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a b s t r a c t

A universal mechanism may be responsible for several unresolved cosmic conundra. The sudden drop
in the pressure of relativistic matter at W±/Z0 decoupling, the quark–hadron transition and e+e−

annihilation enhances the probability of primordial black hole (PBH) formation in the early Universe.
Assuming the amplitude of the primordial curvature fluctuations is approximately scale-invariant, this
implies a multi-modal PBH mass spectrum with peaks at 10−6, 1, 30, and 106 M⊙. This suggests a
unified PBH scenario which naturally explains the dark matter and recent microlensing observations,
the LIGO/Virgo black hole mergers, the correlations in the cosmic infrared and X-ray backgrounds, and
the origin of the supermassive black holes in galactic nuclei at high redshift. A distinctive prediction of
our model is that LIGO/Virgo should observe black hole mergers in the mass gaps between 2 and 5M⊙

(where no stellar remnants are expected) and above 65M⊙ (where pair-instability supernovae occur)
and low-mass-ratios in between. Therefore the recent detection of events GW190425, GW190814 and
GW190521 with these features is striking confirmation of our prediction and may indicate a primordial
origin for the black holes. In this case, the exponential sensitivity of the PBH abundance to the equation
of state would offer a unique probe of the QCD phase transition. The detection of PBHs would also
offer a novel way to probe the existence of new particles or phase transitions with energy between
1 MeV and 1010 GeV.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

Primordial black holes (PBHs) in the solar-mass range have
ttracted a lot of attention since the LIGO/Virgo detection of
ravitational waves from coalescing black holes [1]. The observed
erger rate is compatible with what would be expected if PBHs
onstitute an appreciable fraction, and possibly all, of the cold
ark matter (CDM). Moreover, the LIGO/Virgo observations seem
o favour mergers with low effective spins, as expected for PBHs
ut hard to explain for black holes of stellar origin [2]. An ex-
ended PBH mass function with a peak in the range 1–10M⊙

could explain the LIGO/Virgo observations. Based on an argument
related to gravitational lensing by PBH clusters, we show that
the usual dark-matter constraints from the microlensing of stars,
supernovae and quasars in this range can be evaded.
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Given the revival of interest in PBHs, one must explain why
they have the mass and density required for explaining the
LIGO/Virgo events, and why these values are comparable to the
mass and density of stars. One approach is to choose an infla-
tionary scenario which produces a peak in the power spectrum
of curvature fluctuations at the appropriate scale [3]. The required
amplitude of the inhomogeneities must be much larger than that
observed on cosmological scales but not too large, so this requires
fine-tuning of both the scale and amplitude.

An alternative approach is to assume the power spectrum is
smooth (i.e. featureless) but that there is a sudden change in
the plasma pressure at a particular cosmological epoch, allowing
PBHs to form more easily then. Enhanced gravitational collapse
occurs because the critical density fluctuation required for PBH
formation (δc) decreases when the equation-of-state parameter
(w ≡ p/ρc2) is reduced. Since the PBH collapse fraction depends
exponentially on δc for Gaussian fluctuations [4], this can have a
strong effect on the fraction of CDM in PBHs. This is particularly
important for the Quantum Chromodynamics (QCD) transition
at ∼10−5 s, lattice-gauge-theory calculations indicating that the

sound-speed decreases by around 30% then [5–11].
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PBHs formed at the QCD transition would naturally have the
handrasekhar mass (1.4M⊙), this also characterising the mass of
ain-sequence stars, and a collapse fraction of order the cosmic
aryon-to-photon ratio (∼10−9) if PBHs provide most of the
ark matter [12]. The latter feature is naturally explained if PBH
ormation generates a hot outgoing shower of relativistic particles
ecause electroweak baryogenesis can occur very efficiently there
nd produce a local baryon-to-photon ratio of order unity [13].
In this paper we point out an interesting consequence of the

bove scenario, by extending it beyond the QCD scale. As the
ackground temperature decreases from 100GeV to 1MeV, cor-
esponding to the rest masses of the W and Z bosons, the proton,
he pion and the electron, there are four periods at which the
ound speed exhibits sudden dips. The proton dip is the biggest
∼30%) but the others can also be significant (5–10%) because of
he exponential dependence of the gravitational collapse prob-
bility on the critical curvature fluctuation. These dips produce
istinctive features in the PBH mass function at four mass scales
n the range 10−6–106 M⊙.

An important feature of this scenario is that it predicts the
orm of the PBH mass distribution very precisely. We show that
or a nearly scale-invariant primordial power spectrum, the ex-
ected form not only satisfies all the current astrophysical and
osmological constraints, but also allows the PBHs to explain nu-
erous observational conundra: (1) microlensing events towards

he Galactic bulge generated by planet-mass objects with about
% of the CDM density [14], well above most expectations for
ree-floating planets; (2) microlensing of quasars [15], including
nes that are so misaligned with the lensing galaxy that the
robability of lensing by a star is very low; (3) the unexpected
igh number of microlensing events towards the Galactic bulge
y dark objects in the mass gap between 2 and 5M⊙ [16], where
tellar evolution models fail to form black holes [17]; (4) unex-
lained correlations in the source-subtracted X-ray and cosmic
nfrared background fluctuations [18]; (5) the non-observation of
ltra-faint dwarf galaxies below the critical radius of dynamical
eating by PBHs [19]; (6) the masses, spins and coalescence rates
or the black holes found by LIGO/Virgo [20], including two recent
vents with black holes which are probably in the mass gap; (7)
he relationship between the mass of a galaxy and that of its
entral black hole.

