�erent points, translates in the local dependence of the equilibrium distribution
with respect to the external potential V (~r). The molecular interactions break that locality,
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so that a change in V (~r), at a given point ~r produces a change in the equilibrium density
ρ(~r ′) for ~r ′ , ~r . To capture that e�ect the free energy density functional has to include the
non-local dependence that couples the values of ρ(~r) and ρ(~r ′) for (at least) |~r −~r ′ | within
the interaction range, and often far beyond it.

We split the intrinsic free energy in the (exact) ideal gas contribution plus an excess free
energy Fex[ρ], that takes into account ( in an approximate way, except for very few cases) the
contribution of the pair molecular interaction energy. Hence

βF[ρ] = βFid [ρ] + βFex[ρ] ≡
∫
d~r

{
ρ(~r)(ln(ρ(~r))− 1) +Φex([ρ];~r)

}
; (7.13)

where the local density of the excess contribution, Φex([ρ];~r), is represented as a functional
of ρ(~r) and, through it, a function of ~r to be integrated over the whole volume of the system.
It should be remarked that di�erent Φex([ρ];~r) could lead to the same Fex[ρ], as there is not
a unique way to separate the total energy Fex[ρ] in terms of local contributions Φex([ρ];~r).
However, this representation is useful to capture the local thermodynamic limit in which
Φex([ρ];~r) should become homogeneous and equal to the thermodynamic value of Fex(ρb)
per unit volume, in any large enough bulk region with constant ρ(~r) = ρb.

In practice, to use DFT we should design some (computationally workable) approximation to
Φex([ρ];~r) that includes, as accurately as possible, the contributions of the pairwise interaction
energy. Usually, in simple liquids the pairwise potential u(|~r −~r ′ |) is split in a repulsive term
urep(|~r −~r ′ |), which would describe the entropic contribution to the system due to the non-
overlap of the molecules, and a soft attractive uat(|~r − ~r ′ |) which describes the energetic
contribution of the direct interaction between neighbors. Hence, we could split

Φex([ρ];~r) = Φex;S([ρ];~r) +Φex;E([ρ];~r), (7.14)

whereΦex;S([ρ];~r)would represent the entropic contribution (repulsive term), whileΦex;E([ρ];~r)
is the local energy associated with the attractive interaction. This splitting is normally referred
as a generalized van der Waals approximation.

7.2.1 the direct correlation function, c(r)

Density Functional formalism relates Fex[ρ] to the direct correlation function evaluated at
bulk c(r,ρb), for any system with classical statistics [22] by

∂2βFex[ρ]

∂ρ(~r1)∂ρ(~r2)

∣∣∣∣∣∣
ρb

= −c(|~r1 −~r2|,ρb). (7.15)

This exact result, allows to evaluate any approximation to Fex[ρ], by using the original
de�nition of c(r,ρb) through the Orstein-Zernike equation evaluated at bulk, which relates
c(r,ρb) to the total correlation function h(r,ρb) ≡ g(r,ρb) − 1. Within DFT h(r,ρb) could
also be obtained by the test-particle route that �xes the position of one molecule and solves
the Euler-Lagrange equation using V (r) as an external potential which acts over the bulk
�uid. The equilibrium pro�le obtained should be given by ρ(r) ≡ ρb(1+ h(r,ρb)). Hence,
we could obtain h(r,ρb) by two di�erent routes which should lead to the same result if we
use the exact Fex[ρ].
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Besides, Eq.7.15 allows to approximate Fex[ρ] as a functional Taylor expansion in term of
∆ρ(~r) = ρ(~r)− ρb, which in general is given by

βFex[ρ] = βFex[ρb]+βµex(ρb)

∫
d~r∆ρ(~r)−1

2

∫
d~rd~r ′c(|~r−~r ′ |,ρb)∆ρ(~r)∆ρ(~r ′)+O(∆ρ(~r)3)

(7.16)

where Fex[ρb] and µex(ρb) could be obtained directly from the equation of state, while c(r,ρb)
could be obtained from the bulk correlation structure, for which the theory of liquids has
developed excellent approximations. For instance, the Percus-Yevick approximation for the
direct correlation function in a bulk system of hard spheres gives

cP Y (r,ρb) = −
(1+ 2η)2

(1− η)4
+ 6η

(1+ η/2)2

(1− η)4

(
r
dHS

)
−
η

2
(1+ 2η)2

(1− η)4

(
r
dHS

)3
; (7.17)

if r < dHS and 0 otherwise. Where dHS represents the diameter of the hard spheres and
η = πρbd

3
HS/6 the corresponding packing fraction. As hard spheres represent a system

whose pairwise interaction is purely repulsive and spherically symmetric, replacing cP Y (r,ρb)
into Eq.7.16 will lead to an accurate approximation of a pure entropic Fex[ρ] , i.e Φex;S([ρ],~r),
that reproduces correctly βFex[ρ] for systems with weak variations of ρ(~r), and (hopefully)
still reasonably well for large variations.

On the other hand, the contribution to the excess free energy of the attractive part of the
pair potential uat(|~r −~r ′ |) could be approximated by a mean �eld description[23], i.e.

Fex;E [ρ] =
1
2

∫
d~rd~r ′ρ(~r)ρ(~r ′)uat(|~r −~r ′ |); (7.18)

which may be interpreted as an external potential generated by the particle at ~r ′ that a�ects to
a molecule at ~r . That external potential is given by

∫
d~r ′ρ(~r ′)uat(|~r−~r ′ |) and the factor 1/2

arises from avoiding the double counting of pair interaction. It may be noticed that Eqs.7.18
and 7.16 are equivalent if we use that c(|~r −~r ′ |,ρb) = −uat(|~r −~r ′ |), i.e mean �eld approach
is exactly reproduced by its Taylor expansion at second order, since it assumes that Fex;E has
a purely quadratic functional dependence in ρ(~r) .

7.2.2 fundamental measure theory for a hard spheres fluid

Of the two approaches presented above for the excess free energy density functional, the mean
�eld treatment of attractive interactions Fex;E by Eq.7.18 is in practice, with a wise choice for
the e�ective attractive potential, an excellent approximation for practical uses of the DFT.
However, for the hard sphere cores the approach to Fex;S given by Eq.7.16 using cP Y could be
improved with density functional approximations that, still built from the thermodynamics
and correlation structure in bulk systems, give a better description of the entropic contribution
for strongly inhomogeneous density distributions. The two main lines of improvement to
describe hard sphere �uid are known as Weighted Density Approximation (WDA) [63] and
Fundamental Measure Theory (FMT). The latter, originally proposed by Rosenfeld in 1989[79],
evolved over the next decade in re�ned versions of the theory that eliminates some pitfalls
and it was �nally clear that the scheme proposed by FMT is qualitatively superior to any WDA
version, although its technical complexities made FMT kind of unfriendly for some potential
users, compared with the WDA. However, the accuracy of FMT makes worth the e�ort to
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deal with those technical details, and we will introduce here its essential concepts for the
non-local dependence in FMT, and give the functional form of the Dimensional Interpolation
version of FMT (DI-FMT)[84], which eliminates the troubles of the original version of FMT
for highly structured 3D systems.

FMT relies, as the main non-local measure for the density distribution, on the dimensionless
packing fraction

η(~r) ≡
∫
d~r ′ρ(~r +~r ′)Θ(|~r ′ | −R); (7.19)

where Θ represents the Heaviside function and R= dHS/2 the molecular radius. In a bulk
phase the packing fraction is given by η = 4πρR3/3= πρd3HS/6, therefore, it represents the
ratio of volume occupied by the HS molecules respect to the total accessible volume. For any
inhomogeneous distribution the local packing fraction �eld η(~r) gives the probability that,
over the equilibrium distribution with mean density distribution ρ(~r) the point ~r happens
to be inside one of the hard sphere cores; consequently, the packing fraction should not be
allowed to take values greater than 1 at any position.

The non-local weight Θ(|~r ′ | −R) in the packing fraction has the radius of a single hard
sphere molecule, rather than that of the Mayer function (twice as large) used to get the
excluded volume and the non-local weights in WDA and other approaches. That is the most
distinctive assumption of FMT and the free energy density ΦFMT ([ρ];~r) is assumed to depend
locally on η(~r) and other non-local �elds, described as convolutions of ρ(~r) with weights
always related to the characteristic geometry of a single molecule.

One of those weights is related with the molecular surface weight function, w(~r), leading
to a surface weighted density n(~r), which in 3D system would take the form

n(~r) ≡
∫
d~r ′ρ(~r +~r ′)w(~r ′) =

∫
d~r ′ρ(~r +~r ′)

δ(|~r ′ | −R)
4πR2 . (7.20)

For hard rods in one dimension (1D) the exact free energy density functional, obtained by
Percus in 1976[70], may be reproduced in term of the two scalar �elds η(x) and n(x) in the 1D
versions. However, Rosenfeld realized that a convolution with the 3D Mayer function for HS
f (x) ≡Θ(|x| − dHS) cannot be reproduced using only convolutions of η(~r) and n(~r). To get
that Rosenfeld included in its original description a vector weighted density, ~v(~r), associated
to the vector weight

~v(~r) ≡
∫
d~r ′ρ(~r +~r ′)~w(~r ′) =

∫
d~r ′ρ(~r +~r ′)~r

δ(|~r ′ | −R)
4πR3 . (7.21)

With the set {η(~r),n(~r),~v(~r)} Rosenfeld proposed a function

ΦFMT ([ρ];~r) ≡ −n(~r) ln(1−η(~r))+4πR3n(~r)
2 − ~v(~r) · ~v(~r)
1− η(~r)

+
8π2R6

3

(
n(~r)2 − 3 ~v(~r) · ~v(~r)

)
(1− η(~r))2

,

(7.22)

that reproduces the Percus-Yevick direct correlation function[80], Eq.7.17. This original FTM
version gives excellent results in systems in which the inhomogeneity may be very strong,
but restricted to one dimension, as in a dense HS �uid in contact with a hard planar wall[86].

Nevertheless, the original FTM failed qualitatively to reproduce systems in which the
density distribution changes sharply along more than one direction, like in a 3D �uid con�ned
within a very narrow tube that should become equivalent to a 1D system of hard rods, and in
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the description of the 3D HS crystal as a self-maintained inhomogeneous distribution made
of narrow peaks at the lattice sites. That poor performance of the theory arises from the
de�nition of n(~r) and ~v(~r) through delta shells, whose overlap produces strong divergences,
tamed only through a careful design of how they are assembled into the function ΦFMT . The
development of the DI-FMT clari�ed the origin and modi�ed FMT to describe correctly HS
crystal[84], proposing an intrinsic excess energy which could also be applicable to systems in
lower dimensions, described as extremely inhomogeneous 3D distributions of density, in what
is called the dimensional crossover requirement for a DF approximation[87]. In the original
FMT version, the third term in Eq.7.22 contains a negative divergence at its crossover to 1D,
while the exact 1D functional of Percus would be recovered if that term were eliminated.
Hence, the third term should be modi�ed and the development of the cavity theory (the zero
dimension limit) by Tarazona and Rosenfeld [88], led to the correct expression of that third
term, that requires a tensor weight which de�nes the tensor �eld Tα,β(~r) by

Tα,β(~r) ≡
∫
d~r ′ρ(~r +~r ′)

r ′αr
′
β

R2
δ(R− |~r ′ |)

4πR2 . (7.23)

Notice that n(~r) is equivalent to the trace of the tensor pro�le Tα,β . To recover the 3D Percus-
Yevick direct correlation and the exact free energy at 1D and in the 0D limit, de�ne a unique
combination of {η(~r),n(~r),~v(~r),T (~r)} known as DI-FMT functional form

ΦDI-FMT([ρ];~r) = −n(~r) ln(1− η(~r)) + 4πR3n(~r)
2 − ~v(~r) · ~v(~r)
1− η(~r)

+

+12π2R6

(
~v(~r) · T (~r) · ~v(~r)−n(~r) ~v(~r) · ~v(~r)− T r[T 3(~r)] + n(~r) T r[T 2(~r)]

)
(1− η(~r))2

.

(7.24)

The original proposal Eq.7.22 is recovered if we approximate T as a fully isotropic tensor,
whose diagonal terms are equal to n(~r)/3 to keep it trace.

To use the DI-FMT for the entropic contribution for a HS model, we split the pairwise
potential interaction into a pure repulsive term, which would be described by DI-FMT, and
an attractive potential uat(|~r − ~r ′ |) whose excess contribution could be treated with the
MF approximation. Thus, we would have a description of the full grand potential density
functional as

βΩ[ρ] =

∫
d~rρ(~r) (βV (~r)− βµ) +

∫
d~rρ(~r) (ln(ρ(~r))− 1)+

+

∫
d~r ΦDI-FMT([ρ],~r) +

1
2

∫
d~r d~r ′ρ(~r)ρ(~r ′)βuat(|~r −~r ′ |);

(7.25)

that includes exactly the ideal gas contribution, very accurately the entropic contribution of
HS �uids by DI-FMT, while the attractive interactions, or the soft long-ranged repulsions in
electrolytes, are included with a fair quantitative accuracy through the MFA.

7.3 D E N S I T Y F U N C T I O N A L T H E O R Y F O R M I X T U R E S

Section 7.2 introduced the grand potential density functional for monocomponent �uids
Eq.7.10, and described the di�erent approaches to it, concluding with Eq.7.25, which would
describe accurately the ideal and entropic contribution and quantitatively the contribution of
the attractive part of the molecular interaction. However, to describe multicomponent �uids
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we should generalize the grand functional for monocomponent �uids in terms of the density
distributions in a n-component �uid

ρ(~r) = (ρ1(~r),ρ2(~r), ...,ρn(~r)) ;

as a vector of the monocomponent densities.
As for monocomponent systems, multicomponent systems for any given temperature and

pairwise molecular interaction energy exists a unique intrinsic free energy F[ρ]. Which
equivalently to the monocomponent case, we may relate it to a grand potential functional of
ρ given by

Ω[ρ] = F[ρ] +
n∑

ν=1

∫
d~rρν(~r) (Vν(~r)−µν) ; (7.26)

where Vν and µν are the corresponding external potential and chemical potential for the ν
component. DFT predicts that the equilibrium density pro�le ρ is that which minimizes their
associated grand potential, Eq.7.26. Thus leads to a set of Euler-Lagrange equations

∂Ω[ρ]

∂ρν(~r)
=

∂F[ρ]

∂ρν(~r)
+Vν(~r)−µν = 0, ν = 1, ...,n. (7.27)

As in section 7.2 the intrinsic free energy F[ρ] could be split in the ideal gas contribution Fid [ρ]
and an excess contribution Fex[ρ]. Following an equivalent pathway that in monocomponent
systems leads to

βFid [ρ] =
n∑

ν=1

∫
d~rρν(~r) (ln(ρν(~r))− 1) ; (7.28)

Also, if we split the pairwise potential uν,ι(|~r−~r ′ |) = uν,ιrep(|~r−~r ′ |)+uν,ιat (|~r−~r ′ |), separating
the entropic contribution Fex;S [ρ] with the local energy contribution Fex;E [ρ] associated with
attractive interactions, could be approached the local energy contribution by a mean �eld
approach obtaining

Fex;E [ρ] =
n∑

ν,ι=1

1
2

∫
d~rd~r ′ρν(~r)ρι(~r

′)uν,ιat (|~r −~r ′ |). (7.29)

Then, the grand potential given by Eq.7.26 could be approximated by

βΩ[ρ] = β
n∑

ν=1

∫
d~rρν(~r) (Vν(~r)−µν) +

n∑
ν=1

∫
d~rρν(~r) (ln(ρν(~r))− 1)+

+
n∑

ν,ι=1

1
2

∫
d~rd~r ′ρν(~r)ρι(~r

′)βuν,ιat (|~r −~r ′ |) + Fex;S [ρ];
(7.30)

where Fex;S [ρ] describes correctly the entropic contribution.
However, the extension of DI-FMT to multicomponents is not as simple as the MFA, Eq.7.29,

and it depends on whether the HS mixtures are additive or non-additive. The relevance of that
additive property arises through the e�ective diameter de�nition for each pair of molecules,

dHS;ν,ι =
1
2
(dHS;ν,ν + dHS;ι,ι)(1+∆ν,ι); (7.31)
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where ∆ν,ι = 0 describes additive HS �uids. An excellent review of the generalized version
of FMT in monocomponet to multicomponent systems could be found in [86]. However, we
would not include here since we would consider only in chapter 9 a HS mixture �uid with
additive and equal diameters. That model allow us to describe the entropic contribution by
DI-FMT for multicomponent as that of the monocomponent system with the total density, i.e
ΦDI-FMT([

∑n
ν=1ρν ];~r). Hence, we will use the grand functional given by

βΩ[ρ] = β
n∑

ν=1

∫
d~rρν(~r) (Vν(~r)−µν) +

n∑
ν=1

∫
d~rρν(~r) (ln(ρν(~r))− 1)+

+
n∑

ν,ι=1

1
2

∫
d~rd~r ′ρν(~r)ρι(~r

′)βuν,ιat (|~r −~r ′ |) +
∫
d~r ΦDI-FMT([

n∑
ν=1

ρν ];~r);

(7.32)

where ΦDI-FMT is given by Eq.7.24.

7.3.1 direct correlation functions for mixtures

Although we have assumed a relatively simple model, with an additive mixture of HS �uid
with equivalent radius, to reduce the complexity of the grand potential functional Ω[ρ], the
problem to deal with the 3D geometry of the substrate and the tip is computationally still very
demanding. Therefore, we will also explore the results with a simpli�ed version of the entropic
contribution. As in section 7.2.1 we could approximate Fex;S [ρ] as a Taylor expansion over
the bulk density, in the monocomponent case is given by Eq.7.16 while in a multicomponent
system would be given by

Fex;S [ρ] = Fex;S(ρb)+
n∑

ν=1

µex;ν(ρv;b)

∫
d~r∆ρν(~r)−

1
2

n∑
ν,ι=1

∫
d~r d~r ′ ∆ρν(~r)cν;ι(|~r−~r ′ |)∆ρι(~r ′);

(7.33)

where cν;ι(|~r −~r ′ |) is the direct correlation functions, for each pair of components, evaluated
at bulk, i.e.

∂2F[ρ]

∂ρν(~r)∂ρι(~r ′)

∣∣∣∣∣∣
ρb

= −cν;ι(|~r −~r ′ |),

or through the Orstein-Zernicke equation evaluated at bulk. This functional approach is
known as the Hyper-Netted-Chain (HNC) approximation, and we use it to explore the balance
between the accuracy and computational cost between FMT and HNC, for the prediction of
the force over the AFM tip.

7.4 C H A R A C T E R I S T I C D E C AY S O F T H E D E N S I T Y P R O F I L E

Herein, we will introduce a general result of DF, related to the characteristic decays of the
density pro�le, which will be crucial for the analysis of the AFM, chapters 8 and 9.

By the test-particle route we have that the equilibrium density pro�le is given by ρ(~r) ≡
ρb(1+ h(~r;ρb)), the characteristic decays of the density pro�le are the same than h(~r;ρb)
[19] given by

h(~r;ρb) = c(|~r |;ρb) + ρb
∫
d~r ′c(|~r −~r ′ |;ρb)h(~r ′;ρb); (7.34)
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where c(|~r |;ρb) is the direct correlation function. The Fourier transform of this relationship
takes the simple form

ĥ(q) =
ĉ(q)

1− ρbĉ(q)
. (7.35)

Since the Fourier transform of a spherically symmetric function is given by

f̂ (q) = 4π
∫ ∞
0
dr r2f (r)

sin(qr)
qr

,

and its inverse is

f (r) =
1

2π2

∫ ∞
0
dq q2f̂ (q)

sin(qr)
qr

.

Eq.7.35 gives

h(r;ρb) =
1

2π2

∫ ∞
0
dq q2

ĉ(q)

1− ρbĉ(q)
sin(qr)
qr

. (7.36)

For short-ranged external potentials Eq.7.36 leads to that the complex plane pole α ≡ αr+ iαi ,
which characterize the asymptotic behavior of r h(~r;ρb), satis�es that

1− ρbĉ(α) = 0,

which is equivalent to

1= 4πρb

∫ ∞
0
dr r2c(r)cosh(αir)

sin(αrr)
αrr

, (7.37)

and

1= 4πρb

∫ ∞
0
dr r2c(r)cos(αrr)

sinh(αir)
αir

. (7.38)

Therefore, for any system the characteristic decays of the density pro�le towards the bulk
phase, α = αr+iαi , could be obtained by Eq.7.37 and 7.38 once we know the direct correlation
function2. These equations often have a large set of solutions of which, that with the slowest
decay (smallest αi ) gives the truly asymptotic decay mode, but others with faster decay still
may be dominant over the relevant range of distances, as it happens for inhomogeneous
density distributions [89].

7.5 C O N N E C T I N G 3 D - A F M A N D D F T

In the section 7.1 of this chapter, we introduced the basic scheme of AFM, concluding with
the dynamical equation of the AFM Eq.7.4, which depends on the key parameters of the
AFM setup, {fpz(wt),k,m∗}, and the parameters which characterize the environment that
surrounds the AFM tip, as the external force fex(Z) and the damping coe�cient γ . The
damping coe�cient γ at bulk could be obtained directly from the quality factor, which is

2 Althought this proof is performed for monocomponent systems, it could be generalized for multicomponent
systems.
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experimentally accessible, but we should consider its possible changes as the tip goes closer
to the substrate. Theoretically, the force calculated through a DFT analysis could be directly
related to the experimentally measured force, at each position of the tip, in a quasi-static mode
of the AFM, and that would make irrelevant any change in the damping coe�cient. However,
that method is not practical for our purposes, the sensibility of the AFM in the static mode
cannot discern the small forces created by the liquid structure near the substrate. It is only
through the enhanced sensibility of the AFM oscillations near their resonance that we may
get the e�ects of the solvent in the experimental AFM observables, {∆w(Zc),Φ(Zc),A(Zc)}
section 7.1.2, and that is the route we will follow in our modeling of that �uid environment.

To analyze the roles of the external force and the damping coe�cient we use the charac-
teristic dynamic time of the system. The typical frequency of an AFM cantilever is of the
order of fcant ∼ (8− 5) 105 hz, i.e τcant ∼

(
10−6 − 10−5

)
s. At molecular level, the character-

istic time of the �uid is given by the di�usion coe�cient, i.e τD ∼ 10−10 s. The di�erence
between these two characteristic times, by several orders of magnitude, proves that at the
molecular level the �uid �nds its equilibrium distribution for each instantaneous position
of the cantilever tip. Hence, if we denote ρst(~r,Zc) as the equilibrium density pro�le of the
�uid for a given position of the cantilever tip, Zc, we could expect that the external force is
given by fex(Zc(t)) = −

∂Ω[ρst(~r,Zc)]
∂ZC

. The damping coe�cient γ should also depend on the
position of the cantilever and this dependence could be estimated through an equation similar
to Eq.7.7 but with ∂q(t)

∂t instead q(t). However, as the typical frequencies of the cantilever are
low, this excess is nearly negligible respect its bulk value. Giving support to the assumption
that the hydrodynamic e�ects could be neglected in the theoretical description of realistic
experimental setups.

7.6 P R E V I O U S S TAT E O F A R T

Along this section we will present the previous theoretical attempts [1, 60, 96] to relate the
external force with the equilibrium density pro�le generated around the substrate, without
the in�uence of the tip, ρs(~r). All of them could be encompassed as approximations to
Ω[ρst(~r,Zc)], with the external force obtained as fex(Zc(t)) = −

∂Ω[ρst(~r,Zc)]
∂ZC

.
In [96] and [60] van Megen et al. approximate βΩ[ρst(~r,Zc)] by − log(ρs(Zc)) leading to

fex(Zc) =
1

βρs(Zc)

∂ρs(Zc)

∂Zc
; (7.39)

This approach reminds of the ideal contribution to the free energy, and assumes that the
external force is related to the local density of the �uid at the position of the AFM tip3. This
should be regarded as an idealization, which neglects that the presence of the AFM tip close
to the substrate represents a really strong intrusion, that leads to a signi�cant change of the
density pro�le around the substrate beyond its local structure.

