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We study the growth of genuine multipartite entanglement in random quantum circuit models, which include
random unitary circuit models and the random Clifford circuit. We find that for the random Clifford circuit,
the growth of multipartite entanglement remains slower in comparison to the random unitary case. However,
the final saturation value of multipartite entanglement is almost the same in both cases. The behavior is then
compared to the genuine multipartite entanglement obtained in random matrix product states with a moderately
high bond dimension. We then relate the behavior of multipartite entanglement to other global properties of the
system, viz., the delocalization of the many-body wave functions in Hilbert space. Along with this, we analyze
the robustness of such highly entangled quantum states obtained through random unitary dynamics under weak
measurements.
DOI: 10.1103/PhysRevA.102.062431

I. INTRODUCTION

Over the years, alongside quantum Hamiltonian systems,
an important area that has gained much attention is the study
of quantum properties related to quantum random unitary
circuit models [1–15]. Even though such a model is relatively
less structured than any generic Hamiltonian system, as it
retains only two fundamental features of any realistic physical
system, namely, unitarity and spatial locality, several studies
reveal that it is composed of many rich quantum properties. It
has been reported that quantum entanglement growth in these
systems exhibits a certain universal structure [2]. In particular,
the critical exponents for the entanglement growth are similar
to those of the Kardar-Parisi-Zhang (KPZ) equation, which
has a wide range of applicability in nonequilibrium statistical
mechanics [16]. Moreover, the exact expression of the rate
of entanglement growth commonly known as entanglement
speed is obtained for these models by rewriting the dynamics
of purity as a classical Markov process and mapping it to
solvable spin models [13]. In addition to this, both exact
results and coarse-grained descriptions have been provided
for the spreading of quantum operators under random quantum circuit dynamics [3,5]. Along with this, a new class of
dynamical behavior has been explored, in which the circuit is
constantly monitored through quantum measurements [7,9–
12]. Interestingly, it has been reported that the entanglement
growth of an initial product state under such random unitary
dynamics undergoes a continuous transition from the volume
law to the area law when it is monitored with a particular
strength of the measurement [7,9–12].
Apart from entanglement studies, random quantum circuits have also been used to demonstrate quantum advantage
through the task of sampling from the output distributions of
the models [8,14,15]. In general, the accomplishment of such
a task classically requires a direct numerical simulation of the
2469-9926/2020/102(6)/062431(10)

