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Abstract

In this thesis we have used molecular dynamics techniques to investigate the behavior
and properties of water in condensed phases at the microscopic level. We have considered
three different aqueous systems, studying the equilibrium properties for two of them and
the relaxation from non-equilibrium states towards the equilibrium for the third one.

On the one hand, we have address the solvation of negatively charged species in water
clusters of various sizes. We have employed our own code (capable of performing classi-
cal and path integral molecular dynamics simulations at finite temperature) to compute
equilibrium properties of water clusters anions and halide ion water clusters. We have
explicitly included nuclear quantum effects on the water dynamics, showing that such
effects are non-negligible from low temperatures to room conditions. We have focused
on the calculation of structural and energetic properties and observed the appearance of
distinct solvation motifs of the different charged species in the water clusters.

On the other hand, motivated by the controversial macroscopic Mpemba effect, we
have explored the non-equilibrium properties of bulk water, which has contributed to at-
tain a better understanding at the molecular level of how condensed systems approach
thermodynamic equilibrium. We have analyzed the evolution of the kinetic energy com-
ponents from initial states breaking the equilibrium partition of the kinetic energy among
different modes. Doing so, we have observed the existence of a Mpemba-like microscopic
effect in both liquid and solid water, and qualitatively related such effect with the equi-
librium autocorrelation functions of the kinetic energy components.
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Resumen

En esta tesis hemos usado técnicas de dinámica molecular para investigar el comporta-
miento y propiedades a nivel microscópico de agua en fase condensada. Hemos considerado
tres sistemas acuosos diferentes, estudiando propiedades de equilibrio para dos de ellos y
la relajación desde estados de no equilibrio hacia el equilibrio para el tercero.

Por una parte, hemos tratado la solvatación de especies cargadas negativamente en
agregados de moléculas de agua de distintos tamaños. Hemos empleado un código de
elaboración propia (capaz de realizar simulaciones de dinámica molecular clásica y de
integrales de camino a temperatura finita) para calcular propiedades de equilibrio de
agregados de agua con un electrón en exceso o un ión haluro. Hemos incluido explíci-
tamente efectos cuánticos nucleares en la dinámica de las moléculas de agua, mostrando
que tales efectos no son despreciables desde bajas temperaturas hasta condiciones am-
bientales. Nos hemos centrado en el cálculo de propiedades estructurales y energéticas,
observando la aparición de distintos tipos de solvatación de las especies cargadas sobre
los agregados de agua.

Por otra parte, motivados por el controvertido efecto Mpemba macroscópico, hemos
explorado las propiedades de no equilibrio de agua en volumen, lo que ha contribuido a un
mejor entendimiento a nivel molecular de cómo los sistemas condensados se aproximan al
equilibrio termodinámico. En concreto, hemos analizado la evolución de las componentes
de la energía cinética desde estados que no cumplían la partición de equilibrio de energía
cinética entre diferentes modos. Haciendo esto, hemos observado la existencia de un efecto
microscópico similar al Mpemba en agua líquida y sólida, y relacionado cualitativamente
dicho efecto con las funciones de autocorrelación de las componentes de la energía cinética,
calculadas en el equilibrio.
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Chapter 1

Introduction

1.1 Atomistic simulations of condensed matter sys-

tems

Condensed matter physics is the field of physics that studies the properties of matter in
any of its condensed phases, made by many constituents with strong interactions between
them. Condensed matter systems range from simple homogeneous fluids and solids to
complex heterogeneous materials and even biological macromolecules [1, 2]. Within the
atomic theory, matter is composed by nuclei and electrons, whose movement is governed,
on the relevant scales of length and time, by the laws of quantum mechanics. The exact
description of a condensed matter system would involve the resolution of the Schrödinger
equation for the many-body problem of the nuclei and electrons interacting with Coulomb
forces. This is only analytically possible for a few very simple problems, but is impossible
for real problems, where the difficulty dramatically increases with the size of the system,
thus one has to introduce simplifying approximations and/or employ numerical methods.

In principle, the underlying physical laws necessary for the mathematical theory of
atomic systems are known since 100 years ago, approximately, and the difficulty is only
in the resolution of the complicated equations [3], which requires the use of numerical so-
lutions. For that reason, condensed matter physics, and molecular physics and chemistry,
are perfect fields to employ computational simulations, both to interpret experiments and
to design new materials with optimum properties, when experiments are not feasible.

The understanding of the global properties of an atomic system from its constituents
is not a trivial question, even though the interactions and rules governing their dynamics
are well established. Indeed, the behavior of a complex assembly of particles with non-
linear interactions can be very different from that of its individual components. Statistical
mechanics tries to connect the microscopic world with the macroscopic equilibrium prop-
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erties, by taking statistical averages. Since the introduction of Monte Carlo (MC) and
molecular dynamics (MD) methods in the 1950s [4,5], they have been vastly employed as
a powerful scientific tool to understand fundamental condensed matter problems.

The converged results obtained with simulations are as good as the numerical model.
Although numerical techniques and computational power have been widely improved dur-
ing the last decades, the exact solution of realistic problems is in general very expensive or
unaffordable, and approximations have to be made. Depending on the desired accuracy
and the available computational resources, one has to decide which model better fits each
situation, to be able to capture the relevant physical phenomena and trying to reach a
compromise between accuracy and efficiency. Once the model has been chosen and thus
the interactions are known, there are plenty of possible simulation techniques to study
different physical properties and include more or less physical effects. The appropriate-
ness of both ingredients, the model and the simulation method, is essential for a successful
description of an specific condensed matter system.

A general summary about the main types of models and simulation techniques is
presented in the sections 1.2 and 1.3, respectively. In particular, this thesis is devoted
to the application of molecular dynamics techniques to the study of aqueous systems.
In section 1.4 we review the most popular water models and finally, in section 1.5 we
give a brief introduction to the investigated water systems and the specific goals of each
subsequent chapter.

1.2 Models

The modeling of the interactions between the atoms and molecules of an atomic system is
crucial to achieve a good description of its physical properties. As pointed at the beginning
of the previous section, these interactions are the overall result of the interplay of two
kinds of particles (with distinct physical nature), nuclei and electrons, interacting with
Coulomb forces, and following the rules of quantum mechanics. This interplay gives rise to
a wide variety of effective interactions between atoms and electrons, for example covalent,
ionic or metallic bonding. In addition, the thermodynamical and electronic properties of a
material, determined by its effective interactions, depend on the temperature and pressure
conditions. Therefore, the election of a interaction model suitable for each specific system
and conditions is a key issue.

In general terms, there are two different approaches to describe the interatomic inter-
actions of a system [6]. On the one hand, one can employ an empirical potential, that
is, a function of the atomic positions and on a series of parameters which must be fitted
to reproduce as well as possible some relevant properties of the system, usually obtained
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from experiments or from accurate theoretical calculations. Empirical models or force
fields are employed to describe bond, bend and dihedral angle potentials, as well as van
der Waals and electrostatic interactions between atoms. In this way, electronic degrees
of freedom are obviated, and their effective interactions are encapsulated in the potential
function. Accordingly, the forces acting on the atoms are computed by simple deriva-
tion of the potential. On the second hand, semiempirical or first-principles (ab initio)
approaches retain the picture of the system as composed by electrons and nuclei, calcu-
lating the energy and forces on the atoms from a quantum mechanical treatment of the
electronic structure.

Empirical potentials are very useful and extensively used for all kind of materials
because the evaluation of the energy and forces is usually very fast, which allow us to
handle with big systems formed by a very large number of atoms (tens to hundreds of
thousands) over timescales of many nanoseconds [7]. However, they describe many-body
forces, electronic polarization and bond-breaking and forming events in an effective and
very simplified way. Consequently, they may have limitations when describing properties
for which they have not been fitted to reproduce. Thus, the transferability of an empirical
potential from a favorable situation to a different condition is not guaranteed in general [8].

In contrast, first-principles approaches are more precise and theoretically correct, but
more computationally expensive. The Born-Oppenheimer [9] approximation serves for
separating the fast motion of the electrons from that much slower of the nuclei, and re-
ducing the many-body problem to many-electron Schrödinger equation, considering para-
metrically the nuclear degrees of freedom. Within this approach, there are two different
formulations for finding the solution of the many-electron problem, namely wave function
theory (WFT) and density functional theory (DFT) methods.

Within the first formulation (WFT), most of the wave function based methods takes
the Hartree-Fock (HF) or self-consistent field (SCF) approximation [10–12], which rep-
resents the many-body electronic wave function as a single Slater determinant, as start-
ing point. It treats each electron as moving under the influence of the average effect
of all other electrons, so overestimates electronic repulsion and it misses the electronic
correlation. Post-Hartree-Fock, configuration interaction, perturbative (Møller-Pleset,
Coupled-Cluster, ...) and explicit correlated methods recover all or part of the correlation
energy [13].

The second formulation (DFT) gives a prescription for calculating the ground-state
energy of a many-electronic system in an external field generated by the nuclei or ions,
exclusively in terms of the electronic density. Hohenberg and Kohn [14] demonstrated
that the energy is a unique functional of the electron density, and subsequently, Kohn
and Sham [15] proved that the problem could be reduced into an independent particle
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problem in which the wave functions of each particle obey a one-electron Schrödinger
equation for the self-consistent Kohn-Sham potential, which includes the external poten-
tial (interaction with the ions or nuclei), the electrostatic interaction with the electron
density and the exchange-correlation potential. This last term is written in terms of
the exchange-correlation functional, which is in principle unknown and must be approxi-
mated. In addition, the quality of a given functional must be checked by comparison with
experimental data or with accurate ab initio wave-function calculations. Once determined
a good functional, DFT has computatonal advantages compared with post-Hartree-Fock
methods of comparable quality [13].

Between the empirical potential and first principles methods there are intermediate
semiempirical approaches, like the Tight-Binding (TB) models, which incorporate a de-
scription of the electronic structure but at a more simple and approximated level than
first principles calculations. Actually, the electronic Hamiltonian is assumed to have an
specific form, which describes electrons tightly bound to the atom to which they belong.
However, TB models are very useful in materials modeling, for systems where quantum
mechanical effects are important but ab initio calculations are not practical due to the
system size [16].

Typically, the most time-consuming part of an atomistic simulation is the evaluation
of the energy and forces acting on the atoms. Although empirical models are orders of
magnitude faster than first principles calculations, they may have limitations in describing
certain properties and lack of transferability from a convenient situation to a different
condition. Therefore, when simulating an atomic system one has to take into account
both the available computational resources and the underlying physics governing the
system, to chose the most suitable model.

1.3 Simulation techniques

Once the model has been selected and one knows the interactions between the atoms of
a condensed matter system, obtained from an approximate solution of the Schrödinger
equation describing the electrons or from a potential energy function, there are many
techniques to extract physical information. In this section, we review the two main
families of simulation methods to compute structural, thermodynamic and dynamical
properties of an equilibrium system at finite temperature, i.e. molecular dynamics (MD)
and Monte Carlo (MC), giving special attention to the former one, which is the technique
exploited in this thesis. Both MD and MC, used with sampling purposes, are crucial for
calculating statistical averages of molecular systems.

In MD [5], the classical Newton equations of motion for the atoms are solved nu-
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merically, starting from an appropriate initial state and subject to a set of constraints
depending on the problem. The trajectories of the system are used to sample the phase
space, composed by the atomic positions and momenta, and calculate statistical averages
through the dynamical trajectory. In addition, dynamical properties, such as correlation
functions and mean-squared displacements (MSD), can be extracted from the time evo-
lution of the system. MC methods, in turn, use the Metropolis algorithm [4] to sample
the configuration space, composed by the atomic positions, with a desired distribution.
This algorithm is based on the acceptance or rejection of random moves with certain
probability. MC methods are useful for calculating equilibrium properties but not for
investigating dynamical properties, as can be done with MD. Although the MC method
is conceptually simpler, it uses the atomic positions but not the momenta nor the forces,
it may require more computational effort to make an appropriate sampling than that of
a MD method [17]. This is due to the fact that a typical MD move implies a sequential
updating of each coordinate, whereas in MD all coordinates are simultaneously updated
at each time step.

Mostly, it is sufficient to treat the motion of the atoms using classical mechanics, but
sometimes quantum effects cannot be neglected. In such cases, one can use semiclassi-
cal [18] or quasiclassical [19] approximations, where nuclear quantum effects are included
along or at the initial state of a classical trajectory. An alternative route is provided by
path integral (PI) techniques, which represent a non-perturbative (exact in the limit of
infinite replicas of the system) approach to study finite-temperature properties of quan-
tum many-body systems of distinguishable atoms [17, 20, 21]. With the PI formulation,
quantities of interest are expressed as integrals over cyclic paths of the particle, which can
be evaluated by classical simulation methods. In this manner, the statistical sampling of
the equilibrium distribution can be carried out with classical procedures such as MD and
MC, giving rise to the path integral molecular dynamics (PIMD) and path integral Monte
Carlo (PIMC) methods, respectively. When MD and PIMD are combined with first princi-
ples calculations of the energy and forces, they produces the ab initio molecular dynamics
(AIMD) [22] and ab initio path integral (AIPI) [23–27] techniques. In addition to equi-
librium properties, the PI formalism can be exploited to calculate dynamical properties
with the ring polymer molecular dynamics (RPMD) [28] and centroid molecular dynam-
ics (CMD) [29–31] approximations. Standard PI simulations reproduce quantum effects
related with tunneling and zero point energy (ZPE), but they neglect nuclear exchange
effects due to indistinguishability. When exchange effects are important, bosonic systems
are tractable, but the fermionic case becomes numerically problematic [17, 20,21,32].

Besides being able to calculate equilibrium averages and dynamical properties, MD can
be useful to study the evolution of a non-equilibrium system towards its equilibrium state
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[33]. Furthermore, non-equilibrium molecular dynamics (NEMD) offers the possibility to
simulate systems which maintain non-equilibrium states, by the introduction of internal
control variables [34].

Although MD is enormously useful in simulating condensed matter and chemical
physics systems at the atomic scale, it has some limitations. Depending on the sys-
tem size and the level at which one models it (empirical force field or first principles),
MD simulations are limited to time scales ranging from a few pico-seconds to up to a few
nano-seconds at most. The time scale problem refers to the impossibility of the direct dy-
namical simulation of processes of interest which happen over orders of magnitude larger
time scales (for example, slow diffusion problems in solids, protein folding, unlikely chem-
ical transitions or rare events). In the last years, several techniques trying to accelerate
the MD method [35–38] or to improve the sampling of the configuration space [39,40] have
been proposed. And very recently, artificial neural networks (NN) potentials have become
a promising new method to construct efficient and reliable potentials for the atomic inter-
actions for a wide range of systems [41]. Apart from the dynamical techniques, there are
also non-dynamical methods, such us structural optimization [42] or searching of saddle
points and minimum energy paths (MEPs) [43–48], which are useful when a full dynamical
study is not affordable.

1.4 Water models

Despite the ubiquity and importance of water on Earth and for life, its properties are not
yet completely understood [49, 50]. Water plays a key role in many biological [51–54],
chemical [55–59], industrial [60–63] and domestic [64] processes. In addition, practically
the whole of chemistry takes place in aqueous solution, and the interaction of water with
solute species is a very relevant topic in chemical physics. This has motivated great
research efforts throughout history, although the origin of most of the water properties is
not still understood at a molecular level.

Water is a polar molecule with a simple chemical formula, H2O, but able to interact in
a complex way with other water molecules and/or other species. Water forms hydrogen
bonds, which are a middle ground between covalent and ionic bonds where the hydrogen’s
electron is partially abstracted by a more electronegative atom or group [35]. These
hydrogen bonds strongly influence the properties of water in all three phases (solid, liquid
and gas) [65, 66]. Water behavior is complex and anomalous in many ways [67, 68]. For
example, water is more cohesive than materials made of molecules of equivalent size and
shape, and consequently it has relatively high values of surface tension, melting point
and boiling point. Water has also density anomalies, such as a temperature of maximum
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density at 4 oC. While typical materials have only one or two solid phases, more than
fifteen crystalline phases have been found experimentally for water.

Due to its complexity and numerous anomalies, water is a material very difficult to
model at a molecular level. Although many models have been proposed througouth the
years, a transferable, accurate and computationally affordable water potential has not
been found till date [69]. Accurate quantum mechanical models, such as ab initio or DFT
methods, are a powerful tool to study the nature of the bonding among water molecules
in small clusters. However, empirical potentials frequently give better results than DFT
of extended water systems and it has been shown that the van der Waals dispersion
forces must be included in a DFT treatment to achieve a good description of water
properties [70–73]. Furthermore, if the exact interaction potential was used for water,
path integral simulations should be employed to account for nuclear quantum effects and
to quantitatively reproduce experimental properties. Hence, one always has to undertake
certain approximations to model water, and because of the limitation of DFT methods to
small system sizes and short simulation times, empirical potentials are commonly used in
the description of water [74]. Coarse grained models are effective tools for systems that
involve large time and length scales, by decreasing the number of degrees of freedom and
using softer interactions than in atomistic models, which enables the use of larger time
steps [74,75] and the description of certain (but not all) properties of water with enough
accuracy.

Empirical atomic potentials to simulate liquid water started in the 1970s with the
ST2 model of Stillinger and Rahman [76, 77], which gave the first detailed insights into
the distributions of structures and the hydrogen bond network, by representing water
molecules with 5 interaction sites. In the 1980s, simpler and computationally more efficient
models emerged, such as the transferable intermolecular potential (TIP3P) [78, 79] and
the simple point charge (SPC) [80,81] models. These two potentials, place all the negative
charge of a water molecule on the oxygen atom, leading to an incorrect hydrogen bonding
arrangement [82] and not being able to reproduce the phase diagram of real water [83]. The
use of a four point potential, where the negative charge is placed not on the oxygen atom
but on a virtual site located on the bisector of the HOH angle, produces more accurate
water structure [79]. The most successful four point potential is the TIP4P/2005 [84],
which achieves a good agreement with a wide variety of properties in a broad range of
thermodynamical conditions of temperature and pressure.

All the empirical potentials referred to in last paragraph are rigid and non-polarizable
models, which provide a reasonable structural and thermodynamic description of water
[79]. However, the agreement with some experimental properties is not perfect and to
achieve a better description of real water, the incorporation of polarization and nuclear
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quantum effects is absolutely necessary [74]. Some of the mentioned rigid potentials have
flexible versions (flexible TIP3P [85], SPC/F [86], TIP4P/2005f [87]), but usually the
introduction of flexibility in classical simulations does not improve the accuracy of rigid
models [88], except for the study of intramolecular vibrations. To improve the description
of water with flexible potentials one should include nuclear quantum effects. There are
quantum versions of the single point charge models like the SPC/F2 [89], q-TIP4P/F [90]
or TIP4PQ/2005 [91], parameterized to reproduce water properties with path integral
simulations. However, the reproduction of properties like the dielectric moment of water
and others are only possible if polarization effects are explicitly included into the potential,
with the consequently increase of the computational cost [74]. Thole-type models (TTM)
and AMOEBA families of potentials are polarizable models which can reproduce high-
level ab initio data, but sometimes predict incorrect structure and properties, depending
on the system size [92].

Despite much progress, the correct description of the behavior of water under different
conditions (from small gas-phase clusters to the condensed liquid and ice phases) with a
single molecular model is still not resolved. In the last years, explicit many-body models
have been constructed, trying to mimic the exact interactions of water to consistently
reproduce its properties in different conditions. It is the case of the MB-pol potential
[93–97], which reproduces experimental data and ab initio calculations across the three
phases of water [98]. The application of the many-body expansion of the potential energy
together with machine learning techniques to represent the different energy terms [99]
is expected to achieve important advances towards the desired “universal water model”
[100], capable of describing the molecular properties of water in different aqueous systems
under different conditions. However, the development of flexible and polarizable empirical
potentials can contribute to achieve the objective [92] and they still are very useful to
perform efficient calculations on specific aqueous systems.

In this thesis, we study aqueous systems where there is no breaking of intramolecular
bonds, so we consider water molecules as neutral unbreakable entities composed by sev-
eral centers. The electrons remain attached to each water monomer and their interactions
are included implicitly into the atomic potential. We employ non-polarizable empirical
potentials (SPC, SPC/F, TIP3P, TIP4P) to model medium and large size water clusters
and bulk liquid and solid water in chapters 3 and 5, respectively. These standard em-
pirical models give reasonable structural and thermodynamic descriptions of bulk water
properties [79], so one expects that the model would be more reliable as the size of the
system increases. In contrast, for the halide ions solvated in small water clusters, studied
in chapter 4, we employ a more accurate polarizable potential, fitted to reproduce the
interaction from ab initio calculations.
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1.5 Objectives of the thesis

In this thesis, we have addressed three different condensed matter problems, all of them
having in common the presence of water molecules and the use of the molecular dynamics
technique (in different forms) to extract physical information. The underlying aim of this
thesis has been to use simulation techniques in order to improve our understanding of
the behavior and properties of water in condensed phases at the microscopic level. The
methodology to perform classical (MD) and quantum (PIMD) simulations is explained in
chapter 2, together with the formalism necessary to combine these techniques with the “on
the fly” calculation of the electronic degrees of freedom from the Schrödinger equation.
Subsequent chapters are organized according to the physical system under consideration.
In the previous section, we exposed the most popular water models and the difficulties of
understanding the origin of the water properties at a molecular level. Apart from pure
neutral water, there are many interesting heterogeneous aqueous systems which contain
other species. In particular, in this thesis we investigate the equilibrium properties of
water clusters with solute species, such as an excess electron or halide ions (F− and Cl−),
in chapters 3 and 4, respectively. In addition to its equilibrium properties, water can
also exhibit interesting non-equilibrium effects whose explanation is not clear. Chapter 5
of this thesis is dedicated to study the thermal evolution of bulk liquid and solid water
from non-equilibrium states towards the thermodynamic equilibrium. Here below, we
summarize the main goals of each chapter.

Firstly, the hydrated electron in bulk water is a species of fundamental interest since its
discovery in 1963 [101], due to its importance in chemical and biological electron transfer
processes [102]. In spite of the huge experimental and theoretical efforts made in the last
four decades, it is not yet clear at what cluster size an electron is solvated by a water
cluster. The understanding and extrapolation from water clusters to bulk water is crucial
to interpret the mechanism responsible for the binding of the electron. Previous studies
of water cluster anions (H2O)−N have observed the presence of two distinct motifs for the
attachment of the excess electron, depending on the position of its center of mass, which
can be located inside or outside the water cluster [103–106]. Due to the complexity of
the problem, earlier works have treated only the excess electron in a quantum mechanical
way, while considering the neutral water monomers as classical molecules interacting with
standard empirical potentials. However, it is known that the water structure is influenced
by nuclear quantum effects [74,90,107–110], specially at low temperatures. Our main goal
is to examine how the inclusion of nuclear quantum effects in the water molecules affects
the excess electron attachment and the structure of water clusters. To do so, we combine
the PIMD technique for the hydrogen and oxygen atoms with the numerical solution of
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the Schrödinger equation for the excess electron, which interacts via a pseudopotential
with the water molecules. We compare classical MD with quantum PIMD simulations
using the SPC/F model [86] for water, reporting the results of water cluster anions with
N=20-573 and temperatures of 100, 200 and 300K in chapter 3.

Secondly, we study energetic and structural properties of small halide water clusters,
which play a key role in many physical, chemical, biological and atmospheric phenom-
ena [111–115]. Although its fundamental interest and the experimental and theoretical
efforts trying to understand (H2O)NX− clusters (X− = F−,Cl−,Br−, I−), the question of
how intermolecular interactions lead to the solvation of halide ions in water clusters still
remains open. The complexity of the water-water and ion-water interactions makes dif-
ficult the determination of a suitable potential energy function. In this work, we employ
an effective polarizable ab initio-based potential designed to reproduce the interactions of
halide-water systems [116–118]. In chapter 4, we carry out MD and PIMD simulations of
halide ion water clusters up to 8 water molecules at 10 and 300K of temperature, focusing
on the influence of thermal and nuclear quantum effects in the structural and energetic
equilibrium properties. We aim to gain insight in the molecular-level understanding of
the solvation process of halide ions on small water clusters.

Lastly, chapter 5 addresses the question of how the temperature of bulk water evolves
towards its equilibrium state from initial non-equilibrium states that do break equiparti-
tion among different modes. Initially, we were motivated by the experimental observation
of an anomalous cooling rate of hot water, that could freeze faster than cold water when
put in contact with the same thermal reservoir [119, 120], a phenomenon name Mpemba
effect after its modern observation in 1969 [121]. Although experimental efforts have been
unable to provide a conclusive and reproducible picture of the phenomenon [122,123], re-
cent theoretical studies have suggested generic mechanism for similar effects in various
systems [124–127]. However, the underlying molecular mechanism responsible for these
effects is still uncertain. In this chapter, we aim to observe a Mpemba-like effect in wa-
ter, trying to relate it with the different relaxation times of different molecular modes.
We perform MD simulations of liquid and solid water with different empirical models
at 330K and 100K, respectively, from initial states breaking the equipartition of kinetic
energy among different degrees of freedom, observing different paths towards equilibrium
during a certain time.
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Chapter 2

Theory and computational methods

2.1 Introduction

As outlined in the introductory chapter of this thesis, in condensed matter physics there
are plenty of different models and simulation approaches, each of them suitable for specific
conditions and purposes. The model describes the interactions and the laws governing
the microscopic behavior of a system, while the simulation technique is in charge of
extracting physical properties once the model has been built. The exact solution of
realistic problems is analytically impossible, so we have to turn to computers to obtain
numerical solutions. In this chapter we expound the fundamental theory and algorithms
underlying the simulations performed in the following chapters. For more details about
the employed theory and methodology, numerous books can be consulted, as for example
references [13,20,128,129].

In section 2.2 we present the basis of equilibrium statistical mechanics theory, from
both classical and quantum perspectives. That theory establishes a reference framework
to understand the connection between macroscopic observables and the microscopic world,
where atoms and electrons dwell. Once this connection has been constructed, based on
the concept of ensemble, one needs a sampling method to calculate average quantities.
This issue will be adreesed in subsection 2.3.1, where we describe the essential features
of the molecular dynamics (MD) technique, as well as its variants to incorporate nuclear
quantum effects (PIMD) and electronic structure (AIMD). After present and describe the
theory and computational techniques that will be employed in the following chapters of
the thesis, section 2.4 provides tests to our implementations of the explained algorithms.
Lastly, in section 2.5 we recap the techniques we have discussed throughout this chapter
and where and for what purpose they will be applied at the rest of the thesis.
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2.2 Equilibrium statistical mechanics

Statistical mechanics is the field of physics that connects the microscopic world with
macroscopic observables measured in experiments, such us structural, thermodynamic or
dynamical properties. It is based on the concept of ensemble, which is a collection of
systems described by the same set of microscopic interactions (Hamiltonian) and sharing
a common set of macroscopic properties (total energy, volume, temperature, etc.). The
statistical ensemble is a probability distribution over all possible states of the system.
Once an ensemble is defined, macroscopic observables are calculated by performing av-
erages over the systems in the ensemble. For a system at thermodynamic equilibrium,
the macroscopic observables characterizing the state are constant and they do not change
in time, while their instantaneous values may (and generally will) fluctuate, even if their
average value stays constant.

Formally, an ensemble can be considered a distribution function into the phase space.
Each point belonging to the phase space defines completely a microscopic state (also called
microstate) of the system. For its part, macroscopic observables are ensemble averages of
macroscopic variables (or instantaneous estimators), which are functions defined on the
phase space1. Therefore, the calculation of macroscopic observables reduces to a correct
sampling of the ensemble distribution function. This task is addressed with Monte Carlo
(MC) or with molecular dynamics (MD) techniques. In the next two sections we will
present the formulation of both classical and quantum statistical mechanics and how the
path integral formulation provides a powerful connection between them.

2.2.1 Classical statistical mechanics

For a system made by N classical particles, every microscopic state is totally determined
by their positions and momenta, (rN ,pN). If A(rN ,pN) is a phase space function corre-

1 In quantum mechanics, states are represented by wave funtions, i.e., vectors of a Hilbert space. So
in quantum statistical mechanics, the ensemble is a probability distribution over pure states, and can be
compactly summarized as a density matrix:

ρ =
∑

i

pi|ψi〉〈ψi| ,

where pi is the probability that the system is in the pure state ψi. Technically, a pure state is that one
which can be written as a tensorial product of states belonging to the subspaces composing the whole
vector space.
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sponding to a macroscopic variable2, its ensemble average is

〈A〉 =

∫
drNdpNf(rN ,pN)A(rN ,pN)∫

drNdpNf(rN ,pN)
, (2.1)

where f is the ensemble distribution function. The denominator of the previous equation
can be considered as a normalization factor or the number of all accessible microscopic
states within a given ensemble. This quantity is referred as the partition function3,

Z =
∫
drNdpNf(rN ,pN) . (2.2)

It is a central quantity in equilibrium statistical mechanics and each ensemble has a
particular partition function that depends on the macroscopic observables used to define
the ensemble.

