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1. Introduction

The multiplicity of a variety X at a singular point can be understood as a measure of the singularity: X
is regular if and only if the multiplicity at any of its points is 1. Observe also that the multiplicity defines
an upper-semi continuous function on X. As a consequence, if m is the maximum multiplicity of X, then
the set of points with multiplicity m, F,,(X), is closed.

The multiplicity does not increase when blowing up along regular centers contained in F,,(X) (see [32] or
[20]). Motivated by this fact, we say that a closed regular subscheme Y C X is F,,,-permissible if Y C Fp,(X).
A blow up at an F),-permissible center is called an F,,-permissible blow up.

We say that a sequence of Fj,-permissible blow ups

T 2 ™

X=X, X, X, (1.0.1)
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is a stmplification of the multiplicity of X if
max mult(Xp) = -+ - = max mult(X;_1) > max mult(X;). (1.0.2)

When X is defined over a field of characteristic zero, one can achieve a resolution of singularities of X by
iterating successive simplifications of the multiplicity of X (cf. [40]). This is shown by attaching a suitably
defined Rees algebra Gx to the closed set F,,(X). This Rees algebra helps to describe the closed set Fy, (X).
In addition, Gx provides sufficient information to define invariants that ultimately lead to the construction
of a sequence like (1.0.1) such that (1.0.2) holds. When the characteristic is positive, and X is defined over
a perfect field, Gx can still be defined, but it falls short to give enough information that eventually lead to
a resolution. Resolution of singularities in positive characteristic is a long-standing open problem for which
we only have positive answers in low dimensions ([4], [5], [6], [17,18], [19], [29], [31]).

In this paper we are interested in the study of a class of finite morphisms between varieties and the link
between their top multiplicity loci. More precisely, let k be a perfect field and let 3 : X’ — X be a finite
(dominant) morphism of k-varieties of generic rank r. Suppose that the maximum multiplicity at the points
of X is m. Then the maximum multiplicity at the points of X’ is bounded above by rm. If this upper bound
is attained we say that 5 : X' — X is transversal.

When § is transversal, there is an interesting link between the (closed) set of points of multiplicity rm
in X', F..,,(X’), and the top multiplicity locus of X, F,,,(X). For instance, it can be proven that F,.,,(X’)
is homeomorphic to S(F,,,(X’)), and that, moreover, there is a containment S(Fy,,(X’)) C Fn(X). In
addition, if Y C Fy.,,,(X') is F.,-permissible, then it can be shown that 3(Y) C F,,(X) is Fy,-permissible,
and after the blow ups at Y and (YY), there is a commutative diagram,

’
1

X — X (1.0.3)

1

X X17

where 1 is finite and, if Fj.,,(X]) # 0, then 3y : X — X is transversal too. These and other properties
of transversal morphisms were studied in the context of constructive resolution of singularities in [3] (see
section 3 in the present paper for details and precise statements).

Suppose now that F,,,(X’) is homeomorphic to F,,(X) (i.e., Frn(X') maps surjectively to F,,(X)).
After diagram (1.0.3) it seems quite natural to wonder under which conditions there is a link between the
simplifications of the multiplicities of X’ and X. As it turns out, a study of the Rees algebras Gx and Gx-
leads to an answer, at least when the characteristic is zero.

More precisely, the algebra Gx from above can always be defined for varieties over perfect fields [38].
When 8 : X’ — X is transversal it can be shown that there is an extension of the Rees algebras Gx C Gx-
associated to F,,(X) and F.,,(X’) respectively (cf. [1]).

In the characteristic zero case, one of the results of [3] says that if the extension Gx C Gx- is finite then
a simplification of F,,(X) induces naturally a simplification of F.,,(X’) and vice versa, and a strong form
of the converse can also be shown to hold (see [3, Theorem 7.2] or Theorem 3.9 in this paper). However, in
positive characteristic there are examples where the extension Gx C Gy is finite but there is not such a
strong link between the simplifications of Fy,,(X) and F..,,(X’) (see [3, Example 7.5]). Thus, what can be
said about F..,(X’) and F,,,(X) when Gx C Gx- is finite and k is only assumed to be perfect?

Our purpose is to address the previous question by studying the arc spaces of both X and X', £(X) and
L(X"). To this end, we will be looking at the Nash multiplicity sequences of the arcs with center in the top
multiplicity loci of the varieties.
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Nash multiplicity sequences where first introduced by M. Lejeune-Jalabert in [30] for the case of a germ
of a point of a hypersurface, and generalized afterwards by H. Hickel in [24] and [25]. To each arc ¢ with
center a point £ € F,,(X), we can associate a sequence of non-increasing integers,

m=mg > my > Mg >

(1.0.4)

which can be interpreted the multiplicity of X along the arc ¢. The previous sequence can be shown to
stabilize at the multiplicity at the generic point of ¢ (see section 4, specially diagram (4.2.2) for details on
the definition of this sequence).

When the generic point of ¢ is not contained in the stratum of multiplicity m of X, then there is some
subindex [ > 1 in sequence (1.0.4) for which m; < mg. We are interested in the first subindex for which
the inequality holds and call it the persistance of the arc ¢, px . This number can be interpreted as an
infinitesimal multiplicity along . Our result says that Gx C Gx- being finite means that X and X’ somehow
share the same infinitesimal multiplicities along corresponding arcs. More precisely, our purpose it to prove
the following:

Theorem 1.1. Let 3 : X' — X be a transversal morphism of generic rank r between two singular algebraic
varieties defined over a perfect field k, and let Boo : L(X') — L(X) be the induced morphism.