Hence, if we want to describe in a more realistic way the in�uence of approach the AFM tip
to the substrate, we should describe Ω[ρst(~r,Zc)] more precisely than by its ideal contribution.
Recently, Amano et al. in [1] described the Ω[ρst(~r,Zc)] within the hypernetted-chain closure
approach (HNC), where the excess free energy is given by Eq.7.16, representing the cantilever
tip as a tagged solvent molecule. As we have seen, the HNC approach is a quadratic expansion

3 This proposal was originally supported by the similar decays that presents fex(Zc) and ρ′(z). However, as we
will see, the relationship between fex(Zc) and ρ′(z) is through non-local convolutions rather than local.
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of the excess free energy Fex[ρ] respect to the bulk in terms of ∆ρ, would not describe correctly
large variations of the density pro�le over the bulk value. For instance, the HNC would not
restrict that the packing fraction η(~r) could not be larger than 1, as does not present weak
divergent terms as the described by DIFTM, section 7.2.2. Hence, the HNC should be considered
as an approach to Ω[ρ] which underestimates the free energy cost of very high values of
the local density, and it would not describe correctly systems when the approach of the tip
represents a really strong intrusion that enhances the oscillatory structure of the �uid density
pro�le, when the tip is relatively close to the substrate. Therefore, the HNC description of
the system should be robust at a large relative distance between the AFM tip and substrate.
However, it should fail at lower distances than a characteristic distance dc, being dc unknown
and Amano et al. in [1] did not describe how could be computed or estimated it.

Hence, the previous theoretical attempts[1, 60, 96] may describe correctly the system at
a relative large distance between the cantilever tip and substrate. However, there not exist
a reasonable and workable way to de�ne the range where HNC is accurate. For this reason,
we will describe the systems by the most successful approach of the entropic contribution to
the excess free energy, DIFMT, which will describe correctly the whole system at mostly all
the relative distance. Those results will be compared with the predictions of HNC4, �nding
a reasonable and feasible route to compute or estimate when the results predicted for HNC
would not be correct.

4 With a more realistic description of the tip than the proposed by Amano et al. [1], which assumed the cantilever
tip as a tagged solvent molecule.



8
AT O M I C F O R C E M I C R O S C O P E I N P U R E LY E N T R O P I C F L U I D S

Our goal is to develop a closed and workable framework to relate the experimental 3D-AFM
results to the structure of the �uid near the substrate in the absence of the AFM tip. As it
was introduced in section 7.5, we would describe the movement of the AFM tip as a forced
spring, Eq.7.4, the force on the AFM tip f (~rc(t)) is assumed to be quasi-static, calculated
from the derivative of the grand potential Ω(~rc(t)) = Ω[ρ[~rc(t)]], where ρ[~rc(t)] is the
equilibrium density distribution of the �uid at a given cantilever position ~rc(t) with respect
to the substrate. We want to obtain, from that force, information on the structure of the �uid
ρs(~r), generated by the substrate without the in�uence of the tip. Therefore, we should try
and relate Ω(~rc(t)) with ρs(~r), in the most quantitative way that it is possible. This objective
is clearly far from being trivial and we should start analyzing the simplest cases, for which
we may hope to extract conclusions which could be more general. Keeping that in mind, we
will analyze �rst a system with the following assumption:

- In practice, a general and crucial requirement is that the DFT problem is computational
workable. The theoretical analysis of a rough substrate, with the tip located at any
point ~r(t) as in 3D-AFM, could only be a�orded with simpli�ed density functional
approximations [1, 60, 96], but we may test their validity with simpli�ed models that
assume planar substrates, to reduce the dimensionality of the DFT equations. With this
assumption, the force becomes a function f (zc(t)) of the normal distance of the tip to
the substrate, and the density distribution in the absence of the tip becomes a density
pro�le ρs(z).

- We assume a sphero-cylindrical geometry for the tip, that takes full advantage of the
planar substrate keeping axial (cylindrical) symmetry around the tip axis (normal to
the substrate). That would still allow us to explore the role of the tip radius in a more
�exible way than the assumption of the tip as a tagged solvent molecule [1].

- The grand potential energy as a density functional for multicomponent systems requires
more computational e�ort than the monocomponent case, hence we should start here
analyzing the problem for a monocomponent liquid.

- We would assume here a system in which the force of the liquid on the AFM tip is
purely entropic, with no e�ect from the attractive interactions between the molecules of
the liquid. That entropic contribution would be described by DI-FMT which is the most
successful DF approach, as to try and see how far can we go, with the most accurate
theoretical description of the complex problem.

Although strong, the above assumptions, sketched in Fig.8.1, still describe with semi-
quantitatively accuracy a large branch of real systems, since the main contribution to the
correlation structure of dense �uids comes precisely from the entropy of their molecular
packing, and the most intense signal in the AFM is related to the force normal to the substrate.

However, we want to remark that in the next chapter we will overcome the last two
assumptions, as we will study a multicomponent model with attractive interactions.

95
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Figure 8.1: Sketch of the tip-substrate geometry under the assumptions used here.

8.1 D E N S I T Y F U N C T I O N A L T H E O R Y A N D C A L C U L AT I O N S

As introduced in section 7.2, the grand potential functional of a hard sphere monocomponent
liquid is well described by

βΩ[ρ] = β

∫
d~r ρ(~r) (V (~r)−µ)+

∫
d~rρ(~r) (ln(ρ(~r)− 1))+

∫
d~r ΦDI-FMT([ρ];~r); (8.1)

where ΦDI-FMT is given by Eq.7.24. As a purely entropic system, it is well described by the
PY-compressibility equation of state for hard spheres with diameter dHS, that we take as length
unit dHS = 1. The chemical potential is given by

βµ= ln
(
ρb

1− ηb

)
+

14ηb − 13η2b + 5η3b
2(1− ηb)3

,

where ηb =
πρb
6 and ρb represents the bulk density of the HS �uid. The external potential

produced by the substrate on the molecule of the �uid is modeled as a LJ potential, with
parameters εs and σs, integrated over the z ≤ 0 region,

βVs(z) =
Us
2

[
(zs/z)

9 − 3(zs/z)3
]
,

where zs is the minimum and the depth is βV (zs) = −Us, we will use zs = 0.429 which
corresponds to take σs = 1. The value of Us, proportional to εs, represents the net attractive
e�ect of the dispersion forces from the dielectric contrast between the substrate and the liquid.
The potential of the tip over the �uid molecules is taken as a similar expression

βVt(~r) =
Us
2

[
(zs/d(~r))

9 − 3(zs/d(~r))3
]
,

but in terms of d(~r), de�ned as the minimum distance between the ~r position and the surface
of the sphero-cylindrical tip. In terms of the distance s to the tip axis, and the distance z to
the nominal plane of the substrate, the nominal surface of the tip is S(s,z) = (Rt,z) if z ≥ zc,
and S(s,z) = (

√
R2
t − (z − zc)2,zc) if z ∈ (zc −Rt,zc).
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Figure 8.2: Di�erent equilibrium pro�les, ρs(z), of the HS �uid in contact with the substrate are
presented. Black full line are the results forUs = 0.221 and green dotted line forUs = 2.21,
the di�erences between the equilibrium density pro�les obtained for each Us are relevant
at low z − zs and low density bulk ρb = 0.5, while for higher densities both equilibrium
density pro�les are nearly equivalent. These di�erences become negligible if we compare
the non-local packing fraction ηs(z), where the red dashed line corresponds to Us = 0.221
and blue dotted-dashed line to Us = 2.21.

Therefore, the total external potential would be βVst(~r,Z) = βVs(Zc)+βVt(~r), where we
keep the explicit dependence on the parameterZc = zc−Rt that represents the relative distance
between the tip and substrate, while the parametersUs,Ut andRt represent the characteristics
of the tip and the substrate. Therefore, the grand potential given by Eq.8.1 should depend on
Ω([ρ];Us,Ut,Rt,zc,ρb). We will explore di�erent tip radii to analyze the dependence with
the geometry of the tip; Rt = 0.5 represents an ideal tip whose radius is similar that of the HS
molecules, blunter tips with Rt = 1 and Rt = 2 will also be analyzed. The potential strength
of the substrate would be taken as Us = 0.221, that correspond to a molecular dielectric
contrast εs = 0.1 (in kT units), and Us = 2.21, equivalently εs = 1 but we may already
anticipate that we �nd no qualitative di�erences, since the main role of the substrate comes
through the repulsive wall potential. The attraction to the tip is �xed as Ut = 0.221. For the
liquid bulk density we take the values ρb = {0.4,0.45,0.5,0.55,0.6,0.65,0.7} that cover HS
�uids which their main peak in the structure factor lower and higher than that of water at
room temperature. Thus we may explore within our DFT the relevance of the correlation
structure in the liquid. The HS density ρb = 0.6 may be taken as the closest representation of
the actual structure of water, the most common liquid analyzed with AFM techniques.

As our assumption leads to an axial symmetric system, the density pro�le is described
by ρ(~r) = ρ(s,z). The grand potential given by Eq.8.1 would be minimized by a standard
conjugated gradient method, until obtaining
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Figure 8.3: The equilibrium density pro�le of the grand potential functional Eq.8.1 at di�erent tip-
substrate distances, Zc, are presented. Left panel corresponds to Rt = 2 while right panel
is an ideal tip, i.e. the tip has the same diameter than the hard sphere, Rt = 0.5. For each
panel, the right column represents the minimum of βU (Zc), where Zc takes the value
Zc = zc −Rt = 0,1.1 and 2.1 , while the left column corresponds to the maximum given
by Zc = 0.6,1.7 and 2.7.

∑Nz
iz

∑Ns
is

(
∂βΩ[ρ]
∂ρ(is,iz)

)2
2πNsNz

≤ 5 10−13,

with a binning∆= 0.05. Therefore, we consider βΩ[ρ]minimized when, in average,
∣∣∣∣ ∂βΩ[ρ]
∂ρ(is,iz)

∣∣∣∣ ≤
10−6 at each sampled point. The estimated error on the value of βΩ[ρ], associated to that
threshold in the numerical minimization, is lower than 10−6.

To include the boundary conditions 1 in the sphero-cylindrical box, we should �rst minimize
the density distribution of the �uid in contact with the substrate without the tip to get
ρs(s,z) ≡ ρs(z). Equivalently from the tip in the absence of the substrate we obtain ρt(s,z),
and we de�ne ρc(s) as ρc(s) = ρt(s,z→ 10) to represent the pro�le around the cylindrical
stem of the tip. When we calculate both, substrate and tip, we should impose that if s ≥ 10
then ρ(s,z) = ρs(z), equivalently if z ≥ 10 ρ(s,z) = ρc(s).

In Fig.8.2, we compare the equilibrium density pro�le ρs(z) for di�erent external potential
Vs(z), with strength Us = 0.221 (black full line) and Us = 2.21 (green dotted line), and we
do not observe large discrepancies between both density pro�les, and these di�erences are
almost negligible if we compare the associated non-local packing fraction ηs(z). Hence, we
may expect that the results obtained for Us = 0.221 are very similar to those for Us = 2.21.

1 The size of the �nite sphero-cylindrical box simulated is (s × z) = (10 × 10 )
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8.2 S U P E R P O S I T I O N A P P R O X I M AT I O N

As an initial guess to ρst(s,z;Zc), for the numerical minimization of βΩ[ρst;Zc], we used a
simple superposition approximation (SA),

ρsast (s,z;Zc) =
(
ρs(z)e

βVs(z) + ρt(s,z −Zc)eβVt(s,z−Zc) − ρb
)
e−βVs,t(s,z;Zc) =

= ρs(z)e
−βVt(z−Zc) + ρt(s,z −Zc)e−βVs(z) − ρbe−βVs,t(s,z;Zc);

(8.2)

based on the smooth behavior of ρ(~r)eβV (~r), contrary to the sharpness of ρ(~r). We found that
this SA is an excellent starting point for the minimization process of Eq.8.1, and that βΩ[ρsast ]
already gives a fairly good estimation for the minimum value of that grand potential for
tip-substrate distance of Zc ≥ 1. Only when the tip is close to the substrate the minimization
procedure lowers signi�cantly the value of βΩ, see the left panel of Fig.8.4 and Appendix D
for the tip radius Rt = 1.
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Figure 8.4: (Left panel)The free energy excess βU (Zc) associated with the approach of the tip over the
substrate given by Eq.8.3, with Rt = 2, Us = 0.221 and Ut = 0.221, ρb = 0.6 (bottom)
and ρb = 0.7 (top). Full black points correspond to the results obtained when we use
the equilibrium density pro�le ρst(s,z;Zc); Red full line are the results of the approach
ρst(s,z;Zc) ≈ ρsast (s,z;Zc), i.e using the superposition approximation Eq.8.2; and green
dashed line are the parametric �ts to βU (Zc) by Eq.8.4 whereαr andαi are the characteristic
decays of density pro�le.
(Right panel) The equilibrium results for the non-local packing fraction ηs(z) (brown line)
and density ρs(z) (red line) on the substrate (in the absence of the AFM tip), and their
asymptotic �ts with the oscillatory decays (dashed lines), Eq.8.5.

8.3 R E S U L T S A N D A S Y M P T O T I C A N A LY S I S

Once we have obtained the equilibrium pro�les, Fig.8.3, we should evaluate the free energy
excess, βU (Zc), produced when we approach the tip over the substrate. As the calculations
carried out do not describe the whole tip, when we approach the tip to the substrate we are
including part of the tip in the simulation box that previously was not taking into account.
Hence, we should subtract from βΩ[ρst [Zc]] the energy associated to include this part of the
tip on the box. As the free energy excess, per unit length of the cylinder, associated to the tip
isolate is ∆wc = (βΩ[ρc(s)] + P V )/Lc, being ρc(s) = ρt(s,z→ 10), and the tip length is
Lbox − zc = Lbox − (Zc+Rt) we should evaluate βU (Zc) as

βU (Zc) = βΩ[ρst(s,z;Zc)] + P V −∆wc (Lbox − (Zc+Rt)) ; (8.3)
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where P is the pressure of the system. The arbitrary origin of Zc is selected to describe by
Zc = 0 when the tip-substrate distance matches the positions of the �rst absorbed layer on
the substrate (i.e. the main peak in ρs(z)) with the similar layer on the tip apex. That origin
corresponds to a minimum of βU (Zc) as it is observed in the left panel of Fig.8.4. Since
βU (Zc) tends to βU0 for larger tip-substrate separation, Fig.8.4 presents βU (Zc) − βU0,
whose oscillatory structure is qualitatively similar to that observed in planar slits [29, 59, 81],
and it is well described by

βU (Zc)− βU0 ≈ −∆U e−αi(Zc−Z0)cos(αr(Zc −Z0)); (8.4)

where ∆U corresponds to the depth of the �rst minimum of βU (Zc), Z0 ≈ 0 respect to the
chosen origin of distance. The real and imaginary parts of the inverse decay lengths, αr and
αi , are numerically found to be very close to the characteristic decays in the density pro�le

ρs(z)− ρb ≈ ∆ρe
−αi(z−z0) cos(αr(z − z0)); (8.5)

determined by the correlation function in the bulk liquid, as introduced in section 7.4. In the
right panel of Fig.8.4 we compare ρs(z) (red full line) and ηs(z) (brown full line) with their
asymptotic �ts (dashed lines). And we obtain that the asymptotic �t describes accurately ρs(z)
for z − zs > 1.5, while for ηs(z) that agreement is obtained at lower distances z − zs > 0.5.

To relate the oscillatory structure of βU (Zc) with the density pro�le of the liquid, ρs(z),
generated by the substrate in the absence of the tip, we present in Fig.8.3 di�erent colored
maps of ρst(s,z;Zc). In each panel the right column corresponds to a tip-substrate distance
where βU (Zc) is a relative minimum, while the left column corresponds to the corresponding
maximum. As the major contribution to βU (Zc) is from the axial region, where the tip gets
closer to the substrate, we focus on the structure of the density pro�le along that axis, under
the tip. With that, we can extract a general trend to relate βU (Zc) with ρs(z), that in Fig. 8.3
corresponds (approximately) to ρst(smax,z;Zc) along the vertical right edges, far from the tip.
The relative minimum of βU (Zc) correspond to the values of Zc at which the density along
the axis, ρst(s = 0,z;Zc), under the tip is in phase with ρs(z); i.e both have the same color in
Fig.8.3. On the other hand, the maxima of βU (Zc) corresponds to a counter-phase situation
between ρst(s = 0,z;Zc) (under the tip) and ρs(z).

This trend allows us to relate the oscillatory structure of βU (Zc) with an interference
problem between ρs(z) and ρt(s,z;Zc). Regarding their structure as �elds justi�es the good
performance of the superposition approximation, and it relates the global minimum of βU (Zc),
i.e Z0, with the relative position of the �rst �uid layers of ρs(z) and in the tip. Therefore,
the magnitude which gives us information about ρs(z) is ∆U , instead the decays, which
are determined by the bulk properties of the �uid, section 7.4. Hence, approaches as those
proposed in [60, 96], that are based on the similar decays of ρs(z) and βU (Zc), do not give a
correct description of ∆U , as this amplitude is unde�ned and independent of the tip geometry.
On the other hand, the proposal of Amano et al. [1] based in HNC, but assuming the tip as a
molecule of the solvent, includes the key ingredients to preserve the characteristic decay and
would reproduce the oscillatory structure in βU (Zc). Furthermore, that proposal describes
reasonably well the interface and it gives correctly the dependence of ∆U , this would be
further explored in section 9.5.
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8.4 D I S E N TA N G L I N G T H E T I P A N D S U B S T R AT E R O L E S I N T H E A M -
P L I T U D E O F F O R C E O S C I L L AT I O N S

The amplitude ∆U for the layering oscillations in βU (Zc) is di�cult to predict in a theoretical
analysis, as it should involve the grand potential functional non-local dependence with
the value of the liquid bulk density ρb and the geometry of the tip, i.e Rt . The concept of
interference allows us to predict some general trends of ∆U , but its relationship with ρb could
not be extracted from this concept, as it has to be related to entropic e�ects which require the
non local expressions that were introduced in section 7.2. However, the main contribution
of the tip geometry to ∆U could be extracted from the interference theory, as it should be
included through the dependence of ρt(s,z) with the radius of the tip, and it could be obtained
from the asymptotic analysis

ρt(s,z) ≈ ρb+∆t
e−αi(r(s,z)−r0)

r(s,z)
cos(αr(r(s,z)− r0)); (8.6)

where r(s,z) represents the minimum distance of the (s,z) point with the tip, i.e r(s,z) =√
s2+ (z −Zc)2.
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Figure 8.5: (Left panel) Fitting results of ρt(s = ∆,z− zc) by Eq.8.6, at di�erent tip radius and a density
bulk ρb = 0.7, the values of each �t is given in Table.8.1. The asymptotic prediction of
Eq.8.6 describes correctly the pro�le structure at distance from the tip r(s,z) −Rt ≥ 1.0.
Consequently ρt(r(s,z);Rt) would be well described at these distances.
(Right panel) The∆U/Rt results obtained by �ttingU (z) to Eq.8.4 are presented, at di�erent
tip radius and bulk densities. The results con�rm that ∆U/Rt is nearly independent of tip
geometry, leading a pure substrate dependence, that dependence is well �tted by ∆U/Rt =
−1.14 η2max/(1 − ηmax) where ηmax is the maximum of ηs(z) obtained from ρs(z) by
Eq.7.19.

Rt r0 ∆t ∆t/Rt αi αr

0.5 0.999 0.465 0.930 1.0894 6.353

1.0 1.495 0.974 0.974 1.0894 6.353

2.0 2.493 1.905 0.952 1.0894 6.353

Table 8.1: Are presented the values of the parametric �ts presented in Fig.8.5 (left panel) for a density
bulk ρb = 0.7. As we get that ∆t/Rt ∼ 1, ∆t depends linearly with tip radius.
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Left panel in Fig.8.5 presents the parametric �t of ρt(s,z) by Eq.8.6 for three di�erent tip
radius and bulk density ρb = 0.7. The values of the best �t parameters are given in table.8.1.
We observe that ∆t depends linearly with the tip radius, and r0 ≈ 0.5+Rt which is consistent
with the expected value for the non overlap between the HS and the spherical cap of the tip.

The idea of interference suggests that ∆U depends linearly with ∆t∆s, where ∆s is the
equivalent parameter for ρs(z) that ∆t for ρt(s,z). The linear dependence of ∆t which the
tip radius goes also to ∆U . Therefore ∆U/Rt should eliminate the role of the geometry tip in
βU (Zc), which allow us to analyze more deeply the relation of ∆U with the density pro�le
near the substrate ρs(z).

The right panel of Fig.8.5 presents the value of ∆U/Rt at di�erent tip radius and bulk
densities by �ttingU (Z) to Eq.8.4. The dependence of ∆U with the bulk densities is expressed
through the value of ηmax, the maximum of ηs(z) obtained from ρs(z). That choice is not
arbitrary, DIFMT relies on a set of fundamental measures obtained by convolutions of the
density distribution pro�le with di�erent weights, the �rst and main one is the local packing
fraction η(z). The functional dependence of ΦDIFMT with η enters through divergent terms
proportional to 1 − η, Eq.7.24. Hence, we may expect that the main contribution of these
divergences comes from ηmax, since it is the maximum of ηs(z). Under this assumption,
we have observed that the second term of ΦDIFMT gives an accurate semi-empirical relation,
∆U = BRtη

2
max/(1 − ηmax) with B ≈ 1.14, between ∆U with ηmax, presented in the right

panel of Fig.8.5. Although it covers the whole range of tip radius and bulk densities explored
here, we cannot expect that this simple relationship describes the complex dependence of ∆U
with ρs(z), however ηmax should be regarded as a good intermediate variable to describe the
entropic contribution to ∆U for a given ρs(z).

8.5 A N A LY S I S O F T H E C A N T I L E V E R O S C I L L AT I O N S

Once we have parameterized βU (Zc) we could compute the corresponding force f (Zc) =
−∂ZcU (Zc), to describe the dynamics and observables of AFM, section 7.5. With these ob-
servables we can check if the entropic e�ects of the molecular packing, that we have analyzed
within the DFT for the HS model, may produce the measured e�ects in the oscillations
of the AFM cantilever, and to understand up to what point the experimental observables
would distinguish between the various levels of approximation developed in the theoretical
treatment.

The dynamics of the AFM cantilever is described by Eq.7.4, which depends of the spring
constant κ, the e�ective mass m∗ and the damping coe�cient of the environment γ , we have
used typical values[55]: a resonance frequency of 180 kHz, a quality factor Q = 12 and a
spring constant κ = 20 N/m; which corresponds to an e�ective massm∗ ≈ 15.6 ng, a damping
coe�cient γ = 234 ng/s and we have chosen dHS = 0.32 nm that represents the molecular
diameter of water.

The dynamics of the AFM cantilever is solved by standard algorithms at each Zc position,
until the steady state is reached, for di�erent setting of the reference amplitude, when the
tip is very far from the substrate. The top row in Fig.8.6 presents the steady state amplitude
A(Zc) and the bottom row the phase shift φ(Zc). Numerical results are compared with the
perturbation analysis described in Eq.7.6; both methods agree at low amplitude, while at higher
amplitude A(Zc) is not well described. A(Zc) presents a periodicity of roughly 0.15 nm while
for φ(Zc) the period is ∼ 0.3 nm, which corresponds to the molecular diameter of water. That
could be explained by the di�erent dependence of the amplitude and the phase shift with
the frequency shift ∆w(Zc). The amplitude depends quadratically with ∆w(Zc), while the
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Figure 8.6: AFM dynamic observables in amplitude modulation for typical values, section 8.5, sur-
rounded by an environment described as a purely entropic �uid system with ρb = 0.7 and
the tip described as a sphero-cylinder with Rt = 2. The amplitude (top row) and the phase
shift (bottom row) of the AFM cantilever, as a function of the distance Zc − zs respect to the
substratum. The three columns correspond to di�erent settings of the amplitude reference
(larger distances), A0 = 0.15 (left), 0.39 (center) and 0.63 (right) in molecular diameters.
Full line results come from the stationary solution of Newton’s equation of the AFM, Eq.7.6,
while dashed lines correspond to the perturbative analysis described in section 7.1.2, for
the amplitude Eq.7.8 and for the phase shift Eq.7.9.

phase shift dependence is linear. ∆w(Zc) is obtained through Eq.7.7, which is a convolution
with the external force f (Zc) and it keeps its oscillatory structure and characteristic decay.
Consequently the amplitude depends of cos2(αrZc) which presents a double periodicity, i.e
2 αr , that produces the periodicity of roughly 0.15 nm. Hence, as the periodicity obtained
for the phase shift φ(Zc) and of the amplitude A(Zc) agree with the experimental results
presented in [55] for nearly pure water (very low molarity of salt), we may expect that
the e�ects in the oscillations of the AFM cantilever arise from the entropic e�ects of the
molecular packing. However, to know if the approximations (at various levels) developed in
our theoretical treatment describe accurately the experimental observables, we would need to
analyze quantitatively the experimental measurements under the theoretical predictions, this
will be performed in chapter 10.

