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Doctorando: Diego Soler Polo 
Director: José Ortega Mateo 

Resumen: 

La presente tesis doctoral trata diversos desarrollos y aplicaciones en el ámbito de la Teoría del 
Funcional de la Densidad (DFT, por sus siglas en ingles). Antes de detallar los contenidos, 
conviene mencionar que en ella se tratan diversos temas que, a nivel superficial, pueden parecer 
poco relacionados entre sí. Si bien esto refleja de cierto modo la propia naturaleza de la labor 
científica, donde se tratan aquellos problemas que van surgiendo de modo orgánico en el curso de la 
investigación, resulta interesante destacar dos aspectos unificadores que están presentes en todos los 
contenidos de este trabajo: 

1)En primer lugar, toda la tesis trata del estudio atomístico de sistemas complejos donde muchas 
partículas están interaccionando entre ellas. En este tipo de problemas es siempre necesario 
desarrollar métodos y aproximaciones que nos permitan superar las limitaciones de los recursos 
computacionales. 

2)En segundo lugar, como ya ha sido comentado, y a un nivel más concreto y metodológico, toda 
la tesis tiene que ver -de un modo u otro- con la DFT. 

La presente memoria de tesis, si bien absolutamente teórica, tiene un carácter dual: una parte 
concierne a aplicaciones de la DFT a simulaciones de sistemas concretos, y otra se ocupa del 
desarrollo e implementación de modelos o procedimientos que pueden ser luego aplicados en 
nuevos cálculos concretos.

   En cuanto a los contenidos,  la tesis está organizada como sigue: 

El primer capítulo es una breve introducción teórica a la DFT y otras herramientas relevantes para 
las simulaciones moleculares, como son el integrador de Verlet o el termostato de Langevin. 
Además, se presenta en detalle una formulación poco común y alternativa de la DFT, la llamada 
OO-DFT (Orbital Occupancy DFT), que tiene interés en un capítulo posterior del trabajo. Hasta 
donde sabemos, se presenta aquí por primera vez los teoremas fundacionales de la DFT en el 
formalismo OO-DFT. Se describen además, en una sección aparte, los rudimentos del software 
Fireball, con el que se ha trabajado de modo continuo, tanto para su desarrollo como en la práctica 
de aplicaciones a simulaciones de sistemas concretos (que se tratan en capítulos posteriores). 

El segundo capítulo describe varias adiciones incorporadas a Fireball con todos los detalles 
teóricos pertinentes descritos. En particular, se describen ahí la inclusión de términos dipolares de 
largo alcance en un cálculo DFT de orbitales localizados, se discuten dos métodos nuevos de 
proyección de cargas y se detalla un nuevo esquema para introducir los funcionales de canje y 
correlación en los cálculos. Como ejemplo de las aplicaciones de estos desarrollos teóricos, se 
muestra aquí con detalle cómo uno de los nuevos métodos de proyección de carga desarrollado, 
junto al nuevo esquema mencionado para el canje-correlación, es capaz de proveer un método de 
cálculo preciso para las fuerzas en una simulación de DFT basado en la versión auto-consistente del 



             

   
                 

               
               

            
             

             
              

              
                

   
               

                 
              

              
                

              
              

             
          

                
             

              
     

               
           

               

   
                 

               
              
              

               
            

               
     

            
             

   
                    

               
             
            

              

funcional de Harris-Foulkes (lo cual resulta una aplicación crucial en el contexto del software 
Fireball). 

El tercer capítulo retoma el tema de las simulaciones moleculares y trata en profundidad diversos 
métodos de cálculo de la energía libre que han sido empleados y comparados en varios problemas 
de interés. Se discute aquí la hipótesis ergódica, el umbrela sampling, el método WHAM o el 
método Jarzynski, basado en una identidad para promedios sobre trayectorias fuera del equilibrio 
termodinámico (un ejemplo de los teoremas de fluctuación de entropía). Se describe asimismo un 
método novedoso para el cálculo de perfiles de energía libre que mezcla la integración 
termodinámica con el umbrella sampling y se da un resumen de algunas de las aplicaciones 
realizadas con todos estos métodos: el estudio de las fluctuaciones dinámicas en una superficie, el 
impacto de una mutación en una proteína, y la transferencia de protones en el ADN (tratado en 
detalle en el capítulo 4 y una de las contribuciones centrales de la tesis). 

El cuarto capítulo está consagrado a una descripción detallada de ciertas transferencias de 
protones en ADN en pares de base de guanina y citosina. Este problema resulta ser de gran interés 
debido al hecho de que las transferencias espontáneas de protones dan lugar a formas tautoméricas 
anómalas que, a su vez, pueden ser responsables de mutaciones de substitución en el código 
genético. A pesar de que este problema ha recibido una gran atención, la cuestión no ha sido del 
todo dilucidada. Las limitaciones de las técnicas de femto-láseres in vivo hacen que los estudios 
teóricos sobre este sistema aún resulten de gran interes, pero, debido a las altas exigencias 
computacionales del problema, resulta muy difícil llegar a conclusiones fuertes. En efecto, se trata 
de un sistema dinámico a temperatura ambiente (con las correspondientes fluctuaciones 
estadísticas) y con miles de átomos, por lo que, por lo común, los estudios previos consisten en 
cálculos estáticos o investigaciones de sistemas pequeños que sirvan de modelo. En nuestro trabajo, 
el empleo de un método QM/MM reciente basado en Fireball nos permite tratar el problema 
teniendo en cuenta por primera vez la naturaleza dinámica de un ambiente biomolecular que incluye 
explícitamente miles de átomos. El resultado más interesante de este trabajo es el hallazgo de cómo 
el ambiente molecular desestabiliza de forma crucial el tautómero anómalo (que resultaría 
mutagénico y que sí posee una vida media no despreciable in vacuo), protegiendo así la estabilidad 
del código genético. 

El quinto capítulo está dedicado al estudio de un modelo para sistemas de electrones fuertemente 
correlacionados, como los que se encuentran en los orbitales d de los metales de transición. El 
modelo parte de una versión del conocido como hamiltoniano de Kanamori conectado a cadenas de 
niveles sin términos de muchos cuerpos (que pretenden modelar cadenas metálicas) y, por medio de 
un método de construcción de las matrices y su diagonalización exacta, se calculan las energías y 
potenciales de correlación. Después, los resultados se emplean para definir un potencial DFT+U, 
que queda, además, completamente formalizado en el contexto de la OO-DFT y que, en este caso, 
incluye también la interacción de intercambio y puede usarse para entender la relación entre la regla 
de Hund y la aparición de soluciones magnéticas. A continuación, presentamos brevemente un 
esquema de interpolación para calcular la Densidad de Estados de muchos cuerpos de un 
hamiltoniano de este tipo más allá del régimen perturbativo. 

El sexto capítulo es una breve descripción de una aplicación de la DFT, a través de Fireball, para 
diseñar modelos tight-Binding fiables en el que sólo un mínimo de parámetros han de ser ajustados 
para reproducir ciertas propiedades experimentales (en este caso, la aparición de estados de borde 
como consecuencia del alto hopping de unos puentes de hidrógeno a temperaturas extremadamente 
bajas, T ~ 5K). Este trabajo, parte de una colaboración realizada durante la estancia doctoral, donde 



             
               

             
                

                   

se estudian cadenas de quinonas enlazadas por puentes de hidrógeno y depositadas sobre oro, 
muestra la importancia de los efectos cuánticos nucleares en los átomos de hidrógeno a muy bajas 
temperaturas, y fusiona dos elementos, a saber, la modelización y parametrización con un cálculo 
DFT, y la explicación modelística de los estados de borde y la estabilidad mecánica de una cadena 
de moléculas de la que no puede dar cuenta el DFT por sí mismo (debido a la importancia de la 
naturaleza cuántica de los núcleos atómicos a temperaturas tan bajas). 



ii

“Illud in his rebus non est mirabile, quare, omnia cum rerum primordia sint in motu, summa
tamen summa uideatur stare quiete [...] Omnis enim longe nostris ab sensibus infra primo-
rum natura iacet; quapropter, ubi ipsa cernere iam nequeas, motus quoque surpere debent.”
1

Lucretius, De Rerum Natura, Liber Secundus, 310

1"On this regard, it is no surprise that, while all atoms are in motion, the universe seems to be still
[...] For the atoms lie beyond our senses, and so, since you cannot perceive them, their motion elude
you"
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Introduction

This Doctoral Thesis deals with a number of topics which, on the surface, appear to
bear little relation to one another. Although this partly refects the organic nature of
scientifc research, where problems are addressed in a natural way as they arise, I
feel the urge to point out that two fundamentals concepts connect all the contents of
the present work:

1) First of all, the atomistic study of complex systems where many particles are
interacting with each other and the limitations of fnite computational resources
must be overcome by appropriate approximations

2) More concretely, regarding the methodology, the so-called Density Functional
Theory (DFT) pervades all the research efforts undertaken during the realization of
the doctoral work.

The thesis, although absolutely theoretical, has a dual nature: one part con-
cerns applications of DFT and other methods for computer simulations; while the
other part is dedicated to the development and implementation of new models and
methodologies, always with the goal in mind of applying them further to new con-
texts.

As for the contents, the thesis has been organized as follows: The frst chapter is
a brief theoretical introduction to DFT and some relevant tools for molecular simu-
lations. Besides, in this introductory chapter we discuss an alternative and unusual
formulation of DFT, the so-called OO-DFT, of further interest in the thesis, and the
basic ideas behind the software Fireball, which has been used extensively in our
research.

The second chapter deals with several improvements or new features that have
been implemented in the software Fireball. More details about Fireball can be found
there and all the details concerning the theory of the new features added are explic-
itly shown. In particular, we discuss the inclusion of correct long-range interaction
terms in the Hartree part of the hamiltonian, the investigation around new methods
for projecting the charges in a DFT simulation, and a new scheme to calculate the
exchange-correlation energy which has special relevance for the Fireball code.

The third chapter comes back to the topic of molecular simulations to discuss
Free Energy (FE) methods, which are essential when studying processes whose time-
scales are larger than those accessible by ordinary simulations. In this chapter we
analyze a selection of FE methods which have been tested, compared, programmed
and employed successfully in several problems of interest. We also show a novel FE
method which can be potentially of interest for some and, lastly, summarize some of
the applications that we have found for these methods.

The fourth chapter discusses in-depth our study of proton transfer reactions in
DNA. This is a problem of the greatest interest since spontaneous proton transfer
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reactions yield anomalous tautomeric forms which might be potentially responsi-
ble for substitution mutations in the genetic code. Furthermore, although exten-
sive work has been done on this problem, the topic has not as yet been completely
solved. Due to the complex biomolecular environment with thousands of atoms,
dynamical simulations are very demanding and the studies usually concern static
calculations or simulations of (relatively) small systems. In our study, we applied a
novel QM/MM method based on Fireball and different Free Energy techniques to
study the problem taking into account the dynamic nature of the environment.

The ffth chapter deals with a many-body model for highly correlated systems
of electrons. For this problem, a Hubbard-Kanamori hamiltonian including the ex-
change interaction, an atom is connected to metallic chains and we calculate the ex-
act exchange-correlation energy and potential. This is used to defne a LDA+U type
of approach. DFT+U is an important method to correct the limitations of DFT cal-
culations for highly correlated electrons, such as the d electrons in transition metal,
and in the context of OO-DFT we can formalize it and use it to see how the Hund’s
rule may explain the appearance of magnetic solutions.

The sixth chapter explores another application of DFT calculations: the construc-
tion of a reliable Tight-Binding model in which only the very few parameters not
estimated with DFT are tuned to reproduce certain experimental features (in this
case, related to hydrogen bonds where the protons, due to extremely low tempera-
tures, present a deep tunneling regime accounting for edge states).

Resumen en Español

La presente tesis doctoral trata diversos temas que, a nivel superfcial, pueden pare-
cer poco relacionados entre sí. Si bien esto refeja de cierto modo la propia natu-
raleza de la labor científca, donde se tratan aquellos problemas que van surgiendo
de modo orgánico en el curso de la investigación, resulta interesante destacar dos
aspectos unifcadores que están presentes en todos los contenidos de este trabajo:

1) En primer lugar, conviene destacar que toda la tesis trata del estudio atomís-
tico de sistemas complejos donde muchas partículas están interaccionando entre el-
las. En este tipo de problemas es siempre necesario desarrollar métodos y aproxima-
ciones que nos permitan superar las limitaciones de los recursos computacionales.

2) En segundo lugar, y a un nivel más concreto y metodológico, toda la tesis tiene
que ver -de un modo u otro- con la así llamada Teoría del Funcional de la Densidad
(DFT por sus siglas en inglés).

La presente memoria de tesis, si bien absolutamente teórica, tiene un carácter
dual: una parte concierne a aplicaciones de la DFT a simulaciones de sistemas con-
cretos, y otra se ocupa del desarrollo e implementación de modelos o procedimientos
que pueden ser luego aplicados en nuevos cálculos concretos.

En cuanto a los contenidos, la tesis está organizada como sigue:
El primer capítulo es una breve introducción teórica a la DFT y otras herramien-

tas relevantes para las simulaciones moleculares, como son el integrador de Verlet
o el termostato de Langevin. Además, se introduce una formulación poco común y
alternativa de la DFT, la llamada OO-DFT, que tiene interés en un capítulo posterior
del trabajo. Se describen además los rudimentos del software Fireball, con el que se
ha trabajado de modo continuo.
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El segundo capítulo describe varias adiciones incorporadas a Fireball con todos
los detalles teóricos pertinentes descritos. En particular, se describen ahí la inclusión
de términos dipolares de largo alcance en un cálculo DFT de orbitales localizados,
se discuten dos métodos nuevos de proyección de cargas y se detalla un nuevo es-
quema para introducir los funcionales de canje y correlación en los cálculos.

El tercer capítulo retoma el tema de las simulaciones moleculares y trata en pro-
fundidad diversos métodos de cálculo de la energía libre que han sido empleados y
comparados en varios problemas de interés. Se describe asimismo un método nove-
doso para el cálculo de perfles de energía libre y se da un resumen de algunas de
las aplicaciones.

El cuarto capítulo está consagrado a una descripción detallada de ciertas trans-
ferencias de protones en ADN. Este problema resulta ser de gran interés debido al
hecho de que las transferencias espontáneas de protones dan lugar a formas tau-
toméricas anómalas que, a su vez, pueden ser responsables de mutaciones de sub-
stitución en el código genético. A pesar de que este problema ha recibido una gran
atención, la cuestión no ha sido del todo dilucidada, debido a las altas exigencias
computacionales del problema. En efecto, se trata de un sistema dinámico a temper-
atura ambiente (con las correspondientes fuctuaciones estadísticas) y con miles de
átomos, por lo que, por lo común, los estudios previos consisten en cálculos estáticos
o investigaciones de sistemas pequeños que sirvan de modelo. En nuestro trabajo,
el empleo de un método QM/MM reciente basado en Fireball nos permite tratar el
problema teniendo en cuenta la naturaleza dinámica de un ambiente biomolecular
que incluye explícitamente miles de átomos.

El quinto capítulo está dedicado al estudio de un modelo para sistemas de elec-
trones fuertemente correlacionados, como los que se encuentran en los orbitales d de
los metales de transición. El modelo parte de una versión del conocido como hamil-
toniano de Kanamori conectado a cadenas metálicas y, por medio de un método de
construcción de las matrices y su diagonalización exacta, se calculan las energías y
potenciales de correlación. Después, los resultados se emplean para defnir un po-
tencial LDA+U, que queda formalizado en el contexto de la OO-DFT y que, en este
caso, incluye también la interacción de intercambio y puede usarse para entender la
relación entre la regla de Hund y la aparición de soluciones magnéticas.

El sexto capítulo es una breve descripción de una aplicación de la DFT, a través
de Fireball, para diseñar modelos Tight-Binding fables en el que sólo un mínimo de
parámetros han de ser ajustados para reproducir ciertas propiedades experimentales
(en este caso, la aparición de estados de borde como consecuencia del alto hopping
de unos puentes de hidrógeno a temperaturas extremadamente bajas, T ≈ 5).
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Chapter 1

Density Functional Theory

Why, there’s a chap on Saturn -he looks
something like a mushroom on stilts- who
solves partial differential equations
mentally; and even he’s given up.

The Devil and Simon Flagg, Arthur
Porges

1.1 Why DFT?

In 1929, amidst the justifed triumphalism of the early founders of Quantum Me-
chanics, the British physicist (and future Nobel laureate) Paul Dirac warned [1] that
the fundamental laws of physics, albeit known, were far too complex to be employed
in any practical calculation for complex systems. The emergence of Density Func-
tional Theory in the mid 60’s, [2, 3], addressed directly these shortcomings and be-
came extremely popular among chemists and physicists of different areas. DFT was
not, however, the frst such attempt. In the 20’s, the Thomas-Fermi theory [4, 5],
attempted to solve the Schrödinger equation for complex systems by expressing all
the physical observables explicitly in terms of the density, and thus is a fundamental
historical precedent of modern DFT. However, several limitations of this approach
were found. In particular, this theory could not describe molecular bonding [6],
since the sum of the energies of the components is always less than the energy of the
compound, a pitfall which could not be overcome by further work on the subject [7].

Another famous approach to treat complex interacting systems is Hartree-Fock
theory [8–10], based on approximating the wave-function by a Slater determinant
(which amounts to a one-electron approximation in which the interactions are ac-
counted for in the form of a single-particle non-local potential). The Hartree-Fock
method can be systematically improved to account for electronic correlation with
the use of perturbative methods [11, 12], the Interaction of Confgurations, the Cou-
pled Cluster approach [13] . These methods, which make explicit use of the molec-
ular Wave-function, yield highly accurate results but have a huge computational
cost. DFT is frequently the choice (and many times the only option available) for the
balance it offers between accuracy and effciency.

In this Chapter we start by discussing the approximations allowing us to treat
the electrons and the nuclei in separated calculations. The nuclei are much bigger,
energetic and slow than the electrons, so it is intuitive that their dynamics can be
decoupled to some degree from that of the electrons. The adiabatic theorem and
the Born-Oppenheimer separation formalize and quantify this fact. Next, we be-
gin our study of Density Functional Theory, prove the Hohenberg-Kohn theorems,



8 Chapter 1. Density Functional Theory

the Kohn-Sham equations, and make some comments about the functionals. In the
next section we summarize two basic techniques of Molecular Dynamics Simula-
tions which have been used extensively. Then we give an introduction to the Fireball
software, a local-orbital molecular dynamics DFT code also used extensively in our
work. We fnish by looking briefy at an alternative formulation of DFT which is also
relevant in our work.

1.2 Born-Oppenheimer

Before entering the realm of DFT, we discuss frst the adiabatic theorem (due to Max
Born and Vladimir Fock in 1928) and the Born-Oppenheimer separation. The former
essentially states that if a given system is in an eigenstate, the system remains at the corre-
sponding instantaneous eigenstate at any moment if a perturbation is introduced, provided
that the hamiltonian varies slowly enough.

This result will allow us to understand in simple terms the foundations of a key
strategy in quantum simulations: For every position of the nuclei, the electronic
ground state is calculated. From such calculation, the forces experienced by the
nuclei are obtained. The nuclei are then moved for a very brief time step δt, and the
electronic calculation is recalculated assuming that the system, in the new geometry,
is still on the ground state.

We will give a sketch of proof, without entering the details of the exact asymp-
totics, in the particular case where the hamiltonian depends explicitly and directly
on time. Suppose we have a Hamiltonian Ĥ with a basis of eigenstates and eigenen-

ˆergies {ψn, En}. Now we consider a time-dependent hamiltonian H(t), with instan-
ˆ ˆtaneous eigenstates and eigenenergies {ψn(t), En(t)}. We suppose that H(0) = H.

We will make the Ansatz Ψ(t) = ∑n cn(t)ψn(t) exp (iθn(t)) for the Schrodinger equa-
tion Ĥ(t)Ψ = ih̄ ∂

∂ 
Ψ 
t . We can thus compute:

∂Ψ Ĥ(t)Ψ = ∑ cn(t)En(t)Ψn(t) exp (iθn(t)) = ih̄ = 
∂tn

ih̄ ∑ ċn(t)ψn(t) exp (iθn(t)) + ih̄ ∑ cn(t)ψ̇n(t) exp (iθn(t)) 
n n

− h̄ ∑ cn(t)ψn(t)θ̇n(t) exp (iθn(t)) ,
n

h−1 R tso, by setting θn(t) = −¯ 0 En(τ)dτ, we have:

∑ cn(t)ψ̇n(t) exp (iθn(t)) = 
n

− ∑ ċnψn(t) exp (iθn(t)) .
n

By taking spatial inner product with ψm(t) we further derive:

− ∑ cn(t)hψm(t)|ψ̇n(t)i exp (iθn(t) − iθm(t)) = ċm(t). (1.1)
n
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Next we derive with respect to time the instantaneous eigenstate equation Ĥ(t)ψn(t) = 
En(t)ψn(t), thus getting:

ˆ̇H(t)ψn(t) + Ĥ(t)ψ̇n(t) = 
Ėn(t)ψn(t) + En(t)ψ̇n(t).

By taking again products with ψm(t) we have:

ˆ̇hψm(t)|H(t)|ψn(t)i + hψm(t)|Ĥ(t)|ψ̇n(t)i = 
En(t)hψm(t)|ψ̇n(t)i + Ėn(t)hψm(t)|ψn(t)i.

From this and noticing that hψm(t)|Ĥ(t)|ψ̇n(t)i = Em(t)hψm(t)|ψ̇n(t)i and hψm(t)|ψn(t)i = 
δnm, we fnally get:

−hψm(t)|Ḣ̂(t)|ψn(t)i 
ċm(t) = −cm(t)hψm(t)|ψ̇m(t)i + ∑ cm(t) exp (iθn(t) − iθm(t)) .En(t) − Em(t)n 6=m

(1.2)
ˆ̇Therefore, if we assume very slowly varying hamiltonians, we have H(t) ≈ 0

and we then have cm(t) = cm(0) exp (iγm(t)) , where γm(t) = i
R 

0
thψm(τ)|ψ̇m(τ)idτ.

Note that γ is a real number, which is key to the whole argument.
We conclude that Ψ is given by:

Ψ = ∑ cn(0) exp (i(θn(t) + γn(t)) ψn(t).
n

So we can clearly see that for slowly varying hamiltonian the time evolution consists
in adding phases to each of the eigenstates, which in particular proves the adiabatic
theorem stated at the beginning of the section.

Now we are ready to study the so-called Born-Oppenheimer approximation, also
widely known as the adiabatic approximation. It is the starting point for most elec-
tronic structure computations. The idea of the Born-Oppenheimer approximation is
that, due to the fact that the nuclei are much heavier than the electrons, we can try to
“factorize” the wave function into a nuclear and a electronic part. This is conceptu-
ally identical to the Adiabatic Theorem, since, for a fxed confguration of nuclei, we
can write a specifc electronic hamiltonian and try to solve that problem. If the nuclei
move, our electronic hamiltonian varies as well, but since the protons and neutrons
are much slower that the electron, we can assume that this is a slowly time-varying
electronic hamiltonian, and therefore use the previous theorem to conclude that if
we are in a electronic confguration which is an electronic eigenstate, we will remain
in the same eigenstate when the nuclei move a little bit. From the previous discus-
sion (see the complete differential equation, eq. 1.2, for cm(t)), it is clear that this
kind of reasoning breaks down when there are two energies which are very close.
In the case of the Born-Oppenheimer approximation, this means that if for a certain
nuclei confguration there is an excited electronic eigenstate close in energy to the
Ground state , then the approximation won’t be very good, and more sophisticated
ideas, involving transitions between electronic levels, are needed.

Let us consider a molecule, and let us denote in this section, to simplify the nota-
tion, by r the electronic degrees of freedom and by R the nuclear degrees of freedom.
r is actually a collection of vectors r1, · · · , rM, with M the number of electrons, and
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R is a collection of vectors, R1, · · · , RN , with N the number of atoms. Consider a
molecular eigenwavefunction Ψ(r; R). This must satisfy the stationary Schrodinger
equation: � 

T̂el + T̂nuc + V̂ee + V̂eN + V̂NN
� 

Ψ(r; R) = EΨ(r; R),

where:

−h̄2

T̂el = 
2m ∑ Δrj ,

j

−h̄2

T̂nuc = ∑ ΔRα ,2Mαα 
2e 1

= ,V̂ee ∑ (1.3)8πe0 |rj − rk|j 6=k

−e2 ZαV̂eN = ∑ ,
4πe0 |rj − Rα|j,α 

e2 Zα ZβV̂NN = ∑ .
8πe0 |Rα − Rβ|α 6=β 

The Born-Oppenheimer approximation starts by assuming that we can fnd partic-
ular solutions to this equation of the form Ψ(r, R) = φ(R)ψ(r; R), and proceeds
afterwards by taking the solution to be a combination:

Ψ(r, R) = ∑ φn(R)ψn(r, R).
n

For a fxed confguration of nuclei, defne the “clamped” electronic hamiltonian
ˆ ˆHel := H − T̂nuc, and suppose we can solve the stationary Schrödinger equation

for it (this is what is achieved approximately by means of electronic structure meth-
ods such as Hartree-Fock or DFT, that we shall study in future sections). Let us call
the eigenstates and eigenenergies of Hel ψn(r; R) and en(R) respectively, where R,
the position of the nuclei, is here treated as a parameter. We assume orthonormal-
ization of the states. With this knowledge, we will try to solve the complete equation
by making the above-mentioned Ansatz.We have:� ˆ ˆ � 

φn(R)ψn(r; R) = E ∑ φn(R)ψn(r; R);Tnuc + Hel ∑ 
n n

ˆ∑ Tnucφn(R)ψn(r, R) + ∑ en(R)φn(R)ψn(r; R) = E ∑ φn(R)ψn(r; R).
n n n

By the product rule for the derivatives:

ΔRα (φ
n(R)ψn(r; R)) = ψn(r; R)ΔRα φn(R) + φn(R)ΔRα ψn(r; R)+ 

2rRα ψn(r, R) · rRα φn(R).

we are going to multiply by ψm(r, R)∗ the Schrodinger equation and integrate over
electronic coordinates.

Note now that, due to the normalization of the electronic eigenstates, it holds that
hψn|rRα |ψni = 0, where the hi denote scalar product with respect to the electronic
degrees of freedom.

https://Ansatz.We
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Also, let us introduce the notation

Δm(R) := hψm|T̂nuc|ψmi 
¯

Ĉnm(R) = hψm|T̂nuc|ψni + ∑ h2

hψm|rRα |ψnirRα .Mαα 

Then a straight-forward computation, using the identity

1 rj − Rα hψm|rRα |ψni = ∑hψm| |ψmi,
em − en |rj − Rα|3j

which is easily proved by computing the commutator [Ĥel ,rRα ] 1 yields:

� ˆ � 
φm(R) = ˆTnuc + Δm(R) + em(R) − E ∑ Cnm(R)φn(R),

n 6=m (1.4)
Ĥelφ

n(r, R) = em(R)φn(r, R).

The adiabatic Born-Oppenheimer approximation consists in neglecting all those cou-
pling terms Δm(R) and Ĉnmφm(R).

As seen above, this separation allows us to focus on the Hamiltonian for the
electrons and treat the nuclei separately. Furthermore, in most practical applica-
tions the nuclei are treated at the classical level, since their characteristic action is
typically much bigger that h̄ (the nuclei have relatively large energies, compared
to the electrons, and larger time scales associated to their movements). Three ex-
tensions, however, are worth mentioning. On the one hand, approaches to include
quantum corrections to the dynamics of the nuclei have also been developed [14–
16], mostly based on the Path Integral formulation [17]. These effects, though usu-
ally negligible, become relevant, and sometimes even crucial, in hydrogen atoms
at very low temperatures [18]. Also, it is worth mentioning that in recent years
a Multi-component DFT has been proposed, which allows to treat systems of dif-
ferent species of fermions [19, 20]. On the other hand, methods to go beyond the
Born-Oppenheimer have also been developed. In molecular simulations, this is rel-
evant when the eigenstates are very close in energy and electronic transitions may
take place. To treat this problem, several methods have been developed, like Ehren-
fest’s method [21] and Tully’s fewest switches algorithm [22]. The second one has
been implemented in the code Fireball [23], has been used to explore, for example,
photo-damage in thymine dimers in DNA [24], and we have used it to investigate
the dynamics of proton transfer in DNA in an excited state (see chapter 4).

1.3 Hohenberg-Kohn Theorem

After making the Born-Oppenheimer separation, we are still left with a diffcult
problem; namely, solving the many-body electronic hamiltonian. This hamiltonian
is of the form

Ĥ = T̂ + V̂ee + v̂, (1.5)

1This identity is very useful and essentially tells us the same thing the differential equation for the
coeffcients c0s told us: If two energetic levels are very similar for some set of R, the approximation
breaks down because these so-called vibronic and coupling terms cannot be neglected.
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∑N jwhere V̂ee is the electron-electron (Coulomb) interaction operator and v̂ = j=1 v̂ ,
with N the number of electrons in the system, is the external one-particle potential.
Each v̂j is a one-particle potential which in the position representation is just the
multiplication operator v(rj), and the rj is the position vector of the j−th electron.
∑j v̂j in principle will be the potential generated by the nuclei, but, in the context
of the foundations of DFT, is very general. Notice that the last term, the external
potential, can also be written in terms of the density operator n̂(r), which in the
position representation has the form ∑N

j=1 δ(r − rj), asZ 
j∑ v̂ = v(r)n̂(r)dr.

j

The foundational theorem of DFT, the frst Hohenberg-Kohn theorem, guarantees
that the ground state electronic density determines the external potential v(r) (and,
thus, shockingly, every property of the system, including also the excited states),
and has a remarkably simple proof which was published in the year 1964 in the
seminal work by Hohenberg and Kohn [2]. We recall here that the electronic density
associated to a wave-function |Ψi is: Z 

n(r) = hΨ|n̂(r)|Ψi = N |Ψ(r, r2, · · · , rN)|2dr2 · · · drN , (1.6)

Theorem 1. First Hohenberg-Kohn Theorem The ground state electronic density, n(r),
of a system of interacting electrons determines the external potential v(r) up to a constant

Proof. We will proceed by reductio ad absurdum. Assume we have two different po-
tentials, v1(r) and v2(r), giving rise to the same ground state density, n(r). We call
their associated Hamiltonians Ĥ1 = T̂ + V̂ee + v̂1 and Ĥ2 = T̂ + V̂ee + v̂2, with each
v̂i represented as before as a sum of one-particle operators; v̂i = ∑j v̂i

j, with each

v̂i
j defned in the position representation as the multiplication operator by vi(rj).

Call their respective Ground state wavefunctions |Ψ1i and |Ψ2i and the respective
ground state energies E1 and E2. First, let us notice that |Ψ1i and |Ψ2i cannot be
equal, for, if that was the case, then we would have (v̂1 − v̂2)Ψi = (E1 − E2)|Ψi,
which in the position representation yields

N

∑ v1(rj) − v2(rj) = E1 − E2
j=1

for all r1, · · · , rN at which Ψ(r1, · · · , rN) 6= 0. Keeping N − 1 constant and letting rj
vary (we can do this for every j) would lead to the fact that the potentials differ by
only a constant (since E1 − E2 is, of course, a constant).

Now the variational principle allows us to write:

E1 =hΨ1|Ĥ1|Ψ1i < hΨ2|Ĥ1|Ψ2i = 
hΨ2|Ĥ2|Ψ2i + hΨ2|Ĥ1 − Ĥ2|Ψ2i = Z 
E2 + n(r) (v1(r) − v2(r)) dr.

However, starting with E2 and applying the same reasoning, we reach exactly the
same result with the indices 1 and 2 reverted:Z 

E2 < E1 + n(r) (v2(r) − v1(r)) dr.
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Adding both relations, we get the contradiction E1 + E2 < E2 + E1, which proves the
theorem.

It is worth mentioning, however, that the above proof assumes non-degeneracy
of the working Hamiltonian. An easy extension for the degenerate case can be found,
for example, in [25] and [26]. The correspondence of n with |Ψi must be substituted
by a correspondence of n with every possible Ground State. If {|Ψ0,ji} denote the
(orthogonalized) set of Ground states, any combination |Ψ{aj}i = ∑j aj|Ψ0,ji is a
Ground state with associated density n{aj}(r) = ∑j |aj|2hΨ0,j|n̂(r)|Ψ0,ji. What we
frst do, in this case, is to establish a one to one correspondence of the set of po-
tentials, v, up to an additive constant, and the set of {n{aj}} (that is, we need all the
possible {n{aj}} in order to determine the external potential v). The proof above then
applies in the same way: If two potentials v1 and v2 differ by more than a constant,
then a fundamental state of Ĥ1 cannot be fundamental state of Ĥ2, for in that case
we would equally get ∑j v1(rj) − v2(rj) = E1 − E2. Even though the Ground state of
Ĥ1 is degenerate, none of the Ground states of Ĥ2 can be Ground state of Ĥ1, and
thus we can apply the same argument to reach the contradiction E1 + E2 < E2 + E1.
Therefore, even in the degenerate case a density n(r) can only emerge from one po-
tential v(r). Notice that, in this case, there is not a correspondence between n and
|Ψi (such a notion does not make sense in the degenerate case). However, this is
irrelevant, since the only important conclusion of the theorem is the possibility to
defne the energy as a functional of the electron density, E[n].

The correspondence n → v suggests that we should be able to defne an energy
functional in terms of the density; i.e, that given any density, n, we can calculate the
energy E[n] of a system described by a hamiltonian 1.5.

The next key result, which in part follows easily from the theorem above, is the
fact the the Ground State energy and density can be calculated by minimizing the
energy functional, E[n], which indeed attains its minimum at the ground state den-
sity. The subtle point, of course, is the domain of the functional E[n], which must be
conveniently extended, as we show after the next proof.

With the defnitions given in eq. 1.3, let us now defne:Z 
Ĥv = T̂el + V̂ee + v(r)n̂(r)dr,

with n̂(r) equal to ∑N
j=1 δ(r − rj) in the position representation, with N the number

of electrons in the systems and the rj the position vector of each one. We can then
formulate the:

Theorem 2. Second Hohenberg-Kohn Theorem For every external potential, v, it is pos-
sible to defne an energy functional depending on the density such that its minimum equals
the Ground State energy of the system and is attained by the ground state density, nv, linked
to v in virtue of Theorem 1.

Proof. Given an external potential v, call nv to the density of the Ground State of
the hamiltonian Ĥv. We know, from the frst Hohenberg-Kohn theorem, that Tel and
Vee are determined by the density, so the Ground State energy Ev can be written asR 
Ev = Tel [nv] + Vee[nv] + v(r)nv(r)dr. Skipping for a moment the subtlety of the
domain of the functional, this should allow us to defne, for each v, a functional:Z 

Ev[n] := Tel [n] + Vee[n] + v(r)n(r)dr, (1.7)| {z } 
F[n] 
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R 
where we have implicitly defned a new functional, F[n], as F[n] = Ev[n] − v(r)n(r)dr,
or, equivalently, we can defne it explicitly -and, more importantly, in a form appro-
priate for its extension- as in 1.8 below, that is, as F[n] = min|Ψi→nhΨ|T̂el + V̂ee|Ψi.
However, at this point, this functional only makes sense on the set of ground states
densities arising from solving the Schrödinger equation for hamiltonians of the form
in eq. 1.5, the so called v−representable densities. It is obvious from the defnition
that Ev[nv] = Ev and, reasoning in the same spirit as in the Hohenberg-Kohn theo-
rem above, which is nothing but to invoke the variational theorem, we see that for
any nv0 6= nv it holds that Ev(nv) < Ev[nv0 ]. The comments below about the Levy-
Lieb formalism, which allow to extend the functional to a wider domain, show that
this inequality holds for generic n, without restricting ourselves to the narrow space
of v−representable densities, which in turn proves the theorem

The functional defned in the proof is, in principle, only defned for densities
ˆwhich arise as the densities of Ground States of hamiltonians Hv. These are called

v−representable densities. These densities do not form an appropriate functional
space (many reasonable functions cannot be obtained as a ground state density) 2,
and in such a setting it does not even make sense to take functional derivatives. We
must, therefore, extend this functional to a larger and complete vector space, where
it makes sense to fnd its minimum.

In order to do this, let us briefy look at another formulation of DFT, due inde-
pendently to Levy and Lieb [5, 27, 28]: The Constrained Search approach , in which
we defne the functional

FLL(n) = min hΨ|T̂el + V̂ee|Ψi, (1.8)
|Ψi→n

where, as before, V̂ is the many-body interaction and the |Ψi → n means that the
minimum is searched in the set of all antisymmetric wave-functions yielding the
density n, Z 

n(r) = N |Ψ(r, r2, · · · , rN)|2dr2 · · · drN , (1.9)

where N is the total number of electrons in the system.
This allows us to defne an extended functionalZ 

E[n] = FLL[n] + v(r)n(r)dr, (1.10)

where the defnition of FLL[n] involves, as seen above, looking for a minimizer Ψn
in an appropriate functional space. The functional in 1.10 admits now functions
n which are not restricted to Ground State densities, which is an important step
towards our goal: defning the energy functional in a space big enough so that taking
functional derivatives makes sense.

Notice next that the Ground state energy can be written in terms of this density
functional as

E = minhΨ|T̂el + V̂ee + v̂||Ψi = min min hΨ|T̂el + V̂ee + v̂||Ψi = 
|Ψi n |Ψi→nZ (1.11)

min{FLL[n] + v(r)n(r)dr}.
n

2For example, without the need to go into detailed computations, it is clear that in a problem with
spherical symmetry, the Ground State does not have nodes, so any function that vanishes at some
points will be not v−representable in such a case
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It is crucial to understand that, due to the variational principle for the Schrödinger
equation, the extension of the energy functional, 1.10, has the same minimizer, nv,
than the original functional defned for v−representable densities. The fnal step
to appropriately extend the domain of these functional is to show that, actually, any
"reasonable" density is Ψ−representable; i.e, can be obtained from a Ψ by the relation
1.9. Actually, it is interesting to note that it is enough to search Ψ in the subset of
Slater determinants. The result is actually quite intuitive and it is possible to give
an explicit construction. Given a density n(r), let us construct a Slater determinant�NN

� 
|Φi = Alt j=1 |φji yielding n through relation 1.9, which in the case of Slater
determinants reduces to

N
n(r) = ∑ |φj(r)|2. (1.12)

j=1 q 
Intuitively, we need the wave-function to behave as ≈ n

N
(r) . The relation 1.12 will

be satisfed if we defne (let us ignore spin here for simplicity, which is irrelevant)
the φj to be of the form: r 

n(r) iGj(r)φj(r) = e ,
N

but, also, the φj have to be orthogonal and be part of a complete basis set. To achieve
this, change the integer index j by a 3-tuple k ∈ Z3 and defne (we can always fnd
an isomorphism between the indices j and the k):r 

n(r) ik·f(r)φk(r) = e .
N

It is easy to see that Z Z 
0 1 i(k−k0 )·f(r)dr,φk

∗ (r)φk0 (r)dr = n(r)e
N

so that, in order for the orbitals to be orthonormal, we would like to fnd a vector-
function f(r) such that Z ZN

n(r)dr = df,
(2π)3

[0,2π]3

which would immediately imply orthonormality. It can be shown by a straight com-
putation (see, for example, [25]) that this can attained by defning:R x

−∞ n(x0 , y, z)dx0 
f1(r) =2π R ∞ ,

−∞ n(x0, y, z)dx0 R y R ∞ 
−∞ n(x0 , y0 , z)dx0dy0 −∞f2(r) =2π R ∞ R ∞ ,
−∞ n(x0, y0, z), dx0dy0 −∞R R ∞ R ∞z

−∞ n(x0 , y0 , z0)dx0dy0 −∞ −∞f3(r) =2π R ∞ R ∞ R ∞ ,
−∞ n(x0, y0, z), dx0dy0dz0 −∞ −∞ 

Similarly, using these defnitions, it can be shown that, including all k ∈ Z3, this set
is complete, i.e, ∑k∈Z3 |φkihφk| = 1. Next, take any set of different k1, · · · , kN and
defne � � 

Φ(r1, · · · , rN) = √ 1 det φkj(ri) ,
N i,j
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which clearly yields the density n(r). Notice that is possible to construct infnitely
many wave-functions yielding this density, since an arbitrary phase (not dependent
on k) can be added to the spin-orbitals.

As shown by Gilbert [29], the only requirement for this procedure to be possible
on the formal level is that the density, other than being positive and integrate the
number of electrons, N, fulflls the integrability conditionZ 

|rn1/2(r)|2dr < ∞.

This condition, which may look abstract at frst sight, is actually very natural: The
wave-function, |Ψi, which is a solution of the Schrödinger equation, must have a
well-defned kinetic energy, hΨ|T̂|Ψi. Roughly speaking, the kinetic energy gives
terms such as (let us now write just one spatial index to lighten the notation; the
idea is the same in the general case): Z 

hT̂i ≈ Ψ(r)ΔΨ(r)dr.

By integrating by parts, assumming a good decaying of Ψ, this equalsZ 
hT̂i ≈ rΨ(r) · rΨ(r)dr,

so that the key assumption for the solution to have sense in a formal sense is that
the wave-function has a integrable gradient. This is a well-known instance of the
so-called weak formulation of Partial Differential Equations, see for example [30].
Since the density is extracted, roughly speaking, from integrating the square of theR 
wave-function, posing the condition |rn1/2(r)|2dr < ∞ becomes natural. A math-
ematically rigorous account of how this technical conditions grants the existence of
minimizers and functional derivatives can be found in [26].

