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Resumen

Esta tesis explora la relacién entre teorias en diferentes dimensiones, centrando-
se en la fisica de las compactificaciones de teoria de cuerdas a D = 4. Estas
teorias se consideran en el limite en que pueden ser descritas por super-
gravedad en D = 11 o por supergravedades de tipo II, y las soluciones
estudiadas contienen un factor AdS4 y son por tanto relevantes en holografia.

Los dos principales objetos de estudio son la espectroscopia de Kaluza-
Klein (KK) y los truncamientos consistentes. La primera consiste en el
estudio de las caractersticas de las torres infinitas de modos resultantes de
la compactificacién, cuyas propiedades estan controladas por los flujos y la
geometra del espacio interno. Las segundas son situaciones en las que estas
torres pueden reducirse a un subconjunto finito de modos cuya dindmica
viene dada por una supergravedad en cuatro dimensiones que puede ser
embebida consistentemente en su contrapartida con dimensiones extra.

Tras discutir compactificaciones en toros como un ejemplo introductorio
donde presentar los conceptos relevantes, analizaremos cada uno de estos
temas en partes separadas. En la primera parte, explicamos los recientes pro-
gresos en la obtencién de truncamientos consistentes mediante supersimetria
y G-estructuras por un lado, y por otro basdndonos en los grupos de dualidad
que gobiernan las supergravedades en cuatro dimensiones gracias a las jer-
arquias tensoriales, las jerarquias de dualidades y Fxceptional Field Theory
(ExFT). La segunda parte aborda la espectroscopia KK y su importancia en
holografia. Hasta hace muy poco, sobre soluciones inhomogéneas solamente
existian herramientas para estudiar el sector de espin-2. Estas herramientas
en combinacién con teorfa de grupos son utilizadas para examinar la configu-
racién dual a la teorfa de campos superconforme que aparece en el infrarrojo
de una deformacién relevante de la teoria en el interior de una pila de M2
branas. Posteriormente, se muestra cémo estos métodos se pueden extender
a campos de menor espin mediante el marco proporcionado por ExFT, y su
uso para analizar diferentes clases de soluciones en D = 10y D = 11 con
interés holografico.
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Abstract

This thesis explores the relation between theories in different dimensions,
focusing on the physics of string theory compactifications down to D = 4.
We consider the limit in which the higher-dimensional theories are described
by D = 11 or type II supergravity, and the studied solutions contain an AdSy
factor and are thus relevant for holography.

The two main objects of study are Kaluza-Klein (KK) spectroscopy and
consistent truncations. The first consists in the study of the features of the
infinite towers of modes resulting from the compactification, whose properties
are controlled by the choice of fluxes and geometry on the internal space. The
latter are situations in which we can reduce these towers to a finite subset of
modes whose dynamics is given by a lower-dimensional supergravity which
can be consistently embedded into the higher-dimensional counterpart.

After discussing the compactifications on tori as an introductory example
to present the relevant concepts, we will analyse each topic in separate
parts. In the first part, we explain how progress has been made in obtaining
consistent truncations based on supersymmetry and G-structures, and on the
duality groups governing the lower-dimensional supergravities thanks to the
tensor and duality hierarchies and Exceptional Field Theory (ExFT). The
second part addresses KK spectroscopy and its importance to holography.
Until very recently, on non-homogeneous solutions only tools to study the
spin-2 sector were available. These tools are combined with group theory to
examine the configuration dual to the IR SCFT of a relevant deformation
of the theory in the worldvolume of a stack of M2 branes. Subsequently,
we show how these methods can be extended to lower-spin fields within the
ExFT framework, and use them to analyse different classes of solutions in
D =10 and D = 11 of holographic interest.

ix



Preface

This thesis is based on the following research articles that I published during
my PhD, together with Mattia Cesaro, Kevin Dimmitt, Praxitelis Ntokos,
and Oscar Varela.

[A] G. Larios, P. Ntokos, and O. Varela,
Embedding the SU(3) sector of SO(8) supergravity in D = 11,
Phys. Rev. D100 (2019) no. 8 086021 [arXiv:1907.02087].

[B] G. Larios and O. Varela,
Minimal D = 4, N' = 2 supergravity from D = 11: An M-theory free lunch,
JHEP 10 (2019) 251, [arXiv:1907.11027].

[C] K. Dimmitt, G. Larios, P. Ntokos, and O. Varela,
Universal properties of Kaluza-Klein gravitons,
JHEP 03 (2020) 039, [arXiv:1911.12202].

[D] M. Cesaro, G. Larios, and O. Varela,
A Cubic Deformation of ABJM: The Squashed, Stretched, Warped,
and Perturbed Gets Invaded,
JHEP 10 (2020) 041, [arXiv:2007.05172].

[E] M. Cesaro, G. Larios, and O. Varela,
Supersymmetric spectroscopy on AdSy x S7 and AdS; x S,
JHEP 07 (2021) 094, [arXiv:2103.13408].

[F] M. Cesaro, G. Larios, and O. Varela,
The spectrum of marginally-deformed N =2 CFTs with AdS,
S-fold duals of type IIB,
JHEP 12 (2021) 214, [arXiv:2109.11608].

During this period I also completed the following publication with Camille
Eloy and Henning Samtleben,

xi


https://arxiv.org/abs/1907.02087
https://arxiv.org/abs/1907.11027
https://arxiv.org/abs/1911.12202
https://arxiv.org/abs/2007.05172
https://arxiv.org/abs/2103.13408
https://arxiv.org/abs/2109.11608

[G] C. Eloy, G. Larios, and H. Samtleben,
Triality and the consistent reductions on AdSs x S3,
JHEP 01 (2022) 055, [arXiv:2111.01167],

and performed work in collaboration with Mattia Cesaro, Jim Liu, Emanuel
Malek, Henning Samtleben, Christoph Uhlemann, Valenti Vall Camell and
Oscar Varela. Some of these unpublished results are mentioned in the text,
and they will appear in

[H] M. Cesaro, G. Larios, and O. Varela,
The spectrum of N = 1 S-fold families in type IIB, to appear.

[I] M. Cesaro, G. Larios, and O. Varela,
Uplifting the SO(3) x Zg sector of SO(8) supergravity in D = 11,
to appear.

[J] G. Larios, J. Liu, E. Malek, H. Samtleben, C. Uhlemann, V. Vall Camell,
AdSg spectra from Exceptional field theory, to appear.

xii


https://arxiv.org/abs/2111.01167

Agradecimientos &
Acknowledgements

This thesis would not have been possible without the constant support of
many people. I will doubtlessly start thanking Oscar, whose continuous
encouragement and inspiration have been truly invaluable. Among many
other things, you have taught me to appreciate and how to do high quality
science, and I will try never forget that I should always avoid epicycles.

I also want to express my dearest gratitude to Praxitelis and Kevin for
that many super interesting discussions and lovely projects with sleepless
trans-oceanic nights, and very specially to Mattia. E stato un onore godere
della tua eccezionale amicizia, lavorare con te e fare in modo che gli spectra
non siano fantasmi.

My home has been very important during these four years. IFT is the
best place one could think of to carry out research. I have benefited a lot from
every comment of Pepe Barbén, Maria José Rodriguez, Roberto Emparan,
Karl Landsteiner, Matteo Baggioli and Daniel Aredn and the inquiries of
César Gomez at the Holoclubs, and from every conversation with Carlos
Shahbazi and Tomés Ortin about (super)gravity. From Angel Uranga and
Carlos Pena, I value as highly all the physics I have learnt as much as the
importance and joy of outreach (and how mentioning the albigensian crusade
or the taxicab number can be a most enjoyable way of conveying many
concepts). Among the people who form or used to form the IFT, I want to
particularly mention the cohort of fellow students who have struggled with
me all these years. Muchas gracias, Guille, Fer, Francesca, Uga y Gallego
por las comidas en el CBM hablando de lo humano y lo divino. Muy en
especial a Alvaro, por haberme acompanado en esos primeros meses en los
que todo sonaba a chino, y a Judit, Salva, Angel y Raquel por tantos cafés
como sonrisas. También merecen una mencién destacada Martin, de quien he
aprendido desde complejidad cudntica a cémo dar un discurso de graduacion
o hacer que un journal club no implosione; mis (brevemente) compafieros de
la cuarta planta David, Roberta y Sergio; y David, con quien estoy seguro
de que volveré a compartir despacho y discutir encarnizadamente sobre si
x idioma deberia perder y consonantes o z acentos. Sin duda, hablando

xiii



del IFT, tengo que cerrar con quienes hacen que todo vaya como la seda.
Muchas gracias, Isabel, Rebeca, Ménica y Emilio por todo vuestro trabajo
que hace posible el de todos los demas.

Part of this thesis has been done away from Madrid, and I want to
express my deep gratitude to the people who have made it possible. My
time at ENS de Lyon was really enjoyable despite its unfortunate stop due
to the pandemic, and I want to thank Henning Samtleben for his hospitality
and all the inspiring conversations we have had since then. Aussi je veux
exprimer ma reconaissance a Camile Eloy. Il a été une vraie joie travailler et
apprendre de toi. My time in Ann Arbor was equally lovely, and this was
because the real kindness of Jim Liu. Deep recognition is also for Christoph
Uhlemann, Leo Pando-Zayas, Henriette Elvang and all the students there,
specially Marina and Robbie, for making me feel part of the group from the
very first moment. In these two stays, there were also people who made me
feel literally at home while I was away. Merci beaucoup, Claire, pour ta
douce gentillesse essayant de comprendre mon pauvre francgais, and to the
Kunselmans. If everybody were the way you are, the world would be a much
better place.

I also want to very much thank Emanuel Malek for having invited me
at Humboldt Universitat zu Berlin, and Chris Pope, both for my visit at
TAMU last November and for giving me the privilege of keeping with this
research I love.

Esta tesis tiene mucho de la gente que quiero y que me ha hecho ser
como soy. De mis cuatro abuelos. No puedo haber sido mas afortunado
de haberos tenido a mi lado toda mi vida y de seguir pudiendo compartir
con vosotros cada paso que doy (incluyendo mis publicaciones, que aunque
estan en swahili os sabéis mejor que yo). De mis tios, que me han hecho
ser el trooper y ensenado que un motin es una cosa muy fea pero que es el
momento de que tengamos uno. De mis hermanos, Blanca y Jaime, de los
que no me puedo sentir méas orgulloso y que son lo que mas me cuesta no
llevar a cada salida de Espana. Mencién aparte merecen todos mis padres,
pero muy especialmente vosotros dos, papd y mama.

Quiero dar las gracias también a Inigo, Chema, Martin y Sergio, que
hacéis que no tenga claro si contaros entre mi familia o mis amigos. A Julidn,
con quien me siento orgulloso de haber compartido tanto. A las personas ¢,
por no poder ser nada mas lejos de algo chiquitito y despreciable. Quiero
tener un recuerdo muy especial para Isa, a la que echo mucho de menos y
hace que intente dar importancia a las cosas que de verdad importan.

No puedo sino terminar dando gracias a una brujita que deberia aparecer
como coautora, ya que le debo cada palabra aqui escrita. aed.

Xiv



Contents

Resumen vii
Abstract ix
Preface xi
Agradecimientos & Acknowledgements xiii
Invitation 1
I Consistent Truncations 11
1 Introduction: The road to consistency 13
2 Supersymmetry and G-structures 17
2.1 Holonomy and G-structures . . . . . ... .. .. .. ..... 17
2.2 Classification of AdS4 N =2 solutions . . . . .. ... .... 20
2.3 Consistent truncations . . . . . . ... ... L L. 24

3 Duality in maximal supergravity truncations 31
3.1 Maximal supergravity in D=4 . . . . ... ... ... .... 31
3.1.1 Gauged sugra and the Embedding Tensor . . . . . .. 31

3.1.2  SU(3)-invariant truncation of SO(8)-gauging . . . . . 40

3.2 The explicit uplift on S . . . . . ... ... ... ... ... 52
3.2.1 D = 11 supergravity in 4 + 7 split and the S7 truncation 53

3.2.2 SU(3)-invariant truncation . . . ... ... ... ... 57

11 Kaluza-Klein Spectroscopy 69
4 Introduction: Weighing ripples of the world 71

XV



Contents

5 KK spectrum on the cubic deformation of ABJM

5.1 ABJM, its deformations and their duals . . ... ...
5.1.1 Relevant Superpotential Deformations . . . . .
5.1.2 Gravity duals . . . .. ... .00

5.2 Massive KK modes on the GMPS solution . . . . . ..
5.2.1 Algebraic Structure . . ... ... . ... ...
5.2.2 Spin-2sector . .. ... ... L.

5.3 Geometry and spectrum . . . . ... ... ...

6 Spectra from maximal truncations

6.1 Spin-2 spectrum from SL(8,R) matrices . . . ... ..
6.2 ExFT spectroscopy . . . . . ... .. ... ... ....
6.2.1 Fundamentals of Exceptional Field Theory . .
6.2.2 Generalised Scherk-Schwarz ansétze . . .. . .
6.2.3 KK mass matrices . . ... ... ... ... ..

7 Applications
7.1 N =1 spectra in massive ITA and M-theory . . . . . .
7.1.1 Salient features of the new spectra . . . . . ..

7.2 S-fold conformal manifolds . . . . . . ... ... ... ..
7.2.1 KK towers on the two-parameter N’ = 2 family . . . .

7.2.2  The holographic conformal manifold . . . . . .

7.3 Universality of traces . . . . . . . ... ... ... ....
7.3.1 Graviton spectra in string theory . . . . . . . ..
7.3.2  Universality in SU(3)-invariant sector . . . . . .

Coda

Conclusion and outlook . . . . . . ... .. ... .. .....
Conclusiones y perspectiva . . . . . . .. ... ... .....

Appendices

A Consistency of the truncation in chapter 2

A.1 Consistency of Equations of motion . . . . . . ... ...
A.2 Consistency of Supersymmetry variations . . .. .. ..

