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1 Introduction

Large N gauge theories [1] sit at the crux of different approaches to quantum field theory.
This is one of the motivations for studying these theories. For the most basic case of a pure
Yang-Mills theory we face the difficulties of a strong non-perturbative dynamics without the
help of supersymmetry. Nonetheless, the theory exhibits many simplifications with respect
to theories at finite N . This comes without paying the price of loosing some of the main
non-perturbative phenomena, such as confinement or existence of a mass gap, which remain
a challenge for a rigorous proof. From a physicist standpoint it is important to extract the
values of the main physical parameters of the theory. These values will remain a testing
ground for new ideas and methodologies aiming at an analytic or numerical approach to
the theory. In particular, as mentioned earlier, the large N theory seems more easily
addressable from studies originating from string theory, as the AdS/CFT approach [2–
4]. The main first principles approach to non-perturbative dynamics is given by Wilson’s
lattice gauge theories [5]. Thus, it is extremely desirable to attack the problem using this
methodology. The importance of this goal has been realized from long time ago by a small
fraction of the community, pioneered by the work of Mike Teper and collaborators [6, 7] (See
ref. [8] for a review of results). The intrinsic difficulty of this goal comes from the fact that
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the large N results follow from extrapolation of those obtained at several small values of N .
Fortunately for this program, it seems that many of the physical quantities have a relatively
mild dependence on N . On the negative side it turns out that the large N gauge theories
possess simplifications that are not present in theories at finite N , making the study of the
latter harder. To name one, which is of particular relevance for this work, we have the role
paid by quark degrees of freedom in the fundamental representation. In the large N limit
these quarks are non-dynamical, so that the so-called quenched approximation becomes
exact. On the other hand, at finite N fundamental quarks are dynamical. Generating
the configurations becomes much more costly, and if the quenched approximation is used
one has to be careful in treating the chiral behaviour of the theory. There is certainly
an interplay between the small quark mass and large N limits that one has to be careful
about [9, 10].

The present work follows a completely different approach. The idea is to exploit one of
the simplifications that the large N limit produces. In particular, we will employ the prop-
erty of volume independence, originating from an observation by Eguchi and Kawai [11].
In essence, the statement says that finite volume corrections go to zero in the large N limit.
Although the original formulation was proven incorrect in the continuum limit [12], several
ways to enforce the property have been found [12–15]. Here we will make use of an idea
originating soon after the work of Eguchi and Kawai by two of the present authors [16, 17].
The main point is to use appropriately chosen twisted boundary conditions [18–20]. In
this way one can preserve the necessary symmetries to guarantee that the original proof
of Eguchi and Kawai holds. As a matter of fact one can take volume independence to
the extreme and reduce the lattice volume to single point. This gives a matrix model
of d = 4 matrices known as the Twisted Eguchi-Kawai model (TEK). The advantage of
this formulation is that because of the reduction in the number of space-time degrees of
freedom, one can go to much larger values of N . Thus large N extrapolations become
unnecessary and some corrections like those associated to quark loops become negligibly
small. There are, however, finite N corrections which turn out to be of a different nature
than those of the ordinary theory. These corrections are of two types. One takes the form
of ordinary finite volume lattice corrections on a lattice of size (

√
N)4. Hence, a fixed value

of N determines a scaling window in which the effective size of the box in physical units
remains large enough. Going to smaller lattice spacings one would enter the femtoworld
like in standard lattice gauge theories. To enlarge the window one has to increase the value
of N . The other type of correction is related to an incomplete cancellation of non-planar
contributions. The nature of these corrections are related to effects in non-commutative
field theory [21–23]. Fortunately, the formulation of TEK has a free integer flux parameter
that can be tuned to minimize these corrections and used to quantify their effect [24].

In summary, our formulation of the large N lattice theory (the TEK model) has the
capacity of producing estimates of the physical observables of the theory with all statistical
and systematic errors under control: measurable and improvable. In the last few years we
have been running a number of tests [25] to ensure the capacity of our method to produce
physical results within the standard computational resources available at present. The
first continuum observable that was studied was the string tension. Indeed, the early
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estimates [26, 27] using our method preceded in many years any other large N lattice
estimate. More recently [28], a measurement to a few percent precision has been obtained,
which is at least of the level of precision as other recent determinations [29, 30]

The present work aims at producing a calculation of the low-lying meson spectrum
in the large N limit with all statistical and systematic errors under control. The work
is the result of several years of study. The methodology was developed in ref. [31]. Sev-
eral tests and technical improvements, as well as partial results have been presented in
other works [32–34]. The meson spectrum has also been investigated by other authors
using different techniques. Indeed, this was pioneered by extrapolations from quenched
studies [35, 36]. There are also studies which employed the idea of volume independence
to give determinations [37]. More recent determinations based on the extrapolation by
other authors [38–40] give results with similar precision to ours. The exact compatibility
demands that all estimates have well quantified errors. This is our purpose here. It must
be said that the existence of different methodologies is very welcome since there are obvi-
ously pros and cons in each of them. We have already mentioned some advantages of our
method in relation with the quenched approximation and the chiral limit. However, on the
negative side our method does not allow the computation of 1/N corrections, which are
also important phenomenologically. Combining our results with finite N estimates could
be very interesting.

The structure of the paper is as follows. In the next section we review the philosophy
and main formulas involved in our methodology, referring to the original references for
explicit derivations. Section 3 is of the most technical nature. Readers mostly interested in
the results might skip it. However, for us this section is crucial since it lists and analyzes
all the steps involved in giving final numbers and the possible sources of errors they might
introduce. A lot of effort has been put into it so that our final mass values have trustworthy
statistical and systematic errors. Section 4 contains the presentation of our results starting
with those associated with the pseudoscalar channel. In this channel we use both Wilson
and maximally twisted mass fermions. This turns out to be crucial to obtain a determina-
tion of the pseudoscalar decay constant. The vector, scalar, and axial vector meson masses
are computed as well. In section 5 we use the previous information to present our final
table of values of the meson masses in the continuum limit. Values are presented with
statistical errors and systematic errors mainly arising from the extrapolation to vanishing
lattice spacing. Readers interested in the results should address directly to this section. We
also compare our results with other determinations and predictions of the meson masses
and the pion decay constant. Possible future improvements are discussed. At the end of
the paper we give a long list of tables containing the explicit lattice results of our simula-
tions. This might be useful for other researchers who might want to use our bare results
for comparison or display. We have ourselves profited from other authors doing the same.

2 Meson masses from reduced models

As explained in the introduction, the goal of this paper is to compute the masses of mesons
with small number of flavours in the large N limit of d = 4 Yang-Mills theory. Our
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method is based on reduced models. In particular we will be using the twisted Eguchi-
Kawai model, which is a model involving d SU(N) matrices without any space-time label.
Despite its conceptual simplicity this matrix model has observables whose expectation
value in the large N limit coincides with that of ordinary lattice gauge theory at infinite
volume and infinite N . In particular this refers to Wilson loops. This statement can be
proven non-perturbatively under certain assumptions by Schwinger-Dyson equations [11,
16], perturbatively to all orders [17, 41] and also tested up to 5 decimal places by direct
evaluation of Wilson loops in the ordinary and reduced model [25].

Let us briefly revise the probability distribution and action density of the TEK model.
The former is given in terms of the latter by means of the partition function

ZTEK =
d−1∏
µ=0

(∫
dUµ

)
e−STEK (2.1)

where the integration on the SU(N) Uµ matrices uses the invariant Haar measure on the
group. The action STEK follows by contracting to a point the action of ordinary lattice
gauge theories in a finite box with twisted boundary conditions. Many different types of
lattice actions can be used, but most of the numerical results have been obtained using the
simple Wilson action

STEK = −bN
∑
µ 6=ν

zνµTr
(
UµUνU

†
µU
†
ν

)
(2.2)

where 1/b is the lattice equivalent of ‘t Hooft coupling λ, and the factors zνµ = z∗µν =
exp{2πinνµ/N} are Nth roots of unity. The integer-valued antisymmetric twist tensor
nνµ is irrelevant in the large N limit, provided it is chosen in the appropriate range. A
bad choice can yield very large finite N corrections and even a possible breaking of the
symmetry conditions for reduction to hold [42–44]. In practice our choice has been the so-
called symmetric twist which demands N to be the square of an integer N = L̂2. Then one
takes nνµ = kL̂ for µ > ν, where k is an integer coprime with L̂. The choice is irrelevant
provided one satisfies the criteria given in ref. [41].

Reduction implies that the expectation value of a Wilson loop W (C) for an SU(N)
gauge theory at infinite volume and infinite N can be obtained as follows

W (C) = lim
N−→∞

z(C)
N
〈Tr(U(C))〉TEK (2.3)

where the right-hand side is an expectation value in the TEK model of the trace of the
product of link variables following the sequence of directions specified by C (no space-time
labels for TEK links). The factor z(C) is a product of the zνµ factor for a collection of
plaquettes with boundary on C.

The previous formula (2.3) can be proven non-perturbatively from Schwinger-Dyson
equations assuming center symmetry [11, 16], shown to be valid in perturbation theory to
all orders [17], and checked directly to very high precision numerically [25]. Furthermore,
these results give information about how big has N to be to acquire a given precision.
Indeed, part of the finite N corrections assume the form of finite size corrections for a
lattice of size (

√
N)4 = L̂4. Hence, when computing extended observables it is necessary
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that they all fit inside such an effective box. Typical loop sizes should then be smaller
than L̂. Lattice masses should also satisfy ML̂ � 1. In practice, due to scaling, this
affects the range of values of b to be covered. All these limitations are pretty standard in
all lattice gauge theory studies. Here we simply have to look at L̂ =

√
N as the effective

box size. The whole procedure has been tested quite successfully in computing the string
tension [28] in the large N limit and other observables [45]. In those studies we went as
far as N = 1369, corresponding to a box size of 374, which is quite satisfactory for lattice
standards. Unfortunately, in the present study we are unable to reach those values because
of the computational effort involved in computing the quark propagator. Our work is
mostly based on results obtained for N = 289 corresponding to a box size of 174. This
limits the range of our b values, but still seems sufficient to obtain good estimates of the
corresponding masses. We have also obtained some results at L̂ = 13 and 19, allowing us
to test the effect of finite N .

The methodology for computing meson masses has been explained in previous pub-
lications of two of the present authors [31]. We will assume that the number of flavours
of quarks in the fundamental stays finite in the large N limit. Hence, quarks are non-
dynamical and the configurations are generated with the pure gauge TEK model. Quarks
do propagate in the background of these gauge fields. One can allow the quark fields to
propagate in a lattice of any size (with restrictions) including infinite size. In practice,
since the gauge fields live in an effective box of size L̂4, we can restrict the quarks to live
in a box of the same size, although we will double it in the time direction for ease in
computing correlators.

The meson masses are obtained by measuring the exponential decay in time of cor-
relators among quark bilinear operators projected to vanishing spatial momentum. For
example, one can consider objects of the form

O(t) = Ψ̄(t, ~x)O(~x, ~y)Ψ(t, ~y) (2.4)

where O is also a matrix in spinor and colour indices. Correlators of these bilinears,
after integration over the fermion fields, become expectation values in the probability
distribution provided by the TEK action:

C(t) = 〈O(0)O′(t)〉 = 〈−Tr(O(~x, ~y)D−1(0, ~y; t, ~z)O′(~z, ~u)D−1(t, ~u; 0, ~x))〉 (2.5)

where D−1(x, y) stands for the lattice quark propagator between two space-time points.
The lattice propagator is the inverse of the Dirac operator. On the lattice there are several
options. Most of our results are obtained for the Wilson-Dirac operator, although we will
also use the twisted mass [46–48] operator. Other possibilities are feasible but have not
been used in this work. The set of meson operators used for our work includes both local
and non-local ones and will be explained later. All of the operators are gauge-invariant and
projected to vanishing spatial momentum. It is important to use various operators with
the same quantum numbers, since the corresponding masses should coincide. This helps in
obtaining more precise determination of the masses. Another comment is that in eq. (2.5)
we have omitted disconnected pieces, which are subleading at large N . This is an important
simplification, which erases the difference between flavour singlet and non-singlet channels.
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The description done in the previous paragraph looks completely standard. The main
difference in our case is that quarks propagate in the background of volume independent
gauge fields (up to a twist). This simplifies considerably the structure of the propagators
and the meson correlators. An analogy can be drawn with the situation of electrons
propagating in a crystal solid. The background field in that case is the potential created by
the ions of the solid, which is periodic with a period of the order of the lattice spacing. The
motion of the electron in an infinite or much bigger solid translates into a dependence of the
propagator on the Bloch momentum. Our case is not exactly identical since the gauge field
is only periodic up to a twist. The gauge field only repeats itself exactly after

√
N steps

in any direction. However, we only consider situations in which the correlation lengths are
much smaller than this scale. For that purpose, obviously N should be large enough.