Let m be the maximum multiplicity of X and assume that F..,(X') is homeomorphic to F,(X). Then,
the inclusion Gx C Gx s finite if and only if for each arc ¢’ € L(X') with center in Fr,,(X"), we have the
following equality of persistances:

PX' " = PX,Boc(e’)

Using Theorem 1.1, now Theorem 3.9 says that the finiteness of the extension Gy C Gx+ indicates a
strong link between the Nash multiplicity sequences of arcs with center at the top multiplicity loci of both
X and X'.

To clarify the role of the Rees algebra Gx in resolution of singularities, in the following lines we will
give some hints on how Rees algebras are used in constructive resolution. Precise details will be given in
section 2.

Constructive resolution of singularities and multiplicity

After Hironaka’s Theorem on resolution of singularities in characteristic zero [26], a series of algorithms of
resolution were found ([8], [36], and [37]; see also [12], [22] and [21]). An algorithmic resolution of singularities
consists on describing a procedure to construct, step by step, a sequence of blow ups that leads to the
resolution of a given variety X,

X=Xo+ X1+ ...« X, =T (1.1.1)

Roughly speaking, to find a sequence like (1.1.1) one uses the so called resolution functions defined on
varieties. These are upper semi-continuous functions,

fX X = (A,Z)

that are constant if and only if the variety is regular, and, whose maximum value, max fx, achieved in a
closed regular subset Max fx, selects the center to blow up. Thus the sequence (1.1.1) is defined so that

max fx, > max fy, > ... > max fx,,
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where max fy, denotes the maximum value of fx, for i =0,1,...,n.

Usually, fx is defined, at each point, as a sequence of rational numbers, the first set of coordinates being
the Hilbert-Samuel function at the point (see [12]) or the multiplicity (see [40]). For the purposes of this
paper we will be paying attention to the later. Therefore we will be considering a resolution function on X
as the following:

fx (&) = (multx(£),...). (1.1.2)

And we will be achieving a desingularization of X by concatenating successive simplifications of the multi-
plicity of X.

On refinements of the multiplicity

Now let us say a word about the other coordinates of fx in (1.1.2). Even though the multiplicity is an
upper-semi continuous function on X, it usually does not define a resolution function. For instance the
closed set F,,(X) may not be even regular. Therefore, in order to construct a resolution function we need to
find refinements of the multiplicity. These are defined by using local presentations of the multiplicity (this
was studied in [40, §7.1]).

Roughly speaking, by a local presentation of the multiplicity in a neighborhood of a point £ € F,,(X)
we mean that locally, in an étale neighborhood of &, which we denote again by X for simplicity, one can
find an embedding of X in some smooth scheme, V', together with a set of weighted equations that (locally)
describe F,,(X). We refer to Example 2.6 for the case of a hypersurface, and to Theorem 2.14 and §2.15
for the general case. The information given by such (finite) set of weighted equations is expressed in terms
of a Rees algebra G defined on V. We say that the pair (V, G) as a local presentation of F,,(X). We refer to
section 2 for precise definitions and statements regarding Rees algebras and local presentations.

Local presentations are not unique, i.e., there may be different embeddings and different Rees algebras
that provide local presentations of Fy,,(X). However, it can be proven that they all lead to the same resolution
function [16, Theorem 26.5]. In addition, it can be shown that the restriction of G to X, Gx, is unique up to
integral closure, (cf. [1]). We will say that Gx is the Ox-Rees algebra attached to F,,(X) in a neighborhood
of &.

When the characteristic is zero, the pair (V,G) provides all the information needed to construct a simpli-
fication of F,,(X) locally in a neighborhood of £ € F;,,(X); in other words, the remaining coordinates of fx
at the points in F,(X) are determined by (V,G) (see (1.1.2)). For instance, if X is a d-dimensional variety,
then

Fx(€) = (multx (€),0rd{ (€), ..., (1.1.3)

where ord()?) (€) is a rational number that we refer to as Hironaka’s order function in dimension d, and it

can be seen as a refinement of the multiplicity that leads to the construction of a resolution function.

The number ord()?) (&) is obtained after performing some sort of elimination of variables on (V,G), that
lead to the definition of an elimination algebra defined in some smooth scheme of dimension d (see [2], [14],
[38]). When the characteristic is zero, this elimination algebra encodes all the information we need to define
fx(€). As it turns out, it can be shown that Gx also determines the so called elimination algebra (cf. [3,

Corollary 7.7]).
On the organization of the paper

The paper is organized as follows. Rees algebras play a central role in constructive resolution, thus, we
dedicate section 2 to their study and their use in resolution of singularities. In particular, details on the
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construction of the Rees algebra Gx are given in Remark 2.16. In Section 3 we review the meanings of
transversality and strong transversality for finite morphisms and summarize some results from [3]. This
section helps to put Theorem 1.1 in context. Section 4 is devoted to recalling the definition of the Nash
multiplicity sequence of an arc, the concept of persistance associated to an arc in the variety, and its link
with invariants from constructive resolution. Finally Theorem 1.1 is proven in section 5.

Acknowledgments. We profited from conversations with C. Abad, A. Benito, B. Pascual-Escudero and O.E.
Villamayor. We also thank the referee for useful suggestions to improve the presentation of this paper.

2. Rees algebras

The stratum defined by the maximum value of the multiplicity function of a variety can be described
using equations with weights ([40]). The same occurs with the Hilbert-Samuel function ([27]). Along this
section we will see that Rees algebras are natural objects to work with this setting.

Definition 2.1. Let R be a Noetherian ring. A Rees algebra G over R is a finitely generated graded R-algebra
G = @enIW! C R[W] for some ideals I; € R, | € N, such that Iy = R and I,I; C I;1, VI,j € N. Here,
W is just a variable to remind us the degree of the ideals I;. Since G is finitely generated, there exist some
fi,..., fr € R and positive integers (weights) ni,...,n, € N such that

G =RIAW™,. .., fW™]. (2.1.1)

Rees algebras can be defined over Noetherian schemes Z in the obvious manner. In this case G is a sheaf of
graded algebras and I is a sheaf of ideals for every [ € N>;.

