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Abstract

This thesis is concerned with the study of three classes of topological phases of matter:

topological insulators, nodal semimetals andZ2 topologically ordered states. Such phases

have been the focus of a great amount of research activity in the last years, both because of

their aspects within fundamental physics and their promising technological applications.

The purpose of this thesis is to address the physical properties that characterize these

phases through a series of strategies based on their low-energy quasiparticles and their

symmetries.

One of the salient features of topology in condensed matter is the quantization of ob-

servables in terms of fundamental constants. We have considered the phenomenon of

circular dichroism in chiral topological insulators that generalize the bulk-boundary corre-

spondence. Bymeans of effective field theory and tight-bindingmodels, it is demonstrated

that this optical response is quantized for this materials in different frequency windows.

Nodal semimetals can also present a quantized optical response, the circular photogal-

vanic effect, although its connection with the topological character of nodal degeneracies

highly depends on the details of the band structure. Using a k · p approximation based on

crystalline symmetries, we study this optical response for the material CoSi to scrutinize

its recent experimental observation. In addition, we develop a real space formulation of

optical responses to characterize this effect at the boundary of finite samples, proving the

existence of a sum rule that relates this contribution to the bulk one.

One of the strategies that is generally resorted to analyze electronic properties of crys-

talline structures are Bloch Hamiltonians. We provide a method to determine any phys-

ical observable associated to a Bloch Hamiltonian of finite dimension without using its

eigenstantes, which avoids the unnecessary complications associated to their phase arbi-

trariness. The application of the method is exemplified using specific models for nodal

semimetals to compute observables as the Berry curvature.

The low-energy quasiparticles of Dirac and Weyl semimetals resemble the relativistic

electrons of high-energy physics. We have studied the effects of electromagnetic interac-

tions between these quasiparticles through quantum field theory and the renormalization

group to determine the behavior of the system under changes on the energy scale at which

it is observed. The emergence of Lorentz symmetry is discussed in the infrared limit.

Finally, we have addressed the study of Z2 topologically ordered states, where the

strong correlations between the microscopic constituents difficult the theoretical analysis.

We describe how the use of local and global symmetries allow to construct ideal models

that capture the universal properties of these systems for exactly when they present a

xv



finite density of Z2 anyons. We discuss the specific cases in which these anyons conform

a Fermi liquid or a Bose-Einstein condensate, and determine the distinctive characteristics

associated to their vortex-like excitations.
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Resumen

Esta tesis trata sobre el estudio de tres tipos de fases topológicas de la materia: los ais-

lantes topológicos, los semimetales nodales y los estados con orden topológicoZ2. Dichas

fases han sido objeto de una gran cantidad de actividad investigadora en los últimos años,

tanto por sus aspectos en el ámbito de la física fundamental como por sus prometedoras

aplicaciones tecnológicas. El objetivo de esta tesis es abordar las propiedades físicas que

caracterizan estas fases por medio de una serie de estrategias basadas en sus cuasipartícu-

las a bajas energías y sus simetrías.

Uno de los rasgos más distintivos de la topología en materia condensada es la cuan-

tización de observables físicos en términos de constantes fundamentales. En este trabajo

se ha considerado el dicroismo circular en aislantes topológicos quirales que generalizan

la correspondencia volumen-frontera, y se ha demostrado que esta respuesta óptica está

cuantizada en diferentes ventanas de frecuencia. Para ello se han empleado descripciones

efectivas por medio de teoría cuántica de campos y de modelos de tipo tight-binding.

Los semimetales nodales también pueden presentar una respuesta óptica cuantizada,

el efecto fotogalvánico circular, aunque su conexión con el carácter topológico de las de-

generaciones nodales depende sensiblemente de la estructura de bandas del material. En

este trabajo se ha estudiado esta respuesta óptica para comprender su reciente medición

experimental en el material CoSi. Para ello se ha empleado un modelo de aproximación

k · p basado en las simetrías de la red cristalina. También se ha desarrollado una formu-

lación local de respuestas ópticas para caracterizar este efecto en la frontera de los materi-

ales y relacionarlo con la cuantización en el volumen.

Una de las estrategias más empleadas a la hora de analizar las propiedades electróni-

cas en estructuras cristalinas son los Hamiltonianos de Bloch. En este trabajo se ha de-

sarrollado un método para determinar cualquier observable físico para Hamiltonianos de

Bloch de baja dimensionalidad sin necesidad de emplear sus autoestados, evitando así las

complicaciones innecesarias asociadas a su arbitrariedad de fase. Se ha considerado como

ejemplo práctico su aplicación en semimetales nodales calculando observables como la

curvatura de Berry.

Las cuasipartículas de los semimetales de Weyl y Dirac guardan un gran parecido con

las partículas relativistas de altas energías. En este trabajo se han estudiado los efectos de

las interacciones electromagnéticas entre estas cuasipartículas por medio de teoría cuán-

tica de campos y el grupo de renormalización para determinar el comportamiento del

sistema ante cambios en la escala de energía a la que es observado. Se ha analizado la

emergencia de la simetría Lorentz en el límite infrarrojo.

xvii



Finalmente, se ha abordado el estudio de estados con orden topológico Z2, donde las

fuertes correlaciones entre los constituyentes microscópicos dificultan el análisis teórico.

Se ha descrito cómo el uso de simetrías locales y globales permite construir modelos ide-

ales que capturan las propiedades universales de estos sistemas de manera exacta cuando

presentan una densidad finita de aniones Z2. Se ha considerado el caso concreto en el

que los aniones forman un líquido de Fermi o un condensado de Bose-Einstein, y se han

determinado las características asociadas a sus excitaciones de tipo vórtice.

xviii



1 Introduction

In the last decades, the scientific advances in condensed matter physics have evidenced

the plethora of possibilities in which a huge number particles can interact and organize

between themselves, giving rise phases of matter with very rich phenomena. Neverthe-

less, the complexity of quantum many-body systems is also the source of the challenges

behind their theoretical study from first principles as Schrödinger’s equation. Since it is

inevitable to assume approximations that simplify the many-body problem, many efforts

have been devoted in the pursuit of alternative principles that capture themost fundamen-

tal and universal properties of a phase of matter while ignoring its microscopic details.

The prominent attempts to characterize phases in this direction have built upon the

concepts of symmetry and topology. Even though they had an independent application in

their early days, both concepts are deeply intertwined and continuously feed upon each

other in the description of novel phases of matter.

Our conception of symmetries is rather intuitive as they identify transformations of an

object that leave it completely invariant. The essence of Landau’s paradigm of symmetry

breaking [1] is to identify the symmetries that are preserved or broken by a many-body

system as the origin of their universal properties. This paradigm provided a common

understanding to seemingly unrelated phenomena as the spontaneous magnetization of

ferromagnets, the existence of gapless phonons in crystals or the phenomena of superflu-

idity and superconductivity [2, 3]. It even found its application in the Standard Model

of high-energy physics to describe the different interactions between elementary particles

and provide an origin for their masses [4, 5].

Topology, on the contrary, identifies properties that remain invariant as we adiabat-

ically change the microscopic details of the many-body system, which receive the name

of topological invariants [6]. Probably the clearest insight comes from pure mathematics,

where topology concerns the properties of geometric objects that remain unaltered un-

der smooth deformations of their shape. These deformations define a collection of objects

that belong to an equivalence class with the same topological invariant. Typical examples

are the genus of an orientable surface, which counts the number of holes present in such

surface, or the dimension of the object, which distinguishes a surface from a line.

The field of topological phases of matter borrows these concepts from mathematics

and attempts to classify the different phases according to the topological invariants of the
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Chapter 1. Introduction

many-body wave function [7]. This perspective greatly simplifies the many-body prob-

lem, as it allows to ignore the microscopic details of the system to reach effective or ideal

models that, despite the fact of not being as accurate or realistic, retain the same universal

properties and provide a clearer understanding of them. Most of the approaches in this

direction are based on the collective excitations at low-energies, commonly called quasi-

particles, which provide a simplified picture of the problem and a fruitful in-breeding of

theoretical techniques between high-energy and condensed matter physics [8–10].

This thesis focuses on the study of three classes of topological phases of matter whose

distinctive universal properties can be understood in terms of their quasiparticles. They

consist of topological insulators, nodal semimetals and topologically ordered states with

abelian anyons. In the following we proceed to review the main properties of these phases

that are relevant for the works presented in this thesis.

1.1 Protected boundary states

The notions of topology gained attention in the condensed matter community with the

discovery of integer quantum Hall (QH) states [11]. These states were found in the emer-

gent phenomena of two-dimensional electrons subject to strong magnetic fields, which

displayed an intriguing quantization of their transverse (Hall) conductance to integer val-

ues of the quantum e2/h independently of the geometry or the composition of the de-

vices [11, 12]. This quantization was soon attributed to a topological invariant associated

to the filled bulk states, the so-called Chern number [13, 14], and its universality to the fact

that this topological invariant solely depends on the existence of a finite energy gap be-

tween the ground state and the excited states together with the breaking of time-reversal

symmetry (T ).

The discovery of the QH effect was possible thanks to the metallic states that these

many-body systems host at their boundaries [12, 15, 16]. These states take the form of

1+1d1 chiral fermions at low energies [17], and their gapless character intuitively follows

from the properties of the Chern number. The idea is to imagine tuning a parameter that

describes the energy gap of the system locally as we move from its bulk to the boundary

that separates it from vacuum, as it is depicted in Fig. 1.1b). Since the topological invari-

ant remains robust as long as the energy gap is finite, this gap must necessarily close at

the boundary to transit to the ordinary vacuum, where the topological invariant becomes

trivial. These condition does not depend on the boundary details, so these gapless states

constitute topological defects that cannot be removed unless the entire bulk undergoes a

critical phase transition.

The existence of protected boundary states is a generic signature of topological phases

with an energy gap. Indeed, what is non-generic is the possibility of associating topo-

logical invariants to bulk observables as simple as the QH effect. This aspect is stressed

1This notation labels the (space)+(time) dimensions in which the quasiparticle propagates.
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1.1. Protected boundary states

a) b)

x

|Eg|

c) d)

FIGURE 1.1: a) Experimental observation of the quantized Hall effect (ex-
tracted from Ref. [12]). b) Illustration of the gap-closing mechanism at the
boundary between two topologically distinct phases. c) Observation of a
single 2+1d gapless Dirac cone at the surface of Bi2Se3 through ARPES (ex-
tracted from Ref. [18]). d) HOTIs protected by inversion symmetry in three

dimensions (extracted from Ref. [19]).

by topological insulators [20], which were initially conceived to realize a spin version of

the QH effect under the conservation of T . Even though this effect is possible both from

theory and experimental sides [21–24], it requires the additional conservation of the per-

pendicular component of the spin, which is quite unnatural in electron systems. Nonethe-

less, Kramers theorem guarantees that a pair of gapless helical states remains robust at the

boundary as long as T is preserved [25]. The topological invariant is a Z2 index akin to

the Chern number, which now equals the parity of the number of helical edge states that

cross the Fermi energy.

This protection of the bulk topology by T further extends to three spatial dimensions,

where all the physical consequences of topology locate at the boundary. In this case,

Kramers theorem enforces degenerate nodes that take the form of 2+1d gapless Dirac

fermions similar to those found in the low-energy description of graphene [20, 26, 27].

TheZ2 index indicates the parity on the number of degenerate nodes that are enclosed by

the surface Fermi energy [28]. Their existence has been verified in several bismuth-based

compounds using ARPES (see Fig. 1.1c)) [29, 30].

The gap-closing procedure has been exploited as a useful mechanism to uncover the

different topological phases of matter that can be similarly protected by the conservation

of general non-spatial symmetries [31, 32]. Moreover, it is possible to achieve a non-trivial
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Chapter 1. Introduction

topology from spatial symmetries too2, but in this case the bulk-boundary correspondence

becomesmore subtle [34]. The reason is that spatial symmetries are generally broken at the

boundary as can be seen again from Fig. 1.1b), where the path that connects the bulk with

vacuum is invariant under a horizontal reflection but not under inversion3. In this case,

nothing prevents the boundary from developing an energy gap and gapless states restrict

to those boundaries preserving the spatial symmetry that protects the bulk topology.

Although this fact seems to preclude the ubiquitous bulk-boundary correspondence

associated to non-spatial symmetries, it actually enriches the class of boundary states that

can be found as topological defects when the boundary is considered as whole [19, 35–37].

These are lower-dimensional defects that would normally shrink to a point under smooth

perturbations and annihilate, but the conservation of spatial symmetries connect them at

different regions of the boundary preventing such annihilation and providing their topo-

logical character (see Fig. 1.1d),e)). This kind of topological insulators have been recently

dubbed higher-order topological insulators (HOTIs) to emphasize the way in which they

generalize the bulk-boundary correspondence [37].

The class of HOTIs that present 1+1d gapless chiral fermions as topological defects at

their boundaries will be the main focus of Chapter 2, where we will demonstrate how the

topological character of these gapless states also manifest through their quantized absorp-

tion of circularly polarized light.

1.2 Monopoles of Berry curvature

Topology is not a concept that emerges exclusively in many-body systems with a finite en-

ergy gap. Indeed, one of the most successful theories to describe metals, Landau’s theory

of Fermi liquids [38–40], owes its wide scope to the fact that it is built upon a topological

object: the Fermi surface. This object establishes a universality class that hides the mi-

croscopic details of many metals behind quantities as the effective mass of the electrically

charged quasiparticles, connecting these low-energy excitations to those of an ideal Fermi

gas of electrons.

A similar connection takes place between relativistic particles and emergent quasipar-

ticles featuring Fermi points instead of Fermi surfaces [17]. In condensed matter physics,

this situation is generally found for electrons in periodic crystalline structures [2], whose

single-particle effective theory is given in terms of Bloch states |n(k)〉 with dispersion re-

lations restricted to a limited number of energy bands εn(k) and crystalline momentum

k. Fermi points correspond to isolated crossings of these bands, and in the simplest case

of two bands the low-energy spectrum around Fermi points resembles the one of Weyl

fermions [17]

H = ±vFkaσa , (1.1)

2See Ref. [33] for an extensive review with both spatial and non-spatial symmetries
3Indeed, there are no boundary points that remain invariant under inversion.
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a)

kx

ky

kz

P1P2

b)

FIGURE 1.2: a) Monopoles of Berry curvature preclude the global definition
of the Berry connection for a closed surface in momentum space. b) Lay-
ers between Weyl nodes of opposite chiralities are effectively described by

Chern insulators.

where ± indicates the chirality, vF is the Fermi velocity and σa are the Pauli matrices.

Materials featuring these Fermi points near the chemical potential are known as Weyl

semimetals [41].

The topological character of Weyl nodes originates from a geometric quantity of Bloch

states called the Berry curvature [42, 43], which is defined in terms of the Berry connec-

tion4, �An(k) ≡ i 〈n| ∇k |n〉, as � = ∇k × �An(k). More specifically, the topologicalΩn(k)

invariant is found in the amount of Berry flux that pierces any closed surface in momen-

tum space containing an isolated Weyl node, which is quantized as

∫
d�S · �Ωn = 2πC , (1.2)

where C = ±1 depending on the chirality of the Weyl fermion [40, 41].

The behavior of Weyl nodes as monopoles of Berry curvature might seem surprising

at first sight, since the direct application of Stokes’ theorem rewrites the flux integral as

the line integral of the Berry connection along the boundary of a closed surface, and thus

it trivially vanishes. What is missing in this naive approach is the fact that the Berry con-

nection cannot be globally defined in the presence of Berry monopoles due to its depen-

dence on the arbitrary phase or gauge that is chosen for the Bloch states [44]. As a conse-

quence, the surface integral must be split into patches with different gauge choices to have

a well-defined Berry connection (see Fig. 1.2a)), and then Stokes’ theorem transforms the

surface integrals into line integrals of the Berry connection along the boundaries of such

patches, which are nothing but Berry phases [42]. These Berry phases always cancel for a

closed surface, but the different gauge choices in each patch may alter their values modulo

2π [45]. This is precisely the reason underlying the quantization of the Berry flux in Weyl

nodes, where the mismatch between Berry phases equals their topological charge.

4Here |n〉 is the filled band below the Weyl node.
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Similar arguments follow for other quantizations, as Dirac’s condition for magnetic

monopoles [46] or the QH effect associated to band insulators, commonly dubbed Chern

insulators5. Indeed, any closed surface surrounding a Weyl node can be effectively seen

as a Chern insulator, which allows to relate several features between Weyl semimetals

and integer QH states [41]. A remarkable example is the presence of exotic states at the

boundary known as Fermi arcs, whose gapless and chiral character can be inferred from

the simplest case of two Weyl nodes of opposite chirality separated in kx [48, 49]. The idea

is to use kx as a parameter rather than as a momentum coordinate, so that we can interpret

the 3d Hamiltonian at any (ky, kz) plane between these Weyl nodes as the one describing

a Chern insulator, with a Chern number that stems from the amount of Berry curvature

that flows from one node to the other (see Fig. 1.2b)). The Fermi arc state results from the

combination of all the 1+1d gapless chiral fermions associated to the Chern insulators in

between the Weyl nodes, which provides the distinctive arc dispersion for a given surface

cut [50–52].

The topological character of Weyl nodes implies that they can be found isolated at ar-

bitrary positions in momentum space. Nonetheless, the presence of symmetries can fix

their positions and/or energies, or even constrain their own existence [41, 53]. This is the

case of time-reversal and inversion symmetry, since their combined conservation ensures

a vanishing Berry curvature and only permits Weyl nodes to appear doubly degenerated

with opposite chiralities. In this class of materials, commonly dubbed Dirac semimetals

because their the band dispersion resembles the one of Dirac fermions [54], the lack of a

topological charge implies that additional symmetries are necessary to prevent the open-

ing of an energy gap.

Nodal degeneracies can involve an arbitrary number of bands but they are less likely to

occur accidentally than their two-band counterparts. For this reason, the so-called multi-

fold fermions have been considered in systems where crystalline symmetries enforce their

existence at high-symmetry points of the Brillouin zone [53, 55]. The subset of multifold

fermions realized in chiral materials also constitute monopoles of Berry curvature with an

integer topological charge, so they present essentially the same topological properties as

Weyl nodes. Both Weyl and multifold fermions can even appear together in the same ma-

terial, but the sum of their topological charges is always constrained to vanish due to the

lattice periodicity, a result that is formally known as the Nielsen-Ninomiya theorem [56,

57].

In this thesis we consider these states with nodal degeneracies in three different scenar-

ios. Firstly, in Chapter 3 we focus on the study of the circular photogalvanic effect, which

is another optical response that can be related to quantization in these materials. We study

the corrections to such quantization for non-linearly dispersing multifold fermions in the

bulk, and present a formalism of local optical responses to deduce a similar quantization

5Note that the quantization of the Chern number does not require the existence of an external magnetic
field, so the energy gap can originate from different mechanisms [14, 47].

6
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from the boundary side. Secondly, in Chapter 4 we introduce amethod to compute any ob-

servable associated to a Hamiltonian with a small finite dimension, and thus with a direct

application to Bloch Hamiltonians describing nodal semimetals. This method avoids the

explicit use of eigenstates and all the complications associated to their phase arbitrariness.

Wewill illustrate its application computing observables as the quantummetric or the Berry

curvature. Lastly, in Chapter 5 we exploit the similarities between the low-energy quasi-

particles of Dirac and Weyl semimetals and high-energy electrons to analyze the effects

associated to fully relativistic Coulomb interactions through the renormalization group.

We consider specific models to study the evolution of the system at low energies with a

keen interest in the emergence of symmetries in the infrared limit.

1.3 Quasiparticles with fractional statistics

The phases of matter that we have previously considered present topological aspects that

rely on the conservation of certain symmetries as time-reversal or translational invariance.

There is, however, a more intrinsic manifestation of topology that is completely indepen-

dent of symmetries and only appears in many-body systems with strong correlations be-

tween their elementary constituents, which is the concept of topological order [7, 58]. The

strong correlations constitute the main challenge in the characterization of these phases,

but there are several features that have been already identified as signatures of topolog-

ical order. A remarkable example is the presence of quasiparticles with exotic exchange

statistics, which are commonly known as anyons [59].

To understand the distinctive topology of anyons, it is convenient to visualize the par-

ticle exchange as a combination of a half-rotation and a translation operation. Hence, two

consecutive exchanges correspond to the braiding of one particle around the other. After

the braiding operation the quasiparticles end up in the same initial configuration, so dur-

ing the process the wave function can at most acquire a phase eiϕ that does not depend

on the specific details of the path taken [60]. In three spatial dimensions, such path can

always be reduced to a point, enforcing eiϕ = 1. Since the braiding corresponds to two

exchange operations, this constraint leaves the familiar Bose and Fermi statistics as the

only possible outcomes. In two dimensions, on the contrary, there is no way to smoothly

deform a closed loop surrounding a quasiparticle to another loop surrounding vacuum

(see Fig. 1.3a)), and consequently the phase ϕ is free to take any possible value.

An illustrative description of anyons that gives more insight to some of their proper-

ties is the charge-flux composite picture [61, 62]. Such effective description stems from

the remarkable parallelism between the braiding phase and the Berry phases that charged

particles acquire through the Aharonov-Bohm effect [42, 63]. The main idea consists in

visualizing the anyon as a bound state of an electric charge q and an infinitesimally thin

solenoid piercing the 2d surface with magnetic flux Φ. The braiding of the electric charge

around the magnetic flux tube develops a phase eiqΦ, which is half of the phase obtained

7
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a) b)

FIGURE 1.3: a) Topology of anyon quasiparticles through braiding opera-
tions. b) Illustration of anyons as charge-flux composites. Adapted from

Ref. [70].

from the braiding between charge-flux composites. These quasiparticles can only be cre-

ated or annihilated in a pairwise fashion with their antiparticles with charge −q and flux

−Φ, which provides a natural understanding of anyons as topological defects akin to pro-

tected boundary states or Fermi points. The charge-flux composite picture is additionally

useful to consider the scenario with several anyon species and the consequent distinction

between self-statistics for a given specie and mutual-statistics between different species.

In our example, both the charge and the magnetic flux are self-bosonic but they see each

other as anyons with a non-trivial braiding phase ϕ = qΦ.

The existence of anyons is intimately tied to another hallmark of topological order,

which is the robust degeneracy of the ground state depending on the topology of the sur-

face in which the many-body system lies [62, 64]. Such topological degeneracy was iden-

tified as a necessary requirement for the fractional version of the QH effect soon after its

discovery [14, 65]. Both anyons and topological degeneracy have been widely considered

in the study of other strongly correlated many-body systems as it is the case of high-TC

superconductors, fractional QH states or spin liquids in frustrated magnets [10, 58, 66–69],

and have even found their application in the modern quantum computation [70, 71].

The characterization strongly correlated systems with topological order is an intense

area of research due to the theoretical complications associated to strong correlations. In

this direction, it is highly desirable to develop ideal models that allow to scrutinize the

most fundamental properties of these phases in a simple and analytic manner. In Chap-

ter 6 we study how the enforcement of global or local symmetries allows to simplify this

analysis in systems with Z2 abelian anyons, providing a clear understanding of the uni-

versal properties associated to phases in which there is a finite density of these anyons.

8



2 Quantized circular dichroism in

chiral HOTIs

2.1 Introduction

The milestone that preceded the advent of topological phases of matter was the experi-

mental discovery of the integer quantum Hall (QH) effect [11]. Its universal quantization,

which has been corroborated with accuracies up to one part in a billion [12], prompted a

series of theoretical developments that connected this astonishing effect to the topology

of the wave function [13, 14, 72]. These works laid down many of the ideas that are used

nowadays in the study of novel topological phases of matter but, surprisingly, it is not

customary to find other examples in which response functions are directly given by topo-

logical invariants together with fundamental constants. This is reflected, for instance, in

the shortage of experiments showing quantized observables in three dimensions, which

are restricted to quantized optical rotations in three-dimensional topological insulators

(3DTIs) [73, 74] and the quantization of a photocurrent in nodal semimetals lacking inver-

sion and mirror symmetries [75].

In this chapter we consider another phase of matter that can be related to quantization

in three dimensions: chiral higher order topological insulators (chiral HOTIs). The defin-

ing characteristic of these insulators is the generalization of the bulk-boundary correspon-

dence [19, 37], which manifests through the topological protection of chiral gapless states

that propagate along one-dimensional channels of the boundary. These gapless states are

intimately related to the anomalous QH effect present at the gapped surfaces, which is es-

sentially the origin of the quantization of optical responses in these systems. Specifically,

we will put the spotlight on the different absorption of light depending on its circular po-

larization, a phenomenon known as circular dichroism, whose connection with the Hall

conductivity has been recently emphasized in two dimensions [76–79]. The purpose of

this chapter is to demonstrate that circular dichroism becomes quantized concerning the

absorption of either the gapless boundary state or the gapped states of chiral HOTIs, and

to show how the energy gap is the key ingredient to separate these two contributions.
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Chapter 2. Quantized circular dichroism in chiral HOTIs

2.2 From Chern insulators to chiral HOTIs

The distinctive gapless state that define the boundary of a chiral HOTI is a 1+1d chiral

fermion [19, 37]. Its topological protection stems from the presence of spatial and/or non-

spatial symmetries that turn this state into a topological defect as we discussed in Sec. 1.1.

We also discussed in the previous chapter that, in two dimensions, integer QH states and

Chern insulators host 1+1d gapless chiral fermions propagating at their boundaries. In

this section we address the relation between these phases through the QH effect.

Let us begin by recalling that Chern insulators are band insulators with a topological

invariant analogous to integer QH states, but which do not require the presence of any

external magnetic field to exist [14, 47]. Such topological invariant, the Chern number C,

originates from the integral of the Berry curvature Ωxy over all filled bands in the Brillouin

zone, which equals an integer value following the reasoning of Sec. 1.2. From linear re-

sponse theory, the Kubo formula relates this topological invariant to the Hall conductivity,

which is the real part of the transverse conductivity in the zero frequency limit. Specifi-

cally, the relation is given by [43]

σxy =
e2

h̄

∫
BZ

d2k
(2π)2

Ωxy =
e2

h
C . (2.1)

The boundaries that separate a Chern insulator from vacuum host a number of 1+1d chiral

gapless fermions that equals the value of the Chern number [15, 20]. Indeed, the same edge

states appear at the boundaries separating Chern insulators with different Chern number,

where the precise amount of edge states equals the difference between Chern numbers.

The 3DTIs constitute a suitable intermediate phase to connect these gapless states to

the ones of chiral HOTIs through the QH effect. We recall from Sec. 1.1 that the topology

of these states is protected by time-reversal symmetry and manifests through the presence

of an odd number of 2+1d Dirac fermions at their surfaces [20, 28]. If these surface states

are subject to an external perturbation that breaks time-reversal symmetry, for instance by

proximity to a magnetized layer, Kramers theorem no longer applies and nothing prevents

the Dirac nodes from developing an energy gap. At low-energies, the Hamiltonian that

describes these surface states is given by

H = vF
(
kxσx + kyσy)+ mσz , (2.2)

where vF is the Fermi velocity, m is their mass and σi are the Pauli matrices. The Kubo

formula can be applied analogously to this Hamiltonian to obtain a half-integer Hall con-

ductivity that depends on the mass sign, namely [20, 47]

2e
σxy = sign(m) . (2.3)

2h

When there is an odd number of gapped Dirac fermions with the same mass sign, the
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2.2. From Chern insulators to chiral HOTIs

FIGURE 2.1: Starting from a chiral HOTI in which the 1+1d gapless chiral
fermion (orange lines) is topologically protected by inversion symmetry, we
can smoothly deform the sample first onto a sphere and then onto a disk.
When the top and bottom surfaces with half-integer QH states are suffi-

ciently close, they hybridize and form a Chern insulator.

result is a half-integer QH state at the surface1. It is important to note that this is not a con-

tradiction with the quantization of the Chern number in pure two-dimensional systems,

because now we are considering the two-dimensional boundary of a three-dimensional

system.

Within this framework, we can consider the situation in which two adjacent regions at

the boundary of a 3DTI are gapped with different mass signs that originate from different

magnetizations at the boundary. In this case, the Hall conductivity changes by an integer

amount of the quantum e2/h from one region to the other akin to the change between

different Chern insulators, which implies that the same number of 1+1d gapless chiral

fermions should appear in between such regions [80]. The structure of chiral HOTIs can

be understood in the same way, with the difference that the spatial structure of the half-

integer QH states is not determined by extrinsic magnetism added to the system, but by

the intrinsic symmetry and topology of the magnetic bulk. Chiral HOTIs can be pictured

as 3DTIs where their surface Dirac cone is not protected by time-reversal symmetry, but

rather by another bulk symmetry which is not preserved at the boundary, leading to ef-

fective magnetic gaps. Because of this, the spatial structure of the hinge modes is dictated

by the symmetry of the bulk. Another intuitive depiction of the connection between chiral

HOTIs and Chern insulators is given in Fig. 2.1, where it is shown how we can smoothly

deform one into the other preserving the symmetries that protect the topology of the chiral

HOTI.

As a final remark, it is important to stress how Dirac models are useful to describe

the properties of these phases. The case of a 2+1d Dirac fermion with a spatial profile

that changes its mass sign can be solved explicitly to show the existence of exponentially

localized 1+1d chiral gapless fermions near the region where the Dirac mass vanishes [80,

1So far, we have used ‘integer QH state’ to denote states whose QH effect is generated by the application
of an external magnetic field, which is the notation that is usually found in the literature. However, in this
chapter we will deal with phases that display a integer and half-integer QH effect intrinsically, so we will
conveniently adopt this notation to explicitly indicate the type of quantization in the states considered.
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81]. The 3+1d massive Dirac fermion can be used to effectively describe 3DTIs in terms

of the axion magnetoelectric coupling [27, 82, 83]. This coupling term θ, inherited from

axion electrodynamics [84], is defined modulo 2π 2 and constrained to be 0 or π under

symmetries as time-reversal, which allows to identify θ/π as the topological invariant

that distinguishes 3DTIs from trivial insulators. Indeed, chiral HOTIs are characterized by

this topological invariant too [37], but in this case the enforcement to θ = π comes from

other symmetries as inversion.

2.3 Circular dichroism and Hall conductivity

In the previous section we have explained how chiral HOTIs manifest their topological

character through half-integer QH states in their gapped surfaces. This topological phase

of matter, hence, is a potential candidate to observe quantized optical responses tied to the

Hall conductivity.

The interaction of electromagnetic waves with a material is described in terms of their

transmission, reflection or absorption [86, 87]. In the case of two-dimensional systems,

each of these three responses present characteristics that are connected to the Hall conduc-

tivity. The simple example is the rotation of incident plane waves with linear polarization

when they are transmitted or reflected by the material, which becomes quantized in terms

of the Chern number and the fine-structure constant (see Appendix A for more details).

In the following we consider the connection that exists for light absorption in two and

three-dimensional systems.

2.3.1 Two-dimensional systems

Given an incident electric field E propagating in the ẑ direction, the capacity of a two-

dimensional material to absorb light can be characterized through the power absorbed [86,

87]
1 ∫

W = d2x Re [ j∗ · E ] , (2.4)
2

where the induced electric current j is given, to linear order in the electric field, by the

σabEb.conductivity tensor as ja = The power absorbed by the material depends on the

frequency ω of the incident electromagnetic field, which coincides with the energy that is

absorbed in units of h̄ = 1, and also depends on its polarization. When such polarization is

circular we can distinguish between left-handed (L) or right-handed (R) polarization, and

the difference in the power absorbed associated to each of these polarizations is related to

the transverse conductivity as [76, 86]

ΔW(ω) ≡ WL(ω)− WR(ω) = Im
[
σxy(ω)

]
AsE2 , (2.5)

2This aspect is generally used in the literature to understand how the bulk topology remains unaffected if
we introduce integer QH states at the surfaces [82, 83, 85].
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where E is the amplitude of the electric field and As is the area of the system, which

arise from the spatial integral of Eq. (2.4) after assuming a completely homogeneous sys-

tem. From Eq. (2.5), it is straightforward to see that we can exploit Kramers-Kronig rela-

tions [88]
2 ∫ ∞ ω̃

Re[σab(ω)] = dω̃ Im[σab(ω̃)] , (2.6)
π 0 ω̃2 − ω2

to connect the real and imaginary parts of the conductivity tensor, and thus the absorption

rate ΔΓ(ω) = ΔW(ω)/ω to the Hall conductivity. The final expression is given by

∫ ∞ ΓL − ΓR πE2AsΔΓ ≡ dω = Re
[
σxy(ω = 0)

]
. (2.7)

0 2 2h̄

This quantity is commonly called the differential integrated rate (DIR), and it is the quan-

tity we refer to when we state that circular dichroism is quantized in Chern insulators. The

quantization simply follows from introducing Eq. (2.1) into Eq. (2.7).

2.3.2 Three-dimensional systems

There are several changes when we move to three dimensions, but the most fundamental

one is the fact that the Hall conductivity per layer, understood again as the transverse

conductivity in the zero frequency limit, does not have to be universal. This is true even

if there are QH states at the surfaces, since nothing prevents a priori that other states

contribute non-universally to the Hall conductivity at a given layer. Nonetheless, circular

dichroism can be still related to quantization in this case. The steps followed in deriving

the relation between the DIR and the Hall conductivity in two dimensions similarly follow

for three dimensional systems. The resulting relation is given by

πE2 ∫
d3ΔΓ = x Re

[
σxy(ω = 0, x)

]
, (2.8)

2h̄

where we assume again a homogeneous incident electric field with amplitude E and xy
as the polarization plane. It results convenient in this case to decompose the conductivity

into the geometric (CS) and non-geometric (cross-gap) contributions, namely3

cg
σxy(x) = σCS(x) + σ (2.9)xy xy(x) ,

and assuming we keep the real part only. The geometric contribution is essentially a

space-resolved version of the Berry curvature called the local Chern marker [92], which

has been shown to reproduce the quantization of the Hall conductivity at the bulk points

of finite-sized Chern insulators. We will return to this space-resolved quantity in Sec. 2.5.2

to analyze its properties for specific tight-binding models featuring chiral HOTIs. The

cross-gap contribution is the remaining contribution to the local Hall conductivity, and it

3This splitting was originally proposed in the context of magnetoelectric insulators to analyze their local
anomalous Hall conductivity [89–91]. Since we are considering topological phases in which the Hall conduc-
tivity has an intrinsic origin, the term ‘anomalous’ is dropped for simplicity.
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Chapter 2. Quantized circular dichroism in chiral HOTIs

is non-universal but vanishes under special circumstances as the preservation of inversion

symmetry [91].

The most important property that follows from this decomposition is found in the

infinite slab geometry, where we assume periodic boundary conditions in x, y and open

boundaries in the z direction. Under these conditions, it has been shown [89] that the

integral of the cross-gap contribution over the entire system identically vanishes, whereas

the average of the geometric contribution integrates, once again, to an integer value of the

quantum e2/h in terms of the Berry curvature. Therefore, these results imply that the DIR

from Eq. (2.8) is quantized for three-dimensional slab geometries as

πE2 e2
ΔΓ/Aslab = Cslab . (2.10)

2h̄ h

In the case of chiral HOTIs, the integer Cslab is essentially made out of the quantized axion

magnetoelectric term θ and the additional integer QH states that might be present at the

open boundaries depending on the details of the surface termination [85].