circuit, with computational cost exponential in the number of
qubits [8,14]. Very recently, experimental validation of the
same was also reported [15]. Along with this, random quantum circuits composed of nearest-neighbor two-qubit gates
have been proven to form an approximate unitary t-design
[17–19]. Pseudorandomness in the form of unitary t-design
has emerged as a promising approach for experimental realization of random unitary circuits. Despite its mathematical
simplicity, an exact experimental realization of random quantum circuits demands an extremely long time and is often
unfeasible in many-body systems. In this regard, the scheme
of unitary t-design provides a finite-degree approximation of
Haar random unitaries and has already been implemented
experimentally in small systems [20–24]. All this progress
has significantly increased the interest of the community in
exploring several other quantum properties related to random
circuit models.
To date, among the works related to random unitary circuit
models, the study of local or bipartite quantum properties has
received most of the attention. However, along with those
properties, an important case to explore is the global quantum properties of these models, which are complex, although
fundamentally interesting. In particular, multipartite entanglement is one such important property which is also considered
to be a potential resource in many quantum information and
computation protocols [25–32]. In recent years, several studies endorsed the fact that along with bipartite entanglement,
multipartite entanglement can also faithfully detect quantum phase transitions in several quantum many-body systems
[33–40]. Moreover, using recent technologies, experimental
realizations and manipulation of multipartite entangled states
have also been reported in atomic, ion-trap, and optical settings [41–46].
In this article, we address this void and aim at studying
the global quantum properties of random unitary circuits. In
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particular, we look at the multipartite entanglement properties
of the quantum state obtained at each iteration of a random
unitary circuit and relate it to other physical properties of
the system. We observe that an initial product state, when
subjected to a random unitary circuit, acquires a substantial
amount of genuine multipartite entanglement even for a few
iterations of the circuit and, at large iteration time, eventually
saturates to a very high value, close to the maximum possible
value in qubit systems. Additionally, we find that the growth
rate of genuine multipartite entanglement has a dependence
on the range of interactions. For instance, we observe that
although the saturation value of multipartite entanglement in
random unitary circuit models composed of quasi-long-range
and long-range unitaries remains the same as that obtained
for short-range circuits because all of them are ergodic and
converge to the same Haar measure, saturation in these cases
is attained with a faster rate than the short-range one. Along
with this, we also present the results obtained from the analysis of multipartite entanglement properties of another form of
a random quantum circuit, which is composed of structurally
different elementary gates, namely, the random Clifford circuit [47,48]. We note that in this case, the rate of growth
of multipartite entanglement remains slow in comparison to
random unitary circuits and saturation occurs at a much higher
value of the iteration step of the circuit. However, the final
saturation value of multipartite entanglement is found to be
almost the same as that obtained for the random unitary case.
We then compare the behavior of multipartite entanglement
obtained for the random unitary circuit to that obtained for
random matrix product states (RMPSs) [49]. This provides
us with a framework to characterize the complexity of the
random state generated at each iteration of the circuit in terms
of the bond dimension of the random matrix product states.
Once the multipartite entanglement properties of the circuits are fully characterized, we next relate them to other
global quantum properties of these models. In particular, we
study the delocalization of the initial wave function when it is
subjected to the quantum dynamics under the random quantum circuits. In general, for any generic quantum many-body
wave function, the relation between its spread in the Hilbert
space or delocalization and its global entanglement content is
not obvious. In this respect, for some specific quantum-many
body states, a close resemblance of the behavior of bipartite
entanglement and localization was reported in many earlier
works [50–54]. To find whether any such relationship exists
in the case of random dynamics we consider in this work, we
compute the inverse participation ratio (IPR) [55,56] in the
local basis for both random unitary circuits and the random
Clifford circuit. We note that the behavior of IPR in both the
circuits remains very much akin to their global entanglement
properties. Therefore, we argue that in the random quantum
circuits we have considered in our work, the spreading of
the quantum many-body wave functions in Hilbert space and
the growth of multipartite entanglement have close correspondence.
Finally, we analyze the robustness of multipartite entanglement of the random quantum state generated for a large
number of circuit iterations when it is monitored through nonprojective or unsharp or weak measurements [57–59], which
are a special subset of positive operator-valued measurements.

We report that the random quantum state sustains a nonzero
amount of global entanglement, even for high values of
the measurement strength. Interestingly, the decay pattern of
global entanglement with the measurement strength becomes
almost similar to that obtained for an N-qubit GreenbergerHorne-Zeilinger (GHZ) state.
Therefore, our work sheds light on fundamental as well as
application-based aspects of global quantum properties of the
random unitary circuit models that have not been addressed
in previous works. We argue that random quantum circuits,
even though they result in less structured quantum dynamics
than a generic Hamiltonian system, generate a high amount
of global entanglement, which can be a promising scheme for
efficient generation and control of the multipartite entangled
state. Along with this, the robustness property of the multipartite entanglement under weak measurements opens up
the possibility to use it as a potential resource in quantum
information and computation tasks which are accomplished
by exploiting multipartite entanglement [25–32].
We arrange the paper in the following way. In Sec. II, we
describe the random unitary circuit that we consider in our
work. In Sec. III, we briefly discuss the measure of genuine
multipartite entanglement. Next, in Sec. IV, we demonstrate
the growth of genuine multipartite entanglement with each iteration step of the random unitary circuits and compare it with
that obtained for the random Clifford circuit. In Sec. V, we
compare the behavior of multipartite entanglement obtained
for the random state generated through the random unitary
circuit to that obtained for a random matrix product state.
A comparison between two global properties of the circuits,
namely, the spread of wave functions in Hilbert space and
the multipartite entanglement, is made in Sec. VI. Next, in
Sec. VII, we discuss the robustness of the multipartite entanglement generated in the random unitary circuit under the effect of weak measurements. Finally, we conclude in Sec. VIII.
II. THE MODEL