All of this would be helpless were it not for the existence of informed guesses for
the functional F[n]. A frst attempt to create a Hohenberg-Kohn functional is based
in the Thomas-Fermi theory, mentioned before, which actually predates DFT as a
theory and thus has a big historical signifcance. In this approximation, the kinetic
energy is proportional to the integral of a power of the density. Specifcally, in the
most basic Thomas-Fermi scheme, we make the guess:

FTF[n] = CTF

Z 
5/3(r)d3 1 Z n(r0)n(r) 

d3rd3 0n r + r , (1.13)
2 |r − r0| 

where the frst term is the kinectic energy obtained for the electron gass (which
suggests, by extrapolation, precisely that very simple density functional for the ki-
netic energy), with CTF a constant, and the second term is just the Hartree part of the
electron-electron coloumbian interaction, to which exchange-correlation corrections
could of course be added. This is actually capable of reproducing several interesting
features, but suffers from crucial shortcomings, as mentioned in the introduction.

The failure of the Thomas-Fermi model was a consequence of its poor treatment
of kinetic energy. Density Functional Theory took over this approximation when it
managed to overcome this weakness by means of the so-called Kohn-Sham equa-
tions.
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1.4 Kohn-Sham equations

1.4.1 Summary of the method

Merely a year after the publication of the Hohenberg-Kohn theorems, a second work
appeared, by Kohn and Sham [3], in which the authors defne a scheme which goes
beyond Thomas-Fermi, not writing explicitly the kinetic energy in terms of the den-
sity, but as the kinetic energy of a set of non-interacting electrons whose density
reproduces that of the real interacting system. While in Hartree-Fock also the elec-
trostatic potential and energy are written in terms of the orbitals of a system of non-
interacting electrons [8, 10], in DFT these are (formally) written solely in terms of
the density, and only the kinetic energy makes explicit use of one-particle orbitals.
In the Kohn-Sham approach we construct spin-orbitals |φji such that the associated
density, ∑ f j|φ(r)|2, with fj the occupation numbers, coincides with that of the inter-
acting system. For that, an effective potential, veff(r), is needed to solve the following
one-electron problem: ! 

h2¯− Δ + veff(r) φi(r) = ε iφi(r). (1.14)
2m

This effective potential is split as veff(r) = vext(r) + vH(r) + vxc(r), where vext(r)R n(r0)
is the external potential, vH(r) is the Hartree potential, vH(r) = dr0 and|r − r0|
vxc(r) is the so-called exchange-correlation potential, which we will discuss in de-
tail later on. This potential veff(r) is written on terms of the density, so that we will
write, with a slight abuse of notation, veff(n), and, since we are looking for the con-
dition n(r) = ∑ fj|φ(r)|2, this yields a set of self-consistent equations that must be
solved by iterative procedure. Once the solution for the one-electron problem has
been reached, the energy of the interacting system can calculated. The sum of occu-
pied eigenvalues, ∑j∈occupied ε j includes the kinetic energy of the non-interacting sys-R 
tem, Ts, but also the energy due to the Hartree potential, vH(n)n(r)dr, and due toR 
the exchange-correlation potential, vxc(n)n(r)dr. To get the total energy, we must
therefore substract these two terms from the sum of occupied eigenvalues and addR R R1 1the correct Hartree energy, n(r)n(r0)drdr0 = vH(n)n(r)dr and the correct2 2
exchange-correlation energy, Exc[n], thus getting:Z Z 

E[n] = ∑ ε j − 1
2 vH[n]n(r) dr − vxc[n]n(r) dr + Exc[n]. (1.15)

j∈occupied

To derive the Kohn-Sham equations 1.14 with the prescribed form for the effec-
tive potential, two possibilities can be considered, and both are common in the liter-
ature. One possible approach is to take the functional derivatives of the energy func-
tional with respect to the orbitals φj(r). The other possibility, perhaps more clearly
in contact with the spirit of the Hohenberg-Kohn theorems, is to take derivatives
with respect to the density. Here, we explore both approaches, which ultimately, of
course, yield the same result.
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δ
1.4.2 Taking derivatives

δφ∗ 
j (r) 

Here, to ease the notation, we omit the spin index, which is irrelevant in the reason-
ing. To include the spin, the vector r can be substituted by the duple (r, σ) and theR R 
integral symbol dr interpreted as ∑σ dr.

We will start this discussion considering the Hohenberg-Kohn functional in the
very particular case that there is no interaction potential V̂ee. Of course, in this case
the functional F[n] can be identifed with the kinetic energy of the non-interacting
fermions in the ground state. We thus write:Z 

T(n) := E0(v(n)) − v(n)n(r) d3r,

and, again, we know this is well-defned because the Hohenberg-Kohn theorem
guarantees that for a given n there is a unique v, and thus a unique T.
In the non-interacting system, modelled by the free hamiltonian Ĥ0, necessarily the
ground state is a Slater determinant.
Because of this, we take the natural domain of T to be densities arising from a
ground state given in the form of a Slater determinant. If such a Slater determi-� � 
nant is Ψ = (N!)−1/2det φj(rk) j,k , with the spin-orbitals orthonormalized, then

the electronic density is just n(r) = ∑j |φj(r)|2 .
The kinetic energy is thus: ! 

T n = ∑ |φj|2 = −h̄2

∑hφk|Δ|φki,2mj k

The energy in the non-interacting case is then written as:� Z � 
E0(v) = min T(n) + v(r)n(r) dr ,

n

where, again, the set of candidates are the n0s corresponding to ground states and
this is further rewritten as:( ) 

E0(v) = min ∑ −h̄2

hφk|Δ|φki + hφk|v|φki : hφj|φli = δjl .
φj k 2m

We now return to the case with interactions, V̂ee 6= 0. In that case, we write the
Hohenberg-Kohn functional as FHK(n) = Ts(n) + EH(n) + EXC(n), where EH is the
Hartree energy and EXC is the exchange and correlation functional. It can thus be
written:

E(v) = min{∑ −h̄2

hφk|Δ|φki + hφk|v|φki+ 
φj k 2m

EH(n) + EXC(n) : hφj|φli = δjl} 

Next we need some calculus to compute the variation of the previous expression.
A key fact that we will be using is that to fnd the minimum of an expression such as
that of above it is enough to take variations with respect to the complex conjugates
φ∗ 

j (r). Also, since we are trying to put emphasis in the electronic density, n, instead of
on the multi-electronic wave function, we would like to express those variations in
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terms of variations with respect to the density. To achieve that, note that from n(r) = 
δn(r)∑j φ∗ 

j (r)φj(r) we have = δ(r − r0)φj(r) and thus, since for any functional J we
δφ∗ 

j (r
0 ) 

can write:
δJ Z 

δJ δn(r0) 0 = dr ,
δφ∗ 

j (r) δn(r0) δφj
∗(r) 

we can fnally write the important relationship:

δJ δJ
= φj(r).

δφ∗ 
j (r) δn(r) 

Also, recall now all the facts:

T(n = ∑ φjφ
∗ 
j ) = −h̄2

∑hφj|Δ|φji : for (N!)−1/2det(φj(rk))j,k a ground state
2m

which allows us to write:

δT Z 
δT δn(r0) 0 δT

= dr = φj(r).
δφ∗ 

j (r) δn(r0) δφj
∗(r) δn(r) 

We now can proceed to take variations, introducing in principle Lagrange multipli-
ers λjk for the constraints hφj|φki = δjk. Nevertheless, since the operator arising from
the Euler-Lagrange equation for the critical point is hermitian, then the orthogonal-
ity is automatically guaranteed, and we only have to deal with the normalization
constraints with Lagrange multipliers λjj = −ej for the constraints hφj|φji = 1. Min-
imizing the energy E[n] with respect to the orbitals thus yield:! 

−h̄2 δEH [n] δEXC[n]Δ + vext(r) + + φj(r) = ejφj(r),2m δn(r) δn(r) 

Therefore, by comparing with the effective problem, the resulting Kohn-Sham
equations are: ! 

−h̄2

2m
Δ + veff(r) φj(r) = ejφj(r),

where the effective potential is precisely the potential defned above: veff is vext + 
vH + vXC with vH = δEH and vXC = δEXC .δn δn

We can be a little bit more specif, writing the analytical form of the things we
already know. The energy of the system is: Z e2 ZαE(n) = ∑hφj|t̂j|φji − n(r)dr+

4πe0
∑ |rα − r|α 

2e Z n(r)n(r0) 0drdr + EXC(n)8πe0 |r − r0| 

for t̂j = −h̄2

Δrj and n(r) = ∑ |φj|2.
2me j
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(Note that here we have gotten rid of the spin variables for ease of notation). And
by applying the variation we have the Kohn-Sham equations:! 

−h̄2 e2 Zj e2 Z n(r0) 0Δ − ∑ + dr + VXC(n) φj(r) = ejφj(r). (1.16)
2me 4πe0 |r − Rj| 4πe0 |r − r0|j

1.4.3 Taking derivatives δ 
δn(r) 

We aim to fnd a non-interacting system whose density reproduces that of the inter-
acting system. That, we want to fnd a one-electron problem (eq. 1.14)! 

h2¯− Δ + veff(r) φi(r) = ε iφi(r),2m

with a veff(r) such that the ground state density, n, of the interacting system coincides
with the density, ns of the non-interacting system,

n(r) = ns(r) = ∑ fj|φj(r)|2.
j

The exact energy functional of the interacting system can be splitted as:

E[n] = Ts[n] + EH [n] + Eext[n] + Exc[n], (1.17)

where Ts[n] is the kinetic energy of the non-interacting system with density n(r).
Notice that, in terms of the orbitals, Zh2¯

Ts[n] = − ∑ f j φj
∗ (r)Δφj(r)dr. (1.18)

2m j

Since we wish to minimize the energy with respect to n to fnd the Ground state,
We want to take variations of the density, δn, preserving always the same numberR R 
of electrons, n(r)dr = N, so that δn(r)dr = 0. Notice that, using the effective
equations 1.14, the term 1.18 equals

Z Zh2¯
Ts = ∑ f j φj(r)Δφj(r)dr = ∑ f j φj

∗ (r)(ε j − veff(r))φj(r)dr = 
2m j jZ 

∑ fjε j − n(r)veff(r)dr.
j

Therefore, δTs[n] can be casted asδn

δTs[n] 
= −veff(r).δn(r) 

On the other hand, turning to the interacting system and minimizing its energy,
δEext[n] δEH [n]it is immediate to see that = vext(r) and = vH(r), where vH(r) = 
δn(r) δn(r)R n(r0) 1 R n(r)n(r0)

dr0 and EH [n] = drdr0 . Next we defne in the obvious way|r − r0| 2 |r − r0| 
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δExc[n] δE[n]
vxc(r) := . If we evaluate at the Ground state density, we have, since

δn(r) δn(r) 
that is a minimum of the functional,

δE[n] EH [n(r)] Exc[n(r)] 
= −veff(r) + vext(r) + + = 0.

δn(r) δn δn

We thus fnally get for the effective potential:

veff(r) = vH(r) + vext(r) + vxc(r) (1.19)

1.5 Exchange-correlation Functionals

The most problematic terms in the splitting of the energy functional, E[n], is of
course the exchange and correlation functional EXC, whose precise analytical form
cannot be known. There are a lot of ways around this. In the Hartree-Fock approx-
imation (see appendix A) the wave-function is approximated as a Slater determi-
nant, Φ. For Slater determinants, the integral defning the electrostatic operator can
be calculated exactly in terms of the participating orbitals, and the result is the clas-
sical electrostatic energy (referred to as the Hartree part) plus a new term called the
exchange-energy.

Eee = hΦ|V̂ee|Φi ≈ Ehartree + Ex.

This new terms arises from the antisymmetry the non-interacting wavefunction Φ,
and as such can be regarded as a modifcation of the the electrostatic energy due
to Pauli’s exclusion principle. Whatever remains is called the correlation energy,
Ecorr = E − EHF.

For the correlation energy, LDA (Local Density Approximation) is the most basic
approximation, and already very useful [31].
It is based on analyzing the Homogeneous Electron Gas, an unbounded system in
which the electronic density is assumed to be constant and compensated by a back-
ground of positive charges. In this model, it is possible to estimate the energy den-
sity (i.e, energy per unit of volume), e = eLDA(n) and thus the exchange-correlation
energy density, exc,LDA(n). In the LDA approximation, we estimate the XC energy asZ 

Exc,LDA[n] := n(r)exc,LDA(n(r))dr. (1.20)

The exchange in the HEG can be calculated by plugging solutions to to the free
electron problem, wave planes φk(r) ≈ ek·r, into the expression for the exact ex-
change as seen in the second term in Hartree-Fock theory, see eq. 1.25 below, which
after some computations leads to

2(3π2)4/3−e 1/3ex,LDA(n) = − n . (1.21)
4π3

As for the correlation, the limits of very low and very high density can be calculated
by means of the Random Phase Approximation [32–34] and Monte-Carlo simula-
tions [35] for intermediate values of n. Both results can be adequately interpolated
to get the result in the form of an involved mixture of logarithm dependencies and
power series expressions [36, 37]. However, the LDA approximation suffers from
several limitations due the simplicity of the HEG model, like the infra-estimation of
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the electronic gap, unbound negative ions or incorrect asymptotics for the correla-
tion potentials, which inherits the decay behaviour of the density, contrary to the
correct power laws [25]. In order to overcome these defciencies, more sophisticated
functionals have been developed; mainly, the so-called GGAs (Generalized Gradient
Approximations) [38], which are based on expansions of the energy in terms of not
only the density but also on powers of its derivatives, |rn(r)|. The most success-
ful ones are, for example, the BLYP functional and the PBE functional [39, 40], which
correct many of the fundamental shortcomings of LDA. This functionals cannot have
an arbitrary form, but actually need to satisfy some physical constraints. One of the
key objects analyzed is the so called exchange-correlation hole, which measures how
the joint probability of two or more electrons departs from the case of independent
electrons. To wit, if we defne the two-particle density, n2(r, r0) , for a system of N
electrons as Z 

0n2(r, r0) = N(N − 1) |Ψ(r, r , r3, · · · , rN)|2dr3 · · · drN . (1.22)

then, for non-interacting classical systems, it will hold that n2(r, r0) = n(r)n(r0). For
noninteracting systems where we impose Pauli’s exclusion principle; that is, when� � 
the wave-function can be written as Ψ(r1, · · · , rN) = (N!)−1/2det , it holdsφj(rk) j,k
that

N
n2(r, r0) = n(r)n(r0) − | ∑ φj

∗ (r0)φj(r)|2. (1.23)
j=1

Note that even for a non-interacting system, the mere fact of imposing the anti-
symmetry of the wave-function introduces some degree of correlation: the exchange,
which encodes Pauli’s exclusion principle. For interacting systems this is no longer
true, but we can write

n2(r, r0) = n(r)n(r0) + n(r)nxc(r0).R R R 
And, since n(r)dr = N and n2(r, r0) = N(N − 1), it is apparent from inspection
that we must impose Z 

nxc(r)dr = −1. (1.24)

The importance of the term n2 is obvious when we realize that, since V̂ee is a two
body operator, it holds that

1 Z Z n2(r, r0) 0hΨ|V̂ee|Ψi = drdr .
2 |r − r0| 

Thus, giving an exchange-correlation functional is equivalent to giving an exchange-
correlation hole, and the sum rule in eq. 1.24 is a restriction on such functionals. For
example, as a basic example, we can plug eq. 1.23 into the expression for hΨ|V̂ee|Ψi 
to get

Z Z ∑N
1 n(r)n(r0) 1 j,k φj(r)φk(r)φ∗ 

j (r
0)φk

∗(r0) 0hΨ|V̂ee|Ψi = drdr0 − drdr , (1.25)
2 |r − r0| 2 |r − r0| 

which is the Hartree-Fock approximation to the Coulomb energy.

Refned exchange-correlation functionals have been designed by combining the
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above mentioned GGA functionals and the exact expressions for exchange in Hartree-
Fock theory. These so-called hybrid functionals are very expensive from the compu-
tational point of view, since they imply the calculation of integrals such as the one
seen in the second term of eq. 1.25, but allow for a greater precision. The most typ-

ELDA + a0(EHFical ones are the B3LYP functional [41], which defnes EB3LYP = −xc x x
ELDA − ELDA + ac(EGGA − ELDA) + ax(EGGA ) + ELDA ), where the a0s are parametersx x x c c c
adjusted by means of some benchmark computations and the PBE0 [42], which more

1 3 + EPBE
4 EHF

4 EPBEdirectly makes the mixture EPBE0 = + .xc x x c
However, the mentioned functionals sometimes still fail to capture some fea-

tures of highly correlated systems, where the many body effects cannot be entirely
pick up on a one-electron approximation. Many-body methods, that try to go be-
yond the fundamental limits of one-electron approximations, have been developed
for such cases. For example, the GW method [43], post-Hartree-Fock methods [13],
the numerical renormalization group or DFT+U functionals have been developed
[44]. Chapter 5 is partly devoted to such a case.

It is worth mentioning that the cited functionals (LDA, BLYP, PBE and the hy-
brids B3LYP or PBE0) are in principle developed for systems without spin polariza-
tion. The extension to situations where the density n(r) is splitted between unequal
contributions for spin-up and spin-down electrons, n↑(r) 6= n↓(r) is not trivial and
must be derived carefully. For example, in the HEG, the exchange -which is obtained
by plugging the plane waves into the exact exchange integral- can be seen to have
the simple form � � 

ELSDA ELDA[n↑, n↓] = 1
[2n↑] + ELDA[2n↓] .x x x2

However, the same simple superposition principle is far from true for the correla-
tion energy. A Random Phase Approximation [32–34] calculation can be employed
to approximate the result in terms of the full density n(r) and the ”normalized”

n↑(r) − n↓(r)magnetization m(r) = . An approximate density energy ec,LDA(n, m)
n(r) 

is then extracted, based on interpolating the limits with zero magnetization (m = 0,
the LDA case) and the case with total polarization (m = 1). Then the correlation
energy is estimated again as: Z 

Exc,LSDA[n] := n(r)exc,LSDA(n(r), m(r))dr. (1.26)

1.6 Alternatives to the Kohn-Sham functional

The stationary functional

So far we have defned, for every possible external potential v, a energy func-
tional in terms of the density

n → Ev[n],

which has the minimizer nv (the Ground state density of Hamiltonian Hv). It is
interesting and natural, however, to defne a more general functional in which we
allow n and v to vary simultaneously [45]: Consider a pair (n(r), v(r)) and consider
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the one-particle Schrödinger problem� � 
h̄− Δ + v(r) φj(r) = ε jφj(r), (1.27)

2m

and call ε j[v] to the eigenvalues ε j to emphasize the dependence on the potential v.
Then we defne the stationary functional asZ 

E[n, v] := ∑ fjε j[v] − n(r)v(r)dr + EH [n] + Exc[n] + Eext[n]. (1.28)
j

At self-consistency, this functional is stationary with respect to both variables. In-
deed, notice that the variations are:

δE[n, v] 
= −v(r) + veff(r),δn(r) 

(1.29)
δE[n, v] 

= n[v](r) − n(r),
δv(r) 

where n[v](r) is the density resulting from 1.27, that is, n[v](r) = ∑j f j|φj(r)|2 and
veff(r) is the Kohn-Sham effective potential depending on n, veff(r) = vext(r) + 
vH(r)+ vxc(r) The stationary property is then clear and, furthermore, it can be shown
that at the stationary points the functional E[n, v] is minimal with respect to n (for
well-behaved densities with the appropriate mathematical conditions; see below)
and maximal with respect to v. The maximality part is easy, since

δ2E[n, v] δn[v](r) 
= 

δv(r)δv(r0) δv(r) 

and the density decreases when the potential increases.

Harris functional

Self-consistency can be computational expensive in certain situations. A non-
self-consistent approach to the Kohn-Sham equations has been proposed in [46, 47].
In this case, a new energy functional is defned: A starting density, n0(r), which is

0 0usually taken as the density of atomic fragments, i.e, n0(r) = ∑ qj |χj(r)|2, (where qj
is the neutral charge corresponding to the j-th orbital), is plugged into 1.14 and just
one iteration is solved; that is, we solve the problem:! 

h2¯− Δ + veff[n0(r)] φi(r) = ε iφi(r). (1.30)
2m

for a fxed density n0 and we estimate the energy as:

Z Z 
EHarris = ∑ ε j − 1 vH[n0]n0(r) dr − vxc[n0]n0(r) dr + Exc[n0]. (1.31)2

j∈occupied

The functional was originally introduced by Harris as a simplifed way to study the
energy of weakly interacting fragments [46] and its properties were further stud-
ied in detail in later publications[48]. This approximation, closely related to Tight-
Binding methods [47], usually takes as the starting point the sum of neutral atomic
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densities, which for a number of systems can be expected to be reasonably close to
the ground state density of the system. For a given input potential, V0, and an input
density, n0, giving n as output density in one iteration of the Kohn-Sham equations,
the difference between the Kohn-Sham and the Harris functional can be written asZ 

E[n] − EHarris[n] = V0(r)(n(r) − n0(r)) + EHxc[n] − EHxc[n0], (1.32)

where EHxc[n] = EH [n] + Exc[n]. Now, in the minimizer (the Ground state density),
by expanding in powers of δn(r) = n(r) − n0(r), and since linear terms cancel out,
we can write, following [47, 49], Z 

0E[n] − EHarris[n] = 1
K(r, r0)δn(r)δn(r0)drdr , (1.33)

2

where
δ2EHxc[n] 1 δ2Exc[n]K(r, r0) = |n=n0 = + |n=n0 (1.34)

δn(r)δn(r0) |r − r0| δn(r)δn(r0) 
Although the Harris functional coincides with the Kohn-Sham energy if n0 = n = 
ngs (with ngs the Ground state energy which minimizes the Kohn-Sham functional),
it is worth noticing that the Harris functional itself is not variational, which is clear
from eq. 1.33 .

Bringing everything together

Notice that both the Kohn-Sham and the Harris functionals can bee seen as par-
ticular cases of the stationary functional: When n[v] = n, then

EKS[n] = E[n, v],

and when v = veff[n],
EHarris[n] = E(n, v).

To apply these functionals (Harris or the double stationary one) in a fnite dimen-
sional setting, we limit ourselves to sums of atomic-like densities [46] of the form

n(r) = n0(r) + ∑ δqα|χα(r)|2, (1.35)
α 

where n0(r) is the density corresponding to the neutral atoms combined, the {χα(r)}
are a basis of atomic-like localized orbitals and the {δqα} are the deviations from the
neutral charges (α labeling the orbitals of the system). Correspondingly, the potential
can be written as

v(r) = v0(r) + ∑ δvα Iα(r), (1.36)
α 

where the Iα are a set of coeffcients, in principle very general. We will study one
approach to these coeffcients in detail in the next chapter. Now we can conveniently
defne the functional in terms of the ({qα}, {vα}) (or ({δqα}, {δvα})). We then have
for the derivatives: Z

∂E({δqα}, {δvα}) 
= (veff(r) − v(r))|χα(r)|2dr

∂δqα Z (1.37)
∂E({δqα}, {δvα}) 

= (n[v](r) − n(r))Iα(r)dr,
∂δvα 
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where the frst of these equations will always be 0 for the Harris functional. As for
the second, it will be interesting if, with a sum of atomic-like densities such as in
1.35, we could make it also zero, thus enforcing the variational principle also to hold
within a Harris formalism.

1.7 Fireball

1.7.1 The Method

Fireball is an Quantum Molecular Dynamics local-pseudoatomic-orbital DFT code
of high effciency. It has its origins in the seminal work of Sankey and Niklewski
in 1989 [50], in which the Fireball orbitals were defned (see below) and the scheme
of tabulation-interpolation for the integrals defning the matrix elements in the elec-
tronic structure calculation was frst defned. Originally a Harris-like type of calcu-
lation, later the method was refned in a self-consistent manner [51], see the second
point below for details. The method is based in two key ideas that we summarize
in two different points here: the construction of the basis set and the approximation
for the energy functional and the density.

1) The basis set is composed of pseudoatomic wavefunctions

χ(r) = f (r)Yl,m(Ω) (1.38)

(here Ω is the angular coordinates on the sphere), where Yl,m(Ω) is a real-valued
spherical harmonic and f (r) is a radial function whose values are tabulated up to
a certain cut-off radius, Rc, while f (Rc) = 0 and for r > Rc the wave-function is
always zero, f (r) = 0. These orbitals, the Fireball orbitals, where frst introduced
in [50] and correspond to slightly excited pseudo-atomic orbitals (the true orbitals
being recovered in the limit Rc → ∞), which are appropriate to describe systems
with covalent bonds. This reduces dramatically the number of interactions to be
calculated. When calculating the integrals defning the energy or the potentials, the
angular part is analytical and only the radial part has to be dealt with numerically.
The basis sets are optimized (in terms of the shape of the orbitals, their correspond-
ing charge, their cut-off or also the number of orbitals on each atom) to reproduce,
on a given benchmark, quantities such as, in solids, the bulk modulus, the band
structure, lattice constants, or, in molecules, bond lengths, relative geometries, dis-
sociation energies, etc.

(a) (b)

FIGURE 1.1: Radial part of some Fireball wavefunctions basis: (a)
Nitrogen (b) Oxygen.
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FIGURE 1.2: Scheme summarizing how the self-consistent loop
works in DFT calculations and, more particularly, in Fireball: Self-
consistency is defned in terms of the projected charges, qα, and not

the full spatial density n(r).

2) The Kohn-Sham energy functional, 1.15, is substituted by a self-consistent ver-
sion of the Harris-Foulkes functional discussed in the previous section [51, 52]. At
each step of the iteration, the output density n(r) = ∑j f j|φj(r)|2 resulting from one
iteration of 1.14 is further approximated by a density of the form

n(r) = ∑ f j|φj(r)|2 ≈ ∑ qα|χα(r)|2, (1.39)
j j

which is key in the reduction of the computational complexity (see the section on
charge projections below for details on this). That is; in Fireball the density from
which the effective potential is calculated is approximated as a superposition of
atomic densities. In a pure Harris approach, we would take a starting density, most
typically the density corresponding to neutral atoms,

0n0(r) = ∑ qα|χα(r)|2,
α 

construct from this the Hartree potential, vH [n0] and the exchange-correlation po-
tential, vxc[n0], to calculate the effective potential veff[n0] and solve the eigenvalue
problem ! 

h2¯− Δ + veff[n0(r)] φi(r) = ε iφi(r),2m

as shown in the previous section. In Fireball, however, the ouput density, n(r) := 
nout(r) = ∑j f j|φj(r)|2 is approximated as seen in eq. 1.39 above, and the loop is
repeated 3: the projected density is taken as a new input density; that is nin(r) = 

3A technical note: The construction of the input density is a bit more subtle. Let us consider a
1given input density nin(r) = n1(r) = ∑α qα|χα(r)|2, which is used to construct the effective potential

veff[n1(r)]. This generates from 1.14 an output density n(r) = ∑j f j|φj(r)|2, which, as mentioned in the
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∑α qα|χα(r)|2 is used as a new n0 to defne a new effective potential and the problem! 
h2¯− Δ + veff[nin(r)] φi(r) = ε iφi(r),2m

is then solved.
In this way, only integrals depending of up to three different centers (“atomic sites”)
are required, which implies an important increase of the effciency. In this way, all
the interactions can be calculated a priori and stored in tables, so that, during sim-
ulations, no integrals have to be computed “on the fy", and a interpolation scheme
based on the values found on the tables is employed to calculate the necessary quan-
tities.

Furthermore, in Fireball, self-consistency is defned not in terms of the spatial
density n(r), as in standard DFT, but in terms of the occupation numbers {qα}α; that
is, as seen in the scheme in fgure 1.2, the loop ends when the output charges qα are
(within a given tolerance) equal to the input charges. Another key step here is how
the output charges {qα} are extracted from the full density ρ(r). The is achieved by
means of the so-called charge projections -methods to prescribe how a given elec-
tronic density is splitted between the different basis orbitals. We study these meth-
ods in detail in the next section and also in chapter 2. Interestingly, self-consistency
in terms of the {qα} also presents a close relationship with the OO-DFT method de-
scribed in this chapter and to be discussed further in chapter 5. Fireball, therefore,
can be seen as sort of an hybrid between the standard n(r)−DFT and OO-DFT, an is
an ideal framework where to test the advances on the latter.

When calculating the potential, we also make use of yet another approximation,
the so-called "spherical approximation", in which the partial charges of orbitals with
the same quantum number l are assumed to be equal; that is, charge is assumed
to be equally distributed among all p orbitals, among all d orbitals of each atom,
etc. This allows important simplifcation on the tables where interactions are stored.
To illustrate fully the spherical approximation, let us consider a given orbital |χa,µi,
where a labels the atom and µ the orbital inside atom a. Now decompose further the
orbital index µ into n, l, m, where the three letters label the usual quantum numbers.
Then the spherical approximation can be summarized by writing

qa,n,l,m = qa,n,l,m0 . (1.40)

Fireball, relying fundamentally in these approximations -that we can summarize,
most importantly, on the Fireball orbitals in 1.38 with a cut-off radius and on the
approximation 1.39 for the electronic density, and secondarily also on the spherical
approximation, 1.40- achieves in this way a balance of accuracy and effciency which
is specially suitable for the calculation of properties of very large systems or for
performing Quantum Molecular Dynamics (See the section about the calculation of
the forces for details on this, or chapter 4 to see an important application of Fireball
as Quantum Molecular Dynamics software).

2text, is further approximated as n(r) ≈ n2(r) = ∑α qα|χα(r)|2. The input density at the next step of the
self-consistency loop is, however, not taken to be n2, since such an approach introduces sharp changes
in the density which may spoil the convergence. Instead, the input density at the next step is defned
as a mixing between n1 and n2, for example a linear mixing, nin(r) = βn1(r) + (1 − β)n2(r). There are
many mixing algorithms available. For details, see [53, 54]
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1.7.2 Calculation of the matrix elements

The Kohn-Sham equations 1.14 are transformed into a system of linear equations by
expanding the eigenstates in terms of the wavefunctions of our basis,

|φji = ∑ 
α 

cjα|χαi. (1.41)

. Then, by defning

Sµν = hχµ|χνi 
(1.42)

= hχµ|ĥ|χνi,

where ĥ = −h̄
Δ + veff[nin(r)], the Kohn-Sham equations can expressed as:

hαβ 

2m

∑ 
β 

hαβcjβ = ej ∑ 
β 

Sαβcjβ. (1.43)

The problem is then one of algebra (simultaneous diagonalization of two quadratic
forms) once we are able to calculate the integrals defning the matrix elements hαβ 
and Sαβ. These integrals, however, cannot be stored for any possible geometry.

FIGURE 1.3: A generic three-center confguration. With the atoms a
and b located on the z axis (with θ = π) and γ = 0, the integrals are
calculated and stored in values for different values of ϕ and a grid of
values of the distances. Generic values of θ and γ can be recovered
from the appropriate rotations, in similarity with the Slater-Koster

tables [50].

Consider, for starters, the simplest case, that of the overlap, Sµν = hχµ|χνi. The
integrals we store in the tables correspond to the case in which both atoms are over
the Z axis; that is, we calculate (writing now explicitly the centers of the orbitals)Z 

χ∗ 
µ(r)χν(r − dẑ)dr

for a range of values of d (up to the point where the two orbitals do not overlap any-
more).

Next, turning our attention to hαβ, we see that we should calculate separately the
kinetic contribution, the Hartree elements and the exchange-correlations. The same
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idea applies then for the kinetic energy matrix elements, Tµν = hχµ| p̂2|χνi, or, in
general, for any matrix element hχµ|ô|χνi if the operator ô does not depend on other
orbitals. The integrals Sµν or Tµν for a generic geometry are then easily obtained by
using the Slater-Koster tables [55], extensively used in Tight-binding calculations to
represent generic integrals in terms of combinations of the basic ss, sσ, σσ, σπ or ππ 
integrals (see [50] for details).

The integrals for the electrostatic interactions are already more involved, since
the relative position of the three atoms depends on more variables, as seen in the
fgure above. In view of eq. 1.40, whenever we have an interaction in which a
potential is created by an atomic-like density associated to an orbital |χαi, we can
make use of the radial part of the wavefunction:s s r 

1 1 1
χS

a,n,l(r) = ∑ |χa,n,l,m|2(r) = ∑ fa
2
,n,l(r)Y

2 (Ω) = fa,n,l(r).l,m2l + 1 2l + 1 4πm m
(1.44)

4 Therefore, all the electrostatic integrals of the type:Z Z |χα(r0)|2 0χµ(r) χν(r)drdr|r − r0| 

are always calculated like

Z Z |χS
α (r0)|2 0χµ(r) χν(r)drdr . (1.45)|r − r0| 

Writing again explicitly the centers of the orbitals, we could write this as:

Z Z |χS
α (r0 − Rc)|2 0χµ(r − Ra) χν(r − Rb)drdr . (1.46)|r − r0| 

That is, if we consider, as an example, the p-orbitals, we will not need to compute
the potentials generated by each p-orbital, but just the potential generated by the
corresponding spherical orbital.

As seen in the seminal work by Sankey and Niklewski, the dependency on the
angles θ and γ seen on the image can be worked out analytically in a similar spirit to
the Slater and Koster’s tables thanks to the form of the Fireball orbitals as products
of radial functions and a spherical harmonics (see again [50] for details). The tables
for these three center integrals are then calculated for geometries with the vectors Ra
and Rb located over the z-axis. We can calculate such integrals for different values of

Ra + Rb|Ra − Rb| and |Rc − | on a grid and for a reduced number of different values
2

of the angle ϕ The result for a generic angle ϕ is then obtained by interpolation with
Lagrange polynomials (the natural choice when angular dependency and spherical
harmonics are involved).

4Recall we can write the basis orbitals as

χa,n,m,l(r) = fa,n,l(r)Yl,m(Ω),

that is, a radial part times an spherical harmonic



311.7. Fireball

While the Hartree matrix elements, of the form 1.45 above, depend on three cen-
ters, the exchange-correlation matrix elements present a great diffculty, since the
non-linear dependency with the density of the potential implies many centers in the
integrals. For the LDA functional, the XC energy isZ 

Exc[n] = n(r)e(n(r))dr (1.47)

and thus the corresponding potential is

vxc(r) = e(n(r)) + n(r)e0(n(r)). (1.48)

The exact matrix elements are in principle the integralsZ 
vµν = χµ 

∗ (r − Ra)vxc(r)χν(r − Rb)dr, (1.49)

but, since e depends non-linearly on n, it is clear that 1.49 is a many-centers integral.
Appropriate approximations need therefore to be developed in order to express this
matrix elements in terms of three-center integrals that can then be tabulated.

One of the frst of such approximation is found on [50], the Sankey-Niklewski
approximation where, for each matrix element hχµ|vxc[n]|χνi, an expansion on the
density is performed around an average density

nµν = hχµ|n|χνi/hχµ|χνi = nµν/Sµν,

where Z 
hχµ|n|χνi = χ∗ (r)n(r)χν(r)drµ 

5.
Notice that, in this case, we can approximate

hχµ|vxc[n]|χνi ≈ hχµ|vxc[nµν]|χνi = vxc[nµν]Sµν,

and the linear term in the Taylor series around nµν vanishes.

An alternative approximation, the Horsfeld approach , considers separately the
on-site case (when the two orbitals χα and χβ belong to the same atom) and the off-
site case (when the orbitals are located on different atoms.) In the following, let us
denote by latin subscripts the atoms of the system, and let us defne

na = ∑ qµ|χµ(r)|2,
µ∈a

that is, the density on atom a. With this notation, we can discuss now the two of
Horsfeld’s approximations:

Horsfeld on-site terms

5Notice the slight abuse of notations. Usually, we write hχµ|Ô|χνi, with Ô and operator, which
could be in particular the density operator at a given point, n̂(r). However, here this notation meansR 

χ∗something different: For a function (Not an operator) f (r), we defne hχµ| f |χνi = µ(r) f (r)χν(r)dr.
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Let us call a to the atom on which orbitals µ and ν are located. Then we can
approximate:

hχµ|vxc[n]|χνi = hχµ|vxc[na]|χνi + ∑ hχµ|vxc[na + nb] − vxc[na]|χνi.
b 6=a

Horsfeld off-site terms

Let us call a and b to the atoms on which orbitals µ and ν are respectively located.
Then we can approximate:

hχµ|vxc[n]|χνi = hχµ|vxc[na + nb]|χνi + ∑ hχµ|vxc[na + nb + nc] − vxc[na + nb]|χνi.
c 6=a,b

McWEDA approximation

The McWEDA (Multi center Weighted Exchange-correlation Density Approxi-
mation ) [56] method was developed, combining these two approaches (Sankey-
Niklewski and Horsfeld), to create a practical scheme which overcomes the defcien-
cies of the previous approximations (for example, the Sankey-Niklewski neglects the
contributions of terms with zero overlap or may yield terms with opposite sign, and
the Horsfeld is computationally very costly and the on-site approximation often
needs further numerical corrections).

McWEDA on-site terms

Let us, as before, use a to label the atom on which the orbitals and located and
let us use other latin letter for the other atoms. We begin by splitting

hχµ|vxc[n]|χνi = hχµ|vxc[na]|χνi + hχµ|vxc[n] − vxc[na]|χνi. (1.50)

The frst term here, which has just one-center, will be calculated exactly, while the
second term will be aproximated by a scheme very similar to the one found in
Sankey-Niklewski. To avoid the problems with the zero-overlap , we expand around
a symmetrically average density: The two orbitals χµ and χν can be written, as men-
tioned above, as the product of a radial function times an spherical harmonic,

χµ(r) = fµ(r)Ylµmµ (θ, ϕ) 

and
χν(r) = fν(r)Ylν mν (θ, ϕ) 

. The spherical approximation in Fireball consists in keeping just the radial part, thatr 
is, χs

µ(r) = 1
fµ(r), and analogously for the ν orbital. We then defne

4π 

hχs
µ|n|χs

νi ns = ,µν hχs |χs
νiµ 
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which contrasts with the defnition of nµν on the Sankey-Niklewski scheme. What
we do next is to expand the second term in eq. 1.50 around ns

µν. By defning

hχs
µ|na|χs

νi ns = ,a,µν hχs
µ|χs

νi 

we can fnally write � � 
s 0 s shχµ|vxc[n]|χνi ≈hχµ|vxc[na]|χνi + vxc[nµν]Sµν + vxc[nµν] hχµ|n|χνi − nµνSµν − � � 

s 0 s svxc[na,µν]Sµν − vxc[na,µν] hχµ|na|χνi − na,µνSµν 

(1.51)

McWEDA off-site terms

Here, as above, the orbitals µ and ν are assumed to be located respectively on
atoms a and b. We can apply the same idea as in the on-site case by defning

hχs
µ|n|χs

νi ns = ,ab,µν Sµν 

and then, splitting and expanding as above, we have

hχµ|vxc[n]|χνi = hχµ|vxc[na + nb]|χνi + hχµ|vxc[n] − vxc[na + nb]|χνi ≈ � � 
s 0 s shχµ|vxc[na + nb]|χνi + vxc[nµν]Sµν + vxc[nµν] hχµ|n|χνi − nµνSµν − (1.52)� � 

s 0 s svxc[na,µν]Sµν − vxc[nab,µν] hχµ|na + nb|χνi − nab,µνSµν 

Lastly, we should also take into account that, in practice, as mentioned above,
the effective potential should include the pseudo-potentials, which are non-local in
nature. A detailed account on how to deal with these terms can be found in [50].

1.7.3 Charge projections

The solutions |φji to the Kohn-Sham equations yield the density of the effective non-
interacting system as

n(r) = ∑ f j|φj(r)|2, (1.53)
j

where f j are the occupation numbers for the eigenstates, defned in general in terms
of the Fermi-Dirac distribution for a given temperature T. For T = 0, this means that
fj = 1 for all j ≤ N and 0 otherwise, with N the number of electrons in the system.
The reason for equation 1.53 (let us consider frst the case of zero temperature) is
that the Ground State, in the effective one-particle problem, is the Slater determinant�NN

� 
|Φi = Alt j=1 |φji , and for any one electron operator, t̂, with extension T̂ to the
N−particle Hilbert space, it holds that the expected value over Slater determinants
is just the sum of the expected values over each single-particle orbital:

N
hΦ|T̂|Φi = ∑hφj|t̂|φji.

j
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Equation 1.53 follows then from substituting t̂ = n̂(r).
On the other hand, each eigenstate can be written in terms of the basis functions

as:
|φji = ∑ cjα|χαi.

α 
(1.54)

Plugging this into equation 1.53 we get

n(r) = ∑ ρα,βχ∗ 
α(r)χβ(r), (1.55)

α,β 

with ρα,β = ∑j f jc∗ 
jαcjβ, (we could omit the complex conjugates whenever we are

dealing with real-valued orbitals, and we need not worry about complex-valued
quantities as long as we are not dealing with periodic systems. )

The expression in equation 1.55 is already useful but presents complications:
since it depends on products χα(r)∗χβ(r), and since the computation of the elec-
trostatic energy involves integrals with n(r)n(r0) in the integrand, this would imply
that we need to deal with integrals with wavefunctions centered at four different
atoms. As mentioned in the previous section, this is computational costly, and it
is desirable to make approximations so that only integrals up to three centers are
needed. This is the reason why we need to fnd numbers qα such that equation 1.55
can be approximated as

n(r) ≈ ∑ qα|χα(r)|2. (1.56)
α 

To be more clear in the following discussion, we will explicitly label atom num-
bers and orbitals numbers. The labels α and β encode both atoms and orbitals; that
is, a given α specifes an atom of the system and one of its orbitals. This is convenient
for a synthetic formulation, but now it will be illuminating to rewrite 1.55 as:

n(r) = ∑ ρa,b,µ,νχ∗ 
a,µ(r)χb,ν(r), (1.57)

a,b,µ∈a,ν∈b

where µ ∈ a is shorthand to indicate that the index µ runs over the orbitals of atom
a. All the charge methods that we study here or in next chapter are based on the ex-
istence of a basis set of local orbitals, as summarized in 1.56. However, this is not the
only possibility, and, in the context of plane-waves DFT or other quantum chemistry
calculations, it is interesting also to defne the partial charges assigned to each atom
by direct integration of the electron density n(r) in real space. In order to achieve
this, precise criterion on how to assign spatial domains to each atom are needed, and
a number of works and methods are devoted to such a matter [57–70]. The Quantum
Theory of Atoms-in-Molecules (AIM-QT)[58–60] method, for example, divides the
electron density into non-overlapping regions of space around the different atomic
positions: Each atom a is assigned a subspace Ca, and the {Ca} form a partition of a
set containing the support of n (that is, the set of points where n is non-zero), thenR 
one can simply defne qa = Ca

n(r)dr. In the Hirshfeld (HIR)[57] (or stockholder)
method the electron density at each point in space, n(r), is assigned a relative prob-
ability to belong to each atom. This weight in turn is defned to be proportional to
the value of the neutral atom electron density at that point.