2.3.3 Microscopic derivation of the DIR

To end this section, here we briefly introduce the microscopic formalism that describes

light absorption for a general tight-binding Hamiltonian H0 associated to a many-body

system of electrons. We will obtain a microscopic expression for the DIR that is valid both

for two and three-dimensional systems.

The basic idea is to introduce the externally applied electric field through the length

gauge and then obtain the response from time-dependent perturbation theory4. Again,

we consider an electric field with amplitude E, circular polarization and oscillating in time

with frequency ω, so the full Hamiltonian is given by

HR,L = H0 + eE [cos(ωt)x̂ ± sin(ωt)ŷ] , (2.11)

where x̂, ŷ are the position operators on the polarization plane. The external electromag-

netic field excites the ground state of the unperturbed Hamiltonian H0, activating energy

transitions between filled and occupied energy levels. The probability of these excitations

is given by [60, 93]

2 sin2 (εmn − ω) t/22E2 , (2.12)PR,L(t) = e ∑
∣∣ 〈m| (x̂ ± iŷ) |n〉

∣∣
n∈occ (εmn − ω)2

m∈unocc

to first order in perturbation theory, where n, m label the occupied and unoccupied states

with energies εn and εm, respectively, and εmn ≡ εm − εn. For sufficiently long time scales

4Local optical responses in this class of systems are discussed at length in Chapter 3. The formula for the
local optical conductivity that we derive in such chapter could be used to determine the DIR from the power
absorbed defined in Eq. (2.4), obtaining equivalent results.
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2.4. Circular dichroism at the edge

the probability PR,L takes the form of the familiar Fermi’s Golden Rule, namely

PR,L(t) � ΓR,L(ω)t , (2.13)
2πe 2ΓR,L(ω) = E2 ∑ 〈m| (x̂ ± iŷ) |n〉 δ(εmn − ω) , (2.14)

2 n∈occ
m∈unocc

where ΓR,L(ω) is the absorption rate dPR,L/dt in this limit. The DIR directly follows from

integrating in frequency the difference in the absorption rates from Eq. (2.14), which leads

to the following expression:

2πe
ΔΓ = E2 ∑ Im [〈m| x̂ |n〉 〈n| ŷ |m〉] . (2.15)

h2¯ n∈occ
m∈unocc

It is important to emphasize that these microscopic expressions can be applied for dif-

ferent boundary conditions, but the results can be completely different. In the case of

two spatial dimensions, one can recover the dependence of the DIR on the Chern number

through the Berry curvature [76], although the evaluation of the matrix elements asso-

ciated to the position operator becomes subtle5. On the contrary, if we consider open

boundaries, the resulting expression for the DIR is exactly zero regardless of the spatial

dimension of the system. To show this, it is sufficient to use the projector onto occupied

(P̂) and unoccupied (Q̂) states to rewrite Eq. (2.15) as

2πe ˆΔΓ = E2 Tr
{[

Q̂x̂, Pŷ
]}

, (2.16)
2ih̄2

and realize that the trace of this commutator vanishes for a finite Hilbert space [92, 94].

This sum rule implies that the contribution of the boundary states to circular dichroism

completely cancels the contribution from the bulk states when the full boundary is taken

into account. In the specific case of Chern insulators and chiral HOTIs, where we have

seen how the bulk contribution to circular dichroism is related to quantization, this sum

rule suggests that the circular dichroism associated to the 1+1d chiral gapless fermions

that are topologically protected at the boundaries of these materials is also quantized with

a relative minus sign. For this reason, in the following section we address the light absorp-

tion from these gapless states.

2.4 Circular dichroism at the edge

As we have discussed in Sec. 2.2, the distinctive 1+1d gapless chiral fermions associated

to chiral HOTIs are equivalent to those of Chern insulators in terms of the QH effect, so

it is convenient to focus on the two-dimensional case for simplicity. The electromagnetic

properties of the edge states can be determined from the bulk ones by means of charge

conservation and effective field theory, as we proceed to describe. The electromagnetic
5This aspect is addressed in detail in Chapter 3 and Appendix B.4.
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effective action associated to the bulk of Chern insulators is given by the Chern-Simons

term [17, 27]

Sbulk = −Ce2 ∫
d2x εαβγ Aα∂β Aγ . (2.17)

2h

Considering an open boundary configuration, we need to incorporate to this effective ac-

tion the contribution from the 1+1d chiral gapless fermion at the edge, which is given by

1 ∫
d2 Πμν Aν ,Sedge = 2
x Aμ (2.18)

where Πμν is the current-current correlation function or polarization tensor [3, 95]. We will

assume for simplicity a boundary with circular geometry, so kμ = (ω, k) are the momen-

tum variables associated to the space-time coordinates xμ = (t, σ), where σ = Rϕ, R is the

radius of the disk and ϕ is the azimuthal angle.

Charge conservation stems from the invariance of the effective theory under gauge

transformations of the photon field [95], Aμ → Aμ + ∂μ f , which is broken by the Chern-

Simons term from Eq. (2.17) at the boundary of a finite sample. The existence of a 1+1d

chiral fermion at the edge can be actually seen as the requirement to recover charge conser-

vation in the effective field theory. Mathematically, this condition translates in momentum

space to [96, 97]

kμΠμν =
Ce2

εμνkμ . (2.19)
4π

These equations can be used to demonstrate the gapless character of the edge state and

the form of its current-current correlation function at low energies6. Assuming a linear

dispersion relation ε(k) = vFk, where vF is an undetermined Fermi velocity, this current-

current correlation function takes the following form:

Π00(ω, k) =
Ce2

2π

k
ω − vFk + iδ

, (2.20)

Πσ0(ω, k) =
Ce2

4π

ω + vFk
ω − vFk + iδ

, (2.21)

Πσσ(ω, k) =
Ce2

2π

vFω

ω − vFk + iδ
, (2.22)

where δ is an infinitesimally small but positive quantity.

We can use these results to determine the electric current that is induced at the bound-

ary due to the application of an external electric field. To properly compare the circular

dichroism of the 1+1d gapless chiral fermion with the quantized contribution from the

gapped bulk states, we consider the application of the same homogeneous, circularly po-

larized electric field than in Sec. 2.3. Remarkably, the chiral edge state only couples to the

projection of this electric field on the circular boundary, and therefore experiences a mod-

ulation in space given by k = 1/R. Choosing the gauge A0 = 0, such projection is given

6These properties stem from the fact that Πμν has a simple pole in the dispersion relation, as it is explicitly
shown in Chapter 3. Assuming that the edge state has amass, the constraint from Eq. (2.19) cannot be satisfied.
See Refs. [96, 97] for more details.
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2.4. Circular dichroism at the edge

by

Aσ =
±i

Ee−i(±ωt−σ/R) , (2.23)
ω

where +,− indicate right and left-handed circular polarization assuming ω > 0, respec-

tively. The current jσ = Πσσ Aσ can be used to determine the absorption rate associated to

each circular polarization from Eq. (2.4), and the result is given by

ΓR,L(ω) = ±Ce2
πRE2 vF

δ(±ω − vF/R) . (2.24)
2 ω

Therefore, only the right-handed circular polarization is absorbed at the edge since

ω > 0. This polarization-dependence originates from the sign of the Chern number, which

fixes the chirality of the edge state and its propagation direction7. We have assumed a

dispersion relation in which the edge state propagates counterclockwise, which is valid

when C < 0. When C > 0, the sign of the Fermi velocity flips and the polarization that is

absorbed is the left-handed one. In any case, the absorption rate is strongly peaked at the

frequency ω0 = vF/R with a Dirac delta profile, and the resulting DIR is given by

πE2As e2
ΔΓedge = − C , (2.25)

2h̄ h

where As = πR2. This result confirms the quantization of the circular dichroism associated

to 1+1d gapless chiral fermions, which is equivalent, up to a sign, to the quantization that

is obtained from the bulk states of a Chern insulators in Eq. (2.7), or analogously to the one

for a chiral HOTI in Eq. (2.10). In addition, the frequency of the absorption peak decreases

to lower and lower values as we approach the thermodynamic limit (R → ∞), whereas

the gap of integer or half-integer QH states remains invariant in this limit. Therefore, we

can split the frequency integral of the DIR in two frequency windows delimited by the

minimum energy gap, ω ∈ (0, Eg) and ω ∈ (Eg,∞), to naturally separate the quantized

contribution to circular dichroism coming from the gapped states localized in the bulk or

on the surfaces of the sample, and the one coming from the 1+1d chiral edge states present

at the boundary.

To conclude, more realistic geometries do not afford azimuthal symmetry on the 1+1d

gapless chiral fermions and thus have more intricate projections of the external electric

field. Nonetheless, the gapless state always describes a closed path and this projection

admits a Fourier decomposition in momentum space. For instance, in the cubic geometry

of Fig. 2.1, the electric field may project onto a square and thus the step profile decomposes

into plane waves with momentum kn = (2n− 1)π/(2L), where L is the length of the edges

and n is an integer. The light intensity distributes over these Fourier modes, concentrating

the dominant contribution in the modes n = {0, 1}, and the absorption peaks follow a

recursive series ωn = vFkn. Therefore, the Dirac delta profile is replace by a more complex

dependence but the energy scale separation and the sum rule remain.

7This direction can be directly obtained by computing the wave function associated to this edge state [20,
80].
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Chapter 2. Quantized circular dichroism in chiral HOTIs

2.5 Results from specific tight-binding models

In this section we corroborate the quantization of circular dichroism in chiral HOTIs, re-

garding the contributions from both their gapped and gapless states, using specific tight-

binding models with open boundary conditions. The models we have chosen exploit the

connection between 3DTIs and chiral HOTIs, and are given by the following Hamiltonian

terms on the cubic lattice [19, 37, 98]

H0 = H3DTI + HC4
zI + HI , (2.26)(

3
)

3
H3DTI = M + J ∑ cos(kia) τ3σ0 + λ ∑ sin(kia)τ1σi , (2.27)

i=1 i=1

HCz = D (cos(k1a)− cos(k2a)) τ2σ0 , (2.28)
4I

3
HI = ∑ Biτ0σi . (2.29)

i=1

Here ki are the crystalline momentum coordinates, a is the lattice spacing, σi and τi are two

sets of Pauli matrices acting on spin and orbital degrees of freedom and σ0, τ0 are 2× 2

identity matrices. At half-filling, the first term describes a 3DTI protected by time-reversal

symmetry (T ) if 1 < |M|/J < 3. As we previously discussed in Sec. 2.2, the surfaces of

this phase host 2+1d gapless Dirac fermions. The addition of any of the other two terms

from Eqs. (2.28) and (2.29) explicitly breaks T in the whole system, opening a gap in these

surface states. Nonetheless, these perturbations still preserve certain combinations of spa-

tial and non-spatial symmetries that can protect the Z2 topological invariant and realize a

chiral HOTI. The term in Eq. (2.28) preserves the combination C4
zT and the rotoinversion

symmetry C4
zI , where C4

i is the fourfold rotation with respect to the direction xi and I
denotes inversion symmetry. The term in Eq. (2.29), which is equivalent to a Zeeman term

modeling the coupling of spin degrees of freedom to an external magnetic field, preserves

inversion symmetry and additionally fourfold rotations with respect to the direction of the

vector Bi. To summarize, the full Hamiltonian from Eq. (2.26) interpolates between a 3DTI

and chiral HOTIs protected by the rotoinversion symmetry C4
zI or by inversion symmetry

alone. The existence of 1+1d gapless chiral fermions in this last case is explicitly shown in

Fig. 2.2.

2.5.1 Frequency resolved circular dichroism

We begin by considering the expressions for the absorption rates discussed in Sec. 2.3.3.

Since the DIR associated to a completely finite system vanishes, we conveniently split it

into three different parts depending on which kind of state absorbs the incident light and

to which kind of state it gets excited to. Firstly, the absorption associated to the 1+1d

gapless chiral fermion is expected to lie within the energy gap, at frequencies ω < Eg, if

the system size is large enough. We will denote this contribution as ΔΓe−e, since it involves

energy transition between edge states solely. Secondly, the gapped states localized deep
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a) b)

x y

z

(ri)

FIGURE 2.2: Gapless state at the boundary of chiral HOTIs protected by
a) inversion symmetry I and b) rotoinversion symmetry C4

zI . The local
density ρn(ri) = 〈n(ri)|n(ri)〉 corresponds to the state closest to the middle
of the energy gap, and it is normalized by its maximum value. The model

parameters coincide with those employed in Sec. 2.5.1.

inside the bulk or the surfaces resemble those obtained from infinite slab geometries. Their

contribution to the DIR come from energy transitions with frequencies larger than the

band gap, ω > Eg. For simplicity, we will refer to all these gapped states as ‘slab’ states

and denote their contribution to the DIR as ΔΓs−s. Lastly, there is also a contribution

coming from energy transitions between slab and edge states, ΔΓs−e, whichmay happen at

arbitrary frequencies. The vanishing sum rule for the DIR, explicitly derived in Eq. (2.16),

implies that all these contributions satisfy the condition

ΔΓs−s + ΔΓs−e + ΔΓe−e = 0 . (2.30)

The tight-binding models from Eqs. (2.26)-(2.29) allow to discriminate which kind of

states participate at the initial or the final stage of light absorption, since the energy gap8 is

everything we need to identify the class of states involved in Eq. (2.14). However, the use

of finite sized samples to solve these models always introduces fluctuations in the physical

observables, obscuring the results expected in the thermodynamic limit.

In Fig. 2.3 we include a collection of results for the model parameters M/J = 2,√
λ/J = 1 and BiBi/J = 0.5, with D/J = 0 and Bi parallel to the (1, 1, 1) direction for

the inversion HOTI, and D/J = 1 and Bi parallel to the (0, 0, 1) direction for the rotoin-

version HOTI. For simplicity, we have considered polarization planes that are parallel to

pairs of surfaces in the cubic sample. Firstly, Figs. 2.3a), b) exemplify the absorption rates

from Eqs. (2.12)-(2.14) at frequencies within the energy gap, which is given by EI
g /J = 0.37

for the inversion HOTI and Eg
C4

zI/J = 0.87 for the rotoinversion HOTI. The use of a finite

time evolution t = 200h̄/J with a number of N = 173 lattice sites smooths finite size

8Indeed, the energy gap that must be chosen is the one obtained in the slab configuration. Which gapped
states have the smallest energy gap, the ones at the bulk or at the surface, depends on the details of the system.
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FIGURE 2.3: Circular dichroism results from specific tight-binding models
describing inversion and rotoinversion HOTIs with open boundaries.

fluctuations and reveals a frequency profile that resembles a Dirac delta close to zero fre-

quency. As we increase the system size, the contributions to the DIR coming from slab

and edge states tend to the quantized values C = ±1, as it is explicitly shown in Fig. 2.3c).

In addition, this plot explicitly demonstrates the decoupling of slab and edge states as we

approach the thermodynamic limit, which results in a contribution ΔΓs−e � 0. This de-

coupling is expected from the exponential localization of the gapless edge states [20, 80],

and it is necessary to guarantee that the quantization of the DIR associated to edge and

slab states comes separately to satisfy the sum rule from Eq. (2.30). Finally, in Fig. 2.3d)

we show how the value of the energy gap Eg can be directly inferred from the DIR if we

define its frequency window as

∫ ωmax ΓL(ω)− ΓR(ω)
ΔΓ(ωmax) ≡ dω , (2.31)

0 2

since the dichroic absorption displays a sharp discontinuity at ΔΓ(Eg) due to the activation

of energy transitions between slab states. Indeed, the very same formula can be used

to check the quantization coming from the gapless edge states, which in this particular

example is given by
2E2Asys e

ΔΓ(Eg) = − C , (2.32)
4 h̄2

with C � −0.73 for the inversion HOTI and C � −0.86 for the rotoinversion HOTI. Note

that the deviations from the ideal value C = −1 come from considering a finite lattice with

N = 173 sites.

As a final remark, we stress that the integer C that is found in the quantization of
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FIGURE 2.4: Projection of the 1+1d gapless chiral fermion of chiral HOTIs
into different polarization planes.

the DIR depends on the polarization plane and the particular symmetries that protect the

topology of the chiral HOTI, as it is depicted in Fig. 2.4. The quantization is only finite for

those situations in which the projection of the three-dimensional sample onto the polar-

ization plane of light is effectively seen as a Chern insulator9. We have explicitly checked

for the present examples that the inversion HOTI has a finite C in all the cartesian po-

larization planes, whereas the rotoinversion HOTI has C = 0 for the polarization planes

xz and yz. These last examples are precisely the only situation in which the projection of

the edge states in the polarization plane does not form an orientable closed path and thus

cannot be related to a Chern insulator. Note, in addition, that the sign of C is given by the

orientation of this path when C �= 0. This provides a complete diagnosis of the location

of the topologically protected gapless states in chiral HOTIs, which is never specified by

their symmetries alone.

2.5.2 Local Chern marker

In this section we consider the local Chern marker (LCM) as an auxiliary tool to analyze

the topological character of chiral HOTIs. As we mentioned in Sec. 2.3, the LCM is a local

version of the Berry curvature that reproduces the Chern number for integer quantum

Hall states [76, 92]. This marker Cxy(xi) is related to the geometric contribution to the local

Hall conductivity as [89]

2
σCS e

xy (xi) = Cxy(xi) , (2.33)
h

Cxy(xi) = 4π Im
[
〈xi| Q̂x̂P̂ŷQ̂ |xi〉

]
, (2.34)

where |xi〉 are the eigenstates of the position operators with lattice position xi.

Aswe discussed in Sec. 2.3, only the geometric part of theHall conductivity contributes

to the DIR in three dimensions for an infinite slab geometry. This intimate connection

between the DIR and the LCM becomes more manifest after realizing that the integral of

9In addition, the area that enters in the quantization of the DIR is the effective area resulting from this
projection.
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their microscopic expressions are equivalent when there are fully open boundaries. Specif-

ically [76]
e2E2 ∫ ∞ ΓL(ω)− ΓR(ω)

∑ Cxy(xi) = dω = 0 , (2.35)
4h̄2 0 2xi

so both quantities can be seen as different manifestations of the topology of chiral HOTIs,

either resolved in frequency space or in real space.

To analyze the LCM in our tight-binding model, we imitate the procedure followed in

the case of the DIR and decompose the cubic lattice into the regions that host the 1+1d gap-

less chiral fermion and the half-integer quantumHall states, which wewill use to compute

averages of the LCM. Specifically, we focus on the chiral HOTI protected by the rotoinver-

sion symmetry C4
zI , where we can distinguish finite contributions to the LCM coming

from the surface (Cs), the edges parallel to the xy plane (Ch) and the ones perpendicular to

it (Cv). These contributions, highlighted in Fig. 2.5a), obey the vanishing sum rule

2Cb + 4Ch + 4Cv = 0 , (2.36)

where we average each contribution using the surface area that corresponds to Cb. We will

completely ignore the bulk as its contribution to the LCM is negligible.

Figs. 2.5a), b) show how the surface average Cb is nearly quantized to the half-integer

C = −1/2 for a cube with N = 143 lattice sites. This result is in agreement with pre-

viously reported results on the anomalous Hall conductivity at surfaces of infinite slab

geometries [82, 83, 85, 89, 99], and confirms that the quantization of the DIR associated to

gapped states comes exclusively from the half-integer QH states at the surfaces of chiral

HOTIs.

The sum rule from Eq. (2.36) enforces the remaining contribution, Ch + Cv, to be quan-

tized as −Cb/2, but it does not enforce a particular quantization at each edge. This situa-

tion sharply contrasts with the case of Chern insulators, where the sum rule enforces the

quantization of the edge average to −Cb/4 as it is explicitly shown in Figs. 2.5b), c). The

results of Fig. 2.5c) correspond to the following tight-binding model for a Chern insula-

tor [100]
2 2

H0 = Mc − tc ∑ cos(kia) σ3 + λc ∑ sin(kia)σi , (2.37)
i=1 i=1

with Mc/tc = 3/2 and λc/tc = −1/2. We also stress the lack of universality for the

averages of the LCM at the edges by considering a modified version of the Hamiltonian

from Eq. (2.28). The replacement λ → λi introduces an anisotropic Fermi velocity that

alters the homogeneous distribution of the LCM at the edges. To preserve rotoinversion

symmetry, we choose λ1 = λ2 ≡ λ and introduce the anisotropy through λ3. The results

of Fig. 2.5d) confirm that all the averages for the edges converge to different non-universal

values depending on the anisotropic factor λ3/λ. We have also included the average of

the LCM over the top surface, which is approximately given by Cs = Cb + 2Ch and also

tends to a non-universal value in the thermodynamic limit.
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FIGURE 2.5: Local Chern marker distribution for the tight-binding model
describing a chiral HOTI protected by the rotoinversion symmetry C4

zI .

2.6 Discussion

In this chapter we have demonstrated that circular dichroism is a quantized optical re-

sponse for chiral HOTIs. The quantization stems either from the half-integer QH states

located at the gapped surfaces of the sample, or from the defining 1+1d gapless chiral

fermion that is topologically protected at the boundary delimiting these gapped surfaces.

The energy gap constitutes the key parameter to separate these two contributions to cir-

cular dichroism into different frequency windows, and it can be readily deduced from the

frequency profile of the DIR.

The experimental detection of the edge absorption is an exciting future endeavour.

Circular dichroism has been considered experimentally in chiral crystals [101, 102] and

also in TIs [103], but the quantization of the DIR has been solely reported in the context

of cold atoms [79]. A promising platform to observe this quantization are layered flakes

of MnBi2Te4 [104–106], which effectively behave as Chern insulators when the number of

layers is odd. This material can be grown in the form of micrometer-sized islands as the

ones shown in Fig. 2.6, and the corresponding 1+1d gapless chiral fermion is predicted to

display a Fermi velocity vF ∼ 5× 105 m/s from DFT computations [106]. As an estimate,
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a) b)

20 m

FIGURE 2.6: a) Optical image of MnBi2Te4 flakes, where the number of lay-
ers is explicitly indicated (adapted fromRef. [104]). b) DFT prediction for the
band structure of a MnBi2Te4 flake with 3 layers (extracted from Ref. [106]).

this material would have an absorption peak at ω = 0.25 THz for an island with radius

R = 2 μm, which is a frequency comparable to those already used in the measurement of

quantized optical rotations [73, 74]. Moreover, circular dichroism could be experimentally

advantageous with respect to optical rotations because it does not receive corrections from

non-chiral substrates, and it could be measured in other modern materials that display

anomalous Hall conductivity as twisted bilayer graphene [107, 108]. Concerning chiral

HOTIs, there are several proposals for their experimental realization [109, 110].

We have additionally studied the distribution of the LCM [92] as another distinctive

signature of the topology of chiral HOTIs. Its surface average is non-universal due to the

contribution coming from the 1+1d gapless chiral fermion. This contribution was previ-

ously unaccounted for in infinite slab geometries [82, 83, 85, 89, 99] and contrasts sharply

with the vanishing average of Chern insulators [76, 92]. The computation of the LCM also

confirms the decoupling between the gapped states present in the slab configuration and

1+1d gapless chiral fermions in the thermodynamic limit, and identifies the half-integer

QH states at the surfaces as the states behind the quantization of the DIR in the infinite

slab geometry.
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3 Circular photogalvanic effect in

Weyl and multifold semimetals

3.1 Introduction

In the previous chapter we have addressed how the topological character of certain insu-

lators manifests in their response to light. As stated in the thesis introduction, however,

topology is not a concept that applies exclusively to insulators. Weyl semimetals, which

contain nodal degeneracies in their band spectrum [41], can also be characterized by topol-

ogy because these nodes constitute monopoles of Berry curvature with a quantized topo-

logical charge. Does the response to light of these semimetals feature any signature of

topology as well? The answer to this question has several facets which are the main focus

of this chapter.

Focusing first on the bulk response, the circular photogalvanic effect (CPGE) [111–113]

is a non-linear photocurrent predicted to be quantized for chiral Weyl semimetals [114], a

special class of nodal semimetals realized in lattices without inversion or mirror symme-

try. Even though these materials have been predicted for several compounds [115, 116],

nowadays we still lack any experimental realization. On the contrary, materials featuring

nodal degeneracies with a higher number of bands [53, 55], known generally as multifold

semimetals, do afford experimental realizations in transition metal silicides [117–121]. It

turns out that the CPGE can be quantized in chiral multifold semimetals too, but subject

to additional constraints on the band dispersion [75, 122]. In this chapter we provide a de-

tailed prediction of the CPGE for the semimetal CoSi [117–119], which at low frequencies

receives its main contributions from a threefold and a double-Weyl fermion close to the

chemical potential.

Another remarkable aspect that has been discussed in the previous chapter is the inti-

mate relation between the topological response of the bulk of certain topological insulators

and the one of the protected gapless states at the boundaries. Such relation seems to orig-

inate from a principle as fundamental as gauge invariance [96, 97], which encourages the

pursuit of similar connections in other topological phases. Weyl and multifold fermions

also present topologically protected edge states in the form of Fermi arcs [117–121, 123–

125], so it is natural to ask whether the topological response associated to the bulk and the
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boundary of these semimetals is related in a similar way. To answer this question, we need

to develop a real space formulation to account for the boundary response generated by ex-

ternal electric fields that are applied homogeneously in the whole system. We will show

that, similarly to circular dichroism [76, 94], the bulk and boundary responses associated

to the CPGE can be related by sum rules.

3.2 Optical responses in crystalline solids

The problems considered in this chapter require a complete derivation of the electric cur-

rents that are generated in an electron system subject to external electric fields. Given our

interest in both bulk and surface responses, we will first present the general formalism to

determine optical responses in real space, which is applicable for electrons propagating in

any tight-binding lattice with arbitrary boundary conditions. The formalism can be then

exploited to compute bulk responses by assuming periodic boundary conditions in all

directions, in which case we can take advantage of translational invariance and obtain ex-

pressions in momentum space, or alternatively we can address different surface responses

by considering open boundary conditions. Due to the length of some of the derivations,

we will leave several technical details to Appendix B.

3.2.1 Formalism in real space

Our starting point is the usual Hamiltonian in second quantization that describes tight-

binding electrons hopping on an arbitrary lattice, namely

† tσσ′
H = ∑ ∑ ciσ ij cjσ′ , (3.1)

i,j σ,σ′

where the indices i, j label lattice positions while σ, σ′ label other quantum numbers as

spin, sublattice index or orbital degrees of freedom. The electron field operator ciσ satisfies
′ ′σthe algebra {ciσ, c†jσ′ } = δijδσσ′ , and the condition (tσσ )∗ = tσ is assumed to guaranteeij ji

that the Hamiltonian is hermitian. In the Heisenberg picture, the time evolution of the

electron field operator is given by

dciσih̄ = [ciσ, H] . (3.2)
dt

The introduction of an external electric field alters the dynamics of electrons. We include

the effects of such electric field E through the so-called length gauge [126, 127] (see Ap-

pendix B.1 for more details), which provides the following time evolution for the electron

field operator:
dciσih̄ = [ciσ, H] + e(E · x)ciσ , (3.3)
dt

where x is the position operator and e is the electric charge. We will always assume that

the electric field E is applied homogeneously over the whole system.
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3.2. Optical responses in crystalline solids

The expression for the local current operator can be deduced from the local density of

charged electrons, which is given by

ρi ≡ −e ∑ c†iσciσ . (3.4)
σ

The time evolution of this operator follows from Eq. (3.3) as

{
c† tσσ′

cjσ′ − c†jσ′ tσ′σ
}

ij ji ciσ
dρi ∑∑ih̄ . (3.5)= −e iσdt j σ,σ′

This relation has the form of a continuity equation, so we can identify the right-hand side

as the divergence of the local electric current ji. The corresponding expression for this local

e

current operator is given by

∑h̄ j

† tσσ′ σσ′
iσ ij xij∑ji = i (3.6)c cjσ′ ,

σ,σ′

where xσσ′ ≡ xiσ − xjσ′ and xiσ are the diagonal matrix elements of the position operator x.ij

Our aim is to derive a perturbative expression for 〈ji〉 in powers of the external electric

field E. To this end, it is convenient to rewrite the local current operator in the eigenstate

basis of the unperturbed electron system (see Appendix B.2 for more details). Denoting the

eigenstates of the Hamiltonian from Eq. (3.1) as φn, with eigenvalues εn, the local current

from Eq. (3.6) becomes

(
φ∗ tσσ′

)
xniσ ij φmjσ′

e σσ′
a†ij∑∑∑ji = i am , (3.7)nh̄ j σ,σ′ n,m

† †where an, an are creation and destruction operators that satisfy the algebra {an, am} = δnm.
†The expectation value of Eq. (3.7) is written in terms of the coefficients cmn ≡ 〈a am〉 asn

e〈ji
a〉 = i ∑ Ha

inmcmn , (3.8)
h̄ n,m

φ∗ tσσ′ a a
niσ ij

(
xiσ − xjσ′

)
φmjσ′∑∑Ha

inm ≡ (3.9).
j σ,σ′

In this way, the different optical responses generated by the external electric field can be

obtained by evaluating the time evolution of cmn using perturbation theory. A complete

derivation of the first and second order perturbative contributions to cmn is provided in

Appendix B.3 assuming that the system is initially in thermodynamic equilibrium, fol-

lowing a Fermi-Dirac distribution function, and an adiabatic activation of the externally

applied electric field from t = −∞, namely

−i(ωβ+iδ)t/h̄E = Eβ
b e , (3.10)
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where δ = 0+ is an infinitesimally small but positive quantity and the β index is intro-

duced (and implicitly summed over) to include the case in which the incident electric field

is made out of several monochromatic waves.

This completes the general formalism that is necessary to deduce any local optical

response associated to electrons moving in a crystalline solid without invoking, at least

a priori, translational invariance. In the following we consider its application to obtain

specific expressions for the CPGE.

3.2.2 The circular photogalvanic effect

There are several classes of photocurrents that can be generated upon illuminating a mate-

rial with light. Photogalvanic effects refer to the direct currents that can be generated even

when the system or the applied electromagnetic radiation are completely homogeneous

in space [111–113]. They can be described phenomenologically by considering the second

order response of the system to an applied electric field E as

ja = χabcEbEc∗ = σabcEbEc∗ + βab [E× E∗]b , (3.11)

where E(ω) = E(−ω)∗ (see Eq. (3.10)). In the last equality, we have split the tensor χabc

into the part that is symmetric in the last two indices, σabc, and the one that is antisym-

metric and hence can be rewritten as a tensor of two indices, βab. This last term only

contributes to the photocurrent for elliptically polarized light and it is identified as the

CPGE1.

In our real space formulation of optical responses, the simplest way to identify a mi-

croscopic expression for the CPGE is to consider the second order response to two incident

monochromatic waves of the form

−iωβt/h̄]eδt/h̄E = 2Re[Eβ
be , (3.12)

with frequencies ω1 = ω − Δω/2 and ω2 = ω + Δω/2. More specifically, these two light

sources generate currents that oscillate with the sum and the difference of their frequen-

cies. The CPGE corresponds to the part of the difference frequency generation current that

oscillates with sin(Δωt/h̄) in the limit Δω → 0 and that is proportional to [E× E∗] [128].

Its local expression is given by

sin(Δωt/h̄)〈ji
a〉 = βab [E × E∗]b , (3.13)

Δω/h̄ i

3
βab εbcdHa

i = − iπe
∑ mn , (3.14)inmScd

2h̄2 n,m||εnm=0

1Similarly, the first term is commonly called the linear photogalvanic effect (LPGE). This effect will be
considered in more detail in Chapter 4.
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3.3. CPGE in the bulk of nodal semimetals

Scd c d
[

x x
{

fmpδ(εmp + ω) + fnpδ(εnp + ω)
}
+mn ≡ ∑ mp pn

p

d c+x x
{

fmpδ(εmp − ω) + fnpδ(εnp − ω)
} ]

, (3.15)mp pn

where fnm ≡ fn − fm, fn = [exp((εn − μ)/T) + 1]−1 is the Fermi-Dirac distribution func-

tion, μ is the chemical potential, T is the temperature and we have considered equal polar-

izations E b = E2b ≡ E b for simplicity. The fact that only the terms (n,m) satisfying εnm = 01

contribute to Eq. (3.14) can be understood as a consequence of the monochromatic limit

Δω → 0 (see Appendix B.3 for more details).

Furthermore, we can consider an alternative form of the CPGE when it is evaluated

deep inside the bulk of the system by assuming periodic boundary conditions in all direc-

tions. In this case the eigenstates of the Hamiltonian from Eq. (3.1) become Bloch eigen-

states |n(k)〉 while the position operator x becomes ill-defined, so the evaluation of its

matrix elements requires a more careful analysis in terms of Bloch eigenstates (see Ap-

pendix B.4 for more details). Since the derivation is covered in detail in Refs. [126, 128],

we merely provide the final expression here, which is given by

3iπe ∫ dk
fnmεbcd(∂ka

c dβab(ω) = εnm)Im
[
r r

]
δ(εmn − ω) , (3.16)∑ nm mnh2 (2π)3¯ m>n

where rnm = i 〈n| ∂ka |m〉. It is important to stress that in this case the monochromatic limit

Δω → 0 implies that the CPGE receives contributions from interband transitions solely.

3.3 CPGE in the bulk of nodal semimetals

In the previous section we have introduced specific expressions to evaluate the CPGE in

the bulk and the boundaries of a general tight-binding system of electrons. In the follow-

ing we consider the piece of the CPGE that can be related to quantization in the bulk of

Weyl andmultifold fermions. We will first discuss the origin of this quantization, and then

we will describe the characteristic form that the CPGE presents in the bulk of the nodal

semimetal CoSi at low energies.

3.3.1 Quantization in the trace of the β tensor

The quantization of the CPGE can be found in the trace of its response coefficient, which

we denote as β(ω) ≡ Tr[βab(ω)]. This trace is conveniently evaluated in the momentum

space formulation as

3πe ∫ dk
β(ω) = fnm(∂ka εnm)Ra δ(εmn − ω) , (3.17)∑ nmh2 (2π)3¯ m>n

≡ εabc b cRa r r (3.18)nm nm mn .
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Chapter 3. Circular photogalvanic effect in Weyl and multifold semimetals

The quantization relies on the connection of β(ω) with the topological charge of nodal

degeneracies, which can be derived from twomain steps. The first one consists in realizing

that the volume integral in Eq. (3.17) can be expressed as a surface integral. For a given

frequency ω, the Dirac delta and the Fermi-Dirac distribution function at zero temperature

select a collection of points k0(ω) in momentum space where filled bands n and empty

bands m are separated by an energy difference εmn(k0) = ω. This collection of points

constitute a surface Snm in momentum space, and rewriting the Dirac delta as [129]

3πe ∫ dk ∂ka εmn Raβ(ω) = − ∑ fnm nm δ(k− k0(ω)) , (3.19)
h̄2 m>n (2π)3 |∂kεmn|

we can immediately see that the unitary vector na = ∂ka εmn/|∂kεmn| is normal to Snm.