Remark 2.2. Note that this definition is more general than the (usual) of Rees ring where one considers
algebras of the form R[IW] for some ideal I C R. There is another special type of Rees algebras that will
play a role in our arguments: these are Rees algebras of the form R[IW?], for some ideal I C R and some
positive integer b > 1. We refer to them as almost Rees rings. In fact, every Rees algebra will be equivalent
in some sense to an almost Rees ring (see Remark 2.4 below).

Definition 2.3. Two Rees algebras over a Noetherian ring R are integrally equivalent if their integral closure
in Quot(R)[W] coincide. We say that a Rees algebra over R, G = @®;>o}W' is integrally closed if it is
integrally closed as a ring in Quot(R)[W]. We denote by G the integral closure of G.

Remark 2.4. Note that G is also a Rees algebra over R, when R is excellent ([13, §1.1]). It can be shown
that every Rees algebra is finite over some almost Rees ring. In fact, if G = @;I;W!, then there is some
positive integer N such that G is finite over R[IxW]. Moreover, if G is finite over R[IyW "] then it can
be checked that G is finite over R[IL,W¥] for any L multiple of N (see [23, Remark 1.3 and Lemma 1.7]).

2.5. The Singular Locus of a Rees Algebra. ([23, Proposition 1.4]). Now let G be a Rees algebra over a
smooth scheme V' defined over a perfect field k. In such case, we can attach a closed set to G, its singular
locus, Sing(G), by considering all the points { € V' such that ve(I;) > I, VI € N. Here v¢(I) denotes the
order of the ideal I at the regular local ring Oy ¢. If G = R[f1 W™, ..., W], then it can be checked that:

Sing(G) = {£ € Spec(R) : ve(fi) >ny, Vi=1,...,7} CV.

Example 2.6. Suppose that R is smooth over a perfect field k. Let X C Spec(R) = V be a hypersurface
with I(X) = (f) and let b > 1 be the maximum value of the multiplicity of X. If we set G = R[fW?] then
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Sing(G) = Fp(X). Along this paper we will be using a generalization of this description of the maximum
multiplicity locus in the case where X is an equidimensional singular algebraic variety (defined over a perfect
field k) (see Theorem 2.14 and the discussion in 2.15).

2.7. Singular locus, integral closure and differential saturation. A Rees algebra G = @;>¢[;W' defined on a

smooth scheme V over a perfect field k, is differentially closed (or differentially saturated) if there is an affine

open covering {U; };cr of V, such that for every D € Dift"(U;) and h € I;(U;), we have D(h) € I;_.(U;)

whenever [ > r (where Dift" (U;) is the locally free sheaf over U; of k-linear differential operators of order

less than or equal to r). In particular, I;11 C I; for [ > 0. We denote by Diff(G) the smallest differential Rees

algebra containing G (its differential closure). (See [38, Theorem 3.4] for the existence and construction.)
It can be shown (see [39, Proposition 4.4 (1), (3)]) that for a given Rees algebra G on V,

Sing(G) = Sing(G) = Sing(Diff(G)).

The problem of simplification of the multiplicity of an algebraic variety can be translated into the problem
of resolution of a suitably defined Rees algebra (see Theorem 2.14). This motivates Definitions 2.8 and 2.9
below (see also Example 2.10 and §2.13).

Definition 2.8. Let G be a Rees algebra on a smooth scheme V. A G-permissible blow up V & Vi, is the
blow up of V at a smooth closed subset ¥ C V contained in Sing(G) (a permissible center for G). We denote
then by G; the (weighted) transform of G by 7, which is defined as

Gy = @Iz,lwl,

leN

where
L, =10y, -I(E)™ (2.8.1)
for I € N and E the exceptional divisor of the blow up V <& V4.

Definition 2.9. Let G be a Rees algebra over a smooth scheme V. A resolution of G is a finite sequence of
transformations

T ™2 T

V="V Vi Vi (2.9.1)
G =Go g1 Gi

at permissible centers Y; C Sing(G;), i =0,...,l — 1, such that Sing(G;) = 0, and such that the exceptional
divisor of the composition Vg «<— V; is a union of hypersurfaces with normal crossings.

Example 2.10. With the setting of Example 2.6, a resolution of the Rees algebra G = R[fW?"] induces a
sequence of transformations such that the multiplicity of the strict transform of X decreases:

G=0o G Gi—1 G
Vel Ty,

U U U U
X=Xy -2 x, <2 M x < x

b = max mult(Xy) = max mult(X;) = -+ - = max mult(X;_1) > max mult(X;).
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Here each X; is the strict transform of X;_; after the blow up ;. Note that the set of points of X; having
multiplicity b is Sing(G;) = 0.

Remark 2.11. Resolution of Rees algebras is known to exists when V is a smooth scheme defined over a
field of characteristic zero ([26], [27]). In [36] and [8] different algorithms of resolution of Rees algebras are
presented (see also [22], [21]).

2.12. Hironaka’s order function for Rees algebras. ([23, Proposition 6.4.1]) We define the order of the Rees
algebra G at € € Sing(G) as:

orde(G) := inf {M} .

1>0 l

This is what we call Hironaka’s order function of G at the point £. If G = R[fiW™,..., fW""] and
& € Sing(G) then it can be shown that ord¢(G) = min;—q, , {orde(f;W™)}, where orde(f;IW") := velfi)

= n;

(see [23, Proposition 6.4.1]). Finally, it can be proven that for any point £ € Sing(G) we have orde¢(G) =

orde(G) = orde (Diff (G)) (see [23, Remark 3.5, Proposition 6.4 (2)]).
Along this paper we use ‘v’ to denote the usual order of an element or an ideal at a regular local ring,

yeeey

and ‘ord’ for the order of a Rees algebra at a regular local ring.