Let us briefly discuss the random unitary circuit as depicted in Fig. 1. In this circuit, we first apply random
unitaries Ui j , generated independently through the Haar
measure, on the nearest-neighbor sites (i, j), i.e., on sites
(1, 2), (3, 4), (5, 6), . . . , (N − 1, N ), where N is the total
number of sites. In the next step, we apply the unitaries on the remaining nearest-neighbor pairs of sites, i.e.,
(2, 3), (4, 5), (6, 7), . . . , (N − 2, N − 1). This completes a
full iteration, denoted by t. The number of unitaries acting
at each iteration is N − 1. As the interactions between spins
or qubits are taken to be random in both space and time, it
becomes a less structured model than any generic Hamiltonian system. Note here that throughout the paper, we mainly
consider the random states generated through the short-range
random unitary circuits discussed above. However, in our
work, we also study some of the variants of random unitary
circuits, which we discuss in detail in Sec. IV.
III. GENUINE MULTIPARTITE ENTANGLEMENT
AND ITS MEASURE

In this section, we briefly introduce the measure of genuine multipartite entanglement that we consider in our work.
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FIG. 1. Schematic representation of the random unitary circuit.
The solid circles indicate the lattice sites, and the rectangular boxes
represent the random unitaries Ui j acting on sites i and j. The abscissa and ordinate correspond to the number of sites N of the circuit
and the evolution time, respectively. A complete iteration is denoted
by t.

An N-party pure quantum state |N in the tensor product
Hilbert space H1 ⊗ H2 ⊗ · · · HN [60] is said to be genuinely
multipartite entangled if it cannot be written as a product in
any possible bipartitions of the state [61–65]. An example
of such a quantum state is the N-party GHZ state, given
N
N
by |ψGHZ = √12 (|0⊗ + |1⊗ ). In order to quantify the
genuine multipartite entanglement of any pure quantum state
|N , we consider a computable measure known as the generalized geometric measure (GGM) [63–65]. It is defined as an
optimized distance of the given quantum state |N from the
set of all states that are not genuinely multipartite entangled.
This can be mathematically expressed as
(1)

where ζmax (|N ) = max |η|N |, with the maximization
being carried out over all pure N-party quantum states |η ∈
H1 ⊗ H2 ⊗ · · · HN , which are not genuinely multipartite entangled. Further simplification of the above equation leads to
an equivalent expression, given by
G(|N ) = 1 − max {λA:B |A ∪ B = {1, 2, . . . , N},
A ∩ B = ∅},

0.2
0.1

t

2
G(|N ) = 1 − ζmax
(|N ),

0.3

(2)

where λA:B is the largest eigenvalue of the reduced density
matrix ρA or ρB of |N . For the qubit system, the value of G
lies within the range 0  G  0.5.
IV. GROWTH OF MULTIPARTITE ENTANGLEMENT

We are now equipped with the necessary tools to study
the global entanglement properties of an initial product state
when it is iteratively subjected to the random quantum circuit
described in Fig. 1. Towards this aim, we start with the initial
product state |(t = 0) = |0⊗N and compute its GGM G
at each iteration step of the circuit. The number of random
realizations of the circuit considered here is 2 × 102 . The behavior of the multipartite entanglement averaged over all such
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FIG. 2. The growth of G with iteration number t. At
each iteration, the averaging of G is performed over 2 × 102
random realizations of the unitaries. Here, N = 12. Inset (a) shows
the fitting of G/Gsat vs t profile, which is close to the function
tanh( tt0 ) (see Appendix A). Inset (b) exhibits the scaling of Gsat
with N.