Thus, the volume integral can be expressed as a integral of the flux Ra that pierces thenm

surface Snm, namely
3e ∫

β(ω) = − ∑ d�Snm · �Rnm . (3.20)
2h2 m>n

The second step consists in relating this surface integral to the integral of the Berry

curvature over a closed surface, following the discussion of Sec. 1.2. The Berry curvature

can be expressed in terms of Ra as [126]nm

Ωa Ra (3.21)n = i ∑ nm ,
m=n

so the integrand of Eq. (3.20) is just the Berry curvature for Weyl semimetals, where the

reduced number of two bands makes Ra = −iΩ1
a as the only possible contribution to12

β(ω). Therefore, depending on the band details and the chemical potential, there might

be a frequency window for which the surface S12 is closed, which implies that [114]

3ie3 ∮ iπe
β(ω) = d�S12 · � = C1 , (3.22)Ω12h2 h2

where C1 is the topological charge associated to the Weyl nodes contained in S12. The case

with a larger number of bands does not present this exact quantization in general, because

there are more surfaces Snm contributing to β(ω), each one with its own Ra , and becausenm

the Berry curvature is given by the sum of several Ra terms. Nonetheless, multifoldnm

fermions afford a special situation in which β(ω) is similarly quantized in terms of the

Berry curvature. When their band dispersion near the nodal degeneracy is linear, there is

a perfect cancellation of all the terms that are not integrals of Berry curvature over closed

surfaces [122].

3.3.2 Characterization of the CPGE in CoSi

As we mention in the introduction of this chapter, there exist experimental realizations of

multifold fermions in transition metal silicides. Now we proceed to consider the CPGE
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3.3. CPGE in the bulk of nodal semimetals

in CoSi, which is a nodal semimetal that is non-magnetic [130] and belongs to the space

group 198 [117, 131]. When its spin-orbit coupling is completely ignored2, CoSi features

a threefold fermion at the Γ point, approximately at 37 meV above the chemical potential,

and a doubleWeyl fermion at the R point downwards in energy, as it is shown in Fig. 3.1a).

The CPGE in the bulk of this material has been predicted from DFT computations and

measured experimentally at low frequencies, obtaining a characteristic dip-peak structure

as the one shown in Fig. 3.1b). The purpose of this section is to explain the origin of this

structure from the distribution of nodal degeneracies in momentum space.

Since we are interested in the low-frequency regime of the CPGE, we focus our analysis

in the band dispersion of CoSi near its threefold degeneracy as it is the one closest to the

chemical potential. To deduce the low-energy Hamiltonian, or k · p approximation, that

describes this threefold fermion we exploit the symmetries that are present in CoSi [117,

132]. The basic idea is to expand the Hamiltonian in powers of the momentum k around

the Γ point and use the symmetry constraints

GH(k)G−1 = H(Gk) , (3.23)

where G symbolizes the action of one of the possible symmetry operations, to determine

which terms of the Hamiltonian are linearly independent and different from zero. In our

case, the threefold degeneracy is protected by the tetrahedral point group T, whose sym-

metry transformations are generated by C3 rotations around (111) and C2 rotations around

(100) [133]. If we furthermore assume the conservation of time-reversal, the most general

k · p Hamiltonian to second order in momentum is given by

H3 f = HO + HT , (3.24)⎛
⎜⎜⎜⎜

⎞
⎟⎟⎟⎟

2t3t0k2 + (k2 − 3k2) it1kx + t2kykz −it1ky + t2kxkzz3
2t3−it1kx + t2kykz t0k2 + (k2 − 3k2yHO (3.25)) it1kz + t2kxky= ,
3⎝ ⎠2t3t0k2 + (k2 − 3k2xit1ky + t2kxkz −it1kz + t2kxky )

3⎛ ⎞
k2y − k2x 0 0

2t4√ 0 k2 − k2x z 0HT (3.26)
⎜⎜⎝ ⎟⎟⎠= ,

3
0 0 k2z − k2y

where k ≡ |k|. We have split the full Hamiltonian into HO and HT to emphasize that, to

linear order in momentum, the threefold fermion accidentally belongs to the octahedral

point group O, which is a higher-symmetric point group that additionally includes sym-

metry transformations generated by C2 rotations around (110) [133]. This distinction will

be relevant in Sec. 4.5 when considering the linear photogalvanic effect (LPGE), an effect

that is enforced to vanish by the point group O.

2The strength of the spin-orbit coupling in CoSi is estimated to be Δ ∼ 0.03 eV from ab initio computa-
tions [53, 117, 132], so it can be safely ignored for frequencies ω � Δ.
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The parameters of this effective Hamiltonian can be fitted with the energy bands from

DFT computations, which lead to (t0, t1, t2, t3) = (1.07, 1.79,−1.72, 3.26) eV using reduced

units for momentum. This fitting corresponds to the highlighted lines in Fig. 3.1a), where

we additionally indicate the label n that we use to denote each of the energy bands εn. The

parameter t4 cannot be determined consistently from the energy bands without consider-

ing higher-order terms in the k · p approximation, but we have explicitly checked that its

value has a negligible contribution to the CPGE results and therefore we have set t4 = 0

for simplicity.

To scrutinize the origin of the dip-peak structure of the CPGE, it is convenient to start

considering the contributions from the linear dispersion solely. As we previously dis-

cussed, this is the case in which we can directly connect β(ω) to the topological charge of

multifold fermions. Moreover, the linear model from Eq. (3.24) satisfies Ra = 0 due to13

time-reversal symmetry, so Ra = −iΩ1
a directly. Since the chemical potential lies below12

the Γ node, the surface S23 is Pauli-blocked and the only requirement to find quantization

is that S12 is closed. This happens for any frequency ω ≥ 2|μ|, where μ is the chemical po-

tential evaluated with respect to the Γ node. Thus, the frequency profile of β(ω) is a quan-

tized plateau as the one shown in Fig. 3.1d), where an additional factor of 2 is included to

take into account the spin degeneracy. This plateau extends until the double Weyl fermion

at R is optically activated at a frequency ω0, which depends on the specific value of the

chemical potential3. The contribution of the R node is a sharp step function Θ(ω − ω0)

assuming a linear band dispersion that preserves time-reversal symmetry [122], which is

sufficient for our description of the CPGE at low frequencies.

The direct comparison between Figs. 3.1b) and d) evidences that the dip-peak struc-

ture of β(ω) cannot be explained from our linear model. Since the chemical potential

is very close to the Γ node, we will only consider now the quadratic corrections to the

threefold fermion provided in Eq. (3.25) and include the contribution from the R node to

linear order in momentum. The main consequence of these corrections is a modification

of the frequency windows at which the optical transitions conform completely closed sur-

faces Snm. The critical frequencies that determine this windows are fixed by the specific

momenta at which the energy differences between occupied and unoccupied bands are

minimal or maximal. For CoSi4, these momenta correspond to the directions Γ-X and Γ-R,

respectively, and the associated critical frequencies are explicitly shown Fig. 3.1e).

The energy transitions 1 → 2 present two characteristic frequency windows in which

energy transitions activate but conform an open surface S12. The first one happens at

low frequencies when the energy transitions start to contribute to the CPGE, which we

denote as (ω1
X,ω1

R), whereas the second one happens at larger frequencies when some en-

ergy transitions become Pauli-blocked, which we denote as (ω2
X,ω2

R). In the intermediate

3For instance, the R node is activated at ω0 = 0.22 eV for a chemical potential μ = −40 meV.
4The critical frequencies might be fixed in other arbitrary directions for general parameters of the k · p

model from Eq. (3.24).
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FIGURE 3.1: CPGE in CoSi. Subfigures a) and b) correspond to the DFT
computations by Y. Zhang and the experimental measurement through ter-
ahertz emission spectroscopy by the group of L. Wu, reproduced here with
their permission. The quantity β(ω) is given in units of β0 ≡ πe3/h2, and

all our results are given at zero temperature.
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region, (ω1
R,ω2

X), the surface S12 is completely closed and the contribution to β(ω) is quan-

tized. On the contrary, since the third band is always unoccupied, the transition 2 → 3 only

presents an activation frequency window (ω3
X,ω3

R) and the surface S23 remains closed for

frequencies ω > ω3
R.

These critical frequencies crucially depend on the chemical potential, whose value can

entail a frequency window in which neither S12 nor S23 are completely closed. In this case

the frequency profile of β(ω) presents a peak in this window that tends to disappear for

ω → ∞, as it is explicitly shown in Fig. 3.1f) for μ = −10 meV. If the sharp contribution

from the double Weyl fermion at R accidentally occurs in the middle of this peak, the

resulting frequency profile is analogous to the dip-peak structure from Fig. 3.1b). This

is explicitly shown in Fig. 3.1g), where we consider the contribution of both the Γ and R

nodes for different values of the chemical potential.

In addition, the quadratic corrections to the band dispersion of the threefold fermion

also modify the integrand Ra in Eq. (3.19). This modification spoils the perfect quanti-nm

zation of β(ω) associated to the linear model, but its effect is strongly suppressed at low

frequencies by scaling factors ω/Δ, where Δ ∼ 1 eV is the typical energy scale associated

to the band bending. The form of the dip-peak structure does not change qualitatively

under this effect as it is shown in Fig. 3.1h), so we conclude that the origin of this struc-

ture is exclusively the effect of the quadratic corrections on the possible optical transitions

contained in Snm. The quantization of β(ω) could be measured experimentally in CoSi by

accessing to frequencies below its critical frequency ωX � 0.12 eV, where the surface S122

is completely closed and provides the dominant contribution in terms of the topological

charge C1 = −2.

3.4 Boundary contribution to the CPGE

Once we have considered the CPGE in the bulk of nodal semimetals and its connection

with topology, we address if a similar connection could be found for the same optical

response at the boundaries of these materials. This question follows from the intimate

relation between the circular dichroism of bulk and boundary states of Chern insulators

and chiral HOTIs that we have already discussed in Chapter 2. There, the existence of a

sum rule under fully open boundary conditions implies that the absorption of circularly

polarized light by these states is equivalently quantized in magnitude but differs by a

relative sign.

A problem that has not been discussed in Chapter 2 is that this sum rule does not nec-

essarily hold under different boundary conditions. A clear example is the case of a Chern

insulator in which the boundary is an infinite straight line. The absorption by the gapless

chiral fermion at the boundary can be obtained following the procedure of Sec. 2.4, but

now the boundary geometry implies that the projection of the electric field does not have

any spatial modulation. The resulting absorption peak moves to the frequency ω = 0,

where it is not possible to differentiate between left and right-handed circularly polarized
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3.4. Boundary contribution to the CPGE

light, and therefore there is no signal of circular dichroism associated to this edge state.

A similar result follows for chiral HOTIs in the infinite slab geometry, where the gapless

chiral fermion is directly lost.

The purpose of this section is to determine whether the CPGE satisfies a sum rule

analogous to the one of circular dichroism. The real space formulation of optical responses

that we have derived in Sec. 3.2 is perfectly suited to address this question, since it allows

to analyze the CPGE response under different boundary conditions. After a preliminary

discussion of sum rules for the optical conductivity, which are directly related to circular

dichroism [76, 86], we will show how the CPGE obeys similar sum rules for fully open

boundary conditions, and then show how both the conductivity and CPGE sum rules

break down when one of the boundary conditions is made periodic.

3.4.1 Sum rules for the optical conductivity and the CPGE

We begin by introducing the local expression for the optical conductivity, which is the
−i(ωβ+iδ)t/h̄first-order response associated to the externally applied electric field E = E be .β

(1)The expression can be obtained by introducing cmn (see Appendix B.3) into Eq. (3.8), which

leads to

〈ji
a〉 = σabEβ

be−i(ωβ+iδ)t/h̄ , (3.27)i
2 bfmnHa

mninmx
σab e

= ii ∑ . (3.28)
h̄ εmn − ωβ − iδn,m

The sum rule associated to circular dichroism corresponds to the integral of the QH

conductivity over the entire finite system. We recall that this conductivity is found in the

limit in which both frequency and temperature are zero, but it turns out that the sum

rule extends beyond the transverse component. The only term that survives in the zero

frequency limit is given by

2
σab e

= ii
a b∑ ∑ fmnx (3.29)xmn .

ω=0 nmh̄i n,m

In the zero temperature limit, the term fmn can be replaced by projectors onto occupied (P)
and empty (Q) states, which leads to

2 (
Tr
[

QxaPxb
]
− Tr

[
PxaQxb

])
σab e

= ii∑ = 0 , (3.30)
ω,T=0 h̄i

where the last equality results from the fact that both traces are identical. Thus, this sum

rule guarantees that the total contribution to the optical conductivity coming from the bulk

is equal in magnitude and opposite in sign to the one of the boundary5.

5We recall that, despite the fact that we are continuously talking about local currents, the response coeffi-
cients correspond to external electric fields that are applied homogeneously over the whole system.
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Chapter 3. Circular photogalvanic effect in Weyl and multifold semimetals

a) b)

FIGURE 3.2: Illustration of the flux of divergenceless currents through a
slice of a finite system. The total flux vanishes as a consequence of Gauss’s

theorem [134].

There is a deeper relation between the bulk and the boundary contributions to the

optical conductivity that underlies this sum rule, which is the divergenceless condition.

The divergence of any local current can be deduced from Eq. (3.5) in the eigenstate basis

as
e∇ · 〈ji〉 = i
h̄ ∑ ∑ niσ (3.31)εmnφ∗ φmiσcmn ,

σ n,m

(1)and in the case of the optical conductivity, we can introduce cmn into Eq. (3.31) to obtain6

2e b∇ · 〈ji〉 = 2 Im
[

φ∗ φ∗
]

xjσ′Eb = 0 . (3.32)
h ∑ ∑ niσφnjσ′ mjσ′φmiσ

j,σ,σ′ n∈occω,T=0 ¯
m∈unoc

The divergenceless condition provides a finer relation between the bulk and the boundary

contribution to the optical conductivity through the familiar Gauss’s theorem [134]. This

theorem states that the integral of the divergence of a vector field over a finite volume

equals the flux of such vector field through the surface that encloses this volume. There-

fore, we can consider any slice of our electron system and state that for any divergenceless

current the total flux through the slice must be zero. This simply follows from considering

this slice as part of a surface that encloses a portion of the finite electron system, assuming

that the local current outside the system is just zero.

Therefore, the divergenceless condition can be exploited to relate the response coeffi-

cients evaluated in the bulk and the boundary of the system as it is shown in Fig. 3.2a).

Gauss’s theorem ensures that, for a given slice, the total amount of flux that comes from

the boundary is equal in magnitude and opposite in sign to the one associated to the re-

gions of the boundary that belong to such slice. From this perspective, the sum rule in

Eq. (3.30) results from splitting the whole volume of the electron system into a collection

of slices and applying Gauss’s theorem to each of them separately.

6The last equivalence follows from the identity ∑m∈unoc φ∗ = δijδσσ′ − ∑m∈oc φ∗ φmjσ′ .miσφmjσ′ miσ
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3.4. Boundary contribution to the CPGE

The photocurrent associated to the CPGE also satisfies the divergenceless condition.

This can be deduced from the factor εmn in Eq. (3.31), since the CPGE only receives contri-

butions from the n,m terms satisfying εnm = 0. Hence, the CPGE satisfies the same sum

rules as the optical conductivity but without any specific requirement on the frequency or

the temperature. The divergenceless condition can be analogously used to relate the quan-

tized photocurrent in the bulk of nodal semimetals to their boundary contribution. To see

this, it is convenient to consider the situation in which the nodal semimetal displays cubic

symmetry [111], so that the response coefficient is given by βab = δabβi(ω)/3. In this casei

quantization might appear for each component of the photocurrent independently, so we

can consider a single slice of the system as the one shown in Fig. 3.2b) to find the relation

3iπe
∑ ∑βaa

i βaa
i CAS , (3.33)= − = −

3h2i∈∂S i∈S

where S denotes the bulk points inside the slice, AS is its area and ∂S includes the points

at the boundary of the slice. Note that this relation only holds in the thermodynamic limit,

where the momentum space formulation for the bulk response does apply and can be

connected to quantization.

It is important to stress that our application of Gauss’s theorem relies on the assump-

tion of bounded samples. The corresponding sum rules do not necessarily hold if we

assume periodic boundary conditions in the direction in which the electric current prop-

agates. In this case, the electron field operator decomposes into Bloch eigenstates of

the form 〈xiσ|un(kb)〉 = uniσ(kb), where i now labels the well-defined positions on the

bounded directions of the lattice and b indicates the periodic direction with associated

momentum kb (see Appendix B.4 for details). The resulting local current is given by

∫ dkb

2π
Db (3.34)inm(kb)cmn(kb) ,

e〈ji
b〉 = − ∑h̄ n,m

Hσσ′
ij umjσ′ , (3.35)Db

inm(kb) ≡ ∗uniσ ∂kb∑
j,σ,σ′

where Hij
σσ′

(kb) are the matrix elements of the Bloch Hamiltonian with eigenvalues εn(kb).

As a result, the optical conductivity is given by the local expression

y∫ dkx fmnxmn
2

xy e
∑ Dx

inm , (3.36)= −σi h̄ 2π εmnn,m

which describes the electric current generated in the periodic direction x̂ by an electric

field linearly polarized in the ŷ direction with open boundaries. Similarly, the CPGE is

given by
πe3 ∫ dkz

εzabDz
inmSab

mn .βzz
i =

2h̄2
∑

n,m||εnm
2π

=0
(3.37)

when the electric current is generated in the periodic direction ẑ by an electric field applied
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FIGURE 3.3: Energy bands of the tight-binding models from Eqs. (3.38) and
(3.39), respectively.

in the same direction that is circularly polarized in the (x, y) plane, which is the plane in

which the system has open boundary conditions.

3.4.2 Numerical results

The purpose of this section is to consider concrete tight-binding models to illustrate the

validity of our local expressions for optical responses and the sum rules that we have

introduced in the previous section. Specifically, we consider a model describing a Chern

insulator in the square lattice that is given by [100]

H = Δ sin(kxa)σx + Δ sin(kya)σy − (2t[cos(kxa) + cos(kya)]− M)σz , (3.38)

where a is the lattice spacing and σb are the Pauli matrices. Wewill consider the parameters

Δ/t = 1 and M/t = 2, for which this model features a Chern number C = 1 at half-filling

(see Fig. 3.3a)).

Furthermore, we consider a nodal semimetal through another tight-binding Hamilto-

nian in the square lattice that is given by [116]

3
H = ∑ {t1 cos(kba)I+ t2 sin(kba)σb} , (3.39)

b=1

where I is the 2 × 2 identity matrix. This two-band model features Weyl fermions that

are protected at all time-reversal invariant momenta (TRIM) due to the conservation of

time-reversal symmetry. We will consider the parameters t1 = t2 ≡ t > 0, which lead to

the band structure shown in Fig. 3.3b). The Weyl nodes located at energies E/t = −3 and

E/t = 1 present a monopole charge C1 = −1, while the ones located at E/t = −1 and

E/t = 3 have C1 = 1. This model additionally preserves cubic symmetry, so we will focus

solely on the diagonal component βzz(ω) = βi(ω)/3 [111].i

Our results for these tight-binding models are collected in Fig. 3.4. We first focus on

the left column, which corresponds to our model of a Chern insulator and comprises the

results for the Hall conductivity associated to the application of an electric field in the

ŷ direction. In the case of completely open boundary conditions, the local distribution
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3.4. Boundary contribution to the CPGE

of this conductivity can be obtained for a disk geometry in the thermodynamic by using

the current-current correlation functions introduced in Eqs. (2.20)-(2.22) of the previous

chapter. These functions determine the spatial profile

σ
xy
edge = −Ce2

h
R sin2(σ/R) , (3.40)

σ
yy
edge =

Ce2

2h
R sin(2σ/R) , (3.41)

where σ = ϕR, R is the radius of the disk and ϕ is the azimuthal angle. The corresponding

spatial profile is shown in Fig. 3.4a) and constitutes a simple corroboration of our local

expression for the optical conductivity from Eq. (3.28), whose evaluation using exact di-

agonalization is included in Fig. 3.4b). The value of the local conductivity in the central
xypoint of the bulk is σi = 0.994e2/h, which agrees with the expected value σxy = Ce2/h

associated to the thermodynamic limit. The divergenceless condition can be verified from

the effective field theory perspective too, and we can consider a vertical slice in the middle

of the system to find that the magnitude of the bulk and boundary contributions to the

transverse conductivity is (Ce2/h)L, where L is the length of the slice.

Nonetheless, we find that the boundary response drastically changes when consider-

ing periodic boundary conditions in the x̂ direction. The evaluation of Eq. (3.36) is shown

in Fig. 3.4c), where only the bulk response coincides with the one associated to fully open

boundary conditions. For this boundary configuration, we can clearly appreciate the break

down of the sum rule associated to the total flux of current crossing any finite slice of the

system.

The results concerning the CPGE for our model of a Kramers-Weyl semimetal follow

similarly and can be found in the right column of Fig. 3.4. However, the description of

optical transitions by Dirac deltas challenges the observation of a quantized CPGE nu-

merically. To illustrate this problem, we consider first the evaluation of β(ω) with fully

periodic boundary conditions, which is given by Eq. (3.17). In this case we can discretize

the Brillouin zone into Nk points to evaluate the momentum integral, and Dirac deltas can

be modeled by normal distributions with a standard deviation that tends to zero. If this

broadening is too small, the Dirac deltas only capture a very reduced number of optical

transitions between energy states, which can induce finite size errors. Nevertheless, it is

generally possible to consider a sufficiently large Nk to mitigate these effects and achieve

quantization. This is explicitly shown in Fig. 3.4d), where we determine β(ω) for different

chemical potentials by discretizing the Brillouin zone into Nk = 5003 points and consider-

ing a standard deviation σ/t = 2× 10−2.

The problem of Dirac deltas is exactly the same in the case of fully open boundary con-

ditions, but now the corrections to quantization are physical. Strictly speaking, the CPGE

can be quantized at the bulk of nodal semimetals only in the thermodynamic limit, when

the broadening of Dirac deltas tends to zero. If we consider a finite electron system, the
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FIGURE 3.4: Optical responses under different boundary configurations. On
the left, the Hall conductivity for the Chern insulator of Eq. (3.38) in units of
e2/h. On the right, the CPGE for the Kramers-Weyl semimetal of Eq. (3.39)

in units of iπe3/h2. The temperature is assumed to be zero.
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number of energy states available is drastically reduced and a small broadening will in-

evitably generate finite size fluctuations. This is illustrated in Fig. 3.4e), where we have

evaluated Eq. (3.14) at the central point of a cubic lattice with N = 113 sites and a stan-

dard deviation σ/t = 5 × 10−2. Therefore, finding quantization in the local expression

of βi(ω) requires much larger system sizes, which challenges its evaluation through exact

diagonalization.

The divergenceless condition associated to the CPGE is, however, independent of these

numerical issues. As long as the system has fully open boundary conditions, the bulk and

boundary contributions to the CPGE for any slice of the system must be equal in mag-

nitude and opposite in sign. This is exemplified in Fig. 3.4f), where we consider again a

cubic lattice with N = 113 sites to determine the spatial profile of βi(ω) over the inter-

mediate layer in the ẑ direction, with a standard deviation σ/t = 5× 10−2, a frequency

ω/t = 1.16 and a chemical potential μ/t = −2.5. We expect from these results that for

sufficiently large system sizes, the coefficient βi(ω) will be quantized for the bulk points

of the system and its whole contribution in the bulk will be cancelled by an equivalently

quantized contribution from the boundary points, similarly to what happens for the QH

conductivity in Figs. 3.4a),b).

Finally, we illustrate in Fig. 3.4g) how this relation between bulk and boundary contri-

butions to the CPGE is not satisfied when considering periodic boundary conditions in the

ẑ direction while keeping the (x, y) plane with open boundaries. The results correspond

to Eq. (3.37) evaluating the momentum integral with Nk = 200 points for a chemical po-

tential μ/t = −2.5, a frequency ω/t = 1.5 and a standard deviation σ/t = 2× 10−2. In

analogy to the QH conductivity of Fig. 3.4c), the total flux of current through the layer

does not cancel in this situation and the bulk response approaches the one associated to

fully periodic boundary conditions.

3.5 Conclusions and discussion

In this chapter we have considered the CPGE in the context of nodal semimetals. To char-

acterize its relation to quantization both in the bulk and the boundary of these systems, we

have developed a real space formulation that allows to study any optical response gener-

ated by a global and homogeneous electric field independently of the boundary details.

The original motivation behind considering the CPGE in CoSi was to observe ex-

perimentally its quantization in the bulk of a chiral multifold semimetal. The measure-

ment through terahertz emission spectroscopy [135, 136] is currently limited to frequencies

above 0.2 eV, which only provide part of the distinctive dip-peak structure in the frequency

profile of β(ω) predicted from DFT computations. Considering a k · p approximation of

this material, we have determined that this dip-peak structure originates from the inter-

play between the chemical potential and the quadratic corrections to the band dispersion

of the threefold fermion, which are the variables that dominate the possible optical tran-

sitions of this material at low energies. We have additionally determined that it would be
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Chapter 3. Circular photogalvanic effect in Weyl and multifold semimetals

possible to observe a quantized β(ω) by accessing to frequencies below 0.12 eV. A similar

dip-peak structure has been predicted and measured for RhSi [75, 137, 138], a chiral mul-

tifold semimetal analogous to CoSi but with a stronger spin-orbit coupling that challenges

the observation of a quantized CPGE at low frequencies.

It is important to stress that this optical response does not present the same topological

character as the Hall conductivity in QH states. The reason is that the quantized CPGE is

associated tometallic states, so there is no energy gap that protects the value of its response

coefficient against interaction effects. For instance, the trace β(ω) receives corrections from

the coupling of Weyl or multifold fermions to additional energy bands separated by an en-

ergy Δ, even though these corrections are suppressed at low-frequencies by a scaling fac-

tor ω/Δ [114, 122]. Coulomb interactions can also induce corrections to this quantization

when the screening is weak, as has been shown for the case of Weyl semimetals [139].

In the second part of the chapter we have addressed the relation between bulk and

boundary responses associated to the CPGE. We have shown that the CPGE obeys sum

rules for completely bounded systems akin to circular dichroism [76, 92, 94]. In essence,

the divergenceless character of this photocurrent allows to consider a slice of the system

and state that the total flux of current through the slice must cancel, so in the thermo-

dynamic limit the quantization of the bulk contribution necessarily entails an equivalent

quantization of the contribution from the boundary. We have supported our conclusions

with concrete tight-binding models, despite of the fact that the computation of the CPGE

in finite samples has numerical issues that preclude a clean observation of its quantization.

Characterizing the boundary contribution to the CPGE in the continuum limit is a chal-

lenging open problem. The common models to describe Fermi arc states assume infinite

plane geometries [17, 41, 48, 49], so there is no direct way to compute their contribution

to the CPGE in a completely bounded sample, where these states may additionally coexist

with other boundary states that could also contribute to the photocurrent. Nevertheless,

the sum rule that we have found is completely general and establishes that the boundary

CPGE generated by a global and homogeneous electric field can be quantized regardless

of which states are present at the boundary. Another question that remains open is to

which extent this boundary response can be observed experimentally. The requirement of

applying a global and homogeneous electric field implies that we have to overcome the

problem of the skin effect associated to Coulomb interactions [3, 87, 114], which generally

impedes the complete penetration of the electric field in the whole sample.
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4 Computing observables without

eigenstates

4.1 Introduction

The discovery of the Berry phase [42] is an enlightening example of the general fact that

in quantum mechanics any gauge invariant quantity is potentially measurable. The the-

ory of quantum mechanics has a clear prescription to compute any physical property of

a quantum many-body system that can be measured experimentally [140, 141]. These

properties receive the name of observables, and they are computed from matrix elements

of operators in the eigenstate basis of the Hamiltonian that governs the dynamics of the

quantum system. But a well-known problem lies in these computations, which is the fact

that the complex phase of the eigenstates is left unfixed by the Hamiltonian and changes

under gauge transformations. Only those quantities that are gauge invariant can be, thus,

identified as observables.

The gauge freedom of eigenstates does not preclude the computation of observables,

but it generally entails analytic complications to reach final expressions. This is because

the complex phase might have an arbitrary dependence on any parameter of the Hamil-

tonian. These complications seem unnecessary a priori, since eigenstates are solely an

intermediate step between the Hamiltonian and its observables. The situation gets worse

if these observables depend on derivatives with respect to those parameters, or if these

derivatives are computed numerically using nearby states that will certainly belong to

different gauge choices.

The aim of this chapter is to provide a method to compute observables that avoids the

explicit use of eigenstates. Themethod applies to general Hamiltonians of finite dimension

N, and consists in determining a minimal set of matrix elements, which we call the R-
generators, that exhaust all the possible observables of the quantum system. The essence

of the method relies on the properties of the SU(N) group algebra [142, 143]. We begin

in Sec. 4.2 with the simplest case, N = 2, to introduce the logic of our method before

considering the general case in Sec. 4.3. The specific results for N = 3 are given in Sec. 4.4,

whereas the ones for N = 4 are included in Appendix C.2 due to their larger extent.
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Once these results are presented, we will illustrate their usefulness with several prac-

tical examples involving Bloch Hamiltonians, which are widely used for the study of non-

interacting topological phases of matter [31, 33]. We will focus on a series of observables,

as the Berry curvature or the quantum metric, that should be a priori independent but

present accidental relations when the number of Bloch states is N = 2. We will consider

specific examples of three-band models featuring nodal degeneracies to explicitly visual-

ize the relaxation of these accidental constraints when N = 3. The explicit use of eigen-

states provides exactly the same results, but R-generators readily provide the final analyt-

ical expressions in general, and specially when the observables are described in terms of

projectors onto occupied states.

4.2 Statement of the problem

Consider a general hermitian Hamiltonian H of dimension N. This Hamiltonian has 2N2

different matrix elements, but the hermitian condition guarantees that only N2 are linearly

independent. We can therefore select a set of N2 independent matrices, with dimension N
and hermitian, to decomposeH. The simplest choice is the identity matrix I together with

the generators of the SU(N) group algebra1. We define these generators as Mα, where α =

{1, . . . , N2 − 1}, and choose the normalization Tr[Mα Mβ] = 2δαβ. Hence, the Hamiltonian

decomposes as

H = h0I+ hα Mα , (4.1)

where h0, hα are real functions of the Hamiltonian parameters. We will adopt the notation

in which repeated Greek indices as α are implicitly summed over, and denote them as

SU(N) indices. The term h0I is a trivial shift of the energy eigenvalues, so it is useful to

split the Hamiltonian as H = h0I+ H, where

H = hα Mα , (4.2)

obeys the eigenvalue equation

H |n〉 = εn |n〉 , (4.3)

where we identify |n〉 as the eigenstates of H with eigenvalues εn, and n = {1, . . . , N}. We

will restrict ourselves to the case in which these eigenstates are non-degenerate2.

Similarly, any traceless operator O in the Hilbert space of H decomposes in terms of

the SU(N) generators as O = Oα Mα, with matrix elements of the form

Onm ≡ 〈n|O |m〉 = Oα Mnm , (4.4)α

1The closed character of the SU(N) group ensures that any other basis choice ultimately reduces to this
one.

2When two eigenstates are degenerate, the physical observables must be invariant not only under U(1)
gauge transformations of the eigenstates but also under rotations between the degenerate states. For instance,
if states |1〉 , |2〉 are degenerate, the same observables should be obtained using these states or the combina-√
tions |±〉 = (|1〉 ± i |2〉)/ 2.
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N 1-generators 2-generators 3-generators 4-generators

2 M11
α , M22

α M12
α M21

β - -

3
M11

α , M22
α

M33
α

M12
α M21

β , M23
α M32

β ,

M31
α M13

β

M12
α M23

β M31
γ -

4

M11
α , M22

α ,

M33
α , M44

α

M12
α M21

β , M13
α M31

β ,

M14
α M41

β , M23
α M32

β ,

M24
α M42

β , M34
α M43

β

M12
α M23

β M31
γ , M12

α M24
β M41

γ ,

M13
α M34

β M41
γ , M23

α M34
β M41

γ

M12
α M23

β M34
γ M41

δ ,

M12
α M24

β M43
γ M31

δ ,

M13
α M32

β M24
γ M41

δ

TABLE 4.1: Set of R-generators for SU(2), SU(3) and SU(4).

while operators proportional to the identity have trivial matrix elements 〈n| I |m〉 = δnm.

However, not all of these matrix elements can be identified as observables. The eigensys-

tem from Eq. (4.3) determines the eigenstates |n〉 up to an arbitrary phase. Any other state

obtained from a U(1) gauge transformation of the form3

|n〉 → eiθ |n〉 , (4.5)

is also an eigenstate of H with eigenvalue εn. In the case of Eq. (4.4), this implies that only

the matrix elements with n = m are gauge invariant and thus observables. More generally,

Mml · Mpnobservables arise from combinations of Mα
nm elements as strings Mα

nm
β · · γ , where

every Latin index n,m, . . . appears an equal number of times on the left and on the right

to ensure gauge invariance4. For a given N, there is a set of irreducible strings that gener-

ates all the possible observables. We will define the elements of this set as R-generators,
where R indicates the number of matrix elements Mnm involved in the string. All theα

R-generators up to N = 4 are specified in Tab. 4.1.

Nowwe proceed to describe how any observable can be determined for N = 2 without

M21explicit reference to the eigenstates. In this case, the R-generators are Mα
nn and Mα

12 .β

The basic idea is that Eqs. (4.2)-(4.3) and the defining equation of the SU(2) algebra

Mα Mβ = δαβI+ iεαβγ Mγ , (4.6)

where εαβγ is the Levi-Civita symbol, are enough to completely determine the R-generators
as functions of hα and εn. Firstly, we can contract the diagonal matrix elements of Eq. (4.6)

with hβ to obtain

εn Mnn = hα + iεαβγhβ Mnn . (4.7)α γ

3This gauge transformation has nothing to do with the one associated to charge conservation in the previ-
ous chapters.

4Note that Latin indices are not implicitly summed over as Greek indices. We will always use Greek
indices α, β, . . . to denote components on the basis of SU(N) generators and Latin indices n,m, . . . to label
specific eigenstates and eigenvalues of H.
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Since Mnn is real by construction, this equation provides the following expression for theα

1-generators:

Mnn
α =

hα

εn
. (4.8)

Secondly, we can introduce in the diagonal matrix elements of Eq. (4.6) a resolution of the

identity of the form I = ∑m |m〉 〈m| to obtain an explicit expression for the 2-generator:

M12M21 M11
α β = δαβ − Mα

11
β + iεαβγ Mγ

11 . (4.9)

We can additionally use the characteristic polynomial of H, det(H − εnI) = 0, to obtain an

analytic expression for the energies in terms of hα, which in this case is

εn = (−1)n
√

hαhα . (4.10)

This solves the N = 2 case completely without explicitly using any eigenstate. It is

M21important to stress that Mnn and M12 depend on the energies of H and not on the onesα α β

of H. This feature is general and stems from the independence of states |n〉 on the energy

shift h0.