8.6 C O N C L U S I O N S

We have presented a theoretical analysis, from �rst principles, predicting the AFM results that
would appear within a simple dense liquid near in contact with a substrate. We have assumed
the �uid as a pure entropic system described by an accurate DFT known as DI-FMT, section
7.2.2. We have gone all the way from the dependence of the density distribution ρst(~r;Zc)
on the tip substrate separation, to the grand potential excess βU (Zc) and to the contrast in
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amplitude and phase shift for the oscillations measured on the AFM. We have observed similar
oscillation decays between βU (Zc) and ρs(z), as in previous computer simulations [60, 96],
but we point here that this is a generic DFT result that does not give us information about the
interfacial properties, as those decays are characterized by the bulk correlation. Hence, the
amplitude and phase of βU (Zc), Eq.8.4, should be regarded as the only parameters which
give us information on the structure of the interface, i.e of ρs(z).

During the process, we have obtained an excellent initial guess for the numerical minimiza-
tion of the grand potential, which leads to interpret the process as an interference problem.
This interference process avoids the di�culties to understand the problem in terms of local
changes in the density pro�le ρs(z), as it was proposed in previous works [60, 96]. Besides,
from the interference theory, we could extract some trends for the amplitude ∆U of the
oscillations in βU (Zc). As a result, we get the dependence between ∆U and the tip geometry,
which is linear with the tip radius Rt , as we presented in the right panel of Fig.8.5. Hence,
∆U/Rt depends mainly on the structure of the interface and the main dependence of ∆U
with the characteristics of the tip has been eliminated. The dependence of ∆U/Rt with the
structure of the interface is described accurately in terms of the maximum packing fraction of
the density pro�le ρs(z), through β∆U = 1.14 Rt η2max/(1− ηmax). Although, we could not
expect that such simple relation would be exact, but it could be regarded as a feasible proposal
that introduces the packing fraction as a reasonable intermediate variable to disentangle
the dependence of ∆U with ρs(z), and which should be tested in experiments (chapter 10 is
devoted to it), computer simulations and further theoretical analysis.



9
AT O M I C F O R C E M I C R O S C O P E I N F L U I D S W I T H C H A R G E S

Daniel Martín et al. in [55] performed and analyzed 3D-AFM measurements for alkali halide
aqueous solutions in contact with a muscovite mica substrate. The choice of muscovite mica
as substrate was based on its strong electrostatic interaction with the alkali cations that favor
their attachment to a regular array of sites on the mica. The force over the tip presents an
oscillatory structure, at low molarities with period ∼ 0.3 nm similar to the obtain in chapter
8. At larger molarities, close to the crystallization of the salt, they observed a larger period,
∼ 0.6 nm, about twice that obtained in the low molarity regime.

Herein, we will explore a theoretical model which mimics the experimental one of [55],
trying to disentangle the process which originates the change in the oscillation of the force
through the variation of the salt molarity of the water. As we did in the previous chapter, we
will assume a �at substrate to make feasible the use of an accurate DF description (DIFMT, as
in the previous chapter) and the tip will be modeled with sphero-cylindrical geometry. Also,
we will analyze the dependence of the results with the interaction between the tip and the
electrolytes. Moreover, we will present a comparison between the results predicted by the
simple HNC approach and a more accurate and complex approximation as DIFMT. From this
comparative we want to evaluate under which conditions the HNC results reproduce the
obtained by DIFMT, since we want to use HNC for the study of corrugated surfaces, and the
computational cost of DIFMT does not allow us to study them.

9.1 D E N S I T Y F U N C T I O N A L T H E O R Y A N D C A L C U L AT I O N S

We use as model a ternary mixture of water (ν = 0), cations (ν = +) and anions (ν = −) to
reproduce the experimental electrolyte aqueous solution used in [55]. The equilibrium density
distributions ρ(~r) = (ρ0(~r),ρ+(~r),ρ−(~r)) under external potentials Vν(~r), are calculated
assuming equal and additive hard sphere radii1 for the three components and pairwise potential
interaction ±u(|~r −~r ′ |) between the ions. The grand potential functional is described by

βΩ[ρ] = β
∑
ν

∫
d~rρν(~r) (Vν(~r)−µν) +

∑
ν

∫
d~rρν(~r) (ln(ρν(~r))− 1)+

+
∑
ν,ι=±

νι
2

∫
d~rd~r ′ρν(~r)ρι(~r

′)βu(|~r −~r ′ |) +
∫
d~r ΦDI-FMT([

∑
ν

ρν ];~r);
(9.1)

where ΦDI-FMT is given by Eq.7.24 for the total density distribution, and the pairwise interaction
contribution is described by the mean �eld approach.

The external potential produced by the substrate over the �uid is modeled as a LJ potential,
with parameters εs and σs, and a Yukawa interaction di�erent for each specie, which integrated
over the z ≤ 0 region may be written as

βV sν (z) =
U s
ν

2

((zs
z

)9
− 3

(zs
z

)3)
− εsνe−κν(z−zs); (9.2)

1 Although the species of the electrolyte solution has di�erent radius, the approach of equivalent diameters does
not change signi�cantly the results, [55].
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where zs is the minimum and −U s
ν the depth of the LJ contribution, we will use zs = 0.429

which corresponds2 to take σs = 1 and the z = 0 origin at the nominal plane boundary of the
LJ �lled semi-space. The value of U s

ν , proportional to εsν , represents the net attractive e�ect
of the dispersion forces from the dielectric contrast between the substrate and the liquid. On
the other hand, the contribution of the Yukawa interaction at z = zs is described by εsν , while
κν describes its characteristic length. Equivalently the potential of the tip over the �uid is
given by

βV tν (~r) =
U t
ν

2

( zs
d(~r)

)9
− 3

(
zs
d(~r)

)3− εtν e−κν(d(~r)−zs); (9.3)

where d(~r) is de�ned as the minimum distance between the ~r position and the tip surface.
As we commented above, the tip is represented as an sphero-cylinder, hence the surface is
de�ned as S(s,z) = (Rt,z) if z ≥ zc and S(s,z) = (

√
R2
t − (z − zc)2,zc) if z ∈ (zc −Rt,zc).

Therefore, the external potential would be given by βVst(~r,Zc) = βV s(z) + βV t(~r;Zc),
where Zc = zc −Rt and represents the relative distance between the tip and substrate. The
parameters which characterize the external potential are given in Table.9.1.

water cation anion
U t
ν 1.105 1.105 1.105

U s
ν 8.84 8.84 0
κν 4 3 3
εtν -2.157 3.313 ψ -3.313 ψ
εsν -2.157 3.313 -3.313

Table 9.1: Parameters of the external potential βVst(~r,Zc) acting on the three molecular species, on
the substrate (s) to mimic the muscovite mica substrate of [55], and of the tip (t) with the
parameter ψ to control the tip charge.

The electrostatic interaction between the charged species of the electrolyte aqueous solution
used in [55], will be modeled by a truncated Yukawa pairwise potential

βu(r) = ε
e−κ(r−1)

r
; (9.4)

if r ∈ (1,dcut = 2 ) and 0 otherwise and characterized by ε = 8.01 and κ = 4.
To include the dependence of the system with the salt molarity we �x the total bulk density

at ρb = 0.6, as in the previous chapter for the one component liquid, and take the bulk
densities of each component as ρb;0 = 0.6(1 − 2 χrel) and ρb;+ = ρb;− = 0.6 χrel. The left
column of Fig.9.1 presents the equilibrium density pro�les for each specie in contact with the
substrate, ρs(z), for two concentrations3 (χrel = 0.0583 top row, about half of the saturation
value is taken as representative of high salinity, and χrel = 0.0083 bottom row, to compare
with a low molarity of the salt). For the larger salt concentration we observe a clear charge
density distribution induced by the substrate, cs(z) ≡ ρs;+(z)−ρs;−(z), which is not negligible
until z − zs > 3, while at low molarity the density charge is relevant only in the �rst layer,
for z − zs < 1. This behavior is quantitatively similar to the pro�les presented in [55], hence

2 As in the previous chapter, we use dhs as the length unit, dhs = 1, and β = 1 as the energy unit.
3 The relative concentrations at which the model electrolyte crystallizes is around χrel ∼ 0.1.
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our parametrized external potential represents correctly the main features of muscovite mica
averaged on the XY plane. On the other hand, the tip is modeled similarly to the substrate,
but as presented in Table.9.1 we include an extra parameter, ψ to model the polarization of
the tip: taking ψ = 0 to reproduce a tip without electrostatic interactions (uncharged tip);
ψ = ± to include an electrostatically interaction with the charges (charged tip), with ψ = 1
for an attractive interaction with the cations and repulsive with the anions and ψ = −1
switching the role of anions and cations. The right column of Fig.9.1 presents the equilibrium
density pro�le around the cantilever ρc(s) = ρt(s,z→ 10) for di�erent polarization (top
row ψ = 1 and bottom row ψ = 0), at relative concentration χrel = 0.0583. The comparison
makes clear the relevance of the polarization of the tip; with a charged tip the density charge
distribution, cc(s) = ρc;+(s) − ρc;−(s), is similar to that induced by the substrate4, while
with the uncharged tip we get no charge distribution around the tip, cc(s) = 0. As we will
observe in section 9.3, this di�erence a�ects drastically to the predicted results for the AFM
measurements.
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Figure 9.1: Di�erent equilibrium pro�les for each specie: water (black), cation (red) and anion (green).
(Left column) Presents the equilibrium density pro�les in contact with the substrate, ρs(z),
for di�erent relative concentrations of the electrolytes χrel = 0.0583 top row and χrel =
0.0083 bottom row, for the system characterized by the parameters given in Table.9.1.
(Right column) Shows the equilibrium density pro�le in contact with the tip, ρc(s) =
ρt(s,z→ 10), with radius Rt = 1 and χrel = 0.0583. The top row corresponds to a charged
tip, which interacts over the electrolytes with ψ = 1, while the bottom row corresponds to
an uncharged tip, i.e ψ = 0.

Our assumptions leads to an axial symmetric system whose density pro�les are described
by ρν(~r) = ρν(s,z). The boundary conditions and size of the sphero-cylindrical box are
equivalent to those in chapter 8. The grand potential given in Eq.9.1 is minimized by a
standard conjugated gradient algorithm until we get

∑
ν

Ns,Nz∑
is,iz

(
∂βΩ[ρ]
∂ρν(is,iz)

)2
2πNsNz

≤ 3 10−8; (9.5)

4 Equivalent equilibrium density pro�les are obtained from tip with ψ = −1 by interchanging the role and distribu-
tions of cations and anions.
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with a binning ∆= 0.05. Hence, we consider reaching the minimization of the grand potential
in the system when, in average for each specie and point, ∂βΩ[ρ]

∂ρν(s,z)
∼ 10−4, leading to an error

in the total βΩ of the order of 10−4. Fig.9.2 presents several equilibrium charge density
distribution cst(s,z) (left panel) and total density distribution ρt;st(s,z) =

∑
ν ρν;st(s,z) (right

panel) for di�erent distances between the tip and the substrate.

Figure 9.2: 2D color maps of the equilibrium pro�les when the tip approaches the substrate: den-
sity charge cst(s,z) = ρ+;st(s,z) − ρ−;st(s,z) (left panel) and total density ρt,st(s,z) =∑
ν ρν;st(s,z) (right panel), for the charged tip with ψ = 1. Although, in the total density

pro�le (right panel) are not observed drastic changes at di�erent positions Zc , for the charge
pro�le at lower distances, Zc < 3, a clear structure appears around the tip that reminds a
crystal structure averaged on the XY plane.

9.2 S U P E R P O S I T I O N A P P R O X I M AT I O N

As in chapter 8, for the numerical minimization of βΩ[ρst ], we choose as an initial guess for
ρst(s,z) a simple superposition approach given by

ρν;SA(s,z) = ρν;s(s,z)e
−βVν;t(z−Zc)+ρν;t(s,z)e

−βVν;s(z)−ρν;be−β(Vν;t(z−Zc)+Vν;s(z)); (9.6)

for each molecular species, ν ∈ (0,+,−).
Fig.9.3 presents the comparison between Ω[ρst(s,z)] and Ω[ρSA(s,z)] for di�erent rela-

tive tip-substrate distance, Zc, proving that the superposition approach gives a fairly good
estimation of ρst(s,z) at a relatively large distance, Zc ∼ dcut that depends strongly on the
polarization of the cantilever tip. We get a value dcut ∼ 2 for an uncharged tip, while for charge
tip ψ = ± is of the order of dcut ∼ 3.5.
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Figure 9.3: The free energy excess pro�le βU (Zc) associated with the approach of the tip to the
substrate obtained through Eq.9.7, with a tip radius Rt = 1, relative concentration χrel =
0.0583, for a charged tip, ψ = ±, (top row) and uncharged tip (bottom row). Full black
circles correspond to the free energy excess evaluated at the equilibrium density pro�les
ρst(s,z), full lines are the results with ρSA(s,z). The dashed line is the parametric �t of
βU (Zc)−βU0 by Eq.9.8. In the top row, black circles and lines correspond to ψ = 1, while
the red results correspond to the opposite polarization ψ = −1.

9.3 R E S U L T S A N D A S Y M P T O T I C A N A LY S I S

Once obtained the equilibrium pro�les, Fig.9.2, we should evaluate the free energy excess
βU (Zc) produced when we approach the tip to the substrate. As previously, the simulations
carried out have a �nite size, and consequently, we should subtract from βΩ[ρst [Zc]] the
energy associated to include part of the tip in the box. That could be performed by subtracting
∆wc = (βΩ[ρc(s)]+P V )/Lc which represents the free energy excess, per unit length of the
cylinder. Thus we obtain

βU (Zc) = βΩ[~ρst(s,z;Zc)] + P V +∆wcZc; (9.7)

where P is the pressure of the system. The arbitrary origin of Zc is �xed to have Zc = 0
when the �rst �uid layers on the substrate and the on tip overlap. As for the AFM in entropic
�uids βU (Zc) tends to a constant βU0 at larger tip-substrate separation. Fig.9.3 presents
βU (Zc)−βU0 for the di�erent types of cantilever tip (charged in the top row and uncharged
in the bottom row). When we compare the top and bottom row, it is clear that for charged
tips the periodicity is of the order of ∼ 2 (0.6 nm for water), while for uncharged tip the
periodicity is given by the water diameter, ∼ 1 (0.3 nm for water), as for the entropic case.
Besides this change of the spatial period, there is a remarkable di�erence in the amplitude of
the oscillations, notice that the insets on the bottom and top rows have a factor ∼ 10 between
their vertical scales. The oscillatory structure of βU (Zc)−βU0 is qualitatively similar to that
in purely entropic systems, and it could be well reproduced (dashed lines in Fig.9.3) by

βU (Zc)− βU0 ≈ −∆U e−αi(Zc−z0) cos(αr(Zc − z0)). (9.8)

As in section 8.3 we may expect that these decays (αi and αr ) are the characteristic decays
of the density pro�le, �xed by the correlation structure in the bulk �uid. However, there are
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several di�erent characteristic decays, that with the slowest decay gives the truly asymptotic
decay mode, but others with faster decay still may still be dominant over the relevant range
of distances, if they have larger amplitudes. In the ternary mixture analyzed here we have to
consider two di�erent characteristic decay modes. One corresponds to an oscillatory decay of a
charge pro�le, with {αi;c = 1.43,αr;c = 3.425}, obtained from the direct correlation function,
see Eq.7.37-7.38 with c(r) = u(r), the electrostatic truncated Yukawa pairwise potential
given by Eq.9.4. The other decay mode, associated to a decay of the total density has {αi;ρ =
1.357,αr;ρ = 6.12}, and it is obtained with cPY(r), as in the previous chapter. Hence, there
should be a competition between these two modes, depending on the boundary conditions on
the substrate and on the tip surface, to determine the actual decay of βU (Zc)− βU0.

Fig.9.3 presents βU (Zc) − βU0 for χrel = 0.0583 and di�erent polarizations of the tip,
showing that the mode that determines the decays of βU (Zc)− βU0 is extremely dependent
of the characteristics of the tip. For a charged tip the characteristic decays are given by
{αi;c,αr;c}, while for uncharged tip are {αi;ρ,αr;ρ}5. This di�erence is mainly based on the
density charge pro�le around the tip cc(s), which as presented in the right column of Fig.9.1
is negligible for uncharged tip, producing a drastically reduction in the strength of the charge
mode and leaving the entropic mode as the most relevant. Moreover, if we compare the
scales of ∆U for charged and uncharged tips, we observed a strong enhancement ∼ 10, being
∆U = 2.85 for ψ = 1, ∆U = −2.28 for ψ = −1 and ∆U = −0.314 for ψ = 0. As z0 is: 0.68
for ψ = 1, 0.78 for ψ = −1 and 0.16 for ψ = 0. For charged tips we are observing mainly the
charge density distribution induced by the substrate, cs(z), or more precisely the electrostatic
�eld produced by it. This is supported by the similar values of z0 and the di�erent phase of
∆U for ψ = ±. On the other hand, for uncharged tips we get results similar to the purely
entropic systems, chapter 8.

9.4 D I S E N TA N G L I N G T H E E N T R O P I C A N D M E A N F I E L D C O N T R I B U -
T I O N S O V E R T H E F R E E E N E R G Y E X C E S S

For a charged tip the main contribution to βU (Zc)−βU0 arises from the interaction between
the charges, which in the DF description given in Eq.9.1 is represented by a mean �eld
description. To explore that, we compute separately the contributions of the charge interaction,
packing entropy and ideal mixture entropy to the free energy excess, βU (Zc)− βU0,

βUx(Zc)− βUx
0 = (βΩx[~ρst(s,z)] + PxV ) + (βΩx[~ρc(s)] + PxV )

Zc
Lc

; (9.9)

where Ωx and Px depends of each contribution. The charge interaction is

βΩc[~ρst(s,z)] =
∑
ν,ι;=±

1
2

∫
d~rd~r ′ρν(~r)ρι(~r

′)uν;ι(|~r −~r ′ |); (9.10)

the HS interaction entropy is

βΩS [~ρst(s,z)] =
∫
d~r

ΦDI-FMT

 3∑
n=1

ρn;~r

− βµν;S 3∑
n=1

ρn(~r)

 ; (9.11)

5 At lower relative concentration as χrel = 0.0083, asymptotically the decays observed are given by the entropic
contribution, i.e from the total density pro�le.
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and the ideal gas mixture contributes as

βΩI [~ρst(s,z)] =
3∑

ν=1

∫
d~r ρν(~r) (log(ρν(~r))− 1+Vν(~r)− βµν;I ) ; (9.12)

where

βµν ≡ βµν;I +βµν;S = log(ρb;ν)+βµν;S = log
(
ρb;ν
1− ηb

)
+

14ηb − 13η2b + 5η3b
2(1− ηb)3

; (9.13)

and

P ≡ PI + PC + PS =
3∑

n=1

ρb;n+ 0+ PS ; (9.14)
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Figure 9.4: Decomposition of the free energy excess contribution βUx(Zc) − βUx
0 (full red circles),

Eq.9.9, in terms of the charge interaction (black dashed line), the HS interaction entropy
(red dashed line) and the ideal mixture (green dashed line), for di�erent charged tips.
Top row (ψ = 1) and bottom row the opposite (ψ = −1), with a tip radius Rt = 1 and
relative concentration χrel = 0.0583. For both tips we obtain that the total βU (Zc)− βU0
is accurately described by the HS entropic contribution, instead of by the charge interaction.

Fig.9.4 compares βU (Zc)− βU0 (full red circles) with its separate contributions from the
charge interaction (black dashed line), HS interaction entropic (red dashed line) and ideal
mixture (green dashed line). We obtain that βU (Zc)− βU0 is accurately described by the HS
entropic contribution, rather than by the charge interaction. However, the largest oscillations
come from the charge interaction and the ideal mixture, as expected, but they cancel each
other leaving as a result the pure contribution of the entropic packing excess. This unexpected
result should not be understood from equilibrium properties, as the entropic equilibrium
description could only give the decay α−1r ∼ 2π rather than α−1r ∼ π, which is obtained from
the charge density pro�le. Therefore, it should be related to the changes in ρst(s,z;Zc) along
the process in which the tip approaches to the substrate.
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We de�ne a measure of the density changes

∆ρν(s,z;Zc) =
ρν;st(s,z;Zc)− ρν;st(s,z+Zc −Z ′c;Z ′c)

Z ′c −Zc
; (9.15)

where Z ′c corresponds to the largest tip-substrate distance that we have calculated, Z ′c = 4.8,
to set the origin of distances. Figs.9.5-9.6 present ∆ρst for charged tips with ψ = 1, Fig.9.5,
and ψ = −1, Fig.9.6, showing that the main changes in the density distribution along the
tip movement appear around the tip, more speci�cally at the charge density pro�le around
the tip. If we compare Figs.9.5-9.6 we observe that the phase of ∆ρst , at the same distance
Zc, di�ers in ∼ π for each ψ = ±1 value. Hence, it could be related to an e�ective potential
generated by the charge density pro�le close to the substrate

Figure 9.5: The density di�erences ∆ρν;st(s,z;Zc) with respect to those around the tip, when it is far
from the substrate, are presented for water (right row), cation (middle row) and anion (left
row), are presented for several tip-substrate separations. They are for the charged tip with
ψ = 1, radius Rt = 1 and relative concentration χrel = 0.0583. The main changes appear
around the tip for the cation density distribution.

Figure 9.6: As Fig.9.5 but with inverted polarization of the tip ψ = −1.
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βVc,s(~r) =

∫
d~r (ρ+;s(~r

′)− ρ−;s(~r ′))u(|~r −~r ′ |); (9.16)

where u(|~r −~r ′ |) is the Yukawa interaction between the charged species.
Since the density structure produced around the substrate should remain constant, we

could assume that, as the tip approaches the substrate, the changes in ρst(s,z) close to the tip
are proportional to e−βVc,s(~r). Therefore, ∆ρi;st could be approximated as

∆ρν;st(s,z;Zc) ≈ ρν;st(s,z+Zc −Z ′c;Z ′c)

(
e−β(Vν;cs(z)−Vi;cs(z+Zc−Z

′
c)) − 1

)
Z ′c −Zc

; (9.17)

Figure 9.7: A comparative of the cation density pro�le between ∆ρ+;st(s,z;Zc) , Eq.9.15,(left panel)
and its approach, Eq.9.17, (right panel) for the charged tip with ψ = 1, radius Rt = 1 and
relative concentration χrel = 0.0583. It is observed that the approach reproduces reasonably
well the structure of ∆ρ+;st(s,z;Zc), and very accurately for larger tip substrate distances
Zc ∼ 3.

