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A B S T R A C T

The present work studies the effect of redundancies on the reliability of coherent systems formed by modules.
Different redundancies at components’ level versus redundancies at modules’ level are investigated, including
active and standby redundancies. For that, a new model is presented. This model takes into account the
dependence among the components, as well as, the dependence among the modules of the system. In both
cases, the dependence structure is modeled by copula functions. Several results are provided to compare
systems consisting of heterogeneous components. The comparisons are distribution-free with respect to the
components. In particular, we consider the cases when the components in the modules are independent and
connected (or not) in series, and when the components are dependent within the modules. In both cases, it is
assumed that the modules can be dependent. Furthermore, the case in which the components in each module
are identically distributed (dependent or independent) is also considered. We illustrate the theoretical results
with several examples.
1. Introduction

Mainly, there exist two methods to improve the reliability of a
coherent system. Firstly, designing and making higher quality and more
reliable components and, secondly, including redundancies by adding
spares, with similar or different reliability functions, to the original
components. Frequently, the latter option is an efficient way to enhance
the reliability of a system. However, redundancy allocation is not a
trivial problem and it depends on the structure of the system, the
dependence among the components, the reliability functions of the
components and spares, economic restrictions, etc.

In order to deal with redundancy allocation problems, different
approaches have been proposed in the literature. On the one hand,
some authors study which components of the system should be assigned
to be redundant. There are several ways to implement these redundant
components. Some of the most used in the engineering field, among
others, are the active (or hot) redundancy, which consists in adding to
the original component one or more spares forming a parallel system
(see [1–5] among others), and the standby (or cold) redundancy where
a component is replaced, when it fails, by a spare which starts to work
at the replacement moment. There exist many options of replacement
for failed components. For example, in the case of perfect repairs, a new
and identical unit is used as spare (see, for example, [6–8]). In the case
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of minimal repairs, the first model, proposed by Barlow and Hunter [9],
states that a failed component is replaced by a spare whose reliability
is the same as that of the original component just before the failure.
Since then, many generalizations have been proposed in the literature
(see for example Block et al. [10], Shaked and Shanthikumar [11], Aven
[12], Aven and Jensen [13] and Finkelstein [14]). In some occasions
the action of replacement is unsuccessful and the spare unit possess
a worse reliability than the original component, in this case the re-
placement is known as imperfect repair (see Shaked and Shanthikumar
[11], Zequeira and Berenguer [15] and Hollander et al. [16]). Some
authors focus on obtaining optimal maintenance policies, which deal
with cost functions associated to repairs or preventive maintenances
of the system’s components, see Hashemi et al. [17], Wang et al.
[18] and Xu et al. [19]. Recent works which study the redundancy
allocation problem are for instance Kim [20], Peiravi et al. [21], Li
et al. [22], Wang et al. [23], Hsieh [24], Torrado [25], and Navarro
and Fernández-Martínez [26], among others.

On the other hand, some authors study the convenience of carrying
out a redundancy allocation at different levels of a system. Frequently,
redundancies at components’ level require more resources. Thus, it is
interesting to find more efficient alternatives where allocate these re-
dundancies. It is common in engineering areas, to find coherent systems
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which can be described by multiple layers. In this kind of systems,
there exists a hierarchical structure where the whole system is located
at the top and the components are set at the bottom. In the middle
we find different subsystems or modules formed by some components
of the system. A module is considered as a semi-coherent system (we
provide the formal definition below) and two different modules do not
share any common component. In this framework, redundancies can
be allocated to any level (system, modules or components). Multilevel
redundant designs have been widely used in different engineering
areas such as communication systems, mechanical systems, computing
systems, electrical systems and control systems among others (see, for
example, [27–29]). As a particular case of multilevel redundancies, Bar-
low and Proschan [30] presented a result which states that active
redundancies at components’ level produce more reliable systems, in
terms of the usual stochastic order, than active redundancies at system
level in the case of independent components. This result is known in the
literature as BP-principle and it has been extended in several ways. A
detailed review about the successive generalizations of the BP-principle
can be found in Yan and Wang [31].

In this work, we propose a new model to study redundancy mech-
anisms at multiple levels. We incorporate the possible dependency
among the components or modules by using the Sklar’s copula repre-
sentation, which allows us to express the reliability function associated
to a coherent system as a function of the corresponding reliability
functions of the components or modules. This new approach allows us
to prove that the BP-principle might hold for coherent systems with
independent components, with heterogeneous or identically distributed
components and with matching or non-matching spares. Indeed, com-
paring the reliability of the systems, we prove that active redundancies
at components’ level are better than active redundancies at modules’
level for possibly dependent modules. The last comparison is also
studied for any redundancy and some sufficient conditions are given
to get distribution-free comparisons. The case of minimal repairs is
also considered. Aven and Jensen [13] proposed a generalized model
of minimal repair at systems level, which takes into account different
levels of the system information. In a first level, all components are
observed and we know in each moment which components are still
working. When that information is available the minimal repair is
called physical minimal repair. In a second level, we only know the age
of the system at the moment of failing. In this case, the minimal repair
is known as black box minimal repair. This latter option will be the one
used in this article when we consider minimal repairs at module or
system level. Finally, we study under which conditions the reliability
of two systems, with the same number of components and modules, can
be stochastically compared providing an optimal component allocation
under some assumptions.

The present article is organized as follows. In Section 2 we pro-
vide some basic definitions and notations. Section 3 introduces the
formulation of the proposed model and the expressions obtained for
the reliability functions of the systems with redundancies at compo-
nents’ and modules’ levels, respectively. These expressions are used
in Sections 4 and 5 to compare the resulting systems under different
assumptions. In Section 4 we deal with systems having heterogeneous
components and we provide some results for independent components
connected (or not) in series and dependent components within the
modules. In both cases, we assume that the modules can be depen-
dent. In Section 5 we consider the case of systems with identically
distributed components within modules. The conclusions of the paper
are presented in Section 6.

2. Definitions and preliminary results

In this section, we recall some well-known definitions. Throughout,
we use increasing and decreasing to denote monotone nondecreasing
and monotone nonincreasing, respectively. We denote by R𝑛 the 𝑛-
imensional real vectorial space and R𝑛+ the nonnegative orthant of R𝑛.
he notations used in this manuscript are presented in Table 1.
2

efinition 2.1. Given two vectors 𝒙, 𝒚 ∈ R𝑛, we say that the vector 𝒙
ajorizes the vector 𝒚, denoted by 𝒙

m
≥ 𝒚, if

𝑗

𝑖=1
𝑥𝑖∶𝑛 ≤

𝑗
∑

𝑖=1
𝑦𝑖∶𝑛, for 𝑗 = 1,… , 𝑛 − 1 and

𝑛
∑

𝑖=1
𝑥𝑖∶𝑛 =

𝑛
∑

𝑖=1
𝑦𝑖∶𝑛

or if
𝑛
∑

𝑖=𝑗
𝑥𝑖∶𝑛 ≥

𝑛
∑

𝑖=𝑗
𝑦𝑖∶𝑛, for 𝑗 = 2,… , 𝑛 and

𝑛
∑

𝑖=1
𝑥𝑖∶𝑛 =

𝑛
∑

𝑖=1
𝑦𝑖∶𝑛.

The vector 𝒙 weakly supermajorizes the vector 𝒚, denoted by 𝒙
w
≥ 𝒚, if

𝑗
∑

𝑖=1
𝑥𝑖∶𝑛 ≤

𝑗
∑

𝑖=1
𝑦𝑖∶𝑛, for 𝑗 = 1,… , 𝑛,

where 𝑥1∶𝑛,… , 𝑥𝑛∶𝑛 denote the components of the vector (𝑥1,… , 𝑥𝑛)
rearranged in increasing order. Thus, 𝑥1∶𝑛 and 𝑥𝑛∶𝑛 represents the
minimum and maximum of (𝑥1,… , 𝑥𝑛), respectively. The same holds
for 𝑦𝑖∶𝑛.

Bon and Păltănea [32] introduced the 𝑝-larger order, which is
considered a preorder on R𝑛+. Here, we recall its definition.

Definition 2.2. Given two non-negative vectors 𝒙, 𝒚 ∈ R𝑛+, we say that

𝒙 is 𝑝-larger than the vector 𝒚, denoted by 𝒙
p
≥ 𝒚, if

𝑗
∏

𝑖=1
𝑥𝑖∶𝑛 ≤

𝑗
∏

𝑖=1
𝑦𝑖∶𝑛, for 𝑗 = 1,… , 𝑛.

It is known that 𝒙
m
≥ 𝒚 ⇒ 𝒙

w
≥ 𝒚 and 𝒙

m
≥ 𝒚 ⇒ 𝒙

p
≥ 𝒚. The converses

are, however, not always true.
Next, we introduce the notion of Schur-concave/convex functions

related to the majorization order and also a result which can be found
in [33].

Definition 2.3. A function 𝜓 ∶  ⊆ R𝑛 → R is said to be Schur-concave
(Schur-convex) on  if, and only if, for all 𝒙, 𝒚 ∈  such that 𝒙

m
≥ 𝒚,

one has 𝜓(𝒙) ≤ (≥)𝜓(𝒚).

The following result is well-known.

Lemma 2.4. A real-valued function 𝜙 defined on a set  ⊂ R𝑛 satisfies

𝒙
w
≥ 𝒚 on  ⇒ 𝜙(𝒙) ≥ (≤)𝜙(𝒚)

f, and only if, 𝜙 is decreasing (increasing) and Schur-convex (Schur-
oncave) on .

The following result is Lemma 2.1 in [34].

emma 2.5. The function 𝜙 ∶ R𝑛+ → R satisfies
p
≥ 𝒚 ⇒ 𝜙(𝒙) ≥ (≤)𝜙(𝒚)

f, and only if, 𝜙(𝑒𝑎1 ,… , 𝑒𝑎𝑛 ) is Schur-convex (Schur-concave) in (𝑎1,… , 𝑎𝑛)
nd decreasing (increasing) in 𝑎𝑖, for 𝑖 = 1,… , 𝑛.

We will also need the following basic concepts of Reliability Theory.
(binary) system is a Boolean (structure) function 𝜓 ∶ {0, 1}𝑛 →

0, 1}. Here 𝑥𝑖 = 0 means that the 𝑖th component does not work and
𝑖 = 1 that it works. Then, the system state 𝜓(𝑥1,… , 𝑥𝑛) ∈ {0, 1} is
ompletely determined by the structure function 𝜓 and the component
tates 𝑥1,… , 𝑥𝑛 ∈ {0, 1}. A system 𝜓 is semi-coherent if it is increasing,
𝜓(0,… , 0) = 0 and 𝜓(1,… , 1) = 1. A system 𝜓 is coherent if it is
semi-coherent and all the components are relevant. We say that the
𝑖th component is relevant if 𝜓 is strictly increasing in at least a point
in the 𝑖th variable. In general, a semi-coherent system is not a coherent
system. For example, the system 𝜓(𝑥1, 𝑥2) = 𝑥2 is semi-coherent but
not coherent. The basic properties of systems can be seen in the classic

book [30].
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Table 1
Definitions of the used notations.
𝑛 Total number of components in the system.
𝑘 Total number of modules in the system.
𝑀𝑗 The 𝑗th module, for 𝑗 = 1,… , 𝑘.
𝑛𝑗 Number of components in the 𝑗th module.
𝐬 𝐬 = (𝑛1 ,… , 𝑛𝑘) components’ allocation vector in the 𝑘 modules.
𝑇 System lifetime without any redundancy.
𝑋𝑖 Lifetime of component 𝑖.
𝑋𝑀𝑗

Lifetime of module 𝑗.
𝑇𝐬 Lifetime of a system with redundancy at modules’ level and components’ allocation vector 𝐬.
𝐹𝑖 Reliability function of component 𝑖.
𝐹𝑀𝑗

Reliability function of module 𝑗 without any redundancy.
𝐹𝑇 Reliability function of 𝑇 .
�̄�𝑗 Reliability function of module 𝑗 with redundancy at modules’ level.
�̄�𝑗 Reliability function of module 𝑗 with redundancy at components’ level.
𝑅1 Reliability function of a system when the redundancy is at components’ level.
𝑅2 Reliability function of a system when the redundancy is at modules’ level.
𝑅(𝐬)

2 Reliability function of 𝑇𝐬.
�̄�∗ Distortion function defining the structure among the modules.
�̄�𝑀𝑗

Distortion function defining the structure among the components within the module 𝑗.
𝑞 Redundancy distortion function.
𝑞

Let 𝑇 be the lifetime of a system with 𝑛 components and let
𝑋1,… , 𝑋𝑛 be the lifetimes of the corresponding components. Let 𝐹𝑇 (𝑡) =
Pr(𝑇 > 𝑡) be the system reliability (or survival) function and let 𝐹𝑖(𝑡) =
r(𝑋𝑖 > 𝑡) for 𝑖 = 1,… , 𝑛 be the components’ reliability functions. If the
ystem is semi-coherent, then it is well known, see, e.g., [35], that

