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a b s t r a c t

We establish existence, uniqueness as well as quantitative estimates for solutions
u(t, x) to the fractional nonlinear diffusion equation, ∂tu + Ls,p(u) = 0, where
Ls,p = (−∆)s

p is the standard fractional p-Laplacian operator. We work in the
range of exponents 0 < s < 1 and 1 < p < 2, and in some sections we need sp < 1.
The equation is posed in the whole space x ∈ RN . We first obtain weighted global
integral estimates that allow establishing the existence of solutions for a class of
large data that is proved to be roughly optimal. We use the estimates to study
the class of self-similar solutions of forward type, that we describe in detail when
they exist. We also explain what happens when possible self-similar solutions do
not exist. We establish the dichotomy positivity versus extinction for nonnegative
solutions at any given time. We analyse the conditions for extinction in finite time.
© 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Nonlocal integro-differential operators and equations are attracting increasing attention because of their
mathematical interest, and also because of their multiple applications to fields like Statistical Mechanics,
Finance, Ecology, Image processing, Fluid Mechanics, and others. In particular, the fractional Laplacian
operator is defined for suitable functions u(x), x ∈ RN , as

(−∆)su(x) = cn,sPV

∫
RN

u(x) − u(y)
|x− y|n+2s dy, (1.1)

here s ∈ (0, 1), cn,s > 0 is a normalization constant, and PV denotes that the integral is taken in the
principal value sense, cf. the classical Refs. [26,31,33], as well as recent ones like [10,11,21,25,32]. Together
with its variants, the operator plays a prominent role in describing anomalous diffusion, cf. [38] where local
and nonlocal, linear and nonlinear models are compared.
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We are concerned here with the nonlinear version given by the fractional p-Laplace operator Ls,p defined
by the formula

Ls,p(u) := P.V.

∫
RN

Φp(u(x, t) − u(y, t))
|x− y|N+sp dy , (1.2)

where 1 < p < ∞, Φp(z) = |z|p−2
z, and P.V . means principal value. To be precise, it can be called the

s-fractional p-Laplacian operator. It is well-known from general theory that Ls,p is a maximal monotone
perator in L2(RN ) with dense domain, more precisely the subdifferential of a convex Gagliardo functional.
ollowing our previous papers [39,40], we will continue the study of the corresponding gradient flow, i.e., the
volution equation

∂tu+ Ls,pu = 0, (1.3)

osed in the Euclidean space x ∈ RN , N ≥ 1, for t > 0. We refer to it as the fractional p-Laplacian
evolution equation, FPLE for short. Motivation and related equations for this model can be seen in our
paper [39] and its references. There, the superlinear case p > 2 was studied. The case 1 < p < 2, usually
alled fast diffusion, has been treated in [40], mainly in the class of solutions that are L1-integrable with
espect to the space variable. We pursue in this paper the analysis of such a fractional fast diffusion for
ore general data, possibly growing at infinity, and devote much attention to settle different qualitative and

uantitative issues, like positivity, self-similarity, mass conservation, and extinction.

utline of results. As a starting novelty, the present paper introduces a basic tool called the weighted
1-estimate that will play an important role in the existence theory for general classes of data. See whole
etails in Section 2. Indeed, obtaining some weighted a priori L1-estimate was the motivation of the paper.
he original idea goes back to the local nonlinear estimate proved by Herrero and Pierre in 1984 for the Fast
iffusion range of the Porous Medium Equation, cf. [22]. In their result the estimate had a stronger form:

ndeed, it has a local form instead our weighted form. It was used by the authors to establish existence of
olutions for the Cauchy problem in the whole space without any growth requirement on the initial data, a
ery surprising result at the time.

It took time to adapt that tool to fractional equations. Our estimate is based on the differential inequality

| d
dt

∫
RN

u(t)φdx| ≤
(∫

RN
u(t)φdx

)p−1
K(φ), (1.4)

which is valid for all nonnegative solutions of the FPLE on the condition that sp < 1 and φ is a smooth
positive function that decays in a controlled way as |x| → ∞, roughly like a power between |x|−(N+sp) and
|x|−N−(sp/(p−1)). Integration in time of this differential inequality gives the result labelled (2.6), the version
that is used in practice. It is also valid for differences of solutions u = u1 − u2 ≥ 0. The proof is based on a
kind of duality that has not been used before to our knowledge. Our version is not as strong as the original
one, and indeed it must be weaker since the derived existence results cannot be so general, as we will show
below with precise counterexamples. Another close motivation for the present analysis comes from the study
of the fractional version of the PME done in [9].

Note that for s ≤ 1/2 we prove the estimate for the whole range of p in fast diffusion, 1 < p < 2. However,
in the range 1/2 < s < 1 we need the extra condition, sp < 1, that seems to play a major role in the proof.
The range is made clear in Fig. 1.

• Section 3 studies the construction of solutions under a suitable growth limitation on the initial data.
We prove existence of a finite “candidate solution” under almost optimal growth conditions, that we state
here for brevity as

u0(x) = O(|x|γ), with γ <
sp

p− 1 . (1.5)

The sharper condition is given in Formula (3.2). The solution is obtained by approximation from below
with standard semigroup solutions (the ones studied in paper [40] with initial data in Lq spaces). The
2
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Fig. 1. Green and brown are the accepted regions. White and green form the so-called Good Fast Diffusion range. Yellow and brown
correspond to Very Fast Diffusion. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

weighted L1 estimate is then used to ensure that the limit of the approximate process produces a finite locally
ntegrable function u(x, t). We prove that the limit is also a weak solution (in the sense of Theorem 3.1).
he constructed limit solutions are proved to be unique, independent of the chosen approximation. We use

he name of minimal weak solution for the resulting function (often shortened to minimal solution). The
precise results are stated in Theorems 3.1 and 3.2. Solutions with changing sign are briefly mentioned.

The optimality of the power growth γ < γ1 = sp/(p − 1) in our existence condition is shown via the
on-existence result for the critical data u0(x) = |x|γ1 that we prove later on as part of Theorem 6.3. Note
hat in the limit p = 2 we recover the known existence condition γ < 2s for the fractional heat equation,
hat was established in [4,7].

• Section 4 is devoted to prove the remarkable dichotomy in behaviour for nonnegative solutions, we
ave either positivity or extinction. Precisely stated, for any nonnegative solution u and any fixed time
> 0, either u(x, t) is positive for all x, or u(x, t) = 0 for all x ∈ RN . In the last case, there exists a first

time T (u0) > 0 where the solution vanishes identically, it is called the extinction time. Then, the solution
must be continued for t ≥ T as identically zero for all x ∈ RN . There is also the possibility T (u0) = ∞,
i.e., no extinction in finite time. In both cases, u(x, t) is a locally strictly positive function of x for any fixed
0 < t < T .

• It is a fact that only a handful of explicit or semi-explicit solutions of the FPLE are known to date.
Examples of known solutions are linear functions, fundamental solutions and very singular solutions, the
two last classes being described in [40]. This serves as motivation for the next part of the program, where
we study the existence and properties of a large class of self-similar solutions. In Section 5 we first review
the scaling properties of the equation and analyse the possible self-similarities, that fall into three known
types. Self-similar solutions of the standard type, called sometimes forward self-similarity, take the form

u(x, t) = tγβF (xt−β). (1.6)

hen these solutions exist, they do for all time t > 0 and preserve their size up to a scaling depending in
time. They are possible and they expand in space when the algebraic condition sp+ γ(2 − p) > 0 is met, see
for instance the general analysis of [34]. This leads to the value of β = (sp+ γ(2 − p))−1 being positive. In
articular, we exclude two bizarre phenomena for nontrivial data: there is no possible extinction or blow-up

t a positive, finite time for this class.

3



J.L. Vázquez Nonlinear Analysis 214 (2022) 112575

i
b
x

We devote the next two sections to explore the existence of such self-similar solutions, always under the
necessary condition sp + γ(2 − p) > 0 for forward expanding self-similarity. In Section 6 we explore the
existence of self-similar solutions with growing initial data of the form

u0(x) = A |x|γ , A, γ > 0. (1.7)

We find the necessary limitation in the range of exponents for existence, 0 < γ < γ1 = sp/(p − 1), in
agreement with the growth conditions of Section 3. We provide a detailed description of the qualitative and
quantitative properties of the family of solutions, see Theorem 6.1. We have ut ≥ 0 for all t > 0, x ∈ RN .
As mentioned above, forward self-similarity implies no extinction in finite time.

A dramatic change occurs at the limit exponent γ = γ1. Indeed, we prove an important result called
nstantaneous blow-up, cf. Theorem 6.3. Thus, if we try to obtain a limit solution by approximation from
elow with standard semigroup solutions, as proposed in Section 3, the limit is infinite for all t > 0 and
∈ RN . The same happens for all γ > γ1 as an easy consequence of the maximum principle. Note that this

means that 0 < γ < γ1 = sp/(p − 1) is a necessary and sufficient condition for the existence of self-similar
solutions with growing data of power type |x|γ .

We address in Section 7 the question of existence of self-similar solutions for classes of decaying initial
data, which take the form (1.7) with γ < 0. Solutions are taken in the limiting sense of Section 3. The
theory offers no special novelties as long as γ > −N so that u0 is locally integrable, cf. Theorem 7.1. A main
difference is that now ut ≤ 0 for all t > 0, x ∈ RN .

There is a remaining interesting range where sp + γ(2 − p) > 0 (so we can have forward self-similarity),
and γ ≤ −N (so that the initial function has a non-integrable singularity). This means that we are in the
region where

pc < p < 2, and − sp

2 − p
< γ ≤ −N.

Here, pc = 2N/(N + s) is the critical exponent that plays a big role in [40]. This case is really curious. We
find that there are two options:

(i) For pc < p < p1 we find a singular self-similar solution, cf. Theorem 7.3. The singularity stays at the
origin for all times.

(ii) for p1 ≤ p < 2 we find instantaneous blow-up, hence no self-similar solution is possible, cf.
Theorem 7.4.

Here, p1 is the curious intermediate critical exponent identified in our previous paper [40], see Formula
(1.10) and Figure 1 there. In [40], it appeared mainly as a separation of different asymptotic behaviour for
the fundamental solutions. We have found here that it also plays an important role in the existence theory.

• Next, we turn our attention to another appealing feature, extinction in finite time. This is a classical
topic of fast diffusion equations, see [34]. The weighted a priori estimate is very useful in studying extinction
problems. We show that it can happen for 1 < p < pc. We are able to establish fine conditions for existence
and nonexistence of extinction in finite time in Section 8. The Morrey space Mq∗(RN ), with q∗ = N(2−p)/sp,
plays an important role, together with the Lebesgue space Lq∗(RN ). Constructed counter-examples show the
sharpness of the results.

• The borderline case p = pc is very special since it separates two open ranges with very different
qualitative behaviour. We contribute to the analysis of this case by proving the conservation of mass is
still true as in the range p > pc, see Theorem 9.1. We provide a very nontrivial proof that uses a number of
new tools. Previously known information is given in Section 16 of paper [40].

Naturally, ideas and techniques coming from the study of related non-fractional equations are very useful
in order to investigate the fractional model and to evaluate the results. In our case, we have to look at
the standard p-Laplacian equation, ut = div(|∇u|p−2∇u), i.e., the non-fractional case that corresponds
to the limit s = 1. This model has been studied for fast diffusion, 1 < p < 2, in a number of
4
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eferences, [5,8,14,15,23,27,34]. We will make comments in the paper on the existing knowledge about the
tandard equation in relation to our results.

We devote one section to examine the connection of the paper to the work in the fractional Porous Medium
quation, in particular to paper [9] done in collaboration with M. Bonforte. We conclude with an appendix
nd a section on comments and open problems.

otations. In the whole paper we assume the values 0 < s < 1 and 1 < p < 2; we will not recall it again as
general rule. The particular subrange of p will be always carefully announced, in particular which sections
epend on the assumption sp < 1. We use the notation Lsφ = (−∆)sφ, omitting the exponent p = 2 in
s,2. We sometimes write u(t) instead of u(x, t) for convenience, when we want to stress that it is a function
f x with parameter t. In the sequel we often use the notation am to mean the signed power |a|m−1

a of a
uantity a ∈ R, a ̸= 0. All of this is done for brevity when no confusion is to be feared. We call good fast
iffusion range the set of parameters where pc < p < 2, i.e., when (N + s)p > 2N , and very fast diffusion
ange when 1 < p < pc, we recall that pc = 2N/(N+s). This distinction is quite important in the L1 theory,
n questions like mass conservation, existence of Barenblatt solutions, large-time behaviour and others, as
hown in [40]. It is relevant here in some results.