Following the derivation given in ref. [31] we arrive at the following formula for the
meson correlator in momentum space

Ĉ(p0) =
∑
q

〈Tr(OD−1(q0, ~q)O′D−1(q0 + p0, ~q))〉 (2.6)

where the trace runs over colour and spinorial indices. In a first approximation the opera-
tors O and O′ are just different matrices of the Dirac Clifford algebra defining the quantum
numbers of the meson to be studied. Finally, D−1(q0, ~q) is the inverse of the Dirac operator
in our particular setting. We will first of all focus on Wilson fermions, on which most of
our results are based. As explained in ref. [31], after some algebra one can write the Dirac
operator as

DWD(p) = I− κ
d−1∑
µ=0

(
(I + γµ)⊗Wµ(p) + (I− γµ)⊗W†µ(p)

)
(2.7)

where Wµ(p) is the following N2 ×N2 matrix

Wµ(p) = eipµaUµ ⊗ Γ∗µ (2.8)

where Uµ are the SU(N) matrices generated by the standard Monte Carlo method for the
TEK model and Γµ are fixed SU(N) matrices satisfying

ΓµΓν = e2πinµν/NΓνΓµ (2.9)

where nµν is the same twist tensor used in the TEK action. With our choice of twist
tensor the solution of the previous equation is unique up to similarity transformations
and multiplication by elements of the center. The first ambiguity is irrelevant since our
observables are traces. The phase ambiguity can be reabsorbed into Uµ. In practice, we
can pick any particular solution and keep it fixed.

A final comment affects the range of values of momenta. This is determined by the
size of the lattice in which the quark fields live. If quarks propagate in an infinite lattice,
then pµ is an angle. However, since the gluon fields are equivalent to those living in a
box of size

√
N

4, it is reasonable to confine the fermions to live in a similar box. In that
case, momenta range over integer multiples of 2π/(a

√
N). This choice has a bonus, since

– 6 –



J
H
E
P
0
4
(
2
0
2
1
)
2
3
0

then the momentum factors can be reabsorbed in Uµ, and one can omit the sum over q in
eq. (2.6). For the total temporal momentum we chose p0 = πn0/(a

√
N) with n0 the integer

ranging from 0 to 2
√
N − 1, allowing propagators to extend longer in the time direction.

The correlator in configuration space is then given by

C(t) = 1
2
√
N

2
√
N−1∑

n0=0
e−iπtn0/(a

√
N)Ĉ(p0) (2.10)

It is this observable that has been used to extract masses of Wilson fermions.

3 Methodological aspects

3.1 Data sample and scale setting

The analysis to be presented is based on several years of work accumulating configurations
generated with the TEK probability density based on Wilson action as shown in eqs. (2.1)–
(2.2). The main parameters defining each simulation are the value of L̂ =

√
N , the inverse

‘t Hooft coupling b, and the value of the twist flux integer k. The total number of configura-
tions accumulated for each set of parameters are given on table 1. For each value a number
of thermalization steps was performed initially. We do not appreciate any Monte Carlo
time dependence of our results. The configurations used for the analysis were generated
using the overrelaxation method explained in ref. [49], which gives shorter autocorrelation
times that the more traditional modified heath-bath á la Fabricius-Hahn [50]. Indeed, for
the range of couplings and N values used in this paper the autocorrelation times obtained
from Wilson loops up to 5× 5 were of the order of 30, while for gradient flow observables
like t0 or E(t) we got values of around 200. These numbers have to be compared to the
number of sweeps performed from one configuration to the next Ns also shown in table 1,
which is chosen large to ensure that the configurations are largely independent.

The choice of parameters explained in the previous paragraph was dictated by the
standard lattice requirement of having small lattice spacings a(b) in physical units. These
values can be extracted from our previous analysis of the string tension [28], which used
much larger values of N and many more values of b. Having 4 different values of b in our case
will allow us to test the scaling behaviour of our data. Scale-setting is an important step
in providing physical values in the continuum limit. The idea is to express all dimensionful
magnitudes in terms of an appropriate physical unit. Scaling dictates that choosing one
unit or other is irrelevant as we approach the critical point (in our case b = ∞). Apart
from the string tension one can choose other physical units. The constancy of the ratio of
units as we approach the continuum limit is by itself a check of scaling. Many proposals
appear in the literature. A good unit must be easily computable and less affected by
corrections such as lattice artifacts or finite volume corrections. One possible choice is
given by the scale r̄ introduced in ref. [28]. Essentially, it is similar in spirit to Sommer
scale [51] but defined in terms of square Creutz ratios. Our determination, mainly based
in our extensive analysis done for our aforementioned string tension paper, is included in
the table. A very popular scale lately is the quantity

√
8t0 defined in terms of the Wilson
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N k b Nconfs Ns
√
σa(b) a(b)/r̄ a(b)/

√
8t0 l(b,N)

√
σ

169 5 0.355 1600 1000 0.2410(31) 0.2389(20) 0.2271(1) 3.133(40)
169 5 0.360 1600 1000 0.2058(25) 0.2015(12) 0.1933(1) 2.675(33)
289 5 0.355 800 1000 0.2410(31) 0.2389(20) 0.2271(1) 4.097(53)
289 5 0.360 800 1000 0.2058(25) 0.2015(12) 0.1933(1) 3.499(43)
289 5 0.365 800 1000 0.1784(17) 0.1722(11) 0.1661(1) 3.032(29)
289 5 0.370 800 1000 0.1573(18) 0.1501(10) 0.1434(1) 2.674(30)
361 7 0.355 800 3000 0.2410(31) 0.2389(20) 0.2271(1) 4.579(59)
361 7 0.360 800 3000 0.2058(25) 0.2015(12) 0.1933(1) 3.910(48)
361 7 0.365 800 3000 0.1784(17) 0.1722(11) 0.1661(1) 3.389(32)
361 7 0.370 800 3000 0.1573(18) 0.1501(10) 0.1434(1) 2.989(34)

Table 1. Our data sample: for each value of N , k and b, we list the number of configurations
Nconfs, number of sweeps Ns between configurations, the lattice spacing in various units (

√
σa(b),

a(b)/r̄, a(b)/
√

8t0) and the effective box size l(b,N) in 1/
√
σ units.

flow [52]. We have analyzed this quantity for the TEK model and various values of b and
N . Using this information we were able to extrapolate the value of

√
8t0 to N = ∞.

The results are given in table 1. Errors come from a simultaneous fit to various N and
are presumably underestimated. Remarkably a simultaneous fit to the ratio

√
8t0/r̄ and

b ≥ 0.36 gives 1.042(3) with χ2 smaller than 1. This is a good check of scaling given that
both scales involved are based on quite different observables and procedures. Using our
data for b ≥ 0.36 we can give determinations

√
8t0σ = 1.078(9) and r̄

√
σ = 1.035(7). The

last number can be compared with the estimate 1.051(5) given in ref. [28], and involving
data up to b = 0.385. In conclusion, the different units used are consistent with scaling
and translate into possible errors of . 2% in the continuum limit.

The standard lattice condition of having sufficiently large physical volumes now trans-
lates into large enough values of N . We recall that

√
N plays the role of effective size in

lattice units. Using the lattice spacing values described in the previous paragraph one can
compute the lattice effective linear size of our data l(b,N) ≡

√
Na(b). This is given in

table 1 in string tension units.

3.2 Observables

As explained earlier, our main observables are the meson correlation function in channel
γA and γB at time distance t

C(t; γA, γB) = 1
2
√
N

2
√
N−1∑

n0=0
e−iπtn0/(a

√
N)Tr

[
γAD

−1(0)γBD−1(p0)
]

(3.1)

For the case of Wilson fermions, the Wilson-Dirac matrix DWD(p0) depends on the value
of the hopping parameter κ which is a function of the bare quark mass. DWD(p0) acts on
color (Uµ), spatial (Γµ) and Dirac (γµ) spaces and its explicit form is

DWD(p0) = 1− κ
d−1∑
µ=0

[
(1− γµ)ŨµΓ∗µ + (1 + γµ)Ũ †µΓtµ

]
(3.2)
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meson π ρ a0 a1 b1

γA γ5 γi 1 γ5γi
1
2εijkγjγk

JPC 0−+ 1−− 0++ 1++ 1+−

Table 2. Quantum numbers of the meson channels analyzed in this work and spin-parity assign-
ment.

with
Ũµ=0 = eip0aUµ=0 = eiπn0/

√
NUµ=0, Ũµ=1,2,3 = Uµ=1,2,3. (3.3)

γA and γB assign meson quantum numbers in the continuum limit. The choice of elements
and their continuum spin parity correspondence is given in table 2.

Eq. (3.1) corresponds to correlators of ultralocal operators. In order to have a range
of operators having the same quantum numbers we make use of the smearing method.
Smearing can be implemented by replacing γA in eq. (3.1) by the operator [38]:

γA → γ`A ≡ D`
sγA, Ds ≡

1
1 + 6c

[
1 + c

3∑
i=1

(
ŪiΓ∗i + Ū †i Γti

)]
. (3.4)

Here, ` is the smearing level and Ūi is the APE-smeared spatial link variable obtained after
iterating nape times the following transformation

U ′i = ProjSU(N)

(1− f)Ui + f

4
∑
j 6=i

(zijUjUiU †j + zjiU
†
jUiUj)

 , (3.5)

with c and f free smearing parameters. Here ProjSU(N) means the projection onto the
SU(N) matrix. In this paper, we took nape = 10, c = 0.4 and f = 0.081.

The correlation functions of smeared operators are given by

C(t; γ`A, γ`
′
B) = 1

2
√
N

2
√
N−1∑

n0=0
e−iπtn0/(a

√
N)Tr

[
D`
sγAD

−1(0)D`′
s γBD

−1(p0)
]
. (3.6)

The computation of the traces and the inversion of the Dirac operator is performed by
means of a stochastic evaluation based on the use of Z4 random sources [53, 54]. Let
z(α, β, γ) be the source vector having color (Uµ) index 1 ≤ α ≤ N , spatial (Γµ) index
1 ≤ β ≤ N and Dirac (γµ) index 1 ≤ γ ≤ 4. The source vectors take values z(α, β, γ) =

1√
2(±1± i) and satisfy 〈z∗(α′, β′, γ′)z(α, β, γ)〉 = δα′αδβ′βδγ′γ , when averaged over random

sources. Now, we can replace the trace in eq. (3.6) by the following expression:

Tr
[
[D`

sγAD
−1(0)D`′

s γBD
−1(p0)

]
(3.7)

=
〈
z†D`

sγAD
−1(0)D`′

s γBD
−1(p0)z

〉
(3.8)

=
〈
z†D`

sγAγ5Q
−1(0)D`′

s γBγ5Q
−1(p0)z

〉
(3.9)

where Q(p0) = D(p0)γ5. To account for the inversion of the Dirac operator, we solve the
following 2

√
N equations for y(p0)

Q(p0)y(p0) = z, p0 = πn0

a
√
N

with 0 ≤ n0 ≤ 2
√
N − 1 (3.10)
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and the following equation for xA`

Q(0)xA` = γ5γ
†
AD

`
sz (3.11)

Averaging over random sources, and taking into account that Ds is a Hermitian operator,
we have 〈

(xA` )†D`′
s γBγ5y(p0)

〉
=
〈
z†D`

sγAγ5Q
−1(0)D`′

s γBγ5Q
−1(p0)z

〉
. (3.12)

In the actual average, we use 5 random sources. We are using the Conjugate Gradient
inversion, so Q−1 actually means Q−1 = QQ−2.

For each value of b, many different values of κ have been used (the list will be given
later). By fitting the dependence of the PCAC quark mass (defined later) on κ, one can
determine κc(b,N), which is the chiral limit at which this mass vanishes. The list of values
obtained in our simulation are collected in table 3.