. Thermal history of the universe

Reheating at the end of inflation fills the Universe with radi-
tion. In the absence of extensions beyond the Standard Model
SM) of particle physics (eg. with right-handed neutrinos), the
niverse remains dominated by relativistic particles with an en-
rgy density decreasing as the fourth power of the temperature
s the Universe expands. The number of relativistic degrees of
reedom remains constant (g∗ = 106.75) until around 200GeV,
hen the temperature of the Universe falls to the mass thresholds
f SM particles.
As shown in Fig. 1 (upper panel), the first particle to become

on-relativistic is the top quark at T ≃ mt = 172GeV, followed
y the Higgs boson at 125GeV, and the Z and W bosons at 92
nd 81GeV, respectively. These particles become non-relativistic
t nearly the same time and this induces a significant drop in the
umber of relativistic degrees of freedom down to g∗ = 86.75.
here are further changes at the b and c quark and τ -lepton
hresholds but these are too small to appear in Fig. 1. Thereafter
∗ remains approximately constant until the QCD transition at
round 200 MeV, when protons and neutrons condense out of the
ree light quarks and gluons. The number of relativistic degrees
f freedom then falls abruptly to g∗ = 17.25. A little later the
ions become non-relativistic and then the muons, giving g =
∗

2

Fig. 1. Relativistic degrees of freedom g∗ (upper panel) and equation-of-state pa-
rameter w (lower panel), both as a function of temperature T (in MeV). The grey
vertical lines correspond to the masses of the electron, pion, proton/neutron,
W , Z bosons and top quark, respectively. The grey dashed horizontal lines
indicate values of g∗ = 100 and w = 1/3, respectively.

10.75. Thereafter g∗ remains constant until e+e− annihilation and
neutrino decoupling at around 1 MeV, when it drops to g∗ =

.36.
Whenever the number of relativistic degrees of freedom sud-

enly drops, it changes the effective equation of state parameter
. As shown in Fig. 1 (lower panel), there are thus four periods

n the thermal history of the Universe when w decreases. After
each of these, w resumes its relativistic value of 1/3 but each
udden drop modifies the probability of gravitational collapse of
ny large curvature fluctuations present at that time. We will see
elow how these changes in w result in the production of PBHs
ith different masses and dark-matter fractions.
The above discussion is subject to some uncertainties. Firstly,

proper description of phase transitions requires highly pertur-
ative numerical methods which are not yet fully understood;
eviations in w of a few percent are possible [8,9,11,21]. Secondly,
efore the onset of neutrino oscillations, significant non-zero
epton flavour asymmetries may be present [22], leading to sig-
ificant changes in the background plasma pressure [21,23,24]. In
articular, the Universe can pass through a pion condensate phase
or large lepton flavour asymmetry [21]. This softens the equation
f state more than indicated in Fig. 1 and the QCD transition may
ven become 1st order [23]. However, in this work we assume
ero lepton flavour asymmetry and base our results on Ref. [9].

. Primordial black hole formation

There are a plethora of mechanisms for PBH formation. All of
hem require the generation of large overdensities, specified by
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he density contrast, δ ≡ δρ/ρ, usually assumed to be of infla-
ionary origin. When overdensities re-enter the Hubble horizon,
hey collapse if they are larger than some threshold δc, which
enerally depends on the equation of state and density profile.
owever, there are other (non-inflationary) scenarios for PBH for-
ation, where the inhomogeneities arise from first-order phase

ransitions, bubble collisions, and the collapse of cosmic strings,
ecklaces, domain walls or non-standard vacua. Full references
an be found in Ref. [25].
The threshold δc is a function of the equation-of-state param-

ter w(T ), which is shown in Fig. 1, so the thermal history of
he Universe can induce pronounced features in the PBH mass
unction even for a uniform power spectrum. This is because, if
he PBHs form from Gaussian inhomogeneities with root-mean-
quare amplitude δrms, then the fraction of horizon patches un-
dergoing collapse to PBHs when the temperature of the Universe
is T should be [4]

β(M) ≈ erfc

[
δc

(
w[T (M)]

)
√
2 δrms(M)

]
, (1)

where ‘erfc’ is the complementary error function and the temper-
ature is related to the PBH mass by

T ≈ 200
√
M⊙/M MeV . (2)

This shows that β(M) is exponentially sensitive to w(M).
Throughout this work, we use the numerical results for δc from
Ref. [26]. We stress that there are theoretical uncertainties in the
value of δc, associated (for example) with the density profile in
the collapsing region [27–31]. However, any change in its value
can be counterbalanced by an adjustment in δrms, such that the
current PBH dark matter fraction is preserved.

We need an expression for the present fraction of the CDM
in PBHs with mass M . However, this requires clarification since
the density of PBHs with a precise mass is not defined for a
continuous mass function. If the number density of PBHs in the
mass range (M, M+M. ) is n. , then one can define the mass density
and dark matter fraction of PBHs with mass ‘around’ M (i.e. in the
mass range M to 2M) by

ρPBH(M) ≡ M2 n.
M.

, fPBH =
ρPBH(M)
ρCDM

, (3)

where ρCDM is the CDM density. Integrating this over M gives the
otal dark matter fraction f totPBH. The present CDM fraction for PBHs
ith mass around M is then

PBH(M) ≈ 2.4β(M)

√
Meq

M
, (4)

where Meq = 2.8 × 1017 M⊙ is the horizon mass at matter-
radiation equality. The numerical factor is 2 (1+ Ωb/ΩCDM), with
ΩCDM = 0.245 and Ωb = 0.0456 being the CDM and baryon
density parameters [32].