. The weighted L1 estimate

We take the announced values of the parameters s, p with the condition sp < 1. We will prove an a priori
stimate for all nonnegative solutions u of the FPLE (1.3) defined in a strip Q = RN × (0, T ).

.1. Presentation

In this section we work with semigroup solutions defined in all Lq spaces and in later sections we extend
he scope of the result to the class of weak solutions by approximation. In order to state the main estimate
e introduce that concept of weighted mass at time 0 ≤ t < T

X(t;u, φ) =
∫
RN

u(t)φdx , (2.1)

here the weight φ is a positive function to be specified next. First, we introduce the operator Ms′ by the
ormula

(Ms′φ)(x) := P.V.

∫
RN

|φ(x, t) − φ(y, t)|
|x− y|N+2s′ dy . (2.2)

We remark that when 0 < 2s′ < 1 this operator is well-defined and bounded for bounded and uniformly
Lipschitz continuous functions since the singularity at x = y is integrable. Of course, we have Ms′(φ) ≥ 0
and also |Ls′(φ)| ≤ Ms′(φ).

The class C = C(s, p). The class of suitable weight functions for our main estimate is formed by the
smooth and positive functions φ defined in RN such that Msp/2(φ) is locally bounded and

C(φ) :=
∫ |Msp/2φ(x)|1/(2−p)

φ(x)(p−1)/(2−p) dx < ∞. (2.3)

ote that this class depends on p and s. The condition s′ = sp/2 < 1 ensures that the class contains a large
lass of uniformly Lipschitz functions depending on our choice of s and p. The value of C(φ) only depends
n the positivity, smoothness and behaviour of φ(x) as |x| → ∞.

dmissible decay rates. It has been proved in [9] that there are many smooth, bounded and positive
functions φ decaying at infinity like a power φ ∼ O(|x|−(N+γ)) with γ > 2s′ such that L ′φ decays like
s

5
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(|x|−(N+2s′)) as |x| → ∞, assuming that 0 < s′ < 1. We can check that Ms′φ decays in the same way if
s′ < 1. We have

|Ms′φ(x)|1/(2−p)

φ(x)(p−1)/(2−p) ∼ |x|−µ

ith
µ = (N + 2s′)

2 − p
− (N + γ)(p− 1)

2 − p
.

The expression is integrable if µ > N . Working out the details we find that C(φ) is finite if γ < 2s′/(p− 1).
As convenient examples of admissible weights, we consider the family of weight functions

φ(x) = (1 + |x|2)−(N+λ)/2, λ > 0.

Then we get a finite value for C(φ) iff λ < sp/(p− 1). Actually, we can find weights in the class C(s, p) with
a decay at infinity that is closer to the limit power:

φ(x) ∼ |x|−(N+(sp/(p−1)))(log(1 + |x|))λ, with λ >
2 − p

p− 1 . (2.4)

We leave it to the reader to check this detail. The nonexistence result of Theorem 6.3 shows that the limit
power cannot be reached.

Numerical inequality. We combine the simple inequalities valid for a > b > 0 and 0 < m < 1:

am − bm ≤ (a− b)m, am + bm ≤ 21−m(a+ b)m,

o conclude that for all possible values of real numbers a and b we have

|am − bm| ≤ 21−m|a− b|m. (2.5)

Here we use the notation am = |a|m−1
a.

2.2. Main estimate

We now state and prove our basic weighted estimate.

Theorem 2.1. Let 0 < s < 1, 1 < p < 2, with sp < 1. Let u be a nonnegative semigroup solution of the
FPLE (1.3) in a strip Q = RN × (0, T ) with T > 0 and let X(t) be as in (2.1). Then for all φ ∈ C(p, s) there
is a finite constant K > 0 depending only on φ such that we have

|X2−p(t1) −X2−p(t2)| ≤ K|t1 − t2|. (2.6)

Actually, we may take K(φ) = (2 − p)C(φ)2−p with C(φ) given by (2.3).

Proof. (i) We multiply an L2 solution by a smooth and positive test function φ(x), and integrate by parts
in the equation as in [39] to obtain for the evolution of the weighted mass:

− d

dt

∫
u(x, t)φ(x) dx =

∫
Ls,pu(x, t)φ(x) dx =

∫∫ [up−1(x, t) − up−1(y, t)] (φ(x) − φ(y))
N+sp dxdy,
|x− y|
6
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here integrals extend to RN . Therefore, by symmetry

⏐⏐dX
dt

⏐⏐ ≤ 2
∫
up−1(x, t) dx

(∫
|φ(x) − φ(y)|
|x− y|N+sp dy

)
= 2

∫
up−1(x, t) Ms′φ(x) dx,

here s′ = sp/2. Since the exponent p− 1 lies between 0 and 1, we get by Hölder’s inequality∫
up−1(x, t) Msp/2φ(x) dx ≤

(∫
u(x, t)φdx

)p−1
(∫ |Msp/2φ(x) dx|1/(2−p)

φ(x)(p−1)/(2−p) dx

)2−p

.

In order to use this inequality we need to choose φ so that this last expression, that we have called C(φ), is
finite. Taking φ ∈ C(p, s), we can write

|dX
dt

| ≤ X(t)p−1 C(φ)2−p.

ntegration in time of this differential inequality gives the result (2.6). For semigroup solutions in other Lq
paces use approximation. □

The following result is a rescaled version of estimate (2.6).

orollary 2.2. Under the same conditions, if φR(x) = φ(x/R) we get⏐⏐(∫ u(t2)φR dx)2−p − (
∫
u(t1)φR dx)2−p⏐⏐ ≤ K(φ)RN(2−p)−sp|t1 − t2|. (2.7)

t follows that for any integrable solution the finite mass is conserved in the range p > pc = 2N/(N + s).

roof. We only have to observe that for all R > 0

Lsp(φR)(x) = R−sp(Lspφ)(x/R), Msp(φR)(x) = R−sp(Mspφ)(x/R),

nd use the formula for K(φ). For the second part check that p > pc implies that RN(2−p)−sp → 0 as
→ ∞. □

orollary 2.3. Theorem 2.1, and Corollary 2.3 are true for differences of ordered solutions. If we consider
wo ordered solutions 0 ≤ u1 ≤ u2, then estimate (2.7) holds for u = u2 − u1.

We only need to follow the proof of the Theorem after subtracting the two equations, and use the inequality
am − bm) ≤ (a− b)m when a > b > 0 and 0 < m < 1. This means that up−1

2 (x, t) − up−1
1 (x, y) ≤ up−1(x, y).

he rest of the proof holds. □

emark on universality. It is very important that this expression can be applied to all nonnegative
olutions that can be suitably approximated, and the constant K does not depend at all on the solution.
e say that it is a universal estimate. Note also that t1 and t2 are not required to be ordered.

omparative remarks. (1) A similar but stronger type of nonlinear estimate was found for the Fast
iffusion range of the Porous Medium Equation, cf. [22]. In that result φ could be allowed to have compact

upport. This in turn allowed them to establish existence of solutions for the Cauchy problem in the whole
pace without any growth requirement in the initial data, it works for just locally integrable functions. Such
enerality is not true for our problem, as we will show.

(2) We extended the local estimate to the fractional version of the PME in [9]. There it lost its purely local

orm and took the weaker form with weighted integrals, that allowed for an existence theory with definite

7
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rowth restrictions. Now weights with compact support are not allowed. In fact, unrestricted growth is not
xpected in fractional diffusion, so the strong form cannot be true. The parameter restrictions were 0 < s < 1
nd 0 < m < 1, no further restriction.

(3) On the other hand, in the case of the fractional linear heat equation the optimal growth rate for initial
data in the Cauchy problem is just γ < 2s, which will be in agreement with our results in the next section,
erived from our basic estimate. The linear case was proved in [7]. The proof relies on representation with
Green function that decays at infinity as expected, i.e., like O(|x|−(N+2s)).
(4) No version of this inequality has been found for the standard local model of the p-Laplacian evolution

quation, ut = div(|∇u|p−2∇u), and this fact complicated the study of the Cauchy Problem under optimal
initial conditions done in [15]. It seems to us that the weighted L1 estimate fails.

(5) In the local and nonlocal fast diffusion equations, these estimates imply the existence and uniqueness
f initial traces, much as in [9] in the bibliography: The referee wondered if this was the case also for the Fast
PLE? On close inspection of Section 7 of that paper one sees that the answer is yes under the condition
p < 1.

. General existence theory

We keep the condition sp < 1 in this section. We are going to prove existence of solutions under quasi-
ptimal conditions on the initial data. The concept of weak solution is a function u ∈ L1(QT ) where
T = RN × (0, T ) such that∫∫

uψt dxdt+
∫∫∫ (u(x, t) − u(y, t))p−1(ψ(x, t) − ψ(y, t))

|x− y|N+sp dxdydt = 0 (3.1)

or every smooth function ψ ∈ C∞([0, T ] × RN ) with compact support in QT so that in particular Msp/2ψ

is bounded. The integrals are extended to RN in x and y and to (0, T ) in time. The second term must be
well defined and this will depend on the a priori estimates, as the proof below shows.

Theorem 3.1. [Existence] Let sp < 1 and let us consider the Cauchy Problem for the FPLE with locally
integrable initial data u0 ≥ 0. If ∫

u0(x)φ(x) dx < ∞ (3.2)

for some admissible test function φ ≥ 0 in the class C(s, p), then there exists a weak solution of the problem
which is defined in Q∞. This solution is continuous in the weighted space, u ∈ C([0, T ] : L1(RN , φdx)) . The
nitial data are taken in the sense of strong convergence in L1

loc(RN ).

roof. (i) We follow the outline of proof of Theorem 3.1 of [9] for the fractional porous medium equation, but
ome important changes are needed. Let φ ∈ C and let φR the scaling of φ. Let 0 ≤ u0,n ∈ L1(RN )∩L∞(RN )

be a non-decreasing sequence of initial data u0,n−1 ≤ u0,n, converging monotonically to u0 ∈ L1(RN , φdx).
By the Monotone Convergence Theorem, it follows that

∫
RN (u0 − un,0)φdx → 0 as n → ∞.

(ii) We prove existence of the monotone limit of the approximating solutions. Consider the unique strong
solutions un(t, x) of Eq. (1.3) with initial data u0,n, as constructed in [40]. By the comparison results of that
paper we know that the sequence of solutions is a monotone sequence. The weighted estimates of previous
section imply that the sequence is bounded in L1(RN , φdx) uniformly in t ∈ [0, T ] .(∫

RN
un(t, x)φ(x) dx

)2−p

≤
(∫

RN
un(0, x)φ(x) dx

)2−p

+K(φ) t

≤
(∫

u0(x)φ(x) dx
)2−p

+K(φ) t.
(3.3)
RN

8
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y the monotone convergence theorem in L1(RN , φdx), we know that the solutions un(t, x) converge
onotonically as n → ∞ to a function u(t, x) ∈ L∞((0, T ) : L1(RN , φdx)). We also have(∫

RN
u(t, x)φ(x) dx

)2−p

≤
(∫

RN
u0(x)φ(x) dx

)2−p

+K(φ) t (3.4)

(iii) We show next that the obtained limit function u(t, x) is a weak solution to Eq. (1.3) in [0, T ] × RN

in the sense of Theorem 3.1. We know that each un is a bounded strong solution according to the theory
of [40] since the initial data u0 ∈ L1(RN ) ∩ L∞(RN ). Therefore, for all ψ ∈ C∞

c ([0, T ] × RN ) we have∫ T

0

∫
RN

un(t, x)ψt(t, x) dxdt =∫ T

0

∫∫ (un(x, t)) − (un(y, t))p−1(ψ(x, t) − ψ(y, t))
|x− y|N+sp dxdydt.

Taking the limit n → ∞ in the first line is easy:

lim
n→∞

∫ T

0

∫
RN

un(t, x)ψt(t, x) dx =
∫ T

0

∫
RN

u(t, x)ψt(t, x) dx,

ince ψ is compactly supported and we already know that un(t, x) → u(t, x) in L1
loc.

