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b) Departamento de Fı́sica Teórica, Universidad Autónoma de Madrid, Cantoblanco E-28049 Madrid, Spain 

c) Dipartimento di Fisica ed Astronomia, Università di Padova, Via Marzolo 8, 35131 Padova, Italy 
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Abstract 

Light axions can potentially leave a cosmic background, just like neutrinos. We 
complete the study of thermal axion production across the electroweak scale by 
providing a smooth and continuous treatment through the two phases. Focusing 
on both favor conserving and violating couplings to third generation quarks, we 
compute the amount of axions produced via scatterings and decays of thermal bath 
particles. We perform a model independent analysis in terms of axion effective cou-
plings, and we also make predictions for specifc microscopic QCD axion scenarios. 
This observable effect, parameterized as it is conventional by an effective number of 
additional neutrinos, is above the 1σ sensitivity of future CMB-S4 surveys. More-
over, if one assumes no large hierarchies among dimensionless axion couplings to 
standard model particles, future axion helioscopes will provide a complementary 
probe for the parameter region we study. 
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1 Introduction 

Understanding the absence of CP violation by strong interactions, an issue known 
as the strong CP problem, is a serious challenge for the Standard Model (SM) of particle 
physics. This remarkable invariance is unexpected since there are two potential sources 
of CP violation in the QCD Lagrangian, " # 

LQCD ˙ 
αs 

θ Gµν
a Geaµν − X 

qLi Mij qRj + h.c. . (1.1)
8π 

ij 

Here, αs = gs 
2/(4π) is the QCD fne structure constant, qL,Ri are the quarks felds with i a 

Gaµν = �µνρσGafavor index, Ga and e ρσ/2 are the QCD feld strength tensor and its dual, µν 

respectively. An overall phase in the quark mass matrix Mij , arg(det(M)) 6= 0, provides 
an additional source of CP violation in the quark sector beyond the CKM phase. One 
can transfer the full amount of CP violation on the frst operator with θ replaced by 
θ̄  � θ − arg(det(M)), and the non observation of a neutron electric dipole moment puts 
the spectacular bound θ̄  � 1.3 × 10−10 [1, 2]. 

An elegant solution was proposed in the late 70’s by Peccei and Quinn (PQ) [3, 4]. 
They introduced a new Abelian symmetry U(1)PQ, dubbed PQ symmetry, with two key 
features: anomalous with respect to the SU(3)c color gauge group, and spontaneously 
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broken at a scale fa. The low-energy residual is a pseudo-Nambu-Goldstone boson 
(PNGB) a, known as the axion [5, 6], which acquires the anomalous coupling to gluons 

Ga eaµνLaxion ˙ 
αs a 

µν G . (1.2)
8π fa 

This equation, valid before the axion mixes with the η and π0 mesons, defnes fa. Non-
perturbative QCD effects generate an axion potential, and a theorem due to Vafa and 
Witten [7] ensures a CP conserving minimum. Moreover, the axion potential leads to 
the general relation for its mass [8, 9] � � 

1012 GeV 
ma = 5.70(6)(4) µeV . (1.3)

fa 

The frst error is due to the uncertainty in the up-down quark mass ratio whereas the 
second one is due to uncertainties in low energy couplings. Axion couplings are propor-
tional to 1/fa, and fa is bound by astrophysical and terrestrial searches [10–14], span-
ning the range fa & 106−109 GeV: the axion must be light and weakly-coupled (scenario 
dubbed as the invisible axion [15–18]). The energy density stored in the axion feld can 
account for dark matter (DM) for values of fa allowed experimentally [19]. 

The focus of this work is on a different and distinct cosmological imprint: scattering 
and/or decay of particles in the primordial plasma produce relativistic axions [20, 21]. 
Current bounds on fa implies that ma must be roughly below the eV scale. Axions 
produced at early times are still relativistic at matter-radiation equality and, for ma ˝ 
O(0.1) eV as we consider by neglecting the axion mass, also around recombination. In 
this case, they would manifest themselves as an additional contribution to the amount 
of radiation at the time of CMB formation. Upcoming CMB-S4 surveys [22, 23] will im-
prove bounds on this quantity, historically parameterized as an effective number of neu-
trino species Neff, and can potentially discover a deviation from the SM. The forecasted 
sensitivity allows to detect the effects of a relativistic species which decoupled at high 
temperatures, as high as the ElectroWeak Phase Transition (EWPT), making this a new 
probe of high-energy physics. Motivated by forthcoming data, recent works revisited 
axion production through various channels and the resulting prediction for Neff [24–28]. 
Furthermore, this could be a complementary probe of the axion interpretation for the 
excess in the number of electron recoil events observed recently by the XENON1T ex-
periment [29] as highlighted by Ref. [30]. 

There are, broadly speaking, two classes of axion interactions with visible matter 

1 h αX 
XaµνXea i 

Laxion−int ˙ a cX µν + ∂µa cψψγ
µψ . (1.4)

fa 8π 

Operators with gauge bosons X = {G, W, B}, present if the PQ symmetry is anomalous 
under the associated gauge group, are suppressed by a loop factor. We need a coupling 
to gluons in order to solve the strong CP problem, and we set cG = 1 consistently with 
Eq. (1.2). Anomalies under the electroweak group are possible but not mandatory. We 
consider the high-energy theory where SM fermions, ψ = {QL, uR, dR, LL, eR}, have 
well defned gauge quantum numbers and their interactions with the axion preserve 
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the shift symmetry a ! a + const. Other dimension 5 interactions can be redefned 
away as explained later in the text. 

Axion production is effcient when the interaction rate exceeds the Hubble rate H . 
The latter, assuming an early universe dominated by radiation with temperature T , 
scales as H / T 2/MPl. Hot axions can be produced either via scatterings or decays. 
Interactions with gauge bosons, the frst kind in Eq. (1.4), cannot mediate decays. Cou-
pling to SM fermions, the second kind in Eq. (1.4), could in principle be responsible 
for production via decays if the fermion bilinear couples felds belonging to different 
generations. In other words, we need favor violation in order to have production via 
unsuppressed tree-level bath particles decays to axions. 

Regardless of the production details, the highest value for Neff is reached when ax-
ions achieve thermalization with the thermal bath. The resulting abundance in this case 
depends only on the plasma temperature when they lose thermal contact, and its value 
is suppressed by the total number of the entropic degrees of freedom g�s at decoupling. 
If this happens above the EWPT then the resulting Neff is barely within the reach of 
future surveys [24]. 

Rates for scattering mediated by interactions with SM gauge bosons scale at high 
temperatures as �X ' αX 3 T 3/fa 

2 , and these processes are never in thermal equilibrium 
at the EWPT for fa & O(108) GeV [21, 25]. If axions never thermalize, the prediction for 
Neff is sensitive to the initial abundance that is presumably set at the stage of reheating 
after infation; an accurate calculation requires a treatment of thermal effects at high 
temperature [25]. Either way, the associated Neff is at the edge of what we can test. 

Once considering interactions with fermions, for favor conserving couplings, the 
only way to produce hot axions is via scattering. We consider 2 ! 2 collisions, and 
these processes always involve two SM fermions and one SM boson besides the axion 
itself. 

At temperatures above the EWPT, we have two options for the SM boson involved. 
On the one hand, it can be any of the four real component of the Higgs doublet H 1 and 
the scattering rate in this case scales as �ψ/H ' cψ 2 yψ 2 T 3/fa 

2 [25] with yψ the SM fermion 
Yukawa coupling. For heavy SM fermions, this is larger by a factor c2 2 /α3 compared ψyψ X 

to scattering mediated by the axion-gauge boson vertex. On the other hand, it can be a 
transverse gauge boson. The scattering rate in this case is proportional to the mass of 
the fermion, since there is a chirality fip needed in the process, and this contribution is 
vanishing because all fermions are massless above the EWPT. 