It can be easily proven [20] that the f distribution of a system in thermodynamic
equilibrium is always a function of the Hamiltonian H and has no explicit dependence on
time,

f(rN ,pN) ∝ F
(
H(rN ,pN)

)
. (2.3)

There are different ensembles, depending on the macroscopic observables used to define
the ensemble itself and the macroscopic state (NVE, NVT, NPT...). For example, for the
microcanonical (NVE) and canonical (NVT) ensembles one has

F ∝ δ
(
H(rN ,pN)− E

)
and F ∝ exp

(
−βH(rN ,pN)

)
, (2.4)

respectively, where β = 1/kBT . The microcanonical ensemble describes an isolated system
which conserves its energy E, while the canonical one represents a system coupled to a

2 Statistical mechanics provides estimators of thermodynamical properties like total energy, temper-
ature or pressure:

H(rN ,pN ) =
N∑

i=1

p2
i

2mi
+ V (r1, . . . , r1) ,

T (rN ,pN ) = 1
NDOFkB

N∑
i=1

p2
i

2mi
,

P (rN ,pN ) = 1
3V

N∑
i=1

[
p2

i

2mi
+ ri · Fi(rN ,pN )

]
.

3 To calculate the ensemble average of an observable A in the quantum case, the classical integrals
over all phase space are replaced by sums of projections over pure states:

〈A〉 =
∑

i

pi〈ψi|A|ψi〉 =
∑

i

∑
j

piaj |〈ψi|αj〉|2 = Tr(ρA),

where |αj〉 and aj are eigenvectors and eigenvalues, respectively, for the operator A, and Tr() denotes
the trace operation.
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thermal reservoir at temperature T , with which it exchanges energy. If one considers a
macroscopic variable A for a system at equilibrium, it depends upon time via the time
dependence of the positions and momenta in the system:

A(t) = A(rN(t),pN(t)) . (2.5)

Such property A(t), fluctuates in time with spontaneous microscopic fluctuations from its
time-independent equilibrium average 〈A〉,

δA(t) = A(t)− 〈A〉 . (2.6)

While the set of macroscopic variables chosen to define the ensemble are constant on aver-
age, the rest fluctuate around their equilibrium average. However, in the thermodynamic
limit (N →∞ and V →∞ with N/V constant) all ensembles become equivalent because
fluctuations tend to zero [20]. Consequently, one always can choose the most convenient
ensemble in each situation, depending on the particular problem, and still obtain the same
macroscopic observables. Even though this is only true in the thermodynamic limit and
large fluctuations could appear in real simulations where the system size is finite. In those
cases, the choice of ensemble could influence the results of the averages and one should
choose the ensemble that best fit the experimental conditions.

2.2.2 Path integral formulation

The Path Integral (PI) formulation of non-relativistic quantum mechanics, first described
by Feynman [130,131], provides a quantum-classical isomorphism (one to one correspon-
dence) which allows one to apply powerful methods such as Monte Carlo and molecular
dynamics to quantum statistical mechanics. In the PI formulation of the statistical me-
chanics [132], the partition function of a quantum system is isomorph to a classical parti-
tion function obtained by replacing each quantum particle by a ring polymer made of P
particles. This path integral approach enables one to study finite-temperature properties
of quantum many-body systems in a non-perturbative way, where the phase space can be
adequately sampled with MC or MD by simulating the classical isomorph [17,20,21].

The main result of the PI formulation is that the canonical partition function of a
quantum system of N distinguishable particles can be written as the limit of a discrete
path integral specified by the P points (r1

i , . . . , r
P
i ) for the ith particle:

Q = lim
P→∞

QP

= lim
P→∞

N∏
i=1

( miP

2πβ~2

)3P/2 ∫
dr1

i · · · drPi


× exp

{
−β

P∑
α=1

[
N∑
i=1

miP

2β2~2 (rαi − rα+1
i )2 + V (rα1 , . . . , rαN)

P

]}
rP+1
i =r1

i

,

(2.7)
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Figure 2.1: Scheme of the interactions acting on the isomorph classical system. Each
quantum particle is represented by a ring polymer of classical particles. The interaction
between different replicas of the same particle is given by harmonic springs. The inter-
action between different particles of the same replica is the true potential divided by the
number of replicas. This picture has been constructed from an original image of [20].

where mi is the mass of the particle i. We have denoted the particle label as a subindex,
while the superindex has been reserved for the label of the discrete path integral. The
approximate expression or Q can be rewritten as

QP =
N∏
i=1

(
miP

2πβ~2

)3P/2 ∫
dΓ exp [−β(Vspr + Vint)] , (2.8)

where dΓ = ∏N
i=1

∏P
α=1 dr

α
i is the volume element on the phase space, and the interaction

terms are

Vspr(R1, . . . ,RP ) =
N∑
i=1

[
P∑
α=1

miP

2β2~2 (rαi − rα+1
i )2

]
rP+1
i =r1

i

, (2.9)

Vint(R1, . . . ,RP ) = 1
P

P∑
α=1

V (Rα) . (2.10)

with Rα ≡ (rα1 , ..., rαN). Taking account of these considerations, equation (2.7) is formally
equivalent to the partition function of a classical cyclic chain (a ring polymer) of P
replicas or beads coupled by harmonic springs (with spring constant ki = miP/β

2~2), each
bead being acted on by the true potential V divided by P . This result is the so-called
quantum-classical isomorphism, which establishes that the quantum partition function
can be approximated with arbitrary accuracy by means of a classical system interacting
through the effective potential

Veff = Vspr + Vint . (2.11)

The isomorphism becomes exact in the limit P → ∞, while for the case P = 1 the
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partition function matches that one of a classical system with N particles, so that Vspr = 0
and Vint = V .

Within the PI formalism, it is clear that the penetration of a quantum particle into
regions of high potential (tunnel effect) is enhanced by the fact that each bead in the
chain feels only 1/P of the full potential [133].

Analyzing the form of the spring constants (proportional to the number of beads, P ,
the masses, mi, and the squared temperature, T 2), one sees that in the classical limit
(high temperature and large mass) the chain collapses into a point (classical) particle, as
expected. Contrarily, in the quantum limit (low temperature and small mass), the chain
spreads out.

Path integral discretization

Hereunder, we will prove the PI isomorphism for one single particle, and the generalization
to N particles is straightforward if they are considered as distinguishable. We will see
the equivalence between the canonical partition function of a quantum particle and the
partition function of a classical system with P beads disposed to form a ring polymer.
Mostly, we follow the derivation of reference [17].

First, we consider a particle with mass m moving in an external potential V (r), being
r a position vector. Thus its Hamiltonian operator is

Ĥ = p2

2m + V (r) ≡ K̂(p) + V̂ (r) . (2.12)

The quantum mechanical version of the canonical partition function of equation (2.2) is

Q(β) = Tr(e−βĤ) =
∫
dr1〈r1|e−βĤ |r1〉 , (2.13)

where Ĥ is the Hamiltonian operator and |r1〉 a position eigenvector. Note that Ĥ is the
sum of two operators K̂(p) and V̂ (r) that do not commute with each other. Consequently,
the propagation operator e−βĤ cannot be evaluated straightforwardly. However, Trotter
theorem can be exploited to express the operator as

e−βĤ = (e−βĤ/P )P = lim
P→∞

(e−βV̂ /2P e−βK̂/P e−βV̂ /2P )P , (2.14)

where the first factorization is exact and the error of the Trotter expansion becomes
arbitrarily small as β/P → 0, that is, P →∞. To apply the operator e−βĤ/P to the state
vector |r1〉, note that |r1〉 is an eigenstate of V̂ but neither of K̂ nor Ĥ. Therefore, the
effect of e−βĤ/P on |r1〉 will be to project the state |r1〉 into a set of different wheighted
position eigenvectors. First, one has

e−βĤ/P |r1〉 ≈ e−βV̂ /2P e−βK̂/P |r1〉e−βV (r1)/2P . (2.15)
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By inserting the identity in momentum space

1 =
∫
dp|p〉〈p| , (2.16)

and using the eigenvalue equation of the kinetic energy operator,

K̂|p〉 = p2

2m |p〉 , (2.17)

one gets
e−βĤ/P |r1〉 ≈

∫
dpe−βV̂ /2P |p〉e−βp2/2mP 〈p|r1〉e−βV (r1)/2P . (2.18)

Now, by inserting the identity in position space,

1 =
∫
dr2|r2〉〈r2| , (2.19)

one obtains,

e−βĤ/P |r1〉 ≈
∫
dr2e

−β[V (r1)+V (r2)]/2P |r2〉
∫
dpe−βp

2/2mP 〈r2|p〉〈p|r1〉 . (2.20)

Recalling that the momentum representation of a position eigenvector is

〈p|r〉 =
( 1

2π~

)3/2
eip·r/~ , (2.21)

and replacing this expression and its complex conjugate into equation (2.20), one gets

e−βĤ/P |r1〉 ≈
( 1

2π~

)3 ∫
dr2e

−β[V (r1)+V (r2)]/2P |r2〉
∫
dpe−βp

2/2mP ep·(r1−r2)/~ . (2.22)

The momentum integral is Gaussian and can be done analytically, yielding

e−βĤ/P |r1〉 ≈
(
mP

2πβ~2

)3/2 ∫
dr2 exp

[
−β

(
mP

2β2~2 (r1 − r2)2 + V (r1)+V (r2)
2P

)]
|r2〉 . (2.23)

This approximation for the application of the propagation operator on |r1〉 translates this
state into a superposition of different positions |r2〉 over the whole space. The weight
of the new state |r2〉 depends on both the squared distance (r1 − r2)2 and the potential
energy at the positions r1 and r2. Note that the term depending on (r1 − r2)2 comes
from the application of the kinetic energy operator.

Using the result of equation (2.23) for the application of e−βĤ/P to the state |r1〉,
the effect of the complete e−βĤ is a straightforward repeating loop. The effect of a new
factor e−βĤ/P will project the state |r2〉 into a new position |r3〉 with corresponding
weights, similar to those given in equation (2.23) up to a trivial relabeling. That way, the
application of (e−βĤ/P )2 on |r1〉 will translate the state into a superposition of different
|r3〉, which weights will be the product of the weights associated to the transitions |r1〉 →
|r2〉 and |r2〉 → |r3〉, integrated over all |r2〉 positions. Successive applications of the
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operator e−βĤ/P will end after P steps until complete the total propagator e−βĤ . The
result will be the projection of the state |r1〉 into the state |rP+1〉 with a weight equal to
the product of the P weights associated to each step in the chain of transitions |r1〉 →
|r2〉 → . . .→ |rP+1〉, integrated over all intermediate positions |r2〉, . . . , |rP 〉.

Finally, to obtain the partition function of equation (2.13), the last operation is to
perform the scalar product with the bra 〈r1| and to integrate with respect to r1. The
orthogonality of the position eigenstates implies that 〈r1|rP+1〉 = δ(r1−rP+1), so that the
final state |rP+1〉 is restricted to be identical to the initial state |r1〉. Whit this condition,
the discrete approximation of Q is

Q =
(
mP

2πβ~2

) 3P
2 ∫

dr1 · · · drP

× exp
{
−β

P∑
α=1

[
mP

2β2~2 (rα − rα+1)2 + V (rα)
P

]}
rP+1=r1

(2.24)

The generalization of this one-particle result to the expression of equation (2.7) is straight-
forward in the case that identical quantum particles are treated by Boltzmann statistics,
i.e., distinguishable particles. Construction of a path integral for a system of indistin-
guishable particles is nontrivial because one must take into account the symmetry of the
physical states (symmetric for bosons and antisymmetric for fermions). The treatment
of bosonic degrees of freedom has been proven to be feasible, while the consideration of
fermionic systems remains in general as a challenging task [17,20,21,134].

As a final comment, from a practical point of view is important to remark that when
performing a set of PI simulations of the same model at different temperatures T , it is
convenient to keep constant the product PT , independent of T . This condition guarantees
the same accuracy of the Trotter expansion of equation (2.14), which error depends on
the quotient β/P . Thus, the number of beads P , as well as the computational cost of the
simulations, increases as the temperature lowers.

2.3 Simulation techniques

In this section, we describe the simulation techniques and the computational methods
that are relevant for the results reported in the thesis in subsequent chapters. We start in
subsection 2.3.1 with a general description of molecular dynamics and its special features
when it is used for different purposes. Later, the use of MD to exploit the PI isomor-
phism is described in subsection 2.3.2, where the PIMD algorithm is explained. Next, in
subsection 2.3.3 we expound how the MD and PIMD techniques can be combined with
electronic structure calculations. Finally, in 2.3.4, we analyze the diffusion algorithm to
solve the electronic structure.
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2.3.1 Molecular Dynamics

Overview of molecular dynamics

As we have seen in the previous section, statistical mechanics provides the link between
the microscopic world and the macroscopic observables. Molecular Dynamics (MD) is a
simulation technique for computing the equilibrium and dynamical properties of a classical
many-body system. It is a powerful tool which allows us to numerically solve the classical
equations of motion and to generate trajectories of the constituents of our system (usually
atoms). These trajectories can be employed with two different purposes:

1. Sampling ensemble distributions to extract macroscopic observables.

2. Insight into both the microscopic motion of the individual atoms in our system and
the temporal evolution of macroscopic variables.

In this thesis, the first capability will be applied to calculate equilibrium properties fol-
lowing the rules of statistical mechanics (chapters 3 and 4), while the second one will be
exploited to analyze the path followed by the macroscopic variables of a non-equilibrium
system towards its equilibrium state (chapter 5). It is remarkable that even although MD
is a classical approach in the sense that it considers the microscopic world governed by
classical mechanics laws, it can be employed in quantum approaches as a very useful tool,
as we will see later in the next subsection about the path integral formalism.

As said before, MD solves numerically the classical equations of Hamiltonian mechanics
(which are equivalent to the Newton’s equations for conservative forces),

q̇i = ∂H

∂pi
, ṗi = −∂H

∂qi
. (2.25)

where qi and pi are the generalized positions coordinates and their conjugates momenta,
respectively, of a system governed by the Hamiltonian H(q, p). Since the equations of
motion conserve the Hamiltonian, a trajectory which is solution of equations (2.25) will
generate microscopic states belonging to a microcanonical ensemble with energy E =
H(q(0), p(0)). The system will be able to visit all the microstates with energy E if the
trajectories are infinite in time. A system with this property is called ergodic and can be
used to sample the ensemble distribution and calculate averages.

In molecular dynamics, the phase space averages of equation (2.1) are replaced by
time averages, because the ensemble is sampled along the dynamic trajectory:

〈A〉 = lim
T→∞

1
T

∫ T

0
A(t)dt ' lim

NT→∞

1
NT

NT∑
i=1

A(ti) . (2.26)

The right side of this equation is a sum over the discrete times, which are multiples of
the time step, ti = i∆t.
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When calculating molecular dynamics observables, one has to take into account the
equilibration or relaxation time of the system. This issue is usually solved by carrying
out a preliminary simulation where averages are not computed, but serves to lead the
system close to its equilibrium state. The equilibration time depends on the selected
initial conditions and on the system itself.

Another relevant point is the estimtiaon of the uncertainty associated to the MD
averages. Since the data Ai = A(ti) will be likely correlated (not statistically independent
among themselves), one cannot directly use standard deviation in the mean, given by

σ =

√√√√ 1
NT − 1

NT∑
i=1

(Ai − 〈A〉)2 . (2.27)

Instead, to handle this problem one normally performs block averaging of the data. Ba-
sically, the NT observations are regrouped into a set of Mb blocks, each one with its own
block average, Āj, which is the arithmetic mean of the Nb (the block size) sequential
observations of Ai.

Āj = 1
Nb

jNb∑
k=1+(j−1)Nb

Ak , j = 1, . . . ,Mb . (2.28)

Following, one computes the standard error of the mean, given the set of Mb block aver-
ages, as

σb =

√√√√√ 1
Mb(Mb − 1)

Mb∑
j=1

(Āj − 〈A〉)2 . (2.29)

It is important to note that as the blocks get longer, the block averages should decorrelate
and the standard should plateau when represented as a function of the block size [129,135].
That is, σb increases with the block length Nb until reaching a limiting value, which
corresponds to the true standard deviation of the mean.

Finally, remind that as every simulation, molecular dynamics calculations have two
principal ingredients: 1. the model describing the interparticle interactions and the cal-
culation of its energies and forces with efficiency and accuracy; 2. the method to extract
physical information, in this case, the algorithm used to integrate the equations of motion.
We discuss the second issue above.

Integrators

The most simple and popular integration schemes are the Verlet [136] and velocity Ver-
let [137] algorithms. From now on, we will refer to a system with N particles, with a
Hamiltonian

H =
N∑
i=1

p2
i

2mi

+ V (r1, . . . , rN) . (2.30)
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The Verlet integrators express the position and momentum of each particle at time t+∆t in
terms of its position, momentum and acceleration (or force) at time t. The equations can
be easily derived with a little algebra after applying a Taylor expansion until second order
and using Newton’s second law. The original Verlet algorithm only generates positions
but does not explicitly evolve the velocities, which can be constructed at any point by a
simple finite differences formula, if needed.

ri(t+ ∆t) = 2ri(t)− ri(t−∆t) + Fi(t)
mi

∆t2 , (2.31a)

pi(t+ ∆t) = mi [ri(t+ ∆t)− ri(t−∆t)]
2∆t . (2.31b)

The related and more commonly used velocity Verlet algorithm evolves positions and
momenta simultaneously:

pi(t+ ∆t/2) = pi(t) + Fi(t)∆t/2 , (2.32a)

ri(t+ ∆t) = ri(t) + pi(t+ ∆t/2)
mi

∆t , (2.32b)

pi(t+ ∆t) = pi(t+ ∆t/2) + Fi(t+ ∆t)∆t/2 , (2.32c)

where forces at time t + ∆t need to be computed between steps (2.32b) and (2.32c)
from the positions evaluated at the same time. Both the Verlet and the velocity Verlet
algorithms satisfy two important properties, time-reversibility and symplecticity, which
are crucial to preserve the symmetries and properties of classical mechanics. The former
property consists of the possibility of going backward in time using a time step −∆t,
while the latter is related with long-time stability of the phase space trajectory generated
by the integrator, staying close to the exact trajectory for small ∆t. Though the energy
of the exact Hamiltonian H is not conserved through the numerical trajectory, symplectic
integrators has a transformed Hamiltonian H̃(∆t) for which energy is exactly conserved.
The existence of H̃ guarantees the absence of energy drifts when ∆t is small enough.

Constraints

Flexible potentials include intramolecular terms which make possible the relative move-
ment of atoms within a molecule. These kind of movements can have different (typically
shorter) timescales than intermolecular ones. For that reason or just for simplicity, one
sometimes is interested in applying bond and angle constraints, which can enable a longer
time step.

The condition of rigid molecules is a holonomic constraint, which means that can be
expressed as a function of the atomic positions and possibly time:

σ(r1, r2, . . . , t) = 0 (2.33)
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Indeed, the constraint of the bond of a molecule between two atoms i and j can be
formulated as

(rj − ri) · (rj − ri) = d2
ij , (2.34a)

(vj − vi) · (rj − ri) = 0 , (2.34b)

which can be straightforwardly expressed in the form of equation (2.33). The SHAKE
algorithm [138] was invented for integration schemes as standard Verlet, where only the
coordinates are integrated and the velocities approximated as finite differences to the
trajectories. If the velocities are integrated explicitly, as in the velocity Verlet integra-
tion method, a second set of constraining forces is required to ensure that the velocity
components along the bonds vanishes, which are solved with the RATTLE method [139].
SHAKE only satisfies equation (2.34a), while RATTLE satisfies both conditions (2.34a)
and (2.34b).

When the integrator and the constraint conditions are put together, new terms appear
in the equations of motions as constraint forces. The equations of the additional constraint
forces designed to preserve the atomic separation are solved via an iterative method that
typically converges with the desired tolerance in a few iterations. The velocity constraints
lead to a linear system of equations which can be solve analytically or by numerical
diagonalization.

In chapter 5 we will perform simulations with rigid water molecules, using the velocity
Verlet integrator armed with the RATTLE algorithm, as implemented in LAMMPS [140].
For more details, its helpful documentation can be consulted [141].

Thermostats

As we have seen, simply integrating the Hamilton’s equations of motion generates a
microcanonical ensemble as a consequence of the conservation of the energy. In contrast,
in a canonical ensemble4, energy is not conserved but fluctuates to generate the Boltzmann
distribution exp[−βH]. In order to generate these fluctuations in a molecular dynamics
simulation, we have to mimic the effect of the thermal reservoir in some way. Next, we
address the problem of generating trajectories to sample the canonical ensemble, which
can be more appropriated than the microcanonical one in some cases. The energy of such
trajectories should follow the Boltzmann distribution, while the velocity should have a
Maxwell-Boltzmann distribution, as every system at equilibrium [20].

4 Note that equilibrium properties for a canonical (NVT) ensemble can be obtained by time-averaging
along constant energy (NVE) trajectories whose initial conditions are sampled from the Boltzmann dis-
tribution. Alternatively, and more efficiently, one can combine the sampling with the time evolution by
coupling a thermostat.
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There are many methods to achieve this goal [142–148] and it is important to decide
which is more convenient for our problem. It must be noticed that when applying most
of these methods, one loses the realistic dynamics for a system coupled to a thermal bath.
That is, the generated trajectories sample correctly the canonical phase space distribution
and can be used to calculate equilibrium observables, but dynamical properties can be
quite artificial.

The simplest approach to temperature control is a periodic rescaling of the velocities
so that the instantaneous kinetic energy corresponds to the target temperature. Although
this procedure does not guarantee that a canonical phase space distribution is obtained,
it can be useful for a preliminary molecular dynamics relaxation. This scheme could be
improved by replacing the simple rescaling of the velocities by a periodic resampling of
the Maxwell-Boltzmann distribution, selecting a subset of velocities to be resampled with
certain frequency [142].

Beyond the simple rescaling method, there are more sophisticated techniques [143–147]
which extend the physical phase space with additional fictitious variables to mimic the
effect of a thermal bath. These artificial variables are coupled to the physical ones and
control whether the instantaneous kinetic energy is lower or higher than the target temper-
ature to modify the velocities accordingly. Extended phase space methods can be either
Hamiltonian (if the microscopic equations of motion are deduced from a Hamiltonian like
in classical mechanics) or non-Hamiltonian. There is no any physical reason forcing to
describe a system surrounded by a thermal bath with Hamiltonian mechanics. In most
situations, when surroundings are treated externally, non-Hamiltonian equations arises.
As a consequence, non-Hamiltonian equations of motion can be used if they correctly sam-
ple the ensemble distribution. Of course, if the system plus its surroundings were treated
as a whole, Hamiltonian equations should be used. Though Hamiltonian approaches have
the advantage of providing a conserved quantity (which is not the physical energy but a
fictitious quantity) that can be used to easily check the accuracy of the sampling, they
lose some flexibility in the design of sampling algorithms.

The Nosé [143,144] and the Nosé-Poincaré [147] methods are examples of Hamiltonian
approaches:

HN =
N∑
i=1

p2
i

2mis2 + V (r1, . . . , rN) + p2
s

2Q + gkBT ln s , (2.35)

H̃NP =
(

N∑
i=1

p2
i

2mis2 + V (r1, . . . , rN) + p2
s

2Q + gkBT ln s−HN(0)
)
s , (2.36)

where s and ps are the artificial variables, Q is a coupling parameter and g is a factor
related with the dimensions of the physical phase space. It can be proved [20] that the
microcanonical ensemble in these extended Hamiltonian HN and H̃N is equivalent to a
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canonical distribution in the physical Hamiltonian H of equation (2.30).
The Nosé-Hoover [145] method is an example of a non-Hamiltonian algorithm, based

on the resolution of the Nosé-Hoover equations:

ṙi = pi
mi

, ṗi = Fi −
pη
Q
pi ,

η̇ = pη
Q
, ṗη =

N∑
i=1

p2
i

mi

− dNkBT .
(2.37)

They contain additional variables η and pη apart from the physical variables, which drive
the system to the desired temperature.

Even though Nosé, Nosé-Hoover and Nosé-Poincaré generate microstates from the
canonical ensemble if the dynamics is ergodic, the hypothesis of ergodicity can be violated
in special cases [149, 150], i.e. small systems and systems with stiff springs. In these
cases, the equations of motion do not contain a sufficient number of variables in the
extended phase space to carry out a correct sampling. However, simple extensions of the
Nosé-Hoover and Nosé-Poincaré equations can be developed to overcome the ergodicity
problem. These new methods (called Nosé-Hoover and Nosé-Poincaré chains) involve
introducing a sequence of new thermostats, each one coupled to the previous one, resulting
in a chain [146,147].

Until now, we have discussed the application of global thermostats, in the sense that
they act equally over each particle, driving the total kinetic energy to a target value.
But instead of controlling the total kinetic energy, a thermostat could be designed to act
explicitly over each particle. The introduction of a separate thermostat for each particle
is very efficient when equilibrating a system by leading the velocity of each particle to
its equilibrium Maxwell-Boltzmann distribution. Furthermore, it is possible to couple a
thermostat to each Cartesian degree of freedom in the system [151]. These type of ther-
mostats are called local thermostats, in the sense that they act separately and differently
over each particle or degree of freedom. Such multiple thermostatting schemes are not
possible within a Hamiltonian framework as the Nosé and Nosé-Poincaré approaches. Re-
mark that multiple local thermostats are suitable for efficiently sampling the canonical
ensemble of systems containing stiff harmonic potential, e.g., in path integral molecular
dynamics calculations, as we will discuss later.

To continue, we present the Langevin dynamics (inspired in systems which particles
interact with an external bath or solvent), which serves as a simple and efficient ther-
mostatting method for generating the canonical distribution [152]. It is a stochastic
method (involves random numbers) that can be used as a local thermostat for molecular
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dynamics. The Langevin equations for each Cartesian component of each particle are:

q̇(t) = p(t)
m

, (2.38a)

ṗ(t) = F (q(t))− γp(t) +
√

2mγ
β

ξ(t) , (2.38b)

where γ is the friction coefficient and ξ(t) represents an uncorrelated Gaussian-distributed
random force with unit variance and zero mean5. Apart from the deterministic force,
F (q) = −∂V/∂q, the momentum variation is influenced by the friction term (proportional
to the momentum) and by the random force. The random forces of different Cartesian
components of the same particle are uncorrelated in time and among themselves. In
addition, random forces of different particles are independent. A molecular dynamics
integrator using the Langevin equation will sample the canonical ensemble, as we will see
in the next subsection. Notice that when the friction coefficient γ = 0, equations (2.38)
has the same form as the familiar Hamilton’s equations, which generate constant NVE
dynamics.

2.3.2 Path Integral Molecular Dynamics

Path Integral formalism

Within the PI formalism, each of the original quantum particles is represented by a cyclic
chain of P classical particles, forming a ring polymer. In the isomorph classical system, see
equations (2.9) and (2.10) and Fig. 2.1, each particle interacts with contiguous particles
belonging to the same quantum particle (beads α−1 and α+1 with the same i index) via
harmonic springs and with particles belonging to different quantum particles (different i
but the same α) via the interatomic potential V/P .

Important quantities of each quantum particle are its centroid and gyration radius,
defined as

r̄i = 1
P

P∑
α=1

rαi , (2.39)

R2
g,i = 1

P

〈 P∑
α=1

(rαi − r̄i)2
〉
, (2.40)

where 〈 〉 denotes average over the ensemble. The centroid is the instantaneous center of
masses of the chain and gives an idea of the instantaneous mean position of the quantum
particle. For its part, the gyration radius measures the dispersion of the chain from its
center, which can be related with the quantum delocalization of the particle. In the high

5 That is, 〈ξ(t)〉 = 0 and 〈ξ(0)ξ(t)〉 = δ(t).
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temperature limit, the gyration radius goes to zero and all the beads of the chain collapse
into the centroid position.