(iii’) On the other hand, the integral in the second line, I(un), is well defined and can be estimated
niformly. We argue as before, by using the inequality

|un(x, t) − un(y, t)|p−1 ≤ un(x, t)p−1 + un(y, t)p−1,

nd bounding the first of the two ensuing integrals by

I1(un) =
∫
dt
(∫

un(x, t)p−1 M(x, t) dx
)
.

here
M(x, t) =

∫
|ψ(x, t) − ψ(y, t)|

|x− y|N+sp dy.

ue to the regularity of ψ, the last integral is bounded above by some Mψ(x) that behaves like C(1 +
|x|)−(N+sp) independently of t. Hence,

I1(un) ≤
∫
dt

(∫
un(x, t)φdx

)p−1 (∫
Mψ(x)1/(2−p)

φ(p−1)/(2−p) dx

)2−p

so that finally
I1(un) ≤ C(ψ,φ)

∫
dt(
∫
un(x, t)φdx)p−1 ≤ C T.

The second integral, I2(u), is treated similarly by exchanging x and y.
(iii”) We recall that u ≥ un, and we may apply the argument of the previous paragraph to vn = u − un

as follows
I(u) − I(un) =

∫∫ (A(x, y, t))(ψ(x, t) − ψ(y, t))
|x− y|N+sp dxdydt

ith
A(x, y, t) = (u(x, t) − u(y, t))p−1 − (un(x, t) − un(y, t))p−1.

Using the numerical inequality (2.5) we conclude that for all possible values of (u(x, t)) − u(y, t) and
(un(x, t)) − un(y, t) we have

|A(x, y, t)| ≤ c(p)|(u(x, t)) − u(y, t) − (u (x, t)) − (u (y, t))|p−1 ≤ |v (x, t) − v (y, t)|p−1
,
n n n n

9
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nd then we continue as before to prove that

|I1(u) − I1(un)| ≤ C

(∫∫
(u− un)φdxdt

)p−1
(∫∫

|M |1/(2−p)

φ(p−1)/(2−p) dxdt

)2−p

,

o that by virtue of the previous estimates on the weighted convergence of u− un we get

|I(u) − I(un)| → 0 as n → ∞.

(iv) The solutions constructed above for 0 ≤ u0 ∈ L1(RN , φdx) satisfy the weighted estimates (2.6) so
hat ⏐⏐⏐⏐∫

RN
u(t, x)φ(x) dx−

∫
RN

u(τ, x)φ(x) dx
⏐⏐⏐⏐ ≤ 2

1
1−mC1 |t− τ |

1
1−m (3.5)

which gives the continuity in L1(RN , φdx) . Therefore, the initial trace of this solution is given by u0 ∈
L1(RN , φdx) . □

3.1. Uniqueness of limit solutions

We prove that the limit is independent of the approximating sequence.

Theorem 3.2. [Uniqueness] The solution constructed in Theorem 3.1 by approximation from below is unique.
We call it the minimal solution. In this class of solutions the standard comparison result holds, and also the
weighted L1 estimate of Theorem 2.1 . Extinction in finite time is not excluded.

Proof. We keep the notations of the proof of existence Theorem 3.1. We follow an argument that is well-
known in the proof of uniqueness of minimal solutions of different problems, see in particular [19,20], where
they are also called proper solutions.

Assume that there exists another sequence 0 ≤ v0,k ∈ L1(RN ) which is monotonically non-decreasing
and converges monotonically to u0 ∈ L1(RN , φdx) . By the same considerations as in the proof of existence
theorem, we can show that there exists a limit solution v(t, x) ∈ C([0, T ] : L1(RN , φdx)). We want to show
that u = v, where u is the solution constructed in the same way from the sequence u0,n. We will prove
equality by proving that v ≤ u, and then the same argument can prove u ≤ v. To prove that v ≤ u we use
the estimates ∫

RN

[
vk(t, x) − un(t, x)

]
+ dx ≤

∫
RN

[
vk(0, x) − un(0, x)

]
+ dx (3.6)

which hold for any un(t, ·), vk(t, ·) ∈ L1(RN ), see [40]. Letting n → ∞ we get that

lim
n→∞

∫
RN

[
vk(t, x) − un(t, x)

]
+ dx ≤ lim

n→∞

∫
RN

[
vk(0, x) − un(0, x)

]
+ dx

=
∫
RN

[
vk(0, x) − u0(x)

]
+ dx = 0,

ince vk(0, x) ≤ u0 by construction. Therefore, also vk(t, x) ≤ u(t, x) for t > 0, so that in the limit k → ∞
e obtain v(t, x) ≤ u(t, x) . The inequality u ≤ v can be obtained simply by switching the roles of un and
k . □

orollary 3.3. There exists a unique minimal solution of the Cauchy problem for the FPLE for all locally
ntegrable initial data u0 ≥ 0 such that∫

N
u0(x) log(2 + |x|)λ

−(N+ sp )
dx < ∞ (3.7)
R (1 + |x|) p−1

10
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or some λ > 2−p
p−1 . We can state a sufficient condition as an average growth rate: for all large R > 1 we have∮

BR

u0(x)dx := R−N
∫
BR

u0(x)dx ≤ C Rsp/(p−1)(logR)−µ, (3.8)

ith µ > λ+ 1 > 1/(p− 1). In particular, this holds if u0 ∈ L1
loc(RN ) and u0(x) ≤ C|x|

sp
p−1 log(1 + |x|)−µ as

x| → ∞.

emark. Positive constants are examples of minimal weak solutions. This is easily deduced from the
nvariance of the set of approximating data under space translations.

uestion. We may wonder if it is possible to find nonnegative solutions of the Cauchy Problem outside of
his class of “constructible minimal solutions”. The impression is that the answer is no, but such solutions
xist in the theory of semilinear heat equations ut = ∆u+up for large values of p > 1, as proved in [19], see
lso [17]. They happen in blow-up situations (so-called incomplete blow-up).

.2. Singular minimal solutions

We will need to consider solutions in cases where the initial function is not locally integrable at some
laces with singular values. In the sequel we address the construction by the same method based on passing
o the limit the approximation from below by solutions with data in the standard Lebesgue spaces. In that
ase we have near those singular places, ∫

BR(x0)
u0(x) dx = ∞.

pplying the weighted L1 inequality with φ = 1 in BR(0) to the approximations un, we have in the limit
or every t > 0 (∫

BR(x0)
lim
n
un(x, t)φ(x)dx

)2−p

= lim
n
Cn −K(φ)t = ∞,

ence the limit solution is not locally integrable at those places. We will see examples of such singular
inimal solutions, some where we prove that the limit is finite away from the space singularity, and other

xamples where the limit is infinite everywhere for t > 0 (what we will call instantaneous blow-up). See
more in Section 7.2.

3.3. Solutions with changing sign

Though our main interest lies with nonnegative solutions, we add the information on existence of weak
solutions for data and solutions with changing sign. We arrive at the idea of min–max and max–min solutions.
The main estimate still holds for ordered differences.

Theorem 3.4. Let us consider the Cauchy Problem for the FPLE with locally integrable signed initial data
u0. If ∫

|u0(x)|φ(x) dx < ∞ (3.9)

or some admissible test function φ ≥ 0 in the class C(s, p), then there exists a weak solution of the problem
hich is defined in Q∞. This solution is continuous in the weighted space, u ∈ C([0, T ] : L1(RN , φdx)) . The

nitial data are taken in the sense of strong convergence in L1 (RN ).
loc

11



J.L. Vázquez Nonlinear Analysis 214 (2022) 112575

P

u

n

T
f

a
w

roof. (i) We follow the method of construction by approximation. First, we observe that both f =
max{u0}, and g = max{−u0, 0} satisfy the hypothesis of Theorem 3.1, so there are monotone sequences
of good data (good in the sense of the proof of the theorem) such that 0 ≤ fn(x) converges to f , 0 ≤ gm
converges to g, and the corresponding solutions Un(x, t) and Vm(x, t) converge to the respective minimal
weak solutions W (x, t) and V (x, t). Note that u0 = f − g. We put u0;m,n = fn − gm.

(ii) Now we consider the simpler case where g is an L1 function. In that case we do not need the
approximation from below, just put gm = g and u0;m,n = −g+fn(x), where fn is a monotone approximation
to f = u0 +g. Then we may repeat the proof of Theorem 3.1 with minor changes and obtain a minimal weak
solution u, that will be unique in the sense of Theorem 3.2. A similar argument solves the case where f is
an L1 function (and maybe g is not), and then we obtain a unique maximal weak solution by downwards
approximation. These are simple extensions of Theorem 3.1.

(iii) Let us tackle the general case where neither f or g is integrable. We consider a double sequence
of approximations unm(x, 0) such that −gm(x) ≤ un,m(x, 0) ≤ fn(x), the sequence is increasing in n and
decreasing in m, and

lim
n→∞

um,n(x, 0) = f(x) − gm(x), lim
n→∞

um,n(x, 0) = −g(x) + fm(x).

We examine the corresponding solutions um,n(x, t) and their limits. We easily obtain −Vm(x, t) ≤
m,n(x, t) ≤ Wn(x, t), which is a comparison between good and minimal solutions. Therefore, in the limit
→ ∞ we obtain a function U1(x, t) such that

−Vm(x, t) ≤ um,n1(x, t) ≤ lim
n→∞

um,n(x, t) = U1,m(x, t) ≤ W (x, t),

his U1 is the large solution in the sense of point (ii) to initial data U1,m(0), we can check that U1,m(0) ≤
− g. Since the sequence is monotone downwards in m we get a further limit

U1(x, t) = lim
m→∞

lim
n→∞

um,n(x, t) ≤ U1,m(x, t),

nd we easily check that −V (x, t) ≤ U1(x, t) ≤ W (x, t). This is the candidate to max–min-solution. It is a
eak solution and takes on the initial data as in Theorem 3.1.
(iv) Reversing the order of the limits, we obtain

−V (x, t) ≤ lim
m→∞

um,n(x, t) = U2,n(x, t) ≤ um1,n(x, t) ≤ W (x, t),

and the monotone limit
U2(x, t) = lim

n→∞
lim
m→∞

um,n(x, t) = U2(x, t),

and we easily check that
−V (x, t) ≤ U2(x, t) ≤ U1(x, t) ≤ W (x, t).

This U2 is the candidate to min–max-solution. □

Question. We do not have a proof of uniqueness, U1 = U2, unless there is a good bound on the initial data
from below or above. Can we have non-unique solutions?

Example. There is a typical example of signed solution, i.e., the linear function, uc(x, t) = c1x1 (and its
translates and rotations). Note that it is constant in time. In case sp/(p− 1) > 1 this solution comes under
the scope of Theorem 3.4, but for sp ≤ p− 1 it does not. For s < 1/2 both possibilities arise depending on
p. However, for s ≥ 1/2 we always have the compatibility 1 < sp/(p− 1).

Question. Is the linear solution, constant in time but not in space, reachable by the above approximation
process? We know that for sp ≤ p− 1 it is not.
12
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. Positivity versus extinction

We will produce in the sequel a number of solutions, even semigroup solutions, that vanish in finite
ime, like the example (5.9), and we will devote a section to discuss the issue. On the other hand, (strict)
ositivity is usually a given property of nonnegative and nontrivial solutions of heat equations and fast
iffusion equations, while the property is lost for slow diffusion equations because of the property of finite
ropagation and the existence of free boundaries, see [18].

Here, we want to settle the dichotomy between positivity and extinction for nonnegative solutions of
he FPLE. For any solution u(x, t) ≥ 0 and at any given time t > 0, the alternative that we describe in
heorem 4.2 holds for u(·, t) as a function of x. The theorem allows us to define the extinction time T (u0)
s the first time where u(x, t1) is the trivial function, and equivalently, as the first time where the nonnegative
olution is no more strictly positive and touches zero.

Here, sp < 1 is not required. Firstly, we need a technical lemma on mass control that has other uses.

emma 4.1. [Conditional Mass conservation] Let u(x, t) ≥ 0 be the semigroup solution of the Cauchy
roblem with initial data u0 ∈ L1(RN ), u0 ≥ 0, and assume that u(x, t1) is compactly supported for some

1 > 0. Then the mass is conserved for all t ≥ t1.

emark. Conservation of mass was proved in [40] without the compact support assumption in the range
c < p < 1. In view of the examples of finite-time extinction that we will study, the result does not hold
hen 1 < p < pc.

roof of the Lemma. (i) Reduction step. We may always assume that u0 ∈ L1(RN ) ∩L∞(RN ) and u0
s compactly supported. If our form of mass conservation is proved under these assumptions, then it follows
or all data u0 ∈ L1(RN ) by the semigroup contraction property.