̄𝑇 (𝑡) = �̄�(𝐹1(𝑡),… , 𝐹𝑛(𝑡)) (2.1)

for all 𝑡 > 0, where �̄� ∶ [0, 1]𝑛 → [0, 1] is a generalized distortion
unction, that is, it is continuous, increasing and satisfies �̄�(0,… , 0) = 0
nd �̄�(1,… , 1) = 1. Note that the respective distribution functions
atisfy

𝑇 (𝑡) = 𝑄(𝐹1(𝑡),… , 𝐹𝑛(𝑡)),

here

(𝑢1,… , 𝑢𝑛) = 1 − �̄�(1 − 𝑢1,… , 1 − 𝑢𝑛)

s another generalized distortion function. These functions depend on
oth the structure of the system and the dependency among the compo-
ents. This possible dependency can be represented by the copula 𝐶 in
he representation of the joint distribution function of the components’
ifetimes

r(𝑋1 ≤ 𝑥1,… , 𝑋𝑛 ≤ 𝑥𝑛) = 𝐶(𝐹1(𝑥1),… , 𝐹𝑛(𝑥𝑛))

r by the survival copula �̂� in the representation of their joint reliability
unction

r(𝑋1 > 𝑥1,… , 𝑋𝑛 > 𝑥𝑛) = �̂�(𝐹1(𝑥1),… , 𝐹𝑛(𝑥𝑛)).

or example, for the series system 𝑋1∶𝑛 = min(𝑋1,… , 𝑋𝑛), we have

𝐹1∶𝑛(𝑡) = Pr(min(𝑋1,… , 𝑋𝑛) > 𝑡) = �̂�(𝐹1(𝑡),… , 𝐹𝑛(𝑡)),

that is, �̄�1∶𝑛 = �̂�, and for the parallel system 𝑋𝑛∶𝑛 = max(𝑋1,… , 𝑋𝑛),
we have

𝐹𝑛∶𝑛(𝑡) = 1 − Pr(max(𝑋1,… , 𝑋𝑛) ≤ 𝑡) = 1 − 𝐶(1 − 𝐹1(𝑡),… , 1 − 𝐹𝑛(𝑡)),

that is, �̄�𝑛∶𝑛(𝑢1,… , 𝑢𝑛) = 1 − 𝐶(1 − 𝑢1,… , 1 − 𝑢𝑛).
In particular, if the components are identically distributed (i.d.),

that is, 𝐹𝑖 = 𝐹 for 𝑖 = 1,… , 𝑛, then 𝐹𝑇 (𝑡) = 𝑞𝑇 (𝐹 (𝑡)) with 𝑞𝑇 (𝑢) =
�̄�(𝑢,… , 𝑢) and 𝐹𝑇 (𝑡) = 𝑞𝑇 (𝐹 (𝑡)) with 𝑞𝑇 (𝑢) = 1 − 𝑞𝑇 (1 − 𝑢) for 𝑢 ∈ [0, 1].

3. Module reliability modeling

We assume that the coherent system with 𝑛 components that we
want to study can be decomposed in 𝑘 modules 𝑀1,… ,𝑀𝑘 of 𝑛1,… , 𝑛𝑘
components with 𝑛1 + ⋯ + 𝑛𝑘 = 𝑛 (i.e., the modules do not contain
3

common components). Without loss of generality, we can assume that
the first 𝑛1 components belong to module 𝑀1, the components 𝑛1 + 1
to 𝑛1 + 𝑛2 belong to module 𝑀2, and so on. Each module has a semi-
coherent structure and so the reliability function of the first module
𝑀1 can be written as 𝐹𝑀1

(𝑡) = �̄�𝑀1
(𝐹1(𝑡),… , 𝐹𝑛1 (𝑡)), meanwhile, the

reliability function of the module 𝑀𝑗 for 𝑗 = 2,… , 𝑘, can be written as

𝐹𝑀𝑗
(𝑡) = �̄�𝑀𝑗

(𝐹𝑛1+⋯+𝑛𝑗−1+1(𝑡),… , 𝐹𝑛1+⋯+𝑛𝑗 (𝑡)),

where 𝐹1,… , 𝐹𝑛 are the reliability functions of the components and
�̄�𝑀1

,… , �̄�𝑀𝑘
are generalized distortion functions �̄�𝑀𝑗

∶ [0, 1]𝑛𝑗 →

[0, 1]. Note that, for a given module, the components in the other mod-
ules are irrelevant components and so we can extend these functions to
[0, 1]𝑛.

We also assume that the state of the system is determined by the
states of the modules through a coherent structure. Hence the reliability
function of the system lifetime 𝑇 can be written as

𝐹𝑇 (𝑡) = �̄�(𝐹1(𝑡),… , 𝐹𝑛(𝑡))

for all 𝑡 > 0, where �̄� = �̄�∗(�̄�𝑀1
,… , �̄�𝑀𝑘

) and �̄� ∶ [0, 1]𝑛 → [0, 1]
and �̄�∗ ∶ [0, 1]𝑘 → [0, 1] are two generalized distortion functions.
Note that �̄�∗ defines the modular structure, i.e, it contains all the
information about the way in which the modules are connected to each
other and the dependence among them. The dependence among the
components in each module and the dependence among the modules
will be modeled by copula functions. Several examples will be provided
later.

Thus we can consider two options: the redundancy at the compo-
nents’ level or the redundancy at the modules’ level. In both cases we
assume that the redundancy is represented by a univariate distortion
̄ ∶ [0, 1] → [0, 1] satisfying 𝑞(𝑢) ≥ 𝑢 for all 𝑢 ∈ [0, 1]. This approach
was introduced recently in [26] and allows us to represent different
redundancy options in a unified way. For example, if a redundancy is
applied to the first component, then this component is replaced with
a ‘‘system’’ with reliability 𝑞(𝐹1). If this component is reinforced by
adding an independent component with a parallel structure having the
same reliability, then

Pr(max(𝑋1, 𝑌1) > 𝑡) = Pr(𝑋1 > 𝑡) + Pr(𝑌1 > 𝑡) − Pr(𝑋1 > 𝑡) Pr(𝑌1 > 𝑡)

= 𝑞2∶2
(

𝐹 (𝑡)
)

,

where 𝑌1 is the lifetime of the spare added to the first component,
𝐹 is the common reliability function of 𝑋1 and 𝑌1 (matching spares),
and 𝑞2∶2(𝑢) = 2𝑢 − 𝑢2 for 𝑢 ∈ [0, 1]. Later on we will consider other
options, for example, when 𝑋1 and 𝑌1 are dependent or when they are
not identically distributed (not matching spares). The same procedure

is applied to the other components and modules.
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Hence, in the case of a redundancy 𝑞 at the components’ level, if 𝑛
pares are added to the 𝑛 components, then the reliability function of
he improved system is

1(𝑡) = �̄�1(𝐹1(𝑡),… , 𝐹𝑛(𝑡)),

here �̄�1(𝑢1,… , 𝑢𝑛) = �̄�(𝑞(𝑢1),… , 𝑞(𝑢𝑛)) is another generalized distor-
tion function. Clearly, 𝑅1 ≥ 𝐹𝑇 since �̄�1 ≥ �̄�.

On the other hand, if we consider redundancies at the modules’
level, the reliability of the 𝑗th module is replaced with 𝑞(𝐹𝑀𝑗

(𝑡)) (see,
e.g., Fig. 2 in [36]) and so the reliability of the resulting system is

𝑅2(𝑡) = �̄�∗(𝑞(𝐹𝑀1
(𝑡)),… , 𝑞(𝐹𝑀𝑘

(𝑡))) = �̄�2(𝐹1(𝑡),… , 𝐹𝑛(𝑡)), (3.1)

where �̄�2(𝑢1,… , 𝑢𝑛) = �̄�∗(𝑞(�̄�𝑀1
(𝑢1,… , 𝑢𝑛)),… , 𝑞(�̄�𝑀𝑘

(𝑢1,… , 𝑢𝑛))).
Again we get 𝑅2 ≥ 𝐹𝑇 since �̄�2 ≥ �̄�.

The purpose is to compare these two redundancy options by com-
paring �̄�1 and �̄�2. Note that the redundancy at the system level is
included in the second option when we just consider a module with
all the components (i.e. 𝑘 = 1). In this case we get

𝑅2(𝑡) = 𝑞(𝐹𝑇 (𝑡)) = �̄�2(𝐹1(𝑡),… , 𝐹𝑛(𝑡)),

where �̄�2(𝑢1,… , 𝑢𝑛) = 𝑞(�̄�(𝑢1,… , 𝑢𝑛)). Also note that if the system
has different module decompositions, then they can also be compared
by using the corresponding �̄�2 distortion functions obtained in each
decomposition.

4. Systems with heterogeneous components

In this section, we compare the reliability functions of systems
formed by possibly dependent modules consisting of heterogeneous
components with redundancies at components’ or modules’ levels.
Specifically, we consider two scenarios. Firstly, we investigate the
case in which the components within the modules are independent.
Secondly, we study the case in which the components within the
modules are dependent. It is worth mentioning that, in both cases, the
modular structure can be any type.

4.1. Independent components connected in series and dependent modules

Let us start studying comparisons between systems with modules
having heterogeneous independent components connected in series.
The modules can be dependent. In this case, the reliability function of
the first module is

𝐹𝑀1
(𝑡) =

𝑛1
∏

𝑖=1
𝐹𝑖(𝑡),

and that of the 𝑗th module is

𝐹𝑀𝑗
(𝑡) =

𝑛𝑗
∏

𝑖=1
𝐹𝑛1+⋯+𝑛𝑗−1+𝑖(𝑡)

for 𝑗 = 2,… , 𝑘. Therefore, if we apply the redundancy 𝑞 at the module
level, the resulting module reliability functions are given by

�̄�1(𝑡) = 𝑞(𝐹𝑀1
(𝑡)) = 𝑞

( 𝑛1
∏

𝑖=1
𝐹𝑖(𝑡)

)

and

�̄�𝑗 (𝑡) = 𝑞(𝐹𝑀𝑗
(𝑡)) = 𝑞

( 𝑛𝑗
∏

𝑖=1
𝐹𝑛1+⋯+𝑛𝑗−1+𝑖(𝑡)

)

for 𝑗 = 2,… , 𝑘. Hence, the reliability function of the system with
redundancy at the modules’ level is

𝑅2(𝑡) = �̄�∗(�̄�1(𝑡),… , �̄�𝑘(𝑡)). (4.1)

In the following proposition we study comparisons between modu-
lar redundancy and redundancy at components’ level.
4

Proposition 4.1. If the components in each module are independent and
are connected in series and the distortion 𝑞 satisfies

𝑞(𝑢)𝑞(𝑣) ≥ (≤)𝑞(𝑢𝑣) (4.2)

for all 𝑢, 𝑣 ∈ [0, 1], then 𝑅1 ≥ (≤)𝑅2 for any modular structure �̄�∗.

Proof. The reliability function of the system with redundancy at the
modules’ level is given in (4.1). On the other hand, we first note that,
in this case, �̄� can be written as

�̄�(𝑢1,… , 𝑢𝑛) = �̄�∗

( 𝑛1
∏

𝑖=1
𝑢𝑖,

𝑛2
∏

𝑖=1
𝑢𝑛1+𝑖,… ,

𝑛𝑘
∏

𝑖=1
𝑢𝑛1+⋯+𝑛𝑘−1+𝑖

)

.