4.3 The general strategy

The SU(2) example paves theway to determine the analytic expressions for the R-generators
from the properties of the SU(N) algebra. In this section we provide a general strategy for

any finite dimension N. The complexity of the strategy grows in lockstep with the growth

of N, so it is convenient to begin by introducing the required properties of the SU(N) alge-

bra and the suitable notation for their use before exposing the details of the method.

The SU(N) algebra is characterized by the completely symmetric and antisymmetric

structure constants, dαβγ and fαβγ respectively, which are built from the SU(N) generators

as
1 i

dαβγ = Tr
[
Mα

{
Mβ, Mγ

}]
, fαβγ = − Tr

[
Mα

[
Mβ, Mγ

]]
. (4.11)

4 4

They will generally appear combined in the form

Sαβγ ≡ i fαβγ + dαβγ , (4.12)

as it is the case of the defining equation of the SU(N) algebra, which is given by

2
Mα Mβ = δαβI+ Sαβγ Mγ . (4.13)

N

The defining equation manifests the closed character of the SU(N) generators and con-

stitutes the basis of our method. For N = 2, the structure constants are dαβγ = 0 and

fαβγ = εαβγ, which lead to the familiar algebra of Pauli matrices provided in Eq. (4.6).
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4.3. The general strategy

The R-generators are, by construction, vector and tensor quantities with SU(N) indices.

Therefore, they must admit a decomposition in terms of all the SU(N) vectors and tensors

that can be made out of the Hamiltonian, which consist of combinations of hα and the

structure constants. The case N = 2 is specially simple because any SU(N) vector or

tensor consists of direct products of hα and fαβγ, but in general the possible combinations

between hα and the structure constants is richer as N grows and the tensor classification

becomes too intricate and impractical. This motivated our method to rely solely on the

knowledge of all the SU(N) scalars and vectors. These objects are conveniently introduced

from a family of tensors d(α
r
1
)
···αr built upon recursive contractions of the symmetric structure

constants as

d(2)α1α2 = δα1α2 , (4.14)

d(3)α1α2α3 = dα1α2α3 , (4.15)

d(r) = d(r−1)
α1···αr α1···αr−2σdσαr−1αr , 4 ≤ r ≤ N . (4.16)

These tensors are a generalization of the completely symmetric d-family [144], and they

classify the SU(N) scalars as

sr ≡ d(α
r
1
)
···αr hα1 · · · hαr , 2 ≤ r ≤ N , (4.17)

and the SU(N) vectors as

V(r) ≡ d(r+1)
α hβ1 · · · hβr , 1 ≤ r ≤ N − 1 . (4.18)αβ1···βr

The reason why we do not need further SU(N) tensors is that, for a given R, all the
R-generators can be written completely in terms of lower order generators upon using

the defining equation from Eq. (4.13), which effectively reduces the product of two SU(N)

generators to one. As a result, 2-generators can be written in terms of 1-generators, 3-

generators can be written in terms of 1-generators and 2-generators, and so on. Therefore

it is only necessary to determine 1-generators from the SU(N) scalars and vectors, as it

is schematically depicted in Fig. 4.1. To find the relations between all these objects it is

necessary to evaluate contractions between SU(N) vectors and tensors. In general one

needs the following identities between structure constants [145]

0 = fασρdρβγ + fβσρdαργ + fγσρdαβρ , (4.19)

0 = fασρ fρβγ + fβσρ fαργ + fγσρ fαβρ , (4.20)
2

fαβσ fγδσ = δαγδβδ − δαδδβγ + dαγσdβδσ − dβγσdαδσ , (4.21)
N

and additionally an identity involving the d-family tensors [144, 146] that is specific for

each value of N. We will refer to this identity as the closing identity, because it closes the

recursive definitions from Eqs. (4.17)-(4.18) rewriting any scalar sr with r > N and any
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Chapter 4. Computing observables without eigenstates

SU(N) scalars: n, s2, … , sN

SU(N) vectors: V (1), … , V (N - 1)

1-generators: M nn

2-generators: M nmM mn

3-generators: M nmM mlM ln

FIGURE 4.1: Scheme of the general strategy to compute the R-generators,
showing the elements required in each step. The indices (n,m, l) are as-

sumed to be different.

vector Vα
(r) with r ≥ N in terms of the previous ones. In the following we elaborate on

the general steps that are necessary to reach analytic expressions for the R-generators. A
collection of more general identities between R-generators can be found in Appendix C.1.

Energies

The SU(2) example manifests how the energies εn, defined in Eq. (4.3), are essential to de-

termine the R-generators. These energies can be rewritten as combinations of the SU(N)

scalars from Eq. (4.17). Their relation is set by the characteristic polynomial of the Hamil-

tonian, which is given by

det(H − εnI) ≡ pH(N, εn) = 0 . (4.22)

The determinant can be expressed as a sum of powers of tr(H − εnI)n with n = {1, . . . , N},
which can be rearranged in terms of the scalars sn [147]. The energies εn are the roots of

this characteristic polynomial. We will provide specific examples when considering the

cases N = 3 and 4, where these roots can be obtained analytically. For larger values of

N, there is no general analytical solution for the roots, except for certain choices of hα

that simplify the characteristic polynomial. This is the main open problem to obtain final

analytical expressions for R-generators beyond N = 4.

1-generators

By construction, 1-generators are real matrix elements. In analogy to the SU(2) case, their

analytic expression is determined by evaluating the real part of hβ 〈n| Mα Mβ |n〉 using

Eq. (4.3) and Eq. (4.13) separately, which gives the relation5

2
εn Mnn

α = hα + dαβγhβ Mγ
nn . (4.23)

N

5Note that we could use any other vector V(r) to contract 〈n| Mα Mβ |n〉. Any of these choices leads to theβ

same expression for Mnn, so we consider hβ for simplicity.α
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4.3. The general strategy

Since Mnn is an SU(N) vector, and all the possible SU(N) vectors built upon hα are thoseα

from Eq. (4.18), we decompose Mnn asα

N−1
Mnn

α = ∑ X(r)V(r)
n α . (4.24)

r=1

The coefficients Xn
(r), and therefore the 1-generators, are determined from Eq. (4.23) by

using the tensor contractions

= V(r+1)dαβγhβVγ
(r)

α , r = 1, . . . , N − 2 , (4.25)

which follow from Eq. (4.18), and the contraction dαβγhβVγ
(N−1) that stems from the specific

closing identity associated to the dimension N.

2-generators

The simplest relation between 2-generators and 1-generators originates from the diagonal

matrix elements of the defining equation (4.13), namely

N

∑
m=1

2
Mnm Mmn

α β = δαβ + Sαβγ Mγ
nn . (4.26)

N

Similar relations follow from considering larger products of Mα matrices and contracting

all the SU(N) indices except two with vectors from Eq. (4.18). The number of 2-generators

is N(N − 1), taking into account their real and imaginary parts separately. The same num-

ber of equations results from considering the product Mα Mβ Mγ and contracting its diag-

onal matrix elements with the possible (N − 1) vectors from Eq. (4.18). However, only the

Mmnreal part of this set of equations can be exploited to determine the real part of Mnm ,α β

because its imaginary part is a homogeneous system of equations without a constant term.

To circumvent this problem, we consider the non-diagonal matrix element 〈n| [Mα, H] |m〉,
which gives

Mnm
α =

2i fασρ

εm − εn
hσ Mnm

ρ . (4.27)

We can multiply this gauge dependent equation by Mmn to make it gauge independentβ

and establish the following relation between the real and imaginary parts of 2-generators:

Mmn 2 fασρhσ MmnIm
[
Mnm ]

= Re
[
Mnm ]

. (4.28)α β ρ βεm − εn

Higher order R-generators

The previous rationale directly extrapolates to R-generators with R ≥ 3. We just need to

consider larger products of Mα matrices and the defining equation (4.13). For instance, the
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Chapter 4. Computing observables without eigenstates

product Mα Mβ Mγ leads to the following identity between 3-generators and 1-generators:

N

∑
m,l=1

2
Mnm Mml Mln

α β γ = δαβ Mγ
nn + Sαβγ + SαβσSσγρ Mρ

nn . (4.29)
N

Nonetheless, this kind of relations becomes too impractical to solve for a general N. For

R ≥ 3, there is an alternative that is not available for 2-generators. We can consider non-

diagonal matrix elements of the defining equation (4.13) instead of diagonal ones to get

gauge dependent relations as

N

∑ Mnm Mml
α β = Sαβσ Mσ

nl , (4.30)
m=1

where l = n, and thenmultiply it by any string of matrix elements that makes the equation

gauge independent. For instance, the use of Mln provides the following relation betweenγ

2-generators and 3-generators:

N

∑ Mnm Mml Mln Mln
α β γ = Sαβσ Mσ

nl
γ . (4.31)

m=1

In analogy with 2-generators, we can take the non-diagonal matrix elements of larger

products of Mα matrices and contract the extra SU(N) indices with vectors from Eq. (4.18).

The real and imaginary parts are also connected by Eq. (4.27) when it is multiplied by

Mlnsuitable gauge dependent strings. For instance, using Mml we obtainβ γ

2i fασρhσMml Mln Mml MlnIm
[
Mnm ]

= Re
[
Mnm ]

. (4.32)α β γ ρ β γεm − εn

As a final remark, note that all the expressions for the R-generators can be rewritten

in terms of hα, εn and the structure constants, or in terms of the scalars from Eq. (4.17)

and vectors from Eq. (4.18). These expressions are, however, generally more complicated

for R ≥ 2. The simplest way to express these R-generators is in terms of lower order

generators, as we have done through the whole chapter.

4.4 Solution for SU(3)

In this section we apply the general strategy of the previous section to the case N = 3.

First of all, we need the specific closing identity, which is given in this case by [144]

1
d(4)
(αβγδ)

= δ(αβδγδ) , (4.33)
3
1

d(r) ≡
(α1 ∑ d(r) , (4.34)Pα1···Pαr···αr) NP P
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4.4. Solution for SU(3)

where ∑P denotes the sum over the permutations of {α1, . . . , αr} and NP is the number

of different permutations. This closing identity implies that there are two possible SU(3)

scalars coming from Eq. (4.17), which are

s2 = hαhα , (4.35)

s3 = dαβγhαhβhγ , (4.36)

and two possible SU(3) vectors coming from Eq. (4.18), which are

V(1)
α = hα , (4.37)

V(2)
α = dαβγhβhγ . (4.38)

The analytic expression of the energies follows from solving the characteristic polynomial

from Eq. (4.22) in the case N = 3, namely

pH(3, εn) = −ε3 + s2εn +
2

(4.39)n s3 .3

The roots of this equation are [148]

]√
s2

[
1 s3

√
3 2πn

εn = 2 cos arccos + . (4.40)
3 3 s2 s2 3

Once we have established the basic elements of the SU(3) case, we can proceed to

determine the R-generators. The closing identity from Eq. (4.33) leads to the following

tensor contraction
s2 V(1)dαβγhβVγ

(2)
= α . (4.41)

3

This equation, together with Eqs. (4.23)-(4.25), determine the vector decomposition of 1-

generators as6

εnV(1)
+ V(2)

Mnn α α
α = 2 − s2

. (4.42)
3ε2n

For the real part of 2-generators, we only need Eq. (4.26), which gives the solution

1 1
Re
[

Mnm Mmn
]

Mnn + Mmm
(

Mnn Mmm + Mmm Mnn
)

= + , (4.43)α β δαβ + dαβγ γ γ α β α β3 2

while the imaginary part follows from Eq. (4.28). Finally, the real part of the 3-generator is

fixed by Eq. (4.30) choosing (n,m) = (1, 3), which gives

Re
[

M12M23M31
]

M13 M13
]
−α β γ = dαβσRe

[
Mσ

31
γ

]
+ fαβσIm

[
Mσ

31
γ

−M11Re
[

M31M13
]
− M33Re

[
M31M13

]
, (4.44)α β γ γ α β

6Remarkably, the contraction V(2) 〈n| Mα Mβ |n〉 gives the expression for Mnn directly, without using vectorαβ

decomposition.
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Chapter 4. Computing observables without eigenstates

while the imaginary part follows from Eq. (4.32). Note that different but equivalent ex-

pressions could be obtained by exploiting other sets of equations.

4.5 Application to Bloch Hamiltonians

In the remainder of the chapter, we will exemplify the use of R-generators in the context of

free electrons moving in a crystalline lattice under the influence of a periodic potential [2].

In this case the electronic states decompose into Bloch states of the form |n(k)〉 with ener-

gies εn(k), where k is the crystalline momentum7. The number of bands, n = {1, . . . , N},
corresponds to the number of states in the unit cell of the crystal, originating for example

from spin or orbital degrees of freedom. The Bloch Hamiltonian that describes these states

and their energies has a finite dimension N, and it is made out of functions hα that de-

pend on k and other parameters inherited from the microscopic details of the many-body

system.

The particular simplicity of two-band models, N = 2, is not limited to the analytic

solutions for R-generators. In the case of Bloch Hamiltonians, this reduced dimension

also implies that certain relations hold accidentally between observables that should be

a priori independent. In the following subsections we introduce a series of observables

that present such kind of accidental constraints and explain how they can be computed in

terms of R-generators. We will end by considering specific examples of three-band Bloch

Hamiltonians featuring nodal degeneracies to exploit our general solutions for N = 3 and

explicitly visualize the relaxation of these accidental constraints.

4.5.1 Berry curvature, quantum metric and orbital moment

We begin by considering the Berry curvature (Ωab) as an observable that is accidentally re-

lated to other quantities in two-band models, which are the quantum metric (gab) and the

orbital moment (mab). All these ground state properties are constructed from the matrix

elements ra ≡ i 〈n| ∂ka |m〉, which coincide with the non-diagonal connection coefficientsnm

associated to the momentum derivative of Bloch states when n = m and are zero other-

wise [126]. Specifically, their expressions are given by [126, 149–151]

i (
ra b b a

)
Ωab = ∑ nmrmn − rnmrmn , (4.45)

2 n∈oc
m∈unoc (

ra b b a
)

gab =
1

∑ nmrmn + rnmrmn , (4.46)
2 n∈oc

m∈unoc
i a b b a= (εn − εm)

(
r r − r r

)
. (4.47)mab ∑ nm mn nm mn2 n∈oc

m∈unoc

7We will set the latin indices {a, b, c, d} apart to indicate the cartesian components of the crystalline mo-
mentum.
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4.5. Application to Bloch Hamiltonians

It turns out that this collection of observables fits particularly well in our formalism, since

each of them can be completely determined from 1-generators. The reason is found in

the possibility of rewriting these three quantities in terms of the projector onto occupied

states, P = ∑n∈oc |n〉 〈n|, as

i
= Tr

[
∂ka P (I− 2P) P

]
, (4.48)Ωab ∂kb2

1
= Tr

[
∂ka P P

]
, (4.49)gab ∂kb2

i
mab P, ∂kb= Tr

[
H
[
∂ka P

] ]
. (4.50)

2

The projector P affords a very simple expression in terms of 1-generators through the Fierz

completeness relations of the SU(N) algebra [152]

1 1
δnqδpm = δnmδpq + (Mα) (Mα) , (4.51)nm pqN 2

which lead to
1

P = ∑
(

1
I+ Mα

nn Mα

)
. (4.52)

n∈oc N 2

This constitutes an extra simplification to compute analytically any observable that can

be expressed in terms of the projector onto occupied or unoccupied states. Indeed, the

Berry curvature and the quantum metric afford very simple expressions in terms of 1-

generators8

1
MppΩab = − ∑ fαβγ Mnn ∂ka Mmm ∂kb γ , (4.53)

4 α β
n,m,
p∈oc

Mnn Mmmgab =
1

∑ ∂ka α ∂kb α . (4.54)
4 n,m∈oc

Lets now move to the constraints accidentally satisfied in two-band models. One can

directly see from Eqs. (4.45)-(4.47) that in this situation the three observables only have a

finite contribution if the Bloch state n = 1 is occupied whereas n = 2 is unoccupied for

a given k. On the one hand, the relation between the Berry curvature and the quantum

metric can be analyzed through the quantity

Gabcd = ΩabΩcd − gacgbd − gbcgad . (4.55)

A direct substitution from Eqs. (4.45) and (4.46) inside this quantity leads to a vanishing

result for a two-band model, implying that in two spatial dimensions the relation Ω2 =xy
2gxxgyy − gxy = det g is satisfied, and more generally the case ab = cd can be used to

determine the Berry curvature (up to a sign) from the full knowledge of the quantum

metric [155]. On the other hand, it is straightforward to see from Eqs. (4.45) and (4.47)

8This general expression for the Berry curvature is consistent with those previously reported in the case of
SU(3) [153, 154].
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that the Berry curvature and the orbital moment are proportional in two-band models,

with a proportionality factor given by the energy difference between the occupied and the

unoccupied state, or equivalently by 2ε1(k). As a consequence, the vectors Ωa ≡ εabcΩbc

and ma = εabcmbc are proportional too [156]. Summarizing, the Berry curvature satisfies

the following constraints for any two-band model:

Gabcd = 0 , (4.56)

εabcΩbmc = 0 . (4.57)

4.5.2 Linear photogalvanic effect and Berry dipole

The other example we are going to consider is the linear photogalvanic effect (LPGE) [111],

which is related in two-band models to the momentum derivative of the Berry curvature,

also known as the Berry dipole [157]. The LPGE is a non-linear photocurrent akin to the

circular photogalvanic effect (CPGE) considered in Chapter 3. Let us recall here that the

LPGE can also be obtained as an optical response associated to two incident electromag-

netic fields with polarization E b and frequency ω with a slight detuning Δω. Nonetheless,

the LPGE is identified with the resulting second order photocurrent that oscillates in time

with the cosine of Δω and that is proportional to the real part of E bE c∗ in the monochro-

matic limit Δω → 0. More specifically, the form of this bulk response is given in momen-

tum space by [126, 128]

Ja = σabc(ω) cos(Δω t/h̄) Re[E bE c∗] , (4.58)LPGE
3πe ∫ dk cbσabc(ω) = fnm Im

[
r r

]
δ(εmn − ω) , (4.59)∑ nm;a mn(2π)32h̄2 n∈oc

m∈unoc

where εnm ≡ εn − εm, fnm ≡ fn − fm and fn is the Fermi-Dirac distribution function with

energy εn. The LPGE coefficient σabc(ω) is symmetric under the exchange b ↔ c, so it is

convenient to define the following quantities for the analysis of its accidental constraint:

Iabc ≡ Rabc + Racb Rabc b c≡ Im
[
r r

]
. (4.60)nm nm nm , nm nm;a mn

Now we proceed to explain how the LPGE coefficient can be expressed in terms of the

R-generators. The covariant derivative rb , which is given in terms of the diagonal Berrynm;a

connection ξa asnn
b b b− i(ξa − ξarnm;a ≡ ∂ka rnm nn mm)rnm , (4.61)

can be evaluated using the following sum rule [126, 128]

b bbi
[

va Δb + v Δa va v v va ]
np pm np pma nm nm nm nm abr = − w + ∑ − , (4.62)nm;b nmεnm εnm εpm εnpp=n,m
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4.5. Application to Bloch Hamiltonians

where ra = va /(iεnm) and Δa = va − va . The R-generators are introduced throughnm nm nm nn mm

the gauge-dependent relations

va ≡ 〈n| (∂ka H) |m〉 = (∂ka hα)Mnm , (4.63)nm α

wab ≡ 〈n| ∂ka ∂kb H |m〉 = ∂ka ∂kb hα Mnm . (4.64)nm α

Looking at the covariant derivative from Eq. (4.62), we can deduce that the LPGE re-

ceives contributions from 3-generators in contrast to the observables considered in the

previous subsection. However, these 3-generators do not exist in two-band models, which

Rbacimplies that the symmetry relation Rabc = is accidentally satisfied. This gives risenm nm

to another constraint that relates the LPGE coefficient to the Berry dipole [157], whose

expression can be obtained from Eq. (4.61) as

(
Rabc − Racb

)
∂ka Ωcb = ∑ nm nm . (4.65)

n∈oc
m∈unoc

The accidental constraint between these two observables is conveniently analyzed through

the quantity
1

Sabc ≡
(

Iabc − I(abc)
)
−12 12 ∂kb Ωca − ∂kc Ωab , (4.66)

3

where I(abc) denotes the completely symmetric9 component of Iabc. A direct substitution12 12

of Eqs. (4.60) and (4.65) into Eq. (4.66) gives the following constraint for two-band models:

Sabc = 0 . (4.67)

4.5.3 Results for specific nodal semimetals

To survey the relaxation of all the aforementioned constraints, we evaluate them for two

concrete examples of Bloch Hamiltonians that feature nodal semimetals as the ones intro-

duced in Sec. 1.2 of the introductory chapter. More specifically, we consider the low-energy

description near the degeneracy points, called the k · p approximation, in which we will

only take into account the low-energy dispersion of the bands that conform the nodal de-

generacy. To simplify the computations, we will always consider the chemical potential

lying at the degenerate node.

Weyl fermion coupled to an extra band

The first Hamiltonian consists of a Weyl fermion with linear dispersion that is pinned at

the Γ point by C3 rotations around the (001) direction. To achieve a finite dimension N = 3,

we couple this Weyl fermion to an extra flat band located an energy Δ above the node in

a way that the C3 symmetry remains preserved. The most general k · p Hamiltonian that

9We follow here the same convention that is used in Eq. (4.34).

55



Chapter 4. Computing observables without eigenstates

0.0 0.5 1.0

k

0

2

ε n

a)

n

1

2

3

0.0 0.5 1.0

k

−2.5

0.0

2.5

ε n

b)

FIGURE 4.2: Energy bands for a) the Weyl fermion with an extra band from
Eq. (4.68) with (t, t3,Δ) = (1.0, 0.1, 3.0), and b) the threefold fermion from

Eq. (4.73) with (t1, t4) = (1.0, 2.0). We show the direction k = (k, 0, 0).

satisfies these conditions is given by

⎛
⎜⎜⎜⎜

⎞
⎟⎟⎟⎟

Δ
t1kz − t2(kx + iky) t3(kx − iky)3

ΔHW = t2(kx − iky) −t1kz − t3(kx + iky) (4.68).
3⎝ ⎠2Δ

t3(kx + iky) t3(kx − iky) 3

However, for simplicity, we will restrict to the case in which t1 = t2 ≡ t.
This model is perfect to illustrate the breakdown of the accidental constraints from

Eqs. (4.56), (4.57) and (4.67). If the coupling to the additional flat band (t3) is zero, or if

its distance in energy (Δ) is infinite, the quantum system effectively becomes a two-band

model. Thus, it is sufficient to consider the breakdown of the accidental constraints to first

order in perturbation theory. We exemplify such breaking with the following quantities:

t2
(
5+ 3 cos (2θ)− 2 cos (3φ) sin (θ)3

)
3

Gxyxy = , (4.69)
8k2Δ2

εabcΩbmc =
4t23
Δ

{
− kykz kxkz

k2
, ,

k2
0
}
, (4.70)

2t23(k
2 + k2)

Sxyz x y
= , (4.71)

3k3Δ2

which are exactly zero for two-bandmodels. We have expressed the momentum k in Gxyxy

using spherical coordinates (k, θ, φ).
In addition, we can exploit the R-generators to determine the LPGE coefficient associ-

ated to the Weyl fermion from Eq. (4.68). By dimensional analysis, this coefficient has to

be proportional to the inverse of an energy scale. Since our chemical potential lies at the

degeneracy node and we consider no temperature, the only energy scales available are the

frequency ω and the energy gap Δ associated to the additional flat band. We find that the

first order contribution to the xyz component of the LPGE coefficient at low frequencies is

given by
3

σxyz e t3
2(105t21 + 2t3

2) ω
= (4.72)

Δ2 ,
h̄2 3360πt41
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4.5. Application to Bloch Hamiltonians

which manifests that the Weyl fermion with linear dispersion does not generate any LPGE

by its own. A similar low-frequency profile has been found for Weyl fermions with band-

bending effects, where the role of the energy scale Δ is replaced by other energy scales

that control quadratic corrections to the band dispersion [158]. However, in our case the

low-frequency profile of the LPGE cannot be recovered from an effective two-band model.

Threefold fermion from CoSi

Our second platform will be the low-energy description of the threefold fermion featured

by CoSi at the Γ point, which has been already discussed in Chapter 3 (see Eqs. (3.24)-

(3.26)). Let us recall that the threefold fermion is protected at the Γ point by the tetrahe-

dral point group T. Nevertheless, to linear order in momentum this Hamiltonian has the

higher symmetry of the octahedral point group O, which can only be broken to the proper

symmetry T by terms that are quadratic in momentum. Here we will only consider such

terms, which lead to the following k · p Hamiltonian:

⎛ ⎞
2t4(k2 − k2)

√y x it1kx −it1ky
3

2t4(k√
2
x − k2z)

⎜⎜⎜⎜⎜⎜⎝
⎟⎟⎟⎟⎟⎟⎠

H3 f = . (4.73)−it1kx it1kz
3

2t4(k2 − k2)
it1ky −it1kz

z y

3

Despite the fact that this threefold fermion does not present any limiting case that effec-

tively reduces to a two-bandmodel, it accidentally satisfies the constraints from Eqs. (4.56)

and (4.57) to linear order inmomentum. In the first case, the Berry curvature and the quan-

tum metric are related due to the full rotational symmetry of the band dispersion [155]. In

the second case, the linear dispersion yields a purely radial direction for both the Berry

curvature and the orbital moment [122]. Therefore both constraints can only be violated

from the quadratic corrections to the threefold band dispersion, which lead to

t24 sin(θ)
2 35+ 28 cos(2θ) + cos(4θ) + 8 cos(4φ) sin(θ)4

Gxyxy = , (4.74)
96t21k2

8t24 − k2 − k2 − k2εabcΩbmc = kykz(k2 ) , kxkz(k2 ) , kxky(k2 ) . (4.75)z y x z y x3t1k5

Moreover, this threefold fermion is useful to stress the relevance of symmetries in non-

linear photocurrents. Apart from the requirement of inversion symmetry to be broken,

the presence of additional symmetries constraints the amount of components of the LPGE

coefficient that can be linearly independent and different from zero [111, 159]. In the case

of CoSi, the point group O restricts the entire LPGE coefficient to be zero, so it can only

receive contributions from the quadratic corrections to the band dispersion that reduce the

symmetry to the point group T. This point group only allows a single linearly independent
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component, namely σabc = A|εabc|. The resulting low-frequency profile is given by

√
3

σxyz e 3 t4 40t4
2

= 1− ω2 . (4.76)
h̄2 10πt21 63t41

We conclude that the low-frequency dependence associated to our threefold fermion is

quadratic in ω and does not cancel in the limit ω = 0, which constitutes a sharp distinc-

tion with respect to the linear behavior found for Weyl fermions from their coupling to

additional bands (see Eq. (4.72)) or band-bending effects [158].

4.6 Discussion

In this chapter we have introduced a method to compute any observable associated to a

general Hamiltonian with finite dimension N without the explicit use of its eigenstates.

The method determines a minimal set of matrix elements, which we call the R-generators,
that exhausts all the possible observables avoiding the phase arbitrariness of the eigen-

states. We have explained the general strategy to obtain the R-generators for a given di-

mension N, and provided their analytical expressions for the cases N = 3 and 4.

Our method finds a natural application in physical systems described by small Bloch

Hamiltonians. We have illustrated such application considering a series of accidental con-

straints for N = 2 that relate the Berry curvature to other observables as the quantum

metric or the orbital moment [155, 156]. In the absence of symmetries, the Chern-Simons

magnetoelectric coupling [27] is another example of an observable related to topology that

experiences accidental constraints. For two-band models its value is fixed to a topological

index called the Hopf invariant [160, 161], but it can take general values when there is a

larger number of bands [83].

Focusing onmore specific topological phases of matter, the application of R-generators
is particularly useful in gapless phases featuring nodal degeneracies [41, 55]. Our analyt-

ical results can be directly exploited in the study of all multifold band crossing realized

in chiral crystals, whose effective low-energy descriptions is given by linear Hamiltoni-

ans with size N ≤ 4 [122]. We have considered as an example the characterization of

the low-frequency profile of the LPGE associated to certain models of Weyl and threefold

fermions [126, 128, 158]. Moreover, there are other phases that require a minimal num-

ber of bands to be described by Bloch Hamiltonians. This is precisely the case of 3DTIs

and chiral HOTIs, whose topological invariant is associated to pairs of filled bands and

therefore it is minimally realized for N = 4 [160].

The obvious question that remains open is to which extent we can generalize the use of

R-generators to general Hamiltonians with a larger dimension N. There are mainly three

challenges to overcome. The first one has to dowith the hierarchy that we employ to deter-

mine higher-order R-generators from the lower-order ones. In principle, there is no prob-

lem in extending such hierarchy for an arbitrary N but the relations between R-generators
rapidly become too impractical for R > 2. The second one is the closing identity, which is a
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property of the SU(N) algebra that needs to be specified for each value of N independently

and can be determined by a general method [146]. But the crucial challenge involves the

energies of the Hamiltonian, which are determined from the characteristic polynomial but

do not afford, at least currently, an analytical solution for a general Hamiltonian with di-

mension N ≥ 5.

Regarding this last obstacle, a possible alternative is to consider less general models in

which the values of hα are sufficiently constrained to simplify the characteristic polynomial

and achieve its exact solution. An elegant example is given by the Hamiltonians that

constitute an N-dimensional representation of the SU(2) algebra, namely [162]

H = Bx Jx + By Jy + Bz Jz , εn/|B| = {−N/2,−N/2+ 1, . . . , N/2− 1, N/2} , (4.77)

where Ja satisfies [Ja, Jb] = iεabc Jc. This suggests that sparse Hamiltonians could be a

promising platform to analyze their observables in an exact manner by using R-generators,
or at least those that are given in terms of projectors onto occupied states.

As a final remark, we stress that the use of R-generators may present advantages in

numerical computations too. For instance, consider the evaluation of observables that in-

volve integrals throughout the parameter space. Evaluating the integrand at each point

using pre-defined functions for the R-generators is generally faster than numerically diag-

onalizing the Hamiltonian first and then computing the matrix elements, even for small-

sized Hamiltonians. This situation is found for most bulk observables in crystals, which

require the evaluation of integrals in momentum space.
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5 Coulomb interactions and

renormalization in Dirac and Weyl

semimetals

5.1 Introduction

As we have discussed in the thesis introduction, the modeling of interacting many-body

systems is one of the most challenging problems in condensed matter theory. The many-

body Schrödinger equation appears as a deceptively simplemicroscopic theory to describe

these systems, because there is a practical lack of methods to solve it for the limit of a

large number of particles. Nevertheless, the different phases of matter that emerge in

this limit can be characterized by a series of observables that are rarely sensitive to the

precise behavior of the microscopic constituents. For these reasons, addressing the many-

body problem becomes the art of deriving effective theories appropriate for the degrees of

freedom and observables that are relevant to a given phase.

There are different approaches to construct effective theories, but the one that has pro-

foundly shaped our way of thinking about effective theories is the so-called Wilsonian

approach [163, 164]. In essence, this approach relies on the fact that the distinctive ob-

servables of a phase of matter are measured at energies much lower than the typical en-

ergy scales associated to the microscopic degrees of freedom. The many-body problem

can then be separated into different energy scales and the effective theory describing the

low-energy degrees of freedom results from ’integrating out’ the high-energy ones. This

process can be performed iteratively down to the energy scale of interest, generating a

‘flow’ of physical theories as the energy scale is changed. Regardless of its conceptual im-

portance, theWilsonian approach is useful in practice only for simple microscopic theories

in which the process of integrating out high-energy degrees of freedom can be performed

in a controlled manner.

A different approach to building effective theories consists in proposing the relevant
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Chapter 5. Coulomb interactions and renormalization in Dirac and Weyl semimetals

degrees of freedom and restricting their interactions from the symmetries of the many-

body problem. The phenomenological parameters of the Lagrangian can then be fixed

by direct comparison with experiment at some available energy scale, which addition-

ally allows to corroborate the validity of the effective theory. With this approach one can

concentrate on those phases of matter that are effectively described by a small set of quasi-

particles without any explicit knowledge on the underlying microscopic theory. Indeed,

this approach is essentially the one followed in high-energy physics to describe elemen-

tary particles with quantum field theories (QFTs) [9, 95, 165], where the physics at energies

close to the Planck scale is completely unknown.

Originally, the attempt to formulate QFTs up to arbitrarily high energies led to un-

physical divergences on their observable predictions. Only those QFTs called ’renormal-

izable’ can handle these divergences with the process of renormalization, which is simply

interpreted from the effective theory perspective as the way of fixing the phenomeno-

logical parameters of an effective Lagrangian whose high energy behavior is totally un-

known [166, 167]. Since this fixing stems from experimental observations at a given energy

scale, changing this energy scale modifies the effective theory and giving rise to a flow of

physical theories akin to the Wilsonian approach. Moreover, renormalizable QFTs present

a Lagrangian whose kinematic and interacting structures remain invariant under energy

scale transformations, so only the phenomenological parameters flow with energy.

An interesting aspect of this picture of effective theories is the fate of symmetries un-

der the flow to lower energies. While one may build an effective theory enforcing a set of

symmetries, moving downwards in energy may lead to a theory with an enlarged, emer-

gent symmetry. In this chapter, we will study this phenomenon for some of the topolog-

ical semimetals considered in this thesis, namely Dirac and Weyl semimetals (DSMs and

WSMs), when the relevant interaction between their quasiparticles is the fully relativistic

Coulomb interaction. The effective theory of these systems can be seen as an extension

of Quantum Electrodynamics (QED) [95, 168], the first renormalizable QFT used in high-

energy physics to describe electromagnetic interactions between electrically charged par-

ticles. QED is built upon Lorentz invariance, a fundamental symmetry of nature that is,

however, generally broken in DSMs and WSMs. The QED extension of these condensed

matter systems has been considered in the literature before [169–174], and the emergence

of Lorentz symmetry in the infrared limit was concluded. The aim of this chapter is to

elucidate that, in the general case, this symmetry is not recovered in such limit but it is

hidden under certain coordinate transformations.

We will begin by a detailed introduction to renormalization using QED as a convenient

example, and then we will show how for general effective models describing DSMs and

WSMs the renormalized parameters do not flow to values that recover any symmetry at

low energies. We will discuss in the concluding section the circumstances under which

Lorentz symmetry accidentally emerges in the infrared limit and its relation with high-

energy physics.