There are many inflationary models and these predict a variety
of shapes for δrms(M). Some of them, including single-field models
like Higgs inflation [33] or two-field models like hybrid infla-
tion [34], produce an extended plateau or dome-like feature in
the power spectrum. Instead of focussing on any specific scenario,
we will assume a spectrum of the form

δrms(M) =

⎧⎪⎨⎪⎩Ã
(

M
M⊙

)(1−ñs)/4
(PBH scales)

A
(

M
M⊙

)(1−ns)/4
(CMB scales).

(5)

Here the spectral index ns and amplitude A are taken to have their
CMB values [32], ns = 0.97 and A = 4 × 10−5, respectively,
while the corresponding small-scale quantities, ñ and Ã, are
s L

3

Fig. 2. The mass spectrum of PBHs [see Eq. (5)] with spectral index ñs = 0.955
red, dashed), 0.960 (blue, solid), 0.965 (green, dotted). The grey vertical lines
orresponds to the EW and QCD phase transitions and e+e− annihilation. The
ertical coloured lines indicate the masses of the three recent LIGO-Virgo
vents. Also shown (grey curves) are constraints from microlensing (M) with
he assumptions of Table 1 (fourth line), ultra-faint dwarf galaxies and Eridanus
I (E) [37], X-ray/ratio counts (X) [38], and halo wide binaries (W) [39]. The
ccretion constraint (A) [40] is shown dashed because it relies on uncertain
strophysical assumptions (see Table 1). (For interpretation of the references to
olour in this figure legend, the reader is referred to the web version of this
rticle.)

reated as free phenomenological parameters. Indeed, Eq. (5) can
epresent any spectrum with an additional broad peak or small-
cale enhancement, such as might be generically produced by a
econd phase of slow-roll inflation. In order to get an integrated
BH abundance of f totPBH = 1, the small-scale amplitude has to

be Ã = 0.1487 if ñs = ns. As discussed in Appendix A.1, non-
aussian and non-linear effects [35] can impact the overall PBH
bundance, but one can rescale Ã to give f totPBH = 1 without
ignificantly affecting the mass function.
The ratio of the PBH mass and the horizon mass at re-entry

s denoted by γ and we assume γ = 0.7 as a benchmark
alue, following Ref. [13]. The resulting mass function is rep-
esented in Fig. 2. It exhibits a dominant peak at M ≃ 2M⊙

nd three additional bumps at 10−5 M⊙, 30M⊙ and 106 M⊙, cor-
esponding to transitions in the number of relativistic degrees
f freedom predicted by the known thermal history of the Uni-
erse.1 Jedamizk [36] first drew attention to the dips at the QCD
nd electron-annihilation epochs. Byrnes et al. [10] have derived
he PBH mass function associated with the QCD transition but
his omits the smallest and largest mass bumps. We note that
he prominence of the latter depends on the tilt of the power
pectrum and our choice of tilt makes it more significant. Byrnes
t al. also incorporate a more detailed study of the effects of criti-
ality on the low-mass tail of the PBH mass function. Although the
ime dependence of the equation of state of the thermal plasma
s crucial in determining the PBH mass function, the tail effect is
ot large; it just lowers and slightly broadens the main peak at
round 1M⊙.

. Constraints

In this section, we discuss whether the PBH mass functions
hown in Fig. 2, all of which assume f totPBH = 1, are compatible with
he numerous observational constraints on fPBH(M). There is an

1 We also indicate the values of M associated with the three recent
IGO/Virgo events, although this data only became available after our prediction.
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nderproduction of light PBHs for ñs ≤ 0.955 and of heavy ones
or ñs ≥ 0.965 but we claim the mass distribution for ñs ≃ 0.96
an provide 100% of the dark matter without violating any current
eliable constraints, despite some claims to the contrary.

In order of increasing mass, the PBH constraints come from the
xtragalactic γ -ray background, microlensing surveys, dynamical
ffects (such as the heating of ultra-faint dwarf galaxies and their
tellar clusters and the disruption of wide binaries), ratio and X-
ay point source counts, and CMB anisotropies generated by PBH
ccretion. The limits are summarised in Ref. [41] and numerous
ther papers. Most of these constraints assume a monochromatic
BH mass function (i.e. one with width ∆M ∼ M). In the present

scenario we predict an extended mass function and cannot simply
compare this with the monochromatic constraints. In order to
assess the situation, we adopt the approach advocated in Ref. [42].
Assuming that the mass distribution scales linearly with f totPBH, each
probe p sets an upper limit

fPBHmax
=

(∫
dlnM

fPBH(M)
f mon
p (M)

)−1

, (6)

where f mon
p (M) is the limit from probe p for a monochromatic

function of mass M . We have calculated the value of f max
PBH asso-

iated with each probe for ñs = 0.96 but different astrophysical
ssumptions. These are shown in Table 1 and discussed in more
etail in the appendices material.
It is sometimes argued that the EROS/MACHO microlensing

imits exclude solar-mass PBHs with f totPBH = 1 but this is based on
various contentious assumptions (monochromatic mass function,
no clustering, isothermal halo profile). In Appendix A.2, we show
that these limits are evaded in our scenario. This is because the
primordial power spectrum is enhanced on small scales, so the
corresponding inhomogeneities virialise much more quickly than
in the standard scenario, with the PBHs forming compact clusters.
The CMB limits of Refs. [40,43] are still in tension with our
model but only for M >

∼ 103 M⊙ and the steady-state accretion
ssumption breaks down for such large masses. The highest mass
eak in Fig. 2 also conflicts with the CMB µ-distortion limit [44]
not shown in Fig. 2) but one can avoid this by invoking large
on-Gaussianity [45]. This changes the tails of the fluctuation
istribution and typically increases the probability of collapse
ithout changing the shape of the mass function [46] if the dis-
ribution above the critical threshold is exponentially suppressed.
t is even possible that PBHs formed without an enhancement of
he primordial power spectrum due to quantum diffusion [47].
ne can also evade these limits if the transition in the primordial
ower spectrum indicated by Eq. (5) occurs at sufficiently small
cales but one cannot then explain the relation between the
alactic halo and central black hole masses.