The internal energy E can be calculated from the partition function of equation (2.7)
via the thermodynamic relation

E = − 1
Q

∂Q

∂β
. (2.41)

After some algebra, it can be proved that the internal energy consists of two contributions,
E = K + V . For a finite number of replicas P , the energy estimators are

KP = 3NP
2β − Vspr = 3NP

2β −
N∑
i=1

[
P∑
α=1

miP

2β2~2 (rαi − rα+1
i )2

]
rP+1
i =r1

i

, (2.42)

VP = 1
P

P∑
α=1

V (rα1 , ..., rαN) . (2.43)

The estimator for the energy converges to the true thermodynamic energy E in the limit
P →∞. Using the centroid of the particle i and employing a path integral version of the
virial theorem, one can obtain a new estimator for the kinetic energy, the so-called virial
estimator :

KP = 3N
2β −

1
2P

N∑
i=1

P∑
α=1

(rαi − r̄i) · F α
i , (2.44)

where F α
i is the force experienced by the particle i on the α replica due to spring forces

and the external potential (if such potential is present). This estimator has the advantage
that the first term gives the classical result, so that the second represents the quantum
correction (due to the zero point energy). In addition, it converges more quickly to the
true kinetic energy and it displays a statistical uncertainty much smaller [153] than the
primitive estimator of equation (2.42).

PIMD algorithm

Here, we focus on the implementation of the path integral technique to numerical simu-
lations. As we saw in section 2.2 about statistical mechanics, the computation of average
equilibrium properties reduces to the correct sampling of the canonical ensemble, either
with Monte Carlo or with molecular dynamics techniques. In the isomorph classical sys-
tem, where there is a separated cyclic chain for each of the original quantum particles,
the ring polymer Hamiltonian can be written as

HP =
N∑
i=1

P∑
α=1

|pαi |
2

2m′i
+

N∑
i=1

P∑
α=1

1
2ki(r

α
i − rα+1

i )2 + 1
P

P∑
α=1

V (rα) , (2.45)
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where any values for the kinetic masses m′i are consistent with the partition function6 of
equation (2.7). These masses are arbitrary and need not to be equal to the true physical
mass because thermodynamic averages do not depend on this quantity. The path integral
molecular dynamics (PIMD) method consists of sampling with molecular dynamics the
canonical ensemble of the classical system defined by the Hamiltonian of equation (2.45).

The presence of stiff harmonic forces in the Hamiltonian requires an ergodic canonical
dynamics method to be employed. The most popular algorithms to efficiently sampling the
PI phase space are a local version of the Nosé-Hoover chain method [154] and the Langevin
thermostat [155]. Although deterministic Nosé-Hoover chain thermostats became the
traditional tools for performing PIMD simulations at the beginning, in the last few years
stochastic approaches are gaining attention because they have similar sampling efficiency
to Nosé-Hoover methods, but are simpler to implement and cheaper to use [155,156].

Due to its ergodicity and its easy implementation, we have chosen the Langevin dy-
namics of equations (2.38) to sample the canonical ensemble and a molecular dynamics
integrator proposed by Bussi and Parrinello [148]. It is deduced by integrating an ap-
proximate propagator operator with the Trotter formula. Each Cartesian component of
each particle momentum and position, (p, q), is updated by a time ∆t, according to the
following scheme:

p← p+ F (t)∆t/2 , (2.46a)

q ← q + p

m
∆t , (2.46b)

p← p+ F (t+ ∆t)∆t/2 , (2.46c)

p← c2
1p+ c2

√
1 + c2

1R , (2.46d)

where R is a Gaussian random number with zero mean and unit variance and the coeffi-
cients c1 and c2 are

c1 = e−γ(∆t/2) , (2.47a)

c2 =
√

(1− c2
1)m
β
. (2.47b)

If γ = 0, there is no friction force, and c1 = 1 and c2 = 0, hence the thermostat has no
effect and the integration scheme reduces to the traditional velocity Verlet algorithm.

In order to optimize the sampling efficiency of the Langevin thermostat, the friction
parameter γ must be tuned. If the friction is too low then the thermostat will have too

6 Notice that the momenta affect neither the partition function (up to an irrelevant normalization
factor) nor the physical observables. However, they are required in order to evaluate numerically the
path integral with molecular dynamics techniques.
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little effect on the system, but if it is too high, it will lead to overdamping and a slow
exploration of the phase space.

2.3.3 Ab initio molecular dynamics

Up to this point, we have discussed how to simulate classical and quantum systems made
by N particles with MD and PIMD techniques, respectively. Though it has not explicitly
been said, these simulation methods are usually applied to atomic systems, where the
nuclear coordinates are the dynamical variables and the electronic degrees of freedom are
hidden but implicitly taken into account in the value of the parameters of the interatomic
potential. In this case, interatomic forces are computed from an empirical model or force
field. As mentioned in the introductory chapter of this thesis, despite the success of force
field based approaches, they have some limitations when describing electric polarization
effects and chemical bond breaking and forming events. These problems are addressed by
the ab initio molecular dynamics (AIMD) method (see [22] and references there), which
combines finite temperature MD with forces obtained from first principles electronic struc-
ture calculations performed “on the fly” as the simulation progresses. Equivalently, the
PIMD technique can be extended combining PIMD with forces calculated from electronic
structure, leading to the ab initio path integral (AIPI) method [23–27].

Classical ab initio molecular dynamics

We consider a system of N nuclei described by coordinates R ≡ (R1, . . . ,RN), momenta
P ≡ (P1, . . . ,PN) and masses M1, . . . ,MN , and Ne electrons described by coordinates
r ≡ (r1, . . . , rNe), momenta p ≡ (p1, . . . ,pNe) and spin variables s ≡ (s1, . . . , sNe). The
non-relativistic Hamiltonian of the system is

H = TN + Te + Vee(r) + VNN(R) + VeN(r,R)

=
N∑
I=1

P 2
I

2MI

+
Ne∑
i=1

p2
I

2me

+
∑
i>j

e2

|ri − rj|
+
∑
I>J

ZIZJe
2

|Ri −Rj|
−
∑
i,I

ZIe
2

|RI − ri|
,

(2.48)

where me is the electron mass and ZIe is the charge of the Ith nucleus. In the first line
of equation (2.48), TN, Te, Vee, VNN and VeN represent the nuclear and electronic kinetic
energy operators, and electron-electron, nuclear-nuclear and electron-nuclear interaction
potentials, respectively.

The resolution of the quantum mechanical problem requires finding the eigenstates and
eigenenergies of this Hamiltonian, which are given by the solutions of the time-independent
Schrödinger equation

[TN + Te + Vee(r) + VNN(R) + VeN(r,R)] Ψ(x,R) = EΨ(x,R) , (2.49)
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where x ≡ (r, s) denotes all the electron position and spin variables and Ψ is an eigenstate
of H with eigenenergy E. An exact solution of equation (2.49) is not possible for realistic
systems and approximations must been made. First, one notices that the timescales
between the electronic and nuclear motion are very different, since the electrons are lighter
than the nuclei by 3 orders of magnitude (me � MI). This is exploited by the Born-
Oppenheimer approximation by assuming a quasi-separable ansatz for the eigenstates of
equation (2.49) with the following form:

Ψ(x,R) = φ(x,R)χ(R) , (2.50)

where χ(R) is a nuclear wave function and φ(x,R) is an electronic wave function that
depends parametrically on the nuclear positions. By substitution of equation (2.50) into
(2.49) and assuming that the nuclear wave function χ(R) is more localized than the
electronic wave function, that is, ∇Iχ(R)� ∇Iφ(x,R), one gets

[Te + Vee(r) + VeN(r,R)]φ(x,R)
φ(x,R) = E − [TN + VNN(R)]χ(R)

χ(R) . (2.51)

Since the right-hand side of this equation does not depend on x, it is clear that the
left-hand side can only be a function of R. Denoting that function by ε(R), one obtains

[Te + Vee(r) + VeN(r,R)]φ(x,R) = ε(R)φ(x,R) . (2.52)

This equation is an electronic eigenvalue equation for an electronic Hamiltonian

He(R) = Te + Vee(r) + VeN(r,R) , (2.53)

in which eigenstates φn(x,R) and eigenenergies εn(R) depend parametrically on the
nuclear positions R. For each solution of the electronic equation (2.52) will be a nuclear
eigenvalue equation:

[TN + VNN(R) + εn(R)]χ(R) = Eχ(R) . (2.54)

Hence, each electronic eigenvalue, εn(R), gives rise to an electronic potential energy surface
(PES) on which the nuclear wave function can evolve according to the time-dependent
Schrödinger equation:

[TN + VNN(R) + εn(R)]χ(R, t) = i~
∂

∂t
χ(R, t) . (2.55)

The physical interpretation of this equation, obtained under the Born-Oppenheimer ap-
proximation, is that the electrons respond instantaneously to the nuclear motion. Thus,
the nuclear dynamics is influenced by a set of instantaneous electronic eigenenergies εn(R)
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and eigenstates φn(x,R), at each nuclear configuration R. Accordingly, the eigenenergies
give a family of potential surfaces on which the nuclear motion occurs.

At this point, one can invoke the adiabatic approximation, which considers that these
surfaces are decoupled. In many cases, non-adiabatic effects can be neglected and one may
consider motion only on the ground-state electronic surface, described by the equations
(2.52) and (2.55) particularized for the eigenenergy ε0(R) and the eigenstate φ0(x,R).
The restriction to the ground state is a good approximation if kBT � ε1 − ε0, with ε1

being the first exited electronic state.
In addition, if nuclear quantum effects are neglected, it can be easily proved, using

the Hamilton-Jacobi formulation of classical mechanics [22], that the following classical
nuclear Hamiltonian is obtained:

HN(R,P ) =
N∑
I=1

P 2
I

2MI

+ VNN(R) + ε0(R) . (2.56)

This Hamiltonian is equivalent to the classical motion of the nuclei on the ground-state
potential energy surface E0(R) = ε0(R) + VNN(R), which equations of motion are

ṘI = PI

MI

,

ṖI = −∇IE0(R) .
(2.57)

Equations (2.56) and (2.57) are the theoretical basis of the AIMD approach. Similarly
to standard MD, the practical implementation of the AIMD requires an algorithm to
numerically integrate the equations of motion. Before integrating, one needs to calculate
the forces acting on the nuclei at each time step of the simulation. For this purpose, it
is important to note that the force −∇IE0(R) contains a term from the nuclear-nuclear
repulsion plus a term coming from the electronic eigenenergy, ε0(R). The derivatives of
the VNN(R) are analytical, while the forces due to the electronic term can be calculated
using the Hellman-Feynman theorem

∇Iε0(R) = 〈φ0(R)|∇IHe(R)|φ0(R)〉 =
∫
drρ0(r)∇IVe(r,R) , (2.58)

where ρ0(r) is the electronic density of the ground state. Since the exact solution for the
ground-state electronic eigenvalue and eigenvector are not usually available, in general
one has to introduce approximations for obtaining the electronic density and forces. In
subsection 2.3.4 we will explain the diffusion algorithm, which is a numerical method to
efficiently solve the electronic Schrödinger equation.

Ab initio PIMD

In this subsection, we will briefly explain how the PI formulation allows the quantum
equilibrium properties of a system to be computed within an AIMD scheme [23–27]. The
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procedure is relatively straightforward when nuclei are considered distinguishable and the
Born-Oppenheimer approximation is applied.

We begin with the partition function of a quantum statistical canonical ensemble with
is defined as the trace of the exponential of the Hamiltonian operator of equation (2.48):

Q = Tr(e−βH) . (2.59)

Since the operators associated with the electrons and the nuclei do not commute, the
exponential of the Hamiltonian operator must be evaluated with the Trotter factorization:

exp [−β (TN + VNN +He)] = lim
P→∞

{
exp

[
β

P
(TN + VNN)

]
exp

[
− β
P
He

]}P
. (2.60)

By recursively inserting the completeness relation (which is the identity operator)

1 =
∫
dR

∑
n

|φn(R)〉〈φn(R)| , (2.61)

into the Trotter formula and if the adiabatic approximation is performed,

∇Iφn = 0 =⇒ 〈φkα+1(Rα+1)|φkα(Rα)〉 ≈ δkα+1kα , (2.62)

then the partition function becomes

QP =
∑
n

N∏
I=1

( MiP

2πβ~2

)3P/2 ∫
dR1

I · · · dRP
I


× exp

{
−β

P∑
α=1

[
N∑
I=1

MiP

2β2~2 (Rα
I −Rα+1

I )2 + En(Rα
1 , . . . ,R

α
N)

P

]}
RP+1
I =R1

I

.

(2.63)

This is the Born-Oppenheimer path integral version of equation (2.7). The path integral
associated with the partition function is a weighted sum over all possible nuclear trajec-
tories and electronic states. The weighting function consists of two terms: the first one is
related to the harmonic potential energy associated with the nuclei, while the second is
the energy associated with the electrons and the nuclear-nuclear term.

As in the previous subsection about AIMD, when only the electronic ground state is
important because the thermal energy is much smaller than the difference between the
ground state and the excited states, the partition function can be written as:

QP =
N∏
I=1

( MiP

2πβ~2

)3P/2 ∫
dR1

I · · · dRP
I


× exp

{
−β

P∑
α=1

[
N∑
I=1

MiP

2β2~2 (Rα
I −Rα+1

I )2 + E0(Rα
1 , . . . ,R

α
N)

P

]}
RP+1
I =R1

I

.

(2.64)
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It should be noticed that the ground-state energy E0(Rα) must be evaluated for each
replica α, which makes the simulation very time-consuming. However, for many calcu-
lations, the complete knowledge of the electronic structure is not essential for the spe-
cific purposes of each simulation and the exact electronic potential can be approximated
through an effective potential, the so-called pseudopotential [157–159].

In the atomic pseudopotential scheme, the complicated effects of the core (i.e. non-
valence) electrons and its nucleus are treated with an effective potential. The core states
are eliminated and the valence electrons are described by a smoother wave function, the
commonly named pseudo-wave function. Usually, only the valence electrons are treated
explicitly, while the core electrons remain frozen, being considered along with the nuclei
as rigid non-polarizable ion cores. However, it is also possible to self-consistently update
a non-local pseudopotential with dependence on the environment, to include explicitly
polarization effects.

In chapter 3 of this thesis, we focus on the particular problem of water cluster anions,
that is, water clusters with an excess electron. In that case, the interaction between the
excess electron and the water molecules can be approximated with a pseudopotential,
which simplifies the multi-electron problem to a one-electron problem, subjected to an
effective potential. In the next subsection, we describe the method employed to solve the
one-body Schrödinger equation of such excess electron.

2.3.4 Diffusion algorithm to solve Schrödinger equation

Solving efficiently the eigenvalue-function pair of the one-body 3D Schrödinger equation
is a challenging task because of the numerical problem appearing when diagonalizing
big Hamiltonian matrices, which size rapidly increases with the system size. Iterative
methods, such as those of Lanczos and Chebychev expansions require large numbers of
applications of the Hamiltonian on the wave function, thus errors will accumulate due
to the discretization of the kinetic energy operator at the grid boundaries [160]. This
can be avoided by evolving the system in imaginary time, where these boundary errors
are damped by the evolution operator. In this subsection we explain the imaginary time
propagation (ITP) method, which allows us to obtain the ground state along with excited
states by propagating a number of different wave functions and orthogonalizing them after
each time step [160–163].

Imaginary time propagation

We consider the problem of solving the one-body Schrödinger equation:

Hψn(r) = Enψn(r) , (2.65)
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with a Hamiltonian
H = T + V (r) = − 1

2m∇
2 + V (r) . (2.66)

First, one notes that expressing the time-dependent Schrödinger equation for any arbitrary
wave function ψ in imaginary time, τ = it, it transforms into a diffusion type equation

∂ψ(r, τ)
∂τ

= Hψ(r, τ) , (2.67)

with formal solution
ψ(r, τ) = e−τHψ(r, 0) = T (τ)ψ(r, 0) . (2.68)

Starting from a linear combination of the eigenfunctions, ψ(r, 0) = ∑
n cnψn(r), one finds

ψ(r, τ) =
∑
n

cne
−τEnψn(r) , (2.69)

which converges towards the ground-state eigenfunction ψ0(r) up to a normalization factor
when τ →∞. This is true as long as the weight c0 is nonzero, because En > E0 for every
n > 0. The corresponding eigenvalue is computed via E0 = 〈ψ0|H|ψ0〉, while excited
states can be obtained by propagating different wave functions simultaneously in time (or
successively), which are orthogonal to the ground state and among themselves to obtain
linearly independent states. Consequently, it is necessary an orthogonalization scheme
like the Gram-Schmidt algorithm or diagonalizing the overlap matrix [160], which has
better stability when the number of states increases [164]. The only problem with that
procedure is that the evolution operator cannot be applied exactly for the Hamiltonian
(2.65).

Splitting of the evolution operator

For numerical simulations, the infinite domain of H has to be truncated, which is done by
discretizing the spatial coordinates into a grid or a mesh of finite size. The time evolution
of the states is obtained by applying repeatedly the evolution operator over a time step,
T (ε) ≡ e−εH . In order to carry out the application of this operator, it is necessary to
decouple the kinetic and potential parts from each other, because these operators are not
diagonal in the same basis. The splitting cannot be done exactly because the kinetic
and potential energy operators do not commute, thus one must use operator splitting
techniques. The most commonly used approximation is the second order factorization

T2(ε) = exp
(
− ε2V

)
exp (−εT ) exp

(
− ε2V

)
= T (ε) +O(ε3) . (2.70)

However, it has been proved [160–162] that the following fourth order operator give rises
to a faster convergence and facilitates the use of larger time steps:

T4(ε) = −1
3T2(ε) + 4

3T
2

2 ( ε2) = T (ε) +O(ε5) . (2.71)
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The application of this evolution operator requires a sequence of applications of the po-
tential and the kinetic energy operators. The potential V is diagonal in the positions
representation and can be easily applied to any wave function. Nevertheless, to apply the
kinetic operator T , one has to transform the wave function by a Fast Fourier Transform
(FFT) to the momenta space, where the kinetic operator becomes diagonal and it can
be simply evaluated by multiplying by p2/2m. To apply the operator T2 of equation
(2.70) one first acts with exp (−εV/2) over the wave function, then transform the result
to momenta space to act with exp (−εT ), and finally transform back to real space and
act again with exp (−εV/2). Consequently, the application of the operator T 2

2 needs two
forward and backward FFTs.

Diffusion algorithm

The diffusion algorithm consists of propagating a set of initial states
{
φ0
j(r), 1 ≤ j ≤M

}
with the evolution operator T4(ε) and subsequently orthogonalizing the propagated states.
The propagates states are

φk+1
j (r) ≡ T4(ε)φkj (r) , (2.72)

which are then orthogonalized and a set of normalization energies Ek
j can be extracted

from the following overlap:
exp

(
−εEk

j

)
≡ 〈φk+1

j |φkj 〉 . (2.73)

The procedure is repeated until the normalization energies are converged with a certain
tolerance

|Ek+1
j − Ek

j | < δ , j = 1, . . . ,M . (2.74)

This means that the evolution has converge, that is, all states have converged for the
evolution operator T4 with time step ε. Notice that some states can converge faster than
others, so only states which has no still converged need to be propagated and orthogonal-
ized in subsequent iterations.

Once the normalization energies and the states have converged to Ej(ε) and φj(ε),
respectively, the expectation energies can be directly computed as

Hj(ε) = 〈φj(ε)|H|φj(ε)〉 , (2.75)

which are the expectation energies of the real Hamiltonian H on the eigenstates obtained
with the operator T4(ε). Now, if the normalization energies have converged to the expec-
tation energies,

|Ej −Hk
j | < δ , j = 1, . . . ,M . (2.76)
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it means that the true eigenenergies have been calculated with tolerance δ. Otherwise,
the time step should be reduce (for example, ε→ ε/2) and the whole process is repeated,
taking the result of the previous calculation as initial states

{
φ0
j(r)

}
.

2.4 Computational tests

In this section, our implementations of the PIMD method and the diffusion algorithm are
tested with illustrative problems of known solution.

2.4.1 PIMD implementation

In our implementation of the PIMD method, we select m′i = mi for simplicity and solve
the Langevin equations with the integrator of Bussi and Parrinello [148], as explained
above. The resulting Fortran 90 code is tested with two significant examples.

For the first test, we consider a spherical 3D quantum mechanical harmonic oscilla-
tor because it is simple but still has the main problems associated with path integral
simulations, namely stiff harmonic and non-ergodic behavior [154]. The Hamiltonian is

H = p2

2m + 1
2mω

2r2 . (2.77)

The parameters of the oscillator were taken to be β~ω = 15.8, mω/~ = 0.03, which
defines a quantum mechanical ground-state dominated system because kBT � ~ω. We
use atomic units7 where ~ = 1 and select ω = 1, so m = 0.03 and β = 15.8 to be
consistent. The exact ground-state energy at zero temperature is 3~ω/2, which is equal
to 1.5 in our case.

Once the model is defined, we perform a PIMD simulation with P = 400 replicas, a
time step of 0.05 and a friction coefficient of γ = 0.01. In Fig. 2.2(a) we can observe how
quickly the average total energy, computed with the virial estimator of equation (2.44),
reaches its equilibrium value of 1.5, which actually is the analytical ground state of the
3D harmonic oscillator, 3~ω/2. We note that the instantaneous total energy estimator
fluctuates around its average. In the same figure, we also represent the block averages
of 20 blocks. If we would take the first half of the simulation as equilibration and the
second half as production, we would obtain an energy of E = 1.49 ± 0.07. In Fig.
2.2(b) we represent the distribution throughout the simulation of an arbitrary Cartesian
momentum component. Indeed, the numerical points are on top of the analytical Gaussian
distribution, characteristic of the canonical ensemble:

f(px) = 1√
2πσ

exp
(
− p2

x

2σ2

)
, (2.78)

7 For convention, if no unit is specified, we are using atomic units (au or a.u.).
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Figure 2.2: (a) Evolution of the total energy of a 3D harmonic oscillator. (b) Numerical
and analytical distributions of the momentum Cartesian components in the isomorph
classical harmonic oscillator.

Figure 2.3: (a) Evolution of the instantaneous (solid) and average (dashed) energy compo-
nents of the quantum (H2O)7 cluster at 50 K, during the first 105 steps. (b) Numerical and
analytical distributions of the momentum Cartesian components for oxygen and hydrogen
atoms in the isomorph classical system of the cluster (H2O)7 at the same temperature as
panel (a).

where σ =
√

kBTm.
Secondly, we test our PIMD code computing kinetic and potential energies of small

water clusters (H2O)N , where nuclear quantum effects are significant [109]. We focus
our attention on clusters up to N=7. As model for water, we employ the potential
q-TIP4P/F [90], which is a quantum version of the standard TIP4P, optimized for PI
simulations. We reproduce the conditions of temperature (T = 50 K) and number of
replicas (P = 120) of the reference [109]. In addition, we use as initial conditions the
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This work Reference [109]
N 〈K〉/N 〈V 〉/N 〈K〉/N 〈V 〉/N
1 6.26 (0.04) 6.15 (0.02) 6.27 (0.04) 6.14 (0.08)
2 6.64 (0.02) 3.49 (0.03) 6.65 (0.04) 3.44 (0.08)
3 6.90 (0.02) 1.12 (0.06) 6.90 (0.04) 1.05 (0.08)
4 7.00 (0.03) -0.29 (0.04) 7.04 (0.04) -0.30 (0.08)
5 7.01 (0.03) -0.61 (0.04) 7.02 (0.04) -0.64 (0.08)
6 7.13 (0.01) -1.08 (0.03) 7.14 (0.04) -1.13 (0.08)
7 7.16 (0.02) -1.47 (0.03) 7.16 (0.04) -1.54 (0.08)

Table 2.1: Comparison of the average energy components (in kcal/mol) per water molecule
for water clusters (H2O)N , computed in this work with PIMD and in the reference with
PIMC.

global minima that they supply in the supporting information.
In our simulations, we employ a time step of 1 fs and a friction coefficient of γ =

0.001 au. After an equilibration period of 105 steps we carry out a production running of
2×105 steps. The instantaneous and average energy components during the equilibration
period of 105 steps are displayed in Fig. 2.3(a). The system is clearly equilibrated because
the average values remains constant throughout the simulation. In panel (b) of the same
figure we can see how the computed distributions of the momentum components for
the N=7 cluster are also in excellent agreement with the analytical ones, proving that
the canonical ensemble at 50K is being correctly sampled. Notice that the hydrogen
distribution is narrower than the oxygen one because of its smaller mass, as predicted by
equation (2.78). The numeric value of the average energy components per water molecule
are shown in Table 2.1, along with the results of the mentioned reference, obtained with
path integral Monte Carlo (PIMC) techniques. The agreement is very good for both
energy components, slightly better for the kinetic one.

2.4.2 Diffusion method implementation

Our implementation of the diffusion algorithm is checked with the spherical 3D harmonic
oscillator. The eigenvalues can be calculated analytically and depends on the quantum
numbers (nx, ny, nz) in the following way:

Enx,ny ,nz = (nx + ny + nz) ~ω . (2.79)
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Np = 8 Np = 16 Np = 32
E0 E1 E0 E1 E0 E1

L = 8 1.5043 2.4828 1.5000 2.5000 1.5000 2.5000
L = 16 2.3172 2.7102 1.5016 2.4918 1.5000 2.5000

Table 2.2: Converged eigenenergies of the ground and first excited states of the spherical
3D harmonic oscillator, obtained from the diffusion algorithm. Energies and distances are
in atomic units and the tolerance is set to δ = 10−4 au.

Figure 2.4: (a) Wave functions of the first four states of the spherical 3D oscillator on a
grid with 16 au of length and 32 points. (b) Interaction potential and eigenvalues.

We work in atomic units, so � = 1, and to simplify the problem we select the mass m and
the frequency ω of the oscillator to be numerically equal to 1. That way, the ground-state
energy is 1.5 au and the first excited state is three times degenerated, with energy 2.5 au.

When applying the diffusion algorithm, we select an initial time step of 1 fs and a
tolerance of δ = 10−4 au. The converged energy values of the ground and first excited
states are collected in Table 2.2, for different values of the size of the cubic grid, L, and
number of grid points, Np. These calculations illustrate that the use of 16 grid points
evenly distributed on a spatial grid of 8 au provides convergent eigenenergies. Note that
these conditions (Np = 16, L = 8) gives the same result as the case with same grid point
density but larger grid size (Np = 32, L = 16) and the case with double grid point density
but same grid size (Np = 32, L = 8). In Fig. 2.4(a) and 2.4(b) we can see the projections
along the z-direction at (x = 0, y = 0), of the wave functions corresponding to the first
four states and the potential energy, respectively.

Finally, remark that depending on the potential one must choose a grid size in such
a way that the eigenvectors are zero at the grid boundaries. If this is not the case, one
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must use a larger grid size. In addition, in order to obtain converged eigenenergies, for a
fix grid size, one must be sure that the number of grid points is large enough to capture
the features of the potential.

2.5 Summary

In section 2.2 of this chapter, we have explained the fundamental theory of statistical
mechanics and how it connects the atomic microscopic states with the macroscopic vari-
ables through the concept of ensemble. We have seen that the calculation of equilibrium
macroscopic observables can be carried out by sampling a specific ensemble. Although the
sampling can be performed either with Monte Carlo (MC) or with molecular dynamics
(MD) methods, we have just described the latter because it is the one employed to obtain
the results reported in subsequent chapters of the thesis. The most important elements
to perform classical MD simulations are explained in subsection 2.3.1. In addition, as
discussed in subsections 2.2.2 and 2.3.2, the PIMD method makes possible the simula-
tion of quantum systems with classical MD techniques. Finally, subsection 2.3.3 focus
on the incorporation of electronic degrees of freedom into the nuclear dynamics of MD
and PIMD, giving rise to the ab initio molecular dynamics (AIMD) and the ab initio
path integral (AIPI) methods. Subsection 2.3.4 addresses the problem of the numerical
solution of a single-electron Schrödinger equation with the diffusion algorithm.

Throughout the thesis, we have developed, optimized and tested a PIMD code written
in Fortran 90, which has been used in the investigations of chapters 3 and 4, to compute
equilibrium properties of water clusters anions (H2O)−N and halide ion water clusters
(H2O)NX−, respectively. The halide ion water clusters are modeled with an empirical
potential fitted to ab initio data [116–118], thus the system is simulated with standard
PIMD techniques. For the water cluster anions, as we will see, the pseudopotential
approximation simplifies the many-electron problem to a single electron moving in a field
generated by the atomic ions. This excess electron together with the ions receive an ab
initio treatment and the associated 3D Schrödinger equation is solved with our own code,
using the diffusion method. The code has been parallelized and its efficiency is discussed
in appendix B.