The SM boson involved in the scattering with fermions can be a gauge feld only 
below the EWPT. The associated rate scales as �ψ/X ' αXc2 ψm2 

ψT/fa 
2 for temperatures 

above the fermion mass, where mψ 
2 refects the fermion chirality fip mentioned in the 

paragraph above, and it is exponentially suppressed at lower temperatures. In this 
case, at temperatures above the fermion mass, the scattering rate grows with the tem-
perature slower than the Hubble rate and thus axion production is saturated when the 
ratio between interaction and expansion rates is maximal. This happens at temper-
atures around the fermion mass, and such a ratio is approximately �ψ/X/H|T ˇ=mψ 

1Namely the Higgs boson and what would become the longitudinal components of the weak gauge 
bosons below the EWPT scale. 
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αXcψmψMPl/fa 
2 . If this quantity is larger than O(1) thermalization is achieved, and the 

fnal abundance is not affected by our ignorance about the thermal history (assuming re-
heating above the weak scale) and possible new degrees of freedom and/or interactions 
at high energy. 

Decays of SM fermions provide an additional axion production channel, often the 
dominant one, if we have favor violating couplings. The interaction rate is given by 
the rest frame width of the decaying fermion times a Lorentz dilation factor accounting 
for the bath kinetic energy, and it scales as �ψ ' c2 ψm4 

ψ/(fa 
2T ). Axion production is 

saturated at temperatures around the fermion mass also in this case, and we achieve 
thermalization if the condition �ψ/H|T=mψ ˇ cψ 2 2 is satisfed.mψMPl/fa 

After this comparison among different production channels, we decide to focus on 
axion production mediated by its interactions with SM fermions. We analyze processes 
with third generation quarks. Production via leptons has been studied in Ref. [28], and 
such an axion abundance can alleviate the current tension in the measurement of the 
Hubble parameter [31]. A full calculation via the frst two quark generations would 
require a careful treatment of the QCD phase transition (QCDPT) and it is beyond the 
scope of this work. Previous studies have considered production well above [25] and 
well below [27] the EWPT. We improve earlier treatments by providing a continuous 
and smooth prediction for Neff across the EWPT. 

We introduce the theoretical framework in Sec. 2, and we describe axion effective 
interactions considering both favor conserving and violating couplings. We collect in 
Sec. 3 all the processes contributing to axion production, and we provide explicit expres-
sions for cross sections and decay widths. In particular, we compute cross section both 
above and below the EWPT and we match them at this threshold. We feed Boltzmann 
equations with these quantities and we solve them numerically, presenting predictions 
for Neff as a function of the fermion couplings in Sec. 4. We consider both effective in-
teractions as well as explicit UV constructions leading to favor conserving couplings. 
Remarkably, our predictions are within the reach of future CMB surveys inside the low-
fa part of the experimentally allowed region. It is to be noted that, as we discuss in 
our conclusions in Sec. 5, in the absence of no big hierarchy in the dimensionless coeff-
cient describing the coupling to photons, we fnd that the same parameter space will be 
probed by future terrestrial searches. 

2 Axion Effective Interactions 

Axion interactions with SM felds can be written compactly as follows 

L (a) = L (a) + L (a) (2.1)gauge matter , 

(a) (a)where Lgauge and L describe couplings with SM gauge bosons and matter felds,matter 
respectively. The entire focus of our work is on axion couplings with SM quarks. How-
ever, there are usually relations among different axion interactions once one considers 
UV complete models. For this reason, we provide an overview of all axion couplings 
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and we summarize their bounds in App. C in order to visualize which parameter space 
region is not excluded experimentally. 

The axion has anomalous couplings to gauge bosons 

a �αs
Ga Gaµν αW 

W a Wfaµν αY 
Bµν 

� 
L (a) = − e + cW + cB Bµν 

e , (2.2)gauge µν µνfa 8π 8π 8π 

ewhere Wf and B are defned as Ge below Eq. (1.2). These operators should be interpreted 
as the effects of the presence of any fermion that couples to the axion and are associated 
to quantum level contributions. As already mentioned in the Introduction, the gluon 
term does not present any free coeffcient, in contrast with the EW terms, in order to 
match with the traditional defnition of fa. Once we integrate-out weak scale states and 
heavy quarks, the Lagrangian contains axion couplings to only gluons and photons 

L (a) gauge ˙ − 
a �αs

Ga 
µνG
eaµν + caγγ 

αem 
FµνFeµν � , (2.3)

fa 8π 8π 

where caγγ = cB cos θW 
2 + cW sin θ2 W , being θW the Weinberg angle. This expression is 

valid above the scale where strong interactions confne and therefore before the axion 
mixes with the η and π0 mesons. However, experimental searches probe the axion-
photon coupling at much lower energy scales and therefore this mixing is to be taken 
into account. We defne this coupling as follows: � �αem 1 

gaγγ � caγγ − 1.92(4) , (2.4)
2π fa 

where the second term in the parenthesis is the model-independent contribution arising 
from the above mentioned axion mixing with the η0 and π0 mesons [9, 32–35]. 

We present matter couplings for the case of quarks, the discussion is analogous if 
we consider leptons. Axion couplings to quarks can be expressed in different feld basis 
and physical results cannot depend on such a choice. However, the statement that the 
axion couples without favor violation is not true in an arbitrary basis. We specify axion 
couplings to quarks in the “primed basis” defned in App. A where the felds appearing 
in the Lagrangian are the SU(2)L quark doublets QL 

0 , and the SU(2)L singlets u0 R and dR 
0 , 

and where Yukawa interactions take the form of Eq. (A.4). 
We distinguish between two cases, and we begin from favor conserving axion-quark 

interactions 

3
∂µaX� �(a) (a) 

γµQ0 0 γµ 0 d0 γµd0Lmatter ˙ L = cQ QLi 
0 

Li + cu uRi + cd Ri , (2.5)∂−F.C. uRi Ri fa i=1 

where the free coeffcients {cQ, cu, cd} are typically of the same order of magnitude. The 
universality of quark-axion couplings guarantees that no favor-changing interactions 
arise when moving to the quark mass basis. We can see it explicitly after performing 
the rotation to get mass eigenstates given in Eq. (A.5), the unitarity of the CKM matrix 
ensures that in the mass eigenbasis the fermion couplings are still favor conserving. 
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The most general favor violating part of the Lagrangian above the EWPT can be 
written in an analogous way to the favor conserving one as follows X� � 

(a) (a) ∂µa (ij) 
Q0 γµQ0 (ij) 0 0 (ij) 

d0 γµd0L = c u γµu , (2.6)matter ˙ L∂−F.V. Q Li Lj + cu Ri Rj + cd Ri Rj fa i,j n o 
(ij) (ij) (ij)where the matrices of coeffcients cQ , cu , cd have a generic structure in favor 

space. Unless we tune the entries of these matrices consistently with CKM factors, cou-
plings are still favor off-diagonal once we go to the mass eigenstate basis. 

We complete this overview on axion couplings by discussing the remaining options. 
The case of coupling to leptons is analogous, and Ref. [28] exploited their cosmologi-
cal consequences. Besides interactions with leptons, no other matter couplings can be 
present in the Lagrangian as an independent operator. The Higgs-axion interaction 

i
∂µa

H†D 
$ 
µH , (2.7)

fa 

where H†D 
$ 
µH � H†(DµH) − (DµH)†H is redundant at lowest order in 1/fa as can 

be shown via a feld redefnition. Moreover, axion couplings to pseudo-scalar fermion 
currents such as 

a 
i Q0 L H dR 

0 , (2.8)
fa 

can be proved to be also redundant. 

3 Axion Production Processes 

Multiple processes contribute to the production of hot axions in the early universe, 
and we list all of them in this section. Binary scatterings control production for the 
favor conserving case since decays are loop and CKM suppressed. We provide the 
associated scattering cross sections above and below the weak scale, and we match our 
results across the EWPT. If axion couplings are favor violating then tree-level decays 
dominate the production rate. We give here the associated decay widths. 

Axion couplings to quarks are a crucial ingredient for our calculations, and we re-
mark how we defne them in the “primed basis” where the SM Yukawa interactions 
take the form in Eq. (A.4). One of our main goals is to provide a smooth treatment of 
production through the EWPT, hence it is convenient to work in the mass eigenbasis. 