Figs.9.7-9.8 present a comparison between ∆ρst(s,z;Zc) (left panel) given by Eq.9.15 and
its approximation by Eq.9.17, on the right panel. This approach reproduces the qualitative
form of ∆ρst for both charged tips, and it is quantitatively correct for larger tip substrate
distances Zc ∼ 3; while for lower distances the agreement is lost. This could be related to
the assumption of Eq.9.17, where we neglect the in�uence of the charge interaction potential
generated by ∆ρst . Hence, as ∆ρst is larger at lower distances Zc < 3, it should be expected
that in this regime the approach to ∆ρst begins to fail. However, despite this problem at
low distances, the structure of ∆ρst is ∝ e−β∆Vc , where ∆Vc represents the change of the
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Figure 9.8: As Fig.9.7 for a tip with inverted polarization, ψ = −1.

e�ective charge potential interaction along we approach the tip to the substrate. We think
that this behavior produces the cancellation of the charge interaction, βU c(Zc)− βU c

0 , and
the ideal one βU I (Zc)− βU I

0 , observed in Fig.9.4, by the logarithmic dependence of the ideal
contribution with ∆ρ and the mean �eld approach of the charge interaction. We conjecture
that the ideal excess could be approached by

βU I (Zc)− βU I (Z ′c) =

∫
d~r

(
∆ΩI

∆ρ
∂ρ

)
≈

∫
d~r(−1)β∆Vc(∆ρ+ −∆ρ−);

where we have used the approach of ∆ρ by Eq.9.17, which should be similar to the excess
contribution of the charge interaction

βU c(Zc)− βU c(Z ′c) ≈
∫
d~rβ∆Vc(∆ρ+ −∆ρ−).

On the other hand, we think that the excess contribution of the entropic part gives the
characteristic decays of the charge distribution because the free energy excess may be given
by

βUS(Zc)− βUS(Z ′c) =

∫
d~r

(
∆ΩS

∆ρ
∆ρ

)
;

where as ∆ρ is mainly the density charge distribution, Figs.9.5-9.6, and therefore it has the
observed characteristic decay.

9.5 H N C P R E D I C T I O N S A N D I T S R E G I O N O F A P P L I C A B I L I T Y

So far we have described the substrate-�uid-tip system with a DIFMT+MF density functional.
DIFMT describes very accurately the entropic e�ects of the system, but it is computationally
expensive and in practice it cannot not be used for corrugated substrates, when the axial
symmetry of the system is lost. Therefore, it is interesting to analyze how well a simpler
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approach, computationally cheaper, could reproduce the more accurate results of the DIFMT
for this system. The Hyper-Netted-Chain (HNC) approximation has been used by Amano et al.
in [1] to explore corrugated substrates, under the assumption that the tip is a tagged solvent
molecule. Within the DFT, the HNC approximation may be understood as a Taylor functional
expansion around the �uid bulk, and it may be used for any representation of substrate and
tip, as external potentials acting on the components of the �uid. Herein, we will explore the
HNC predictions for exactly the same model system as we have used with the DIFTM, with
the sphero-cylindrical tip with di�erent polarizations.

As we have seen in the chapter 7, the DF description of the HNC corresponds to the
expansion of the free energy excess, over the ideal gas contributions, at quadratic order in the
local density di�erences with respect to the bulk values,

βΩ[~ρ] =

∫
d~r

∑
ι

ρι(~r) (log(ρι(~r))− 1+ βVι(~r)− βµι;I )+

+
∑
ν;ι;=±

νµ

2

∫
d~rd~r ′ ρν(~r)u(|~r −~r ′ |)ρι(~r ′)−

1
2

∫
d~rd~r ′ ∆ρ(~r)cP Y (|~r −~r ′ |)∆ρ(~r ′);

(9.18)

where ∆ρ(~r) =
∑
ι (ρι(~r)− ρι;b). The external potential βVι(~r) = βV sι (~r) + βV

t
ι (~r) is mod-

eled and parametrized as in section 9.1.
This functional is minimized by a standard conjugated gradient method, until we get

∑
ι

Ns,Nz∑
is,iz

(
∂βΩ[~ρ]
∂ρι(is,iz)

)2
2πNsNz

≤ 3 10−8;

with the same binning, ∆ = 0.05, sphero-cylindrical box size and boundary conditions as
previously.

Once we have obtained the equilibrium density distributions, we may compute the βU (Zc)
through Eq.9.7. The results are presented in Fig.9.9, comparing HNC (full lines), the full DIFMT
(full circles) and the parametric �t of the full circles by Eq.9.8 (dashed lines). The top row
corresponds to charged tip ψ = ±, while the bottom row is for uncharged tip. The similar
results of the full and dotted lines indicate that in the asymptotic regime the HNC approach
reproduces quantitatively the results of the DIFMT.

However, we observe that for the tip very close to the substrate, Z < dc, the HNC approach
fails to reproduce the DIFMT description, or more precisely its description through the �t of
Eq.9.8. In this regime, we observe a signi�cant increase in the maximum packing fraction of
the system ηmax(Zc) (left panel of Fig.9.10), when calculated with the HNC approach becomes
much larger than the calculated with the DIFMT density functional at the same position. The
later gives a very accurate representation of the entropy associated to the molecular packing,
using a carefully chosen combination of integrable diverging terms if the local value of η(~r)
gets close to its η = 1 limit. The HNC approach transforms the inverse powers of (1− η(~r))
into inverse powers with the bulk packing fraction, underestimating the high free energy
cost of a local increase in the packing fraction. This problem becomes important when the
tip approaches to the substrate, the softer response of the HNC is expected to produce larger
density pro�le variations, and consequently a larger error in the estimation of the force on the
tip. As it was observed in section 8.4, the maximum packing fraction ηmax may be regarded as
a good quantitative guide to control the global e�ects of the molecular packing, as a smoother,
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Figure 9.9: The free energy excess pro�le βU (Zc) for the approach of the tip to the substrate obtained
through Eq.9.7 with a tip radius Rt = 1, relative concentration χrel = 0.0583, charged tip,
ψ = ±, (top row) and uncharged tip (bottom row). Full circles correspond to the free energy
excess evaluated at the equilibrium density pro�les ρst(s,z) described by the DIFMT, full
lines are the results with the HNC. The dashed line corresponds to the parametric �t of
βU (Zc)− βU0 by Eq.9.8 of the DIFMT results. In the top row, brown points correspond to
a value of ψ = 1, while the red results correspond to the opposite polarization ψ = −1.

and more robust, representation of the density pro�le near the substrate ρs(z) 6. Small changes
of the maximum packing fraction would correspond to a really strong intrusion of the tip in
the region of the substrate. Then, the HNC approach should not be longer applicable because
it would not describe correctly the free energy excess associated with the large increase of
the density pro�le, nor the interface between the tip and substrate, giving a bad description
of the free energy excess βU (Zc)− βU0.

Hence, once obtained the equilibrium density distribution ρst(Zc) through HNC, we would
recommend to compute its corresponding maximum packing fraction, ηmax(Zc). The pro�le of
ηmax(Zc) presents an asymptotic value η0, which is related to the density pro�le around the
substrate ρs(z), and after some point ∼ dc, ηmax(Zc) begins to increase if we keep approaching
the tip to the substrate. In this region, the interface would not be described correctly by HNC
and the results should be treated with caution.

Besides, as for DIFMT, with the HNC approach we observe the cancellation of the charge in-
teraction, βU c(Zc)−βU c

0 , and the ideal one βU I (Zc)−βU I
0 , leaving the entropic contribution

βUS(Zc)− βUS
0 as the main component of the free energy excess βU (Zc)− βU0.

9.6 C O N C L U S I O N S

We have analyzed a ternary mixture which mimics the alkali halide aqueous solution used in
the AFM experiments presented in [55]. Our parametrization of the planar external potential
reproduces qualitatively, as average on the XY plane, the results of the equilibrium density
pro�le in contact with the substrate (mica muscovite in the experiment). Modelling a sphero-

6 The maximum packing fraction should corresponds to the density pro�le of the substrate, as the density pro�le
around the tip should decay as ∝ e−α(r−r0)

r cos(q(r − r0)), i.e, faster than the decay of the density pro�le in contact
with the substrate.



117

2 3 4

Z
c

0,414

0,416

0,418

0,42

0,422

0,424

η
m

a
x
(Z

c
)

2,5 3 3,5 4 4,5
-0,4

-0,2

0

0,2

0,4

β
U

x
(Z

c
)-

β
U

x

0

2,5 3 3,5 4 4,5

Z
c

-0,2

-0,1

0

0,1

0,2

β
U

x
(Z

c
)-

β
U

x

0

Figure 9.10: (Right panel) The HNC-DF maximum packing fraction ηmax(Zc) for tips with di�erent
polarizations: uncharged tip ψ = 0 (black dots); charged tip ψ = 1 (brown dots) and
ψ = −1 (red dots).
(Left panel) Contributions to βUx(Zc) − βUx

0 , from the charge interaction (full black
circles), HS interaction entropy (full red circles) and ideal mixture (full green circles),
compared with the total βU (Zc) − βU0 (violet full line), for di�erent charged tips, top
row (ψ = 1) and bottom row the opposite (ψ = −1), with the HNC DF description Eq.9.18.
For both tips the total βU (Zc)−βU0 is accurately described by the entropic contribution,
as it was obtained from the DF DIFMT+MF description.

cylindrical tip with di�erent polarizations, we have obtained the free energy excess βU (Zc)−
βU0 that would predict the force over the tip. 3D-AFM experiments [55] found two di�erent
periods, one of ∼ 0.3 nm at low molarities and other of ∼ 0.6 nm at medium-high molarities.
Within the DF formalism, both with DIFMT and HNC, we observe a period of ∼ 0.3 nm at low
molarities, independent of the polarization of the tip, while the period of ∼ 0.6 nm is observed
at medium-high molarities, but only for charged tips, although for the uncharged tip (even at
high salinity) we only observe the period of ∼ 0.3 nm, Fig.9.3. We have analyzed the origin
of this change in the period of the oscillations. In our ternary mixture model there are two
relevant decay modes, one related to HS interaction e�ects with period ∼ 0.3 nm and the other
with the charge density pro�le, whose period is ∼ 0.6 nm. There is a competition between
these two modes, and at lower molarities the charge density pro�le is nearly irrelevant even
for charged tip. At higher salt molarities, the charge density pro�le cs(z) is relevant, producing
that the charge mode becomes the dominant if the tip is charged. While for uncharged tips
its relevance is cut by the charge density pro�le ct(s,z) around the tip, which is strictly null.
This is shown in the right column of Fig.9.1, with the density and charge distributions around
the tip, ρc(s) = ρt(s,z→ 10) and cc(s) = ct(s,z→ 10).

Hence, one of our main conclusions is that by changing the polarity of the tip at medium
and high molarities for the salt, the force over the tip is drastically changed. For instance by
changing the polarization of the tip we could even observe a change of π in the phase of the
force over the tip, top row in Fig.9.3.

Finally, we have compared the results of a simpler DF approach, the HNC, with the results
obtained using DIFMT, which is computationally more expensive. The HNC approach was
originally used by Amano et al. in [1], modeling the tip as a tagged solvent molecule. Here
we have used the HNC approach with a more generic and realistic description of the tip
as an sphero-cylinder (as it was modeled for the DIFMT-DF description). We obtain that
asymptotically both proposals are equivalent, but close to the substrate if Zc < dc, the HNC
results do not reproduce the obtained by DIFMT. In the range where the HNC and DIFMT



118 atomic force microscope in fluids with charges

predictions di�er, we have observed an increase of the maximum packing fraction ηmax(Zc).
Since small changes in the packing fraction corresponds to larger variation in the density
pro�le at the interface, and HNC does not penalty correctly large variations of the pro�le
and underestimates the free energy cost associated with them. It seems reasonable that in the
region where the maximum packing fraction increases, the HNC predictions of βU (Zc)−βU0
do not longer reproduce the DIFMT results. Hence, the use of ηmax(Zc) as a control parameter
to determine the region where HNC predicts correctly the free energy excess βU (Zc) is
reasonable. Therefore, as we have set the validity range of the HNC results, we can study
corrugated systems with this approach, something which is prohibitive with the DIFMT due
to its computational cost, but feasible with the HNC approach.



10
A N A LY S I S O F T H E A F M F O R C E S I N WAT E R A N D O C TA N E

In the previous chapters we have explored, from a theoretical point of view, the AFM results
for di�erent systems: a purely entropic monocomponent �uids described by the DI-FMT,
which is the most successful DF approach (chapter 8), and a ternary mixture of water (ν = 0),
cations (ν = +) and anions (ν = −) parameterized to model the aqueous solution used in
[55] (chapter 9). However, we have not analyzed a realistic monocomponent liquid which
has a pure repulsive term (that produces the entropic e�ects analyzed in chapter 8) and an
attractive term in the pairwise interaction potential. To connect and check our theoretical
predictions we will analyze directly the experimental results for the force, Fig.10.1, obtained
by Ricardo García’s group (Instituto de Ciencia de Materiales de Madrid, CSIC) for an aqueous
solutions of alkali (at low molarity) and n-octane in contact with a muscovite mica substrate.
The measurements were made with the technique 3D-AFM with an amplitude modulation
feedback.
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Figure 10.1: The experimental spatial averaged AFM forces for the water (top) and octane (bottom)
obtained through the Hölscher’s method, [42].

The structure of this chapter di�ers from the previous chapters: �rst we will introduce
the theoretical predictions required to analyze the experimental force, and after the results
obtained from this analysis.

10.1 T H E O R E T I C A L P R E D I C T I O N S

In previous chapters we have obtained the free energy excess βU (Zc) and we observed that it
decays asymptotically with the characteristic damped oscillations of the density pro�le, which
are fully determined by the bulk liquid properties, section 7.4. DF studies, other theoretical
approaches and computer simulations [10, 19, 93], show that there are at least two relevant
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modes that characterize the density pro�le in a typical and realistic liquid; hence we may
expect that, in general, both of these modes may appear in the free energy excess βU (Zc).
Usually when several modes are presented, we could expect that the mode with the slowest
decay gives the truly asymptotic decay, but others with faster decay may still be dominant
over the relevant range of distances if they are excited with larger amplitudes, as it occurs
for inhomogeneous density distributions [89]. Then, as we obtained along chapter 9, there
may be a superposition of these modes and a priori we would not discard any of them. So
that, as these modes are characterized one by a monotonic (m) decay ∼ e−κmz and the other
by a oscillatory (o) decay ∼ e−κo(z−z0) cos(q0(z − z0)), we expect that for typical liquids both
decays will appear, and that the free energy excess is given by

βU (Zc) ≈ ∆m e
−κmZc +∆o e

−κo(Zc−z0) cos(qo(Zc − z0)), (10.1)

where ∆m and ∆o (or more precisely ∆o e
κozo ) determine the relevance of each mode over the

range with experimental resolution.
Along chapter 8, we studied a pure entropic monocomponent �uid and we only observed the

oscillatory term, which it is related to the entropic e�ects of the molecular packing, while the
monotonic term was unobserved, since it arises from the cohesive intermolecular forces which
were not included in the (hard spheres) model described in that chapter. The simplicity of the
model allowed us to perform a deep analysis of the parameters ∆o and z0, which characterize
the oscillatory component of the force measured by AFM and they give us information about
the interface between the tip and substrate. We found that the packing fraction pro�le for the
dense �uid in contact with the substrate, ηs(z), should be regarded as a good intermediate
variable to describe the entropic contribution to ∆o associated to the density pro�le, ρs(z).
Besides, we found a simple semi empirical relationship between ∆o and ηmax with the radius
of the sphero-cylindrical geometry assumed for the tip. On the other hand, it was obtained
that z0 corresponds to the absolute minimum of βU (Zc), that appears beyond the direct
tip-substrate contact (taken here as the origin Zc ≈ 0), and it corresponds to the tip-substrate
distance that matches the positions (and width) of the �rst absorbed layer on the substrate (i.e.
the main peak in ρs(z)) with the similar layer on the tip apex. Although, these relationships
and properties were obtained neglecting the cohesive intermolecular forces of the �uid, we
may expect that they are preserved in the oscillatory decay component in realistic systems.

10.2 E X P E R I M E N TA L R E S U L T S

Here we will analyze the experimental forces obtained directly from AFM[55], for water (with
very low concentration of an alkali halide) and n−octane in contact with muscovite mica as
substrate. The experimental results for the amplitude and phase shift are spatially averaged
and from them, through the Hölscher’s method [42], it is obtained the force f (Zc). The alkali
halide aqueous solution is at low molarity, so we could treat it as if were pure water, since in
chapter 9 we observed that the results at low molarity were similar to the obtained for a pure
entropic system. Hence, both systems (water and octane) could be analyzed as if they were
monocomponent �uid, and for this reason, we expect that the force is given by

f (Zc) = ∆mκme
−κmZc+∆oe

−κo(Zc−z0) (κo cos[qo(Zc − z0)] + qo sin[qo(Zc − z0)]) ; (10.2)

which is the derivative of the free energy excess βU (Zc), Eq.10.1.
As we introduced above, we expect that the characteristic decays (κm,κo,qo) correspond

to those of the density pro�les, in any interface of that liquid, which we may obtain from
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computer simulations. The monotonic inverse decay length, κm, for water and octane were
got from the density pro�les in a Molecular Dynamics (MD) simulation of the water-octane
interface [8]; the intrinsic density pro�le of octane in the same simulation was used to get the
oscillatory mode (κo,qo) for octane; while MD simulations of water on hydrophobic surfaces
[98] were used to obtain the corresponding for water. Their values are given in Table.10.1, and
with these decays we �t the experimental forces f (Zc) (from its �rst maximum after close
contact, between the tip and the substrate) to Eq.10.2 and we get the parameters (∆m,∆o,z0)
which are given in the Table.10.1. On the left panel of Fig.10.2 we present the �ts (black dashed
line) and the experimental forces f (Zc) (red full line). From this comparison, we obtain that
for both systems the asymptotic regime of the force is well described by Eq.10.2 with the
characteristic decays got from simulations, that depend on the bulk structure of the �uid.
While, the parameters which depend on the AFM setup, the tip geometry and the density
pro�le around the substrate ρs(z) are (∆m,∆o,z0), as we expected. Hence, the accuracy of
the �ts to the force is a clear support to our prediction (based on DFT) that κm , κo and qo are
determined just by the bulk liquid correlation and that they do not give information about the
interface.
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Figure 10.2: (Right panel) Experimental AFM force (red full line) and the �t to the asymptotic form
Eq.10.2 (black dashed line), for water (top) and octane (bottom) with the parameters given
in Table.10.1.
(Left panel) Top: The experimental AFM force in water (red line) and its �t (black dashed
line). Bottom: The DFT results for the non-local packing fraction pro�le ηs(z) (blue line),
the associated density pro�le around the substrate in the absence of the AFM tip, ρs(z),
(red line) and their asymptotic �t with the oscillatory decays (dashed black lines); with
the z axis aligned to relate the experimental position of the AFM tip Zc with the density
pro�le ρs(z).

Parameters from the liquid correlation Fits to the AFM force
System κm(nm−1) κo(nm−1) qo(nm−1) ∆m(J−20) ∆o(J−21) z0(nm)

Water 2.9 3.65 19.65 −1 −3.1 0.3

Octane 2.1 2.5 12.15 1.7 −2.6 0.5

Table 10.1: Parameterization of the �ts of the AFM forces to Eq.10.2 presented in the left panel of
Fig.10.2.
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10.2.1 relationship between the experimental force, the tip geometry
and ρs (z)

We have introduced the relationship of the parameters ∆o and z0 with the density pro�le
around the substrate and the tip geometry, as obtained in chapter 8. Here, we will check if the
predictions for pure entropic systems are preserved and give reasonable results in realistic
systems.

We observed that Zc ∼ z0 corresponds to the overlap (of the position and width) of the �rst
absorbed layers on the substrate and on the apex tip. And, by construction, the oscillatory
term of the free energy excess βU (Zc) presents a minimum around z0, which in force terms
corresponds to a null force with negative derivative. This will allow us to relate the position of
the force with the density pro�le ρs(z), by using that the �rst absorbed layer (on the apex tip)
is at a distance ∼ 0.5 dHS of the apex tip, section 8.4, where dHS is the molecular diameter of
its associated hard sphere. This e�ective hard sphere size that represents each liquid could
be estimated from 2π/qo, that for water is ∼ 0.32 nm as expected, and for octane we get
0.52 nm, consistent with the molecules lying mainly �at on their layers. Hence, since in AFM
experiments the origin of Zc (Zc = 0) is chosen to correspond with the direct contact between
the apex tip and the substrate, where the force diverges, and the �rst peak of the density
pro�le is usually about a distance ∼ 0.5 dHS respect to the substrate. We should expect that
z0 is of the order of dHS , as it is obtained for both systems, Table.10.1. Therefore, if we want
to relate locally the experimental force with the density pro�le ρs(z), we have to displace the
density pro�le about ∼ 0.5 dHS , as it is sketched in the right panel of Fig.10.2 for water.

On the other hand, we related ∆o with the density pro�le ρs(z) and the geometry of the
tip, more precisely with the cylindrical radius of the tip (scaled by the e�ective molecular
diameter) and with the maximum of the packing fraction of the liquid near the substrate,
ηmax. Since we can approximate ηmax by the previous calculus performed in chapter 8, as we
will see, we will use ∆o and ηmax to predict the cylindrical radius of the tip, and compare it
with the subnanometer resolution of the AFM for scanning on the XY plane. Which should
come from the atoms at the apex of the tip, and experimentally it gives a reasonable order of
magnitude of Rt ∼ 0.6 nm for the tip analyzed. This comparison will allow us to check if the
semiempirical relationship found in chapter 8 is valid for realistic systems.

To obtain ηmax we compute the associated bulk density ρb which gives the adimensional
quotient qo/κo of the decays given in Table 10.1, for a pure entropic monocomponent �uid,
i.e. we use the Percus-Wevick direct correlation function, Eq.7.17, to compute for a given ρb
its associated decays κb and qb through the formalism introduced in section 7.4. Hence, the
value of ρb, which satis�es that qb/κb = qo/κo, it should be regarded as the associated bulk
density for a pure entropic system which mimics the bulk correlation of the real system. Since
in chapter 8, we observed that the maximum packing fraction is almost independent of the
substrate and it depends mainly on the bulk density, we can estimate it from the previous
calculus once we know ρb. We obtain that the bulk density for the water is ρb ∼ 0.67 and for
the octane ρb ∼ 0.62, which correspond to a maximum packing fraction ηmax ∼ 0.46 for the
water and ηmax ∼ 0.43 for the octane. Then, if we use the semiempirical relationship found
in chapter 8

∆o ≈ 1.14 kT
Rt
dHS

η2max
1− ηmax

,

we obtain that for water at room temperatureRt ∼ 0.55 nm. However, since we have simpli�ed
the description of the molecular packing e�ects in water as an HS �uid with the similar
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structure factor, we will assume a conservative error bar to take into account it, and for this
reason, the radius predicted by the above semiempirical relationship is Rt = 0.6± 0.2 nm for
the water, which agrees with the expected order of magnitude for the cylindrical radius from
the experimental resolution in the XY plane.

The octane is an elongated molecule so we could not expect that the simpli�ed description of
it as an entropic hard spheres �uid gives accurate results. From the semiesperical relationship,
if we assume the same tip radius that for the water, we obtained that the characteristic diameter
(in the XY plane) of the octane is about ∼ 0.6±0.1 nm, which does not describe correctly the
shape of the octane. Then, the semiempirical relationship between ∆o, the density pro�le ρs(z)
and the tip geometry should only be used in system which could be described (reasonably
well) as a simple monocomponent �uid.

10.3 C O N C L U S I O N S

From the analysis of the experimental forces measured by Ricardo García’s group, operating a
3D-AFM with an amplitud modulation feedback. We have obtained a clear support to some
theoretical predictions observed along chapters 8 and 9. The �rst one is that the decay of the
force (except very close to direct contact) is given by Eq.10.2, with the characteristic decays
of the density pro�le, determined by the bulk liquid properties. A second point is that z0
should be of the order of dhs (the periodicity along the z axis), which allows us to relate the
oscillations of the force on the AFM tip to the molecular layering of the �uid on the substrate,
in absence of the tip. Finally, we have tested that the semiempirical prediction of ∆o, based on
a DFT calculation for the hard spheres model, gives reasonable results for real experimental
systems.
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A M O F @ C O F C O M P O S I T E W I T H E N H A N C E D U P TA K E T H R O U G H
I N T E R FA C I A L P O R E G E N E R AT I O N

In recent years, one important focus in the area of organic chemistry has been the development
of porous composites, comprising metal-organic frameworks (MOF) and covalent-organic
frameworks (COF). Combining di�erent types of porous materials can lead to improve a myriad
of applications, such as separation[78], catalysis[48], sensing[91], pollutant removal[43] and
gas capture[75]. We will not enter to discuss the design, synthesis and functions of the MOF
or COF, since that lies out of the line of this thesis, but there exist plenty of reviews about the
topic[16].