B SU(3) subsector of maximal SO(8)-supergravity

C Geometric structures on S’

C.1 S7 as the join of S' and a Sasaki-Einstein S° . . . . . .
C.2 87 as a homogeneous Sasaki-Einstein space . . . .. ..
C.3 87 as the sine-cone over a nearly-Kéhler S6 . . . . . ..

xXvi

155
... 155
... 159

163

165
... 165
... 170

173



Contents

D Checks on D =11 field equations in the SU(3) sector 183
D.1 Consistency of the minimal A/ = 2 truncation . . . . . . . .. 183
D.2 D =11 field equations on the AdSy solutions . . . .. .. .. 185

E Group theory compendium 191
E.1 Structure of the KK spectra from N =8 . . . ... ... ... 191

E.1.1 SO(8) towers . . . . . ... ... ... 192
E.1.2 SO(7) towers . . . ... ... ... .. ... ... 192
E.1.3 SO(6), x SO(2) towers . . . . . ... ... ... .... 192
E.2 Embedding SU(3)xU(1), into SO(8) . . . ... ... ... .. 193
E.3 N =4 supermultiplets . . . . .. ... ... .. ........ 196

xvii



Invitation

Modern physics is based on two solid pillars describing the four known forces
of Nature. On the one hand, at large distances everything is dominated
by gravity. This is the case because the other forces, although individually
much stronger, can be both repulsive and attractive, and over large distances
their net effects cancel. At the classical level, this interaction is described by
Einstein’s General Relativity, which identifies gravity with the geometry of
the spacetime in which the rest of the matter lives.

On the other hand, microscopic phenomena belong to the quantum realm,
whose most powerful description is quantum field theory. This language is
the relevant tool to describe the physics over several orders of magnitud
in distance and energy, from quantum computers to particle physics. In
the theory of fundamental interactions, the main exponent is the Standard
Model, which combines the forces describing atoms and nuclei into a single
framework.

Both theories have been tested to agree with experiments at unprece-
dented levels. For quantum field theory, most predictions of the Standard
Model have been verified. This ranges from the existence of the Higgs boson
and the value of its mass [1, 2|, to the value of quantities like the anomalous
magnetic dipole of the electron, which has been checked to differ from the ex-
perimental data in less than one part in a billion [3]. Similarly, on the gravity
side both the prediction of exotic phenomena and the precision checks have
been verified. Among the recently achieved experimental findings predicted
decades in advance, the photography of black holes by the Event Horizon
Telescope [4] and detection of gravitational waves by the LIGO and Virgo
spectrometers [5] stand out.

However, the puzzle of reality is not complete. There are certain extreme
situations that require the combination of gravity and quantum mechanics,
such as the physics of black holes or the entire universe close to the Big Bang.
Nevertheless, General Relativity and quantum mechanics cannot be easily
reconciled. Furthermore, apart from pieces that do not cope well with one
another, there are entire sectors which are missing. The matter described
by the Standard Model constitutes only 5% of what we think the Universe
is currently formed by, with the remaining 95% being components that we
only know by their gravitational interaction, which we call dark matter and
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energy [6, 7]. The theory that would allow us to understand these unknowns
is known as Quantum Gravity, and finding its precise shape is one of the
main objectives of theoretical physics today.

String theory [8-13] is currently our best candidate for such a theory. Its
name originates from its weakly coupled limit, in which the relevant dynamical
objects are one-dimensional cords characterised by a tension T = (27a/) L.
The theory on the worldsheet that these objects sweep as they propagate
leads to an emergent notion of spacetime and includes gravity, which was not
a priori required to be part of the theory. Surprisingly, quantum consistency
of the two-dimensional theories describing these tiny strings is extremely
restrictive, demanding that the strings propagate in ten dimensions, and
providing only five examples, named type I, IIA, I1IB, Heterotic Eg x Eg and
Heterotic SO(32), whose spectrum includes fermions. These five theories turn
out to have the precise spectrum and interactions to enjoy a very powerful
symmetry relating bosons and fermions, known as supersymmetry. Moreover,
these superstring theories are strongly suspected to be UV-finite, and their
low energy limits are described by ten-dimensional supergravities, which are
theories combining General Relativity with supersymmetry.

A surprising fact is that all these theories, despite constructed inde-
pendently, know from one another. For example, type IIA string theory
compactified on a circle of radius R yields exactly the same predictions
as type IIB string theory on a circle of radius o//R, and type IIB string
theory at weak coupling is expected to be equivalent to its strongly coupled
regime. These relations, known respectively as T- and S-dualities, are the
fundamental examples of string dualities, which provide links connecting all
five string theories.

Another case in which string theory is understood follows from taking
two consecutive limits. If one takes the strongly coupled limit of type ITA
string theory, one can infer the existence of a theory in eleven dimensions
which contains membranes but no strings. This theory, known as M-theory,
therefore has the unique eleven-dimensional supergravity as its low-energy
limit. Eleven-dimensional supergravity compactified on a circle successfully
recovers type IIA supergravity. Moreover, if we compactified it on an interval,
we would recover the dynamics of heterotic Eg x Eg supergravity. All these
interrelations suggest that the different string theories and eleven dimensional
supergravity are only different limits of a single theory, that is often referred
to as a whole as M-theory as well. A pictorial representation of this duality
network can be found in figure I.1a.! This figure also shows a distinguishing
feature of eleven-dimensional supergravity and the type II theories: they
enjoy as much supersymmetry as a theory can have, whilst the other three

! Away from the boundaries in figure I.1a, it is expected that different extended objects
apart from strings contribute in equal footing. This has led some authors to refer to the
complete theory as “The theory formerly known as strings” (TTFKAS) [14, 15]. We will
however use the names string/M-theory understood lato sensu.
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Type TTA Type IIB .

T-duality

maximal susy e Q-action

String theory on AdS

D=11
sugra

M-Theory

(hic sunt dracones)

Type I (bulk)

- S-duality
- half-max susy quadty

T-duality

e Heterotic Heterotic
Eg x Eg S0(32) CFT (boundary)

(a) (b)

Figure 1.1: (a) All the different supersymmetric string theories and eleven-
dimensional supergravity, and their web of dualities leading to the notion of M-theory.
The edges of the star contain information about the relation between adjacent nodes,
with  denoting the orientifold action and all the other links mentioned in the text.
(b) Schematic picture of the AdS/CFT correspondence, where the operators in the
boundary CFT are dual to fields propagating in the AdS bulk.

theories are only half-maximal. In this work, we will devote ourselves to the
maximal case.

Another duality found in string theory has deserved much attention
in the recent years. It has a different flavour as compared to the other
string dualities, as instead of relating different string theories, it equates
string theory to quantum field theories without gravity. This duality is
usually referred to as AdS/CFT correspondence or gauge/gravity duality,
and it is holographic in nature: it states that certain string theory solutions
with a d + 1 dimensional anti-de Sitter (AdS) factor are exactly equivalent
to field theories with conformal symmetry (CFTs) in one dimension less
sitting at the conformal boundary of AdS, as schematically represented in
figure I.1b. The utility of this duality is manifold. From the computational
side, given that it relates the limit in which we have good control of one
theory with the one in which we hardly have tools to address the other, it
provides new directions to approach situations where perturbation theory
breaks down. Prominent examples of these applications are the use of simple
gravity models to study the quark-gluon plasma in the Standard Model
or systems in condensed matter with strongly correlated electrons, as high-
temperature superconductors. On the other hand, it has also provided insight
into deep conceptual issues in black hole evaporation, providing convincing
evidence that evolution must be unitary in spite of the naive expectation
from Hawking’s evaporation.

Apart from the abundance of dualities, string theory is characterised by
the presence of extra dimensions. Contrary to previous proposals displaying

3
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this feature, in string theory the dimension of spacetime is not an arbitrary
parameter, but the aforementioned quantum consistency requirements de-
mand a precise value. To make contact with physics in lower dimensions,
it is therefore necessary to specify what happens with the extra ones. The
most common mechanism is known as compactification and lies in assuming
that spacetime can be divided into external and internal spaces, and the
latter form a compact manifold.

From a lower-dimensional perspective, the complete dynamics of the
higher-dimensional theory can be reformulated in terms of objects that only
depend on the external coordinates. Each of the different higher dimensional
fields can be written as an infinite sum of lower-dimensional ones times
specific functions describing vibrations in the internal manifold. For each
vibrational mode, the associated fields will carry a different mass. As we will
discuss in detail, each of these massive excitations, known as Kaluza-Klein
(KK) modes, enjoys a very precise understanding in the the CFT side if we
choose our external manifold to be anti-de Sitter.

Nonetheless, for most purposes, we would like to restrict ourselves to a
finite subset of this infinite tower of Kaluza-Klein excitations. This reduction
is non-trivial, as one cannot freely set some modes to zero while keeping
others and still satisfy the required equations of motion. When it is possible,
one obtains a consistent truncation that guarantees that every solution of
the lower-dimensional theory, usually a gauged supergravity which combines
General Relativity with gauge theories that generalise the Standard Model,
provides a solution of the higher-dimensional counterpart. However, despite
desirable, until very recently only a handful of non-trivial examples of
consistent truncations were known.

The research in this work is framed in the intersection between holographic
and string dualities, and focuses on their relevance in the physics of the
Kaluza Klein modes and the existence of consistent truncations. To motivate
a bit further the actual problems that this work addresses and in order to
introduce some concepts in the simplest context, let us finish this invitation
with a discussion of the most paradigmatic case where they make appearance:
the toroidal compactification of D = 11 supergravity.

D = 11 supergravity on T"

Let us recall the field content and dynamics of D = 11 supergravity [16],
following the conventions of [17]. The bosonic field content includes the
metric ds3; = gundzMdxN, M =0,...,10, and a three-form potential A
with four-form field strength G,y = dA;,. The fermionic sector is simply
comprised by a Majorana gravitino ¥,s. In the following, we will consider
configurations in which the gravitino vanishes, and the remaining fields are

4
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governed by the field equations

dG(4) = 0,
1
d *11 G(4) + iG(4) A G(4) = 0’ (1.1)
1 PQR L o =
Run = 15 |GmperGN 50 gmn| =0,

where the first relation is the Bianchi identity for G4, and the other two
are the equations of motion that stem from the Lagrangian

1 1
Ell — RVOlll - 5 G<4) /\ *11G(4) - 6 A(g) /\ G(4) /\ G(4) . (12)

The complete action (including fermions) is invariant under local supersym-
metry. On bosonic backgrounds, the variations of the metric and three-form
identically vanish. On the other hand, the gravitino variation reads

0V = Vie+ % (FMSPQR — 85]€4FPQR) GSPQRE, (1.3)
where € is Majorana supersymmetry generator and I'414» are the Dirac
matrices and their antisymmetrised products. In (I.3), these matrices appear
contracted with a local orthonormal frame e in terms of which the metric
can be written as

gun =nape’ ey, (L4)

with n4p the mostly plus eleven-dimensional Minkowski metric. In flat
indices, A =0, ..., 10, the Dirac matrices satisfy the Clifford algebra

{T'a,I'p} =2n4B, (L.5)

and
To...T1o=1. (1.6)

As argued before, the spacetimes of interest in string theory are most often
factorised into a d-dimensional external space and an internal n-dimensional
compact manifold. In the eleven dimensional case, n = 11 — d. The simplest
example of this is the internal space having the topology of a torus,

T"=8"x - x S, (L.7)
—_——
n
so that the coordinates can be split into ™ = (z#, y™), with 4 =0,...,d
and m =1,...,n, and the y™ chosen to be periodic. The eleven-dimensional

fields can then be written in terms of indices that break the manifest higher-
dimensional Lorentz invariance as

GL(d+n,R) — GL(d,R) x SL(n,R)

O Y (18)
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in terms of which the bosonic fields can be written as

dst, = A g datda” + gpn(dy™ + B™)(dy" + B"),

Ay = LA pdat A dz” A da? + LA mdat A da¥ A (dy™ + B™) L9)
+ 3 Apmndz® A (dy™ + B™) A (dy™ + B™)

+ tAmnp(dy™ + B™) A (dy" + B™) A (dy? + BP)

with A(z,y) a function introduced for later convenience. We will refer
to this way of writing higher-dimensional fields in terms of fields with a
lower-dimensional tensor structure as a KK factorisation or KK ansatz.
Notice that we have not restricted any coordinate dependence, and all fields
are understood to depend on the full set of coordinates. As the internal
coordinates label the circle directions in (1.7), we can encode this dependence
as an expansion of the fields into Fourier modes, e.g.

Apla,y) = > AP (z) ehm™ | (L10)
kezn

Thus, as mentioned before, we can trade higher-dimensional fields into an
infinite number of lower-dimensional ones once we know a complete basis of
functions on the internal space.

The lower-dimensional fields, known as KK modes, inherit their properties
from the with which they appear. For example, in our toroidal compactifica-
tion the Fourier basis is organised in representations of U(1)", and the fields
therefore carry U(1)"-charges. In this case, the functions are also harmonic,
and this endows the different KK fields with d-dimensional masses dictated
by them. Schematically,

Moy (. y) =Y (0"0, — |k|*) o™ () eFmv™ (L11)
k

for ¢ any of the fields in (1.9). In more general compactifications, it is
therefore convenient to require that the functions controlling the KK tower
also be harmonic. These masses and charges for the full set of modes are
interesting from different perspectives. First, from a phenomenological point
of view, these modes could correspond to actual particles beyond the Standard
Model in large compact dimensions scenarios. In our case, our main interest
in them is going to originate from the AdS/CFT correspondence, as will be
explained in more detail in chapter 4.

In many situations, we nevertheless want to restrict ourselves to a finite
subset of fields within infinite-dimensional KK tower, i.e. we want to split
the entire set as {Pkept, Ptrunc} and set Guunc = 0. Obtaining a truncation
such that every solution of the equations for the reduced set of fields provides
a solution of the full set of equations requires that the fields retained do
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not source the truncated ones. From an action perspective, this means that
there is no term linear in ¢y in the Lagrangian.

On generic grounds, this is a very subtle requirement. However, in the
toroidal compactification the underlying group theory makes it possible to
truncate all fields in (I1.10) with k,, # 0, while retaining the ones with zero
charge under U(1)". Consistency is guaranteed because we are keeping all
singles under this group while discarding every non-singlet, and it is not
possible to source non-singlets out of singlets for any group. One can also
check that this truncation is compatible with supersymmetry, and therefore,
through the ansatz (I1.9), one can obtain solutions of D = 11 supergravity
out of solutions of maximal supergravities in lower dimensions. In fact, the
action of maximal supergravity with no gauging in D = 4 was obtained out
of (I.2) by means of reduction on 77 [18]. Let us finish this invitation with a
brief recollection of how these supergravities are obtained and their duality
groups identified.