In addition to sampling ensemble distributions to extract equilibrium properties, MD
allows the observation of the temporal evolution of instantaneous estimators of macro-
scopic variables. This last issue will be exploited in chapter 5 to study equilibrium cor-
relation functions and the path followed by non-equilibrium systems to their equilibrium
states, analyzing the case of both solid and liquid bulk water. In this case, the MD
simulations are conducted with the open source code LAMMPS [140].
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Chapter 3

Fully quantum simulations of water
cluster anions

3.1 Introduction

Water cluster anions (H2O)−N have been intensively investigated since their discovery in
1981 [165], as model systems for the hydrated electron in bulk water [101], a species
of fundamental importance in chemical and biological electron transfer processes [102].
However, even now it is not clear at what cluster size an electron is solvated by the water
cluster, that is, when it is located within a closed hydration shell. This question is still
not answered, in spite of the huge experimental and theoretical effort made to understand
how the excess electron is bound to the water cluster.

As predicted theoretically by Barnett et al. in 1988, [103,104], the excess electron can
be attached to a water cluster in two different ways or motifs, with distinctive structural
properties. On the one hand, exterior or surface states are characterized by a broad
electronic cloud with their center of mass near the cluster surface. On the other hand,
interior states have their center of mass near the center of the cluster, with a compact
spatial distribution.

From the experimental point of view, the binding energy of the excess electron is
also called vertical detachment energy (VDE), which is the energy required to detach
the electron from a (H2O)N cluster without allowing nuclear rearrangement to occur.
The fitting and identification of the peaks of both the photoelectron (as a function of
the electron binding energy) and absorption (as a function of the photon energy) spectra
provide experimental information about the energetic and structural (by moment analysis)
properties of the excess electron, which can be compared with theoretical predictions.

A long-lasting (and ongoing) controversy started in the 90s about the interpretation of
the water anion cluster data [166,167]. The first photoelectron spectroscopy measurements
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on water cluster anions of Coe et al. in 1990 [168], showed a linear relation of the VDE
against N−1/3 for water clusters with N=11-69 water molecules, and extrapolated the
VDE to infinite size, obtaining 3.3 eV for an internal state of bulk water. Hence, these
experiments implied that the properties of water cluster anions smoothly extrapolate
to those of the hydrated electron in water. At the same time, an opposing view was
maintained by Barnett et al. [103–105], whose simulations on water clusters with N=8-
128, revealed a surface to interior transition between N=32 and N=64, asserting that
the extrapolation to the infinite cluster size made by Coe et al. was not justified. These
authors pointed out that surface and internal states could be distinguished, in principle,
through measurement of their VDEs, since the calculated VDEs for internal states were
considerably larger than for surface states. Measurements of the absorption spectrum for
N=6-50 clusters were carried out by Ayotte and Johnson in 1997 [169], finding spectra
compatible with surface states.

An important theoretical work by Makov and Nitzan [170] showed that both an inter-
nal state and a “localized” surface state can exhibit practically the same size dependence
on the VDE, linear with N−1/3. In 2005, Turi et al. [106] performed simulations of clus-
ters with 20 to 200 water molecules, finding that at temperatures of 200 and 300K only
surface states were stable for the N=20-104 clusters, and that for T = 100K only the
N ≥ 45 clusters had stable interior states. This led these authors to conclude that all the
previous experimental spectroscopic and energetic data corresponded to surface electrons.
However, the Neumark’s group soon contradicted this conclusion [171–173], proving that
both types of states existed in the experiments measuring the VDEs.

At present, there is consensus about the existence of at least three different classes
of isomers1 with different VDE [174, 175], see Fig. 3.1. However, for most cluster sizes
larger than roughly N=20, the isomers II and III are metastable species, significantly less
stable than the isomer I and with shorter lifetime [176]. Although isomer I is usually
associated with internal states and isomers II and III are related with surface states, it
has been shown [177–180] that at least for small sizes in isomer I the excess electron is
in a surface state as well. Furthermore, it has been suggested by Neumark [181] that the
internalization of the electron from the surface occurs in the size range N=25-35. This
assertion is supported by recent experiments at low temperatures [176,180] and consistent
with some ab initio studies of small clusters [182, 183], but not with the simulations of
Turi et al. [106], which favor surface over the interior state for small clusters.

When dealing with water cluster anions, the excess electron is not attached to a
specific monomer, but is bound in a collective manner. From the computational point of

1 Here and in the following the term isomer is used to describe clusters with related, but not necessarily
identical structures
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Figure 3.1: Experimental VBEs (or VDEs) of excess electrons in water clusters anions,
(H2O)−N , of various sizes. The data from Coe et al. [168] are close to those of isomer I.
The image is taken from [174].

view, ab initio calculations would be very expensive, so the common approximation is the
explicit treatment of only the excess electron, whereas all other electrons are not directly
considered. That way, the interaction between the excess electron and the monomer
attached electrons is usually described with an effective potential, while the monomer-
monomer interaction is modeled with a standard empirical potential, considering water
molecules as neutral unbreakable entities composed by several charged centers. The first
simulations in the topic employed a pseudopotential for the electron-water interaction and
a path integral (PI) representation of the excess electron [103,184], while water molecules
were considered as classical entities. Subsequent works [106,185,186] carried out quantum-
classical molecular dynamics simulations, where the electron was represented by its wave
function in a plane-wave basis distributed on a grid.

As far as we know, all the earlier computational studies of water cluster anions have
only made a quantum mechanical treatment for the excess electron , while considering
the water molecules classically. In this work, we incorporate quantum nuclear effects to
the water molecules, by means of path integrals, while keeping the wave-function repre-
sentation of the excess electron. A path integral formulation for the whole system (water
molecules plus electron) would not be practical because one would need too many beads
to achieve a good description of the excess electron. Therefore, we have combined the
path integral technique for H and O atoms with the numerical solution of the Schrödinger
equation for the electron moving in the field generated by the atomic ions. Within this
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approach, the system is represented as a classical ring polymer of identical beads (or
replicas), and the wave function of the excess electron is calculated for each bead. A
simplifying approximation, the so-called centroid approximation, consists of solving the
electron problem only for the average atomic positions, but the appropriateness of this
approximation needs to be checked against the general procedure.

Due to the low mass of the hydrogen atom and its relevance in the bond network
of water, the incorporation of nuclear quantum effects has notable repercussion on the
structural and energetic properties of water clusters at low temperatures [109, 110], but
also in liquid water at ambient conditions [90, 107, 108]. Consequently, differences in the
structure of the water clusters and in the attachment motif of the excess electron are
expected when incorporating nuclear quantum effects.

The main goal of the current work is to study the structural, energetic and spectro-
scopic properties of water cluster anions (H2O)−N at equilibrium. In particular, we aim
to uncover how the inclusion of nuclear quantum effects affects the results obtained with
classical simulations. In this regard, we first study neutral clusters in the size range
N=20-237 water molecules (i.e. without excess electron) at temperatures from 50 to
400K, observing non-negligible differences between the results obtained with a classical
and quantum treatment of the water molecules. After that, we analyze the properties
of water cluster anions from N=20 to 573 and at temperatures of 100, 200, and 300K,
identifying the transition from surface to interior states when the cluster size increases.
We calculate equilibrium properties by means of molecular dynamics simulations, start-
ing from an interior electronic state and allowing the system to equilibrate at a constant
temperature. It results in a stable surface or interior state, which properties are averaged
in time. With this procedure, we are able to observe states of the isomer I of Fig. 3.1,
which is the most stable isomer.

In our simulations, we use the standard SPC/F model [86,89] for water molecules and
the Turi-Borgis pseudopotential [185,187] to describe the excess electron-water interaction.
This combination reproduces quite well the ground-state energy and the optical absorption
spectrum of the hydrated electron with classical molecular dynamics simulations of bulk
water at 298K [185]. Although the SPC/F model was initially designed to be used with
classical simulations, in the present work we will also use it in quantum simulations
to compare with the classical results, so that the differences can be attributed to the
nuclear quantum effects. Nevertheless, for a quantitative better description of water
when performing quantum simulations, one should use potentials specifically designed for
those simulations.

The theoretical background about the simulation techniques and the computational
details are given in sections 3.2 and 3.3, respectively. Section 3.4 is devoted to expose and
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discuss the results concerning both neutral and negatively charged water clusters, while
section 3.5 serves to present some conclusions and possible continuations of the work.

3.2 Theoretical background

3.2.1 Electron-water pseudopotential

As said in the introductory section of this chapter, it is known that the excess electron
of water cluster anions is not attached to a specific water molecule, but is bound globally
to several water molecules or to the whole cluster. For many systems like water clus-
ter anions, the complete knowledge of the electronic structure is not indispensable and
the exact electronic potential can be approximated through an effective potential, the
pseudopotential [157–159]. In this manner, the complex effects of the core (non-valence)
electrons and its nucleus are treated with an effective potential.

For our particular problem, the interaction of an excess electron with a closed-shell
neutral molecule as water (all electrons are paired in orbitals with the same energy2), can
be approximated with a pseudopotential. That way, the exact multi-electron problem is
simplified to a more feasible one-electron problem subjected to an effective potential with
a repulsive term to avoid the collapse of the excess electron into the occupied core orbitals.
In turn, the nuclei along with the core electrons, are considered as rigid non-polarizable
ion cores, with certain effective charge.

We employ the pseudopotential developed by Turi and Borgis [185,187] for the electron-
water interaction. It reproduces the exact eigenvalue of the excess electron state and the
electronic density of the smooth pseudo-wave function in the static-exchange limit. A
polarization term is treated separately by these authors and it is added to the previ-
ous developed potential ad hoc, to reproduce the ground-state energy of the equilibrium
hydrated electron in liquid simulations.

The whole water-electron potential is a sum over the water molecules of individual
terms with the following form:

Vw-e = Vhy(rhy,1) + Vhy(rhy,2) + Vox(rox) + Vpol(rox) , (3.1)

where rhy and rox are the electron-site distances for the hydrogen and the oxygen, respec-
tively. The first three terms represent the interaction between the excess electron and the
nucleus plus core electrons of each atomic species, while the last term accounts for the
induced polarization effect, that is, the distortion of the water molecule wave function by

2 Remember that due to the Pauli exclusion principle, electrons can occupy the same molecular orbital
only when they have opposite spins.
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the external electric field of the excess electron. The interaction between the electron and
each charged site consists of a linear combination of three error functions3 divided by the
electron-site distance:

Vi(r) = −qi
r
erf(Air) +

[
B1,i

r
erf(B2,ir)−

B1,i

r
erf(B3,ir)

]
, (3.2)

where i specifies the atomic species (hydrogen or oxygen), qi are the partial charges of
the molecular sites and Ai, B1,i, B2,i and B3,i are adjustable parameters. Note that each
error function divided by the distance is the potential generated by a static spherically
symmetric Gaussian charge density of the form:

ρ(r) = q

(2πσ2)3/2 e
−r2/(2σ2) , (3.3)

because the potential given by

ϕ(r) = q

r
erf
(

r2
√

2σ

)
, (3.4)

is solution of the Poisson’s equation,

∇2ϕ(r) = −4πρ(r) . (3.5)

Thereby, the parameters (Ai, B1,i, B2,i, B3,i) of equation (3.2) control the amplitude (total
charge) and width of the three Gaussian charge distributions. Note that, independently
on the parameters, the charge distributions of equation (3.2) integrate to qox and qhy for
the oxygen and hydrogen, respectively. These adjustable parameters were determined
to reproduce the electron density and the eigenvalue of the exact pseudo-wave function
as closely as possible [185, 187]. For the partial charges qox and qhy, Turi and Borgis
chose −0.82 e and 0.41 e, respectively, consistent with the SPC/F model of the water
molecule [86,89], which will be applied in our simulations below.

Afterwards, the polarization term was added ad hoc to the previously developed po-
tential. The used oxygen polarization potential was

Vpol(rox) = − α

2(r2
ox + C2

ox)2 , (3.6)

where α is the spherical polarizability of the water molecule, α = 9.7446 au. It has a proper
1/r4 long-range behavior reproducing the isotropic part of the asymptotic limit of the
polarization potential of the water molecule. The parameter Cox was set to reproduce the

3 The error function is defined as

erf(x) = 2√
π

∫ x

0
e−t2

dt .

It is a sigmoid function with values from -1 to 1 when x goes from −∞ to ∞.
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Figure 3.2: Projections of the water-electron interaction potential of Turi-Borgis [185,187]
along the three Cartesian axes, with the water molecule at its equilibrium geometry for the
SPC/F model. Red, green and blue colors represent the x, y and z directions, respectively.

ground-state energy of the equilibrium hydrated electron in classical molecular dynamics
liquid simulations at 298K of temperature.

Fig. 3.2 illustrates the Turi-Borgis potential in the three Cartesian directions of a single
molecule at the equilibrium geometry for the SPC/F model. The oxygen is situated at
the origin and the hydrogens on the z = 0 plane, with the x-direction along the bisector
line of the HOH angle.

3.2.2 Centroid approximation

As explained in subsections 2.3.2 and 2.3.3 of chapter 2, the path integral (PI) formu-
lation of non-relativistic quantum mechanics can be combined with electronic structure
calculations to compute the forces in ab initio molecular dynamics (AIMD), giving rise
to the ab initio path integral technique (ab initio PIMD).

On the one hand, the PI theory provides a quantum-classical isomorphism which allows
one to use classical simulation techniques to compute statistical properties of quantum
many-body systems at finite temperature, in a exact way (non-perturbative). Within
the PI formalism of statistical mechanics, the canonical partition function of a quan-
tum system of N distinguishable atomic nuclei described by coordinates (R1, . . . ,RN),
is equivalent to the partition function of a classical system where each of the original
quantum particles is represented by a classical cyclic chain of P replicas or beads (a ring
polymer), coupled by harmonic springs, each replica being acted on by the true potential
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V divided by P :

Q = lim
P→∞

QP

= lim
P→∞

N∏
I=1

( MiP

2πβ~2

)3P/2 ∫
dR1

I · · · dRP
I


× exp

{
−β

P∑
α=1

[
N∑
I=1

MIP

2β2~2 (Rα
I −Rα+1

I )2 + V (Rα
1 , . . . ,R

α
N)

P

]}
RP+1
I =R1

I

,

(3.7)

where MI are the masses of the nuclei and β the Boltzmann factor, β = 1/kBT .
On the other hand, under the Born-Oppenheimer approximation, the electrons respond

instantaneously to the nuclear motion, so that the electronic wave function depends para-
metrically on the nuclear positions. Additionally, one can restrict the electrons to remain
in its ground state as far as the thermal energy is much smaller than the energy gap
with the first and posterior excited states, kBT � ε1 − ε0. In this manner, the nuclei
evolves classically in a potential energy surface determined by the ground-state energy of
the electrons plus the inter-nuclear interaction:

E0(R1, . . . ,RN) = ε0(R1, . . . ,RN) + VNN(R1, . . . ,RN) . (3.8)

Therefore, the canonical partition function for a system made by N quantum atomic
nuclei, subjected to such PES, can be approximated as

QP =
N∏
I=1

( MiP

2πβ~2

)3P/2 ∫
dR1

I · · · dRP
I


× exp

{
−β

P∑
α=1

[
N∑
I=1

MiP

2β2~2 (Rα
I −Rα+1

I )2 + E0(Rα
1 , . . . ,R

α
N)

P

]}
RP+1
I =R1

I

.

(3.9)

Notice that the ground-state energy E0(Rα
1 , . . . ,R

α
N) must be evaluated separately for

each replica α, and then accumulated with weight 1/P . Each quantum nucleus will be
delocalized with certain mean position and extension, which are characterized by the
centroid (instantaneous center of the chain) and the gyration radius:

R̄I = 1
P

P∑
α=1

Rα
I , (3.10)

R2
g,I = 1

P

〈 P∑
α=1

(Rα
I − R̄I)2

〉
. (3.11)

A schematic representation of a quantum particle with 8 beads around its centroid position
can be seen in Fig. 3.3(a).

In a molecular dynamics simulation, one needs to calculate the energy and forces at
every time step to update the positions of the atomic nuclei. From the computational
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(a) (b)

Figure 3.3: (a) Schematic representation of the beads, Rα, centroid position, R̄, and
gyration radius, Rg, of a quantum particle with 8 replicas. (b) Geometry of 3 water
molecules, simulated with 40 beads.

point of view, the inter-nuclear potential VNN and its derivatives are usually evaluated
very rapidly, because most often it has the form of a Coulomb potential or an analytical
empirical potential. However, the evaluation of the electronic ground-state energy and its
derivatives with respect to the nuclear positions involves the resolution of the Schrödinger
equation to obtain the energy and the charge density, which in turn is used to calculate the
forces on the nuclei due to the electronic cloud, applying the Hellman-Feynman theorem.

In general, the distances between beads belonging to the same quantum nucleus are
an order of magnitude smaller than the inter-nuclear distances, so one could postulate
that the electronic ground state and charge density will not vary significantly among the
different beads. In such a case, we could consider the electronic ground-state energy eval-
uated at the centroid position as an approximation to the ground-state energy evaluated
at an specific bead:

ε0(Rα) ≈ ε0(R̄) , (3.12)

where we have denoted Rα ≡ (Rα
1 , . . . ,Rα

N) and R̄ ≡ (R̄1, . . . , R̄N) as the nuclear posi-
tions of the bead α and the centroid positions, respectively. We name this estimation of
the electronic ground-state energy as the centroid approximation.

Performing a Taylor expansion of the electronic energy around the centroid position,
one obtains

ε0(Rα) = ε0(R̄) + ∇ε0(R̄) · (Rα − R̄) + O(|Rα − R̄|2) . (3.13)

Consequently, the centroid approximation will be valid when ∇ε0(R̄) · (Rα − R̄) is neg-
ligible compared with ε0(R̄), that is, the electronic forces trying to separate the beads
from the centroid do not change considerably the ground-state energy. Broadly speaking,
the approximation will work if the electronic forces are not able to separate the beads in
the direction of the gradient ∇ε0(R̄) substantially, which happens if the electronic forces
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acting on the nuclei are slight and/or the gyration radii are modest.
Accordingly, to ensure the conservation of the energy of the ring polymer Hamiltonian,

the x-component (and equivalently for the y and z-components) of the force acting on the
Ith atom of the replica α due to the electronic cloud is:

Fα
I,x = − ∂ε0

∂X̄I

∂X̄I

∂Xα
I

= − 1
P

∂ε0

∂X̄I

= 1
P
F̄I,x , (3.14)

where F̄I,x represents the x-component of the electronic force acting on the centroid of
the nucleus I. Physically, equation 3.14 tells us that the electronic force acting on each
bead of the nucleus I, is equal to the electronic force acting on its centroid, divided by
P . Therefore, within the centroid approximation, the electrons see the nuclei as classical
particles at the centroid positions, acting over each bead in the same way.

From the practical point of view, the centroid approximation reduces enormously the
computational time needed to compute the electronic energy and forces because one has
to calculate them only at the centroid configuration every time step.

Although the ab initio path integral formalism presented here is general for many-
electron problems, the use of a pseudopotential for water cluster anions reduces our spe-
cific problem to one single electron. Strictly speaking we are not performing ab initio
calculations, because only the excess electron is treated at that level, but our approach
is formally equivalent to a full ab initio path integral treatment of a system made by one
single electron interacting with ions.

3.3 Computational and simulation details

General aspects

In this work, we report a series of classical (MD) and quantum (PIMD) constant-temperature
simulations of neutral and negatively charged water clusters with sizes from 20 to 573 wa-
ter molecules and temperatures from 50 to 400K. The water molecules are described clas-
sically or quantum mechanically, interacting through a flexible SPC/F potential [86, 89],
whereas the excess electron is represented by its probability density. The water-electron
interaction is modeled by the Turi-Borgis pseudopotential [185, 187]. The nuclear evolu-
tion is performed under the Born-Oppenheimer and the adiabatic approximations, that
is, the excess-electron adapts instantaneously to the nuclear configuration and remains in
its ground state during the simulation.

The canonical ensemble was sampled with molecular dynamics equipped with a stochas-
tic thermostat based on the Langevin dynamics, integrated with the Bussi-Parrinello
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scheme (explained in subsection 2.3.2 of chapter 2). For all the calculations, we employed
a time step of 1 fs and a friction parameter of γ = 0.001 au.

According to the SPC/F model, water molecules are represented by 3 charged in-
teraction sites, located on top of the hydrogen and oxygen atoms. The intermolecular
interaction between water monomers is given by a Lennard-Jones potential between the
oxygen atoms, plus the Coulomb potential between all the intermolecular pairs of charges.
The intramolecular term accounting for water flexibility describes the harmonic oscilla-
tion of the internal modes of molecular motion (OH stretching and HOH bending) around
their equilibrium values. Consult appendix A for more details about the parametrization
of the potentials.

Both the calculation of the inter-molecule water potential and the PIMD algorithm
have been parallelized. On the one hand, the interaction of each molecule with the rest
can be computed separately for each molecule. On the other hand, the calculation of
the potential energy and forces acting on each replica is intrinsically parallel (except the
harmonic coupling between replicas, which does not constitute too much computational
effort), and can be done independently for each replica. The analysis of the computational
efficiency of our code is shown in appendix B.

Neutral clusters

We studied neutral clusters, (H2O)N , with temperatures ranging from 50 to 400K and
sizes in the range N=20-237. For classical simulations, initial geometries were obtained
from large molecular dynamics simulation of bulk water at 300K and density 1 g/cm3,
including all water molecules within spheres of varying radii [188]. For each calculation, an
equilibration run of 1× 105 steps (100 ps) was executed before the production simulation
of 5 × 105 steps. Quantum PIMD simulations were carried out with 128 replicas, using
classical equilibrated configurations as initial conditions.

Negatively charged clusters

For simulations of negatively charged water clusters, (H2O)−N , we employed the diffusion
algorithm (described in subsection 2.3.4 of chapter 2) to solve the Schrödinger equation
associated to the excess electron. For this purpose, we used an electronic grid size of
80×80×80 Å, discretized on an evenly distribution of 64×64×64 points, centered at the
origin, which coincides with the center of mass of the water cluster. This discretization
is sufficient for our purposes, as it will be reported with tests later. The eigenenergies
together with the wave functions of the first four states were evolved and converged on
the spatial grid every time step, with an energy tolerance of 10−4 au ≈ 2.7× 10−3 eV.
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For the calculation of the electron-oxygen and electron-hydrogen potential terms of
equation (3.2), we implemented a cubic spline interpolation of 400 points, with a maximum
radial distance of

√
3× 802 ≈ 138.6 Å. This approximation reduces the computational

time needed to evaluate the error function and its derivatives, while it did not appreciably
affect the result.

All the simulations were initiated from interior states, obtained by relaxing each cluster
structure in the presence of the excess electron and a smooth confining potential to keep
the electron in the vicinity of the cluster center:

Vconf = 1
2k(x8 + y8 + z8) , (3.15)

with k = 10−8 au. The relaxation was performed at each temperature, during 104 steps.
After that, the confining term was switched off.

We carried out both classical and quantum simulations of different sized clusters (up
to 573 water molecules) at three temperatures, 100, 200 and 300K. A typical simulation
consisted of an equilibration run of 5× 104 steps (50 ps), previous to the production run
with length between 105 and 2 × 105 steps, which correspond to 100 and 200 ps of time.
For the quantum simulations, we employed the centroid approximation, which provides
accurate results for both the water cluster and the excess electron properties and its
computational needs are up to two orders of magnitude lower than the exact quantum
calculation. The validity of such approximation will be tested for different temperatures
below.

Starting from the relaxed configurations with interior electronic state, most of the clus-
ter spontaneously reached stability after the equilibration period, into either an interior
or a surface state. For the classical simulations at 300 K, clusters with N ≤ 139 did not
stabilize from the interior configurations and they broke out into smaller water molecules
aggregates. In that cases, we launched calculations from non-interior electronic states and
the system reached the equilibrium with surface electronic states, without breaking out.

As pointed out in the subsection 2.2.2 of chapter 2, for the PIMD simulations, it is
convenient to keep constant the product PT for different temperatures, to achieve the
same accuracy. For computational reasons, we set the number of replicas as a power of
2 and choose PT = 12800K. Consequently, the simulations at 100, 200 and 300K were
performed with 128, 64 and 48 replicas, respectively.

3.4 Results and discussion

In this section, we show and discuss the results obtained from classical MD and quantum
PIMD simulations of neutral and negatively charged water clusters at different tempera-
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tures. In subsection 3.4.1, we analyze some energetic and structural properties of neutral
water clusters, recognizing appreciable discrepancies between the classical and quantum
cases. These differences motivate the study of water cluster anions with both classical
and quantum techniques, which is done in subsection 3.4.2, to inspect possible differences
in the morphology of the excess electron.

3.4.1 Neutral clusters

In this subsection we study the energetic and structural properties of neutral water clus-
ters, (H2O)N , with N from 20 to 237, obtained with MD and PIMD simulations at tem-
peratures from 50 to 400K. Before presenting such properties, we conduct a convergence
test to be sure of the veracity of the quantum results.

Path integral convergence

We focus on the N=100 cluster to find an accurate number of replicas which provides
converged results. The most important property to concentrate on is the total energy
and its components, because once it is converged, the rest of the properties are usually
converged too. The convergence of the kinetic energy means that the zero point energy
of the nuclei has been correctly captured (see equation (2.44) in chapter 2), whereas
the convergence of the potential energy, that only depend on the atomic positions, is a
consequence of the convergence of the structure. The structural properties, in turn, are
influenced by the tunnel effect, which makes possible the access to classically forbidden
regions.

The total energy per water molecule as a function of the number of replicas P is
represented in panels (a) and (b) of Fig. 3.4. It can be noted that the necessary number
of replicas to converge increases when the temperature decreases, as expected. While
32 replicas are enough for T = 400 K, one would need to use 256 replicas to obtain a
converged energy at T = 50K. The kinetic and potential components of the total energy
are shown in panels (c) and (d) of the same figure. They approximately converge at the
same rate with the number of replicas.

Apart from the total energy, another interesting quantity to study its convergence
with the number of replicas is the gyration radius, defined in equation (3.11). It measures
the quantum delocalization of an atomic nucleus with respect to its centroid or mean
position. As can be observed in panels (a) and (b) of Fig. 3.5, the required number
of replicas to achieve convergence depends on the atomic species and the temperature.
In general terms, oxygen atoms could be fairly well described only with 8 or 16 replicas,
whereas hydrogen atoms need at least 32 or 64 replicas, depending on the desired accuracy.
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Figure 3.4: Panels (a) and (c) show the average total energy per molecule and its kinetic
and potential components, as a function of the number of replicas, for several temper-
atures. Graphs (b) and (d) are the same but in logarithmic scale. All the calculations
correspond to the N=100 neutral cluster. Statistical uncertainties are represented with
error bars, though they are imperceptible.

This result accords with the higher quantum nature of the hydrogen atom compared with
the oxygen, due to its lower mass. The larger gyration radius of the hydrogen respect to
the oxygen, is a direct consequence of its higher quantum character. As one would expect,
the gyration radius decreases with temperature, but it is still relatively far from zero in
the studied temperature range.

In panels (c) and (d) of Fig. 3.5, we study the convergence of the mean intramolecular
OH distance and HOH angle, averaged over molecules and along the simulation, for
different temperatures. In general, we observe that the convergence of such properties
is quite good from 32 replicas onward.

To conclude, analyzing the total energy when the number of replicas is increased,
we notice that the discrepancies between a calculation with 128 replicas and the same
calculation with 256 replicas are around 5 % or less, for temperatures equal or higher
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Figure 3.5: Averaged properties of (H2O)N clusters as a function of the temperature for
various number of replicas. (a) Gyration radius of the oxygen atom, (b) gyration radius
of the hydrogen, (c) rOH intramolecular distance and (d) intramolecular HOH angle.

than 100 K. Whit this in mind, we decided to perform the subsequent simulations of
water cluster anions keeping constant PT = 12800 K. That way, simulations at 200 and
300 K should have 64 and 42.7 replicas, respectively. For computational reasons, we will
use 48 replicas for the calculations at 300 K.