62



5.2. Renormalization in Quantum Electrodynamics

5.2 Renormalization in Quantum Electrodynamics

In this section we review the process of renormalization in QED and the precise way in

which this theory flows downwards in energy. We focus on the aspects that will be most

relevant in extending this analysis to the effective theories of DSMs and WSMs. A more

detailed but very clear description of QED can be found in Ref. [95], which will be exten-

sively referenced throughout this chapter.

The elementary particles that conform QED are electrons and photons, identified with

the field operators Ψ and Aμ, respectively. Rather than an effective field theory, this QFT

was originally devised as a complete theory to describe the electromagnetic interaction

between these particles on the basis of Lorentz and gauge symmetries. The electron is con-

ceived as a spin-1/2 particle whose free dynamics are given by the kinematic Lagrangian

term
¯Le = Ψ(iγμ∂μ − m)Ψ , (5.1)

where Ψ̄ = Ψ†γ0, γμ are the Dirac matrices satisfying the algebra {γμ,γν} = 2ημν with

ημν being the Minkowski metric. The index μ = 0, 1, 2, 3 mixes spatial and temporal com-

ponents, which is a convenient notation to work with Lorentz symmetry. This kinematic

Lagrangian leads to the Dirac equation, (iγμ∂μ −m)Ψ = 0, suggesting that we could inter-

pret the parameter m as themass of the electron from the dispersion relation inmomentum√
space, E(k) = k2 + m2. Moreover, free photons are subject to Maxwell equations, which

originate from the Lagrangian term

Lp = −1
FμνFμν , (5.2)

4

where Fμν = ∂μ Aν − ∂ν Aμ is the electromagnetic tensor. This term additionally depends

on two parameters, the vacuum permittivity ε0 and permeability μ0, but we will set their

values to unity for simplicity. This unit choice also affects the speed of light in vacuum,

which is given by c0 = 1/
√

ε0μ0.

The interaction between electrons and photons stems, as usual, from gauge invari-

ance1. The idea is to promote the partial derivative inside Eq. (5.1) to a covariant deriva-

tive, ∂μ → ∂μ + ieAμ, so that the conserved vector current associated to the electron field2,

jμ ¯ Fμν= ΨγμΨ, enters as an electric current in Maxwell equations, namely ∂μ = ejν. This

relation suggests that e could be identified as the electron charge. The full Lagrangian of

QED is then given by

¯LQED = Ψ iγμ∂μ − m Ψ − eΨ̄γμ AμΨ − 1
FμνFμν . (5.3)

4

1Specifically, this corresponds to the invariance under gauge transformations of the form Ψ(x) →
ie f (x)Ψ(x) and Aμe (x) → Aμ(x)− ∂μ f (x).

2A beautiful proof of this conservation is Noether’s theorem [95, 175], which stems from the invariance of
the Lagrangian under global transformations Ψ → eiθΨ.
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5.2.1 Divergent observables

Even though the parameters e and m seem to have a clear meaning, the truly observable

predictions of QED correspond to the correlations of its field operators. It is from these cor-

relations that we should deduce the meaning of the Lagrangian parameters. Computing

correlation functions directly from the Lagrangian is generally a hard task, but the process

is systematic enough to perform these computations from a simple set of rules based on

Feynman diagrams [9, 95, 165].

An illustrative example is the electron propagator, S ≡ 〈Ψ̄Ψ〉, which presents the fol-

lowing perturbative expansion in terms of the electric charge:

S = S0 + S0(−iΣ)S0 + . . . , (5.4)

where S0 is the free electron propagator and Σ is commonly called the self-energy diagram.

This diagram describes the intermediate process in which the electron emits a virtual pho-

ton to afterwards reabsorb it and continue its propagation. Since the virtual photon can

be emitted with arbitrary momenta, the dominant contribution to this diagram is given by

the most energetic virtual photons, something that can be directly concluded by the use

of a high-energy cutoff Λ. Specifically, the evaluation of the self-energy diagram from a

naive dimensional analysis gives [95]

d4k γμ(iγνkν + m)γμ
∫ Λ

2
∫

Σ(p) = −e ∼ dk ∼ Λ , (5.5)
(2π)4 (p − k)2(k2 − m2)

where p2 ≡ pμ pμ. Hence, the self-energy diagram is potentially divergent if we extend the

possible internal momenta of virtual photons to arbitrarily large values.

This problem appears in many Feynman diagrams of QED describing similar inter-

mediate processes with virtual particles. Following the naive dimensional analysis from

Eq. (5.5), one can determine which Feynman diagrams are potentially divergent from the

maximum power |kμ|D−1 that appears in their integrand. If D = 0, the dominant con-

tribution to the diagram scales logarithmically with the cutoff, and it scales as a positive

power law when D > 0. The coefficient D is commonly called the superficial degree of

divergence, and has the following expression in terms of the number of closed loops (L),
electron propagators (Pe) and photon propagators (Pγ) involved for a given diagram [95]:

D = 4L − Pe − Pγ . (5.6)

As an example, we consider the potentially divergent diagrams that Eq. (5.6) identi-

fies to one-loop order. These diagrams are shown in Fig. 5.1, but a more precise analysis

reveals that only some of them are truly divergent. Firstly, the diagrams a) and b) never

contribute to physical observables. The first one is a shift of the vacuum energy, unobserv-

able by construction, while the second one is known as the tadpole diagram and vanishes

because its integrand is odd under kμ → −kμ. An alternative explanation for the vanishing
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a) b)

D = 4

c) d)

D = 3

D = 2

D = 1

e) f) g)

D = 0

D = 1 D = 0

FIGURE 5.1: Classification of one-loop potentially divergent diagrams in
QED from the superficial degree of divergence.

tadpole, which also applies to the three-photon diagram c), is the invariance of Eq. (5.3)

under charge conjugation. This symmetry guarantees that any Feynman diagram with an

odd number of external photon legs vanishes, which is formally known as Furry’s the-

orem [95, 176]. The diagram d) with four external photons, on the contrary, requires an

explicit evaluation to conclude that all the potentially divergent terms in the integrand

vanish for exactly.

Therefore, the only one-loop diagrams of QED that are truly divergent are the ones

included in Figs. 5.1e)-g). These diagrams are known as the vacuum polarization Πμν,

the electron self-energy Σ and the electron-photon vertex Γμ, and they correspond to the

first perturbative correction to the correlation functions 〈Aμ Aν〉, 〈 ¯ ΨAμΨ〉, re-ΨΨ〉 and 〈 ¯
spectively. Furthermore, these diagrams are also called primitively divergent diagrams

because the divergences of Feynman diagrams of any higher-loop order ultimately orig-

inate from the presence of these one-loop diagrams as subdiagrams, which is essentially

the reason why QED is a renormalizable QFT. For this reason, too, we will mainly focus

on these three one-loop diagrams throughout this chapter.

5.2.2 Regularization of divergences

Before introducing the process of renormalization in QED, it is convenient to pay atten-

tion to the precise way in which we characterize how Feynman diagrams diverge. There

exist several schemes to regularize these divergences [177], and the physical results of the

theory should be a priori independent of which scheme is chosen. Nonetheless, when the

theory presents some symmetries assumed as fundamental, it is preferable to use a reg-

ulator that respects them. In this way, we prevent the appearance of spurious terms in

Feynman diagrams that hinder the presence of these symmetries in the predictions of the

theory.
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The paradigmatic example in QED involves the hard cutoff regulator, which turns out

to be incompatible with the preservation of gauge invariance. This symmetry manifests at

the level of correlation functions through the Ward-Takahashi identities [95], which con-

stitute relations between Feynman diagrams that differ by one external photon leg. The

simplest of these relations is the transversality condition associated to the vacuum polar-

Πμνization diagram, qμ = 0. This condition is explicitly broken when Πμν is evaluated

with a hard cutoff regulator, which results in a dominant contribution of the form

∼ ημνΛ2Πμν(q) = ie2
∫ Λ d4k

Tr
[

γμ(γρkρ + m)γν(γσ[k + q]σ + m)
]

. (5.7)
(2π)4 (k2 − m2)([k + q]2 − m2)

An alternative regularization scheme that does preserve gauge invariance is dimen-

sional regularization [178, 179]. This scheme exploits the fact that any momentum integral

becomes convergent for a sufficiently small space-time dimension d. Promoting the theory

to a dimension d < 4, the divergences of Feynman diagrams translate into singularities on

the regulator d when it is sent to 4 3. In the case of QED, the resulting divergent structure

of the primitively divergent diagrams is given by [95]

2e 1
Σ(p) = − (γμ pμ − 4m) , (5.8)

8π2 4− d
2e
(ημν 1

Πμν(q) = − q2 − qμqν) , (5.9)
6π2 4− d
2e 1

Γμ(q, p) = γμ . (5.10)
8π2 4− d

It can be proved by direct computation that these results satisfy the transversality condi-

Πμνtion qμ = 0, as well as another Ward-Takahashi identity that relates the self-energy

and the vertex diagrams, which is given by

− ikμΓμ(p + k, p) = S−1(p + k)− S−1(p) , (5.11)

where the electron propagator can be expressed in terms of its self-energy as S−1 = S−1 +0

iΣ. We will consider this regularization scheme for the rest of the chapter, both because it

is well-known that it preserves all the symmetries of QED, including Lorentz invariance,

and because the identity from Eq. (5.11) simplifies the renormalization of the theory, which

we proceed to introduce in the next section.

5.2.3 Renormalization and flow of the theory

The process of renormalization was developed as a recipe to eliminate the divergences

of QFTs. It is based on the simple idea of taking the apparently ill-defined predictions

of the theory and enforcing their matching with experimental observations. Despite its

simplicity, however, this idea entails a profound reinterpretation of the theory, because the

3See Refs. [95, 178, 180] for more details on the use of dimensional regularization.
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only way in which this equivalence can hold is assuming that the Lagrangian parameters

contain divergent structures that cancel the ones we have previously described.

The renormalization of QED requires to accept that the parameters of Eq. (5.3) are not

the physical charge and mass of the electron that one would measure in an experiment.

The normalization of each field is another unknown parameter that presents a divergent

structure as well. All these quantities are commonly dubbed ’bare’, and we will con-

veniently label them with the subindex B from now on. Using this notation, the QED

Lagrangian from Eq. (5.3) becomes

LQED = Ψ̄B(iγμ∂μ − mB)ΨB − eBΨ̄Bγμ AB,μΨ − 1
FB,μνFμν . (5.12)B4

For practical purposes, it is preferable to reformulate the theory in terms of physical fields

and parameters that can be directly connected to experimental observations. In this ap-

proach, known as renormalized perturbation theory, the bare fields and parameters are

decomposed as

XB = μρX(4−d)ZXXR , (5.13)

so that all their divergent structure concentrates on the renormalization factors ZX. The

quantity μ is an arbitrary energy value that needs to be introduced in the process of di-

mensional regularization to match the energy units of bare quantities4, which depend on

d, with the energy units of renormalized quantities, which are fixed to the limit d = 4.

Z1/2 Z1/2Dropping the subindex R5, we consider the decomposition ΨB = Ψ, Aμ
= Aμ,Ψ B A

eB = μ(4−d)/2Zee and mB = Zmm to split the bare Lagrangian from Eq. (5.12) into the

following parts:

LQED = LR + LCT , (5.14)

¯ (4−d)/2LR = Ψ(iγμ∂μ − m)Ψ − μ eΨ̄γμ AμΨ − 1
FμνFμν , (5.15)

4
¯ (4−d)/2Ψ − δ1m ¯ e ¯LCT = δΨΨiγμ∂μ ΨΨ − δ2μ Ψγμ AμΨ − δA

1
FμνFμν , (5.16)

4

where Z1 ≡ ZΨZm, Z2 ≡ ZeZΨZ1/2 and δX ≡ ZX − 1 are the so-called counterterms.A

The observables of the renormalized theory correspond to the correlation functions

of the renormalized fields. These observables can be determined in terms of Feynman

diagrams akin to the bare theory and, indeed, the contribution that follows from the La-

grangian part of Eq. (5.15) is exactly the same but given in terms of renormalized parame-

ters. Focusing on the primitively divergent diagrams from Figs. 5.1e)-g), the results from

4In dimensional regularization, the dimension of the Lagrangian becomes [L] = Ed in energy units. The
E(d−2)/2kinematic terms of the fields enforce their energy units to be [ΨB] = E(d−1)/2 and [Aμ

B] = . This
implies that the electron parameters have dimensions [mB] = E1 and [eB] = E(4−d)/2.

5To facilitate the reading of mathematical expressions, we will generally drop the subindices B or R when
focusing on the bare or the renormalized theory, respectively.
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Eqs. (5.8)-(5.10) receive an additional contribution from the counterterms that is given by

ΣCT(p) = −γμ pμδΨ + mδ1 , (5.17)

Πμν
CT(q) = −(ημνq2 − qμqν)δA , (5.18)

Γμ
CT(q, p) = γμδ2 . (5.19)

As previously stated, QED becomes physicallymeaningful when the primitively diver-

gent diagrams reproduce experimental observations. Formally, this comparison translates

into a set of renormalization conditions that fixes the form of the counterterms and the

values of the renormalized parameters. A paradigmatic example of QED is the on-shell

scheme, which is chosen to guarantee that e and m correspond to the physical charge and

mass of the electron. There are, indeed, endless possibilities to establish renormalization

conditions and even though most of them do not directly relate the renormalized param-

eters of the theory to certain experimental observables, the predictions of the theory are

completely equivalent in each case.

The application of renormalization conditions, as well as the elaboration of any observ-

able prediction, requires the knowledge of the finite contribution to Feynman diagrams,

something that we have ignored so far. Determining these finite contributions is generally

a challenge that becomes more involved when the QFT presents a large number of La-

grangian parameters, as it is the case of the effective theories describing DSMs and WSMs

that we consider in Sec. 5.3. For our purposes, however, it is only necessary to know that

these finite contributions not only depend on the renormalized parameters but also on

the energy scale that is introduced in the regularization procedure. The renormalization

conditions are used to replace this dependence by the dependence on the energy scale M
at which the chosen experimental observations are performed6, so that we can get rid of

the arbitrary energy scale μ in dimensional regularization or the infinite cutoff Λ in the

hard cutoff regularization. The specific values of the renormalized parameters are then

conditioned by the specific value of M, which implies that a change in M generally comes

together with changes in the renormalization parameters so that the physical predictions

of the theory at the available energy scales remain invariant. This is formally analyzed

through the Callan-Symanzik equation [181, 182], which reveal the precise way in which

the theory evolves as we observe the system at lower energies.

Dimensional regularization provides the possibility of determining the flow of the the-

ory without determining the finite contributions to the primitively divergent diagrams.

This is achieved through the minimal subtraction (MS) scheme [178, 179], which consists

in considering that the counterterms have the minimal form that is required to eliminate

the divergent contribution of Feynman diagrams. For QED, the MS scheme leads to the

6In QED, due to Lorentz invariance, this energy is the modulus of the four-momentum associated to exter-
2nal particles, p = M2.
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following counterterms to order O(e3):

2 2 2 2e 1 e 1 3e 1 e 1
δΨ = − , δA = − , δm = − , δe = . (5.20)

8π2 4− d 6π2 4− d 8π2 4− d 12π2 4− d

The only inconvenient of this scheme is that it leaves the value of the renormalized pa-

rameters unfixed7, which is not a problem if we are solely interested on the qualitative

behavior of the theory at low energies or on its symmetries. The scaling behavior of the

theory follows from the relation between bare and renormalized parameters described in

Eq. (5.13). The bare parameters are completely independent of the energy scale μ, since

it is introduced exclusively to rewrite them in terms of renormalized parameters. This

independence leads to the condition

dXB d
μ = μ (μρX ZXXR) = 0 , (5.21)

dμ dμ

which is not exactly the same as the Callan-Symanzik equation, but describes equivalently

the behavior of the theory as we move downwards in energy8. Specifically, this behavior

is given by the so-called beta functions, whose form is determined from Eq. (5.21) as [168,

179]
dXR

N daX
β(X) ≡ μ = −ρXaX + ∑ ρXj Xj , (5.22)

dμ dXjj=1

where aX is the coefficient multiplying the simple pole of δXXR and N is the number of

renormalized parameters in the theory.

In the case of QED, Eq. (5.22) can be used to determine the characteristic running of

the dimensionless coupling constant of QED, α ≡ e2/4πε0, as well as the running of the

electron mass. They are given by

e4 2α2 3e2
β(α) = = , β(m) = − m . (5.23)

24π3ε20 3π 8π2ε0

The fact that β(α) > 0 proves that QED becomes a non-interacting theory as we move

downwards in energy, reaching the value α = 0 in the infrared limit. The zeroes of the beta

functions determine the fixed points of the parameter space of the theory where the values

of the renormalized parameters become scale independent. It is just in the vicinity of α = 0

where we can justify the validity of perturbation theory in the analysis of electromagnetic

interactions.
7Their value could still be determined by comparing the well-defined predictions with experiments, which

would require again the knowledge of the finite contributions to the primitively divergent diagrams.
8Note that the energy scale μ, despite being an arbitrary choice, does not have to be sent to infinity as

the hard cutoff. The physical predictions of the theory could be expressed in terms of the renormalization
scale M, or analogously in terms of a chosen energy scale μ, and the changes on these energy scales must be
compensated by changes on the renormalized parameters to maintain the same physical predictions.
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5.2.4 Alternative set of renormalized parameters

In the previous formulation of the renormalized QED we have not considered all the La-

grangian parameters that were introduced at the beginning of Sec. 5.2. We overlooked the

permittivity ε0, the permeability μ0 and the speed of light c0 in vacuum. The reason is

that once we have considered the counterterms {δΨ, δAμ
, δe, δm}, all the divergences of the

theory can be eliminated with the MS scheme, so one can simply assume that these three

parameters are equivalent in their bare and renormalized forms.

In the study of effective theories for DSMs and WSMs, however, the renormalization

of the parameters that control the photon kinematics will be essential to eliminate the

divergences to one-loop order. For this reason, we find illustrative to discuss an alternative

renormalization of QED that involves these parameters. To maintain the unit choice ε0 =

μ0 = c0 = 1, we consider the form of the photon kinematics that commonly appears in

condensed matter systems with cubic symmetry, namely

1 1 1Lp = εE2 − B2 = ε E2 − c2B2 , (5.24)
2 μ 2

where Ei = ∂0Ai − ∂i A0 is the electric field and Bi = −εijk∂j Ak is themagnetic field. The di-

mensionless (bare) parameters ε, μ and c ≡ 1/
√

εμ would be equal to 1 in the conventional

renormalization of QED. We can deduce from the last equality of Eq. (5.24) that the renor-

malization factor Zε could replace ZA in the cancellation of the divergent contribution

associated to the vacuum polarization diagram. Indeed, the choice of the counterterms

{δΨ, δm, δε} is sufficient to cancel all the divergences of the theory, a result that follows

from gauge invariance. The Ward-Takahashi identity from Eq. (5.11) relates the countert-

erm contributions to the electron self-energy and the electron-photon vertex diagrams in

such a way that the identity ZeZ1/2 = 1 is satisfied9. As a result, the electric charge onlyA

renormalizes due to the renormalization of the photon field, which is unnecessary if we

consider the renormalization of the permittivity ε. The counterterms that result from this

alternative choice are

2 2 2e 1 e 1 3e 1
δΨ = − , δε = − , δm = − , (5.25)

8π2 4− d 6π2ε 4− d 8π2 4− d

whereas Zc = ZA = Ze = 1. It is important to stress that this alternative choice merely

shifts the divergent structure of the theory to a different set of bare parameters but it does

not alter the predictions of QED. Specifically, the running associated to the dimensionless

coupling constant remains as in Eq. (5.23), something that can be directly checked from

the beta function of the permittivity, which is given by

2e
β(ε) = − . (5.26)

6π2

9Indeed, this is the reason why the different schemes of renormalization conditions that are applied to
QED consists of three conditions instead of four.
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5.3 Renormalization Group in Dirac and Weyl semimetals

After the detailed introduction to renormalization in QED, we proceed to introduce the

effective field theories that describe DSMs andWSMs. The low-energy excitations of these

semimetals bear a lot of resemblance with the form of relativistic electrons in massless

QED. Nevertheless, whereas the massless character of these quasiparticles is enforced by

the symmetry or the topology of the many-body system [41], their dispersion relation is far

less constrained than in the case of relativistic particles. There are several terms that could

be introduced in the effective Lagrangian violating Lorentz symmetry [168]. We will focus

on those terms that commonly appear in conventional DSMs andWSMs to analyze the RG

equations generated by relativistic Coulomb interactions, which will allow to determine

the symmetries satisfied by the renormalized parameters in the infrared limit.

5.3.1 The effective model

The simplest extension of massless QED involves the Fermi velocity, differentiating the

velocity at which quasiparticles propagate from the speed of light. In general, this Fermi

velocity can be anisotropic and it is introduced into the Lagrangian promoting the ordi-

nary derivatives from Eq. (5.1) to ∂i → vi∂i
10. The second term we will consider describes

the separation between Weyl nodes in momentum space, which is the major distinction

between DSMs and WSMs. In DSMs, massless Dirac quasiparticles decompose into two

Weyl fermions lying at the same degenerate node. These Weyl fermions can only split

apart by breaking time-reversal or inversion symmetry, which is described in the exten-

sion of massless QED through a term iΨ̄γμγ5bμΨ. Here γ5 ≡ iγ0γ1γ2γ3 is the operator

that signals the chirality of each Weyl fermion. Finally, the cone dispersion of Dirac and

Weyl quasiparticles is commonly tilted in a certain direction, which we will fix to the z
direction without loss of generality. The tilt parameter is then introduced through a term

iΨ̄γ0t∂3Ψ, and it may preserve or break inversion symmetry depending on whether we

incorporate a γ5 matrix or not. Anyhow, the tilt unavoidably breaks time-reversal sym-

metry [168]. We will limit ourselves to the case t < v3, which describes type-I WSMs,

since it is the case in which electromagnetic interactions are not screened and mimic those

from QED11. The consequences of the tilt and the Weyl node separations on the dispersion

relation are depicted in Fig. 5.2.

For our purposes, however, it will be convenient to focus on the following extension of

the bare Lagrangian from Eq. (5.1) for the free quasiparticle kinematics

LD = iΨ̄
(

γ0(∂0 − t∂3) + γ1v1∂1 + γ2v2∂2 + γ3v3∂3

)
Ψ , (5.27)

10Note that here the index i is not implicitly summed over.
11The tilt parameter drastically modifies the Fermi surface for t > v3, turning it from a point into an ex-

tended surface connecting the nodal degeneracies. In this case, referred to as type-II WSMs [183], the finite
Fermi surface screens the Coulomb interaction making it effectively short-ranged and changing substantially
the approach to determine the scaling behavior of the theory [167]. For this reason type-II WSMs, as well as
finite chemical potentials with respect to the nodal degeneracies, have not been considered in this chapter.
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FIGURE 5.2: Effective parameters of Dirac and Weyl semimetals. The tilt
parameter may a) break or b) preserve inversion symmetry.

which describes massless Dirac quasiparticles with an anisotropic Fermi velocity and a

tilt breaking time-reversal and inversion symmetries. We will leave the effect of the Weyl

node separation or the tilt preserving inversion symmetry as extensions of this case. The

massless Dirac fermion from Eq. (5.27) reduces to two Weyl nodes lying at the same nodal

degeneracy, each one with a dispersion relation of the form

√
v2E±(k) = ± 1k21 + v2

2k22 + v3
2k23 + tk3 . (5.28)

The term describing the interaction between these quasiparticles and photons follows as

usual, promoting the ordinary derivative to a covariant derivative to preserve gauge in-

variance. The resulting bare interaction term is given by

Lint = −eΨ̄
(

γ0(A0 − tA3) + γ1v1A1 + γ2v2A2 + γ3v3A3

)
Ψ . (5.29)

Finally, the photon kinematics must contain a parameter structure capable to control the

divergences associated to the anisotropic Fermi velocity and the tilt parameter. This di-

rectly follows from the polarization diagram, since it depends exclusively on the fermion

propagator and its divergences can only be cancelled by the counterterms that originate in

the photon kinematics. The structure that controls the anisotropic velocity simply consists

in an anisotropic permittivity and permeability, namely

31
{

1
}

L = ∑ ε iEi
2 − B2 . (5.30)

2 μi
i

i=1

The tilt requires a less intuitive structure, which consists in two magnetoelectric terms that

come from the replacement

E1 → E1 + w1B2 , E2 → E2 − w2B1 . (5.31)
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Feynman rules

→

→

→

S0 = i
γ0(k0 − tk3) + γ1v1k1 + γ2v2k2 + γ3v3k3

(k0 − tk3)2 − v21k21 − v22k22 − v23k23

Gμν = i(M−1)μν

Vμ = −ielμ
ν γν , lμ

ν ≡
1 0 0 0
0 v1 0 0
0 0 v2 0
−t 0 0 v3

TABLE 5.1: Feynman rules for DSMs with anisotropic dispersion vi and a
tilt parameter t breaking inversion symmetry.

These two structures lead to the following bare Lagrangian term for the photon kinematics

1
Mμν Aν ,Lp = Aμ (5.32)

2

=
1
2

3

∑
1 1 12 B2 2 B2 B2ε iEi

2 − − ε1w1 1 − − ε2w2 2 − 3 +μ1 μ2 μ3i=1
1

Aμ)2+ ε1w1E1B2 − ε2w2E2B1 − (∂μ . (5.33)
2ξ

The gauge fixing parameter ξ is necessary to guarantee that the photon propagator is well-

defined. We are assuming the Lorenz gauge ∂μ Aμ = 0 and choosing ξ = 1 for simplicity.

5.3.2 Renormalization of the effective model

The Feynman rules associated to the effective model of the previous section are provided

in Tab. 5.1. These Feynman rules, together with the superficial degree of divergence, iden-

tify the same potentially divergent diagrams as in QED to one-loop order, which were

explicitly shown in Fig. 5.1. The contribution from the effective terms bμγ5 and tγ5 to the

divergent structure of these diagrams may be introduced perturbatively through the de-

nominator of the fermion propagator, taking into account that bμ has dimensions of a mass

and therefore can lower the superficial degree of divergence of the integrals, and that the

tilt introduces additional contributions into the vertex interactions that makes it preferable

to analyze the contribution of each Weyl fermion separately.

The four diagrams from Fig. 5.1a)-d) do not present any divergent contribution, but

the arguments to reach this conclusion are more involved than in QED. First, the diagram

from Fig. 5.1a) is still an unobservable shift of the vacuum energy that we can ignore. Sim-

ilarly, the tadpole diagram from Fig. 5.1b) vanishes because the integrand is odd under
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kμ → −kμ, except for the contribution coming from the Weyl node separation. The terms

proportional to odd powers of bμγ5 are even under this transformation, but vanish be-

cause they are proportional to the trace of a γ5 matrix multiplied with an odd number of

γμ matrices. Moving to the three-photon diagram from Fig. 5.1c), Furry’s theorem still ap-

plies for the effective terms in Eq. (5.27) since they preserve charge conjugation [95, 168].

The same applies for bμγ5, as can also be explicitly proved from the same trace identity

used in the tadpole diagram. On the contrary, the tilt parameter tγ5 breaks charge con-

jugation [168], so it requires an explicit evaluation of the integrand to prove the absence

of divergent contributions. Finally, for the four-photon diagram from Fig. 5.1d), divergent

contributions coming from bμ can be directly excluded from the naive dimensional anal-

ysis, while the terms from Eq. (5.27) require again an explicit evaluation of the integrand

to rule out any divergent contribution, regardless of the inversion symmetry associated to

the tilt term.

As a result, our effective model describing DSMs and WSMs has the self-energy, the

polarization and the vertex diagrams of Figs. 5.1e)-g) as the only potentially divergent

diagrams to one-loop order akin to QED. In the following we provide the divergent struc-

ture of the self-energy and the polarization diagrams corresponding to the model from

Eqs. (5.27)-(5.33), which are given by the expressions

∫ d4k
Σ(q) = i VμS0(q − k)VνGμν(k) , (5.34)

(2π)4∫ d4k
Πμν(q) = −i Tr [VμS0(k)VνS0(k + q)] . (5.35)

(2π)4

We will ignore the divergent contributions from the vertex diagram since they are can-

celled by the same counterterms that cancel the divergent contributions of the self-energy

diagram, which is a consequence of the Ward-Takahashi identity from Eq. (5.11). First, for

the self-energy diagram, there is no simple analytical expression for the divergent struc-

ture in the general anisotropic case. For this reason we merely provide the general result

in the form

2 (
F0

)
Σ(q) = − e

0 γ0q0 + F3
0γ0q3 + F1

1γ1q1 + F2
2γ2q2 + F3

3γ3q3
1

, (5.36)
4π2 4− d

where Fb are numerical functions obtained from evaluating the following integrals in Eu-a

clidean momenta12

∫ dΩ3 kμ)2 SμνFa
b ≡

4π2 (kμ ab (k)Gμν(k) . (5.37)

12Note that here, as well as in the evaluation of all Feynman diagrams, it is customary to Wick rotate to
Euclidean coordinates k0 → ik0

E to evaluate the momentum integrals [95].
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Here dΩ3 covers the solid angle of the 3-sphere defined by the vector kμ and Sμν
ab (k) is

obtained from the Taylor expansion of the term

Sμν 1
= Sμν

F (q − k) ≡
e2

Vμ {SF(q − k)− SF(−k)}Vν
ab (k)γ

aqb + O(q2) . (5.38)

Despite the intractable appearance of Eqs. (5.36)-(5.38), we have corroborated that these

expressions recover the divergent structure of QED as a limiting case. The polarization

diagram, on the contrary, affords an analytic expression for its divergent structure but

requires to look at each component separately. Taking into account the symmetry of the

diagram, Πμν(q) = Πνμ(q), we obtain

2e 1 1
Π00(q) = −

[
− v1

2q1q2 − v2
2q2q2 − v3

2q3q3
]

, (5.39)
6π2 v1v2v3 4− d

2 [
− v2 0 1 3

]
Π01(q) = − e 1

1q q1 − tv21q q
1

, (5.40)
6π2 v1v2v3 4− d

2e 1 1
Π02(q) = −

[
− v2

2q0q2 − tv22q2q3
]

, (5.41)
6π2 v1v2v3 4− d

2e 1 1
Π03(q) = −

[
− v3

2q0q3 + tv21q1q1 + tv22q2q2
]

, (5.42)
6π2 v1v2v3 4− d

2 2
1
[
− q0 3 2 2 2 3 3

]
Π11(q) = − e v

q0 − 2tq0q + v2q q2 + (v3 − t2)q q
1

, (5.43)
6π2 v1v2v3 4− d

2e 1 1
Π12(q) = −

[
− v21v22q1q2

]
, (5.44)

6π2 v1v2v3 4− d
2 2e v 1

Π13(q) = − 1
[
tq0q1 − (v3

2 − t2)q1q3
]

, (5.45)
6π2 v1v2v3 4− d

2 2
2
[
− q0 3 2 1 2 3 3

]
Π22(q) = − e v

q0 − 2tq0q + v1q q1 + (v3 − t2)q q
1

, (5.46)
6π2 v1v2v3 4− d

2 2e v 12 2Π23(q) = − 2
[
tq0q2 − (v3 − t2)q q3

]
, (5.47)

6π2 v1v2v3 4− d
2e 1 1

Π33(q) = −
[
− v23q0q0 + v21(v

2
3 − t2)q1q1 + v22(v

2
3 − t2)q2q2

]
. (5.48)

6π2 v1v2v3 4− d

From these divergent contributions, we conclude that it is necessary to introduce at

least 13 non-trivial counterterms to renormalize the model from Eqs. (5.27)-(5.33). We will

choose the renormalization scheme in which neither the photon field Aμ nor the electric

charge e do renormalize, following the discussion of Sec. 5.2.4. In this case, the collec-

tion of bare parameters that must be introduced include all the new effective parameters

Z1/2that constitute extensions of massless QED and the Dirac spinor field, ΨB = Ψ Ψ. The

contribution of the counterterms to the self-energy and the vacuum polarization diagrams

follows similarly to QED, but the mathematical expressions are lengthy and do not pro-

vide any further information. For this reason, we directly provide the final expression

for the beta functions associated to the renormalized parameters. Noting that the electric

charge is the only parameter that requires a non-trivial scaling with the arbitrary energy
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μ̄, namely eB = μ̄(4−d)/2e, the beta functions that follow from Eq. (5.22) are given by13

2 2 2 2e e v1 e v2(v3 − (t − w2)2)2β(t) = (tF0
0 + F3

0) , β(ε1) = − , β(μ1) = ,14π2 6π2 v2v3 6π2 μ
v1v3

2 2 2 2e v1 e v2 e v1(v3 − (t − ω1)
2)

β(w1) = (w1 − t) , β(ε2) = − , β(μ2) =
2 ,26π2ε1 v2v3 6π2 v1v3 6π2 μ

v2v3
2 2 2e v2 e v3 e v1v2

β(w2) = (w2 − t) , β(ε3) = − , β(μ3) =
2
36π2ε2 v1v3 6π2 v1v2 6π2 μ

v3
2e

β(vi) = (viF0
0 − Fi

i) . (5.49)
4π2

In addition, we have found that the counterterm associated to the Dirac spinor field is

given by δΨ = −(e2/4π2)F0
0(4− d)−1.

Finally we consider the contribution of bμγ5 and tγ5 to these two diagrams. The anal-

ysis of the tilt parameter preserving inversion symmetry is simpler if one decomposes the

reducible Dirac spinor into left and right-handed Weyl spinors. In this way, one finds out

that the contributions of each Weyl spinor adds in some cases and cancels in others. In

the self-energy diagram, the contributions always add up and therefore the beta function

associated to the tilt parameter has the same form independently of whether it breaks in-

version symmetry or not. For the polarization diagram, on the contrary, only the terms

that are proportional to even powers of the tilt parameter survive when the tilt preserves

inversion symmetry, while contributions proportional to odd powers cancel. This result

has a natural interpretation from discrete symmetries, since it manifests that parameters

from the fermion kinematics can only influence the running of parameters from the pho-

ton kinematics (and viceversa) if they present the same symmetries. The magnetoelectric

coupling EiBj is odd both under time-reversal and inversion symmetries, so its running is

only influenced by the tilt that breaks inversion symmetry.

The divergent structure of bμγ5 does not modify any of the previous results nor re-

quires a renormalization of bμ, but the proof is more subtle. For the self-energy diagram,

the Weyl node separation can only contribute to the divergent structure with a term pro-

portional to bμ from the naive dimensional analysis. This contribution actually exists, and

the coefficient that multiplies it has the form

2
Σb(q) =

e
F0
0γμγ5bμ

1
. (5.50)

4π2 4− d

Nonetheless, this divergent contribution is cancelled by the counterterms that come from
¯the Lagrangian term iZΨZbΨγμγ5bμΨ, and the contribution from the counterterm associ-

ated to the Dirac spinor imposes Zb = 1. The contributions of bμγ5 to the polarization

diagram can be excluded from the naive dimensional analysis too, since gauge invariance

enforces Πμν(q) ∝ (ημνq2 − qμqν) to satisfy the transversality condition qμΠμν = 0. For

these reasons, we have ignored bμ in the rest of the chapter.