If we reduce on a single circle, (1.9) simplifies into

33, = /g, d’dz” + e~**3(dy + B)?,
) (I1.12)
Ay = %Alwpdx“ Adx¥ NdzP + %Awl dxt AN dz¥ A (dy + B),

where we have chosen the warp factor A = e=%/6 so that (1.2) leads to a
ten-dimensional action in the Einstein frame. This is the choice we make
throughout this work, which more generally amounts to choosing A in (I1.9) as

A (det gmn>1/(d—2)

I.1
det Grmn ’ (I.13)

with gmp, the metric obtained when setting all scalars to zero. From a ten-
dimensional perspective, the M-theory fields in (I.12) are given in terms of
a ten-dimensional metric, a vector, a scalar, a three form and a two-form.
As is well-known, this is the bosonic field content of type ITA supergravity
in D = 10. These fields carry a definite weight under GL(1,R), and the
scalar can be thought to parametrise this scaling. Let us also point out that
the two-forms in (I.12) are physical and cannot be set to zero despite the
gauge freedom of fl(g), as they can be thought as Wilson lines on S*. For the
nine-dimensional theory obtained by reduction of D = 11 supergravity on
T2, we have the same types of forms, now transforming in representations of
GL(2,R), and the scalars can be thought as coordinates on GL(2,R)/SO(2).

More generally, from a d-dimensional perspective and once the y-dependence

7
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d n Ep(n) K (Epn)

8 3 SL(2,R) x SL(3,R) SO(2) x SO(3)
7 4 SL(5,R) SO(5)

6 5 Spin(5, 5) SO(5) x SO(5)
5 6 E66) USp(8)

4 7 Er(7) SU(8)
38 Egs) SO(16)

Table 1: Maximal supergravity E,,) duality groups and their respective
maximal compact subgroups.

in (I.9) is dropped, the fields entering the metric and three-form are

Guv () metric ,
B™(x), Aunp(z) @ vectors,
i (@), Apunp() (L140)
A,uzzp(x)a A,uup(x) two- and three—forms,
Gmn (), Amnp(x) : scalars.

These fields can be understood to furnish different GL(11 — d, R) representa-
tions, as for the previous reductions. However, the complete duality groups
for the maximal supergravities arising from toroidal reduction of M-theory
are bigger than this for d < 8, as hinted by the appearance of the axionic
scalar A, outside the GL(n,R)/SO(n) coset. The duality group in this
cases enhances to the E,,) family, where the notation denotes that they
are the maximally non-compact (split) real form of the associated complex
algebras. The associated scalar manifolds are then cosets of these duality
groups by their maximal compact subgroup. A summary of these groups is
given in table 1.

For d < 6, some of these forms need to be Hodge-dualised into lower rank
fields to complete representations of E,. In particular, for d =5

gu(z) : metric,
B (), Aunp(2), A,p(z) : vectors, (I.15)
Gmn (), Amnp(T), Ag(z) : scalars,
with 3 )
dA, = xdA,, dAg = xdA (I.16)
in terms of the two- and three-forms in (I.14), and * the d = 5 Hodge
operator. Here, p=1,...,6, and (I.15) therefore amounts to 27 vectors in
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the 615’ @6 of SL(6,R), and 42 scalars in the 206 1 plus GL(6,R)/SO(6),
as appropriate for their respective branchings from the 27’ of Eg(6) and the
Eg(6)/USp(8) scalar manifold.

Correspondingly, in d = 4 the fields are

guv(x) : metric,
B} (x), Aump(x) = vectors, (L17)
Gmn (), Amnp(), /Ip(a:) :  scalars,

with p = 1,...,7. In this case, the three-form A,,, in (I.14) does not
carry degrees of freedom, and Ap are the axions dual to the two-form A,,,,.
This totals 70 scalars in GL(7,R)/SO(7) plus the 35 @ 7 of SL(7,R), as
appropriate for fields in the E;(7)/SU(8) coset. The counting of the vectors
is more subtle due to electric-magnetic duality in even dimensions. In (1.17),
and thus in the action, there are 28 of them in the 7/ @ 21, which is half
of the number required for Ey(7) covariance. The missing 28 vectors can be
understood as the magnetic duals of the ones appearing here. We will dwell
at length into this point in chapter 3.

In this simple example we have observed the appearance of towers of
KK modes upon compactification, and the possibility of setting to zero an
infinite number of these fields while retaining a finite choice of them in a way
consistent with the equations of motion of D = 11 supergravity. Although
these two topics are very much interrelated, we have decided to treat them
separately in the following for the sake of clarity. The analysis of consistent
truncations will be carried out in Part I in the light of supersymmetry,
dualities, and the holography of relevant deformations in the dual CFTs. In
Part II, we will analyse perturbations on top of solutions of type II and eleven-
dimensional supergravity. Many of these higher-dimensional solutions have
been constructed by uplifting solutions of the consistent truncations discussed
in the former part, and the analysis of the spectrum takes advantage of this
fact and from a duality-covariant reformulation of the higher-dimensional
theories known as Exceptional Field Theory. We will end this dissertation
with some comments on applications and future directions and relegate some
further discussion on technical details to five appendices.



Part 1

Consistent Truncations



Chapter 1

Introduction:
The road to consistency

The construction of String/M-theory solutions with non-trivial fluxes and
reduced (super-)symmetry at the ten- or eleven-dimensional level is a monu-
mental task. Moreover, in many cases we are not interested in the dynamics
of the full set of modes, but only in a restricted subset, as might be the
reduction to lower-dimensional configurations discussed in the invitation. In
general, however, the reduction of the equations of motion to such a finite
subset of modes, despite desirable, is very far from trivial due to the highly
non-linear nature of the equations.

Traditionally, group theory has enjoyed a prominent réle in these trunca-
tions, as already encountered in the toroidal case and discussed above (I1.12).
This idea in the T™ reduction can be generalised to other group manifolds in
what are known as deWitt reductions [19]. If the internal manifold is chosen
to be a non-abelian Lie group G, e.g. G = SU(2) ~ S3, the isometry group
is Giefy X Ghight, With one factor acting on the group element from the left
and the other from the right. Using the same logic as before, we can com-
pactify a higher-dimensional supergravity on this manifold and expand the
higher-dimensional fields into a tower of KK modes carrying representations
of Geg, X Grightl and discard all modes which transform non-trivially under
one of the factors, say Gyigni. The retained fields, in spite of being singles
under Gyight, need not be singlets under Gief;, and this leads to interesting
gauged supergravities in lower dimensions.

One could also try to perform this exercise on other seemingly simple
spaces with non-trivial symmetry groups, such as spheres other than S*
or S3 (as these two spheres are the only cases that are group manifolds).

!Strictly speaking, the KK modes furnish representations of the symmetry group
preserved by both the supergravity metric and fluxes, which is generically smaller than
the isometry group. Here, for simplicity, we assume that the (possibly zero) fluxes do not
break any symmetries.

13



Part I Chapter 1 — Introduction: The road to consistency

From a group theoretic perspective, an n-sphere can be understood as a
homogeneous space

on ~ SO(n+1)

SO(n)

and on a maximally symmetric solution all fields can be taken to transform
in representations of SO(n + 1). If we keep all singlets under any subgroup
of the isometry group, the truncation is again guaranteed to be consistent
[20]. We could try to perform a truncation retaining fields that transform
non-trivially under this SO(n + 1) so that it becomes the gauge group of
the lower dimensional supergravity. However, this kind of truncations, know
as Pauli reductions [21, 22|, are generically inconsistent as the coordinate
dependence does not factorise [23, 24]. The problem is easy to see: starting
from the ansatz (I1.9), the external components of the Einstein equation are,
in general,

(1.1)

R#V - %gPWR = %YIJ T(A)IJW/ - Agm/ (12)

for a solution dependent cosmological constant, as we have chosen A so that
(1.2) is in Einstein frame. Here, T'(A)r7 . is the appropriate stress-energy
tensor for the Yang-Mills field strengths associated to the gauge vectors
A’ and the tensor Y is a theory-dependent combination of the internal
Killing vectors and their derivatives. Here, the internal index I now runs over
adj @ ... representations of the gauge group. In simple terms, the obstacle
is that the tensor Y//(y) generically depends on the internal coordinates.

Nevertheless, in a number of cases one succeeds in this remarkable
exercise, with the truncations to gauged maximal supergravities in D = 4
and 5 being some prominent instances [25-28]. When this is possible, the
lower-dimensional gauged supergravities can be regarded as efficient ways of
probing the higher-dimensional counterparts, as every stationary point of
their potentials will correspond, by the consistency of the truncation, to a
higher-dimensional solution.

These consistent truncations to lower-dimensional maximal supergravities
of D = 11 or type II supergravities can be understood as turning on the
supergravity multiplet on top of maximally supersymmetric configurations
of the higher-dimensional theories. From this point of view, the KK ansatz
in (I1.9) can be understood as a proper embedding of the (suitably dualised)
fields of maximal D = 4 supergravity on top of the vacuum

ds3, = ds*(RY3) + 6, dy™ dy™ Fuy=0. (1.3)

Similarly, we can ask whether it is possible to embed other supergravities
on top more non-trivial solutions with a lower amount of preserved super-
symmetry. If the solution upon which we want to build can be found in the
potential of a maximal supergravity, the corresponding embedding of the
associated N < 8 supergravity also follows from the maximal truncation
from a suitable dismissal of part of the N' = 8 fields. On the other hand, we

14



Introduction: The road to consistency

expect these truncations to exist also on top of solutions which do not arise
from a lower-dimensional maximal supergravity.

In the two remaining chapters of this part, we are going to be interested
in truncations based on configurations that also split the eleven-dimensional

spacetime as
GL(11,R) — GL(4,R) x SL(7,R)
{«M}y - {a#, y™},
with p =0,...,3 and m =1,...,7 in line with (I.8). These configurations
are going to be taken to be maximally symmetric solutions of M-theory
such that the external factor is four-dimensional anti-de Sitter, AdSy, and

the seven-dimensional internal space will be required to be compact. Then,
instead of (1.3), we will consider an eleven-dimensional metric of the form

(1.4)

ds?, = e21ds*(AdSy) + gmn(y)dy™ dy™ (1.5)

with ds?(AdS,) having unit radius and A(y) a warp factor which only depends
on the internal coordinates. The four-form accordingly factorises as

G4y = mvoly —{—%anpq dy™ A dy™ A dyP A dy? (1.6)

with the Freund-Rubin term involving the volume form associated to the
corresponding external metric, and the magnetic component, F', carrying
dependence on the internal coordinates only.

When we turn on the four-dimensional fields, they deform (1.5) and
(1.6) in different ways. The four-dimensional metric simply replaces the
vacuum ds?(AdSs) factor. In turn, D = 4 the scalars modify the warping,
the Freund-Rubin factor and the internal metric and four-form. Finally, as
happened for the maximal toroidal reduction in (I1.9), the lower-dimensional
vectors fibre the internal manifold over the external space and can also enter
through their field strengths in the eleven-dimensional four-form.

Under the 4+ 7 dimensional splitting, fermions also need to be repackaged.
As mentioned in the invitation, the two relevant spinors in M-theory are
the gravitino, ¥y, and the supersymmetry generator, . Both of them are
Majorana spinors in D = 11, with the former also carrying a vector index.
The Majorana spinor index becomes under (1.4) a product of D = 4 and
D = 7 spinor indices. Accordingly, it is useful to decompose the elements of
the Clifford algebra as

Fa=pa®1, Lo =ps ®@7a (1.7)
in terms of D = 4 Dirac matrices, po, « = 0,...,3, with ps = ipgp1p203;
and their D = 7 counterparts 7., a = 1,...,7. These matrices satisfy the
Clifford algebras

{pavpﬁ} = 277046 ) {'7(17’71)} =20gp , (1'8)
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Part I Chapter 1 — Introduction: The road to consistency

with 7,5 the four-dimensional mostly plus Minkowski metric and d,, the
Euclidean metric. The chirality matrix satisfies (p5)? = 1.

When a D = 11 fermion is expressed in this spitting, the D = 11 Majorana
index A =1, ...,32 factorises as a product A = (a,1), witha=1,...,4 and
I =1,...,8 Dirac indices in D =4 and D = 7, respectively. The latter can
also be thought as a fundamental SU(8) index thanks to the inclusion

SU(R) D SO(8) > SO(7)
(1.9)
8 — 8 — 8,

as required by the D = 4 R-symmetry of the N’ = 8 theory.

Currently, the main tools to obtain these consistent truncations are either
based on the supersymmetry of the higher-dimensional background solution
and how it constrains the string theory configurations, or rely on the structure
of the lower-dimensional truncated theory and take advantage of its duality
group. In the first approach, the fundamental tool are G-structures [29].
These can be understood as a preferred basis of p-forms built out of the
preserved Killing spinors on which to expand the supersymmetric solutions.
This language is very well suited to classification efforts, and was used in [17]
to obtain the form of all solutions of M-theory with an AdS, factor preserving
N = 2. In chapter 2, we review these notions and the construction in [17]
to then build new consistent truncations of D = 11 supergravity to D =4
N = 2 minimal gauged supergravity on a topological S”.

Regarding the approach based on dualities, it is explored in chapter 3,
where the fully-fledged uplift to D = 11 of the maximal SO(8)-gauged
supergravity in D = 4 is presented. This uplift is performed by making use
of the formulation of the gauged supergravity theory in a Ey7) covariant
language by means of the tensor hierarchy [30]. We further focus on the
solutions present in the SU(3)-invariant subsector of the gauged supergravity
and their uplift to eleven dimensions. The consistency of the truncation of
M-theory on S7 is checked for these solutions at the level of the D = 11
four-form equations, and having the detailed form of this solutions proves
instrumental in Part II. Moreover, as the full dynamics of the D = 4 theory
is kept, this also allows us to construct the long-sought minimal N = 2
consistent truncation about the Corrado-Pilch-Warner (CPW) solution [31].
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Chapter 2

Supersymmetry and
(G-structures

It has long been known that supersymmetry is a powerful tool in string
and field theory. In this chapter, we will review how to use it to classify
configurations in M-theory which preserve A/ = 2 in four dimensions using
the notion of G-structures in section 2.1. This technique was used in [17] to
construct a general class of AdSy vacua, which we review in section 2.2. After
this recap, we will construct consistent truncations around the solutions in
section 2.2 down to AN/ = 2 minimal supergravity, in line with the general
conjecture in [32].

2.1 Holonomy and G-structures

Requiring that a configuration is supersymmetric amounts to finding a spinor
generator e such that
0B=0, 0F =0, (2.1)

for every bosonic, B, and fermionic, F, field. In the case of bosonic con-
figurations, where all fermionic fields vanish, the first equality in (2.1) is
automatic, as the right-hand side of the supersymmetric variation depends
on the fermions. In M-theory, the second amounts to the vanishing of (1.3),
which depends on the background geometry and fluxes. Requiring that
globally well-defined non-vanishing solutions to this equation exist constrains
severely the properties of the vacuum.