2.13. Local presentations of the Multiplicity. In the following paragraphs we will see that the constructions
of Examples 2.6 and 2.10 can be extended to the case in which X is not necessarily a hypersurface. To be
more precise, in [40] it is proven that for each £ € F,(X) there is an (étale) neighborhood U C X of ¢
which we denote again by X to ease the notation, and an embedding X C V = Spec(R) for some smooth
k-algebra R, together with an R-Rees algebra, G, so that

F(X) = Sing(G), (2.13.1)

and so that, in addition, given a sequence of blow ups at regular equimultiple centers,

T ™2 T

V=V, Vi . v, (2.13.2)
U @] U

X =X X1 X

G=20o g1 G

the following equality of closed subsets holds:
F..(X;) = Sing(G,), j=0,1,....1. (2.13.3)

It is worth mentioning that in fact, the link between F,(X) and G is much stronger: it can be checked
that equality (2.13.3) is also preserved after considering local transformations as the ones that will be defined
in §3.6. Thus the problem of finding a simplification of the multiplicity of an algebraic variety is translated
into the problem of finding a resolution of a suitable Rees algebra defined on a smooth scheme. The local
embedding together with the Rees algebra G strongly linked to F,,(X) is what we call a local presentation
of the multiplicity on X, multy, and we denote it by (V,G). Precise statements about local presentations
can be found for instance in [15, Part II] or in [35].

Theorem 2.14. [/0, §7.1] Let X be a reduced equidimensional scheme of finite type over a perfect field k.
Then for every point £ € X there exists a local presentation for the function multy in an (étale) neighborhood

of €.
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We give some ideas about the proof of Theorem 2.14 since we will use them in the proof of Theorem 1.1.

2.15. Some ideas behind the proof of Theorem 2.14. [40, §5, §7] The statement of the theorem is of local
nature. So, let us assume that X is an affine algebraic variety of dimension d, and let & € F,,,(X). Then
it can be shown that, after considering a suitably étale extension of B, which we denote by B again for
simplicity, we are in the following setting: X = Spec(B), there is a smooth k-algebra, S, and a finite extension
S C B of generic rank m, inducing a finite morphism § : Spec(B) — Spec(S). Under these assumptions,
B = S[#y,...,0,], for some 6y,...,60, € B and some n € N. Observe that the previous extension induces
a natural embedding X C V(**9 := Spec(R), where R = S[z1,...,2,]. Let K(S) be the field of fractions
of S and let Quot(B) be the total quotient ring of B. Now, if f;(z;) € K(S)[x;] denotes the minimal
polynomial of 0; for i« = 1,...,n, then it can be shown that in fact f;(z;) € S[x;] and as a consequence
(fi(x1),..., fa(zn)) C Z(X), where Z(X) is the defining ideal of X in V("*9). Finally, if each polynomial
fi is of degree [;, it is proven that the differential Rees algebra

g(n+d) = Dzﬁ(R[f1Wh77anln]) (2151)
gives a local presentation of F,,(X) at & in y(ntd)

Remark 2.16. Local presentations are not unique. For instance, once a local (étale) embedding X C V is
fixed, there may be different Oy -Rees algebras representing F,,(X). However, it can be proven that they
all lead to the same simplification of the multiplicity of X, i.e., they all lead to the same sequence (2.13.2)
with SingG; = () (at least in characteristic zero, see [13], [16] and [23]). Moreover, in [1] it is proven that
the restriction to X of the Rees algebra G("*t9) defined in (2.15.1) is well defined up to integral closure.
We denote it by Gx and refer to it as the Ox-Rees algebra attached to F,,(X). Finally, notice that since
Gntd) = @ J,W7 is a differential Rees algebra, Sing(G"+t%) = V(J;) for all i > 1 (cf. [38, Proposition 3.9]).
Therefore, if Gx = ©I;W* for suitable ideals I; C Ox, it can be assumed that V(I;) = F,,(X) for i > 1.

3. Transversality and strong transversality

As indicated in the introduction, we are interested in studying certain finite morphisms between singular
varieties. We will start by recalling Zariski’s multiplicity formula for finite projections. Let (R, m) be a local
Noetherian ring and let a C R be an m-primary ideal. We denote by eg(a) the multiplicity of R with respect
to the ideal a. The multiplicity of a Noetherian scheme X at a point £ € X is defined as that of the local
ring Ox ¢ at its maximal ideal. Zariski’s multiplicity formula is stated in the following Theorem:

Theorem 3.1. [/2, VIII, Theorem 24, Corollary 1] Let (A, m) be a local domain and let C' be a finite extension
of A. Let K denote the quotient field of A, and let L = K ® 4 C'. Let nq,...,n,. denote the mazximal ideals
of the semi-local ring C, and assume that dim Cn, = dim C fori=1,...,r. Then

eam)[L: K] = Y ec, (mCy,)[ki : k],

1<i<r
where k; is the residue field of Cy,, k is the residue field of (A,m), and [L : K] = dimg L.

Let X be an irreducible algebraic variety over a perfect field k, and let X’ be an equidimensional algebraic
variety over k. Denote by K the field of rational functions of X and let L be the total ring of fractions of
X' If 8: X' — X is a finite and dominant k-morphism, then by Zariski’s formula in Theorem 3.1,

max mult(X’) < [L : K] - max mult(X). (3.1.1)
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Definition 3.2. [3, Definition 2.5] With the previous notation, we will say that 8 : X' — X is transversal if:
max mult(X’) = [L : K] - max mult(X). (3.2.1)

Remark 3.3. Assume that we are in the affine case, X = Spec(B) and X’ = Spec(B’), where B and B’ are
k-algebras and the finite morphism 5 : X’ — X is given by a finite extension B — B’. Let P € Spec(B’)
be a point and set p = P N B € Spec(B). Then the equality:

ep,, (PBp) = ep, (pBy)[L : K] (3.3.1)

holds if and only if the following three conditions hold simultaneously:

(i) P is the only prime in B’ dominating p (i.e., Bp = B’ ®p By);
(ii) By/pBy = Bp/PBp;
(ili) epy (pBp) = ep, (PBp).