As explained in the previous section, we have also studied twisted mass fermions with
maximal twist [46]. This corresponds to a modified Dirac operator of the form

D±TM = DWD
∣∣
κ=κc ± i2κcµγ5 (3.13)

where the Wilson-Dirac operator is computed at the value κc(b,N) determined earlier
with Wilson fermions. After a chiral rotation of the fermion fields this can be written as
the Dirac operator of a fermion field of mass µ plus an irrelevant modified Wilson term.
The interesting bilinear operators from which we compute correlators involve two different
fields having opposite values of the µ-term. It is equivalent to having non-singlet bilinear
operators involving two flavours. This modified Dirac operator has many advantages.
For example, the constant µ is proportional to the quark mass and monitors the explicit
violation of chiral symmetry. It has also important advantages from the point of view
of lattice artefacts [47] and most importantly for our purposes allows the determination
of the pseudoscalar decay constant without unknown renormalization factors [55] (for a
review of properties and results, plus a list of other relevant references we refer the reader
to ref. [48]).

As shown in the last section, the original formula for the correlator in momentum space
eq. (2.6) involves a momentum sum. In principle choosing different ranges only produces
finite N corrections. A priori it seems that the formula involving the momentum sum is
harder to obtain since one would need to invert the propagator for all values of q. However,
there is a trick that can be used that costs no extra effort. The idea is for each gauge field
configuration to generate a random value of q within the right range and with a uniform
distribution. In particular if we consider that the quark field lives in an infinite lattice, for
every gauge field configuration we can generate a random angle αµ and replace the link in
the Dirac operator as follows:

Uµ −→ eiαµUµ (3.14)

and then apply the same source and inversion procedure as explained earlier. The method
produces results at no extra computational cost and we verified that for the free theory
the method gives the right propagator. Since the modified links are in U(N) rather than
SU(N), we did not impose the unit determinant condition in the Ape smearing procedure.
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For Wilson fermions we used both methods giving compatible results within errors. For
consistency, all the data and masses presented here for the Wilson fermions were obtained
with the simple version with no momentum sum. However, our twisted mass results are
obtained with the random angle method. Comparison of the results obtained with both
methods provides an explicit test that finite N corrections are under control.

In relation with the previous comment, it is clear that stronger finite N corrections are
expected when we approach the chiral limit, since the effective lattice size becomes small
in units of the inverse pion mass. To avoid this problem, all our results have been obtained
for large enough values of mπl. The results are then extrapolated to the chiral limit. We
should point out that because of our large values of N this has less problems that for small
ones, since chiral logs are strongly suppressed. This is one advantage of using our method.

Finally, as explained earlier, once we obtain the expectation values of the correlators as
a function of momenta we Fourier transform them to a time dependent function. For large
enough time-separations these correlation functions would decay exponentially in time, the
coefficient of which determines the minimal mass in that channel in lattice units. This is
in short the procedure. In practice this becomes much more complicated and requires an
efficient treatment of all data. This will be explained in the following subsection.

3.3 Extraction of masses

As just mentioned, meson masses are extracted from the exponential decay in time of
appropriate correlation functions. Although such correlators receive contribution from a
tower of states, the lowest mass in the corresponding channel dominates at large times and
can be determined from the coefficient of the late single-exponential decay. Nonetheless,
this is not as straightforward as it may seem; the determination of the large time decay in
an actual simulation faces two problems: the fact that the time extent of the lattice is finite
and the deterioration of the signal to noise ratio at large time separation. Therefore, for a
precise determination of the ground-state mass it is advantageous to work with operators
for which the projection onto the ground state is maximized and the single-exponential
decay sets in early on. Smearing is one step in that direction; it increases the overlap with
the ground state wave function by extending the operator range at distances comparable
with the inverse wavelength of the particle. Beyond that, further improvement can be
obtained by using a variational approach [56, 57]. The idea is very simple and is based
on constructing a linear combination of operators with the same quantum numbers, with
coefficients tuned to optimize the ground state projection. We will describe below the
particular implementation of the variational procedure used in this work.

To start with, consider a basis of Nop operators with the right quantum numbers, in
terms of which a Nop ×Nop correlator matrix is built:

Cab(t) = 〈O†a(t)Ob(0)〉. (3.15)

The variational strategy looks for solutions to the generalized eigenvalue problem (GEVP):

Cab(t1)v(i)
b (t1, t0) = λ(i)(t1, t0)Cab(t0)v(i)

b (t1, t0), (3.16)
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for given t1 and t0, with t1 > t0. This is obviously equivalent to solving the standard
eigenvalue problem for the matrix:

C−
1
2 (t0)C(t1)C−

1
2 (t0), (3.17)

with eigenvalues λ(i)(t1, t0) and corresponding eigenvectors C1/2(t0)v(i)(t1, t0). The corre-
lation matrix given in eq. (3.15) can be rotated to the v(i) basis, leading to the matrix:

C̃ij(t, t1, t0) = v(i)
a (t1, t0)Cab(t)v

(j)
b (t1, t0), (3.18)

which is diagonal at t = t1 with eigenvalues given by λ(i)(t1, t0). With a complete basis of
operators and for infinite time extent, one would obtain λ(i)(t1, t0) = exp(−mi(t1 − t0)).
The objective of the procedure is to select the set of operators and the choice of t0 and
t1 to optimize the projection onto the lowest states, in particular the ground state. The
standard GEVP proceeds by repeating the diagonalization at all values of t = t1, looking
for a plateaux in the effective masses extracted from λ(i)(t1, t0). Given the limited time
extent of our lattice, we have preferred instead to fix the value of t1 and work with the
correlator matrix defined by C̃(t, t1, t0). To determine the ground state mass in each
channel, we use the diagonal matrix element related to the largest eigenvalue λmax(t1, t0) =
maxi λ(i)(t1, t0). Let us denote by vmax(t1, t0) the corresponding eigenvector in terms of
which we introduce an optimal, within the given choice of operators and selected values of
t0 and t1, correlation function:

Copt(t, t1, t0) = vmax∗
a (t1, t0)Cab(t)vmax

b (t1, t0). (3.19)

The ground-state mass is extracted in the usual way from the exponential decay at large
times of this correlator.

For the specific implementation in this work, we have taken t0 = a and t1 = 2a, with
a the lattice spacing. The choice obeys to a compromise to maximize the projection onto
the ground state without affecting the signal to noise ratio which becomes worse for larger
values of ti. We have tested that other choices in the range of values of ti below 4a give
compatible results. The operators in the basis are constructed by using different smearing
levels of the quark bilinear operator as described in section 3.2. We have considered up
to 10 operators corresponding to fermion smearing levels: 0, 1, 2, 3, 4, 5, 10, 20, 50, 100.
Ground-state meson masses in each channel are extracted by fitting the optimal correlator
to a hyperbolic-cosine. The optimization procedure involves, first, a choice of the operators
in the basis and, second, the choice of fitting range [tmin, tmax]. These choices are the main
sources of systematic errors in the mass determination. We will discuss the selection criteria
in section 3.4. Let us just mention here that they respond to two general considerations: the
reduction of excited state contamination and the limitation of finite size effects and signal
reduction at large times. While smearing improves the projection onto the ground state,
at the same time it leads to larger statistical errors at large time. The amount of smearing
should also be kept sufficiently small compared to the box size and commensurate with the
wavelentgh of the channel under investigation. Therefore, we vary the selection of operators
in the basis to limit the maximal amount of smearing. In general, we have used the full
basis in the pseudoscalar channel and up to 50 smearing levels for the other meson channels.
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Figure 1. Plots on the left show the time dependence of the optimal correlator for pseudoscalar
(top) and vector (bottom) mesons. Plots on the right show the time dependence of the effective
masses. The red band indicates the mass of the ground-state determined from the fit to the
correlator with the length of the band indicating the fitting range and the width indicating the
jacknife error.

In order to illustrate the quality of the fits that can be attained with this procedure,
we present in figures 1, 2 one example in each meson channel. The figure corresponds to
a lattice with N = 289 at b = 0.355 and κ = 0.16. For each channel, we display the time
dependence of the optimal correlator (left) and the effective mass (right). The red band
in the plot shows, for illustration, how the determination extracted from the hyperbolic
cosine fit compares with the effective mass plateaux, with the length of the band indicating
in each case the fitting range [tmin, tmax].

In addition to the ground state mass, we have also attempted to estimate the mass
of the first excited state in each meson channel. For that purpose, we have performed
double exponential fits keeping the ground state mass, m, fixed to the one extracted from
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Figure 2. As in figure 1 for, from top to bottom, a0, a1 and b1 mesons.

– 14 –



J
H
E
P
0
4
(
2
0
2
1
)
2
3
0

the optimal correlator. To be specific, we look at correlators derived including in the
variational basis the 4 lowest smearing levels. This correlator is fitted, in the range t ∈
[(2
√
σ)−1, tmax + a], with a combination of two hyperbolic cosine functions with one mass

parameter free and the other fixed to the ground-state mass. This allows to determine the
first excited state mass m∗. The correlator fits for the pseudoscalar and vector mesons
shown in figure 1 include these two contributions with m and m∗ fixed to the values
determined in this way.

3.4 Analysis of errors: statistical and systematic

The goal of this paper is to provide values for the mesons masses and decay constants for
the large N gauge theory based on first principles that can be used as a test for other
estimates based on other types of ideas and approximations. For that purpose the final
numbers have to be supplied with trustworthy errors. Some of these errors are statistical.
These are indeed the simplest conceptually. In this paper we have employed the well-known
jacknife method, based on splitting the sample into several groups of equal size, computing
the quantity in question by averaging over all but one of these groups, and equating the
error to the dispersion of these values.

A much more difficult task is the estimate of systematic errors. These have different
sources and are not necessarily symmetric around the mean value. Most of the errors
that we will be concerned with are typical of all lattice calculations, but our methodology
enhances or reduces some of those. A very important characteristic of the lattice approach
is that all the errors can be estimated.

3.4.1 Simulation and inversion errors

Here we gather together the errors that are characteristic of the numerical procedure. We
are fairly confident that the generation of configurations is safe. We have previously carried
the same procedure for much larger values of N (up to 1369) and much larger values of
b (up to 0.385) and found no relevant systematic effects. Thus, this should even be more
so in the more restricted range of parameters that we are exploring here. Furthermore we
also played with different thermalization steps and updates per measurement and found
no deviations.

Concerning the methodological aspects entering in the evaluation of the observables,
we made several tests to quantify the errors committed. In particular we used the same
programs and methods for the free field theory (coupling b −→ ∞). The advantage is
that the propagators and correlators can be computed analytically in this case, so that the
comparison with data gives an idea of the numerical errors involved. In this respect we
tested the effect of taking a given number of sources in the calculation of the meson corre-
lators. With 200 sources we found complete agreement between the analytic and numerical
computation within errors. With 5 sources some systematic deviations are observed for
small values of the quark mass. However, the main effect turns out to be in the meson
correlators for p0 = 0 which produces the addition of a small constant to the correlator. In
configuration space the effect only shows up at large correlation times. Thus, in our mass
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extraction algorithms we have set the upper limit of the fitting range to avoid this region,
which is also the most affected by other statistical and systematic errors.

In estimating the final meson masses and decay constants systematic errors are ex-
pected to arise from finite lattice spacing and finite size effects. In our particular construc-
tion, finite size is traded by finite N . There is an antagonistic interplay among these two
error sources. For discretization errors to be small, a(b) should be small, while for finite
size errors to be small

√
Na(b) should be large. This is pretty tight given that most of our

data are obtained for L̂ =
√
N = 17.

The sensitivity to finite size effects is larger when there are large correlation lengths
involved. Thus, in our measurements we have stayed away from the worse region, keeping
the pion mass times the effective length large enough. Anyhow, to monitor and estimate
the size of these errors we have studied the most sensitive quantities with two other values
of N (in addition to our four values of b).

It is important to realize that the finite-size effects in the meson correlators have
two sources. On one side, the gauge field configurations generated with the TEK model
correspond to a finite volume of size L̂4, as Wilson loop expectation values show. On
the other hand the quarks can be made to propagate in a box of the same size or larger.
These two options for the quark box size can be easily implemented, as explained in the
previous section. Thus, the effect can be monitored. We tested this first for the case of
free fermion fields (b −→∞) in which the meson propagator can be computed analytically
(by a momentum sum) as well. Indeed, the effects of using different quark box sizes are
sizably smaller for the twisted mass Dirac operator than for the Wilson-Dirac one.