(a) Mulliken charges
The frst approach, dating back from long before DFT, is known as "Mulliken

charges" [71] and is based on splitting the non-diagonal bond charge equally be-
tween each atom. This method has been widely used in Molecular Dynamics and
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Conceptual Chemistry and has a very simple implementation that also has made it
popular for charge projection in DFT and Quantum Chemistry computations. Equa-
tion 1.57 may be split as:

n(r) = ∑ ρa,a,µ,νχ∗ 
a,µ(r)χa,ν(r) + ∑ ρa,b,µ,νχ∗ 

a,µ(r)χb,ν(r). (1.58)
a,µ∈a,ν∈a a 6=b,µ∈a,ν∈bR 

Defning the overlap Sa,b,µ,ν = χ∗ 
a,µ(r)χb,ν(r)dr, each partial charge qa,µ is defned

as:
1 � � 

qa,µ = ∑ ρa,a,µ,µ + ∑ ρa,b,µ,νSa,b,µ,ν + ρb,a,ν,µSb,a,ν,µ (1.59)
2a,µ b 6=a,ν 

The last term above simplifes to ∑b=a,ν ρa,b,µ,νSa,b,µ,ν in the case of real-valued ba-6 
sis orbitals, which is for instance the case if one is dealing with a cluster (not periodic
systems) on Fireball, but we keep the expression in 1.59, valid for the general case
with complex-valued quantities. Notice that on every atoms the basis functions are
orthonormalized so that Sa,a,µ,ν = δµ,ν.

(b) Löwdin charges Mulliken charges suffer from various limitations or ill be-
haviours [72, 73], and, although widely used, other methods have been explored.
One of the most popular is based on Löwdin’s othonormal orbitals [74]. The best
way to conceptualize Löwdin’s orbitals is probably through the following question:
What is the orthonormal basis set of wavefunctions, {lα}, closest to the basis of
pseudo-atomic orbitals {χα} in quadratic average? More mathematically, but avoid-
ing the most technical aspects (about functional spaces), we are looking for {lα} as:!Z 

arg min ∑ (lα(r) − χα(r))
2 dr . (1.60)

{hlα|lβ i=δα,β } α 

In practice these orbitals are searched in the linear span of the {χα}, and then the
problem of determining the Löwdin orbitals becomes one of simple algebra. Each
Löwdin orbital can be expressed in the basis of atomic orbitals

|lαi = ∑ aαα0 |χα0 i.

We want to impose the condition hlα|lβi = δαβ, which algebraically becomes

∑ aαα0 aββ0 Sα0 β0 = δαβ.
α0 β0 

If we restrict ourselves to symmetric transformations, so that the matrix A formed
by the aαβ is symmetric, then this equation can recasted as

ASA = Id.

S−1/2Since S is symmetric, its root square must exist, so that A = , the Löwdin
transformation, gives us the explicit form of the orbitals:� � 

|lαi = ∑ S−1/2 |χβi. (1.61)
α,β

β 
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Now let us go back to equation 1.53. In place of equation 1.54 we can write

|φji = ∑ bjα|lαi. (1.62)
α 

Notice that the matrix of c0 jαs and b0 jαs are related by the Löwdin transformation
S−1/2. Now we can write an equation similar to 1.58, but in this case splitting di-
agonal and non-diagonal terms:

n(r) = ∑ ρ̃α,α|lα(r)|2 + ∑ ρ̃α,βlα 
∗ (r)lβ(r), (1.63)

α α 6=β 

with ρ̃α,β = ∑j f jb∗ 
jαbjβ, Now there are two approximations: frst, the non-diagonalR 

terms are neglected on the basis that their integrals are zero (recall that lα(r)lβ 
∗(r)dr = 

δα,β), giving us the simplifed expression ∑α ρ̃α,α|lα(r)|2, which means the Löwdin
charges will be

qα = ρ̃α,α (1.64)

However, keeping Fireball in mind, this is still not enough for our purposes (the
implementation of a three-center scheme of a self-consistent version of the Harris-
Foulkes functional), since when writing the lα 

0 s again in terms of the χ0 
αs, we would

end up with a two-center "input density", thus yielding again four-center integrals
in the calculation of the electrostatic energy. The next approximation is then sub-
stituting directly the Löwdin orbitals by the pseudo-atomic orbitals, which fnally
gives us:

n(r) ≈ ∑ ρ̃α,α|χα(r)|2, (1.65)
α 

(c) NPA charges The Natural Population Analysis [75] tries to correct the short-
comings of Löwdin charges by assigning weighs to the orbitals based on their occu-
pation. Equation 1.60 can be substituted by !Z 

arg min ∑ wα(nα) (lα(r) − χα(r))
2 dr , (1.66)

{hlα |lβ i=δα,β} α 

where the weights wα(nα) aim to give more importance to the flled orbitals; that
is, the wα are positive increasing functions. In the original NPA approach, a self-
consistency is performed, in which each times some occupation numbers nα are ob-
tained, the orthonormal orbitals and charges are re-calculated by using again 1.66.
In Fireball, when using pseudo-atomic orbitals, a simplifcation is available: We pre-
defne which orbitals are occupied or empty in an atom (for example, the p-orbitals
in a carbon atom are defned to be "occupied", while the d-orbitals are defned to
be "unoccupied"). We assign beforehand weights wα to each type of orbitals and just
one iteration of 1.66 is performed, which already implies an important improvement
in systems where the d-orbitals might be artifcially overcharged.

1.8 OO-DFT

There is an alternative formulation of DFT in which the second quantization lan-
guage is exploited. In Orbital-Occupancy Density Functional Theory (OO-DFT) [76–
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78], DFT is combined with the Local Combination of Atomic Orbitals (LCAO) ap-
proach and the key quantity, instead of n(r), is the set of occupation numbers nασ.
Taking |lασi as our orthonormal basis of localized orbitals (in practice these would
be the Löwdin basis associated to a atomic-like basis, as described in the previous
section), the occupation numbers are just nα,σ = ∑j f j|hlασ|φji|2, where the |φji are
the Kohn-Sham eigenstates. Notice that this coincides with the defnition of Löwdin
charges in eq. 1.64. The most general second-quantization hamiltonian can be writ-
ten as: � � 

† 1 βδσ0 † †Ĥ = ∑ tαβ ĉασ ĉβσ + h.c + ∑ Oαγσ ĉασ ĉβσ0 ĉδσ0 ĉγσ. (1.67)
2ασ α,β,γ,δ,σ,σ0 

If the interaction term is the coulombian interaction, as before, the we ca write:Z 
βδσ0 1 0O = l∗ 

βσ0 (r0) |r − r0| 
0)drdr , (1.68)αγσ ασ(r)l

∗ lγσ(r)lδσ0 (r

where, in principle, each l can belong to a different atom (the index α includes atom
labeling), and thus be centered at a different point in space. In OO-DFT, being after
all a one-electron approximation, we want to solve the problem by considering an

eff †effective single-particle hamiltonian, ĥ1 = ∑ασ vα n̂ασ + ∑ασ tαβ 
� 
ĉασ ĉβσ + h.c

� 
, fol-

lowing the same ideas that we encounter in standard DFT. The Hartree-Fock part of
the many body term in 1.67 is defned by the application of Wick’s theorem, valid
when computing expected values over Slater determinants:

† † † † † †hĉασ ĉβσ0 ĉδσ0 ĉγσi = hĉασ ĉγσihĉβσ0 ĉδσ0 i − hĉασ ĉδσ0 ihĉβσ0 ĉγσi. (1.69)

This simple factorization is of course not true for the many-body wave-function,
but can be used as an approximation: the Hartree-Fock approximation. In practice,
however, the mean-feld approximations we use over this hamiltonian retain only
diagonal contributions; that is, terms depending on the charges nασ, and not on the

†hĉασ ĉβσi. Whatever remains is known as the static electron correlation6, and fnding
appropriate forms for it in the context of OO-DFT will be one of the subjects of chap-
ter 5. In such models, our hamiltonian will be described by a few parameters such
as Z 1

U = Oαασ 0 
αασ = |lασ(r)|2 |lασ(r0)|2drdr ,|r − r0|Z 
ββσ0 1 0U0 = Oαασ = |lασ(r)|2 |lβσ0 (r0)|2drdr ,|r − r0|

and Z 
βασ 1 0l∗ l∗ 0)drdrJ = O = ασ(r)lβσ(r) 0)lβσ(r .αβσ |r − r0| ασ(r

In order to implement a DFT scheme in this formalism, we need an analogue of the
Hohenberg-Kohn theorem in terms of the nασ. In the rest of this section, which is
theoretical in nature, we drop the spin index σ to lighten the notation and reduce the
number of indices. The greek indices can always be thought as encoding both orbital
number and spin. We will retrieve this index in chapter 5, where we will come back
to these objects.

Theorem 3. Hohenberg-Kohn theorem The set of occupation numbers nα determines the
external potential vα up to a constant.

6The full correlation energy also has a contribution to the kinetic energy
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Proof. Let us defne two hamiltonians, Ĥv = Ĥ0 + ∑α vαn̂α and Ĥu = Ĥ0 + ∑α uαn̂α.
First, let us notice that, if vα and uα differ in more than a constant, the Ground States
|Φvi and |Φui cannot be equal. To prove it, assume the opposite, so that we have
Ĥv|Φi = Ev|Φi and Ĥu|Φi = Eu|Φi. Subtracting both equations we get:

∑(vα − uα)n̂α|Φi = (Ev − Eu)|Φi.
α 

Now let us defne |lαi as the orthonormal set of basis wavefunctions associated to
†sites α and defning operators ĉα. Calling N = hΦ|N̂|Φi, the total number of elec-

trons, we defne the collection of all Slater determinants formed by N of the or-
bitals |lαi. Calling, for brevity, ~α = (α1, · · · , αN) , the set of N-Slater determinants�NN

� 
|L~αi := |α1, · · · , αNi := Alt j=1 |lαji forms a basis of the space of many-body
N−electron wavefunctions.

Taking the projection over hL~β| and introducing on the left the approximation of
the identity ∑~γ |L~γihL~γ| = 1 now yields:

∑(vα − uα)hL~β|n̂α|L~γihL~γ|Φi = (Ev − Eu)hL~β|Φi.
α,~γ 

Next use hL~β|n̂α|L~γi = δ β ∑j δαβ j to fnally get ∑j(vβ j − uβ j)hL~β|Φi = (Ev − Eu)hL~β|Φi,~γ~ 
~which implies ∑j(vβ j − uβ j) = (Ev − Eu) must hold for all β. Since Ev − Eu is a con-

stant, by permuting the last identity we get that for all α and all β, it holds that
vα − uα = vβ − uβ, which proves that indeed |Φvi and |Φui cannot be equal if vα and
uα differ in more than a constant.

Now the proof follows the same step as in the original proof by Hohenberg and
Kohn: Assume the two hamiltonians Ĥv and Ĥu differing in more than a constant
have the same occupation numbers {nα}. Then we can write

Ev =hΦv|Ĥ0 + ∑ vαn̂α|Φvi < hΦu|Ĥ0 + ∑ vαn̂α|Φui = 
α α 

Eu + hΦu| ∑(vα − uα)n̂α|Φui = Eu + ∑(vα − uα)nα.
α α 

We can reason in the same way but interchanging the labels u and v, thus reach-
ing the inequality Eu < Ev + ∑α(uα − vα)nα. Adding both inequalities we get the
contradiction Ev + Eu < Eu + Ev, which proves the theorem.

Next, from the uniqueness of this inverse problem, one can use the same argu-
ments as in the case of standard DFT to see that the energy can be defned as a
function of the occupation numbers, E = E[{nα}]. In principle, as in the standard
DFT, this functional is defned only on the very narrow space of ground state occu-
pation numbers {nα} coming from a certain potential {vα}. Split now the energy of
a hamiltonian Ĥv as

E[nα] = E0[nα] + ∑ vαnα,
α 

and call {nv
α} to the ground state occupation numbers obtained from hamiltonian

Ĥv. The variational principle thus applies as:

u vE[{nα }] ≥ E[{nα}] = E0 , (1.70)
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where the {nu
α } are ground state occupation numbers for a different potential {uα}.

Analogously to the case of standard DFT, we can defne

FLL[{nα})] = min hΨ|Ĥ0|Ψi = min hΨ|T̂el + V̂ee|Ψi, (1.71)
|Ψi→{nα} |Ψi→{nα } 

and, so, the energy functional can be extended and written, for each set of vα, as:

E[{nα}] = FLL[{nα}] + ∑ vαnα, (1.72)
α 

whose domain can be appropriately extended following the Levy-Lieb constrained
search approach and general arguments presented for the case of standard DFT to
the space of N−representable occupation numbers {nα} (occupation numbers de-
rived from a anti-symmetric wavefunction, which does not need to be a Ground
state wavefunction of a hamiltonian of the type Ĥv).

OO Kohn-Sham equations

Next, to develop the Kohn-Sham scheme, we split the energy for Ĥ as a function
of the occupation numbers in the following way:

E[{nα}] = Ts[{nα}] + EH [{nα}] + Exc[{nα}] + ∑ vαnα , (1.73)
α 

where EH and Exc are the Hartree and exchange-correlation energies and Ts, which
plays here the same role as the kinetic energy does in standard Kohn-Sham theory,

†is defned as the expected value of ∑α,β tαβ ĉα ĉβ over the Slater determinant Ground
State |Φi of the one-electron hamiltonian,

ˆ † e f f
= ∑ cβ + ∑ ˆ

where the potentials {v } are chosen so that the solution of ĥ1 yields, precisely, the

h1 tαβ ĉα ˆ v nαα 
α,β α 

e f f
α 

occupation numbers {nα}. Then,

e f fTs[{nα}] = E1[{nα}] − ∑ vα nα , (1.74)
α 

where E1[{nα}] is the ground state energy for ĥ1,

E1 = hΦ|ĥ1|Φi 

To derive the Kohn-Sham equations in the OO formalism, following the same
ideas presented in the case of standard DFT, we must take the functional derivatives
of the energy functional 1.73 and also of the one-electron energy 1.74. To that end, let
us call |φji to the one-particle eigenstates of hamiltonian ĥ1. These eigenstates can
be expanded in the basis of localized orthonormal orbitals, |lαi as:

|φji = ∑ cjα|lαi. (1.75)
α 

The occupation numbers can then be written as nα = ∑j f jc∗ 
jαcjα, and, as we did for

∂E[{nγ}]the standard DFT, we take the derivatives . As above, we must of course
∂c∗ 

jα 
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incorporate the restriction consisting on the orbitals being normalized, ∑α c∗ 
jαcjα = 1,

whose associated Lagrange multiplier will just be the energy of the j−th Kohn-Sham
eigenstate, ε j. We thus have, taking the derivative and equaling it to zero:! ! 

∂Ts ∂ ∂nγ ∂ ∗0 = + ∑ EH [{nβ}] + Exc[{nβ}] + ∑ vβnβ + ∑ εk 1 − ∑ ckαckα ,
∂cjα γ ∂nγ β

∂cjα ∂cjα α 
(1.76)

∂Tswhich, in view of = ∑β tαβcjα, takes us to:
∂cjα � �

∂EH ∂Exc∑ tαβcjβ + + + vα cjα = ε jcjα. (1.77)
β

∂nα ∂nα 

Similarly as we did above for the case of standard DFT, we can derive the Kohn-
Sham equations by taking derivatives with respect to the occupation numbers nα.
In this case, we start also by writing again the energy for Ĥ as a function of the
occupation numbers in the following way:

E[{nα}] = Ts[{nα}] + EH [{nα}] + Exc[{nα}] + ∑ vαnα , (1.78)
α 

where EH and Exc are the Hartree and exchange-correlation energies and Ts plays
here the same role as the kinetic energy does in standard Kohn-Sham theory. This is
defned using a system of non-interacting electrons as an effective problem,

ˆ † e f fh1 = ∑ tαβ ĉα ĉβ + ∑ vα n̂α 
α,β α 

e f fwhere the potentials {vα } are chosen so that the solution of ĥ1 yields, precisely, the
occupation numbers {nα}. Algebraically, this problem becomes

e f f∑ tαβcjβ + vα cjα = ε jcjα. (1.79)
β 

Then,
e f fTs[{nα}] = E1[{nα}] − ∑ vα nα ,

α 

where E1[{nα}] is the ground state energy for ĥ1.
Taking now over the energy E1[{nα}] variations δnα such that ∑α δnα = 0, we

get, analogously as before:
∂Ts e f f

= −vα . (1.80)
∂nα 

On the other hand, turning now our attention to eq. 1.78 for the total energy, we
see that, when evaluating in the ground state occupation numbers the derivatives,
we get

∂E[{nγ}] ∂Ts[{nα}] ∂EH [{nα}] ∂Exc[{nα}] 
= + + + vα = 0,

∂nα ∂nα ∂nα ∂nα 

so that, by using eq. 1.80, we fnally get

e f f H xcv = v + v + vα.α α α 
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1.9 Molecular Dynamics

1.9.1 Obtaining the Forces from a DFT calculation

Our discussion about the Born-Oppenheimer approximation and the adiabatic sep-
aration allows us to study the dynamics of the nuclei in the following manner: for
every given confguration of the nuclei, {Ra} (here a is an index labeling the atoms
in the system), we calculate the electronic ground state, which depends parametri-
cally on the {Ra}; that is, E = E({Ra}). If the nuclei are being treated classically, the
next step is to calculate the forces, Fa = −rRa E({Rb}), and then integrate Newton
equations. We then fnd the new position of the nuclei after a certain δt, the time
step (whose value can vary depending on the system; in out simulations, as we will
see later, its value is taken as 0.5fs), fnd again the electronic ground state energy,
and iterate the process. It is then necessary to investigate how can we calculate the
derivatives −rRa E({Rb}) from the result extracted in a DFT calculation. In princi-
ple, the answer is immediate. The energy E({Ra}), which in DFT we calculated as
a functional of the density, has a explicit dependence with the {Ra} in the potential
created by the nuclei, and a implicit dependence through the dependence of n(r) on

δE{Ra}. By the variational principle, we know that |n=n0 = 0, with n0 the ground
δn(r) 

state density. Thus, we have:Z 
δE

Fa = −rRa E({Rb}) = − |n=n0rRa n(r)dr + rRa E({Rb})|explicit = 
δn(r)Z1 Zan(r) 1 ZaZbrRa E({Rb})|explicit = − (r − Ra) dr − ∑ (Rb − Ra) .2 |r − Ra|3 2 |Rb − Ra|3b

(1.81)

Alternatively, this follows from Hellmann-Feynman’s theorem [79, 80] which, in
general, shows that given a hamiltonian depending on a continuous parameter, λ 
(which in this case can be any of the components of any of the Ra), Ĥλ, an eigenvec-
tor |ψλi and the corresponding eigenvalue, Eλ, it holds that

∂Eλ ∂Ĥλ = hψλ| |ψλi, (1.82)
∂λ ∂λ 

∂
which follows immediately from the product rules for derivatives by using hψλ|ψλi = 

∂λ 
0, because of normalization of the eigenstates.

This prescribes a nicely simple way to compute the forces. However, in practi-
cal calculations, the application of this relation is limited, and the defciencies of the
basis set employed or, more in general, the fact that the variational principle is not
fulflled perfectly, leads to errors. Several works have been devoted to this problem,
starting with Pulay’s contribution, [81], in which the limitations of the basis are ad-R δE
dressed by including in some approximate way the term |n=n0rRa n(r)dr.

δn(r) 

In Fireball, for example, where the use of the Harries functional implies strictly
the lack of the variational principle, it is unavoidable to try to fnd a way to calculate
the derivatives rRa E[n] in a more involved fashion. Let us look again at the Kohn-
Sham equations, either in the form 1.14 or 1.77. In the frst case, let us represent
the eigenstates in the local orbitals basis set as |φji = ∑α cjα|χαia then plug this
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expansion into eq. 1.14. In any case, we end up with a matrix equation looking like:

∑ hαβcjβ = ε j ∑ Sαβcjβ.
β β 

Our frst step is to take the derivative of ∑j f jε j, the sum of the occupied energies. By
the product rule we have:� � � � � � 
∑ rRa hαβ cjβ + ∑ hαβrRa cjβ = ∑ rRa ε j Sαβcjβ + ∑ ε j rRa Sαβ cjβ + ∑ ε jSαβrRa cjβ.
β β β β β 

Though this derivative seems, in principle, computationally very demanding, the
work is greatly simplifed by multiplying by cjα, summing on α, using ∑αβ Sαβcjβcjα = 
1 (which follows from expanding hφj|φji = 1) and using the own eigenvalue equa-
tion. We fnally multiply by fj and sum on j to fnd:

∗ ∗∑ f jrRa ε j = ∑ f jcjαcjβrRa hαβ − ∑ f jε jcjαcjβrRa Sαβ, (1.83)
j jαβ j

which gives an easy way to compute the derivatives of the sum of occupied eigen-
values ∑j f jε j. The derivatives of the matrix elements hαβ, Sαβ (recall that hαβ = 
hχα|ĥ1|χβi, with ĥ1 the effective one-electron hamiltonian and Sα,β = hχα|χβi, the
overlap matrix) are calculated from values stored in tables before hand. The deriva-
tives of Sαβ are stored without complications, but the hαβ depend on the {qγ}. The
derivatives that are actually calculated a priori are the ones corresponding to the

0 h0neutral charges {qγ}; that is, from te tables we can directly get rRahχα| ˆ1|χβi, where
ĥ0

1 is the effective hamiltonian corresponding to the neutral atoms density n0(r) = 
0∑α qα|χα 

S(r)|2 The hamiltonian ĥ1 depends of course on the density, n(r) = ∑γ qγ|χγ 
S(r)|2,

and what we can do in general is expand it like

ĥ1 = ĥ0
1 + δĥ1, (1.84)

or, equivalently,
hαβ = h0

αβ + δhαβ, (1.85)

the frst term corresponding to the neutral charges and the second one to the charge
transfer. For the Hartree terms, this expansion is trivial and is linked directly to the
splitting of the density as

0∑ qα|χα(r)|2 = ∑ qα|χα(r)|2 + ∑ δqα|χα(r)|2. (1.86)
α α α 

Since the linear superposition principle applies for the Hartree part, the Hartree part
of δhαβ, call it δhh

αβ, is just

|χγ|2
δhh = ∑ δqγhχα| |χβi, (1.87)αβ |r − r0|γ 
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and the derivative of this terms is computed by tabulating the derivatives of the
|χγ|2monopole terms hχα| |χβi and neglecting rRa δqγ. Therefore, we can write|r − r0| 

|χγ|2rRa hαβ 
h ≈ rRa hαβ 

h,0 + ∑ δqγ rRahχα| |χβi . (1.88)| {z } γ | |{zr − r0| }
tabulated tabulated

For the exchange-correlation terms, with complicated non-linear dependencies
which make the simple superposition principle no longer valid, we need other ap-
proximations. In this case, we expand in power series around the neutral charges
and the non-linear functions of the density are approximated by superpositions of
densities of pairs of atoms (see, for example, the McWEDA method [56] or the sec-
tion on exchange-correlation in chapter 2). Looking then at the expression of the
energy functional, 1.15, or, in the case or Fireball, more correctly 1.31, corresponding
to the Harris functional, the forces are:

1 Z n(r)n(r0) Z 
rRa E[n] = rRa ∑ f jε j −rRa drdr0 −rRa vxc[n(r)]n(r)dr+ rRa Exc[n],2 |r − r0|j

(1.89)
where the frst term is calculated according to 1.83, the second term according to 1.88
and the exchange-correlation terms (the third and fourth terms above and also the
corresponding xc terms in 1.83) are calculated expanding around the neutral charges
and using approximations such as the ones commented above (see [56] for details).

Neglecting the derivatives rRa δqγ, whose calculation is extremely costly and
whose contribution is typically very small may lead to a small error in the forces
which makes the structures found by dynamical relaxation not exactly equal with
the structures with the smallest energies. In Chapter 2, we study, on the basis of
the Stationary functional, a charge projection method that makes stationary the self-
consistent charges in a self-consistent Harris calculation, thus allowing us to calcu-
late the forces with perfect accuracy without the need of calculating the rRa δqγ.

1.9.2 Verlet Algorithm

Molecular Dynamics is a computer simulation method which tackles the problem of
the integration of Newton’s equations of motion, usually written as

d2rjmj = −rrj V(r1, · · · , rN). (1.90)
dt2

Given such a system of Ordinary Differential Equations (ODEs), there is a number
of methods available to integrate them, such as the Euler method and the family of
Runge-Kutta methods. However, the Verlet integrator [82], although it might im-
ply a certain loss of precision compared to high-order Runge-Kutta methods, has
the advantage of preserving with high accuracy the energy and being symplectic,
which means that the volumes in phase space are preserved under time evolution
(an essential property of the micro-canonical ensemble which follows from the Li-
ouville theorem). The Verlet algorithm we are interested in also calculates the ve-
locities (since we need them to calculate, for example, the kinetic energy) is known
as Velocity-Verlet and is summarized as follows (we omit here the particle label for



44 Chapter 1. Density Functional Theory

ease of notation):

r(t + Δt) = r(t) + v(t)Δt + 1a(t)Δt2,
2 (1.91)

a(t) + a(t + Δt)
v(t + Δt) = v(t) + Δt,

2

where v and a are, respectively, the velocity and the acceleration. To implement the
integrator, we frst calculate

r(t + Δt) = r(t) + v(t) Δt + 1a(t)Δt2.
2

Then we calculate a(t + Δt) from V, the potential, evaluating it at r(t + Δt) and
fnally we calculate

1
v(t + Δt) = v(t) + (a(t) + a(t + Δt)) Δt.

2

1.9.3 Langevin thermostat

In practice, all dynamical simulations we are interested in take place at a given f-
nite temperature; that is, in the Canonical Ensemble, and not in the Micro-canonical
Ensemble, where the energy is preserved. To this end, many thermostats have been
proposed which simulate the coupling of the system with a thermal bath. Here,
we review briefy the Langevin thermostat [83], based on Langevin equation for the
Brownian motion [84], which is implemented in every major Molecular Dynamics
software package and has received further attention and generalizations, for exam-
ple, to non-markovian frameworks [85, 86]. Langevin equation starts off by writing
Newton’s equation plus a friction term and a white noise coming from the thermal
bath:

d2r dr
mj = −rrV(r1, · · · , rN) − γ + ξ(t). (1.92)

dt2 dt
The idea is that the system is formed by particles (the brownian particles, which
in full generality can be thought as out-of-the-equilibrium particles) coupled to a
bath of much faster particles which hit the slow particles stochastically. The ξ(t) is
a vector random variable which follows a gaussian distribution (white noise) and
whose components must satisfy the relationship

hξ j(t)ξk(t0)i = 2γβ−1δj,kδ(t − t0), (1.93)

which is actually an instant of the fuctuation-dissipation theorem (since it gives a
relationship between the drag, the dissipation, quantifed by the γ, and the fuc-
tuations measured by the correlation) which can be derived by imposing that the
velocities follow a Maxwell distribution.

In equilibrium, it can be seen that the expected values in the Langevin dynamics
reproduce the Canonical ensemble averages. We can easily see this behaviour in
a one-dimensional example, letting γ/m → ∞ (overdamping, when there are no
accelerations, or, in other words, when the inertia has a very small contribution to
the overall dynamic). The Langevin equation becomes

dr ∂V(r)−γ − + ξ(t) = 0,
dt ∂r
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where the noise is characterized as above by the fuctuation-dissipation theorem.
Now, we would like to compute the probability of the particle fnding itself at posi-
tion r, P(r). To that end, notice that for any function φ it holds that

dhφ(r(t))i dr ∂V
γ = hγφ0(r(t)) i = h−φ0(r(t)) + φ0(r(t))ξ(t)i. (1.94)

dt dt ∂rR 
The expected value of any function f (r) is h f i = P(r) f (r)dr. As long as r(t) is

fnite, the expected value in eq. 1.94 equals 0, because in equilibrium the expected
value does not depend on the time t. Next we use the Stratonovich interpretation
for stochastic integrals, which defnes the stochastic integral of a stochastic process
X(t) with respect to a brownian process (such as the one given by ξ(t)) as the limit
of the Riemann sum 7 taking the middle points of each interval of the partition, i.e,

NZ X(tj+1) + X(tj) � � 
X(t)dξ(t) := lim ∑ ξ(tj+1) − ξ(tj) (1.95)

N→∞ 2j=1

. We thus get:

h−φ0(r) ∂V
+ β−1φ00(r)i = 0, (1.96)

∂r
where we make use of the probability density function P(r). This is done by

explicitly computing the average,Z � � Z � �
∂V ∂V−φ0(r) P(r) + β−1φ00(r)P(r) dr = −φ0(r) P(r) − β−1φ0(r)P0(r) dr = 0,
∂r ∂r

(1.97)
where the second term was integrated by parts (hence the negative sign). Since

this is true for arbitrary functions φ, we have:

∂V
P(r) + β−1P0(r) = 0,

∂r

thus recovering the Boltzmann distribution

P(r) ∝ exp (−βV(r)) .

7In ordinary Riemann sums, how we pick the points in the intervals of the partition is, of course,
irrelevant by defnition for all integrable functions. However, the stochastic processes present cor-
relations among themselves for different times, and thus interpreting a stochastic integral demands
specifying how the points are taken.
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Chapter 2

Advances in Fireball

Goodness gracious, great balls of fre

Jerry Lee Lewis

In this chapter we detail part of the work done on the Fireball code, which in-
cludes an improvement of how the long-range Hartree matrix elements are com-
puted, the implementation and testing of new charge projection methods and a new
approximate scheme to calculate the exchange-correlation.

2.1 Approximating the Exchange-Correlation matrix elements

We have seen in the previous chapter several methods to approximately calculate
the Exchange-correlation matrix elements.

Including the Exchange-Correlation (XC) energy and potential in Fireball is chal-
lenging because of the three-center approximation. The XC functionals exhibit non-
linear dependencies on the density (and, in principle, also possibly on its deriva-
tives), with powers of different exponents, which, when expressed in terms of the ba-
sis orbitals, would yield many-centers expressions. Approximations are thus needed
to deal with this issue, and here we explore one combined with the McWEDA ap-
proach [56] -studied in the previous chapter- which is based on the simple idea of
expanding the xc potential to linear order around neutral charges (or, equivalently,
the energy to second order)

This scheme makes use of the properties of the stationary functional and, cru-
cially, on a expansion of the form 1.36.

Introductory remarks

Let us call, in general throughout all this chapter, n to the input density, n(r) = 
∑α qα|χα(r)|2, formed by a superposition of atomic-like densities, and ρ to the "full"
output unprojected density, ρ(r) = ∑j f j|φj(r)|2 = ∑α,β ραβχα(r)χβ(r). It will also
be useful to defne q0

α, n0 as the charges for the confguration where all atoms are
neutral, and δqα = qα − q0

α, δn = n − n0 as the charge transfer.
Given any part of the effective potential, V, (which can be the Hartree, exchange

or correlation contribution), its contribution U to the energy in the stationary func-
tional, taking into account the term coming from the sum of the eigenvalues and the
double-counting corrections, is:Z Z 

U = ρ(r)V[n]dr − n(r)V[n]dr + E[n]. (2.1)
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Note that the frst term is just part of the sum of the eigenvalues, ∑j ε j, and could
be rewritten as ∑jhφj|v̂|φji. The other two terms are double-counting and the corre-
sponding functional, according to the defnition of the stationary functional. Next,
let us defne Vαβ as the matrix elements on the Fireball basis χα of the potential op-
erator v̂. We can then write:Z 

ρ(r)V[n(r)]dr = ∑ ρα,βVα,β (2.2)

and Z 
n(r)V[n(r)]dr = ∑ qαVα,α. (2.3)R 

Each Vα,β = χα 
∗(r)V[n(r)]χβ(r)dr is itself a function of the density, Vα,β = 

Vα,β[n] and since -as mentioned above- the dependence is non-linear, these matrix
elements cannot be possibly computed in a three-center scheme.

The key idea

The central ingredient in this scheme is to expand the potential linearly around
neutral charges, V(r) = V0(r) + δV(r), which, in terms of the matrix elements can
be written as:

Vα,β = Vα 
0
,β + δVα,β (2.4)

and

U = U0 + δU, (2.5)

where we have separated a neutral and charged contribution. This expansion is of
course trivial in the Hartree case, but for the Exchange-correlation it is an approxi-
mation. R n(r0)

Indeed, notice that for the Hartree potential, Vh[n(r)] = dr0 , so that we|r − r0|
can write:

Vh = V0,h Iγ,h (2.6)α,β α,β + ∑ αβ δqγ,
γ 

where Z Z 
Iγ,h

χ∗ |χγ(r0)|2 0 
αβ = α(r) χβ(r)drdr (2.7)|r − r0| 

0
γ I

γ,hand, thus, Vα 
0,
,β 
h, the neutral charges contribution of the Hartree, is just Vα 

0,
,β 
h = ∑γ q αβ .

Analogously, we can try to approximate the exchange correlation potential matrix
elements in a similar fashion:

Vxc = V0,xc Iγ,xc+ ∑ δqγ, (2.8)α,β α,β αβ 
γ 

Expansion for the energy

In general, for any component of the energy (let us here denote by E either the
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Hartree, the exchange or the correlation contribution), we can expand around neu-
tral charges to second order to get an estimation. In the case of the Hartree contribu-
tion, this second-order expansion is exact, as we can check readily from:Z Z Z Z n0(r)n0(r0) n(r0) 1 1
Eh[n] = dr0dr+ δn0(r) dr0dr+ δn(r)δn(r0)drdr ,|r − r0| |r − r0| 2 |r − r0| 

(2.9)
The exchange-correlation energy is also expanded around neutral atomic charges

to second order in a similar way:Z Z1 0)δn(r)δn(r0)drdr0Exc[n] = Exc[n0] + δn(r)Vxc[n0]dr + νxc|n=n0(r, r , (2.10)
2

but the expression, of course, can be used in general for the Hartree component or
for the whole energy adding together the Hartree and exchange-correlation poten-
tials and ν kernels. This second order expression, which was exact for the Hartree
contribution, is of course only an approximation for the exchange-correlation.

The exchange-correlation energy is written usually as an integral function in
terms of an energy density, exc(n), so that, for instance in LDA we have Exc[n] =R 

n(r)exc(n(r))dr. If E is the Hartree part and we wanted to write it in this way, the
1 R n(r0)

dependency is non-local, eh(r) = dr0 while, for the exchange-correlation
2 |r − r0|

energy we would take exc as the exchange-correlation energy density. The kernel
ν(r, r0) for the Hartree case is just

0) = 1
νh(r, r , (2.11)|r − r0| 

while for the exchange-correlation has the form

νxc(r, r0) = f (n(r))δ(r − r0). (2.12)

For example, in LDA, this functional expansion is equivalent to expand exc as a
function of n(r) in its Taylor series around n0(r) for every r, so that

Vxc(n) = e0 xc(n(r))n(r) + exc(n(r)) (2.13)
f (n(r)) = e00 (n(r))n(r) + 2e0 (n(r)).xc xc

Notice, however, that here we assume no dependency on rn in the exchange-
correlation terms, and in practice, in Fireball, such dependencies are only included
in the neutral zeroth-order term.

Form of the integral Kernels

Next, considering the global kernel ν(r, r0) = νh(r, r0) + νxc(r, r0) defne the quan-
tities Z 

Iγ = χα(r)|χγ 
S(r0)|2ν|n=n0(r, r0)χβ(r)drdr0 α,β Z (2.14)

0Ĩγ = χS
α (r)|χS

γ(r
0)|2ν|n=n0(r, r0)χS

β(r)drdr ,α,β 
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where the superindex S stands for the spherical orbital 1.44,

1 l
χS

α (r) = 

vuut 
2l + 1 ∑ 

m=−l
|χa,l,m(r)|2.

With these defnitions, notice next that we can writeZ Z1 1
Ĩβ 
α,αδqαδqβ,0ν|n=n0(r, r0)δn(r)δn(r0)drdr = ∑ 

α β,
(2.15)2 2

and, if view of the frst order Taylor expansion 1V[n] = V[n0] + ν[n0]δn(r), also

Iγ 
α,βδqγ.∑δVα,β = (2.16)

γ 

Also, this allows us also to write, for the charge transfer component δU of the
total energy (see equations 2.1 and 2.5): �� 

δU = ∑ 
αβ 

ραβδVαβ − ∑ 
α 

1
qα − 

2
δqα δVα,α (2.17)

Approximations for the integrals

The problem of how to include the Exchange-correlation will be complete if we
specify how to calculate Iγ,xc and Ĩγ,xc. A possibility we have explored and imple-αβ αβ 
mented is to express the more complicated Iγ,xc in terms of the spherical integralαβ 
as:

Iγ,xc Ĩγ,xc Ĩγ,xc
αβ = Aαβ αα + Bαβ ββ , (2.18)

where Aαβ and Bαβ are certain coeffcients defned to weigh appropriately each con-
tribution. For instance, one can choose these weights using the Mulliken-Dipole
charge projection, which is the example we have tried (see section 2.2.2). On the
other hand, the integrals defning Ĩβ,xc are calculated by the following approxima-αα 
tion: First let us call a and b to the atoms to which α and β belong, respectively, and

0call na,0 and nb,0 to the neutral densities of these atoms, that is, na,0(r) = ∑µ q |χS (r)|2µ a,µ 
and analogously for b. The we approximate the integrals as:

Ĩβ,xc
α,β ≈ 

Z
Z |χS

α (r)|2νxc|n=na,0+nb,0(r, r0)|χS
β(r

0)|2drdr0 = 
(2.19)

|χS
α (r)|2 f (na,0(r) + nb,0(r))|χS

β(r)|2dr,

which is a suitable two-center integral storable in tables, in the style described in the
previous chapter.

1As mentioned above, for the Hartree contribution such an expansion is an exact expression.
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2.2 Charge projections

As commented in detail in chapter 1, a key ingredient of the Fireball method, based
on a self-consistent version of the Harris functional, is the charge projection. That
is, given an output density, n(r) = ∑j f j|φj(r)|, where the |φji are the eigenstates
obtained from solving the Kohn-Sham equations 1.14, we want to fnd {qα}α such
that ∑α qα|χα(r)|2 approximates the density, where the |χαi are the pseudo-atomic
orbitals of the basis. A charge projection method is of interest not only because of
its usefulness for DFT calculations, but also for the conceptual understanding of
chemical systems and for the development of models used in classical dynamics,
where partial charges need to be defned (see the section on QM/MM methods in
chapter 4).

2.2.1 Minimum square error approach

A very natural approach to defning the qα is to try to minimize the quadratic error
of ∑α qα|χα(r)|2 and ∑j f j|φj(r)|2. That is, we wish the partial charges to yield a
projected density closest in quadratic average to the full unprojected density. With
such goal in mind, we fnd extremal points of the function (where the qα’s are the
variables) !2Z1

D({qα}) = ∑ f j|φj(r)|2 − ∑ qα|χα(r)|2 dr.
2 j α 

The restriction, of course, is that the total number of electrons is N, ∑α qα = N, so
we apply then the Lagrange multipliers method by redefning:!2Z1

D({qα}) = ∑ fj|φj(r)|2 − ∑ qα|χα(r)|2 dr + L(∑ qα − N).
2 j α α 

For simplicity, we order the basis orbitals elements with just one index, as before,
χα (1 ≤ α ≤ B; and B number of elements in the basis). Let us call:

n(r) = ∑ |φj(r)|2,
j∈occupied

and
ñ(r) = ∑ qα|χα 

S(r)|2.
α 

We would like to fnd q0 αs minimizing in average the error when approximating n by
ñ. We can write

|φji = ∑ cj,α|χαi.
α 

By the theorem of the Lagrange multipliers to fnd critical points with restric-
tions, we need therefore to solve the system of equations:

∂D({qα}) 
= 0, α = 1, ..., B

∂qα 

∑ qα = N
α 
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We have: Z
∂D({qα}) 

∂qα 
= 2 ∂ñ(r)

(ñ(r) − n(r)) + L.
∂qα 

∂ñ(r)
Clearly, = |χα 

S(r)|2 and thus, for each α, we have:
∂qα Z 

0 = L + (ñ − n)|χα 
S|2dr = Z ! 

L + ∑ qα1 |χS
α1
(r)|2|χα 

S(r)|2 − ∑ ρα2,α3 χα2(r)χα3(r)|χS
α(r)|2 dr = 

α1 α2,α3

L + ∑ Iα1,α1,αqα1 + Cα,
α1 R 

where we have renamed ρµν = ∑j∈occupied c∗ 
jµcjν (the density matrix), Iα,µ,τ = 

and Cα = − ∑α2,α3
ρα2,α3 Iα2,α3,α.

χα(r)χµ(r)|χS
τ (r)|2dr

Calling Jα,α0 = Iα,α,α0 , we fnally reach a linear system of B + 1 equations for the
unknown qα and L :

∑ Jα0,αqα + L = −Cα 
α0 

∑ qα = N
α 

Defning the vector of unknown variables, x:⎛ ⎜⎜⎜⎜⎝ 
qα1

.