In particular, condition (3.3.1) necessarily holds for all primes P C B’ with multiplicity rm, where m is the
maximum multiplicity in Spec(B), and r = [L : K].

Now, suppose that B and B’ are formally equidimensional locally at any prime. Then, condition (iii) is
equivalent to saying that pB’% is a reduction of PB), i.e., that the ideal PBY is integral over pB} (cf. [34]).

Remark 3.4. Observe that the finite morphism ¢ : Spec(B) — Spec(S) from §2.15 is transversal with generic
rank m, the maximum multiplicity of X. Therefore conditions (i)-(iii) from Remark 3.3 hold for all primes
in F,,(X).

Remark 3.5. If 3 : X’ — X is transversal, then it can be shown that:

(1) B(Frm(X")) C Fr(X);

(2) Frpm(X') is homeomorphic to S(Fpm (X’));

(3) IfY C F.n(X’) is an irreducible regular closed subscheme, then 5(Y) C F,,,(X) is an irreducible regular
closed subscheme;

(4) If Z C F,,,(X) is an irreducible closed regular subscheme, and if 37(Z)eqa C Fyn(X'), then 871(Z) ea
is regular.

See [3, Proposition 2.7 and Corollary 2.8].

3.6. Local transformations. We will see that transversality is stable under permissible blow ups and other
special morphisms that play an important role in resolution of singularities.
A morphism X; — X is an Fy,-local transformation if it is of one of the following types:

(i) The blow up of X along a regular center Y contained in F,,(X). This will be called an F,,-permissible
blow up. In this case we will also say that Y is an F,,-permissible center.
(ii) An open restriction, i.e., X; is an open subscheme of X. In order to avoid trivial transformations, we
will always require X3 N Fy, (X) # 0.
(iii) The multiplication of X by an affine line, X; = X x A}.

Note that, in either case, max mult(X) > max mult(X;). A sequence of transformations,

X=X, <2 x, <2 Y xy,
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is an Fj,-local sequence on X if ¢; is an F,-local transformation of X;_; for i =1,..., N, and
m = maxmult(Xp) = ... = max mult(Xy_1) > max mult(Xy).

The morphisms defined in (i)-(iii) above are the starting point for the definition of some of the fundamental
invariants in resolution related to the so called Hironaka’s trick [22, Proposition 7.3].

Theorem 3.7. [3, Theorem 4.4, Remark 4.5]. Let X be an algebraic variety with maximum multiplicity m
and let B : X' — X be a transversal morphism of generic rank r. Then:

(i) An F,p,-permissible center on X', Y' C Frpn(X'), induces an Fy,-permissible center on X, Y = 8(Y') C
F,.(X), and a commutative diagram of blow ups of X atY, X < X1, and of X' atY', X' + X1, as
follows,

X —— X}

iﬂ | &

X%le

where B1 is finite of generic rank r. In addition, if Frpn(X1) # 0, then F,(X1) # 0, and the morphism
(51 is transversal.

(12) Any Frp,-local sequence on X', X' < X{ -« X})y_, < X}, induces Fy,-local sequence on X, and
a commutative diagram as follows,

X' X{ XIIV—l %XEV
iﬁ \Lﬁl ¢BN—1 \LBN
X X1 Xnv_1 =— Xn,

where each B; is finite of generic rank r. Moreover, if Frp, (X)) # 0, then F,,(Xn) # 0, and the
morphism By is transversal.

It is natural to study conditions under which, given a transversal morphism 3 : X’ — X, the set Fy.,,,(X')
is mapped surjectively onto F,(X), in such a way that F,,,(X’) and F,,(X) are homeomorphic and, in
addition, the condition is after considering sequences of F),-permissible blow ups. In [3] these morphisms
are called strongly transversal:

Definition 3.8. [3, Definition 4.8] We will say that a transversal morphism of generic rank r, 8 : X' — X,
is strongly transversal if Fy.,,(X') is homeomorphic to F,,,(X) via §, and every F.,,-local sequence over X',
X'+ X{ + -+ X}, induces an F,,-local sequence over X and a commutative diagram as follows,

X/ X! X~ XY (3.8.1)
iﬁ iﬂl | B WN
X X, Xy 1 <~—— Xn,

where each ; is finite of generic rank r and induces a homeomorphism between F,..,,(X/) and F,,(X;). In
this case we will also say that F.,,(X’) is strongly homeomorphic to F,,(X). Note in particular that this
definition yields F.,,(X}) = 0 if and only if F,,,(Xn) = 0.
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Observe that if 5 : X’ — X is strongly transversal then a simplification of the multiplicity of X’ induces
a simplification of the multiplicity of X and vice versa.

Strong transversality is closely related to asking that the extension of Rees algebras Gy C G’ be finite;
moreover, when the characteristic is zero, we have an equivalent condition. In fact, the following theorem
holds:

Theorem 3.9. /3, Theorem 7.2] Let 5 : X' — X be a transversal morphism of generic rank r between two
singular algebraic varieties defined over a perfect field k. Then:

(1) If B : X' — X is strongly transversal then the inclusion Gx C Gx/ 1is finite;
(2) If k is a field of characteristic zero, then the converse holds. Namely, if the inclusion Gx C Gx- is finite,
then 8 : X' — X is strongly transversal.

Thus, when the characteristic is positive, strong transversality implies that Gx/ is integral over Gx but
the converse may fail (see [3, Example 7.5] for a counterexample in the latter case). It is natural to ask what
piece of information is encoded if the containment Gx C Gx- is finite.