Before any further structure is introduced, the fibre bundle of all possible
frames on a d-dimensional manifold, known as the frame bundle, is patched
with GL(d,R) transformations. If some globally well-defined non-vanishing
section is introduced, we can choose the subset of frames adapted to it. For
instance, if an orientation is introduced, we can restrict to frames whose
wedge has the same sign as the non-vanishing volume form; or, if a metric is
present, we can take frames whose elements are orthonormal with respect to
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Part I Chapter 2 — Supersymmetry and G-structures

it. For each of these restricted frames, the structure group is reduced, being
SL(d,R) in the first case and O(d) in the second. Further, these restrictions
are compatible, and for oriented Riemannian manifolds, the structure group
is SO(d), or a subgroup thereof in case other sections such as our Killing
spinors are introduced.

For configurations without flux [33], (I.3) reduces to requiring the ex-
istence of a spinor parallel transported with respect to the Levi-Civita
connection

Vye=0. (2.2)

In this case, the manifold must not only be Ricci-flat from (I.1),! but also
admit a metric with special holonomy, which is a very restrictive topological
requirement. These metrics have been classified [33, 34], and for the static
case the problem reduces to classifying Calabi-Yau 5-folds, as the metric is
locally isometric to a product R x CYs5.

In flux compactifications, where the four-form does not vanish identi-
cally, spinors are not covariantly constant with respect to the Levi-Civita
connection, but the torsion-full connection appearing in (1.3)

@M =Vu+ % (FMSPQR — 85}?4FPQR) GSPQR . (2.3)

The existence of a globally well-defined non-vanishing spinor implies that

the manifold admits a reduced structure group G [35] under which this spinor

is left invariant. In the seven-dimensional case, the relevant structure groups

are therefore those subgroups of SO(7) for which the spinorial representation

of SO(7) contains singlets. The number of internal Killing spinors associated
to the reduced structure group follows the chain [35]

SO(7) > Gy D SU(3) D SU(2)

_ (2.4)
8 - 147 = 2x1434+3 — 4x1+2x2.

It is useful to consider the p-forms that can be constructed as bilinears of
these Killing spinors. Group theoretically, they follow the rule

SO(7) DO Go >\ SU(3) ) SU(2)
7 — 7 — 1+34+3 — 3Ix1+2x2,
21 — 7+14 - 1+2x(3+3)+8 — 6x1+6x2+3,

3x1+2x(3+3)

35 — 1+7+27 _
+6+6+8

— 10x14+8x2+3x3.
(2.5)

with vectors and six-forms transforming in the 7, two- and five-forms in the
21, and three- and four-forms in the 35 of the Riemannian SO(7). This

!Note that Ricci-flatness is not an integrability condition for the existence of covariantly
constant spinors in the case of Lorentzian manifolds.
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2.1 Holonomy and G-structures

‘ AY A2 A3

Go - - 9
SUB) | n J Q
su@) | BT JT -

Table 2.1: G-invariant forms for structure groups inside SO(7).

means that a Go-structure is characterised by a globally defined three-form ¢
(and its Hodge dual ¢ = *¢). Similarly, an SU(3)-structure is characterised
by a one-form 7, a two-form J and a complex three-form  (the third
invariant three-form in (2.5) is simply n A J). Finally, an SU(2)-structure is
characterised by a triplet of one-forms E! and a triplet of two-forms J!. In
this case, there is no non-trivial three-form, but only EA EAE and ET A J.

Parallel transport of e with respect to V in (2.3) can be characterised
in terms of the tensor V — V with information about the fluxes [35, 36].
This tensor can be identified as the torsion of the V connection, which is
an element of A ® A%. Given the isomorphism A% ~ s0(7) = g @ (s50(7)/g),
with g the Lie algebra of the structure group G and so(7)/g its complement
inside s0(7), the action of V — V when acting on G-invariant objects is given
by the intrinsic torsion 7' in A' @ (s0(7)/g). The different G-modules in
A ® (s0(7)/g) are known as torsion classes. Their presence characterises the
supergravity solution, as it is possible to express the supergravity fields in
terms of them and the invariant forms [36, 37].

Let us briefly introduce the different torsion classes for the reduced
structures in (2.4), and how they relate the differentials of the invariant
p-forms to the forms themselves. For Go-structures,

A ® (50(7)/g2) =T®RT=1+T7+14+27, (2.6)
and combining this information with (2.5), we find
dop =i+ 7 N+ 73 A1) (2.7)

with 7% being k-form representatives of the m-th torsion class in (2.6).

Similarly, for the SU(3) and SU(2) structures we have
A ® (s0(7)/5u(3)) = (1+3+3)@[1 +2x (3 + 3)] 2.8

=5x1+5%x(3+3)+2x(6+6)+4x8 '

and A @ (50(7)/s5u(2) = (3x1+2x2)®@(6x 146 x 2)

=30x1+30x2+12x3,

with the derivatives dn, dJ and df) given in terms of the 23 torsion classes
n (2.8), and dE, dJ! in terms of the 72 in (2.9). Detailed expressions can
be found, e.g. in [37].

(2.9)
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Part I Chapter 2 — Supersymmetry and G-structures

2.2 Classification of AdS; N = 2 solutions

The class of background geometries that we are going to focus on was studied
in [17]. These correspond to warped products AdS, x Y7 preserving two
supersymmetries and the maximal symmetry of the AdS, factor. As such,
the have factorised D = 11 metric and four-form as given in (1.5) and (1.6)

gi1 = € (gaas; +97) . Gy =m vol(AdSy) + F (2.10)

where m is a constant and the function e>2, the Riemannian metric g7 and the
four-form F|,, are all defined on the internal manifold Y7. In the remainder
of this chapter, we follow [17] in defining gaqs, to be of radius Laqgs, = %
so that its Ricci tensor is —12 times the metric. In (2.10), vol(AdSy) is the
volume form of gags,-

The preserved N/ = 2 supersymmetry means that there exist two inde-
pendent AdS, spinors 1’ satisfying the lower dimensional Killing equation
and of positive chirality

VNW = pu(wi)c ) P5¢i = W . (2'11>

The superscript ¢ here and in the following stands for charge conjugate
with the standard conventions of [17], both for four- and seven-dimensional
spinors. To promote these spinors to Killing spinors of the eleven-dimensional
configuration, they must be interwoven with internal spinors x. This still
allows freedom to use the SU(3) or SU(2) structures discussed in section 2.1.

In the case relevant for SU(3) structures, the eleven-dimensional Majorana
spinor € can be decomposed as

e= (W' + @) ® x +m.c.. (2.12)

with x the complex spinor in (2.4) and m.c. here and henceforth denoting
charge conjugation of the terms shown. This class of solutions was analysed
in [37], who showed that the only solutions are unwarped Freund-Rubin
compactifications with a Sasaki-Einstein internal manifold. On the contrary,
we will consider the SU(2) factorisation

€= Z Wi @ eA2x + (i) @ 26 (2.13)

where the two linearly independent Dirac spinors x;, ¢ = 1,2 on Y7 correspond
to the four singlets in (2.4), and the factors e®/2 have been introduced as in
[17] for convenience. Combining (2.11) with this ansatz implies that x; are
subject to the constraints

1 ime 34 e 34
*3nA7nXi - Xi + Fbcde’YdeeXi + X? =0,
. —3A —3A :
ime e cde B
VmXi + T')’mXi - W’Y Fracdexi — YmX; =0,
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2.2 Classification of AdSy N = 2 solutions

imposed by the Killing spinor equation. Indices a,b,c,... =4,...,10 and
m,n,p,... =4,...,10 respectively are M7 global and local indices, ~, and
vm Trespectively denote the seven-dimensional Dirac matrices and their con-
traction with a local frame, V,, is the covariant derivative compatible with
g7 acting on spinors.

A number of bilinears in x; can be constructed that correspond to the
triplet of orthonormal one-forms, E1, Es, E3, and two-forms, Ji, Jo, J3 of
the local SU(2) structure in table 2.1. One of the one-forms, Fi, is dual to a
Killing vector £ of g7 that also preserves the four-form flux F,. This vector
thus generates the Reeb-like N' = 2 direction. Local coordinates v, 7 and
p can be introduced on Y7 so that the Killing vector is & = 40y, and the
one-forms become

1 673A
By =—|¢ll(dy +A),  Ey=-———=dp,
4 4y/1—[I€]1?
(2.15)
6
Sy,
L€l
where ||£|| is the norm of ¢ with respect to g7,
o e 2
1€]]° = W( +36p°) , (2.16)
and A is a local one-form such that £¢A4 = 0 and ¢ A = 0.
The metric on M7 can now be written as
97 = gsu) + Ef + E3 + E3, (2.17)

with gsy(2) a metric on the local four-dimensional space where the two-forms
Jr, I =1,2,3, are defined. The SU(2) structure group rotates the frame
of this four-dimensional metric, and is embedded into its spin group as
SO(4) ~ SU(2) x SU(2)’. Using this SU(2)’, we can choose a frame such that
the two-forms take on canonical expressions?

Jy=e®® 457 Q=Jy+iJy = (e +ie®) A (8 +ie”). (2.18)

In particular, Jy are self-dual with respect to the Hodge star associated to
gsu(z) and obey Ji A J; = 2 vol(gsu(a)) d1s. The derivatives of these SU(2)-
invariant forms can be shown [17] to combine into the following torsion
conditions

e [[lg) ™ (B + 2SIV €PEs) | =2 (s — €] B2 A B)
(2.19)

2 We label the D = 11 frame so that g4 + g7 = —e® ® ° + 2321 et ®e, with €,...,¢e3
associated to AdSa4, e*,... € to gsu(2), and e =FE, e = Ea, e'% = Es.
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d ([|€]12€*2 Ja A Ep) — *2(S|d (||€]|e52|S| " A E3) =0, (2.20)
d (e®2 1 A Ep) + 22 (S|d (||€]|e32]S| ™ 2 A E3) =0, (2.21)

where S = pe=32¢/¥=7) ig a zero-form bilinear. These determine the internal
four-form as

1 1— 2
Fo = g nd (@2 VI=TEPR) - m¥ o n Ao B, (222

and the differential of the one-form A as

dme38 4

A= [ (S ) Bonm] e

The supersymmetric configuration (2.10) with (2.15)—(2.23) solves the

Bianchi identities and equations of motion of D = 11 supergravity [17], as

discussed in section 2.1. In particular, it is straightforward to check that the

four-form (2.22) is closed, using the differential relations (2.19)—(2.21). In

fact, the two distinct contributions to the four-form can be checked to be
separately closed.

An interesting case of the general class of configurations of [17] was
also studied in that reference, where the vector 0, along the coordinate 7
becomes an isometry of the internal metric g7. This vector can never become
a symmetry of Fi ), though, unlike the Reeb vector § = 40,,, which preserves
the entire D = 11 configuration. For this subclass, it is convenient to rescale
the coordinate p by a constant factor as r = %p and introduce a function
f(r) such that
Jr = %e—SAf(r)JI L I1=1,2,3,  (1+r?)(dr +A) = f(r)(dr + Akg) ,

(2.24)
where the one-form Axg and the triplet of two-forms J; are r—independent and
defined on the four-dimensional space with metric gsy(2). The latter becomes,
up to an overall r-dependent factor (cf. (2.28)), a Kéhler-Einstein metric
gk with canonical normalisation Rickg = 6 gxkg. The torsion conditions
(2.19)—(2.21) reduce to

dAxg = 2J3, d(Jl + ZJQ) = 3i(J1 + ZJQ) A (dT + AKE) , (2.25)
together with the following ordinary differential equations (ODEs) for f(r),

1 (ra/ —r2ad)f
"= ——ra’f, =-3, 2.26
d 2 f L+ (14172)a? (2.26)

where a prime denotes derivative with gespect to r. The warp factor can be
expressed in terms of a as €82 = (%) (1 + 12 4+ a~2). The first equation
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2.2 Classification of AdSy N = 2 solutions

in (2.25) signals the two-form Js as the Kéhler-Einstein form and Akg as a
potential for it. Finally, the one-forms (2.15) become, using (2.16),

V1 2
B=— VT d@[)—dTﬂ-fQ(dT—f-AKE)],
1+ (14 r2)a? 1+7r
(2.27)
1 1 raf
2 = yodr, 3= m( T+ AKE)
In terms of these objects, the solutions simplify down to
2 2 2
2A o o 2 TS 2
= — A
e {gAds4 AT BT 1 [dr T Tt Axe)
1+4r? f 2
-y _ _J A
+1+(1+r2)a2 <d¢ dT+1+r2(dT+ KE)> :
Fuy = hi(r)(dy — dr) Adr ATy + ho(r)(de — dr) A (dr + Akg) AJs
+ hg(T’)(dT + AKE) Adr AJq,
(2.28)
where we have defined the following shorthand functions of r
h _ m? —1_-3A )/ h _ m? -1_-3A
1(7”)_32.26(0[ € f) ) 2(7“)——3‘26(05 € f)v
m? S —1_-3A p\/ 2 (, —1,-3A
h3(1”):32.271+,r2 [2(a e f) —3ra (a e f)} .
(2.29)

Explicit instances in this subclass of geometries are obtained for each
solution f(r) of the ODE system (2.26). Two such solutions were discussed
in [17]. The first one, analytic, is obtained by setting [17]

f(r)=3 (2 - \%) , a(r) = \/WT : (2.30)

with 7 € [0, 2v/2]. This reproduces the A" = 2 AdSy solution first obtained
by Corrado, Pilch and Warner (CPW) [31] by other methods. A second,
numerical, solution to the ODE system (2.26) was obtained in [17] (see
also [38]). This AdSy solution was argued [17] to dominate holographically
the low-energy physics of a relevant deformation of the Aharony-Bergman-
Jafferis-Maldacena (ABJM) [39] field theory defined on a stack of planar
M2-branes, which is cubic in the adjoint N' = 2 chiral fields. Its physical
role is thus similar to the CPW solution, which is related to an analogue,
quadratic, deformation in the chirals. We will describe further and spend
much attention to this solution in chapter 5.
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Part I Chapter 2 — Supersymmetry and G-structures

2.3 Consistent truncations

General idea and a simple example

For many supersymmetric AdS, configurations of string theory, it was found
to be possible to build Kaluza-Klein truncation ansitze that retained the
full dynamics of the d-dimensional stress-energy supermultiplet [25, 40—
43]. This dynamics is captured by a (possibly gauged) supergravity in d
dimensions with as many supersymmetries as the base solution and involving
only the supermultiplet containing the graviton field, which we refer as the
minimal supergravity. This led Gauntlett and Varela [32] to conjecture
that such consistent truncations always exist, and their reduction ansatz
can be constructed using the G-structure machinery reviewed above. This
conjecture was recently proved by Cassani, Josse, Petrini and Waldram [44]
with arguments from generalised geometry [45-56].