.
qαB

L

⎞ ⎟⎟⎟⎟⎠ 
The matrix of coeffcients, A: ⎛ ⎜⎜⎜⎜⎜⎜⎝ 

J11 . . . JB1 1
J12 . . . JB2 1
. . . . . 1
. . . . . 1

J1B . . . JBB 1
1 . . . 1 0

⎞ ⎟⎟⎟⎟⎟⎟⎠ 
And the vector of independent terms, c:⎛ ⎜⎜⎜⎜⎝ 

−Cα1

.

.
−CαB

N

⎞ ⎟⎟⎟⎟⎠ 
We can state our problem simply as:

Ax = C.
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The construction of the matrix elements involve only three-center integrals and solv-
ing the linear system gives the occupation numbers minimizing the average quadratic
error. However, although this charge projection yields results very similar to Löwdin’s
for minimal basis, it fails for double basis of systems with many orbitals, where some
of the occupation numbers may result negative and some other above the natural
upper bounds.

2.2.2 Generalized Mulliken projection

The Mulliken projection presented in chapter 1 is very intuitive, but presents several
problems that can be related with the fact that the splitting of non-diagonal charges
into equal parts is arbitrary. The only physical concept employed in their construc-
tion is the charge. However, we will now see how the inclusion of yet another phys-
ical quantity, namely the electric dipole, undoes the arbitrarity in the splitting of the
non-diagonal charges.

Given a non-diagonal contribution to the full unprojected density ρ for orbitals
α and β, ραβχ∗ 

α(r)χβ(r), its Mulliken contribution to the charge qα (or qβ) is just
1

ραβSαβ. The fnal charges qα satisfy of course ∑α qα = N. The arbitrarity in Mul-
2
liken’s splitting is solved here by imposing that the partial charges qα and qβ repro-
duce the component of the electric dipole formed by orbitals |χαi and |χβi along the
axis connecting the two atoms. Let us be more precise:

FIGURE 2.1: The dipole, Dαβ, between an s and a p orbital.

Defne Dαβ as the dipole between orbitals α and β centered around the center of
the bond axis; that is, if Ra and Rb are the locations of the atoms on which orbitals
|χαi and |χβi are, respectively, then, Dαβ is defned asZ � � 

Ra + RbDαβ = r − χα(r)χβ(r)dr. (2.20)
2
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The quantity we want to reproduce with the new projection is the component of this
dipolar moment along the direction of the bond axis, that is:

Ra − RbDk 
= Dαβ · ,αβ dab

where dab = |Ra − Rb|. Unfortunately, we cannot hope to reproduce the whole
dipole, which is a vector, since we do not have enough degrees of freedom. The
non-diagonal charge ραβ is splitted in two fractions,let us call them x and y, one to
be added to the charge of atom a and the other one to be added to the charge of
atom b. Having two degrees of freedom, however, allows us to take into account one
more scalar besides the global charge, and it is reasonable to take this scalar to be the
largest component of the dipolar moment. Each term ραβχα(r)χβ(r) is approximated
in the projected density as x|χα(r)|2 + y|χβ(r)|2. The conservation of charge imposes
the conservation of the monopolar moments

ραβSαβ = x + y.

Without an additional relation, x is arbitrary and, as mentioned above, in the Mul-
liken projection is taken to be 1

2 ραβSαβ Next we implement the dipole condition,
imposing that ραβχαχβ should give the same parallel component of the dipole as
x|χα|2 + y|χβ|2. Notice that the dipole moment of this charge distribution, centered,
as before, at Ra+Rb , is:2Z � � Z � � 

Ra + Rb Ra + Rbx |χα(r)|2 r − dr + y |χβ(r)|2 r − dr = 
2 2Z � � ZRa − Rbx | |χα(r)|2 (r − Ra) dr+x{z } 2 | |χα(r)|2dr+ {z } Z 

y | 
0 � � ZRa − Rb|χβ(r)|2 (r − Rb) dr−y

2{z } | 
1

|χβ(r)|2dr = {z } 
0 1

Ra − Rb Ra − Rbx − y .
2 2

Some comments are in order: the integrals on the right side on the second and third
line yield 1 because the wavefunctions are of course normalized. The fact that the
integrals yielding zero vanish is a bit more involved, and follows from the spherical
approximation: When projecting the charges, we assume that all orbitals with the
same angular momentum are equally occupied. This in turn means that we can
substitute the above orbitals for their spherical averages. Given any radial function,R 
f (r), the integral f (r)rdr is zero, because it is odd in all the components of r. The
integrals above are of this sort, except for the fact that the origin is shifted to the
atom position; i.e., Ra or Rb. By projecting over the direction given by Ra − Rb, we
see that the conservation of the component of the dipolar moment along the bond
axis, implies the equation: � � 

Ra − Rb Ra − Rb Ra − Rbραβ D
k 

= x − y · = αβ 2 2 dab

dab dabx − y .
2 2



552.2. Charge projections

Solving then the system of equations

x + y = ραβSαβ 

dab dabx − y = ραβ D
k 
αβ 2 2

we get: ⎛⎝ ⎞⎠Dk 
1 αβ x =ραβ 2

Sαβ + 
dab⎛⎝ ⎞⎠Dk 

1 αβ 

(2.21)

y =ραβ 2
Sαβ − 

dab

Next, introducing the notation

Aαβ = 

Bαβ = 

Dk
Sαβ αβ 

+ ,
2 dab

Dk
Sαβ αβ − ,
2 dab

(2.22)

we can fnally write the Mulliken Dipole charges as

qα = ∑ ραβ Aαβ + ρβα Bβα 
β 

(2.23)

These charges have been implemented in Fireball and employed for different pur-
poses. For starters, it is already interesting from the conceptual point of view that the
ambiguity present in Mulliken charges is solved simply by the inclusion of another
very physical notion; namely, that the most important component of the dipolar mo-
ment should be conserved.

Besides, it presents very interesting properties which we summarize in the fol-
lowing tables, containing data extracted from calculations performed on test molecules
[73].

Conceptually speaking, probably the most important property of the Mulliken-
Dipole charge projection is the sum rule that it naturally yields for the total dipole of
a molecule. Given charges qα = qa,µ, the dipole created by the point-like charges is
just Dp = ∑a,µ∈a qa,µRa. However, this will be (unless ftted artifcially) very different
from the total electronic dipole of the molecule, which can be obtained by integrating
the full density: Z 

DT = ρ(r)rdr,

since the point-like charges do not collect the effects of the intra-atomic dipoles and
the orthogonal component of the inter-atomic dipoles. The Mulliken-Dipole charges
pick up the most important component of the inter-atomic dipoles, though, but still
a potentially large part of the total dipole is missing from the charges. Indeed, the
s and p orbitals of carbon, oxygen or nitrogen, for example, form dipoles which
conform an important fraction of the total dipole. Calling Dintra, the Mulliken-Dipole
projection is the only projection (see tables) for which, approximately, the sum rule
DT = Dp + Dintra holds. To calculate the total dipole of a molecule, ΔT, we also
have to add the point charges of the nuclei, Qa, so that we have ΔT = DT + ∑a QaRa.
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We can bring all the point-like charges together in a term ΔQ defning δa = Qa − 
∑µ∈a qa,µ. If we then defne Δ0

I,a as the intra-atomic dipole of atom a, then we have� � 
ΔT = ∑ δaRa + Δ0 + δΔ,I,a

a

where δΔ is the residual dipole, consisting of the orthogonal components of the inter-
atomic dipoles. In the following table, we can see the values of these three quanti-
ties as calculated with the Mulliken-Dipole projection for three molecules with large
intra-atomic dipoles: hydrogen fuoride, water and ammonia.

HF H2O NH3

ΔT 1.75 1.77 1.45
ΔQ

Δ0
I,m

δΔ 

1.29
0.47
0.00

0.90
0.73
0.13

0.55
0.61
0.29

TABLE 2.1: Molecular dipoles (in Debye) for the HF, H2O and NH3
molecules: the total dipole, ΔT ; the dipole due to the M-D partial
atomic charges, ΔQ = δaRa; the intra-atomic dipoles Δ0 in the∑m I,m
F, O or N atoms; and the residual dipole δΔ. Notice that ΔT = ΔQ + 

Δ0 + δΔ.I,m

Notice that, as commented above, the Mulliken-Dipole projection favors the sum
rule, where the total dipole can be recovered as the sum of the point-like charges, the
intra-atomic dipoles and the (usually very small) residual components of the inter-
atomic dipoles (orthogonal to the component over the bond axis, which is encoded
in the point-like charges). The residual dipoles can be incorporated in renormalized
intra-atomic dipoles as: � �10ΔI,a = ΔI,a − 

2 ∑ ρaµ,bνD⊥ 
aµ,bν + ρbν,aµD⊥ 

bν,aµ ,
µ∈a,b 6=a,ν∈b

where D⊥ 
aµ,bν is the component orthogonal to the bond axis of the inter-atomic dipoles

formed by orbital µ in atom a and orbital ν in atom b. We have decided to write here
the labels α in terms of both atoms and orbitals to show clearly the distinction be-
tween intra- and inter-atomic terms.

The following table shows the components of all the dipoles, as decomposed
above, for the the formaldehyde molecule shown in the fgure above. The second
half of the table shows the renormalized intra-atomic dipoles, where the orthogonal
components of the inter-atomic dipoles have been included in the ΔI,a.

FIGURE 2.2: Formaldehyde molecule

.
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X Y Z
ΔT 0.00 0.00 -1.80
ΔQ
Δ0

I,O
Δ0

I,C
δΔ 

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

-3.44
-1.17
2.37
0.44

ΔI,O
ΔI,C
ΔI,H1
ΔI,H2

0.00
0.00
0.00
0.00

0.00
0.00
0.18
-0.18

-0.99
2.41
0.11
0.11

TABLE 2.2: Cartesian X, Y, Z dipole components (in Debye) for the
H2CO (formaldehyde) molecule in the geometry shown in Figure 2.2:
ΔT is the total dipole; ΔQ = ∑a δa Ra is the dipole due to the M-D
partial atomic charges; Δ0

I,C and Δ0
I,O are the intra-atomic dipoles, for

the C and O atoms; δΔ is the residual dipole. ΔI,C, ΔI,O, ΔI,H1 and
ΔI,H2 are the renormalized intra-atomic dipoles.

2.2.3 Stationary charges

Recall that the Harris functional, which we are using in a self-consistent way in
Fireball, can be written in terms of the double functional described in section 1.6
as

EHarris[{qα}] = E[{qα}, veff[{qα}]].

Following then eqs. 1.37 and using the chain rule, we see that the derivatives of the
Harris functional reduce to the second term in 1.37. If the relationship between the
full output density, ρ, and the charges was such that this second term vanished, it
would follow that our charges qα would constitute a stationary point of the Harris
functional.

We already know that for the output density ρ[v] we have the expansion

ρ[v](r) = ∑ ρµνχ∗ (r)χν(r),µ
µν 

while, on the other hand, the density n(r), the input density in the stationary func-
tional, sum of atomic-like densities:

n(r) = ∑ qα|χS
α (r)|2.

α 

∂E({δqα}, {δvα})It is apparent from a straight-forward calculation that the condition = 
∂δvαR 

(ρ[v](r) − n(r))Iα(r)dr = 0, which warrants the desired stationary property of the
Harris functional, may be recasted as:

Ĩα∑ ρµν Iα = ∑ ββ, (2.24)µν qβ 
µν β 

Where Z 
Iγ = χα(r)Iγ(r)χβ(r)dr,αβ Z (2.25)
Ĩγ = |χS

β(r)|2 Iγ(r)drββ 
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are the sames I 0s studied in detail in section 2.1. This gives a system of linear equa-
tions which, when satisfed, will imply that the qα are stationary. Here, of course,
the ρ[v] has to be the output density induced by the {qα}, which suggest a self-
consistent procedure: In the context of a self-consistent Harris calculation in which
self-consistency is defned in terms of the occupation numbers {qα} (Fireball), some
given atomic-like density n(r) yields a density ρ[veff(n)], and from it we defne the
"new" charges {qα} by solving the system 2.24, thus defning a new input charge
n(r) for the next step. 2

Interestingly, we encounter again condition 2.24 when studying how the charge
projection can be tuned to minimize the error in the forces. To enforce the conserva-
tion of the number of electrons, ∑α qα = N, we just add this equation and, to have
the same number of variables, a Lagrange multiplier Λ, so that the real equations we
solve are:

{∑ ρµν Iα = Λ + ∑ qβ Ĩα 

µν 
µν 

β
ββ}α,

N = ∑ qα 
α 

Minimizing the error in the forces

As mentioned in the previous chapter when discussing the calculation of the
forces, neglecting rRa qα may lead to small errors. These error is best refected in
the fact that the structures found as the equilibrium ones in a dynamical relaxation
(based on the forces) is not in perfect agreement with the least energy structures.
For instance, the bond-lengths for certain molecules in the dynamics can turn out to
be slightly larger than what they should be. The stationary charges provide a way
around this, since the variational property allows us to neglect the implicit depen-
dence of the energy on the {qα}. The stationary charges described by eq. 2.24 are
very general and depend on the how the matrix elements Iγ 

αβ are calculated. As men-
tioned above, the only requisite is the existence of such Iγ 

αβ for which eq. 2.8 holds.

Interestingly, two of the charge projections described above, namely, the Mul-
liken projection and the Mulliken-Dipole approximation, can be seen as particular
cases of the stationary charges if the matrix elements are approximated in a coher-
ent way. Indeed, coming back at eq. 2.18, it is immediate to see that the Mulliken
charges correspond to the simple approximation

Sα,βAα,β = 
2

and
Sα,βBα,β = 

2
while

Sα,β pα,βAα,β = −
2 dBC

2As commented in chapter 1, the new charges are actually mixed with the ones from the previous
step to so smoothen the self-consistent procedure [53, 54].
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and
Sα,β pα,βBα,β = + ,

2 dBC

are linked in turn to the Mulliken-Dipole charges. Note, however, that the Mul-
liken or the Mulliken-Dipole charges do not demand in any way any particular ap-
proximation for the matrix elements, and they do not require even the approach in
eq. 2.8 (they can be used, of course, with any of the methods for approximating
the Exchange-correlation exposed in the previous chapter), but if we wanted these
charges to be strictly variational with respect to the Harris functional, we would
need to approximate the matrix elements in this manner. The stationary charges are,
however, more general, and we have also explored the possibility of including the
Hartree contributions exactly (without resorting to the unnecessary approximation
2.18) and using approximation 2.18 only for the Exchange-correlation integrals.

Let us denote by R any coordinate of any atom of the system. For U any contri-
∂U

bution of the energy, the derivative can be written as
∂R

∂U ∂U ∂U ∂qγ 
= |explicit + ∑ . (2.26)

∂R ∂R ∂qγ ∂Rγ 

Finding expressions and approximations for U such that the contribution of the sec-
ond term is minimal is therefore of interest. In particular, notice that for charges

∂E[{qγ}]0{qγ} constituting a stationary point, it must hold |q=q0 = 0, and thus, as
∂qα 

discussed in the previous chapter, the calculation of the forces would only concern
the calculation of the explicit derivatives.

Now, if we make the approximation 2.18:

Iγ = Ĩγ Ĩγ (2.27)α,β Aα,β α,α + Bα,β β,β,

and if the charges are defned as the solution of the resulting system of equations
2.24:

qα = ∑ ραβ Aαβ + ραβ Bαβ,
β 

∂qγthen, neglecting the derivatives does not affect the calculation of the forces,
∂R

∂U
.

∂R

In particular, as we illustrated above, we could choose Aα,β = 
Sα,β 

2
− 

pα,β 

dBC
and

Bα,β = 
Sα,β 

2
+ 

pα,β , which would turn qα into the Mulliken-Dipole charges.
dBC

From the discussion about charge projections and the use of the variational prop-
erty in the calculation of the forces (see Chapter 1) this follows easily, since these
charges correspond to a stationary point of the Harris functional and, as such, the

∂E
derivatives must vanish. We recall briefy here an explicit proof:

∂qγ 
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Let us to that end compute the derivative of ∑α,β ραβhαβ, with hαβ the matrix
elements of the hamiltonian in the Fireball basis. For that we use the relationship

∂hαβ 
ε jcαjcβj

∂Sαβ 

∂R
. (2.28)

∂ 
∂R ∑ ραβhαβ = ∑ ∑ραβ −

∂R
α,β α,β j∈occ

To derive this relation we use the fact 1 = ∑α,β cα,jcβ,jSαβ, which follows immediately
from the orthonormalization of the eigenvectors, we derive both sides, apply the
chain rule and multiply by ε j to get:� �

∂cαj ∂cβj ∂Sαβ ∑∑ = −∑ 
α β,

∑ε j ε jcαjcβjcβj + cαj .
∂R ∂R ∂R

α,β j∈occ j∈occ

We fnally get

∂qγ ∂qγ∂U ∂U
ραβ I

γ 
αβ qα Ĩ

γ 
αα ∑ 

α β γ, ,
∑ (2.29)

∂R
− |explicit∂R

−= ,
∂R ∂Rα,γ 

which equals zero if the qα are taken to be the stationary charges.
We have tested the effect of the new method in some systems and we offer here

an example of the slight improvement on the relaxation of a complex system. Below,
we compare the result with Mulliken-Dipole charges and the old way to account for
the charge-transfer (blue curves) with the result obtained by this new method based
on the splitting 2.8 and the approximation 2.18.

FIGURE 2.3: A guanine cytosine base-pair with three water molecules
in their neighborhood.
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(a) (b)

FIGURE 2.4: Relaxation of the system shown in fg. 2.3, using in one
case the Mulliken-Dipole charges with the standard procedure to deal
with the charge transfer terms, and in the other case using our new

method and the stationary charges.

We thus see in the fgures that, although superfcially both methods perform al-
most identically, and convergence is attained almost in the same number of steps,
when zooming in, the small error in the forces, which leads to the converged struc-
ture not being identical to the one with the least energy, disappears.

2.3 Long range interactions

As mentioned in the frst chapter, the Fireball method is based crucially in the storage
of the interactions in tables for a range of distances between the interacting atoms.
Additionally, the cut-off radii of the atoms is fnite, which reduces drastically the size
of the tables and of the number of interactions that need to be computed. Given three
atomic orbitals, χµ, χν and χα, belonging respectively to atoms a, b and c (which co-
ordinates, respectively, Ra, Rb and Rc), let us consider the contribution to the matrix
element hµ,ν given by the monopolar potential created by the orbital χα. The poten-R |χS

α (r0 − Rc)|2tial will be just qα dr0 , where qα is the projected charge over orbital|r − r0|
α and the superscript S indicates that we are taking the spherical approximation, in
which the charges of orbitals of the same atom with the same angular momentum
number will be taken to be equal. The Hartree contributions to the matrix elements,
hµν, in Fireball, look then like

Z Z |χS
α (r0 − Rc)|2 0Dα 

µν = qα χµ(r − Ra) χν(r − Rb)drdr (2.30)|r − r0| 

However, this has, in principle, one important draw-back: These elements can only
be computed from the tables when the distance between the atoms is such that there
is an overlap between the wave-functions.
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FIGURE 2.5: Scheme showing the locations of two orbitals, χµ, χν in-
teracting with a distant spherical charge distribution, |χS

α |2.

To study the long range behaviour, frst let us briefy recall the Legendre expan-

sion. If r > r0 , we can expand in spherical harmonics the term
1

, which gives:|r − r0| 

∞

∑
1 r0n

Pn(cos α), (2.31)= |r − r0| rn+1
n=0

where Pn are the Legendre polynomials and α is the angle formed by the two vectors
r · r0 

r and r0, so that cos α = . We neglect terms beyond second order and thus, since
rr0 

P0(x) = 1 and P1(x) = 1, get the (dipolar) approximation:

1 1 r · r0 ≈ + . (2.32)|r − r0| r r3

The long-range approximation is valid when atom C is far away from both A and
B, which, obviously, must have non-zero overlap in order for the integral in 2.30 to

Ra + Rbbe non-zero. Defne Rbc = and R = Rc − Rbc. The atom C being "far away"
2

then means that R is large compared to r0 − r + R, for all the relevant r and r0 . We
know make the expansion:

|χS
α (r0)|2 (r0 − Rc) dr0 

1 1
= |r − r0| |R − (r0 − r + R) |

1 R · (r0 − r + R)
+ 

R3 .
R

≈ 
(2.33)

Next, if we defne Z 
Paµ,bν = χµ(r − Ra)χν(r − Rb) (r − Rbc) dr, (2.34)R 

and if we notice that, due to the spherical symmetry, = 0,
then, the matrix element in 2.30 can be approximated in the long range as:� �

Saµ,bν Paµ,bν · RDα 
µν = qα + . (2.35)

R R3
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We cannot, however, store in tables exactly the quantities Paµ,bν for every possi-
ble position in space of the atoms. We can only store in tables this integrals when
the atoms A and B have a particular geometry; we decide, following the convention
in Fireball tables, to store them when both atoms are located over the z-axis. During
a simulation, we have then to perform a rotation to recover the desired rotation. It
should be noted that this procedure involves, however, two simultaneous rotations:
we must rotate the vector itself, but also, as with any other interaction in Fireball,
the spherical harmonics corresponding to the orbitals χµ and χν. We then defne a
"molecular" system of coordinates, whose coordinates and vectors we will refer to
with x, X,..., by imposing that Xbc = 0, both atoms A and B are located over the z
axis and atom C is located on the x − z plane. This defnes an affne transformation,
e, rotating and translating the axis so that r = e(x). Calling σaµ,bν and Πaµ,bν corre-
spondingly to the overlap and the dipole in the molecular system of coordinates, we
can defne � �

σaµ,bν Πaµ,bν · XKα 
µν = qα + , (2.36)

X X3

where now X = Xc. The numbers Kα 
µν can now be easily extracted from the tables for

the overlap and the dipole, which are calculated beforehand.
The spherical harmonics in the molecular system of coordinates are not the same

as in the crystalline system of coordinates of the simulation, but any rotated spherical
harmonic can be expressed as a linear combination of spherical harmonics of the
same angular momentum. We will write, for simplicity,

χµ(r) = ∑ Aµµ0 χµ 
m
0 (r),

µ0∈a

where the superscript m refers to the molecular system of coordinates, a is the atom
to which the orbital belongs and Aµµ0 are the coeffcients of the transformation.
These coeffcients depend on the angular momentum number of the orbital and in
Fireball they are implemented for p and d orbitals.

When computing the forces, we will need to take derivatives of the Paµ,bν, and,
for that, we need to write this vector as� � 

e Πaµ,bν 

and apply the chain rule.
In the crystalline system of coordinates, the derivatives must be taking with re-

spect to the positions of atoms A,B and C to compute the corresponding contribu-
tions to the forces. On the one hand, for atom A we have (we drop here the atomic
subindices a and b for ease of notation): � � 

rRa Sµ,ν SµνR rRa Pµν · R
DαrRa µν = qα + +

R R3 R3� � ! (2.37)
1 Pµν 3 Pµν · R R

− + ,
2 R3 2 R5
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and similarly for atom B. For atom C, on the other hand, we have:� � ! 
SµνR Pµν Pµν · R R

Dα = qα − + − 3 . (2.38)rRc µν R3 R3 R5

All terms are here direct except for rRa Pµν, which must be computed from rXa Πµν,
extracted from the tables, and the derivatives of the coeffcients Aµµ0 .
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Chapter 3

Free Energy Methods

We haven’t got the money, so we’ll have to
think

Ernest Rutherford

3.1 Introduction

Suppose we would like to study a certain transformation (e.g, a chemical reaction,
a conformational change) taking place in a system with coordinates {qj} defned by
hamiltonian H = T + U, with T the kinetic energy and U the potential energy, and
assume this transformation can be described by the transition of a certain function
of the coordinates, ξ(q1, . . . , qM), from one value ξ0 to another ξ1. This function will
be referred to as the "reaction coordinate". This transformation could be a bond
length, the rotation of an angle, etc. The function ξ(q1, . . . , qM) could be a vector;
that is, there could be several of these reaction coordinates having importance for the
description of the transformation. To describe the relative probabilities of the system
fnding itself at different values of the reaction coordinate, and thus be able to know
the probability of the transformation taking place, estimate the expected life-times of
the different conformations, etc, we would like to compute the probability density
for a range of possible values of ξ, P(z). 1 The probability profle is related to the
so-called Free Energy profle by

exp (−βF(z)) = P(z), (3.1)

1
where β = (with T the temperature and k the Boltzmann’s constant)

kT
and the probability density to fnd the system with ξ(q1, . . . , qN) = z can be

written just as
P(z) = hδ(ξ − z)i. (3.2)

The Free Energy is a concept familiar from standard thermodynamics, where is de-
fned (for example, for systems at constant temperature and constant volume) as

F = U − TS, (3.3)

where U is the internal energy of the system, S is the entropy and T is the temper-
ature. 2 Thus, the Free Energy is the amount of work that the system can do in an

1Let us ξ to denote the function encoding the reaction coordinate and z for the different values ξ 
can take.

2Strictly speaking this is the Helmholtz Free Energy, while the Gibbs Free Energy, defned for sys-
tems at constant pressure, P, is defned in terms of the enthalpy: G = H − TS, with H = U + PV.
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adiabatic trajectory, i.e, in a reversible process. In that sense, F can be understood
as that part of the total internal energy which is not "doomed" to keep the temper-
ature of the system (the entropic component) and can thus be, ideally, employed to
exert work. The link between the thermodynamical concept and the statistical one
is provided by the equation

F = −β−1 log Z (3.4)

with Z the partition function Z Z 
−βH(q0Z = e ,p0 )dq0dp0 . (3.5)

Ergodicity
Theoretically, fnding F(z) is immediate: Before going on, some comments are

in order: The average hδ(ξ − z)i is taken over the statistical ensemble our system is
thought to be in. In this context, we always consider our system to be at equilibrium
in a Canonical Ensemble. That amounts to say that the probability of a structure
with positions q = {qj} and momenta p = {pj} is just

−βH(q,p)P(q, p) = Z−1e . (3.6)

As we know, the average of any classical observable A in the canonical ensemble is
just Z Z 

Z−1 A(q, p)e−βH(q,p)dqdp.

The kinetic terms always cancel out as long as we are not interested in quantities
depending explicitly on the momenta, so we can simplify it all by defningZ 

Q = e−βU(q)dq

as the "confgurational partition function" (which we will call just partition function
by abusing notation) and by ignoring all the dependencies on p. These integrals are
impossible to compute except for very specifc simple systems. Even numerically, for
large systems with thousands of atoms with tons of different interactions, computers
cannot solve them. One strategy to compute these integrals is to use the so-called
Ergodic Property. In simple terms, ergodicity means that "ensemble average can
be substituted by temporal averages for large enough times". Mathematically, this
means that if we leave the system evolve along a trajectory, then:

T
R R 

A(q, p)e−βH(q,p)dqdp 1 Z hAi := R R = lim A(q(t), p(t))dt
e−βH(q0,p0 )dq0dp0 T→∞ T 0

For instance, if the dynamics is hamiltonian, so that the system evolves according
to the hamiltonian fow with hamiltonian H, then ergodicity is known to hold. It is
actually an easy consequence of a deep and beautiful theorem, Poincare’s recurrence
theorem, which states that in the microcanonical ensemble a system always re-visits
in fnite time arbitrarily small neighbourhoods of any initial state.

Quasi-non ergodicity
With this said, our problem would look easy: hδ(ξ − z)i could be computed from



673.1. Introduction

a trajectory to give a good estimate of P(z). In the identity above, however, we have
a limit when the time goes to infnity, and of course we cannot perform an infnite
simulation. It turns out that in most problems of interest the time needed for er-
godicity to (approximately) hold is far larger than the achievable simulation time
with modern computers. We refer to this phenomenon as "quasi-non-ergodicity",
since ergodicity really holds in the system, but in the time scale we have access to it
seems to be violated. The reason ergodicity is hindered is that our system typically
presents several "valleys" and barriers in its energetic landscape of such a magni-
tude that the expected time spent on those valleys or the expected time needed to
surpass those barriers is always far greater than the time scales accessible in the sim-
ulations. Thus, in our short simulations, we cannot obtain a good sampling of the
confguration space, which seems to kill our hopes of computing averages by using
the ergodic identity. However, if we could in some way "help" the system to sam-
ple more quickly the confguration space, then we could effectively use the ergodic
identity.

Enhanced Sampling
This help could be accomplished by introducing an external fctional potential V

depending on the reaction coordinates ξ alone (since we only need to enhance and
accelerate the sampling over the possible values of the reaction coordinates), which
fattens the energetic landscape and allows ξ to take a wide range of values in much
shorter simulation times. Some care must be taken, since, of course, the averages
in the new system U + V differ from the averages in the real system of interest.
However, there is a simple way to relate the probability densities in both systems.
Call PU(ξ) to the real probability density of interest, and call PU+V(ξ) the probability
obtained in the fake system. We have: Z 

βFU+V −β(U(q)+V(q))δ(ξ(q1, . . . , qM) − z)dq =PU+V(z) = hδ(ξ − z)iU+V = e eZ Z e−βFU−βV(z) βFU+V −βV(z) βFU+Ve e e−βU(q)δ(ξ − z)dq = e e e−βU(q)δ(ξ − z)dq = 
e−βFU

−β(V(z)+FU−FU+V) PU(z).e
(3.7)

Therefore, we have:

PU(z) = exp (β [V(z) + FU − FU+V ]) PU+V(z),

which could in principle be used to estimate PU from the knowledge of PU+V . The
idea would be to choose the fctional potential V so that in the biased system we
have the ergodic property for the typical time scale of our simulations, which would
in turn mean that we could make the approximation PU+V(z) = nU

− 
+ 
1

V N(z), where
nU+V is the total number of snapshots taken in the simulation with the bias potential
and N(z) is the number of snapshots with ξ(q) = z.

However, if we want to get a good estimation of PU(z) from PU+V(z), we would
need the sampling in the system U + V to be extensive in the reaction-coordinate-
space and nearly uniform. This could only be done if we knew before-hand the
energetic landscape, which of course we do not!
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It would be interesting to have a similar identity in the case we allow for dif-
ferent temperatures, that is, different β’s. Let us know write explicitly the potential
energies and temperatures of each P. In this case, we need to make a more explicit
use of ergodicity:

Z 
PU,β(z) = QU

− 
,
1
β δ (ξ(q) − z) exp (−βU(q)) dq = Z � � � � � � 

QU
− 

,
1
βQU+V,β0 Q−1 δ (ξ(q) − z) exp −(β − β0)U(q) exp −β0V(q) −β0(U(q) + V(q)) = U+V,β0 � � � � 

QU
− 

,
1
βQU+V,β0 exp β0V(z) hexp −(β − β0)U(·) δ(ξ(·) − z)iU+V ,

(3.8)

where the h iU+V denotes the average taking in the system described by potential
U + V. Umbrella Sampling In practice, almost always several potentials V are used
and the different estimations for PU(z) are combined in some way. These potentials
are most typically taken to be harmonic potentials centered around some value of
interest:

k 2V(q) = (ξ(q) − z0) , (3.9)
2

where z0, the center of the harmonic potential, is taken as a value around which we
would like to explore, and the "elastic" constant k is taken large enough so that the
reaction coordinate ξ(q) will only exhibit adequately small oscillations around z0.
These potentials, due to their shape, are referred to as Umbrella Potentials, and the
sampling resulting from them as Umbrella Sampling [87].

If we had a huge computational power, far beyond what the most powerful
supercomputers in existence are capable of providing, we would not need to go
through all this trouble: just integrating Newton (or Schrödinger) equations would
be enough. Since this is not the case, we need to come up with solutions and approx-
imations, and, of course, many approaches are available. We could thus say, echoing
Rutherford’s words, that we haven’t got the money limitless computational power,
so we’ll have to think.
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FIGURE 3.1: Schematic representation of time-scales and free energy
barriers. Reaction time increases exponentially with the height of the
barrier, and relatively small changes in Free energy can lead to dra-

matic changes in expected life-time of certain conformations.

3.2 Umbrella Integration Scheme

In the section we will study how the information of different Umbrella Sampling
simulations can be combined to extract a global estimate of the Free Energy.

We present here two ideas: The frst one is how to Umbrella Sampling and Ther-
modynamic Integration [?¿] are combined to yield another Free Energy method, the
so-called Umbrella Integration [88]. The second point, which combined with the frst
yields a novel Umbrella Integration method, is our own proposal for a Free Energy
method, which is based on approximating the Dirac delta by smooth functions.

1) Umbrella Sampling and Umbrella Integration
Since it is diffcult to know beforehand which is the appropriate bias V to en-

hance ergodicity, usually we take several bias harmonic potentials V1, . . . , VM, each
of those give us a different estimation Pj(z) for PU(z), and what we do to is to com-
bine them all in an appropriate fashion. To simplify notations, let us write the aver-
age of a quantity A in the following fashion:

Aj = hAiU+Vj .

We can then write eq. 3.8 as: � � � � 
Pj(z) = QU

− 
,
1
βQU+Vj,β j exp β jVj(z) exp −(β − β j)U(·) δ(ξ(·) − z)j. (3.10)
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In Umbrella Integration [88], in practice always for all β j = β, the probability
densities Pj(z) in the biased systems are substituted by gaussians with the observed
means and typical deviation. Therefore, for the j−th window we have a mean µj
and a standard deviation σj. Equation 3.10 then becomes ! � � 1 (z − µj)

2

Pj(z) = QU
− 

,
1
βQU+Vj,β exp βVj(z) √ exp − . (3.11)

2πσ2 2σj
2

Here we take logarithms to reach:

− β−1 log Pj(z) = −Vj(z) + β−1 (z − µj)
2

+ C, (3.12)
2σ2

j

where C is an unimportant constant which vanishes when we take derivatives. If
we did not take derivatives, however, the value of this constant, which relates the
partition functions of the unbiased and the biased systems, would be an important
obstacle. Next, from each of these estimates for Pj(z), we construct an estimate for
the Free Energy:

Fj(z) = −β−1 log Pj(z) (3.13)

And thus write, for the derivative of the Free Energy:

dFj(z) 
= −β−1 d

log Pj(z) = −Vj
0(z) + β−1σ−2(z − µj). (3.14)jdz dz

and we combine all these estimations in a weighted manner:

dF(z) dFj(z) 
= ∑ cj(z) , (3.15)

dz dzj

with weights taken as normalized weights in terms of the same probability distribu-
tions:

Gj(z) cj(z) = , (3.16)
∑j Gj(z) 

where the Gj(z) are the gaussian functions representing the density probability in
the corresponding biased system: ! 

1 (z − µj)
2

Gj(z) = √ exp − 
2πσ2 2σj

2

. Putting all together we fnally have:� �dF(z) 
= ∑ cj(z) −Vj

0(z) + β−1σj
−2(z − µj) , (3.17)

dz j

and by constructing these estimates for a grid of z values we can construct the
derivative of the Free Energy and proceed to integrated it to fnally get the Free
Energy profle F(z).

2) Approximations of the convolution identity
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It is well known that given any mass-concentrating, normalized, almost every-
where positive and integrable φ, the succession nφ(nx) converges to the δ func-
tion in the distributional sense as n → ∞. Let us pick any smooth function with
this characteristic and pick a large n. What we do now is to make the substitution
δ(ξ(q) − z) → nφ(n(ξ(q) − z)) in defnition 3.2:Z 

P(z) = Q−1 e−βU(q)δ(ξ(q) − z)dq

. The only free parameter here is the n. In principle, the larger n is the better, but
as n increases the number of potentials that we need to use also increases, since we
need to be able to cover a continuous interval of values of the reaction coordinate
xi. The number of potentials used must be consistent with the size of the grid. Here,
something similar happens with the choice of n. When taking derivatives with re-

spect to z, we have
∂ 
[nφ(n(ξ(q) − z))] = −n2φ0(n(ξ(q) − z)). A straight-forward

∂z
computation leads us to: � �j

∂ φ0(n(ξ(·) − z)) exp −(β − β j)U(·)
log Pj(z) = β jV 0(z) − n . (3.18)� �j∂z φ(n(ξ(·) − z)) exp −(β − β j)U(·) 

The case of equal temperatures has the form:

∂ φ0(n(ξ(·) − z))j
log Pj(z) = βV 0(z) − n . (3.19)

∂z φ(n(ξ(·) − z))j

∂F(z)
And we plug these estimations again into eq. 3.15 to get an estimation of

∂z
which, upon integration, yields F(z). It is also interesting to consider how this method
can be applied to the estimation of the second derivative, H(z), which is the hessian
in the case we are dealing with multi-dimensional reaction coordinates. Notice that
we can always assume to be working with radial functions, so that basically the
identity above also holds in general, with the exception that the sequence of func-
tions approximating the δ is now:

ndφ(nx),

where d is the number of reaction coordinates. Taking again derivatives with respect
to z, we fnd:

!2
∂2

2 φ00 (n(ξ(·) − z))j φ0 (n(ξ(·) − z))j
2log Pj(z) = βV 00(z) + n − n . (3.20)

∂z2 j jφ (n(ξ(·) − z)) φ (n(ξ(·) − z)) 

This seems to be a clear improvement over Umbrella Integration, where the estima-
tion given by each bias potential for the Hessian is a constant.

The function φ can be chosen with great generality; a natural choice would be,
for example, to take as φ a normalized Gaussian, φ(x) = √1

π e
−x2

.
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3.3 WHAM equations

The idea behind WHAM (Weighted Histogram Analysis Method) is to perform sev-
eral simulations with different bias potentials, Vj(z), get for each one of those a dif-
ferent estimation of P0(z), which we will call Pj(z), and to combine the information
of all those estimations in the form of a linear combination:

R
P0(z) ≈ ∑ cj(z)Pj(z), (3.21)

j=1

where Pj(z) is estimated as � � �� −1Pj(z) = n exp β Vj(z) + F0 − Fj Nj(z),j

where now nj is the total number of data points in the simulation with potential Vj,
Nj(z) is the total number of points in that simulation with ξ(q) = z, and F0 and Fj de-
note respectively the free energies of the unbiased system and that of the system with
bias potential Vj. The coeffcients cj(z) are subjected to the condition ∑j cj(z) = 1.

In practice, of course, this defnition of Nj(z) is absurd, since one has a fnite
amount of data. The practical defnition -an approximation to the δ, so to speak- is

nj

Nj(z) = ∑ e−1χIz(zj,s),
s=1

where zj,s is the value of teh reaction coordinate xi at the s−th snapshot of the j−th
simulation, Iz = [z − e/2, z + e/2] for an appropriate width e (which must be con-
veniently chosen depending on how many simulations we make and how peaked
the potentials are) and χIz(x) is the so-called characteristic function of the interval
Iz, which is defned as 1 whenever x ∈ Iz and 0 otherwise. From now on, we will
call it just χz for brevity. e is a parameter of our choice. The only important detail is
that this function is divided by e, so that lime→0+ e−1χz(x) = δ(x) 

The main problem is thus how to choose these coeffcients cj(z), and the answer
is the core of the WHAM strategy. In the combination ∑R

j=1 cj(z)Pj(z), with Pj(z) = 
−1nj eβ(Vj(z)+F0−Fj) Nj(z), each Nj(z) is a random variable. In WHAM, the coeffcients

cj(z) are determined by fnding the minimum of the statistical error (the variance)h i 
σ2 ∑R

j=1 cj(z)Pj(z) under the condition ∑j cj(z) = 1.
Derivation of the WHAM equations The Nj(z) are pairwise uncorrelated in the

j−th index (but, beware, not in z!), so we have:" # 
σ2 ∑ cj(z)Pj(z) = ∑ c2

j (z)σ
2(Pj),

j j

which equals: � � �� 2 −2∑ cj (z)nj exp 2β Vj(z) + F0 − Fj σ2(Nj(z)).
j

Applying the method of Lagrange multipliers method to the problem of minimizing
this quantity above under the normalization condition ∑j cj(z) = 1, we have that,
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for a certain constant C̃, it holds:

2cj(z)σ2(Pj) = C̃,

so:
C

cj(z) = .
σ2(Pj(z)) 

The normalization condition then implies:

[σ2(Pj(z))]−1

cj(z) = 
∑k[σ

2(Pk(z))]−1 .

� � �� −2As noted before, σ2(Pj(z)) = nj exp 2β Vj(z) + F0 − Fj σ2(Nj(z)), so the key
is to compute the variances σ2(Nj(z)), and it is in this computation that the techni-
calities of the WHAM derivation appear.

Let us forget for a moment about the j index and focus on an arbitrary simulation,
in which we estimate the probability density precisely as n−1N(z) = n−1 ∑n

s=1 e−1χIz(zs),
with zs the s−th snapshot of the simulation and Iz = [z − e/2, z + e/2] , with e a cer-
tain tolerance of our choice. We remind also that χI(x) is the characteristic function
of the interval I, meaning that χI(x) is 1 if x ∈ I and 0 otherwise.