3.1 Cross sections 

We start from favor conserving axion couplings defned in Eq. (2.5) and quanti-
fed by the scale fa and the three dimensionless coeffcients {cQ, cu, cd}. As it turns out, 
scattering cross sections depend only on two linear combinations of them. This can be 
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checked through explicit calculations or via a change of basis. We perform the following 
rotations where we redefne quark felds by an axion-dependent phase 

a a a 

Q0 icQ Q0 0 icu 0 d0 icd d0fa fa fa
Li ! e Li , uRj ! e uRj , Rj ! e Rj . (3.1) 

These chiral rotations modify several couplings in the Lagrangian. First, they are anoma-
lous and the dimensionless coeffcients of axion couplings to gauge bosons in Eq. (2.3) 
are affected; as already stated above we do not consider these interactions for our pro-
cesses and we do not need to worry about this effect. Second, we generate new axion 
derivative couplings equal and opposite to the ones in Eq. (2.5) once we plug the new 
quark felds defned above in the kinetic terms. Thus axion derivative couplings are not 
present anymore in the Lagrangian. Third, and crucially for us, the axion feld appears 
in the Yukawa interactions after we plug these feld redefnitions into the SM Yukawa 
Lagrangian, whose explicit expression is given in Eq. (A.4), and we fnd 

a a(a) i(cu−cQ) 
f Q0 e u 0 i(cd−cQ) Q0 b d d0fa a− LY−F.C. = e LH Yb uR + e L H VCKM Y R + h.c. . (3.2) 

As anticipated, although there are three different couplings in the theory only two linear 
combinations of them can appear in scattering amplitudes 

ct � −cQ + cu , (3.3) 
cb � −cQ + cd . (3.4) 

We label them with the top and bottom quark because we only focus on the third quark 
Y u,dgeneration as explained in the Introduction. The hatted matrices ˆ are diagonal in 

favor space, and axion interactions are favor conserving once we switch to the mass 
eigenbasis via the rotations given in Eq. (A.5). 

Scattering cross sections above EWPT 

We focus on third generation quarks {tL, bL, tR, bR} = {uL3, dL3, uR3, dR3} where we 
assign new names to left- and right-handed felds. In order to write explicitly their 
interactions, we parameterize the complex components of the Higgs doublet as follows ! ! 

χcχ+ 0 
H = , He � iσ2(H†)T = , (3.5)

χ0 −χ− 

where we defne χ− � χ+ 
† and χc 0 � χ0 

† . Once we focus on third generation quarks 
and we consider the Lagrangian in Eq. (3.2) in the mass eigenbasis, namely without the 
CKM matrix, we fnd the following axion interactions � � � �(a) ict χc icbf f−L = yt e 

a 

− χ− bLtR + yb e 
a 

χ+ tLbR + χ0 bLbR +Y−F.C. 0 tLtR 
−ic 

a 

t 
� � a � � (3.6) 

fa fa+ yt e 
a 

χ0 tRtL − χ+ tRbL + yb e 
−icb a χ− bRtL + χc 0 bRbL . 

The processes we are interested in have only one axion feld in the external legs, thus 
we can Taylor expand the exponential functions appearing in the above Lagrangian and 
only keep terms up to the frst order. 
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Axion Production Above EWSB 
Process CP Conjugate σij!ka × 64πf 2 

a 

tt̄! χ0a 
bb̄! χ0a 
t ̄b! χ+a 

tt̄! χc 0a 
bb̄! χc 0a 
bt̄! χ−a 

2 2c yt t 
2 2c yb b 

2 2 2 2c y + c yt t b b 

tχ0 ! ta t̄χc ! t̄a0 
2 2c yt t 

tχc ! ta0 

bχ0 ! ba 
bχc ! ba0 

tχ− ! ba 
bχ+ ! ta 

t̄χ0 ! t̄a 
b̄χc ! b̄a0 

b̄χ0 ! b̄a 
t̄χ+ ! b̄a 
b̄χ− ! t̄a 

2 2c yt t 
2 2c yb b 
2 2c yb b 

2 2 2 2c y + c yt t b b 
2 2 2 2c y + c yt t b b 

Table 1: Scatterings producing axions above the EWPT. In the frst two columns we list the 
process and its CP conjugate. They have the same cross section, listed on the third column. 

In the unbroken electroweak phase, the Higgs vev is vanishing and all particles are 
massless. We want to consider processes producing one axion particle in the fnal state 
thus the most general binary collisions involve two fermions felds. The other boson 
in the process can be either a component of the Higgs doublet or a SM gauge boson. 
However, if we look at the axion interactions in Eq. (3.6) we see that only the former 
is possible. There is no 2 ! 2 scattering with SM gauge bosons; this is manifest in the 
basis we choose to describe axion couplings. Alternatively, if we insisted on working in 
the basis where axion is derivatively coupled to SM fermions the amplitude for a 2 ! 2 
is vanishing as it requires a fermion chirality fip that is not possible in the absence of a 
mass term for the fermion itself. 

We only have processes with the components of the Higgs doublet in Eq. (3.5). The 
two fermions in the scattering can be either both in the initial state or one in the initial 
state and the other one in the fnal state. We classify all possible cases according to where 
fermions appear. If we consider the frst case, we have fermion/antifermion annihila-
tions producing and axion and any of the components of the complex Higgs doublet. 
The possible processes are listed in the frst block of Tab. 1; we show the associate CP 
conjugate on the same row, and we correctly account for both in our numerical analysis. 
Another possibility is to have just one fermion in the initial state, and the other particle 
would be a component of the Higgs doublet. The associated processes are listed in the 
second block of Tab. 1. For each process we also provide the scattering cross section. 
Our contribution proportional to yt 2 agrees with what was found in Ref. [25]. 

Scattering cross sections below EWPT 

Once the electroweak symmetry is broken, the Higgs feld gets a vacuum expectation 
value (vev) which gives mass to SM particles. We work in unitarity gauge where the 
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Axion Production Below EWSB 
Process CP Conjugate σij!ka Process CP Conjugate σij!ka 

tt̄! ga 
bb̄! ga 
tt̄! ha 
bb̄! ha 
tt̄! Za 
bb̄! Za 

t ̄b! W+a 

Same 
Same 
Same 
Same 
Same 
Same 

bt̄! W−a 

Eq. (B.1) 

Eq. (B.2) 

Eq. (B.3) 
Eq. (B.4) 

Eq. (B.5) 

tg ! ta 
bg ! ba 
th! ta 
bh! ba 
tZ ! ta 
bZ ! ba 
tW− ! ba 
bW+ ! ta 

t̄g ! t̄a 
b̄g ! b̄a 
t̄h! t̄a 
b̄h! b̄a 
t̄Z ! t̄a 
b̄Z ! b̄a 
t̄W+ ! b̄a 
b̄W− ! t̄a 

Eq. (B.6) 

Eq. (B.7) 

Eq. (B.8) 
Eq. (B.9) 
Eq. (B.10) 
Eq. (B.11) 

Table 2: Scatterings producing axions below the EWPT. We give the process (left column), 
the CP conjugate (central column) and the reference to the equation with the explicit analytical 
expression for the scattering cross section. 

Higgs feld is parameterized by the following feld coordinates ! ! 
0 v p +h eH = 
v+h 

, H � iσ2(H†)T = 2 , (3.7) 
p 0
2 

where v and h are the vev and the physical Higgs boson, respectively. In such a gauge, 
the three remaining (Goldstone) components of the Higgs doublet are eaten up by the 
massive Z and W bosons. The mass spectrum as a function of the Higgs vev results in ( p r ) 

g g2 + g02 λ yf{mW ,mZ ,mh,mf} = , , , p v . (3.8)
2 2 2 2 

Here, g and g0 are the SU(2)L and U(1)Y gauge couplings, respectively. The Higgs quar-
tic coupling λ is normalized in such a way that the potential term is λ(H†H)2 . 

We list in Tab. 2 all processes contributing to axion production in the phase where 
the electroweak symmetry is broken. As done already above, we provide also the CP 
conjugate process as well as the scattering cross section. The explicit expressions are 
too lengthy to be displayed directly in the table and we give their explicit analytical 
expressions in App. B. 