13Note that a simple check of the beta functions for εi is the case vi = 1, which coincides with the QED
result from Eq. (5.26).
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As a final comment, we stress that the results from Eq. (5.49) highly rely on perturba-

tion theory. In the general case, there are three possible dimensionless coupling constants

that one can construct from the permittivities ε i, namely αi = αε i, where α ≡ e2/4πε0.

The divergent structure of higher-order loop diagrams induce higher-order corrections

to the beta functions in terms of these coupling constants, and they may additionally re-

ceive contributions from the dimensionless factor vi/c0. Anyhow, the beta functions from

Eq. (5.49) guarantee that the relative permittivities always flow to infinity in the infrared

fixed point, so our renormalization group equations are valid as long as we start from a

renormalization energy scale in which the couplings satisfy αi � 1 to describe the renor-

malized parameters as we move downwards in energy.

5.3.3 RG flow of renormalized parameters

As we previously discussed on Sec. 5.2.3, the use of the MS scheme eliminates the di-

vergences of a renormalized QFT but leaves the values of the renormalized parameters

unfixed. Since our interests rely exclusively on the emergence of symmetries in the in-

frared limit, in the following we will consider three examples in which the renormalized

parameters present or do not present certain symmetries for a given initial scale μ0, and

we will exploit the beta functions from Eq. (5.49) to analyze the flow of the theory as we

approach the infrared fixed point.

Initial rotational invariance

Our first example assumes that the renormalized theory preserves rotational symmetry.

In this case, the tilt parameter and the magnetoelectric couplings are forbidden, while we

have equivalent components for the Fermi velocity, vi ≡ v, the permittivities, ε i = ε and

permeabilities, μi = μ. For simplicity, we have considered as initial values the vacuum

permittivity and permeability, v = 10−2 and α = 1. The results of Fig. 5.3 show the flow

of the renormalized parameters as we move downwards in energy. On the one hand, the

running of the permittivity in Fig. 5.3a) explicitly proves the flow of the dimensionless

coupling constant α/ε towards zero, leading to a non-interacting theory in the infrared

fixed point akin to QED. On the other hand, the Fermi velocity and the speed of light

in the material, c = 1/
√

εμ, flow to a common, non-universal value in the infrared limit

that is approximately given by the initial value of vIR = (c2v)1/3, which remains almost

constant under scale transformations14. As a result, in the infrared fixed point the effective

theory becomes Lorentz invariant as QED, butwith respect to Lorentz transformations that

involve a different, non-universal velocity vIR instead of the speed of light in vacuum15.

14These results agree with the behavior found in Refs. [170, 173].
15It is important to recall at this point that Lorentz transformations are linear transformations between

2inertial coordinate frames that leave invariant the Minkowski metric, ημν = diag(c0,−1,−1,−1) [95, 184].
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FIGURE 5.3: Flow of renormalized parameters with initial rotational invari-
ance. The results correspond to the initial values ε = μ = 1, v = 0.1 and

α = 1 for the energy scale μ̄ = μ̄0.
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FIGURE 5.4: Flow of renormalized parameters without initial rotational in-
variance. The results correspond to the initial values εi = 1, μi = 1, v1 = 0.2,
v2 = 0.4, v3 = 0.6 and α = 1 for the energy scale μ̄ = μ̄0. No tilt nor magne-

toelectric terms are considered in this case.

Breaking rotational invariance with the Fermi velocity

In our second example, we keep the vanishing value for both the tilt parameter and the

magnetoelectric couplings but introduce the breaking of rotational invariance through the

rest of renormalized parameters. The material becomes birefringent due to the anisotropy

of the permittivity and the permeability, and the speed of light depends on the polarization

and the direction of propagation of the photon. From Maxwell equations we can identify

the following velocities

(2) √ (3) √ (1) √
c = 1/ ε2μ3 , c = 1/ ε3μ1 , c = 1/ ε1μ2 , (5.51)1 2 3
(3) √ (1) √ (2) √

c = 1/ ε3μ2 , c = 1/ ε1μ3 , c = 1/ ε2μ1 , (5.52)1 2 3

where the superscript indicates the direction of polarization of the electric field [87, 185].

In Fig. 5.4a) we focus on the x̂ direction to show how an initial anisotropy in the Fermi

velocity is transferred to the speeds of light even when the initial photon kinematics has

rotational invariance. The flow of these velocities goes again to a common value in the

infrared limit that is non-universal. Although we only show the results for the x̂ direction,

a similar running occur for the other two directions but involving different limiting values,

as it is explicitly shown in Fig. 5.4b) for running of the different components of the Fermi

velocity. Therefore, this is a simple example in which we reach an infrared fixed point

in which rotational invariance, a fundamental subgroup of Lorentz invariance, does not

emerge as a symmetry of the non-interacting theory.
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FIGURE 5.5: Flow of the tilt parameter breaking inversion symmetry and the
magnetoelectric terms. The results correspond to the initial values εi = 1,

μ1 = 1, wi = 0, vi = 0.1, t = 0.01 and α = 1 for the energy scale μ̄ = μ̄0.

Running of tilt and magnetoelectric terms

Finally, in our last example we consider the presence of a finite tilt term that breaks in-

version symmetry. It is illustrative to consider again the case in which the initial photon

kinematics are equivalent to vacuum. In this case, as we move to the infrared limit, the

tilt introduces a certain degree of anisotropy between the directions parallel and perpen-

dicular to the tilt direction, as it is explicitly shown for the Fermi velocity in Fig. 5.5a).

Nonetheless, the major implication of the tilt is that it induces a non-vanishing value for

the magnetoelectric couplings w1 and w2, defined in Eq. (5.31). All the three parameters

flow to the same value in the infrared fixed point, as it is shown in Fig. 5.5b).

It is important to stress again the role of the tilt that preserves inversion symmetry. In

this case, the form of the self-energy diagram does not change, while in the polarization

diagram only the terms proportional to t2 survive. This implies that this tilt parameter

flows towards zero in the infrared limit, and during this flow it does not alter the value

of the magnetoelectric couplings w1, w2. It can, however, introduce a similar degree of

anisotropy in the system as it is explicitly seen from the beta functions

2 2 2 2 2 2e 2 v2(v3 − t2 − w2) e 2 v1(v3 − t2 − w1)β(μ1) = , β(μ2) = . (5.53)1 26π2 μ
6π2 μ

v1v3 v2v3

This result has also a natural interpretation from the discrete symmetries of the material,

since μ1,2 is proportional to B2
1,2, which is even under both time-reversal and inversion

symmetries as the squared tilt term.

5.4 Conclusions and discussion

In this chapter we have addressed the QFTs that describe the low-energy physics of DSMs

and WSMs. We have shown that these theories can be renormalized, to one loop order,

by a finite number of parameters. Our main motivation was to analyze the possible emer-

gence of symmetries as the theory flows towards the infrared limit. Our results reveal

that, in general, there are no more symmetries in this limit beyond the ones that are al-

ready present at higher energy scales.
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The infrared behavior of DSMs and WSMs under Coulomb interactions has been con-

sidered before in two and three dimensions [169–174], concluding that Lorentz symme-

try is recovered at the infrared fixed point regardless of the existence of certain Lorentz-

violating terms at higher energies. At first sight, these results apparently signal the emer-

gence of Lorentz symmetry as a universal consequence of Coulomb interactions. Ourwork

clarifies that this emergence is not universal but is rather limited to two circumstances that

we proceed to discuss.

The first circumstance is the case in which, at most, only one parameter of the photon

kinematics is required to eliminate the divergences associated to the vacuum polarization

diagram. This condition is fulfilled for two spatial dimensions, where the vacuum polar-

ization diagram becomes completely finite [169–171]. Another case is the use of the instan-

taneous Coulomb interaction instead of the fully retarded one in three spatial dimensions,

which comes motivated from the observation vF/c0 � 1 in these condensed matter sys-

tems [41]. Even though this case has been considered only with rotational invariance [174,

186], the vacuum polarization diagram consists of a single component Π = Π00 regardless

of this symmetry and its divergent contribution can be cancelled with a single parameter

as the photon field normalization. In both circumstances, if one assumes that the photon

kinematics correspond to the ones of vacuum, neither the speed of light nor the (vanish-

ing) magnetoelectric terms renormalize and therefore the theory will unavoidably flow to

an infrared fixed point in which rotational and Lorentz invariance are recovered.

The second circumstance involves three spatial dimensions with the fully relativistic

Coulomb interaction when one assumes rotational invariance. In this case the tilt param-

eter is forbidden, whereas the Fermi velocity and the speed of light flow to a common

but non-universal value in the infrared limit [170, 172, 173]. The resulting non-interacting

theory is invariant under Lorentz transformations that involve the limiting speed of light

instead of the vacuum one.

Even though we have not explicitly connected our renormalized parameters to con-

crete experimental observations as the physical Fermi velocity, our results suggest that

there could be observable consequences associated to the scaling behavior of the theory. It

can be expected in general that an anisotropic Fermi velocity or a tilt of the energy cones

signal anisotropy in the photon kinematics, either by the presence of anisotropic permit-

tivities and permeabilities or by the presence of certainmagnetoelectric terms. These prop-

erties manifest through optical phenomena as birefringence [87, 185], but the logarithmic

dependence on the energy scale generally challenges the observation of the flow for the

experimentally available energy windows.

It is important to stress that a similar problem has been considered in the context of

high energy physics. Motivated by the search of Lorentz-violating extensions of QED in

our Universe, a much broader analysis than our effective model from Eqs. (5.27)-(5.33) is

provided in Ref. [168]. Nevertheless, due to the hard constraints imposed by experimental

observations [187–189], the scaling analysis of this reference limits to the first order per-

turbative contribution of Lorentz-violating parameters. Although these results confirm
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the validity of ours perturbatively, neither the initial nor the limiting values of the renor-

malized parameters at low energies are constrained to be small in the context of DSMs and

WSMs, and therefore it is necessary to consider the full divergent structure of these ma-

terials to guarantee the correct characterization of the emergent properties at the infrared

fixed point.

Another important difference between the high energy and condensed matter contexts

is the freedom to rescale coordinates, which is only present in the first one. The rescal-

ing freedom allows to transfer Lorentz-violating terms from the photon kinematics to the

fermion kinematics and viceversa [190–192], implying for certain models that at the in-

frared fixed point Lorentz invariance is merely hidden behind a coordinate transforma-

tion but not lost. For instance, in the case of our models describing anisotropic DSMs and

WSMs with no tilt nor magnetoelectric terms, this coordinate rescaling is simply diagonal

and can transform the non-universal, anisotropic velocity that is reached in the infrared

fixed point into the speed of light in vacuum. As a consequence, Lorentz symmetry is a

property that would truly emerge in the high energy context. However, many-body sys-

tems do not afford such rescaling freedom as their experimental accessibility always selects

a preferred reference frame, which is generally the Lorentz invariant vacuum. If we had

the possibility to rescale the effective theory describing the bulk of a material at will, we

would reach identical theories for crystals displaying cubic, tetragonal or orthorhombic

symmetries, whereas these materials can be clearly distinguished from experiments.
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6 Anatomy of Z2 fluxes in anyon

Fermi liquids and Bose condensates

So far, the works presented in this thesis have dealt with topological phases of matter that

afford physical realizations in weakly-interacting many-body systems. The emergence of

quasiparticles with fractional statistics, on the contrary, unavoidably requires strong cor-

relations between the elementary constituents. Such correlations generate novel univer-

sal features associated to the topology of the wave function that challenge conventional

paradigms of condensedmatter physics, demanding sophisticatedmathematical and com-

putational techniques for their theoretical study. Hence, it is highly desirable to count on

ideal models that disentangle the fundamental properties of these phases in a simple and

analytic manner.

The paradigmatic example to illustrate this perspective are Z2 topologically ordered

states. These states were introduced by Anderson to describe magnetic systems that do

not develop any magnetic long range order down to the lowest temperatures, which were

called spin liquids [193]. Due to the interplay between interactions and lattice geometry,

spins prefer to entangle between themselves creating intricate superpositions of spin sin-

glets. The local excitations in this system are deconfined (can be separated without an

energy cost) and have fractional statistics. There are three types of such excitations: two

with bosonic self-statistics that see each other as π-flux tubes (semions), and their bound

state with fermionic self-statistics. These self-statistics have been exploited to transit to

other bosonic or fermionic conventionally ordered states, bringing a suitable framework to

tackle complex strongly correlated systems as high-TC superconductors [66]. Nonetheless,

the main reason why Z2 topologically ordered states are one of the most well understood

fractionalized states of matter is not their physical realizations but the existence of several

idealized models that capture their universal features [10, 58], with the celebrated Kitaev’s

Toric Code [71] as the prominent example.

The simplicity of the Toric Code stems from the large number of conserved quantities

associated to its Hamiltonian, which freeze the motion of anyons and provide an exact

solution to the entire spectrum without even referencing the elementary spins. Further-

more, the same local conservation laws are central to the implementation of bosonization
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approaches that connect the dynamics of spins with a Z2 gauge structure to those of or-

dinary bosons and fermions preserving locality, since these mappings require that only

one of the anyon species fluctuates throughout the lattice. This condition underlies, for

instance, the exact solvability of Kitaev’s honeycomb model [70, 194, 195] or the Kramers-

Wannier duality of the Ising gauge theory [10, 196, 197].

The goal of this chapter is to address the survival of the features associated toZ2 topo-

logical order in a state with a finite density of anyons that form either a Fermi liquid or a

Bose condensate. The aforementioned properties of the Toric Code raise it as a convenient

vacuum to construct simple but accurate models to answer this question in an exact man-

ner. After a detailed introduction to the relevant aspects of the Toric Code, we will access

these novel states by endowing anyons with a global U(1) symmetry that preserves their

total particle number. It is well known that, in the case of bosonic self-statistics, anyons

can undergo a Bose condensation that at least marginally destroys the intrinsic topolog-

ical order of the system [10, 58, 198]. Conversely, in the case of fermionic self-statistics

we will see how anyons form a Fermi liquid state with a rich set of properties that can be

extrapolated to orthogonal metals [199].

6.1 Basics of the Toric Code

In the following we provide a brief but self-contained introduction to the most fundamen-

tal features of the Toric Code (TC) vacuum [71]. This will lay out the notation and the

properties that we exploit in the succeeding sections. The TC is a microscopic system of

strongly correlated spin-1/2 degrees of freedom. Local spins reside at the links of a two-

dimensional square lattice with the topology of a torus, and the Hamiltonian that governs

their dynamics is given by

1− Gm 1− Ge
vH = Δm ∑ p

+ Δe ∑ , (6.1)
2 2p v

where Gv
e and Gm

p are vertex and plaquette operators defined as

Ge Gm
v = ∏ Xl , p = ∏ Zl , (6.2)

l∈v l∈p

and the index l runs through vertices and plaquettes as specified in Fig. 6.1a). We will use

X,Y, Z to denote Pauli matrix operators, Δe,m > 0 and subindices l, v, p label the different

links, vertices and plaquettes of the lattice, respectively.

The ground state of the TC gives insights into the complex long-range entanglement

patterns that can emerge between elementary spins when they are strongly correlated [7,

71]. It consists of an equally-weighted superposition of all the possible loop configurations
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FIGURE 6.1: Bosonic Toric Code in a nutshell. a) Definition of the vertex and
plaquette operators from Eq. (6.2). b) Pairs of e (m) particles as endpoints of
Zl (Xl) strings. c) Braiding of an m particle as a measurement of the e particle
parity Πe inside a region R, as defined in Eq. (6.5). d),e) t’Hooft and Wilson
loop operators defined in Eq. (6.6) along the different directions of the torus.

that satisfy the condition1 Ge = Gm = 1, namely [70]v p

1|0〉 = ∏ √ (I+ Ge) |↑↑ . . . ↑〉 , (6.3)v
v 2

mimicking the form of resonant-valence-bond (RVB) states [10, 193, 200]. Here we use

the basis of local spins for which Z |↑〉 = |↑〉 and I is the identity operator. The excited

states consist of local excitations with an energy gap Δe,m above the ground state. These

excitations are localized at vertices where Ge = −1 or plaquettes where Gm = −1, andv p

commonly receive the name of e or m particles, respectively2. The global constraints on

the torus

Ge Gm∏ v = 1 , ∏ p = 1 , (6.4)
v p

enforce the number of e and m particles to be even for any state. These particles can be

created and annihilated3 in pairs by applying strings of Xl and Zl operators to the ground

state, as it is shown in Fig. 6.1b). They are, thus, their own antiparticles.

1These conditions must be understood as Ge |0〉 = Gm |0〉 = |0〉. We will use Gv
e , Gm equally to denote thev p p

operators and their eigenvalues, and the specific meaning will be clear from the context. The same applies to
the rest of operators.

2These names follow from the charge-flux composite picture discussed in the introductory chapter.
3Note that the annihilationmay happen in two different ways. One is the application of two local operators

on the same links, which results in X2 = Z2 = 1, and the other is the realization of closed loops of X and Z
operators, which are equal to products of Gv

e and Gm
p that act trivially on the ground state.
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There are several remarkable features associated to these local excitations. The first

one is their deconfinement, which directly follows from the fact that the energy cost of

the excited states only depends on the existence of a finite number of e or m particles,

but not on their relative position. Indeed, the specific form of the string operators that tie

the different pairs of particles is physically irrelevant [70]. Given a pair of m particles, the

application of Ge operators modifies the form of the X string but does not alter the physicalv

observables of the excited state, since [Gv
e , Xl ] = 0 and Ge acts trivially on the ground state.v

In this sense, the strings of Xl and Zl operators are analogous to the unobservable Dirac

string emanating from magnetic monopoles [46, 201].

Another important feature regards mutual and self-statistics. Given again a pair of

m particles, we can successively apply Xl operators to exchange these particles without

annihilating them. Any combination that realizes this operation can be rewritten as a

product of Ge operators, which implies that m particles are self-bosonic. Similar argumentsv

follow for the e particles involving Zl and Gm
p operators. Finally, the braiding between e

and m particles indicates their mutual semionic statistics. The braiding of an m particle

around the boundary of a region R is equivalent to the product of Ge operators inside R,v

which is nothing but the parity of e particles inside that region

Πe ≡ ∏ Gv
e , (6.5)

v∈R

as it is shown in Fig. 6.1c). Thus, the braiding of an m particle along an e particle leads

to a −1 sign in the wave function, which means that each particle species sees the other

one as a π-flux tube. Consequently, the bound state of these particles, denoted by ε, has

fermionic self-statistics.

The other distinctive property of the TC is topological degeneracy. Such degeneracy

derives from four loop operators that commute with the Hamiltonian from Eq. (6.1) and

cannot decompose in terms of Ge and Gm operators. They commonly receive the namev p

of t’Hooft and Wilson loop operators, and consist of strings of Xl and Zl operators of the

form

Tx,y = ∏ Xl , Wx,y = ∏ Zl , (6.6)
l ∈ βx,y l ∈ γx,y

where βx,y and γx,y are non-contractible closed loops along the periodic directions of the

torus, as it is depicted in Figs. 6.1c),d). The precise form of these loops is physically ir-

relevant, as it happens with Dirac strings attaching pairs of e and m particles, and can

be modified by the application of local Gv
e , Gm

p operators without affecting their global

character. The algebra satisfied by t’Hooft and Wilson loop operators is given by

{
Tx,Wy

}
= 0 , [Tx,Wx] = 0 ,

[
Tx, Ty

]
= 0 ,{

Ty,Wx
}
= 0 ,

[
Ty,Wy

]
= 0 ,

[
Wx,Wy

]
= 0 . (6.7)

The fact that both Tx,y and Wx,y commute with the Hamiltonian but anticommute between
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6.2. Bosonic Z2 lattice gauge theory from the TC vacuum

themselves is a sufficient condition for the entire spectrum of the system to be 4-fold de-

generated4. If we label these degenerate states with the eigenvalues of t’Hooft operators

Tx,y = ±1, then Wilson operators can be used to transit between them.

The topological degeneracy can be reinterpreted in terms of anyon excitations. Both

t’Hooft andWilson loop operators describe the process in which a pair of anyons is created

out of the vacuum and gradually separates along a non-contractible loop until reaching a

final recombination (see Figs. 6.1b),d)). Anyon deconfinement, together with the recovery

of the energy cost of creating the pair of particles after their mutual annihilation, provide

an intuitive explanation of why the states with Tx,y = ±1 have exactly the same energy.

The collection of local and global operators that commute with the Hamiltonian from

Eq. (6.1) substantiate the particular simplicity of the TC as an incarnation of Z2 topolog-

ical order. Such operators provide a complete description of the Hilbert space in terms

of the eigenvalues {Gv
e , Gm

p , Tx, Ty}. Thus, all the aforementioned properties of the TC fol-

low from comparing different Hilbert subspaces, which allows to completely ignore the

strongly-entangled patterns of the underlying local spins [7]. This aspect is crucial for the

analysis ofZ2 anyon Fermi liquids and Bose condensates that we discuss in the following

sections.

6.2 Bosonic Z2 lattice gauge theory from the TC vacuum

Both deconfined anyon excitations and topological degeneracy are characteristics of the

TC vacuum that survive when local conservation laws are broken adiabatically5. This

symmetry reduction provides dynamics to e and m particles but also precludes an exact

solution for the spectrum of states. Nevertheless, keeping a local conservation law, for in-

stance the one involving e particles, yields a Hilbert space with aZ2 gauge structure [202]

in which the m particle dynamics can be related to those of ordinary local bosons. In the

following we introduce the Kramers-Wannier duality transformation [10, 196, 197] that

provides this equivalence and apply it to study the case in which one of the self-bosonic

anyon species condenses.

6.2.1 Dual representation

Without loss of generality, we consider the case in which e particles remain gapped and

frozen, namely [H, Ge ] = 0, while m particles are allowed to pair-fluctuate. The simplestv

Hamiltonian that satisfies these conditions is the following extension of the TC model

1− Gm 1− Ge
vH = Δm ∑ p

+ Δe ∑ − t ∑ Xl . (6.8)
2 2p v l

4Note that this degeneracy directly depends on the topology of the lattice. The genus g determines the
number of different non-contractible loops that can be used to construct t’Hooft and Wilson loop operators,
which produces a degeneracy 4g [10].

5Specifically, both the attraction between anyon pairs and the topological degeneracy of the ground state
are exponentially suppressed in the thermodynamic limit [10, 58].
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The term proportional to t spoils the commutation relations [H, Gm] and [H,Wx,y], butp

the Hilbert space still splits into a direct sum of subspaces in which the eigenvalues of

{Gv
e , Tx, Ty} are fixed. In the absence of e particles, Ge = 1, this Hamiltonian becomes thev

familiar Ising gauge theory [10].

The remaining degrees of freedom in each subspace correspond to the dynamics of m
particles. To analyze them, the Ising gauge theory affords a simple analytical treatment

through the Kramers-Wannier duality [196, 197]. This dual mapping associates the origi-

nal spin degrees of freedom involved in Eq. (6.8) to new spin-1/2 degrees of freedom that

locate at the centers of the plaquettes, which correspond to the vertices of the dual lattice.

Specifically

Gm ⇐⇒ Zp = (−1)np , (6.9)p

Xl ⇐⇒ =
(

bp(l) + b†
)(

bp′(l) + b†
)
, (6.10)Xp(l)Xp′(l) p(l) p′(l)

where p(l), p′(l) are the plaquettes adjacent to the link l and np ≡ b†bp. The operatorsp

b†p, bp correspond to creation and annihilation operators of hardcore bosons, which fol-

low from the identification bp = (Xp + iYp)/2. This mapping automatically satisfies the

constraints {Gv
e , Tx, Ty} = {1, 1, 1}, so its validity is limited to this Hilbert subspace. In ad-

dition, the global parity constraint from Eq. (6.4) implies that only the parity-even states

are allowed on the torus, and thus parity-odd states must be discarded as unphysical.

There are two properties that guarantee the equivalence between the original and the

dual representations. The first one is the size of the Hilbert space. In a lattice with LxLy

plaquettes, the number of linearly independent degrees of freedom is D = 2Lx Ly−1 in both

representations. The second one is the fact that, in both representations, the operators

that act on these physical degrees of freedom obey the same algebra and are therefore

equivalent. This can be directly verified by looking at the minimal set {Gm
p , Xl} and their

dual representations, since they constitute a complete basis that generates all the operators

commuting with Ge and Tx,y. As a result, the transverse field Ising modelv

ΔmH = −t ∑ XpXp′ − ∑ Zp , (6.11)
〈p,p′〉 2 p

emerges as the dual representation of the Ising gauge theory and describes the same dy-

namics of m particles in the trivial Hilbert subspace {Gv
e , Tx, Ty} = {1, 1, 1}.

Now the question is whether we can extend this duality transformation to the rest of

Hilbert subspaces. Each of these subspaces encodes the same number of unfixed degrees

of freedom, so the dual mapping has to maintain the eigenvalues {Gv
e , Tx, Ty} fixed to

correctly reproduce the background underlying the m particle dynamics. For instance, in

the case of a subspace that hosts a pair of e particles, the dual mapping has to guarantee

that the braiding of any m particle around a region R produces a phase factor that equals

the parity of the number of frozen e particles inside R (see Fig. 6.1c) and Eq. (6.5)). To

achieve this, we introduce a Dirac string that mimics the Z strings connecting every pair
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of e particles in the TC vacuum [46, 201]. These Dirac strings are branch cuts that flip the

sign of the pair-fluctuation operator in terms of a vector potential Al , namely

iAl Xp(l)Xp′(l) ,Xl ⇐⇒ e (6.12)

where Al = π at the links involved in Dirac strings and Al = 0 otherwise. Following

the connection between Wilson operators and the mutual annihilation of e particles along
non-contractible loops, we can similarly construct a dual representation of the subspaces in

which Tx,y = −1 by introducing branch cuts along such loops. If we visualize the torus in

Euclidean space, these branch cutsmight be placed at the boundaries that connect opposite

sites of the plane, which identifies the eigenvalues of t’Hooft operators with periodic or

antiperiodic boundary conditions for m particles. The Hamiltonian from Eq. (6.8) becomes

in the general case
iA ΔmH = −t ∑ e pp′ XpXp′ − ∑ Zp , (6.13)

〈p,p′〉 2 p

where, for the sake of clarity, we rewrite the vector potential Al in terms of the nearest-

neighbor plaquettes that are adjacent to the link l. This dual Hamiltonian correctly repro-

duces the dynamics of m particles in any background of e particles and twisted boundary

conditions.

As a final remark, we stress that the physically relevant information associated to the

vector potential Al is the set of fixed end points of Dirac strings or the existence of non-

contractible branch cuts, which are the characteristics affecting the integrals of m particles

along closed loops that distinguish the different Hilbert subspaces. The precise shape of

Al does not alter these integrals modulo 2π, akin to the precise form of the strings of Z
operators that tie pairs of e particles or define the Wilson loop operators in the original

lattice representation (see Fig. 6.1), and consequently it does not modify the m particle

dynamics.

6.2.2 Anyon condensate of m particles

We now proceed to exemplify the use of the dual representation to study the well-known

confining phase associated to the Z2 Ising gauge theory [10]. The Hamiltonian from

Eq. (6.13) describes a system of anyons in which pair-fluctuations of m particles and their

self-energy compete in the conformation of the ground state. When t � Δm, it costs too

much energy to create pairs of m particles, so the system retains the Z2 topological order

of the TC vacuum. When t � Δm, on the contrary, it is energetically favourable to co-

herently overlap quantum states with different numbers of m particles forming an anyon

condensate [203]. This is a new vacuum that drastically modifies the universal properties

of e particles and the topological degeneracy of the spectrum.

The condensation of m anyons can be interpreted in terms of the process of sponta-

neous symmetry breaking. The Hamiltonian from Eq. (6.13) commutes with the global
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operator

Ω = ∏ Zp , (6.14)
p

which is the only global symmetry of the dual representation that escapes Elitzur’s the-

orem [204]. However, we know from the original representation that Ω is not a physical

symmetry but rather a constraint on the physically allowed states. For the moment we can

ignore this aspect and just accept that [H,Ω] = 0.

We first focus on the subspace with no e particles nor twisted boundary conditions. In

the limit t = 0 and Δm = 0, which is exactly the TC vacuum, the ground state satisfies

Zp = 1 at every plaquette and it is therefore symmetric under Ω. In the limit Δm = 0

and t = 0, on the contrary, there are two degenerate ground states with Xp = ±1 at every

plaquette that are not invariant under the action of Ω. Thus, the anyon condensation can

be associated to the spontaneous symmetry breaking of the global parity operator for m
particles. Nonetheless, since this global operator is really a constraint, only the symmetric

combination of the degenerated ground states Xp = ±1 can be considered as physical.

The absence of degeneracy is clear in the original representation, where the ground state

is a non-entangled state of local spins satisfying Xl = 1 at every link (see Eq. (6.8)).

Now we can imitate the strategy of the TC vacuum and compare different Hilbert

subspaces to determine whether the deconfinement of e particles or the topological de-

generacy survive in the m condensate or not. We begin by considering the addition of an

isolated pair of e particles tied by a Dirac string γ. In this case, the dual Hamiltonian reads

ΔmH = −t ∑ XpXp′ + t ∑ XpXp′ + 2Δe − ∑ Zp . (6.15)
p〈p,p′〉∈γ 〈p,p′〉∈γ

2

For Δm = 0 and in the thermodynamic limit, it is clear that the ground state still consists

of the symmetric combination of Xp = ±1 for all dual spins. Therefore, the addition of a

pair of e particles carries an energy cost ΔE = 2tL + 2Δe, where L is the length of the Dirac

string, with respect to the ground state energy without e particles. This string tension

results in the strong confinement of e particles, which sharply contrasts with the constant

energy cost ΔE = 2Δe of the TC vacuum. Moreover, twisted boundary conditions also

carry an energy cost that is given by the length of the non-contractible loops, ΔE = 2tLi,

which fits perfectly with the interpretation of Wilson operators as the process of mutual

creation and annihilation of e particles along a non-contractible loop. This perspective

provides an alternative signature of anyon confinement.

Therefore, we conclude that the anyon condensate of m particles is a gapped phase

with no deconfined e particles and no topological degeneracy of the spectrum of states.

This phase is trivial in the sense that e anyons cannot be found isolated due to their strong

linear attraction, which agrees with more formal anyon condensation schemes based on

modular tensor categories [203, 205]. The basic conclusion of these schemes is that anyon
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condensates constitute new vacua in which any other anyon species that braids non-

trivially with condensed anyons experiences a strong confinement, so in our case this ap-

plies both to e and ε particles. In the next section wewill see that a different condensate can

be reached by enriching dynamic m-particles with a U(1) global symmetry that conserves

their total particle number. The phase that results from the spontaneous symmetry break-

ing of the U(1) symmetry is a superfluid that eludes the strong confinement of e particles,
which behave as fractional vortex excitations.

6.3 Z2 anyon Bose-Einstein condensates

In the previous sectionwe have discussed howwe can access a simplemodel describing an

anyon condensate from the TC vacuum by keeping the local conservation law associated

to the other anyon species, and how this new state looses the distinctive features of Z2

topological order. The aim of this section is to stress that a different phase of matter can be

accessed if we enrich the dynamic m anyons with a U(1) global symmetry that preserves

their total particle number.

To begin with, we identify the local and global m particle numbers as

1− Gm
pnp ≡ , Nm ≡ ∑ np . (6.16)

2 p

The structure of the Hilbert space is analogous to the one of the previous section, but

now the Hamiltonian must commute with the set {Nm, Gv
e , Tx, Ty}. The minimal opera-

tors that satisfy these constraints are np and the hopping operator of m particles between

nearest-neighbor sites. Such operator might be obtained from the pair-fluctuation opera-

tor introduced in Eq. (6.8), where now we have to include projector operators made out of

Gm to guarantee that Xl acts solely on those links shared by pairs of plaquettes in whichp

only one plaquette is occupied by an m particle. This hopping operator has the following

dual representation

1− Gm 1− Gm
iA p p′e pp′ b†bp′ ⇐⇒ Xpp′ , (6.17)p 2 2

where we have introduced a general vector potential App′ according to Sec. 6.2.1. For the

sake of clarity, we use the notation introduced in Eq. (6.13), where {p, p′} denote nearest-

neighbor plaquettes that share the link l, and App′ = π if such links belong to a branch cut

and 0 otherwise.

The conservation of Nm enables the definition of a chemical potential for m particles

and therefore the possibility to access a Bose-Einstein condensate via a chemical potential

driven phase transition. In this case, the corresponding U(1) global symmetry is the one

that is spontaneously broken. The global parity constraint from Eq. (6.14) is a subgroup of

this global symmetry, and still plays the role of restricting physical states to those with an
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even number of m particles. To model the transition to the Bose-Einstein condensate, the

simplest Hamiltonian is given by the following extension of the TC vacuum with nearest-

neighbor hopping operators for m particles

1− Gmt p 1− Ge
v

(
1− GmGmH = − ∑ Xpp′ p′

)
+ Δm ∑ + Δe ∑ . (6.18)p2 〈p,p′〉 p 2 v 2

This Hamiltonian takes the following form under the dual transformations

t iApp′
1− ZpH = − ∑ e XpXp′ + YpYp′ + Δm ∑ (6.19)

2 〈p,p′〉 p 2

iA= −t e pp′
(

b†bp′ + b†
)
+ Δm ∑ b†bp, (6.20)∑ p p′bp p

〈p,p′〉 p

which, in the trivial subspaces with {Gv
e , Tx, Ty} = {1, 1, 1}, is identified as the paradig-

matic Bose-Hubbard model of hardcore bosons [206], which can also be described as an

XXZ spin model. The ground state is a superfluid (or equivalently an XY ferromagnet) for

hopping amplitudes above the critical value tc = Δm/4, where the hardcore interaction

between condensed anyons always implies a finite stiffness.

The universal features of this new state are captured by the Ginzburg-Landau ap-

proach in the long-wavelength limit [207]. This approach assumes that the ground state
√ iφof the system is described by a superfluid order parameter 〈bp〉 ∼ 〈Xp〉+ i 〈Yp〉 = ρ e

with an amplitude that only has weak and localized deviations from the local density

value ρ(r) = ρ0. The low-energy spectrum of the system is determined by the following

energy functional ∫
ρs
(
� A

)2
E[φ] = dx ∇φ − � . (6.21)

2

where ρs is the stiffness of the superfluid and �A is the non-dynamical vector potential

inherited from the branch cuts that describe the different backgrounds of e particles and

twisted boundary conditions.