Hence, the reliability function of the system with redundancy at the
components’ level is

𝑅1(𝑡) = �̄�∗(�̄�1(𝑡),… , �̄�𝑘(𝑡)),

where

�̄�1(𝑡) ∶=
𝑛1
∏

𝑖=1
𝑞
(

𝐹𝑖(𝑡)
)

and �̄�𝑗 (𝑡) ∶=
𝑛𝑗
∏

𝑖=1
𝑞
(

𝐹𝑛1+⋯+𝑛𝑗−1+𝑖(𝑡)
)

for 𝑗 = 2,… , 𝑘. Note that if

̄(𝑢1)⋯ 𝑞(𝑢𝑖) ≥ 𝑞(𝑢1 ⋯ 𝑢𝑖) (4.3)

for all 𝑢1,… , 𝑢𝑖 ∈ [0, 1] and 𝑖 = 2, 3,… , 𝑛, then �̄�𝑗 ≥ �̄�𝑗 and so 𝑅1 ≥ 𝑅2.
From (4.2), we know that 𝑞(𝑢1𝑢2) ≤ 𝑞(𝑢1)𝑞(𝑢2). Now, by induction, let
us assume that (4.3) holds for 𝑖 − 1. Then

̄(𝑢1 … 𝑢𝑖) ≤ 𝑞(𝑢1 … 𝑢𝑖−1)𝑞(𝑢𝑖) ≤ 𝑞(𝑢1)… 𝑞(𝑢𝑖)

and therefore (4.3) holds. The proof for the reverse inequality in (4.2)
is analogous. ■

Remark 4.2. It is worth mentioning that if (4.2) holds, we can
use Proposition 4.1 to any modular structure �̄�∗. For instance, if
we consider three modules forming a system with structure 𝑇 =
min(𝑋𝑀1

,max(𝑋𝑀2
, 𝑋𝑀3

)), where 𝑋𝑀𝑖
is the lifetime of the 𝑖th module

for 𝑖 = 1, 2, 3, then the modular structure is

�̄�∗(𝑢1, 𝑢2, 𝑢3) = �̂�(𝑢1, 𝑢2, 1) + �̂�(𝑢1, 1, 𝑢3) − �̂�(𝑢1, 𝑢2, 𝑢3),

with 𝑢1, 𝑢2, 𝑢3 ∈ [0, 1] and �̂� is the survival copula which determines the
dependence between the three modules. In particular, if the modules
are independent, then

�̄�∗(𝑢1, 𝑢2, 𝑢3) = 𝑢1𝑢2 + 𝑢1𝑢3 − 𝑢1𝑢2𝑢3,

since �̂� is the product copula.

Condition (4.2) can be interpreted as follows. Consider a series
system with two independent components (with arbitrary reliability
functions 𝐹1 and 𝐹2) and redundancy function 𝑞. Then, (4.2) means
that in this system the redundancy at the components’ level is better
(in the usual stochastic order) than the redundancy at the system level,
that is,

̄
(

𝐹1(𝑡)
)

𝑞
(

𝐹2(𝑡)
)

≥ 𝑞
(

𝐹1(𝑡)𝐹2(𝑡)
)

for all 𝑡 ≥ 0.

Proposition 4.1 shows that this condition can be extended to systems
with any modular structure and components connected in series in
each module. Property (4.2) holds for any hot standby independent
redundancy (systems) and for perfect repairs (convolutions), see [30],
page 187 (see also the following remark). As a consequence, the reverse
property in (4.2) (with the reverse meaning) is not so common.

Remark 4.3. The condition (4.2) is equivalent to require that the
distortion 𝑞 preserves the new better than used (NBU) aging notion,
see [37]. We recall that the lifetime 𝑋 of a device is NBU if 𝐹 (𝑡1+ 𝑡2) ≤
𝐹 (𝑡1)𝐹 (𝑡2) for all 𝑡1, 𝑡2 ≥ 0, where 𝐹 is the reliability function of 𝑋.
Thus, if 𝑞 satisfies condition (4.2) and 𝑋 is NBU, then

̄ ̄ ̄ ̄ ̄
𝑞(𝐹 (𝑡1 + 𝑡2)) ≤ 𝑞(𝐹 (𝑡1)𝐹 (𝑡2)) ≤ 𝑞(𝐹 (𝑡1))𝑞(𝐹 (𝑡2))
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for all 𝑡1, 𝑡2 ≥ 0. This means that the reliability function 𝑞(𝐹 (𝑡)) is NBU
and therefore 𝑞 preserves this notion. On the other side, if 𝑞 preserves
the NBU notion, then

̄(𝐹 (𝑡1 + 𝑡2)) ≤ 𝑞(𝐹 (𝑡1))𝑞(𝐹 (𝑡2))

for every NBU reliability function 𝐹 . In particular, the reliability func-
tion 𝐹 (𝑡) = 𝑒−𝑡 for 𝑡 ≥ 0, associated to a standard exponential
distribution is NBU. Then, 𝑞(𝑒−𝑡1−𝑡2 ) ≤ 𝑞(𝑒−𝑡1 )𝑞(𝑒−𝑡2 ) for all 𝑡1, 𝑡2 ≥ 0.
Taking 𝑢 = 𝑒−𝑡1 and 𝑣 = 𝑒−𝑡2 , we obtain condition (4.2) for all 𝑢, 𝑣 ∈
[0, 1]. Specifically, it can be proved that the NBU is preserved when the
increasing failure rate (IFR) class is preserved. From [37], the IFR class
is preserved if 𝑢𝑞′(𝑢)∕𝑞(𝑢) is decreasing. This last condition is sometimes
easier to check than (4.2).

Remark 4.4. It is well known that the generalized distortion function
�̄� of any coherent system with 𝑚 independent components satisfies

�̄�(𝑢1𝑣1,… , 𝑢𝑚𝑣𝑚) ≤ �̄�(𝑢1,… , 𝑢𝑚)�̄�(𝑣1,… , 𝑣𝑚)

for all 𝑢𝑖, 𝑣𝑖 ∈ [0, 1] and 𝑖 = 1,… , 𝑚, that is, these systems preserve
the NBU property, see [30], pages 183 and 188 (Exercise 10) or (18)
in [38]. Hence, if we add 𝑚−1 independent and identically distributed
(i.i.d.) spares to a component with any coherent structure, then 𝑞(𝑢) =
�̄�(𝑢,… , 𝑢) and (4.2) holds. The same happen if the components are
independent and have proportional hazard rates. In this case

𝑞(𝑢) = �̄�(𝑢, 𝑢𝛼2 ,… , 𝑢𝛼𝑚 )

and so (4.2) holds for any �̄� (any structure) and any 𝛼2,… , 𝛼𝑚 > 0. So
we can say that (4.2) is a weak condition. However, (4.2) is not always
true (see Example 4.5 for redundancies with dependent i.d. spares or
Remark 4.6 for redundancies not based on coherent system structures).

In the following example we consider dependent spares that satisfy
condition (4.2) for some values of the dependence parameter.

Example 4.5. Let us assume that the spares are added in parallel
and that the original component and spares are i.d. (matching spares)
and dependent. Then the redundancy mechanism is defined by the
following distortion

𝑞(𝑢) = 1 − 𝐶(1 − 𝑢, 1 − 𝑢), 𝑢 ∈ [0, 1], (4.4)

where 𝐶 is the distributional copula which defines the dependence
structure. Let us assume that 𝐶 is an Archimedean copula with gen-
erator 𝜓(𝑡) = (𝜃𝑡 + 1)−1∕𝜃 for 𝜃 > 0, which leads to a Clayton copula
(see [39], page 117, expression (4.2.1)). Then

𝐶(𝑢, 𝑣) =
(

𝑢−𝜃 + 𝑣−𝜃 − 1
)−1∕𝜃 , 𝑢, 𝑣 ∈ [0, 1]. (4.5)

Note that the previous expression is defined as zero for the vectors (0, 𝑣),
(𝑢, 0) and (0, 0), i.e., 𝐶(0, 𝑣) = 𝐶(𝑢, 0) = 𝐶(0, 0) ∶= 0. If 𝜃 = 1, then the
above copula can be rewritten as

𝐶(𝑢, 𝑣) = 𝑢𝑣
𝑢 + 𝑣 − 𝑢𝑣

, 𝑢, 𝑣 ∈ [0, 1].

In this case, from (4.4), the redundancy distortion is

̄(𝑢) = 1 − 1 − 𝑢
1 + 𝑢

= 2𝑢
1 + 𝑢

, 𝑢 ∈ [0, 1]

and

̄(𝑢)𝑞(𝑣) − 𝑞(𝑢𝑣) =
2𝑢𝑣 (2 (1 + 𝑢𝑣) − (1 + 𝑢) (1 + 𝑣))

(1 + 𝑢) (1 + 𝑣) (1 + 𝑢𝑣)

=
2𝑢𝑣(1 − 𝑢)(1 − 𝑣)

(1 + 𝑢) (1 + 𝑣) (1 + 𝑢𝑣)
≥ 0,

i.e, for 𝜃 = 1, (4.2) holds. Then, from Proposition 4.1, we know that
𝑅1 ≥ 𝑅2 holds for any �̄�∗ and any 𝐹1,… , 𝐹𝑛. On the other hand, taking
𝜃 = 4 we have that (4.2) does not hold, see Fig. 1 (right). So, in this
case, we cannot use Proposition 4.1 to compare 𝑅1 and 𝑅2.
5

𝑢

Remark 4.6. As we have seen, there exist redundancies that do not
satisfy neither condition (4.2) nor its reverse. Another example (not
associated with a coherent structure) is the distortion 𝑞(𝑢) = 𝑢(1 −
log 𝑢)𝑒𝑢−1 for 𝑢 ∈ (0, 1] and 𝑞(0) ∶= 0. It can be considered as a
redundancy because 𝑞(𝑢) ≥ 𝑢 for all 𝑢 ∈ [0, 1]. However, 𝑞(0.02) 𝑞(0.01)−
̄(0.02 ⋅ 0.01) > 0 and 𝑞(0.5) 𝑞(0.2) − 𝑞(0.5 ⋅ 0.2) < 0. Therefore neither
ondition (4.2) nor its reverse holds.

One method to enhance the reliability of a system is improving the
uality of some components by reducing their failure rates by a factor
with 0 < 𝛼 < 1. In that case, we can define the reliability function

f the 𝑖th spare as 𝐹 𝛼𝑖 (not matching spares) for all 𝑖 = 1, 2,… , 𝑛. If we
ssume active redundancy and an independent spare in parallel, then
he distortion function is

̄𝛼(𝑢) = 1 − (1 − 𝑢)(1 − 𝑢𝛼) = 𝑢 + 𝑢𝛼 − 𝑢𝛼+1. (4.6)

It is easy to check that this distortion satisfies condition (4.2) for
ny 𝛼 > 0 (as stated in Remark 4.4).

Observe that if 𝛼 = 1, then the redundancy method defined in (4.6)
is the active redundancy 𝑞2∶2(𝑢) = 2𝑢 − 𝑢2, i.e., only one spare is added
in a parallel structure, independent and identically distributed as the
original unit (matching spare). If 𝛼 > 1, then the spare is worse than
the original component in the sense that the failure rate of the spare
is greater than that of the original component (which is a reasonable
assumption in practice). In addition, if 𝛼 ∈ N, then the redundancy
defined in (4.6) is equivalent to add in parallel 𝛼 i.i.d. spares forming
a series system. If 0 < 𝛼 < 1, then the spare is better than the original
component and the result also holds. Next, let us show an example on
how to apply Proposition 4.1 to the redundancy mechanism defined in
(4.6).

Example 4.7. We consider systems with two modules connected
in parallel and we assume that each module has two independent
components connected in series. The components in the first module
have exponential distributions with hazard rates equal to 1 and in the
second module, they have exponential distributions with hazard rates
equal to 2. Next, we assume the redundancy defined in (4.6), that is,
the spare is independent and it is added in parallel, for 𝛼 = 0.5, 1 and 2
(see Fig. 2 for theirs block diagrams). We consider two different cases,
when the modules are independent, i.e., �̄�∗(𝑢, 𝑣) = 𝑢+𝑣− 𝑢𝑣, and when
he modules are dependent with a distributional copula 𝐶, i.e.,

̄ ∗(𝑢, 𝑣) = 1 − 𝐶(1 − 𝑢, 1 − 𝑣), for 𝑢, 𝑣 ∈ [0, 1].

e assume that 𝐶 is a Clayton copula as defined in (4.5) for 𝜃 = 5. In
ig. 3, we plot the reliability functions for the systems with redundancy
t component level (𝑅1) and at module level (𝑅2) for independent
odules (left) and dependent modules (right). As (4.2) holds in both

ases, we always have 𝑅1 ≥ 𝑅2. Also note that 𝑅1 and 𝑅2 decrease
hen 𝛼 increases (as expected since the spares get worse).