For our dynamical configurations at finite b we have also monitored the effect of the
fermion propagation volume. The results obtained with the simplest formula, which in-
volves no explicit sum over spatial momenta, corresponds to a fermion box of size L̂4.
The results corresponding to an infinite quark box were obtained, as explained before, by
generating momenta p randomly with a uniform distribution for each configuration. The
procedure does not involve any additional cost in computer time and is seen to give the
correct results in our free fermion case. We did not find significant differences within errors
between the random momenta results and the others.

Finally, we come to the systematic errors which arise from the procedure to extract
the masses from the time-dependent meson correlators. This is by far the largest source of
systematic errors. In our procedure masses are obtained from a fit to an exponential decay
of the time-correlation function of a properly selected combination of mesonic operators
with the appropriate quantum numbers. The results then depend on the selection of the
operator, the region of fitting and the functional form chosen for the fit. As discussed in
section 3.3, the mesonic operator in each channel is extracted from a variational analysis
aimed at improving the projection onto the ground state. The basis for this variational
analysis is constructed in terms of smeared operators with smearing level 0, 1, 2, 3, 4, 5,
10, 20, 50 and 100. The results that will be presented correspond to a particular choice
that we consider optimal and includes all operators up to smearing level 20, 50 or 100,
depending on the state under study and the physical volume of the lattice. The selection
of fitting range, [tmin, tmax] responds to two general considerations: tmin is tuned to reduce
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Figure 3. The plot on the left shows the time dependence of the correlator in the pseudoscalar
channel obtained from the variational analysis including operators up to smearing level 10. The
plot on the right shows the time dependence of the effective masses. The red band indicates the
mass of the ground-state pion determined from the fit to the correlator with the length of the band
indicating the fitting range and the width indicating the jacknife error.

contamination from excited states, and tmax to limit finite size effects and the poor signal
to noise ratio at large times. Concrete choices for these quantities depend not only on
the channel considered but also on the amount of smearing of the operators in the basis;
including operators with larger smearing level improves the projection onto the ground
state and allows to reduce the value of tmin, but, at the same time, the signal to noise
ratio deteriorates at large times, limiting the value of tmax. As a rule of thumb, given a
meson state and operator choice, tmin is fixed in physical units, around the value where the
effective mass plateaux sets in, and tmax is set to a fraction of the maximal time separation
(a
√
N). In order to estimate the systematic effects in the selection of smearing and fitting

ranges, we have analyzed the spectrum obtained if only operators with smearing level below
10 are included in the variational basis; as an example we display in figure 3 the fits to the
pseudoscalar correlator, corresponding to the case presented previously in figure 1. The
masses obtained are in good agreement giving mπ/

√
σ = 1.563(21) and 1.585(13). In the

general case, the results of this exercise lead to masses that are compatible within statistical
errors to the ones derived with the optimal operator.

Finally, concerning the functional form used for the fit, the ground state masses are
derived from a single hyperbolic cosine fit performed in the range [tmin, tmax], however, in
the case of the heaviest states (a0, a1 and b1) we also included a constant contribution
that improved the χ2 of the fits at large times. In most cases the constant turned out to
be small and the resulting masses compatible within errors with those obtained with no
constant added.
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Figure 4. Dependence of the pion mass square (left) and the PCAC mass (right) in units of the
string tension as a function of 1/(2κ).

4 Results and analysis

4.1 Pseudoscalar channel

4.1.1 Chiral behaviour and the pion mass

We start with the most important channel: that involving correlators among pseudoscalar
meson operators. Because of γ5-hermiticity the correlation function is positive definite.
Our results show a very neat exponential fall-off of the propagator for large enough sepa-
rations. Using the optimal operator, as explained in the previous section, the exponential
behaviour extends to rather low separations. Figure 1 shows some characteristic correla-
tors illustrating the typical error size. The informed reader might notice that the growth
in relative errors as t grows is in contrast with what happens in this channel in standard
simulations. This observation as well as its explanation was addressed in our previous pub-
lication ref. [32]. This is due to the fact that the correlator here is obtained by a Fourier
transform of the correlator in momentum space. From these correlators a fit allows us to
determine the mass of the lowest energy state, which we will call the pion. We show in
figure 4 an example of the dependence of the square of this mass in units of the string
tension as a function of 1/(2κ). We see that the dependence is linear. Indeed, this is what
we expect from the pseudo-Goldstone boson nature of the pion. The quantity 1/(2κ) is a
linear function of the quark mass. The vanishing of the pion mass occurs when the quark
mass vanishes and we recover the explicit chiral symmetry, which remains spontaneously
broken. In table 3 we list κπc , the value of κ at which our linear fit predicts the vanishing
of the pion mass. We also give the slope and the square root of the Chi-square per degree
of freedom of the linear fit (χ̄ ≡

√
χ2/#dof). The slope is scaled by a(b) in string tension

units. This scaling is the expected one if both the lattice pion mass Mπ = mπa(b) and the
bare quark mass Mq ≡ 1

2κ −
1

2κc = ZSmqa(b), are scaled with the lattice spacing as shown.
An alternative way to determine the onset of chiral symmetry is to look directly at

the Ward identity and the PCAC relation. This allows the definition of a quark mass,
called PCAC mass MPCAC, whose vanishing signals the point where the explicit breaking
vanishes. This involves expectation values of the axial vector and pseudoscalar operator
between the vacuum and the pion at rest. Hence, the PCAC mass is affected by operator
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N b Slope/
√
σ κπc χ̄ ZP /(ZAZS) κc χ̄

169 0.355 10.4(1.4) 0.16247 (38) 0.20 0.894 (47) 0.16248 (15) 0.08
169 0.360 11.2(2.5) 0.15983 (47) 0.26 0.0.917 (37) 0.159827(91) 0.50
289 0.355 11.4(3) 0.162689(96) 0.19 0.8681(62) 0.162815(31) 0.44
289 0.360 11.8(7) 0.16015 (20) 0.16 0.878 (15) 0.160129(57) 0.11
289 0.365 10.9(4) 0.15854 (11) 0.66 0.872 (14) 0.158014(45) 0.22
289 0.370 11.6(6) 0.15666 (16) 0.66 0.908 (15) 0.156283(43) 0.18
361 0.355 11.2(7) 0.16287(17) 0.06 0.840 (22) 0.162978(82) 0.07
361 0.360 11.1(6) 0.16022(15) 0.15 0.873 (17) 0.160243(49) 0.01
361 0.365 12.0(1.2) 0.15815(22) 0.19 0.917 (44) 0.158008(99) 0.28
361 0.370 11.1(9) 0.15681(18) 0.10 0.884 (26) 0.156380(49) 0.13

Table 3. Determination of the critical κ from the linear dependence of the pion mass square (κπc )
or the PCAC mass (κc) on 1/(2κ). We also provide the slopes of the linear fits. In the case of the
PCAC mass, the slope determines the ratio of renormalization constants ZP /(ZAZS). In the case
of the pion mass square we express the slope in string tension units. The quantity χ̄ denotes the
square root of the reduced Chi-square (χ̄ ≡

√
χ2/#dof).

renormalization and depends on the operator that we use. On the lattice we consider the
ultralocal version of the axial vector current and of the pseudoscalar operator. To compute
it we follow a similar procedure as in ref. [38] by computing the correlation functions of the
two operators in question with the optimized version of the pseudoscalar operator used for
the extraction of the pion mass. Hence, the values of the MPCAC masses are determined
by fitting to a constant the ratio

MPCAC(t) = C(t+ a; γ0γ5, γ
opt
5 )− C(t− a; γ0γ5, γ

opt
5 )

4C(t; γ5, γ
opt
5 )

(4.1)

This new mass is proportional to the quark massMq with proportionality constant given by
the ratio of renormalization factors ZP /(ZAZS). Therefore, from the vanishing of MPCAC
one can extract an alternative derivation of the value of the critical κ, that should coincide
in the continuum, infinite volume limit, with the one determined from the vanishing of
the pion mass. The values of κc extracted in this way, as well as the slopes and values of
χ̄ are also given in table 3 — an example of the quality of the fits is shown in figure 4.
This determination of κc is more precise and will be taken as our best estimate of the
chiral limit.

All the previous results concerned Wilson fermions. However, we have also studied
maximally twisted mass fermions [46]. For that one has to start with the Dirac operator
for massless Wilson fermions, hence at κ = κc. Then, as explained in eq. (3.13), one adds
a mass term ±i2κcµγ5, where the opposite sign is used for the two propagators involved in
a meson correlator (see eq. (3.13) for the lattice twisted mass Dirac operator). This, after
a chiral rotation, is equivalent to having two flavours of equal mass µ and computing the
correlation function of non-singlet meson operators. The unfamiliar reader is invited to
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Figure 5. Dependence of the pion mass square in lattice units as a function of the twisted mass
parameter µ for N = 289.

N b Slope/
√
σ χ̄

169 0.355 19.54(25) 0.76
169 0.360 18.79(41) 1.07
289 0.355 19.38(32) 2.10
289 0.360 19.61(33) 0.61
289 0.365 19.32(33) 0.94
289 0.370 20.71(54) 0.64
361 0.355 19.07(45) 2.87
361 0.360 18.98(31) 1.71
361 0.365 18.82(21) 1.10
361 0.370 20.06(36) 1.07

Table 4. Slope, in units of the string tension, of the linear dependence of the pion mass square on
the twisted mass parameter µ.

consult the literature [46–48, 55]. By construction, the pseudoscalar meson mass vanishes
(approximately) at µ = 0. Furthermore, since µ is proportional to the quark mass, the pion
mass square should depend linearly on µ. Our results agree with this linear dependence
with intercept equal to zero. The fitted slopes are given in table 4, again scaled with the
lattice spacing in string tension units. As an example, figure 5 displays the data and the
linear (one-parameter) fit for N = 289.

Having determined the mass of the pion we can also look at the masses of the excited
states with the same quantum numbers. The results of the GEVP for the first excited states
turn out not to be precise enough and we have opted for estimating the mass of the excited
states by performing double exponential fits to the correlators, keeping the ground state
mass fixed. The results for Wilson and twisted mass fermions are presented in tables 12
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N b m
(0)
π∗ /
√
σ (W) χ̄ m

(0)
π∗ /
√
σ (Tw) χ̄

289 0.355 3.42(26) 0.22 4.45(56) 0.12
289 0.360 4.00(42) 0.16 4.16(51) 0.10
289 0.365 4.70(18) 0.28 4.67(27) 0.10
289 0.370 4.48(20) 0.28 4.45(38) 0.10
361 0.355 3.40(46) 0.13 4.17(69) 0.18
361 0.360 3.60(35) 0.10 4.62(30) 0.10
361 0.365 4.32(38) 0.39 4.36(16) 0.13
361 0.370 5.02(31) 0.10 5.09(33) 0.13

Table 5. Masses of first excited state in the pseudoscalar channel extrapolated to the chiral limit
for Wilson (W) and twisted mass (Tw) fermions.
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Figure 6. Lattice spacing dependence of the first excited states in the pseudoscalar and vector
channels, extrapolated to the chiral limit.

and 16. An extrapolation to the chiral limit using a linear dependence in the PCAC mass,
at given b and N , works well and gives the intercepts presented in table 5, which have
rather large statistical errors. For each value of b we have 4 determinations depending
on the methodology (Wilson or twisted mass) and the value of N , which are displayed as
function of the lattice spacing in figure 6. This can give an idea of the systematic errors.
Given that they are quite large, we cannot perform a reliable continuum extrapolation of
the results, a constant fit to all the data gives for instance m(0)

π∗ /
√
σ = 4.4(2) with a large

value of χ̄ = 1.6. Further work would be required to improve these results.
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4.1.2 Pion decay constant

Another very interesting quantity to study is the pion decay constant fπ. This is given in
terms of the matrix element of the axial current between the vacuum and the pion states.
In contrast with what happens with masses, this quantity is sensitive to normalization
and renormalization of the operator involved. The naive extension of the standard QCD
definition diverges in the large N limit as

√
N . Thus, as previous authors, we define the

large N decay constant as follows

fπ =
√

2Fπ =
√

3
Nm2

π

〈0|A0(0)|π; ~p = 0〉 (4.2)

where A0 is the temporal component of the axial vector current. The definition is cooked to
coincide with the standard one for N = 3. As it stands, the definition is symbolic if we do
not specify how the |π; ~p = 0〉 state is normalized. The formula assumes the relativistically
invariant normalization 〈p|q〉 = (2π)3(2p0)δ3(~p− ~q).