As a simple example, we can consider the aforementioned N = 2 AdSy
solutions of M-theory with SU(3) structure. They take the form

dst, = +ds*(AdSy) + ds*(SE7)

(2.31)
G = 3 vol(AdSy) ,

with
ds*(SE7) = (do + 0)* + ds*(Ms) , (2.32)

where the Sasaki-Einstein manifold is normalised as Ric(SE,) = 6ds*(SE7).
Here v is the coordinate along the Reeb direction corresponding to the R-
symmetry of the dual N'= 2 SCFT, and ds?(Mjg) is locally Kihler-Einstein
with Kahler form J such that do = 2J.

The supergravity multiplet in D = 4 A/ = 2 contains two gravitini and
a massless vector apart from the graviton. This vector can be understood
as the gauge field of the U(1) R-symmetry, under which the gravitini are
charged. The ansatz (2.31) can be modified to accommodate the bosonic
degrees of freedom of the lower dimensional supergravity as [32, 57].

dst, = 1dsi + (dy + o + L A)* + ds* (M) o33
G=23vol— 15 FAT, '

where voly and %4 are now associated to the arbitrary dgi metric, and the
graviphoton A enters both through its gauge-invariant field strength and
gauging shifts along the U(1) Reeb direction. It is straightforward to show
that the new ansatz satisfies the equations of motion (I.1) provided that the
four-dimensional fields satisfy

dF =0 ) d;‘4F =0, R;w = —392%1/ + %(FHUFVU - %g[w FpUFpU) )
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2.3 Consistent truncations

which are precisely the equations of motion of minimal D = 4 N = 2
supergravity stemming from the bosonic Lagrangian

L = Rvoly — $F Ax4F + 6g* voly . (2.35)

In remainder of this section, we will construct the reduction ansatz for the
class of AdS4 N = 2 solutions with SU(2) structure reviewed in section 2.2
and check that the the eleven-dimensional field equations are indeed satisfied
upon imposing the D = 4 counterparts. Furthermore, we also show that the
supersymmetry variations of the higher-dimensional theory follow from the
lower-dimensional ones. This implies that any supersymmetric configuration
will uplift to a solution preserving at least as many supercharges. Together
with the Sasaki-Einstein case just reviewed, this exhausts all consistent
truncations from M-theory down to minimal D = 4 N = 2 supergravity.

Minimal supergravity on N = 2 backgrunds

As just recalled, the bosonic sector of pure D = 4 A/ = 2 supergravity [58, 59]
includes the metric, g,.,, p =0,...3, and a gauge field A, the graviphoton,
with field strength F' = dA. The gauged supergravity has a cosmological
constant related to the coupling constant ¢ that couples A to the NV = 2
gravitini, which can be chosen to be Weyl fermions, w;;. Their variation
under supersymmetry is

~ 2
vay tg A . 9_ /7 \¢ 9 5 _de- 7. \C
Sbit, = Vi + 5 € Auty = SPu(Wi)* + 35 1be P> pueij(0;)°,  (2.36)

for a Weyl spinor parameter t; and p,, associated to a local frame for gy.
In line with (2.33), we propose the following KK ansatz for the eleven-
dimensional fields:
g11 = 62A(g4 +§7) 5 G(4) =m V014 +F(4) — XA gF—YA g*4F . (237)

The metric g4 is now a general D = 4 metric and voly its corresponding
volume form. Hats over g7y and F(4) have been employed to signify a shift
of the Reeb direction ¢ by the D = 4 graviphoton A. This motivates, from
(2.15), the definition

. 1 _
By = l€l(dy + A - gA). (2.38)
Accordingly we have, from (2.17) and (2.22),
97 = gsu(e) + BT + E3 + E3

= By pa (e 2 =[P (2:39)
Fo = pepBrnd (VTP ) —m¥ e B n By A By
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Part I Chapter 2 — Supersymmetry and G-structures

The graviphoton also enters the KK ansatz (2.37) through its field strength
F = dA and through the Hodge dual of the latter with respect to the four-
dimensional metric g4. The constant g that appears in (2.37) and (2.38)
is the gauge coupling of the D = 4 supergravity. Finally, X and Y are
two-forms on the internal seven-dimensional manifold to be determined.

When g4 is set equal to the AdS4 metric and the graviphoton is turned
off, A= 0, F =0, the D = 11 configuration (2.37) reduces to the N = 2
class of solutions in section 2.2. In this case, the two-forms X, Y drop out
from the picture and do not play any réle in the background geometry. More
generally, though, the full configuration (2.37) with general D = 4 fields
g, A subject to the field equations of D = 4 N = 2 minimal supergravity,
(2.34), can still be forced to obey the field equations of D = 11 supergravity
for suitable X and Y.

The strategy is to substitute (2.37) into the D = 11 field equations
treating the linear, F, 4F, and quadratic, F A F, 4F A F, combinations
of the D = 4 graviphoton field strength as independent quantities. Upon
imposing the D = 4 field equations, a number of differential and algebraic
equations for X and Y are produced. Proposing a suitable ansatz for these
two-forms in terms of the SU(2)-structure forms and using the torsion
conditions (2.19)—(2.21), we can solve this system of equations and, thus,
find the explicit consistent KK reduction.

Let us summarise, along these lines, the system of equations that X and
Y must obey for the truncation ansatz to be consistent. Further details on
the consistency proof are relegated to appendix A.1. In our conventions, the
D =11 and D = 4 field equations take on the form (I.1) and (2.34). It is
convenient to introduce the two-forms X, Y containing the contributions
to X, Y with no legs along the gauged E; direction (see the appendix).
Imposing the Bianchi identity for the undeformed four-form in (2.10), and
the Bianchi and Maxwell equation for the D = 4 graviphoton, the Bianchi
identity of the deformed four-form in (2.37) is satisfied provided the unknown
forms obey the following constraints:

_ _ 1 -
F/\F Zé“X:O, F 1@5F(4)+dX:0,
*xFANF: iV =0, *F o dY =0. (2.40)

These expressions arise in the D = 11 five-form dG, = 0 wedged with
the indicated D = 4 graviphoton contributions, and must be enforced to
vanish separately for arbitrary F. The constraints coming from the quadratic
graviphoton contributions imply X = X, Y = Y. We will make use of these
relations in the sequel to simplify the resulting expressions.

Proceeding similarly, we find the constraints imposed on X and Y by
the equation of motion for the D = 11 four-form. Assuming, again, that the
undeformed four-form (2.10) satisfies the equation of motion and imposing
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2.3 Consistent truncations

the Bianchi and equation of motion for F, the equation of motion for G4 in
(2.37) is satisfied provided the following relations hold:

_ 1
FAF: Zezmigan—i—i(Y/\Y—X/\X):O,

1
*FANF: ZPic X+ XAY =0,

4
P.om 3A B AL 13AA Y
: §||f||€ J3 N J3 N\ Ea A 5 1€ dA Nig *7
1 .
+ 4N d(igxr V) + X N Fyy =0,
= 1 1 R
*F ZegAdAAiﬁ’WX_ié/\d(f/’%i&*?X)-FY/\Fm207

(2.41)

with é defined below (A.2). We have again indicated the linear or quadratic
graviphoton combinations with which these expressions appear wedged in
the D = 11 eight-form equation of motion for G|,.

Finally, we turn to the evaluation of the D = 11 Einstein equation on the
configuration (2.37). Combining the Ricci tensor (A.8) and the r.h.s. (A.11)
of the Einstein equation as given in (I.1), this yields the following three
equations,

2
Ricas — %Héllzﬁwﬁg” — 9(0a A A + Vo VA 1o

1 2 B B 2 B
= — %% {3m277aﬁ - gZ(XQ +Y?)Foy FgY + gznaﬁF2(X2 +2Y7) (2.42)

2 2
+ gZny(aﬁ,B)’y'uVFp,vXchCd + ilnaﬁfuupUFupraXchCd} )
911€10s V5 Fn? = 0 (2.43)
S 8 Vylia — VU, .
g’ e
Ricqp + @Hg”?agaasbagmé + 9[0,A0A — Vo VA — (0.A0°A — V. VEA)

_ 1 1 1
=€ 64 {2m277ab + 5 |:FacderCde - 1277abF2:|

2
+%4F2 [6(XaeX® — YaeVs®) — nan(X2 — V?)] (2.44)

2
+gz6;4upaFuprg [?’(AXa‘chbC + Yachc) - nachdYCd} } 5

with « = 0,...,3 and a = 4,...,10 external and internal tangent space
indices related to the frame specified in footnote (2). Also, X2 = X, X%
and similarly for Y2, F? and F?. In (2.42) and (2.44), Ricas and Ricgp
are the Ricci tensors of g4 and the undeformed g7 metric. Expectedly, the
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Part I Chapter 2 — Supersymmetry and G-structures

only non-trivial mixed components, (2.43), of the Einstein equations arise in
the direction (the 8-th in the notation of footnote 2) that is gauged. The
resulting equation is automatically satisfied on the graviphoton’s Maxwell
equation (the second equation in (2.34)).

For suitably chosen X and Y in terms of background SU(2)-structure
forms, equations (2.40)—(2.44) must be satisfied identically, and equation
(2.42) must reduce to the D = 4 Einstein equation. As shown in appendix A.1,
all these requirements are satisfied by setting

1 1
X == [[EPh, Y == (Js— €] B2 A Bs) . (245)

The KK ansatz (2.37) is thus consistent, at the level of the bosonic field
equations, when the two-form coefficients X, Y are taken as in (2.45).

Furthermore, consistency can be extended to include the fermions, as
we now turn to discuss at the level of the supersymmetry variations of the
gravitino. See appendix A.2 for further details. First, we decompose the
Majorana spinor parameter in D = 11 as

e=Y i@y + (1) ® e (2.46)

with ¢; two D = 4 Weyl spinors of positive chirality. The difference between
(2.46) and (2.13) is that we do not impose the D = 4 Killing spinor equation in
(2.11) on ;. Next, we plug the KK ansatz (2.37) with (2.45) into the D = 11
gravitino variation (I.3), written in the basis (1.7) for the D = 11 Dirac
matrices in terms of their four-, p,, and seven-dimensional, ~,, counterparts.
Then, we address the internal and external gravitino variations separately.
A long calculation, summarised in appendix A.2, shows that the internal

gravitino variations vanish identically provided the following projections,
€1 (37® +7”1%) + VT = RO = 277) = i(7* +47)| xi =0, (2.47)
and
(X =0, (=1 =0,
[~ VI TP + iy + [1€17°1%) ] xi = 0., (2.48)

are imposed on the internal spinors x;. These projections, however, add
nothing new: they follow from the undeformed Killing spinor equations
(2.14) of the undeformed geometry. This is best seen by sandwiching (2.47),
(2.48) with the conjugate spinors x;: the resulting constraints are identically
satisfied by the spinor bilinears that defined the undeformed SU(2)-structure.
The internal gravitino variations are thus automatically satisfied for the
general class of solutions (2.37), using only the restrictions that characterise
the AdSy solutions (2.10).
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2.3 Consistent truncations

The calculation of the external gravitino variations proceeds similarly.
Together with (2.47), (2.48), the following projection must be imposed:

i xi = —eix - (2.49)

This, like (2.47), (2.48), is still compatible with the original Killing spinor
equations (2.14) of the undeformed geometry, as argued in appendix A.2, and
does not reduce the amount of supersymmetry or constrain the undeformed
geometry further. The calculation allows one to read off the consistent
embedding of the D = 4 N' = 2 gravitini w;;, i = 1,2, into its D = 11
counterpart ¥y, for M = u:

U, =y @+ (%) @ 25 (2.50)
[

Using (2.50), the external components of the D = 11 gravitino variation (I.1)
finally reduce to their D = 4 N = 2 counterparts, (2.36).

To summarise, any solution of minimal D = 4 N = 2 gauged supergravity
gives rise to a class of solutions of D = 11 supergravity of the form

g1 =€ (ga + 97)
G(4) =m V014 +F(4> (251)
+ 4V €I A F 4 L™ (s — €] B2 A By) A %aF

with g7, F(4) defined in (2.39), upon uplift on the class of seven-dimensional
geometries [17] reviewed in section 2.2. The uplift preserves supersymmetry if
originally present in D = 4. The general class of solutions (2.51) is completely
specified by the D = 4 supergravity fields and the same SU(2)-structure that
characterises the background AdSy class of solutions (2.10) of [17].

It is interesting to determine how our KK truncation ansatz adapts itself
to various particular cases of the general geometries of [17]. In the purely
magnetic flux case, the geometries [17] reduce, by appropriately taking the
m = 0 limit, to the N/ = 2 class of geometries describing M5-branes wrapped
on internal SLAG 3-cycles described in [60]. Accordingly, our consistent
truncation reduces to the one considered in section 3 of [32].

Let us particularise now our general consistent truncation (2.51) to the
class of solutions in (2.28), where the vector 0, along the coordinate 7
becomes an isometry of the internal metric g7. In this case, we find that the
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KK ansatz becomes?
2 2 £2
2A af « 2 r*f 2
= — |d d A
g =e {94+4 1+<1+r2)a29KE+16[r +1+T2(T+ KE)

1+r? f 2

Fly = hi(r)(D — dr) A dr A Jy + ho(r) (DY — d7) A (dr + Akg) A Jo
+ h3(r)(dr + Akg) Adr AJy — X AgF —Y Ag*4 F
(2.52)
with the shorthands (2.29). The D = 11 metric g;1 depends on the D =4
metric g4, explicitly and through the Hodge star operator, and on the D =4
graviphoton A through the gauge covariant derivative Dy = diy — gA. The
latter also enters the D = 11 four-form through its field strength F and its
Hodge dual. These contributions are wedged with internal forms X, Y which
now read, from (2.45),
m2

_ o mT1 —3A _
X = 576(a e f)Jl, Y

_% Js — %T o?dr A (dr + AKE)}
(2.53)

This can be applied, in particular, for the two solutions corresponding to
the IR fixed points of the superpotential deformations of the ABJM SCFT
by terms quadratic or cubic in one of the chirals.

As a concluding remark, it is interesting to note that our results bring
together in D = 11 the separate classification efforts of [61, 62] and [17, 37].
The supersymmetric solutions of D = 4 N = 2 minimal gauged supergravity
were classified in [61, 62]. By the consistency of our uplift, any such D = 4
solution can be fibred over any of the seven-dimensional manifolds of [17] and
[37] to produce, via (2.51), a supersymmetric solution of D = 11 supergravity.