Let BR(0) contain the support of u(·, t1). Due to the remarkable pointwise inequality ut ≤ u/(p− 2)t, we
et the conclusion that whenever u(x1, t1) = 0, then we have u(x1, t) = 0 for all t > t1 so that the vanishing
et is preserved (and maybe expanded) in forward time. Therefore, the support of u(·, t) will be contained
n the same ball BR(0) for all t ≥ t1.

(ii) Let us assume that sp < N , something that will always happen for N ≥ 2. We do a calculation for
he tested mass. Taking a smooth and compactly supported test function φ(x) ≥ 0, we have for t2 > t1 > 0:⎧⎪⎪⎪⎨⎪⎪⎪⎩

⏐⏐⏐⏐∫ u(t1)φdx− u(t2)φdx
⏐⏐⏐⏐ ≤

∫∫∫ ⏐⏐⏐⏐⏐Φ(u(y, t) − u(x, t))(φ(y) − φ(x))
|x− y|N+sp

⏐⏐⏐⏐⏐ dydxdt
≤
(∫∫∫

|u(y, t) − u(x, t)|p dµ(x, y)dt
) p−1

p
(∫∫∫

|φ(y) − φ(x)|p dµ(x, y)dt
) 1

p

,

(4.1)

with space integrals over RN and time integrals over [t1, t2]. Use now the sequence of test functions
n(x) = φ(x/n) where φ(x) is a cutoff function which equals 1 for |x| ≤ 2 and zero for |x| ≥ 3. We take
≥ R. Then, have to consider different regions for the calculation with the multiple integrals. Note that in

4.1) we estimate integrals in absolute value (by taking absolute value of the integrand).
We first deal with exterior region AR = {(x, y) : |x|, |y| ≥ R}. Recalling (4.1) and the assumption on the

compact support made on u we have

I(An) :=
∫ t2

t1

∫∫
An

|Φ(u(y, t) − u(x, t))| |φn(y) − φn(x)|
|x− y|N+sp dydx dt = 0.

Arguing in a similar fashion in the inner region Bn = {(x, y) : |x|, |y| ≤ 2n} where φn(x) − φn(y) = 0, we
see that its contribution to the integral (4.1) is also zero.
13
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We still have to make the analysis in other regions so that we cover the whole domain x, y ∈ RN . An
option is to consider the cross regions Cn = {(x, y) : |x| ≥ 2n, |y| ≤ R} and Dn = {(x, y) : |x| ≤ R, |y| ≥ 2n}.

oth are similar so we will look only with Dn. The idea is that we have an extra estimate: |x− y| > n that
voids the singularity in the weight of the integrand. We have

I(Dn) ≤
∫ t2

t1

∫∫
Dn

|u(x, t)|p−1(1 − φn(y)) dµ(x, t)dt ≤∫ t2

t1

dt
(∫
BR

dx |u(x, t)|p−1(∫
|x−y|>n

|x− y|−N−sp
dy
))

≤ Cn−sp
∫
dt

∫
BR

(|u(x, t)|p−1
dx) .

ince 0 < p− 1 < 1, we have∫
BR

|u(x, t)|p−1
dx ≤ RN(2−p)

(∫
BR

|u(x, t)| dx
)p−1

≤ RN(2−p)∥u(x, t1)∥p−1.

herefore, I(Dn) ≤ Kn−sp which tends to zero as n → ∞ with a power rate. Same for I(Cn). This concludes
he proof. Note that these regions overlap but that is no problem.

(iii) The case N = 1 and sp ≥ 1. Conservation of mass in then quite easy, see a proof in [40]. □

heorem 4.2. Let 1 < p < 2. Let u(x, t) ≥ 0 be the semigroup solution of Problem with initial data
0 ∈ L1(RN ), u0 ≥ 0. Then for every t1 > 0 the spatial function x ↦→ u(x, t1) is either strictly positive
verywhere or identically zero.

roof. We will use the continuity of the semigroup map in L1(RN ) and its monotonicity to propose a first
efinition of extinction time as

T1(u0) = sup{t > 0 : ∥u(t)∥1 > 0}. (4.2)

f course, it may happen that T1(u0) = ∞. This is the case for all u0 ∈ L1(RN ) if p > pc since we already
now that there is mass conservation. But there are many examples of initial data with finite extinction
ime, T1(u0) = ∞, if p < pc. T1 cannot be zero by the continuity in time of the norm ∥u(t)∥1, proved in the
onstruction of the semigroup.

(i) Let us assume moreover that u0 is bounded and compactly supported, say in the ball of radius R > 0.
hen, by using Aleksandrov’s Maximum Principle proved in previous papers, we know that for every t > 0
e have monotonicity in radial outward cones of directions of space with vertex at any point |x1| ≥ 2R,
nd also u(x2, t) ≤ u(x1, t) if |x2| ≥ |x1| + 2R. Therefore, if at some point x1 with |x1| ≥ 2R we have
(x1, t1) = 0, then we also have u(x, t) = 0 for all t ≥ t1 and |x| ≥ 4R. In this situation, the previous lemma
uarantees conservation of mass for times t ≥ t1.

(ii) Assume now that T1(u0) is finite. By the continuity of the mass and its constant value for t ≥ t1, it
ollows that there can be no extinction at a later time unless u(x, t1) is already the trivial solution, hence
1 = t1. In that case the argument shows that uniform positivity is ensured at t = t1 for all C ≥ |x| ≥ 2R

for any large C. Using the partial monotonicity of the solution in time (2 − p)tut ≤ u, and in space (along
outward cones, as explained above) we conclude that the solution is positive, actually uniformly positive
locally in compact subsets of the region

{(x, t) : |x| ≥ 2R, 0 < t < T1}.

(iii) We also have to consider the possibility T1 = ∞. If that would be the case, the assumption

u(x1, t1) = 0 leads to a solution supported in the ball of radius 4R in the interval t1 ≤ t < ∞. We have just

14
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roved that in that case the mass would be conserved. But general theory proves that ∥u(t)∥2 must go to
ero for such a solution, and this means (by compact support) that also ∥u(t)∥1 → 0.

Moreover, this contradiction leads to the positivity in the same outer sets as before, where now the time
nterval is 0 < t < ∞.

(iv) We now address the positivity in the initial core BR. Let now 0 < t1 < T1(u0) (finite or infinite) and
onsider the solution at t1 which is positive around a point x1 such that |x|1 > 2R. There is a small constant
nd a small radius such that u(x, t1) ≥ c in Br(x1).

We now consider the semigroup solution u1 with such lower data u1(x, t1) = cχBr(x1)(x). It will have the
orm u1 = F (|x− x1|, t − t1) with F radially decreasing in space. Applying the argument of the previous
tep, there will a small time ε and a constant c1 such around any other point x2 ̸= x1 we have

u(x, t+ ε) ≥ u1(x, t+ ε) = F (x− x1, ε) ≥ c1

e have concluded that u(x, t) is strictly positive locally in all of RN for t1 + ε > 0. This happens also for
maller times (away from 0) by partial monotonicity. But t1 + ε is as close to T1 as we want.

(v) We eliminate the assumption of boundedness and compact support on u0 by monotone approximation
rom below. □

xtinction definition. In view of these results we can propose equivalent definitions of the Extinction
ime for nonnegative solutions of the FPME in the whole space:

T (u0) = max{t > 0 : u(x, t) is positive for all x ∈ RN}.

r
T (u0) = min{t > 0 : u(x, t) = 0 for all x ∈ RN}.

oth definitions are equivalent to T1(u0) defined above.

emark on positivity in other scenarios. Positivity of nonnegative, nontrivial solutions is well-known in
he linear fractional case p = 2 thanks to the representation theorem, cf. [7]. It also true for the superlinear
ase p > 2, though the proof is less immediate, cf. [39]. In both cases mass is conserved and no extinction
n finite time may occur.

Positivity versus extinction occurs also for the Fractional Fast Porous Medium Equation and our present
roof applies to that case. It also applies to the standard non-fractional p-Laplacian equations for p < 2.
he result is false for ut = div(|∇u|p−2∇u) with p > 2 due to the phenomenon of finite propagation and

he presence of free boundaries, see for instance [24].

. Scaling, power-like functions and self-similarity

The arguments of this section are valid for 0 < s < 1 and all p > 1 unless a more restrictive range
s indicated. We begin here the study of self-similarity that will lead to the construction of a large set of
ew examples of special solutions of the FPLE equation (1.3). Already known examples are the constant
unctions, the fundamental solutions

U(x, t) = t−NβF (xt−β), β = 1/(sp+N(2 − p)),

onstructed in [40] in the optimal range pc < p < ∞, as well as the very singular solutions (VSS) that we
ecall at the end of the section.

The ideas of self-similarity for nonlinear equations, like the porous medium equation, the p-Laplacian
quation, and many other equations, as well the importance of the self-similar solutions to describe the
symptotic behaviour of more general solutions, are now very popular tools. Both topics were disseminated

n Barenblatt’s books like [2,3]. The presentation below follows the ideas of the book [34].
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.1. Scaling

In our study we will use the fact that the equation admits a scaling group that conserves the set of
olutions, as mentioned in papers [39,40]. Thus, if u is a strong solution of the equation, then we obtain a
wo-parameter family of solutions of the same type,

û(x, t) = Au(Bx,Ct), A,B,C > 0,

n the condition that A2−pC = Bsp. This applies both to the semigroup solutions with data in the Lebesgue
spaces constructed in [39,40], and to the minimal solutions in the large weighted spaces constructed above.
See special choices of the scaling parameters in [39,40]. Let us also remark that the set of solutions of the
equation is invariant under a number of isometric transformations, like: change of sign: u(x, t) into −u(x, t),
rotations and translations in the space variable, translations in time, as well as vertical translations. They
will also be used in the sequel.

5.2. Scaling for power data

We want to investigate the existence of solutions of the FPLE (1.3) with power-like data

u0(x) = f(θ)|x|γ , θ = x

|x|
∈ SN−1, (5.1)

here γ can have both signs. The answer will depend of course on γ. We want to keep the invariance
ondition, A2−pC = Bsp. If we also want to preserve the scaling of the power of such data we haveˆ(x, 0) = u0(x), i.e., ABγ = 1. This leads to the choices

A = B−γ , C = Bsp−γ(p−2),

with B a free parameter. If we have a uniqueness theorem, as the ones mentioned above, we will have
u(x, t) = û(x, t), and thus we obtain the formula

u(x, t) = B−γu(Bx,Bsp−γ(p−2)t) for all B > 0.

Suppose now that sp− γ(p− 2) ̸= 0. There are two options.

Self-similarity of the first kind. If sp+ γ(2 − p) > 0, which is true when 1 < p < 2 for

γ > − sp

2 − p
,

i.e., either γ ≥ 0, or if the power is negative, it must be bounded below by an estimate that is at least −s.
We now put

sp+ γ(2 − p) = 1/β.
Then we obtain self-similarity with the usual trick: fixing t and choosing B so that t = B−1/β > 0 we get

u(x,B−1/β) = B−γu(Bx, 1).

utting now B−1/β = t again and F (y) = u(y, 1) we get

u(x, t) = tγβF (xt−β). (5.2)

his is a form called self-similar solution of the first kind. The profile F must satisfy

Ls,pF (y) = −βγ F (y) + βy · ∇F (y). (5.3)

he problem is then reduced to find a suitable profile F . Once F is found, the solution u will exist for all
ositive times. We may also insert an innocent time displacement and write

u(x, t;T ) = (t− T )γβF (x (T − t)−β).
16
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his solution will exist forward in time, starting at t0 = T . This similarity is also called forward self-similarity
r standard self-similarity.

We can also have self-similarity of the first kind when sp+ γ(2 − p) < 0, but then β < 0 and the profiles
end to shrink with time according to formula (5.2). Such a phenomenon has been studied in fast diffusion
or the PME in [34]. We will concentrate here on the cases β > 0 that we call expanding self-similar solutions
f the first kind. See more in Sections 6 and 7.

elf-similarity of the second kind. If on the contrary sp+ γ(2 − p) < 0 (which means γ very negative),
e may put

γ(p− 2) − sp = 1/β′.

hen, arguing as before and using inverse time, we get

u(x, t) = (T − t)−γβ′
F (x (T − t)β

′
). (5.4)

his is a self-similar solution of the second kind, and applies in backward time −∞ < t < T , the constant
being arbitrarily chosen. The profile F must satisfy the equation

Ls,pF (y) = −β′γF (y) + β′y · ∇F (y). (5.5)

Self-similarity of the third kind. In the special case γ1 = −sp/(2 − p) (and p ̸= 2), the scaling formula
implifies to

u(x, t) = B−γ1u(Bx, t),

hich is just a scaling that preserves time. So this way to self-similarity is barred. Note that for 1 < p < 2
we have γ < 0.