Classical vs quantum clusters

Although for subsequent water cluster anions simulations we will keep constant the prod-
uct PT , in this subsection we analyze a set of classical and quantum simulations with the
number of replicas fixed to 128, for all temperatures between 50 and 400 K. Our objective
is to identify possible differences in the energetic and structural properties of classical and
quantum neutral clusters.

First, in Fig. 3.6 we study the evolution of the total energy per molecule with the
number of molecules, for different temperatures, obtained with classical (panel a) and
quantum simulations (panel b). As one could expect, the curves flatten towards the bulk
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Figure 3.6: Total energy per molecule of (H2O)N clusters as a function of the number of
molecules, for classical (a) and quantum (b) simulations.

value. However, we cannot compare directly the quantum and classical total energies
because the former include the zero point energy. To make such comparison, we turn to
the binding or formation energy of the cluster, at constant temperature:

ΔE = E [(H2O)N ] − NE [H2O] . (3.16)

The classical and quantum binding energies as a function of the number of molecules
are shown in Fig. 3.7(a), for temperatures of 100 and 300 K. We observe that there are
substantial differences for both temperatures. Now, we draw attention to the biggest
cluster, with N=237 water molecules, because its properties per molecule are roughly
equal to the bulk properties. Its binding energy is plotted in Fig. 3.7(b). Although the
classical and quantum curves approach one another at high temperatures, the differences
are appreciable for all the range of temperatures analyzed here. Indeed, the classical
binding energy is always lower, which means that more energy is necessary to separate
the water molecules of the cluster until infinite distances.

Inspecting the low temperature behavior of the quantum binding energy of Fig. 3.7(b),
we notice that between 50 and 200 K, it decreases with the temperature, even when the
potential energy is monotonically increasing, see Fig. 3.7(b). We attribute the appearance
of this effect to the presence of the zero point energy. As can be seen in Fig. 3.7(c), while
the kinetic energy of the classical cluster extrapolates to zero when the temperature goes
to zero, the kinetic energy of the quantum system tends to a non-zero value, called the
zero point energy. Furthermore, the classical kinetic energy reproduces exactly the virial
theorem, which tells that the kinetic energy per molecule is 9kBT/2, independently of
the number of molecules N . In contrast, as can be observed in Fig. 3.7(c), the kinetic
energy per molecule of the quantum cluster extrapolates to a higher value than a single
molecule, because the ZPE of a molecule is influenced by the interactions with other
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Figure 3.7: Binding energy per molecule of (H2O)N clusters as a function of the number
of molecules (a) and the temperature (b). Kinetic (c) and potential (d) energy compo-
nents per molecule, as a function of the temperature. Classical and quantum cases are
represented with solid and dashed lines, respectively. Statistical uncertainties are showed
with error bars, except if they are smaller than the size of the data point symbols. Arrows
indicate approximately the position of the phase transition.

molecules. These differences in the kinetic energy, which decreases with the temperature,
are the responsible of the form of the binding energy.

Another remarkable feature of the binding energy for the classical cluster, Fig. 3.7(b),
is the change in its slope around 200 K. This change can also be slightly appreciated in
the potential energy, in panel (d) of the same figure. This issue could be caused by a
phase transition from solid to liquid water, which occurs at 190 K for the SPC model at
1 bar of pressure [189]. Similarly, small changes in the slope of the binding and potential
energy can be recognized in the case quantum case, around 300 K. These changes in the
slope around 200 and 300 K are also observable in some structural properties, as we will
see below.

Fig. 3.8 shows the dependence of two intramolecular properties such as the OH dis-
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Figure 3.8: Mean intramolecular OH distance (a) and HOH angle (b) as a function of the
temperature, for classical (solid) and quantum (dashed) cases.

tance and the HOH angle, on the temperature. Firstly, we remark the existence of no-
ticeable differences between the classical and quantum cases, which proves a different
molecular geometry. Secondly, it looks clear a change in the tendency around 200 and
300 K for classical and quantum cases, respectively, which could be produced by solid to
liquid phase transitions. Apart from the intramolecular properties of Fig. 3.8, the hypoth-
esis of the phase transition is also supported by the form of the radial pair distribution
functions and the evolution of the cluster radius when temperature is increased, as it will
be discussed next.

Fig. 3.9 show oxygen-oxygen and oxygen-hydrogen radial pair distribution functions4,
in classical and quantum cases, and temperatures between 100 and 400 K. For the PIMD
simulations, such functions have been computed from the centroid position. The first peak
of the gOO distribution at 100 and 200 K, see panels (c) and (d), at a separation around
2.75 Å and the second peak at 4.5 Å correspond to the first and second neighbor oxygen-
oxygen distances in ice. In turn, the first and second peak of the gOH distribution, see
panels (e) and (f), around 1 and 1.75 Å, can be related with the OH intramolecular bonds
and the intermolecular hydrogen bonds between each oxygen and two hydrogen atoms of
different molecules, produced because of the polar character of the water molecule.

Thermal effects are present in both classical and quantum cases, and they can be
recognized by examining the form of the distribution functions at different temperatures.
As temperature increases, the local peaks of gOO and gOH become lower and broader,
while the minima increase, see panels (c) and (d) of Fig. 3.9. In addition, the global gOO

4 Note that radial pair distribution functions, g(r), are defined here as the probability of finding two
atoms separated by a distance r. To compare with a completely uniform distribution, they should be
divided by r2. In any case, our discussion and conclusions regarding the pair distribution functions would
be the same.
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Classical Quantum

Figure 3.9: Radial pair distribution function of the oxygen-oxygen (gOO) and oxygen-
hydrogen (gOH) distances for classical (left column) and quantum (right column) simula-
tions of (H2O)N clusters.

distribution, observe panels (a) and (b), changes in the same way than the local maxima
when the temperature rises, that is, decreasing its height and increasing its width, turning
into a smoother function with a longer tail. Consequently, there are notable thermal effects
affecting both the individual molecular and the whole cluster structure. Certainly, the
increase of the temperature produces a less organized water cluster for both classical and
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Figure 3.10: Comparison of gOO between classical (solid) and quantum (dashed) cases,
at 100, 200, 300 and 400 K of temperature, in panels (a), (b), (c) and (d), respectively.
Panels (e) and (f) show the low and long distance regions.

quantum cases, where the mean positions of the atoms (for the former) and the centroid
postitions (for the latter) are less localized along the simulation.

To analyze the quantum effects, we compare classical and quantum radial distribution
functions at the same temperature. Such comparison is represented in Fig. 3.10 for
the gOO distribution, and temperatures between 100 and 400 K. Due to the interplay
between quantum and thermal effects we distinguish two regimes, determined by the
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temperature. On the one hand, at low temperatures of 100 and 200K, we observe that
when quantum effects are incorporated the maxima decrease and the minima increase,
which is a reminiscent behavior of the changes in the water structure as the temperature is
raised. These effects are clear observing the gOO distribution of panels (a), (b) and (e) of
Fig. 3.10. Furthermore, we recognize that the gOO radial function of the quantum clusters
have a slightly longer tail at larges distances than the corresponding classical clusters, see
how the dashed lines of 100 and 200K are above the solid lines in panel (f). On the other
hand, for higher temperatures of 300 and 400K it is more difficult to separate quantum
from thermal effects, because the increase of the temperature may affect classical and
quantum clusters differently. Actually, we obtain a longer tail in the classical case than
in the quantum case at high temperatures, see panels (c), (d) and (f) of Fig. 3.10.

Finally, we compare the growth of the radius of the N=237 cluster with the temper-
ature for classical and quantum cases in Fig. 3.11(a). As can be seen in panel (b) of
the same figure, water clusters have in general a quasi-spherical geometry, so they can be
associated to a radius. As estimation for the radius we use the mean distance of the water
molecules to its center of mass. We employ this estimation for the cluster radius because it
has smaller fluctuations and thus less statistical uncertainty than the maximum distance
of a molecule to the center, maybe more correct from a geometrical point of view, but
much more numerically unstable. The classical point at 400K it is not shown because at
that temperature the cluster has lost its quasi-spherical form, breaking out into smaller
water clusters. Inspecting the curves of the radius as a function of the temperature of
the Fig. 3.11(a), it is obvious an increase of the slope around 200 and 250-300K for the
classical and quantum cases, respectively. As mentioned before, we attribute this change
in the slope to a solid-liquid phase transition, which occurs first in the classical case. At
temperatures below 200K, the radius of the classical cluster is smaller than that of the
quantum cluster, while at higher temperatures the opposite occurs, appearing a crossing
between the classical and quantum curves between 200 and 250K. Therefore, we could
say that the classical cluster is more structured and compact than the quantum one at
temperatures below 200K, a general conclusion in agreement with other works [107,190],
whereas the reverse is true for temperatures above 200K.

Although we have shown only properties concerning theN=237 cluster, the rest of sizes
are qualitatively similar and the conclusions are the same. All the inspected energetic and
structural properties show first-order discontinuities around 200 and 300K, for classical
and quantum cases, respectively. This leads us to think that classical clusters suffer an
earlier influence of thermal effects, undergoing a solid-liquid phase transition before the
analogue quantum clusters. In fact, while quantum clusters stay in a stable condensed
phase at 400K, in the classical case some water molecules start to evaporate from its
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Figure 3.11: (a) Evolution of the cluster radius of (H2O)237 with the temperature. (b)
Instantaneous quasi-spherical geometry of the cluster.

cluster, probably because the vaporization temperature has been reached for that cluster.
Even though the increase of the temperature and a quantum treatment have in principle
similar effects in the structural properties of the clusters, decreasing the structure and
order of atoms, a different phase transition temperature generates more structured clusters
at temperatures above 200K when quantum effects are taken into account, in comparison
with the analogue clusters treated classically.

3.4.2 Negatively charged clusters

In this subsection, we study the properties of water cluster anions, (H2O)−N , inspecting the
differences in the energetic and structural properties of the excess electron, when nuclear
quantum effects are incorporated. We report a series of classical and quantum simulations
with N=20, 32, 47, 76, 100, 139, 190, 237 and 573 at temperatures of 100, 200 and 300K.

Throughout each simulation, we compute equilibrium averages of the energetic and
structural properties already discussed for neutral clusters, that is, kinetic, potential and
total energy, intramolecular HOH angle and OH distance, cluster radius, and gyration
radius of oxygen and hydrogen atoms. In addition, radial distribution functions from the
origin (center of the cluster), radial pair distribution functions and 2D spatial projec-
tions are accumulated. Regarding the electron, we take averages of the ground and the
first three excited-state energies, the gyration radius and the electron-cluster distance.
Furthermore, radial and 2D projections of the excess electron charge density, and its
absorption spectrum are computed.
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Figure 3.12: (a) Temporal evolution of the ground and first excited states of the excess
electron for the N=100 water cluster anion at 100 K, from a classical MD simulation with
time step equal to 1 fs. (b) Absorption spectra for the same cluster at 100 and 300 K,
calculated with the first 3 excited states, and normalized to the maximum amplitude.

The gyration radius of the excess electron is given by Re =
√

〈r2
e〉, with

r2
e =

∫
|r − r̄|2ρ(r)dr , (3.17)

where ρ is the charge density and r̄ is the instantaneous mean position of the electronic
cloud,

r̄ =
∫
rρ(r)dr . (3.18)

The electron-cluster distance is defined as the average of the distance between the electron
center and the cluster center, de =

√
〈|r̄|2〉. As mentioned in the introductory section of

this chapter, the excess electron can be attached to a water cluster in two different ways,
giving rise to either an interior or a surface state. The criteria to classify a state as interior
or surface type is to compare the radius of the cluster, Rc, with the quantity de + Re,

de + Re < Rc =⇒ Interior state ,

de + Re � Rc =⇒ Surface state .
(3.19)

The quantity de +Re can be interpreted as the reach of the electron, that is, the maximum
distance where its wave function has a significant amplitude. As we will see later, interior
states are characterized by relatively localized probability density, whereas surface states
are more extended.

The amplitude of the ground-state absorption spectrum is calculated from the transi-
tion probabilities of the excited states to end up in the ground state, given by the square
of the transition dipole moment,

P (εk − ε0) = |〈ψ0|er|ψk〉|2 , (3.20)
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where e is the electron charge, and ψ0 and ψk are the ground and the kth excited-state
wave functions, respectively. Apart from the differences in the gyration radius, interior
and surface states are characterized by distinct absorption spectra. This issue will be
discussed later, but in general, surface states have a red-shifted (lower energy) spectral
maximum with respect to the maximum of an interior state of the same cluster size and
temperature.

Fig. 3.12(a) shows the evolution through a typical simulation of the first two elec-
tronic states of the N=100 cluster at 100K, once the equilibrium has been reached, so
the instantaneous values fluctuate around their averages. In panel (b) of the same figure,
the ground-state absorption spectra of the same cluster is displayed at two different tem-
peratures. In this case, the cluster has an interior state at 100K, but a surface-type state
at 300K. As can be noted in this example, a cluster can have different types of electronic
states depending on the temperature.

Two illustrative distributions of the electronic cloud for interior and surface states
are showed in panels (a) and (b) of Fig. 3.13, and their corresponding radial distribution
functions from the origin in panels (c) and (d). The interior state corresponds to a N=573
cluster at 100K, while the surface state belongs to a N=100 cluster at 300K. The former
has a gyration radius of 2.3Å, whereas the later has 3.2Å. One can observe that the pure
interior state is inside the cluster and located near its center of mass, while the surface
state is near the surface and part of its spatial distribution is outside the cluster.

In the following, we will present the results of classical and quantum simulations,
and their comparison. But first, we perform a convergence test to choose the size and
number of points of the electronic grid, and the validation of the centroid approximation
by comparing its accuracy with the exact quantum calculation. The restriction for the
electron to remain in its ground state is justified because even for the highest temperature
studied here, 300K, the quotient (ε1 − ε0)/kBT is in the range 20-70 for clusters from
20 to 573 molecules, which implies a negligible occupation probability of the first excited
state.

Excess electron approach

Below, we will study energetic and structural equilibrium properties of the excess electron
attached to water clusters. Before presenting the results, we carry out a convergence test
to choose suitable parameters of the electronic calculation. The procedure to compute the
electronic eigenenergies and eigenfunctions should work fine for both interior and surface
states, which have different forms.

For this purpose, we analyze the convergence of the ground and first excited-state
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Interior Surface

Figure 3.13: 2D projections of the spatial distribution of the oxygen atoms (black) and the
excess electron (red), for a typical interior state of the N=573 cluster at 100 K (panel a)
and a surface state of the N=100 cluster at 300 K (panel b). Panels (c) and (d) represent
the corresponding radial distribution functions.

energies of two typical electronic states, one of each type. The eigenenergies are computed
with the diffusion algorithm, choosing an energy tolerance of 10−4 au ≈ 2.7 × 10−3 eV.
The results for two representative configurations of the N=100 and N=573 clusters are
collected in Table 3.1. The test calculations illustrate that the use of a grid of 80 × 80 ×
80 Å, discretized on an evenly distribution of 64 × 64 × 64 points, provides convergent
eigenenergies for both interior and surface states, with less than 10−2 eV of error. While
a grid with size L = 40 Å and Np = 32 points is enough for interior states (more localized
than surface states), one need at least L = 80 Å and Np = 64 to achieve the desired error
of 10−2 eV for the first two eigenenergies of a surface state. Notice that for the surface
state, the result with L = 80 Å and Np = 64 is essentially equal to that one with the same
grid point density, but larger size (L = 160 Å and Np = 128) and with double grid point
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Interior state, N=573, T = 100K
Np = 32 Np = 64 Np = 128

ε0 ε1 ε0 ε1 ε0 ε1

L = 40 -3.0094 -0.9771 -3.0094 -0.9771 -3.0094 -0.9771
L = 80 -3.0301 -0.9896 -3.0095 -0.9809 -3.0094 -0.9809
L = 160 -2.9128 -1.4055 -3.0311 -0.9754 -3.0094 -0.9792

Surface state, N=100, T = 300K
Np = 32 Np = 64 Np = 128

ε0 ε1 ε0 ε1 ε0 ε1

L = 40 -1.2596 -0.4268 -1.2393 -0.4009 -1.2285 -0.3872
L = 80 -1.3454 -0.5995 -1.3560 -0.5944 -1.3560 -0.5944
L = 160 -1.5857 -0.8469 -1.3511 -0.6025 -1.3561 -0.5961

Table 3.1: Ground and first excited-state energies of the excess electron as a function
of the grid size L and the number of grid points Np, in each Cartesian direction. The
calculation is performed with a representative configuration of water clusters (H2O)−573

and (H2O)−100 at 100 and 300K, respectively. Energies are in eV and lengths in Å.

density but same grid cell size (L = 80 Å and Np = 128). For the subsequent study, we
will use L = 80 Å and Np = 64 for all the cluster sizes and temperatures, since we do not
know in principle where the electron will find its equilibrium state.

Centroid approximation validation

In subsection 3.2.2, we introduced the centroid approximation for PIMD simulations of
water clusters in the presence of an excess electron, whose objective is to reduce the
computational cost employed to obtain the electronic energy and forces at each time step.
Within this approximation, the independent evaluation of the excess electron ground-state
energy and its derivatives (which involves the resolution of a 3D Schrödinger equation and
the calculation of the forces on each nuclei due to the electronic cloud) on each replica,
is replaced by one single calculation at the centroid position. This simplification reduces
enormously the computational cost of the simulations, until two orders of magnitude at
low temperatures, where we employ 128 replicas, since the electronic is the most time-
consuming part of the calculation.

To check the validity of the centroid approximation, we perform simulations with
the N=100 cluster at different temperatures but always with 128 replicas, during 2× 104
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Figure 3.14: Relative error made in the averages of a typical simulation of (H2O)−
100 using

the centroid approximation, with respect to the exact quantum case. Panel (a) shows
the error in the intramolecular HOH angle and OH distance, and the estimated cluster
radius. Panel (b) displays the error in the total energy of the system and the gyration
radius of oxygen and hydrogen nuclei.

steps (20 ps), starting from equilibrated configurations. During the dynamics, we compute
averages of energetic and structural properties, which are compared with the results of
analogue simulations without using the centroid approximation, with the same initial con-
ditions. Taking the averages of the exact simulation as reference, the relative differences
of some structural properties of the cluster when applying the centroid approximation are
shown in Fig. 3.14. The differences in the intramolecular structural properties and the
cluster radius of panel (a) are very small, all of them less than 0.02 %. These differences
were expected to be slight because even in the exact calculation, structural properties
are computed from the centroid positions. For the nuclear gyration radii and the total
energy of the system, we find errors one order of magnitude higher, but still very little,
below 0.2 %. For all the properties, the absolute value of the error decreases with the
temperature, as a consequence of a higher spring constant (proportional to T 2) between
replicas, which produces ring polymers more localized around the centroid positions and
the correction term of equation (3.13) becomes less important.

In short, results of Fig. 3.14 prove that the use of the centroid approximation has
minor effects in the structural properties and total energy of the cluster, in comparison
with the exact calculation. This is not surprising, because the cluster properties are
slightly influenced by the presence of the excess electron, and are practically the same as
those of neutral clusters. To obtain more significant differences between the results with
and without the centroid approximation, one has to pay attention to the excess electron
properties. In particular, we are interested in the ground-state energy and the gyration
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Figure 3.15: (a) Relative errors made in a PIMD simulation of (H2O)−
100 using the centroid

approximation, with respect to the exact calculation, in the averages of the ground-state
energy, ε0, and gyration radius, Re, of the excess electron. spectra of the ground state
for different temperatures, first 10 excited states. In (b), the exact calculation and the
approximation are represented with solid and dashed lines, respectively.

radius of the excess electron, as can be seen in Fig. 3.15(a). The average of the ground-
state energy in the centroid approximation, 〈ε0(R̄)〉, is compared with the average of the
mean ground-state energy of the P replicas in exact calculation, that is,

〈ε̄0(R1, . . . ,RP )〉 = 〈 1
P

P∑
α

ε0(Rα)〉 . (3.21)

The relative difference in the average ground-state energy goes from 2.5 to 0.5 % for
temperatures from 50 to 400 K. For the radius of gyration of the electron, relative errors
goes from 2 to 0.25 %. Although these differences are one order of magnitude higher
than those found in the structural properties of the cluster, they are still acceptably
small. The positive sign of these relative error indicates that the centroid approximation
provides slightly higher ground-state energy and electronic gyration radius.

Classical clusters

Here, the results concerning the classical water cluster anions (H2O)−
N are presented,

putting special attention to the variation of the excess electron properties with the cluster
size and the temperature.

First of all, we classify each electronic state as interior or exterior following the criteria
of equation (3.19). In Fig. 3.16(a), the reach of the excess electron, de + Re, is compared
with the cluster radius, Rc, for different temperatures and cluster sizes. The crossing
between the excess electron reach and the cluster radius curves indicates a transition from
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Figure 3.16: (a) Comparison between the excess electron reach, de + Re, and the clus-
ter radius, Rc, as a function of the cluster size (number of molecules N), for different
temperatures, obtained with classical MD simulations. The solid and dashed black lines
represent Rc at 100 and 300 K, respectively. (b) Gyration radius of the excess electron (in
color) along with the simulated value for bulk water at 298 K (dashed black line) [185].

an exterior to an interior electronic state. For all temperatures, small clusters (N ≤ 47)
produce an exterior state, while big clusters (N ≥ 190) give rise to an interior electronic
configuration. The transition from outside to inside, occurs at different size depending on
the temperature. In general, when increasing the cluster size, such transition arises before
for low temperatures. At 100, 200 and 300 K, the transitions appear for N in the ranges
47-76, 76-100 and 139-190, respectively. Outside the transition region, the differences
between temperatures are very small.

In Fig. 3.16(b), we represent the average radius of gyration, which measures the
dispersion of the electron from its mean position, as a function of the number of molecules.
For all the temperatures, the radius evolves towards the bulk value of 2.42 Å, obtained by
Turi and Borgis for water at 298 K [185], with the same model that we have employed.
This value agrees well with the experimental moment analysis of the absorption spectrum
[167, 191], which indicates that the bulk radius is about 2.5 Å. As can be noted from
the plot, the gyration radii for exterior states approaches the bulk value from above as
the clusters grow, whereas interior states have a nearly identical value, regardless of the
temperature or the cluster size.

Apart from the structural properties of the excess electron, its energetic properties
are interesting and can be discussed. In Fig. 3.17(a), we can see the convergence of
the ground-state energy with the number of water molecules of the cluster, for different
temperatures. The calculated eigenenergies approaches from above to the experimental
extrapolation to infinite size [168] or direct measurements [174, 192] of −3.3 eV in the
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Figure 3.17: MD averages of the excess electron ground-state energy (a) and energy gap
with the first excited state (b), as a function of the number of molecules.

bulk. In addition, the energy gap between the ground and first excited state, εgap =
ε1 − ε0, is averaged and represented in Fig. 3.17(b). As one can see, there are two
clearly differentiated point clouds, corresponding to exterior, with an energy gap in the
interval 0.5-1 eV, and interior electron states, with an energy gap in the range 1.7-2 eV. As
a consequence, the energy gap has characteristic and well differentiated values for each
type of state, so that it could be used to discern the type of an specific state, in addition to
the reach and radius of gyration of the electron. For each cluster size, the dependence on
the temperature is small, provided that the electron has the same type of state for different
temperatures. The energy gap corresponding to interior states converges correctly to the
experimental value of 1.72 eV at room temperature (298 K), inferred from the peaks of
the fitted Gaussian-Lorentzian curve of the absorption spectra [193, 194].

The energy gap of the excess electron corresponds to the energy of maximum amplitude
of the absorption spectrum of (H2O)−

N clusters, which can be measured in experiments
[169,176] and computed with the transition dipole moments of equation (3.20). The graphs
of Fig. 3.18 show the absorption spectra normalized with the maximum amplitude, for
different temperatures and cluster sizes. These spectra have been calculated taking into
account the transitions from the three first excited states to the ground state, which
account for more than the 90 % of the total amplitude [185].

As discussed previously, those spectra with the peak in the range 1.7-2 eV correspond
to interior states, while exterior states have a peak between 0.5 and 1 eV. Observing a
fixed temperature in Fig. 3.18, which corresponds to fix a row, we observe a blue shift
(towards higher energy) displacement of the distribution as the cluster size is increased
(going from the left to the right in the figure). This is nothing but an electronic transition
from outside to inside the cluster. Reversely, fixing the column, which means fixing the
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Figure 3.18: Absorption spectra for (H2O)−
N clusters with different sizes and at temper-

atures of 100, 200 and 300 K. The vertical black lines indicate the position of the peak
from simulations of bulk water at 298 K with the same model [185].

cluster size, for example at N=100, we can observe a red shift (towards smaller energy)
of the distribution as the temperature increase (going from the top to the bottom in the
figure). This shift of the absorption spectrum indicates a transition from inside to outside
of the cluster. This dependence on the temperature of the electronic type of state is only
observed for some clusters of intermediate sizes. For small and big clusters, the electron is
exterior or interior, respectively, independently on the temperature. However, there is a
thermal effect present for all sizes, which is the broadening of the absorption spectrum as
temperature increases. The position of the spectral peak for the largest clusters, N=237
and N=573, at 300 K, is in good agreement with the result of the simulations of bulk
water at 298 K with the same model [185], which is represented in Fig. 3.18 with a
dashed vertical line at 1.92 eV.

The average ground-state enery of the excess electron, can be compared with the
opposite of the experimental VDE, calculated from the measured photoelectron spectra
[168,172,180]. Theoretically, when represented as a function of the inverse of the cluster
radius (or N−1/3), the VDE is expected to have a linear behavior, for both surface and
interior states [170]. This behavior was satisfactorily obtained in the experiments of Coe
et al. [168], whose linear fit is shown in panel (a) of Fig. 3.19 with a dashed black line. In
the same panel, we observe that the calculated energies are above the experimental line
for surface states but below the experimental result for interior states, in accordance with
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Figure 3.19: MD average of the simulated ground-state energy (a) and energy gap (b) for
(H2O)−

N at different temperatures. The experimental fits from Coe [168] and Ayotte [169]
are shown with dashed black lines, while the linear fits of the interior-state data are
represented with dotted black lines.

the simulations with the same model carried out by Turi et al. [106]. The linear fitting
and extrapolation of our interior-state data to the bulk would result in an energy around
-4 eV. However, Turi et al obtained a ground-state energy of the hydrated electron in
liquid simulations of -3.1 eV [185], close to the experimental value of -3.3 eV. We attribute
these discrepancies between the simulated bulk value of -3.1 eV and our extrapolation
to -4 eV to the limitations of the electron-water pseudopotential to describe the water
polarization in the presence of the excess electron in finite-size clusters. Although the
polarization term was constructed to have a proper long-range behavior, see equation
(3.6), and its adjustable parameter set to reproduce the experimental value of the bulk,
it exhibits limitations for clusters within our size range.

In panel (b) of Fig. 3.19, we represent our results of the energy gap between the
first excited and the ground state, together with the experimental fit of the maxima of
the absorption spectra, obtained by Ayotte et al. [169]. We find that only the surface-
state data are in good agreement with the experimental line, which points towards the
conclusion that the experiments of Ayotte with a size from N=6 to N=50, just reflect
clusters with electronic surface states. However, the linear fit of our interior-state data
also extrapolates to an energy gap very close to the experimental value of 1.72 eV at
298K [193,194].

Quantum clusters

The results regarding the quantum water cluster anions (H2O)−
N are reported in this

subsection, where is carried out the same study than for the classical cluster. In general,
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Quantum

Classical

Figure 3.20: (a) Comparison between the excess electron reach, de + Re, and the cluster
radius, Rc, as a function of the cluster size, N , for different temperatures, obtained
with PIMD simulations. The solid and dashed black lines represent Rc at 100 and 300K,
respectively. (b) Gyration radius of the excess electron (in color) along with the simulated
value for bulk water at 298 K (dashed black line) [185]. Panels (c) and (d) show the
classical analogue of (a) and (b).

we obtain qualitatively similar results for the trends of the electronic properties, but some
quantitative differences are identified.