Matching at the EWPT 

We complete our discussion of production via scattering by showing how processes 
involving the four components of the Higgs doublet, three of which are the longitudinal 
components of the Z and W bosons below the EWPT, match at the point of electroweak 
symmetry breaking. For this reason, the Z and W components involved in the following 
processes are the longitudinal ones and will be denoted with an index L in the rest of this 
subsection. In the following, we will take the cross sections for the different processes, 
express all masses in terms of the Higgs vev and run towards v ! 0. The process that 
will match are shown in Tab. 3. 
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c- Neutral annihilations: tt̄! χ0a, tt̄! χ0a ; tt̄! ha, tt̄! ZLa. 

When considering the limit in which the Higgs vev vanishes, the cross sections 
below EWPT coincide exactly with those above, as expected: 

2 2 
t t 

cσtt̄!χ0a + σtt̄!χ0a 
= σtt̄!ha + σtt̄!ZLa = 

c y 
2 
. (3.9)

32πfa 

- Neutral scatterings: tχ0 ! ta, tχc 0 ! ta ; th! ta, tZL ! ta. 
¯ ¯ , tχ̄ c ¯ ¯ , ¯ ¯ .tχ0 ! ta 0 ! tā ; th! ta tZL ! ta 

In this case, the matching can be expressed as: 

σtχ0!ta + σtχc!ta = σth!ta + σtZL!ta = 
0 

c2y2 (3.10) 
= σ¯ + σ¯ t t = σtχ̄ c!tā + σtχ̄ 0!tā th!tā tZL!tā = ,

20 32πfa 

where the CP conjugates give indeed the same contribution. 

- Charged annihilations: t ̄b! χ+a, bt̄! χ−a ; t ̄b! WL 
+ a, bt̄! WL 

− a. 

Analogously to the neutral case, the charged annihilations can be matched as: 

2 2 2 2c y + ct t byb+ σb¯ = σ b!W+ = . (3.11)σt ̄b!χ+a t!χ−a t ̄  a + σbt̄!W− a 2L L 32πfa 

- Charged scatterings: tχ− ! ba, bχ+ ! ta ; tWL 
− ! ba, bWL 

+ ! ta . 
¯ ¯ ¯ ¯ + ! ¯ ¯tχ+ ! b̄a, bχ− ! ta ; tWL ba, bWL 

− ! tā . 
Finally, these set of processes match their cross section as follows: 

σtχ−!ba + σbχ+!ta = σtW−!ba + σbW+!ta = 
L L 

2 2 2 2 (3.12)c y + ct t byb = σtχ̄ +!b̄a + σb̄χ−!¯ = σ¯ ba + σb̄W−!tā = 
2 

.ta tW+!¯ 
L L 32πfa 

3.2 Decay widths 

The crucial ingredient for axion production via quark decays is the Lagrangian with 
favor violating interactions whose explicit expression is given in Eq. (2.6). This channel 
is active only below the EWPT because it is kinematically forbidden at higher tempera-
tures where all quarks are massless. For this reason, we fnd it convenient to rewrite it 
in terms of Dirac quark felds u = (uL uR) and d = (dL dR) in the mass eigenstate basis Xh � � � � i 

(a) ∂µa 
¯ iγ

µ (ij) (ij) ¯ 
iγ
µ (ij) (ij)

= u dj, , (3.13)L∂−F.V. cVu + cAu γ5 uj + d cVd + cAd γ5fa i,j 
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Processes Above EWPT Processes Below EWPT 

tt̄! χ0a + tt̄! χc 0a 
t ̄b! χ+a 
bt̄! χ−a 

tχ0 ! ta + tχc ! ta0 

t̄χ0 ! t̄a + t̄χc ! t̄a0 

tχ− ! ba 
t̄χ+ ! b̄a 
bχ+ ! ta 
b̄χ− ! t̄a 

tt̄! ha + tt̄! ZLa 
b! W+t ̄ aL 
b¯! W−t aL 

th! ta + tZL ! ta 
t̄h! t̄a + t̄ZL ! t̄a 

tW− ! baL 

t̄W+ ! b̄aL 

bW+ ! taL 

b̄W− ! t̄aL 

Table 3: Scatterings producing axions involving the Higgs doublet above and below the EWPT. 
We consider the four components of the Higgs doublet above, and we work in unitary gauge 
below with the Higgs boson h and the longitudinal components ZL and WL of the weak bosons. 

Axion Production Above EWSB 
Process CP Conjugate �i!ja × 16πf 2/m3 

a i 

t! ca 
t! ua 

t̄! c̄a 
t̄! ūa 

2 2(tc) (tc)
c + cVu Au 

2 2(tu) (tu)
c + cVu Au 

b! sa 
b! da 

b̄! s̄a 
b̄! d̄a 

2 2(bs) (bs)
c + cVd Ad 

2 2(bd) (bd)
c + cVd Ad 

Table 4: Quark decays producing axions. In the frst two columns we list the process and its CP 
conjugate, and they both have the same decay widths listed on the third column. 

where we identify the following combinations n o n o 
(ij) (ij) (ij) (ij) (ij) (ij) (ij) (ij) (ij) (ij) (ij) (ij)
c , c , c , c =

1 × c + cQ , c − cQ , c + cQ , c − c . (3.14)Vu Au Vd Ad u u d d Q2 

The decay process qi ! qja and its CP conjugate q̄  i ! q̄  ja, which can happen for both 
up- and down-type quarks, have the following decay width �� �3 

m3 
i 
� 

(ij)2 (ij)2 m2 
j

�qi!qja = c + c 1 − . (3.15)
2 Vq Aq 216πfa mi 

Here, the ratio mj can safely be neglected as it leads to non observable changes in �Neff. mi 
The decays relevant to our analysis and their CP conjugates are displayed in Tab. 4 with 
their corresponding decay widths. 

4 Observable Consequences and Results 

The physical observable of interest in our work is the effective number of neutrinos 
Neff induced by hot axions. Big bang nucleosynthesis [36] and CMB experiments [22,37] 
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probe this quantity, and we focus on the latter case as it is the most sensitive. Here, we 
frst review briefy how to compute Neff from a given axion production source and then 
we quantify the Neff generated from all processes analyzed in the previous section. 

The effective number of neutrinos is related to the radiation energy density ρrad as " #� �4
7 Tν

ρrad = ργ 1 + Neff , (4.1)
8 Tγ 

where ργ is the photon energy density. Any relativistic particle with a non-negligible 
energy density, like neutrinos or axions, will contribute to Neff. In particular, we are 
interested in deviations from the �CDM value � �4/3

8 11 ρa
�Neff � Neff − NΛCDM = , (4.2)eff 7 4 ργ 

ΛCDMwith Neff = 3.046 and ρa is the axion energy density. 
In order to connect with the numerical solutions of Boltzmann equations, we fnd 

it convenient to rewrite �Neff in terms of the comoving axion abundance Ya � na/s. 
Here, na is the axion number density and s = 2π2g�sT

3/45 is the entropy density with 
g�s the number of entropic degrees of freedom. The photon energy density can also be 
expressed as follows 

π2 
� �4/3

45 s 
ργ = 2 × , (4.3)

30 2π2g�s 

whereas the axion energy density is related to the number density via 

π2 
� 
π2 

�4/3 

ρa = 
na 

. (4.4)
30 ζ(3) 

We combine these two equations and fnd 

�Neff ' 74.85 Ya 
4/3 , (4.5) 

where we used the value of g�s at recombination g�s = 43/11. 
We determine the asymptotic value of the axion number density by solving the asso-

ciated Boltzmann equation. The differential equation describing how the axion number 
density evolves with time reads " #X Xd 

na D a+ 3Hna = �̄ 
S + �̄ (neq − na) . (4.6)

dt 
S D 

Here, H is the Hubble parameter quantifying the expansion rate of the universe and 
the superscript “eq” for number density denotes expressions valid when particles are 
in thermal equilibrium. The two terms on the right hand side denote, respectively, the 

12 



 

sum over thermally averaged scattering and decay rates involving the axion and their 
explicit expressions read Z 1 �p � gigj λ(s,mi,mj) s�̄ 

S = eq T ds p
s 

σij!ka (s) K1 T 
, (4.7)

32π4na smin� � eq mi 

�̄ 
D = 

ni 
eq 
K1 � 

m
T ��i!ja . (4.8)
ina K2 T 

The function λ is defned as follows � 2� � 2� λ (x, y, z) � x− (y + z) x− (y − z) , (4.9) � � 
whereas the minimum center of mass energy is smin = Max (mi + mj)

2 ,m2 
k . The gen-

eral expression for the equilibrium number density is 

2 � � 
eq mi mi 
n = TK2 , (4.10)i 2π2 T 

where gi stands for the degrees of freedom of the particle i and Kn(z) are the modifed 
Bessel function of the second kind. 