3When the D = 4 supergravity fields are turned off, the metric (2.28) agrees, up to a
straightforward redefinition of v, with (4.13) of [17]. However, the background four-form
(2.52) seems to disagree with their (4.14).
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Chapter 3

Duality in maximal
supergravity truncations

As reviewed in the invitation, duality has been recognised as one of the guiding
principles in string theory and supergravity. Its role in the introduction of
gaugings compatible with N’ = 8 supersymmetry in D = 4 is explored in
section 3.1, where the tensor hierarchy and embedding tensor formalisms
are presented. Most of the discussion is particularised to the electric SO(8)
gauging, and specially to its SU(3)-invariant sector [A], although much of it
is only slightly altered for the dyonic ISO(7) and [SO(6) x SO(1,1)] x R!?
gaugings that will be relevant in later chapters.

Section 3.2 follows on discussing how to embed the D =4 SO(8) theory
in eleven dimensions while maintaining covariance under the duality group
of the lower-dimensional supergravity. This allows one to obtain explicit
Kaluza-Klein ansétze for the D = 11 fields in terms of the D = 4 counterparts,
which make it possible to recover at once several previously-known solutions
of M-theory and a new consistent truncation to the full minimal N = 2
gauged supergravity. Some of the technical details in this discussion are
relegated to appendices B-D.

Some of the materials covered in this chapter, such as gauged supergravity
and the embedding tensor formalism, deserve themselves an entire dissertation
and some of them in fact enjoy very nice recent reviews (see [63, 64]). For
the sake of clarity, we have decided to briefly comment on some of their
aspects here in order to fix notation and conventions.

3.1 Maximal supergravity in D =4

3.1.1 Gauged sugra and the Embedding Tensor

In the toroidal reduction in the invitation, we saw how to obtain the field
content and Lagrangian of (non-chiral) maximal supergravity in D dimensions
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Part I Chapter 3 — Duality in maximal supergravity truncations

out of eleven-dimensional supergravity compactified on 7'~ with only the
constant modes on the torus kept. For D = 4, one can dualise all two-forms
into scalars and in (I.17), and the field content from the reduction can be
taken to be

guv(x) (metric) , AﬁB(x) (28 vectors) , Var™ () (70 scalars)
@%(x) (8 gravitini), X“*(x) (56 fermions) . (3.1)
Here, the scalars can be understood as coordinates on the symmetric space

Er(7)
SU(8)’

(3.2)

with the coset representative V transforming from the left in the fundamental
of E7(7y, with index M = 1,...,56, and in the 28 4 28 of a local SU(8)
from the right, whose fundamental is labelled by an index i = 1,...,8.
The barred index that the coset representative carries is the shorthand
& ij]), With both sets related by complex conjugation. Similarly,
the indices A, B = 1,...,8 that the vectors carry label the fundamental
of SL(8,R), and the gravitini and spin-1/2 fermions live in the 8 and 56 of
SU(8), which is accordingly identified with the R-symmetry of the N’ = 8
superalgebra in D = 4. The dynamics for these fields is dictated by [18, 65]

L = Rvoly —kdMpuyn A xdMMN

+ %I[AB][CD]/H{;)B A *Hg)D + %R[AB][CD]/H(Q)B A ’H(%D + (fermions)(.g 3)
This is the Lagrangian of N/ = 8 supergravity in D = 4 when the gauge
group is U(l)28 and all matter is chargeless with respect to it. All fields
appearing, both bosonic and fermionic, are massless. The scalar kinetic term
describes a non-linear sigma model with (3.2) as the target space in terms
of the symmetric matrix My y = 2V A Vyij- The vector field strengths,
”Hé)B = dAAB | are non-minimally coupled to the scalars via the matrices
Ziap)cp) and Rapjcp], both symmetric under the exchange of pairs AB
and CD, and the first of them positive definite.! In terms of these matrices,
the field equations for the vectors are

dHiP =0, d(Tupjep e + Ruasepte)) =0, (34)
which can be combined as
dFM =0 (3.5)
in terms of
v <HAB> 5 6)
.F - Y ) :
Hap (

"We employ the “mostly pluses” convention for the signature of spacetime.

32



3.1 Maximal supergravity in D =4

with the magnetic field strength
Hap =Tiapjop) * Ha) + Riapjon/HG) - (3.7)
The definition of H4p in terms of HAB implies

M =—-T '"RH+T "H,

“H = —(T+RI'R)H + RT A, 3
which can be phrased as a twisted self-duality condition on (3.6),
« FM = —QMN My pFP (3.9)
This condition involves the symplectic form in R,
QMN _ <_5A(;CD 5AZCD> ’ (3.10)
and the matrix ) [
M = < -1 —I_l) . (3.11)

It is easy to check that this matrix is an element of Sp(56,R), satisfying
Maurp Mug QMY = —Qpg, (3.12)

with QMNQyp = —6M p. Thus, the index M =1,...,56 can be naturally
understood as labelling the fundamental representation of the symplectic
group. Conversely, any field strength satisfying (3.9) with (3.10) and (3.11)
can be written as (3.6) with (3.7). The self-duality condition is therefore
preserved if we transform simultaneously FM and My under a symplectic
rotation EyY € Sp(56,R).

In N' = 8 supergravity this is precisely the case, as the symplectic
matrix in (3.11) is in fact the coset representative My [18]. Therefore, the
full set of equations of motion (including Einstein), is invariant under the
global symmetry group E7(7y C Sp(56,R). For this reason, it is convenient to
describe this supergravity in an E7(7)-covariant way, which in the present case
just requires supplementing the vector fields A48 with redundant magnetic
duals A,p into AMsuch that (3.5) is (locally) integrated by FM = dAM.

Contrary to what happens in higher dimensions, the theory (3.3) is not the
unique N = 8 supergravity in D = 4. One can promote a subgroup of E7(7)2

20ne can in principle consider gaugings inside E7¢7y x R* [66]. However, when the
generator of the trombone participates in the gauging, the resulting equations of motion
do not admit an action. We will not consider these trombone gaugings in the following.
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Part I Chapter 3 — Duality in maximal supergravity truncations

to a local symmetry by means of the embedding tensor [67-69], ©,%,3 which
selects which of the generators of the global symmetry group of the ungauged
theory participate in the gauging. The matter fields, ®® = {9, V, ¥, x},
and gauge bosons then transform under this gauge group as

SA DN = g AM X [0V,
(3.13)
SAAM = DAM = gAM 4+ g XnpM ANAT

with g the gauge group coupling constant, A a spacetime-dependent param-
eter, and Xy = ©p%t, the generators of the gauge algebra, for t, the
E7(7) generators in the appropriate representation. In particular, in the
fundamental representation Xy;nt = ©/%(t,) . Covariance under (3.13)
requires the introduction of covariant derivatives for the matter fields

d - D=d—gAM X),. (3.14)

Consistency of the gauging requires it to be compatible with the field
content (in particular, with supersymmetry) and that the embedding tensor
is invariant under gauge transformations. These requirements are respectively
known as the linear and quadratic constraints on the embedding tensor. The
former demands

Xmnp) =0, (3.15)

which implies that all the representations in the product
(56 ® 56 ® 56)sym = 56 & 6480 & 24320 (3.16)
are absent from the embedding tensor, who could in principle live in
56 ® 133 = 56 © 912 © 6480. (3.17)

Therefore, (3.15) implies that ©3/% only has components in 912. On the
other hand, the quadratic constraint can be stated as

(X, Xn] = —Xun"Xp, (3.18)
which, in combination with (3.15), implies
OMNE 0N =0. (3.19)

This condition can be understood as saying that there always exists a
symplectic rotation such that © ;% = (© 4%, @ABO‘) can be transformed into
O = (é) AB“,0). This is known as the locality constraint, and guarantees
that the dimension of the gauge group, equal to the rank of the embedding

3The adjoint E7(7y index, o = 1,...,133, should not be confused with the flat indices
in the D = 4 vierbein e,“.
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3.1 Maximal supergravity in D =4

tensor, is not bigger than the number of (electric) vectors appearing in the
original Lagrangian. Let us note en passant that for non-maximal theories
this constraint is not automatic, but an independent requirement [64].

The physical meaning of (3.18) is more profound than it seems at first
sight. Obviously, it implies that the gauge algebra generators close into a
subalgebra of Lie(Er(7)). However, the structure constants Xy are not
necessarily antisymmetric in M N, but can be decomposed as

XMNP:X[MN]P+ZMNP, (3.20)

with Zy vt = X (M N)P . This symmetric component is generically non-zero,
and therefore (3.18) also imposes Zy;nT Xp = 0. The presence of this sym-
metric part and the fact that the X’s play both the role of algebra generators
and structure constants implies that the Jacobi identity is also satisfied only
up to terms that vanish when contracted with the embedding tensor. Namely,
from (3.18) with the generators in the fundamental representation of E;(),
it is easy to obtain

Xy Xigr™ + Xioan " Xivp " + Xivg)" X = —Zp@" Xarw)” -

(3.21)

To define a non-abelian gauge theory, apart from defining covariant

derivatives we also need to find an appropriate generalisation for field strength

of AM. The natural guess,

Foess =AM + S XN pM AN N AP (3.22)

turns out not to be a good one precisely because of the failure of the Jacobi
identity in (3.21). Under (3.13), FM__ transforms as

guess

ONFM

guess — _gAPXPNM'FN

guess

—+ 2gZpQM (AP]:Q

guess

— AP NGAAQ) ) (3.23)

which is non-covariant given the term proportional to Z PQM . This non-
covariance can be subsided by introducing a two-form BNP = BVP) with a
Stiickelberg coupling

FM = dAM + 2 XN pM AN N AP + g ZypM BT (3.24)

This augmented field strength is covariant under the following gauge trans-
formations of AM and BMV,

opzAM = DAM — g ZypM ENE
(3.25)
Sa=BMN = DENP _ NMEN) 4 AM 55 - AN)

with Z a spacetime dependent one-form gauge parameter. Notice that for dx
gauge transformations, (3.25) is tailor-suited to cancel the second term in
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Part I Chapter 3 — Duality in maximal supergravity truncations

(3.23). These two-form potentials do not introduce new degrees of freedom,
but are dual (in D = 4) to scalar fields. In fact, out of the a priori

(56 @ 56)sym = 133 @ 1463, (3.26)

the linear constraint (3.15) implies that they are only valued in the adjoint
of E7(7) and can be taken as B, as expected for the scalar Noether cur-
rents. This is a remarkable interplay between duality groups and spacetime
dimension that persists in other maximal supergravitites [70].

The addition of the two-forms in (3.24) modifies the Bianchi identity for
FM by a term depending on the field strength for B%. This field strength
is again not only the naive expectation, but depends on the vectors and
a three-form potential via another Stiickelberg coupling to ensure gauge
covariance. This three-form in turn needs a four-form potential to enjoy a
gauge covariant field strength, and this exhausts the elements of the tensor
hierarchy in D = 4. The complete D = 4 tensor hierarchy is thus comprised
by vectors in the 56 of Ey(7), two-forms in the 133, three-forms in the 912,
and four-forms in the 133 & 8645 [70, 71]. This is conveniently summarised
(up to the four-forms, which will not play a major réle in the following) in
(3.47) below. The higher-rank forms are not dual to any dynamical degrees
of freedom, but carry information about the gauging. In particular, the
three-forms are dual to the embedding tensor and the four form to the
constraints it satisfies, as suggested by the representations that they furnish.
The field strengths for these forms are (3.24) and [72]

,H(Oé) = DB" =+ (ta)MN -AM A\ [d.AN + %XPQNAP A _AQ] + YaM’BCQM,
Ha™ = DCM + FM A By — 5 Zyp™BNP A B,
+ %(ta)NPAM AAN A []"P — %XQRPAQ AALR — ZQRPBQR]

+ WM Dy, + Wonp™ DNPQ 4 W N pMP DN

(3.27)
where the invariant Er(7) tensors involved are
YaMB = @M’yfoa'yﬁ - (ta)MN@Nﬁa
WMo = 1eMBsl | Wanpg™ = (ta) (vpdg)™ | (3.28)

Wanp™P = ON fo,Pop™ + Xy pM6P o — YapPon™ .

with f(wﬁ the E7(7) structure constants. The corresponding Bianchi identities
are, by construction,

DFM = ZnpMHGT DH% = Yy Hous™ + (ta) unFM A FV
(3.29)
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3.1 Maximal supergravity in D =4

plus the trivial dH ) = 0.

At this point, we have all the necessary ingredients to build an action
for our gauged supergravity. Apart from the obvious covariantisation of
derivatives and field strengths, gauging additionally introduces a few impor-
tant changes in (3.3). Firstly, the further insertions of gauge fields in the
Lagrangian require the presence of a topological term involving the vectors
and two-form potentials to ensure gauge covariance. They also demand mass
terms for the fermions for the theory to be supersymmetric at first order in g.
These mass matrices are constructed out of contractions of the embedding
tensor and scalar representatives,

Tix" = Xun" 0" gV g veT, (3.30)
and take the form
Avgj = 5y Tkl AT = 2Ty, ™% (3.31)
and
Agikimn E\/Z ¢Ikparlim gnl (3.32)

which can be identified as the irreducible SU(8) modules within (3.30), as
they satisfy

Arij = A1j) » Ay Tk = Ag Lokl Ay Tk = 0. (3.33)

Finally, to preserve supersymmetry at order g2, a potential for the scalar
fields must be introduced. This potential, quadratic in the embedding tensor,
reads

2
V= 1%ﬁAX]\MDRAX]\[QS./\/lMN (MPQMRS + 7555%) . (3.34)

Thereby, the generalisation of (3.3) when a non-trivial gauging is active
can be given as
L = Rvoly —éD/\/lMN A «DMMN _ v/ voly
(3.35)
+ %MMN}"M A*xFN 4 Liop + (fermions) ,

or, integrating the two-forms from the topological terms to get back to the
original fields,
L = Rvoly —ﬁDMMN A *DMMN _ v voly

(3.36)
+ 5T e NG+ SRy R A MG + (fermions) .

Let us observe that (a subset of) the equations of motion following from
(3.36) can be encoded in the Bianchi identities for the tensor hierarchy fields
[72]. The duality relations that recover these equations are (3.6) and
ov )

a __ 1 " M _ 1
H(S)_Q*] ) H(4>a _2*(89Ma

(3.37)
with j¢ the scalar Noether currents.
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Part I Chapter 3 — Duality in maximal supergravity truncations

Gaugings inside SL(8,R) and restricted hierarchies

Any embedding tensor satisfying the linear and quadratic constraints (3.15)
and (3.18) defines a consistently gauged maximal supergravity. In the
following, we shall focus on three choices that enjoy a higher-dimensional
interpretation, all of them subgroups of SL(8,R) C Er(7).