First, the reach and gyration radius of the excess electron are shown in panels (a) and
(b) of Fig. 3.20, respectively. From the analysis of these two quantities, one can classify
each state into two categories, namely interior or exterior state. The results are put
into Table 3.2, together with the classification corresponding to the classical simulations.
Similarly to the classical case, there is a transition from an exterior to an interior state
when increasing the number of molecules, for all temperatures. Outside the transition
region, temperature dependence is small. The most remarkable difference between the
classical and the quantum cases is that for the latter, the transition from outside to
inside occurs before, at a smaller cluster size, see Fig. 3.20. At 100, 200 and 300K,
the discontinuity appears for N in the ranges 20-32, 32-47 and 100-139, whereas such
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N = 20 N = 32 N = 47 N = 76 N = 100 N = 139 N = 190 N = 237 N = 573

C Q C Q C Q C Q C Q C Q C Q C Q C Q

T = 100 S S S I S I I I I I I I I I I I I I

T = 200 S S S S S I S I I I I I I I I I I I

T = 300 S S S S S S S S S I S I I I I I I I

Table 3.2: Classification of the electronic state into interior (I) and surface (S) types, for
different cluster sizes and temperatures, for both classical MD (C) and quantum PIMD
(Q) cases. Temperatures are in Kelvin.

Figure 3.21: PIMD averages of the ground-state energy (a) and energy gap with the first
excited state (b), as a function of the number of molecules.

transition for classical simulations showed up in the intervals 47-76, 76-100 and 139-190.
In this regard, we could say that the quantum dynamics enables the atomic nuclei to
explore potential regions classically forbidden, which make possible the stabilization of
the excess electron into the interior of the cluster.

In relation to the ground-state energy and the energy gap, a reasonable agreement
with the experimental results for the bulk is obtained when the cluster size increases, see
Fig. 3.21. As can be seen in panel (a) of Fig. 3.22, when represented as a function of
N−1/3, the calculated ground-state energy of the internal states is slightly closer to the
experimental fit of Coe [168] than the corresponding classical data of Fig. 3.19. However,
the predicted bulk value is below the experimental value of -3.3 eV, as happened classically.
In panel (b) of the same figure, it can be noted that the exterior-state data are in better
consonance with the experimental fit of Ayotte [169], but the extrapolation to the bulk is
essentially the same for both types of electronic states, around 1.7 eV.

The most remarkable difference between the classical and quantum case is the ap-
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Figure 3.22: PIMD average of the simulated ground-state energy (a) and energy gap
(b) for (H2O)−

N at different temperatures. The experimental fits from Coe [168] and
Ayotte [169] are shown with dashed black lines, while the linear fits of the interior-state
data are represented with dotted black lines.

pearance of an earlier outside to inside electronic transition in the quantum case, for
all temperatures. Panel (a) of Fig. 3.23 demonstrates the differences in the calculated
ground-state energies at 100 K of temperature. While the classical calculations predict in-
terior states for N > 76 and a transition between 47 and 76 water molecules, the quantum
simulations anticipates the appearance of internal electrons in the size range of N=20-
32. The latter result is is in good agreement with the conclusion of Neumark [181], who
carefully inspected the experimental VDEs of the isomer I, previously assigned to clusters
with internal electrons [172]. In panel (b) of Fig. 3.23 we can see the change in the slope
of the VDE in the size of N=25-35, which led Neumark to his conclusion. Furthermore,
this assessment is in full agreement with other low temperature experiments [176,180] and
is consistent with theoretical works [182, 183], which observe internal states for clusters
with N < 50.

3.5 Conclusions

In the present study, we have shown the importance of including nuclear quantum effects
in the calculation of structural and energetic properties of neutral water clusters, and
consequently in the attachment motifs of an excess electron to form water cluster anions,
(H2O)−

N . We have demonstrated that the transition from a surface to an interior electronic
state occurs earlier in quantum simulations (between N=20 and N=32 at 100 K), in
accordance with experiments [176, 180, 181], which suggest that nuclear quantum effects
must be taken into account to achieve a quantitative agreement between experiments and

76



Figure 3.23: (a) Ground-state energy of the excess electron of water cluster anions at
100K, for the classical and quantum cases, together with the experimental fit of Coe et
al [168]. (b) Experimental VDE observed by the Neumark’s group [172,181].

simulations.
Previously to the analysis of water cluster anions we have focused on neutral clusters

from N=20 up to N=237, appreciating notable differences between the classical and
quantum cases, within a wide range of temperatures (between 50 and 400K). Our detailed
study on the energetic and structural properties of the N=237 cluster suggests a more
structured and compact classical cluster at temperatures below 200K, in comparison
with its quantum analogue, whereas the opposite occurs at temperatures higher than
200K. The intrinsic differences when quantum effects are incorporated in the atomic
dynamics (less structured system and lower and broader peaks of the radial distributions)
are partially masked by a phase transition, which arises at 200K and 300K for the classical
and quantum cases, respectively.

In view of the noticeable differences concerning neutral water clusters when they re-
ceive a quantum treatment, one could expect variations in the morphology and properties
of the excess electron state under this approach, when compared with the classical results.
Indeed, this is the case, as is proved by our observation that using quantum simulations,
interior states are possible in regions where only surface states are stable for classical
simulations. The discrepancies between the classical and quantum results appear for all
the analyzed temperatures (100, 200 and 300K) and they are more significant at middle
size clusters (from 32 to 139 water molecules). Small and big clusters only exhibits one
type of electronic state (surface and interior, respectively), for both classical and quantum
treatments of the atomic nuclei.

The fully quantum simulations of water cluster anions have been possible, from a
computational point of view, thanks to the application of the centroid approximation,
which consists of solving the electron problem only for the centroid of the atomic positions
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(average over the beads in the polymer). Such approximation is validated for temperatures
between 50 and 400K, providing stable equilibrium states with almost equal properties
(relative differences less than 3%) as the exact calculation.

The presented classical results regarding water cluster anions are in perfect agreement
with a previous work by Turi et al. [106], using the same model. Our calculations of the
excess electron ground-state energy show a correct linear trend with N−1/3, although the
extrapolation to the bulk (N → ∞) of the interior-state data does not match perfectly
with the experimental measurement of -3.3 eV [174, 192], neither for the classical nor the
quantum case. Although not totally satisfactory, quantum simulations provide a slightly
better accord with experimental results of the VDE [168] than classical simulations. The
agreement in the energy gap between our calculations and the experiments is quite good,
which is a consequence of the general capability of electronic structure methods to pre-
dict more accurately differences of energy than absolutes energies. The discrepancies in
the absolutes VDE could be reduce employing models capable of describing better the
polarization and structure of the water molecules of finite-size clusters.

Both the water-water and water-electron interactions used in this work have been
designed to reproduce experimental properties of bulk liquid water with classical simula-
tions. While the SPC/F water potential gives correct structural and dynamical properties
of liquid water with classical molecular dynamics simulations [86], the ad hoc polarization
term of the Turi-Borgis pseudopotential [187] is adjusted to reproduce the ground-state
energy of the equilibrium hydrated electron in liquid water with mixed quantum-classical
simulations, where water molecules are described classically [185]. Therefore, when adjust-
ing the models to reproduce experimental values employing classical approaches, nuclear
quantum effects are being taken into account implicitly in the parametrization of the po-
tentials. To obtain a better quantitative agreement with experiments from fully quantum
simulations as ours, one probably should use a more suitable potential. One option would
be to use the empirical q-TIP4P/F [90] or SPC/F2 [89] models for water (which predicts
correct bulk properties with PIMD simulations) and adjust the polarization term of Turi-
Borgis, equation (3.6), to reproduce the ground-state energy of the hydrated electron
using PIMD simulations. However, as we have realized with our classical simulations,
the use of a potential producing a good agreement with experiments in the ground-state
energy of the bulk does not guarantee a satisfactory description of finite-size water cluster
anions. Another option would be the utilization of a more realistic potential, trying to
reproduce the true interactions and the polarization of water molecules, with a highly
parameterized function, as a neural network based potential, fitted to ab initio data.

Despite the quantitative discrepancies with the experiments, the calculations carried
out in this work prove the importance of considering nuclear quantum effects in the
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molecular dynamics of water cluster anions, specially at middle sizes, where it is not yet
clear if the excess electron is attached with an interior or surface state.
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Chapter 4

Energetic and structural properties
of small halide ion water clusters

4.1 Introduction

Halide ionic solutions mediate many fundamental physical, chemical, biological and at-
mospheric phenomena [111–115]. The question of how the ions influence over the water
structure has not been completely answered so far and the solvation process is not fully
understood. Finite size (H2O)NX− clusters (X− = F−,Cl−,Br−, I−), constitute model
systems for studying microsolvation effects and they have been widely investigated in
the last years from the experimental and theoretical points of views [195]. Experimen-
tal studies have focus on infrared (IR) spectroscopy, while theoretical works have payed
attention to the structural, thermodynamical and spectroscopic properties (see [196,197]
and references there).

Molecular dynamics simulations have shown a preference of the ions to reside at the
surface of the water cluster [198–202]. However, the influence of quantum effects on
the hydrogen bond network is not clearly established and its inclusion is a complicated
task even for small clusters. In addition, the complex water-water and halide ion-water
interactions make difficult the finding of a suitable potential energy function. The use of
fully ab initio electronic structure calculations would limit the investigation to very small
clusters, while semiempirical or ab initio-based potentials allow the simulation of bigger
systems.

In this chapter, we employ an effective polarizable ab initio-based model to reproduce
the interactions of halide-water systems, following a bottom-up scheme [116–118], which
provides reliable description of the intermolecular forces. We study the energetic and
structural properties of small halide water clusters, (H2O)NX−, for the cases X− equal
to F− and Cl−, in the size range of N=1,8. We have focused on the calculation of
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equilibrium properties of such systems by means of classical MD and quantum PIMD
simulations. Performing simulations at two different temperatures, 10 and 300K, we seek
to observe quantum and thermal effects on the energetic and structural properties, and
to explain the preference of these anions to be on the surface of the water aggregates.

This project has been carried out in collaboration with Raúl Rodríguez-Segundo and
Rita Prosmiti, from the IFF-CSIC, at Madrid. We put together our molecular dynamics
code (prepared to perform both classical MD and quantum PIMD simulations), written in
Fortran 90, with their interaction potential specifically designed to accurately describe the
ion-water interactions, written in C++. The simulations were performed by R. Rodríguez-
Segundo, while I dedicated myself to software and methodology support, as well as the
analysis and interpretation of the results.

4.2 Computational and simulation details

We have conducted classical MD and quantum PIMD of halide water clusters up to N = 8
water molecules, at constant temperature. The canonical ensemble was sampled using a
Langevin thermostat (explained in subsection 2.3.2 of chapter 2). For each system, we
performed calculations at 10 and 300K, employing a time step of 1 fs and a friction
parameter of γ = 0.001 au.

As initial configurations, we used minimum energy structures previously optimized
with an evolutionary algorithm [203–205]. A typical simulation consisted of an equilibra-
tion run of 106 steps (1 ns) and a production run between 106 and 5 × 106 steps, where
equilibrium averages and distributions were accumulated. Each calculation was extended
until reaching convergence of the averaged total energy.

For the quantum PIMD simulations, we used 1000 replicas at 10K and 200 replicas
at 300K, which provides convergence of the total energy with the number of replicas for
the fluorine ion (see Fig. 4.1), which is the lighter ion, so nuclear quantum effects are
expected to be greater than those for heavier ions.

4.3 Results and discussion

In this section we report the results obtained from the simulations of fluorine and chlorine
anions water clusters. For each system, we have performed classical MD and quantum
PIMD simulations with N from 1 to 8 water molecules and at two different temperatures,
10 and 300K.

Tables 4.1 and 4.2 show the averaged energy components through the simulations,
together with the potential energy of the minimum energy structure. For both ions we
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Figure 4.1: Convergence of the total energy with the number of replicas P , for the
(H2O)NF− clusters with N=1 (purple) and N=8 (green). Panels in the first and sec-
ond rows correspond to 10 and 300K of temperature, respectively. The insets represent
the total energy in logarithmic scale for the horizontal axis.

observe that the classical total energies at 10K are very similar (slightly greater) to the
minimum potential energy, which corresponds to the total energy of the system at zero
temperature, because the kinetic energy is very small at 10K of temperature. However,
the quantum total energies are considerably higher, due to the inclusion of the zero point
energy. Even at 300K, the quantum effects are still notable in the kinetic and potential
energy components. In particular, the differences between the quantum and classical
kinetic energies (the quantum correction of equation (2.44)) account for a large percentage
(up to a 70%) of the total kinetic energy.

In addition to the energy components, quantum effects are also observables in struc-
tural properties of the clusters, as the radial distributions of the X−-O distance. In
Fig. 4.2 we can see slightly broader and lower peaks in the quantum case, in comparison
with classical simulations, for both low and high temperatures. Moreover, the quantum
distributions are somewhat shifted towards larger distances. These differences, although
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(H2O)NF−

T = 10K T = 300K

Classical Quantum Classical Quantum

N Vmin 〈E〉 〈K〉 〈V 〉 〈E〉 〈K〉 〈V 〉 〈E〉 〈K〉 〈V 〉 〈E〉 〈K〉 〈V 〉

1 -27.78 -27.46 0.16 -27.62 -12.5 7.5 -20.1 -18.1 4.7 -22.7 -7.1 9.6 -16.7

2 -49.56 -49.03 0.26 -49.29 -19.0 15.0 -34.0 -33.9 7.7 -41.6 -11.3 18.2 -29.5

3 -67.96 -67.25 0.34 -67.60 -21.6 22.7 -44.3 -45.1 10.3 -55.3 -10.9 26.9 -37.8

4 -85.36 -84.47 0.43 -84.91 -22.2 30.9 -53.1 -53.6 13.0 -66.5 -5.2 35.7 -40.9(2)

5 -101.79 -100.72 0.52 -101.25 -22.7 38.6 -61.3 -61.9(2) 15.6 -77.4(2) -2.9(1) 44.2 -47.1(2)

6 -116.78 -114.42 0.61 -116.16 -21.7 46.4 -68.1 -68.8(2) 18.2 -87.0(2) 4.3(3) 52.6 -48.2(3)

7 -130.00 -128.57 0.70 -129.27 -18.8 54.3 -73.1 -75.8(2) 20.8 -96.6(2) 12.7(2) 61.2 -48.4(3)

8 -142.46 -140.85 0.78 -141.64 -16.1 61.8 -77.9 -71.8(2) 23.5 -95.4(2) 11.0(2) 70.4 -59.3(2)

Table 4.1: Averaged energy components of (H2O)NF− clusters. All the energies are in kcal/mol and if
not specified with parenthesis, statistical uncertainty is lower than the last decimal place.

(H2O)N Cl−

T = 10K T = 300K

Classical Quantum Classical Quantum

N Vmin 〈E〉 〈K〉 〈V 〉 〈E〉 〈K〉 〈V 〉 〈E〉 〈K〉 〈V 〉 〈E〉 〈K〉 〈V 〉

1 -14.97 -14.55 0.21 -14.76 -0.42 7.09 -7.51 -1.9 6.2 -8.1 7.2 9.3 -2.1

2 -30.04 -29.44 0.29 -29.73 -0.24 14.53 -14.77 -10.9 8.8 -19.6 10.1 17.8 -7.7

3 -46.23 -45.47 0.37 -45.84 -0.51 22.30 -22.81 -18.9 11.1 -30.0 12.9(2) 26.5 -13.7(2)

4 -61.08 -60.15 0.45 -60.61 0.95 30.29 -29.34 -25.7 13.6 -39.3 21.1(2) 35.2 -14.1(2)

5 -75.47 -74.37 0.54 -74.90 2.22 37.94 -35.72 -32.4 16.1 -48.5 24.0(2) 43.9 -19.9(2)

6 -89.28 -88.01 0.62 -88.63 4.2 45.6 -41.4 -39.1(2) 18.7 -57.9(2) 38.1(3) 52.0 -14.0(3)

7 -103.09 -101.64 0.70 -102.35 7.4 53.9 -46.6 -45.2(2) 21.3 -66.5(2) 40.0(2) 61.0 -21.0(3)

8 -115.36 -113.73 0.80 -114.53 9.7 60.9 -51.2 -51.7(3) 23.9 -75.6(3) 37.6(2) 70.1 -32.6(3)

Table 4.2: Average energy components of (H2O)NCl− clusters. Units and uncertainties are similar to
table 4.1.

appreciable, are less significant at 300K of temperature.
Apart from the quantum effects, thermal effects are clearly appreciable in the radial

distribution of the X−-O distance and the HOH angular distributions of Fig. 4.3. We
note broader and lower peaks at 300K in both magnitudes, which is characteristic of
increasing the temperature.
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Figure 4.2: Radial distributions of the F−-O distance at 10 (a) and 300 K (b). Classical
(solid line) and quantum (dashed line) calculations are compared.

Figure 4.3: (a) Radial distribution of the F−-O distance. (b) Angular distribution of
the HOH angle. Both panels correspond to PIMD simulations of (H2O)NF− clusters,
comparing temperatures of 10 (solid line) and 300 K (shadowed area in (a) and dashed
line in (b)).

The ion-oxygen distributions can give information about the hydration shell of the
ion at low temperatures, that is, how the molecules surround the ion. Inspecting panel
(a) of Fig. 4.4 we see four well differentiated peaks, while the second and third peaks
for the chlorine ion, panel (b), are overlapped. It is noticeable that the peaks are at a
lower distance for the case of the fluoride, due to its higher electronegativity (3.98 on the
Pauling scale) than the chlorine ion (3.16), and thus higher attractive interaction with
the hydrogen atoms of water.

Typical configurations of the the (H2O)8F− and (H2O)8Cl− clusters are shown in pan-
els (c) and (d) of Fig. 4.4. As can be visualized, both clusters form a kind of parallelepiped
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Figure 4.4: Radial distribution of the X−-O distance for the fluorine (a) and chlorine (b)
ions, obtained with PIMD simulations at 10K. Panels (c) and (d) show typical configu-
rations of the clusters (H2O)8F− and (H2O)8Cl−.

(prism of six faces) with the ion in one vertex and a water molecule outside the prism.
This observation agrees with recent investigations which found a preference by halide
ions for surface-type structures, occupying one of the vertices in the hydrogen-bond net-
work [197,206,207], in contrast to previous suggestions that fluoride prefers interior-type
arrangements, where the ion is fully hydrated [195,206].

Inspecting the radial distributions and the geometrical structures of Fig. 4.4, we can
identify the first hydration or solvation shell around the ions. For the fluorine ion, the
first hydration shell is composed by the 3 nearest water molecules (at a distance of 2.5Å
approximately), at the adjacent vertices sharing an edge. For the chlorine ion the first
solvation shell is formed by 4 water molecules (at distances between 3 and 3.5Å), situated
on the 3 adjacent vertices and outside the parallelepiped.

Finally, we have analyzed the binding energy of the ions into the water cluster (also
called solvation energy), at constant temperature, calculated as the difference between
the total energy of the system and the sum of the energies of the isolated water cluster
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Figure 4.5: (a) Comparison between the classical (solid) and quantum (dashed) solvation
energies at 10 K. (b) Quantum solvation energies at 300 K.

and the ion:
ΔE = E[(H2O)NX−] − E[(H2O)N ] − E[X−] . (4.1)

The classical and quantum results, shown in Fig. 4.5, are in acceptable accord with
previous diffusion Monte Carlo studies at zero temperature [196]. Despite of the notable
differences between the classical and quantum total energies, indicated in tables 4.1 and
4.2, the solvation energies do not show big quantum effects at low temperatures (10 K).
However, at 300 K of temperature we only obtain stable isolated water clusters (H2O)N in
the quantum case. In the classical case at that temperature, we observe the vaporization
of water molecules from the cluster. This result suggest that the vaporization temperature
of water is increased when bound to an anion.

As expected, the fluoride water cluster has higher absolute binding energy because
of its stronger attractive interaction with the hydrogen atoms of water. Theoretically,
the binding energy of the ion should follow a linear relation with N−1/3 [209, 210]. Such
dependence of the solvation energy is fairly reproduced, see Fig. 4.6 for the plot corre-
sponding to 300 K. In addition, the bulk binding energy can be estimated by the extrap-
olation of the linear fit at N → ∞, or equivalently, N−1/3 = 0. For the fluorine and
chlorine ions we obtain an extrapolation of -110±2 and -65±5 kcal/mol. These values
are in reasonable agreement with the experimental Gibbs solvation free energies at stan-
dard conditions (temperature 298.15 K and pressure 1 atm), which are -102±2 and -73±2,
respectively [208].

At this point, one wonders what would happen with the externally solvated ion if
the size of the water cluster is increased. The F− and Cl− ions have the same charge
of an electron and they exhibit stable states near the surface for small water clusters, as
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Figure 4.6: Solvation energy as a function of N−1/3 obtained with PIMD simulations at
300 K. Arrows indicate the bulk experimental values [208].

happened with the excess electron attached to water clusters, studied in chapter 3. It is
known that when the cluster size increases, the excess electron suffers a transition from
surface to interior states, and the latter type is enhanced at low temperatures. However,
the masses of the ions are very different to the electron mass and also their interactions
with water molecules, which could lead to different solvation motifs.

It has been suggested that the fluorine anion will be internally solvated in large enough
clusters [211]. Starting from states with the fluoride near the center of the cluster, we
have performed classical simulations with N=99 water molecules. At low temperature
(10 K) we observe an internal ion, while at 300 K the ion approaches the surface of the
water cluster, where it finds a stable state. The evolution of the distance between the
ion and the center of mass of the water cluster can be seen in panels (a) and (b) of Fig
4.7, where it is compared with the radius of the cluster. Panels (c) and (d) of the same
figure show the geometry of the internal and external configurations of the fluoride at 10
and 300 K, respectively. The fluoride, although not shown here, has a similar behavior
for large clusters.

4.4 Conclusions

In this work, we have observed thermal and nuclear quantum effects on the energetic and
structural properties of fluorine and chlorine ions solvated on small water clusters. Quan-
tum effects on the radial distribution of the ion-oxygen distance are more appreciable at
10 K, but very small at 300 K. Although absolute energy components are highly influ-
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Figure 4.7: Comparison between the ion-water distance (blue) and the water cluster radius
(black) for the (H2O)99F− cluster at 10 and 300K, in panels (a) and (b), respectively.
Panels (c) and (d) show typical geometries of internally and externally solvated fluorine
ions.

enced by nuclear quantum effects at both 10 and 300K, solvation energies are marginally
affected at 10K. However, we are not able to compute classical solvation energies at 300K
because isolated neutral clusters vaporizes at that temperature, in contrast with the con-
densed phase obtained with quantum simulations. This fact proves that quantum effects
are not negligible for such water systems even at relatively high temperatures.

Our calculations satisfactorily reproduce the preference of ions to stabilize at the
surface of small water clusters, predicted by previous works. Accordingly, we observe
the stabilization of the halide ions on an external vertex of the cluster. Moreover, the
solvation energies calculated with PIMD simulations at 300K follow a linear relation with
N−1/3 and its extrapolation provides good agreement with the experimental values at the
bulk.

As future work, we plan to perform systematic simulations of bigger clusters to confirm
the tendency of the ions to stabilize at the surface of the water cluster when the size
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increases or the appearance of interior solvated ions, as happened with the hydrated
electron. We have already carried out preliminary classical calculations up to 99 water
molecules and the ions continue finding a stable state at the surface of the water clusters at
300K [212]. However, we have also found internally solvated ions at lower temperatures.
This question and the role of nuclear quantum effects in the solvation process should be
further investigated for large clusters.
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Chapter 5

Paths towards equilibrium in water

5.1 Introduction

In this chapter we study how an out-of-equilibrium condensed molecular system such
as water, when left unperturbed, evolves towards its equilibrium state. This evolution
depends on the specific system and on the initial conditions, but once the system reaches
its equilibrium state, it will not spontaneously depart from it. While equilibrium states are
perfectly determined by its constant macroscopic magnitudes, there are non-equilibrium
states that cannot be completely described only with the system macroscopic variables.
Experimental observations [213] reveal that frequently the evolution towards equilibrium
depends on the system’s thermal history, a phenomenon known asmemory effect. Memory
effects are common in condensed matter systems [214–221], having been documented
in disordered materials [222], spin glasses [223], granular matter [215], polymers [224],
biological systems [225], and batteries [226]; they are thus of fundamental as well as
practical interest, but our understanding of them is still incomplete.

A curious memory effect generally attributed to water [119, 120] was named after
Mpemba [121]. It refers to the counterintuitive observation that the warmer of two ap-
parently identical samples of water, when put in contact with the same thermal reservoir,
may actually freeze faster under certain conditions. Even though its existence has been
known since antiquity [227], the Mpemba effect (ME) is controversial even now. Ex-
perimental efforts have thus far been unable to provide a conclusive and reproducible
picture of the effect [122,123]. The phenomenon is not specific to water; indeed, the earli-
est modern reference to it [121] describes how it was first observed in ice-cream mixtures.
Further, there is a report of its experimental observation in clathrate hydrates [228]. From
the theoretical point of view, several computational experiments have reported Mpemba-
like phenomena in various idealized model systems, such as in granular fluids [125, 126],
spin glasses [127], quantum systems [229], Markovian systems [124, 230, 231], and cold
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gases [232]. Although these observations are usually referred to as Mpemba or Mpemba-
like effects, it should be noted that the latter do not necessarily involve a phase transition,
and hence should be distinguished from the classic ME. There is no universally accepted
definition of what the ME is, with some workers taking the view that it simply means
“faster cooling” at higher initial temperature, while others contend that it means faster
freezing, i.e., it necessarily involves a phase transition. In the following, we take the
term Mpemba-like to mean a faster rate of cooling or heating, without involving a phase
transition.

Though the underlying physical mechanism responsible for the macroscopic ME effect
in water is yet unknown, some recent progress has been made in understanding the origin
of the effect in other simpler systems. The emergence of the ME requires the temperature
to be coupled to other variables. To completely describe the ME in a general physical
system, one should identify those variables that control the temperature relaxation and
study how the temperature depends on them.

The approach followed by some authors to simulate the ME in a granular fluid of
smooth hard spheres [125], was to generate initial non-equilibrium conditions modifying
the shape of the translational velocity distribution function. While at equilibrium, the
speed of the particles follows a Maxwell-Boltzmann distribution, a more general Gamma
distribution with a different value of kurtosis (4th moment), but the same mean, produces
differences in the cooling and heating rates. In addition to simulate the temperature
relaxation, they were able to predict its evolution theoretically, solving an Enskog-Fokker-
Planck kinetic equation for the velocity distribution function. This made possible to
quantitatively predict the region of parameters (kurtosis and temperature) within which
the ME is present. Later, some of these authors looked for similar effects in a fluid
of rough inelastic hard spheres, with rotational degrees of freedom [126]. They showed
that large Mpemba-like effects can appear when the initial non-equilibrium configuration
concentrates the kinetic energy in the translational or rotational degrees of freedom. In
this case, the coupling between the rotational and translational degrees of freedom is
enough to explain the memory effect, without the need to include higher order moments
of the velocity distribution function of the particles.

The macroscopic ME in water still does not have a complete theoretical explanation,
and as far as we are concerned, Mpemba-like effects from atomistic simulations have not
been reported in water systems up to the present. This topic, which is addressed in the
current chapter of this thesis, is a major challenge because of the complexity of water,
compared with granular fluids, for example. Due to the water molecule complexity, we are
only able to perform simulations, without the possibility of any analytical insights. The
results presented here, describe a hitherto unacknowledged non-equilibrium memory effect
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in atomistic models of bulk liquid and solid water. Basically, it consists of the observation
of different relaxation rates of the temperature, when starting from initial states breaking
the equilibrium partition of the kinetic energy among different degrees of freedom. As
noted above, we also use the term Mpemba-like to distinguish our observations from the
conventional, macroscopic ME [119–122, 227], which, if real, takes place over timescales
much longer than can be observed in the simulations here.

Below, in section 5.2, we explain some theoretical concepts about equilibrium and
the relaxation of non-equilibrium systems to the equilibrium steady state. In section 5.3,
we describe the simulation details to perform our analysis, as well as the adopted water
potential. Results are presented in section 5.4 and finally, general conclusions are exposed
in section 5.5.

5.2 Theoretical background

5.2.1 Equilibrium properties

A system is in thermodynamic equilibrium if its thermodynamic state does not change
in time, in other words, if the macroscopic variables defining the state are constant. As
mentioned before in the methodology chapter of this thesis, equation (2.1), in statistical
mechanics, equilibrium properties are obtained averaging over an ensemble. In this sec-
tion, some equilibrium properties are discussed, such as kinetic energy averages and the
velocity distribution followed by the particles.