The expectation is linear, so hN(z)i = ∑s
n
=1 e−1hχz(zs)i, and these expectations

are:
hχz(zs)i = p × 1 + (1 − p) × 0,

with p the probability of "falling" in the interval Iz. It is a fact of life that ergodicity
is equivalent with subsets of the confgurational/phase space being visited a certain
constant times the volume of that subset in the confgurational/phase space. Thus,
assuming ergodicity (it doesn’t hold in general, but it can be assumed to hold for the
observable we are interested in), p must be a constant times e. For a fxed z, we then
fnally get

p = en−1hN(z)i.� � 2Next we compute the variance, σ2 ∑s
n
=1 e−1χz(zs) = e−2h(∑s

n
=1 χz(zs) − hχzi) i.� �2

This is splitted into two parts: an uncorrelated one, h∑n
s=1 χIz(zs) − hχzi i, and

a part containing the correlations, 2 ∑n
s=1 ∑s

n
0 =s+1hχz(zs)χz(zs0 )i − hχzi2. Let us call

z0 to the value of the reaction coordinate ξ(q) at the beginning of the simulation,
an in general, as before, we will call zs to the value of ξ at the s−th snapshot. We� � 
write the frst uncorrelated part as n hχ2i − hχzi2 , and the second uncorrelatedz
part, following [89] is approximated as:

n � s � � � 
2n ∑ 1 − hχz(z0)χz(zs)i − hχzi2 .

ns=1

Defning Δχs as χz(zs) − hχz(zs)i, and extracting a common factor hχ2
zi − hχzi2, wez

have: !2 ! 
n n s hΔχ0Δχs � � z zi h ∑ χz(zs) − hχzi i = n 1 + 2 ∑(1 − ) hχ2

zi − hχzi2 .
n hΔχzi s=1 s=1
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Therefore, defning
hΔχ0Δχs

z
n is
∑ z)

n hΔχzi 
τ(z) = (1 − 

s=1

as the correlation time of the simulation and

g(z) = (1 + 2τ(z))n

we have reached the important equation:! 
n � � 

σ2(N(z)) = σ2 −2−1χz(zs) = e hχ2i − hχzi2
z∑ e g(z) = 

s=1

e−2g(z)(p − p2) ≈ e−2g(z)p = e−2g(z)hN(z)ie = e−1g(z)hN(z)i 

This identity is key in the derivation of the WHAM equations. Each variance
σ2(Nj(z)) is thus approximated as e−1gj(z)hNj(z)i, with gj(z) defned as above for
the particular j−th simulation. Furthermore, hNj(z)i is approximated as:� � �� 

hNj(z)i ≈ Nj(z) = nj exp −β Vj(z) + F0 − Fj Pj(z) ≈ � � �� 
nj exp −β Vj(z) + F0 − Fj P0(z),

with P0(z) the true probability density we are looking for. This approximation is
very natural: the frst step is the most evident for the average, since we only have
one j−th simulation, so as to speak. The second one is just the inversion we derived
previously relating probability densities between two different systems. And the last
step is just a refnement: we substitute the estimated Pj(z) from the j−th simulation
with the correct probability density P0(z).

Next, plugging all this information in our equation P0(z) = ∑j cj(z)Pj(z), we
have that: � �

R njgj(z)−1Pj(z)exp −β(Vj(z) − Fj)∑ cj(z)Pj(z) = ∑P0(z) = = 
∑k

R
=1 exp [−β(Vk(z) − Fk)] nkgk(z)−1� �j j=1� � −1njgj(z)−1n−β(Vj(z) − Fj) Nj(z) exp β(Vj(z) − Fj) exp(βF0)R

∑
exp j

= 
∑k

R
=1 exp [−β(Vk(z) − Fk)] nkgk(z)−1

j=1

R gj(z)−1Nj(z)βF0e ∑
∑k

R
=1 exp [−β(Vk(z) − Fk)] nkgk(z)−1

j=1 R 
This depends on the Fj, which of course are not known. Ideally, P0(z) = eβF0 e−βUδ(ξ − 
z)dq, and, calling P̃j(z) to the probability density of the system with the potential Vj,
(Beware! Do not confuse this with Pj(z), which is the estimation of the probability
density in the Unbiased system gotten from the simulation with potential Vj) we
have:

Nj(z) Z 
βFj −βU≈ P̃j(z) = e e e−βVj(ξ)δ(ξ − z)dq.

nj

We then have: Z 
−βVj(z) βF0 eβFj e−βFj −βU βF0 e−βFj ˜P0(z)e = e e e−βVj(ξ)δ(ξ − z)dq = e Pj(z).
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Integrating both sides of this equation we have:Z 
−βFj −βF0e = e P0(z)e−βVj(z)dz.

Finally, we can write: Z 
−βFj −βF0e = e P0(z)e−βVj(z)dz = Z R −βVj(z)gk(z)−1Nk(z)e∑ 

k=1
dz = 

l=1 nl
−1∑R gl(z)−1e−β(Vl(z)−Fl) Z gk(z)−1e−βVj(z) ∑s

n
= 
k

1 e−1χz(zk,s)
R

∑ dz = −1∑R gl(z)−1e−β(Vl(z)−Fl)l=1 nlk=1 Z gk(z)−1e−βVj(z)χz(zk,s)
R nk

e−1 ∑∑ dz,
l=1 nl

−1∑R gl(z)−1e−β(Vl(z)−Fl)k=1 s=1

where zk,s is the value of ξ at the s−th snapshot of the k−th simulation. Calling Vj
k,s

to the value of the j−th potential at the s−th snapshot of the k−th simulation, we
can compute each of the previous integrals as:

−βVk,sZ gk(z)−1e−βVj(z)χz(zk,s) g−1e j
k

−1 dz ≈ e ,
∑l

R
=1 n gl(z)−1e−β(Vl(z)−Fl) ∑R −1g−1e−β(Vl

k,s−Fl)l l=1 nl l

which, when plugged into the equation above gives the fnal self-consistent WHAM
equations:

−βVk,s
R nk −1 jg e−βFj k∑∑ (3.22)e = .

−1 −1 −β(Vk,s−Fl)∑R g e ll=1 nl lk=1 s=1

In practical implementations, one solves this equations within a self-consistent
iterative approach: we pick an initial Ansatz, in which all the Fj are zero, plug that
into the right-hand side of the equation, extract new Fk, introduce these into the
right-hand side, and so on until the inputs and the outputs differ in no more than
a certain tolerance (whose value is chosen by the user). Once the Fj have been de-
termined self-consistently, we employ eqs. 3.21 and 3.1 to get the desired estimation
for the probability density and, thus, the Free Energy profle, F(z).

In Grossfeld’s implementation [90], the gk(z) are assumed to be equal for dif-
ferent k, so that they cancel out of the WHAM equations. However, sometimes, the
strong correlations observed near barriers/transition states, particularly in chemical
reactions, suggest that it might be interesting to take those factors gk into account.

3.4 Steered Molecular Dynamics

An alternative approach to Umbrella Sampling is to add to the system a potential
varying in time. Most typically, this is also an harmonic potential, but whose center
is ”dragged” along a certain direction:

k 2V(ξ({qj}), t) = (ξ(q) − f (t)) , (3.23)
2
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where ξ(q) is the reaction coordinate as a function of all the {qj} and f (t) is the
function encoding the value of the center of the harmonic potential. With this type
of potential, for instance, by letting ξ({qj}) be a bond distance or an angle, we can
force a chemical reaction to happen and study how the rest of the system reacts
(other bonds, partial charges, electronic levels, and so on, see chapter 4). Here, we
study how Steered Molecular Dynamics can be employed to actually calculate Free
energy differences and profles.

3.4.1 Thermodynamic Integration

Suppose we want to fnd the difference of free energies between a system with hamil-
tonian H0 and another one with hamiltonian H1. R 

The partition function of each of this intermediate systems is just Zλ = exp (−βHλ) dqdp,
and the free energy by defnition is just Fλ = −β−1 log Zλ. Formally:Z 1 dFλF1 − F0 = dλ,

0 dλ 

but we have: ZdFλ = −β−1 d(Zλ)/dλ dHλ dHλ = Z−1 exp(−βHλ)dλ = h iλ,
dλ Zλ

λ dλ dλ 

where the brackets with the subindex λ indicate average in the ensemble defned by
Hλ.

In conclusion, we have: Z 1 dHλF1 − F0 = h iλdλ. (3.24)
0 dλ 

To use this in practice we perform a simulation in which we change slowly the
value of λ from 0 to 1. A particular case of extreme relevance would be steering an
Umbrella potential as described above.

If this looks suspicious, that’s because it is: The whole idea is based on the as-
sumption that as we switch the value of λ, our system remains in equilibrium, so
that the probability density in phase space is given at each step by the canonical one,

Z−1e−βHλ (q,p)P(q, p) = . Although this assumption can be justifed if the switchingλ 
is performed slowly enough, in practice, no matter how well thermalized our initial
system is, when changing λ the probability density will lag behind the equilibrium
distribution and would need some time to converge to the canonical probability
density. This is thus an adiabatic approximation, in which changes are assumed to
be so slow that the system can be thought to reach thermodynamic equilibrium in-
fnitely quickly. The adiabatic process are reversible, i.e, without variation of the
entropy, and from standard thermodynamics we know that in them it holds that the
work performed to go from one state S0 to another S1 equal the free energy differ-
ence between S1 and S2, F1 − F0 = W. Thermodynamic integration is thus nothing
but a formalization of this concept, where the parameter λ is employed to artifcially
”move” the system from one state to other. In particular, we can use as λ−dependent
part of the hamiltonian Hλ a temporal-dependent Umbrella potential such as in eq.
3.23, and use eq. 3.24 and the average work at each step to compute a Free En-
ergy profle. However, in generic processes in which adiabaticity is too strong an
assumption, the identity F1 − F0 = W is no longer valid, and we strictly have an
inequality, F1 − F0 < W, stating that some work has been "dissipated", not usefully
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employed for the transformation 3. Below, we discuss the Jarzynski identity, which,
as a theoretical generalization of this method, in principle overcomes this diffculty.

3.4.2 The Jarzynski identity

Thermodynamic Integration, in which the work along a single trajectory is em-
ployed to calculate the Free Energy assuming adiabaticity, can be regarded as a limit
case of a much more general method, in which the properties of out-of-equilibrium
processes are exploited. In the following, I will follow closely Jarzynski’s original
works [91–93] and stick to the assumption that our systems evolve along a Langevin
dynamics. Imagine we have two systems given, one with hamiltonian H1 and an-
other one with hamiltonian H2, and imagine we want to compute the free energy
difference between these two systems. We can connect the two systems with a con-
tinuous path of hamiltonians Hλ, as is done in the technique of thermodynamic inte-
gration. If we let the system evolve as we change λ (fast or slow), the trajectories thus
obtained joining the frst system and the second will be in general of course out of
the equilibrium. We can think of our original system as one thermalized, where the

Z−1probability density is the canonical one, P(q, p) = 1 exp (−βH1(q, p)) . The evo-
lution of this probability density is assumed to be markovian and is thus governed
by a deterministic equation of the form:Z ZdPλ(q, p) 0 = R̂λ Pλ(q, p) := Rλ(q, p; q , p0)Pλ(q, p)dq0dp0 ,

dt

(we are closely following Jarzynski’s original notation here) where Rλ(q, p; q0 , p0) 
is the derivative of the transition probability function and the time dependence is
assumed to be contained exclusively in the parameter λ. The operator R̂λ can be
explicitly described in the context of Langevin dynamics, and arises directly from
the Fokker-Planck equation associated to the Langevin equation:

∂(pPλ) D ∂2PλRλ Pλ(q, p) = {Hλ, Pλ} + γ +ˆ
∂p 2 ∂p2 ,

with γ and D related by γ = βD (the fuctuation-dissipation theorem).2
Along a particular trajectory, the work W exerted on the system to make the

transformation from the system H1 to the system H2 is defned as:Z ts ∂Hλ˙W = λ dt.
0 ∂λ 

In general, the work along a trajectory is greater than the free energy difference,
and only in adiabatic paths, in which equilibrium can be assumed at each step, is
the work equal to the free energy difference, which serves as a different validationR 1 ∂Hλof the thermodynamic integration technique. Indeed, ΔF = 0 h iλdλ is just

∂λ R ∂Hλ a particular case of W = λ̇ dt combined with the fact W = ΔF in adiabatic
∂λ 

trajectories.
Summing up, we only have a equality relating the work along a trajectory to free

energy in equilibrium, and out of the equilibrium it seems we can only formulate
inequalities, such as the Second Principle of Thermodynamics mentioned in the pre-
vious section (which is nothing but the statistical fact W ≥ ΔF). Taking this into

3This is just a formulation of the Second Principle of Thermodynamics
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account, it is certainly amazing that there is an identity relating work performed in
out-of-equilibrium simulations with equilibrium free energy differences. This iden-
tity, called Jarzynski’s identity, states that:

exp (−βΔF) = exp (−βW), (3.25)

where the over-line indicates that we are taking averages over all the possible
trajectories joining the system H1 with the system H2. This is a bit tricky, since a
lot of technicalities have to be consider in order for this "path integral" to make any
sense at all.

4

There are several proofs of the Jarzynski equation. Jarzynski’s original idea was
to introduce a modifed density whose evolution equation admits an easy solution
with the form of a canonical density. He defned Q(z, t) as the average of exp (−βW) 
for all trajectories up to time t passing by z at time t. Next, Jarzynski defned the
function

g(z, t) = Pλ(z)Q(z, t) 

and computed its evolution equation, which turns out to be:� �
∂g ∂Hλ = R̂λ − βλ̇ g.
∂t ∂λ 

To prove this equation we need to understand how the path integral involved in the
defnition of exp (−βW) is understood. Again, we follow Jarzynski’s notation. For
dm a measure in the space of all trajectories connecting system H1 to system H2, and
for P(z(t)) the probability density of choosing the particular path z(t), we have:Z 

exp (−βW) := P(z(t)) exp (−βW) dm.

To make sense of this, we need to discretize the path. Let t0 = 0, t1 = δt, . . . , tn = 
nδt, . . . , tN = Nδt = ts, be a partition of the time interval of the simulation (δ = 
ts/N). Let us call zn = z(tn). We think of λ evolving in discrete steps δλ = 1/N,
happening at times t1, t2, . . . . We pick an euclidean measure in the space of all path,
so that in the discrete approximation to the path integral we just have:Z Z Z Z 

dm = dz0 dz1 . . . dzN .

On the other hand, the probability density of each path, P(z(t)) can be written, in
the discretization, as a product of the corresponding transition probabilities. Indeed,
let us defne Pδt(zj−1|zj) as the probability of transitioning from zj−1 to zj in a time δtλj

when the underlying hamiltonian is Hλ and let p0(z) denote the canonical probabil-
ity density with underlying hamiltonian H0. Then in the discretized case we have:

N
P(z(t)) = p0(z0) ∏ Pδt(zj−1|zj).λj

j=1

4In what follows, we call z = (q, p), as Jarzynski does, for brevity
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On the other hand, the work along the discretized trajectory can be expressed as:

N N
W(z(t)) = ∑ Hλn(zn−1) − Hλn−1(zn−1) := ∑ δHn(zn−1),

n=1 n=1

having defned δHn(z) = Hλn(z) − Hλn−1(z).
These are all the ingredients needed to defne the path integral. What we need

now is to defne the equivalent of the function g(z, t) defned above in the discretized
setting. Taking an intermediate M between 0 and N, we can defne: !Z M−1� � M

∑Pδt
λj
(zj−1|zj) δHn(zn−1) Pδt

λM
(zM−1|z)dz0dz1 . . . dzM−1.∏ exp −βg(z, tM) := gM(z) := p0(z0) 

j=1 n=1

In particular, notice that for M = N we have the trivial relationship exp (−βW) =R 
gN(z)dz.

Now, notice that by defnition, there is an immediate recursive relation between
the gM: Z 

gM+1(z) = gM(zM)e−βδHM+1(zM) Pδt (zM|z)dzM.λM+1

The idea now is to expand in power series of δt the two terms e−βδHM+1(zM) and
Pδt (zM|z)dzM. Since δt is assumed to be small (and actually we are about to takeλM+1
the limit δt → 0), we make the frst-order / linear approximations:

−βδHM+1(zM)e =1 − βδHzM+1(zM) 
Pδt (zM|z)dzM =δ(zM − z) + RλM+1(zM, z)δt,λM+1

where Rλ(z, z0) is, we remind, the time derivative of the probability transition func-
tion.

Plugging these two Taylor expansions into the recursion relation above:

gM+1(z) − gM(z) δHM+1(z) 
Z 

= −βgM(z) + gM(zM)RλM+1(zM, z)dzM.
δt δt

Passing to the limit δt → 0, N → ∞, and recalling that λ(t) = t/ts, we fnally
have, as stated above: � �

∂g ∂Hλ = R̂λ − βλ̇ g(z, t).
∂t ∂λ 

The next step, simpler but smart, is to realize that g(z, t) = Z0
−1 exp [−βHλ(z)] ,

and this is basically the fnal idea of the derivation, since the rest is now trivial:Z 
exp [−βW] = g(z, ts)dz = Z Z1Z−1

0 exp [−βH1(z)] dz = = 
Z0

exp (−βΔF) .

In practice, the way the Jarzynski identity is employed to compute the free en-
ergy profles along a distance defning a chemical reaction is as follows: First of all,
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steered molecular simulations are performed, in which we drag our reaction coor-
dinate of interest along a certain path. We accomplish so by defning a harmonic
potential of variable center: Vλ = K(ξ − λ(t))2. Our typical problem is that we have
a chemical reaction "defned" by the transition of ξ from value z0 to value z1. We
then perform several of this trajectories starting from independent conformations
corresponding to system H1 and calculate the work on each of them. Each single
trajectory yields an approximation to the Free Energy profle via Thermodynamic
Integration, and, although taking the average formally does not give anything use-
ful, taking the exponential averages as in eq. 3.25 yields the desired equilibrium Free
Energy profle.

3.5 Some Applications

All the free energy methods studied in previous sections have been applied to obtain
free energy profles and maps in a number of systems.

3.5.1 Proton transfer in DNA

The problem we studied with the greatest detail was that of proton transfer reac-
tion in guanine-cytosine base-pairs (see chapter 4), where we tested all the differ-
ent methods available. In such setting, all the method were essentially equivalent,
and even Thermodynamic Integration (which can be thought as an extremal case of
Jarzynski’s identity with just one trajectory) yields an accurate result. As an exam-
ple, we show here a comparison between two applications of Jarzynski’s identity
over sets of six trajectories, one of them slow (7 ps each trajectory) and other fast
(1 ps each trajectory), and WHAM and UI (which yield practically the same result,
except for WHAM being slightly more noisy)
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FIGURE 3.2: Free Energy in kcal/mol in terms of a distance d, in
Armstrong, between an hydrogen and a nitrogen atom (see fg 4.1).
d ≈ 1.1, where the minimum is located, corresponds to the usual
confguration in DNA base-pairs. Confgurations with d > 1.5 cor-
respond to rare tautomeric forms which are mutagenic because they

alter the canonical complementarity of base-pairs (see chapter 4).

This comparison shows that Jarzynski’s is to be trusted in this particular prob-
lem (for details, see chapter 4). Since Jarzynski is much more effcient that Umbrella
Sampling, where many more confgurations need to be sampled, this makes it the
method of choice for most problems. However, as we will later explain, in this case
the proton transfer is a quasi-adiabatic process, meaning that Thermodynamic Inte-
gration alone is already quite useful, while the true interest of Jarzynski’s identity
lies in its potential application for processes out of equilibrium, where he identity
still holds true. However, in practice, such processes (for example, the movement of
proton H4 in the guanine-cytosine base-pair, see again chapter 4) require a tremen-
dous number of trajectories for the application of Jarzynski’s identity to converge,
which makes it very costly or even unfeasible, and suggest that Jarzynski’s approach
is precisely most useful when it is trivial; that is, when just one trajectory yields a
good accurate result.

3.5.2 Si adatoms oscillating on a surface

Another problem, in which we applied WHAM, was the calculation of a Free Energy
map for different confgurations of the heights of four Si adatoms on the surface√ √ 
K/Si(111):B, with one potassium atom per 3 × 3 unit cell.

This system has received much attention in research because at room tempera-√ √ 
ture its observed non-metallic 3 × 3 has been regarded as a Mott phase.
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However, DFT calculations yield as the Ground State a CDW (Charge Density√ √ 
Wave) 2 3× 3 structure, both at room temperatures and at lower temperature. To
resolve the apparent contradiction, long molecular dynamics are performed where
the system is seen to present quick fuctuations at room temperature between degen-√ √ √ √ 
erate CDW 2 3 × 3, which explains the observed non-metallic 3 × 3 structure
as a dynamical average. Furthermore, the simulations show that the free diffusive
regime of the K atoms promote the oscillation of the Si adatoms.Therefore, it was of
interest to compute the two-dimensional Free Energy map for the transition between
two different CDW states using WHAM. Finally, using these results it is possible to√ √ √ √ 
estimate a 2 3 × 3 ↔ 3 × 3 transition temperature lower than 90 K.

FIGURE 3.3: Figure extracted from [94] representing the system. In
brown and orange, the Si adatoms, and in purple the K atoms diffus-

ing over the surface

We defne reaction coordinates in terms of the height of two Si atoms of the unit
cell with respect to the surface, while the other two Si adatoms are restrained with
umbrella potentials, in such a way that one remains above and the other below the
surface.
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FIGURE 3.4: Free energy map in terms of the heights of two of the Si
adatoms at T = 450 K.

The map integrates the information of around 1.3 × 106 confgurations which, as
commented above, is post-processed with WHAM. In particular, a 36 × 36 grid of
umbrella windows and 1000 confgurations on each window were employed, where
on each window the constant used for the umbrella potentials was k = 600kcal/mol−2.
The free energy barrier between the two minima is 0.29 eV, 0.06 eV lower than the
static barrier (total energy difference between the confgurations).

The Free Energy results can then be used to estimate the transition temperature,√ √ 
Tc, at which the system transits from the CDW 2 3× 3 confguration to the fuctu-√ √ 
ating non-metallic 3× 3 confguration which is experimentally observed at large
temperatures. For that, the free energy barriers can be plugged into an Arrhenius
equation,

τ = C exp(βΔG) 

, with ΔG = 0.29eV and C a constant determined from the jumps observed in
the long free dynamics performed on the system. Assuming that this transition
is defned by taking τ ≈ 102 − 104s, the critical temperature for the transition is
Tc = 90 ± 7K.

3.5.3 An example concerning the catalitic activity of a protein

As a last example, we show a result obtained for the Free Energy profle of an en-
zymatic reaction catalyzed by the papain, a cysteine-protease, and its corresponding
change when a mutation is introduced in an important aminoacid of the active cen-
ter of the protein. The sulphur atom S shown in yellow in fg. 3.5, which belongs to
a cysteine residue, approaches the carbon atom, C, thus breaking its peptide bond
with N2.
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FIGURE 3.5: On the left, a snapshot of the system, with the QM region
(atoms treated quantum mechanically) highlighted. On the right,
snapshot of the QM region, part of the active site of the protein, in
the transition state. The reaction coordinate in this case is dist(S,C)-
dist(C,N2), where dist(A,B) is the distance between atoms A and B.

The low pKa of the cysteine plays a key role in the reaction, since the hydrogen
H jumps over to the nitrogen N1 and this change in electrostatics is key for the cys-
teine to approach the peptide bond. Indeed, a well-known mutation of the papaine,
the so-called C25S mutation, disrupts the catalysis by substituting the cysteine by
a serine, an similar aminoacid which has an oxygen in place of the sulphur. The
oxygen, having a larger pKa, tends to retain the hydrogen H, and thus prevents the
nucleophilic attack on the C, making the reaction less favorable.
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FIGURE 3.6: The increase in the Free Energies barriers means that the
reaction, on the mutant, is exponentially slower.

The profles were obtained by applying Jarzynski’s identity over sets of six tra-
jectories. The trajectories, furthermore, were selected to have different orientation,
so some of them started with a value of the reaction coordinate equal to -1 (products)
and some others equal to 1.5 (reactants).
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FIGURE 3.7: Results for six trajectories, three of them "direct" (start-
ing from the reactants) and three of them "reverse" (starting from the
product). Thermodynamic Integration is employed to extract the pro-

fle on each case.

The interest of this result lies in its explanatory power: A mutation known to dis-
rupt the catalytic activity of a protein is, in the simulations, seen to increase the Free
Energy barrier. This is turn, from Eyring’s equations, means that the expected time
to cross the barrier increases exponentially, thus possibly explaining, for instance,
the molecular etiology of a pathology based on the studied mutation.
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Chapter 4

Proton Transfer in DNA

Nature isn’t classical, dammit, and if you
want to make a simulation of nature,
you’d better make it quantum mechanical,
and by golly it’s a wonderful problem,
because it doesn’t look so easy

Richard Feynman

4.1 Introduction

Proton-transfer reactions are ubiquitous throughout biochemical reactions and have
therefore arisen much interest both in experimental and theoretical studies [95–98].
In many enzymatic processes [99, 100], proton transfer plays an important role.
It is also relevant in water clusters [101, 102] and in many other problems where
molecules interact weakly via hydrogens bridges. In particular, the signifcance of
proton-transfer reactions in DNA was already highlighted by Watson and Crick in
1953 [103], as they noted that “spontaneous mutations may be due to a base occa-
sionally occurring in one of its less likely tautomeric forms." Indeed, tautomerization
of a nucleotide alters the canonical adenine-thymine/guanine-cytosine (A-T/G-C)
correspondence, since a mismatch in the hydrogen bridges structure is introduced.
The rare tautomers of the DNA bases differ from their canonical forms by the posi-
tion of the H atoms, see Figure 4.1.
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FIGURE 4.1: Proton transfer and rare tautomers: The canonical (GC,
top) and rare (G*C*, bottom) tautomers; in the GC ↔ G*C* DPT reac-
tion the H atoms H1 and H4 jump along the N1-H1-N3 and O6-H4-

N4 hydrogen bonds.

For example, the rare tautomer G∗ does not pair up with cytosine, C, but instead
with thymine, T [104], as shown in the next fgure, where the effects of the alteration
in the hydrogen bridge structure on the correspondence can be easily appreciated.

FIGURE 4.2: As seen in the fgure, a cytosine or a guanine in their rare
tautomeric confguration pair up not with their usual partner (respec-
tively, a guanine and a cytosine), but with an adenine and a thymine,
which implies the introduction of a substitution mutation in the ge-
netic code. A look at the hydrogen bonds structure clarifes why the
tautomerization implies alteration of the canonical complementarity.

Therefore, if at the time of DNA replication the polymerase runs over the rare
tautomeric form of guanine, G∗ , a substitution mutation will appear in the DNA
sequence. It is then clear why it would be of interest to know the probability of these
tautomerizations to take place by proton transfer, the mean life of the rare tautomeric
forms and the reaction mechanisms of these processes.
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To understand these processes, how they (might) take place, their likelihood,
pathways, etc, it is important to be able to study them in the most realistic setting
possible. DNA is a very large macromolecule, with a complex atomic structure.
At the conditions found in the cells, it generally presents the double helix B-DNA
form that is stabilized by the interactions with the aqueous solvent; also, at these
conditions DNA is a dynamic system that displays signifcant atomic motions. Thus,
the DNA environment, i.e. solvent, DNA backbone, double helix interactions and
atomic dynamics at room temperature (RT), must have an important impact on the
properties of the DNA bases [105], and in particular in the H transfer reactions taking
place on them. In order to properly assess these effects, we make use of a QM/MM
method detailed in section 4.3.

FIGURE 4.3: A snapshot of our system.

4.2 State of the Art

Proton Transfer in DNA has been studied along many years with different approaches
and techniques [104, 106–122], including post-Hartree-Fock methods and different
DFT’s, but the relationship between proton transfer reactions and spontaneous point
mutations is still under debate. The main reason behind this is the diffculty to prop-
erly assess the infuence of the complex biomolecular environment on these reac-
tions. The proton transfers accounting for tautomerization take place in the fem-
tosecond scale, and, although experimental studies of the system exist on the gas
phase, the same investigations in vivo have so far never performed. That is one of
the reasons why computational studies accounting (at least to some degree) for the
complexity of the biomolecular environment where these reactions really take place
is of the utmost interest.

In the gas phase (that is, considering only the interaction between the two DNA
bases), different studies for the potential energy or free energy landscapes indicate
that there is no local minimum corresponding to a A*T* rare tautomer [106, 110, 113]
( or there is only a very shallow minimum [114, 116]). Thus, DPT do not contribute
to the presence of A* or T* rare tautomers. In the case of GC, however, the rare
tautomer G*C* shown in fgure 4.1 is metastable in vacuo, with values for the direct



90 Chapter 4. Proton Transfer in DNA

and reverse energy barriers between the canonical and rare tautomers that could
yield the formation of spontaneous point mutations [106, 110, 116].

Using Fireball or Quantum Espresso, the potential energy landscape in vacuo is
easily reproducible and is shown in fg. 4.4.

FIGURE 4.4: Potential energy (in kcal/mol) for the GC ↔ G*C* reac-
tion as a function of the reaction coordinate d1 = |~rH1 −~rN1| (in Å),
calculated using the QUANTUM ESPRESSO and FIREBALL DFT codes,

see text.

This shows how the rare tautomer is a meta-stable state and, therefore, poten-
tially responsible for mutations, as commented above. To give a very rough idea of
the relevant orders of magnitude, we can employ Eyring’s equation [123] from Tran-
sition State Theory to form an idea about the involved time-scales. Eyring’s equation
states that given a Free-Energy barrier from a reactant to the transition state, ΔF‡, the
reaction rate, k, is

1 −βΔF‡
k = e . (4.1)

hβ 

In our case, this k enters the differential equation for the chemical kinetics as

d[GC] 
= −k[GC] + k∗ [GC∗ ],

dt

Neglecting the second term, which will usually be much smaller, this gives a half-life
log(2)

time t1/2 = , which, compared with the characteristic times in DNA, gives us
k

an idea of the importance of these processes. For instance, assuming a perfect “cas-
cade” effect from the Transition State to the products (a correction of this assumption
is sometimes included by means of a κ which enters as a prefactor in eq. 4.1 and
accounts for recrossings of the Transition State), we can quickly see the following
equivalencies between free energy barriers and half-life times:

ΔF‡ = 1kcal/mol → t1/2 = 0.6ps

ΔF‡ = 5kcal/mol → t1/2 = 0.5ns

ΔF‡ = 10kcal/mol → t1/2 = 2µs

ΔF‡ = 15kcal/mol → t1/2 = 9ms.
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The infuence of the solvent, DNA backbone and base stacking on these reac-
tions has been analyzed in a number of works [107, 110, 113, 118, 119, 121, 122, 124],
but in this models either the environment is dramatically simplifed or no dynamics
were performed. In particular, the effect of the aqueous environment has been in-
vestigated using implicit models for the solvent or including a few water molecules
around the DNA bases (microhydration) explicitly in the calculation [110, 113, 121,
122]. These studies indicate that the water molecules around the DNA bases have
an important effect changing the relative stability of rare and canonical tautomers;
also, the water molecules can participate in proton transfer reactions, interchanging
protons with the DNA bases in a Grotthuss-like fashion. [113, 119]

FIGURE 4.5: Snapshot showing the water molecules next to the base-
pair included in the QM region, while the rest of the solvent is just

shown as a dotted background.

It is also interesting to mention that in the original idea proposed by Löwdin
of a Double Proton Transfer (DPT) in DNA [104], the transitions between canonical
and rare tautomers are due to quantum tunneling of the protons along the hydrogen
bonds. There are some recent studies [125–127] on quantum nuclear effects using
path integral molecular dynamics (PIMD) [128] that estimate the minor effects that
such correction might have at room temperature. A recent study [129] using an open
quantum systems approach indicates that quantum tunneling does not play any role
in DPT reactions in DNA, so that the jump of the protons should be entirely due to
thermal activation. The combination of having a large system and a high tempera-
ture makes the quantum nuclear effects negligible.

A different situation arises when one considers proton-transfer in excited states
or in ionized base-pairs. Several studies show how the barrier in this case drops
dramatically and the inter-base tautomerization can become spontaneous [130–134].
These results suggest that proton-transfer could be a deactivation pathway for ex-
cited base-pairs [130, 135], which would subsequently go back to the canonical tau-
tomer after decaying to the ground state. Thus, the tautomerization by proton-
transfer could be considered, more than a source of spontaneous mutations, a de-
fensive mechanism against radiation damage. [105, 136].

The effects of van der Waals interactions have also been considered and have
been including in Fireball following Grimme [137, 138] semi-empirical approach.
The effects are small but most important in the transition complex and can be appre-
ciated in a calculation of the potential energy profle.
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FIGURE 4.6: Potential energy without including any sort of Van der
Waals corrections (blue) and including Grimme’s semi-empirical cor-
rections (red). This last curve is the one successfully compared to

more accurate calculations.

4.3 QM/MM simulations

The application of DFT to very large systems is limited due to reasons of compu-
tational cost. However, in many cases, the chemical reactions of interest take place
in a small subsystem and, while the rest of the atoms and molecules play a role, it
might be enough to treat them at the classical level, which is dramatically more eff-
cient from the computational point of view. In quantitative terms, classical calcula-
tions involve an algorithmic complexity of O(N2) due to the electrostatic interaction,
and the exponent can be slightly lowered thanks to methods such as the Particle-
Mesh Ewald Summation [139]. However, Quantum calculations involve always a
complexity O(N2+e), and typically O(N3). This suggest that a large system could
be splitted into a "Quantum part", to be treated at the quantum level, usually with
DFT, and a "Classical part". This is the idea behind the so-called QM/MM methods
[140, 141], whose development deserved the 2013 Nobel Prize in Chemistry. The
method has been specially used in bio-systems, to study, for instance, the active site
on enzymes, where the role of the environment is crucial [142, 143]. For this scheme
to work, an interface defning how the two subsystem interact is needed, basically
specifying how the electrostatic interaction between the MM and the QM part is im-
plemented [144]. The energy of the whole system is in practice calculated, once the
embedding is defned, as

E = E(QM) + E(MM) + E(QM/MM). (4.2)

The dynamics of the MM part, besides being affected by the QM part, is governed
by a classical force feld, which must be given a priori, either based in semi-empiric
or ab initio calculations [145, 146]. The energy of the interaction term is calculated
by using the density extracted from the electronic structure calculation for the QM
part and the parameters of the classical force-feld, so that, globally, we have to ac-
count not only for Coulomb-like interaction terms, but also van der Waals, angular
potentials and dihedral potentials.
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!Z qjn(r) qkqjE(QM/MM) = ∑ dr + ∑ + |Rj − r| |Rj − Rk|j∈MM k∈QM! 
Ajk Bjk (4.3)∑ − + ∑ kr(Rjk − r0)

2+ 
R12 R6

j∈MM,k∈QM jk jk bonds

∑ kθ (θ − θ0)
2 + ∑ ∑ kφ,n[cos(nφ + δn) + 1],

angles torsions n

where it is understood that j is an index always labeling classical atoms, k labels
always quantum atoms, and in the angular and dihedral-torsion terms always at
least one of the atoms belongs to the QM region.

The design of force-feld has been a key aspect of the development of molec-
ular simulations [145] and, in particular, we have used the so-called ff14SB [146]
force feld, which is included in the AMBER package [147] for Molecular Dynam-
ics. Recently, a QM/MM method which uses AMBER combined with Fireball has
been developed [148] and used in a number of systems [24, 149, 150]. Furthermore,
QM/MM is a hot topic of research and many different methods and applications
have been explored [151–156]. The AMBER/Fireball method implements an elec-
trostatic embedding [144] and makes use of the Link atom approach [144] to deal
with the boundary of the QM region. In this approach, fctional hydrogen atoms
are added covalently to the extremal QM atoms to saturate their valency. For this
scheme to work, it is crucial to select carefully the ending points of the QM region,
preferably in non-polar bonds, such as C-C bonds. Even so, the selection of the QM
region is a delicate problem which requires careful examination [157, 158].

4.4 Results

The QM/MM method Fireball/AMBER described above has been employed in com-
bination with all the Free Energy techniques discussed in Chapter 3 to investigate the
nature of proton transfer reactions in guanine-cytosine in environment.

The most important fnding can be summarized by a simple statement; namely,
that the biomolecular environment makes the rare tautomer more unstable with re-
spect to the transition state and thus protects DNA from spontaneous mutations.
These results are summarized in the free energy profles and maps that we have cal-
culated by means of all the methods discussed in 3, performing to that end Umbrella
Sampling Simulations and Steered Molecular Dynamics.

The DNA double helix is simulated by means of two DNA strands that contain
12 base pairs (sequence: TTAGGGTTAGGG) and the QM region consists of the gua-
nine and cytosine nucleobases and their corresponding deoxyriboses, making up a
total of 51 atoms, which are all located in the middle of the DNA double helix. In
several calculations we have also included three water molecules in the QM region
in order to decouple the effects of the micro-hydration and the effects of the rest of
the environment. The rest of the DNA, water molecules and counter-ions (Na+) are
included in the MM region, that contains ∼ 1.1 ×104 atoms. The overall charge of the
system is neutral. We employed the ff14SB force feld [159] incorporated in the AM-
BER package, TIP3P water molecules [160] and the Langevin thermostat [85] for the
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simulation of the Canonical Ensemble. The initial positions of the water molecules
and Na+ counter-ions are set by the tleap software included in AMBER [161], and
the system is then thermalized at T = 300 K, frst with a long MM simulation (20 ns)
followed by a 100 ps QM/MM simulation from which we extract different confor-
mations as seeds for our production runs.

4.4.1 The Ground State guanine-cytosine basepair

FIGURE 4.7: (A) Free energy profles in the gas-phase (red lines) and
in the DNA environment (blue lines), as a function of the reaction
coordinate d1 The dashed lines correspond to the case in which the
three water molecules closer to the O6-H4-N4 hydrogen bond are in-
cluded in the QM region, see text. (B) Free Energy in terms of reaction

coordinate d1.

In these results (see Fig 4.7) the "controlled" hydrogen is H1; that is, the one steered
or under the infuence of an Umbrella potential. The reason for this is that this pro-
ton is the most reactive one, while H4 -due mainly to the stabilizing effects of the
micro-hydration- does not naturally bond to the Guanine and remains -when H1
has jumped over to the cytosine- in a state of more free oscillation. To study this,
we have calculated free energy profles in terms of the position of H4 and also we
have investigated the response of each proton when one is forced, which reveals
that, while the bonding of H4 to O6 (in the guanine) implies that of H1 to N3 (in the
cytosine; see fgure 4.1), the reverse is not true (except in vacuo).
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FIGURE 4.8: Example, in two different Steered Molecular Dynamics
of 15000 steps of 0.5 fs each, of how the protons respond to each other
when one is being steered and the other one if left unconstrained.
In red: distance d(H1,N1); in green: distance(N4,H4). Above: H1 is

steered. Below: H4 is steered

The H1 proton is thus seen to have a very abrupt response and remains in the
cytosine once the H4 is bonded to the guanine. The H4, however, has a smoother re-
sponse to the movement of H1 and does not completely bond to the guanine, which
is due to the water molecules forming weak bonds with the three atoms of that hy-
drogen bond, O6 (in the guanine), H4 and N4 (in the cytosine) (see fgure 4.1).

Yet another interesting difference is observed in SMD simulations for H1 and
H4: While the trajectories when H1 are quasi-adiabatic, making thermodynamic in-
tegration a perfect method to calculate free energy profles (a single trajectory of few
picoseconds reproduces accurately the profles obtained with Jarzynski or WHAM),
the same does not apply to the trajectories in which H4 is steered. In such case, there
is a strong hysteresis observed in the behaviour of H1, which can be readily appre-
ciated when we compare "direct trajectories" (we start with H4 in the cytosine and
drag it to the guanine) and "reverse trajectories" (we start with H4 in the guanine
and drag it to the cytosine).
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FIGURE 4.9: Hysteresis for the H4 SMD simulations observed in the
behaviour of H1

Similarly, we have studied the evolution of the partial charges for the two hydro-
gens, H1 and H4, and for the guanine and cytosine (excluding those hydrogens), in
all types of trajectories (steering H1 or steering H4) and both in vacuo and in vivo.
These profles reveal a slight charge polarization at intermediate steps of the process.
The stabilization of these states with a larger charge separation by the surrounding
waters and the rest of the environment is probably the reason behind the loss of
relative stability of the rare tautomer. However, as seen in our free energy profles,
not only the waters, but also the rest of the environment, is key in explaining these
phenomenon.
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FIGURE 4.10: Evolution of the partial charges of the hydrogens H1
and H4, and of the guanine and cytosine molecules (without includ-
ing on them the "travelling" H1 and H4 hydrogens) with respect to
the distance d(H1,N1) in a Steered Molecular Dynamics simulation.
We see an "opening", leading to a polarized situation which, although
very unstable in vacuo, can be stabilized by the environment (in par-

ticular, the water molecules).

Despite the changes in the charges on the molecules, fg. 4.10, the profle shows
that the charge on the reactive protons remains mostly unchanged, a fnding that
we can confrm by calculating charge maps (see fg. 4.11). For that, we performed
a total of 900 US simulations, leaving the systems thermalize on each confguration,
and we performed an average of the charge obtained for several snapshots.

FIGURE 4.11: Map of the average charge on the H1 and H4 atoms
(sum of the proton charge (+e) and the electron charge) as a function
of the reaction coordinates q1 and q2. The average charge is calculated
as the mean value of the charges in each of the 30×30 US windows
employed in the calculation of the free energy map of Figure 4. Note

the size of the scale. Units: +e.
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FIGURE 4.12: Deviations from the equilibrium positions in the canon-
ical tautomer averaged over twelve SMD simulations of 1ps each. See

fgure 4.1 to see atom labels.

Apart from the different profles for each case and method (The Jarzynski method
for H4 profles was not very useful, for the hysteresis and the non-adiabaticity, which
translated in a wider variety of "trajectory styles", implies that probably a great num-
ber of trajectories would be needed to obtain a reliable result, and UI and WHAM
were employed instead), we calculated a Free Energy Map with WHAM, and the
conceptual conclusions are the ones summarized above: We see that all the mu-
tagenic confgurations are extremely unstable, and the return to the canonical tau-
tomer must be extremely quickly (below the femtosecond scale, according to Eyring
equation).

FIGURE 4.13: Free Energy Map in environment computed with the
WHAM method [162] with the help of Grossfeld code [90].
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To corroborate this fnding, we have also performed a total of ffty free dynam-
ics starting from independent confgurations corresponding to the rare tautomer (we
thermalized the system in the rare tautomer confguration by means of Umbrella po-
tentials and then performed long runs from which we extracted independent seeds,
as done with our preparatory simulations). In all of them, we observe a ultra-fast
return to the canonical tautomer in few femtoseconds. This offers a strong contrast
with the case in vacuo, where the mutagenic confgurations in free dynamics are
observed to live several picoseconds, in rough agreement with the expected values
from the reverse barriers and the half-life time given by Eyring equation.