Within the subject of this Thesis, we shall focus on the role of the mesoscopic scale for the
description of liquids and their interfaces, within the complex network of connected pores in
these porous composites. Our aim is to link the macroscopic experimental adsorption isotherms
with the molecular characteristics of the systems, and we had the bonus of a direct collaboration
with experimental groups. We have analyzed the adsorption isotherms of water and Nitrogen
in a MOF@COF composite developed in the groups of Daniel Maspoch (Catalan Institute of
Nanoscience and Nanotechnology (ICN2), CSIC and BIST) and Félix Zamora (Departamento
de Química Inorgánica and Institute for Advanced Research in Chemical Sciences (IAdChem)
Universidad Autónoma de Madrid). They con�ne MOF (UiO-66−HN2 or Zr-fumarate) crystals1,
Fig.11.1 (a), polydispersed in single spherical COF beads by spray-drying process, Fig.11.1 (b),
through the synthesis procedure described in [30]. The experimental adsorption isotherms in
these compound materials proved the existence of a complex mesoscopic porosity that could
not be described as a simple mixture of the MOF and COF components. These crystalline
materials have nanopores that may be e�ectively described as cylinders with an e�ective
radius (r0 ∼ 0.3 and 0.55 nm for MOF and r0 ∼ 0.8 nm for COF), and a characteristic length
that depends on their synthesis. The interpretation of the experimental results requires to
assume also the existence of interstices, between the grains of crystalline phases. We show in
this chapter that the mesoscopic structure of the liquid �lling that complex network produces
a global e�ect in the macroscopic adsorption that cannot be described just in terms of the
porous size distribution, but that depends on their connectivities. These connectivities are
crucial for the interstices produced in the interfaces between the compounds, the relevance of
these interstices can be observed in Fig.11.1 (c), that presents a topographic image of an axial
cut of a single spherical COF bead. The huge variety and irregularity of these interstices and
the size of the MOF@COF beads, Fig.11.1 (d), require a statistical analysis of the system to
describe it.

The structure of this chapter di�ers of the previous chapters, �rst in section 11.1 we will
introduce the experimental results and an intuitive explanation of the observed e�ects, which
will be justi�ed theoretically along section 11.3, on the basis a SGA density functional (like in
chapter 6) tuned in section 11.3 to represent the experimental system.

1 From here we will refer to the MOF UiO-66−HN2 crystals as MOF crystals.
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Figure 11.1: a) Sketch of the MOF (UiO-66−HN2) crystal structure. b) Sketch of a single spherical COF
beads with included MOF crystal. c) Focused Ion Beam-Scanning Electron Microscope
(FIB-SEM) image of a crystalline MOF@COF beads, scale bar 1 µm,[30]. d) Representative
FESEM images of microspherical MOF@COF composite, scale bar 2.5 µm, [30].

11.1 E N H A N C E M E N T O F T H E A D S O R P T I O N I N M O F @ C O F C O M P O S -
I T E

Fig.11.2 presents the absorption isotherms measured by Daniel Maspoch and coworkers with
N2 (at 77 K) on the left panel, and water (at room temperature) on the right panel. In both
cases, the experiments were carried for adsorption in pure MOF crystals, in pure COF beads,
in a physical mixture of them and in the MOF@COF composites.
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Figure 11.2: The N2 at 77 K (left panel) and water (right panel) adsorption isotherms for the MOF UiO-
66NH2, green triangles; COF, black circles; physical mixtures of these two components,
blue diamond; and for the MOF@COF composite respect to the relative pressure and
relative humidity, red squares.

The adsorption isotherms of water in pure COF and MOF present steps at di�erent relative
humidity, such as RH ∼ 0.4 or 0.2, produced by the capillary condensation in the nanopores
of their crystal structures. The position of those steps is determined by thermodynamics,
more precisely by Laplace equation which predicts also a di�erence of one or two orders
of magnitude in the relative pressure scale for the Nitrogen respect to that for the water
adsorption, producing the experimental inability of the direct observation with N2 of the
steps presented in water adsorption. Nevertheless, the N2 adsorption provides a useful check
for the total volume of the nanopores, and the steady rise of the adsorption at high pressure
indicates the presence of a wide distribution of mesopores, particularly in COF and MOF@COF
combinations, formed by interstitial spaces between the crystal grains. Here we will focus
mainly in the adsorption of water which, as it may observed on the right panel of Fig.11.2,
shows an extremely di�erent behavior in the MOF@COF composite (red squares) and in the
physical mixtures (blue diamond), although they have the same relative concentrations of
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the MOF and COF compounds. Therefore, in the MOF@COF composite there should be a
cooperative enhancement in the role of the interfacial pores, that produces the sharp step at
RH ∼ 0.4, since its height cannot be explained by the capillary condensation of the COF pores.
Here we try and model the relevant aspects of these mesoscopic porosity that may reproduce
the strong enhancement of the adsorption at RH ∼ 0.4 in the MOF@COF composites.

Figure 11.3: Left panel, a sketch of the wetting angle, this angle and the shape of the drop takes, depends
on the surface tension of the �uid and the nature of the surface.
Right panel, a sketch of a cylindric pore characterized by the radius pore, R, full at a given
relative humidity where the pressure di�erence between the liquid and vapor phase at
"chemical equilibrium" is ∆P .

We �rst checked if the di�erence between the MOF@COF composites and the physical
mixture of their grains could be determined by the di�usion of water, that in the MOF@COF
composite can only reach and �ll the MOF pores through the COF pores, while in the powder
of the physical mixture water may reach the two materials independently through the large
interstitial spaces. That should produce experimental results that depend on the rate at which
the relative humidity is increased (in adsorption) or decreased (in desorption). A theoretical
estimation of the characteristic di�usive time clari�es that this problem should appear if the
time scale for a full adsorption-desorption cycle were in the range of a few seconds, but the
experimental times in the range of hours made very unlikely that the di�usion process would
be a limiting factor. This was con�rmed experimentally, increasing by a factor �ve the time
between measurements without any signi�cant change in the water isotherms adsorption.
Therefore, the process should be determined by thermodynamics and from the isotherm
adsorption of water we should be able to describe, in an e�ective way, the mesoscopic porosity
of the compound.

A cylindrical pore with radius Rpor will be �lled by liquid water at a relative humidity (RH)
described by the Laplace equation,

Rpor(RH ,θ) =
2γ cos(θ)
∆P (RH)

; (11.1)

where γ represents the surface tension of the free liquid-vapor interface, ∆P = P (ρv)−P (ρl)
is the pressure di�erence between the liquid and vapor phase in "chemical equilibrium" 2 at a
given relative humidity and θ is the contact angle between the liquid-vapor interface and the
solid surface. We present a sketch of the contact angle in the left panel of Fig.11.3, while the

2 We refer to chemical equilibrium as the equilibrium between phases with the same chemical potential µ ≡ µ(ρl) =
µ(ρv), but not equal pressure. The value of µ depends of relative humidity and satis�es that the vapor density
obtained gives that P (ρv)/P (ρv0) = RH , with the vapor equilibrium density at standard conditions ρv0.
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right panel of this �gure presents the characteristics of the Laplace equation for a cylindrical
pore. The contact angle includes all the relevant characteristics the solid surface (hydrophibic-
ity and any other chemical details), the surface tension γ and the bulk thermodynamics, in
∆P (RH) determine the position of the main step in the isotherms adsorption. In practice,
the macroscopic description Eq.11.1 is very accurate even to describe rather narrow pores
for which the use macroscopic thermodynamics and the simple cylindrical geometry could
be doubtful. Theoretical results using density functional descriptions for the inhomogeneity
of the liquid within the pore have validated the use of Laplace equation down to radii in the
order of the nanometer [64]. The adsorption in pores with less regular geometrical shapes
and/or with complex structures on their walls may also be cast in form of Laplace equation
with an e�ective value of Rpor/cos(θ). This is a useful simple description that works as far as
we may assume that a collection of pores with di�erent characteristics may be treated in a
"one size at a time" basis, with the gradual �lling of pores with increasing RH.

The experimental uptake Porx(RH) gives the weight of water per weight of porous material
as a function of RH , and it is theoretically described through the relative volume �lled at a
given relative humidity, Vl(RH)

Vt
, by

Porx(RH) =
ρH2O(RH)

ρx

Vl,x(RH)

Vt
; (11.2)

where ρx is the density of the compound. Considering any pure porous material, x =COF
or MOF, we describe the accessible volume Vl,x(RH) as that of the pores and interstices that
are full at a given relative humidity. We describe the pores and interstices as a collection of
e�ective cylindrical pores with their radii r distributed with a probability distribution p(r),
full with liquid water at the value of the RH such that r ≤ Rpor(RH ,θ) given by Laplace
equation, with an e�ective contact angle to represent the pore walls as homogeneous. In
this description we should distinguish between the pores related to the crystalline structures
of the compounds, that should give very narrow peaks in their size distribution, and those
formed at the interstices, which should be more irregular and give a broader size distribution.
Therefore, we could express the water �lled volume by

V l,x(RH) = Vpores l,x(RH) +Vint. l,x(RH);

where Vpores l,x(RH) represents the accessible volume for the pores and Vint. l,x(RH) for the
interstices. We have modeled the accessible volume for the pores through the cylindrical pore
size distribution of the compound, px(r), by3

Vpores l,x(RH) = LxNx

∫ Rpor(RH ,θx)

0
dr πr2px(r); (11.3)

where Lx and Nx are, respectively, the characteristic length and the number of the cylindrical
pores per weight of the (empty) grains in the material. The crystalline structure of the materials
should give a narrow pore size distribution that we model as (one or several) Gaussian peaks,

px(r) =
e−

(r−r0)2

2∆2

√
2π∆

,

3 Here, for the sake of simplicity, we are assuming the existence of a single pore in the compound. However, its
extension to compounds with several pores is rather trivial due to the extensive property of the volume.
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with a mean radius ro to give each main step in the adsorption isotherm, and with low
dispersion ∆� r0.

On the other hand, the slope presented in the isotherm adsorption, between and beyond the
sharp steps, may be related with the accessible volume for the interstices. In contrast with the
pores, the interstices size distribution should have a large dispersion, to re�ect the extremely
irregular geometry of this ensemble. We have found that a simple model for the (e�ective) size
distributions of the interstices is a Lorentzian distribution, pint(r) =

1
π

∆
(r−r0)2+∆2 , and their

accessible volume is

Vint. l,x(RH) = Vint,x

∫ Rint(RH)

0
dr pint,x(r); (11.4)

where Rint(RH) is the radius at which the interstices are full at a given relative humidity.

11.1.1 mesoscopic porosity of the mof crystals and cof beads

Within the previous formalism we could describe directly the water adsorption isotherms
for the MOF and COF presented in Fig.11.2, with the accessible volume for the pores and
interstices in each compound, COF (left panel) and MOF (right panel). The decomposition of
the water isotherm adsorption of the COF beads proves the need to separate the accessible
volume in a pore based contribution, which reproduces the sharp step at RH ∼ 0.4, related
to its characteristic radius r0 = 0.8 nm, and the interstice contribution, that, with its broad
density distribution pint,COF(r), contributes to the water isotherm adsorption over a large range
of relative humidities.
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Figure 11.4: Water isotherm adsorption and its decomposition in the di�erent terms for the COF beads
(left panel), using the Eq.11.7 with the parameters presented in the Table11.1, and for the
MOF (right panel), using the Eq.11.8 with the parameters presented in the Table11.2.

On the other hand, for the MOF compound the accessible volume in the pores reproduces the
two steps, associated to their well de�ned radii r0 = 0.3 nm and r0 = 0.55 nm that presents its
crystal structure at RH ∼ 0.05 and 0.2, respectively. The accessible volume for the interstices
presents a strong contribution at RH ∼ 0.2, that in our description based in Eq.11.4 would lead
to an interstice size distribution, pint,MOF(r), highly localized. This localization makes no sense,
since the interstices should be extremely irregular and consequently should give a broader
size distribution. Therefore, we should reconsider the modeling of the accessible volume for
the interstices, Eq.11.4, more precisely of the radius at which the interstices are full at a given
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relative humidity, Rint(RH). The previous assumption based on Laplace equation with a given
wetting angle considers homogeneous walls, which may not be licit for interstices, as their
walls are inhomogeneous and present a brush structure with the characteristic pores of the
compounds. Those nanopores can be full or empty of water, and depending on that state the
e�ective interaction of the interstices walls with the water will change. We have modeled this
change through a dependence on the e�ective wetting angle with the state of the pore, that
can be obtained by an estimation of the free energy change associated to the pores. As we
have assumed, cylindrical geometry for the interstices the relevance of the pores is given by
its relative section, ξx = NxLx

Vt

∫∞
0 dr πr2px(r), of the pore mouths in the interfacial area. And

consequently, the e�ective wetting angle of the interstices, in contact with a single pore, is

cos(θe�,int) = (1− ξx)cos(θint)− ξx(1−Φx(Rpor(RH ,θx))); (11.5)

where Φx(R) =
∫ R
0 dr px(r) is the accumulate distribution of the pore size distribution.

Therefore, the radius at which the interstices are full at a given relative humidity is given by

Rint(RH ,Φx) =
2γ
∆P

[(1− ξx)cos(θint)− ξx(1−Φx)] . (11.6)

Hence, close to the relative humidity at which the regular nanopores are full, there will be
an strong increase in the e�ective radius at which the interstices are full, ∆Rint ≈ ξx

2γ
∆P , this

produces that at this relative humidities we are integrating over a larger range of sizes than
previously, and consequently, we will need a broader interstice size distribution than before
to obtain the same water uptake, as we were looking for.

Within this hypothesis the water uptake of the COF compound is

PorCOF(HR) =
ρH2O(RH)

ρCOF

Vint,COF

Vt

∫ Rint(RH ,ΦCOF)

0
dr pint,COF(r)+

+
NCOF

Vt
LCOF

∫ Rpor(RH ,θCOF)

0
dr πr2pCOF(r)

 ;
(11.7)

where Rint(RH ,ΦCOF) is given by Eq.11.6. Under these assumptions and with the parametriza-
tion given in Table.11.1, we reproduce the isotherm adsorption presented in Fig.11.4. However,
we want to remark that the relevance and dispersion of the interstices size distribution of the
COF beads is dependent of the assembling process and may be di�erent in other experiments.

r0,COF ∆COF r0,int COF ∆int COF θCOF θint COF ξCOF Vint COF/Vt NLCOF/Vt
nm nm nm nm º º nm−2

0.8 0.053 0.855 1.15 57.3 41 0.06 0.095 147

Table 11.1: Mesoscopic parametrization to reproduce the water isotherm adsorption for the COF
presented in Fig.11.4.
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On the other hand, as the MOF crystal structure presents two well de�ned pores, and we
will describe its water adsorption isotherm through

PorMOF(HR) =
ρH2O(RH)

ρMOF

NMOF1

Vt
LMOF

∫ Rpor(RH ,θMOF1)

0
dr πr2pMOF1(r)+

+
NMOF2

Vt
LMOF

∫ Rpor(RH ,θMOF2)

0
dr πr2pMOF2(r) +

Vint,MOF

Vt

∫ Rint(RH ,ΦMOF1 ,ΦMOF2)

0
dr pint,MOF(r)

 ;
(11.8)

with

Rint(RH ,ΦMOF1,ΦMOF2) =
2γ
∆P

[(1− ξMOF1 − ξMOF2)cos(θint)− ξMOF1(1−ΦMOF1)− ξMOF1(1−ΦMOF1)] .

(11.9)

r0,MOF1 ∆MOF1 r0,MOF2 ∆MOF2 θMOF θint MOF r0,int MOF

nm nm nm nm º º nm
0.3 0.0375 0.55 0.0687 40 34 0.385

∆int MOF ξMOF2 ξMOF1 Vint MOF/Vt N1LMOF/Vt N2LMOF/Vt
nm nm−2 nm−2

0.225 0.04 0.155 0.275 1482 932

Table 11.2: Mesoscopic parametrization to reproduce the water isotherm adsorption for the MOF
presented in Fig.11.4.

Within this description and the parametrization given in Table.11.2 we have recovered the
experimental results of the isotherm adsorption for the MOF, as we present in Fig.11.4, with a
broad interstices size distribution.

11.1.2 mesoscopic porosity of the mof@cof composite

To check the parametrization obtained above for the MOF crystals and COF beads, we use
that it has to reproduce the isotherm adsorption of a physical mixture of MOF and COF. We
will describe the physical mixture as an ideal mixture, i.e.

PorPhys.mixt =
cMOF ρMOF PorMOF(RH) + cCOF ρCOF PorCOF(RH)

cMOFρMOF + cCOFρCOF
; (11.10)

where PorCOF(RH) is given by Eq.11.7 and PorMOF(RH) by Eq.11.8. The experimental relative
concentrations are cMOF = 0.11 and cMOF = 0.89, to match those in the composite. Within this
description and the parameters given in Table.11.1-11.2 we have accurately reproduced the
experimental isotherm adsorption for the physical mixture, left panel of Fig.11.5.

On the other hand, we may model the MOF@COF composite as a physical mixture
with an extra term, which describes the interstices produced at the MOF@COF interface
Porint. MOF@COF(RH),

PorMOF@COF =
cMOF ρMOF PorMOF(RH) + cCOF ρCOF PorCOF(RH) + ρH2O(RH) Porint. MOF@COF(RH)

cMOFρMOF + cCOFρCOF
.
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Figure 11.5: (Left Panel) Water isotherm adsorption for the physical mixture of the MOF crystals
and COF beads, described by the Eq.11.10 with cMOF = 0.11 and cMOF = 0.89, and the
parameters given in the Table11.2-11.1, and its decomposition in its di�erent terms.
(Right panel) Water isotherm adsorption for the MOF@COF composite, described by the
Eq.11.11 with the parameters given in Table11.2-11.3, but with Vint MOF/Vt ≈ 0.

(11.11)

As we can observe in the right panel of Fig.11.5, the extra term associated to the interstices
produced at the MOF@COF interface (cyan pointed line) presents a sharp step at RH ∼ 0.4.
This result would lead to a localized interstice size distribution, even within the previous
description of an e�ective wetting angle dependent on the state of the pores. Therefore, it
seems that we are missing out an extremely relevant e�ect, which explains how a broad
interstice size distribution can produce an extremely localized water uptake at RH ∼ 0.4, that
matches with the main adsorption step of the COF pores.

The interface between the MOF and COF, may be reproduced by a double-brush structure,
where each brush should correspond to the MOF and COF compound, since the MOF crystals
tend to aggregate around the COF bead (c panel of Fig.11.1) and between both brushes are
the interstices. Hence, there are several characteristic lengths which de�ne geometrically
the system, the lengths of the COF LCOF ≈ 250 nm, of the MOF LMOF ≈ 200 nm and of the
interstice Lint ≈ 5.7 nm, that we have estimated through the relative sections, ξx, of the MOF
and COF that we parametrised in section 11.1.1. Then, around RH ∼ 0.2 the MOF pores
should be full reducing the e�ective wetting angle of its corresponding wall, as previously, and
close to RH ∼ 0.4 the COF pores should begin to be full. Producing a liquid-vapor interface
in the mouth of the pore, if the interstice is empty. This interface, should be favorable for
the interstice at this relative humidity. However, for the whole system the existence of this
interface may not be favorable, due to the orders of magnitude of di�erence between the COF
pore and interstice length. Producing that the system is completely full (for some interstices)
when the COF pores are full, i.e. the COF takes a role of "master" and the interstices of "slaves"
which are full when the "master" determines it, which is at the same relative humidity than
the master are full. We will analyze in depth this complex behavior in section 11.3 through
SGA-DF numerical calculus. Macroscopically, this e�ect may be modeled by

Porint. MOF@COF(RH) = ξintPCOF(RH) +Θ(Rint − r0,cof)ξint2

∫ Rint

0
dr pint(r); (11.12)

where ξint determines the volume of the interstices which are full by "order of the master",
while ξint2 represents the volume of those interstices whose radius is large enough that does



135

not follow the role of "slave", determining the slope at high relative humidity observed
experimentally, and Rint is given by

Rint(RH) =
2γ
∆p

(cos(θe�. int. MOF@COF)− ξMOF1(1−ΦMOF1)− ξMOF2(1−ΦMOF2)− ξCOF(1−ΦCOF)) ;

(11.13)

similar to the previous de�nitions.

ξint ξint2 r0,int MOF@COF ∆e�. int. MOF@COF θint MOF@COF

nm nm º
0.193 0.175 0.35 3.0 56

Table 11.3: Mesoscopic parameterization to reproduce the water isotherm adsorption contribution of
the MOF@COF composite interstices, presented in Fig.11.5.

Within this description and the parameters of Table.11.1-11.2 we have accurately described
the experimental isotherm of the MOF@COF composite, Fig.11.5. But it requires to use that,
as the MOF crystals aggregates over the COF beads instead between them, the accessible
volume of the MOF interstices is drastically reduced, Vint MOF/Vt ≈ 0.

11.2 S Q UA R E G R A D I E N T A P P R O X I M AT I O N R E P R E S E N TAT I O N

The concepts behind the behavior of the interstices generated by the MOF@COF interface,
and the generation of the "master" and "slave" roles, may be explored theoretically in a ’proof
of principle’ with a simple model that describes the �uid closer to the molecular scale, to
observe if we may recover the mesoscopic analysis used in the description of the experimental
results. We have performed this analysis through a Landau-Ginzburg density functional, more
precisely the Square Gradient Approximation (SGA), which we introduced in chapter 6. SGA
is described by the total DF grand potential, which under an external potential V (~r) and with
chemical potential µ, is given by

βΩSGA[ρ] =

∫
d~r

(
Φ(ρ(~r)) + ρ(~r) (βV (~r)− βµ) +

cSGA
2
|~∇ρ(~r)|2

)
; (11.14)

where the local function Φ(ρ) = f (ρ)−µρ describes the thermodynamics of the system in
terms of the Helmholtz free energy per unit volume ρ(ρ) as a function of the bulk density ρ. In
our case we use a generalized van der Waals approximation, which includes the Helmholtz free
energy density for hard sphere, the pure mean �eld contribution of an attractive Lennard-Jones
interaction and the ideal one. Consequently, Φ(ρ(~r)) is given by

Φ(ρ(~r)) = ρ(~r)

(
log(ρ(~r)) +

3η(~r)
1− η(~r)

+
3η2(~r)

(1− η(~r))2
− log(1− η(~r))

)
−4π8

9
βELJ
2

ρ(~r)2;

(11.15)

where η(~r) = π
6 d

3
H2O

ρ(~r), with dH2O the molecular diameter of water, and βELJ = 2.857 is
the strength of the Lennard-Jones potential interaction that reproduces the experimental ratio
of ρl0/ρv0 at the coexistence.
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Within this description we obtain the thermodynamic characteristics of the liquid and
vapor phase at each relative humidity, as we previously commented, the isotherm adsorption
requires to assume that, at each relative humidity, the liquid and vapor phase are in "chemical
equilibrium", i.e µ ≡ µ(ρl) = µ(ρv). This chemical equilibrium should not be confused with
thermal equilibrium, as this requires that µ0 ≡ µ(ρl0) = µ(ρv0) and P0 = P (ρl0) = P (ρv0),
while the chemical equilibrium does not impose to have the same pressure in both phases, since
there is a pressure di�erence across the curved interface of the meniscus in the pores. Therefore,
as the relative humidity is given by RH = P (ρv)/P (ρv0), by changing the chemical potential
µ we obtain the densities ρv(µ) and ρl(µ) in "chemical equilibrium" that reproduces the
density value of the vapor and liquid phase at the corresponding relative humidity, computed
through RH = P (ρv(µ))/P (ρv0). Hence, to obtain the thermodynamic characteristics of the
liquid and vapor phase in the water isotherm adsorption, we change the chemical potential
imposing that both phases are in "chemical equilibrium", obtaining ρl(µ) and ρv(µ) with its
corresponding pressure, Pl(µ) and Pv(µ) respectively, that we need to use the Laplace equation,
Eq.11.1. On the left panel of Fig.11.6, we present the values of {ρl(µ),ρv(µ),Pl(µ),Pv(µ)} that
describe thermodynamically the water isotherm adsorption presented in the right panel of
Fig.11.2.
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Figure 11.6: (Left Panel) Thermodynamic results with the functional description of the water by
Φ(ρ(~r)) Eq.11.15, red lines correspond to the result for liquid phase. While black lines are
for the vapor bulk.
(Right panel) Dependence of the surface tension, βγ , with cSGA through ΩSGA[ρ]
by Eq.11.16. With cSGA = 1.623 d2H2O

we recover the correct value of βγH2O(T =

293 K)d2H2O
.

Beyond the local term, the SGA density functional (Eq.11.14) describes the non locality
through the term cSGA

2 |~∇ρ(~r)|
2, that allow us to describe interfaces, and consequently we

could compute the surface tension associated with the interface. Which in the DF formalism
is obtained through

βγ =
βΩ[ρlv(z)]

A
; (11.16)

where ρlv(z) represents the density pro�le of the liquid vapor interface. We �x the value of
cSGA to reproduce the experimental value of the surface tension of the liquid-vapor interface
of water at T = 293K . To do it, for each value of cSGA we minimize the density pro�le
ρlv(z;cSGA) associated with an interface with the boundary condition, ρv0 and ρl0 at each
side, and we obtain through Eq.11.16 the dependence of the surface tension with cSGA. The
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right panel of Fig.11.6 presents βγ(csga)d2H2O
(black dashed line) and the experimental value

of the water surface tension at T = 293K , βγH2O(T = 293K)d2H2O
(red line). As we show in

the inset, at cSGA = 1.623 d2H2O
we recover value of the water surface tension at T = 293 K ,

that completes our tuning of the SGA density functional to the properties of water at room
temperature.