Notice that in Theorem 1.1 the hypothesis is only that F,,(X’) is homeomorphic to F,,(X). This is
weaker than saying that the sets F,.,,(X’) and F,,(X) are strongly homeomorphic.

Remark 3.10. In some of our arguments we will need to work in étale topology, and it is worth noticing
that transversality and strong transversality are preserved after considering étale change of basis. Suppose
we are given a transversal morphlsm X’ — X and an étale morphism X — X. Then it can be checked that
the induced morphism X x x X’ — X is transversal again (m the sense that equality (3.2.1) is preserved by
base change, replacing K by the total ring of fractions of X ).

Remark 3.11. Recall that the Rees algebras Gx and Gx are only defined locally in étale topology. However,
as we will see in section 5, given a point £ € F,,(X), one can find an étale neighborhood of X at &,
X — X, where t~he intrinsic algebra G associated to X , as well as the intrinsic algebra G, associated
to X’ = X’ xx X are defined. It is in this setting that there is an inclusion g;(, C g;(, and in which we
compare these algebras. See also [3, Remark 7.3]. Also, as indicated above, transversality is preserved by
étale base change.

4. Arcs, jets and Nash multiplicity sequences

Definition 4.1. Let Z be a scheme over a field k, and let K D k be a field extension. An m-jet in Z is a
morphism ¥ : Spec (K[[t]]/{t™ ")) — Z for some m € N.

If Sch/k denotes the category of k-schemes and Set the category of sets, then the contravariant functor:

Sch/k — Set
Y = Homk(Y X Spec(k) Spec(k[[t]]/<tm+l>), Z)

is representable by a k-scheme L,,(Z), the space of m-jets over Z. If Z is of finite type over k, then so
is L,(Z) (see [41]). For each pair m > m/ there is the (natural) truncation map £,,(Z) — L, (Z). In
particular, for m’ = 0, £,,/(Z) = Z and we will denote by £,,(Z,€) the fiber of the (natural) truncation
map over a point & € Z. Finally, if Z is smooth over k then £,,,(Z) is also smooth over k (see [28]).

By taking the inverse limit of the £,,(Z), the arc space of Z is defined,

L(Z) :=lim Ly (Z).
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This is the scheme representing the functor (see [7]):

Sch/k — Set
Y — Homy (Y xSpf(k[[t]]), Z).

A K-point in £(Z) is an arc of Z and can be seen as a morphism ¢ : Spec(K[[t]]) — Z for some K D k.
The image by ¢ of the closed point is called the center of the arc . If the center of ¢ is £ € Z then it
induces a k-homomorphism Oz ¢ — K[t]] which we will denote by ¢ too; in this case the image by ¢ of the
maximal ideal, p(mg¢), generates an ideal (t') C K[[t]] and then we will say that the order of ¢ is | and we
will denote it by v:(p). We will denote by L(Z,€) the set of arcs in L£L(Z) with center £. The generic point
of v in Z is the point in Z determined by the kernel of ¢.

Definition 4.2. An arc ¢ : Spec(K[[t]]) — Z is thin if it factors through a proper closed subscheme of Z.
Otherwise we say that ¢ is fat.

Nash multiplicity sequences

Let X be an algebraic variety defined over a perfect field k and let £ € X be a (closed) point. Assume
that X is locally a hypersurface in a neighborhood of £, X C V', where V is smooth over k, and work at
the completion @v,mg. Under these hypotheses, in [30], Lejeune-Jalabert introduced the Nash multiplicity
sequence along an arc ¢ € L(X, ) (in fact, the hypotheses in [30] are weaker, but we are interested in working
over perfect fields). The Nash multiplicity sequence along ¢ is a non-increasing sequence of non-negative
integers

mo Z mq Z Z mp=mi41 = ... Z 1, (421)

where my is the usual multiplicity of X at &, and the rest of the terms are computed by considering suitable
stratifications on £,,(X,§) defined via the action of certain differential operators on the fiber of the jets
spaces Em(Spec(@v’ms)) over £ for m € N. The sequence (4.2.1) can be interpreted as the multiplicity of X
along the arc @: thus it can be seen as a refinement of the usual multiplicity. The sequence stabilizes at the
value given by the multiplicity m; of X at the generic point of the arc ¢ in X (see [30, §2, Theorem 5]).

In [24], Hickel generalized Lejeune’s construction to the case of an arbitrary variety X, and in [25] he
presented the sequence (4.2.1) in a different way which we will explain along the following lines.

Since the arguments are of local nature, let us suppose that X = Spec(B) is affine. Let £ € X be a point
(which we may assume to be closed) of multiplicity m, and let ¢ : B — K|[[t]] be an arc in X centered at
£. Consider the natural morphism

Iy =p®i: By kt] = K[[t]],

which is additionally an arc in Xo = X x A}, centered at the point & = (£,0) € Xj. This arc determines a
sequence of blow ups at points:

Spec(K[[t]]) (4.2.2)
r, I,
o
1 T2 2
Xo =X x Al X X,

50 = (570) 51 “ee fl
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Here, 7; is the blow up of X; 1 at &_1, where & = Im(T;) N 771-_1(&_1) fort=1,...,0,..., and T'; is
the (unique) arc in X; with center & which is obtained by lifting I'y via the proper birational morphism
m; o...om. This sequence of blow ups defines a non-increasing sequence

m:m02m12...2ml:ml+1:...21, (423)

where m; corresponds to the multiplicity of X; at §; for each ¢ = 0,...,[,.... Note that mg is nothing but
the multiplicity of X at £, and it is proven that for hypersurfaces the sequence (4.2.3) coincides with the
sequence (4.2.1) above. We will refer to the sequence of blow ups in (4.2.2) as the sequence of blow ups
directed by .