FIGURE 4.14: Evolution of the distances d1 = d(H1, N1) and d2 = 
d(H4, N4) in a very long ( 100 ps) Free Dynamics starting from the
rare tautomer. The confguration space is barely visited outside the

canonical tautomer.

To further elucidate the nature of the rare tautomer, we have studied the be-
haviour of the protons in their respective bridges. Figure 4.15 shows the proba-
bility distribution functions (PDFs) for the distances H4-O6 and H4-N4 in the rare
tautomer confguration, i.e. adding a fat-bottom bias potential that restrains the
distance H1-N1 to be ∼ 1.7–2.1 Å. To construct the PDFs we perform long US sim-
ulations of 50 ps and use the Kernel Density Estimator[163] over the time series of
the distances. In this approach, the Density of a Random Variable is constructed by
accumulating gaussians centered at each point sampled; that is, if we have results
x1, x2, . . . , xN , all extracted from independent copies of a same Random Variable, X,
the density, f , of X can be estimated as:

1 N 1
� 

x − xj
� 

f (x) = ∑ G ,
N σ σj=1

(2π)−1/2e−x2/2where G is the standard normalized gaussian, G(x) = . In the gas
phase the rare tautomer is fully formed, with a H4-O6 distance ∼ 1.1 Å and a H4-N4
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distance oscillating around ∼ 1.8 Å. In the DNA environment, however, there is a
drastic change in the PDFs. The H4-N4 and H4-O6 PDFs are now both spread be-
tween ∼ 1.0-1.8 Å, and each of them is a superposition of two broad peaks centered
at ∼ 1.15 Å and ∼ 1.5 Å. This situation is an indication of a low-barrier hydrogen
bond (LBHB) in which the H atom can easily move between the O and N atoms;
these short and strong hydrogen bonds typically enhance the stability of certain tran-
sition states in enzymatic reactions and help the catalytic activity of the protein [95,
164, 165]. Thus, when the covalent bond H1-N3 is formed in the biomolecular en-
vironment, instead of forming the corresponding O6-H4 covalent bond (see Fig. 1),
the GC system prefers to form a O6-H4-N4 LBHB. This is due, in part, to the inter-
action with the surrounding water molecules, but also to the infuence of the rest of
the environment (e.g. see Fig. 3(a)). We remark that if the restraining bias potential
is removed, the GC system reverts in an ultra-fast process to the canonical tautomer;
thus, the LBHB discussed here is completely unstable (existing only in the virtual
scenario of H1 being bonded to N3). On the other hand, if we restrain the distance
H4-N4 to be ∼ 1.7–2.1 Å (instead of the distance H1-N1), the rare tautomer is fully
formed for both the gas phase and the DNA environment cases.

FIGURE 4.15: Probability Density Functions, calculated with the Ker-
nel Density Estimator (see text), from Umbrella Sampling Simulation.
Here, we see the probability density for the distances between the

atoms indicated in the legend (see fgure 4.1).

Also the Density of States projected over different atoms were calculated to as-
sess the different impact on covalent structure of different confgurations.
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FIGURE 4.16: Local Density of States (projected on the orbitals of the
oxygen atom O6 of the guanine, see fgure 4.1). It is seen that, when
the surrounding water molecules are present, the rare tautomer state
(defned here as d(N1, H1) > 1.8 Å) resembles more closely the inter-
mediate /activated complex state (defned as 1.4 Å< d(N1, N1) < 1.6

Å)

We have performed a detailed correlation analysis between the distance H1-N1,
other bond lengths, different partial charges and the electronic gap, with the idea
of trying to fnd to which degree are the different variables intertwined. To that
purpose, we have computed the linear Pearson correlation coeffcient, the Spearman
rank coeffcient and the Distance Correlation [166–168] between different pairs of
variables (see below).
For random variables x and y (x and y could be any variable in the system, like bond
lengths, partial charges, electronic gap, etc) with correspondent samples xj and yj,
the Pearson coeffcient is defned as

(x − x)(y − y) ∑j(xj − x)(yj − y) 
rxy = = q , (4.4)

σxσy ∑j(xj − x)2 ∑j(yj − y)2

where x denotes the mean of x and σx the standard deviation. The Pearson coef-
fcient yields then a number between -1 and 1 whose absolute value indicates the
degree of mutual dependence between the two variables. By its defnition, however,
it captures only linear dependencies between pairs of variables, but will yield small
values -even 0- for variables with non-linear relationships. That is why in situations
where a complete linear relationship cannot be assumed, it is interesting to calculate
non-linear correlations, such as the ones named above. One possibility is found in
the Spearman coeffcient, defned by calculating the Pearson coeffcient of the rank
variables (each point xj is assigned a value rkj, where rkj is the rank of xj in all the
set of values {xj}):

(rk(x) − rk(x))(rk(y) − rk(y)) 
Srxy = . (4.5)

σrk(x)σrk(y) 
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The more involved Distance Correlation, on the other hand, is defned by consid-
ering, from a variable x with sample xj, the set of distances between every possible
pair in the sample:

|xj − xk|,

and by constructing a centered version of such variable:

1 1 1
∑ ∑ ∑ 

j0,k0 
|xj0 − xk0 |.dxjk = |xj − xk| − |xj − xk0 | − |xj0 − xk| + 

n2n nk0 j0 

Then we can construct the Pearson correlation coeffcient for the variables dx and dy:

dx · dy
drxy = . (4.6)

dx · dx · dy · dy

This quantity is zero if and only if x and y are independent random variables and
the comparison with Pearson linear coeffcient can be used to extract the degree of
non-linear correlation between two variables.

Both in environment and in vacuo, the no-linear Distance Correlations is ob-
served to be slightly larger that the linear correlation, which indicates a degree of
non-linear dependence. Besides, the correlation is slightly greater in environment,
where the Pearson coeffcient is observed to be ∼ 0.45 for the correlation with the
charges in the hydrogens and in the guanine and around 0.35 in vacuo.

H1,H4 MP,[d4,d5,d6,d7] MP,[H1,H4,G,C] MP,gap

In Vacuo H1
0.89
0.90

0.65,0.77,0.63,0.68
0.66,0.80,0.65,0.70

0.44,0.50,0.42,0.21
0.52,0.65,0.43,0.21

0.13
0.15

Environment H1
0.88
0.90

0.59,0.79,0.58,0.70
0.60,0.80,0.58,0.70

0.45,0.44,0.42,0.25
0.58,0.40,0.51,0.40

0.14
0.35

In Vacuo H4 (Direct
and Reverse)

0.88
0.88

0.59,0.75,0.61,0.65
0.63,0.80,0.66,0.74

0.23,0.74,0.42,0.20
0.23,0.77,0.55,0.40

0.22
0.30

In Environment H4 (Direct
and Reverse

0.91
0.89

0.57,0.81,0.67,0.72
0.67,0.83,0.68,0.74

0.26,0.71,0.13,0.06
0.30,0.72,0.55,0.58

0.22
0.29

TABLE 4.1: In this table we present the values of the Pearson corre-
lation coeffcient (frst row on each entrance) and the non-linear dis-
tance correlation coeffcient (second row on each entrance) in Steered
Molecular Dynamics. We calculate the correlation of the Moving Hy-
drogen (H1 or H4) with other variables, such as the other transferring
hydrogen, the distance of the heavy atoms which rearrange during
the process (second column), the partial charges (third column) and

the HOMO-LUMO gap.

4.4.2 Excited States

As mentioned above, a different relevant problem is proton transfer in excited states.
Radiation is major source of damage for the genetic code, and its interaction with
proton transfer has been the topic of many recent research works. [130–136]. We
have limited our study here to singlet excited states with no degeneracy, so we have
not made a full study of the problem, since we have not elucidated which is the
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most relevant excited state (which one is more accessible in terms of quantum yield
for typical dynamical confgurations of the base pair). Although this has yet to be
clarifed, our results in this case show, at least at the conceptual level, the same con-
clusions extracted from previous works; namely, that proton transfer becomes ther-
modynamically spontaneous on the excited state.

FIGURE 4.17: Free Energy of the proton transfer reaction in the
Ground state (as studied above) and in the singlet excited state. The
reaction coordinate in both cases, as before, is the distance d(H1, N1) 
and the Free Energy has units of kcal/mol. Interestingly, we see how,
in the excited base-pair, the proton transfer becomes spontaneous; i.e,

the rare tautomer is thermodynamically more stable.

Furthermore, in the Excited State, being a state with charge separation, the "chem-
ical common sense" does not apply and we cannot expect the hydrogen H4 to react to
the jump of H1. Indeed, when dragging H1 we obtain from Jarzynski equality -used
in the same way it was in the ground state case- the profle shown in fg. 4.17, and
for all of these reactions the hydrogen atom H2 remains linked to the cytosine and
does not start oscillating freely in a low-barrier-hydrogen-bond type of landscape,
as was the case in the Ground State.
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FIGURE 4.18: Example of a SMD simulation of 2000 steps (1 ps) in the
excited state considered, where the steering potential affects only the
distance d(H1,N1) . Blue: distance d(H1,N1). Red: Distance d(H4,N4)

(see fgure 4.1).

More than a mutagenic risk, this is actually seen as a potential defense mech-
anism against radiation damage, for the system may fnd it easier to decay to the
Ground State when proton transfer has taken place. After decaying to the Ground
State, the return to the canonical tautomer is, as we have seen, ultra-fast, so this
would constitute indeed a route out of the excited state. Whether this decay takes
place by conical intersection or other relaxation means is not clear, but our calcula-
tions of the electronic levels in Steered Molecular Dynamics simulations suggest that
the conical intersection could be present somewhere between the transition complex
and the fnal product.

FIGURE 4.19: SMD simulation of 7.5 ps where the distance d(H1,N1)
is dragged. We plot here the levels HOMO-1(blue), HOMO(red),

LUMO(green) and LUMO+1(pink).

The distribution of the electronic levels over the molecule also changes dramati-
cally in terms of the positions of the protons. While the HOMO level in the canonical
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tautomer is delocalized over the guanine and cytosine, in the rare tautomer, interest-
ingly, both the HOMO and the LUMO are strongly localized, respectively, over the
guanine and the cytosine.

FIGURE 4.20: HOMO orbital in the canonical tautomer

FIGURE 4.21: HOMO (above) and LUMO (below) orbitals in the rare
tautomer

This suggests that, in the excited state, the rare tautomer and close confgurations
can be states with a strong charge separation (ionized forms) between the two bases,
since the molecular orbitals where the electrons are ”jumping” from or to are seen
to be strongly localized on different basis. This motivates also the question of how
is the Free Energy profle for the proton transfer reaction in a charged system, a
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question that has been studied in some works and which, apart from its own interest,
could shed some light about the nature of the reaction in the excited state, whose
electronic structure seems to bear some resemblance to that of the charged system.
Our result shows that for the base-pair in environment with a positive charge of
+1, the proton transfer becomes, thermodynamically speaking, much easier and the
rare tautomer more stable with respect to the activated complex. Grosso modo, the
barrier for the cation implies that canonical tautomer will take around 1ns before
jumping, while the barrier for the Ground State gives an expected time of several µs.

FIGURE 4.22: Free Energy in kcal/mol in terms of the distance d1:
Comparison between the cation (red) and the neutral system (green),

using the reaction coordinate d(H1,N1) (see fgure 4.1).

4.4.3 Intra-molecular proton transfer in guanine

As mentioned before, another (potentially) important process is intra-molecular pro-
ton transfer, which could of course also yield rare tautomers. These type of processes
have been studied extensively in vacuo, and here we also provide Free Energy pro-
fles in guanine in the environment, both in single helix and double helix. The dis-
tinction is of interest because, during DNA replication, the single helix confguration
is closer to reality, and the differences in free energy are thus relevant. In vacuo, the
free energy differences of the two tautomeric forms were already known to be very
small, but the barriers were too high for this process to be very relevant in a short
time-scale. Indeed, the barrier that we here reproduce yields a expected lifetime of
... more than twenty years!

Here, we study the transfer of H1 from the nitrogen N1 to the oxygen O6, and we
calculate the Free energy of such a reaction in vacuo, in single helix and in a double
helix (as before, adding as well the solvent and stabilizing ions).
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FIGURE 4.23: Intra-molecular proton transfer in the guanine: Free
energy in kcal/mol in terms of the distance d3 between H1 and O6

(see fg. 4.1).

4.4.4 Conclusions

In summary, we have analyzed H transfer reactions in guanine-cytosine base-pairs
embedded in a realistic DNA biomolecular environment by means of free energy
calculations based on extensive QM/MM MD simulations. We fnd that, although
G*C* is metastable in the gas phase, this rare tautomer is not an accessible state in the
DNA environment, i.e. the inter-base GC → G*C* DPT reaction does not take place.
We have also analyzed the intra-base H transfer in Guanine for DNA in single helix
or double helix confgurations. Our calculations indicate that the DNA environment
changes dramatically the relative stability between the canonical and rare tautomers.
The QM/MM free energy calculations presented here for both inter-base and intra-
base H transfer reactions demonstrate the important role of the DNA environment
enhancing the stability of the genetic code against spontaneous mutations.
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Chapter 5

Hubbard-Hund Hamiltonians

" [...] está en la propia esencia del trabajo
teórico el que a menudo se muestra del
todo alejado de lo espectacular. No se ven
todas las tentativas que han ido a parar al
cesto de los papeles. En el mejor de los
casos, todo el trabajo, a veces de meses,
queda reducido a unos resultados
condensados en unas pocas cuartillas. Y
cuando éstos no se alcanzan, ni aun esto
queda. Parece entonces claro que uno nada
hizo. Afortunadamente, no ha sido éste el
caso en la presente ocasión"

Letter from Ramón Ortiz Fornaguera
to José María Otero Navascués, May

6th 1953

5.1 The problem and the model

As mentioned in chapter 1, the exchange-correlation functionals of DFT are insuff-
cient to explore the properties of systems with very high electronic correlation, like
the valence d-electrons of transition metals, which present strongly localized states.
In this chapter, we explore a model system from the point of view of OO-DFT (in-
troduced in chapter 1), compute the correlation energy and potential numerically by
exact diagonalization, formulate a DFT+U [44, 169] approach to account for many
body correlation effects beyond the scope of typical DFT, study a brief application
to the problem of spontaneous magnetization, and explore an scheme to calculate
approximately the many-body Density of States beyond perturbative calculations.
DFT+U is widely used method [170–173] to explore highly correlated systems, such
as -to mention just a few recent application- the effect of copper ions on NiFe layers
[170], the effect of doping on the magnetic properties of ZnO [171], the nature of the
Mott phase and the para/ferro-magnetic phases in a number of metallic oxides [173],
or also properties of biological systems such as the hemo complex [174, 175], where
the high correlation effects on the d-electrons of the magnetic core iron atom, with
an open-shell confguration, may be of interest to understand electronic transfer pro-
cesses. While it is based in principle in the Hubbard models, recent methodological
advances try to formulate schemes where also a exchange interaction is present in
the DFT+U functionals [176–178]. While other many body methods have been de-
veloped, like the celebrated GW method [43] or approaches based on the numerical
renormalization group, DFT+U offers an excellent balance between precision and
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computational cost and simplicity.

The advantage of the OO-DFT formalism in this case is obvious, since the lo-
calized orbitals whose occupation numbers are used to defne the Hohenberg-Kohn
theorems and the Kohn-Sham approach (see chapter 1) are the same localized or-
bitals used in the model for which the DFT+U functionals are defned. Thus, in this
framework, DFT+U can be formalized and the models explored can be regarded as
analogies of jellium (the HEG): A model in which we can compute exactly (or with
great accuracy) the exchange-correlation energy, and which is used later as the start-
ing point to calculate the correlation of more complex systems that locally resemble
the studied model.

We start by writing down the Kanamori-like Hamiltonian [179] for the iσ-states
of a magnetic atom with 2M-levels:

U0 
ĤA =∑ eiσn̂iσ + U ∑ 

i
n̂i↑n̂i↓ + ∑ n̂iσn̂jσ+2iσ i 6=j

(5.1)
U0 − J J † †

jσ ĉjσ ˆ∑ n̂iσn̂jσ − ∑ ĉ ciσ ĉiσ2 2i 6=j i 6=j

FIGURE 5.1: Schematic representation of our model system. An
atomic shell of 2M iσ-orbitals (left), described by the atomic Hamil-

Ĥattonian , eq. 5.1, is connected to different channels (right), that
simulate the effect of the environment, by means of a one-electron

ĤOEHamiltonian , eq. 5.2. Each channel is simulated by a chain of
three sites; in each super-chain (the atomic level plus the chain) we

assume to have always four electrons
.

In Equation 5.1, ĉi
†
σ, ĉiσ and n̂iσ are the usual creation, annihilation and number

operators, respectively, associated with the orbital (M) and spin (2) states (iσ). U
(U0) is the Coulomb-interaction between the i ↑, i ↓ (i ↑, j ↓) orbitals, while U0 − J
is the interaction between iσ and jσ. J represents the exchange interaction between



1115.1. The problem and the model

orbitals with the same spin. The last term of the Hamiltonian represents a typical
spin fip term for the iσ and jσ states, and its contribution is needed in order for
the Hamiltonian to be rotationally invariant if U = U0 + J [180]. In our model, we
assume each atomic orbital to interact with the environment through a channel that
we simulate by three degenerate orbitals (see Figure 5.1), using the following one-
electron Hamiltonian:

n.n. � � � � 
ĤOE † † † †= ∑ ejασn̂jασ+ ∑ t ĉjασ ĉjβσ + ĉjβσ ĉjασ + ∑ T ĉjσ ĉjα1σ + ĉjα1σ ĉjσ , (5.2)

jασ j,α 6=β,σ jσ 

where greek indexes (α, β) refer to states of one chain and j refers to the super-chain
{ j, jα1, ... }.

The ground state of Ĥt = ĤA + ĤOE is calculated numerically, using a space of
electronic confgurations defned by the restrictions of having zero total spin and 4
electrons in each super-chain. Notice that due to the spin fip term in ĤA, the spin
in each super-chain for a given confguration can be different from zero.

The value of t has been changed in a range from 0 to T, for M = 2, and we have
found it to have a minor effect on the atomic correlation energy (see details below).
Accordingly, we have analyzed the cases M = 3 or M = 5 taking t = 0, i.e. reducing
each chain to only one atom, since for t 6= 0 these calculations are numerically very
demanding.

U
In the Hubbard case, J = 0, the atomic hamiltonian Ĥat = 

2 ∑α,σ 6=β,σ0 n̂ασn̂βσ0 

can be recasted as:
U � � 

Ĥat = N̂ N̂ − 1 .
2

This is interesting because it makes evident the rotational symmetry. Algebraically
speaking, a hamiltonian is rotationally symmetric when it commutes with the rota-
tion operator. The infnitesimal generator of the rotations is the angular momentum

e−iαL̂·êoperator, L̂, and so the rotation operators are of the form Rα,ê = , where ê is
the rotation axis and α is the angle.

In the Hubbard-Hund case (J > 0), rotational symmetry is more involved, and,
as commented above, depends on the particular relation between the many-body
parameters. In this case, it is important to include also the spin operator, Spin Ŝ = 

†ĉασ ~~ Sσσ0 

For any number of orbitals, imposing the relationship U = U0 + J makes possible
to recast our hamiltonian 5.1 as :� 

U − 
� �� ̂ ˆ3J N N − 1

2 2
− JŜ2, (5.3)

∑α,σ,σ0 Sσσ0 ĉασ0 , where the are Pauli’s matrices.

~~̂ ˆwhich makes explicit the rotational symmetry since [Li, 0 and [Li,
any component (i) of the angular momentum operator.

For systems with three orbitals, if we add the double-hopping term to the atomic
† †hamiltonian, 2

J ∑i 6=j,σ ĉiσ ĉiσ ĉjσ ĉjσ, the most natural relationship, U = U0 + 2J, which
arises in a natural way when considering rotations of the p−orbitals, also takes us
to a rotationally symmetric hamiltonian,

ĤA = (U − 3J) 
� �ˆ ˆN N − 1

2
− 2JŜ2 − J

L̂2
2

5
+ JN̂,

2
(5.4)

Ŝ2] N̂] 0 for= = 
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which in this case includes an explicit dependence on the total angular momen-
tum. When looking at the energy or the potential, the distinction between the cases
U = U0 + J (without double-hopping) or U = U0 + 2J (with double-hopping) is
not important: The change is associated with the modifcation of the energy gap,
[E(M + 1) − E(M)], that in the new Hamiltonian is U + (M − 1)J = U0 + (M + 1)J,
while in the case U = U0 + J takes the value U + (M − 1)J = U0 + MJ. This suggests
that both Hamiltonians yield the same VA U, Ũ0 J̃ for thee f f ,iσ if we use parameters ˜ ,
new case such that Ũ0 − J̃ = U0 − J and Ũ0 + (M + 1) J̃ = U0 + MJ, an equivalency
that we have checked numerically. However, when studying the many-body Green
function and DOS, the pole structure of hamiltonian 5.4 is much more complicated,
and thus we have limited ourselves to the study of the U = U0 + J case.

5.2 Exchange-Correlation

As discussed in chapter 1, we can generalize Hohenberg-Kohn theorem and write
HOEthe total energy, Et, associated with Hamiltonian, Ĥt = ĤA + ˆ , as a func-

EOE + EAtion of the occupation numbers niσ = hn̂iσi, in such a way that Et = = 
EOE + ∑iσ eiσniσ + EA HOEi, EA

Hx[niσ] + EA [niσ], with EOE = h ˆ Hx[niσ] and EA [niσ] be-corr corr
ing respectively the Hartree-exchange and correlation energies of ĤA (in this model

†hĉiσ ĉjσ0 i = 0 and there is no intra-atomic hopping).
These quantities, EOE, EA

corr, can be calculated using the Kohn-Sham ap-H and EA

proach and the exact solution of the effective Hamiltonian:� � 
Ĥe f f ĤOE VA= + ∑ eiσn̂iσ + ∑ Hx,iσ + VA n̂iσ (5.5)corr,iσ 

iσ iσ 

where VA = ∂EA = ∂EA
Hx/∂niσ and VA /∂niσ. The Hartree-Fock energy, EA

Hx,iσ corr,iσ corr Hx,
neglecting non-diagonal charges, is given by:

U0 U0 − J
EA

Hx(niσ) =U ∑ ni↑ni↓ + 
2 ∑ niσnjσ + 

2 ∑ niσnjσ 
i i 6=j,σ i 6=j,σ 

U0 − J U0 − J (5.6)= N (N − 1) + ∑ niσ(1 − niσ) + JN↑N↓+2 2 iσ 

J ∑ ni↑ni↓,
i

where Nσ = ∑i niσ and N = N↑ + N↓.
To derive this expression, we just apply in our hamiltonian 5.1 the identity that

holds for expected values over Slater determinants, 1.69, which, when applied to a
many-body hamiltonian, is nothing but the Hartree-Fock approximation in second
quantization language.

On the other hand, we can calculate EA in the limit U/T → ∞ [181], taking into
account the frst Hund-rule:

U0 − J
EA = ∑ eiσniσ + N (2N − N − 1) + J(M + 1)(N − M)Θ(N − M), (5.7)

2iσ 

where N, an integer number, is defned as: N < N < N + 1, and Θ is the step
function; remember that M is the number of i-orbitals. To understand this result,
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consider frst the following compact way to write the total energy for integer values
in the atomic limit and Hund regime 1:

� � N(N − 1)
EA(N) = U0 − J + J(M + 1)(N − M)Θ(N + 1 − M) (5.8)

2
When the average charge is N ,the system will oscillate thus between the eigen-

states with N = bN c and N = bN c + 1 electrons. Each of this states has a weight,
respectively, α and β which must satisfy α + β = 1, but also Nα + (N + 1)β = N .
From these two relations we have the weights: α = N −N + 1 and β = N − N, and
then we can calculate

(N −N + 1) EA(N) + (N − N) EA(N + 1) = 
U0 − J

N (2N − N − 1) + J(M + 1)(N − M)Θ(N − M),
2

Combining Equations (5.6) and (5.7) leads to:

U0 − J U0 − J
EA (niσ) =EA − EA = δN (1 − δN ) − niσ(1 − niσ)corr Hx(niσ) − ∑ einiσ ∑2 2iσ iσ 

+ J(M + 1)(N − M)Θ(N − M) − JN↑N↓ − J ∑ ni↑ni↓,
i

(5.9)

for U/T → ∞, where δN = N − N takes values between 0 and 1, 0 < δN < 1
. For U0/T fnite, we can solve numerically the many-body problem and calculate
the correlation energy by means of the one-electron problem for the effective hamil-
tonian with the appropriate VA = VA This yields niσ , EA, and thecorr,iσ.
correlation energy, EA

e f f ,iσ Hx,iσ + VA

corr. In general, when tackling the problem with the atom con-
nected to the chains, we will need not only the Hartree-Fock energy, but also the
non-interacting Kinetic energy of the system. The expressions can then be derived
with respect to each niσ to get the potentials.

1Let us omit the irrelevant one-electron term ∑iσ einiσ in this argument. We can reincorporate it to
the global term later.
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5.2.1 The Hubbard case

(a) (b)

(c) (d)

(e) (f)

FIGURE 5.2: Correlation potential as a function of niσ in units of U
for the Hubbard case for U/T = 4 (a), 6 (b), 8 (c), 12 (d), 16 (e), 64
(f). Blue solid line: exact (numerical) correlation potential. Dashed

orange line: ft using eqs. 5.11 and 5.12

We present our results discussing frst the case eiσ = 0, niσ = N /2M and M = 2, in
the Hubbard limit: J=0 and U = U0 . Figure 5.2 shows VA for U/T = 4, 6, 8, 12, 16,corr
64 as a function of niσ. For U/T = 64, the result is close to the atomic limit:� � � � 

1 1
VA

corr,iσ(niσ) = −U − niσ + U − δN , (J = 0); (5.10)
2 2� �1notice that U 2 − δN is a periodic function in the intervals N < N < N + 1, with

a saw-tooth behaviour, [181] and that VA = U(−δN + niσ). This shows thatcorr,iσ 
VA = VH

A
,iσ + VA UN, indicating that in this limit VA= e f f ,iσ is discontinuous,e f f ,iσ corr,iσ 

with the atomic level jumping by U when N crosses an integer number. Equation
(5.10) suggests to ft the calculated values of VA

corr,iσ for different U/T (see Figure 5.2)
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FIGURE 5.3: EA (ni,σ) in units of U for the Hubbard case, J = 0,corr
M = 2 and m = 3, and different values of U/T = 4, 6, 8, 12, 16, 64

(top to bottom).

by means of the equation: � � � � 
VA = −F1U

1 − niσ + F2U
1 − δN , (J = 0); (5.11)corr,iσ 2 2

where

Fk(x) = fk tanh(αkx(1 − x)) (5.12)

(k = 1, 2), x = niσ or δN , and αk is a constant.

(a) (b)

FIGURE 5.4: (a) Saw-tooth behaviour of the periodic part of the cor-� � 
1relation potential, U 2 − δN , in units of U for M = 2; N = 

∑iσ niσ. The jump between the minima and the maxima is exactly U.
(b) Atomic levels EA(N) − EA(N − 1) = 0, U, 2U, 3U, for different
atomic charges, N = 1, 2, 3, 4. Notice that the jump in the atomic lev-� � 

1els corresponds to the jump in U 2 − δN .
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U/T 4 6 8 12 16 32 64
f1 (0.60) 0.58 (0.67) 0.62 (0.78) 0.68 (0.86) 0.71 (0.89) 0.71 (0.94) 0.80 (0.96) 0.89
f2 (0.09) 0.15 (0.20) 0.24 (0.30) 0.31 (0.42) 0.49 (0.52) 0.60 (0.71) 0.82 (0.85) 0.92
f3 0.15 0.24 0.35 0.51 0.65 0.79 1.0
α1 (8.6) 9.1 (9.1) 10.2 (9.8) 12.2 (12.4) 19.6 (14.3) 20.1 (36.3) 51.1 (50.0) 52.3
α2 (0.01) 0.08 (0.4) 0.8 (5.6) 6.2 (8.0) 8.2 (9.3) 14.1 (20.3) 17.5 (32.6) 32.1
α3 25.2 41.2 48.7 63.4 78.5 87.3 165.5
α4 17.0 20.8 31.0 33.1 38.0 51.4 196.1

TABLE 5.1: Values of fi and αi for the Hubbard (in parenthesis) and
Hubbard-Hund cases.

In these Equations F1(niσ) ≈ f1 (constant) and F2(δN) ≈ f2 (constant, too) except
for niσ or δN , respectively, close to 0 and 1, since α1 and α2 in eq. (5.12) are typically
much larger than 1 (see Table 5.1). For U/T << 4, our ftting yields f1 ≈ f2 ≈ 0,
while for U/T >> 64, we fnd the atomic limit with f1 ≈ f2 ≈ 1. Table 5.1 shows f1,
f2, α1 and α2 as a function of U/T.

Figure 5.5 shows VA
e f f ,iσ for different values of U/T.� � � � � � 

1 1 1
VA − niσ + U N − + F2U − δN ; (J = 0).e f f ,iσ ≈ (1 − F1)U 2 2 2

(5.13)
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(a) (b)

(c) (d)

(e) (f)

FIGURE 5.5: Effective potential as a function of niσ in units of U,
VA = VA

corr,iσ, in the Hubbard case for U/T=4, 6, 8, 12,e f f ,iσ H,iσ + VA

16, 64, ordered from left to right and from top to bottom.

For U/T = e f f ,iσ is close to the atomic limit64, f1 and f2 approach 1, so that VA

( f1 ≈ f2 ≈ 1) with a staircase behavior. For U/T = e f f ,iσ is close to a straight4, VA � �1line, indicating that we can neglect the fuctuating term F2U 2 − δN , and approx-� � 
1 � � 

imate Equation (5.13) by (1 − F1)U − niσ + U N − 1 , and VA by (1 −2 corr,iσ2� �1F1)U 2 − niσ .
Notice that equation (5.13) is valid in the limit U/T → 0, F1 ≈ F2 ≈ 0, for any

values of niσ even if niσ 6= njσ0 . Moreover, it should be also realized that the atomic
limit, U/T → ∞, of EA in eq. (5.7) for J = 0, 2

1UN(2N − N − 1), only depends on
the energy of the states with N and (N + 1) electrons, a value that is independent
from the particular occupation of the iσ states. This indicates that the atomic limit
of eq. (5.13) is also valid for niσ 6= njσ0 . Those two limits suggest that eq. (5.13)
is an appropriate interpolation of VA 6= with F1 and F2 close to thee f f ,iσ for niσ njσ0 

values given in Table I. This has been checked calculating the case n1↑ = n1↓ 6= 
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n2↑ = n2↓. Figure 5.6 shows Vcorr
A

,iσ along the lines n1σ − n2σ = 0.1; n1σ + n2σ = 1 and
n1σ + n2σ = 0.9 for U/T = 12, compared with eq. (5.13).

(a) (b)

(c)

FIGURE 5.6: Correlation potential in units of U, in the Hubbard case
for U/T = 12 along different relevant directions: (a) n1↑ − n2↑ = 0.1;
(b) n1↑ + n2↑ = 1; (c) Curve n1↑ + n2↑ = 0.9. The potentials are cal-
culated as derivatives of the correlation energy along the direction of
the corresponding lines n1 ± n2 = const; these potentials are plot-
ted against n1   n2. The solid blue line is the exact result, while the

dashed line represents our ft using eqs. 5.11 and 5.12

We have also computed maps for the correlation energy for different numbers of
levels, where we have also tested our ftting, also with J > 0.

FIGURE 5.7: One Example: Correlation energy for M = 3, m = 1, U/T
= 32 in the Hubbard-Hund case (J=0.1U). The horizontal axis indicates
the occupation number of two orbitals, and the vertical axis is the

occupation number of the third orbital.
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Another possible test is to look at exact correlation energies in terms of the mag-
netization: For example, for the symmetric case (ni↑ + ni↓ = 0.5) we can calculate
the correlation potentials in terms of the magnetization m, m = ni↑ − ni↓ by plug-
ging different magnetic felds and checking how the system responds in the exact
numerical solution, and check that our fttings 5.11,5.12 also hold.

FIGURE 5.8: An example: Correlation potentials for the symmetric
case (ni↑ + ni↓ = 0.5) in the Hubbard-Hund case for U/T = 6. In blue,
positive, the correlation potential for the spin up levels; in orange,

negative, the correlation potential for the spin down levels.

5.2.2 The Hubbard-Hund case.

Figure 5.9 shows our numerical results for VA
corr,iσ taking J = 0.1U and U = U0 + J .

In the atomic limit, U/T → ∞, VA
corr,iσ is given by:� � � � 

1 � � 1
VA = −(U0 − J) − niσ + U0 − J − δNcorr,iσ 2 2 (5.14)

− J (Nσ + niσ) + (M + 1)JΘ(N − M) 

Notice that the frst two terms of this equation are the ones found in Equation
(5.10) changing U by (U0 − J); the last two terms are new contributions associated
with J. Equation (5.14) suggests to ft our calculations for VA

corr,iσ (see fg. 5.9) by the
following potential: � � � �� � 1 � � 1

VA = − F1 U0 − J − niσ + F2 U0 − J − δNcorr,iσ 2 2 (5.15)
− F3 J (Nσ + niσ) + F4 J(M + 1) 

where F1 and F2 have the same functional form as in equation (5.12), and:
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(a) (b)

(c) (d)

(e) (f)

FIGURE 5.9: Correlation potential as a function of niσ in units of U in
the Hubbard-Hund case for U/T=4, 6, 8, 12, 16, 64. Blue solid line:
exact (numerical) correlation potential. Dashed orange line: ft using

eqs. 5.15 and 5.12
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(a) (b) � � 
1FIGURE 5.10: (a) Sawtooth behaviour of (U0 − J) 2 − δN + J(M + 

1)Θ(N − M), see equations (5.14) and (5.15), in units of U for M = 
2; (b) Atomic levels, EA(N) − EA(N − 1) = 0, U0 − J, 2U0 + J, 3U0 ,
for different atomic charges, N = 1, 2, 3, 4. Compare with fg. 5.4;
the jump between the levels for three and two electrons, U0 + 2J is

refected in the jump in (a) for niσ = 0.5.

FIGURE 5.11: As Fig. 5.3 for the Hubbard-Hund case, J = 0.1 M = 2
and m = 3, and different values of U/T = 4, 6, 8, 12, 16, 64 (top to

bottom).
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(a) (b)

(c) (d)

(e) (f)

FIGURE 5.12: Effective potential as a function of niσ in units of U,
VA = VA

corr,iσ, in the Hubbard-Hund case for U/T=4, 6, 8,e f f ,iσ H,iσ + VA

12, 16, 64.

F3 = f3 tanh (α3x(M + 1 − x)) ; (x = Nσ + niσ) (5.16)
F4 = f3/ [1 + exp (−α4(N − M))] 

As in the Hubbard case, we can write F1 ≈ f1, F2 ≈ f2 and F3 ≈ f3 if the cor-
responding variables are not close to their edge limits: 0 or 1 for niσ and δN , 0 or
M + 1 for x = Nσ + niσ, and M for N . On the other hand, for small values of U/T
(U/T << 4), fi → 0, and VA = VA

Hx,iσ is given by:e f f ,iσ � � � �� � 1 � � 1
VA = U0 − J + U0 − J N − (5.17)e f f ,iσ 2

− niσ 2
+ J (Nσ + niσ) ,

while for U/T large (U/T >> 64) fi → 1 and
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� � � �� � 1 � � 1
VA = U0 − J N − + U0 − J − δN + J (M + 1) Θ(N − M). (5.18)e f f ,iσ 2 2

The last two terms in this equation are associated with the jump in the energy levels� �1of the isolated atom. While (U0 − J) 2 − δN yields the see-saw behaviour with
E(N + 1) − E(N) = U0 − J, for N 6= M, J (M + 1) Θ(N − M) is associated with the
energy difference E(M + 1) − E(M) = U0 + MJ between the M and M + 1 levels.

In general, from our ft for VA
e f f ,iσ can be well-ftted by:corr,iσ, we see that VA

� � � � � �� � 1 � � 1 � � 1
VA = (1 − F1) U0 − J − niσ + U0 − J N − + F2 U0 − J − δNe f f ,iσ 2 2 2

+ (1 − F3) J (Nσ + niσ) + F4 J(M + 1).
(5.19)

We show in Table 5.1 the values of f1, f2, f3, α1, α2, α3, α4 as calculated in our
ftting. In general, f1 and f2 are similar to the values given for the Hubbard case,
although f1 is a little smaller (and f2 a little larger): this is due to the effective U
of this case that is smaller, U0 − J = U − 2J = 0.8U. While in the Hubbard case
f1 varies monotonically, in the Hubbard-Hund case it is observed to have a plateau
for values of U/T between 8 and 16. This seems to be due to the transition to the
Hubbard-Hund regime: indeed, defning the Hund subspace as those confgurations
satisfying the frst Hund rule, we have calculated that the projection of the ground
state over the Hund subspace is 66 %, 83%, and 95% for U/T = 4, 8 and 12, respec-
tively. It is also interesting to realize that for U/T ≤ 6, f2 and f3 are small so that
VA

e f f ,iσ can be approximated by� � � �� � 1 � � 1
VA = (1 − F1) U0 − J − niσ + U0 − J N − + J (Nσ + niσ) . (5.20)e f f ,iσ 2 2� � � �1 1In this case, only the term (U0 − J) 2 − niσ is screened to (1 − F1) (U0 − J) 2 − niσ 

by correlation effects while the exchange contribution J (Nσ + niσ) remains almost
unchanged.

5.2.3 M=3 and M=5.

Up to now, we have considered M=2 with 3 levels (m=3) in each of the two channels
introduced in our model, see Figure 5.1. Analyzing a similar case with M= 3 or 5 is
not an easy task because the exact solution of the corresponding many-body problem
is numerically very demanding. Exact diagonalization is no longer possible, and
thus we have taken, for M = 3 or 5, channels with only one level (m = 1). This
simplifcation yields a good approximation to the more complete case with m = 3 as
we have checked comparing, when, M = 2, the case m = 1 with the case m = 3 for a
range of values of the hopping in the metallic chain, t (see eq. 5.2) . Thus, Figure 5.13
shows VA

corr,iσ for the Hubbard-Hund case, M = 2 and m = 1 or 3; the values taken for
U/T are the same as in the other fgures. The comparison of both cases shows that
VA

corr,iσ is only slightly changed between m = 1 or 3 and that the deviation from the
case m = 1 is monotonously increasing on t. Similarly, fgure 5.14 shows the same
comparison in terms of the correlation energy.
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(a) (b)

(c) (d)

(e) (f)

FIGURE 5.13: Correlation potential as a function of niσ in units of U
in the Hubbard-Hund case for M = 2, m = 3 (dashed lines) and
M = 2, m = 1 (solid blue line, case t = 0.) for U/T = 4, 6, 8, 12, 16, 64,

ordered from left to right and from top to bottom.



1255.2. Exchange-Correlation

(a) (b)

(c) (d)

(e) (f)

FIGURE 5.14: Correlation energy as a function of niσ in units of U
in the Hubbard-Hund case for M = 2, m = 3 (dashed lines) and
M = 2, m = 1 (solid blue line, case t = 0.) for U/T = 4, 6, 8, 12, 16, 64.

Figure 5.15 shows VA
corr,iσ for M = 3 and m = 1, while Figure 5.18 shows the result

for M = 5 and m = 1, in both cases for the Hubbard-Hund case. Tables 5.2 and 5.3
give the values of f1, f2, f3, α1, α2, α3 and α4 for M = 3 or 5, and m = 1, as calculated
in our best ftting to VA

corr,iσ, as given by equation (5.15).
As in the case M = 2, for U/T ≤ 6, VA

e f f ,iσ can also be approximated by eq. 5.13,
with the term (U0 − J)(1/2 − niσ) screened to (1 − F1)(U0 − J)(1/2 − niσ) and the
exchange contribution, J (Nσ + niσ) unchanged

It is interesting to mention that in the more general Kanamori Hamiltonian, where
† †the double hopping term, 2

J ∑i 6=j ĉiσ ĉiσ ĉjσ ĉjσ, is included, and U is taken as U0 + 2J
in order to keep the rotational symmetry for M = 3, one can repeat the previous
arguments and show that VA

e f f ,iσ in equation (5.19) is still valid, changing only the
last two terms by (1− F3)J (Nσ + 2niσ) + F4 J(M + 2). The point to realize is that this
change is associated with the modifcation of the energy gap, [E(M + 1) − E(M)],
that in the new Hamiltonian is U + (M − 1)J = U0 + (M + 1)J, while in the case
U = U0 + J takes the value U + (M − 1)J = U0 + MJ. This suggests that both
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Hamiltonians yield the same VA U, Ũ0 J̃ for the new casee f f ,iσ if we use parameters ˜ ,
such that Ũ0 − J̃ = U0 − J and Ũ0 + (M + 1) J̃ = U0 + MJ, an equivalency that we
have checked numerically. We conclude that eq. (5.19) is quite general, adjusting
appropriately the last two terms to the value of [E(M + 1) − E(M)] as given by the
corresponding model Hamiltonian.

(a) (b)

(c) (d)

(e) (f)

FIGURE 5.15: Same as fg. 5.9 for M = 3, m = 1.
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(a) (b)

(c) (d)

(e) (f)

FIGURE 5.16: Effective potential, VA in units of U for thee f f ,iσ,
Hubbard-Hund case (J = 0.1U), for M = 3, m = 1 and U/T = 

4, 6, 8, 12, 16, 64.
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(a) (a)

1)Θ(N − M), see equation 5.14, in units of U for M = 3; (b) Atomic
levels, EA(N) − EA(N − 1) = 0, U0 − J,2(U0 − J), 3U0 + J, 4U0, 5U0 − J
for different atomic charges, N = 1, 2, 3, 4, 5, 6. The jump between the
levels for four and three electrons, U0 + 3J is refected in the jump in

(a) for niσ = 0.5.