random realizations of the circuit with the iteration number
t is depicted in Fig. 2. From Fig. 2, we note that G grows
very fast and saturates eventually to a high value for large
iteration times. We denote the saturation value (up to the third
decimal place of G) of multipartite entanglement by Gsat and
G
the iteration step required to reach the saturation by tsat
. For
G
N = 12, Gsat = 0.478, and tsat = 20. Subsequently, in order to
find an approximate analytical form of G(t ), we fit G/Gsat [see
inset (a) in Fig. 2] and find that G grows approximately as
t 
,
(3)
G(t ) = Gsat tanh
t0
with t0 ≈ 6 for N = 12. The fitting is not exact and provides
only an approximate functional form of G(t ). We provide an
estimate of the error involved in the fitting and the dependence
of the constant t0 on the system size N in Appendix A. A
scaling analysis of Gsat with N is also presented in inset (b),
which indicates that even for moderate system size, N = 12,
the multipartite entanglement content of the random state at
a moderately high iteration number eventually becomes very
close to the maximum value of G in qubit systems.
In addition to this, we mention here that the circuit configuration in Fig. 1 is the optimal one, in the sense that if
we consider other variants of the circuit, in which, instead of
short-range unitaries, the circuit composed of unitaries acts
on non-nearest-neighbor qubits, there is no advantage of the
multipartite entanglement generated at high iteration because,
in that limit, all of them become ergodic and converge to
the same Haar measure. However, we observe that the rate
of growth of genuine multiparty entanglement depends on
the range and number of random unitaries considered. We
elaborate this by considering two cases as follows (see Fig. 3
for a schematic illustration of the cases). In case I, we consider a quasi-long-range unitary circuit, such that two-qubit
unitaries now act on the first qubit and the rest of the qubits,
i.e., Nr=2 U1r . Here, the number of unitaries acting at each
iteration step remains the same as in the previous case, which
is N − 1. We observe that in this case, for N = 12, to reach
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FIG. 3. Schematic representation of different configurations of
random unitary circuits. Case I illustrates the quasi-long-range circuit
where one qubit is connected with the rest of the qubits. Case II
depicts a complete long-range circuit where each qubit is connected
with all the other qubits. The solid black line represents the unitary
Ui j acting on qubits i and j at its two edges.

the saturation value of multipartite entanglement the number
G
of circuit iterations required is tsat
= 11. This implies that by
increasing the range of interaction the growth rate of multipartite entanglement can be increased even while keeping the
same number of unitaries as before. Case II demonstrates a
proper long-range scenario in the sense that all N qubits are
now connected through the two-qubit unitaries, Ni< j,i, j=1 Ui j .
The number of unitaries acting in the circuit at each iteration
step is given by N2 (N − 1). We observe in this case that the
growth rate is the maximum, and for N = 12, saturation ocG
curs at tsat
= 3.
We next consider another example of a random quantum
circuit, namely, the random Clifford circuit, constructed by
picking randomly any of the following gates with equal probability at each iteration of the circuit: (a) the Hadamard gate,
(b) S( π4 ), and (c) the controlled NOT (CNOT) [47,48]. See Fig. 4
for the matrix form of these gates. In the case of bipartite
entanglement, it is known that although the Clifford circuit
can generate states with the same maximal entanglement entropy as Haar random states, the entanglement spectrum of
such states is either flat or Poisson distributed, which is different from the Wigner-Dyson distribution for the Haar random
states [66,67]. Here, we wish to see how distinct the behavior
of multipartite entanglement remains for the random Clifford
case compared with the random unitary scenario. Figure 5
depicts the growth of genuine multipartite entanglement of
N
the same initial product state | = |0⊗ that we considered
earlier, with each iteration step of the random Clifford circuit
(green squares). From Fig. 5, we can observe that in this case,
multipartite entanglement grows at a relatively slower rate in
comparison to the random unitary circuit case. The reason for
such behavior is that among the considered quantum gates that
belong to the Clifford group, only the controlled-NOT gate is
capable of producing entanglement. On the other hand, for
the random unitary circuits, the two-qubit random gates are
(a)
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√1
2

1
1

1
−1

S(π/4) =

(c)
1
0

0
π
ei 4

⎡
1
⎢0
C=⎢
⎣0
0

0
1
0
0

Random Unitary
Random Clifford

0.4

0
0
0
1

⎤
0
0⎥
⎥
1⎦
0

FIG. 4. Elementary quantum gates of the Clifford group, namely,
(a) the Hadamard gate, (b) the π /4 gate S, and (c) the controlled-NOT
gate C, expressed in the computational basis.