In this case there is another tool available, i.e., the self-similarity with exponential time factors. We use
the exponential Ansatz

u(x, t) = e−α tF (x e−βt), (5.6)

Arguing as before, we eliminate time if the parameter β is arbitrary and α = |γ1|β. This is a self-similar
solution of the third kind, and applies for all times −∞ < t < ∞. The profile F must satisfy

Ls,pF (y) = β|γ1|F (y) + βy · ∇F (y). (5.7)

We see that to find F for β = 1 is enough (by scaling, as pointed above). If we find F we will obtain an
eternal solution of the FPLE (1.3). Eternal solutions have been obtained for local equations, s = 1.

Self-similarity in separated variables. There is another popular form of special solutions, called
separate-variable solutions, of the form

u(x, t) = A(t)F (x).

We have constructed in [40] solutions of this form that will be important for our studies below. Note that
the separate variable form is a solution of our equation if two separate equations hold: A′(t) = −cA(t)p−1

and Ls,pF (x) = cF . The first one gives
A(t) = at−1/(2−p)

while the second is a nonlinear eigenvalue problem that has been solved in [40] in the form given in its
Theorems 10.1 and 16.2 that we quote together here.
17
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Fig. 2. Exponents of growing self-similar solutions. Region E represents existence, NE denotes nonexistence, the separating line is
also NE.

Theorem 5.1 (1). Let pc < p < p1. There exists a constant C∞(s, p,N) > 0 such that

U∞(x, t) = C∞ (t+ T )1/(2−p)|x|−sp/(2−p) (5.8)

s a classical solution of Eq. (1.3) for x ̸= 0 which has a non-integrable singularity at r = 0. It is called the
Very Singular Solution, VSS.

(2) Let 1 < p < pc. There exists a constant C∞(s, p,N) > 0 such that for any T > 0 the function

U(x, t) = C∞ (T − t)1/(2−p)|x|−sp/(2−p) (5.9)

s a weak solution of the FPLE at all times 0 < t < T and points x ̸= 0 with an integrable singularity at
r = 0. U(x, 0) ≤ Lqloc(RN ) for all 1 ≤ q < q∗ = N(2 − p)/sp.

The solution in the first option lives for infinite time (it has forward similarity), the last one is an example
of backwards similarity that vanishes in finite time.

These will play a role in the sequel. In the case (1) they are called VSS and they are self-similar functions
whose data are limit cases of integrable self-similar solutions.

6. Self-similar solutions with growing data

Here we study the existence of self-similar solutions for growing data. We assume for the moment that
sp < 1. This condition is very useful in starting the proof but will be eliminated at the end of the section.
We call γ1 = sp/(p − 1) > 0, the growth exponent mentioned in Section 3. Note that sp + γ(2 − p) > 0
always since γ ≥ 0. (see Fig. 2)

Theorem 6.1. We consider the Cauchy problem for the FPLE (1.3) with initial data

u0(x) = A |x|γ , A, γ > 0. (6.1)

i) For every γ ∈ (0, γ1) with γ1 = sp/(p− 1) and every A > 0, there exists a unique minimal solution of this
roblem. It has the self-similar form

u(x, t) = tγβF (xt−β) (6.2)

ith β = 1/(sp+ γ(2 − p)) > 0. The range of exponents γ > 0 is optimal.

18
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(ii) The case A > 0 can be reduced to the case A = 1 by the scaling formulas. If we denote by uA(x, t) the
solution with initial data A |x|γ , then

uA(x, t) = Au1(x,Ap−2t), FA(y) = AspβF1(A(2−p)βy). (6.3)

(iii) The profile F is radially symmetric, continuous and positive with F (0) > 0. F (x) is monotone increasing
n r = |x|. As |x| → ∞ the profile satisfies F (y) ∼ A|x|γ . F is a weak solution of the stationary equation
5.3).

(iv) We get 0 ≤ F ′(r) ≤ γF (r)/r, so that F ′ = O(rγ−1) for large r = |x|.
(v) The solution u is increasing in time, ut ≥ 0, and Lsp(F ) ≤ 0.
(vi) The solution u blows up in infinite time with rate

u(x, t) ≥ u(0, t) = F (0) tα, α = γβ = γ

sp+ γ(2 − p) ,

for all x ∈ RN and t > 0. Note that α increases with γ from α(0) = 0 to α(γ1) = 1.

Remarks. (1) The results are extended to the case γ = 0 where we have the constant solution u(x, t) = A

and the previous algebraic calculations agree.
(2) Note that for the linear case p = 2 we get γ1 = 2s, β = 1/(2s) and α = γ/(2s). All of them are

ptimal values that were proved in [7].
(3) When γ → γ1 we get β(γ1) = 1/γ1, hence α(γ1) = 1.
(4) Moreover, as p → 1 the γ-interval stretches to [0,∞), and we get in the limit p → 1 the exponents

β → 1/(s+ γ) and α = γ/(s+ γ).

Proof of the Theorem. We divide the proof in several steps, but we do not follow the same order as in
the statement of the Theorem.

(i) If sp < 1 the existence and uniqueness of a minimal weak solution is a consequence of Section 3 and the
self-similarity of the form (6.2) is a consequence of the analysis of Section 5. Radial symmetry immediately
follows. Monotonicity in r = |x| comes from Aleksandrov symmetry principle. The weak formulation for F
also follows.

(ii) Because of Lemma 6.2 we know that ut(0) ≥ 0 and then we will have u(x, t) ≥ u(x, 0) for small t
and the maximum principle will imply ut ≥ 0 for all t > 0. This is rigorously proved as a consequence of

emma A.1. This also implies that u(x, t) ≥ u0(x) for all x, hence F (y) ≥ A |y|γ . It follows that F is positive
nless maybe at the origin.

(iii) We deduce from ut ≥ 0 that Ls,pF (y) ≤ 0. Using Eq. (5.3), we have γF (y) ≥ yF ′(y) so that (writing
= |x|) the function G(r) = F (r)r−γ is seen to be nonincreasing, hence it has a limit at infinity that must
e

lim
r→∞

F (r)rγ = A1 ≥ A.

he fact that A1 = A happens because it u(x, t) takes the initial data according to the conclusions of
heorem 3.1.
(iv) We need to check that F (0) > 0 and that F (r) is continuous at r = 0. For small 0 < γ ≤ 1 we argue

s follows: the data are γ-Hölder with constant A. By the property of L∞ contraction (see [40]), we deduce
hat so happens to u(t), in particular to F (take t = 1), therefore we get

F (r) − F (0) ≤ Arγ .

f now F (0) = 0, the function F would equal u0, and u(x, t) would be a stationary solution,so that Ls,pF = 0,
hich is not true. This means that F (0) > 0. It also follows from the formula that F is continuous even at

= 0.
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To prove that Fγ′(0) > 0 for γ′ if Fγ(0) > 0 for a certain 0 < γ < γ′, we just observe that at the initial
time

|x|γ
′

≥ |x|γ − C.

for some C, and then we can compare the solutions and conclude that in particular for x = 0 we have

uγ′(0, t) = Fγ′(0)tα ≥ uγ(0, t) − C = Fγ(0)tα − C.

It follows that Fγ′(0) ≥ Fγ(0) > 0. Actually, we have proved that Fγ(0) is monotone nondecreasing in γ.
(vi) A different argument needed to prove that F is continuous at r = 0+ uses a comparison argument

based on displacement and is good for all γ ∈ (0, γ1). Let A = 1, and let F (0) = a > 0 and F (0+) = b > a.
Let us compare u1(x, t) with initial data |x|γ with u(x, t) initial data u(x, 0) = (1 − ε)|x− x0|γ − C, where
x0| = h is small and such that

|x|γ ≥ (1 − ε)|x− x0|γ − C.

hen C is small if h is small. We then have

u1(0, t) ≥ u(0, t) = u1−ε(h, t) − C = (1 − ε)u1(h, (1 − ε)p−2t) − C.

Hence, for all t > 0
atγβ ≥ (1 − ε)((1 − ε)p−2t)γβ b− C

etting ε, h → 0 and C bounded we get a ≥ b. □

Here is a technical lemma that we have used.

Lemma 6.2. If f(x) = A|x|γ with 0 < γ < sp/(p− 1), we have

−Ls,pf(x) = c(s, p, γ)Ap−1|x|γ(p−1)−sp

with c > 0. For γ → sp/(p− 1) then −Ls,pf(x) tends to a positive constant that can be infinite.

A sketch of the proof is as follows. The value of −Ls,pf(x) is finite for x ̸= 0, the form of the function
comes from scaling properties, the value of the constant comes from the limit as x → 0. See in this respect
the detailed study of Section 16.1 of [40].

Eliminating the condition sp < 1. This restriction was only used at the beginning of the proof of
Theorem 6.1 to ensure that there exists a finite minimal weak solution, a fact that depended on the existence
on some kind of a priori bound from above, see Theorem 3.1. If sp ≥ 1 we have to produce such an upper
bound by a direct method. This is how we work.

(1) We modify the initial function f = |x|γ near the origin so that f1 ≥ 1, f1 is increasing in |x| and C2

smooth, and the modification stops at r = 2. Then we can assert that there is a constant C > 0 such that

Ls,pf1(x) ≥ −Cf1(x).

Indeed, on bounded sets this is clear, near infinity we can easily see that Ls,pf1(x) ∼ Ls,pf(x) so that
s,pf1(x)/f1 → 0.
(2) A candidate supersolution is then

U(x, t) = K(t+ 1)af1(x), with a = 1/(2 − p).

ith K large enough. Actually, since a(p− 1) = a− 1,

Ut + Ls,p(U) = aK(t+ 1)a−1f1 +Kp−1(t+ 1)a(p−1)Lf1

≥ (t+ T )a−1f1(x)(aK − CKp−1).
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herefore, if K is large enough we have aK − CKp−1 > 0 and we have proved that U(x, t) is a finite
lassical supersolution. Moreover, U(x, 0) = Kf1(x) ≥ f(x) = u0(x). By the Maximum Principle applied to
he approximations, we conclude that there is a finite solution in the limit and

u(x, t) ≤ U(x, t).

e thus have the a priori estimate for the solution to power-like initial data with 0 < γ < γ1. The rest of
he proof of the theorem does not change. □

.1. Non existence of solutions for critical growth

We now prove a key result in this issue. Namely, that the method of construction of solutions by
pproximation from below fails in the case of powers of the type u0(x) = C |x|γ with γ ≥ sp/(p − 1).
e only need to examine the critical exponent and we will find the phenomenon of instantaneous blow-up,
typical occurrence in the evolution of linear or nonlinear parabolic equations with incompatible data. This
henomenon is well-known in different examples of the theory of semilinear of nonlinear heat equations with
on-admissible data. It is new for this kind of nonlocal diffusion equations.

heorem 6.3. Let u0(x) = C |x|γ1 with γ1 = sp/(p − 1), and let u0n be any nondecreasing sequence of
onnegative and integrable approximations to u0. Let un(x, t) be the corresponding semigroup solutions. Then
or every t > 0 and x ∈ RN

un(x, t) → ∞, (6.4)

nd the convergence is pointwise in (x, t) and locally in L1
loc(RN ) for every t > 0, and also in the local L1

x,t

orm QT . Actually, we prove that
lim
γ→γ1

Fγ(x) → ∞ (6.5)

niformly in x, where Fγ is the self-similar solution constructed in Theorem 6.1 for exponents γ < γ1.

roof. (i) Let γ < γ1 so that we note that the approximation process from below converges in an increasing
ay towards a self-similar solution, uγ(x, t) = tγβ Fγ(|x| tβ) with β(γ) > 0 as explained above. Next, we
bserve that for every γ < γ1 there is a constant Bγ > 0 such that

C |x|γ1 ≥ C |x|γ −Bγ .

oreover, Bγ → 0 as γ → γ1. Using the invariance of the equation under vertical translations, we can find
pproximations u0,n;γ(x) to C |x|γ such that

u0n(x) ≥ u0,n;γ(x) −Bγ .

o that un(x, t) ≥ un;γ(x, t) −Bγ . Passing now to the limit for t = 1 we get

lim
n→∞

un(x, 1) ≥ uγ(x, 1) −Bγ = Fγ(x) −Bγ

(ii) Therefore, we are reduced to prove that the asymptotic limit

lim
γ→γ1

Fγ(x) = ∞ for every x ≥ 0.

ince the Fγ are radially symmetric and nondecreasing, so is the limit, hence we need to prove that

lim Fγ(0) = ∞.