Kinetic energy components

Every system at equilibrium fulfills the classical virial theorem [20], which states that

〈xi
∂H

∂xj
〉 = kBTδij , (5.1)

where xi and xj are two variables of the Hamiltonian H, kB is the Boltzmann constant, T
is the temperature, and the average is taken with respect to the microcanonical ensemble.
Therefore, if a degree of freedom xi appears only as a quadratic term (proportional to
x2
i ) in the Hamiltonian, then it contributes with kBT/2 to the total kinetic energy. This

theorem is typically applied to the kinetic energy operator, because it contributes to the
Hamiltonian with quadratic terms in the atomic velocity.

For rigid water models, the total kinetic energy of a system with N molecules can be
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separated in two different terms,

K = Ktra +Krot

= 1
2M

N∑
j=1

v2
cm,j + 1

2

N∑
j=1

ωj · Ijωj ,
(5.2)

where M is the total molecular mass; vcm,j is the center of mass velocity of the molecule
j; Ij is the inertia tensor, which has the same inertia moments but different orientation
for each molecule, because the molecules are rigid; and ωj its angular velocity. One can
express the two components of the kinetic energy of a single molecule as

Ksingle
tra = 1

2M
(
v2
x + v2

y + v2
z

)
, (5.3)

Ksingle
rot = 1

2
(
I1ω

2
1 + I2ω

2
2 + I3ω

2
3

)
, (5.4)

where the rotational energy has been written in the molecular frame (defined by the
principal axes, where the inertia tensor is diagonal). Each molecule contributes with 6
quadratic degrees of freedom to the Hamiltonian, so the virial theorem for this system
predicts equipartition between translational and rotational kinetic energies:

〈Ktra〉 = 〈Krot〉 = 1
2〈K〉 = 3N kBT

2 . (5.5)

For flexible models, the total kinetic energy can be written as a sum of four contributions
[233]:

K = Ktra +Kvib +Krot +Kcor

= 1
2M

N∑
j=1

v2
cm,j + 1

2

N∑
j=1

s∑
µ=1

Q̇2
j,µ + 1

2

N∑
j=1

ωj · Ijωj +
N∑
j=1

ωj

s∑
µ=1

ζj,µνQj,µQ̇j,ν .
(5.6)

The first term is the usual translational energy; the second one represents the sum of
vibrational energy as a function of the normal modes velocities, Q̇j,µ; the third term
accounts for rotational motion of the molecules; and the last term describes Coriolis
coupling between rotation and vibrations. An optimal separation between rotational and
vibrational motions could be achieve using the Eckart frame, but it would involve the
calculation of the Coriolis coupling coefficients (see [233] and references there for more
information) of each molecule at every time-step. In this work, we only focus on the
separation of Ktra and the remaining Kin = Kvib + Krot + Kcor. In this case, the virial
theorem tells us that translational kinetic energy accounts for 1/3 of the total kinetic
energy, and internal kinetic energy (rotational, vibrational and their coupling) for the
remaining 2/3:

〈Ktra〉 = 1
3〈K〉, 〈Kin〉 = 2

3〈K〉, 〈K〉 = 9N kBT

2 . (5.7)

93



Velocity distribution

The classical virial theorem only gives information about averages, but another important
equilibrium property is the shape of the velocity distribution of the particles. We are
interested in the distribution function f(vx) of each Cartesian component of each atom
type. As a consequence of the virial theorem, ones knows the value of the second moment
of this distribution,

〈v2
i 〉 = kBT

m
, (5.8)

where m is the mass of the particle and i ∈ {x, y, z}. Furthermore, if our system is
isotropic and it does not have total linear moment, the average velocity has to be zero in
each direction, so

〈vi〉 = 0 . (5.9)

The number of particles whose velocity lies between vx and vx + dvx, between vy and
vy + dvy, and also between vz and vz + dvz, is proportional to f(vx)f(vy)f(vz)dvxdvydvz.
But the directions of the coordinates are arbitrary, and therefore this number must depend
exclusively on the module of the the velocity, that is,

f(vx)f(vy)f(vz) = φ
(
v2
x + v2

y + v2
z

)
. (5.10)

Maxwell [234] showed that the only solution to this functional equation is the Gaussian
distribution,

f(vx) = 1
σ
√

2π
exp

(
− v2

x

2σ2

)
. (5.11)

If one imposes here the equation (5.8), the value of the standard deviation is

σ =
√
kBT

m
. (5.12)

From the Cartesian velocity distributions, one can calculate easily the distribution of the
velocity module (speed), the so-called Maxwell-Boltzmann distribution,

f(v) =
(

m

2πkBT

)3/2
4πv2 exp

(
− mv2

2kBT

)
. (5.13)

Regarding the angular velocity distribution of systems composed by rigid molecules,
similar arguments can be used to obtain the distribution along the principal axes of the
molecules. In this case, the virial theorem implies that

〈ω2
α〉 = kBT

Iα
, (5.14)

where Iα represents the inertia moment along the α principal axis. In contrast with the
Cartesian velocities, the components of the angular velocity have different averages along
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Figure 5.1: (a) Free relaxation of the temperature of liquid water (flexible TIP3P model),
from a prepared non-equilibrium state to the equilibrium state, at 330K. (b) Spontaneous
fluctuations of the temperature around an equilibrium state at 330K.

different principal axes, because the inertia moments are not the same. Each principal
component follows a Gaussian distribution with mean zero and standard deviation

σα =
√
kBT/Iα . (5.15)

To sum up, thermodynamic equilibrium is characterized by the kinetic energy averages
of equations (5.5) and (5.7), for rigid and flexible molecular models, respectively, and
a Gaussian velocity distribution of all the particles, equation (5.11) If one artificially
breaks these conditions, the system will spontaneously evolve until reaching again the
equilibrium.

5.2.2 Relaxation to the equilibrium

In addition to describe time-independent equilibrium properties, statistical mechanics can
also describe irreversible time-dependent non-equilibrium properties, like the relaxation
rate by which a system reaches equilibrium from a prepared non-equilibrium state. In
the regime of systems close to equilibrium, the non-equilibrium behavior of macroscopic
systems is described by linear response theory [235]. When left undisturbed, a non-
equilibrium system will relax to its thermodynamic equilibrium state (see Fig. 5.1), fol-
lowing the Onsager’s regression hypothesis [236], which is a consequence of the fluctuation-
dissipation theorem [237]. The regression hypothesis states that microscopic fluctuations
at equilibrium follow the macroscopic law of relaxation after small non-equilibrium per-
turbations. Specifically, it relates relaxation rates with time correlation functions of the
fluctuations.

95



The time correlation function between two magnitudes is defined as

CA,B(t) = 〈A(0)B(t)〉 = lim
τ→∞

1
τ

∫ τ

0
A(t0)B(t0 + t)dt0 , (5.16)

and tells us how the magnitude A at t0 is related with the magnitude B at a later time
t0 + t, for any arbitrary t0. In other words, the correlation function measures how much
the value of A at an arbitrary time t0, affects that of B at a later time t. Autocorrelation
functions give useful information on the memory of the system to the quantity of interest.
The values in the limits of no delay time and in the long time are

lim
t→0

CA,B(t) = 〈AB〉 , (5.17)

lim
t→∞

CA,B(t) = 〈A〉〈B〉 . (5.18)

Usually, the time correlation function are normalized by the static correlation function,
C(0) = 〈AB〉, to have an initial value of 1.

Now, we will focus on a special case of time correlation functions, the autocorrelation
function of the fluctuation, δA(t) = A(t)− 〈A〉:

CδA(t) = 〈δA(0)δA(t)〉 = 〈A(0)A(t)〉 − 〈A〉2 = CA(t)− 〈A〉2 . (5.19)

At small times, instantaneous fluctuations are correlated and thus, the correlation function
has a finite value,

CδA(0) = 〈δA(0)δA(t)〉 = 〈(δA)2〉 . (5.20)

However, at large times, CδA(t) vanishes, since δA(t) becomes uncorrelated to δA(0) and
〈δA〉 = 0,

lim
t→∞

CδA(t) = 〈δA(0)〉〈δA(t)〉 = 0 . (5.21)

This decay of correlations is the regression of microscopic fluctuations referred to in On-
sager’s hypothesis. Hence, Onsager’s regression hypothesis can be formulated as follows
(see appendix C):

∆Ā(t)
∆Ā(0)

= CδA(t)
CδA(0) , (5.22)

where ∆Ā(t) = Ā(t)−〈A〉 describes the macroscopic relaxation of the observable towards
its equilibrium value 〈A〉, while the system evolves from an initial state that is not far
from equilibrium to its final state. It is important to note the difference between A(t) =
A
(
rN(t),pN(t)

)
and Ā(t). While the former depends on the time via the phase space

coordinates and it is not experimentally observable, the latter is an average over all
experimental possibilities of A(t). Since the phase space point

(
rN(t),pN(t)

)
is function

of the initial conditions, we can write it as

A(t) = A
(
t, rN0 ,p

N
0

)
. (5.23)
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In this way, the various possibilities can be sampled from a distribution of initial condi-
tions,

Ā(t) =

∫
drN0 dp

N
0 f

(
rN0 ,p

N
0

)
A
(
t, rN0 ,p

N
0

)
∫
drN0 dp

N
0 f

(
rN0 ,p

N
0

) . (5.24)

For equilibrium systems, Ā(t) = 〈A〉 for every t, although for non-equilibrium systems,
Ā(t) is in general different from the stationary 〈A〉.

In conclusion, formula (5.22) allows us to predict the path towards equilibrium followed
by A, if we know the time autocorrelation function of its fluctuations at equilibrium.
However, the Onsager’s regression hypothesis is only valid if the initial non-equilibrium
state is not very far from equilibrium. It can be proved [235] that if the non-equilibrium
state is prepared by the application of a perturbation in the Hamiltonian ∆H = −λA,
where λ is an applied field coupled to A, the regression hypothesis is true until first order
in λ (look appendix C for more details).

5.3 Computational and simulation details

5.3.1 Water model

To ensure that the effects observed were not an artifact of a particular water model, we
have used different standard empirical models, including the SPC, TIP3P, and TIP4P [79]
rigid models, as well as a flexible version of the TIP3P model [238]. Flexible models consist
of an intermolecular term plus an intramolecular one, while rigid models only have the
intermolecular term. In general, we have

V = Vinter + Vintra . (5.25)

The intermolecular contribution, present in both rigid and flexible models, has the fol-
lowing form:

Vinter =
∑
i<j

Vij =
∑
i<j

 A
r12
ij

− B

r6
ij

+
∑
n∈i

∑
m∈j

qmqn
rmn

 , (5.26)

where rij represents the distance between the oxygen atoms in molecules i and j; rmn is
the distance between partial charges sites, qm and qn, in molecules i and j respectively;
and A and B are the Lennard-Jones parameters. The intramolecular term, describing the
OH stretching and the HOH bending of the water molecules, is represented, in the case
of the flexible TIP3P potential, as

Vintra =
∑
i

Vi =
∑
i

[1
2kOH(r1i − req)2 + 1

2kOH(r2i − req)2 + 1
2kθ(θi − θeq)

2
]
, (5.27)
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where r1i and r2i are the OH1 and OH2 distances of molecule i; θi is the HOH angle;
and kOH and kθ are spring constants. For more details about the parametrization of the
empirical models see appendix A.

The total kinetic energy of our systems is

K =
∑
i

Ki =
∑
i

∑
n∈i

1
2mnv

2
n , (5.28)

which can be decomposed into different terms like in equations (5.2) or (5.6), for the rigid
and flexible models, respectively.

5.3.2 Generation of initial states

To analyze the evolution of the system towards the equilibrium we need to prepare initial
non-equilibrium conditions. We obtain these non-equilibrium conditions modifying an
equilibrium configuration, so that the instantaneous macroscopic magnitudes as tempera-
ture, total energy, and density are invariant. To do so, we take the atomic positions of an
equilibrated configuration and modify the atomic velocities, giving rise to a microscop-
ically different state with the same macroscopic properties. Basically, we start from an
equilibrated configuration at a given temperature and then, all the kinetic energy is put
in a specific component, breaking the equilibrium partition given by equations (5.5) and
(5.7).

Equilibration

Equilibrated configurations for the liquid with rigid models were obtained from a simple-
cubic lattice distribution of molecules with a density of 1 g/cm3. Initial atomic velocities
were generated by sampling the Maxwell-Boltzmann distribution at the desired target
temperature. These configurations were then subjected to an equilibration period run
during which velocities were rescaled to drive the system towards the desired temperature,
lasting a total of 10 ps. After that, we performed a NVE run during 5 ps. Simulations
with the flexible TIP3P model used as initial seed, a previously equilibrated configuration
of the rigid model, which was subsequently equilibrated with velocity rescaling for 200 ps,
followed by a NVE run of 50 ps.

For comparison with the liquid state, we also carried out simulations of hexagonal (Ih)
ice. These were started by equilibrating a supercell of Ih ice containing 64000 molecules,
constructed in such a way to have no net dipole moment.
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Non-equilibrium states

Once a given system had been equilibrated at the desired temperature, we took a rep-
resentative configuration and constructed new and out-of-equilibrium initial states by
modifying the velocity distribution of the molecules (but remaining unchanged the value
of the total kinetic energy), so as to study the system’s evolution back to. Depending on
which component the kinetic energy is put, we can distinguish five cases:

1. Equilibrium mode. The velocities are unaffected (normal equilibrium case).

2. Translational mode. The kinetic energy is placed only in translational modes
(Ktra) and molecular internal modes are initially frozen. The Cartesian components
of the center of mass velocity of every molecule, vcm, are generated randomly fol-
lowing a Gaussian distribution with zero mean and a suitable deviation to ensure
that the desired total kinetic energy is obtained. The deviation of the normal distri-
bution is the same in the three spatial components, due to the isotropy of the whole
system. Once we have generated the center of mass velocity of a given molecule, we
set to vcm the velocity of all the atoms belonging to such molecule.

3. Rotational mode. The kinetic energy is placed in rotational modes (Krot) and
the translational mode is initially frozen. For every molecule, the components of
the angular velocity ω in the molecular frame, are generated randomly following a
Gaussian distribution with mean zero. In this case, the deviation parameter of the
normal distribution is different for each molecular axis, because the inertia moment
from each axis is different. Once the angular velocity of a given molecule has been
generated, the velocity of each atom is set to v = ω × r, where r is the relative
position with respect to the molecular center of mass. This means an initial pure
rotational motion.

4. Vibrational mode. The kinetic energy is placed in internal molecular vibrations
(Kvib). From the velocities of the equilibrated microstate, the molecular transla-
tional and rotational components are subtracted to the individual velocity of each
atom. Then, the remaining velocity is rescaled to obtain the desired total kinetic
energy. The algorithm to be applied to each atom is summarized below:

(i) Subtract the translational velocity of the molecule to which it belongs, v ←
v − vcm.

(ii) Subtract the rotational velocity of the atom, as if the molecule was instanta-
neously rigid. To do so, compute the molecular angular velocity like ω = I−1L
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and then update the atomic velocity as v ← v−ω×r, where L is the molecular
angular momentum and r the atomic position with respect to the molecular
center of mass.

(iii) Rescale the atomic velocity to obtain the desired total kinetic energy.

v ←
√
Kdesired

Kcurrent
v .

5. Internal mode. The kinetic energy is placed in internal molecular rotations and
vibrations (Kin), and the translational mode is initially frozen. To achieve the
desired velocity distribution, we subtract the translational motion of the molecule
and then rescale the atomic velocities to obtain the target temperature.

Clearly, cases 2-5 are very extreme and particular and are only used as convenient start-
ing conditions from which to monitor the process of equilibration; they are far-from-
equilibrium velocity distributions, though they still have the same mean than the equi-
librium velocity distribution (case 1). Our general conclusions do not depend on such
starting conditions. Cases 1-3 are applicable to both rigid and flexible models, while
modes 4-5 are only relevant for flexible models.

5.3.3 Molecular Dynamics simulations

To study the process of equilibration from carefully prepared initial conditions in water
systems, we perform molecular dynamics simulations in the NVE-microcanonical ensemble
(constant number of particles, volume and total energy). As we are specifically interested
in the temperature evolution, whose fluctuations decrease as 1/

√
N [20], it is convenient

to use as many particles as possible. To this end, we have conducted MD simulations
of systems containing 64000 water molecules in periodic boundary conditions at densities
corresponding to liquid water and hexagonal ice. The equations of motion were integrated
using a velocity Verlet scheme with a time step of 1 fs. Constraints of intramolecular
bonds and angles were treated with SHAKE and RATTLE algorithms. Simulations were
carried out using two different implementations of molecular dynamics, NAMD [239] and
LAMMPS [140], both giving the same results.

We analyze the relaxation process to the equilibrium from out-of-equilibrium initial
states. With that purpose, we monitor the temperature and the different kinetic energy
components. The use of thermostats to impose a target temperature was explicitly avoided
to prevent any interference with the intrinsic relaxation dynamics of the system. Besides,
all our simulations were far from the phase transition point, because a phase transition
could affect the relaxation process towards the equilibrium.
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Figure 5.2: Relaxation of the temperature of liquid water for three different rigid mod-
els. The initial state has all the kinetic energy placed in the translational or rotational
component, in panel (a) and (b), respectively.

5.4 Results and discussion

In this section, we present our results about the relaxation towards the equilibrium of
both liquid and solid water. We have performed MD simulations with the rigid models
SPC, TIP3P and TIP4P, and with a flexible version of the TIP3P potential. The observed
effects do not depend on the specific model, as can be seen in Fig. 5.2, where we compare
the relaxation to the equilibrium from the same initial non-equilibrium state, for three
different models.

The system has a similar response for different models, so from now on, we focus
on the rigid TIP4P and the flexible TIP3P to carry out a deeper analysis. For these
two models, we study the behavior of both liquid and solid water, analyzing the paths
towards equilibrium and trying to relate them with equilibrium properties, such as the
time autocorrelation functions of the kinetic energy components.

5.4.1 Mpemba-like effect in water

As mentioned in the introduction of this chapter, our main motivation was to find some
Mpemba-like effect in bulk water, from atomistic models. In other words, we aim to find
some mechanism to obtain different cooling or heating rates (using the same thermostat),
without involving a phase transition. In MD, cooling or heating simulations are imple-
mented by coupling the atomic degrees of freedom to a thermostat. Simulated cooling
and heating rates depend on this coupling, and are usually much faster than experimental
ones. For that reason, we use the term Mpemba-like to distinguish our observations from
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Figure 5.3: Cooling liquid water (rigid TIP4P potential) from 365 to 325K, by the appli-
cation of the Lowe-Andersen thermostat, with two different rates.

the conventional, macroscopic Mpemba effect, which takes place over timescales much
longer than can be observed in the simulations reported here. In Fig. 5.3, we can see a
cooling process of liquid water, produced by the application of the Lowe-Andersen ther-
mostat [240]. This thermostat randomly modifies the relative velocities of atom pairs
with a certain rate, conserving momentum. As expected, the bigger the thermostat rate
is, the faster the target temperature is reached.

Our way to observe a Mpemba-like effect in a system is to generate starting non-
equilibrium conditions, which lead to different cooling and heating rates. Our first at-
tempt is to generate initial non-equilibrium states by modifying the shape of the speed
distribution of the water molecules, but keeping invariant its mean. Whereas the equi-
librium Maxwell-Boltzmann distribution is totally determined by its mean, the Gamma
distribution is a generalization with two parameters:

Γ(x;α, β) = βα

Γ(α)x
(α−1)e−βx , (5.29)

where Γ is the Gamma function, α the shape parameter and β an inverse scale param-
eter. The mean of this distribution function is µ = α/β. Given a fixed mean, there are
infinite Gamma distributions, with different shape parameter α. This means that we can
generate different non-equilibrium states for a fix temperature, with the center of masses
velocity of the water molecules, v2

CM, following Gamma distributions with different shape
parameters. In Fig. 5.4(a) we can see several Gamma distributions corresponding to the
same temperature. A Gamma distribution with a shape parameter of 1.5 for v2

CM is equiv-
alent to a Maxwell-Boltzmann distribution for vCM, with the same temperature. In panel
(b) of Fig. 5.4 we compare the cooling of liquid water from different microstates, with
translational velocities following Gamma distributions. We observe that the evolution
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Figure 5.4: (a) Gamma distributions corresponding to the translational velocity of water
molecules at 350K. (b) Cooling of water (modeled with a rigid TIP4P potential) from
three different velocity distributions, towards a target temperature of 325K.

of the initially non-equilibrium states is practically indistinguishable from the initially
equilibrated one. We conclude that only modifying the translational velocity distribution
does not produce any Mpemba-like effect.

To observe differences between the evolution of equilibrium and non-equilibrium states,
we need to distribute the kinetic energy between different kinetic components, breaking
the equilibrium distribution. In Fig. 5.5(a) we see the cooling and heating curves of
liquid water, starting from different initial conditions. In all the cases, we start from a
temperature of 350K and drive the system until 375K (heating) or 325K (cooling), by
means of a Lowe-Andersen thermostat, with a fix rate parameter. The system follows
different paths depending on the initial conditions. In both cooling and heating cases,
the curve corresponding to initial translational mode is under the equilibrium one, while
the analogous curve corresponding to the rotational mode, evolves over the equilibrium
curve. After a brief transitory period, the rotational mode looks to evolve like if it was
initially hotter (around 355K), while the translational mode looks like initially colder
(around 345K). Therefore, from this simulation, we could assert that cooling is faster
starting from the translational mode, and heating is faster starting from the rotational
one. However, the evolution towards the target temperature is highly influenced by the
artificial thermostat. For this reason and to understand the origin of this effect, in the
following sections we perform a broad study about the evolution of the temperature of
water systems without thermostat, to avoid any interference of the thermostat with the
intrinsic dynamics.
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Figure 5.5: (a) Cooling and heating simulations (in the presence of a thermostat) of rigid
TIP4P water from 350K, with initial kinetic energy placed in different modes. (b) Time
evolution of the temperature in a NVE simulation, when initial kinetic energy is placed
in the rotational and translational mode. The plotted curves are result of averaging 10
trajectories, to minimize the noise due to the fluctuations.

5.4.2 Rigid liquid water

To understand the origin of the differences in the cooling and heating curves when starting
from different modes, we analyze the free evolution of the temperature, from configurations
equilibrated at 350K, putting all the kinetic energy in different molecular modes. The
system is liquid water modeled with the rigid TIP4P model, so it has only translational and
rotational degrees of freedom. In Fig. 5.5(b), we observe the evolution of the instantaneous
temperature of the system in three different cases, depending on the mode where the initial
kinetic energy is put. As can be appreciated in this figure, there is a transient increase or
reduction of approximately ±5K of the total temperature with respect to the equilibrium
value. If the initial kinetic energy is put in the translational mode, the temperature
reaches its equilibrium value from below, while the opposite arises if the initial kinetic
energy is put in the rotational mode.

The initial distribution of kinetic energy obviously breaks the equipartition among dif-
ferent modes that one expects to find under conditions of thermal equilibrium. The panels
(a) and (b) of Fig. 5.6 show how the system evolves towards restoring equipartition be-
tween translation and rotation, when initial kinetic energy is placed in the rotational and
translational mode, respectively. As can be appreciated, the translational and rotational
kinetic energies evolve towards their equipartition values at slightly different rates. To
observe this effect more clearly, we analyze the kinetic energy deviation from its equilib-
rium value, |Ki(t)− 〈Ki〉|, where i can represent translational or rotational components.
Observing panels (c) and (d) of Fig. 5.6, it can be noticed that the translational en-
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Figure 5.6: (a) Time evolution of the total, translational and rotational kinetic energy
towards their equilibrium values, starting from the rotational mode. (b) Kinetic energy
components starting from the translational mode. (c) Absolute deviation of the kinetic
energy components from their equipartition value, starting from the rotational mode. (d)
Absolute deviations starting from the translational mode. All graphics corresponds to
liquid water equilibrated at 350K, using a rigid TIP4P potential.

ergy reaches its equipartition value faster than the rotational one. Moreover, this is true
for both initial conditions, putting the kinetic energy in either the translational or the
rotational mode, the deviation curves are quite similar. The different rates of evolu-
tion towards equipartition of the two kinetic components present in this system result
in a transitory increase or reduction of the total kinetic energy with respect to its equi-
librium average value. Starting from the rotational mode, the translational component
approaches the equipartition value from below, faster than the rotational one, and this
produces a transient excess of the total kinetic energy, see Fig. 5.5(b). Starting from
the translational mode, the translational component approaches from above, producing a
transient lack of total kinetic energy. Although the kinetic energy difference with respect
to the equilibrium value is small, it nevertheless translates into a noticeable temperature
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Figure 5.7: (a) Translational velocity autocorrelation function (tVAF) of liquid TIP4P
water at 350K. Cartesian velocity components are shown in black, while velocity com-
ponents in the molecular frame are shown in blue, red, and green; the disposition of the
molecular frame is indicated by the inset, in which each axis is colored to accord with the
corresponding tVAF component. (b) Rotational velocity autocorrelation function (rVAF)
of liquid water at 350K. The color coding is the same as for panel (a).

mismatch with respect to the equilibrium value.
The behavior observed in Figs. 5.5(b) and 5.6 is not so surprising if one considers that

different kinds of degrees of freedom experience different dynamics, as made evident by
the corresponding velocity autocorrelation functions (VAFs), displayed in Fig. 5.7. In Fig.
5.7(a), the center-of-mass translational velocity autocorrelation function (tVAF) is shown,
while Fig. 5.7(b) displays the VAFs of the rotational velocity (rVAF). It can be observed
that the translational and rotational VAFs are very different from each other. In addition,
there are appreciable differences among the different molecular-frame components (both
translational and rotational).

As it was explained in section 5.2.2, Onsager’s regression hypothesis relates the macro-
scopic relaxation of an observable towards its equilibrium value with the autocorrelation
function (AF) of the microscopic fluctuations, equation (5.22). Consequently, fluctua-
tion autocorrelation functions (FAFs), which are equilibrium properties, could be used to
predict the evolution of the kinetic energy components from non-equilibrium initial con-
ditions towards equilibrium. The FAFs of the rotational and translational kinetic energies
are shown in Fig. 5.8 with dashed lines, along with the deviation curves of the macro-
scopic variables with respect to their equilibrium value, with solid lines. Even though
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Figure 5.8: (Dash lines) Autocorrelation functions of the fluctuations of the kinetic energy
components at 350K. (Solid lines) Evolution of the kinetic energy components from their
initial non-equilibrium value towards the equilibrium. Both quantities correspond to liquid
rigid water modeled with a TIP4P potential.

there are appreciable differences between the relaxation curves and the FAFs, they have
the same qualitative behavior. Indeed, the FAFs predict correctly the crossing between
the translational and rotational components, and the faster evolution of the translational
one towards its equilibrium value, at large times. The differences between the FAFs and
the deviation curves could be due to the initial conditions, which are quite artificial and
not close enough to the equilibrium state.

5.4.3 Flexible liquid water

We next consider the case in which a water molecular model with vibrational degrees of
freedom is employed. In particular, we consider the flexible TIP3P model [238], which
incorporates harmonic potentials for both OH bonds and the HOH bond-angle, see equa-
tion (5.27). Strictly speaking, quantum effects in the molecular vibrational degrees of
freedom are more prominent than in translational and rotational motion, and thus classi-
cal equipartition does not hold for such modes in the real situation, but standard molecular
mechanics simulations obviate this fact. Due to the different timescales involved in the
dynamics of vibrational degrees of freedom and molecular translation/rotation modes, it
can be anticipated that energy exchange between the first and the latter will be compar-
atively slow. We can thus expect that the timescale to reach equilibrium (equipartition
of energy between different modes) will be longer than for rigid water models.

It should be noted that in the case of flexible molecules, there is coupling between the
vibrational modes and the rotational ones. While there are ways in which to effect an opti-
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Figure 5.9: (a) Time evolution of the temperature of liquid water (flexible TIP3P poten-
tial), when initial kinetic energy is placed into different modes. (b) Absolute deviation of
the temperature with respect to the equilibrium temperature, 330K.

mal separation of their corresponding kinetic energies (see equation (5.6)), for our analysis
it is sufficient to consider them jointly while separating them from the translational kinetic
energy. Hence, in our simulations with the flexible TIP3P model, the translational energy
accounts for 1/3 of the total kinetic energy, while the internal (vibrations and rotations)
modes account for the remaining 2/3 (under conditions of equilibrium).