Another redundancy, widely used in reliability theory, is the min-
mal repair. It is considered as a particular case of cold redundancy.

unit, with lifetime 𝑋 and survival function 𝐹 , is replaced in case of
ailure by a used unit with the same reliability as 𝑋 and the same age
s the unit had when it failed. This is equivalent to assume that the unit
s minimally repaired to be just as it was before its failure. Let 𝑋∗ be
he lifetime of a component with a minimal repair, then its reliability
unction is given by

̄𝑋∗ (𝑡) = 𝑞𝑚𝑟(𝐹 (𝑡)),

here 𝐹 is the reliability function of 𝑋 and 𝑞𝑚𝑟(𝑢) = 𝑢(1 − log 𝑢) is a
istortion function, see, for example, formula (3.1) in [40] or [41].
he distortion function 𝑞𝑚𝑟 satisfies condition (4.2). Observe that this
ondition is equivalent to
𝑣[1 − log(𝑢 𝑣)] ≤ 𝑢[1 − log(𝑢)] 𝑣[1 − log(𝑣)] for all 𝑢, 𝑣 ∈ [0, 1]. (4.7)
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Fig. 1. Plot of 𝑞(𝑢)𝑞(𝑣) − 𝑞(𝑢𝑣) for the systems in Example 4.5 when the components and spares are dependent with 𝜃 = 1 (left) and 𝜃 = 4 (right).
Fig. 2. Block diagrams of the parallel–series systems considered in Example 4.7 without any redundancy mechanism (left), when the redundancy is allocated at components’ level
(center) and at modules’ level (right).
Fig. 3. Reliability functions for the parallel–series system in Example 4.7 when the modules are independent (left) or dependent (right) with a Clayton copula when 𝜃 = 5.
If 𝑢 = 0 or 𝑣 = 0, then condition (4.2) is satisfied. Suppose now that
𝑢, 𝑣 ∈ (0, 1]. Then, condition (4.7) can be rewritten as

1 − log(𝑢 𝑣) ≤ [1 − log(𝑢)] [1 − log(𝑣)],
1 − log(𝑢) − log(𝑣) ≤ [1 − log(𝑢)] [1 − log(𝑣)],
1 − log(𝑢) − log(𝑣) ≤ 1 − log(𝑢) − log(𝑣) + log(𝑢) log(𝑣),

0 ≤ log(𝑢) log(𝑣),

where the last inequality holds for all 𝑢, 𝑣 ∈ (0, 1]. Note that from
Remark 4.3, this means that the distortion 𝑞𝑚𝑟 preserves the NBU
notion.

Now, we need to establish what we understand by a minimal repair
at module (system) level. Based on the definition of black box minimal
repair, given by Aven and Jensen [13], we consider that a module
(system) is minimally repaired when it is replaced by another used
module (system) with the same distribution and the same age as the
module (system) had when it failed. Let 𝑀∗

𝑗 be the resulting module
after applying a minimal repair to the module 𝑀𝑗 . Then, the reliability
function associated to the lifetime of 𝑀∗

𝑗 can be expressed as

𝐹𝑀∗
𝑗
(𝑡) = 𝐹𝑀𝑗

(𝑡)
(

1 − log𝐹𝑀𝑗
(𝑡)
)

= 𝑞𝑚𝑟(𝐹𝑀𝑗
(𝑡)). (4.8)

In the particular case of a module with 𝑚 components connected in
series, we obtain that

𝐹𝑀∗
𝑗
(𝑡) = 𝑞𝑚𝑟(𝐹1∶𝑚(𝑡)),

with 𝐹1∶𝑚(𝑡) = �̂�(𝐹1(𝑡),… , 𝐹𝑚(𝑡)), where 𝐹1,… , 𝐹𝑚 are the reliability
functions of the components in that module and the survival copula �̂�
6

models the dependence among them. If we also assume independence
among the components of the 𝑗th module, we obtain that

𝐹𝑀∗
𝑗
(𝑡) = 𝑞𝑚𝑟

(

𝑚
∏

𝑖=1
𝐹𝑖(𝑡)

)

.

Let us see an example.

Example 4.8. Let 𝑋𝑀1
, 𝑋𝑀2

and 𝑋𝑀3
be the lifetimes of three modules

𝑀1, 𝑀2, and 𝑀3 with 2, 2 and 3 independent components, respectively,
connected in series. Let us assume that these modules define a system
with lifetime 𝑇 = max(min(𝑋𝑀1

, 𝑋𝑀2
), 𝑋𝑀3

), then

�̄�∗(𝑢1, 𝑢2, 𝑢3) = �̂�(1, 1, 𝑢3) + �̂�(𝑢1, 𝑢2, 1) − �̂�(𝑢1, 𝑢2, 𝑢3),

for (𝑢1, 𝑢2, 𝑢3) ∈ [0, 1]3, where �̂� is a survival copula, which mod-
els the dependence among 𝑀1,𝑀2 and 𝑀3, given by the following
Gumbel–Hougaard copula:

�̂�(𝑢1, 𝑢2, 𝑢3) = exp
(

−
(

(− log 𝑢1)𝜃 + (− log 𝑢2)𝜃 + (− log 𝑢3)𝜃
)1∕𝜃

)

(4.9)

with 𝜃 ≥ 1 and 𝑢1, 𝑢2, 𝑢3 ∈ [0, 1]. This copula belongs to the well known
family of Archimedean copulas, see [39], p. 118. The components 1
and 2, in the first module, have exponential distributions with hazard
rates 1 and 2, respectively, i.e., 𝐹𝑖(𝑡) = exp(−𝑖 𝑡) for 𝑖 = 1, 2. The
components 3 and 4 in the second module have Weibull distributions
with shape parameter 1 and 2, respectively, and scale parameter 1 for
both components, that is, 𝐹𝑖(𝑡) = exp(−𝑡(𝑖−2)) for 𝑖 = 3, 4. Finally, the
components 5, 6 and 7 in the last module have log-normal distributions
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with log-deviation 1, 2 and 3, respectively, all of them with log-mean
, in this case, 𝐹𝑖(𝑡) = 1 − 𝛷(log 𝑡∕(𝑖 − 4)) for 𝑖 = 5, 6, 7 with 𝛷 the

distribution function associated to a standard normal distribution. Next,
we apply minimal repairs at modules’ level and at components’ level.
Fig. 4 shows the plots of the reliability functions for the system without
redundancy (blue), for the system with redundancy at module level
(red) and for the system with redundancy at components’ level (black),
when the modules are independent (left) and when they are dependent
(right) with copula parameter 𝜃 = 5. From (4.7) and Proposition 4.1,
we know that 𝑅1 ≥ 𝑅2 holds for all 𝐹1,… , 𝐹7 (as can be seen in these
particular plots).

Let 𝑇𝐬 be the lifetime of a coherent system with redundancy at
modules’ level and let 𝑅(𝐬)

2 be its reliability function, where the vector
𝐬 = (𝑛1,… , 𝑛𝑘) represents the number of components in each module.
Next, we investigate comparisons for two types of modular redundan-
cies between systems with dependent modules connected in series and
whose dependency structure is defined by the family of Archimedean
copulas. Then,

�̄�∗(𝑢1,… , 𝑢𝑘) = �̂�𝜓 (𝑢1,… , 𝑢𝑘) = 𝜓(𝜙(𝑢1) +⋯ + 𝜙(𝑢𝑘)),

for 𝑢1,… , 𝑢𝑘 ∈ [0, 1], where �̂�𝜓 is an Archimedean copula with gen-
erator 𝜓 and 𝜙 = 𝜓−1. In addition, we consider that the components
in each module are independent, connected in series and that theirs
lifetime distributions are ordered. Thus we obtain the following result.

Proposition 4.9. Let 𝑇𝐬 and 𝑇𝐫 be the lifetimes of two systems under
modular redundancy with the same modular structure given by �̄�∗ = �̂�𝜓 an
Archimedean copula with generator 𝜓 , and with independent components
connected in series in each module, where 𝐬 = (𝑛1,… , 𝑛𝑘) and 𝐫 =
(𝑚1,… , 𝑚𝑘) are their respective component allocation vectors. Also assume
that 𝐹1 ≥ ⋯ ≥ 𝐹𝑛, 𝑛1 ≤ ⋯ ≤ 𝑛𝑘 and 𝑚1 ≤ ⋯ ≤ 𝑚𝑘. If 𝜓 is log-convex and

𝜂(𝑢) =
𝑢 𝑞′(𝑢)
𝑞(𝑢)

is decreasing in 𝑢 ∈ (0, 1] , (4.10)

then 𝐬
𝑚
≥ 𝐫 implies 𝑅(𝐬)

2 ≤ 𝑅(𝐫)
2 .

roof. Let us denote 𝛽𝑗 = 𝐹𝑀𝑗
(𝑡) for any fix 𝑡 > 0 and 𝑗 = 1,… , 𝑘,

then 𝛽1 ≥ ⋯ ≥ 𝛽𝑘 by the assumptions 𝐹1 ≥ ⋯ ≥ 𝐹𝑛 and 𝑛1 ≤ ⋯ ≤ 𝑛𝑘.
Analogously, we define 𝛾𝑗 = 𝐹�̃�𝑗

(𝑡) for 𝑗 = 1,… , 𝑘, where

𝐹�̃�𝑗
(𝑡) =

𝑚𝑗
∏

𝑖=1
𝐹𝑚1+⋯+𝑚𝑗−1+𝑖(𝑡),

and therefore 𝛾1 ≥ ⋯ ≥ 𝛾𝑘. Then, the reliability functions of 𝑇𝐬 and 𝑇𝐫 at
time 𝑡, defined in (4.1), can be rewritten as 𝑅(𝐬)

2 (𝑡) = �̄�∗ (𝑞(𝛽1),… , 𝑞(𝛽𝑘)
)

and 𝑅(𝐫)
2 (𝑡) = �̄�∗ (𝑞(𝛾1),… , 𝑞(𝛾𝑘)

)

, respectively.
Now, observe that 𝛽𝑘 ≤ 𝛾𝑘 when 𝑛𝑘 ≥ 𝑚𝑘 which holds by the

assumption
(

𝑛1,… , 𝑛𝑘
)
𝑚
≥
(

𝑚1,… , 𝑚𝑘
)

. Analogously, it is easy to check
that
𝑘
∏

𝑖=𝑗
𝛽𝑖 ≤

𝑘
∏

𝑖=𝑗
𝛾𝑖 when

𝑘
∑

𝑖=𝑗
𝑛𝑖 ≥

𝑘
∑

𝑖=𝑗
𝑚𝑖,

for 𝑗 = 2,… , 𝑘 − 1, and ∏𝑘
𝑖=1 𝛽𝑖 =

∏𝑛
𝑖=1 𝐹𝑖(𝑡) =

∏𝑘
𝑖=1 𝛾𝑖 since ∑𝑘

𝑖=1 𝑛𝑖 =
∑𝑘
𝑖=1 𝑚𝑖. Therefore,

(

𝑛1,… , 𝑛𝑘
)

𝑚
≥

(

𝑚1,… , 𝑚𝑘
)

implies
(

𝛽1,… , 𝛽𝑘
)

𝑝
≥

(

𝛾1,… , 𝛾𝑘
)

. Thus, 𝑅(𝐬)
2 ≤ 𝑅(𝐫)

2 holds if

�̄�∗ (𝑞(𝛽1),… , 𝑞(𝛽𝑘)
)

≤ �̄�∗ (𝑞(𝛾1),… , 𝑞(𝛾𝑘)
)

whenever
(

𝛽1,… , 𝛽𝑘
)
𝑝
≥
(

𝛾1,… , 𝛾𝑘
)

. To prove this, from Lemma 2.5, we
need to show that the function

𝑔(𝑏1,… , 𝑏𝑘) ∶= �̄�∗ (𝑞(𝑒𝑏1 ),… , 𝑞(𝑒𝑏𝑘 )
)

is increasing in 𝑏𝑖 for 𝑖 = 1,… , 𝑘 and Schur-concave in 𝒃 = (𝑏1,… , 𝑏𝑘)
where 𝑏 ∈ (−∞, 0] for 𝑖 = 1,… , 𝑘. Firstly, it is evident that 𝑔 is
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𝑖

increasing in 𝑏𝑖 since it is the composition of three positive-valued and
increasing functions. Secondly, to prove that

𝑔(𝑏1,… , 𝑏𝑘) = 𝜓
(

𝜙(𝑞(𝑒𝑏1 )) +⋯ + 𝜙(𝑞(𝑒𝑏𝑘 ))
)

is Schur-concave in 𝒃, we obtain its first partial derivative with respect
to 𝑏𝑖 such as
𝜕𝑔(𝒃)
𝜕𝑏𝑖

= 𝜓 ′
(

𝜙(𝑞(𝑒𝑏1 )) +⋯ + 𝜙(𝑞(𝑒𝑏𝑘 ))
)

𝜙′(𝑞(𝑒𝑏𝑖 ))𝑞′(𝑒𝑏𝑖 )𝑒𝑏𝑖

= 𝜓 ′
(

𝜙(𝑞(𝑒𝑏1 )) +⋯ + 𝜙(𝑞(𝑒𝑏𝑘 ))
) 𝑞′(𝑒𝑏𝑖 )𝑒𝑏𝑖
𝜓 ′(𝜙(𝑞(𝑒𝑏𝑖 )))

= 𝜓 ′
(

𝜙(𝑞(𝑒𝑏1 )) +⋯ + 𝜙(𝑞(𝑒𝑏𝑘 ))
) 𝜓(𝜙(𝑞(𝑒𝑏𝑖 )))
𝜓 ′(𝜙(𝑞(𝑒𝑏𝑖 )))

⋅
𝑞′(𝑒𝑏𝑖 )𝑒𝑏𝑖
𝑞(𝑒𝑏𝑖 )

= 𝜓 ′
(

𝜙(𝑞(𝑒𝑏1 )) +⋯ + 𝜙(𝑞(𝑒𝑏𝑘 ))
)

𝑠(𝑏𝑖),

here 𝑠(𝑥) = 𝑠1(𝑥)𝑠2(𝑥) with

1(𝑥) =
𝜓(𝜙(𝑞(𝑒𝑥)))
𝜓 ′(𝜙(𝑞(𝑒𝑥)))

and 𝑠2(𝑥) =
𝑒𝑥 𝑞′(𝑒𝑥)
𝑞(𝑒𝑥)

.