γ→γ1
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(iii) Assume now that, at least along a subsequence γk → γ1 we have

lim
γ→γ1

Fγ(1) = F∗(1) < ∞.

Since we know that the function Gγ(|x|) = Fγ(|x|)|x|−γ is nonincreasing, the same happens when you pass
to the limit γ → γ1, so that the limit function F∗(x) is finite for every |x| > 1 with

F∗(x) ≤ F∗(1)|x|γ1 for |x| > 1,

It is also finite and bounded for |x| ≤ 1 since F∗(x) is monotone in |x|.
(iv) The monotonicity of Fγ(|x|)|x|−γ implies that there must be a limit

lim
|x|→∞

F∗(x)|x|−γ = A ≥ 0.

e will prove that A ≥ C. We have for all x

F∗(x) ≥ Fγ(x) −Bγ ≥ C |x|γ −Bγ .

assing to the limit γ → γ1 we get F∗(x) ≥ C |x|γ , so that for |x| ≥ 1 we have

C |x|γ1 ≤ F∗(x) ≤ F∗(1)|x|γ1 . (6.6)

he crucial observation is that since γ1(p − 1) = sp this function obtains an infinite value when we apply
s,p to it.
(iv) With these estimates we pass to the limit in the weak formulation of the equation for the profile and

e arrive at a contradiction if F∗(1) is finite. That means that F∗(1) = ∞. The monotonicity of Gγ1 implies
hen that F∗(x) = ∞ for every x ̸= 0.

(v) We still need to prove that F∗(0) = ∞. We take the solution with same power data but constant
1 > 0 smaller than C. Then we displace the origin a unit distance to some x0. we compare both initial
ata and we conclude that there is a B > 0 such that

C |x|γ1 ≥ C1 |x− x0|γ1 −B

fter doing the corresponding approximations and passing the limit we get

F∗(0;C) ≥ F∗(x0, C1) −B = ∞ −B = ∞.

The proof is complete. □

Corollary 6.4. Instantaneous blow-up in the above sense happens for all solutions with locally integrable
initial data u0 ≥ 0 such that

u0(x) ≥ A|x|γ1 − f(x),

where f(x) is bounded or integrable or both.

We leave the proof as an exercise.

7. Self-similar solutions with decaying data

In this section we consider the case of initial power functions with negative exponents, so the initial datum
has a singularity at x = 0. Here we do not need the condition sp < 1 (from the start) since comparisons
are done in the framework of the semigroup solutions of Ref. [40]. We know that self-similar solutions of the

first type are impossible for exponents γ < −sp/(2 − p).
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.1. Standard self-similarity theory

We start by the existence of self-similar solutions in the whole space that turn out to be bounded.

heorem 7.1. Let 1 < p < 2 and 0 < s < 1, and consider the Cauchy problem for the FPLE with initial
data

u0(x) = A |x|γ , A > 0, γ < 0.

et γ2 = max{−N,−sp/(2 − p)} < 0.
(i) For every γ ∈ (γ2, 0) and every A > 0 there exists a unique self-similar solution of the first kind for

his problem, of the form
u(x, t) = tγβF (xt−β)

ith β = 1/(sp+ γ(2 − p)) > 0. F is continuous, positive and bounded. The time exponent is

γβ = γ

sp+ γ(2 − p) < 0.

(ii) γ < 0 implies that F (y) is monotone decreasing in r = |y|. In that case ∥u(t)∥∞ decreases like

u(x, t) ≤ u(0, t) = F (0) t−α, α = |γ|β > |γ|
sp
.

he absolute time exponent α = |γ|β > 0 increases with |γ|, as described below.
(iii) In all cases the profile is continuous and locally bounded. As |x| → ∞ the profile decays in the precise

way, F (y) ∼ A|y|γ .

Proof of the Theorem. (i) The existence and uniqueness of a minimal weak solution uses the condition
γ > −N that ensures local integrability. The existence is a consequence of Section 3 for sp < 1, and is easy
for sp ≥ 1 arguing as follows. Even if the initial datum does not belong to any Lp space, hence the standard
semigroup theory does not apply, it is true that the truncated function

(u0(x) − C)+ ∈ Lq(RN )

or all q < N/|γ| so that approximation from below by semigroup solutions is easy.
(ii) Self-similarity of the form (6.2) is a consequence of the analysis of Section 5, thanks to the requirement

p+ γ(2 − p) > 0, which is the second condition satisfied by γ. Radial symmetry immediately follows from
niqueness. Monotonicity in r = |x| comes from Aleksandrov symmetry principle. The weak formulation for
F also follows.

(iii) Note that γ2 = −N for pc ≤ p < 2, while γ2 = −sp/(2 − p) < N for 1 < p < pc. We will see later
that this range is optimal. When 1 < p ≤ pc the values of β(γ) cover the range (1/(sp),∞), and those of
α = β|γ| go from 0 to infinity. On the other hand, when pc < p < 2 we get

1
sp

< β <
pc

2N(p− pc)
, 0 < α <

pc
2(p− pc)

.

(iv) Because of the Lemma in the Appendix we know that ut(x, 0) ≤ 0 and then we will have u(x, t) ≤
u(x, 0) for small t and maximum principle will imply ut ≤ 0 for all t > 0. This also implies that F (y) ≤ A |y|γ ,
hence F is bounded unless maybe at the origin.

(v) From ut ≤ 0, i.e., Ls,pF (y) ≥ 0, and using Eq. (5.3), we have γF (y) ≤ yF ′(y) so that the function
(r) = F (r)r−γ is nondecreasing, hence it has a limit at infinity that must be

lim F (r)r−γ = A1 ≤ A.

r→∞
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he fact that A1 = A happens because it u(x, t) takes the initial data according to the conclusions of
heorem 3.1. That immediately means that F (y) is positive and bounded for all y ̸= 0.
(iv) We still need to check that F (0) is bounded. We use a new argument. If p < pc we consider the

odified function
u0,k(x) = max{C, |x|γ − k, 0}

his is an integrable function for which the semigroup theory applies. Since |γ| < sp/(2−p) we can compare
t with the explicit function of U(x, t) of (5.9). Hence, for k large enough the have

uk(x, t) ≤ (T − t)1/(2−p)|x|−sp/(2−p)
.

his means that at the time t = T the solution uk(x, t) must be zero. Next step is to observe that our
elf-similar solution can be compared with uk by vertical displacement. Indeed,

tγβF (xt−β) ≤ uk(x, t) + k

or t = T we have
F (0) ≤ k T |γ|β .

(v) We need to check that F (0) is bounded when p ≥ pc. We go back to the modified function that
elongs to L1(RN ) so the smoothing effect shows that uk(x, t) if bounded in RN for all t > 0. The end of
he argument is the same. The case p = pc needs the smoothing effect for u0 ∈ Lq with q > 1. □

moothing effect. The boundedness of the self-similar profile of these decaying self-similar solutions is also
consequence of the smoothing effect proved in [6] and [16], that we rephrase for our purposes as follows:

heorem 7.2. Let u be a weak solution of (1.3) with p > 1 corresponding to the initial datum u0 ∈ Lq(RN ),
ith q ≥ 1 when p > pc and q > q∗ = N(2 − p)/sp when 1 < p ≤ pc. Then

∥u(·, t)∥∞ ≤ C t−α∥u0∥µq0 (7.1)

here C = C(q, s, p,N) > 0 and the exponents come from dimensional consideration

µ = spqβ(q), α = Nβ(q), β(q) = (N(p− 2) + spq)−1.

emarks. 1) Taking limits in the exponents we predict for the linear case p = 2 the values γ2 = −N ,
= 1/(2s) and α = γ/(2s). This is indeed the case, as proved in [7]. Moreover, as p → 1 the γ interval

tretches to (−s, 0). We get β → 1/(s+ γ) and α = γ/(s+ γ).
2) The explicit solution for γ = −sp/(2−p) has extinction in finite time. Note that expanding self-similar

olutions of the first type are impossible for negative exponents such that |γ| > sp/(2 − p) if p < pc.

.2. Singular self-similar solutions

We examine here the existence of solutions with singular data in the region of first self-similarity but
ithout the integrability condition. To be precise, we take u0(x) = |x|γ with

N ≤ −γ < sp/(2 − p).

his region is non-empty when p > pc. See Fig. 3.
Remember that for all pc < p < p1 there is a very singular solution

V (x, t) = C∞ t1/(2−p)|x|−sp/(2−p) (7.2)

The first result contains a positive answer to the construction of singular solutions. See Theorem 7.4 for
he non-existence part.
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Fig. 3. Exponents of decaying self-similar solutions. Region EB represents existence of bounded solutions, ES denotes existence of
expansive singular solutions. ESC denotes existence of singular self-similar solutions of contractive type.

Theorem 7.3. Let pc < p < p1 and consider the Cauchy problem for the FPLE with initial data

u0(x) = A |x|γ , A > 0,

(i) For every γ ∈ (−sp/(2−p),−N) and every A > 0 there exists a unique self-similar solution of the first
ind for this problem, obtained as minimal solution, and it has the form

u(x, t) = tγβF (xt−β)

ith β = 1/(sp + γ(2 − p)) > 0. F radially symmetric, nonincreasing along the radius r = |x|, it is positive
or ̸= 0, and has an isolated singularity at r = 0. The time exponent is

γβ = γ

sp+ γ(2 − p) < 0.

ow α = |γ|β > 0 increases with |γ| from α(−N) to infinity.
(ii) The profile decays in the precise way as y → ∞, F (y) ∼ A|y|γ .
(iii) The equation for F is valid for all x ̸= 0.

roof of the Theorem. (i) The existence comes from monotone approximations from below in two steps.
irst, we prove existence for the truncated solution

uk(x, 0) = (u0(x) − k)+ ∈ L1(RN )

y the construction of approximation with bounded functions, and using the bound from above by the VSS
ith large T . We have to check that the limit is a solution away from zero. Then we get a solution for the
ctual initial data by bounding the truncations from above the solutions

vk(x, t) = uk(x, t) + k.

niqueness follows as a minimal weak solution. Self-similarity of the form (6.2) is a consequence of the
nalysis of Section 5 once we recall that sp + γ(2 − p) > 0. Radial symmetry immediately follows from
niqueness. Monotonicity in r = |x| comes from Aleksandrov symmetry principle. The weak formulation for
also follows.
25



J.L. Vázquez Nonlinear Analysis 214 (2022) 112575

f
h

f

T
T

R
o
u

T

w

P

w
s

(ii) Because of the Lemma in the Appendix we know that ut(0) ≤ 0 and then we will have u(x, t) ≤ u(x, 0)
or small t and maximum principle will imply ut ≤ 0 for all t > 0. This also implies that F (y) ≤ A |y|γ ,
ence F is bounded unless maybe at the origin.

(iii) it follows from ut ≤ 0, i.e., Ls,pF (y) ≥ 0. Using Eq. (5.3), we have γF (y) ≤ yF ′(y) so that the
unction G(r) = F (r)r−γ is nondecreasing, hence it has a limit at infinity that must be

lim
r→∞

F (r)r−γ = A1 ≤ A.

he fact that A1 = A happens because u(x, t) takes the initial data according to the conclusions of
heorem 3.1. That immediately means that F (y) is positive and bounded for all y ̸= 0.
(iv) We show F (r) → ∞ as r → 0. This is because the mass must be infinite. It is true if sp < 1. □

emark. The existence of a finite upper bound for pc < p < p1 is what produces the existence of the concept
f minimal solutions obtained by approximation that will be weak solutions for x ̸= 0. The condition for
p−1 integrable holds when p < p1.

This remark is important because there is instantaneous blow-up when the range condition fails.

heorem 7.4. Let p1 ≤ p < 2 and consider the Cauchy problem for the FPLE with initial data

u0(x) = A |x|γ , A > 0,

ith −sp/(2 − p) ≤ γ ≤ −N . The above construction of a minimal solution blows up everywhere for t > 0.

roof. Here is a sketch of the proof. The idea is that for p1 ≤ p < 2 there is instantaneous blow up, since
the VSS as limit of fundamental solutions is infinite and we can squeeze large mollified Dirac deltas below
the initial data. Therefore, there is blow-up and there are no solutions. □

7.3. Singular self-similar solutions of contractive type

We have not studied the existence of solutions of the first kind in the remaining range of parameters
γ < −sp/(2 − p) where the analysis of Section 5.2 predicts a solution with formula

u(x, t) = tγβF (xt−β).

ith β negative and α = γβ > 0. We will not enter into the detailed analysis of this case here, we mention
ome details because they provide interesting examples for next section.