The persistance

Definition 4.3. Let ¢ be an arc in X with center £ € X, a point of multiplicity m > 1. Suppose that the
generic point of ¢ is not contained in the stratum of points of multiplicity m of X. We denote by px , the
minimum number of blow ups directed by ¢ which are needed to lower the Nash multiplicity of X at &.
That is, px , is such that m = mg = ... = m,, 1 > m,, , in the sequence (4.2.3) above. We call px,
the persistance of ¢ (we will see in Remark 4.10 that the persistance is always finite).

Remark 4.4. Using Hickel’s construction, it can be checked that the first index i € {1,...,l+ 1} for which
there is a strict inequality in (4.2.3) (i.e., the first index 4 for which mg > m;) can be interpreted as the
minimum number of blow ups needed to separate the graph of ¢ from the stratum of points of multiplicity
mg of Xy (actually, to be precise, this statement has to be interpreted in B ® K[[t]], where the graph of ¢
is defined).

Next we define a normalized version of px , in order to avoid the influence of the order of the arc in the
number of blow ups needed to lower the Nash multiplicity.

Definition 4.5. For a given arc ¢ : Spec(K|[t]]) — X with center £ € X, we will write

PX,p =
Definition 4.6. For each point £ € X we define the functions:

px + L(X,§) = QU {oo} and 7Dy : L(X,§) = QxoU {00}

_ (4.6.1)
© = PXe O Px o

Remark 4.7. Many of our arguments will be developed, locally, in an étale neighborhood of a point £ € X,
but the persistance is stable after considering étale morphisms. In fact the whole sequence {m;};>¢ in (4.2.3)
does not change in an étale neighborhood of £ € X in the following sense. Suppose p : X — X is an étale
morphism with z(€) = ¢, and let ¢ : Spec(K[[t]) — X be an arc with center £&. Then there is a lifting with
center £, @ : Spec(K[[t]) — X, where K is a separable extension of K. If the Nash multiplicity sequence
for the arc @ is {m;}i>0, and the Nash multiplicity sequence for ¢ is {m;};>0, then it can be checked that
m; = m; for all 4 > 0. In particular the persistance of ¢ is the same as the persistance of ¢, and so does
the normalized persistance at ¢ and @, i.e., px,, = PX.5 and px , = X 5 We refer to [9, Remark 2.8] for
full details.

The Q-persistance
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Definition 4.8. Let ¢ be an arc in X with center £ € X, a point of multiplicity m > 1, ¢ : Spec(K[[t]]) — X.
Consider the family of arcs given as ¢, = @ 04, for n > 1, where i} : K[[t]] — K][[t"]] is the K-morphism
that maps ¢ to t". Then the Q-persistance of ¢, rx o, is defined as the limit:

rx,, = lim PXoon (4.8.1)
And the normalized Q-persistance of ¢ is:

1
P = e lim P (4.8.2)

vi(p)  vilp) moee n

As we will see in Remark 4.10 below, the Q-persistance of ¢ can be interpreted as the order of contact
of the arc ¢ with the stratum of multiplicity mo of the variety Xo (see expression (4.10.1)). There we will
also justify that both limits (4.8.1) and (4.8.2) exist.

Definition 4.9. For each point £ € X we define the functions:

rx : L(X,§) - QsoU{oc} and 7Tx: L(X,€) - QxoU{oo}

h (4.9.1)
© = TX,p © = TX,p-
Remark 4.10. Let ¢ € £(X,€) and suppose that Gy is defined on X. Then, it can be shown that:
rx,o = ordi(¢(Gx)) € Q>1, (4.10.1)
and hence,
. ordy(¢(9x))
Fo o — € Qs 410.2
XaSD Vt(QO) @21 ( )
where, if we assume that Gy is generated by g1 W, ..., g,W?" in some affine chart Spec(B) of X containing
the center of the arc ¢ : B — K[[t]], then
p(Gx) = K[[t][e(g)W™, ..., (g ) W] C K[[t][W]. (4.10.3)

See [33, Corollary 4.3.4], and [10, Proposition 6.8, Remark 6.9 and §7]. From here it can be checked that, if
the generic point of the arc ¢ is not contained in F,,(X) = Sing(G("™), then p(Gx) C K[[t]] is a non zero
Rees algebra. As a consequence, 7x , is finite.

Now, notice that the expression (4.10.1) can be computed in an étale nelghborhood X of & € X where
Gx is defined (see 2.15). If ¢ € £(X, &) then there is always a lifting @ € £(X, €) as in Remark 4.7 with the
same Nash multiplicity sequence. Hence,

1 1 . de(@
TR R S ) eI 1 C2 9) (4.10.4)

vi(p) m=oe o y(p) moee m vi(®) e

X, =
Persistance vs. Q-persistance

The functions introduced in Definitions 4.6 and 4.9 are closely related. In fact, if we interpret them as
functions on £(X,¢) then these two functions provide the same information about arcs in £(X, &) since:

pxp = rxe] and ry, = lim X0 € @y, (4.10.5)

n—oo N
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where for each n > 1, ¢, = ¢ o1, and ¥ : K[[t]] — K][t]] is the K-morphism mapping ¢ to ™. See
[10, Proposition 6.10 and §7] [11]). In particular, this also shows that px . is a finite number when the
multiplicity of X at the generic point of ¢ is different from the multiplicity of X at the center of .

Nash multiplicity sequences and constructive resolution

Hironaka’s order function ord()?)(f) can be defined whenever k is a perfect field (in positive characteristic
it does not provide enough information to define a resolution function). In [11] and [10] with B. Pascual-
Escudero, we showed that ordg?) (£), can be read using Nash multiplicity sequences: from the set of arcs

with center &, L(X,&).