We fnd it convenient to switch to dimensionless variables. We defne x = m/T , 
where m is taken to be the mass of the heaviest particle in the process, and the Boltz-
mann equation for Ya reads � !� � 

dYa 1 ln g�s 
� X X Ya

sHx = 1 − γS + γD 1 − eq , (4.11)
dx 3 ln x 

S D 
Ya 

where γD,S � neq 
a �̄ 

D,S . We solve now the equation numerically for the different ax-
ion production processes. Analytical approximations can be found for the cases below 
thermal abundance and at large fa, leading to �Neff / fa −8/3 [27]. 

4.1 Model Independent results 

We frst perform a model-independent operator analysis. For favor conserving cou-
plings, we switch on separately the top-axion vertex ct and the bottom-axion vertex cb, 
whereas we account for the decay of each quark for favor violating interactions. 

We begin with scatterings and we set ci = 1 throughout this section; this is equivalent 
to interpreting fa as fa/ci for each specifc coupling. One of our main results is a smooth 
treatment of the EWPT, and this is relevant once one accounts for axion production 
controlled by processes with the top (anti-)quark on the external legs. We show in Fig. 1 
the contribution to �Neff from each one of these processes as a function of fa. Production 
via scatterings with gluons is not altered by this threshold. However, processes with 
longitudinal weak gauge bosons feel this transition since they become massive below 
the EWPT. Dashed lines correspond to calculations in the electroweak symmetric phase 
whereas solid lines hold below the EWPT. Our lines for each individual process, with 
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Figure 1: Contribution to �Neff from individual binary scatterings with the top quark involved. 
The dimensionless coupling is set to ct = 1. Each line denotes all processes with the external legs 
denoted in the legenda. The initial temperature here is set to TI = 104 GeV and the initial axion 
abundance has been assumed to be zero. 

the relevant degrees of freedom at the associated temperature, are indeed smooth across 
the two phases. 

The physical observable is actually the combined effects of these individual lines. 
We add them up and we show our prediction for �Neff in Fig. 2 together with the asso-
ciated quantity from the bottom-axion vertex cb. Solid lines correspond to the extreme 
case in which the initial temperature TI (i.e. the reheating temperature, if the Universe 
went through a stage of Infation) was very close to the EWPT, and assuming the ini-
tial abundance of axions to be zero at T = TI . The opposite extreme case, dot-dashed 
lines, correspond to an initial thermal abundance of axions at a given initial tempera-
ture above the EWPT. Finally, we show predictions from one particular process which 
remains the same at all temperatures and whose strength grows with the temperature, 
the purely gluonic gg ! ga. In order to take it into account, we interpolated the result 
from Ref. [25] and assumed that it decreases always with the same power of tempera-
ture, extrapolating the results to lower temperatures. 

Fig. 2 shows that the axion can thermalize through the scatterings with the top, 
below or around the EWPT, for fa . 1010 GeV even with zero initial axion abundance 
close to the EWPT. This means that, independently of the initial conditions, it is possible 
to be above the 1σ region of CMB-S4. If one assumes an initial thermal abundance, as 
shown in the same fgure with dot-dashed lines, such initial seed automatically gives a 
signal of about 1σ, as already stressed in previous works [26]. 

For both choices of initial conditions, the signal increases as fa lowers, refecting 
the fact that the axion decouples at a lower temperature where the number of degrees 
of freedom in thermal equilibrium g�(Tdec) is smaller. For fa . 109 GeV the processes 
involving the axion-bottom coupling become effcient and yields a larger �Neff which 
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Figure 2: Impact on �Neff following an operator-by-operator analysis: for each line, we consider 
the axion coupling only to one particle i, with coupling constant ci = 1. The initial temperature 
here is set to TI = 104 GeV and the initial axion abundance has been assumed to be zero (thermal) 
for the solid (dot-dashed) lines. The CAST limit and IAXO prospect are shown as a shaded region 
and a vertical green line respectively, assuming caγγ = 1. 

roughly saturates at �Neff(g�(mb)) for fa . 108 GeV. Finally, we note that the axion-
gluon scattering channel is always less effcient than the other scattering channels, ex-
cept for fa . 5×107 GeV where it becomes more effcient than the axion-top scatterings. 

We also show the constraints from CAST [38] and the forecasted sensitivity of IAXO 
[39, 40]. Although these experiment probe the axion-photon coupling, we can still com-
pare both forecasts assuming caγγ = 1. Interestingly, the parameter space probed by 
IAXO corresponds to the region where �Neff are above the 1σ level. These multiple 
detection channels will be very useful in case of a detection. 

As discussed in the paragraphs above, the initial conditions for our Boltzmann equa-
tion evolution depend on whether axions thermalize or not above the EWPT. For exam-
ple, for fa ˘ 109 GeV the axion thermalizes already at T ˘ TeV due to the interactions 
with the Higgs [25]. In general, this depends on the value of the reheating temperature. 
This interplay between the axion scale fa and the initial (reheating) temperature, when 
zero initial abundance is assumed for the axion, can be seen more clearly in Fig. 3. Here, 
we show the dependence of �Neff on the reheating temperature and fa by considering 
purely gluonic processes, which must be present in any QCD axion model, following 
the procedure from before. The fgure shows that the axion always thermalizes, inde-
pendently of fa, as long as the reheating temperature is set high enough. 

Turning now to the possibility of having favor violating couplings, the interactions 
in Eq. (3.13) lead to the following possible decays below the EWPT 

t! c a , t! u a , 
(4.12)

b! s a , b! d a. 

15 



Figure 3: �Neff as a function of fa and the reheating temperature with initial axion abundance 
set to zero. In this fgure only purely gluonic processes have been included. 

The decays c ! u a and s ! d a are not taken into consideration, although they should 
be signifcant, because the relevant temperatures here should be around the QCD phase 
transition, where we do not have control on the complicated strongly coupled physics. 

The couplings in Eq. (3.13) also lead to quark annihilation into a W and an axion 
with non-diagonal favor transitions: the favor change may be present in the coupling 
with the W and/or with the axion. These processes, however, are subdominant with 
respect to those with only favor conserving couplings and for these reasons they are 
not discussed here. The only potentially interesting processes would be t c̄  ! Z a and 
t s̄ ! W a, but the contribution from these processes is of the same order of magnitude 
as that coming from the processes that involve favor-conserving couplings, namely 
t t ̄  ! Z a and t b̄ ! W a, which were already discussed above. Since the results would 
be essentially the same, we will not include the analysis of such processes in this work. 

We show predictions for �Neff generated from the different quark decays in Fig. 4. 
As already done before, we switch on only one coupling at a time. Both top decay 
channels yield the same �Neff but they are subject to different bounds, and the same 
holds for bottom decays. In spite of the strong bounds on favor violating couplings, 
given in Ref. [41] and reviewed in App. C, the signal is above 1σ in most of the cases. 

Finally, we appreciate how the range of PQ breaking scales that could be detected 
through these hot axions in some frameworks overlap with that of cold axion dark mat-
ter. This is true for both scatterings and decays. In particular, if the PQ symmetry is bro-
ken after infation there is an additional contribution to axion dark matter from topologi-
cal defects. Axions produced non-thermally through the decays of such defects are cold, 
and they are a viable dark matter candidate. Although there is a large theoretical uncer-
tainty of this contribution, we claim for the benchmark value fa & O(109) GeV [42, 43] 
it could be possible to measure both hot and cold axions at the same time. 
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Figure 4: Effect of quark decays on Neff. The fgure on the left (right) assume only vector (axial) 
couplings, assumed to be equal to one. In these fgures solid lines escape all bounds, whereas 
dotted lines are ruled out. Dashed lines correspond to the situation where one of the two possible 
decays channels is still allowed. 