Let us consider the nicest case, where 1 < p < pc and N > |γ| > −sp/(2 − p). Then the initial data
u0(x) = |x|γ is a locally integrable function that also belongs to a Morrey space (see definition below) and
the solution can be constructed as a self-similar solution of the first kind with contractive character in space,
and no extinction in finite time (see next section). The singularity at x = 0 is kept for all time in the form
u(x, t1) ∼ |x|γ as x → 0.

Further study of this technical topic is not done here in order to avoid digressions, it will appear elsewhere.

8. Study of the very fast diffusion range

We consider solutions of the FPLE in the range 1 < p < pc with N ≥ 2. There is no problem with
the existence a unique strong solution for every initial datum u0 ∈ Lq(RN ) with 1 ≤ q < ∞, and the
semigroups are contractive in all Lq spaces, including the sup norm. We recall that for p > pc the law of
mass conservation holds so there can be no extinction for any finite mass solution with M > 0, and by
comparison for any nonnegative solution with nontrivial initial data. The theory of finite-mass solutions was

amply covered in [40].
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.1. Study of extinction in finite time for p < pc

One of the main features of the lower range of parameters, 1 < p < pc, is the possible loss of mass and
ventual disappearance of the solution in a finite time. This is exemplified by the VSS (5.9), given by

U(x, t) = C∞ (T − t)1/(2−p)|x|−sp/(2−p)
,

here p is any exponent in that range. An easy comparison implies the first extinction result that we will
ention.

roposition 8.1. For every initial function such that

u0(x) ≤ A|x|−sp/(2−p)
, (8.1)

here is extinction in finite time. More precisely, T ≤ (A/C∞)2−p.

Note that the function |x|−sp/(2−p) does not belong to any Lq(RN ) space, but is a representative element
f the Morrey space M̃q∗(RN ) where q∗ = N(2 − p)/sp.

efinition. For q > 1 we define the Morrey space M̃q(RN ) as the set of locally integrable f such that∫
BR(x0)

|f(x)| dx ≤ C |R|N(q−1)/q ∀x0 ∈ RN , R > 0,

ith norm |||f |||q given by infimum of the C in the above expression.

Note that exponent q∗ is larger than 1 just for p < pc. It grows to the value N/s as p → 1. The exponent
s related to scale invariance and will appear in the next results.

• A different sufficient condition is given by a result of Bonforte and Salort [6].

Proposition 8.2 ([6]). Let u be a weak solution of (1.3) with 1 < p < pc corresponding to the initial datum
0 ∈ Lq∗(RN ). Then, there exists a time T = T (u0) such that u(t) ≡ 0 for all t ≥ T . Moreover, there is a
onstant K(p, s) > 0 such that

T ≤ K(p, s)∥u0∥2−p
q∗ . (8.2)

The space Lq∗(RN ) includes in particular all bounded functions with compact support. Note that function
8.1) is not in Lq∗(RN ), and yet it vanishes in finite time, so the space is not optimal in a sharp sense.
owever, it is the border case for Lebesgue spaces, as we will see below. It is sometimes called the Lebesgue

xtinction space.
• Let us now address the question of lower bounds for T , from which we can derive conditions for

on-occurrence of extinction. In the case where sp < 1 we can use the weighted L1 estimate to get the
esult.

roposition 8.3. Let 1 < p < pc and sp < 1. Let u be a solution of (1.3) with 1 < p < pc corresponding
o a locally integrable initial datum u0 ≥ 0. If u has finite extinction time T > 0, then u(t) belongs to the

orrey space Mq∗(RN ) for all T ≥ t ≥ 0. More precisely, the Morrey norm is bounded by

|||u0|||q∗ ≤ C(s, p)T 1/(2−p). (8.3)
27
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P
roof. Assuming the
∫
u0 φR dx is finite and that the solution extinguishes at time T > 0, using in

Corollary 2.2 we get for all 0 < t < T the estimate(∫
BR

u(t)φR dx
)2−p

≤ K(φ)RN(2−p)−sp(T − t). (8.4)

It follows that the integral of u in a ball of radius R cannot grow more than CRN(2−p)−sp which is the
definition of the Morrey space M̃q∗(RN ). More precisely,

|||u(t)|||q∗ ≤ K(φ)1/(2−p)(T − t)1/(2−p).

This proves the result. □

Corollary 8.1. Under the last assumptions, if u0 does not belong to M̃q∗(RN ) then T = ∞. The following
conditions imply positivity for all time :

(i) lim|x|→∞ u(x)|x|sp/(2−p) = +∞.
(ii) lim|x|→0 u(x)|x− x0|sp/(2−p) = +∞ for some x0 ∈ RN .
(iii) In particular, if the initial data is a power function,

u0(x) = |x|−|γ|

and 0 < |γ| < N , then u(x, t) has finite extinction time only for |γ| = γ∗ = sp/(2 − p).
This last result means that there are solutions with infinite-time blow-up in every Morrey space M̃q(RN )

with q ̸= q∗.

Proof. Points (i) and (ii) are easy. As for (iii), note that (i) above includes the self-similar solutions with
initial power function u0(x) = |x|−|γ| with 0 < |γ| < γ2 = sp/(2 − 0). We know that each one is an example
of function in M̃q(RN ) with q > q∗ that is positive for all time.

On the hand, case (ii) includes the solutions with initial power function u0(x) = |x|−|γ| with N > |γ| >
γ2 = sp/(2−p). They are not self-similar and they represent solutions with data in M̃q(RN ) with 1 < q < q∗

that do not vanish in finite time. □

From the previous results we get the inclusions

Lq∗(RN ) ⊂ FET (RN ) ⊂ M̃q∗(RN ), (8.5)

where FET is the set of solutions of Eq. (1.3) with locally integrable data undergoing extinction in finite
time. The second is proved for sp < 1. We conclude that M̃q∗(RN ) is the optimal Morrey space for extinction.

Question. What happens for |γ| ≥ N in this range? The minimal solutions either blow up instantaneously
or they are finite for x ̸= 0. In any case the value at x = 0 is infinite.

Question. What is the behaviour of solutions with data u0 ∈ M̃q∗(RN ), u0 ̸∈ Lq∗(RN )? We have a solution
in that set that still vanishes in finite time, the VSS. Are there examples of solutions with T = ∞?

Comment. Questions of extinction for the FPLE posed in a bounded domain have been studied by
authors like [1]. For more information about the FPLE in bounded domains see for instance [28,37] and
references therein.
28
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.2. The question of mass decay

We consider here solutions with finite mass and wonder what happens with the mass evolution. We know
hat for p > pc mass is conserved. The opposite happens here.

heorem 8.2. Let 1 < p < pc and let u be a semigroup solution of the FPLE such that u(x, t) ≥ 0 and it
as finite initial mass,

∫
RN u(x, 0) dx = M > 0. Then,

Mu(t) :=
∫
RN

u(x, t) dx → 0 as t → ∞.

roof. Given u0(x) = u(x, 0) ∈ L1(RN ) we approximate it in L1 by a sequence of bounded and integrable
unctions u0,n. According to Proposition 8.2 we know that the corresponding solution has a finite extinction
Tn time that depends on the norm of u0,n in Lq∗(RN ). By the contraction property

∥u(Tn) − un(Tn)∥1 ≤ εn → 0.

ut since un(·, Tn) ≡ 0 we have Mu(Tn) = ∥u(·, Tn)∥ ≤ εn. Finally, we recall the basic property that the
ass is a nonincreasing function of time. □

We already know that many of these integrable solutions extinguish in finite time. This is not the case for
ll of them. Thus, in the case sp < 1 we know that solutions with integrable data u0 that do not belong to
he Morrey space M̃q∗(RN ) must vanish in infinite time. We do not know how to obtain these sharp results
hen sp ≥ 1. We can apply simple comparison and prove that u0 ∈ L1

loc and there are constants Cn > 0
uch that

u0(x) + Cn ≥ n |x|−γ∗ ∀n ≥ 1,

hen there is no extinction in finite time.

xercise. (i) Prove that solutions with behaviour near x = 0 of the form

u0(x) ∼ |x|γ , γ > sp/(2 − p),

o not vanish in finite time, even if sp ≥ 1.
(ii) Prove that solutions with behaviour as |x| → ∞ of the form

u0(x) ∼ |x|γ , γ < sp/(2 − p),

o not vanish in finite time, even if sp ≥ 1.
Hint. You may use a construction based on sub-solutions and scaling.

. Conservation of mass for FPLE. Critical case

We have already shown that conservation of mass holds for strong semigroup solutions of the fractional
-Laplacian Equation with initial data in L1(RN ) in the range p > pc = 2N/(N+s). This was proved in [39]
or p > 2 and in [40] for pc < p < 2, and it was well-known for p = 2. It is precisely the combined range
here finite-mass self-similar solutions exist. It is not an easy proof, specially in the fast diffusion case. On

he other hand, for 1 < p < pc (and N ≥ 2) we have just proved that there are plenty of semigroup solutions
ith finite extinction time, and moreover all finite-mass initial data give rise to solutions that lose all their
ass with passing time. Thus, we are only left with the question of mass conservation for the critical case
= pc. Note that 1 < pc < 2 for all N ≥ 1. Conservation of mass does hold, but this fact turns out to need

a quite nontrivial proof.
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heorem 9.1. Let p = pc. Let u(x, t) ≥ 0 be the semigroup solution of the Cauchy Problem for the FPLE
ith initial datum u0 ∈ L1(RN ), u0 ≥ 0. Under the further assumption that spc < 1, we can prove that for
very t > 0 the mass is conserved ∫

RN
u(x, t) dx =

∫
RN

u0(x) dx.

roof. The proof we give here needs the extra assumption spc < 1 to ensure that suitable duality methods
ork. Such an assumption was introduced in Section 2. It is always true for N = 1, or for N ≥ 2 and s ≤ 1/2.
ote that spc = N(2 − pc). Here is the full detail of the proof.
(i) As in similar proofs, we can make a reduction on the class of data. We may always assume that

0 ∈ L1(RN ) ∩ L∞(RN ) and u0 is compactly supported, say in the ball of radius R0. If our form of mass
onservation is proved under these assumptions, then it follows for all data u0 ∈ L1(RN ) as a consequence
f the semigroup contraction property.

(ii) Under those extra assumptions, we can derive the condition of “uniform small mass near infinity”, an
mportant tool in what follows. We first recall the almost monotonicity in time, (2 − p)tut ≤ u, that is due
o scaling, see [40]. We also recall two known facts: if the initial support is contained in a ball, the solution
s monotone in space (along outward cones), as follows from the Aleksandrov argument that we have used
bove, like in Section 4. Using this and the uniform integrability, we conclude that for every constant c > 0
here is a such that for large r = |x| ≥ 2R0 we have u(x, t) ≤ cMr−N for all t > 0. Moreover, we also know
hat the solution is uniformly positive before a possible extinction time (a fact that we will exclude with
ur proof), see argument above. We conclude that for any two times 0 < t1 < t2 < T before the possible
xtinction, the mass of u(t) outside a large ball of radius R = Rε is less than ε for all t ∈ (t1, t2), and Rε
epends also on t1 and t2 but nothing more.

(iii) The technical part of the proof starts as the similar proofs in [39,40] but it needs a much more difficult
echnical treatment. First, we recall that spc < N , something that will happen in all dimensions. We do a
alculation for the tested mass. Taking a smooth and compactly supported test function φ(x) ≥ 0, we have
or t2 > t1 > 0:⎧⎪⎪⎪⎨⎪⎪⎪⎩

⏐⏐⏐⏐∫ u(t1)φdx− u(t2)φdx
⏐⏐⏐⏐ ≤

∫∫∫ ⏐⏐⏐⏐⏐Φ(u(y, t) − u(x, t))(φ(y) − φ(x))
|x− y|N+sp

⏐⏐⏐⏐⏐ dydxdt
≤
(∫∫∫

|u(y, t) − u(x, t)|p dµ(x, y)dt
) p−1

p
(∫∫∫

|φ(y) − φ(x)|p dµ(x, y)dt
) 1

p

,

(9.1)

where dµ = |x− y|−N−sp
dxdy. Space integrals are over RN and time integrals over [t1, t2]. We use the

equence of smooth test functions φn(x) = φ(x/n) where φ(x) is a cutoff function which equals 1 for |x| ≤ 2
nd zero for |x| ≥ 3. We take n ≥ 2R. Then, have to consider different regions for the efficient calculation of

the multiple integrals. Note that in (9.1) we estimate integrals in absolute value (by taking absolute value
of the integrand). In the next paragraphs we will forget the time integrals momentarily for ease of writing.