We turn now to the model for the walls of the pores. In Eq.11.14, βΩSGA[ρ], the environment
that surrounds the �uid enters through the external potential βV (~r). For the sake of simplicity,
we have assumed the external potential as a contact potential, described by βV (~r) = Uxδ(~r −
~rx), where ~rx describes the surface of the x compound. Within our numerical discretization
with binning, ∆= 0.05 dH2O, for the minimization of Ω[ρ], that is equivalent to a square well
potential of depthUx/∆, and width ∆. The values ofUx for each kind of pore ( the crystalline
pores in COF and MOF, as well as their interstitial walls) may be tuned to reproduce the
respective wetting angles obtained in section 11.1. As the wetting angle could be obtained by

βγH2O cos(θwett) = βγv,wx − βγl,wx =
βΩ[ρv,wx ]− βΩ[ρl,wx ]

A
; (11.17)

where ρv,wx represents the density pro�le of the vapor phase in contact with the surface of the
x compound, and ρl,wx the equivalent for the liquid phase. Hence, we will minimize the density
pro�le of the vapor and liquid phase in contact with the wall of the x− compound4, ρv,wx and
ρl,wx respectively, for each value of Ux, and we obtain through Eq.11.17 the dependence of
the wetting angle with the external potential, i.e θwett(Ux).
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Figure 11.7: (Left Panel) Dependence of the wetting angle with the external potential of the substrate
U/∆, through Eq.11.17.
(Right panel) Energetic comparison of the empty (dashed squares) and full (full circles)
states in contact with the substrate, for the di�erent substrates: MOF (top �rst column); COF
(top second column); MOF interstices (bottom �rst column) and COF interstices (bottom
second column). For each substrate the external potential has been �tted, Table.11.4, to
reproduce the wetting angle, i.e the step, observed experimentally, in the water isotherm
adsorption at a given relative humidity, Fig.11.2.

We present in the left panel of Fig.11.7 the dependence of θwett with the external potential
U/∆, while the right panel represents an energetic comparative between the empty and full
states in contact with the substrate. For the di�erent substrates we have used the value of
U/∆ which reproduces its corresponding wetting angle, Table.11.4. Therefore, the crossing

4 With the boundary condition in the bulk phase ρv;wx = ρv0 for the vapor interface and ρl;wx = ρl0 for the liquid
interface.
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point between the energy associated with each state should be at the same relative humidity,
at which the water isotherm adsorption presents its main step.

βULJ cSGA/d2H2O
UMOF/∆ UCOF/∆ Uint. MOF/∆ Uint. COF/∆

2.857 1.623 -493 -427.7 -428 -481

Table 11.4: DF-SGA parameters that describe correctly the thermodynamics of the system.

11.3 N U M E R I C A L R E S U L T S F O R T H E E N H A N C E M E N T O F A D S O R P -
T I O N

Once we have parametrized the interaction of the water with the di�erent pore walls and the
non local term of the DF-SGA, to reproduce correctly the thermodynamics of the system, we
may analyze its mesoscopic behavior, more precisely the complex behavior of the MOF@COF
interface. As a proof of concept, we have to include the geometrical structure of large (inter-
stitial) pores or variable width with smaller regular pores open to them. As the simplest form
with these characteristics, we model the MOF@COF composite as a double-brush structure,
of the COF (top) and MOF (bottom) porous material5, Fig.11.8. The geometrical description
of the pores determines the double-brush structure, whose radii and lengths are given in
section 11.1, and the interstice length is Lint ≈ 5.7 nm, which we have determined through
the e�ective radius of each pore and its relative section.

In contrast, with the rest of the systems in this thesis that have been minimized, here the
grand potential will present several local minima associated with the di�erent states (full or
empty) of each pore and interstice. Therefore, an energetic comparison between the di�erent
states (full or empty) at each pore and interstices is required to obtain, or at least to estimate,
the global minimum of the system at each relative humidity. For this reason, we minimize
the system for each con�guration, imposing the boundary conditions that characterized that
state6. Although, we should not expect to minimize completely the system, since we do not
know the equilibrium state a priori, we will describe accurately the energetic cost of the
interfaces observed in the mouths of the pores, Fig.11.8. The correct description of these
interfaces becomes crucial, for example, the energy associate to the state with porous full and
empty interface ΩLLLV(RH)7 is

βΩLLLV(RH) ≈ LMOF (ΦL,MOF1(RH) +ΦL,MOF1(RH)) + LCOFΦL,COF(RH)+

+∆wMOF-int.(RH) +∆wCOF-int.(RH) + LintΦv,int(RH);
(11.18)

where ∆wMOF-int.(RH) and ∆wCOF-int.(RH) are the energies associated with the liquid-vapor
interface between the interstice and the MOF porous, COF porous respectively, while Φx,y is
the energy per unit length of the x-state in the y-porous.

5 The walls presented in Fig.11.8, interact through βUx(~r) = Uxδ(~r −~rx), whose prefactor is given in Table.11.4.
For instance, the MOF pores interact with UMOF/∆, while the MOF wall that de�nes the bottom limit of the
interstice interacts with Uint. MOF/∆, and equivalently for the COF walls.

6 To include the boundary conditions in our simulations, we compute the equilibrium density pro�le ρ(r) well
inside the pore, to reduce the in�uence of the z gradient, at each relative humidity, and equivalently for the
interstices.

7 The �rst index corresponds to the MOF pore with radius R= 0.3 nm, the second to MOF pore with R= 0.55 nm,
the third index the COF pore and the last one to the interstice.
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Figure 11.8: Shows the 2D color maps of the equilibrium density distribution as log(ρ(~r)/ρl), where
the log-scale goes from ρ(~r) = ρl = 1 g/cm3 (in yellow) to ρ(~r) = e−3.5ρl ∼ 0.03 g/cm3

(black). (Left Panel) A unit (shown as horizontal cell) of the double-brush structure in
our model (regular) interfacial pore, of the COF (top) and MOF (bottom) porous at a
relative humidity of 0.45. The top row corresponds to an interstice with e�ective radius
R= 0.96 nm, and the bottom row for a slightly larger with e�ective radius R= 1.2 nm.
Although, both interstices are similar its equilibrium state is quantitatively di�erent as in
the top row the interstice is full, while for the bottom row this interstice is empty.
(Right panel) Model representation of an irregular interfacial pore, with size increasing
from an e�ective radius R= 0.8 nm to R= 1.2 nm at four di�erent values of the relative
humidity, which corresponds to the relative humidity where is obtained the main steps of
the water isotherm adsorption, Fig.11.2. The vertical pores are much larger than what we
present in the �gure, and their values correspond to the presented in section 11.1.

11.3.1 relationship for the enhancement in the thermodynamic limit

The relevant thermodynamic limit to compare with the experimental results in large (macro-
scopic) samples, which are composed by a large ensemble of interstitial pores, as the single
one that we consider in our SG-DFT calculation, each of them with the corresponding lateral
pores of regular width but irregular length. The relevant factor to compare our results with
experimental data is the typical distribution of their lengths and widths. Since the equilibrium
state of the system depends strongly on the typical length of its component {LMOF,LCOF,Lint},
Eq.11.18. Therefore, the results observed experimentally will change drastically if those lengths
change.

Herein, we will explore how the results in the thermodynamic limit will change if we modify
the length of the COF pore, LCOF. As an example, in Fig.11.9 we present the equilibrium state at
relative humidity RH = 0.45 for di�erent e�ective radius of the interstices, while each panel
corresponds to a di�erent COF pore length. Left panel corresponds to LCOF = Lint = 5.7 nm
while the right panel to LCOF = 114 nm. If the system were governed by thermodynamics
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Figure 11.9: Equilibrium state at a relative humidity RH = 0.45 for di�erent e�ective radius of the
interstices. Left panel corresponds to LCOF = 5.7 nm while the right panel to LCOF =
114 nm. At this relative humidity the COF pores should be full, however, in the left panel
the COF pores are empty if the interstices are empty, while for the same values of the
e�ective radius of the interstices, but with a larger COF length those pores are full and the
roles are changed.

the COF pores should be full at the relative humidity RH ∼ 0.45, as predicts the Laplace
equation. However, in the equilibrium state of the left panel, where LCOF = 5.7 nm, those
pores are empty if the interstices are empty, while for interstices with lower e�ective radius
(bottom row), which should be full at that RH , the COF pores are full, i.e for LCOF = 5.7 nm
the interstices has the role of "master" and the "slaves" are the COF pores. However, if we
increase the length of the COF pores LCOF = 114 nm the roles are interchanged as we observe
in the right panel of Fig.11.9.

Hence, the roles of "master" and "slaves" introduced in section 11.1 depend drastically on the
pore length, in Fig.11.10 we present an analysis in depth of this dependence. The red results
corresponds to the thermodynamic limit of the MOF@COF interstices (when the interstices
are isolated), if we include in the description the COF and MOF pores with a COF length
LCOF = 5.7 nm we obtain the black results, which proves that in the presence of the COF
pores the wetting angle is reduced. Since for the same relative humidity interstices with larger
radius are full, this reduction could be described by the Eq.11.5. If we keep increasing the
length of the COF pores a clear elbow appears around RH ∼ 0.45, green (LCOF = 28.5 nm)
and blue (LCOF = 114 nm) results, which is the relative humidity at which the COF pores
are full, approaching to the violet dashed line that would reproduce the results of a pure
behavior described by the "master" and "slaves" roles. These results prove the existence of the
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Figure 11.10: The phase diagram for the capillary condensation in interfacial COF-MOF cavities, in
terms of the vapor pressure at which the condensation occurs at each e�ective size of the
interfacial pore. The results in red correspond to model cavities bounded by COF/MOF-like
materials, but which have no pores. The other curves include our model representation
of the nanopores in COF and MOF, with several lengths, approaching for the longest
pores the sharp step at the vertical dashed line, which marks the capillary condensation
in a pure COF-like material. The inset gives a closer view of that region.

"master" and "slave" roles introduced in section 11.1, and the local strong enhancement for
the MOF@COF composite observed experimentally in the water isotherm adsorption, right
panel of Fig.11.2; while the interstices with relative larger e�ective radius, R > 1.8 nm, are full
with an e�ective reduction of the wetting angle. Therefore, all these results give robustness to
the modelization of the water uptake for the MOF@COF interstices proposed in section 11.1,
Eq.11.12, that reproduces accurately the macroscopic e�ects observed experimentally.

11.4 C O N C L U S I O N S

The MOF@COF composite developed by Daniel Maspoch group and Felix Zamora, through
a two-step process of spray-drying and dynamic covalent chemistry, presents a strong en-
hancement in the N2 and H2O isotherm adsorption respect to its constituent components,
this enhancement should be produced by the pores generated in the MOF@COF interface.
Although, those pores should be full at high relative humidity (RH) with an e�ective wet-
ting angle, which includes the dependence of the state of the pores (if are full or empty), at
RH ∼ 0.44 presents a sharp step in the water isotherm adsorption. This sharp step is produced
by the adsorption in a wide set of irregular interface steps, which are carried over the capillary
condensation by the change in the boundary conditions, as their COF walls become �lled by
the water.

Through the Density Functional analysis performed in section 11.3, we identify the char-
acteristic length as the key parameter to identify the role of ”master” and ”slave”, being the
”slave” pores those which are full when the master pores are full, although these pores if
they were isolated would be full at a di�erent relative humidity. Within the DF formalism
we obtain the phase diagram presented in Fig.11.10 proving that for the experimental COF
length, LCOF ∼ 250 nm, the COF pores take the role of "master" over the "slaves" which are
the COF@MOF interstices with an e�ective radius R < 2 nm, i.e the DF analysis provides a
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proof of concept to support the intuitive explanation for the experimental adsorption curves
in the composite COF@MOF composite presented in section 11.1. Besides, we obtained that if
the pore length is drastically reduced until LCOF ≈ 5.7 nm the role of "master" and "slave" are
switched, as we present in Fig.11.9.



Part IV

G E N E R A L C O N C L U S I O N S
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C O N C L U S I O N S

Along this thesis we have explored di�erent topics, under the common theme of the connection
between the molecular scale, explored with DFT or MD, and the properties of the same systems
at mesoscopic and macroscopic scales. The subjects are grouped in three blocks: �uctuating
surfaces in chapters 1-6, 3D AFM in �uids, chapters 7- 10, and the MOF@COF composite in
chapter 11. We will separate the general conclusions related to each block of topics to keep
the structure of the thesis.

F L U C T UAT I N G S U R FA C E S : C O N N E C T I N G C A P I L L A R Y WAV E T H E O R Y,
D E N S I T Y F U N C T I O N A L T H E O R Y A N D C O M P U T E R S I M U L AT I O N S

In this block we have analyzed the CW contributions to the density correlation, ∆G, and
the complementary background correlation Gbg , that added to ∆G gives the total density
correlations G = ∆G+Gbg , as it may be obtained from MD simulations or DF theories. Also,
we have discussed how the wavevector dependent surface tension of the extended CWT, γ(q),
may be obtained from ∆G.

relevance of the bedeaux-weeks series and the correlation background

• The CW contributions, ∆G, to the density correlation G are given by Bedeaux-Weeks’s
series [2], that includes (as its �rst term) Wertheim’s prediction, which has been often
interpreted as the full∆G. We have checked that such interpretation is not too inaccurate
for the surface of normal simple �uids, explored in MD simulations of liquid-vapor
interfaces at normal temperatures and small areas, in the range of 10-20 molecular
diameters. However, for 2D suspended materials (graphene and lipid membranes), for
the surface of cold liquids (at temperatures below 0.2 its critical Tc), or for any liquid
surface sampled over a large area we need the full Bedeaux-Weeks series (including its
higher terms to obtain its practical convergence). Suspended graphene sheets, studied
in chapter 3, are an interesting system for which Bedeaux-Weeks’s series describes
reasonable well the whole density correlations, since ∆G ≈ G.

• In section 2.1.1 within Bedeaux-Weeks’s formalism and the ISM to sample the mesoscopic
�uctuations in MD simulations, we have developed a workable approximation to get
Gbg . The sum of this background and Bedeaux-Weeks’s series reproduces accurately the
density correlation, i.e.G ≈ ∆G+Gbg , obtained in MD simulations, both for liquid-vapor
interfaces and 2D suspended materials (graphene), chapters 4 and 3, respectively.

• Based on Bedeaux-Weeks’s series we have developed a method to obtain from ∆G the
q dependent surface tension γ(q) (the deconstruction method presented in section 2.2),
this method generalizes and improves the previous ones based on Wertheim’s term
(Blokhuis’s proposal and Normal Mode Route). We have tested it and found it in very
good agreement with the ISM results for the same MD simulations. That means that,
properly interpreted, the two-particle information contained in ∆G is enough to capture
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the mesoscopic �uctuations of the surfaces, as well as the N -particle information used
by the ISM in the analysis of MD simulations.

liqid-vapor surfaces

• Historically, the search for a link between CWT-DFT-MD has been focused in liquid-
vapor interfaces of normal liquids, which have a monotonic density pro�le both in
DFT approximations and in typical computer simulations. In these systems the CW
contributions may be described by Wertheim’s term, with a reasonable accuracy. Here
we have explored the previous proposals (mainly the Normal Mode Route) and compared
their predictions with the results of the SGA-DF description of these systems, obtaining
two valid and complementary interpretations:

– If we analyze the total density correlations G, we will obtain the simplest (macro-
scopic) version of the CWT, γ(q) = γ0 ∀q for the DF-SGA and for q ≤ qu in
MD simulations. From DF-SGA (as from the macroscopic CWT) the cuto� qu
cannot be obtained and it has to be imposed. In contrast, this cuto� appears in
MD simulations, it is rather low (e.g. about 0.95 nm−1 for water, equivalent to
a wavelength of 0.3 σ−1 molecular diameters), and it may be obtained from the
crossing of γ0q2 with the bottom of the bulk correlation band of eigenvalues,
given by the main peak of the bulk structure factor at qσ ∼ 2π. That main peak in
the bulk structure factor describes the non-local entropic e�ects of the molecular
packing, which are neglected in the SGA approximation, within the DFT; therefore
the presence of that cuto� qu is fully outside of any SGA-DF treatment. Any more
accurate DFT treatment of these systems would include the SGA results as its
low q limit, but it could include a prediction for qu if it reproduces well the bulk
structure factor at qσ ∼ 2π.

– Alternatively, if we subtract to the density correlation a (reasonable) representation
for the correlation background we will obtain through the Normal Mode route for
both (MD and DF-SGA) a positive bending modulus, as assumed in the modern
version of the CWT and similar to that extracted with the ISM analysis of computer
simulations. Therefore, the ISM-MD results, based on anN -particle analysis of the
surface �uctuations, may be interpreted as equivalent to the surface �uctuations
signal in ∆G, when we take out the bulk-like correlation background. A further
con�rmation of that equivalence is that the eigenvector associated to γ(q) decays
asymptotically with the non local decay ζ(q) predicted by Parry et al. [66] with
some simpli�ed SGA-DF versions. We have shown here that the result is obtained
for any DF-SGA (chapter 6) and it has been observed in MD-ISM simulations of
Lenard-Jones systems, [24].

lipid bilayers

• For lipids bilayers (chapter 5) the above formalism describes correctly the density
correlations at low q’s, which comes from the �uctuation of the bilayer as a single surface,
but if we want to reproduce the rich �uctuation spectrum of these systems we have to
extend the original proposal of Bedeaux and Weeks. We present this extension in the
appendix B and with it (plus a generalized version of the deconstruction method, section
5.5) we have obtained that the coupled undulatory mode could be computed directly
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from simulations, without the need to subtract a background correlation. This allows to
connect easily the bending modulus, used in the mesoscopic Helfrich Hamiltonian for
the membrane shape [34], with the molecular details of the membrane.

• We have proposed and calculated a correlation background associated to the double
Bedeaux-Weeks’s series and an analytical approach to the intralayer excess correlation
Glbg , that describes the 2D density �uctuations on the membrane plane, i.e. the com-
pressibility mode, and allows us to obtain the monolayer mode. Together, this analytical
background and the double Bedeaux-Weeks’s series allow us to reproduce accurately
the density correlation, i.e. G ≈ GdBW +Glbg .

• We have proposed a parameterization of the peristaltic and coupled undulatory mode,
which improves that proposed in [90], since it includes the e�ective tilt contribution
proposed by Watson et al.[97]. This parametrization describes correctly the di�erent
surface tension in lipid bilayers up to q ∼ 2 nm−1.

3 D A F M I N F L U I D S : T H E O R Y A N D E X P E R I M E N T S

We have studied the novel technique 3D AFM in �uids, analyzing their main characteristics
from a theoretical point of view, within the DFT. We have obtained some predictions in
chapters 8 and 9, that we have contrasted with experiments in chapter 10.

• We have calculated that the free energy excess βU (Zc), which determines the force
over the tip f (Zc), decays asymptotically as the density pro�le, i.e βU (Zc) has the
same asymptotic modes than the density pro�le, which are determined by the bulk
properties of the liquid. Therefore, the parameters which may give us information about
the density pro�le in contact with the substrate, ρs(z), are the phase and amplitude of
these modes, instead their decays as it was previously assumed [1, 60, 96].

• In chapter 8, we have analyzed a pure entropic liquid and we were able to relate the
amplitude and phase of the mode associated with the entropic e�ects with the density
pro�le ρs(z) and the geometry of the tip. We have obtained that the phase corresponds
to the tip-substrate distance that matches the positions (and width) of the �rst absorbed
layer on the substrate (i.e. the main peak in ρs(z)) with the similar layer on the tip apex.
And we have found a semiempirical relationship between the amplitude of this mode,
the packing fraction pro�le ηs(z) and the radius of the sphero-cylindrical tip, which
gives reasonable results for realistic systems, as show the good �ts to the experimental
results discussed in the chapter 10.

• We have proposed and tested a superposition approximation for the density distribution
in the region around the AFM tip and the substrate, ρst(~r,Zc), as a function of the
tip-substrate distance Zc, ρSAst . This density distribution provides an excellent starting
point to the minimization process (associated to a DF description of the system) and it
is even a rather accurate estimation for the free energy excess in the asymptotic regime,
sections 8.2 and 9.2.

• We have compared the results obtained for an accurate DF description of the entropic
e�ects (DIFMT) with a simpli�ed version of it (HNC), used by Amano et al. in [1], which
describes correctly the direct correlation function of the �uid. From this comparison we
have obtained that asymptotically both results are similar, but if we approach the tip
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to the substrate closer than a given distance the HNC results will not reproduce the
obtained by DIFMT. We have observed that, in the range where the predictions of HNC
and DIFMT di�er, the value of the maximum packing fraction, ηmax(Zc), increases.
Hence, we could use simpler approaches as HNC, which are computationally cheaper,
to analyze corrugated systems and use that the validity range of the HNC results could
be obtained analyzing the value of ηmax.

• Along chapter 9 we have explored the dependence of the free energy excess for an
electrolyte aqueous solution, including the e�ects of the tip polarization, and we have
observed (for medium and high molarities of the salt) a strong dependence of the
force with it, up to the point of being mainly characterized by it. For instance, if the
polarization is inverted we could even observe a phase change of the order of π.

M O F @ C O F C O M P O S I T E S

In chapter 11, we have investigated the enhancement of the water adsorption in the MOF@COF
composite [30], which is a complex network of connected pores in these porous composites.

• We have analyzed the experimental adsorption isotherms of the MOF@COF composite
and of the separated or mixed MOF and COF compounds. From this analysis we hypoth-
esize an e�ect associated to the existence of interfacial pores between the compounds
of the MOF@COF composite. This e�ect is the adsorption in a wide set of irregular
interface steps by the change in the boundary conditions if their COF walls are full by
the water, and it could produce the enhancement observed experimentally.