4.2 UV Complete Models 

This section is devoted to the analysis of three specifc models, the so-called DFSZ 
model [17, 18], KSVZ model [15, 16] and the Minimal Flavor Violating Axion (MFVA) 
model [44]. 

In the DFSZ case, the SM spectrum is supplemented by a second Higgs doublet and 
a scalar singlet. Both scalars and fermions transform under the Peccei-Quinn symmetry 
and, when the symmetry gets broken, an axion arises as a combination of the various 
Goldstone bosons. In particular, the axion couplings are favor-blind and, using the 
notation of Eqs. (3.3) and (3.4), non-vanishing couplings with the top and bottom quarks 
are present, satisfying the following relation, 

1 
ct + cb = . (4.13)

3 

In the limit where all the scalar components are heavy, except for the would-be-
longitudinal components of the gauge bosons, the physical h and the axion, this model 
matches the general analyses performed in the previous sections. Notice that, dealing 
with a well-defned model, the caγγ coupling can be predicted in terms of the axion-
fermion couplings: caγγ = 2(4ct + cb + 3cτ ), where cτ is the coupling with leptons and 
its defned in a similar way as ct and cb in Eqs. (3.3) and (3.4). Leptons can couple to the 
axion as the up-type quarks do or as the down-quarks do, and in general this leads to 
different values for the axion-photon coupling. 

The contributions to �Neff for the DSFZ model can be seen in Fig. 5. Three repre-
sentative cases are considered, in order to cover the entire range of values for cb and ct: 
with ct = 1/3 and cb = 0 (in blue in the plot), with ct = 0 and cb = 1/3 (in red), and 
with ct = cb = 1/6 (in black). For the CAST limit and IAXO prospect, the continuous 
line corresponds to the case with the smallest value for caγγ −1.92, while the dot-dashed 
corresponds to the one with the most restrictive value of caγγ − 1.92. 
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Figure 5: Total impact on �Neff for a classic DFSZ axion. Three benchmarks couplings of the 
DFSZ axion to top and bottom quarks have been considered. The initial temperature here is set 
to TI = 104 GeV and the initial axion abundance has been assumed to be zero. The CAST limit 
and IAXO prospect are shown: solid (dot-dashed) lines correspond to caγγ = 8/3 (2/3), when 
charged leptons couple to the same higgs doublet as the down-quarks (up-quarks) do. 

In the KSVZ model, the axion does not couple to the SM fermions at tree-level, but 
only to exotic quarks that enrich the SM fermionic spectrum. In this case, only an EW 
singlet scalar is added to the model and the axion arises as the Goldstone boson of this 
feld, once the Peccei-Quinn symmetry gets broken. The only sizeable contributions 
to �Neff arise from the axion couplings to gluons, as axion couplings to SM fermions 
are induced only at 2-loops and therefore are strongly suppressed. Fig. 6 shows the 
predictions for �Neff for this model. The range of axion-photon coupling considered 
here is caγγ − 1.92 2 [−0.25, 12.75], motivated by several possible UV completions of a 
KSVZ axion [45]. 

The MFVA model [44], instead, provides an effective description of the axion cou-
plings with SM felds, once the favor symmetry of the Minimal Flavor Violation frame-
work [46, 47] is implemented in the Lagrangian. The axion couplings to fermions are 
universal within the same type of quarks and therefore are favor conserving. More-
over, the axion coupling to up-type quarks is vanishing at leading order, and therefore 
the largest interactions are with the down-type quarks, and in particular with the bot-
tom, due to Yukawa suppressions. This fact sensibly affects the results presented in the 
previous section, where the axion-top coupling was dominating all the contributions. 
In particular, the processes b + b̄ ! g + a and t + b̄ ! W+ + a (proportional to the 
abb̄ coupling), that are proportional to the bottom quark Yukawa, were irrelevant when 
the axion coupled to the top, but now become crucial, as they are the only important 
contributions apart from the purely gluonic ones. 
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Figure 6: Total impact on �Neff for a classic KSVZ axion. We set the initial temperature TI = 
104 GeV and the initial axion abundance to zero. The CAST limit is shown as a shaded region, 
with solid lines corresponding to caγγ − 1.92 = −0.25 and dot-dashed for caγγ − 1.92 = 12.75. 

The coeffcients describing axion couplings with bottoms cb and with photons gaγγ 
acquire the following values in the MFVA model, ! 

1 αem 1 8 
cb = , gaγγ = − 1.92 , (4.14)

3 2π fa 3 

and the fnal result for �Neff is shown in Fig. (7). 
As it can be seen, all models give the same contribution at low fa. At high fa, in-

stead, the DFSZ model gives the largest abundances since it couples to all SM fermions 
already at tree level. For such a model one can reach a detectable axion abundance even 
in the range fa ˇ 109 − 1010 GeV. If the PQ symmetry is broken after infation and not 
restored afterwards, the abundance of cold axion dark matter receives a signifcant con-
tribution from topological defects [48–51]. The detailed amount from this source suffers 
a signifcant theoretical uncertainty [42,43], but it is worth keeping in mind that in such 
a low fa region axion cold dark matter may coexist with detectable hot axions. Within 
the DFSZ framework, PQ symmetry in the post infationary scenario has to be broken 
also explicitly to avoid the domain wall problem [52–55]. 

Moreover, there is a window for fa between 107 GeV and 2 × 108 GeV that can be 
explored by IAXO and is also above the 1σ level for the CMB-S4 experiments, where 
the models can be differentiated. This could imply an exciting opportunity to not only 
detect an effect of the axion, but also tell apart different invisible axion models. 

When considering specifc models with favor violating axion couplings, like the 
Axifavon [56] or Flaxion [57], they give a sizeable contribution to �Neff & 0.01 only for 
axion scales below fa . 109 GeV, a region which is largely excluded in those models 
due to the bound coming from the K+ ! π+a decay, being therefore irrelevant in this 
analysis. 
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Figure 7: Total impact on �Neff for the MFVA model. The initial temperature here is set 
to TI = 104 GeV and the initial axion abundance is set to zero. The CAST limit and IAXO 
prospect are shown as a shaded region and a vertical green line, respectively. 

5 Conclusions 

The QCD axion is one of the best motivated candidates for physics beyond the SM. 
It provides an elegant dynamical solution to the strong CP problem and it is also a 
viable DM candidate. Recently, the community put forward a wealth of new ideas and 
techniques to detect such an elusive degree of freedom [14]. These experiments look 
for either virtual effects of a light pseudo-scalar mediator generating a new long range 
force or the axion DM wind within our Milky Way. 

There is an axion complementary probe within the reach of future experiments. Hot 
axions can be produced from scatterings or decays of thermal bath particles in the early 
universe, and they remain relativistic subsequently until the time of matter/radiation 
equality and recombination; this is true as long as ma ˝ O (0.1) eV, as we consider 
in this work by neglecting the axion mass. They would manifest themselves in the 
CMB anisotropy spectrum as an additional radiation component, parameterized as the 
number of additional effective neutrinos �Neff. 

In this work, we studied axions couplings to third generation quarks and we pro-
vided rigorous predictions for �Neff. We considered favor conserving couplings, in 
which case production is controlled by binary collisions, and we also considered favor 
violating couplings leading to axion production via two-body decays. We computed 
scattering cross sections and decay widths, and we obtained predictions for �Neff after 
solving numerically the Boltzmann equation tracking the axion number density. Our 
predictions are smooth across the EWPT. 

Our results can be found in Sec. 4. We studied both the model-independent con-
tribution based on switching on an effective operator at a time as well as specifc UV 
complete models. We found parameter space regions for all cases, typically with PQ 
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breaking scale in the range fa ˘ (109 − 1010) GeV for order one couplings to fermions, 
where the predicted signal is comparable to the forecasted 1σ sensitivity of CMB S4 
experiments, and it could be detectable by more futuristic experiments. 