. Observational conundra

Besides passing the current observational constraints on the
orm of the CDM, the PBH mass function with ñs ≃ 0.96 predicted
rom the known thermal history of the Universe provides a uni-
ied explanation for several other puzzling conundra. We discuss
hese in order of increasing PBH mass. The status of some of the
onundra is still unclear but we include all of them to convey the
readth of predictions.

.1. Planetary-mass microlenses

Recently Niikura et al. have reported two interesting mi-
rolensing results. The first [53] comes from observations of M31
sing the Subaru telescope, which include one possible detection
nd place strong constraints on PBHs in the mass range 10−10

−6
to 10 M⊙. The constraints are roughly compatible with our

4

model and even the single candidate could be. The second [14]
uses data from the five-year OGLE survey of 2622 microlensing
events in the Galactic bulge [54] and has revealed six ultra-
short ones attributable to planetary-mass objects between 10−6

and 10−4 M⊙. These would contribute about 1% of the CDM,
which is more than expected for free-floating planets [55]. This
corresponds to the first bump in our predicted PBH mass function
and the abundance, when integrated over the mass range probed
by OGLE, coincides with our best-fit model with ñs ≃ 0.96.

5.2. Quasar microlensing

Hawkins has claimed for many years that quasar microlensing
data suggest the existence of PBH dark matter [56]. He origi-
nally argued for Jupiter-mass PBHs but later increased the mass
estimate to 0.4M⊙ [57]. More recently, the detection of 24 mi-
crolensed quasars [15] suggests that up to 25% of galactic halos
could be in PBHs with mass between 0.05 and 0.45M⊙ (some-
what below our main peak). These events could also be explained
by intervening stars, but in several cases the stellar region of the
lensing galaxy is not aligned with the quasar, which suggests a
population of subsolar halo objects with fPBH > 0.01. Indeed,
Hawkins has argued that the most plausible microlensers are
PBHs, either in galactic halos or distributed along the lines of sight
to the quasars [58]. For a PBH mass function with ñs = 0.96,
one expects fPBH ≃ 0.07 in this mass range. In principle, Ref. [15]
excludes all the dark matter being in the main peak at 2M⊙ but
that conclusion can be circumvented if the PBHs are in clusters
and we argue in Appendix A.2 that only 10% of them should be
uniformly distributed.

5.3. OGLE/GAIA excess of dark lenses in the Galactic bulge

OGLE has detected around 60 long-duration microlensing
events, of which around 20 have GAIA parallax measurements
which break the mass–distance degeneracy and imply that they
are probably black holes [16]. The event distribution from the
posterior likelihood of their masses peaks between 0.8 and 5M⊙,
which overlaps the gap from 2 to 5M⊙ in which black holes are
not expected to form as the endpoint of stellar evolution [17].
Although most of the dark matter is not in this mass gap, this
is consistent with the main peak in the PBH mass distribution if
0.6 ≲ γ ≲ 1.

5.4. Cosmic infrared/x-ray backgrounds

As shown by Kashlinsky [18,59], the spatial coherence of the
X-ray and infrared source-subtracted backgrounds implies that
black holes are required. Although these need not be primordial,
the level of the infrared background suggests an overabundance
of high-redshift halos and this could be explained if a significant
fraction of the CDM comprises PBHs larger than a few solar
masses, the Poisson fluctuations in their number density then
growing all the way from matter-radiation equality. In these ha-
los, a few stars form and emit infrared radiation, while PBHs emit
X-rays due to accretion. It is challenging to find other scenarios
that naturally produce such features. The required mass cannot
be specified precisely. Ref. [59] focuses on 30M⊙ PBHs and the
Poissonian power is smaller by an order of magnitude for 3M⊙

PBHs. However, this only reduces the mass of high-z halos by a
factor of a few, so the IR background can still be explained with

our mass distribution.
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Table 1
Upper limits (at 95% C.L.) on the integrated PBH fraction f totPBH from the various probes discussed in the text, calculated for a PBH
mass function with ñs = 0.96. The third column lists the main assumptions and uncertainties underlying these limits. The PBHs can
account for all the dark matter if one uses a realistic estimate of the EROS microlensing constraints (fourth line). Uncertainties in
CMB limits for this mass function are discussed in the text.

Probe f totPBH Assumptions References

0.08 Isothermal dark matter halo profile, no clustering EROS [48], OGLE [49]
Microlensing 0.39 Conservative isothermal profile, no clustering Green [50]
(LMC/SMC) 0.16 Realistic profile, no clustering Calcino et al. [51]

3.9 Green [50] model plus 90% of PBHs in clusters > 103 M⊙ appendices
Eridanus II 2.3 IMBH of M = 2000M⊙ at centre Li et al. [37], Brandt [52]
X-ray/ratio PS in GC 4.5 Accretion parameter λ = 0.02, Maxwellian velocity distribution Gaggero et al. [38]
Halo wide binaries 19 Fixed relative velocity, constant dark matter profile Quinn et al. [39]
Planck 0.17 Conservative case, steady-state accretion, no clustering Ali-Haïmoud et al. [40]
o
s
a
S
h
m

5

o
h
1
o
A

5.5. Ultra-Faint Dwarf Galaxies (UFDGs)

For the PBH mass distribution shown in Fig. 2, the critical ra-
ius below which CDM-dominated UFDGs would be dynamically
nstable is rc ∼ 10–20 parsecs (depending on the mass of a
ossible central black hole). The non-detection of galaxies smaller
han this critical radius, despite their magnitude being above the
etection limit, suggests compact halo objects in the solar-mass
ange. Moreover, rapid accretion in the densest PBH halos could
xplain the extreme UFDG mass-to-light ratios observed [19].
ecent N-body simulations [60] confirm that this mechanism
orks for PBHs of 25–100M⊙ providing they provide at least 1%
f the dark matter.