In practice the matrix element appearing in eq. (4.2) can be extracted from the correla-
tion function of the temporal component of the axial current with any operator that acts as
a pion interpolating field. Dividing out by the square root of the correlation function of the
interpolating field with itself, we eliminate the dependence on the choice of interpolating
field. The mechanism is true both on the continuum as on the lattice. As a lattice interpo-
lating field we can use the optimal operator selected by the GEVP method, reducing the
possible contamination with excited states. In any case, this can be monitored by verifying
that the correlator decreases in time as exp(−tmπ). This is essentially the same method
used by other authors as for example ref. [38]. A final word of warning comes from the
aforementioned necessity of normalizing and renormalizing the lattice Axial current oper-
ator to match with the continuum definition. The normalization is rather standard. With
our choice of the Wilson Dirac operator the lattice quark field is given by ΨL =

√
a3/(2κ)Ψ.

In addition the Axial current is a composite operator and gets a renormalization factor ZA.
This depends on the choice of lattice discretized operator. Here we restrict ourselves to the
ultralocal version AL0 (x) = Ψ̄L(x)γ0γ5ΨL(x). Finally, we can express the lattice spacing
and the pion mass in string tension units to determine Fπ/(

√
σZA) for each of our datasets.

The results are collected in the table 15.
Do our data scale? Examining the results for N=289, one can see that if we compare

data points having the same value of the pion mass, the tendency is that Fπ/(
√
σZA)

tends to decrease with increasing b. For example the data at b = 0.36, κ = 0.1577 has
very similar pion mass to that of b = 0.365 and κ = 0.1562, but its value of Fπ/(

√
σZA)

is 10% higher. However, one cannot deduce from this a sizable violation of scaling, since
the renormalization factor ZA introduces a explicit b-dependence of the result which goes
in the same direction. Hence, to verify this one would need to know the value of ZA for
each b.

Driven by this problem we decided to try a different method for determining the value
of Fπ.1 This is actually the main reason why we decided to include twisted mass fermions.

1We thank our colleagues Carlos Pena and Fernando Romero-López for discussions about this point.
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One of the advantages of this method is that it allows a determination of Fπ without a
renormalization factor [55]. Furthermore, the procedure is somewhat different and serves
as an additional test of the robustness of our results. The value of fπ is extracted from
the expression

fπ = 2µ
√

3
m2
π

√
N
〈0|Ψ̄(x)γ5Ψ(x)|π; ~p = 0〉 (4.3)

Deriving the appropriate reduced lattice formula poses no problem. Again, the matrix
element is extracted from the correlation function of the ultralocal pseudoscalar operator
with the optimal one. The propagator is now the inverse of the twisted mass one, given
in the previous section. This includes the Wilson-Dirac operator set at the value of κc
determined earlier for Wilson fermions. Namely the value at which the extrapolated PCAC
mass vanishes. The results then depend on the additional parameter µ, for which we choose
4 values for each data set. As mentioned earlier, the pion mass square obtained in each
case vanishes linearly in µ. The corresponding results for Fπ are given in table 17.

We still observe that some of the results having similar values of mπ have non-
compatible values of Fπ. However, after analyzing the results in detail, we discovered
that this phenomenon is due to a sizable dependence on the effective volume. In figure 7
we display the values of Fπ as a function of the pion mass square arranged into sets having
similar values of the effective box size a

√
N = l

√
σ. The data scale well within errors.

However, the values of Fπ tend to decrease sizably for small volumes. Having results for
three different values of N has been crucial in discovering the origin of this disagreement.

In order to get maximal information from our data we have tried to parameterize
the volume dependence of the results by fitting the data to an exponentially decreasing
function of the effective size: Fπ(mπ) +B(mπ) exp{−C

√
σl}. The coefficient C turns out

to be 1.36(11) which explains why our results obtained for relatively small volumes are still
sizably dependent on the volume. Curiously we did not find any significant dependence
in the determination of the masses. The fitted function Fπ(mπ) gives our estimate of
the pion decay constant at infinite volume and infinite N . In the region covered by our
data it can be described well by a second degree polynomial in m2

π. The same goes for
the coefficient B(mπ) of the exponentially decreasing term. Figure 8 shows all our data
for N = 289 and N = 361 together with the solid lines giving the result of the fit. An
important quantity is the value of Fπ in the chiral limit. We have done various fits with
different parameterizations and in all cases it seems that a value of Fπ(0) = 0.22(1)(2) is a
safe estimate. The first error being statistical and the second systematic.

Once we have obtained Fπ from the twisted mass data we can come back to analyze
the results obtained for Wilson fermions. Knowing the value of Fπ the Wilson data allows
a non-perturbative determination of ZA. Unfortunately, this cannot be done point by point
since the twisted mass and Wilson data do not correspond to exactly the same values of
m2
π. However, it is highly non-trivial that all the Wilson fermion data can be well described

by the same functional dependence on m2
π up to a multiplicative factor 1/ZA. Remarkably

it can, as shown in figure 8, where the twisted mass data are displayed together with the
Wilson Dirac data after a suitable rescaling.
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Figure 7. Dependence of the pion decay constant on the pion mass square at approximately fixed
physical volume for twisted mass fermions.

As a spin-off we have obtained a non-perturbative determination of ZA. The corre-
sponding values are listed in table 6. This can be compared with the value computed in
perturbation theory to two loop order in ref. [58] giving

ZA = 1− 0.03735λ− 0.00058λ2 (4.4)

It is well-known that truncated perturbative results on the lattice give poor estimates when
computed in terms of the bare coupling constant λ = 1/b. Much better results follow when
using improved couplings λI of which there are various examples. In table 6 we use various
customary definitions to re-express the perturbative formula eq. (4.4) in terms of those
improved couplings. In general, the perturbative estimates tend to give higher values than
our non-perturbative result. Remarkably the same phenomenon takes place for SU(3) as
commented in ref. [38].

4.2 The vector channel

We have also analyzed the lowest lying spectrum in the vector channel using in this case
Wilson fermions. The analysis, following the strategy presented in section 3.3, has allowed
a determination of the ρ mass, as well as the mass of the first excited state in this channel,
ρ∗. The final results for all our lattices are compiled in table 13 in appendix A.1.

The value of the ρ mass shows a linear dependence in the PCAC quark mass, as
expected at leading order in chiral perturbation theory in the large N limit [59]. This
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Figure 8. Dependence of the pion decay constant on the pion mass square. The lines corre-
spond to the function F (mπ) + B(mπ) exp{−C

√
σl}, with F (mπ) = 0.232(6) + 0.029(3)m2

π/σ −
0.0008(3)m4

π/σ
2, B(mπ) = −7.9(2.5) + 2.2(7)m2

π/σ− 0.19(7)m4
π/σ

2, and C = 1.36(11). The coeffi-
cients have been extracted from a simultaneous fit of all the twisted mass data with N = 289 and
N = 361, the value of χ̄ for the fit is 0.85.

Non-perturb. Non-perturb. Perturb. λI = Perturb. λI = Perturb. λI =
b N=289 N=361 1/(bP (b)) −8 log(P (b)) 8(1− P (b))

0.355 0.807(7) 0.806(4) 0.9161 0.8960 0.8766
0.360 0.827(10) 0.812(6) 0.9154 0.8971 0.8797
0.365 0.854(8) 0.801(10) 0.9149 0.8983 0.8825
0.370 0.85(2) 0.81(1) 0.9147 0.8994 0.8849

Table 6. The first and second columns contain our non-perturbative determination of ZA from
the N = 289 and N = 361 data. The remaining columns contain two-loop perturbative predictions
using various definitions of the improved coupling λI in terms of the plaquette value P (b).

dependence is displayed in figure 9 for all our lattices. By performing a simultaneous
fit to all the points with physical size l(b, n) ≥ 3.4, we obtain an intercept in the chiral
limit given by m(0)

ρ /
√
σ = 1.676(33), fitting instead all points leads to a compatible value

m
(0)
ρ /
√
σ = 1.634(26), slightly worsening the value of χ̄ from 0.44 to 1.0. We have also

performed independent fits to each data set, keeping b and N fixed. The corresponding
intercepts and slopes are given in table 7. In figure 10, the values of the intercepts are
displayed as a function of the physical volume, l(b,N); with the exception of the smallest
lattice volume, there is no significant finite volume effect in the results. The scaling with
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Figure 10. Finite size dependence of the chirally extrapolated vector meson mass, m(0)
ρ /
√
σ. The

purple band in the plot is the chiral extrapolation displayed in figure 9, determined by a joint fit of
the PCAC mass dependence of the data with l(b, n) ≥ 3.4.

the lattice spacing is very good and we see no clear lattice spacing dependence within the
estimated errors.

A common way of displaying the dependence of the ρ mass on the quark mass is to use
the value of m(0)

ρ to set the scale and monitor the dependence of mρ/m
(0)
ρ on (mπ/m

(0)
ρ )2,

this eliminates renormalization ambiguities in the definition of the PCAC quark mass and
may get rid of some of the systematic errors in the determination of the scale. All our
results for N = 289 and N = 361, with l(b,N)

√
σ > 2.9, are plotted in this way on

figure 11. The dependence on the pion mass square is linear with a slope given by 0.307(5)
and with χ̄ = 0.45.
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N b Slope m
(0)
ρ /
√
σ χ̄

169 0.355 1.2(1.6) 1.76(27) 0.44
169 0.360 3.2(1.5) 1.29(26) 0.08
289 0.355 2.27(20) 1.713(63) 0.05
289 0.360 2.44(27) 1.673(84) 0.12
289 0.365 2.22(27) 1.792(91) 0.16
289 0.370 2.81(25) 1.557(90) 0.13
361 0.355 2.44(59) 1.68(12) 0.001
361 0.360 2.67(44) 1.59(10) 0.03
361 0.365 2.81(67) 1.61(15) 0.20
361 0.370 2.87(67) 1.69(14) 0.21

l(b,N) ≥ 3.4 2.40(12) 1.676(33) 0.44

Table 7. Slope and intercept of the chiral extrapolation of the vector meson mass. The last row is
determined by a joint fit of all the data with l(b, n) ≥ 3.4.

N b m
(0)
ρ∗ /
√
σ (W) χ̄

289 0.355 4.55(31) 0.22
289 0.360 4.91(28) 0.16
289 0.365 5.29(21) 0.28
289 0.370 5.14(14) 0.28
361 0.355 4.44(43) 0.1
361 0.360 4.38(37) 0.1
361 0.365 5.19(39) 0.18
361 0.370 5.17(32) 0.15

Table 8. Intercept of the chiral extrapolation of the first excited state in the vector channel.

We have as well determined the masses of the first excited state in the vector channel,
following the same procedure discussed for the pseudoscalar. The results are presented in
table 13. The intercepts of the linear extrapolation to the chiral limit are given in table 8
and displayed as a function of the lattice spacing in figure 6. Assuming that the lattice
spacing dependence is within errors, and fitting all the results to a constant gives a mass
for the excited state of 5.0(2) in units of the string tension with a value of χ̄ = 1.2.

4.3 Other quantum numbers

The ground-state masses in the a0, a1 and b1 meson channels, for N = 289 and various
lattice spacings, are presented in table 14 in appendix A.1. They have been obtained using
Wilson fermions. As mentioned in section 3.3, we extract the masses from a fit to the
optimal correlator, including in this case operators with smearing up to 50 in the basis.

– 27 –



J
H
E
P
0
4
(
2
0
2
1
)
2
3
0

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  0.5  1  1.5  2  2.5

m
ρ 

/ 
 m

ρ(0
)

m
2
π /  (mρ

(0)
)
2

 1 + 0.307(5) m
2
π /  (mρ

(0)
)
2

N=289, b=0.355

N=289, b=0.360

N=289, b=0.365

N=361, b=0.355

N=361, b=0.360

N=361, b=0.365

N=361, b=0.370

Figure 11. Dependence of the ρ mass on the pion mass square, both normalized in units of the
value of the ρ mass in the chiral limit m(0)
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Figure 12. Dependence of the a0 meson mass as a function of the PCAC mass, all in units of the
string tension. The yellow band corresponds to a joint fit of the b = 0.360 and b = 0.365 data sets.

This allows to determine the ground state masses with good accuracy, although our results
are not precise enough to extract the masses of the excited states in each channel.