FIGURE 5.17: (a) Sawtooth behaviour of (U0 − J) 
� 
+ J(M + 

� 
1
2 − δN

(a) (b)

(c) (d)

(e) (f)

FIGURE 5.18: Same as fg. 5.9 for M = 5, m = 1.



5.2. Exchange-Correlation 129

(a) (b)

(c) (d)

(e) (f)

FIGURE 5.19: Effective potential, VA in units of U, for thee f f ,iσ 
Hubbard-Hund case (J = 0.1U) for M = 5, m = 1 and U/T=4, 6,

8, 12, 16, 64.

It is interesting to realize that VA
e f f ,iσ is practically a straight line for U/T ≤ 6 for

M = 3 or 5 except for a small bending ni,σ near 0 or 1; even for U/T = 8 we fnd
only small kinks around ni,σ ≈ 0.5. This shows how VA

e f f ,iσ can be well approximated
by by neglecting the dependency on δN on eq. 5.10 for U/T ≤ 6.

U/T 4 6 8 12 16 32 64
f1 (0.65) 0.55 (0.70) 0.68 (0.80) 0.71 (0.83) 0.69 (0.92) 0.71 (0.88) 0.76 (0.94) 0.82
f2 (0.00) 0.00 (0.05) 0.03 (0.10) 0.09 (0.14) 0.17 (0.31) 0.33 (0.55) 0.61 (0.76) 0.80
f3 0.15 0.20 0.24 0.37 0.67 0.91 1.0
α1 (10.3) 10.1 (10.5) 11.2 (11.8) 12.3 (15.4) 17.9 (16.7) 22.4 (27.8) 45.3 (62.0) 71.7
α2 (0.01) 0.08 (0.3) 0.4 (2.6) 4.7 (5.7) 8.2 (9.7) 13.5 (22.6) 25.1 (40.9) 36.6
α3 25.2 41.2 48.7 63.4 78.5 87.3 165.5
α4 17.5 24.2 36.6 39.3 44.2 55.7 167.2

TABLE 5.2: Same as Table I for M = 3, m = 1.
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FIGURE 5.20: EA (ni,σ) in units of U for the Hubbard-Hund case,corr
J = 0.1U, M = 3 and m = 1, and different values of U/T = 

4, 6, 8, 12, 16, 64 (top to bottom).

FIGURE 5.21: EA (ni,σ) in units of U for the Hubbard-Hund case,corr
J = 0.1U, M = 5 and m = 1, and different values of U/T = 

4, 6, 8, 12, 16, 64 (top to bottom).
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U/T 4 6 8 12 16 32 64
f1 (0.66) 0.57 (0.73) 0.70 (0.82) 0.73 (0.86) 0.70 (0.88) 0.72 (0.94) 0.79 (0.96) 0.82
f2 (0.02) 0.01 (0.09) 0.09 (0.19) 0.17 (0.30) 0.32 (0.44) 0.51 (0.62) 0.66 (0.84) 0.93
f3 0.15 0.21 0.33 0.54 0.74 0.99 1.0
α1 (11.7) 12.1 (13.7) 22.1 (14.4) 27.2 (19.1) 34.2 (26.4) 41.8 (38.3) 87.6 (63.7) 78.6
α2 (0.01) 0.08 (0.3) 0.3 (4.6) 5.1 (9.2) 7.5 (10.5) 19.7 (25.4) 27.5 (35.3) 38.4
α3 25.2 41.2 48.7 63.4 78.5 87.3 165.5
α4 11.3 14.0 31.5 47.3 48.6 154.8 291.6

TABLE 5.3: Same as Table I for M = 5, m = 1.

5.3 DFT+U

The previous analysis can be used to derive a DFT+U potential appropriate for a
magnetic atom within an environment as described by the model system shown in
fgure 5.1. For this purpose we introduce the effective potential associated with the
double counting energy, Edc

DFT , which is already included in the DFT-calculation.
Different double counting contributions have been proposed in the literature [182],
however here for the sake of simplicity we follow Lichtenstein et al. [183] and defne:

1 1 1
Edc U0N (N − 1) −= JN↑(N↑ − 1) − JN↓(N↓ − 1), (5.21)DFT 2 2 2

where the Coulomb interaction between electrons is approximated by 1
2U0N (N − 

1), and the exchange interaction is given by 1
2 JN↑(N↑ − 1) + 1

2 JN↓(N↓ − 1). Then,
the double counting energy associated with a spin-independent DFT calculation is
obtained by taking N↑ = N↓ = N /2, so that:

Edc
DFT = 1

U0N (N − 1) − 1 JN (N − 2). (5.22)
2 4

Combining eq. 5.19 with Vdc = (U0 − J)(N − 1 ) + 1 JN , leads to the followingDFT 2 2
DFT+U potential: � � � � 

VDFT+U,iσ =(1 − F1)(U0 − J) 1 − niσ + F2(U0 − J) 1 − δN +
2 2 (5.23)

1
(1 − F3)J (Nσ + niσ) − JN + F4 J(M + 1).

2

The frst term, (1 − F1)(U0 − J)(1/2 − niσ) , represents the conventional DFT+U
potential with (U0 − J) instead of U, screened by (1 − F1), while the term F2(U0 −� � 
J) 1 − δN is associated with the jump (U0 − J) in the atomic levels. The fol-

2
lowing exchange terms proportional to J, are dominated by (1 − F3)J(Nσ + niσ); it
represents the exchange potential interaction screened by (1 − F3), that tends to fa-
vor magnetic solutions of the atom because for δniσ = −δniσ > 0, δViσ < 0, this shift
increasing the atomic magnetization.

It should be mentioned that in the limit U/T → 0, with F1 ' F2 ' F3 ' F4 → 0,
with no correlation effect,the resulting DFT+U potential has already been described
in the seminal work of Anisimov el al. [44, 184], using a mean feld approximation for
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the Hubbard Hamiltonian. Our work shows how those contributions are modifed
by going beyond that mean feld solution.

Let us now apply previous arguments to two cases that have been abundantly
discussed in the literature: 3d-transition metal oxides, MnO, FeO,CoO and NiO, and
metal Fe. For the 3d-metal oxides Anisimov et al [184] have calculated, using a con-
strained LDA-approach, values of U0 around 7.5 eV and J around 0.9 eV; the Density
of States (DOS) for these materials [44, 185] yield bandwidths, Δ, in the order of 4.5
eV. From this value, we can calculate the effective hopping, T, for the channels of Fig-√ 
ure 5.1, using the equation T = Δ/ 12 given by Desjonqueres and Spanjaard [186].
These values lead to the following quantity: U0/T = 5.8; for M = 5, we fnd that
F1 ' 0.7, F2 ' 0.1 and F3 ' 0.2. Then equation (5.23) indicates that (U0 − J) = 6.6
eV is screened to 2.0 eV, while J is slightly changed to 0.7 eV. These results are in
good agreement with GGA+U calculations [185] that have suggested that in that
approach (U0 − J) should be reduced to an effective value of around 3 eV in order
to obtain a good density of states for these 3d-metal oxides. Metal Fe represents a
similar case, because constrained LDA calculations [44] lead to U0 = 6 eV; in metal
Fe, Δ is around 4 eV, a value that leads to U0/T around 5.5. As in the previous case,
this quantity indicates that (U0 − J) is screened to 1.8 eV, in good agreement with
the effective value of U, around 2.2 eV, calculated by Cococcioni and Gironcoli [182]
using a ’linear response’ approach.

These two examples show that in the DFT+U calculations of the 3d-transition
metal crystals, (U0 − J)(1/2− niσ), in equation (5.23), is much more strongly screened
than the Hubbard-Hund term, J (Nσ + niσ). This result suggests that this Hubbard-
Hund term might be the dominant contribution in the formation of the atomic mag-
netism [187].

5.4 Stoner parameter and magnetism

An interesting application of the ftting found above for the correlation potential is
the study of how a system such as the one described by fg. 5.1 and eq. 5.1 can
become magnetic for certain values of U/T. By adding a magnetic to hamiltonian
5.1 we can see how the charges split in spin-up and spin-down component. Fur-
thermore, this information is useful to compute the Stoner parameter, I, and thus
investigate when the system might favour magnetic solutions. Here we frst show
explicitly how, in the two level system, with a magnetic feld which is 1% of U, mag-
netization appears for different values of U/T as we explore different values of the
metallic band (EF). However, this model, based on a very short metallic chain, is
not convenient to explore the magnetic properties of a real system, which is highly
dependent of the true shape of the density of states.
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(a) (b)

(c) (c)

FIGURE 5.22: Magnetization for different values of U/T in our
Kanamori model as we increase the energy of the metallic level (and

thus occupation in the atom)

Therefore, some more realistic estimations for the DOS need to be extracted, for
example for a semi-infnite chain, which, in the symmetric case, n = 0.5 yields at the

DFermi level a density given by eq. B.19, ρ0(Ef ) = 
πT2 , where D is the bandwidth

of the semi-infnite chain. Reasonable estimations for D, T, U and J can be obtained
from accurate plane wave calculations for the band structure of solids [188]. Using
our ft for the effective potential and a DOS such the one from the semi-infnite chain
(see the appendix for a complete derivation), we can use a self-consistency scheme
to fnd solutions with a LD approach for more complex model. Given initial charge
and magnetization, n and m, we compute the effective potential, Ve f f , which in turn
yields new charges and magnetization.

In the Stoner Model, the effective potential is written in terms of the spin-less
density and the magnetization and then is expanded to linear order in the magneti-
zation (an approximation which should be valid when m is small compared to n):

1
Vstoner = V0 IM,e f f ασ e f f ασ ± 

2

where V0
e f f ασ is the effective potential for zero magnetization and M is the total mag-

netization, M = ∑α nα↑ − nα↓. In practical calculations, thus, I can be calculated
by introducing effective potentials reproducing a given atomic N and a given small
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magnetization M and computing:

e f f e f fvασ (N , M) − vασ (N , 0)
I = 2 . (5.24)

M

The Stoner criterion states that the Ground State will have M > 0 whenever

I · DOS(EF) > 1. (5.25)

We can use eq. 5.15 to understand the Stoner parameter in our ft. First, let us
introduce some defnitions:

nα = nα↑ + nα↓ (5.26)
mα = nα↑ − nα↓ 

and let us rewrite all the dependencies in the correlation potential, which were in
terms of nασ, now in terms of nα, mα.

We can take eq. 5.15, substitute the dependencies on niσ by dependencies on ni
and mi, derive with respect to mi and make all mj = 0 to get here the XC contribution
to the Stoner parameter in our ft:

∂VA � � � 
corr,i↑ f1

�α1
�α3

� 
|m=0 = U0 − J tanh ni(2 − ni) + f3 J tanh (N + ni)(2L + 2 − N − ni)

∂mi 2 4 4� �2 � �(1 − ni) � �α1− f1α1 U0 − J sech2 ni(2 − ni)2 4
1 �α3

� 
− f3α3(N + ni − L − 1)(N + ni)Jsech2 (N + ni)(2L + 2 − N − ni) .

2 4
(5.27)

However, studying the central cases, 0 << n << 1, it is possible to neglect
the derivatives of the hyperbolic tangents and make them equal to 1, so that in the
simplest case we would get just:

∂VA � �corr,i↑ f1|m=0 ≈ U0 − J + f3 J. (5.28)
∂mi 2

Our calculation for the Stoner parameter in our model, using our ftting 5.10 and
the atomic DOS induced by the semi-elliptic metallic DOS, see eq. B.17, yields, for
the case of three atomic levels, as a result an increasing curve for I · DOS(EF) which
surpasses 1 around U/T ≈ 3.8.
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(a) (b)

(c)

FIGURE 5.23: Evolution of the Stoner parameter to predict magnetic
instabilities in the symmetric case ni↑ + ni↓ = 1

This is in good agreement with what we observe directly when looking at the
magnetization in an atom connected to a metallic band:

(a)

FIGURE 5.24: Magnetization, ni↑ − ni↓, in terms of U/T for the sym-
metric case, ni↑ + ni↓ = 1 with all atomic levels degenerated. The
transition happens at around U/T ≈ 3.8 and for the values of interest
the system has become fully magnetic. The value of m is achieved by
a self-consistent procedure (see text), and a non-zero value indicates

that the system favors magnetic confgurations.
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To calculate this, we perform a self-consistent calculation: for a given initial mag-
netization, m, we calculate the effective potential (using our ftting 5.13) and plug in
into the eq. B.17 of the appendix B to get the density of states per spin:

T2ρm(ω)
ρσ(ω) = , (5.29)

(ω − Vσ(n, m) − T2R(gat)(ω))2 + π2T4ρ2 (ω)m

where ρm is the DOS on the metallic level connected to the atom, gat is the Green
function induced on the atom, and R(gat) denotes the real part of gat.

From this we calculate the new magnetization,Z Ef
mout = ρ↑(ω) − ρ↓(ω)dω 

−∞ 

and iterate until self-consistency is attained.

(a)

FIGURE 5.25: Density of states for the symmetric case, ni↑ + ni↓ = 1.
In blue, the semi-elliptic DOS of the metallic chain. The two shifted
curves are the DOS for spin up and spin down when a slight magne-

tization is present.

5.5 An Interpolation scheme for the self-energy

The Green function of a system is a Holy Grail which, if known, allows us to ex-
tract from it every possible information: Expected value of operators, response func-
tions, relaxation times of excitations, density of states, etc. In general, given cre-

†ation/annihilation operators {ĉµ, ĉ } (these are usually taken as the position oper-µ 
ators {ψ̂(r), ψ̂†(r)}, but here we think of µ as a set of localized orbitals, such as the
ones used in Kanamori-like models or the ones used to formulate OO-DFT in Chap-
ter 1) we defne the Green function as a matrix of elements:

†G(µ, ν, t) = −i hT[ĉµ(t)ĉν(0)]i, (5.30)
h̄

where the expected value is taken over the Ground State of the system 2, the T de-
notes the time-ordering operator, T[a(t)b(t0)] = Θ(t− t0)a(t)b(t0) − Θ(t0 − t)b(t0)a(t) 

−i †2Or, if the system is described by a density matrix ρ̂, G(µ, ν, t) = Tr
� 
Tρ̂[ĉµ(t)ĉν(0)] 

� 
. At a f-h̄

−βĤnite temperature, T > 0 and thermodynamic equilibrium, ρ̂ = e = ∑j e−βEj |ΨjihΨj|, with Ψ0
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3 and the time dependency of the operators is to be understood in the Heisenberg
picture: An operator Ô in the Schrödinger picture evolves in the Heisenberg picture

ˆ iHtˆ /h̄Ôe−iHtˆ /h̄as O(t) = e . Alternatively, we defne the retarded Green function as

−i †GR(µ, ν, t) = 
h̄

Θ(t)h[ĉµ(t), ĉν(0)]+i, (5.31)

where the brackets []+ denote the fermionic commutator, [a, b]+ = ab + ba. One of
the key quantities to be extracted from the retarded Green function is the Density
of States - conceptually defned as the function mapping each possible energy to the
proportion of states available at that energy, and which, mathematically, in terms of
the Green function, has the form � � 

DOS(ω) = −1
Im GR(µ, µ, ω) , (5.32)

π ∑ 
µ 

where G(µ, µ, ω) is the Fourier transform of the corresponding quantities in eq. 5.30.
By defning G0 as the non-interacting Green function, it is possible to defne the

so-called Self-energy, which is a measure of the potential felt by an electron due to
the interactions of the surrounding medium with it. Here we defne it in terms of
Dyson’s equation:

G = G0 + G0ΣG. (5.33)

In the temporal representation of the Green function, the products of this schematic
equation should be regarded as integrals convolutions, but on frequency space it in-
deed becomes the algebraic matrix product [189].

An accurate calculation of the Green function is a challenging problem which
has triggered many important development in the last seventy years. Perturbation
theory and the diagrammatic technique, frst introduced by Feynman in the context
of relativistic quantum feld theory [190], was quickly adapted to statistical physics
and non-relativistic settings [191]. Diagrammatic calculations of the response func-
tion are the foundations of the Random Phase Approximation [32–34], which has
been crucial to derive exchange-correlations functionals [31, 39, 40], which in turn
makes the usefulness of the technique obvious after having studied Density Func-
tional Theory.

Here we are interested in calculating the many-body Density of States of Kanamori-
Anderson hamiltonians such as in our model described by fg. 5.1 and eq. 5.1. More
realistically, we could consider the atomic hamiltonian to be coupled to semi-infnite
metallic chains or, in general, other systems with more complicated DOS.

Although we have managed to solve numerically the model 5.1, the calcula-
tion of the DOS, even for the simplest models, is much more demanding: the cre-
ation/annihilation operators applied at different times over the Ground State shows
that is not enough to construct now the Hamiltonian matrix for a given number of
electrons in the whole system: we need to construct a many-body basis (and the cor-
responding hamiltonian matrix elements) for all possible confgurations with one
more or one less electron (and, in general, for every possible orbital in the system!).

the Ground State and all the successive Ψj the excited states and Ej their corresponding energies,
−i †G(µ, ν, t) = ∑j e−βEj hΨj|Tρ̂[ĉµ(t)ĉν(0)]|Ψji.h̄

3Here and later in the text Θ(t) denotes the Heaviside step function.
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Moreover, for the case of the atom connected to an infnite metallic chain, in princi-
ple we are clueless as to how to proceed. Here, we study the Interpolation technique
for the self-energy, which was frst introduced in [192] to study an Anderson model
with one atomic level with applications to the problem of hydrogen chemisorption
[193]. The idea consists in calculating the Self-energy in two limits and then inter-
polate between the two: On one hand, we calculate, with the aid of the perturbative
diagrams, the interacting Self-energy to second order, treating all the many-body
terms in the hamiltonian as the perturbation. On the other hand, we calculate the
Green function for an isolated atom (the atomic limit, also seen in our calculations
for the correlation energy and potential). Using these two results, and following the
ideas found in previous works on the matter [187, 192, 194], we can proceed to com-
bine the two results to get an interpolated interactive Self-energy which, thanks to
Dyson equation, yields the Green function and thus the Density of States.

5.5.1 Second-order result

Given a one-electron hamiltonian, ĥ, by analogy with the theory of constant-coeffcients
linear PDE’s [30], we want the Green function to be the resolvent of the hamiltonian,
ĝ(ω) = (ωId − ĥ)−1.

To avoid the divergence problems on when ω takes the value of any of the eigen-
values, the causal Green function is the operator defned as

ĝ(ω) = (ωId − ĥ + iηΘ̂)−1,

where Θ̂ is an operator that we defne by setting its action over the eigenstates of the
hamiltonian h:

Θ̂|φji = |φji,

if |φji is an occupied state (it appears in the Ground-state Slater determinant) and

Θ̂|φji = −|φji,

if |φji is an empty state. η is a very small number and implicitly we are always taking
η → 0 at the end of every calculation. We are calling here {φj} to the eigenfunctions
of the one-electron hamiltonian, ĥ, and ej to the eigenvalues. The index j is splitted
between occupied and unoccupied states, {o} and {u}. Call lµ,σ to the orthonormal
one-particle basis functions. We have the expansion:

|φji = ∑ cj(µσ)|lµσi.
µ,j

We want to compute g(µ, ν, σ, ω) = hχµσ|ĝ(ω)|χνσi. We insert twice the resolu-
tion of the identity ∑j |φjihφj| = 1, (where the φ are eigenstates of ĥ) and employ
the spectral theorem, which asserts that given a function f and an operator A, the
operator f (A) shares the eigenvectors of A and the eigenvalues are just the image
under f of the eigenvalues of A.

cj(ν, σ)c∗ 
j (µσ) 

g(µ, ν, σ, ω) = ∑ (5.34)
j h̄ω − ej ± iη 

In our problem, we only care about diagonal elements. Also, split the sum into
the occupied and the unoccupied part:
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|co(µ, σ)|2 |cu(µ, σ)|2
g(µ, σ, ω) = ∑ + ∑ . (5.35)

h̄ω − eo + iη h̄ω − eu − iηo u

The G0(ω) of the previous section in Dyson equation 5.56 can be taken to be
precisely this simple non-interacting Green function.

This can be seen to equal the Fourier transform of [189]

−i †g(µ, ν, t) = hT[ĉµ(t)ĉν(0)]i, (5.36)
h̄

which, in the general interacting case, is taken as the defnition of the Green function,
as discussed in eq. 5.30: That is, we destroy an electron in state µ and then at time t
we create an electron in state ν. The operator T is the time-ordering defned above.

The occupation numbers nµσ are

hΦ0|n̂µσ|Φ0i = ∑ |co(µσ)|2.
o

Here |Φ0i is a Slater determinant that is the Ground State of the one-electron
hamiltonian, ĥ.

If we now introduce a perturbative many-body term to the hamiltonian:

ˆ Oβδσ0 † †h → ĥ + ∑ µασ ĉµσ ĉβσ0 ĉδσ0 ĉασ 
µαβδσσ0 

4 then, the second order self-energy is computed by

Z Z ZEf Ef ∞
βδσ0 ρασ,γσ(x)ρδσ0,τσ0 (y)ρλσ0,βσ0 (z)

Oµασ Oτλσ0 
dzdydx+Σ2,µσνσ(ω) = ∑ γνσ 

−∞ −∞ Ef ω − x − y + z + iη
α,β,γ,τ,λ,δ,σ0 !Z Z Z∞ ∞ Ef ρασ,γσ(x)ρδσ0,τσ0 (y)ρλσ0,βσ0 (z) 

dzdydx .
Ef Ef −∞ ω − x − y + z + iη 

(5.37)

The details on this formula and the details of the computations can be found in
Appendix C. In our problem, in particular, we have to apply this perturbative result
with:

µµσOµµσ = U
Oννσ = U0 

µµσ 
(5.38)

Oννσ = Jµµσ 
νµσOµνσ = J,

with all other coeffcients equal to zero. The result in the limit T → 0 is easily seen
to be

n(1 − n)
Σ2(ω) = C (5.39)

ω − Eeff ,

4All interactions are independent of σ and σ0 as long as there are no magnetic felds involved
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where the constant C is

C = (2M − 1)U02 + (2M − 1)J2 − 2(M − 2)U0 J. (5.40)

(see appendix C).

5.5.2 Atomic Green Function

Let us frst introduce some notation. We will use the index λ to label the basis of all
the possible many-body states of the atom (here we are not dealing with the metallic
chain, which is assumed to be disconnected in this limit). The Ground State wave-
function can be represented then as a superposition of the Slater determinants {λ}
as |Ψi = ∑λ cλ|λi. We will calculate only the diagonal Green functions in the Hund
approximation. If all atomic levels are degenerated, all the diagonal Green functions
are the same and the computation reduces to the computation of a single one. We
will make our reasoning over the Green function of the frst atomic level with spin
up:

†GR(t) = −i hΘ(t)[ĉ1↑(t)ĉ1↑(0)]+i.h̄
To understand how to calculate this Green function, let us look frst generically

at the so-called Lehman decomposition. It will enough to examine, for example, the
term

Θ(t)hĉ1↑(t)ĉ1
†
↑(0), i 

since the remaining one follows from an identical reasoning. Let us call |Ψ0i to the
Ground state and |Ψni to the n−th excited state (some of them with more or less elec-
trons that |Ψ0i). We can introduce the approximation of the identity ∑n |ΨnihΨn| = 1
to get:

†Θ(t)hΨ0|ĉ1↑(t)ĉ1↑(0)|Ψ0i = 
†Θ(t) ∑hΨ0|ĉ1↑(t)|ΨnihΨn|ĉ1↑(0)|Ψ0i = 

n

Θ(t) ∑hΨ0|eiHtˆ /h̄ ĉ1↑e−iHtˆ /h̄|ΨnihΨn|ĉ†
1↑(0)|Ψ0i = 

n

Θ(t) ∑ ei(E0−En)t/h̄hΨ0|ĉ1↑|ΨnihΨn|ĉ1
†
↑(0)|Ψ0i = (5.41)

n

Θ(t) ∑ ei(E0−En)t/h̄|hΨ0|ĉ1↑|Ψni|2 = 
n

Θ(t) ∑ ei(E0−En)t/h̄|cn|2.
n

Notice that here only excited states |Ψni with one less electron than the ground state
are relevant. Next, we take the Fourier transform of this quantity, for which we need
to calculate: Z 

† i(E0−En)t/h̄Θ(t)hΨ0|ĉ1↑(t)ĉ1↑(0)|Ψ0i → Θ(t)e eiωtdt.

Since this integral does not converge, we add an imaginary η to ω (the limit η → 0
in the fnal results will be implied) to getZ 

i(E0−En)t/h̄Θ(t)e eiωt−ηtdt = i
h̄ω + E0 − En + iη 

.
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Therefore, we have the result

|cn|2†Θ(t)hΨ0|ĉ1↑(t)ĉ1↑(0)|Ψ0i → ∑ h̄ω + E0 − En + iη 
,

n

with
†cn = hΨ0|ĉ1↑|Ψni.

Analogously, we have

|dm|2†Θ(t)hΨ0|ĉ1↑(0)ĉ1↑(t)|Ψ0i → ∑ h̄ω + Em − E0 + iη 
,

m

with
dm = hΨ0|ĉ1↑|Ψni.

The Green function in frequency space, then, (omitting for simplicity in this ar-
gument the iη factors) has the abstract form

Bλ∑ .
λ

ω − eλ 

The coeffcients Bλ are simple the weights |cλ|2 and the eλ the associated poles (dif-
ference between levels) that arise from Lehman’s representation. Notice that we will
need to differentiate between the electrons (terms with dm, where one electron is cre-
ated) and the holes (terms with cn).

Dyson equation, which can be rewritten as G = (G−1 − Σ)−1 by multiplying eq.0
5.33 by G−1 on the left and by G−1 on the right, implies that0

Bλ 1
∑ = ,
λ

ω − eλ ω − Ẽ − Σ 

with Ẽ the effective potential in the atomic levels (to reproduce the desired charge
in the non-interacting case) and Σ the self-energy. We can expand in powers of 1/ω 
the left-hand side to reach: ! 

1 ∑λ Bλeλ ∑λ Bλeλ 
2

∑ Bλ − + + . . .
ω ω ω2

λ 

and the same expansion for the right-hand side gives:� � 
1 Ẽ + Σ Ẽ2 + Σ2 + 2ẼΣ

1 − + + . . . .
ω ω ω2

Now, since both terms need to be equal for every ω, we can match term by term
the coeffcients sharing the same exponent in ω in both series expansions. Each of
the resulting equations is a sum rule, which binds the weights Bλ together in some
particular way.
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The frst sum rule, for example, is just

∑ Bλ = 1,
λ 

which is no more that the obvious fact that the Ground state wave-function must be
normalized. The second sum rule also has a physical content:

∑ Bλeλ = Ẽ,

that is, the effective level has to bee to expected value of the pole energy eλ. This, as
we will see in explicit calculations, can be recasted as the expression for the expected
value of the charge.

Using now that, as U → 0, Σ ∼ σ/ω for some coeffcient independent of ω and
identifying the terms in 1/ω3, we get that necessarily:

2 E2σ = ∑ Bλeλ − ˜ ,
λ 

which is the so-called third sum rule.

To calculate the Green function in the atomic limit, let us denote here by |φki the
many-body basis of Slater determinants specifying the confguration of electrons in
the atom. Among this, we distinguish the states |φHundi, which are those atomick
confgurations which satisfy Hund’s frst rule. We use the Lehman decomposition
and, in the case U0 > 0, we employ the Hund approximation, consisting in setting
hφk|Ψ0i = 0 whenever |φki is not a Hund state:

hΨ0|ĉ†(t)µσ ĉµσ|Ψ0i ≈ ∑ |hφHund|Ψ0i|2hφHund|ĉ†(t)µσ ĉµσ|φHundi = k k k
k

|hφHund|Ψ0i|2hφHund †(t)µσ|φHundihφHund cµσ|φHund∑ k k |ĉ k0 k0 | ̂ k i+ (5.42)
k,k0 

|hφHund|Ψ0i|2hφHund †(t)µσ|φNo-HundihφHund cµσ|φNo-Hund∑ k k |ĉ k0 k0 | ̂ k i.
k,k0 

As we can see, we have splitted this part of the Green function into two parts: the one
capturing exclusively transitions between Hund states, and another one taking into
account transitions between a Hund state and a non-Hund state (which also con-
tributes to the weight of different terms of the Green function in the Hund regime).

Atomic Green Function for a two level system

Let us now calculate explicitly the Green function for the case of an isolated atom
with two levels, assuming all levels to be degenerate:

We are in the atomic limit, so there is no hopping with external levels. Let us call
= h.. ..|Ψ0i to the Ground State wave function. Let us call A0 ..|Ψ0i , A1 = h↑.|Ψ0i , A2 =D E D E D E 

↑. ↑↓ ↑↓ Ψ0 , A3 = Ψ0 , A4 = Ψ0 . Since we assume all the level to be degen-↑. ↑. ↑↓ D E 
.. ↑. .↓ ↓.erated, clearly A1 = h.↓|Ψ0i = Ψ0 = A1 = Ψ0 and also A2 = Ψ0 = .. .. ↓.� �� �1 ↓. ↑.√ + Ψ0 . The no-Hund states have other coeffcient, which we will call↑. ↓.2
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� �� � 
.. 1 ↓.A2

0 , and which equals A0 = ↑↓ Ψ0 = h↑↓|Ψ0i = √ − ↑. Ψ0 .2 .. ↑. ↓.2

The energies of the states over which we are projecting the wave-function are: 0
for the case of 0 electrons, 0 for the case of 1 electrons, U0 − J for the case of 2 electrons
with spin 1, U0 + J for any of the cases of 2 electrons with spin 0, 3U0 for the case of 3
electrons and 6U0 for the case of 4 electrons. The energy differences are then: U0 − J
for the transition to a state of a Hund state (2 electrons, spin 1) from a state with 1
electrons, U0 + J for the transition to a state with 2 electrons and spin 1 from the state
with 1 electrons, 2U0 + J for the transition from a Hund state (2 electrons, spin 1) to
the state with 3 electrons, 2U0 − J for the same transition but from the no-hund states
(2 electrons, spin 0) and 3U0 for the transition from the state with 3 electrons to the
state with 4 electrons. The Lehmann representation then yields:

A0 A1 A1G(ω) = + + +
ω + iη ω − (U0 + J) + iη ω − (U0 − J) + iη 

1 1
2 A1 2 A1 A2

+ + +
ω − (U0 − J) + iη ω − (U0 + J) + iη ω − (2U0 + J) + iη 

1
2 A2 A3 A1+ + +

ω − (2U0 + J) + iη ω + 3U0 + iη ω − iη 
1 (5.43)

A2 2 A2 A3
+ + +

ω − (U0 − J) − iη ω − (U0 − J) − iη ω − (2U0 − J) − iη 
1 1
2 A3 2 A3 A3

+ + +
ω − (2U0 + J) − iη ω + (2U0 − J) − iη ω − (2U0 + J) − iη 

A4 .
ω − 3U0 − iη 

Where we have highlighted in blue all the terms arising from Hund-No-Hund
transitions!

If we do not want to make the Hund approximation, we would need to add:

1 1A0 
2 A0 A0 

2 A0 
2 2 2 2+ + +

ω − (2U0 − J) + iη ω − (2U0 − J) + iη ω − (U0 + J) − iη ω − (U0 + J) − iη 
,

and, in the Hubbard case, when J = 0, we would have A2
0 = A2.

Let us now count the number of states: There is just 1 state with 0 electrons, 4
states with 1 electron, 3 Hund states with 2 electrons and 3 no-Hund states with 2
electrons, 4 states with 3 electrons and 1 state with 4 electrons. Therefore, the frst
sum rule is trivially satisfed, and in this notation is written as:

A0 + 4A1 + 3A2 + 4A3 + A4 = 1.

If we don’t want to make an explicit use of the fact that Ψ0 is Hund in this limit, we
can write:

A0 + 4A1 + 3A2 + 3A2
0 + 4A3 + A4 = 1,

but in the atomic limit and with a J 6= 0, A2
0 = 0, while, in the Hubbard case, with

J = 0, we would have;

A0 + 4A1 + 6A2 + 4A3 + A4 = 1,
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The second sum rule, which encodes the charge per orbital, is simply:

4A1 + 6A2 + 6A0 
2 + 12A3 + 4A4 = 4n,

where n is the charge per orbital.
This is equivalent to

∑ ˜Bλeλ = E,
λ 

where Ẽ is the hartree-fock potential. This can be seen explicitly in the 2-level case
from the form of the poles and the identity above relating the coeffcients with the
density, n, if we just notice that, in this particular case, Ẽ = 3U0n.

Finally, the third sum rule can be written explicitly in terms of two-particles cor-
relation

� � 
∑ 2Aλe =3 n − hn1̂↑n2̂↓i + 3 hn̂1↑n̂2↑i + 3 hn1̂↑n1̂↓i J2+λ 2 2
λ � � 

3 n − hn1̂↑ ˆ J2n2↓i x+ � 
3 hn̂1↑n̂1↑i − hn̂1↑n̂1↓i J Jx.

From this expression is easy to see that in the limit J → 0 we recover the following
Hund approximation 5:

∑
� �2 J2=3 n + h ̂ +Aλeλ n1↑n̂2↑i 

λ � � 
1

3 n − h ̂ J2+n1↑n̂2↑i x2� � 
3 hn̂1↑n̂2↑i J Jx.

We thus see that here, in the Hund regime, there’s only one independent two-
body correlation function.

So far, we have several variables (all the {Aj}) and only three equations. Worse
yet, we also need to be able to determine n and hn̂1↑n̂2↑i independently from these
coeffcients. What we do is, besides the already mentioned Hund approximation,
consider as non-zero only three of the Aj. To wit, if we are exploring the system with
two electrons in the atom, A0 and A4 will be neglected, and (always in the Hund
approximation) we will retain just A1, A2 and A3

6.
To summarize the results, let us write the three sum rules in the Hund approxi-

mation. Notice that the third sum rule can be simplifed extremely, since the corre-
lation function hn̂1↑n̂2↑i equals A2 + 2A3 + A4.

5Notice that, in the Hund regime for atoms half-flled or less (and for atoms more than half-flled
the same arguments works for holes instead of electrons) we have hn̂1↑n̂1↓i = 0 and hn̂1↑n̂2↓i = 
1 hn̂1↑n̂2↑i = 0
2

6if we wanted to make a full calculation, we would run into two problems: There would be another
variable, A0 

2, but still only three equations, and there would be more independent two-body correlation
functions.



1455.5. An Interpolation scheme for the self-energy

A0+4A1+ 3A2 + 4A3 + A4 = 1
4A1+ 6A2 + 12A3 + 4A4 = 4n (5.44)

A2 + 2A3 + A4 = hn̂1↑n̂2↑i 

Finally, we express n and hn̂1↑n̂2↑i in terms of the Green function, which is at-
tained by: Z Ef−1

n = ImG(ω)dω
π −∞ Z (5.45)Ef

hn̂1↑n̂2↑i =n2 − −1
Im (G(ω)Σ(ω)) dω

πC −∞ 

Atomic Green Function for a three level system

By an analogous reasoning, we calculate the Green function for the case of an
isolated atom with three levels, which in the Hund regime is:

G(ω) = 
A0 3A1 2A1+ + +

ω + iη ω − (U0 − J) + iη ω − (U0 + J) + iη 
2A2 4A2 2A3

+ + +
ω − 2(U0 − J) + iη ω − (2U0 + J) + iη ω − (3U0 + J) + iη 

3A4 A5 A1 3A2
+ + + +

ω − 4U0 + iη ω − (5U0 − J) + iη ω − iη ω − (U0 − J) − iη 
2A3 2A4 4A4+ + +

ω − 2(U0 − J) − iη ω − (3U0 + J) − iη ω − (3U0 − 2J) − iη 
3A5 2A5 A6

+ +
ω − 4U0 − iη ω − (4U0 − 2J) − iη ω − (5U0 − J) − iη 

(5.46)

Here, again, the terms associated to Hund/No-Hund transitions are highlighted in
blue. The part not included in the Hund approximation is:

2A0 4A0 4A0 4A0 4A0 
2 2 3 3 3+ + + + +

ω − (U0 + J) ω − (2U0 − J) ω − (2U0 + J) ω − 3U0 ω − (2U0 − J) 
2A0 4A04A3

0 
4 + 4 ,

ω − (3U0 − 2J) ω − (4U0 − 2J) ω − 3U0 

(5.47)

and, as before, we would get the Hubbard case by setting J = 0, A0 = A2, A3
0 = A32

and A4
0 = A4.

From the normalization condition for the wave-function, as before for the case of
two levels, it follows of course that the sum of the coeffcient in the Hund case has
to be 1:

A0 + 6A1 + 9A2 + 4A3 + 9A4 + 6A5 + A6 = 1.
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To check the second sum rule, we frst notice, by the same argument as in the
case of two levels for the expected value of the charge in terms of the A0 

js, that in the
Hund regime we have the identity:

6A1 + 18A2 + 12A3 + 36A4 + 30A5 + 6A6 = n,

where n is the charge per orbital. In general, the second sum rule, if we do not wish
to make the Hund approximation, is:

6A1 + 18A2 + 12A2
0 + 12A3 + 48A3

0 + 36A4 + 24A4
0 + 30A5 + 6A6 = n.

On the other hand, by taking the mean-feld approximation in the hamiltonian
we see that the Hartree-Fock potential in the 3-levels case is:

Vhx(n) = (5U0 − J)n.

And using the above-written Green Function, we see that indeed:

∑ Bλeλ = (5U0 − J)n

Analogously as the case of two atomic levels, in the Hund regime we can write:

A0+6A1+ 9A2 + 4A3 + 9A4 + 6A5 + A6 = 1
6A1+ 18A2 + 12A3 + 36A4 + 30A5 + 6A6 = 4n (5.48)

4
A2 + A3 + 6A4 + 3A5 + A6 = hn̂1↑n̂2↑i3

Asymptotics as U → 0

In any case, using the sum rules above and the factorization hn̂µσn̂νσi ≈ nµσnνσ,
valid for the non-interacting case, U → 0, we can see that the atomic Green function
in the non-interacting limit has the asymptotic behaviour:

n(1 − n)
C ,

ω − E

where C is the same constant obtained in the second order calculation.

5.5.3 Interpolation and Results

Notice that, as shown in Appendix C, the second order self-energy in the limit
U/T → ∞ is

n(1 − n)
Σ2(ω) = C (5.49)

ω − Eeff ,

with
C = (2M − 1)U02 + (2M − 1)J2 − 2(M − 2)U0 J. (5.50)

On the other hand, the atomic self-energy in the limit U/T → 0, thanks to the
sum rules studied above, is seen to behave as:

n(1 − n)
Σat(ω) = C , (5.51)

ω − E
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for the same constant C.

This ”coincidence” is what allows us to defne an adequate self-energy inter-
polating all the range of values between the two limits and respecting the correct
asymptotic behaviours:

Indeed, if we defne the interpolating Self-energy as:�� 
n(1 − n)

EeffΣ(ω) := Σat + C , (5.52)
Σ2(ω) 

we can readily check that, thanks to eqs. 5.49 and 5.51, the two limits calculated
in the previous sections are preserved:

n(1 − n)
lim Σ(ω) = C = Σ2(ω), (5.53)

U/T→0 n(1 − n)
Eeff + C − E

Σ2(ω) 
and

lim
U/T→∞ 

Σ(ω) = Σat

⎛ ⎜⎜⎝ 
⎞ ⎟⎟⎠ = Σat(ω). (5.54)

n(1 − n)
Eeff + C

n(1 − n)
C

ω − Eeff

If the asymptotic behaviour of the atomic self-energy, Σat(ω), had a different
constant than the limit of Σ2(ω), the mismatch between the coeffcients would make
impossible to preserve both limits with the interpolating self-energy. In other words,
the key to show that this interpolation scheme actually works is to show that, indeed,
the two limits are interchangeable. Mathematically, decoupling U and T, we can
write this condition as:

lim lim Σ(ω) = lim lim Σ(ω), (5.55)
T→0 U→0 U→0 T→0

and the asymptotics in 5.53 and 5.54 show that this holds.
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FIGURE 5.26: Graphic summary of the interpolation: The shadowed
areas represent the regions where we are able to calculate the self-
energy accurately: Σ2 and Σat. The circle at the bottom left corner
represents the small region where both self-energies must coincide,
which is what we show by the "coincidence" in eqs. 5.49 and 5.51.
The straight-line going though the middle separates (schematically)
the region where the Hund regime (neglecting the A0) is valid (upper
half) from the region where it does not (lower half). If J = 0, the

interpolation works of course for every U and T.

We can now use Dyson equation,

Σ(ω) = G−1(ω) − G−1(ω), (5.56)0

to get the interpolated many-body Green function and from 5.32 we get the density
of states, which we show here in several fgures for some particular cases.
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FIGURE 5.27: Density of States obtained in the symmetric case (n = 
0.5) for two atomic levels.

FIGURE 5.28: Density of States obtained in the symmetric case (n = 
0.5) for three atomic levels.

We have applied here the interpolation scheme to the Hubbard-Hund case as-
suming all atomic levels are degenerated. In principle, we just need to apply equa-
tion 5.52, using the second order result, eq. C.3, and the atomic result in terms of
the coeffcients Aj, for which we need to employ the sum rules. However, the sum
rules 5.44,5.48 demand the knowledge of n1↑ and hn̂1↑n̂2↑i, and so this becomes a
self-consistency problem, where these values will determine some coeffcients A0 

js
which, in turn, will return, through the interpolated Green function and eqs. 5.45,
new values for n1↑ and hn̂1↑n̂2↑i. In full generality, the scheme would be as follows:
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1) Initial values for Eeff, n and hn̂1↑n̂2↑i are proposed. Given Eeff, we can fnd the
charge n0 in the non-interacting system.

2) With n and hn̂1↑n̂2↑i we calculate the Aj and, thus, calculate an interpolated
self-energy, Σint(ω), with eq. 5.52.