• We have performed DFT calculations within the SGA-DF formalism to check if the
hypothesized e�ect takes places, and we found that for the experimental conditions it
happens. Besides, we have identi�ed the characteristic length of the COF pores as the
key parameter to obtain this e�ect, as we present in the phase diagram of section 11.3.



C O N C L U S I O N E S

A lo largo de esta tesis hemos explorado diferentes temas, los cuales, a pesar de ser distintos,
se basan en conectar la escala molecular, que analizamos por DFT o MD, y las propiedades
de dicho sistema en la escala mesoscópica o macroscópica. Estos temas explorados pueden
agruparse en tres bloques: Super�cies �uctuantes (capítulos 1-6), la técnica 3D-AFM en �uidos
(capítulos 7- 10), y el compuesto MOF@COF en el capítulo 11. Las conclusiones generales las
dividiremos en estos tres bloques para preservar la estructura de la tesis.

S U P E R F I C I E S F L U C T UA N T E S : C O N E C TA N D O L A T E O R Í A D E O N D A S
C A P I L A R E S , L A T E O R Í A D E F U N C I O N A L D E L A D E N S I D A D Y S I M U -
L A C I O N E S

En este bloque hemos analizado las contribuciones de las ondas capilares a la correlación
de densidad, ∆G, y el exceso de correlación, Gbg , que junto con ∆G da la correlación de
densidad totalG = ∆G+Gbg , la cual puede ser obtenida a través de simulaciones de dinámica
molecular o por DFT. También hemos analizado como se puede obtener la tensión super�cial
dependiente del vector de onda, γ(q), de ∆G.

relevancia de la serie de bedeaux-weeks y el exceso de correlación

• La contribución de las ondas capilares, ∆G, a la correlación densidad G es descrita por
la serie de Bedeaux-Weeks [2], que incluye (como su primer término) el término de
Wertheim, el cual ha sido normalmente interpretado como ∆G. Hemos comprobado
que esta interpretación es correcta para las interfases líquido-vapor de �uidos a tem-
peraturas normales que sean analizadas por simulaciones de dinámica molecular con
áreas pequeñas, del orden de 10-20 diámetros moleculares. Sin embargo, para sistemas
bidimensionales (como grafeno y membranas lipídicas), interfases a bajas temperat-
uras (por debajo de 0.2 Tc, siendo Tc su temperatura crítica) o para cualquier interfase
líquido-vapor en las que simulemos áreas lo su�cientemente grandes necesitamos la
serie de Bedeaux-Weeks completa (en la cual tenemos que incluir los términos supe-
riores para que la serie converja). El grafeno estudiado en el capítulo 3 es un sistema
interesante para el cual la serie de Bedeaux-Weeks describe correctamente la correlación
de densidad completa, ya que ∆G ≈ G.

• En la sección 2.1.1 hemos desarrollado una aproximación que permite calcular la con-
tribución de las �uctuaciones no capilares a la correlación de densidad, Gbg , usando
el formalismo de Bedeaux-Weeks e ISM para muestrear las �uctuaciones mesoscópi-
cas de una simulación de dinámica molecular. Con esta de�nición de background y
la serie de Bedeaux-Weeks podemos obtener la correlación de densidad completa, i.e.
G ≈ ∆G+Gbg , que obtendríamos directamente de una simulación de interfases líquido-
vapor y materiales bidimensionales suspendidos, capítulos 4 y 3 respectivamente.

• Basándonos en la serie de Bedeaux-Weeks hemos desarrollado un método para obtener
de ∆G la tensión super�cial dependiente de q, γ(q), (el método de deconstrucción
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presentado en la sección 2.2). Este método generaliza y mejora los propuestos anteri-
ormente, que estan basados en el término de Wertheim (la propuesta de Blokhuis y la
ruta de modos normales). Hemos comprobado que los resultados de este método de
deconstrucción coinciden con los resultados obtenidos por un análisis ISM de dichas
simulaciones. Esto signi�ca que sí analizamos correctamente la información contenida
en las correlaciones de dos cuerpos, podemos describir las �uctuaciones mesoscópicas
de una super�cie �uctuante de forma similar a lo que obtendríamos por un análisis de
N−cuerpos de dichas simulaciones, como es el ISM.

interfases líqido-vapor

• Históricamente, la búsqueda de la forma de conectar CWT-DFT-MF se ha centrado en
interfases de líquido-vapor de líquidos simples (LJ). Estos sistemas están caracterizados
porque el per�l de densidad obtenido por DFT y por simulaciones típicas de dinámica
molecular es monotónico. En dichos sistemas las contribuciones de las ondas capilares
pueden describirse, con una precisión razonable, por el término de Wertheim. En este
tema hemos analizado las propuestas anteriores para obtener γ(q) (principalmente la
ruta de modos normales) y hemos comparado sus predicciones con los resultados de
una descripción SGA-DF de estos sistemas, obteniendo dos interpretaciones válidas y
complementarias:

– Sí analizamos la correlación de densidad total G, obtendremos la versión más
simple (macroscópica) de la teoría de ondas capilares, γ(q) = γ0 ∀q para el DF-
SGA y para q ≤ qu en simulaciones de dinámica molecular. Desde DF-SGA (como
desde la teoría de ondas capilares macroscópicas) no puede obtenerse el cuto�
qu y tiene que ser impuesto. En cambio, dicho cuto� aparece de forma natural
en simulaciones de dinámica molecular, el valor de este es relativamente bajo
(sobre 0.95 nm−1 para el agua, que en diámetros moleculares toma el valor de
0.3 σ−1), y puede obtenerse del corte de γ0q2 con el autovalor más bajo de la
correlación de bulk, que es dado por el pico principal del factor de estructura de
volumen a qσ ∼ 2π. Este pico en el factor de estructura de volumen describe los
efectos entrópicos no-locales asociados al empaquetamiento molecular, que no
están descritos por SGA, por tanto este cuto� qu no puede obtenerse en ningún
SGA-DF. Sin embargo, cualquier cálculo DFT de estos sistemas con un funcional
más preciso recuperará los resultados de SGA a bajo q y dará un cuto� qu , sí la
aproximación funcional describe correctamente el factor de estructura de volumen
a qσ ∼ 2π.

– Alternativamente, sí restamos a la correlación de densidad un background razon-
able, obtendremos un módulo de �exión positivo usando la ruta de modos normales
para simulaciones de dinámica molecular y DF-SGA, tal y como asume la versión
moderna de la teoría de ondas capilares, similar a lo obtenido por un análisis de
simulaciones MD-ISM. Por tanto los resultados de MD-ISM, que se obtienen de
un análisis de N−partículas de la super�cie �uctuante, son equivalentes a los
resultados obtenidos de ∆G, cuando quitamos las correlaciones de background
tipo volumen. Otra con�rmación de esta equivalencia es que el autovector asociado
a γ(q) decae asimptóticamente con el decaimiento no local ζ(q) observado en
simulaciones de MD-ISM de sistemas Lenard-Jones, [24], y por Parry et al. [66] en
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versiones simpli�cadas de SGA-DF, mientras que nosotros hemos demostrado que
este decaimiento es obtenido para cualquier DF-SGA (capítulo 6).

bicapas lipídicas

• Para bicapas lipídicas (capítulo 5) el formalismo comentado anteriormente describe cor-
rectamente la correlación de densidad a bajo q, cuando la bicapa se comporta como una
sola super�cie �uctuante, sin embargo, sí queremos reproducir el complejo espectro de
�uctuaciones de estos sistemas tenemos que extender la propuesta original de Bedeaux
y Weeks. Esta extensión la presentamos en el apéndice B y con una versión general-
izada del método de descontrucción, sección 5.5, hemos obtenido que el modo acoplado
ondulatorio puede ser obtenido directamente de las simulaciones sin la necesidad de
restar una correlación de background. Esto permite relacionar fácilmente el módulo
de �exión, utilizado en el hamiltoniano mesoscópico de Helfrich, para la forma de la
membrana [34], con los detalles moleculares de la membrana.

• Hemos propuesto y calculado la correlación de background asociado a la serie de double
Bedeaux-Weeks y una aproximación a este exceso de correlación intracapa Glbg , que
describe las �uctuaciones 2D de densidad del plano de la membrana, es decir el modo
de compresibilidad, con el cual podemos obtener el modo monocapa. Este background
analítico y la serie de doble Bedeaux-Weeks nos permite reproducir la correlación de
densidad, i.e. G ≈ GdBW +Glbg .

• Hemos propuesto una forma de parametrizar el modo peristáltico y acoplado ondulatorio,
que mejora la propuesta anteriormente en [90], ya que incluye la contribución de tilt
propuesta por Watson et al.[97]. Esta parametrización describe correctamente todas las
tensiones super�cies de bicapas lipídicas hasta q ∼ 2 nm−1.

T É C N I C A D E 3 D - A F M E N F L U I D O S : T E O R Í A Y E X P E R I M E N T O S

Hemos estudiado la novedosa técnica de 3D-AFM en �uidos, analizando sus principales
características desde un punto de vista teórico con DFT. Hemos obtenido algunas predicciones
en los capítulos 8 y 9, que hemos contrastado con experimentos en el capítulo 10.

• Hemos calculado el exceso de energía libre βU (Zc), que determina la fuerza sobre la
punta f (Zc), y observado que decae asimptóticamente como el per�l de densidad, es
decir el per�l y βU (Zc) tienen los mismos modos asimptóticos, que están determinados
por las propiedades de volumen del líquido. Por tanto, los parámetros que nos dan
información sobre el per�l de densidad en contacto con el substrato, ρs(z), son la fase y
amplitud de estos modos, en vez de los decaimientos como fue asumido anteriormente,
[1, 60, 96].

• En el capítulo 8, hemos analizado un líquido puramente entrópico y hemos sido capaces
de relacionar la amplitud y fase del modo asociado a los efectos entrópicos con el per�l
de densidad ρs(z) y la geometría de la punta. Hemos obtenido que la fase corresponde a
la distancia entre el sustrato y la punta, para la cual la posición y anchura de la primera
capa absorbida del sustrato (i.e. el pico principal en ρs(z)) coincide con su equivalente
para la punta. Y hemos encontrado una relación semi empírica entre la amplitud de este
modo, el per�l de packing fraction ηs(z) y el radio de una punta esfero-cilíndrica, que
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da resultados razonables para �uidos reales, como muestran los buenos ajustes a los
resultados experimentales analizados en el capítulo 10.

• Hemos propuesto y comprobado una aproximación de la distribución de densidad en
la región entre la punta del AFM y el sustrato, ρst(~r,Zc), como función de la distancia
punta-sustrato Zc, ρSAst . Esta distribución de densidad es excelente para empezar la
minimización (asociada a la descripción DF del sistema) y además da una estimación
bastante precisa del exceso de energía libre en el régimen asimptótico, secciones 8.2 y
9.2.

• Hemos comparado los resultados obtenidos por una descripción funcional precisa de
los efectos entrópicos (DIFMT) con una versión simpli�cada de él (HNC), utilizada por
Amano et al. en [1] y que describe correctamente la función de correlación directa del
�uido. De esta comparación hemos obtenido que asimptóticamente ambos resultados son
similares, pero cuando la punta se acerca al sustrato más cerca de una distancia dada, los
resultados HNC no reproducen lo obtenido por DIFMT. Hemos observado que en el rango
en el que di�eren las predicciones de HNC y DIFMT el valor del máximo de la packing
fraction, ηmax(Zc), aumenta. Por tanto, se pueden utilizar aproximaciones sencillas
como HNC, que son computacionales más rápidas, para analizar sistemas corrugados y
utilizar que el rango de aplicación de estas aproximaciones puede obtenerse sí se analiza
el valor de ηmax.

• En el capítulo 9 hemos explorado la dependencia del exceso de energía libre para una
solución acuosa de electrolitos con la polarización de la punta, y hemos observado una
gran dependencia de la fuerza con esta (para medias y altas concentraciones relativas de
la sal), hasta el punto de estar la fuerza caracterizada principalmente por la polarización.
Por ejemplo, si se invierte la polarización de la punta observamos en la fuerza un cambio
de fase cercano a π.

C O M P U E S T O M O F @ C O F

En el capítulo 11, hemos investigado el aumento en la isoterma de adsorción del agua en
el compuesto MOF@COF [30], que es una red compleja de poros interconectados en los
compuesto porosos.

• Hemos analizado las isotermas de adsorción experimentales del compuesto MOF@COF,
MOF y COF separados o mezclados. De este análisis hemos propuesto que este efecto
está asociado a la existencia de poros interfaciales entre los componentes del compuesto
MOF@COF. Este efecto es la adsorción en un amplio grupo de poros irregulares, que
están en contacto con los intersticios del compuesto, por el cambio de las condiciones
de contorno, como que los poros del COF estén llenos de agua, y puede producir el
aumento observado experimentalmente.

• Hemos realizado cálculos DFT usando el formalismo SGA-DF para contrastar sí el efecto
hipotetizado puede ocurrir y encontramos que para las condiciones experimentales el
efecto ocurre. Además, hemos identi�cado la longitud característica de los poros del
COF como el parámetro clave para obtener este efecto, tal y como presentamos en el
diagrama de fases de la sección 11.3.
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Part V

A P P E N D I X



A
S O F T- A L K A L I L I Q U I D - VA P O R I N T E R FA C E AT T / T c = 0 . 1 5

This appendix supplements the results presented in chapter 4 for a system at an intermediate
temperature between the SA and LJ introduced previously, the system analyzed is the SA
liquid-vapor interface at T / T c = 0 . 1 5 . On the left panel of Fig.A.1 we present the spec-
trum of C ( z , z ′ , q ) , which corresponds to the inverse spectrum of the density correlation
function G ( z , z ′ , q ) . It contains the correlation excess which masks the CW contribution
and gives the nearly �at band. This �at band is removed if we subtract the background corre-
lation proposed in section 2.1.1, and only the eigenvectors associated to the CW correlations
are kept, as we observe in the right panel of Fig.A.1 which shows the inverse spectrum of
∆G ( z , z ′ , q ) . As we commented along the chapter 4, we observe the second eigenvalue
(red full circles) whose gap (respect to the lowest eigenvalue) is close to 0 . 6 − 0 . 7 5 (in k T
units), lower than the gap obtained for the LJ at T / T c = 0 . 6 3 (∼ 2) and higher than the
gap obtained for the SA at T / T c = 0 . 1 5 (∼ 0 . 3).
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Figure A.1: Left panel: The spectrum of C(z,z′ ,q), i.e. the inverse spectrum of the full density correla-
tion function G(z,z′ ,q), at each wavevector q allowed by our MD simulation box for the
SA system at T /Tc = 0.15. Right panel: the inverse spectrum of ∆G = G −Gbg , we only
present the spectrum which corresponds to the lowest eigenvalues. The orange full lines
corresponds to γ0q2/

∫
dzρ′(z)2, which should be similar to the lowest eigenvalue of C

(black full circles) at low q, with an eigenvector proportional to the �rst derivative of the
density pro�le. This comparison clari�es why the normal mode route will give a negative
bending modulus for this system. The left panel shows the in�uence of the background,
as a nearly �at dense band in the spectrum (red full circles). While, on the right panel
this dense band is removed in the (inverse) spectrum of ∆G(z,z′ ,q) by the background
correlation, which leaves the eigenvectors associated to the CW correlations. In this panel
we present the lowest eigenvalue (black full circles) and the second eigenvalue (red full
circles), which it is related with higher order derivatives of ρ(z), and its proximity with the
lowest eigenvalue shows explicitly the relevance of the n ≥ 2 terms of Bedeaux-Weeks’s
series.

On the other hand, Fig.A.2 presents the results of the di�erent proposals to obtain the
surface tension βγ(q). The normal mode route based on Wertheim’s term applied over G
(red up-triangles), Gbg (blue down-triangles) and ∆G ≡ G −Gbg (black squares). Full green
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160 soft-alkali liqid-vapor interface at T /Tc = 0.15

circles are the results of the deconstruction method (based on Bedeaux-Weeks’s series) over
∆G with nBW = 7, γDC(q), and the ISM results γ ISM(q) (black dashed line), obtained by the
equipartition theorem. As for the other systems, there is a quantitative agreement between
the ISM results and the deconstruction method, γDC(q) ≈ γ ISM(q). While, the normal mode
route applied over ∆G (black squares) does not describe correctly the q−dependent surface
tension.
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Figure A.2: The (adimensional) surface tension βγ(q)σ2 for the SA system at T /Tc = 0.15. Empty
symbols represent γNM(q) obtained from the eigenvalues of ∆G(z,z′ ,q) (black squares),
G(z,z′q) (red up-triangles) andGbg(z,z′ ,q) (blue down-triangles). The latter should not be
understood as a surface tension, but it clari�es the results obtained at high q fromG(z,z′ ,q).
Full green circles are the γDC(q) obtained by the deconstruction method, presented in
section 2.2 and obtained by Eq.2.17 with nBW = 7. The black dashed line is the ISM results
for γ(q) obtained by the |ξq |2 coe�cients of the intrinsic surface through the equipartition
theorem.



B
B E D E A U X- W E E K S ’ S F O R M A L I S M F O R L I P I D B I L AY E R S A N D N O N - C W
C O N T R I B U T I O N S T O D E N S I T Y C O R R E L AT I O N

As commented in section 5.4, the main contribution to the non-CW correlation background,
based on the undulatory mode, are the peristaltic �uctuations of the local thickness of the
membrane. Hence, as the peristaltic mode is one of the characteristic modes of the bilayer, we
may consider to extend the original analysis of Bedeaux-Weeks’s [2], based on a single mode,
to include the undulatory and peristaltic modes. To describe both modes we should introduce
some general results of bivariant Gaussians which leads to Bedeaux-Weeks’s formalism and
that allow to extend it.

Bedeaux and Weeks[2] under the assumptions of CWT proved that

P (ξ,ξ ′,x) = exp
{
S(x)

∂2

∂ξ∂ξ ′

}
P (ξ)P (ξ ′). (B.1)

This result is just the simplest case of a more general result of the bivariate Gaussian distri-
bution, which is given in Wang and Uhlenbeck [95]. The bivariate Gaussian distribution is
de�ned as

P (y1,y2) =
1

2πστ(1− ρ2)
1
2

exp

{
−1

2(1− ρ2)

(
y21
σ2 +

y22
τ2
−
2ρ
στ
y1y2

)}
; (B.2)

where y1 and y2 are a linear combination of continuum random variables with normal
distribution and with no null variance, σ2 = 〈y21〉, τ2 = 〈y22〉 and στρ = 〈y1y2〉. These
variances can be rewritten in terms of the height-height correlation function

S(|~x − ~x ′ |) = 〈ξ(~x)ξ(~x ′)〉ξ − 〈ξ(~x)〉ξ〈ξ(~x ′)〉ξ ;

as σ2 = S(0), τ2 = S(0) and στρ = S(r12). Obtaining

P (ξ,ξ ′,r12) =
1

2π (S2(0)− S2(r12))
1
2

exp
{
−S(0)(ξ2+ ξ ′2) + 2S(r12)ξξ ′

2(S2(0)− S2(r12))

}
, (B.3)

whose Fourier transform is

P (ξ,ξ ′,r12) =
1

(2π)2

∫
dt

∫
dt′ exp

{
i(tξ + t′ξ ′)− 1

2
S(0)(t2+ t′2)− S(r12)tt′

}
, (B.4)

and using that

P (ξ) = (2πS(0))−
1
2 exp

{
− ξ2

2S(0)

}
,

it is rather trivial to obtain Bedeaux-Weeks’s relationship given by Eq.B.1. We want to remark
that in this proof we have used that σ2 = τ2 in Eq.B.2, which is equivalent to assume that ξ
and ξ ′ are the �uctuations of the same surface. Hence, if we want to describe the �uctuations of
several surfaces, we should analyze the bivariate Gaussian distribution of di�erent surfaces. If
we denote these surfaces by α and β and de�ne Sα,α(0) = σ2, Sβ,β(0) = τ2 and Sα,β(r12) =
στρ, the bivariate Gaussian distribution related to both surfaces is given by

161
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P (ξα,ξ
′
β ,r12) =

1

2π
(
Sα,α(0)Sβ,β(0)− S2α,β(r12)

) 1
2

exp

−Sα,α(0)ξ
′2
β − Sβ,βξ

2
α + 2Sα,β(r12)ξαξ ′β

2(Sα,α(0)Sβ,β(0)− S2α,β(r12))

;
(B.5)

whose Fourier transform is

P (ξα,ξ
′
β ,r12) =

1
(2π)2

∫
dtα

∫
dtβ exp

 i(tαξα + tβξ ′β)−
Sα,α(0)t2α2

+
Sβ,β(0)t

2
β

2
+ Sα,β(r12)tαtβ


.
(B.6)

Hence, using the assumption

P (ξα) = (2πSα,α(0))
− 1

2 exp
{
− ξ2α
2Sα,α(0)

}
;

P (ξβ) =
(
2πSβ,β(0)

)− 1
2 exp

− ξ2β
2Sβ,β(0)

;
it is straightforward to obtain that

P (ξα,ξ
′
β ,x) = exp

Sα,β(x) ∂2

∂ξα∂ξ
′
β

P (ξα)P (ξ ′β); (B.7)

which is a generalization of Bedeaux Weeks’s relationship to di�erent �uctuating surfaces.
We want to remark that if we want to describe lipid bilayers, we should use the undulatory
and peristaltic modes, since these modes are independent by de�nition, and consequently
SU ,P (x) = 0.

Following, the original Bedeaux-Weeks’s de�nition[2] we de�ne the capillary wave contri-
bution for lipid bilayers, GdBW , to the density correlation as

GdBW (z,z′,~x
′′
) =∫

dξ+dξ−dξ ′+dξ ′−P (ξ+,ξ−,ξ ′+,ξ ′−,~x
′′
)

∑
ν,µ=±

ρmI [µ(z − ξµ)]ρmI [ν(z′ − ξ ′ν)] ;

(B.8)

where ρmI represents the intrinsic pro�le of each monolayer, as we have assumed that both
monolayers are equivalent, their intrinsic pro�le is the same. However, as we want to treat
them separately, we would denote the lower monolayer by ρmI (−(z − ξ−)) and the upper
one as ρmI (z − ξ+). Since the undulatory and peristaltic mode are independent we could
decompose P (ξ+,ξ−,ξ ′+,ξ ′−) in terms of them

∫
dξ+dξ−dξ ′+dξ ′−P (ξ+,ξ−,ξ ′+,ξ ′−,~x

′′
)→

∫
dξUdξ ′UdξP dξ ′P P (ξU ,ξ ′U ,~x

′′
)P (ξP ,ξ ′P ,~x

′′
).
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(B.9)

Hence, Eq.B.8 becomes

GdBW (z,z′,~x
′′
) =

∫
dξUdξ ′UdξP dξ ′P P (ξU ,ξ ′U )P (ξP ,ξ ′P )

∑
ν,µ=±

ρmI [µ(z − ξµ)]ρmI [ν(z′ − ξ ′ν)] ;

(B.10)

where
P (ξU ,ξU ,x) = exp

{
SU (x)

∂2

∂ξU∂ξ ′U

}
P (ξU )P (ξ ′U );

P (ξP ,ξP ,x) = exp
{
SP (x)

∂2

∂ξP ∂ξ ′P

}
P (ξP )P (ξ ′P ).

As ξ+ = ξU − ξP − d/2 and ξ− = ξU + ξP + d/2, where d represents the thickness of the
bilayer, we could expand the exponential terms in Eq.B.10 and if we de�ne GdBW as

GdBW (z,z′,~x
′′
) ≡

∫
dξUdξ ′UdξP dξ ′P P (ξU ) P (ξ ′U ) P (ξP )P (ξ ′P ) GIdBW (z,z′,~x

′′
);

(B.11)

we obtain that GIdBW is given by

GIdBW (z,z′,~x
′′
) =

∑
ν,µ=±

∑
l=0

∑
n=0

(SU (x′′))l

l!
(SP (x′′))n

n!

(
νlµl

)
∂n+lξµ ρ

m
I (µ(z−ξ

µ))∂n+lξν ρ
m
I (ν(z

′−ξ ′ν)).