The relevant representations discussed above decompose as follows

E7(7) D SL(S,R)
56 — 28 @ 28’ |
(3.38)
133 — 63 ® 70 ,
912 — 36 ¢ 36" ©420 ¢ 420’ .
Accordingly, the embedding tensor can be decomposed as
@Ma — (@ABCD7 @ABCDEF; @ABCD7 @ABCDEF) ’ (339)

with the different components given in terms of 845, £48, (Apcp and (4BCP

in the 36, 36’, 420 and 420/,

@ABCD — 250[A93]D + CCABD 7 @ABCDEF — aE[AGHI(SB]GHICDE’F’
©ABC ) — 95, |A¢BIC 4 ¢ ABC ©ABCDEF _ ¢l . BICDEFGHI
(3.40)

for a and b constants. Therefore, to have a gauge group which only involves
the tc” generators of SL(8,R) C E7(7), we are forced to restricting to the
36 and 36’ components of the embedding tensor and setting ¢4 gcp and
Qt 4BCP to zero. Doing so, the quadratic constraint (3.18) requires

(6€) 405" — (0€)"54° =0, (3.41)
which implies

(064" =0

e opl (3.42)

(0€)a" = §tr(0€)04" = {

We will restrict ourselves to the case in which 6 and £ are singular. Then, by
means of an SL(8,R) conjugation, the most general choice is given by

045 = diag(+, ...+, —...,— 0,...,0,0,...,0,0,...,0),
€48 = diag(0,...,0, 0,...,0, 4 ...+ — .o —,0,...,0), (3:43)
—_—— e —— N —
p q P’ q r

where + denotes £1 and p+ ¢+ p’ + ¢’ +r = 8. In the following, we will
take r = 0, leading to [SO(p,q) x SO(p/,¢')] x N gaugings with N abelian.
In particular, we will consider the electric SO(8) gauging [73], with

04 = 90aB ¢4 = 0; (3.44)
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3.1 Maximal supergravity in D =4

SO(8) — M-theory on AdSy x S”
ISO(7) — mlITA on AdSy x S°
[SO(6) x SO(1,1)] x R'? —— TIB on AdSy x S x $° S-fold

Figure 3.1: Uplift of gauged maximal supergravity into string theory on spheres.

the dyonic ISO(7) ~ SO(7) x R” gauging [74], with
Oap = gdiag(ly7,0), &8 = diag(0y7,m); (3.45)
and the dyonic [SO(6) x SO(1,1)] x R'? gauging [75], with
Oap = gdiag(1x,0,0), 4P =mdiag(0xe,1,-1), (3.46)

where g and m are respectively the electric and magnetic coupling constants,
which can be set to one without loss of generality [76]. These three gaugings
stand out for being the only known cases to oxidise respectively into M-theory,
massive type ITA and type IIB supergravity on spheres [25, 26, 28]. See
figure 3.1 for a schematic description of these embeddings. In the remainder
of this chapter, we will study these string theory uplifts, focusing mainly
on the electric SO(8) case. In Part II, the three instances will be treated
in more equal footing and the Kaluza-Klein spectra around their solutions
analysed.

To describe the embeddings of these gaugings into the corresponding
ten- or eleven-dimensional supergravities, not all the tensor hierarchy fields
are necessary. For the gaugings in SL(8,R), we can restrict ourselves to the
SL(8,R)-covariant tensor hierarchy that only retains

GL(4,R) Err) SL(8,R)
metric 1 1
ds? ds?
scalars 56 28 + 28’
VM Vaghl, VABii
vectors 56 28 + 28’ (3.47)
AM AAB dup
two-forms 133 63
B¢ B4B
three-forms 912 36’
cM CAB
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Part I Chapter 3 — Duality in maximal supergravity truncations

and all the fermionic fields. This subset of fields can be shown to close under
the Bianchi identities, duality relations and supersymmetry variations. The
field strengths and duality relations depend on the actual embedding tensor
considered, via the factors of Z, Y and W in (3.24) and (3.27). For the
electric SO(8) gauging (3.44), they are

My = dA*P — gop A A APP
Hyap = dAap + 96caA°P N Ap)p + 29 50(4Bp©
Hya? = DBAP —2g54cCPC + SAPON dAuc + S Auc A dABC
— 25cpAPONAPEN Aup + £ 5ac APP NAE N Aup — L6 (trace) |
HOE = DCAP + L[ AN ABP N dAcp— AYUA Acp A dAPIP
— g0op ACA N APE N APE A Agp] — HGA B . (3.48)
with the covariant derivative in (3.14) reducing to
D=d—gA*Pt,%6pc . (3.49)

These fields strengths satisfy the Bianchi identities that follow from (3.29)

DU =0, DHyap = 29 H 40510
DHya® = Hopac NHES —2g5acHES — L65 (trace) dHP =0.
(3.50)
Finally, the E;(7) duality hierarchy in (3.37) reduces to
Heag = Tagep) * Ha) + Riapjon/HG)
Hia? = 5ta® )" Myp + DMMN | (3.51)

M = & XSt pFAMII M (AP M s + 75563 vols

which make manifest that this restriction is sufficient for the SO(8) gauging.
Similar formulae in the case of the ISO(7) gauging can be found in [74].
When written in terms of the original N' = 8 supergravity fields (3.1) via
(3.51), equations (3.48) and (3.50) recover the equations of motion that follow
from (3.36).

3.1.2 SU(3)-invariant truncation of SO(8)-gauging

For most practical applications, the field content in (3.1) is unnecessary and
difficult to manage. Often, it proves useful to set many of them to zero by
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3.1 Maximal supergravity in D =4

means of a consistent truncation. In the remainder of this section, we study
the SO(8) gauging and its associated tensor hierarchy keeping only the fields
which are singlets under the unique SU(3) C SO(8). This SU(3)—-invariant
theory corresponds to an N = 2 supergravity coupled to a vector and a
hypermultiplet, and, as shown in [77], its potential retains a rich structure.

In addition to the fields entering these A/ = 2 multiplets, we wish to
consider the SU(3)-singlets in the restricted tensor hierarchy in (3.47). The
relevant bosonic matter content thus includes

the metric ds?
6 scalars go,x,¢,a,(,5,
4 vectors : A% AY Ay, Ay, (3.52)
5 two-form : B, B?, B® = Bl
4 three-form : ct, ¢ = b

all of them real. The superscripts on B°, B and C! are just labels without
further meaning. The electric and magnetic vectors can be collectively
denoted A and Ay, with the index A = 0,1 formally labelling “half” the
fundamental representation of Sp(4,R). The indices on B% and C® take
on two values which, for convenience, are labelled a = 7,8. The index a
formally labels a doublet of SL(2), but we do not attach any significance to
its position as it can be raised and lowered with .. See appendix B for
the embedding of the SU(3)-invariant fields (3.52) into their parent N’ = 8
counterparts in (3.47).

Only the metric, the scalars and the vector fields enter the conventional
Lagrangian. The fields ¢, ¢ and a are proper scalars, while y, ¢ and f are
pseudoscalars. All of these parametrise a submanifold

SU(1,1) SU(2,1)
U(1) ~SU@) xUQ)

(3.53)

of E(7)/SU(8) in (3.2), where each factor respectively contains the vector,

(¢, x), and the hypermultiplet, ¢* = (¢, a, ¢, ¢ ), (pseudo)scalars.* The vectors
gauge (electrically, in the usual symplectic frame), the U(1)?, compact
Cartan subgroup of the hypermultiplet isotropy group. In the Iwasawa
parametrisation of the scalar manifold (3.53), the bosonic Lagrangian reads

L = Rvoly + 3(dp)* + 3** (dx)?
+2(D¢)? + L e* (Da+ L(¢DE - {DC))” + L 2 (D¢)? + L 2 (DC)?

+ 3 Ias Hiy A+HG + S Ras Hiy A HG) — Vvoly (3.54)

4We will rarely need indices to label the scalars but, when needed, the local indices will
be denoted m = 1,...,6, on the entire manifold (3.53), @ = 1,2 on the first factor, and
u=1,...,4 on the second.
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Part I Chapter 3 — Duality in maximal supergravity truncations

with (dp)? = dp A *dp, etc. The covariant derivatives of the hyperscalars
take on the form

D¢ = dp—gAa, Da =da+ gA"(1+ e *(Z2* - Y?)),
D¢=d¢+gA%e??(CZ - CY) —3gA'
D =d(+gA e (CZ+CY) +3gA'C. (3.55)
Following [74], here and in the following we employ the shorthand definitions
X =1+e*y?, V=1+1e2(C+ 3, Z=ea. (3.56)

The covariant derivatives (3.55) correspond to an electric gauging of the
U(1)? Cartan subgroup of SU(2) x U(1) C SU(2,1) generated by
ko = % (k[E3] — k[F)), ki = —k[Ho], (3.57)

where k[Es], etc., are SU(2, 1) Killing vectors: see (B.18) and (B.19) for the
explicit expressions for the Killing vectors of the scalar manifold (3.53) in
our parametrisation.

The scalar potential V' in (3.54) reads

972V =6e727°(Y — 1)(e* + Y2 + Z%) X2 — 12¢¥
—6e 0 TPXY (" + Y2+ Z%) — 12e°(Y - 1)(1+Y — 3XY)
+ e3¢ Be_w +a> -1+ %(24‘;3(1 +a®)? 4+ e (Y - 1)(Z2 - e4¢)

+le®Y -1 +Y(Q+2e*+22%) + Y%+ Y‘g)}X3 ,
(3.58)
and derives from the following real superpotential (squared)

W?2=21Lg¢X !126—8"‘%()( —2)(Y - 2) (Y2 + 272+ e4¢) + 36e#Y?

2
Fe (v 2t )y ) e

—486—<P—2¢\/(X —1)(Y - 1) [(e4¢ — Y24+ 22)% 4 4Y222}

through the usual formula
1V =2G""9,Wo,W — 3W?. (3.60)

Here, Gy, m = 1,...,6, denotes the nonlinear sigma model metric on
(3.53), and G™" its inverse, which can be read off from the scalar kinetic
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3.1 Maximal supergravity in D =4

terms in the Lagrangian (3.54). The superpotential (3.59) corresponds to
one of the eigenvalues of the N' = 8 gravitino mass matrix restricted to the
SU(3)-singlet space. See [78] for the N' = 2 special geometry of the model, in
unitary gauge for the scalar coset. Superpotentials have previously appeared,
also in unitary gauge, in [79, 80].

Finally, the gauge kinetic matrix is

_ e3%? 362“")(
1 (e x —1i)? (e® x —1)
Nig = Rax +iTpg = ———— ,
AY AY AY (2 G@X T Z) 362@)(

3(e?x?+e¥)

(3.61)
and the (electric) two-form field strengths that appear in (3.54) are simply

(e?x —1)

A
H(2)

= dAN, A=0,1. (3.62)

Among the forms in the SL(8,R) restricted tensor hierarchy discussed
in the previous section, the ones that survive in this truncation are those
that transform as singlets under SU(3) C SL(8,R). The complete list is
given in (3.52). See appendix B for further details. The field strengths of
these SU(3)—invariant tensor hierarchy fields can be similarly obtained by
suitably particularising the A/ = 8 expressions in (3.48). The electric vector
field strengths have already been given in (3.62), while the magnetic field
strengths are

Huo = dAg+gB°,  Hapy = dA; — 2982 . (3.63)
The three-form field strengths read, in turn,
0 _ R0 2 gp2
H, =dB", H =dB~,

H = DB+ 1(34° AdAg + 349 AN dA® — A' NdAy — Ay AdAY) 57

+3gCt 6% —4gC + Lg e 5, (3.64)

with DB = dB® 4 2¢ @ A% A BY .. Finally, the four-form field strengths
in (3.48) reduce to
1 _ gl 1 gl 2
HY =dC'—LHL AB?,
(3.65)

HEh = DC™ + L H, A (e BY° + BY 6°0)

with DC® = dC® 4 2ge“@ A" A CP),.
The field strengths (3.62)-(3.65) are subject to the Bianchi identities

dHY, = 0, dH(lg) =0, dﬁ(z)o = gH<3>o, dH(2>1 = *29H<3)2 )

(2)
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DHY = (gHg) A Heyo — $HY A Hep +3gHY,) + %gH<4)cC> 8% — 4gHED

dH(S) - 0’ dH(3) - Oa dH(4) - Oa dHa — 0, (366)

(4)

where we have used DH(‘?; = dH g}; —2gel@ ., AO N H (IQ)C. These expressions
particularise (3.50) to the present case.

As in the N = 8 setting, all of the fields in (3.52) carry degrees of freedom,
although not independent ones. The magnetic two-form field strengths can be
written as scalar-dependent combinations of the electric gauge field strengths

and their Hodge duals:

= 1

Hao = px —3) [—€*°(3X — 2) * HYy + 3 X (X — 1) * H},
—2e59y3 H?m + 3y e X(2X - 1) H(IQ)] ,

7 — 0 —o 2 1

H(2)1 — m [3€§0(X — 1) * H(Q) — 3¢ %X *H(Q)
+3xe®P(2X — 1) H), + 6xX* HY | . (3.67)

The three-form field strengths are dual to scalar-dependent combinations of
derivatives of scalars:

HY, = =+ |(Y2 =2 + 2% + ¢*) (Da + 3(¢DC = (D)) + Y (¢DC - {DC)
+2aDY — 4aYD¢} :
HE, = 3¢* « [(Y = 1)(Da+ 5(¢DE = {DQ) + 3 (¢DE D)
HI = | 2¢* (2Da + (DC = (DC) + 2DY — 4V Do + 3(dip — e*xdly) |,
HIS = [ (V2 = 2v 4+ 22 = ) (Da + §(¢DC - EDQ)) + Y (¢DE ~ DY)
4 2aDY — 4aYD¢} ,

HE = =+ | 26*(2Da + (DC = (D) +2DY — 4V Do — 3(dip — e*xdx)| .

(3.68)
Finally, the four-form field strengths correspond to the following scalar-
dependent top forms on four-dimensional spacetime:

H, = |27 (3X +2Y - 3XY)
+ X (X Y = XY) (V2 4 22+ ¢*) |voly,
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H) = —gX |7 X2(Y? = 2 4 2% + ¢) + 6™ (XY = X — V)] voly,

HIS = —gXZ [e 7720 X2 (Y2 4 2% 4 %) 4 6¢#(XY = X = V)| vola,

HE = —gX |7 X2 (Y2 = 2V 4 2%) + 6~ 2(XY — X ~ ) (Y2 + 2%)

e 10X (Y2 4 22)7) voly (3.69)

The dualisations (3.67)-(3.69) particularise the SL(8,R) duality hierarchy
(3.51) to the SU(3)—invariant case.