Observe that 𝑠1 is a negative and increasing function since log𝜓 is
onvex. Moreover, 𝑠2 is a positive and decreasing function since (4.10)
olds. Therefore, 𝑠 is an increasing function and so 𝑠(𝑏1) ≥ 𝑠(𝑏2) ≥ ⋯ ≥
(𝑏𝑘) for 𝑏1 ≥ ⋯ ≥ 𝑏𝑘. Consequently
𝜕𝑔(𝒃)
𝜕𝑏1

≤ 𝜕𝑔(𝒃)
𝜕𝑏2

≤ ⋯ ≤ 𝜕𝑔(𝒃)
𝜕𝑏𝑘

,

since 𝜓 ′ ≤ 0. Then, from Theorem 3.A.3 in [33], we have that 𝑔(𝒃)
is Schur-concave in 𝒃 for 𝑏1 ≥ ⋯ ≥ 𝑏𝑘. As these inequalities hold for
log(𝛽𝑖) and log(𝛾𝑖), this completes the proof. ■

Note that if the modules are independent and connected in series
hen 𝜓(𝑥) = 𝑒−𝑥, and therefore we can apply Proposition 4.9 to systems
ith independent modules. Next, we show how to apply Proposition 4.9

o systems with dependent modules assembled by an Archimedean
opula.

xample 4.10. We consider three systems with two modules each
ne connected in series, that is, �̄�∗(𝑢, 𝑣) = �̂�(𝑢, 𝑢), where �̂� is the
urvival copula that represents the possible dependence between these
odules. The first module has 𝑛1 independent components connected in

eries which have exponential distributions with hazard rates equal to
. The second one has 𝑛2 components of the same type (independent
nd connected in series) exponentially distributed with hazard rates
qual to 2. Let us assume 𝑛1 = 1, 2, 3 and 𝑛2 = 5, 4, 3 for the three
ystems, respectively. It is easy to check that (1, 5)

𝑚
≥ (2, 4)

𝑚
≥ (3, 3).

n the other hand, let 𝑞2∶2(𝑢) = 2𝑢 − 𝑢2 be the distortion of the
edundancy mechanism which satisfies (4.10). We show in Fig. 5 the
eliability functions of the three systems for independent modules (left)
nd dependent modules (right). For the case of dependent modules, we
uppose that the dependence structure is defined by the Clayton copula
n (4.5) for 𝜃 = 5 which satisfies that 𝜓 is log-convex. Therefore, all the
onditions in Proposition 4.9 hold. As expected from that proposition,
2 decreases when (𝑛1, 𝑛2) increases in the majorization order. This
roperty will hold for any ordered reliability functions 𝐹1 ≥ ⋯ ≥ 𝐹6.

emark 4.11. The meaning of (4.10) is similar to that of (4.2) but
eplacing the usual stochastic order with the hazard rate order. Thus,
f we consider a series system with two independent components 𝑋1
nd 𝑋2 with arbitrary reliability functions 𝐹1 and 𝐹2, then the lifetime
f the system when we apply the redundancy, represented by 𝑞, at the
omponents’ level is 𝑇1 = min(𝑌1, 𝑌2) and its corresponding reliability
unction is

1(𝑡) = 𝑞(𝐹1(𝑡))𝑞(𝐹2(𝑡)) for all 𝑡 ≥ 0,

here 𝑌𝑖 represents the lifetime of the 𝑖th unit with redundancy for
= 1, 2. Then, its hazard rate function is

(𝑡) = ℎ (𝑡) + ℎ (𝑡) = 𝜂(𝐹 (𝑡))ℎ (𝑡) + 𝜂(𝐹 (𝑡))ℎ (𝑡),
𝑇1 𝑌1 𝑌2 1 1 2 2
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Fig. 4. Reliability functions for the systems in Example 4.8 without redundancy (blue), with redundancy at modules’ level (red) and with redundancy at components’ level (black),
when the modules are independent (left) or dependent (right).
Fig. 5. Reliability functions 𝑅2 for the series system in Example 4.10 when the modules are independent (left) or dependent (right) with a Clayton copula with 𝜃 = 5.
r
a

f

where 𝜂(𝑢) = 𝑢𝑞′(𝑢)∕𝑞(𝑢) for 𝑢 ∈ (0, 1] and ℎ𝑖 is the hazard rate function
of 𝑋𝑖 for 𝑖 = 1, 2. Analogously, if we consider the lifetime 𝑇2 of the
system with redundancy at the system level, then its reliability is

𝑅2(𝑡) = 𝑞(𝐹1(𝑡)𝐹2(𝑡)) for all 𝑡 ≥ 0,

and its hazard rate function is

ℎ𝑇2 (𝑡) = 𝜂(𝐹1(𝑡)𝐹2(𝑡))ℎ1(𝑡) + 𝜂(𝐹1(𝑡)𝐹2(𝑡))ℎ2(𝑡).

Hence, (4.10) implies that ℎ𝑇1 ≤ ℎ𝑇2 , that is, the series system with
redundancy at the components’ level is better (in terms of the hazard
rate order) than the one with redundancy at the system level.

From [37] we know that condition (4.10) is equivalent to the
preservation of the increasing failure rate (IFR) class. Moreover, we also
know from [42] that the IFR class is preserved in all 𝑘-out-of-𝑛 systems
with i.i.d. components. Therefore, (4.10) holds for all these redundancy
mechanisms which include parallel systems. Thus, if we consider active
redundancy with 𝑚−1 spares, then 𝑞𝑚∶𝑚 (𝑢) = 1−(1−𝑢)𝑚 satisfies (4.10).
Therefore, we can apply Proposition 4.9 to series systems with active
redundancy. However, it is easy to check that the redundancy distortion
𝑞𝛼 in (4.6) does not satisfy (4.10) when 0 < 𝛼 < 1 since
[

𝑢 𝑞′(𝑢)
𝑞(𝑢)

]′
𝑠𝑖𝑔𝑛
= (𝛼 − 1)2 − 𝑢(𝛼2 + 𝑢𝛼−1)

nd it takes positive and negative values in the interval [0, 1]. On the
ther hand, Proposition 4.9 cannot be generalized to any copula as we
how in the following example.

xample 4.12. We consider two systems with three dependent mod-
les connected in series assembled by a Farlie–Gumbel–Morgenstern
FGM) copula, then

̄ ∗(𝑢 , 𝑢 , 𝑢 ) = �̂�(𝑢 , 𝑢 , 𝑢 ) = 𝑢 𝑢 𝑢 (1 + 𝜃(1 − 𝑢 )(1 − 𝑢 )(1 − 𝑢 )),
8

1 2 3 1 2 3 1 2 3 1 2 3
Fig. 6. Function 𝑅(𝐬)
2 − 𝑅(𝐫)

2 for the series system in Example 4.12 with different
edundancy allocation vectors when the components are heterogeneous, independent
nd connected in series.

or (𝑢1, 𝑢2, 𝑢3) ∈ [0, 1]3 and 𝜃 ∈ [−1, 1]. Each module has heterogeneous,
independent components connected in series. Let us assume that 𝐬 =
(1, 3, 3) and 𝐫 = (2, 2, 3) are the allocation vectors of components by
modules for both systems, respectively. It is easy to check that 𝐬

𝑚
≥ 𝐫. We

suppose that the component lifetimes have exponential distributions
with hazard rate 𝜆 ∈ {0.1, 2, 6, 7, 8, 9, 10}, then 𝐹1 ≥ ⋯ ≥ 𝐹7. Finally,
we consider that the redundancy mechanism is 𝑞2∶2(𝑢) = 2𝑢 − 𝑢2 and
we take 𝜃 = −0.9 in the FGM copula. In Fig. 6 we plot the function
𝑅(𝐬)
2 − 𝑅(𝐫)

2 and it is evident that it takes positive and negative values.
Therefore, these systems are not ordered.

If, for example, we consider a system with seven components and
we are interesting in splitting the components in three modules, ac-
cording to Proposition 4.9 (and under the assumptions made in that
proposition), it is better to put two components in the first two modules
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and three components in the last one, since (1, 1, 5)
𝑚
≥ (1, 2, 4)

𝑚
≥

(1, 3, 3)
𝑚
≥ (2, 2, 3). In the following result, we provide the optimal

component allocation vector for systems with redundancy at module
level satisfying these assumptions.

Corollary 4.13. Under the assumption of Proposition 4.9, the best system
with 𝑘 modules and redundancy at modules’ level is that formed by modules
with components distributed according to the vector

𝐬⋆ = (

𝑘−𝑟
⏞⏞⏞⏞⏞⏞⏞
𝑠, 𝑠,… , 𝑠,

𝑟
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝑠 + 1, 𝑠 + 1,… , 𝑠 + 1),

where 𝑠 and 𝑟 ∈ Z+ are the unique integers such that 𝑛 = 𝑠 𝑘 + 𝑟 and
0 ≤ 𝑟 < 𝑘.

Proof. We need to prove that

𝐬
𝑚
≥ 𝐬⋆ (4.11)

for all vectors 𝐬 = (𝑛1,… , 𝑛𝑘) with 𝑛1 ≤ ⋯ ≤ 𝑛𝑘 and ∑𝑘
𝑖=1 𝑛𝑖 = 𝑛.

Given a vector 𝐬, then there exists a number 𝜐 ∈ N and a finite
sequence of vectors {𝐬𝑖}𝑖∈{1,…,𝜐} with 𝐬𝑖 = (𝑛(𝑖)1 ,… , 𝑛(𝑖)𝑘 ), 𝑛(𝑖)1 ≤ ⋯ ≤ 𝑛(𝑖)𝑘
nd ∑𝑘

𝑗=1 𝑛
(𝑖)
𝑗 = 𝑛 for all 𝑖 ∈ {1,… , 𝜐}, such that 𝐬1 = 𝐬, 𝐬𝜐 = 𝐬⋆, and

for any pair of consecutive vectors 𝐬𝑖 and 𝐬𝑖+1 there exist 𝑗0 and 𝑗1 ∈ N
(which depend on 𝑖) with 1 ≤ 𝑗0 < 𝑗1 ≤ 𝑘 such that

𝑛(𝑖+1)𝑗0
= 𝑛(𝑖)𝑗0 + 1,

(𝑖+1)
𝑗1

= 𝑛(𝑖)𝑗1 − 1,
(𝑖+1)
𝑗 = 𝑛(𝑖)𝑗 , for all 𝑗 ∈ {1, 2,… , 𝑘}∖{𝑗0, 𝑗1}.

ote that 𝐬𝑖+1 is obtained from 𝐬𝑖 by moving one component from the
odule 𝑀𝑗1 to the module 𝑀𝑗0 with 𝑗0 < 𝑗1. Furthermore, it is cleat

hat
𝑚
∑

𝑗=1
𝑛(𝑖)𝑗 =

𝑚
∑

𝑗=1
𝑛(𝑖+1)𝑗 for all 𝑚 = 1, 2,… , 𝑗0 − 1;

𝑚
∑

𝑗=1
𝑛(𝑖)𝑗 <

𝑚
∑

𝑗=1
𝑛(𝑖+1)𝑗 for all 𝑚 = 𝑗0, 𝑗0 + 1,… , 𝑗1 − 1;

𝑚
∑

𝑗=1
𝑛(𝑖)𝑗 =

𝑚
∑

𝑗=1
𝑛(𝑖+1)𝑗 for all 𝑚 = 𝑗1, 𝑗1 + 1,… , 𝑘.

herefore, the condition 𝐬𝑖
𝑚
≥ 𝐬𝑖+1 holds for all 𝑖 = 1, 2,… , 𝜐 − 1 and we

ave that

= 𝐬1
𝑚
≥ 𝐬2

𝑚
≥ …

𝑚
≥ 𝐬𝜐−1

𝑚
≥ 𝐬𝜐 = 𝐬⋆.

inally, from (4.11) and Proposition 4.9, we obtain that 𝑅(𝐬)
2 ≤ 𝑅(𝐬⋆)

2 ,
here 𝑅(𝐬⋆)

2 represents the reliability function of the system with re-
undancy at module level and components distributed in the modules
ccording to the vector 𝐬⋆. ■

.2. Independent components and dependent modules

In this subsection, we present a result for the active redundancy
ith 𝑚 − 1 independent spares, 𝑞𝑚∶𝑚(𝑢) = 1 − (1 − 𝑢)𝑚, applied to sys-

ems with heterogeneous and independent components not necessarily
onnected in series in each module. This result generalizes Theorem
in [31] for active redundancies, even more, it proves that the BP-

rinciple, mentioned in the introduction section, holds for a more
eneral case.

roposition 4.14. If we consider an active redundancy with 𝑚 − 1
ndependent spares, 𝑞𝑚∶𝑚(𝑢) = 1 − (1 − 𝑢)𝑚, and the components in each
odule are independent, then 𝑅1 ≥ 𝑅2.
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roof. We provide here the proof for active redundancy with 𝑚 = 2,
hat is, 𝑞(𝑢) = 𝑞2∶2(𝑢) = 2𝑢 − 𝑢2 for 𝑢 ∈ [0, 1] (as mentioned above,
his is equivalent to add an independent spare in parallel to each
omponent/module). A similar reasoning can be followed for proving
he general case (𝑚 ≥ 3). The reliability function of the system with
edundancy at the components’ level is

1(𝑡) = �̄�∗
(

�̄�𝑀1

(

𝑞(𝐹1(𝑡)),… , 𝑞(𝐹𝑛1 (𝑡))
)

,… ,

�̄�𝑀𝑘

(

𝑞(𝐹𝑛1+⋯+𝑛𝑘−1+1(𝑡)),… , 𝑞(𝐹𝑛(𝑡))
))

.