.6. Mass, spin and merger rates for LIGO/Virgo black holes

Most of the observed coalesced black holes have effective
pins compatible with zero [61]. Although the statistical signif-
cance of this result is still low, this goes against a stellar binary
rigin but is a prediction of the PBH scenario. We assume that
ost of the binaries form at late times rather than primordially
nd the reasons for this (somewhat controversial assumption) are
iven in Appendix A.3. In this case, the expected rate of PBH
ergers is comparable to that observed if PBHs account for a
ignificant fraction of the CDM. With our mass distribution, PBHs
n the range 10–100M⊙ have fPBH(M) ∼ 0.03 even if f totPBH = 1.
sing a method discussed in Appendix A.3, we have computed
he likelihood distribution of merger events with PBHs of masses
1 and m2 for ñs = 0.96. The results are shown in Fig. 3, which
hows that the LIGO/Virgo events are in the most likely region.
his region might shift to slightly lower masses if one takes into
ccount the difference between the source frame and detector
rame mass for the most distant black hole mergers. With the
xpected number of O3 events, LIGO/Virgo should be able to
etect mergers of PBHs larger than 65M⊙ or with a low mass
atio, q ≡ m2/m1 ≲ 0.1, these being distinctive predictions of our
cenario. The expected PBH merger rate in the solar-mass range,
fter normalising to the observed rate of 50 yr−1 Gpc−3 in the
arger mass range, is τ ≈ 103 yr−1 Gpc−3 for PBHs between 1 and
M⊙, which is below the rate inferred for neutron-star mergers
ut within range of the current LIGO/Virgo runs. Our scenario
ould therefore be probed by searching for BH mergers in the 2–
M⊙ mass gap or below the Chandrasekhar mass. These could
e distinguished from neutron-star mergers using the maximum
hirp frequency or non-detection of electromagnetic counter-
arts. The LIGO/Virgo collaboration has announced the probable
etection of two BH mergers (GW190425 and GW190814) with
ne component in the mass gap [62,63]. These populate regions
or 5 of Fig. 3 and are consistent with our model. The first

vent [62] could be a merger of PBHs at the ‘‘proton’’ peak,
iven that no electromagnetic counterpart was observed and
5

ne component has a mass above that expected for a neutron
tar. The second event corresponds to the ‘‘pion’’ plateau and
recent paper by Jedamzik [64] also supports this conclusion.
ubsequently, LIGO/Virgo has announced the detection of a black
ole merger with at least one component in the pair-instability
ass gap (GW190521) [65,66], corresponding to region 2 of Fig. 3.

.7. IMBHs and SMBHs

Given our mass distribution, we have calculated the number
f intermediate-mass and supermassive PBHs for each 1012 M⊙

alo. Interestingly, we obtain about one 108 M⊙ PBH per halo and
0 times as many smaller ones, possibly seeding the formation
f a comparable number of dwarf satellites and faint CDM halos.
ssuming a standard Press–Schechter halo mass function [67],
dnh

d lnMh
≈

ρm
√

π Mh
e−Mh/M∗ , (7)

where ρm is the mean cosmological matter density (both dark and
baryonic) and M∗ ≈ 1014 M⊙ is the cut-off halo mass. For a given
Mh, one can thus identify the corresponding PBH mass that has
the same number density,
dnPBH

d lnM
≈

ρm fPBH
M

. (8)

This gives a relation Mh ≈ MPBH/fPBH, corresponding to roughly
one IMBH/SMBH per halo of mass 103 MPBH for our distribution,
which is in agreement with observations. Furthermore, a mass
distribution with ñs ≈ 0.96 reproduces the observed relation
between the central black hole mass and halo mass [68], as
shown in Fig. 4, but only if f totPBH ≃ 1. A lower (larger) value of
the spectral index would imply too many (few) IMBH/SMBHs.
Accretion should increase the mass of heavier SMBHs somewhat,
and this would make the case ñs ≈ 0.96 in closer agreement with
observations. Although the initial peak is at 106 M⊙, PBHs of this
mass would inevitably grow as a result of accretion.

6. Conclusions

Various cosmic conundra are naturally explained by the PBH
mass function expected from the known thermal history of the
Universe if f totPBH = 1, i.e. if PBHs constitute all of the dark matter.
The current LIGO/Virgo run should measure the mass function
of coalescing black holes rather precisely and, remarkably, two
recent events coincide with the ‘‘proton" peak at around 1M⊙,
while a third corresponds to the ‘‘pion" plateau at around 50M⊙.
This is indicated in Fig. 2 and was a prediction of our model. PBHs
from the ‘‘W/Z’’ bump are too small to be seen by LIGO/Virgo but
they would be detectable by microlensing effects and may indeed
have already been found in OGLE data. PBHs from the ‘‘electron’’

bump are too large to be seen by LIGO/Virgo but may be detected
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Fig. 3. Expected probability distribution of PBH merger detections with masses
1 and m2 (in units of solar mass) by LIGO/Virgo, assuming a PBH mass function
ith ñs = 0.96, based on the LIGO spectral noise density for the O2 run and the
ethod described in Appendix A.3. The solid and dashed white lines correspond

o mass ratios q = m2/m1 of 0.1 and 0.5, respectively. The coloured sidebar gives
he relative probability. The peak of our distribution at (1) would be taken to
e neutron-star mergers without electromagnetic counterparts. Stellar black-hole
ergers are not expected within the red bounded regions, which are: (2) events
bove 60M⊙; (3) mergers with a subsolar light component (m2) and a heavy
omponent (m1) at the peak of our distribution; (4) mergers with m1 in the mass
ap; (5) a sub-dominant population of mergers with low mass ratios. The three
ecent LIGO/Virgo detections, which postdate the rest of the figure, are shown
n green and lie in regions 2, 4 and 5. (For interpretation of the references to
olour in this figure legend, the reader is referred to the web version of this
rticle.)