In the trivial subspaces {Gv
e , Tx, Ty} = {1, 1, 1}, the excited states of the superfluid

consist of topological defects that take the form of point-like vortices. These vortices signal

singularities of the superfluid order parameter, ρ(r) = 0, that modify the line integrals of
�∇φ along closed loops as

Nv

d�l · � = 2π ∑ ni , (6.22)∇φ
∂R i=1

where Nv is the number of vortices inside the region R and ni is an integer denoting their

vorticity. It is well-known that the energy cost of these vortex excitations grows loga-

rithmically with system size [207–209], namely ΔE ∝ log(R/a) for a system with circular

geometry, where R is the radius and a is a cut-off length necessary to regularize the ultra-

violet divergences associated to the size of the vortex core6. Only vortex configurations

6These ultraviolet divergences arise because we are ignoring in Eq. (6.21) the spatial variations of the am-
plitude ρ(r) near the vortex cores.
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without a net vorticity are energetically stable with respect to system size.

We will see next that the addition of e particles or twisted boundary conditions to the

Bose-Einstein condensate of m particles is intimately related to the vortex excitations of

conventional superfluids, producing novel properties that marginally differ from those of

more formal anyon condensate schemes [203, 205]. For a closely related discussion with

similar conclusions see Ref. [198].

6.3.1 Half-vortices and e particle confinement

We begin by considering the case in which an even number of frozen e particles are incor-
porated into the superfluid state. Each pair of e particles is tied by a Dirac string that is

encoded in the vector potential �A, which must satisfy the relation

Ne

d�l · A� = 2π ∑ vi , (6.23)
∂R i=1

to guarantee the correct braiding of m particles along the perimeter of a region R, where

vi = ±1/2 and Ne is the total number of e particles contained in R. Comparing with

Eqs. (6.21) and (6.22), we can directly see that the presence of e particles affects the gradient
of the phase φ. This makes e particles to behave as topological defects of the superfluid

with the form of half-integer vortex excitations7.

Since the precise choice of �A is irrelevant, we can choose the form that simplifies the

computation under consideration. Here we are interested in the minimal energy cost car-

ried by e particles, which is readily determined using the Coulomb gauge � A = 0. Such∇ · �
gauge choice eliminates the cross-term from Eq. (6.21) leading to

∫
ρs
(
(� + �A2

)
E[φ] = dx ∇φ)2 . (6.24)

2

The Euler-Lagrange equations associated to this energy functional determine that the min-

imal energy configuration for a given subspace of e particles is accomplished for ∇� φ = 0

and
�A = �∇× (χẑ) , χ ≡ − ∑ vi ln |r− ri| . (6.25)

i∈R

As a result, the energy cost of an isolated pair of e particles grows logarithmically with

their separation length akin to a 2D Coulomb gas, namely [207–209]

πρsΔE = 2Ec + log (|r1 − r2|/a) , (6.26)
2

where Ec is the vortex core energy and a is again an effective radius regularizing the size

of each vortex core. Therefore, we conclude that e particles are logarithmically confined

in the Bose-Einstein condensate of m particles. This result sharply contrasts with the con-

fining phase of the Z2 lattice gauge theory discussed in Sec. 6.2.2. In Fig. 6.2a),c) we have

7This mechanism of vortex fractionalization was originally pointed out by Kivelson in Ref. [201].
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chosen the gauge configuration with the shortest length for the branch cuts to illustrate

the capability of both condensates to adapt to the introduction of e particles.

6.3.2 Breaking of topological degeneracy

Now we move to the subspaces describing twisted boundary conditions with Tx,y = ±1.

In this case, it is convenient to consider the square lattice geometry and choose the smooth

gauge in which the components of the vector potential take the form Ai = π/Li in the

directions where the boundary conditions are twisted, and Ai = 0 otherwise. These vector

potentials correctly reproduce theWilson loop operators around any non-contractible loop

γx,y, namely
iApp′Wx,y = ∏ e . (6.27)

(p,p′)∈γx,y

For this gauge choice, the energy is minimized by the ansatz ∇� φ = 0, which leads to the

following energy splittings

ρsπ
2 LyΔE = , (6.28)

(Tx ,Ty)=(−1,1) 2 Lx

ρsπ
2 LxΔE = , (6.29)

(Tx ,Ty)=(1,−1) 2 Ly

L2 + L2
ρsπ

2 x yΔE = . (6.30)
(Tx ,Ty)=(−1,−1) 2 LxLy

Thus, we conclude that the 4-fold degeneracy of the spectrum of states is broken by finite

energy terms that depend on the aspect ratio of the torus. There is a finite energy cost

of creating and annihilating a pair of e particles around a non-contractible closed loop,

which directly follows from the capability of the superfluid to smoothly adapt to branch

cuts. This is again explicitly compared with the confining phase ofZ2 lattice gauge theory

in Fig. 6.2b),d), where we have chosen the gauge in which branch cuts have their minimal

length.

As a final remark, we stress that the Bose-Einstein condensate may involve molecules

rather than isolated m particles depending on the microscopic details of the system. The

Ginzburg-Landau approach still applies for this extension and involves a vector potential

that is multiplied by the number of m particles that form the molecules, nm, namely

∫
ρs
(
�E[φ] = dx ∇φ − nm �A

)2
. (6.31)

2

In this way, e particles only bind half-integer vortices when the molecules comprise an odd

number of m particles. On the contrary, if nm is even then the superfluid effectively sees e
particles as local excitations that bind no vorticity, keeping them completely deconfined.

This is a direct consequence of the trivial braiding of these molecules around π-fluxes [203,

205]. Similar conclusions follow for the effect of twisted boundary conditions.
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a)

c)

b)

d)

e e

e e

FIGURE 6.2: Effect of branch cuts on the different condensates of m particles.
Arrows depict the orientation of the phase associated to the dual XY order
parameter 〈Xp + iYp〉, and the branch cut forces neighboring phases to be
anti-aligned. a),b) In the absence of a global U(1) symmetry, the anyon con-
densate cannot smoothly adapt its phase and branch cuts demand an energy
cost proportional to their length, behaving like an Ising magnet. c), d) The
global U(1) symmetry gives rise to a superfluid phase that adapts to branch
cuts, reducing their energy cost from linear to logarithmic and recovering a

global alignment at far enough distances.

6.4 Fermionic Z2 lattice gauge theory from the TC vacuum

The phases we can access from the TC vacuum are currently limited by the bosonic na-

ture of their elementary particles. This is a good point to recall that this perspective stems

from selecting Ge and Gm as the local operators that label the different Hilbert subspaces,v p

which turns e and m anyons into the elementary particles of the system and leaves the self-

fermionic ε particles as their bound state. Since this is merely a choice, we can alternatively

take a different set of local operators that makes ε and e particles the elementary ones and

turns m particles into the composite ones. The idea of exchanging the self-statistics of ele-

mentary particles is also inherited from Anderson’s RVB states [193, 201, 210], where their

spinon excitations may bind a π-flux tube or not depending on the microscopic details of

the spin liquid8.

This alternative perspective of the TC vacuum does not change its physics but sim-

plifies the identification of the extensions in which ε fermions are the particles allowed to

pair-fluctuate, so that we can access other phases of matter in which the ground state is

determined by self-fermionic anyons instead of anyon condensates. In analogy to Secs. 6.1

8RVB states are characterized by anyon quasiparticles called spinons and their corresponding π-flux tubes,
which are called visons.
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a)
m

e

Bosonic TC Fermionic TC

b)
m

e

FIGURE 6.3: Elementary building blocks of the Toric Code.

and 6.2, we begin this section by describing the main properties associated to the fermionic

representation of the TC vacuum, and then we will consider the construction of fermionic

Z2 lattice gauge theories in which ε fermions obtain dynamics whereas e particles are kept
frozen. The remarkable parallelism between both cases culminates with the existence of a

duality transformation sustained on the local conservation law, which enables the study of

ε dynamics as ordinary local fermions in different backgrounds of e particles. This duality
relation belongs to the much broader and recently proved connection between arbitrary

local fermionic systems on 2D lattices and Z2 lattice gauge theories of local spins [195].

6.4.1 Basics of the fermionic TC vacuum

To perform a complete labeling of the Hilbert space in terms of ε and e particles, we must

pick a convention that fixes the relative orientation of ε particles from the perspective of

e and m particles. We will choose the ’north-east’ charge-flux binding convention, as it is

shown in Fig. 6.3. This convention redefines the local operators that measure the parity

of e and ε particles on the lattice with respect to the one discussed in Sec. 6.1. Specifically,

ε particles reside on plaquettes and their parity is given by the local operator Gm
p , while e

particles remain located at vertices and their parity is given by Gm Ge , where p(v) denotesp(v) v

the plaquette associated to the vertex v according to the ’north-east’ convention. These

local operators lead to the following local occupation numbers for ε and e particles

1− Gm 1− Gm Ge
p p(v) v

np = , nv = , (6.32)
2 2

respectively. Therefore, the lookalikeHamiltonian that describes ε and e particles as gapped
and frozen excitations is simply given by

H = Δε ∑ np + Δe ∑ nv , (6.33)
p v

where Δε,e > 0.
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b) c)

R
e

R
G   Gp(v)

m
v
e

X Z

e
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FIGURE 6.4: Fermionic Toric Code in a nutshell. a) Pair-fluctuation opera-
tors for ε particles, defined in Eq. (6.34). b),c) Non-contractible loop oper-
ators Θx,y, defined in Eq. (6.36), that result from applying Gm Ge over ap(v) v

multiply connected region (shaded in gray). d) Braiding of a ε particle as
a measurement of the e particle parity Πe inside a region R, as defined in

Eq. (6.37).

Similar to the bosonic TC vacuum, pairs of e particles are created by applying strings

of Z operators. For ε fermions, the string operators that create them are

Sl ≡ XlZr(l) , (6.34)

where l and r(l) are links defined relatively to the pair-fluctuation according to Fig 6.4a).

All the excited spectrum of states is still restricted to have an even number of elemen-

tary particles on the torus, a condition that now is read from the following global parity

constraints

Gm Ge = 1 , Gm = 1 . (6.35)∏ p(v) v ∏ p
v p

Moreover, there are global operators that cannot be written in terms of the local oper-

ators {Gm
p , Gm } and that commute with the Hamiltonian from Eq. (6.33). On the oneGe

p(v) v

hand, we have the Wilson loop operators (Wx,y) defined in Eq. (6.6), which represent the

mutual annihilation of e particles along non-contractible loops. On the other hand, there

are two global t’Hooft operators that might be written as

Θx,y = −

⎛
⎝ Sl

⎞
⎠∏ Gm∏ p (6.36),

l ∈ γx,y p ∈ γx,y
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where γx,y denotes non-contractible loops in the different directions of the torus, and the

links and plaquettes involved are explicitly indicated in Figs. 6.4b),c). The reason for this

choice will become clear in the next subsection, where we will see how {Θx,Θy} label

twisted boundary conditions in the dual representation. Basically, these t’Hooft operators

constitute the boundary operators that result from the multiplication of Gm Ge over ap(v) v

non-simply connected region R. On the contrary, if this region R is simply connected, then

the product of Gm Ge measures the parity of e particles inside R, namelyp(v) v

Gm Ge = (−1)nv , (6.37)Πe ≡ ∏ p(v) v ∏
v∈R v∈R

and the resulting boundary operator is identified with the braiding of ε fermions along the

boundary of such region, as it is depicted in Fig. 6.4d).

The t’Hooft operators from Eq. (6.36) commute with the Hamiltonian but anticommute

with the Wilson loop operators from Eq. (6.6). Similar to the bosonic representation of the

TC vacuum, the Hilbert space is fully exhausted by the set of eigenvalues {nv, np,Θx,Θy}.

6.4.2 Dual representation

To obtain the structure of a Z2 lattice gauge theory, we now give dynamics to ε fermions

and keep the local conservation law that freezes the motion of e particles, which is given

by [H, Gm Ge ] = 0. This results again in a competition between self-energy and pair-p(v) v

fluctuations, but now involving self-fermionic anyons that cannot undergo a Bose con-

densation. The Hilbert space splits into subspaces with fixed {nv,Θx,Θy}, where the re-

maining degrees of freedom correspond to the dynamics of ε fermions.

The local conservation law associated to e particles provides a direct mapping between

local spins and Majorana fermions {γp,γ′ } defined on the dual lattice, as it is shown inp

Ref. [195]. Specifically

Gm ⇐⇒ iγ′ γp (6.38)p p

Sl ⇐⇒ iγL(l)γ
′
R(l) (6.39)

Here the neighbor plaquettes {L(l), R(l)} follow the convention depicted in Fig 6.5. The

equivalence between both representations derives from the reasoning of Sec. 6.2.1. The

two species of Majorana fermions provide the same number of unfixed degrees of freedom

and their algebra equates the minimal operators shown in Eqs. (6.38) and (6.39), which

constitute the basis to create all the possible operators that respect theZ2 gauge structure.

This mapping is essentially a 2D version of the Jordan-Wigner transformation, and its

details can be found in Refs. [195, 211].

Remarkably, this dual transformation is limited to the trivial Hilbert subspace with

{nv,Θx,Θy} = {0, 1, 1}, as the Majorana algebra automatically implies this condition. To

extend the duality relation to the rest of Hilbert subspaces we follow the recipe discussed

in Sec. 6.2.1, which consists in the introduction of branch cuts that twist the representation
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R(l)

L(l) R(l)
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b) c)Gp
m Sl
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Θx

FIGURE 6.5: Dual mapping of the fermionicZ2 lattice gauge theory toMajo-
rana fermions. a) Notation for neighbor plaquettes sharing the link l. b) The
plaquette operator Gm creates a Majorana pair {γp,γ

′ }. c) The hopping op-p p
erator Sl creates Majorana fermions at neighbor plaquettes, specifically a γp

′
at L(l) and a γp at R(l). d) The global operators Θx,y defined in Eq. (6.36) de-
scribe the annihilation of a pair of Majorana fermions along non-contractible

loops.

of the pair-fluctuation operator in Eq. (6.39). The extra minus sign might be incorporated

through a non-dynamical vector potential Al as

iAl
(

iγL(l)γ
′
)

Sl ⇐⇒ e (6.40)R(l)

where Al = π if the link belongs to the branch cut and Al = 0 otherwise. In the case

of e particles, these branch cuts are Dirac strings connecting them in pairs to correctly re-

produce the braiding operations of ε fermions. Similarly, t’Hooft operators Θx,y can be

interpreted as the process in which an ε fermion travels along a non-contractible loop on

the torus9, so the dual mapping of Hilbert subspaces with Θx,y = −1 must include non-

contractible branch cuts that generate anti-periodic boundary conditions on such direc-

tions. Following this recipe, we obtain an exact dual representation for any Hilbert sub-

space {nv,Θx,Θy} consisting in local fermions under different backgrounds of π-fluxes

and twisted boundary conditions.

Finally, Majorana operators {γp,γ′ } can be rewritten in terms of complex fermion op-p
†erators {cp, c } throughp

γp + iγ′
cp =

p . (6.41)
2

Therefore, the previous duality relation connects any known topological phase of mat-

ter with or without an energy gap described by free fermion bilinear Hamiltonians [32,

33] to Z2 lattice gauge theories with dynamic ε fermions and frozen e particles, allowing

to unravel the consequences of these states on the properties of frozen e particles or the

topological degeneracy of the spectrum. An example that follows the line of Sec. 6.2.2

9Note that the transport is performed by Sl operators. The previous application of the set of Gm operatorsp
in Eq. (6.36) guarantees that there is only one ε fermion along the non-contractible path, the one that is going
to be transported. Thus, this operator prevents the mutual annihilation and creation with other ε fermions,
and provides the extra minus sign that allows to identify Θx,y as a transport operator.
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regarding anyon condensation is the case in which the ground state consists of px + ipy

pairings of ε fermions. The properties of e particles are drastically modified when they are

immersed in such state, where they act as π-fluxes that bind aMajorana zero mode in their

core developing non-abelian statistics [212]. One of the main goals of the next section is to

demonstrate the rich set of properties that e particles acquire when they are immersed in

a gapless Fermi liquid of ε particles.

6.5 Z2 anyon Fermi liquids

In this section we proceed to apply all the ideas exposed during the chapter to the case

in which ε fermions conform a Fermi liquid. Our objective is to uncover, by exploiting

the duality relation between fermion bilinear Hamiltonians and Z2 gauge theories, the

distinctive universal features associated to this gapless phase of matter. In particular, we

are interested in the fate of e particles, seen by ε fermions as π-fluxes, and the survival of

topological degeneracy.

The simplest way to access this new gapless phase is analogous to the one followed

in Sec. 6.3 to access the Bose-Einstein condensate of m particles. The idea is to enrich the

fermionic Z2 lattice gauge theory with a global U(1) symmetry that preserves the total

number of ε fermions, which allows to naturally construct a state with a finite fermion

density. Such global symmetry, provided by the operator

1− Gm
pNε = ∑ np = ∑ , (6.42)

2p p

splits the Hilbert space into subspaces with fixed {Nε, nv,Θx,Θy}. These subspaces coin-

cide with the previous backgrounds of frozen e particles and twisted boundary conditions,

but now the conservation of Nε prevents ε fermions to spontaneously pair-fluctuate and

only allows their hopping throughout the lattice. The minimal set of operators that satisfy

these constraints have the following form in the original and dual representations:

c†pcp ⇐⇒ Gm
p (6.43)

iAl c†e ⇐⇒ (6.44)L(l)cR(l) nL(l)SlnR(l)

iAl c†e ⇐⇒ (6.45)R(l)cL(l) nR(l)SlnL(l)

Here we follow the convention introduced in in Sec. 6.4.2, and Al is the non-dynamical

vector potential associated to the different backgrounds of frozen e particles or twisted

boundary conditions.

As a concrete microscopic model, we choose the simplest extension of the fermionic

TC vacuum from Eq. (6.33), which consists of the addition of nearest-neighbor hopping
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operators. Such extension is given by

t
H = − ∑ Sl

(
1− Gm Gm

)
+ Δε ∑ np + Δe ∑ nv . (6.46)L(l) R(l)2 p v〈p1,p2〉

This Hamiltonian maps exactly onto free fermions hopping in the square lattice and cou-

pled to a static Z2 gauge field

iAl c† †H = −t ∑
(

e cR(l) + h.c.
)
+ Δε ∑ c (6.47)L(l) pcp ,

l p

where we have omitted, for simplicity, the constant energy term Δe associated to each e
particle. This model allows to scrutinize theZ2 anyon Fermi liquid considering the lattice

geometry that is more convenient for the problem at hand. We will see how the disk

geometry affords a very simple analytical solution for the spectrum of ε fermions in the

continuum limit, while the square lattice geometry is ideal to analyze twisted boundary

conditions.

Before discussing our results, it is convenient to stress that we will focus on universal

properties in the thermodynamic limit, which are generally obscured by finite size errors10.

To tackle these effects, thus, it is convenient to introduce a small but finite temperature T
through the Fermi-Dirac distribution function

1
nF(E, μ, T) = , (6.48)

exp ((E − μ)/(kBT)) + 1

where the Boltzmann constant kB will be set to 1. The corresponding total energy and

particle number of the system are given by

∞ ∞
Nε(μ, T) = ∑ nF(Ei, μ, T) , E(μ, T) = ∑ nF(Ei, μ, T) Ei . (6.49)

i=1 i=1

Furthermore, the use of the Fermi-Dirac distribution function allows to compare the dif-

ferent Hilbert subspaces in two complementary scenarios, namely at fixed particle number

Nε or at fixed chemical potential μ.

6.5.1 Continuum limit in disk geometry

We begin by considering the consequences of introducing an isolated e particle in the Z2

anyon Fermi liquid. Specifically, we focus on the very dilute limit with a disk lattice ge-

ometry, where the ε fermion density is sufficiently small to approximate the tight-binding

10Specifically, we can avoid finite size fluctuations at zero temperature if we approach the thermodynamic√
limit keeping the energy hierarchy εF � T � Δε, where Δε ∼ εF/ Nε is the order of the energy level spacing
and εF is the Fermi energy. The importance of the finite temperature is emphasized in Figs. 6.6a),b).
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Hamiltonian from Eq. (6.47) to a parabolic band dispersion of the form11

�H =
1

(�p − �A)2 , A =
Φ

ϕ̂ , (6.50)
2mε 2πr

where mε ≡ 1/(2ta2), a is the lattice constant, �A is the continuum version of the non-

dynamical vector potential, r is the radial coordinate, ϕ̂ is the angular direction and Φ =

{0,π} depending on whether we include or not the frozen e particle at the origin.
A fundamental obstacle in the use of this Hamiltonian is the global parity constraint

coming from Eq. (6.35), which restricts physical states to those with an even number of e
particles. To overcome it, we recall that the validity of the global parity constraint only

holds on the torus, so it is possible to construct excited states with an odd number of e
particles in an open boundary configuration. The precise duality transformation of the

microscopic system depends on the boundary details [211], but the dual representation

of an isolated e particle is intuitively understood as a Dirac string with an endpoint tied

to the boundary. The same reasoning applies to the bosonic cases discussed in Secs. 6.2

and 6.3, where an isolated e particle would carry an energy cost that grows linearly with

its distance to the boundary in the Z2 confining phase, and logarithmically in the Bose-

Einstein condensate of m particles.

To solve theHamiltonian from Eq. (6.50), we impose hardwall conditions at the bound-

ary of the disk, Ψ(r = R) = 0, as well as at the radius that delimits the core of the e particle
if it is present, Ψ(r = RUV) = 0. Taking the limit RUV → 0, the single-particle wave

functions are given by12

Ψnl(r,Φ = 0) = C0 Jl (|xl,n|r/R) , Ψnl(r,Φ = π) = Cπ J|l−1/2| (|xl−1/2,n|r/R) , (6.51)

where C0, Cπ are normalization constants, xl,n is the n-th zero associated to the Bessel

function Jl(x) [213], and {n, l} are natural and integer quantum numbers, respectively.

The corresponding energy levels are

2 2x xl,n |l−1/2|,nEl,n(Φ = 0) = El,n(Φ = π) = , (6.52)
2mεR2 ,

2mεR2

all of them doubly degenerated except the case l = 0 for Φ = 0.

The addition of an isolated e particle to the bulk of Z2 anyon Fermi liquids entails a

rearrangement of the energy spectrum that brings forth several consequences. Firstly, as it

is explicitly shown in Figs. 6.6a),b), adding the e particle at fixed ε particle number carries

11This Hamiltonian also ignores the constant −4t energy term coming from the bottom of the tight-binding
spectrum.

12This limit discards the solutions that are either non-normalizable or divergent at the origin. For Φ = 0,
the orbitals J0(|xl,n| r/R), with finite amplitude at the origin, survive this limit by mixing with the Bessel
functions of second kind, Y0(|xl,n| r/R), giving rise to energy levels of the form of Eq. (6.52).
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a finite energy cost that signals its deconfinement, namely

ΔE Nε
= εF/8 , (6.53)

where εF = 2πnε/mε is the Fermi energy13 and nε = Nε/(πR2) is the density of ε fermions.

Likewise, introducing the e particle at fixed chemical potential entails a vanishing energy

cost and a fractional displacement of ε fermions, namely

ΔE = 0 , ΔNε = −1/8 , (6.54)
μ μ

as it is shown in Figs. 6.6c),d). The local density of states, defined as

∞
ρε(r,Φ) = ∑ nF(Ei(Φ), μ, T)|Ψi(r,Φ)|2 , Δρε(r) = ρε(r,π)− ρε(r, 0) , (6.55)

i=1

gives insights into the physics underlying this last result. Specifically, looking at the local

density difference that appears after inserting the e particle at fixed chemical potential,

we find out that the displacement of ε particles is mainly localized at the vicinity of the e
particle, as it is shown in Fig. 6.6e). Actually, the results of Figs. 6.6f)-h) reveal that local

density fluctuations display a radial profile of the form

−α(T)Δρε(r) ∝ cos (qr) r for r � ξ(T) , (6.56)
−r/ξ(T)Δρε(r) ∝ cos (qr) e for ξ(T) � r � R , (6.57)

where q has units of momentum. Near the e particle core, local density fluctuations follow

an oscillatory power law decay that approaches, in the zero temperature limit, the values

α � 2 and q � 2kF akin to 2D Friedel oscillations [214, 215], where kF is the Fermi mo-

mentum. Moreover, as we move away from the e particle core, local density fluctuations

become exponentially suppressed above a correlation length ξ(T). This correlation length

diverges at zero temperature, signaling that there is no finite temperature that separates

this phase from the completely uncorrelated state at infinite temperature.

Therefore, we conclude that e particles immersed in Z2 anyon Fermi liquids are sur-

rounded by a screening cloud of ε particles. Despite being a long-range disturbance at

small temperatures, e particles remain deconfined excitations as the energy cost of their

Dirac string does not grow with system size. Since the energy cost essentially vanishes

at fixed chemical potential, the rearrangement generated by the e particle must be deplet-

ing energy states mainly at the very bottom of the band, deep away from the Fermi sur-

face. This perspective, depicted in Figs. 6.6i),j), agrees with the complementary scenario in

which the ε particle number is fixed, since in this case the Fermi liquid has no other option

than accommodating the displaced 1/8 fraction of an ε fermion on top of the Fermi surface

as a result of Pauli blocking, requiring thus an energy cost ΔE = εF/8.

13Our distinction between chemical potential μ and Fermi energy εF stems from the energy origin. For the
Fermi energy, we always fix the origin at the bottom of the band, so that εF > 0 by construction.
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FIGURE 6.6: Consequences of introducing a π-flux in Z2 anyon Fermi liq-
uids, considering the continuum parabolic band dispersion in the disk ge-
ometry. a),b) Energy cost at fixed ε particle number and c),d) energy cost
and particle number displacement at fixed chemical potential. Note that the
mass term mε is absorbed by the energy units. e)-h) Results for the local den-
sity fluctuation near the π-flux core, obtained fixing the level spacing ratio
to Δε/εF = 1/3. i),j) Illustration of the energy cost and ε fermion number
displacement associated to the rearrangement of energy states at the very

bottom of the energy band.

6.5.2 Square lattice geometry

The previous results can be checked and extended to other ε fermion densities beyond the

very dilute limit. To do so, we analyze the tight-binding model from Eq. (6.47) using exact

diagonalization in the square lattice geometry. The energy cost of introducing an e particle
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FIGURE 6.7: Introducing a π-flux in Z2 anyon Fermi liquids with square
geometry. a) Energy difference at fixed ε particle number. b) Free energy
difference at fixed chemical potential. c) Equivalence between approaches
a),b) in the zero temperature limit. d) Recovery of the result ΔE = εF/8
in the very dilute limit at fixed ε particle number. e),f) ε particle number
displacements and rearrangement of the density of states at fixed chemi-
cal potential, respectively. g)-i) Examples of localized screening clouds for
T/t = 0.05. All the results correspond to a lattice with 120× 120 plaquettes.

at fixed ε particle number, shown in Fig. 6.7a), can be compared in energy terms with the

case at fixed chemical potential if we look at the free energy difference ΔF = ΔE − μΔNε,

included in Fig. 6.7b). The data of Fig. 6.7c) confirms that both scenarios coincide in the

zero temperature limit, and Fig. 6.7d) explicitly demonstrates the recovery of ΔE = εF/8

at fixed ε particle number.

These results prove that the deconfinement of e particles is a universal feature that

extends to any density of ε particles, but not the distinctive fraction 1/8. Nonetheless,

focusing on the case at fixed chemical potential, the results from Fig. 6.7e) show that this

fraction of displaced ε particles also appears near half and full fillings as we approach the
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FIGURE 6.8: Results for twisted boundary conditions at fixed chemical po-
tential.

zero temperature limit. Indeed, the values nε = {0, 1/2, 1}, signaled with dots, consti-

tute stable fixed points that can accommodate self-consistently the introduction of a small

number of isolated e particles. There are in addition two fixed points at intermediate fill-

ings, signaled by a cross, that are unstable against this insertion. Moreover, the derivative

of the particle number with respect to the chemical potential

∂Nε(Φ, μ, T)
κ(Φ) = , Δκ = κ(π)− κ(0) , (6.58)

∂μ

is a "compressibility" that reflects the density of states as a function of the chemical po-

tential, and thus Δκ reveals which states suffer a profound rearrangement under the in-

troduction of an isolated e particle. The results of Fig. 6.7f) show that the change is neg-

ligible in most density values, but it takes the form of a sharp Dirac delta peak at the

fixed points nε = {0, 1/2, 1}, which confirms the picture of Fig. 6.6i),j) in the very dilute

limit. Nevertheless, the introduction of an isolated e particle always generates a screening

cloud surrounding its core that depletes or enhances the local density of ε fermions, as it

is exemplified in Figs. 6.7g)-i).

To end this section, we exploit the square lattice geometry to analyze the survival of

the topological degeneracy of the spectrum looking at the energy cost of twisted bound-

ary conditions. For simplicity, we solely present the results for the continuum limit with

parabolic band dispersion at fixed chemical potential. In this case, the numerical results

from Fig. 6.8 reveal that free energy has the following decay law as we approach the ther-

modynamic limit

ΔF/εF ∝ L−α(T) for L � ξ(T) , (6.59)
−L/ξ(T)ΔF/εF ∝ e for ξ(T) � L , (6.60)
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where L2 is the area of the torus. We find once again two regimes differentiated by a finite

temperature correlation length ξ(T) that diverges at zero temperature, but this does not

modify the tendency of the free energy to vanish in the thermodynamic limit. Thus, the

topological degeneracy survives in this gapless phase of matter, although it is reached at

zero temperature following a power law instead of the characteristic exponential suppres-

sion of the TC vacuum [10]. This result additionally agrees with the relation that we have

been continuously stressing between anyon deconfinement and topological degeneracy.

6.6 Conclusions and discussion

In this chapter we have extensively reviewed how the presence of local and global sym-

metries allows to construct simple ideal models that contain the universal properties as-

sociated to Z2 anyons in different gapped and gapless phases of matter. The procedure

consists in exploiting the Toric Code [71] as a suitable vacuum choosing two of its anyon

species as the building blocks of the Hilbert space. By keeping a local conservation law

that freezes the motion of one of these species, seen as static π-fluxes, we obtainZ2 lattice

gauge theories in which the dynamics of unfrozen anyons resembles the one of ordinary

local bosons or fermions depending on their self-statistics [10, 194–197]. Meanwhile, the

enrichment with global U(1) symmetries naturally leads to phases with a finite density of

these dynamic anyons.

The main properties of the collection of phases we have considered is summarized in

Tab. 6.1. When dynamic anyons form a Bose-Einstein condensate from the spontaneous

breaking of the U(1) global symmetry, the π-fluxes bind half-vortices of the superfluid

becoming logarithmically confined and the topological degeneracy of the spectrum is bro-

ken by constant energy terms. These properties contrast with the strong confining phase of

bosonic Z2 lattice gauge theories [10, 58], which is the behavior that is generally assumed

in formal anyon condensation schemes without symmetry enrichment [203, 205].

Instead, when dynamic anyons form a Fermi liquid, we reach a gapless state in which

the π-flux deconfinement and the topological degeneracy coming from the Toric Code vac-

uum survive. Indeed, this gapless state is closely related to orthogonal metals [199]. The

connection between these phases derives from the effective description of the electron as

a composite particle made out of an ordinary fermion and two Z2 anyons with bosonic

self-statistics, with the condition that the fermion is at least tightly bound to one of these

anyons. When the fermion is strongly bound to both of them we have a phase with physi-

cal electrons, while the orthogonal metal state describes the situation in which isolatedZ2

anyons are gapped and deconfined with the composite fermions forming a Fermi liquid.

The elementary excitations of this phase are completely analogous to the ones of our Z2

anyon Fermi liquid, so it is possible to extrapolate the consequences of introducing a π-

flux in both phases, even though in our case the global U(1) symmetry does not originate

from charge conservation. For instance, we expect a similar screening cloud surround-

ing π-fluxes in orthogonal metals, which would manifest as a Friedel-like disturbance of
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Phase Self-energy Interaction Twisted Boundary splitting

Z2 deconfining Δ e−|x1−x2| e−L

Z2 confining L |x1 − x2| L

U(1) m-condensate log(L) log |x1 − x2| Li/Lj

U(1) ε-Fermi liquid Δ e−|x1−x2| e−L

TABLE 6.1: Summary of the main properties concerning π-fluxes in Z2
anyon Fermi liquids and Bose condensates built on top of the TC vacuum.
Here Δ denotes a constant energy cost, L is the typical system size and xi

denotes flux positions.

the electronic charge distribution near the flux core that displaces a quantized fraction of

charge in the very dilute limit. Such local electronic disturbance could be a distinctive

signature in the search of orthogonal metals through local spectroscopic experiments.
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7 Conclusions

The field of topological phases of matter has become one of the central areas of research in

condensed matter physics. The works presented in this thesis contribute to the theoretical

comprehension of three classes of these phases: topological insulators, nodal semimetals

and states with Z2 topological order. In the following we proceed to summarize the main

conclusions of these works.

One of the issues that is addressed in this thesis is the quantization of optical responses

due to their connection with topological invariants. Despite the vast amount of topological

phases that are known, there are few examples in which a topological invariant can be

simply and directly connected to a physical observable. Indeed, the examples considered

in this thesis are always related to the Berry curvature and the quantum Hall effect, which

was the precursor in this context.

Firstly, Chapter 2 deals with the phenomenon of circular dichroism in the topological

insulators dubbed chiral HOTIs. We have demonstrated that the difference in the absorp-

tion of circularly polarized light is quantized when it is integrated in suitable frequency

windows. This absorption is specially interesting within the energy gap, where it is gen-

erated exclusively by the one-dimensional metallic state that characterizes the boundary

of chiral HOTIs. Indeed, these states are analogous to the boundary states of Chern insu-

lators, which already afford experimental realizations in which this phenomenon can be

observed.

Secondly, in Chapter 3 we consider the circular photogalvanic effect (CPGE) in nodal

semimetals. This effect was recently connected to the topological invariant of nodal de-

generacies, but its quantization significantly depends on the details of the band structure.

A clear example is found in transition metal silicides, which constitute the first platform

in which this effect has been observed experimentally. In this work, we have addressed

the frequency profile found for the CPGE in the semimetal CoSi, and we have determined

that its origin mainly stems from the optical transitions allowed by the quadratic band

dispersion. In addition, we have shown that it would be necessary to access frequencies

around 0.1 eV to observe the quantization of this effect.

Another goal of Chapter 3 is to characterize the CPGE at the surface of nodal semimet-

als. It is well-known that these surfaces host topologically protected states in the form of
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Fermi arcs, but the current knowledge on these states is limited to infinite plane geometries

challenging the characterization of their contribution to this effect. In this chapter we have

followed an alternative route developing a real space formulation of optical responses that

is valid for any boundary condition. With this formulation, we have demonstrated that the

bulk and boundary contributions to the CPGE can be related by sum rules, which allows

to connect the boundary contribution to the topological invariant of nodal degeneracies.

The precise way to observe this boundary contribution experimentally remains as an open

question.