Finally, we point out two complementary signals. The values of the PQ breaking 
scale leading to an observable effect on �Neff is consistent with axion cold dark mat-
ter. Furthermore, if there is no substantial hierarchy between the dimensionless axion 
couplings considered in this work and the associated one to photons then future helio-
scopes are also able to probe this parameter space region. The complementarity of these 
possible signals makes for a quite fascinating probe into the nature of the axion itself. 
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A Operator basis for axion couplings to quarks 

In this appendix, we defne the feld basis for SM quarks that we employ in our 
analysis. The part of the SM Lagrangian needed for this discussion is the one containing 
Yukawa interactions. Focusing on quarks, the most generic set of Yukawa terms reads 

− LY = Q00 u 00 
R + Q00 d d00 LH Ye u L H Y R + h.c. . (A.1) 

The felds appearing in the operators above are: SU(2)L quark doublets Q00 L, SU(2)L 
quark singlets uR 

00 and d00 R and the SU(2)L Higgs doublet feld H . Moreover, we defne eH � iσ2(H†)T and Y u,d are generic 3 × 3 diagonalizable matrices in favor space. We 
save the symbol of unprimed felds for quark mass eigenstates defned later. 

We diagonalize the Yukawa matrices by performing bi-unitary transformations 

u bu U † d b d U †Y = UuL Y uR 
, Y Y , (A.2)= UdL dR 
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where the U matrices are unitary and the hatted quantities are diagonal in favor space. 
We introduce a new set of prime felds defned as follows 

Q00 Q0 00 0 d00 d0 L = UuL L , uR = UuR uR , R = UdR R , (A.3) 

The Yukawa Lagrangian in the new basis reads 

e bu 0 b d d0− LY = Q0 L H Y uR + Q0 L H VCKM Y R + h.c. , (A.4) 

with VCKM � U † the CKM matrix. In our study, we always specify axion couplings UdLuL 

in the primed feld basis for quarks with Yukawa interactions as in Eq. (A.4). 
Finally, we identify the quark mass eigenstates, which we denote with unprimed 

felds, and their relation to the primed felds. First, we identify the components of the 
quark doublet Q0 L = (u0 L d

0 
L). Once the Higgs gets a vacuum expectation value (vev), we 

identify mass eigenstates by redefning the left-handed down quarks 

0 d0 0 d0 uL = uL , L = VCKM dL , uR = uR , R = dR , (A.5) 

Flavor eigenstates ui 0 coincide with the mass eigenstates ui, and the b0 quark, the only 
down-quark we are interested in, almost coincides with the b quark up to CKM correc-
tions of order O(0.05). In contrast to gauge interactions in the primed basis, which are 
still favor diagonal, the CKM matrix appears in the fermion charged current once we 
switch to mass eigenstates 

Jµ 
− = uL γµ VCKM dL . (A.6) 

B Cross sections below the EWPT 

We provide analytical cross sections for the processes listed in Tab. 2, and we begin 
with the frst block where the two particles in the initial state are fermions. A quark can 
fnd its own antiparticle and annihilate to fnal states containing one axion particle. If 
the fnal state is the gluon we have quark-antiquark annihilations to gluon and axion 
with a cross section r ! 

2 2 2c g m 4m2 
q s q q

σqq̄!ga = � � tanh−1 1 − , (B.1)
9πf 2 s− 4m2 s a q 

where gs is the strong coupling constant and s is the usual Mandelstam variable denot-
ing the (squared of the) energy in the center of mass frame. Here and below, we denote 
with the letter q = {t, b} a generic third generation quark when it is possible to provide 
a single expression valid for both cases. If the other SM particle in the fnal state is the 
Higgs boson we have 

r !! 
2 2 2# cqyq(s−mh) q 

4m2 
2 2 qσ = s(s−4m )−4m tanh−1 1− . (B.2)qq̄!ha 64πsf 2(s−4m2) q q s 

a q 
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where the symbol “#” indicates that cross sections are calculated below the EWPT. Like-
wise, quarks can annihilate with their own antiquarks leading to an axion fnal state 
together with the Z boson with cross sections s 

c 2 g 2 m 2 1 (s−mZ 2 ) r ! ! 
t W t 2s−4mt q 4m2 

s t 2 2 2 4 4 2 2σtt̄!Za = 4 tanh−1 1− (−mZ(9m +40mW )+32m +17mZ)+9mZ(s−2mZ) ,
2 2 2 2 t W 

W Z
1152πs3/2fam m s−4m s 

t 

s (B.3) 
c 2 2 2 1 (s−mZ 2 ) r ! !mbgW b 2 r 2s−4m 4mb s b 2 2 2 4 4 2 2σb¯ = 4 tanh−1 1− (−m (9m +4m )+8m +5m )+9m (s−2m ) ,b!Za 2 2 2 2 s Z b W W Z Z Z1152πs3/2fam m s−4m 

W Z b 

(B.4) 
Finally, to complete the frst block of the table, we can have a top quark and a bottom 
antiquark as well as the CP conjugate system annihilating to a fnal state with an axion 
and a W boson with cross section 

2 2 qgW (s−mW ) 22 2 2 2 2 2 4 2σt ̄b!W+a = � 
2 

� (cbmb+ctmt)(s−2mW ) −2mb 2(mt+s)+mb+(mt−s) + 
128πsf am (−m +m +s) −4sm2 2 2 2 2 

W b t t ! 
2 2 m −m −s2 2 2 2 b t−2c m s(m −m2+2mW ) coth−1 p +t t b t 

−2m (m +s)+m +(m −s)22 2 4 2 
b t b t� ! 

2 2−sm +m2 2 b t+2cbm s 2ctm coth
−1 p +b t 

2 2 4 2−2m (m +s)+m +(m −s)2 b t b t !�! 
2 2 m −m +s2 2 2 b t+cb(m −m +2m ) coth−1 p , (B.5)t b W 22 4 2−2m2(m +s)+m +(m −s)b t b t 

We switch to the second block of Tab. 2 and we consider when there is just one 
fermion in the initial and fnal states. For a gluon in the initial state we fnd � � � �2 2 2 

q s q 2 4 2σqg!qa = 
c g �m � 2s 2 log 

s 
+ 4smq − mq − 3s . (B.6)

2s2 2192πf s− m2 m a q q 

For quark/Higgs boson scattering we have" 
2 2 2 q# cqyq(s−mq) 22 2 2 4 2σ = � � (−m +mq+s) −2m2 (mq+s)+m +(m −s) +qh!qa 2 h h h q

2 2 2 264πsf a (−m +m +s) −4smqh q # (B.7)p ! 
22 2 4 2 2 2 

2 h q h h q−2m (m +s)+m +(mq−s) −m +m +s −2smq log − p ,
22 2 2−2m2 (mq+s)+m4+(mq−s) +m2 −mq−sh h h 

whereas for the case of a Z boson we fnd 
2 2 2 2 c g mt(s−mt)t WσtZ!ta = r × 

22 2 2 2 23456πs2fam m (m −m2 +s) −4sm
W Z t Z t ⎛ r ⎞ 

22 4 2 2 2⎜ − −2m2(m +s)+m +(m −s) +m −m +s 
2 2 4 t Z t Z t Z ⎟2 42s 2(mZ(9m +40mW )−32m −17mZ) log⎜ r ⎟ 

t W ⎝ ⎠22 2 4 2 2 2−2m (m +s)+m +(m −s) +m −m +s t Z t Z t Z× r + 
22 4 2−2m2(m +s)+m +(m −s)t Z t Z ! 

2 2 2 4 4 2 2 4 4 2 2+3s(mZ(3m +40mW )−32m −8mZ)+(mt−mZ)(mt+mZ)(−40m m +32m +17mZ)+9s m .t W W Z W Z 

(B.8) 
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2 2 2 2 cbg mb(s−mW b)σbZ!ba = r × 
22 2 23456πs2fam

2 m (m2−m +s) −4sm2 
W Z b Z b ⎛ r ⎞ 

22 4 2 2 2− −2m2(m +s)+m +(m −s) +m −m +s⎟⎜ b Z b Z b Z2 2 2 4 4 ⎜ ⎟2s 2(mZ(9m +4mW )−8m −5mZ) log r
b W ⎝ ⎠22 4 2 2 2−2m2(m +s)+m +(m −s) +m −m +s

b Z b Z b Z × r + (B.9)
22 4 2−2m2(m +s)+m +(m −s)b Z b Z ! 