Fig. 4. Expected relation between PBH mass and initial host spheroidal mass
(in units of solar mass) for ñs = 0.95 (dotted, orange), ñs = 0.96 (dashed, pink)
nd ñs = 0.97 (solid, blue). Figure and data points adapted from Ref. [68].

y their dynamical effects and may explain the relation between
he masses of IMBHs in dwarf spheroidals or SMBHs in galactic
uclei and the masses of the host halos.
It is intriguing that extrapolating the physics of elementary

articles back to the early Universe not only resolves the mystery
f the dark matter but also addresses so many other cosmic co-
undra. On the other hand, if firm evidence for PBHs were found,
6

a broad variety of astronomical observations [69] could search
for extra features in their mass function. This would probe the
existence of any new particles thermally coupled to the primor-
dial plasma, independently of their coupling to SM particles, for
masses from 1MeV to 1010 GeV (above which PBHs should have
evaporated), far beyond the energies accessible by any future
particle accelerator.

The exponential sensitivity of the PBH abundance to the equa-
tion of state also means that PBHs can be used to probe the
characteristics of the cosmic phase transitions at which they
form. This is particularly relevant to the detection of gravitational
waves from PBHs. For example, we have seen that the LIGO/Virgo
results may probe the QCD transition and the presence of lepton
flavour asymmetries associated with a pion condensation phase.
It is also possible that NANOGrav may have detected a stochastic
gravitational wave background and several groups have argued
that this could be a 2nd-order background associated with PBH
formation [70–73]. If this interpretation of the data were con-
firmed, this would qualify as another important observational
conundrum but we not discuss it further here.
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Appendix

A.1. Sensitivity to primordial non-gaussianity and model depen-
dence

Non-Gaussian (NG) effects will change the probability of PBH
formation and thus their dark matter contribution [35,74]. There
are many NG effects that modify the probability of collapse, from
changes in the tail of the primordial density contrast distribution
function to non-linear effects in the gravitational collapse at
PBH formation. We emphasise that our model for the generation
of curvature fluctuations on QCD scales is different from the
multiple-field (curvaton) model presented in Refs. [12,13]. Here
we envision an inflation model with two slow-roll phases. For
example, Critical Higgs Inflation [33,75] may induce fluctuations
of order 10−5 on the CMB scale and 0.1 on the PBH scale. Both can
be generated by dynamics consistent with present values of SM
parameters and this gives similar spectral tilts (ñs ∼ 0.96) on two
very different scales. The assumption of near-scale-invariance can
be relaxed to describe more complex formation mechanisms, but
the thermal history will still imprint the PBH mass function in
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similar way. These features are therefore universal and would
pply for any PBH model.
Note that the O(1) fluctuations needed for PBH collapse are

generic in inflation [76]. What is unusual is the small amplitude
observed in the CMB, which requires some adjustment of pa-
rameters, although realised very naturally in Higgs inflation [33].
Moreover, the NG change in the tail of the PDF of curvature fluc-
tuations due to deviations from slow-roll at the quasi-inflection
point in critical Higgs inflation will give rise to an exponential
amplification of the probability of collapse to PBHs when those
scales re-enter the Hubble scale during the radiation era [46].
We have therefore assumed a nearly scale-invariant spectrum
characterises this type of single-field model of inflation. A more
detailed study will be required to test those scales against the
observed mass distribution in the LIGO/Virgo events.

A.2. Microlensing limits

The most important uncertainty in the microlensing limits
comes from PBH clustering. Rather than being uniformly dis-
tributed in the galactic halo, as assumed by the MACHO, EROS
and OGLE analyses, PBHs must be clustered to some degree.
This applies for all forms of dark matter but the clustering in
the PBH case is strengthened for two reasons. First, the Poisson
fluctuations due to the discrete nature of PBHs give a dominant
contribution to the matter power spectrum below kiloparsec
scales [77]. Our fourth cosmic conundrum relies on this effect.
Second, the strongly enhanced and nearly scale-invariant primor-
dial power spectrum ensures that any small-scale inhomogeneity
is rapidly driven into the non-linear regime. Even if the impact
on the halo mass function is not so significant, overdense regions
collapse at much earlier times and this leads to the formation of
dark matter clusters (minihalos) which are initially more compact
than in the standard cosmological scenario.