0.2

225

25
20

150

15

0.1
0
0

10
6

(a)

8

50

100

N

10

12

75
6

(b)

150

t

200

8

N

10

250

12

300

FIG. 5. Growth of genuine multiparty entanglement obtained for
the random Clifford circuit (green squares). For a better comparison,
we again plot the behavior of G obtained for the random unitary
circuit (orange circles). Here, N = 12, and in both cases averaging
of G is performed over 2 × 102 random realizations of the circuits.
G
In the insets, we compare the scaling of the iteration number tsat
required for the saturation of G in both (a) random unitary circuits
and (b) the random Clifford circuit with system size N.

more capable of generating entanglement between the sites.
The behavior is consistent with that obtained in an earlier
work [68], which reported that although the universal set of
gates in the random Clifford circuit is capable of scrambling
initial product states, the degree of randomness at intermediate
steps of such states remains lower than those generated by
two-qubit Haar random unitary circuits. However, for large
time, the saturated value of multipartite entanglement Gsat becomes almost the same as that obtained for the random unitary
scenario. A comparison of the scaling of the iteration step
G
tsat
required for the saturation of multipartite entanglement in
both (a) the random unitary circuit and (b) the random Clifford
circuit with the size of the system N is also presented in the
insets in Fig. 5.
V. COMPARISON TO RANDOM MATRIX
PRODUCT STATES

We now compare the growth of multipartite entanglement
obtained for random unitary circuit models as discussed in the
previous section to that obtained for random matrix product
states. Matrix product states (MPSs) with fixed bond dimensions lie in a tiny corner of the total Hilbert space and are
often found to be an approximate ground state of local Hamiltonians [69–71]. As stated earlier, the random unitary circuit
models represent a less structured model than the Hamiltonian
systems, and the presence of randomness eventually pushes
the quantum state to occupy a wider region within the Hilbert
space. Therefore, the behavior of multipartite entanglement in
random MPSs and its comparison with the random quantum
state generated through the random unitary circuit model is
an interesting case to explore. In Ref. [49], it was reported
that a set of nonhomogeneous random MPSs and the set of
uniformly distributed general random states yield the same
average states. Here, our aim is to explore whether any such
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FIG. 6. Growth of G in RMPSs with the bond dimension D. Here,
N = 12, and the averaging of G is performed over 2 × 102 random
realizations. In inset (a), we plot the minimum bond dimension Dmin
required to reach the multipartite entanglement in a random MPS
close to the value obtained after each iteration of the random unitary
G
and Dsat for the random
circuit. Inset (b) depicts the scaling tsat
unitary circuit and random MPSs, respectively, with the system
size N.
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of the cases has been quantified by the following factor:
|G RU (t ) − G RMPS (Dmin )|  10−2 . For example, the amount of
multipartite entanglement obtained after t = 10 iterations of
the random unitary circuit is given by G RU = 0.452. Now
for the random MPSs, a value close to that, G RMPS = 0.443,
is obtained for D = 24. Hence, we can argue that from the
perspective of multipartite entanglement, the quantum state
generated after t = 10 circuit iterations is comparable to a
random MPS with D = 24. At this stage, we would like
to mention here that instead of choosing Ai matrices to be
random unitaries U , one can equally consider them to be
any general random matrix. However, we found that in that
case, the amount of multipartite entanglement obtained for
any bond dimension D remains almost the same as that obtained for the unitary case ( see Fig. 10 in Appendix B).
Therefore, we can argue that the choice of Ai matrices as
random unitaries turns out to be more beneficial as it involves
a relatively smaller number of random parameters than any
general random matrix. In addition to this, in inset (b) in
Fig. 6, we provide a comparison of the scaling of Dsat obtained
G
from random MPSs and tsat
obtained from random unitary
circuits with the system size N.
VI. DELOCALIZATION OF THE WAVE FUNCTION

similarity exists between these two differently constructed
random states when the multipartite entanglement properties
are considered.
We start with the matrix-product-state representation of
any pure quantum state |, which is given by
  i i