On the other hand, the reliability function of the system with
redundancy at the modules’ level is

𝑅2(𝑡) = �̄�∗
(

𝑞
(

�̄�𝑀1
(𝐹1(𝑡),… , 𝐹𝑛1 (𝑡))

)

,… ,

𝑞
(

�̄�𝑀𝑘
(𝐹𝑛1+⋯+𝑛𝑘−1+1(𝑡),… , 𝐹𝑛(𝑡))

))

.

To prove 𝑅1(𝑡) ≥ 𝑅2(𝑡), we only need to show that

̄
(

�̄�𝑀1
(𝐹1(𝑡),… , 𝐹𝑛1 (𝑡))

)

≤ �̄�𝑀1

(

𝑞(𝐹1(𝑡)),… , 𝑞(𝐹𝑛1 (𝑡))
)

. (4.12)

A similar reasoning can be done for the rest of modules. Let us assume
that the module 𝑀1 has got 𝑟1 minimal path sets {𝑃1, 𝑃2,… , 𝑃𝑟1}, and
𝑃𝑖 has got 𝑚𝑖 components for 𝑖 = 1,… , 𝑟1. Note that these minimal path
sets can share some components. If we apply the active redundancy at
the module 𝑀1, the resulting system (with lifetime 𝑇 (2)

𝑀1
) has got 2 𝑟1

minimal path sets {𝑃 ′
1 , 𝑃

′
2 ,… , 𝑃 ′

2𝑟1
}. It is not difficult to see that 𝑃 ′

𝑖 = 𝑃𝑖
for all 𝑖 = 1, 2,… , 𝑟1 and 𝑃 ′

𝑟1+𝑖
= 𝐿𝑖 for all 𝑖 = 1, 2,… , 𝑟1, where 𝐿𝑖

coincides with the minimal path set 𝑃𝑖 but using the spares instead of
the original components.

On the other hand, if we apply the active redundancy to 𝑀1 at the
components’ level, then the resulting system (with lifetime 𝑇 (1)

𝑀1
) has got

𝑠1 =
∑𝑟1
𝑖=1 2

𝑚𝑖 minimal path sets {𝑃 ′′
1 , 𝑃

′′
2 ,… , 𝑃 ′′

𝑠1
}. It is straightforward

to show that the minimal path sets {𝑃1, 𝑃2,… , 𝑃𝑟1} and {𝐿1, 𝐿2,… , 𝐿𝑟1}
are included in {𝑃 ′′

1 , 𝑃
′′
2 ,… , 𝑃 ′′

𝑠1
}. Therefore, we have proved that

𝑇 (1)
𝑀1

= max(𝑇 (2)
𝑀1
,𝑊 ),

with 𝑊 = max𝑃⊆
(

min𝑋𝑖∈𝑃 (𝑋𝑖)
)

, where  = {𝑃 ′′
1 ,… , 𝑃 ′′

𝑠1
}∖

{𝑃1,… , 𝑃𝑟1 , 𝐿1,… , 𝐿𝑟1}. Note that the components in each minimal
path set are independent. Then, the corresponding reliability functions
of 𝑇 (1)

𝑀1
and 𝑇 (2)

𝑀1
are ordered and the inequality (4.12) holds. ■

This result means that the active redundancy at the components’
level is always better than that at the module level for any 𝐹1,… , 𝐹𝑛,
any �̄�𝑀1

,… , �̄�𝑀𝑘
and �̄�∗ (i.e. any structure and any dependence

among modules) whenever components within modules and spares are
independent. The following example illustrates the theoretical result of
Proposition 4.14.

Example 4.15. Let us consider that the spares are independent and
they are added in a parallel configuration, then 𝑞2∶2(𝑢) = 2𝑢 − 𝑢2

for 𝑢 ∈ [0, 1]. We consider three dependent modules forming a 2-
out-of-3 system with lifetime 𝑇 . The three modules have the same
structure and they are formed by three independent but not identically
distributed components. The modules’ lifetimes are given by 𝑋𝑀𝑗

=
min(𝑋𝑗 ,max(𝑌𝑗 , 𝑍𝑗 )) for 𝑗 = 1, 2, 3 (see Fig. 7). Then, the structure
among the modules and the structure among the components within
the modules are

�̄�∗(𝑢1, 𝑢2, 𝑢3) = �̂�(𝑢1, 𝑢2, 1) + �̂�(𝑢1, 1, 𝑢3) + �̂�(1, 𝑢2, 𝑢3) − 2�̂�(𝑢1, 𝑢2, 𝑢3)

and

�̄�𝑀 (𝑢1, 𝑢2, 𝑢3) = 𝑢1𝑢2 + 𝑢1𝑢3 − 𝑢1𝑢2𝑢3,

respectively, where 𝑢1, 𝑢2, 𝑢3 ∈ [0, 1] and �̂� is a survival copula which
models the dependence among modules.

We assume that 𝑋𝑖, 𝑌𝑖, 𝑍𝑖 have exponential distributions with hazard
rate 𝑖, Weibull distributions with scale parameter 1 and shape param-
eter 𝑖∕10 and Weibull distributions with scale parameter 2 and shape
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Fig. 7. Block diagram of three modules forming a 2-out-of-3 system without redundancy (a). Structure in each module (b).
Fig. 8. Block diagram of three modules with redundancy at component level forming a 2-out-of-3 system (a). Modular structure with redundancy at component level (b).
Fig. 9. Block diagram of three modules forming a 2-out-of-3 system with redundancy
t module level.

arameter 𝑖∕2, for 𝑖 = 1, 2, 3, respectively. Then, the reliability function
of the system 𝑇 is

𝐹𝑇 (𝑡) = �̄�∗
(

�̄�𝑀
(

𝑒−𝑡, 𝑒−𝑡
0.1
, 𝑒−2𝑡

0.5
)

, �̄�𝑀
(

𝑒−2𝑡, 𝑒−𝑡
0.2
, 𝑒−2𝑡

)

,

�̄�𝑀
(

𝑒−3𝑡, 𝑒−𝑡
0.3
, 𝑒−2𝑡

1.5
))

, 𝑡 ≥ 0.

Hence the reliability function of the system with redundancy at the
components’ level (see Fig. 8) is

𝑅1(𝑡) = �̄�∗ (�̄�1(𝑡), �̄�2(𝑡), �̄�3(𝑡)
)

where

�̄�𝑗 (𝑡) = �̄�𝑀
(

𝑞(𝑒−𝑗𝑡), 𝑞(𝑒−𝑡
𝑗∕10

), 𝑞(𝑒−2𝑡
𝑗∕2

)
)

,

for 𝑗 = 1, 2, 3.
Finally, the reliability function of the system with modular redun-

dancy (see Fig. 9) is

𝑅2(𝑡) = �̄�∗(�̄�1(𝑡), �̄�2(𝑡), �̄�3(𝑡)
)

,

where �̄�𝑗 (𝑡) = 𝑞
(

�̄�𝑀 (𝑒−𝑗𝑡, 𝑒−𝑡𝑗∕10 , 𝑒−2𝑡𝑗∕2 )
)

for 𝑗 = 1, 2, 3.
We study two cases, when modules are independent, i.e.,

�̂�(𝑢 , 𝑢 , 𝑢 ) = 𝑢 𝑢 𝑢
10

1 2 3 1 2 3
for all 𝑢1, 𝑢2, 𝑢3 ∈ [0, 1], and when modules are dependent assembled by
the following Clayton copula

�̂�(𝑢1, 𝑢2, 𝑢3) =
(

𝑢−𝜃1 + 𝑢−𝜃2 + 𝑢−𝜃3 − 2
)−1∕𝜃 𝑢1, 𝑢2, 𝑢3 ∈ [0, 1] (4.13)

and 𝜃 > 0. Note that �̂�(𝑢1, 𝑢2, 0) = �̂�(𝑢1, 0, 𝑢3) = �̂�(0, 𝑢2, 𝑢3) =
�̂�(0, 0, 0) ∶= 0. Fig. 10 shows the respective reliability functions 𝐹𝑇
(blue), 𝑅1 (black) and 𝑅2 (red) for the case of independent modules
(left) or when they are dependent (right), with a Clayton survival
copula, defined as in (4.13), with 𝜃 = 16. As it can be seen, 𝑅1 ≥ 𝑅2
which is according to Proposition 4.14.

4.3. Dependent components within the modules and dependent modules

Presently, let us consider that the components within each module
are dependent, then the reliability function of the 𝑗th module is

𝐹𝑀𝑗
(𝑡) = �̄�𝑀𝑗

(

𝐹𝑛1+⋯+𝑛𝑗−1+1(𝑡),… , 𝐹𝑛1+⋯+𝑛𝑗 (𝑡)
)

,

where �̄�𝑀𝑗
defines the structure within the 𝑗th module, i.e., it indicates

the way in which the components are connected to each other and
the dependence among them. If we apply the redundancy 𝑞 to the 𝑗th
module, the reliability of the resulting module is defined as in (4.1)
where

�̄�𝑗 (𝑡) = 𝑞(𝐹𝑀𝑗
(𝑡)) = 𝑞

(

�̄�𝑀𝑗

(

𝐹𝑛1+⋯+𝑛𝑗−1+1(𝑡),… , 𝐹𝑛1+⋯+𝑛𝑗 (𝑡)
)

)

. (4.14)

In the following result we obtain sufficient conditions in order to
compare both redundancy methods (components versus modules) in
the case of dependent components within each module.

Proposition 4.16. If the components in each module are dependent and
the distortion 𝑞 satisfies

�̄�𝑀𝑗

(

𝑞(𝑣1),… , 𝑞(𝑣𝑛𝑗 )
)

≥ (≤)𝑞
(

�̄�𝑀𝑗
(𝑣1,… , 𝑣𝑛𝑗 )

)

(4.15)

for all 𝑣1,… , 𝑣𝑛𝑗 ∈ [0, 1] and 𝑗 = 1,… , 𝑘, then 𝑅1 ≥ (≤)𝑅2 for any
modular structure �̄�∗.

Proof. Observe that the reliability function of the system with redun-
dancy at the components’ level is

̄ ∗ ̄ ̄
𝑅1(𝑡) = 𝑄 (𝐻1(𝑡),… ,𝐻𝑘(𝑡))
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Fig. 10. Reliability functions 𝐹𝑇 (blue), 𝑅1 (black) and 𝑅2 (red) for the system considered in Example 4.15, when the modules are independent (left) or dependent (right) with
Clayton copula.
𝑞

𝑞

𝑞

here

̄ 𝑗 (𝑡) = �̄�𝑀𝑗

(

𝑞(𝐹𝑛1+⋯+𝑛𝑗−1+1(𝑡)),… , 𝑞(𝐹𝑛1+⋯+𝑛𝑗 (𝑡))
)

,

or 𝑗 = 1,… , 𝑘. On the other hand, the reliability function of the system
ith modular redundancy is given in (4.1) and �̄�𝑗 is defined in (4.14).
hen, from (4.15), we have that �̄�𝑗 ≥ (≤)�̄�𝑗 for 𝑗 = 1,… , 𝑘 and hence
𝑅1 ≥ (≤)𝑅2. ■

The next example shows how to apply Proposition 4.16.