As in the case of the ρ meson, the extracted masses depend linearly on the PCAC
mass. Figures 12–14 exhibit this linear dependence for the three different channels. A
fit in each channel done jointly to the sets with b = 0.360 and 0.365 gives as intercepts
in the chiral limit: m(0)

a0 = 2.24(5)
√
σ, m(0)

a1 = 2.95(6)
√
σ, and m

(0)
b1 = 3.01(17)

√
σ. The

corresponding slopes are given in table 9, where we also collect the parameters resulting
from fits done at a fixed value of the inverse lattice coupling b. As shown in figure 15,
the results show good scaling towards the continuum limit. The dependence on the lattice
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Figure 13. Dependence of the a1 meson mass as a function of the PCAC mass, all in units of the
string tension. The yellow band corresponds to a joint fit of the b = 0.360 and b = 0.365 data sets.
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Figure 14. Dependence of the b1 meson mass as a function of the PCAC mass, all in units of the
string tension. The yellow band corresponds to a joint fit of the b = 0.360 and b = 0.365 data sets.

spacing is negligible in the case of the a1 and b1 states, while the scalar meson a0 shows
a tendency to decrease towards the continuum limit. The bands in the plot are obtained
from a constant fit to all the results, which works well in all cases except for the a0 mass.
This issue will be further discussed in section 5, where we will present our final estimates
for the continuum extrapolated masses.
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Figure 15. Lattice spacing dependence of the chirally extrapolated a0, a1, and b1 meson masses
for N = 289. The bands correspond to a simultaneous fit of all the results to a unique value,
independent of the lattice spacing.

N b m
(0)
a0 /
√
σ Slope m

(0)
a1 /
√
σ Slope m

(0)
b1
/
√
σ Slope χ̄

289 0.355 2.49(10) 3.01(32) 3.04(11) 2.13(36) 3.23(14) 1.83(47) 0.5/0.1/0.1
289 0.360 2.25(7) 3.44(24) 2.92(9) 2.43(33) 3.02(27) 2.31(93) 0.9/0.1/0.1
289 0.365 2.23(7) 3.64(24) 3.00(9) 2.52(28) 2.99(21) 2.23(68) 0.5/0.1/0.2
289 0.370 2.15(6) 3.31(20) 2.92(10) 2.37(31) 3.26(20) 1.84(58) 0.4/0.1/0.2
289 2.24(5) 3.54(17) 2.95(6) 2.53(21) 3.01(17) 2.23(55) 0.7/0.6/0.2

Table 9. Slope and intercept of the chiral extrapolation of the masses in the a0, a1, and b1 meson
channels. The last row is determined by a joint fit of the data with b = 0.360 and 0.365.
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5 Summary of results and discussion

In this section we will summarize our results and analyze them in relation with other esti-
mates and expectations of meson masses at large N . We have provided a lot of information
in tables which could help other researchers to draw their own conclusions. Our method-
ology has the advantage of having negligible standard large N corrections. However, other
type of large N corrections arise, taking the form of finite volume corrections. This can
be understood and avoided by working at large enough effective volumes in physical units.
Indeed, after monitoring for this effect we do not see appreciable dependence in the masses.
On the contrary, the effect is quite sizable in the pion decay constant fπ, and extrapola-
tion is needed to obtain sensible results. Fortunately, in this case we have two independent
methods (Wilson and twisted mass fermions) to provide additional support to our analysis.

To obtain the physical masses from lattice computations one has to extrapolate to the
continuum limit. We have expressed the masses obtained at all lattice spacing values in
units of the string tension, so that in the continuum limit they should approach a constant
value, which is the final continuum result. All the meson masses, with the exception of
the pion mass, depend linearly on the quark mass. On the other hand spontaneous chiral
symmetry breaking implies that the pion mass square also depends linearly on the quark
mass. For a more physical comparison we preferred to combine the two previous results
and express the meson masses at each lattice spacing as follows

mX√
σ

= m
(0)
X√
σ

+ YX
m2
π

σ
(5.1)

where X specifies the meson in question. Indeed, this is precisely what we see. However,
the value of the masses in the chiral limit m

(0)
X√
σ

at each lattice spacing value, were obtained
by extrapolating to vanishing PCAC mass, since that quantity is more precise and less
affected by finite effective volume corrections than the pion mass itself. Once that is fixed,
one can determine the slope coefficient YX from the remaining data. For the case of Fπ
our results can be well fitted with the following simple parameterization:

F 2
π

σ
= (F (0)

π )2

σ
+ YF

m2
π

σ
(5.2)

In this case a large N extrapolation is also needed as explained in the previous section.
The final stage is the extrapolation of the chiral limit meson masses and slopes YX to

the continuum limit. Our lattice results, obtained for four different values of the lattice
spacing, have to be extrapolated to vanishing spacing. In general, to the leading approxi-
mation, the continuum value is approached linearly or quadratically in the lattice spacing
depending on the quantity, the system under study and particular discretization employed.
For Wilson fermions we expect a linear approach. However, the majority of our physical
observables are consistent with a negligible small slope compared to the statistical errors.
This can be seen from figures 10, 15. Indeed, fitting the values obtained for masses and
slopes for all lattice spacings to a unique value gives values of χ̄ which are well below 1,
signalling a good fit. In accordance with that, we have given as our best estimates of the
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X ρ a1 b1 a0 Fπ

m
(0)
X√
σ

1.67(3)
(

+9
−18

)
2.97(5)

(
+8
−18

)
3.16(10)

(
+11
−17

)
1.83(15)

(
+41
−24

)
0.215(5)(20)

YX 0.19(1) 0.18(1) 0.15(2) 0.25(2) 0.0159(2)(20)

Table 10. Masses of mesons in the chiral and continuum limit and slopes corresponding to eq. (5.1).
The central value is our best statistically significant estimate, corresponding to a constant fit for
the ρ, a1 and b1 mesons and a linear fit in a(b) for the a0 mass (see text). The column vector
give the maximum positive and negative shifts of our best estimate needed to cover the range of all
different continuum limit extrapolations. They can be interpreted as the systematic errors of our
continuum limit results (see text).

continuum values the ones obtained by this simultaneous fit. These values are collected in
table 10. The described situation applies for all the slopes YX as well as the masses of the
ρ, a1 and b1 mesons in the chiral limit. The only exception is the value of the a0 mass. In
this case the fit is not statistically favourable giving a value of χ̄ = 1.7. More importantly,
the data shows a systematic trend towards a decrease with the lattice spacing. Thus, our
best estimate for the mass of a0 will follow from the procedure explained below.

In any case, it is not possible to exclude a possible linear or quadratic dependence
on the lattice spacing even for the cases in which the data is consistent with a constant
value. The extrapolation of the data using linear or quadratic dependencies on the lattice
spacing also depends on which observable (

√
σ, r̄ or t0) is used to fix the scale, despite

the good agreement seen in table 1. For the case of the ρ, a1 and b1 meson masses, the
different extrapolations do not ameliorate the χ̄ of the constant fit. However, we made use
of the span defined by all the different extrapolations to give an estimate of the systematic
errors, since they exceed those coming from other sources. This shows the typical problem
involved in extrapolations. The boundaries of the range covered by the different continuum
limit extrapolations relative to the best statistical average define a positive and a negative
value, shifting up or down the best value. These shifts are shown in table 10 as a column
vector of values to be added or subtracted to the last significant digits of the best value.

The situation for the a0 mass is quite different. In this case, all the extrapolations
based on the different choices of scale-setting predict a decrease with the lattice spacing a,
accompanied with a better statistical significance, signalled by values of χ̄ of order 0.75–0.9.
The continuum limit values obtained by fitting a linear dependence in a/r̄ and a/

√
8t0 are

quite consistent with each other. After converting them back to string tension units using
r̄
√
σ = 1.035 and

√
8t0σ = 1.078 we get m(0)

a0 /
√
σ = 1.829 and 1.816 respectively. Hence,

we take the weighted average as our best estimate shown on table 10. The systematic errors
are depicted in the same fashion ranging from the constant fit to the linear fit using a

√
σ.

In the case of the slopes YX (shown in table 10) the systematic errors associated to
the continuum limit extrapolations lie well within the range of statistical errors. Our best
estimates for the pion decay constant and its corresponding slope are given, followed by
the statistical and systematic error. The latter also depends on the large N extrapolation
presented in the previous section.
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Now let us compare our results with other predictions and calculations. The first
comparison can be made with QCD and its meson spectrum. Setting the string tension to√
σ = 440MeV , the values of the physical I=1 meson masses in string tension units are

given by 1.76, 2.82, 2.82 and 2.23 for ρ, a1, b1 and a0 respectively, which are not too far
from the 1.71, 2.99, 3.175 and 1.855 of our large N best estimates for the physical value of
m2
π/σ ∼ 0.1. Hence, it seems that, in what respects to meson masses, large N provides a

fairly good approximation to the real world.
Our next comparison is with other lattice determinations of the spectrum. As men-

tioned in the introduction, results using the quenched approximation extrapolated to large
N started some years ago [35, 36, 60]. Results based on ideas of volume independence
similar to ours appeared even earlier [37, 61]. Very interestingly, some results have also
been obtained with two flavours of dynamical quarks, with values reasonably close [39].
The most complete published lattice work is that of ref. [38]. It involves a very detailed
and thorough work producing results on large N spectroscopy by extrapolation of the re-
sults obtained at various N , including some at N = 17. These results are obtained at a
unique value of the lattice spacing, so that an analysis of the lattice spacing dependence
is not possible. However, since the authors use Wilson fermions and a Wilson action with
a value of the coupling which seems to correspond to b=0.36 at large N , we can compare
their results with what we obtain at that same coupling. The chiral limit masses for a1
and b1 and Fπ are perfectly consistent within errors. Our result for the ρ in the chiral limit
(1.63(8)) is slightly larger than their result (1.54(1)), while for the a0 it is the other way
round (2.25(7) versus 2.40(3)). In any case, there is a very good qualitative agreement,
which is remarkable given the very different methodology used by the two determinations.
Incidentally our results on the rho mass and Fπ do not agree with those of refs. [37, 61],
despite they being closer methodologically to ours.

An effort to obtain results in the continuum limit was done by some members of the
same collaboration. In particular a detailed study with 4 lattice spacing (like ours) for
SU(7) has appeared in proceedings of conferences [62]. A more detailed chart including
an estimate of the continuum extrapolation of meson masses at large N was presented in
the thesis dissertation of Luca Castagnini [63].2 The study covers 4 values of the lattice
spacing with the finer lattices similar to ours and one point coarser than our data. The
final results involve a double extrapolation to N = ∞ and a = 0, which is achieved by a
4 parameter fit to the data of each observable. Hence, the results have to be taken cum
granum salis, as recognized by the author. Nonetheless, the final table is strikingly similar
to our best values giving chiral limit masses of 1.687(24), 2.93(11), 2.97(13) for ρ, a1 and b1
respectively and Fπ = 0.197(20). The slopes in a obtained by the fit for a1 and b1 are small,
in numerical agreement with our results which are consistent with vanishing slopes within
errors. There is certain disagreement in their predicted slope in a for the ρ. Mysteriously
we end up having the same estimate for the rho mass in the chiral limit and large N .

The case for the scalar meson a0 deserves special attention. Both our results as well as
those of refs. [62, 63] point towards a sizable positive slope with a

√
σ. Our best estimate

2We thank Marco Bochicchio and Gunnar Bali for pointing us to this reference.
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for the a0 mass in the chiral limit 1.83(15) is remarkably close to the value 1.81(17) given
in ref. [63]. This agreement gives a stronger evidence that our observed a-dependence is
not a statistical fluctuation but rather a genuine effect. It seems that the scalar mesons are
rather special, also having a larger quark mass dependence Ya0 than the remaining mesons.
Indeed, the same happens in QCD and a long lived discussion has been centered about
them (see ref. [64] for a recent review). Actually, it has been proposed that the study of
the behaviour of the masses at large N could help in settling some points [65]. A good
deal of the controversy has to do with the isoscalar f0(500), which in the large N limit
is degenerate with the a0. Hence, studying the leading 1/N2 corrections is presumably
crucial. Furthermore there are certain predictions of quite different nature [66, 67] that
suggest that the large N a0 mass might coincide with that of the rho meson, a possibility
which is not inconsistent with our results.

Altogether, it is fair to say that our continuum results are consistent with the ones
by Castagnini and, as emphasized earlier, this is more remarkable given the differences in
methodology of our approaches. Even the scale-setting is different, since we use our own
measurements of the string tension and two other methods to fix the scale.