| =
Tr A11 A22 · · · AiNN |i1 i2 · · · iN ,
(4)
i1 i2 ...iN

are D × D complex matrices, with D being the bond
dimension. In general, in order to represent any quantum state
in MPS form, one requires ND2 d parameters, where d is the
local Hilbert space dimension of the system (for qubits d =
2). For small D, this number turns out to be much smaller
than the dimension of the actual Hilbert space d N .
In this work, we consider a matrix product state in which
the Aikk matrices are random unitaries U of dimension D × D
and aim to find the growth of the genuine multipartite entanglement with its bond dimension D. Figure 6 shows the
growth of G of a random MPS with D. For each D, averaging
of G is performed over 2 × 102 random realizations of the
matrix product states. We find that with increasing bond dimension, multipartite entanglement in RMPSs increases and
finally saturates at a value G = 0.470, which is very close
to that obtained for the random circuit. We denote the bond
dimension required to reach the saturation value by Dsat .
For N = 12, Dsat = 56. Hence, we can argue that in terms
of global entanglement content, the random quantum state
generated at high iteration time of the circuit is comparable
to a random MPS with a moderately large bond dimension.
A similar comparison for the points away from saturation
is shown in inset (a) in Fig. 6, where we compute the minimum bond dimension Dmin required for a random MPS to
achieve multipartite entanglement close to that obtained after
each iteration t of the random unitary circuit. The closeness
of the values of multipartite entanglement obtained in each
where Aikk

Along with the studies of the multipartite entanglement
properties of the random quantum circuits, we also study
another global property of the models, namely, the delocalization of an initial product state, when it evolves under the
interactions of random quantum gates. Importantly, this gives
us an opportunity to compare the spread of wave functions
in Hilbert space with the spread of entanglement in different bipartitions of a multipartite quantum state. In order to
quantify the degree of delocalization of any quantum state
in many-body Hilbert space, we consider a commonly used
measure, known as the inverse participation ratio [55,56], for
N
a given basis {|i}2i=1 , which can be expressed as
I = 2 N
i=1

1
|(t )|i|4

.

(5)

The measure IPR is conventionally used to quantify the localization of any single-particle wave function in real space,
which is attributed as the scenario of Anderson localization.
However, the definition of localization is different in the context of many-body systems because, in this case, the relevant
space is the many-body Hilbert space rather than the real
space of a single particle. To make a proper generalization
of such a concept to the many-body scenario, the basis states
N
{|i}2i=1 considered here are such that the spatial regions of the
lattice are not entangled with each other. In other words, each
such basis state is a fixed real-space configuration. An example of one such basis state which we consider in this work is
the product basis of the local operator, e.g., Siz , {|0, |1}⊗N .
However, the choice of such a local basis is not unique, and
the value of I depends on the local basis considered, which
can be further connected to the quantum coherence of the state
[72,73].
In general, for any many-body quantum state |N comN
pletely delocalized in a given local basis {|i}2i=1 , one gets
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the system size N. Along with this, inset (b) depicts the scaling
of the saturation value of IPR Isat with N.
We have now characterized the properties of the random
quantum state generated through the dynamics of the random
unitary circuits. However, along with the generation of such
highly entangled random quantum states, to use it as a resource for quantum information processing and computational
tasks, it is equally important to investigate its robustness properties. In the next section, we consider one such setup and
discuss its robustness properties in detail.
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FIG. 7. The growth of IPR I with the iteration number t for the
random unitary circuit (orange circles) and random Clifford circuit
(green squares). In both cases, 2 × 102 random realizations of the
circuits have been considered. Here, N = 12. In inset (a), we comI
required to reach the saturation
pare the scaling of iteration steps tsat
value of IPR in both random unitary and random Clifford circuits
with system size N. Inset (b) depicts the scaling of the saturation
value of IPR Isat with the system size N. The y axes of the main
figure and inset (b) have been rescaled by y = y × 10−3 .