(B.12)

The term νlµl contributes only where ν , µ, and in those cases νlµl = (−1)l . This term
should be transformed into (−1)l+n(−1)n, and it is obtained that

GIνν(z,z
′,~x

′′
) =

∑
l=0;n=0

(SU (x′′))l

l!
(SP (x′′))n

n!
∂n+lξν ρ

m
I (ν(z−ξ

ν))∂n+lξν ρ
m
I (ν(z

′ −ξ ′ν));

(B.13)

and

GIνµ(z,z
′,~x

′′
) =

∑
l=0;n=0

(SU (x′′))l

l!
(−1)n

(SP (x′′))n

n!
∂n+lξν ρ

m
I (ν(z−ξ

ν))∂n+lξµ ρ
m
I (µ(z

′−ξ ′µ))(−1)n+l .

(B.14)

Then, by the exponential properties

GIνν(z,z
′,~x

′′
) = exp

[
(SU (x′′) + SP (x′′))∂ξν∂ξ ′ν

]
ρmI (ν(z−ξ

ν))ρmI (ν(z
′−ξ ′ν)); (B.15)

GIνµ(z,z
′,~x

′′
) = exp

[
(−1)(SU (x′′)− SP (x′′))∂ξν∂ξ ′µ

]
ρmI (ν(z−ξ

ν))ρmI (µ(z
′ −ξ ′µ));

(B.16)
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as Sm(x′′) = SU (x′′) + SP (x′′) and SCU (x′′) = SU (x′′)− SP (x′′) we may describe GIdBW
by

GIdBW (z,z′,~x
′′
) =

∑
ν;µ=±

P (ξν ,ξ ′µ,x′′)ρmI (ν(z − ξ
ν))ρmI (µ(z

′ − ξ ′µ)). (B.17)

Therefore, GdBW takes the form

GdBW (z,z′,~x
′′
) =

∫
dξUdξ ′UdξP dξ ′P

∑
ν,µ=±

P (ξν ,ξµ,x′′)ρmI [µ(z − ξµ)]ρmI [ν(z′ − ξ ′ν)] =

=
∑
n

∑
µ,ν=±

(
(Sm(x′′))nδνµ+ (−1)n(SCU (x′′))n(1− δνµ)

)
∂nzρµ(z)∂

n
z′ρν(z

′).

Where the (−1)n arises from associate di�erent signs to each monolayer. Then, if we treat
them as di�erent but keeping the symmetry between the density pro�les of each monolayer,
the double Bedeaux-Weeks’s prescription to symmetric lipid bilayers may be expressed as

GdBW (z,z′,~x
′′
) =

∑
n

∑
µ,ν=±

(
(Sm(x′′))nδνµ+ (SCU (x′′))n(1− δνµ)

)
∂nzρµ(z)∂

n
z′ρν(z

′).

(B.18)

Besides, as the bilayer thickness d ≈ 4 nm is much larger than the �uctuations of each
monolayer (with the size of our simulated membranes) the intralayer and the interlayer
contributions to the density correlations are spatially separated in four (z,z′) quadrants.
Therefore, we may rewrite the Fourier transform of GdBW as

GdBW (z,z′,q) =

∑nS
m
n (q)∂

n
zρ

+(z)∂nz′ρ
+(z′)

∑
nS

CU
n (q)∂nzρ

+(z)∂nz′ρ
−(z′)∑

nS
m
n (q)∂

n
zρ
−(z)∂nz′ρ

−(z′)
∑
nS

CU
n (q)∂nzρ

−(z)∂nz′ρ
+(z′)

 . (B.19)

This split could be directly observed though the colour maps of the density correlations, as we
presented in the bottom row of Fig.5.3, as far as the transversal area of the MD simulations
produces that the density pro�le of the layers do not overlap.

b.1 T H E N O N - C A P I L L A R Y WAV E C O N T R I B U T I O N S T O T H E D E N S I T Y
C O R R E L AT I O N

The double Bedeaux-Weeks’s proposal, GdBW , represents the correlations originated by capil-
lar �uctuations. However, it does not describe the non-capillar contributions to the density
correlation. Then, as in section 2.1.1 we would split the density correlation in

G(z,z′, |~x − ~x ′ |) =
∑
ν;µ=±

〈ρ̂ν(~r)ρ̂µ(~r ′)〉 − 〈ρ̂ν(~r)〉〈ρ̂µ(~r ′)〉 ≈

∑
ν;µ=±

〈ρ(2)I ;ν,µ [~x,z − ξ
ν ;~x ′,z′ − ξ ′µ;ξν ,ξµ]−

ρνI [~x,z − ξ
ν ]ρ

µ
I [~x

′,z′ − ξ ′µ]〉+ 〈ρνI (z − ξ
ν)ρ

µ
I (z
′ − ξ ′µ)〉 − ρν(z)ρµ(z′); (B.20)
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and if we assume that ρ(2)I ;ν,µ [~x,z − ξ
ν ;~x ′,z′ − ξ ′µ;ξν ,ξµ] is self-averaged in large enough

systems, then we could de�ne an intrinsic density correlation, Gν;µI , as in section 2.1.1, given
by

G
ν;µ
I (z,z′, |~x − ~x ′ |) = ρ

(2)
I ;ν,µ [~x,z;~x

′,z′;ξν ,ξµ]− ρνI [~x,z]ρ
µ
I [~x

′,z′ ] ; (B.21)

and we obtain that G(z,z′, |~x − ~x ′ |) becomes

G(z,z′, |~x−~x ′ |) ≈ GdBW (z,z′, |~x−~x ′ |)+
∑
ν;µ=±

〈Gν;µI (z−ξν ,z′−ξ ′µ, |~x−~x ′ |)〉ξU ,ξP . (B.22)

Then, if we de�ne Gbg(z,z′, |~x − ~x ′ |) as

Gbg(z,z
′, |~x − ~x ′ |) =

∑
ν;µ=±

〈Gν;µI (z − ξν ,z′ − ξ ′µ, |~x − ~x ′ |)〉ξU ,ξP =

=
∑
ν;µ=±

∫
dξUdξ ′UdξP dξ ′P P (ξU ,ξ ′U , |~x−~x ′ |)P (ξP ,ξ ′P , |~x−~x ′ |)Gν;µI (z−ξν ,z′−ξ ′µ, |~x−~x ′ |);

we obtain that

G(z,z′,q) ≈ GdBW (z,z′,q) +Gbg(z,z
′,q); (B.23)

whereGdBW is given by Eq.B.18. However, the complexity of P (ξP ,ξ ′P , |~x−~x ′ |) and P (ξU ,ξ ′U , |~x−
~x ′ |) produces that this background de�nition is not usable. However, as in section 2.1.1,
we may expect that Gν;µI (z,z′, |~x − ~x ′ |) is short ranged in |~x − ~x ′ |, so we could approach
P (ξP ,ξ ′P , |~x − ~x ′ |) ≈ δ(ξP − ξ ′P )P (ξP ) and P (ξU ,ξ ′U , |~x − ~x ′ |) ≈ δ(ξU − ξ ′U )P (ξU ).
Therefore, we have obtained a workable approximation for the background correlation

Gbg(z,z
′, |~x−~x ′ |) =

∑
ν;µ=±

∫
dξUdξP P (ξU )P (ξP )G

ν;µ
I (z−ξν ,z′ −ξµ, |~x−~x ′ |); (B.24)

where Gµ,νI (z,z′, |~x − ~x ′ |) is computed through

G
µ,ν
I (z,z′, |~x − ~x ′ |) =

〈 N∑
i,j=1

ei~q·~xij

A0
δ(z − (zi − ξ(~xi))δ(z − (zj − ξ(~xj)))

〉
; (B.25)

and as we refer the molecular position to the instantaneous position of the intrinsic surface, all
the capillary waves �uctuations are removed, while the non capillar �uctuations are preserved.
However, as it depends on the intrinsic surface, which is characterized by qu (the cuto� at
which we truncate the Fourier series of ξ(~x), section 1.7), the intrinsic density correlation
should depend on qu .

b.2 T H E D E C O N S T R U C T I O N M E T H O D F O R T H E D O U B L E B E D E A U X-
W E E K S ’ S D E S C R I P T I O N

Along the previous sections, we have extended the original description of Bedeaux-Weeks [2]
and the background proposal associated with it, section 2.1.1, to describe simultaneously the
peristaltic and undulatory modes of the lipid bilayers. We have obtained thatG ≈ GdBW +Gbg ,
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where GdBW is the double Bedeaux-Weeks’s structure described by Eq.B.19 and Gbg the
background given by Eq.B.24. However, we should relate ∆G = G −Gbg ≈ GdBW with the
di�erent q-wavevector dependent surfaces tension γx(q) introduced in section 5.3. To obtain
the di�erent γx(q) we will use the "matricial" decomposition of GdBW , Eq.B.19, as a result
of the bilayer thickness d ≈ 4 nm which produces the spatial split1 in four quadrants (z,z′)
observed in Fig.5.3. That allows us to analyze each correlation separately, as the interlayer
and intralayer correlations will be in di�erent quadrants, Also, we will treat each monolayer
pro�le as di�erent, although they are equivalent, and describe them by ρν(z). Then, we could
rede�ne the matrices introduced in section 2.2 as

Aνi,j =

∫
dz
∂iρν(z)

∂zi
∂jρν(z)

∂zj
; B

ν,µ
i,j (q) =

∫
dzdz′

∂iρν(z)

∂zi
∆G(z,z′,q)

∂jρµ(z′)

∂z′j
.

Where ν and µ take the ± values, so we can transform Eq.B.19 to

B+,+
i,j (q) B+,−

i,j (q)

B−,+i,j (q) B−,−i,j (q)

=

∑
n=1A

+
i,n

Smn (q)
n! A+

n,j
∑
n=1A

+
i,n

SCUn (q)
n! A−n,j∑

n=1A
−
i,n

SCUn (q)
n! A+

n,j
∑
n=1A

−
i,n

Smn (q)
n! A−n,j

 ; (B.26)

and we can obtain Sx1(q) through

Sm1 (q) =
1
2

∑
i,j

(
A+
1,j

)−1
B+,+
j,i (q)

(
A+
i,1

)−1
+

∑
i,j

(
A−1,j

)−1
B−,−j,i (q)

(
A−i,1

)−1 ; (B.27)

and

SCU1 (q) =
1
2

∑
i,j

(
A+
1,j

)−1
B+,−
j,i (q)

(
A−i,1

)−1
+

∑
i,j

(
A−1,j

)−1
B−,+j,i (q)

(
A+
i,1

)−1 . (B.28)

That are directly related with the monolayer and coupled undulatory surface tension by the
equipartition theorem

γm(q) =
kBT

q2Sm1 (q)
;

and
γCU (q) =

kBT

q2SCU1 (q)
.

We can obtain the undulatory and peristaltic modes once we know γm(q) and γCU by
their de�nitions, section 5.3. However, the spatial split and their de�nitions allow to compute
directly the undulatory and peristaltic modes from the density correlation. Hence, if we de�ne

AUi,j =

∫
dz

(
∂iρ+(z)

∂zi
+
∂iρ−(z)

∂zi

)(
∂jρ+(z′)

∂z′j
+
∂jρ−(z′)

∂z′j

)
;

BUi,j(q) =

∫
dzdz′

(
∂iρ+(z)

∂zi
+
∂iρ−(z)

∂zi

)
∆G(z,z′,q)

(
∂jρ+(z′)

∂z′j
+
∂jρ−(z′)

∂z′j

)
;

1 If this spatial split is not observed (as for simulations with large transversal areas), we should use the generalisation
commented in section 5.5.1.
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APi,j =

∫
dz

(
∂iρ+(z)

∂zi
−
∂iρ−(z)

∂zi

)(
∂jρ+(z′)

∂z′j
−
∂jρ−(z′)

∂z′j

)
;

BPi,j(q) =

∫
dzdz′

(
∂iρ+(z)

∂zi
−
∂iρ−(z)

∂zi

)
∆G(z,z′,q)

(
∂jρ+(z′)

∂z′j
−
∂jρ−(z′)

∂z′j

)
;

and as before

SU1 (q) =
∑
i,j

(
AU1,j

)−1
BUj,i(q)

(
AUj,1

)−1
; (B.29)

and

SP1 (q) =
∑
i,j

(
AP1,j

)−1
BPj,i(q)

(
APj,1

)−1
. (B.30)

Therefore, through the equipartition theorem we obtained the undulatory and peristaltic
surface tension as

γU (q) =
kT

q2SU1 (q)
;

γP (q) =
kT

q2SP1 (q)
;

However, we want to remark that to obtain the undulatory and peristaltic surface tension
directly from the density correlation, the density pro�les of the two monolayers should not
overlap. Otherwise, we could only compute the monolayer and coupled undulatory mode
directly, section 5.5.1.



C
R E S U L T S F O R D P P C W I T H C H O L E S T E R O L M E M B R A N E S

Herein we will present the results that complement those shown along the chapter 5, and
we will prove that the same results obtained for the POPC lipid bilayer under tension γ0 =
15.2 mN/m, and those presented for the DPPC without Cholesterol, are obtained for the DPPC
with Cholesterol (whose composition is 50 : 50). For instance, on the left panel of Fig.C.1
we present the di�erent density pro�les of the group PO4 of the ionic head of the DPPC
membrane with Cholesterol, while the right panel corresponds to the di�erent q−dependent
surface tensions γx(q) and the parametric �t of γP (q) and γCU (q) through the proposals
introduced in section 5.3, with the parameters presented in Table.5.2.
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Figure C.1: (Left panel) The density pro�les for the DPPC with cholesterol lipid bilayers. Red full line:
the MD mean density pro�le ρ(z) from MD simulation with size box Lxy = 30.69 nm,
blue full line the intrinsic pro�le ρI (z;qu) with qu = 3.07 nm−1 . Dashed green line: the
mean density pro�le obtained from Eq.1.18, with the probability distribution P (ξ) obtained
along the same MD-ISM used to get ρI (z;qu).
(Right panel) The surface tensions obtained from the ISM[90] as a function of the wavevec-
tor q for the DPPC lipid bilayers with cholesterol. Green symbols represent the coupled
undulatory mode γCU (q); red symbols the peristaltic mode γP (q); blue symbols the
undulatory mode γU (q) and black symbols the monolayer γm(q). Dashed lines are the
parametric �t of γP (q) and γCU (q) through the proposals given in section 5.3 with the
parameters presented in Table.5.2.

Along section 5.4, we analyzed the density correlation for the POPC lipid bilayers under
surface tension γ0 = 15.2 mN/m through the formalism developed and introduced in chapter
2, based on the undulatory mode. Within this framework based on the original Bedeaux-
Weeks’s proposal, the predicted CW contribution, GBW , for the DPPC lipid bilayers with
cholesterol is presented in the third row of the left panel of Fig.C.2, and the associated
background Gbg is shown in the second row of the left panel of that �gure. Besides, the top
row corresponds to GBW +Gbg while the bottom row is the density correlation obtained
directly from the MD simulations. If we compare both rows it is clear that at the lowest q (q =
0.205 nm−1) we obtain that G ≈ GBW +Gbg , while for larger q′s (medium, q = 0.615 nm−1,
and right columns, q = 1.025 nm−1) we observe that both rows di�er for the interlayer and
intralayer correlation. As we expected since are equivalent results to those presented in section
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5.4 for the POPC lipid bilayer under tension γ0 = 15.2 mN/m. However, we want to remark
that the discrepancies betweenG andGBW +Gbg appear at a lower q, q ∼ 0.615 nm−1 for the
DPPC with Cholesterol, while, for the POPC under tension γ0 = 15.2 mN/m the discrepancies
appear at q ∼ 1 nm−1. These discrepancies are re�ected in the obtention of the undulatory
surface tension γU (q), right panel of Fig.C.2, where the deconstruction method introduced
in section 2.2 (blue full line) only describes correctly the ISM results up to q ∼ 0.5 nm−1. Also,
we present the normal mode route results (red full line) whose accuracy is only valid at the
lowest q, q = 0.205 nm−1. On the other hand, it could be thought that the decomposition
method applied over G − δ(z − z′)ρ(z) (cyan full line) describes more accurately the γU (q)
results from ISM. However, this should be considered as a fortunate coincidence, as it is not
based in any realistic description as we have analyzed in depth along chapter 5.
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Figure C.2: Left panel: The density correlation functions from MD simulations for the DPPC lipid
bilayers with cholesterol. Left column q = 0.205 nm−1, middle column q = 0.615 nm−1
and right column q = 1.025 nm−1. Bottom row presents the direct density correlation
obtained from MD, excluding the ideal self-correlation term ρ(z)δ(z − z′). Third row:
Bedeaux-Weeks’s prediction GBW based on the undulatory mode up to order nBW = 15.
Second row: the background correlation Gbg based on the undulatory mode with qu =

2.25 nm−1, Eq.5.15. Top row: The prediction of GBW +Gbg based on the undulatory mode.
The top and bottom rows are quantitatively equivalent at low q, while at higher q (right
and middle columns) the o�-diagonal and diagonal quadrants present some discrepancies.
Right panel: γU (q) for the di�erent proposals and backgrounds. Green circles: the ISM
results for coupled undulatory mode γCU (q); Blue circles: the undulatory mode by ISM
γU (q); Red full line: the normal mode route resultγUNM(q); Cyan full line: Bedeaux-Weeks’s
decomposition ofG(z,z′ ,q)−ρ(z)δ(z−z′) with nBW = 15; Blue full line: Bedeaux-Weeks’s
decomposition of G(z,z′ ,q)−Gbg(z,z′ ,q) where Gbg is given by Eq.5.15 with nBW = 15
and qu = 2.25 nm−1. The results obtained from the normal mode route and Bedeaux-
Weeks’s decomposition have to be compared with the undulatory results from ISM, as it is
the only mode included in the description.
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We may expect that the results obtained for the double Bedeaux-Weeks, GdBW , allow to
describe accurately the density correlation obtained directly from the simulation, with the
background associated with the double Bedeaux-Weeks’s formalism Gbg or its local approach
Glbg . In Fig.C.3, we compare the intrinsic and background correlation associated with the
double Bedeaux-Weeks (�rst and second rows, respectively), and its local approach (bottom
and fourth row, respectively) compared with the middle row which presents G−GdBW , where
we have used the surface tensions γx(q) obtained from ISM. As we observe, the intralayer
correlation (z and z′ position in the same layer) is accurately described by the local background
Glbg , while, the interlayer correlation that we should remove from the density correlation,
G −GdBW , is not described by any of the background proposed. However, this correlation
excess cannot be reproduced by our assumptions, as it arises from the asymmetry in the
density correlation between the inner and the outer direction of the lipid bilayer. Nevertheless,
it will not a�ect to the deconstruction method as it presents the opposite symmetry to the
density pro�le.

Figure C.3: The intrinsic and background density correlation for the DPPC with cholesterol lipid
bilayers at di�erent q: left column q = 0.205 nm−1, middle column q = 0.615 nm−1 and
right column q = 1.025 nm−1. The �rst and second rows correspond to the intrinsic, GI ,
and the background, Gbg , the density correlation background associated with the double
Bedeaux-Weeks, the third row presents the G −GdBW , where we have used the surface
tensions γx(q) obtained from ISM, while, the fourth and bottom rows are the local approach
of the background, Glbg , and of the intrinsic, GlI , density correlation, respectively. If we
compare the intralayer correlation of Gbg , G −GdBW and Glbg it is rather clear that the
local approach of the background reproduces more precisely the excess contribution to the
density correlation. On the other hand, the interlayer correlation presented in G−GdBW is
not described through the backgrounds proposed, as it arises from the asymmetry in the
correlations between the inner and the outer direction of the lipid bilayer. This asymmetry
is increased for the DPPC with cholesterol, as the cholesterol is located between the layers.
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In Fig.C.4, we present the results for GdBW +Glbg (top row), GdBW +Gbg (second row),
which are compared with the density correlation G (bottom row). We obtain that GdBW +Glbg
reproduces accuratelyG, while the intralayer correlation ofG is not well described byGdBW +

Gbg , as we obtained for the POPC lipid bilayer under the surface tension γ0 = 15.2 mN/m.

Figure C.4: The density correlation functions from MD simulations of the DPPC with cholesterol
lipid bilayer, left column q = 0.205 nm−1, middle column q = 0.615 nm−1 and right
column q = 1.025 nm−1. Bottom row presents the direct density correlation obtained
from MD, excluding the ideal self-correlation term ρ(z)δ(z − z′). Third row: the double
Bedeaux-Weeks’s correlation, GdBW , up to order nBW = 20. Second row: The prediction
of the double Bedeaux-Weeks’s description with the background correlation associated
with qu = 2.25 nm−1, G + Gbg . Top row: The density correlation proposed with the
local approach of the background correlation, GdBW +Glbg with qu = 2.607 nm−1. Third
and bottom row are quantitatively equivalent at low q for both panels, while at higher q
(right column) the interlayer correlation presents some discrepancies. On the other hand,
the compressibility background, GdBW +Glbg (top row) represents correctly the excess
correlation included in G even for q = 1.025 nm−1.

Fig.C.5 presents the results of the deconstruction method (full triangles) based on the double
Bedeaux-Weeks’s series, with the local backgroundGlbg , more precisely its analytical de�nition
given in section 5.6 with ∆I = 1.2 nm. If we compare these results with those obtained by
ISM (full line), we observe a very good agreement up to q = 2 nm−1, as we observed for the
POPC under tension γ0 = 15.2 mN/m and DPPC without Cholesterol, Fig.5.9.
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Figure C.5: The di�erent q dependent surface tensions for the membrane of DPPC with Cholesterol.
The green color represents the monolayer surface tension results γm(q) obtained by Eq.5.23,
the blue color the Coupled undulatory surface tension γCU (q), Eq.5.24, the black color
the undulatory surface tension γU (q) and the red color the peristaltic surface tension
γP (q), through its relationship with γm(q) and γCU (q) Eq.5.7 and Eq.5.8, respectively.
Full lines present the results obtained directly by ISM, full triangles the results obtained by
the deconstruction presented in section 5.5.1 using the double BW description with the
analytical local background given by the Eq.5.27 with ∆I = 1.2 nm. Dashed circles are the
results from the deconstruction based on the double BW description with the background
Gbg =

∑
ν δ(z − z′)ρν(z).



D
A F M I N P U R E E N T R O P I C F L U I D S

This appendix supplements the results presented in chapter 8, more precisely it presents in
Fig.D.1 the equilibrium density distributions of the grand potential functional, given by

βΩ[ρ] = β

∫
d~r ρ(~r) (V (~r)−µ)+

∫
d~rρ(~r) (ln(ρ(~r)− 1))+

∫
d~r ΦDI-FMT([ρ];~r), (D.1)

at di�erent tip-substrate distances, Zc, for a tip radius Rt = 1, in dHS units. In this appendix
we show the results for a tip radius Rt = 1 instead of Rt = 2 and 0.5 shown in Fig.8.3.
With the external potentials of the substrate and tip given in chapter 8, with Us = 0.221,
Ut = 0.221 and zs = 0.429. The right column corresponds to the minima of the free energy
excess βU (Zc), while the left column to the maxima.

’perfil_para_pintar_16.dat’

 0  1  2  3  4  5

s

 

 0.4

 0.6

 0.8

 1

 1.2
’perfil_para_pintar_22.dat’

 0  1  2  3  4  5

s
 0

 1

 2

 3

 4

 5

z

’perfil_para_pintar_27.dat’

 

 

 0.4

 0.6

 0.8

 1

 1.2
’perfil_para_pintar_32.dat’

 
 0

 1

 2

 3

 4

 5

z

’perfil_para_pintar_37.dat’

 

 

 0.4

 0.6

 0.8

 1

 1.2
’perfil_para_pintar_43.dat’

 
 0

 1

 2

 3

 4

 5

z

Figure D.1: The equilibrium density pro�les of the grand potential functional Eq.D.1 at di�erent tip-
substrate distances, Zc, are presented for Rt = 1. The right column represents the local
minima of βU (Zc), where Zc takes the value Zc = zc −Rt = 0,1.1 and 2.1, while the left
column corresponds to the local maxima given by Zc = 0.6,1.7 and 2.7.
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