Fig. 5.9(a) shows the temperature evolution for flexible TIP3P water at 330K in
five different cases: equilibrium, all kinetic energy initially placed in purely molecular
translational modes, all kinetic energy placed in rotational modes, all kinetic energy placed
in vibrational modes, and all kinetic energy distributed among internal molecular degrees
of freedom. We observe that in all cases, the equilibration time of the temperature is much
longer for the flexible model (≈25 ps) than for the case of rigid water molecules (≈1 ps).
Besides, the temperature deviation with respect to the equilibrium value is bigger than
for the rigid model, Fig. 5.9(b). Although we focus our discussion on the translational
and internal modes, the others are included by completeness. In Fig. 5.9(a) it can be
appreciated that when the kinetic energy is initially placed exclusively in the translational
mode, the temperature reaches its equilibrium value from below, while if only internal
molecular modes are initially excited, the temperature approaches the equilibrium from
above.

The initial distribution of kinetic energy is not the equilibrium one, so the system
spontaneously evolves towards restoring the equilibrium partition between translational
(1/3) and internal modes (2/3) of the total kinetic energy, see panels (a) and (b) of Fig.
5.10. Panels (c) and (d) of the same figure, where the absolute deviation of the kinetic
energy components are represented, make clear that the translational energy reaches its
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Figure 5.10: (a) Time evolution of the total, translational and internal kinetic energy
components towards their equilibrium values, starting from the internal mode, see section
5.3.2. (b) Kinetic energy components starting from the translational mode. (c) Absolute
deviation of the kinetic energy components from their equilibrium values, starting from the
internal mode. (d) Absolute deviations starting from the translational mode. All panels
corresponds to liquid water equilibrated at 330K, using a flexible TIP3P potential.

Figure 5.11: Autocorrelation functions of the fluctuations of the kinetic energy compo-
nents of flexible TIP3P water at 330K.
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Figure 5.12: (a) Time evolution of the temperature of hexagonal ice at 100K (modeled
with the flexible TIP3P potential), when initial kinetic energy is placed into different
modes. (b) Example of initial unit cell used to model the structure of hexagonal ice.

equilibrium value faster than the internal kinetic energy. These differences, although
small (see inset plots), are the cause of the different relaxation curves of the temperature
between the translational and the internal mode, depicted in Fig. 5.9. The different
restoring rates to the equilibrium, in turn, can be explained by the FAFs of the kinetic
energy components. Certainly, in Fig. 5.11 we see a faster decay of the translational
component than the internal one. Therefore, as well as for the rigid model, the Onsager’s
regression hypothesis still works to predict which kinetic energy component evolves faster
towards the equilibrium. Note that the internal component for the flexible model plays
the same role as the rotational component for the rigid water model.

5.4.4 Hexagonal ice

After discussing the results obtained for liquid water in previous sections, in the current
section we present the results regarding solid water, in the form of hexagonal ice. Again,
we use the flexible TIP3P potential to model water molecules. An initial unit cell can be
seen in Fig. 5.12(b), where the hexagonal symmetry that characterizes the oxygen atoms
can be appreciated.

In Fig. 5.12(a) we can observe the evolution of the temperature of the system at
100K, for the five different initial modes of the kinetic energy distribution. As we could
expect, the different modes evolves at different rates towards equilibrium, and much more
slowly than liquid water. While the relaxation time of the temperature for liquid water
was around 25 ps, solid water spends around 150 ps. Furthermore, the deviations of the
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Figure 5.13: (a) Time evolution of the total, translational and internal kinetic energies
components towards their equilibrium values, starting from the internal mode. (b) Kinetic
energy components starting from the translational mode. (c) Absolute deviation of the
kinetic energy components with respect to their equilibrium values, starting from the
internal mode. (d) Absolute deviations starting from the translational mode. All panels
corresponds to solid water (hexagonal ice) equilibrated at 100K, using a flexible TIP3P
potential.

temperature from its equilibrium value are larger for the liquid case at 330K (up to a 7%)
than for the solid (up to 1%). This is due in part to the lower temperature of the system
(100K), which makes the dynamics slower, and partially to the intrinsically different
structure of solid water. To the contrary of what arose with the liquid flexible water, the
rotational and translational curves reach equilibrium from above and the vibrational and
internal ones do it from below. To explain this fact we will focus on the translational and
rotational modes, because we only monitor these kinetic energy components through our
simulations.

Fig. 5.13 shows the evolution of the internal and translational kinetic energy com-
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Figure 5.14: Autocorrelation functions of the fluctuations of the kinetic energy compo-
nents of solid water at 100K, modeled with a flexible TIP3P potential.

ponents for both internal and translational initial modes, on the left and right sides,
respectively. Clearly, the system evolves towards restoring the equilibrium partition be-
tween translational (1/3) and internal (2/3) kinetic energy components, as can be noted
in panels (a) and (b). However, this time, the internal component reaches its equilibrium
value slightly faster than the translational one, as can be observed in panels (c) and (d)
and in their insets. Indeed, this is the prediction of the Onsager’s regression hypothesis,
because the fluctuation autocorrelation function of the internal kinetic energy component
also decays slightly faster than that one corresponding to the translational component,
see Fig. 5.14.

Consequently, if all the initial kinetic energy is placed in internal modes, this compo-
nent will reach its equilibrium value from above and before than the translational one,
producing a transitory lack of the total kinetic energy, while the translational component
reaches its equilibrium value (from below). Equivalently, placing all the initial kinetic
energy in translational modes will produce an excess of the total kinetic energy (that is,
temperature), as can be checked in Fig. 5.12(a).

5.5 Conclusions

The results exposed in section 5.4 reveal the existence of a Mpemba-like memory effect
in water. If the initial state does not fulfill equipartition, that is, if there is an excess
or a lack of kinetic energy contained in either translational, rotational, or vibrational
modes, the resulting curve describing the time evolution of the temperature stays below
or above the analogue curve corresponding to an identical sample obeying equipartition.
The temperature diferences between curves can be up to a few degrees, but after a certain
time (characteristic of each system), they collapse into the equilibrium curve. Hence, our
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results show the possibility of the existence of an inverse Mpemba effect in water, which is
present in other non-equilibrium systems [124–127]. Equipartition is only ensured when
the sample is in conditions of thermal equilibrium, but breaking that equilibrium (for
example, by placing the sample in a colder environment, as is done in Mpemba effect
experiments) could result in the breaking of equipartition, because different modes could
be coupled in a different way to the thermostat.

The appearance of different paths towards equilibrium is a reflection of the different
timescales associated with the dynamics of different degrees of freedom, coupled between
them and with the temperature. This fact is made evident analyzing the autocorrelation
functions of appropriate quantities. Though the initial non-equilibrium states prepared
for our simulations are quite artificial and they are not the result of a linear Hamiltonian
perturbation, the Onsager’s regression hypothesis still works to predict which kinetic
component relaxes faster towards its equilibrium value. Therefore, from the study of the
autocorrelation functions at equilibrium, the fastest kinetic component can be identified,
and the qualitative behavior of the temperature paths to equilibrium, i.e., if it evolves
over or under the equilibrium value, can be anticipated.

The development of the multidimensional spectroscopy techniques, allowing for the
excitation of particular modes of specific water molecules and the visualization of the
response in the femtosecond timescale range [241–244], could open the door for the ex-
perimental validation of our hypothesis and results. It should be stressed that, although
our simulations and results apply to the specific case of water (both liquid and solid),
they should apply in equal measure to any condensed molecular system, as such systems
contain different degrees of freedom that will, in general, have different relaxation times.

As future work that could be performed with atomistic models in water systems, it
could be interesting to carry out a systematic study about how the relaxation rates depend
on the initial temperature, to gain insights about the underlying physics and maybe find
an optimal region for cooling or heating processes. Another attractive problem would be
to generate initial non-equilibrium microstates from a Hamiltonian linear perturbation, to
control how far the system is from the equilibrium and check the validity of the Onsager’s
regression hypothesis until first, to predict relaxation rates.

At this point, it should be noticed the quantitative differences between the Mpemba-
like effect observed here and the macroscopic ME refereed by Mpemba and Osborne in
1969 [121]. While the variations in the cooling time are in the order of minutes for the
macroscopic effect, in our simulations we can observe differences in relaxation times in
the order of picoseconds. Although interesting, the Mpemba-like effect that we observe in
water with our atomistic simulations is far from the macroscopic one. Standard molecular
dynamics simulations with atomistic models are not able to describe macroscopic cooling
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or heating processes of the state variables, because it would require too many time steps.
So alternative models on the mesoscopic scale could be investigated to explore different
collective variables controlling the evolution of the temperature.
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Conclusions

This thesis has consisted of the performance of classical and path integral molecular
dynamics simulations to study the equilibrium properties of finite aqueous systems and
the kinetic evolution of bulk water from non-equilibrium states to the thermodynamic
equilibrium. The results of the researh were reported in chapters 3-5, where partial
conclusions were given. Here, we collect the main conclusions of the thesis.

PIMD code

• Throughout the thesis project we have implemented, optimized and tested a parallel
PIMD code, able to perform both classical and path integral simulations at constant
temperature. The canonical ensemble is efficiently sampled using a Langevin ther-
mostat coupled to each Cartesian component of each particle momentum.

• The program can be used for any finite atomic system and easily merged with
different interaction potentials. In particular, it has been exploited to compute
equilibrium properties in two different problems: water cluster anions and halide
ion water clusters.

Water cluster anions

• We have shown the importance of including nuclear quantum effects in the calcu-
lation of energetic and structural properties of neutral water clusters, and conse-
quently in the attachment motifs of an excess electron to form water cluster anions,
(H2O)−N . It has been noticed that classical clusters are more structured and com-
pact at temperatures below 200K, in comparison with their analogue quantum cases,
while the opposite occurs for higher temperatures.

• We have demonstrated that the transition from a surface to an interior electronic
state occurs earlier in quantum simulations, in agreement with experiments. The
discrepancies between the classical and quantum results are appreciable for temper-
atures between 100 and 300K and they are more significant at middle size clusters,
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with N from 32 to 139, where both types of electronic states are possible depending
on the temperature.

• The quantum simulations have been computationally affordable thanks to the use
of the centroid approximation, which has been validated for all the analyzed tem-
peratures, providing stable equilibrium states with almost equal properties as the
exact calculation.

• Although our calculated VDEs show correct trends with the cluster size, better
quantitative agreement with the experiments could be achieved by employing more
suitable potentials (ab initio-based or designed for PI simulations) including po-
larization effects, capable of describing better the structure of water molecules of
finite-size clusters in presence of an excess electron.

Halide ion water clusters

• We have observed notable thermal and nuclear quantum effects on the energetic
and structural properties of halide ion water clusters, for the case of fluorine and
chlorine, at temperatures of 10 and 300K.

• Quantum effects are more appreciable at low temperatures, but they still persist
at room temperature, where we find a stable condensed phase of neutral clusters
with PIMD calculations but the water molecules start to vaporize with classical MD
simulations.

• Our calculations satisfactorily reproduce the solvation motif of the halide ions at
the surface of small water clusters, finding stability on an external vertex.

• Preliminary results with larger clusters suggest the presence of internally solvated
ions at low temperatures, while keeping the external motif at high temperatures.

• Solvation energy follows a linear relation with N−1/3 and its extrapolation provides
good agreement with the experimental values of the bulk at standard conditions.

Paths towards equilibrium in water

• We have observed the existence of a Mpemba-like memory effect in both liquid and
solid water, which consists of the appearance of different relaxation rates of the
temperature when starting from initial states breaking the equilibrium partition of
the kinetic energy among different modes (translational, rotational or vibrational).
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• The qualitative behavior of the kinetic components towards its equilibrium value
when starting from non-equilibrium states can be estimated from the study of the
autocorrelation functions of the fluctuations of such components at equilibrium.

• Since the mechanism to produce different relaxation rates is general, the phenomena
observed here should appear equally in any condensed molecular system, as far as
it contains different kinetic modes with different relaxation times.

• Atomistic simulations with standard MD are not able to describe macroscopic cool-
ing or heating processes, because of the differences in the time scale. Therefore,
alternative models in larger scales should be investigated to properly describe the
macroscopic Mpemba effect, searching collective or effective variables controlling the
evolution of the temperature.
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Appendix A

Empirical water models

In this appendix we present the analytical expressions of the interaction water potentials
used in this thesis. They depend on the atomic positions and a set or parameters, chosen
with different criteria to reproduce different experimental properties. In chapter 3 we use
the SPC/F [86, 89] model, while in chapter 5 we employ the SPC [81], TIP3P [238] and
TIP4P [79] models to describe the interactions of water.

Before describing the functional form of these potentials, we briefly illustrate their gen-
eral pattern, within the many-body expansion formalism [245]. The interatomic potential
of a system of N water monomers is represented by

V =
N∑
i

V1(i) +
N∑
i<j

V2(i, j) +
N∑

i<j<k

V3(i, j, k) + . . . , (A.1)

where V1 is the one-body term (intramolecular), V2 the two-body term (intermolecular),
V3 the three-body term, and so on. The first components of the interaction are assumed
to be the most important ones, so it is a common practice the truncation of the previous
expansion until certain order. The potentials used here retain the first two terms:

V = V intra + V inter =
N∑
i=1

V intra
i +

N∑
i<j

V inter
ij , (A.2)

although the incorporation of a polarization term approximately takes into account higher
many-body effects.

In SPC, TIP3P and TIP4P models, water molecules are represented by three or four
interaction sites. The charged sites may be on the atoms or on dummy sites (without mass
but with charge), whose positions are totally determined as afunction of the positions of
real atoms, see Fig. A.1.

The interaction energy between two molecules i and j is composed by the Coulomb
interaction between all intermolecular pairs of charges, plus a single Lennard-Jones term
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Figure A.1: Geometry of 3- and 4-site water models. The 3-site SPC and TIP3P poten-
tials, have the charged sites placed on the hydrogen and on the oxygen atoms, while the
4-site TIP4P has the charged sites placed on the hydrogens and on the M-point, defined
as a function of the positions of the real atoms as rM = γrO +(1−γ)(rH1 +rH2)/2. Image
taken from [246].

between the oxygen atoms:

V inter
ij = A

r12
OiOj

− B

r6
OiOj

+
∑
m∈i

∑
n∈j

qmqn

rmn

, (A.3)

where rOiOj
is the distance between the oxygen atoms in molecules i and j, A and B

are the Lennard-Jones parameters, qm and qn are the partial charges situated on the
interaction sites m and n, and rmn is the distance between them.

Depending on its intramolecular potential, there are two classes of water empirical
potentials, namely rigid and flexible. For rigid models, the geometry and intramolecu-
lar energy for each water molecule is fixed. The rigid molecules evolve as rigid bodies
interacting with other atoms and molecules. In molecular dynamics simulations, bond-
ing interactions like the OH stretching and the HOH bending are implicitly treaded as
holonomic constraints (as was mentioned in subsection 2.3.1). In contrast, flexible models
include intramolecular terms in the interaction potential. Usually, the potential term that
accounts for water flexibility of a molecule i has the form:

V intra
i = VOH(r1) + VOH(r2) + 1

2kθ(θ − θeq)2 , (A.4)

where r1(2) is the distance between the oxygen and the hydrogen 1(2) of the molecule i, θ

is the HOH bending angle, kθ and θeq are parameters. The function VOH, accounting for
the OH stretching, has usually an harmonic form around and equilibrium value, req, like
in the flexible TIP3P potential. In the case of the SPC/F intramolecular potential, the
harmonic parametrization is expressed as a quadratic form in the stretch (deviation from
the equilibrium distance) in the OH1, OH2 and HH distances [86]:

V intra
i =

2∑
k=1

ρ2
wDw(rOHk

− rOH,eq)2 + 1
2b(rHH − rHH,eq)2

+ c(rOH1 + rOH2 − 2rOH,eq)(rHH − rHH-eq)

+ d(rOH1 − rOH-eq)(rOH2 − rOH-eq) .

(A.5)
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The OH stretch part can be made anharmonic to describe better the dynamical behavior
of the internal motion of the water molecule. For this purpose, the quadratic terms
(rOHk − rOH,eq)2 could be replaced by Morse potentials.
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Appendix B

Computational efficiency

In this appendix, we describe the computational efficiency of the code used in chapter
3 to carry out both classical and path integral molecular dynamics simulations of water
cluster anions, (H2O)−N . The simulation program combines the evolution of the water
molecules (considered either with a classical or a quantum PI formalism) in the presence
of an excess electron, whose wave function is solution of the Schrödinger equation, under
the Born-Oppenheimer approximation. The code is written in Fortran 90 and it has been
optimized and parallelized with OpenMP (Open Multi-Processing) and MPI (Message
Passing Interface). While the classical algorithm can be slightly parallelized, the path
integral approach is intrinsically parallel, as each replica can be dealt with nearly inde-
pendently from all others, thus being well suited to the efficient exploitation in modern
computer architectures and supercomputing facilities.

The efficiency of a parallel algorithm is measured with the speed up and the parallel
efficiency. The speedup of a code using M cores, SM , is defined as the ratio of the
execution time1 on a single core to the execution time on M cores,

SM = T1

TM
, (B.1)

where T1 and TM are the times to execute the same work on a single and on M cores,
respectively. The ideal speedup, the best that can be achieved, is SM = M . This assumes
that all the code can be perfectly parallelized and there is no parallelization overhead.
The real speedup on M cores is always lower than M . The ratio of the true speedup to
the ideal speedup is the parallel efficiency,

εM = SM
M

= 1
M

T1

TM
. (B.2)

The parallel efficiency takes values between 0 abnd 1. Speedup is a comparison of how
many times faster a problem can be solved as a function of the number of cores, while

1 In general, the speedup can be defined distinguishing between the parallelizable and non-
parallelizable sections of the code, but for simplicity we work with the code as a whole.
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the parallel efficiency measures how much improvement you get for adding a new core.
In practice, the speedup increases with the number of cores, until reaching a plateau,
due to the overhead. On the contrary, the parallel efficiency goes from 1 to 0 when the
number of cores is increased. In general, when using parallel programs, one tries to choose
a number of cores where the speedup is still growing and the parallel efficiency is at least
greater than 50%. That way, we can take advantage of a parallel code, in comparison
with several independent calculations in serial.

Our program has been parallelized with both OpenMP and MPI, which are stan-
dard tools for parallel programming. OpenMP works splitting the work among threads,
which all have access to all the data because they are shared memory elements. In MPI,
each parallel process works in its own memory space (distributed memory) and different
processes are able to send and receive information among them. OpenMP is easily im-
plemented, while MPI is more difficult, because the programmer has to tell each process
exactly which part of the global problem it should work on, based entirely on its process
id. Usually, OpenMP is used inside of a node, to split the work among different cores,
whereas MPI is used between the nodes. Of coarse, both approaches can be mixed.

Here, we discuss the efficiency test of simulations of 100 steps (0.1 ps) for a water cluster
with N=100 molecules at a temperature of 100K. The calculations were performed on
FinisTerrae II, at CESGA (Centro de Supercomputación de Galicia) facilities, where most
of the nodes have 24 cores, thus we chose 120 replicas for the PIMD simulations, which is
a multiple of 24. That way, for the exact quantum calculations, each node can be assigned
to the same number of replicas and the parallelization will be well balanced in the amount
of work of each node. However, the results reported in chapter 3 were obtained in the
Picasso supercomputer (University of Málaga), under the project FI-2020-2-0009, granted
by RES (Red Española de Supercomputación), by which we gained 1500 khours of CPU
time. The nodes of the Picasso supercomputer have 16 cores, so we run the exact quantum
simulations with 128 replicas, which is multiple of 16. Our program to simulate water
cluster anions is able two carry out three types of calculations: classical, exact quantum
and quantum with the centroid approximation. In the following, we discuss the parallel
efficiency of each type of simulation.

In classical simulations, the program computes each time step the interatomic forces
(derived from an empirical potential), as well as the electronic forces due to the electronic
cloud (solution of the Schrödinger equation for the excess electron). The calculation of
the interatomic forces is distributed among OMP threads, each one responsible for a
subset of the molecules. In addition, the action of the Hamiltonian when solving the
Schrödinger equation for the electron requires the evaluation of the electronic potential
and wave function on a 3D grid. This involves several Fast Fourier Transforms (FFTs),
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CLASSICAL

EXACT QUANTUM

CENTROID QUANTUM

Figure B.1: Speedup and parallel efficiency for classical (first row), exact quantum (second
row) and exact quantum with the centroid approximation (last row) simulations of the
N=100 water cluster anion. Quantum PIMD simulations have 120 replicas.

which are also parallelized among threads with the library FFTW. The speedup and
parallel efficiency of these simulations are shown in panels (a) and (b) of Fig. B.1. The
speedup increases slowly and parallel efficiency rapidly decreases with the number of cores,
therefore we chose 4 cores for each run, corresponding to a speedup of 2 and a parallel
efficiency around 50%. The classical simulations of the negatively charged water clusters
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during 105 steps, reported on chapter 3, required from 56 to 472 CPU hours (equivalent
to 14 and 118 hours of execution time with 4 cores per run), for clusters with N from 20
to 237 water molecules.

Exact quantum simulations employ a path integral approach for the water molecules
and a fully quantum representation (by its wavefunction) for the excess electron. The
test is performed with 100 water molecules and 120 replicas. Our program distributes the
calculation of the atomic forces (from the atomic potential and from the electronic cloud)
of each replica among different MPI processes, exploiting the intrinsically independent
parts of the calculation. For each replica, interatomic and electronic forces are calculated
among OMP threads. The more cores we have, the faster the calculation, but for a
fixed number of cores we could choose different combinations of MPI processes and OMP
threads. Fig. B.2 shows the execution time of 60 different combinations that we have
analyzed, varying the number of MPI processes between 1 and 120, and the number of
OMP threads between 1 and 8. Each point of panels (c) and (d) of Fig. B.1 represent the
faster option for each number of cores. For example, for 60 cores, the best option is using
30 MPI processes and 2 OMP threads. For our test with 120 replicas, we observe that the
use of 60 cores provides a speedup of 32 and a parallel efficiency of 54%, approximately.
Whit this in mind, exact quantum simulations reported on 3, with 128 replicas, were
carried out on 64 cores, with 32 MPI processes and 2 OMP threads. The execution time
of each of these calculations of 2× 104 steps with N=100 molecules was around 50 hours,
corresponding to a CPU time of 3200 hours.

For the quantum simulations with the centroid approximation, the electronic wavefunc-
tion is only calculated on the centroid position of the replicas. The program distributes
the calculation of the interatomic forces of each replica among OMP threads. For the
electronic forces, the FFTs and the operations on the 3D grid are also parallelized over
OMP threads. As commented before, these calculations are performed in a machine with
16 cores per node. From the data of panels (e) and (f) of Fig. B.1 we observe that the
use of 16 cores for each run provides a speedup of 11 and a parallel efficiency of a 70%.
The production calculations of the chapter 3 during 105 steps (100 ps) have an execution
time from 16 to 125 hours, which correspond to a CPU time of 256 and 2000 hours, for
clusters with N from 20 to 237 water molecules.

As a summary, we have seen that our OpenMP parallelization for classical MD cal-
culations is not very efficient, so we have decided to use only 4 cores per run. PIMD
calculations are in principle problems much more parallelizable because the calculation of
the intra-replica energy and forces can be assigned to an independent core. Our mixed
MPI and OpenMPI implementation works properly but exact quantum calculations are
still too much computationally expensive for a systematic study in the length and time
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Figure B.2: Color map of the execution time (in logarithmic scale), represented by the
color, as a function of the number MPI processes and the OMP threads. The number
inside each square indicates the number of cores. The results correspond to exact quantum
simulations (with 120 replicas) of the N=100 water cluster anion.

scales analyzed (simulations 20 to 573 molecules during at least 100 ps). Fortunately, the
OpenMP parallelization of the quantum calculations with the centroid approximation is
very efficient and allows us to carry out a similar study to that one corresponding to
the classical case, with execution times of the same order of magnitude (though logically,
much more CPU time).
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Appendix C

Onsager’s regression hypothesis

In this appendix we explain the proof of the Onsager’s regression hypothesis, as formulated
previously in equation (5.22), from the principles of statistical mechanics. Essentially, we
follow the derivation presented in the David Chandler’s book [235]. Though a similar
treatment could be used for quantum mechanical systems, we will focus our attention on
classical systems.

As explained in section 5.2.2, the non-equilibrium macroscopic value of a magnitude,
Ā(t), can be computed from a distribution of initial conditions, f

(
rN0 ,p

N
0

)
, as

Ā(t) =

∫
drN0 dp

N
0 f

(
rN0 ,p

N
0

)
A
(
t, rN0 ,p

N
0

)
∫
drN0 dp

N
0 f

(
rN0 ,p

N
0

) . (C.1)

At equilibrium, Ā(t) = 〈A〉 for any time. For the canonical ensemble, the distribution has
the exponential form f = exp (−βH), and the average can be expressed as

Ā(t) =
Tr
{
e−βHA(t)

}
Tr {e−βH} , (C.2)

where we have introduced the “classical trace”, which is simply an abbreviation for
the integral over phase space variables

(
rN0 ,p

N
0

)
. Now, we will analyze how an out-

of-equilibrium system at t = 0 relaxes to equilibrium when left undisturbed, that is, how
Ā(t) relaxes to 〈A〉.

Let’s imagine a system prepared in its non-equilibrium state by the application of a
perturbation in the Hamiltonian ∆H = −λA, where λ is an applied field coupled to A.
Consider that this perturbation was applied from time −∞ up to time 0, and then is
switched off. In this case, the initial value of Ā is

Ā(0) =
Tr
{
e−β(H0+∆H)A(0)

}
Tr {e−β(H0+∆H)}

, (C.3)
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where H0 is the unperturbed Hamiltonian. For t > 0, the system evolves from A(0) to
A(t) according to H0 instead of H0 + ∆H, so the non-equilibrium value Ā(t) is no longer
stationary, but acquires a time-dependence:

Ā(t) =
Tr
{
e−β(H0+∆H)A(t)

}
Tr {e−β(H0+∆H)}

. (C.4)

Since the deviations of Ā(t) from 〈A〉 are due to ∆H and we are assuming the system
is close to the equilibrium, these deviations will be small and Ā(t) can be expanded in a
series ordered by ∆H. Expanding the exponential until first order (ex ≈ 1+x), we obtain

Ā(t) ≈
Tr
{
e−βH0 (1− β∆H)A(t)

}
Tr {e−βH0 (1− β∆H)}

=
Tr
{
e−βH0A(t)

}
− βTr

{
e−βH0∆HA(t)

}
Tr {e−βH0} − βTr {e−βH0∆H}

= 〈A〉 − β〈∆HA(t)〉
1− β〈∆H〉 ,

(C.5)

where in the third equality we have used the formula for the equilibrium averages,

〈B(t)〉 =
Tr
{
e−βH0B(t)

}
Tr {e−βH0}

, (C.6)

which is valid for any operator B, in particular for A(t) and ∆HA(t). Now, applying
again the exponential expansion to the denominator of (C.5),

1
1− x ≈

1
e−x

= ex ≈ 1 + x , (C.7)

for x = β〈∆H〉, we find

Ā(t) ≈ 〈A〉+ β
(
〈A〉〈∆H〉 − 〈∆HA(t)〉

)
, (C.8)

where we have neglected terms proportional to ∆H2 and higher orders and taken into
account that the average of a variable at any time is independent of time, that is, 〈A(t)〉 =
〈A〉. Finally, inserting the expression ∆H = −λA(0) gives

Ā(t)− 〈A〉 ≈ λβ
(
〈A(0)A(t)〉 − 〈A〉2

)
. (C.9)

Evaluating the last expression at t = 0 yields

Ā(0)− 〈A〉 ≈ λβ
(
〈A2〉 − 〈A〉2

)
. (C.10)

Finally, using Ā(t) = Ā(t)− 〈A〉 and the definition of the autocorrelation function of the
fluctuation, δA(t) = A(t) − 〈A〉, see equation (5.19), we get the desired formula, known
as the Onsager’s regression hypothesis:

∆Ā(t)
∆Ā(0)

≈ CδA(t)
CδA(0) . (C.11)

127



It is remarkable that at first order, both ∆Ā(t) and ∆Ā(0) are proportional to the pertur-
bation field λ, and thus the quotient does not depend on it. If we expanded until higher
orders, we would obtain an explicit dependence on the magnitude of the perturbation
field. However, the simple relation (C.11) allows us to predict the relaxation of Ā(t) from
small perturbations if we know its equilibrium properties (autocorrelation functions), even
without explicitely knowing the magnitude of the perturbation field, λ.
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