Our next goal is to comment on other works and results concerning the meson spectrum
at large number of colours obtained with other methods. A new paradigm has arisen from
the AdS/CFT correspondence [2–4], mapping field theory problems into others involving
string theory, supergravity or just gravity. This is, no doubt, an interesting breakthrough
introducing a new perspective in describing some field theoretical phenomena and allowing
the computation of some observables. The large N limit seems to be crucial in making these
new methods feasible. The original ideas concern theories which are very different from
QCD, being conformal, supersymmetric, and having fermions and scalars in the adjoint
representation. As we move away from this situation the level of rigour in the connection
decreases. Nonetheless, theories with quarks in the fundamental [68], with reduced or no-
supersymmetry and with running couplings, have been studied. Interesting calculations
including meson masses have been performed [69–72]. We address the reader to the review
in ref. [73] for a very nice account and a more complete list of references. It is worth
mentioning that even in theories which are not exactly QCD some observables become
rather close to our results. For example, the slope Yρ obtained in ref. [70] is indeed consis-
tent with our result within errors. We should also emphasize that more phenomenological
methods inspired by holography have been proposed [74–76]. As a general rule, some of
these papers can use our results to fix some of the parameters of their models, but they
have the potential of predicting higher excited states which are more difficult to obtain by
lattice methods. Along these lines it also worth mentioning the modified string proposal
of ref. [77] which gives meson spectrum results which in some cases are quite compatible
with our results.

A final comment concerns possible future improvement of our work. Given the effort
involved, the large uncertainties in taking the continuum limit are somewhat discouraging.
To obtain a better control it is sometimes good to go to coarser lattices where the effect
is more pronounced. However, for coarser lattices using the simplest parameterization
becomes more doubtful and adding more parameters spoils the advantage. From our point
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of view it is better to go to finer lattices and to reduce the errors. For that the most
important limitation is the value of N , whose square root translates into an effective lattice
size. The present limit is only computational and enters in the cpu resources needed
to compute the propagator. Reaching larger values allows a longer time extent of the
correlators and hence longer plateaus. Furthermore, one could reach larger values of b
and, hence, smaller values of the lattice spacing without running into finite effective size
problems. In relation to this, it should be mentioned that there is no need to take volume
reduction to the extreme and simulate the 1 point lattice TEK model. The results could
be achieved by running in a small lattice of size L3 × L0. However, we advise researchers
trying to follow this road to use appropriately chosen twisted boundary conditions. In
particular, using symmetric twist the effective lattice size would become L

√
N and good

results could be obtained with much smaller values of N at very small volumes.
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A Raw data

A.1 Wilson fermions

N b κ ampcac χ̄

169 0.355 0.1592 0.05672 (84) 1.33
169 0.355 0.1600 0.04260 (99) 1.25
169 0.355 0.1607 0.0306 (11) 1.14
169 0.360 0.1570 0.05151 (76) 0.68
169 0.360 0.1577 0.03899 (70) 0.76
169 0.360 0.1585 0.02385 (82) 0.95
289 0.355 0.1565 0.10781 (45) 1.64
289 0.355 0.1575 0.08986 (43) 1.50
289 0.355 0.1585 0.07238 (43) 1.33
289 0.355 0.1592 0.06041 (43) 1.21
289 0.355 0.1600 0.04695 (42) 1.12
289 0.355 0.1607 0.03525 (42) 1.12
289 0.360 0.1550 0.09070 (95) 0.59
289 0.360 0.1560 0.07251 (82) 0.43
289 0.360 0.1570 0.05467 (72) 0.25
289 0.360 0.1577 0.04231 (67) 0.17
289 0.360 0.1585 0.02808 (75) 0.24
289 0.365 0.1535 0.0814 (11) 0.67
289 0.365 0.1540 0.0720 (10) 0.68
289 0.365 0.1545 0.06269 (99) 0.70
289 0.365 0.1550 0.05350 (95) 0.74
289 0.365 0.1555 0.04440 (90) 0.80
289 0.365 0.1562 0.03187 (83) 0.96
289 0.365 0.1570 0.01799 (66) 1.19
289 0.370 0.1520 0.0821 (13) 1.29
289 0.370 0.1525 0.0722 (12) 1.37
289 0.370 0.1530 0.0624 (11) 1.44
289 0.370 0.1535 0.0526 (10) 1.50
289 0.370 0.1540 0.04292 (94) 1.53
289 0.370 0.1547 0.02958 (84) 1.49
289 0.370 0.1555 0.01481 (73) 1.30
361 0.355 0.1592 0.06118 (50) 0.37
361 0.355 0.1600 0.04794 (46) 0.47
361 0.355 0.1607 0.03655 (43) 0.54
361 0.360 0.1570 0.05631 (39) 0.87
361 0.360 0.1577 0.04396 (36) 0.88
361 0.360 0.1585 0.02998 (33) 0.88
361 0.365 0.1555 0.04669 (77) 0.30
361 0.365 0.1562 0.03374 (76) 0.26
361 0.365 0.1570 0.0185 (11) 0.23
361 0.370 0.1540 0.04372 (69) 0.27
361 0.370 0.1547 0.03063 (60) 0.27
361 0.370 0.1555 0.01601 (49) 0.27

Table 11. PCAC mass for Wilson fermions.
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N b κ mπ/
√
σ χ̄ mπ∗/

√
σ χ̄

169 0.355 0.1592 1.658 (38) 0.59 3.40 (08) 0.59
169 0.355 0.1600 1.428 (44) 0.46 3.21 (07) 0.46
169 0.355 0.1607 1.217 (53) 0.46 3.02 (11) 0.45
169 0.360 0.1570 1.745 (80) 0.39 3.85 (16) 0.44
169 0.360 0.1577 1.536 (80) 0.43 3.65 (15) 0.43
169 0.360 0.1585 1.188 (99) 0.30 3.28 (12) 0.27
289 0.355 0.1565 2.406 (26) 0.64 4.63 (30) 0.54
289 0.355 0.1575 2.189 (24) 0.54 4.47 (23) 0.47
289 0.355 0.1585 1.957 (23) 0.47 4.31 (20) 0.42
289 0.355 0.1592 1.782 (22) 0.42 4.17 (20) 0.38
289 0.355 0.1600 1.563 (21) 0.38 3.99 (20) 0.36
289 0.355 0.1607 1.345 (21) 0.36 3.79 (19) 0.33
289 0.360 0.1550 2.445 (48) 0.39 5.07 (31) 0.47
289 0.360 0.1560 2.181 (43) 0.31 4.88 (28) 0.43
289 0.360 0.1570 1.893 (40) 0.22 4.69 (25) 0.36
289 0.360 0.1577 1.670 (41) 0.16 4.54 (26) 0.29
289 0.360 0.1585 1.370 (65) 0.10 4.24 (43) 0.18
289 0.365 0.1535 2.540 (39) 0.21 5.38 (14) 0.19
289 0.365 0.1540 2.392 (36) 0.21 5.29 (14) 0.19
289 0.365 0.1545 2.239 (34) 0.21 5.20 (14) 0.18
289 0.365 0.1550 2.081 (33) 0.20 5.11 (14) 0.18
289 0.365 0.1555 1.917 (32) 0.20 5.03 (14) 0.17
289 0.365 0.1562 1.680 (31) 0.21 4.93 (15) 0.17
289 0.365 0.1570 1.400 (34) 0.26 4.97 (25) 0.18
289 0.370 0.1520 2.725 (56) 0.41 5.50 (16) 0.29
289 0.370 0.1525 2.544 (55) 0.38 5.36 (15) 0.28
289 0.370 0.1530 2.359 (55) 0.34 5.22 (16) 0.28
289 0.370 0.1535 2.169 (57) 0.30 5.09 (17) 0.27
289 0.370 0.1540 1.975 (59) 0.25 4.96 (18) 0.25
289 0.370 0.1547 1.700 (62) 0.18 4.81 (20) 0.21
289 0.370 0.1555 1.382 (73) 0.13 4.79 (26) 0.16
361 0.355 0.1592 1.808 (19) 0.22 4.28 (17) 0.45
361 0.355 0.1600 1.593 (18) 0.19 4.11 (16) 0.43
361 0.355 0.1607 1.382 (17) 0.17 3.92 (16) 0.40
361 0.360 0.1570 1.860 (22) 0.27 4.41 (14) 0.30
361 0.360 0.1577 1.638 (21) 0.21 4.25 (14) 0.26
361 0.360 0.1585 1.352 (22) 0.18 4.03 (15) 0.21
361 0.365 0.1555 1.901 (29) 0.15 5.03 (11) 0.32
361 0.365 0.1562 1.634 (34) 0.12 4.88 (13) 0.23
361 0.365 0.1570 1.242 (70) 0.10 4.53 (29) 0.09
361 0.370 0.1540 2.029 (33) 0.16 5.29 (12) 0.23
361 0.370 0.1547 1.750 (35) 0.08 5.20 (14) 0.16
361 0.370 0.1555 1.381 (47) 0.03 5.13 (21) 0.13

Table 12. Wilson fermion masses in the pseudoscalar channel, extracted from a fit of the time
dependence of the optimal correlator. The excited mass is extracted from a double exponential fit
with the ground-state mass fixed, as indicated in the text.
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N b κ mρ/
√
σ χ̄ mρ∗/

√
σ χ̄

169 0.355 0.1592 2.08 (17) 0.98 4.13 (0.21) 0.92
169 0.355 0.1600 1.945 (64) 0.98 4.12 (0.13) 0.89
169 0.355 0.1607 1.922 (91) 0.76 4.30 (0.22) 0.65
169 0.360 0.1570 2.08 (40) 0.52 4.67 (0.28) 0.36
169 0.360 0.1577 1.910 (74) 0.49 4.59 (0.12) 0.35
169 0.360 0.1585 1.668 (94) 0.43 4.46 (0.11) 0.32
289 0.355 0.1565 2.727 (44) 1.04 4.93 (0.22) 0.88
289 0.355 0.1575 2.561 (45) 0.98 4.85 (0.22) 0.84
289 0.355 0.1585 2.395 (46) 0.91 4.78 (0.23) 0.78
289 0.355 0.1592 2.280 (48) 0.85 4.74 (0.23) 0.73
289 0.355 0.1600 2.152 (53) 0.76 4.71 (0.25) 0.65
289 0.355 0.1607 2.048 (59) 0.68 4.71 (0.29) 0.60
289 0.360 0.1550 2.742 (61) 0.50 5.40 (0.26) 0.48
289 0.360 0.1560 2.538 (58) 0.51 5.31 (0.24) 0.51
289 0.360 0.1570 2.328 (58) 0.51 5.21 (0.22) 0.52
289 0.360 0.1577 2.176 (60) 0.50 5.14 (0.22) 0.50
289 0.360 0.1585 1.998 (73) 0.45 5.07 (0.21) 0.41
289 0.365 0.1535 2.814 (68) 0.45 5.76 (0.16) 0.35
289 0.365 0.1540 2.691 (66) 0.47 5.69 (0.16) 0.36
289 0.365 0.1545 2.569 (65) 0.47 5.62 (0.16) 0.36
289 0.365 0.1550 2.449 (65) 0.47 5.56 (0.16) 0.37
289 0.365 0.1555 2.333 (68) 0.46 5.50 (0.17) 0.36
289 0.365 0.1562 2.191 (81) 0.40 5.47 (0.20) 0.32
289 0.365 0.1570 2.04 (11) 0.31 5.45 (0.25) 0.25
289 0.370 0.1520 3.013 (80) 0.34 5.99 (0.18) 0.26
289 0.370 0.1525 2.846 (78) 0.35 5.87 (0.17) 0.28
289 0.370 0.1530 2.678 (77) 0.37 5.75 (0.16) 0.31
289 0.370 0.1535 2.506 (77) 0.38 5.64 (0.15) 0.32
289 0.370 0.1540 2.332 (77) 0.38 5.55 (0.14) 0.34
289 0.370 0.1547 2.086 (84) 0.36 5.43 (0.14) 0.34
289 0.370 0.1555 1.80 (11) 0.31 5.32 (0.15) 0.30
361 0.355 0.1592 2.300 (40) 0.42 4.68 (0.14) 0.53
361 0.355 0.1600 2.166 (42) 0.47 4.63 (0.15) 0.56
361 0.355 0.1607 2.051 (46) 0.48 4.59 (0.16) 0.58
361 0.360 0.1570 2.322 (37) 0.55 4.86 (0.12) 0.58
361 0.360 0.1577 2.164 (38) 0.62 4.76 (0.11) 0.63
361 0.360 0.1585 1.981 (41) 0.72 4.64 (0.17) 0.70
361 0.365 0.1555 2.346 (52) 0.25 5.64 (0.20) 0.29
361 0.365 0.1562 2.154 (56) 0.26 5.54 (0.18) 0.24
361 0.365 0.1570 1.893 (96) 0.36 5.36 (0.23) 0.26
361 0.370 0.1540 2.486 (78) 0.16 5.75 (0.25) 0.37
361 0.370 0.1547 2.268 (79) 0.12 5.62 (0.23) 0.35
361 0.370 0.1555 1.979 (87) 0.15 5.38 (0.18) 0.43