Example 4.17. Let us consider that the components are connected
in series in each module, then �̄�𝑀𝑗

= �̂�𝑗 , where �̂�𝑗 is the survival
copula which models the dependence between the components in the
𝑗th module, for 𝑗 = 1,… , 𝑘. Specifically, we assume that all the modules
have two dependent components and that �̂�𝑗 is the following FGM
copula

�̂�𝑗 (𝑢, 𝑣) = 𝑢𝑣(1 + 𝜃(1 − 𝑢)(1 − 𝑣)), 𝑢, 𝑣 ∈ [0, 1],

where 𝜃 ∈ [−1, 1], for 𝑗 = 1,… , 𝑘. On the other hand, we suppose
that the redundancy method is 𝑞𝛼 as defined in (4.6). Then we plot
�̂�(𝑞𝛼(𝑢), 𝑞𝛼(𝑣)) − 𝑞𝛼(�̂�(𝑢, 𝑣), �̂�(𝑢, 𝑣)) for 𝛼 ∈ {0.3, 0.6, 1, 2} and 𝜃 = 0.5
in Fig. 11 and it can be seen that condition (4.15) holds. Then, from
Proposition 4.16, we know that 𝑅1 ≥ 𝑅2 for any �̄�∗ and any 𝐹1,… , 𝐹𝑛.

In the following example, we show that, in some cases, 𝑅1 and 𝑅2
are not ordered and therefore, the systems cannot be compared.

Example 4.18. We consider two modules with two dependent com-
ponents connected in series in each one. Suppose that the components
in the first module have exponential distributions with hazard rates 1
and 3, and those in the second module have exponential distributions
with hazard rates 2 and 4. Thus,

�̄�1(𝑡) = 𝑞
(

�̂�(𝑒−𝑡, 𝑒−3𝑡)
)

, �̄�2(𝑡) = 𝑞
(

�̂�(𝑒−2𝑡, 𝑒−4𝑡)
)

and

�̄�1(𝑡) = �̂�
(

𝑞(𝑒−𝑡), 𝑞(𝑒−3𝑡)
)

, �̄�2(𝑡) = �̂�
(

𝑞(𝑒−2𝑡), 𝑞(𝑒−4𝑡)
)

,

where �̂� defines the dependence structure between the components
in each module. We consider the redundancy 𝑞𝛼 , defined as in (4.6),
with 𝛼 = 0.3 and �̂�, defined as in (4.5), with 𝜃 = 1. We assume that
the modules are connected in series under two different cases, when
modules are independent and when they are dependent. For the case
of independent modules, we get 𝑅2(0.1) = 0.9067 ≤ 0.9291 = 𝑅1(0.1)
and 𝑅2(1) = 0.1286 ≥ 0.1051 = 𝑅1(1), so the reliability functions cross
each other. For the case of dependent modules connected by a Clayton
copula, as defined in (4.5), for 𝜃 = 5, we have 𝑅2(0.1) = 0.9146 ≤
0.9339 = 𝑅1(0.1) and 𝑅2(1) = 0.2929 ≥ 0.2558 = 𝑅1(1), so the reliability
functions are not ordered.
11
5. Identically distributed components within modules

In this section, we consider that modules and components can be
dependent and that the components of the 𝑗th module are identically
distributed (i.d.), i.e,

𝐹𝑛1+⋯+𝑛𝑗−1+1 = ⋯ = 𝐹𝑛1+⋯+𝑛𝑗 = 𝐹 ∗
𝑗 ,

for 𝑗 = 1,… , 𝑘. In this case, the reliability function of the 𝑗th module
can be written as

𝐹𝑀𝑗
(𝑡) = 𝑞𝑀𝑗

(𝐹 ∗
𝑗 (𝑡)),

where 𝑞𝑀𝑗
(𝑢) = �̄�𝑀𝑗

(𝑢,… , 𝑢) for 𝑢 ∈ [0, 1], is a univariate distortion
function determined by the modular structure and the dependence
between its components. For instance, if we assume that the 𝑗th module
has 𝑛𝑗 dependent components connected in series where its dependence
structure is defined by a FGM copula, then

̄𝑀𝑗
(𝑢) = 𝑢𝑛𝑗 (1 + 𝜃(1 − 𝑢)𝑛𝑗 ), 𝑢 ∈ [0, 1], (5.1)

with 𝜃 ∈ [−1, 1]. Another example is to consider that the 𝑗th module is
a 2-out-of-3 system with independent components, then

̄𝑀𝑗
(𝑢) = 3𝑢2 − 2𝑢3, 𝑢 ∈ [0, 1],

(see Table 1 in [43]). Other structures can be found in Table 2 in [44].
In the following result we compare systems with redundancy at

component and modular levels.

Proposition 5.1. If the components in each module are i.d. and

̄𝑀𝑗
(𝑞(𝑢)) ≥ (≤) 𝑞(𝑞𝑀𝑗

(𝑢)) (5.2)

for all 𝑢 ∈ [0, 1] and 𝑗 = 1,… , 𝑘, then 𝑅1 ≥ (≤)𝑅2 for any 𝐹 ∗
1 ,… , 𝐹 ∗

𝑘 and
for any modular and dependence structure �̄�∗.

Proof. From (4.1), the reliability function of the system with redun-
dancy at module level is

𝑅2(𝑡) = �̄�∗
(

𝑞
(

𝑞𝑀1
(𝐹 ∗

1 (𝑡))
)

,… , 𝑞
(

𝑞𝑀𝑘
(𝐹 ∗
𝑘 (𝑡))

)

)

,

meanwhile, the reliability function of the system with redundancy at
component level is

𝑅1(𝑡) = �̄�∗
(

𝑞𝑀1

(

𝑞(𝐹 ∗
1 (𝑡))

)

,… , 𝑞𝑀𝑘

(

𝑞(𝐹 ∗
𝑘 (𝑡))

)

)

.

Then, from (5.2), we get 𝑞𝑀𝑗
(𝑞(𝐹 ∗

𝑗 (𝑡))) ≥ (≤) 𝑞(𝑞𝑀𝑗
(𝐹 ∗
𝑗 (𝑡))) and therefore

𝑅1 ≥ (≤)𝑅2. ■

Of course, if 𝑞 = 𝑞𝑀𝑗
for all 𝑗, then 𝑅1 = 𝑅2. In the following

example, we show how Proposition 5.1 can be applied to compare
the reliability functions between coherent systems with modules where
theirs components are d.i.d. and are connected in series.
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Fig. 11. Plots of �̂�(𝑞𝛼 (𝑢), 𝑞𝛼 (𝑣)) − 𝑞𝛼 (�̂�(𝑢, 𝑣), �̂�(𝑢, 𝑣)) in Example 4.17 for 𝛼 ∈ {0.3, 0.6, 1, 2} (top left, top right, bottom left, bottom right).
𝑞

𝑞

𝑞

Example 5.2. Let us consider that the first module has two i.d.
components connected in series with a FGM survival copula as defined
in (5.1) for 𝜃 ∈ [−1, 1], then

̄𝑀1
(𝑢) = �̂�(𝑢, 𝑢) = 𝑢2(1 + 𝜃(1 − 𝑢)2), 𝑢 ∈ [0, 1].

The other modules have the same structure. On the other hand, we
assume that the redundancy method is minimal repair, i.e., 𝑞(𝑢) =
̄𝑚𝑟(𝑢) = 𝑢(1 − log 𝑢) for 𝑢 ∈ [0, 1]. Note that

̄𝑚𝑟(𝑞𝑀𝑗
(𝑢)) = 𝑢2(1 + 𝜃(1 − 𝑢)2)(1 − 2 log 𝑢 − log(1 + 𝜃(1 − 𝑢)2))

and

𝑞𝑀𝑗
(𝑞𝑚𝑟(𝑢)) = 𝑢2(1 − log 𝑢)2(1 + 𝜃(1 − 𝑢 + 𝑢 log 𝑢)2).

In Fig. 12 (left), we plot 𝑞𝑀𝑗
(𝑞𝑚𝑟(𝑢)) − 𝑞𝑚𝑟(𝑞𝑀𝑗

(𝑢)) for 𝑢 ∈ [0, 1] and
𝜃 ∈ {−1,−0.5, 0, 0.5, 1}. It can be seen that (5.2) holds and, therefore,
we can apply Proposition 5.1 obtaining 𝑅1 ≥ 𝑅2 for any 𝐹 ∗

1 ,… , 𝐹 ∗
𝑘 and

any �̄�∗.

Of course Proposition 5.1 can be used for systems with modules
whose structure is different from components connected in series. Let
us see an example.

Example 5.3. Now, we consider that the first module has lifetime
𝑋𝑀1

= min(𝑋1,max(𝑋2, 𝑋3)), where 𝑋1, 𝑋2, 𝑋3 are i.i.d. and that the
other 𝑘−1 modules have the same structure. Then 𝑞𝑀𝑗

(𝑢) = 2𝑢2−𝑢3 for
𝑢 ∈ [0, 1]. Next, we assume that the original component and its spare
are dependent and that the redundancy distortion is defined as in (4.4)
with a Clayton copula with 𝜃 = 1, i.e., 𝑞(𝑢) = 2𝑢∕(1 + 𝑢). Hence,

𝑞(𝑞𝑀𝑗
(𝑢)) =

2
(

2𝑢2 − 𝑢3
)

(

2 3
) =

2𝑢2(2 − 𝑢)
2 3
12

1 + 2𝑢 − 𝑢 1 + 2𝑢 − 𝑢
and

̄𝑀𝑗
(𝑞(𝑢)) = 2

( 2𝑢
1 + 𝑢

)2
−
( 2𝑢
1 + 𝑢

)3
= 8𝑢2

(1 + 𝑢)3
.

Then,

̄𝑀𝑗
(𝑞(𝑢)) − 𝑞(𝑞𝑀𝑗

(𝑢)) =
2𝑢2 (1 − 𝑢)2

(1 + 𝑢)3
(

1 + 2𝑢2 − 𝑢3
)

(

2 + 𝑢2 − 𝑢
)

≥ 0,

and therefore (5.2) holds (see Fig. 12 (right)). Then, from Proposi-
tion 5.1, we obtain 𝑅1 ≥ 𝑅2 for any 𝐹 ∗

1 ,… , 𝐹 ∗
𝑘 and any �̄�∗.

Remark 5.4. Proposition 5.1 can be easily generalized for two
different distortions 𝑞𝑖 for 𝑖 = 1, 2, where the first one is applied to
the components and the second one to the modules. Hence, condition
(5.2) can be rewritten as

̄𝑀𝑗
(𝑞1(𝑢)) ≥ (≤) 𝑞2(𝑞𝑀𝑗

(𝑢)), (5.3)

for all 𝑢 ∈ [0, 1] and 𝑗 = 1,… , 𝑘. If (5.3) holds then 𝑅1 ≥ (≤)𝑅2. Let us
see an example. We assume, as in Example 5.3, that the lifetime of each
module is 𝑋𝑀𝑗

= min(𝑋1,max(𝑋2, 𝑋3)), where 𝑋1, 𝑋2, 𝑋3 are i.i.d. Now,
we suppose that 𝑞1(𝑢) = 2𝑢 − 𝑢2 and 𝑞2(𝑢) = 𝑢 + 𝑢𝛼 − 𝑢𝛼+1 for 𝑢 ∈ [0, 1]
and 0 < 𝛼 < 1. Observe that if 𝛼 = 1 then 𝑞1 = 𝑞2 and, for 0 < 𝛼 < 1, we
have 𝑞2 ≥ 𝑞1 since 𝑞2(𝑢) = 1−(1−𝑢)(1−𝑢𝛼) is decreasing in 𝛼. However,
depending on the parameter 𝛼, the modular redundancy could be better
than the redundancy at component level, as it can be seen in Fig. 13. In
particular, from Fig. 13, we get that 𝑅1 ≤ 𝑅2 for 𝛼 = 0.3, 0.4, 0.5, 0.6 and
𝑅1 ≥ 𝑅2 for 𝛼 = 1. For 𝛼 = 0.7, 0.8, 0.9 (red, green and orange lines),
the reliability functions are not ordered.

Table 2 contains comparisons between 𝑅1 and 𝑅2 when active
redundancy 𝑞 (𝑢) = 2𝑢 − 𝑢2 is applied at components’ level (𝑅 ), and
1 1
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Fig. 12. Plots of 𝑞𝑀𝑗
(𝑞𝑚𝑟(𝑢)) − 𝑞𝑚𝑟(𝑞𝑀𝑗

(𝑢)) for 𝑢 ∈ [0, 1] and 𝜃 ∈ {−1,−0.5, 0, 0.5, 1} in Example 5.2 (left) and plot of 𝑞𝑀𝑗
(𝑞(𝑢)) − 𝑞(𝑞𝑀𝑗

(𝑢)) for 𝑢 ∈ [0, 1] in Example 5.3 (right).
Fig. 13. Plots of 𝑞𝑀𝑗
(𝑞1(𝑢)) − 𝑞2(𝑞𝑀𝑗

(𝑢)) for 𝑢 ∈ [0, 1] and 𝛼 ∈ {0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1} in Remark 5.4.
t
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𝑛

able 2
omparisons for coherent systems with three components within modules with the
ame module structure under component and module level redundancies. The value 1
ndicates that 𝑅1 ≥ 𝑅2, the value 2 means that 𝑅1 ≤ 𝑅2 and the value 0 indicates that
1 and 𝑅2 are not ordered.