i|N = √1 N ∀ i, implying that I = 2N . On the other hand,
2
for a completely localized state, we have I = 1. In both limits, multipartite entanglement becomes zero. However, there
could be other states, e.g., |ψGHZ , for which IPR is very low
but the multipartite entanglement content is maximum, i.e.,
G = 0.5. Therefore, for any generic quantum system, the exact relation between delocalization of the wave functions and
its multipartite entanglement content is not obvious. In this
regard, there are works in which attempts have been made to
provide a relation between bipartite entanglement, quantified
by measures such as averaged concurrence [50], purity [50],
entanglement entropy [52–54], etc., and delocalization properties, quantified by Rényi entropy [50] and the participation
ratio [51–54], for certain quantum many-body wave functions.
To investigate the relation between delocalization and growth
of multipartite entanglement in both the random unitary circuit and the random Clifford circuit, we again start with the
initial state |(t = 0) = |0⊗N and compute its IPR at each
iteration of the circuits. Figure 7 illustrates the growth of IPR
I with the iteration number t for both the random unitary
circuit (orange circles) and the random Clifford circuit (green
squares). The averaging of IPR is performed over 2 × 102
random realizations of the circuits. We denote the saturation
value (up to the second decimal place of I × 10−3 ) of IPR as
Isat and the number of circuit iterations required to reach the
I
. Clearly, this behavior is qualitatively similar
saturation by tsat
to the behavior obtained for multipartite entanglement in these
circuits, as shown in Fig. 5. Therefore, from the comparison,
we argue that for the two different kinds of random circuits
we consider in our work, the spreading of wave functions
in Hilbert space and the growth of multipartite entanglement
demonstrate close correspondence. Inset (a) in Fig. 7 shows
I
the comparison between the scaling of tsat
obtained for the
random unitary circuit and the random Clifford circuit with

Apart from its fundamental importance, the multipartite
entangled state has been found to be a useful resource in many
quantum information and computation tasks [27,31,32,74].
In the case of measurement-based quantum information and
computation schemes, starting from a highly entangled multipartite resource state, sequential measurements are applied to
exploit the shared multipartite entanglement in accomplishing
the desired tasks. In this way, the initial resource is irreversibly degraded as the computation proceeds and reusability
of the resource ceases. One way to minimize the effects of
such quantum measurements is to apply weak measurement
schemes [57–59,75,76]. Although this, in turn, may affect the
efficiency of the protocol, the reusability of the resource opens
up. Another example where one is interested in doing certain
quantum computation tasks while keeping the multipartite
entanglement is quantum error correction [31,32]. The protection of quantum information from the error introduced due to
unavoidable interactions with the environment is the main aim
of any quantum error-correcting codes. In this regard, a key
step is an efficient encoding process that maps the physical
qubits into the encoded multipartite entangled logical state.
This mapping process of the physical qubits to a large Hilbert
space essentially provides a scope to detect and even further
correct errors of the physical qubit without destroying the
logical state. In general, the encoding process is composed
of the application of quantum gates on the physical qubit and
the space of ancillary qubits. One such example is the encoding of an arbitrary qubit |ψ = α|0 + β|1 to the following
multipartite entangled state by employing a quantum circuit U
U

consisting of CNOT gates: |ψ −
→ |ψEncoded = α|0L + β|1L ,
with |0L = |00 · · · 0 and |1L = |111 · · · 1. In this respect,
the usefulness of the random Clifford circuit as an efficient encoder for good quantum error-correcting codes was studied in
Ref. [77]. Now, once the initial quantum bits are encoded, the
error is detected and often corrected by performing quantum
measurements. One such example is the stabilizer measurement [31,32]. However, schemes for quantum error correction
that employ feedback and weak measurement have also been
proposed [78,79]. All these studies motivate us to examine
the robustness of the quantum state generated at large iteration
times of the circuit under the effect of weak quantum measurements, which essentially paves the path for the next step: designing an efficient error-correcting code using the multipartite entangled state generated through the random unitary circuit dynamics. However, such an investigation demands separate attention which is beyond the scope of the current work,
and we wish to explore that elaborately in our future work.
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FIG. 8. Depiction of weak measurement settings. (a) represents
a schematic sketch of the weak measurements M±λ performed on any
qubit randomly chosen from the N sites. (b) displays the decreasing
λ
behavior of the saturation value of multipartite entanglement Gsat
with measurement strength λ. The dashed orange line signifies the
fitted analytical expression given in Eq. (6). Here, N = 12, and the
number of random realizations of the circuit is 2 × 102 .