• We first deal with the outer region AR = {(x, y) : |x|, |y| ≥ R}. We have to estimate

I(AR) :=
∫∫

An

|Φ(u(y, t) − u(x, t))| |φn(y) − φn(x)|
|x− y|N+sp dydx dt.

We can split the absolute integral in two and calculate

I(AR; 1) :=
∫∫

AR

u(x, t)p−1 |φn(y) − φn(x)|
|x− y|N+sp dydx dt

≤
∫

u(x, t)p−1 M(φn)(x) dx ≤
(∫

u(x, t)dx
)p−1(∫ M(φn)(x)1/(2−p) dx

)2−p
AR AR AR

30
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ow, the first integral is less than ε uniformly in t by what was said above, while the second is bounded by∫
AR

(Mφn)(x)1/(2−p) dx ≤
∫
RN

n−sp/(2−p)(Mφ)(x/n) dx =
∫
RN

(Mφ)(y) dy ≤ C.

here M is the operator introduced in Section 2 of this paper, by the formula

(Mφ)(x) := P.V.

∫
RN

|φ(x, t) − φ(y, t)|
|x− y|N+sp dy , (9.2)

and has properties similar to Ls,p when sp < 1. Here is where the assumption sp < 1 is used.
We proceed symmetrically with the integral I(AR; 2) that uses u(y, t)p−1 instead of u(x, t)p−1. Putting

both together, we conclude that I(AR) ≤ Cε where C does not depend on ε or n.
• The argument in the inner region Bn = {(x, y) : |x|, |y| ≤ 2n} is simple. Since φn(x) − φn(y) = 0, we

see that the contribution to the integral (9.1) is zero. Recall that we are using n ≥ 2R.
• We still have to make the analysis in other regions in order to cover the whole domain x, y ∈ RN . An

option is to consider the two cross regions Cn = {(x, y) : |x| ≥ 2n, |y| ≤ R} and Dn = {(x, y) : |x| ≤ R, |y| ≥
2n}. Both are similar so we will only work out the contribution in Dn. The idea is that we have an extra
estimate: |x− y| > n that avoids the singularity in the weight of the integrand. Forgetting again the time
integrals for the moment, we have φ(x) = 1, φ(y) = 0, u(y, t) ≤ cMr−N so that

I(Dn) ≤ C(p) (I1(Dn) + I2(Dn)),

where
I1(Dn) ≤

∫∫
Dn

|u(x, t)|p−1
dµ(x, y) ≤(∫

BR

|u(x, t)|p−1
dx
(∫

|x−y|>n
|x− y|−N−sp

dy
))

≤ Cn−sp
∫
BR

|u(x, t)|p−1
dx .

Since 0 < p− 1 < 1, we have∫
BR

|u(x, t)|p−1
dx ≤ RN(2−p)

(∫
BR

|u(x, t)| dx
)p−1

≤ RN(2−p)∥u(x, t1)∥p−1.

Therefore, I1(Dn) ≤ CRN(2−p)n−sp which tends to zero as n → ∞ with a power rate. As for I2(Dn), using
the known space decay of the solution as |y| → ∞ we have:

I2(Dn) ≤
∫∫

Dn

|u(y, t)|p−1
dµ(x, y) ≤ cMRN

∫
|y|≥2n

|y|−N−sp
y−N(p−1) dy

where we have integrated first the x variable. Then I2(Dn) ≤ Cn−sp−N(p−1)RN , which tends to zero as
n → ∞.

Same analysis for I(Cn). Note that these regions overlap but that poses no problem. This concludes the
proof.

(iii) Going back to formula (9.1), we conclude in the limit n → ∞ that the mass is conserved for the
whole time interval ∫

RN
u(x, t) dx = constant for all t1 ≤ t ≤ t2.

Since t1 < t2 are arbitrary we conclude that mass is conserved,∫
RN

u(x, t) dx =
∫
RN

u0(x) dx for all t ≥ 0.

In particular, there will be no extinction in finite time. □
31
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onservation of integral for signed solutions. The above proof implies the conservation in time of the
ntegral

∫
u(x, t) dx for signed solutions of the FPLE, with the same type of comparison arguments.

Open problem. The problem of proving mass conservation for the solutions of the fractional PLE with
critical exponent, treated in this section, is still open if the restriction sp < 1 does not hold. One might

onder if the proof available for p > pc can be adapted by some kind of continuity.

0. Brief analysis of the fast PME

The first step in the investigation of weighted inequalities for fractional diffusion was done in paper [9]
here we studied the case of fractional porous medium equation

ut + (−∆)s(um) = 0

n the range of exponents 0 < s < 1, 0 < m < 1. For that equation full duality can be applied so that
he basic inequality, Theorem 2.2 of [9], applies for two ordered solutions u ≥ v of the FPME. Then, for all
≤ s, t < ∞ we have (∫

RN

(
u(t, x) − v(t, x)

)
φR(x) dx

)1−m

≤(∫
RN

(
u(s, x) − v(s, x)

)
φR(x) dx

)1−m

+ C1 |t− s|
R2s−N(1−m)

(10.1)

with C1 > 0 that depends only on φ,m,N . It is obtained without any further restriction on the range of p.
For a time we saw no way of applying any duality argument to the FPLE until partial duality was obtained
here in Section 2.

The basic weighted L1-estimate (10.1) allowed us to construct an existence and uniqueness theory for
minimal solutions under a growth condition. In terms of powers it reads, u0(x) = O(|x|γ) with γ < γ∗ =
2s/(1 −m). It is similar to what this paper contains in Section 3.

However, the study of self-similarity is missing in [9], so that the sharpness of the mentioned growth
condition for existence could not be tested, as we have done here for the FPLE with the proof of
instantaneous blow-up in the critical power case u0(x) = A|x|γ∗ . This step can be done now for FPME.

For a basic theory of the FPME we refer to [29,30]. For survey papers see [35,38], for more on fractional
fast diffusion [41]. The construction of the VSS for the FPME was done in [36]. The author provides examples
of singular self-similar solutions.
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Appendix A

Here is the proof of a technical monotonicity lemma needed in Section 6. It is based on abstract semigroup
theory. There could be simpler proofs.

Lemma A.1. Let u be a semigroup solution of the FPLE such that u(x, 0) = f(x) > 0 and Lf = g ≤ af

with a > 0. Then, if L is a nonlinear (p − 1)-homogeneous operator with maximum principle, the function
u(x, t)eact is nondecreasing in time for some constant c > 0 that does blow up when a → 0.
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roof. (i) We want to use the Crandall–Liggett theorem on semigroups generated by m-accretive operators
n Banach spaces, the original reference is [12]. We need Lf to belong to the same Banach space. We take
s first step the equation for implicit discretization

f(x) + hLf = v0

o that we have v0 ≤ (1 + ah)f . In other words, the resolvent operator Rh = (I + hL)−1 satisfies

Rh(v0) = f ≥ (1 + ah)−1v0,

s a pointwise inequality in RN . But we have by the homogeneity of the operator L

Rh′(λw) = λRh(w), h′ = λp−2h.

pplying this to the first inequality with w = v0, λ1 = (1 + ah)−1 and

h1 = λp−2
1 h = (1 + ah)2−ph

we get
Rh1Rh(v0) ≥ Rh1((1 + ah)−1v0) = (1 + ah)−1Rh(v0) ≥ (1 + ah)−2v0.

ow with λ2 = (1 + ah)−2, h2 = λp−2
2 h:

Rh2(Rh1Rh(v0)) ≥ Rh2((1 + ah)−2v0) = (1 + ah)−2Rh(v0) ≥ (1 + ah)−3v0.

y iteration we get hn = λp−2
n h = (1 + ah)n(2−p), λn = (1 + ah)−n, and

Rhn · · · (Rh1Rh(v0)) ≥ (1 + ah)−nv0

hen h is very small and nh ∼ T we get hn ∼ eaT (2−p)h,

T1 =
n∑
0
hj = h

n∑
0

(1 + ah)j(2−p) ∼ c1h
(1 + ah)(n+1)(2−p) − 1

ah
∼ c2(eaT (2−p) − 1)

and (1 + ah)−n ∼ e−aT so that the discretized Th(v0;T ) solution Sh(v0) behaves like

Sh(v0)(T1) ≥ e−aT v0.

(ii) We now use the Crandall–Liggett theorem. Since v0,h → f as h → 0, the discrete function of Step (i)
onstructed by iteration converges when h → 0 and the number of steps goes to infinity in such a way that
n
1 (h) = T1, and indeed it happens that

lim
h→0

Rhn · · · (Rh1Rh(v0)) = u(T1) = ST1(f),

he semigroup solution of the FPLE with initial data f at time T1. Taking the limit in the proved estimate
e get

u(x, T1) ≥ f(x) e−aT

ith T1 ∼ c2(eaT (2−p) − 1). For small aT this relation is linear up to a constant. □

pplication to Theorem 6.1. We want to apply that result to settle the monotonicity in time of the
elf-similar solutions treated in that result. To justify that, we approximate the initial data u0(x) = |x|γ .
e know that

L u (x) = −c(s, p, γ)Ap−1|x|γ(p−1)−sp ≤ 0
s,p 0
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ith a singularity at x = 0. We first cut the function at height x = K > 0 and smooth to get some u0k that
as a slightly larger Ls,pu0n in the region before smoothing and small and integrable later. We finally cut
he lower part at a small height a > 0 and that makes the new function f to have a bounded Ls,pf near the
rigin and smaller later. Therefore,

Ls,pfa,k ≤ ε.

ow raise the function by a constant cε so that g = f + cε satisfies

Ls,pg(x) ≤ εg.

sing the Lemma on g, we get almost monotonicity for g with an exponential that depends only on ε. Passing
o the limit ε → 0 we get actual monotonicity in time for the self-similar solution u(x, t). □

pplication to the decaying solutions of Section 7. The argument is similar but now the signs are
eversed. □

ppendix B. Comments and open problems

• There are several open questions when s > 1/2 and sp ≥ 1. Are there any weighted L1 inequalities? Is
here an existence theorem for a sharp class of initial data as the one in Theorem 3.1?

• Even for sp < 1, we may try to find an existence condition that is optimal, or at least a finer rate that
he growth rate close to |x|sp/(p−1) that we give in Section 3. The power is sharp but we do not know to
hat extent the log conditions in Corollary 3.3 are necessary. We recall that there is no λ in the limit case
= 2, i.e., for linear fractional diffusion.
• The theory of self-similar solutions can be done for anisotropic data of power type plus angle dependence.

f we consider the form
u0(x) = A(θ)|x|γ , θ = x/|x|,

hen under simple conditions on A(θ) like being positive and bounded above and below away from zero, the
heory of Sections Section 6, 7 can be repeated, thus obtaining forward self-similar solutions with similarity
rofiles F (θ, y) that have less properties than the isotropic ones, but they are bounded above and below by

them. Relaxing the requirements on A(θ) may lead to surprising new results.
• The existence theory for solutions with growing data in so-called superlinear case, p > 2, has not been

onsidered here. The study deserves its own space.
• We have not dealt with the systematic study of self-similar solutions of the second kind, and we give

o information about possible solutions of the third type (with exponential time factors).
• For alternative definitions of the fractional p-Laplace operator we refer to [13]. This a new field related

o the numerical implementation.
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[13] F. del Teso, D. Gómez-Castro, J.L. Vázquez, Three representations of the fractional p-Laplacian: semigroup, extension
and balakrishnan formulas, 2020, Preprint, arXiv:2010.06933.

[14] E. DiBenedetto, Degenerate Parabolic Equations, Universitext, Springer-Verlag, New York, 1993, p. xvi+387.
[15] E. DiBenedetto, M. Herrero, Nonnegative solutions of the evolution p-Laplacian equation. Initial traces and Cauchy

problem when 1 < p < 2, Arch. Ration. Mech. Anal. 111 (3) (1990) 225–290.
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