3) Dyson equation 5.56 can be used to calculate the Green function G(ω) from
Σint, and from it we get the DOS, n and hn̂1↑n̂2↑i.

4) We iterate the self-consistent procedure. Convergence is attained when fnally
n0 = n.



151

Chapter 6

Tight-Binding models

A simple model can shed more light on
Nature’s workings than a series of ab initio
calculations of individual cases, which,
even if correct, are so detailed that they
hide reality instead of revealing it. A
perfect computation simply reproduces
Nature, it does not explain it.

Philip W. Anderson

6.1 Tight-Binding Model from DFT

Tight-binding models are widely employed to understand, with very simple feature
and at small computational cost, complex properties of materials. The tight-biding
hamiltonians are one-electron hamiltonians in which certain sites {i} are defned
together with the pairwise hopping interaction between those sites:

†Ĥ = ∑ ε jn̂j + ∑ ti,j ĉj ĉi + h.c (6.1)
j i<j

. The parameters defning a Tight-Binding hamiltonian can be adjusted to reproduce
certain particular features, like band-gap, spectra, topological properties, etc, and
then be used to explore further the system at hand. That is the case if we are trying to
construct a toy model, but, when our model corresponds to a realistic system, most
parameters of the TB model can be calculated from DFT or other quantum chemistry
methods. For example, from Fireball (see Chapters 1 and 2), it is easy to construct a
Tight-Binding hamiltonian by taking the hamiltonian in the Löwdin basis. We recall
here that, if |χαi are the pseudo-atomic freball orbitals, in terms of which the tables
of integrals are defned, |lαi denote the Löwdin orbitals, which form an orthonormal
basis closest to the |χαi in the sense of mean quadratic error.

Typical Tight-Binding models, like the one we are going to study in the next sec-
tion, deal with the valence π-orbitals of the system, corresponding to the double
or triple bonds. To extract our Tight-Binding Hamiltonian, since we were work-
ing (as we will shortly show) with a planar molecule, we positioned the molecule
in the XY plane and extracted the submatrix associated to the indices linked to pz
orbitals from the Hamiltonian matrix in the Löwdin basis. The use of the Löwdin
basis is crucial because the basis of wave-functions in terms of which a collection of
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creation/annihilation is defned must be orthonormal in order for the second quan-
tization language to be valid. 1

6.2 Edge States and NQE’s

The studied system is a self-assembled chain of quinoid molecules known as DABQDI
(see picture below), formed by small units bonded together by hydrogen bond. Each
of these units is a cyclic aliphatic molecule with a system of 12 π−conjugated elec-
trons. Ignoring spin, and focusing on these π-orbitals, we study a system with 6
pi−electrons distributed among 10 possible sites

FIGURE 6.1: Elementary building unit of the chains with the em-
ployed labels in the Tight Binding calculation.

Units like the one in fg. 6.1 are linked together by hydrogen bonds of sites 1,2
and 9,10 (respectively) of contiguous units, forming long chains. These chains have
been studied experimentally at very low temperatures ( 4 K) and in ultra-high vac-
uum conditions. In such conditions, the Nuclear nature of the nuclei, which is usu-
ally neglected, becomes increasingly important, most of all in the hydrogen atoms,
which are light enough for the impact of the so-called Nuclear Quantum Effects
(NQEs) to be drastic in the mechanical and electronic properties of the molecule [16].
STM images show the existence of edge states in long chains and manipulation ex-
periments pulling the chain from one of its extremes show a remarkably mechanical
stability which appears to hint to an enhanced hydrogen bond of an almost covalent
strength.

FIGURE 6.2: (Extracted from [18]) STM image of one of the molecular
chains (25 units) over a gold surface.

The molecule is subjected to a double proton transfer, precisely on those hydro-
gen bond linking contiguous units through sites 1,2 and 9,10, as commented above,
so that it can exist in two different tautomeric forms. Furthermore, Path Integral
Molecular Dynamics [17] with Fireball and the I-PI package [16] show that, at low
temperatures, the hydrogens experience a dramatically lower Free Energy barrier to
jump from molecule to molecule than was in predicted by standard DFT. This phe-
nomenon that has been reported in other problems involving proton transfer at very
low temperatures [14, 15]. In such an scenario, the protons undergo delocalization
and are found in a deep tunneling regime in which their oscillation time is much
lower than what can be predicted by means of classical DFT (without adding the
NQEs) [18].

1Strictly speaking, by taking the resolution of the identity to be ∑α,β Sαβ|χαihχβ| = 1 it is possible
to formulate the second-quantization without the assumption of orthonormality.
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Our Tight-Binding model starts by calculating with Fireball the hamiltonian, h,
in eV of one unit in the Löwdin basis, as detailed in the previous section. What we
do next is to retain only the submatrix of the pz orbitals to get:

h = 

⎛ ⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ 

6.02 0 3.21 0 0 0 0 0 0 0
0 3.48 0 3.65 0 0 0 0 0 0

3.21 0 2.77 2.75 3.47 0 0 0 0 0
0 3.65 2.75 2.28 0 3.06 0 0 0 0
0 0 3.47 0 2.32 0 3.06 0 0 0
0 0 0 3.06 0 2.33 0 3.47 0 0
0 0 0 0 3.06 0 2.28 2.75 3.65 0
0 0 0 0 0 3.47 2.75 2.77 0 3.21
0 0 0 0 0 0 3.65 0 3.46 0
0 0 0 0 0 0 0 3.21 0 6.02

⎞ ⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ 
.

In this matrix, the element hij is exactly the connection tij between sites i and j of the
molecule 6.1.

Now we connect a number N of units to each other. This means constructing
a matrix HN with blocks made up by copies of h and adding connections τbond be-
tween the blocks modelling the hydrogen bonds. We also add a hopping τedge be-
tween the nitrogens on sites 1 and 2 on the left end-unit of the chain and between
sites 9 and 10 of the end-unit on the right: That is, defning

T = 

⎛ ⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ 

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

τbond 0 0 0 0 0 0 0 0 0
0 τbond 0 0 0 0 0 0 0 0

⎞ ⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ 
.

and the pair of hamiltonians for the edge units:

hleft = 

⎛ ⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ 

6.02 τedge 3.21 0 0 0 0 0 0 0
τedge 3.48 0 3.65 0 0 0 0 0 0
3.21 0 2.77 2.75 3.47 0 0 0 0 0

0 3.65 2.75 2.28 0 3.06 0 0 0 0
0 0 3.47 0 2.32 0 3.06 0 0 0
0 0 0 3.06 0 2.33 0 3.47 0 0
0 0 0 0 3.06 0 2.28 2.75 3.65 0
0 0 0 0 0 3.47 2.75 2.77 0 3.21
0 0 0 0 0 0 3.65 0 3.46 0
0 0 0 0 0 0 0 3.21 0 6.02

⎞ ⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ 
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and

hright = 

⎛ ⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ 

6.02 0 3.21 0 0 0 0 0 0 0
0 3.48 0 3.65 0 0 0 0 0 0

3.21 0 2.77 2.75 3.47 0 0 0 0 0
0 3.65 2.75 2.28 0 3.06 0 0 0 0
0 0 3.47 0 2.32 0 3.06 0 0 0
0 0 0 3.06 0 2.33 0 3.47 0 0
0 0 0 0 3.06 0 2.28 2.75 3.65 0
0 0 0 0 0 3.47 2.75 2.77 0 3.21
0 0 0 0 0 0 3.65 0 3.46 τedge
0 0 0 0 0 0 0 3.21 τedge 6.02

⎞ ⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ 
and calling 0 to the 10x10 matrix with all of its entries zeroes, we can fnally construct

HN = 

⎛ ⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ 

hleft T 0 0 · · · 0 0 0
Tt h T 0 · · · 0 0 0
0 Tt h T · · · 0 0 0
. . . . . . . .. . . . . . . .. . . . . . . .
0 0 0 0 · · · h T 0
0 0 0 0 · · · Tt h T
0 0 0 0 · · · 0 Tt hright

⎞ ⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ 
After constructing this block matrix (N denoting the number of h on it), we pro-

ceed to study the electronic structure of the a molecular chain for different values of
the length (N) and for different values of the couple τbond, τedge. The exploration of
these parameters makes sense because these hoppings are the ones that will be most
affected by the NQEs and cannot be estimated in the DFT calculations. The high me-
chanical stability and the deep tunneling regime hint towards a larger hopping than
usual, which for hydrogen bonds is around 0.25 eV, and it is for such larger hop-
pings that we fnd edge states on the chains, in concordance with the experiments,
but not found in the simulations.
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FIGURE 6.3: This shows the projection over the sites of the edges
(the twenty sites corresponding to the leftmost unit and the right-
most unit) for both the HOMO and the LUMO orbitals in a chain
composed by thirty units (N = 30; larger values do not affect the
results), in terms of both τbond, τedge. If {|ji} is the basis of sites, or-
dered unit after unit in the molecular chain and from left to right,
and every unit is labeled according to fg. 6.1, then, calling |HOMOi 
and |LUMOi to the eigenstates of HN corresponding to the HOMO
and LUMO orbitals, respectively, the quantities encoded by the color
scale are just, on the left, ∑10

j=1 |hj|HOMOi|2+∑10
j= 

N
10
+ 
N
10
+1 |hj|HOMOi|2

and on the right, ∑10
j=1 |hj|LUMOi|2+∑10

j= 
N
10
+ 
N
10
+1 |hj|LUMOi|2
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Conclusions

Allwissend bin ich nicht; doch viel ist mir
bewußt

Faust, Goethe

As commented in the introduction, the present thesis has a dual nature, for its
deals simultaneously, in an intertwined fashion, with the development of method
and the applications to simulations of particular systems, and in this fnal section I
would like to make some fnal comments about the most important achievements
(without attempting to give a exhaustive list of everything that has been done) and
what yet remains to be done.

Focusing frst on the methods developed and implemented, we see (in chapters
1 and 2) that, during the doctoral thesis, a number of improvements and new ap-
proximations have been implemented in the software Fireball. We have provided
a new scheme to calculate approximately the exchange-correlation matrix elements,
we have corrected the long-range Hartree terms, introduced small improvements to
make the code more effcient and implemented and tested some new charge pro-
jection methods. An important consequence, for instance, as discussed in detail in
chapter 2, is the possibility of calculating without error the forces in the context of a
self-consistent Harris DFT calculation. Further work in this line will imply, to name
a few, the application of the latest improvements to develop better basis sets, the in-
corporation of intra-atomic dipolar terms to the potential in Fireball, the exploration
of new approximation for the exchange-correlation and possibly many more.

On the other hand, turning our attention now to the applications, we have per-
formed for the frst time a detailed study of the dynamics of proton transfer in
guanine-cytosine base-pairs taking into account explicitly the biomolecular environ-
ment and temperature at which these processes (might) take place. This is achieved
by using a QM/MM method which offers an excellent balance between effciency
and accuracy, as detailed in Chapter 4. On this system, it is clear that there are many
possible ideas and problems to be explored in the near future. Probably, one of
the most enticing ones is the more thorough study of the reaction in excited states,
perhaps exploring non-singlet excited states, conical intersection, etc. Many other
problems can be considered. For instance, a complete study in a QM/MM setting
of the Nuclear Quantum Effects would still be desirable, and probable of interest
when considering the system at lower temperatures. Also, having in mind problems
of biological interest, we could think of studying the same problem with slightly
(or much) more complex environment, such as considering methylation (an impor-
tant epigenetic factor which might affect the nature of the reaction) or the proteins
present in the medium.

Turning now to the Hubbard-Hund hamiltonians in chapter 5, we have seen in
practice the OO-DFT formalism, calculations for the exchange-correlation energy
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and potential in a model, corresponding fttings and an interesting application to
defne a LDA+U scheme. Obvious extension of this work would be to consider
longer chains or, in general, larger systems, where exact diagonalization is no longer
possible, but other methods could also provide inside on the exchange-correlation.
In these systems, we have shown briefy an scheme to calculate approximately the
many-body Density of States which, in the context of a Hubbard-Hund hamiltonian,
is novel. The applications of this scheme have not yet been explored and it is to be
expected that they will be an active feld of research in the near future.

In conclusions, it is clear that, although much remains to be done, a great deal
has been learnt during the realization of the doctoral thesis.

Versión en español

Como se comentó en la introducción, la presente tesis tiene una doble naturaleza,
pues se ocupa de manera simultánea del desarrollo de métodos y de sus aplica-
ciones a simulaciones de sistemas particulares. En esta última sección, me gustaría
hacer algunos comentarios sobre los logros más importantes (sin pretender dar una
lista exhaustiva de todo lo que se ha hecho) y sobre lo que queda por hacer.

Centrándonos primero en los métodos desarrollados e implementados, vemos
(en los capítulos 1 y 2) que, durante la tesis doctoral, se han implementado una
serie de mejoras y nuevas aproximaciones en el software Fireball. Hemos propor-
cionado un nuevo esquema para calcular aproximadamente los elementos de ma-
triz de canje-correlación, hemos corregido los términos Hartree de largo alcance,
introducido pequeñas mejoras para hacer el código más efciente, e implementado
y probado algunos nuevos métodos de proyección de carga. Una consecuencia im-
portante, por ejemplo, como se analiza en detalle en el capítulo 2, es la posibilidad
de calcular sin error las fuerzas en el contexto de un cálculo de Harris DFT auto-
consistente. El trabajo futuro en esta línea implicará, por nombrar algunas cosas,
la aplicación de las últimas mejoras para desarrollar mejores conjuntos de bases, la
incorporación de términos dipolares intraatómicos al potencial en Fireball, o la ex-
ploración de nuevas aproximaciones para el canje-correlación.

Por otro lado, volviendo ahora nuestra atención a las aplicaciones, hemos real-
izado por primera vez un estudio detallado de la dinámica de la transferencia de
protones en pares de bases guanina-citosina teniendo en cuenta explícitamente el
entorno biomolecular y la temperatura a la que estos procesos ocurren (en caso de
que en efecto ocurriesen). Esto se logra usando un método QM / MM que ofrece
un excelente equilibrio entre efciencia y precisión, como se detalla en el Capítulo 4.
En este sistema, está claro que hay muchas ideas y problemas posibles que se explo-
rarán en un futuro próximo. Probablemente, uno de los más atractivos es el estudio
más completo de la reacción en estados excitados, quizás explorando estados excita-
dos no singlete, intersección cónica, etc. Se pueden considerar, sin embargo, muchos
otros problemas. Por ejemplo, un estudio completo en un entorno QM/MM de los
efectos cuánticos nucleares aún sería deseable y probablemente de interés cuando se
considera el sistema a temperaturas muy bajas. Además, teniendo en cuenta prob-
lemas de interés biológico, podríamos pensar en estudiar el mismo problema con
un entorno ligeramente (o mucho) más complejo, como considerar la metilación (un
factor epigenético importante que puede afectar la naturaleza de la reacción) o las
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proteínas presentes en el medio.

Sobre los hamiltonianos de Hubbard-Hund en el capítulo 5, hemos visto en
la práctica el formalismo OO-DFT, cálculos para la energía y el potencial de cor-
relación de intercambio en un modelo, los ajustes correspondientes y una aplicación
interesante para defnir un método tipo LDA+U. Una extensión obvia de este tra-
bajo sería considerar cadenas más largas o, en general, sistemas más grandes, donde
la diagonalización exacta ya no es posible, pero donde otros métodos también po-
drían proporcionar información sobre el canje-correlación. En estos sistemas, hemos
mostrado brevemente un esquema para calcular aproximadamente la Densidad de
Estados de muchos cuerpos que, en el contexto de un hamiltoniano de Hubbard-
Hund, es novedoso. Las aplicaciones de este esquema aún no se han explorado y es
de esperar que sean un campo activo de investigación en un futuro próximo.
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Appendix A

The Hartree-Fock approximation

Imagine we have a complete set of spin-orbitals {φk(x)}k, which can symbolically
be written as ∑k φk(x)φk

∗(x0) = δ(x − x0). Given a certain choice of a confguration
interaction, that is, a certain set of N concrete spin-orbitals L = {l1, l2, . . . , lN}, we can� � 
form the Slater determinant ΨL = (N!)−1/2 det φlj(xk) . Then, any multielectronic
molecular wave function can be expressed as:

Ψ(x1, . . . , xN) = ∑ CLΨL(x1, . . . , xN),
L

for suitable coeffcients CL. Indeed, it can be checked that the collection of Slater
determinants span the fermionic Fock space of total antisymmetric wavefunctions.

Hartree-Fock method revolves around making the Ansatz that the molecular
wavefunction is a single Slater determinant, which is only an approximation to the
real ground state of the system. The underlying philosophy to the Hartree-Fock
method is thus that we retain the full complexity of the hamiltonian and aim to fnd
only approximate solutions which, at least structurally speaking, resemble to those
of a non-interacting system. That’s the reason why the Hartree-Fock method is also
beheld as a Mean-Field approximation.

Throughout this appendix, we assume that we fnd ourselves in the frst step of
the Born-Oppenheimer approximation, and thus we are dealing with the electronic
part of the molecular hamiltonian.

Suppose the many-electron wavefunction has the form of a Slater determinant,
Ψ(x) = (N!)−1/2detφj(xk). We will minimize hΨ|H|ˆ Ψi under that assumption. That
is, we intend to fnd N 1-electron spin-orbitals φk(x) such that Ψ is the minimizer of
hΨ|H|ˆ Ψi over the class of Slater determinants. The relevant terms are the kinectic
energy operator and the interaction energy operator.For the kinectic part, we have,
thanks to orthonormality:

−h̄2 −h̄2

∑hΨ| Δj|Ψi = ∑ ∑ ∑ (−1)|σ|+|τ|h∏ φσ(l)(xl)|Δj| ∏ φσ(l0)(xl0 )i = 
2m 2mN!j j σ∈SN τ∈SN l l0 

−¯
∑hφj(x)| h2

Δ|φj(x)i.
2mj

Also, typically there will be a external potential affecting the electrons. For example,
the electrostatic interaction with the atomic nuclei, VeN . The associated term becomes
a sum of 1-body terms as in the case of kinetic energy.
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For the interaction energy operator, we have for a single term:

1 1 1hΨ| |Ψi = ∑ ∑ (−1)|τ|+|σ|hφσ(1)(x1) . . . φσ(N)(xN)| |φτ(1)(x1) . . . φτ(N)(xN)i,rj − rk N! rj − rkσ∈SN τ∈SN

but note that the only non-vanishing terms in this sum are those for which σ and τ 
coincide for all indexes not being j or k, for otherwhise orthonormality would make
the product zero. The number of possible choices is (N − 2)! (this is the number of
permutations of N − 2 elements). On the other hand, for j and k there are two possi-
bilities: Either σ and τ are exactly equal or σ(j) = τ(k) and σ(k) = τ(j). Either case
we have to choose a value for σ(j) and another one for σ(k), which yields N(N − 1) 
options available. To gain clarity, we relabel in our single term above rj and rk as r
and r0 and σ(j) and σ(k) simply as j and k. Then our single term becomes:

1 1hφj(x)φk(x0)| |φj(x)φk(x0)i − hφj(x)φk(x0)| |φk(x)φj(x0)i,|r − r0| |r − r0| 

where the minus term comes from the fact that for those intertwinning permutations
(−1)|τ|+|σ| = −1.

Summing up, if Ĥ is the electronic hamiltonian and if Ψ is a Slater determinant
built up from spin-orbitals {φk}, then it holds that:

−¯hΨ|H|ˆ Ψi = h2

∑hφk|Δ|φki + ∑hφk|VeN |φki+2m k k
2
eq

∑hφj(x)φk(x0)| 1 |φj(x)φk(x0)i − hφj(x)φk(x0)| 1 |φk(x)φj(x0)i.
8πe0 |r − r0| |r − r0|j,k

q2 1eThe term hφj(x)φk(x0)| |φj(x)φk(x0)i is called the Coulomb term and writ-
4πe0 |r − r0| 

q2 1eten simply as Jj,k. The other term, hφj(x)φk(x0)| |φk(x)φj(x0)i is called the
4πe0 |r − r0|

exchange term and written simply as Kj,k.
The Coulomb term, we see, correspond to the classical electrostatic energy if we

interpret the probability densities |φ|2 as genuine electronic densities. The new term,
Kj,k, has arisen from the antisymmetric character of the wave function and is a pure
quantum phenomena with no classical counterpart. It can be understood as a con-
sequence of the Pauli exclusion principle for fermions, and it lowers the energy in a
crucial way.

The next step is to employ a variational argument to fnd equations for the spin-
orbitals {φk} minimizing this expected value of the energy. The restraints, that
we must include within the formalism of Lagrange multipliers, are of course that
hφj|φki = δj,k, and we would have to deal with a two-parameters set of Lagrange
multipliers λj,k, which can be done. However, being the Hamiltonian a hermitic op-
erator, we can know beforehand that the eigenvalues of the operator arising from the
Euler-Lagrange equations are orthogonal, so we can get away with just imposing the
normalization constraints hφj|φji = 1, which will take us directly to a set of diagonal
equations. Otherwhise, we could get to the diagonalized equations be means of a
unitary transformation, so it is not a big deal anyway.
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Also, it should be noted that is enough to take variations with respect to Ψ∗ , so
by imposing ! 

δ hΨ|H|ˆ Ψ| + ∑ λk(hφk|φki − 1) = 0,
δψ∗ 

j k

for j = 1, . . . , N, we reach the so-called General Hartree-Fock equations. The deriva-
tion is straigth-forward. Calling:⎧ 

−h̄2

ĥ(φ(x)) = Δφ(x) + VeNφ(x)
2m !⎪ 2⎨ q R |φj(x0)|2eĴj(φ(x)) = dx0 φ(x)
4πe0 |r − r0| ! 

2 R |φ∗ 
j (x0)φ(x0)

e⎪ K̂j(φ(x)) = q
dx0 φj(x),⎩ 4πe0 |r − r0| 

(where we have defned, respectively, what are called the one-body free hamiltonian,
the Coulomb operator and the exchange operator) we have that the Euler-Lagrange
equations take the form: ! 

ĥ + ∑ Ĵl − K̂l φk = εkφk, k = 1, . . . , N,
l

where εk are the opposite of the Lagrange multipliers εk = −λk. The full operator
ĥ + ∑l Ĵl − K̂l is usually call the Fock operator and is denoted by F̂.
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Appendix B

Density of States of a semi-infnite
chain

We want to study the atom connected to metallic chains increasingly large and then
take the limit to semi-infnite chains

FIGURE B.1: Semi-infnite chain
.

The hamiltonian matrix of a chain of length N is

h = 

⎛ ⎜⎜⎜⎜⎜⎜⎝ 

e −t 0 · · · 0
−t e −t · · · 0
0 −t e · · · 0
0 · · · · · · · · · 0
0 · · · −t e −t
0 · · · 0 −t e 

⎞ ⎟⎟⎟⎟⎟⎟⎠ (B.1)

And the Green function, being a one-electron hamiltonian, can be obtained di-
rectly by inversion, g(ω) = (ωId − h)−1 ,

g(ω) = 

⎛ ⎜⎜⎜⎜⎜⎜⎝ 

ω − e t 0 · · · 0
t ω − e t · · · 0
0 t ω − e · · · 0
0 · · · · · · · · · 0
0 · · · t ω − e t
0 · · · 0 t ω − e 

⎞ ⎟⎟⎟⎟⎟⎟⎠ 

−1

(B.2)

In general, let us defne a matrix aN as

aN = 

⎛ ⎜⎜⎜⎜⎜⎜⎝ 

a b 0 · · · 0
b a b · · · 0
0 b a · · · 0
0 · · · · · · · · · 0
0 · · · b a b
0 · · · 0 b a

⎞ ⎟⎟⎟⎟⎟⎟⎠ (B.3)

and let us call xn to the determinant of an, xn = det(an).
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Expanding on co-factors, we get the following recursive relation

xn = axn−1 − b2xn−2,
(B.4)

x0 = 1, x1 = a.

We can write this as a matrix equation:� � � �� � 
xn−1 0 1 xn−2= (B.5)xn −b2 a xn−1

Iterating, we get� � � �� � � �2 � � � �n−1 � � 
xn−1 0 1 xn−2 0 1 xn−3 0 1 x0= = = · · · xn −b2 a xn−1 −b2 a xn−2 −b2 a x1

(B.6)
We call the matrix R, � � 

0 1
R = (B.7)−b2 a

So that we need to calculate Rn−1. For that, we diagonalize R. The eigenvalues are√ 
a ± i 4b2 − a2

λ = , and the eigenvectors can then be taken as (1, λ+) and (1, λ−).2
Let’s call P to the matrix of eigenvectors� � 

1 1P = 
λ+ λ− 

Then we can write:

R = PDP−1, (B.8)� � 
λ+ 0

where D is the diagonal matrix Now we have
0 λ− 

Rn−1 = PDn−1P−1, (B.9)

so that we get

1
xn = (λn (a − λ−) + λ− 

n (a + λ+)) , (B.10)+λ+ − λ− 

which is real-valued because of the combination of the complex conjugates.
To calculate the inverse matrix, we use the co-factor rule. It will be enough to

calculate the diagonal elements:

xk−1xN−kgkk = . (B.11)
xN

The element we need to calculate explicitly is g11.� � 
λN−1

xN−1 + (a − λ−) + λ− 
N−1(a + λ+) 

g11 = = � � (B.12)
xN λN(a − λ−) + λ− 

N(a + λ+)+ 



� 

� 
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The Green function in the limit N → ∞, when we have an infnite chain, is then
just

1
g11 = 

2a ± Im(λ+) 
We undo the changes a = ω − e, b = t and fnally get

p
4t2 − (ω − e)21 ω − e 

g11(ω) = − i , (B.13)p = 
4t2 − (ω − e)2 4t2 4t2ω − e + i

where the sign is selected so that it will correspond to a physical Density of States.
We further call D = 2t to the bandwidth, for ease of notation. The metallic DOS is
then p

D2 − (ω − e)2
ρm(ω) = , (B.14)

πD2

which is the semi-elliptic function.

Next, we calculate the induced DOS in a new level that we connect to our semi-
infnite chain. We call V to the intra-site energy of the new site (thought of as an
atomic level) and T the hopping connecting this site to the frst site of the chain.⎛ ⎜⎜⎜⎜⎜⎜⎜⎝ 

⎞ ⎟⎟⎟⎠ 
⎛ ⎜⎜⎜⎝ 
ω − V

T
0
...
0
.

� 
T 0 . . . 0

g−1

⎞ ⎟⎟⎟⎟⎟⎟⎟⎠ 
(B.15)

Inverting the block matrix leads, for the frst term on the upper left side, which
is just the Green function in the atom, the following term:

g0(ω) = 
�−1

ω − V − T2g11(ω) . (B.16)

This lead us to the following atomic density of states:

T2ρm(ω)
ρ0(ω) = , (B.17)

(ω − V − T2R(g11)(ω))2 + π2T4ρ2 (ω)m

where R(g11)(ω) is the real part of the metallic Green function, which, in the general
case, is the Hilbert transform of the imaginary part:Z

ρm(ω0) 
dω0R(g11)(ω) = π ,

ω0 − ω 

and which in the semielliptic case is just

ω − e
R(g11)(ω) = .

D2
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As an example, consider the fully symmetric case, with nat = 0.5, V = 0, e = 0.
The DOS then results in

√ 
1 D2 − ω2

ρ0(ω) = � � . (B.18)
π D2 − 2 ω2 + T2

T2

The DOS at the Fermi level, ω = 0, which is interesting for the Stoner problem,
is just:

D
ρ0(Ef ) = (B.19)

πT2 .
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Appendix C

Diagrammatic calculation

FIGURE C.1: The two second-order diagrams that need to be consid-
ered

The interaction lines of the Feynman diagram above may correspond, in our
problem, to:

U
∑ n̂µσn̂µσ 2 µ,σ 

U0 

2 ∑ n̂µσn̂νσ0 

µ 6=ν,σ,σ0 
(C.1)−J

∑ n̂µσn̂νσ 2
µ 6=ν,σ 

† †−J
∑ ĉµσ ĉµσ ĉνσ ĉνσ 2

µ 6=ν,σ 

To deal with the full Kanamori hamiltonian, which, as commented above, is ro-
tationally invariant, we must add the term:

† †−J
∑ ĉµσ ĉνσ ĉνσ ĉµσ 2

µ 6=ν,σ 

First, we treat the second-order diagrams generally. To simplify the notation, we
are going to call zj to the collection of indeces (αj, β j, γj, δj, σj, σj

0). This 6-tuple refers
β j,δj † †to a term Oαj,γj ĉ ĉ ĉδjσ

0 ĉγjσj in the full many-body hamiltonian.αjσj β jσj
0 

j
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The second-order diagram for the Green function translates into (omitting the
spin to lighten the notation):Z Z 

β1,δ1 β2,δ2dω1dω2 ∑ Oα1,γ1Oα2,γ2 g0(µ, α1, ω)g0(γ1, α2, ω − ω1)g0(δ1, β2, ω1 + ω2)g0(δ2, β1, ω2)g0(γ2, ν, ω).
z1,z2

(C.2)

For the self-energy thus we have the general result:

Z 
Σ(µ, ν, σ, ω) = cnt OµαOτλ dω1dω2g0(ασ, γσ, ω − ω1)g0(δσ0 , τσ0 , ω − ω2)g0(λσ0 , βσ0∑ βδ 

γν , ω2).
α,β,γ,τ,λ,δ,σ0 

(C.3)
Alternatively, we compute this second-order Self energy in terms of the Density of
States: We will plug this into second order perturbation theory to obtain a perturba-
tive many-body DOS:

Z Z ZEf Ef ∞
βδ ρασ,γσ(x)ρδσ0,τσ0 (y)ρλσ0,βσ0 (z)

Σ2(ω) = OµαOτλ dzdydx+∑ γν 
−∞ −∞ Ef ω − x − y + z + iη

α,β,γ,τ,λ,δ,σ0 !Z Z Z∞ ∞ Ef ρασ,γσ(x)ρδσ0,τσ0 (y)ρλσ0,βσ0 (z) 
dzdydx ,

Ef Ef −∞ ω − x − y + z + iη 
(C.4)

which follows from eq. C.3 by inserting the spectral decomposition of the causal
Green function: Z Ef ρµ,ν(ω0) Z ∞ ρµ,ν(ω0) 

g0(µ, ν, ω) = dω0 + dω0 (C.5)
−∞ ω − ω0 − iη Ef ω − ω0 + iη 

Next we apply our general result for the different terms of relevance in the Kanamori
hamiltonian, using a Green function such as the one written in eq. 5.34. In our case,
since there are not intra-atomic hopping, only the diagonal part of the atomic self-
energy, Σ(µ, σ, ω), are non-zero:

Notational clarifcation: In what follows, ∑ν=µ aµ,ν, with aµ,ν any quantities, means� �� � 6 

∑ν aµ,ν − aµ,µ, and not ∑ν ∑µ aµ,ν − ∑µ aµ,µ, as it did above (that is, µ is a free in-
dex and ν is the only dummy index here).

U term

The U term gives: ! 
|co1(µσ)|2|co2(µσ)|cu3(µσ)|2) |cu1(µσ)|2|cu2(µσ)|co3(µσ)|2)

U2 ∑ + ∑ .
ω − eo1 − eo2 + eu3 ω − eu1 − eu2 + eo3o1,o2,u3 u1,u2,o3

In the limit T/ω → 0 this becomes� � 
nµσnµσ(1 − nµσ) (1 − nµσ)(1 − nµσ)nµσU2 + .

ω − Ee f f ω − Ee f f
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In the fully degenerate case, in which all the occupation numbers are the same,
we have just:

U2 n(1 − n) 
ω − Ee f f

U’ term

The U0 term gives: ! 
U02 |co1(µσ)|2|co2(νσ0)|cu3(νσ0)|2) |cu1(µσ)|2|cu2(νσ0)|co3(νσ0)|2)

∑ ∑ + ∑ .
ω − eo1 − eo2 + eu3 ω − eu1 − eu2 + eo3ν 6=µ,σ0 o1,o2,u3 u1,u2,o3

In the limit T/ω → 0 this becomes� � 
nµσnνσ0 (1 − nνσ0 ) (1 − nµσ)(1 − nνσ0 )nνσ0 

U02 ∑ + .
ω − Ee f f ω − Ee f f

ν 6=µ,σ0 

In the fully degenerate case, in which all the occupation numbers are the same,
we sum over ν and σ0 and we get:

2(M − 1)U02 n(1 − n) 
ω − Ee f f .

Diagonal J term

The diagonal J term gives: ! 
|co1(νσ)|2|co2(µσ)|cu3(νσ)|2) |cu1(νσ)|2|cu2(µσ)|co3(νσ)|2)

J2 ∑ ∑ + ∑ .
ω − eo1 − eo2 + eu3 ω − eu1 − eu2 + eo3ν 6=µ o1,o2,u3 u1,u2,o3

In the limit T/ω → 0 this becomes� � 
nνσnµσ(1 − nνσ) (1 − nνσ)(1 − nµσ)nνσ J2 ∑ + .

ω − Ee f f ω − Ee f f
ν 6=µ 

In the fully degenerate case, in which all the occupation numbers are the same,
we sum over ν and we get:

(M − 1)J2 n(1 − n) 
ω − Ee f f .

Spin-fip J term

The spin-fip J term gives: ! 
|co1(νσ)|2|co2(µσ)|cu3(νσ)|2) |cu1(νσ)|2|cu2(µσ)|co3(νσ)|2)

J2 ∑ ∑ + ∑ .
ω − eo1 − eo2 + eu3 ω − eu1 − eu2 + eo3ν 6=µ o1,o2,u3 u1,u2,o3
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In the limit T/ω → 0 this becomes� � 
nνσnµσ(1 − nνσ) (1 − nνσ)(1 − nµσ)nνσJ2 ∑ + .

ω − Ee f f ω − Ee f f
ν 6=µ 

In the fully degenerate case, in which all the occupation numbers are the same,
we sum over ν and we get:

(M − 1)J2 n(1 − n) 
ω − Ee f f .

Last Kanamori J term

Here we study the effect of the double-hopping term, which appears only when
U = U0 + 2J.

This is the term
J † †ĉµσ ĉµσ ĉνσ ĉνσ.∑ 

ν 6 µ= 

This last Kanamori J term gives: ! 

− 
2

(νσ)|2|co2(νσ)|2cu3(µσ)|2) (νσ)|2|cu2(νσ)|2co3(µσ)|2) 
− eu2 + eo3

|co1 |cu1J2 ∑∑ ∑+ .
ω − eo1 − eo2 + eu3 ω − eu1ν 6=µ o1,o2,u3 u1,u2,o3

In the limit T/ω → 0 this becomes� � 
nνσnνσ(1 − nµσ) (1 − nνσ)(1 − nνσ)nµσJ2 ∑ + .

ω − Ee f f ω − Ee f f
ν 6=µ 

In the fully degenerate case, in which all the occupation numbers are the same,
we sum over ν and we get:

(M − 1)J2 n(1 − n) 
ω − Ee f f .

Double exchange diagram
The last diagram to be considered is the double exchange one, seen on the right

in fg. ??.
And it gives no-null contribution with U0/J or J/U0 . Both contributions are iden-

tical, so the result is :

! 
(νσ)|2|co2(µσ)|2cu3(νσ)|2) (νσ)|2|cu2(µσ)|2co3(νσ)|2)|co1 |cu1−2U0 J ∑∑ ∑+ .

ω − eo1 − eo2 + eu3 ω − eu1 − eu2 + eo3ν 6=µ o1,o2,u3 u1,u2,o3

The sign is opposite to that of the other diagrams because of the absence of
fermionic loops.

In the limit T/ω → 0 this becomes� � 
nνσnµσ(1 − nνσ) (1 − nνσ)(1 − nµσ)nνσ −2U0 J ∑ + .

ω − Ee f f ω − Ee f f
ν 6=µ 
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In the fully degenerate case, in which all the occupation numbers are the same,
we sum over ν and we get:

n(1 − n)−2(M − 1)U0 J
ω − Ee f f .

Final result
Adding everything together, we have, for U = U0 + J, that the fnal result in the

limit T/ω → 0 with all the levels degenerated is:

n(1 − n)
C

ω − Eeff ,

with

C = U2 + 2(M− 1)U02 + 2(M− 1)J2 − 2(M− 1)U0 J = (2M− 1)U02 +(2M− 1)J2 − 2(M− 2)U0 J.
(C.6)

In the particular case M = 2, there is no mixed term and the result is 3(U02 + J2).

In the case in which all atomic levels are degenerate, we can write:

� � Z Ef
Z Ef

Z ∞ ρ(x)ρ(y)ρ(z)
Σ2(ω) = (2M − 1)U02 + (2M − 1)J2 − 2(M − 2)U0 J dzdydx+ 

−∞ −∞ Ef ω − x − y + z + iη !Z Z Z∞ ∞ Ef ρ(x)ρ(y)ρ(z) 
dzdydx ,

Ef Ef −∞ ω − x − y + z + iη 
(C.7)

where ρ is the same for every level and spin.
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Appendix D

Alternative calculation of the
asymptotics for the atomic Green
function

In general, our atomic Green function will look like this:

P Aλ∑ .
λ=1 ω − eλ 

For simplicity, I omit the labels µσ of the Green function (in the case in which all our
levels are degenerate this is not important at all, since the Green function does not
depend on µσ) and I drop the iη factors in the denominators. I shall assume that
we are working with the retarded Green function here, so the Aλ is the sum of the
electron and hole contributions associated to the denominator ω − eλ.

We write this in a form with common denominator:

∑P
λ=1 Aλ ∏µ 6=λ(ω − eµ) 

.
∏α(ω − eα) 

To deal more comfortably with this expression, we need to expand the products
and order that expression in terms of the different powers of ω.

#" 
P P P−k

∏(ω − eα) = ∑ (−1)P−k ∑ ∏ eγj ωk,
α=1 k=0 {γ1,...,γP−k}⊂{1,...,P} j=1

P P−1

∏ (ω − eα) = ∑ (−1)P−k−1

⎛ ⎜⎝ P−k−1

∑ ∏ eγj

⎞ ⎟⎠ωk.
µ=1,µ 6=λ k=0 {γ1,...,γP−k−1}⊂{1,··· ,λ,...,P} j=1

Remember, we want to compute Σat = G−1 − G−1, and G−1 = ω − Ẽ, where Ẽ0 0
is the effective band energy (including Hartree and exchange part of the interaction,
so that this self-energy is strictly not the true self-energy, but the difference between
the self-energy and the Hartree-Fock self-energy). This is:

(ω − Ẽ) ∑λ Aλ ∏µ=λ(ω − eµ) − ∏α(ω − eα)
Σat 6 

= .
∑λ Aλ ∏µ 6=λ(ω − eµ) 
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function

We introduce our expansions of the products in this expression. We focus now
on the object:

(ω − Ẽ)∑ Aλ ∏ (ω − eµ) = 
λ µ 6=λ 

P P−1

⎡ ⎢⎣ eγj

⎤ ⎥⎦ωk.
P−k−1

(ω − Ẽ) ∑∑ (−1)P−k−1 ∑ ∏ 
1j=λ=1 k=0 {γ1,...,γP−k−1}⊂{1,...,λ,...,P} 

We interchange now the order of the summations and study frst the sum over
λ. We can then see that the key is to use the sum rules to simplify the expressions:

P

∑ Aλ 

⎡ ⎢⎣ P−k−1

∏∑ eγj

⎤ ⎥⎦ 
λ=1 {γ1,...,γP−k−1}⊂{1,...,λ,...,P} j=1

for each k.

If we manage to compute this, probably the rest should be easy!

We introduce the notation:

l
Δl = ∏∑ eγj ,

{γ1,...,γl}⊂{1,...,P} j=1

and
λ l

∏∑Δ = l eγj .
{γ1,...,γl}⊂{1,...,λ,...,P} j=1

Focus on the numerator, (ω − Ẽ) ∑λ Aλ ∏µ=λ(ω − eµ) − ∏α(ω − eα). We want6 
to apply our expansions here and write this in the form

P

∑ Ckωk.
k=1

The highest order term, in ωP, clearly vanishes because of the frst sum rule, ∑λ 
P
=1 Aλ = 

1. Now, assume that 1 < k < P − 1 (we’ll treat the remaining cases later on). By in-
spection, we see that the coeffcient Ck is:

P λ P λ 

P−k − ˜
P−k−1 − (−1)P−kΔP−k.(−1)P−k AλΔ (−1)P−k−1AλΔ∑ ∑Ck E= 

λ=1 λ=1

Now we make the following observation:

λ λ 
Δ = Δl − eλΔl l−1.
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Appendix D. Alternative calculation of the asymptotics for the atomic Green
function

The coeffcient CP−1 of the term of order P − 1, ωP−1, also vanishes if we assume
the sum rule ∑λ Aλeλ = Ẽ to hold!:

λ 
CP−1 = − ∑ AλΔ1 − Ẽ ∑ AλΔ0

λ + Δ1 = −Δ1 + Ẽ − Ẽ + Δ1 = 0.
λ 

Clearly the (P− 2)-th term is the lowest order term in the interaction (is quadratic),
so it will be the only surviving term when taking the limit U → 0. The coeffcient
CP−2 is calculated as follows:

λ λ 
CP−2 = ∑ AλΔ2 + Ẽ ∑ AλΔ1 − Δ2 = 

λ λ� �
λ 

∑ Aλ Δ2 − eλΔ1 + Ẽ ∑ Aλ (Δ1 − eλ) − Δ2 = 
λ λ 

λ 
Δ2 − ∑ AλeλΔ1 + Ẽ ∑ AλΔ1 − Ẽ ∑ Aλeλ − Δ2 = 

λ λ λ 
˜ 2 ˜ E2− Δ1E + ∑ Aλeλ + Δ1E − ˜ = 

λ 
2∑ Aλeλ − Ẽ2.

λ 

Thus, we have proved that the self-energy is asymptotically (as U → 0):

∑λ Aλe2
λ − Ẽ2

Σ = .
ω 

(I assume the energy level in each orbital to be zero for simplicity)
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