In this thesis we have also addressed different strategies to characterize the physics

of nodal semimetals. This phases is mainly associated to weakly interacting electrons in

crystalline structures, so Bloch Hamiltonians are one of the most used effective descrip-

tions of these systems. Despite their extended application, a common problem of these

Hamiltonians is the arbitrariness of the phase of the eigenstates. This phase lacks any

physical meaning, but its existence might unnecessarily complicate the analytical or nu-

merical computation of physical observables. The method provided in Chapter 4 allows

to compute any observable avoiding such arbitrary phase. Its application embraces any

general Hamiltonian with dimension N ≤ 4, which includes all the possible nodal degen-

eracies that can be found in crystalline structures, and is particularly useful to determine

projectors onto eigenstates.

Moreover, Dirac and Weyl semimetals (DSMs and WSMs) present low-energy quasi-

particles that bear a great resemblance with relativistic electrons of high-energy physics.

This fact allows to address both systems from similar theoretical models. The paradig-

matic example involve Coulomb interactions in these materials, which can be described by

means of extensions of Quantum Electrodynamics with additional parameters that break

Lorentz invariance. Some of these models have been considered before, both in high-

energy and condensed matter physics, to study the effect of Coulomb interactions in the

system through the renormalization group, reaching the conclusion that Lorentz invari-

ance is restored in the infrared limit

Our contribution in Chapter 5 has been to elucidate the accidental character of this

emergent symmetry in DSMs andWSMs. We have considered amodel with an anisotropic

Fermi velocity and a tilt of the energy cone dispersion to illustrate how in general there are

no symmetries that emerge as the system flows downwards in energy, and we have iden-

tified the circumstances that enforce the emergence of Lorentz invariance in the infrared

limit.

Finally, this thesis has dealt with the study of systems displaying the distinctive anyon

quasiparticles ofZ2 topologically ordered states. The theoretical characterization of phases

with intrinsic topological order is generally challenging due to the strong correlations that

are present in the many-body problem. Nevertheless, the Z2 topological order affords

an ideal model, Kitaev’s Toric Code, in which the presence of local gauge symmetries al-

lows to analyze their properties in an exact manner. These local gauge symmetries are, in

addition, an essential ingredient to apply dual transformations that allow to describe the
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dynamics of one species of Z2 anyons as the one of ordinary bosons or fermions, depend-

ing on their self-statistics, coupled to a static Z2 gauge field.

In Chapter 6 we have described in detail how these aspects can be exploited to deter-

mine the properties of systems with a finite density of Z2 anyons. More specifically, the

analysis has focused on the survival of the distinctive properties associated toZ2 topolog-

ical order, which translate into the deconfinement of vortex-like excitations and the topo-

logical degeneracy of the ground state. We have reviewed the case in which self-bosonic

anyons conform a Bose-Einstein condensate, where these properties are marginally de-

stroyed, and demonstrated that in the case inwhich self-fermionic anyons conform a Fermi

liquid, these properties do survive.
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8 Conclusiones

El campo de las fases topológicas de la materia se ha convertido en una de las áreas de

investigación centrales en la física de la materia condensada. Los trabajos presentados

en esta tesis contribuyen a la comprensión teórica de tres clases de estas fases: aislantes

topológicos, semimetales nodales y estados con orden topológicoZ2. A continuación pro-

cedemos a resumir las principales conclusiones de estos trabajos.

Uno de los temas que se han tratado en esta tesis ha sido la cuantización de respuestas

ópticas debido a su conexión con invariantes topológicos. A pesar de la inmensa canti-

dad de fases topológicas que se conocen, son pocos los ejemplos en los que un invariante

topológico se pueda conectar demanera sencilla y directa a un observable físico. De hecho,

los ejemplos que se consideran en esta tesis siempre están relacionados de alguna forma

con la curvatura de Berry y el efecto Hall cuántico, que fue el precursor en este contexto.

En primer lugar, en el Capítulo 2 se ha considerado el fenómeno del dicroísmo circu-

lar en los aislantes topológicos denominados HOTIs quirales. Se ha demostrado que la

diferencia en absorción de luz circularmente polarizada está cuantizada cuando se integra

en ventanas de frecuencia adecuadas. Esta absorción es especialmente interesante dentro

del gap de energía, donde se debe exclusivamente al estado metálico unidimensional que

caracteriza la frontera de los HOTIs quirales. De hecho, estos estados son análogos a los

estados de borde de los aislantes Chern, que ya cuentan con realizaciones experimentales

en las que poder observar este fenómeno.

En segundo lugar, en el Capítulo 3 se ha considerado el efecto fotogalvánico circular

(CPGE) en semimetales nodales. Este efecto fue conectado recientemente con el invariante

topológico de las degeneraciones nodales, pero su cuantización depende sensiblemente de

los detalles en la estructura de bandas. Un claro ejemplo se encuentra en los metales de

transición basados en el silicio, que constituyen la primera plataforma en la que este efecto

se ha podido observar experimentalmente. En este trabajo se ha considerado el perfil de

frecuencia del CPGE en el semimetal CoSi, y se ha determinado que su forma se debe

principalmente a la influencia de la dispersión cuadrática de bandas sobre las posibles

transiciones ópticas. También se ha mostrado que sería necesario acceder a frecuencias del

orden de 0.1 eV para poder observar la cuantización de este efecto.

El otro objetivo del Capítulo 3 ha sido caracterizar el CPGE en la superficie de los
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semimetales nodales. Es bien sabido que estas superficies albergan estados topológica-

mente protegidos en forma de arcos de Fermi, pero el conocimiento actual sobre estos

estados está limitado a geometrías de plano infinito, lo que dificulta caracterizar su con-

tributión a este efecto. En este capítulo se ha tomado una ruta alternativa desarrollando

una formulación de respuestas ópticas en espacio real, válida para cualquier tipo de condi-

ciones de frontera. Con ella se ha demostrado que las contribuciones del CPGE en volu-

men y superficie se pueden relacionar por medio de reglas de suma, lo que permite conec-

tar el efecto en superficie con el invariante topológico de las degeneraciones nodales. La

manera de observar esta contribución experimentalmente permanece como una pregunta

abierta.

En esta tesis también se han abordado diferentes estrategias para caracterizar la física

de los semimetales nodales. Esta fase se asocia principalmente a electrones débilmente

interactuantes en estructuras cristalinas, por lo que una de sus descripciones efectivas más

empleadas son los Hamiltonianos de Bloch. Pese a su uso extendido, un problema común

en estos Hamiltonianos es la arbitrariedad de la fase de sus autoestados. Esta fase carece

de sentido físico, pero su existencia puede complicar innecesariamente el cálculo analítico

o numérico de observables físicos. El método presentado en el Capítulo 4 permite calcular

cualquier observable eludiendo dicha fase. Su aplicación abarca cualquier Hamiltoniano

genérico de dimensión N ≤ 4, lo que incluye todas las posibles degeneraciones nodales

que pueden hallarse en estructuras cristalinas, y es particularmente útil para el cálculo de

proyectores sobre autoestados.

Por otra parte, los semimetales de Dirac y Weyl (DSMs y WSMs) presentan a bajas en-

ergías unas cuasipartículas que guardan un gran parecido con los electrones relativistas

de física de altas energías, lo que permite estudiar ambos sistemas a partir de modelos

similares. Las interacciones de Coulomb en estos materiales constituyen un claro ejem-

plo, ya que pueden describirse a partir de extensiones de la Electrodinámica Cuántica con

parámetros adicionales que violan invariancia Lorentz. Algunos de estos modelos han

sido considerados con anterioridad, tanto en altas energías como en materia condensada,

para abordar el efecto de las interacciones de Coulomb en el sistema por medio del grupo

de renormalización, llegando a la conclusión de que la invariancia Lorentz se restaura en

el límite infrarrojo.

La contribución del trabajo presentado en el Capítulo 5 ha sido aclarar el carácter acci-

dental de esta simetría emergente en DSMs yWSMs. Se han identificado las circunstancias

que propician esta emergencia en el límite infrarrojo, y se ha empleado un modelo con ve-

locidad de Fermi anisótropa y una inclinación de los conos de energía para mostrar cómo

en general el sistema no desarrolla nuevas simetrías a medida que fluye a bajas energías.

Finalmente, en esta tesis se han estudiado sistemas con cuasipartículas fraccionarias

denominadas anyones propias del orden topológico Z2. La caracterización de fases con

orden topológico intrínseco es por lo general complicada debido a las fuertes correlaciones

presentes en el problema de muchos cuerpos. Sin embargo, el orden topológicoZ2 cuenta

con un modelo ideal, el Código Tórico (TC) de Kitaev, en el que la presencia de simetrías
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gauge locales permite analizar sus propiedades de manera exacta. Estas simetrías tam-

bién están detrás de la existencia de transformaciones duales que permiten describir la

dinámica de una de las especies de anyones Z2 como bosones o fermiones ordinarios,

dependiendo de su estadistica propia, acoplados a un campo gauge Z2 estático.

En el Capítulo 6 se ha descrito en detalle cómo se puede aprovechar estos aspectos

para determinar las propiedades de sistemas con una densidad finita de anyones Z2. En

concreto, el análisis se ha centrado en la supervivencia de las propiedades distintivas del

orden topológico Z2, que se traducen en el desconfinamiento de sus excitaciones de tipo

vórtice y la degeneración topológica del estado fundamental. Se ha revisado el caso en

el que los anyones con estadística propia bosónica conforman un condensado de Bose-

Einstein, donde estas propiedades se destruyen marginalmente, y demostrado que en el

caso en el que los anyones con estadística propia fermiónica conforman un líquido de

Fermi estas propiedades sí que sobreviven.
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A Faraday and Kerr rotations in

Chern insulators

In this Appendix we briefly describe the quantization of optical rotations in the context of

Chern insulators. At zero temperature, the conductivity tensor of these materials is given

by
2e 0 −C

σab = , (A.1)
h C 0

where C is the Chern number, e is the electric charge and h is the Planck constant. If

a linearly polarized electromagnetic wave of the form �Ei = (E, 0) falls upon the layer,

it cannot be absorbed due to the vanishing diagonal conductivity [86]. Therefore, the

incident wave splits into transmitted (�Et) and reflected (�Er) waves. The intensity and the

polarization of each outgoing wave is fixed by the Maxwell equations [87]. Specifically,

the conductivity tensor from Eq. (A.1) forces the outgoing waves to be

1�Et/E = (1,−Cα) , (A.2)
1+ C2α2

�Er/E =
Cα

(Cα,−1) , (A.3)
1+ C2α2

where α is the fine-structure constant. The value of Cα fixes the distribution of the incident

intensity, and also rotates the polarization plane of each outgoing wave maintaining their

linear polarization. The Faraday angle is defined as the rotation of the transmitted wave

with respect to the incident polarization plane, and in this case it is given by

θF = − tan−1(Cα) . (A.4)

Meanwhile, the Kerr angle refers to the rotation of reflected wave, which reads

θK = tan−1 1
. (A.5)

Cα

These expressions explicitly show how the Kerr and Faraday rotations are quantized by

means of the Chern number for an ideal Chern insulator. A similar quantization has been

studied [27, 216] and measured [73, 74] in thin films of strong TIs.
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B Details on the derivation of local

optical responses

In this Appendix we provide several computational details that are necessary to derive the

results for the local optical responses that are presented in Chapter 3.

B.1 The length gauge

When introducing the externally applied electromagnetic field E, the fundamental symme-

try that must be preserved is gauge invariance. This implies that the electric field enters

through the Peierl’s phase as

xiσ
tσσ′ → tσσ′ e ∫

exp i dx ·A , (B.1)ij ij h̄ xjσ′

where A is the vector field associated to the electric field E = c−1∂0A, c is the speed of

light, e is the electric charge, h̄ is the reduced Planck constant and xiσ are the eigenvalues

of the position operator indicating the lattice positions, x̂ciσ = xiσciσ. When the electric

field is homogeneous in space, the Peierl’s phase can be cancelled with a redefinition of

the electron field operator, namely

e
c̃iσ = exp

(
−i A · x

)
ciσ . (B.2)

h̄

The dynamic evolution is, however, affected by this field redefinition. From Eq. (3.2), we

obtain that the electric field enters as

dc̃iσ ˜ih̄ =
[
c̃iσ, H

]
+ e (E · x) c̃iσ , (B.3)

dt
˜ † tσσ′

H = ∑ ∑ c̃iσ ij c̃jσ′ . (B.4)
i,j σ,σ′

Since Hamiltonians from Eqs. (3.1) and (B.4) present the same form, we directly refer to c̃iσ

as ciσ in the main text.
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B.2 The eigenstate basis

In the following we provide the necessary relations to describe the local optical responses

in terms of the eigenstates of the Hamiltonian H from Eq. (3.1). First, the electron field

operator ciσ is related to the eigenstates φn of H as

∑ anφniσ , (B.5)ciσ =
n

φ∗ (B.6)niσciσ ,∑an =
i,σ

† †where an, an are creation and destruction operators satisfying the algebra {an, am} = δnm.

The eigenfunctions φniσ satisfy the following completeness relations:

φ∗
niσφmiσ = δnm , (B.7)∑

i,σ

φ∗
niσφnjσ′ = δijδσσ′ , (B.8)∑

n

and the following eigensystem:

tσσ′
φ∗ (B.9)niσ ij φmjσ′ = εnδnm ,∑∑

i,j σ,σ′

where εn is the discrete energy level of H associated to the eigenstate φn. These relations

can be used to connect the expressions of the local current from Eq. (3.6) and (3.7). Simi-

larly, the dynamical equation from Eq. (3.3) reduces in the eigenstate basis to

danih̄ = εnan + eE · ∑ xnmam , (B.10)
dt m

da†n † †∑ih̄ − eE · xmn , (B.11)= −εna an mdt m

where xnm are the matrix elements of the position operator in the eigenstate basis, namely

xnm ≡ ∑ φ∗
niσxiσφmiσ . (B.12)

i,σ

B.3 Perturbative expansion

†The dynamical equation for the coefficients cmn = 〈a am〉 can be determined fromEq. (B.10)n

and (B.11), which lead to

dcmn εmn {
cmpxpn − cpnxmp

}
, (B.13)

e
∑+ i cmn = i E ·

dt h̄ h̄ p

where we have defined εmn ≡ εm − εn. In the absence of any external perturbation, the

system is assumed to be in thermal equilibrium. Therefore, the zeroth order contribution
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B.3. Perturbative expansion

to cmn is given in terms of the Fermi-Dirac distribution function:

(0)cmn = fnδnm , (B.14)[
εn − μ

]−1

fn = exp + 1 , (B.15)
kBT

where μ is the chemical potential, T is the temperature and kB is the Boltzmann constant,

which is set to kB = 1 in the main text for simplicity.

As it is explained in the main text, we consider the case in which the external electric

field is adiabatically turned on from t = −∞, which is mathematically expressed as

−i(ωβ+iδ)t/h̄E = Eβ
b e , (B.16)

where δ = 0+ is an infinitesimally small but positive quantity and an implicit sum over the

β index is assumed to introduce the possibility of many incident monochromatic waves.
(0)The first order contribution to cmn is obtained using the zeroth order contribution, cmn, in

the right hand side of Eq. (B.13). As a result we find

b
(1) e fmnxmn −i(ωβ+iδ)t/h̄cmn = Eb

βe . (B.17)
εmn − ωβ − iδ

(1)Similarly, introducing cmn in the right hand side of Eq. (B.13), one obtains the second order

contribution to cmn, which reads

2Eb Eγ
c e−i(ωΣ+i2δ)t/h̄e

(2) β
χbccmn = (B.18)

εmn − ωΣ − i2δ mn ,

b b
{

xc xc
}

χbc fmpxmp pn fnpxpn mp
mn ≡ ∑ − , (B.19)

p εmp − ωγ − iδ εpn − ωγ − iδ

where ωΣ ≡ ωβ + ωγ.

In the main text, the expressions in terms of Dirac deltas are obtained taking the limit

δ → 0+, where one can apply the standard expression

1 1
= P + iπδ(εmn − ω) , (B.20)

εmn − ω − iδ εmn − ω

where P denotes the principal value. Additionally, we can see from Eq. (B.18) that the

CPGE coefficient from Eq. (3.13) is proportional to

βab ωΣ∝ , (B.21)i εmn − ωΣ − i2δ

which is precisely the reason why only the terms with εmn = 0 contribute to its final

expression in the limit ωΣ = Δω → 0.
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Appendix B. Details on the derivation of local optical responses

B.4 Periodic boundary conditions

The use of periodic boundary conditions has two direct consequences. The first one is that

the electron field operator decomposes into Bloch eigenstates. When the system is fully

periodic, this decomposition is given by

∫
ddk an(k)φn(k, xi) , (B.22)∑ci =

n

φ†
s (k, xi)ci , (B.23)∑an(k) =

i

φn(k, xi) = eik·xi un(k, xi) , (B.24)

un(k, xi) = un(k, xi + R) . (B.25)

Here φn(k, xi) are the Bloch eigenstates with energy εn(k), k is the crystalline momen-

tum, n labels now the possible bands associated to the good quantum numbers of the

electron field operator, d is the dimensionality of the crystal and R refers to any lattice vec-
†tor. The electron operators an(k) satisfy the anticommutation relation {an(k), a (k′)} =m

δnmδ(k − k′). Note that we have omitted the subindex σ of the electron field operator

ciσ and implicitly assumed a vector field. These Bloch eigenstates satisfy the following

completeness relations:

∑
n

∫
†ddk eik·(xi−xj)u (k, xj)un(k, xi) = δij , (B.26)n

∑ i(k−k′)·xi u†e (k′, xi)um(k, xi) = δnmδ(k− k′) . (B.27)n
i

A different possibility is that the system is infinite only in some directions and finite in

the remaining ones. Without loss of generality, we consider the z direction to be periodic.

The Bloch decomposition then reads:

∫
dk φni(k, z)an(k) , (B.28)∑ci(z) =

n

φ†
ni(k, z)ci(z) , (B.29)∑∑an(k) =

i z

φni(k, z) = eikzuni(k, z) , (B.30)

uni(k, z + Rz) = uni(k, z) . (B.31)

In this case the notation becomes more intricate. The index i solely labels the x, y positions

on the finite directions. The completeness relations are

∫
†dk eik(z−z′)unj(k, z

′)uni(k, z) = δijδzz′ , (B.32)∑
n

−i(k−k′)z †e uni(k, z)umi(k′, z) = δnmδ(k − k′) . (B.33)∑∑
i z

The second consequence is the fact that the position operator becomes ill-defined in

the periodic directions. Its matrix elements must be rewritten in terms of momentum
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B.4. Periodic boundary conditions

derivatives involving the Bloch eigenstates [126]. Their correct expression is given by

[
∂

]
a ax (k,k′) = (1− δnm)δ(k− k′)r (k) + δnm δ(k− k′)ξa (k) + i δ(k− k′) , (B.34)nm nm nn ∂k

ξawhere we have defined ra = = 0 and ξa are the connection coefficients of thenm nm, ra
nmnn

Bloch states, which are given by

∂un(k, xi) ∑i um(k, xi)ξ
a
mn(k) . (B.35)=

∂ka m

The diagonal component ξa is the familiar Berry connection [43].nn

In the main text, we are interested in the component of the current operator that coin-

cides with the periodic direction. Choosing again the z direction, its real space expression

e
∑

j
∑

′z z,
c†i (z)[ẑ, tij(z, z′)]cj(z′) , (B.36)Jz

i = i
h̄

has to be rewritten in terms of the correct matrix elements of the position operator ẑ. The
resulting expression in momentum space is given by

∫ ∂Hij(k)dk u†
ni(k)〈Ji

z〉 = − e
h̄ ∑∑ umj(k)cmn(k) , (B.37)

∂kj n,m

where Hij(k) is the Hamiltonian of the semi-infinite system. The form of the cmn coeffi-

cients will depend on whether the external electric field E has spatial components on the

periodic or the open directions. In the first case, their contribution to cmn is determined in

terms of the Bloch connection coefficients as

dcmn
{

∂cmn
}

+ iεmncmn = eEa − i(ξa − ξa )cmn + ieEa
mm nndt ∂ka

∑ a a cpn) . (B.38)(r cmp − rpn mp
p

The perturbative solutions to these cmn coefficients can be found in Refs. [126, 128]. In

the second case, the cmn coefficients can be extracted from Eq. (B.13) in terms of the well-

defined position operators, and their expressions are already provided in Appendix B.3.
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C Details on the R-generator method

In this Appendix we extend the collection of identities associated to the R-generators pre-
sented in Chapter 4. These identities might result useful to obtain the analytic form of the

R-generators or to simplify the expressions of physical observables that are given in terms

of these quantities. We additionally provide the solutions for the R-generators associated
to a general Hamiltonian of dimension N = 4.

C.1 Summary of relations

C.1.1 Relations for 1-generators

We begin by considering specific relations involving 1-generators. These quantities can be

related to SU(N) scalars through powers of the diagonal matrix elements of the Hamilto-

nian. For instance, the product 〈n| H |n〉 gives

V(1)Mnn
α α = εn , (C.1)

the product 〈n| H2 |n〉 gives
V(2)Mnn 2

= ε2 − s2 , (C.2)α α n N

and the product 〈n| H3 |n〉 gives

V(3)Mnn 2
= ε3 − (s2εn + s3) . (C.3)α α n N

A useful observable that is directly linked to 1-generators is the projector Pn ≡ |n〉 〈n|.
This relation follows from the Fierz completeness relation [152]

1 1
δilδkj = δijδkl + (Mα)ij (Mα)kl , (C.4)

N 2

which leads to
1 1

MnnPn = I+ α Mα . (C.5)
N 2
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Appendix C. Details on the R-generator method

The projector P considered in Sec. 4.5 is simply the sum of Pn over the occupied states. In

addition, the identities P2
n = Pn and PnPm = 0 lead to the relations

Mnn
α Mmm

α = 2δnm − 2
N

, (C.6)

dαβγ Mnn
β Mmm

γ = 2δnm Mnn
α − 2

N
(Mnn

α + Mmm
α ) , (C.7)

respectively.

C.1.2 Relations for 2-generators

To determine analytic expressions for 2-generators, one can exploit the different relations

that they satisfy with 1-generators. For instance, introducing a resolution of the identity

inside the diagonal matrix element 〈n| Mα Mβ |n〉 leads to

N

∑
m=1

2
Mnm Mmn

α β = δαβ + Sαβγ Mγ
nn . (C.8)

N

In general, one can consider larger products of SU(N) generators and find other relations

by contracting the remaining indices with SU(N) vectors. As an example, the product

Vγ
(r) 〈n| Mα Mγ Mβ |n〉 gives the relation

N

∑
1m=

(
V(r)Mmm

)
Mnm Mmn

(
V(r)Mnn

)
γ γ α β =

2
α β + SαγβVγ

(r)

N

Mnn+ SαγσSσβρVγ
(r)

ρ , (C.9)

where the left-hand side can be evaluated following the discussion of Sec. C.1.1.

Moreover, we can also exploit the non-diagonal matrix elements even though they are

gauge-dependent. The relations

Mnm
α =

2i fασρhσ

εm − εn
Mnm

ρ , (C.10)

Mnm
α =

2dασρhσ

εn + εm
Mnm

ρ , (C.11)

that follow from 〈n|
[
Mα, H

]
|m〉 and 〈n| {Mα, H} |m〉, respectively, can be multiplied by

Mmn to obtain a relation between the real and imaginary parts of 2-generators, namelyβ

Mmn 2dασρhσ MmnRe
[
Mnm ]

= Re
[
Mnm ]

, (C.12)α β ρ βεn + εm

Mmn 2 fασρhσ MmnRe
[
Mnm ]

= Im
[
Mnm ]

, (C.13)α β εn − εm
ρ β

Mmn 2dασρhσ MmnIm
[
Mnm ]

= Im
[
Mnm ]

, (C.14)α β ρ βεn + εm

Mmn 2 fασρhσ MmnIm
[
Mnm ]

= Re
[
Mnm ]

. (C.15)α β ρ βεm − εn
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C.1. Summary of relations

The use of higher powers of the Hamiltonian in the non-diagonal matrix elements leads to

different relations that involve higher powers of the energy εn.

C.1.3 Relations for 3-generators

In analogy to the previous section, a relation between 2- and 3-generators follows from

introducing a resolution of the identity in the product 〈n| Mα Mβ Mγ |n〉, and it is given by

N N
Mnm Mmp Mpn 2

= δαβ Mnn
α β γ γ∑ + Sαβσ ∑

1m=

Mnm Mmn
σ γ . (C.16)

Nm,p=1

Alternatively, we can consider larger products of SU(N) generators and contract the re-

maining indices with Vα
(r) vectors. For instance, the product V(r) 〈n| Mα Mλ Mβ Mγ |n〉 givesλ

N N(
Vλ

(r)Mλ
mm
)

Mα
nm Mmp

β Mγ
pn

N
2

SαλβVλ
(r)Mγ

nn
N
2

Vα
(r)

= +∑
m,p=1

∑ Mnm Mmn
β γ +

m=1

N
+SαλτSτβσV(r)

λ ∑ Mnm Mmn . (C.17)σ γ
m=1

It is evident that this kind of identities become too impractical as we consider higher-

order R-generators. Indeed, the simplest relations between 2- and 3-generators stem from

non-diagonal matrix elements. For instance, the product 〈n| Mα Mβ |m〉multiplied by Mmn
γ

leads to

N

∑ Mnl Mlm Mmn Mmn
α β γ = Sαβσ Mσ

nm
γ , (C.18)

l=1

where n = m. Other identities follow from considering non-diagonal matrix elements

of larger products of SU(N) generators, contracting the remaining indices with SU(N)

vectors. For instance, the product V(r) 〈n| Mα Mλ Mβ |m〉 multiplied by Mmn givesλ γ

N (
Vλ

(r)Mλ
pp
)

Mα
np Mβ

pm Mγ
mn

N
2

Vα
(r)Mnm

β Mγ
mn + SαλσSσβρVλ

(r)Mρ
nm Mγ

mn= . (C.19)∑
p=1

Finally, the real and imaginary parts of 3-generators are related through Eqs. (C.10)

Mlnand (C.11) when they are multiplied by Mml . The relations areβ γ

Mml Mln 2dασρhσ Mml MlnRe
[
Mnm ]

= Re
[
Mnm ]

, (C.20)α β γ ρ β γεn + εm

Mml Mln 2 fασρhσ Mml MlnRe
[
Mnm ]

= Im
[
Mnm ]

, (C.21)α β γ ρ β γεn − εm

Mml Mln 2dασρhσ Mml MlnIm
[
Mnm ]

= Im
[
Mnm ]

, (C.22)α β γ ρ β γεn + εm

Mml Mln 2 fασρhσ Mml MlnIm
[
Mnm ]

= Re
[
Mnm ]

. (C.23)α β γ ρ β γεm − εn
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C.1.4 Relations for 4-generators

As it is customary, a relation between 3- and 4- generators follows from introducing a

resolution of the identity in the product 〈n| Mα Mβ Mγ Mδ |n〉, and this relation is given by

N N N2
Mnl Mlm Mmp Mpn

=α β γ δ Mnm
σ Mmp Mpn

γ δ . (C.24)∑ ∑ Mnm Mmn
γ δ + Sαβσ ∑δαβNl,m,p=1 m=1 m,p=1

Alternatively, we can consider larger products of SU(N) generators and contract the re-

maining indices with Vα
(r) vectors. For instance, the product V(r) 〈n| Mα Mλ Mβ Mγ Mδ |n〉λ

gives

N N
V(r)Mll Mnl Mlm Mmp Mpn 2

γ = SαλβV(r)
λ λ α β δ λ∑ ∑ Mnm Mmn+γ δNl,m,p=1 m=1

N2
V(r)

α Mnm Mmp Mpn
β γ δ∑+ +

N m,p=1

N
Mnm Mmp Mpn

ρ γ δ+SαλσSσβρ ∑ . (C.25)
m,p=1

These examples illustrate again how this kind of relations become too impractical for

higher order R-generators. On the contrary, the evaluation of non-diagonal matrix ele-

ments establishes simpler relations between 3- and 4-generators. For instance, the product

Mpn〈n| Mα Mβ |m〉 multiplied by Mγ
mp givesδ

N

∑ Mnl Mlm Mmp Mpn Mmp Mpn
α β γ δ = Sαβσ Mσ

nm
γ δ , (C.26)

l=1

where we assume that n = m = p. Other identities follow from considering non-diagonal

matrix elements of larger products of SU(N) generators, contracting the remaining in-

dices with SU(N) vectors. For instance, the product V(r) 〈n| Mα Mλ Mβ |m〉 multiplied byλ

Mml Mln with l = n,m givesγ δ

N (
V(r)Mpp

)
Mnp Mpm Mml Mln 2

V(r)Mnm Mml Mln=λ λ α β γ δ α β γ δ +
N∑

p=1

Mnm Mml Mln+SαλσSσβρV(r)
ρ γ . (C.27)λ δ

Finally, the real and imaginary parts of 4-generators are related through Eqs. (C.10) and

(C.11) as in the 3-generator case explained in the last subsection, but multiplying them by

Mml Mγ
lp Mpn Mlninstead of Mml

γ .β δ β
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C.2 Solution for N = 4

In this subsection we apply the strategy described in Section 4.3 to N = 4. The starting

point is the closing d-family identity for N = 4, which is given in this case by [144]

d(5) = δα4α5) , (C.28)
(α1α2α3α4α5) 3

2
d(α1α2α3

where the tensor symmetrization is defined in Eq. (4.34). The characteristic polynomial

from Eq. (4.22) is given by

2pH(4, εn) = ε4 − s2ε2 − 2
s3εn +

1
s2 − 2s4 , (C.29)n n 3 4

and has an intricate but analytic solution of the form [217, 218]

1 2s3
ε1,2 = −S ± −4S2 + 2s2 − , (C.30)

2 3S
1 2s3

ε3,4 = S ± −4S2 + 2s2 + , (C.31)
2 3S

where we have defined the parameters

1
√

2s2 2
Δ1/2 φ

S ≡ + 0 cos , (C.32)
2 3 3 3

Δ1
φ ≡ arccos , (C.33)

2Δ3/2
0

Δ0 ≡ 2 2s22 − 3s4 , (C.34)

Δ1 ≡ 4 4s2
3 + 3s3

2 − 9s2s4 . (C.35)

With these basic ingredients we can proceed to determine the analytic expressions of

the R-generators. There are only three SU(N) vectors available to decompose 1-generators,

accordingly to Eq. (4.18). It is necessary to know the specific tensor contraction

1
s3V(1) 1

s2V(2)dαβγhβVγ
(3)

= α + α , (C.36)
6 2

which stems from the closing d-family identity (C.28) and the general SU(N) identities

fromEqs. (4.19)-(4.21). Then, we can introduce the vector decomposition of Mnn in Eq. (4.23)α

to obtain the following expression for 1-generators:

Mnn ε2 − s2/2 V(1)
+ εnV(2)

+ V(3)
n α α α

= 3 . (C.37)α 6εn (ε2 − s2/2)− s3n

The mathematical expressions for higher-order R-generators become more intricate,

but the strategy follows similarly to the SU(3) case. To determine the 2-generators, it is
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convenient to define

1
A(n) − Mnn Mnn≡ δαβ + dαβγ Mγ

nn
α β , (C.38)αβ 2

1
B(n)

(
hα Mnn

)
− εn Mnn Mnn≡ + dαβγhγ +αβ β α β2

hγ Mnn+ , (C.39)dαργdβρδ − fαργ fβρδ δ

s2 1
C(n) ≡ A(n)

+
(

Vα
(2)Mnn

β + dαβγVγ
(2)
)
+αβ αβ2 2

V(2)Mnn+ dαργdβρδ − fαργ fβρδ γ −δ

Mnn Mnn− ε2 − s2/2 . (C.40)n α β

In this way, the real part of Eqs. (C.8) and(C.9) with r = 1, 2 is given by the following

system of equations:

N
MmnRe

[
Mnm

]
) = A(n) , (C.41)α β αβ∑

m=n
N

εnRe
[

Mnm Mmn
]
= B(n) , (C.42)α β αβ∑

m=n
N s2 s2(

ε2
)
Re
[

Mnm Mmn
]
= C(n) A(n)− − , (C.43)n α β αβ αβ2 2∑

m=n

which can be used to obtain the following analytic expression for the real part of 2-generators:

ε lεp A(n)
+ (εn + εm) B(n)

+ C(n)
αβ αβ αβRe

[
Mnm Mmn

]
= , (C.44)α β (εm − ε l) εm − εp

where the indices (n,m, l, p) are assumed to be different. From this result, one can deter-

mine the imaginary part of 2-generators from their real part using Eq. (C.15).

In the case of 3-generators, it is convenient to define the following tensors

T(nm)
αβγ

Q(nm)
αβγ

≡ dαβσRe
[
Mnm

σ Mmn
γ

]
− fαβσIm

[
Mnm

σ Mmn
γ

]
−

−Mnn
α Re

[
Mnm

β Mmn
γ

]
− Mmm

β Re
[
Mnm

α Mmn
γ

]
,

≡ dασδdδβρ − fασδ fδβρ hσRe
[

Mnm
ρ Mmn

γ

]
−

− dασδ fδβρ + fασδdδβρ hσIm
[

Mnm
ρ Mmn

γ

]
−

− (εn Mnn
α − hα/2)Re

[
Mnm

β Mmn
γ

]
− εm Mmm

β Re
[
Mnm

α Mmn
γ

]
.

(C.45)

(C.46)

In this way, we can rewrite Eqs. (C.18) and (C.19) with r = 1 as

4
Re
[

Mnl Mlm Mmn
]
= T(nm) , (C.47)α β γ αβγ∑

l=n,m
4

∑
l=n=m

ε l Re
[

Mnl Mlm Mmn
]
= Q(nm) , (C.48)α β γ αβγ
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where n = m, and get the following analytic expression for the real part of the 3-generators

Q(nm)
+ (ε l + εn + εm) T(nm)

αβγ αβγRe
[

Mnl Mlm Mmn
]
= . (C.49)α β γ 2ε l + εn + εm

From this result, one can determine the imaginary part of 3-generators from their real part

using Eq. (C.23).

Finally, the real and imaginary parts of the 4-generators can be obtained from the real

part of Eq. (C.26) and from (C.10), which lead to the results

Re
[

Mα
nl Mlm

β Mγ
mp Mpn

]
= dαβσRe

[
Mσ

nm Mγ
mp Mpn]− fαβσIm

[
Mσ

nm Mγ
mp Mpn]−δ δ δ

−MnnRe
[

Mnm Mmp Mpn
]
− MmmRe

[
Mnm Mmp Mpn]−α γ α γβ δ β δ

Mpn Mpm−Re
[
Mnp ]

Re
[
Mmp ]

+α γδ β

Mpn Mpm
+Im

[
Mα

np ]
Im
[
Mγ

mp ]
, (C.50)δ β

Mml Mγ
lp Mpn 2i fασρhσ Mml Mγ

lp MpnIm
[
Mnm ]

= Re
[
Mnm ]

, (C.51)α β δ ρ β δεm − εn

where the indices (n,m, l, p) are all different.
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