The size of these PBH minihalos today is nevertheless limited
by dynamical effects, just as for globular clusters. The typical
relaxation time for a halo made of compact objects is

trel ≈

(
Ncl

lnNcl

)
vvir

Rcl
, (A.1)

here Ncl, Rcl and vvir are the number of PBHs in the minihalo, its
adius and its virial velocity,

vir ≈

√
GMcl

2Rcl
, (A.2)

espectively. Assuming one requires trel > 1010 yr for the clusters
o survive and a mass MPBH ≈ 2M⊙, corresponding to the proton
eak in the PBH mass function, one gets a lower limit Rcl ≈

0pc. The derivation of this limit can be found in Ref. [19]. The
ependence on the halo mass is only logarithmic and so this
ritical scale is universal.
A more refined analysis of the dynamics of UFDGs, including

he effects of a central IMBH, leads to a similar lower limit on
cl and is supported by UFDG observations (see the fifth cosmic
onundrum). For globular clusters, the dynamical hardening of
inaries in the core can reduce the critical radius to parsec scales
nd this might also apply for some PBH clusters. But it is unlikely
hat smaller PBH clusters exist today, because they would be
ynamically unstable.
Given that clustering is unavoidable, the main contribution to

uniform PBH distribution in our own galactic halo would come
rom PBHs which have been removed from their host cluster by
lose encounters and tidal interactions (i.e. the slingshot mecha-
ism). Preliminary N-body simulations show that the fraction of
bjects ejected over the age of the Universe is about 10%. The case
7

f PBHs is not much different and those with a mass comparable
o stars should be expelled at a similar rate. For subsolar PBHs,
he uniform fraction could be enhanced but they are anyway
ontributing no more than a few percents of the dark matter,
uch below the microlensing limit on non-clustered PBHs.
We now explain why PBHs in clusters do not induce detectable

icrolensing events, thereby evading the usual LMC and SMC
icrolensing limits, even if PBHs provide all the dark matter. If
PBH cluster, assumed to be spherical for simplicity, is aligned
ith a star in one of the Magellanic clouds, it will induce strong
ravitational lensing of this star, with a deflection angle

(ξ ) =
4GM(ξ )
c2 ξ

, (A.3)

here

(ξ ) = 2π
∫ ξ

0
dξ ′ Σ(ξ ′) ξ ′ (A.4)

s the mass within a cylinder of radius ξ with axis along the z
irection between the observer and the star, and

(ξ ) =

∫
dz ρPBH(ξ, z) (A.5)

s the projected surface density of the PBH cluster. For a cluster
f mass Mcl and radius Rcl ≈ 10pc and ξ ≃ Rcl, the deflection
ngle is

(Rcl,Mcl) ≈ 2 × 10−13
(

Mcl

M⊙

)(
pc
Rcl

)
≈ 2 × 10−10 . (A.6)

Typically, this is not resolvable but the observed luminosity flux
of the star is spread over an Einstein arc. At a cluster distance
Dcl ∼ O(10 kpc), the deflection angle is subtended by a length
L ∼ Dcl α ∼ 10−9 (Mcl/M⊙), which for a cluster mass Mcl ≳
103 M⊙ is much larger than the Einstein radius RE of an individual
solar-mass PBH in the cluster:

RE = 2

√
GmPBH x (1 − x)

Dcl

c2
∼ 10−8 pc , (A.7)

where x ≡ Dcl/DLMC/SMC is the distance ratio between the lens
nd the source. Therefore the star’s luminosity is only marginally
ffected by magnification due to a nearby PBH. Indeed, the mi-
rolensing by a PBH in a cluster would induce less than 10%
agnification of the star, whereas microlensing surveys only
earched for O(1) magnifications [78]. Only if the star is exactly
ligned with the centre of mass of the cluster, which is very
nlikely, or if the cluster mass is below 103 M⊙, which should
nly represent only a small fraction of the PBH density, would
he magnification of the star’s luminosity be appreciable.

This new and rather simple argument provide robust motiva-
ion for the microlensing limits presented in line 4 of Table 1 and
n Fig. 2. It also applies to the supernova [79,80] and quasar mi-
rolensing limits, since the Einstein radius scales as RE ∝ D1/2

cl and
he arc length as L ∝ Dcl, suppressing the deflection angle even
ore. Finally, invoking clustering to evade galactic and quasar
icrolensing limits does not contradict the PBH interpretation of
GLE microlensing events towards the Galactic centre, because
ense PBH clusters are probably tidally disrupted there, leading
o a smoother PBH distribution. Nor does it affect our explanation
f the second conundrum (quasar microlensing) since this only
equires a homogeneous distribution with fPBH ∼ 0.01–0.1, which
s consistent with our clustering scenario.

.3. Distribution of PBH merger detections

The expected distribution of PBH merger detections as a func-
ion of the component masses m and m for LIGO/Virgo has been
1 2
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stimated for PBH binaries formed through tidal capture in dark
atter halos. Their merging time τ is given by [81]

d2τ

dm1dm2
∝ fPBH(m1) fPBH(m2) ×

(m1 m2)2/7

(m1 + m2)10/7
. (A.8)

he normalisation is unimportant as long as one is interested in
he distribution of BH mergers. The total rate has uncertainties
elated to the halo mass function and concentration, the mini-
alo profiles, the PBH velocity distribution etc. Nevertheless, for
ealistic assumptions one can obtain a merging rate compatible
ith that inferred by LIGO/Virgo if PBHs constitute an appreciable

raction of the dark matter [81,82].
The distribution of mergers as a function of the component

asses is less impacted by these astrophysical uncertainties. It
s therefore a better discriminant between BHs of primordial and
tellar origin. Knowing the detector range as a function of the
lack hole or neutron star binary chirp mass [83], one can relate
he rate distribution to the probability distribution for merger
vents. The latter is shown in Fig. 2 in the main text for the O2
bserving run, assuming ns = 0.96 and a PBH to horizon mass
atio γ = 0.7.