2 2 4 4 2 2 4 4 2 2+3s(mZ(3m2+4mW )−8m +4mZ)+(mb−mZ)(mb+mZ)(−4mWm +8m +5mZ)+9s m .b W Z W Z 

Finally, if the initial state quark annihilate with a W boson we have the cross sections 

� 
2 2 qgW (s−mb) 22 2 4 2 2 2 2σtW−!ba = � 

2 
� −2m2 

t(mW+s)+(mW−s) +mt 2cbctmbmt(3s+mW−mt)+ 
2 2 2 2 2384πs2fam (m −m +s) −4sm

W t W t � 
2 2 4 4 2 2 2 2 2 2 2 2 2 2+c m (m −2m +m (m −2s)+m s+s2)+c m (m (m −m −3s)+s(m −m +s)) +b b t W t W W t t b t W t W !⎛ r ⎞ 

22 2 2 2 2 4m −m +s− −2m (m +s)+(m −s) +mt W t W W t
+2s2ctm2(2cbm2+ct(m2−m2−2mW 

2 )) log⎝ r ⎠ , (B.10)t b t b 22 2 2 2 2 4m −m +s+ −2m (m +s)+(m −s) +m t W t W W t 

� 
2 

t 
2) qgW (s−m 22 2 2 4 2 2 2 2= � � −2m (m +s)+(m +m 2ctcbm m (3s+m −m )+σbW+!ta 2 b W W−s) b t b W b2 2 2 2 2384πs2fam (m −m +s) −4sm

W b W b � 
2 2 4 4 2 2 2 2 2 2 2 2 2 2+c m (m −2m +mb(m −2s)+m s+s2)+c mb(m (m −m −3s)+s(m −m +s)) +t t b W W W b t b W b W !⎛ r ⎞ 

22 2 2 2 4m −m +s− −2m2(m +s)+(m −s) +mb W W W2 2 2 2 2 2 ⎝ b b⎠+2s cbm (2ctm +cb(m −m −2mW )) log r , (B.11)b t b t 22 2 2 2 4m −m +s+ −2m2(m +s)+(m −s) +mb W b W W b 

C Bounds on axion couplings 

In this Appendix, we collect astrophysical, cosmological and terrestrial experimental 
bounds on axion interactions with SM particles given in Sec. 2. 

Coupling with photons. The effective coupling to photons, as defned in Eq. (2.4), must 
satisfy the following constraints [10, 11, 13, 58]: 

|gaγγ| . 7 × 10−11 GeV−1 for ma . 10 meV 

|gaγγ| . 10−10 GeV−1 for 10 meV . ma . 1 eV 
(C.1)

|gaγγ| ˝ 10−12 GeV−1 for 10 eV . ma . 0.1 GeV 

|gaγγ| . 10−3 GeV−1 for 0.1 GeV . ma . 1 TeV . 

For masses larger than the TeV, no constraint is present on these couplings. These 
bounds can be translated in terms of fa once a specifc value of caγγ is taken. 
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Axion favor conserving couplings to third generation quarks. Stellar cooling data im-
ply bounds on axion couplings to top and bottom quarks [59]. In general, this 
constraint applies on the effective axion coupling with electrons, which is the sum 
between the tree-level coupling with electrons and the loop-induced contributions 
proportional to the axion couplings with any other fermion. Under the assump-
tion that only one coupling is non-vanishing at a time, and in particular the tree 
level coupling with electrons is zero, then 

fa 
ct 

& 1.2 × 109 GeV 
fa 
cb 

& 6.1 × 105 GeV , (C.2) 

for axion masses in the range ma . 10 keV. 

Axion couplings to nucleons. Neutron star and Supernova SN1987A cooling data pro-
vide bounds on axion coupling with neutrons and nuclei. The physical process 
consists in the neutron or nucleus bremsstrahlung, respectively, and the corre-
sponding bounds read 

fa fa 
> 1.21 × 109 GeV [60, 61] p 

c2 
> 1.67 × 109 GeV [62, 63] , (C.3)

+ c2can ap an 

where can and cap stand for the effective coupling of axion to neutrons and protons 
and are expressed in terms of the axion-quark couplings as follows: 

can = −0.02 + 0.88cd − 0.39cu − 0.038cs − 0.012cc − 0.009cb − 0.0035ct, (C.4) 
cap = −0.47 + 0.88cu − 0.39cd − 0.038cs − 0.012cc − 0.009cb − 0.0035ct. 

The constant terms refer to the axion coupling to gluons, while the others to the 
corresponding axion-fermion couplings. These bounds are rather strong, but should 
be taken with caution: from one side they are model dependent and from the other 
hold under the current knowledge of the complicated Supernova physics and neu-
tron stars. If one considers only the couplings ct and cb, as we do in our work, these 
bounds are sub-dominant with respect to the ones in Eq. (C.2). 

Axion favor violating couplings to third generation quarks. Flavor violating coupling 
are strongly constrained from processes like rare decays or meson oscillations. An 
example of these processes are B+ ! π+a decay and B0 − B̄0 oscillations, from 
where a bound can be obtained on the vector and axial axion coupling, respec-
tively, to bottom and down quarks [41, 64, 65]: 

fa fa 
V 
> 1.1 × 108 GeV 

A 
> 2.6 × 106 GeV. (C.5) 

c cbd bd 

Analogously, from the processes B+,0 ! K+,0a and B+,0 ! K�+,0 a bounds on the 
vector and axial couplings to bottom and strange quarks can be obtained [66]: 

fa fa 
V 
> 3.3 × 108 GeV 

A 
> 1.3 × 108 GeV. (C.6) 

c cbs bs 
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Figure 8: Sensitivity of the �Neff prediction on the lowest temperature TSTOP reached by our 
Boltzmann equation integration. We choose values of TSTOP close to the QCDPT, and we show 
results for production via top (left panel) and bottom (right panel) scattering. 

Bounds of favor violating couplings involving the top quark are obtained in the 
same fashion as for the favor conserving ones: considering the contribution at one 
loop to the process K+ ! π+a of a top-up and top-charm coupling it is possible to 
extract the following bounds [67]: 

fa 
ctu 

> 3 × 108 GeV 
fa 
ctc 

> 7 × 108 GeV. (C.7) 

D Approaching the QCDPT 

Ideally, we should integrate the Boltzmann equation tracking the axion number den-
sity all the way down to very low temperatures in order to predict �Neff. We have 
seen why this is not necessary because the axion comoving density reaches an asymp-
totic value once SM quarks participating in the production starts feeling the Maxwell-
Boltzmann suppression. So it is enough to stop our Boltzmann equation integration at 
some IR temperature cutoff that we denote TSTOP. 

The value of the needed TSTOP could be dangerous if it is too low. Our analysis 
is based on perturbative calculations for scattering cross sections and on treating the 
primordial bath as a gas of weakly-coupled quarks and gluons in thermal equilibrium. 
This setup is certainly valid at high temperatures around the EWPT, and it loses its 
validity as we approach the QCDPT. In this appendix, we investigate how robust is our 
predictions for �Neff considering this potential issue. 

We show in Fig. 8 the prediction for �Neff as a function of fa for axion production 
via top quark (left panel) and bottom quark (right panel) scatterings. In each panel, we 
report our prediction for the different values TSTOP = {1, 2, 3} GeV close to the QCDPT. 
The result for the top is absolutely stable, and this is not surprising since the top mass is 
much larger than the typical temperatures around the QCDPT. On the contrary, produc-
tion via bottom scattering presents some dependence on this temperature and decreas-
ing it leads to slightly higher �Neff. However, such a dependence on TSTOP is noticeable 
mostly in the region of very low PQ breaking scales ruled out by experiments. Thus, 
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our results are robust. And, in any case, they could be interpreted as a lower bound on 
the expected effect on �Neff that still ensures perturbativity in the computations. 
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