We consider weak measurement operators, M±λ =
√I±λσz 2 , characterized by the parameter 0 < λ  1. These
2(1+λ )

measurement operators satisfy the completeness relation:
M+λ M+λ† + M−λ M−λ† = I. The parameter λ represents the
measurement strength. Indeed, for λ = 1, M±λ correspond to
projective measurements. We perform M±λ on the quantum
state generated at large iteration time (t = 50) of the random
unitary circuit, and the position of such measurements is
completely random. For a schematic depiction, see Fig. 8(a).
The quantum state after performing the weak measurement
M λ |(t )
then reads |(t )λ± = ||M±λ |(t )|| . The procedure is repeated for
±

a large number of measurements (102 ), and the final value of
the global entanglement is obtained by averaging over all such
outcomes and a large number of random realizations of the circuits (2 × 102 ). The behavior of the saturated value of global
λ
entanglement, denoted by Gsat
, with the measurement strength
λ is depicted in Fig. 8(b). From Fig. 8(b), we find that the
multipartite entanglement of the random state obtained at high
iteration time exhibits a polynomial decay with the strength
of measurement, which can be analytically expressed as
λ
GSat

(1 − λ)2
.
≈
2(1 + λ2 )

In this work, we analyzed the global quantum properties of
the random quantum circuits, which are generally considered
least-structured models for quantum dynamics. We considered
two structurally different kinds of random quantum circuits,
namely, random unitary circuits composed of short-range
and long-range Haar uniformly generated unitaries and random Clifford circuits, and studied the growth of genuine
multipartite entanglement when an initial product state is
iteratively subjected to those circuits. We observed that for
random unitary circuits, the initial product state accumulates
a high amount of multipartite entanglement even after a few
iterations of the circuits. However, the growth rate is relatively
slow in the case of a random Clifford circuit, and in this
case, to reach the same saturation value, a large number of
circuit iterations is required. Recently, there have been both
theoretical proposals [80,81] and experimental developments
[43–46] on controlled preparation of highly multipartite entangled states. In that respect, our results propose a scheme
for generation of a highly multipartite entangled state from
a relatively simpler and less structured model, which could
be a promising scheme for efficient generation and control of
multipartite entangled states. We then compared the behavior
of global entanglement obtained for random unitary circuits
to that of random matrix product states. We report that the
behavior of genuine multipartite entanglement is very similar
in both cases. In particular, we observed that a random matrix
product state with a moderately high bond dimension attains
a value of genuine multipartite entanglement close to that
obtained for a random state generated for a large iteration of
the random unitary circuits.
In addition to this, we made a connection between the
behavior of multipartite entanglement and the other global
properties of the system, such as the delocalization of the
initial wave functions in Hilbert space, and observed very
close correspondence between these two global quantities. In
both the random quantum circuits, the qualitative behavior of
delocalization measure remains very much akin to the multipartite entanglement obtained in those circuits. Finally, we
studied the robustness of the multipartite entanglement generated through such random unitary dynamics under the effect
of weak measurements performed on any qubit, randomly
chosen from N sites. We showed that the circuit sustains
a nonzero amount of global entanglement even when the
strength of the measurement is very high. The analysis is
arguably a step towards the design of an efficient scheme
such as a quantum error-correcting code, measurement-based
quantum computation, etc., using the multipartite entangled
state generated through the random unitary circuit dynamics,
which we aim to explore in our future works.
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FIG. 10. Comparison of the growth of genuine multipartite entanglement as quantified by G with the bond dimension of the Ai
matrices D when Ai are chosen as random unitaries U (orange circles)
and any general random matrix (green squares). Here, the number of
random realizations of the Ai matrices considered is 2 × 102 , and
N = 12.
APPENDIX B: RANDOM MATRIX PRODUCT STATES
WITH ANY GENERAL RANDOM Ai MATRICES

In this Appendix, we provide an estimate of the error introduced due to approximation of G(t )/Gsat as a near-functional
form tanh( tt0 ). We provide the fitting in Fig. 9. From inset
(a), we can see that the error = |G(t )/Gsat − tanh( tt0 )| never
exceeds the value 9 × 10−3 , and for high t (t > 18), it even
becomes < 3 × 10−3 . The scaling of the constant t0 with N
is depicted in inset (b).

In this Appendix, we provide a comparison of the multipartite entanglement obtained by considering the Ai matrices
in the random MPS as given in Eq. (4) of the main text
as D × D random unitaries and any general D × D random
matrix without the unitary constraint. Figure 10 shows that
in both cases, the value of multipartite entanglement for any
D remains almost the same. Hence, in terms of the number
of random parameters, the choice of Ai matrices as random
unitaries will be beneficial as it consists of a relatively smaller
number of random parameters.
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