Module 𝑞𝑀𝑗
(𝑢) 𝛼 values for 𝑞2

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 Series 𝑢3 2 0 0 0 0 0 0 1
2 min

(

𝑋1 ,max
(

𝑋2 , 𝑋3
))

2𝑢2 − 𝑢3 2 2 2 2 0 0 0 1
3 2-out-of-3 3𝑢2 − 2𝑢3 2 2 2 0 0 0 0 1
4 max

(

𝑋1 ,min
(

𝑋2 , 𝑋3
))

𝑢 + 𝑢2 − 𝑢3 2 2 2 0 0 0 0 1
5 Parallel 3𝑢 − 3𝑢2 + 𝑢3 2 2 2 2 2 2 2 1&2

when redundancy 𝑞2 defined by (4.6) is applied at modules’ level (𝑅2)
for coherent systems with three i.i.d. components within the 𝑘 modules.
Therefore, we need to study if (5.3) holds. The value 1 indicates that
𝑅1 ≥ 𝑅2 holds, the value 2 means that 𝑅1 ≤ 𝑅2 holds and the value
0 indicates that 𝑅1 and 𝑅2 are not ordered. Note that, for parallel
modules and 𝛼 = 1, 𝑞𝑀𝑗

(𝑞1(𝑢)) = 𝑞2(𝑞𝑀𝑗
(𝑢)) for 𝑢 ∈ [0, 1].

The last column (𝛼 = 1) in Table 2 is according to Proposition 4.14.
s it is clear from Table 2, one redundancy type is not superior to

he other for all values of 𝛼 and all types of module distortions. In
articular, if 𝛼 = 0.3, then the module level redundancy becomes better
or any structure at the modules and any lifetime distribution at the
omponents.

Table 3 displays comparisons between 𝑅1 and 𝑅2 when the re-
undancy method is the same but the module structure is different.
hus, we need to study if (5.2) holds. We consider three different
edundancy methods: active redundancy (one i.i.d. spare is added in
13

arallel), minimal repair and a spare added in parallel assembled to a
he original one by a Clayton copula as defined in (4.5) for 𝜃 = 5. We
onsider the same module structures as those in Table 2.

The first main diagonals of the left and center tables in Table 3
re according to Proposition 4.14. Observe that there is no difference
etween the results obtained for the active redundancy and minimal
epair (except in the case 5-5 where we get 𝑅1 = 𝑅2 in the left

table). The redundancy at component level is more effective when the
components within the modules are connected in parallel in the system
with components’ redundancy (last rows in Table 3) and also when the
components form a series module in the system with modular redun-
dancy (first column in Table 3). However, the redundancy at module
level is better when the components have a parallel configuration in
the system with modular redundancy (last columns in Table 3).

The following result is similar to Proposition 4.9 but for modules
with i.i.d. components connected in parallel.

Proposition 5.5. Let 𝑇𝐬 and 𝑇𝐫 be the lifetimes of two systems under
modular redundancy with the same modular structure, given by �̄�∗, and
possibly dependent modules with i.i.d. components connected in parallel
and common reliability function 𝐹 for all components. Let 𝐬 = (𝑛1,… , 𝑛𝑘)
nd 𝐫 = (𝑚1,… , 𝑚𝑘) be the allocation vectors of components by modules
nd, 𝑅(𝐬)

2 and 𝑅(𝐫)
2 the reliability functions for both systems 𝑇𝐬 and 𝑇𝐫 ,

respectively. Assume that 𝑛1 ≤ ⋯ ≤ 𝑛𝑘, 𝑚1 ≤ ⋯ ≤ 𝑚𝑘, that the distortion
�̄�∗ is Schur-concave and that 𝑞 is concave. If 𝐬

𝑚
≥ 𝐫 then 𝑅(𝐬)

2 ≤ 𝑅(𝐫)
2 .

Proof. Let us consider a fixed value 𝑡 ≥ 0, and denote 𝛽𝑗 = 𝐹𝑀𝑗
(𝑡) =

− (1 − 𝐹 (𝑡))𝑛𝑗 for all 𝑗 = 1,… , 𝑘, then 𝛽1 ≤ ⋯ ≤ 𝛽𝑘, because
1 ≤ ⋯ ≤ 𝑛𝑘. Analogously, we define 𝛾𝑗 = 𝐹�̃�𝑗

(𝑡) = 1−(1−𝐹 (𝑡))𝑚𝑗 for all
𝑗 = 1,… , 𝑘, and therefore, 𝛾1 ≤ ⋯ ≤ 𝛾𝑘. Thus, the reliability functions
of 𝑇𝐬 and 𝑇𝐫 at time 𝑡 can be rewritten as 𝑅(𝐬)

2 (𝑡) = �̄�∗ (𝑞(𝛽1),… , 𝑞(𝛽𝑘)
)

(𝐫) ̄ ∗ ( )
nd 𝑅2 (𝑡) = 𝑄 𝑞(𝛾1),… , 𝑞(𝛾𝑘) , respectively. Firstly, we observe
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Table 3
Comparisons for coherent systems with three components within modules with different module structure under component
and module level redundancies. the value 1 indicates that 𝑅1 ≥ 𝑅2 holds, the value 2 means that 𝑅1 ≤ 𝑅2 holds and the value
0 indicates that 𝑅1 and 𝑅2 are not ordered. the values 1–5 represents the structures given in Table 2.

𝑞2∶2(𝑢) = 2𝑢 − 𝑢2 𝑞𝑚𝑟(𝑢) = 𝑢(1 − log 𝑢) 𝑞(𝑢) = 1 −
(

2 (1 − 𝑢)5 − 1
)−1∕5

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

1 1 2 2 2 2 1 2 2 2 2 0 2 2 2 2
2 1 1 0 2 2 1 1 0 2 2 1 0 0 2 2
3 1 1 1 0 2 1 1 1 0 2 1 1 1 2 2
4 1 1 1 1 2 1 1 1 1 2 1 1 1 1 2
5 1 1 1 1 1&2 1 1 1 1 1 1 1 1 1 1
Fig. 14. Block diagrams of the two series–parallel systems without any redundancy mechanism considered in Example 5.6 with components allocation vector 𝐬 = (2, 2, 5) (left) and
= (2, 3, 4) (right).
Fig. 15. Reliability functions 𝑅(𝐬)
2 (dashed line) and 𝑅(𝐫)

2 (solid line) for the redundancy mechanisms 𝑞2∶2 (blue), 𝑞𝑚𝑟 (red) and 𝑞𝛼 for 𝛼 = 0.3 (green) when the modules are
ndependent (left) or dependent (right) with a Gumbel–Hougaard copula.
𝑞

t

hat 1 − (1 − 𝐹 (𝑡))𝑑 is concave in 𝑑 for each 𝑡. Then, from Theorem
.A.1 in [33], we know that 𝐬

𝑚
≥ 𝐫 implies

(

𝛽1,… , 𝛽𝑘
)

𝑤
≥

(

𝛾1,… , 𝛾𝑘
)

.
et us denote 𝜑

(

𝛽1,… , 𝛽𝑘
)

= �̄�∗ (𝑞(𝛽1),… , 𝑞(𝛽𝑘)
)

and 𝜑
(

𝛾1,… , 𝛾𝑘
)

=
̄ ∗ (𝑞(𝛾1),… , 𝑞(𝛾𝑘)

)

. Therefore, we need to prove that
(

𝛽1,… , 𝛽𝑘
)

≤ 𝜑
(

𝛾1,… , 𝛾𝑘
)

henever
(

𝛽1,… , 𝛽𝑘
)
𝑤
≥

(

𝛾1,… , 𝛾𝑘
)

. To do this, from Lemma 2.4, we
eed to show that the function 𝜑 is increasing and Schur-concave in
𝛽1,… , 𝛽𝑘

)

. It is clearly that 𝜑 is increasing in 𝛽𝑖 since both functions,
̄ ∗ and 𝑞, are positive-valued and increasing. Now, from Table 2 in [33]
nd from the assumptions �̄�∗ Schur-concave and 𝑞 concave, we have

that 𝜑 is Schur-concave. ■

Observe that if the modules are independent and connected in series
hen �̄�∗(𝑢1,… , 𝑢𝑘) =

∏𝑘
𝑖=1 𝑢𝑖 and this distortion is Schur-concave. In the

ase of dependent modules connected in series �̄�∗ = �̂� where �̂� is a
survival copula. From [39], pages 104 and 134, we know that the most
common copulas, like for instance the family of Archimedean copulas,
are Schur-concave. Then, we can apply Proposition 5.5 to this type of
14

systems. t
If we consider active redundancies with 𝑚−1 spares, i.e., we allocate
𝑚 − 1 i.i.d. spares in parallel, then 𝑞𝑚∶𝑚 (𝑢) = 1 − (1 − 𝑢)𝑚 and it is easy
to check that this function is concave for all 𝑚 ≥ 2. Therefore, we can
use Proposition 5.5 for this type of redundancy.

Another redundancy method is determined by the distortion 𝑞𝛼(𝑢) =
𝑢 + 𝑢𝛼 − 𝑢𝛼+1 defined in (4.6). Its second derivative is

̄′′𝛼 (𝑢) = 𝛼𝑢𝛼−2 (𝛼 − 1 − 𝑢 − 𝛼𝑢) ≤ 0,

if 0 < 𝛼 ≤ 1. So we can also apply Proposition 5.5 for this redundancy.
Note that for 𝛼 > 1, the function 𝑞𝛼 is neither concave nor convex.

Finally, it is straightforward to prove that the distortion associated
o minimal repairs, 𝑞𝑚𝑟(𝑢) = 𝑢(1 − log 𝑢), is also concave, and therefore,

it can be used in examples where Proposition 5.5 applies. Next, we
provide an illustrative example on how to apply this proposition.

Example 5.6. Let us consider two systems with three modules, each
of them connected in series. Each module has independent components
connected in parallel which have exponential distributions with hazard
rates equal to 1. Let us assume that 𝐬 = (2, 2, 5) and 𝐫 = (2, 3, 4) are

he allocation vectors of components by modules for both systems. In
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𝑞

Fig. 14, we plot the block diagrams of the two series–parallel systems
without any redundancy mechanism. It is easy to check that (2, 2, 5)

𝑚
≥

(2, 3, 4). On the other hand, let 𝑞2∶2(𝑢) = 2𝑢−𝑢2, 𝑞𝛼(𝑢) = 𝑢+𝑢𝛼 −𝑢𝛼+1 and
̄𝑚𝑟(𝑢) = 𝑢(1 − log 𝑢) be the distortions of the redundancy mechanisms
available. Fig. 15 shows the reliability functions 𝑅(𝐬)

2 and 𝑅(𝐫)
2 of both

systems, under the three redundancies 𝑞2∶2, 𝑞𝛼 with 𝛼 = 0.3 and 𝑞𝑚𝑟,
for independent modules (left) and dependent modules (right). For the
case of dependent modules, we suppose that the dependence structure
is defined by a Gumbel–Hougaard copula as in (4.9) for 𝜃 = 2. As
expected from Proposition 5.5, 𝑅(𝐬)

2 ≤ 𝑅(𝐫)
2 holds for all the concave

redundancies 𝑞.

6. Conclusions

The main novelty of this paper is to bring a new model to study
redundancy mechanisms in systems composed of modules. Both the
modules and the components in the modules can be dependent. These
possible dependencies are represented by copulas and then the different
systems’ reliabilities are represented by distortions. The different redun-
dancy mechanisms are also represented by distortions. This approach
includes the classical ones, an independent spare in parallel (hot re-
dundancy) and minimal repair (cold or standby redundancy) but it can
also be used to study other redundancy mechanisms (as e.g. dependent
spares).

This approach allows us to obtain several general results under
different assumptions. First we consider the cases of independent or
dependent components within the modules with different distributions.
Then we also study the cases in which the components in each module
are identically distributed (dependent or independent). In this way we
are able to determine the best redundancy options. In many cases, these
results do not depend on the components distributions, and even on the
modules structures.

This paper is just a first step. We have studied results for general
families of copulas (Schur-concave or Archimedean) and for particu-
lar ones (Clayton, FGM, Gumbel–Hougaard, etc.). More results could
be obtained for other families of copulas or for more specific sys-
tems/modules structures. Furthermore, we left as a future research
project to address a cost-allocation problem under the proposed ap-
proach.
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