Table 13. Masses in the vector channel for Wilson fermions.
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N b κ mb1/
√
σ χ̄ ma1/

√
σ χ̄ ma0/

√
σ χ̄

289 0.355 0.1565 4.06 (12) 0.94 3.990 (88) 0.75 3.807 (77) 0.16
289 0.355 0.1575 3.92 (11) 0.87 3.842 (87) 0.65 3.622 (77) 0.14
289 0.355 0.1585 3.78 (11) 0.79 3.693 (87) 0.55 3.425 (69) 0.14
289 0.355 0.1592 3.69 (11) 0.72 3.587 (88) 0.48 3.277 (72) 0.15
289 0.355 0.1600 3.59 (11) 0.60 3.461 (90) 0.41 3.093 (80) 0.18
289 0.355 0.1607 3.52 (13) 0.46 3.343 (99) 0.34 2.863 (92) 0.17
289 0.360 0.1550 4.04 (23) 0.28 3.988 (87) 0.33 3.728 (55) 0.31
289 0.360 0.1560 3.83 (25) 0.37 3.782 (80) 0.41 3.479 (50) 0.31
289 0.360 0.1570 3.65 (23) 0.48 3.578 (75) 0.47 3.206 (47) 0.29
289 0.360 0.1577 3.52 (22) 0.57 3.432 (72) 0.53 2.984 (50) 0.25
289 0.360 0.1585 3.32 (21) 0.69 3.246 (71) 0.66 2.656 (60) 0.24
289 0.365 0.1535 4.03 (21) 0.41 4.152 (90) 0.42 3.841 (78) 0.30
289 0.365 0.1540 3.90 (20) 0.39 4.019 (86) 0.41 3.688 (75) 0.27
289 0.365 0.1545 3.76 (20) 0.36 3.885 (84) 0.40 3.528 (72) 0.26
289 0.365 0.1550 3.63 (19) 0.34 3.753 (82) 0.38 3.360 (69) 0.24
289 0.365 0.1555 3.51 (19) 0.32 3.622 (81) 0.37 3.178 (67) 0.23
289 0.365 0.1562 3.36 (19) 0.30 3.447 (82) 0.34 2.889 (69) 0.20
289 0.365 0.1570 3.27 (22) 0.35 3.259 (86) 0.33 2.553 (70) 0.13
289 0.370 0.1520 4.25 (23) 0.45 4.17 (13) 0.37 3.835 (92) 0.27
289 0.370 0.1525 4.12 (22) 0.45 4.02 (137) 0.38 3.656 (87) 0.26
289 0.370 0.1530 3.99 (21) 0.45 3.86 (11) 0.38 3.471 (81) 0.25
289 0.370 0.1535 3.86 (20) 0.46 3.71 (11) 0.39 3.278 (76) 0.24
289 0.370 0.1540 3.74 (19) 0.46 3.56 (10) 0.39 3.078 (71) 0.24
289 0.370 0.1547 3.59 (19) 0.46 3.35 (10) 0.41 2.788 (62) 0.22
289 0.370 0.1555 3.48 (21) 0.39 3.17 (11) 0.41 2.438 (55) 0.23

Table 14. Masses in the a0, a1 and b1 channels for Wilson fermions.
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N b κ Z−1
A Fπ/

√
σ χ̄

169 0.355 0.1592 0.322 (11) 0.72
169 0.355 0.1600 0.285 (13) 0.82
169 0.355 0.1607 0.248 (13) 0.76
169 0.360 0.1570 0.301 (19) 0.51
169 0.360 0.1577 0.261 (17) 0.63
169 0.360 0.1585 0.198 (19) 0.80
289 0.355 0.1565 0.4389 (69) 0.95
289 0.355 0.1575 0.4194 (59) 0.82
289 0.355 0.1585 0.3972 (50) 0.69
289 0.355 0.1592 0.3796 (44) 0.63
289 0.355 0.1600 0.3567 (39) 0.60
289 0.355 0.1607 0.3325 (39) 0.66
289 0.360 0.1550 0.422 (10) 0.46
289 0.360 0.1560 0.3982 (82) 0.39
289 0.360 0.1570 0.3688 (67) 0.30
289 0.360 0.1577 0.3431 (65) 0.24
289 0.360 0.1585 0.302 (10) 0.23
289 0.365 0.1535 0.4184 (89) 0.36
289 0.365 0.1540 0.4041 (87) 0.29
289 0.365 0.1545 0.3878 (87) 0.24
289 0.365 0.1550 0.3691 (89) 0.19
289 0.365 0.1555 0.3470 (93) 0.17
289 0.365 0.1562 0.3081 (98) 0.19
289 0.365 0.1570 0.2423 (97) 0.27
289 0.370 0.1520 0.4228 (120) 0.59
289 0.370 0.1525 0.4039 (111) 0.58
289 0.370 0.1530 0.3823 (104) 0.56
289 0.370 0.1535 0.3568 (100) 0.54
289 0.370 0.1540 0.3259 (95) 0.53
289 0.370 0.1547 0.2697 (86) 0.51
289 0.370 0.1555 0.1780 (91) 0.44
361 0.355 0.1592 0.3830 (46) 0.39
361 0.355 0.1600 0.3612 (40) 0.45
361 0.355 0.1607 0.3396 (36) 0.53
361 0.360 0.1570 0.3793 (59) 0.56
361 0.360 0.1577 0.3566 (53) 0.52
361 0.360 0.1585 0.3242 (52) 0.48
361 0.365 0.1555 0.3701 (66) 0.23
361 0.365 0.1562 0.3345 (73) 0.17
361 0.365 0.1570 0.2678 (135) 0.31
361 0.370 0.1540 0.3702 (61) 0.40
361 0.370 0.1547 0.3268 (63) 0.38
361 0.370 0.1555 0.2483 (77) 0.28

Table 15. Pion decay constant for Wilson fermions.
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A.2 Twisted mass fermions

N b 2κcµ mπ/
√
σ χ̄ mπ∗/

√
σ χ̄

169 0.355 0.02477 2.500 (32) 0.21 4.62 (24) 0.74
169 0.355 0.01736 2.067 (25) 0.29 4.36 (21) 0.76
169 0.355 0.01344 1.818 (23) 0.47 4.20 (18) 0.80
169 0.355 0.00852 1.477 (21) 0.69 3.94 (15) 0.86
169 0.360 0.02081 2.431 (42) 0.56 4.67 (13) 0.65
169 0.360 0.01570 2.092 (40) 0.51 4.45 (13) 0.63
169 0.360 0.01217 1.851 (39) 0.44 4.29 (13) 0.60
169 0.360 0.00716 1.497 (38) 0.31 4.05 (14) 0.51
289 0.355 0.02477 2.523 (18) 0.73 5.24 (39) 0.70
289 0.355 0.01736 2.068 (15) 0.87 5.03 (32) 0.83
289 0.355 0.01344 1.802 (14) 0.84 4.92 (33) 0.79
289 0.355 0.00852 1.424 (14) 0.59 4.69 (41) 0.56
289 0.360 0.02081 2.521 (38) 0.68 5.14 (44) 0.89
289 0.360 0.01570 2.159 (34) 0.57 4.93 (31) 0.72
289 0.360 0.01217 1.886 (32) 0.49 4.78 (37) 0.57
289 0.360 0.00716 1.448 (30) 0.46 4.49 (31) 0.40
289 0.365 0.01814 2.487 (37) 0.50 5.33 (17) 0.40
289 0.365 0.01293 2.082 (34) 0.47 5.13 (17) 0.39
289 0.365 0.00933 1.782 (32) 0.50 5.00 (19) 0.44
289 0.365 0.00615 1.497 (31) 0.54 4.90 (22) 0.52
289 0.370 0.01552 2.551 (59) 0.53 5.57 (31) 0.41
289 0.370 0.01194 2.221 (52) 0.52 5.31 (26) 0.42
289 0.370 0.00827 1.861 (50) 0.49 5.05 (24) 0.43
289 0.370 0.00534 1.555 (54) 0.44 4.84 (26) 0.42
361 0.355 0.02477 2.548 (21) 0.54 3.17 (95) 0.76
361 0.355 0.01736 2.082 (16) 0.45 5.15 (29) 0.57
361 0.355 0.01344 1.806 (14) 0.37 4.96 (29) 0.48
361 0.355 0.00852 1.411 (13) 0.28 4.64 (33) 0.35
361 0.360 0.02081 2.520 (25) 0.37 5.43 (20) 0.73
361 0.360 0.01570 2.150 (20) 0.43 5.21 (19) 0.72
361 0.360 0.01217 1.871 (18) 0.44 5.07 (18) 0.68
361 0.360 0.00716 1.421 (14) 0.36 4.91 (20) 0.49
361 0.365 0.01814 2.503 (24) 0.83 5.30 (15) 0.61
361 0.365 0.01293 2.076 (19) 0.74 5.02 (12) 0.55
361 0.365 0.00933 1.758 (17) 0.60 4.83 (10) 0.45
361 0.365 0.00615 1.456 (18) 0.41 4.69 (10) 0.33
361 0.370 0.01552 2.500 (40) 0.41 5.56 (22) 0.41
361 0.370 0.01194 2.183 (33) 0.31 5.41 (21) 0.34
361 0.370 0.00827 1.835 (29) 0.24 5.31 (21) 0.26
361 0.370 0.00534 1.530 (32) 0.24 5.26 (25) 0.21

Table 16. Masses in the pseudoscalar channel for twisted mass fermions.
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N b 2κcµ Fπ/
√
σ χ̄

169 0.355 0.02477 0.3644 (32) 0.78
169 0.355 0.01736 0.3171 (19) 0.77
169 0.355 0.01344 0.2870 (17) 0.78
169 0.355 0.00852 0.2376 (19) 0.81
169 0.360 0.02081 0.3425 (25) 0.99
169 0.360 0.01570 0.3058 (19) 0.85
169 0.360 0.01217 0.2744 (23) 0.72
169 0.360 0.00716 0.2116 (33) 0.52
289 0.355 0.02477 0.3775 (11) 0.91
289 0.355 0.01736 0.3338 (13) 0.92
289 0.355 0.01344 0.3080 (14) 0.82
289 0.355 0.00852 0.2695 (19) 0.58
289 0.360 0.02081 0.3652 (27) 0.62
289 0.360 0.01570 0.3305 (20) 0.54
289 0.360 0.01217 0.3032 (20) 0.49
289 0.360 0.00716 0.2542 (32) 0.45
289 0.365 0.01814 0.3537 (24) 0.75
289 0.365 0.01293 0.3127 (20) 0.70
289 0.365 0.00933 0.2761 (24) 0.64
289 0.365 0.00615 0.2311 (32) 0.57
289 0.370 0.01552 0.3387 (40) 0.57
289 0.370 0.01194 0.3030 (30) 0.54
289 0.370 0.00827 0.2573 (39) 0.48
289 0.370 0.00534 0.2068 (55) 0.40
361 0.355 0.02477 0.3812 (14) 0.46
361 0.355 0.01736 0.3363 (12) 0.44
361 0.355 0.01344 0.3106 (14) 0.41
361 0.355 0.00852 0.2748 (19) 0.38
361 0.360 0.02081 0.3708 (20) 0.30
361 0.360 0.01570 0.3372 (14) 0.31
361 0.360 0.01217 0.3116 (15) 0.31
361 0.360 0.00716 0.2681 (21) 0.24
361 0.365 0.01814 0.3558 (25) 1.03
361 0.365 0.01293 0.3161 (19) 0.91
361 0.365 0.00933 0.2825 (23) 0.71
361 0.365 0.00615 0.2424 (33) 0.45
361 0.370 0.01552 0.3518 (20) 0.46
361 0.370 0.01194 0.3184 (16) 0.39
361 0.370 0.00827 0.2752 (24) 0.27
361 0.370 0.00534 0.2277 (37) 0.20

Table 17. Pion decay constant for twisted mass fermions.
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