The expected distribution of merger detections is the product
f the comoving merging rate and the comoving volume probed
y the detectors, Vdet = (4π/3)R3

det, where Rdet is the luminosity
istance of the furthest detectable source with a signal-to-noise
atio exceeding the threshold value of 8. This ‘astrophysical range’
epends on the detector sensitivity at the different frequencies
f the gravitational wave (GW) signal. A simple estimate is given
n Ref. [83] (and references therein), where different effects are
nalysed with more precise numerical computations. Here we use
he simple estimate,

det =

√
5

24
(GMc3)5/6

π2/3 ×
1

2.26

[∫ fmax

fmin

df
f −α

Sh(f )

]1/2

, (A.9)

here M ≡ (m1 m2)3/5/(m1 + m2)1/5 is the chirp mass, the
actor 2.26 comes from the ratio of the range to the horizon
n a Euclidian Universe, and the integral is the contribution to
he signal-to-noise ratio for the whole signal duration over the
requency bandwidth of the detector, assumed to have a noise
ower spectral density Sh.
For a simple post-Newtonian waveform of the inspiral phase,

ne has α = 7/3 until the GW frequency associated with the
nnermost stable circular orbit (ISCO), fISCO(m1,m2) = 4400 Hz/
m1 + m2), where the black hole masses are in solar units. How-
ver, in our scenario numerous stellar-mass black holes from
he peak of the mass function can be captured by heavier black
oles from the pion bump thereby producing binaries with mass
atios of order 0.1, so it is crucial to take this effect into account.
ypically, it reduces the astrophysical range and hence detection
ate for low-mass ratios but there is still a significant probability
f detection in the interesting region 5 of Fig. 5 where GW190814
as been observed. We also include the merging phase in our
nalysis, with α = 2/3 between fISCO and the merger frequency

merge(m1,m2) = 2fISCO ×
4m1 m2

(m1 + m2)2
. (A.10)

he last factor can be found in Ref. [84] and is around one for
ass ratios close to unity. We take the lower and upper bounds
f the integral to be fmin = 50 Hz and fmax = min(fmerge, 2000Hz).
inally, we account for redshift effects on the comoving rates and
aveform by replacing M by M(1+z) in Eq. (A.9). We have used
he detector noise power spectral density Sh adopted by the LIGO-
ivingstone detector [85] in the last month of its second observing
un.

This approach still has some inaccuracies. The detector range
s wrong by a factor of a few, so this has been corrected by
8

Fig. 5. Expected probability distribution of PBH binary merger detections with
masses m1 and m2 (in units of solar mass) by LIGO/Virgo for the primordial
binary formation channel, using the same method and PBH mass function as
Fig. 2 in the main text. The merger rate distribution is provided in [87] and
we assume a suppression factor S = 0.01 to get a total merging rate of
τ ≈ 50yr−1Gpc−3 between 5 and 50M⊙ . Predominant mergers in the proton
peak are expected for this channel, which is excluded by the mass distribution
of O1 and O2 detections. The solid and dashed white lines correspond to mass
ratios q = m2/m1 of 0.1 and 0.5, respectively.

a linear rescaling in order for the range to be in reasonable
agreement with Fig. 4 of Ref. [83] and a binary neutron star
range of 90Mpc [86]. In analysing the third observing run, a more
accurate approach may be adopted by carrying out campaigns
over the whole run with different sky locations and by using
more accurate GW waveforms during the merging and ring-down
phases. However, such an analysis is beyond the scope of this
paper, in which we estimate the expected event distribution
for the second LIGO/Virgo observing, using public data of the
detector noise spectral density. The comparison with some events
observed in the third observing run is thus only qualitative.

So far the expected event distribution is compatible with ob-
servation and its specific features are discussed in the main text.
We do not consider the expected event distribution of detections
for primordial binaries because it is still unclear how the expected
PBH mass function would suppress the merging rate due to early-
forming PBH halos seeded by Poisson fluctuations. A more refined
analysis of this binary formation channel is needed and this will
require N-body simulations.

A.4. Late versus early binary formation

It is still unclear which binary-formation channel dominates.
However, the primordial channel is subject to more uncertainties
and there are two reasons for assuming this is disfavoured. First,
we are considering a scenario with fPBH = 1, in which case N-
body simulations show that rapidly forming clusters lead to a
suppression of the merging rate of primordial binaries for both a
monochromatic and lognormal mass distribution. The importance
of this suppression is still unclear but Ref. [88] claims it could
be up to two orders of magnitude. In our scenario, PBHs in the
range 10–50M⊙ relevant for LIGO/Virgo account for only a few
percent of the dark matter. The two effects combine and the
merging rate becomes of order 1–10yr−1 Gpc−3, consistent with
the LIGO/Virgo lower bound. Consequently, the merging rate from
captures in halos can dominate. Since the mass dependence of
the suppression for primordial binaries is unknown for our mass
function, we have only considered the capture channel because
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he merger rate distribution is subject to fewer uncertainties in
his case.

Second, the rate limits from the O1–O2 runs of LIGO/Virgo
lready disfavour primordial binaries as the dominant channel for
ur mass distribution if we assume (for simplicity) a suppression
ate independent of the mass or even no suppression at all. The
erging rates should go roughly as f (mPBH)2/mPBH for equal-
ass binaries. For unequal-mass binaries, the rates calculated by
ocsis et al. [89] and assumed by Gow et al. [87] can be used
ut one comes to the same conclusion: with our bumpy mass
unction the limits set by LIGO/Virgo on the subsolar scale cannot
e evaded for primordial binaries if they also explain some of the
arger black hole mergers. We have also reproduced Fig. 2 for the
ase of primordial binaries in Fig. 5. The expected distribution
f merger events in the (m1, m2) plane has a dominant peak at
he solar-mass scale and only a subdominant number of events
he high-mass region, which is the opposite of what LIGO/Virgo
as observed. Finally, we point out the recent claim of Ref. [90]
hat the expected merging rate of primordial binaries is highly
uppressed due to the time dependence of the Misner–Sharp
ass in the Thakurta metric for the radial density flows.
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