Theorem 4.11. [11, Theorem 3.6], [10, Theorem 7.1] Let X be a d-dimensional algebraic variety defined over
a perfect field k, and let £ € F,,(X). Then

. 1 . PX
dP¢) < inf ] on L 4.11.1
ordy (§) < 7 O Bw e ( )

Moreover, the infimum is a minimum, i.e., there is some arc n € L(X, ) such that:

1
ord P (¢) = lim 22X (4.11.2)

vt 77) n—soco N

Note that for the definition of ordg?) (&) (2.14), it is necessary to find a suitable étale neighborhood of &,
a local embedding in a smooth scheme, and the construction of a convenient Rees algebra. A consequence
of Theorem 4.11 is that ordg?) (€) can be defined without using étale topology and only studying properties
of its space of arcs. Moreover the arc 7 realizing the minimum in (4.11.2) can be chosen, and constructed
explicitly, being fat and divisorial [9, Theorem 6.3]. In particular, the refinement of the multiplicity for the
resolution function in (1.1.2) can be obtained by studying sequences of Nash multiplicities sequences in
L(X).

On the other hand, Theorem 4.11 also gives some insight on a possible meaning of Hironaka’s order
function in positive characteristic, which is defined whenever k is a perfect field: the theorem says that
Hironaka’s order gives information on infinitesimal multiplicities, and, conversely, Hironaka’s order at a
given point is determined by the infinitesimal multiplicities along arcs centered at that point.

4.12. Integral closure of Rees algebras and arcs. Let k be a field, let B be a (not necessarily smooth)
reduced excellent k-algebra, and let G be a Rees algebra over B. Set X = Spec(B). For any arc ¢ € L(X),
¢ : B — K]|t|]], with £ C K a extension field, the image via ¢ of G generates a Rees algebra over K[|t]]. It
can be checked (see [10, §5.6]) that for all arcs ¢ € L(X),

ord (¢(G)) = ords(¢(G)). (4.12.1)

On the other hand, given two Rees algebras G and G’ on X, it can be shown that if for any fat arc
¢ € L(X), ords(p(G)) = ord¢(¢(G)), then G = G’. This follows from the fact that there are ideals I, J C Ox
such that, up to integral closure it can be assumed that G = Ox[IW?’] and G = Ox[JW?] for some
positive integer b (see Remark 2.4). Thus G = G’ if an only if I = J. Now our hypothesis implies that
v (0(G))/b = v ((G"))/b for all fat arcs ¢ € L(X). And now the claim follows from the valuative criterion
for integral closure of ideals.
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5. Proof of Theorem 1.1

Proof. The statement is of local nature so we may assume that X = Spec(B) and X’ = Spec(B’) are an
affine algebraic varieties of dimension d. Let ¢’ € F,.,,(X'), and let £ = §(¢’). Then ¢ € F,,,(X). Arguing
as in 2.15, after considering a suitably defined étale extension of B, which we denote by B again, we may
assume that there is a finite morphism 6 : X — Spec(S) = V(@ of generic rank m, with S a smooth
k-algebra of dimension d, an immersion X < V(4 = Spec(S|z1,...,z,]) and an Oy (m+a-Rees algebra
Gt (see (2.15.1)), which we assume to be differentially closed, representing the multiplicity of X. The
étale extension of B induces an étale extension of B’ which we denote by B’ too. Recall that transversality
is preserved by étale morphisms (see Remark 3.10). Thus, since X’ — X is transversal, it follows that the
induced extension S C B’ is transversal too. Hence we have the following diagram:

RI = S[.”I,'l,...,$n,$n+1,...,$n/] A/ B/ = 5[91,...,9n,9n+1,...70,1/] (501)
T T ]
R:S[.’L‘l,...,.’[}n] A B:S[Hl,,en}

where A = S[x1,...,2,]/(f1,-- s fu)y A = S[x1, . Tn, Tong1s ooy e [{f1y - oy frus frt1s - -+, fnr) and each
fi(z;) € S[z;] is the minimum polynomial of ; over K(S) for i = 1,...,n,n+ 1,...,n'. Therefore, the
differential R’-Rees algebra

G = Diff (R AW, fu W fua Wt f W) (5.0.2)
and the differential R-Rees algebra
G = Diff (R LWh, ..., fuWin]) (5.0.3)

represent the maximum multiplicity of X’ and X respectively. Observe that there is a natural inclusion of
R’-Rees algebras, Gt R’  G(@+7) | that induces a natural inclusion Gx C Gx.

Now, by Remark 3.3, ms¢)B is a reduction of me, and me¢B’ is a reduction of mg . Thus, for an arc
¢ € L(X',E)

vi(¢") = v:(Boo(¢))- (5.0.4)

(=) Suppose that Gx C Gx- is a finite extension of Rees algebras. Then by 4.12, for any arc ¢’ € L£(X’)
with center a point § € Fp(X'), ord:(Boo(¢’)(Gx)) = ordi(¢'(Gx+)). Thus the conclusion follows from
(4.10.1) and (4.10.5).

(<) Assume now that for each arc ¢’ € £L(X’) with center contained in F.,,(X"), the equality
PX" " = PX,Bos(0’)

holds. Then by (4.10.5), for all arcs with center in Fy..,,(X’),
TX7 0" = TX,Boo (')

From here it follows that for these arcs, ord: (8o (¢")(Gx)) = ord: (¢’ (Gx/)). On the other hand, if the center
of an arc ¢’ € L(X') is not contained in F,.,,(X’), then by the hypotheses of the theorem, the center of



A. Bravo, S. Encinas / Journal of Pure and Applied Algebra 225 (2021) 106728 17

Boo (') is not in F,,(X), and by Remark 2.16, ord: (¢’ (Gx/)) = ord:(Boo(¢')(Gx)) = 0. Thus the conclusion
follows from 4.12. O
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