It can be checked that the scalar potential (3.58) can be recovered from
the dualised four-forms (3.69) via

g (6H\ + H{ + H) = —2V voly . (3.70)

Likewise, the Bianchi identities (3.66) combined with the dualisation condi-
tions (3.67)-(3.69) partially reproduce the equations of motion that derive
from the Lagrangian (3.54). The list of identities needed to verify this in-
cludes the action of the SL(2, R) Killing vector k[Hp| in (B.18) on the gauge
kinetic matrix (3.61),

(Op—x O )Noo =3Noo, (Op—x )N = —Ni1, (9,—x 0y )No1 = Nou ,

(3.71)
and the following identities that can be checked to hold for the dualised
three-form field strengths (3.68),

HE = HEg) = =4l K*[H1] % Dg”,

HS = —V2hy, (K*[E] + k" [F]) * Dq", (3.72)
HYy = —2hu ki * Dq" HY) = hu ki * D",
and four-form field strengths (3.69) and the potential (3.58),

39(2H,, — H{) — HY) = —k“[Ho] 0oV voly

29(HT — H) = — k“[H1] 0,V voly,,

(3.73)
4V2 gHTS = —(K"[Es) + k" [F3]) 0,V voly

KOV =0,  kYo,V=0.

In (3.72) and (3.73), Dg", uw =1, ..., 4, collectively denote the hypermultiplet
covariant derivatives (3.55); ko and kj are the hypermultiplet Killing vectors
(3.57) along which the gauging is turned on; k[Hy| and k[H;] are other Killing
vectors (see (B.18), (B.19)) on each factor of the scalar manifold (3.53); and
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Sector scalars pseudoscalars vectors 2-forms 3-forms
SU(3) 3 3 4 5 4
SU(3)xU(1)? 1 1 4 1 2
SU(3)xU(1), 3 1 4 4 4
SU3)xU(1)e 1 3 4 2 2
SU(3)xU(1)s 1 1 4 1 2
SO(6)+ 3 0 2 4 4
SU4)c 0 3 2 1 1
SU(4)s 0 0 2 1 1
SO(7)w 1 0 0 1 2
SO(7)e 0 1 0 0 1
SO(7)s 0 0 0 0 1
Ga 1 1 0 1 2

Table 3.1: Number of bosonic tensor hierarchy fields in each subsector.

hyy is the metric that can be read off from the hypermultiplet kinetic terms
in the Lagrangian (3.54).

The last two identities in (3.73) reflect the invariance of the potential
(3.58) under the gauged hypermultiplet isometries (3.57). These are the
only symmetries of the SU(3)-invariant potential (3.58). The symmetry is
enhanced in the subsectors that we now turn to discuss.

Subsectors within the SU(3)-invariant truncation

It is interesting to consider further subsectors contained in the SU(3)—
invariant sector in the notation that we are using. A natural way to obtain
those is to impose invariance under a subgroup G of SO(8) that contains
SU(3). The relevant tensor hierarchy field strengths and their dualisation
conditions are obtained by bringing the G—invariant restrictions specified
on a case-by-case basis below to (3.62)-(3.65) and (3.67)-(3.69). The field
content in each of these subsectors is summarised for convenience in table 3.1.

An obvious yet still interesting sector is attained by requiring an additional
invariance under the U(1)? with which SU(3) commutes inside SO(8). The
resulting SU(3) x U(1)2-invariant sector throws out the hypermultiplet and
sets identifications on the restricted tensor hierarchy,?

SUB)xU(1)? :p=a=(¢=C(=0,

B'=B>=B"®=0, B"=B%, (3.74)
078 =0 C77 _ 088 .

5Curiously, B® and B? are allowed by group theory to be non-vanishing, but are set to
B° = B? = 0 by the duality relations (3.68) evaluated with the scalar restrictions (3.74).
Similar comments apply to the condition B> = 0 in (3.76) and B° = —2B” in (3.77).
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3.1 Maximal supergravity in D =4

This sector thus reduces to N/ = 2 supergravity coupled to a vector multiplet
with a Fayet-Iliopoulos gauging, namely, to the U(1)*-invariant sector (i.e.,
the gauged STU model) with all three vector multiplets identified, along with
the relevant tensor hierarchy fields. Inserting (3.74) in (3.54), the Lagrangian
indeed reduces to e.g. (6.28), (6.29) of [81] with the fields and coupling
constants here and there identified as

eﬂothere — efvhere (1 _|_ 62§0here Xﬁere) , Xthere e@there — Xhere ewhere ,
i . 1 (3.75)
A(l)there = _Ahere 5 A(l)there = Ahere 5 Gthere = —Yhere -

The potential of the SU(3) x U(1)?-invariant sector, (3.58) with (3.74), ac-
quires a symmetry under the compact generator, k[FEy| — k[Fp] in the notation
of (B.18), of the vector multiplet scalar manifold. The field redefinition in
the first line of (3.75) is a U(1) C SL(2,R) transformation generated by this
Killing vector, followed by a change of sign of .

One may also consider SU(3) x U(1)-invariant sectors, with U(1) chosen to
be one of the three triality-inequivalent® U(1),, U(1)s or U(1),, factors with
which SU(3) commutes inside SO(8). These invariant sectors are attained by
setting

SUBB) xU(1), : ¢=(=0, B*=0, (3.76)

SUB)xU(1), : e®=1-4%2+), a=0,

C®=0, C"=C%, (3.77)

SUB)xU)s : ¢=a=C(=(=0,

C®=0, C"=C%, (3.78)

while retaining both vectors and their magnetic duals. Only the SU(3) x
U(1)s—invariant subtruncation is supersymmetric, and coincides with the
SU(3) x U(1)? sector discussed above —in other words, invariance under
U(1)s cannot be enforced on top of SU(3) without also imposing U(1),
invariance, but not the other way around. The other two subtruncations
retain the would-be vector multiplet and ‘half’ a hypermultiplet: either the
scalars ¢, a in the SU(3) x U(1), sector, or the pseudoscalars ¢,  in the
SU(3) x U(1). sector, with ¢ a function of the pseudoscalars in the latter case.
The covariant derivatives (3.55) simplify accordingly. In the SU(3) x U(1),

SUnder triality, the SO(7) subgroups of SO(8) are identified by the splitting 8, — 187
for SO(7)», and similarly for SO(7)s and SO(7).. We follow the spectrum conventions of
e.g. [82] whereby, at the SO(8) vacuum, the (graviton, gravitini, vectors, spinors, scalars,
pseudoscalars) of A/ = 8 supergravity lie in the (1,8, 28,56, 35,,35.) of SO(8).

47



Part I Chapter 3 — Duality in maximal supergravity truncations

sector, ¢, a remain charged under A° and no field is charged under A'. In
the SU(3) x U(1), sector the covariant derivatives reduce to

D¢ =d¢ —g(A°+3AY(,  DC=dl+ g(AY+34Y) ¢, (3.79)

showing that (, C~ become a doublet charged only under the combined gauge
field A° 4 3A!.

It is possible to further truncate the SU(3) x U(1), sector to a two-scalar
model retaining (¢, ¢) along with B”" = B® and C*', C7" = C®8 by imposing
(3.77)) together with x = 0, { = ¢, A = A = 0 and B = —2B% = 0.
The Lagrangian is (3.54) with these identifications and the superpotential
reduces, from (3.59), to

W 37 (20 — 3e2012% _9) | (3.80)

— 1
_2\/59

where €2? is shorthand for the expression in terms of ¢ = C~ that appears in
(3.77). This is the model considered in [31]. The identifications

e_SDhere — pélhere , Cﬁere = 5}2161“6 = 2tanh2 Xthere (381)

(the second equation implies e2?here = cosh? xipere 01 (3.77)) indeed bring
the superpotential (3.80) to (3.9) of [31], up to normalisation.

The SU(3) x U(1)-invariant sectors can be further reduced by imposing
a larger SO(6) ~ SU(4) symmetry. The corresponding sectors are obtained
by letting

SO6), : (=C=x=0, A=A, =0, B?=0, (3.82)

SUM)e : e =1-4(+¢), a=0, ¥ =1-x",

SUM)s + ¢=a=(=(=p=x=0,

BY=2B* B?=0,C'=C"=C%,C"=0. (384)

Again, only the SU(4)s—invariant sector is supersymmetric: it truncates out
the vector multiplet of the SU(3) x U(1), sector, leading to minimal N = 2
gauged supergravity. Setting all scalars to zero as in (3.84), further setting
consistently B? = %BQ = 0, and rescaling for convenience the metric and the
graviphoton as

G = % Guw » Al=-A"=14, (3.85)

equation (3.54) reduces to the bosonic Lagrangian of pure N/ = 2 gauged
supergravity (2.35) introduced in the previous chapter. For later reference,
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3.1 Maximal supergravity in D =4

we note that the only tensor hierarchy field strengths that are active in the
SU(4)s sector are

1 0 _ 17 S
Hpy = —Hy) = 3 F, Heo = —3He =

1 77 88 _ 3 T (3.86)
H, =H, = Hg3 = ggvoly,

where the bars refer to the rescaled quantities (3.85). The other two trunca-
tions (3.82), (3.83) are manifestly non-supersymmetric. Imposing invariance
under SO(6), selects the proper scalars ¢, ¢, a along with the gauge field A°,
while invariance under SU(4). retains the pseudoscalars x, ¢, C~ along with
A%+ A", In the latter case, the scalars become functions of the pseudoscalars
as indicated in (3.83).

It was noted in [78] that the SU(4).invariant sector coincides with a
subtruncation, considered in [83], of the D = 4 N = 2 gauged supergrav-
ity obtained upon consistent truncation of M-theory on any (skew-whiffed)
Sasaki-Einstein seven-manifold [84]. Indeed, using (3.83) and further identi-
fying the pseudoscalars and vectors here and in [83] as

Xhere = Rthere » Chere = _\/glm Xthere » 5here = _\/§Re Xthere »
A?lere - Alllere = _Al there » Ghere = — (2L)t_htere (387)

(which further imply ¢nere = —2Uthere — Vihere and @pere = —3Utnere, With
¢, ¢ here subject to (3.83)) and U, V there subject to their (4.1)), the
Lagrangian (3.54) here reproduces (4.3) of [83]. Neither the SO(6), nor the
SU(4), sectors admit a further truncation to the Einstein-Maxwell, bosonic
Lagrangian (2.35) of minimal A/ = 2 supergravity.

It is possible to enlarge the symmetry to the three different SO(7) sub-
groups of SO(8) by further imposing

SO(T)y = (=(=x=0, ¢=¢, a=0,

A=At =Ay=A4,=0, (3.88)

BOZB2:B78:0 388:_7B77 012077 078:0
SO(T)e @ e =1-3+P)=1-x*=¢?, a=0,

A=At =A;=A4,=0, (3.89)

BOZB2:0 Bab:O 0120772088 078:0
SO(T)s : ¢=a=(=({=¢p=x=0,

A= _—Al =0, (3.90)
B=B*=0, B®=0 cl=0"=c%®, Cc®=0.
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Part I Chapter 3 — Duality in maximal supergravity truncations

The SO(7)s truncation gives minimal N' = 1 gauged supergravity while the
SO(7), and the SO(7). sectors are non-supersymmetric. They respectively
retain one dilaton (¢ = ¢) and one axion (), together with the identifications
(3.89)), along with the relevant tensors in the hierarchy.

All three SO(7) sectors are contained within the Ga—invariant sector.
This corresponds to N = 1 supergravity coupled to a chiral multiplet with a
scalar manifold SL(2)/SO(2) which is diagonally embedded in (3.53) via

Gy @ d=¢, (=-2x, a=(=0,
A =A'= Ay =A, =0, (3.91)
BOZB2:B78:O 388:_7377 012077 078:0'

The Lagrangian in this sector is (3.54) with the identifications (3.91). It can
be cast in canonical N' = 1 form, in the conventions of e.g. section 4.2 of [74],
in terms of the following Kéahler potential and holomorphic superpotential

K = —Tlog(—i(z — 2)), W=2g(72°+27), (3.92)

with z = —x +ie"¥. On the identifications (3.91) that define the Go—
invariant sector, the real superpotential (3.59) becomes related to (3.92) via
W2 =efWw.

All of the above truncations arise from symmetry principles, by retaining
the fields that are neutral under the relevant invariance groups. For this
reason, the above truncations can be directly implemented at the level of
the Lagrangian (3.54). In particular, a consistent truncation to minimal
N = 2 supergravity is obtained by retaining singlets under SU(4)s, as noted
above. We conclude this section by noting an alternate truncation of the
SU(3) sector to minimal N/ = 2 supergravity that is inequivalent to the
SU(4)s—invariant truncation. In fact, this alternative minimal truncation is
not driven by symmetry principles in any obvious way, so we have verified
its consistency at the level of the field equations. Firstly, freeze the scalars
to their vacuum expectation values (vevs) at the SU(3) x U(1).~invariant

vacuum (see table 3.2),
2 —3 Y=0, e =1-12+3) =2, a=0. (3.93)

Secondly, identify the electric and magnetic vectors as

A'=-3A'=14, Ay=-}14,=_2-A4, (3.94)

1
6v3
turn off all the two-forms, and retain one of the three-forms as

B'=-2p*=pB"=0, C®=0, C'=CT"=C%. (3.95)
Finally, rescale the metric for convenience:

Juw = 5075 Guw - (3.96)
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3.1 Maximal supergravity in D =4

We have verified at the level of the bosonic field equations, including Einstein,
that these identifications define a consistent truncation of the theory (3.54)
to minimal N' = 2 gauged supergravity (2.35).

The identification of the electric vectors in (3.94) retains the SU(3)xU(1).—
invariant vector (see (B.20) with (B.15)) that remains massless (see (3.79))
at the N/ = 2 vacuum (3.93). For future reference, it is also interesting
to keep track of the field strengths for this truncation. On (3.94), (3.95),
the two-form potential contributions to the magnetic vector two-form field
strengths (3.63) drop out, and the vector field strengths become

H = 3H'=1F, Hy=-tH=_F=—_1%F (397

% 6v3 6v/3

with ' = dA. The relations here for the magnetic field strengths are
compatible with the vector duality relations (3.67) evaluated on the scalar
vevs (3.93), and the last equality for the magnetic graviphoton field strength
F is fixed by F = L/0F, with L as in (2.35). Moving on to the three-form
field strengths, we find that all of them are zero by bringing (3.94), (3.95)
to their definitions (3.64) in terms of potentials. This was expected, as the
three-form form field strengths are dual to combinations (3.68) of (Hodge
duals of) derivatives of scalars, and these have been frozen to their vevs
(3.93). Finally, for the four-form field strengths we obtain, from (3.65) with
(3.95), HS =0, H},) = H[} = H3} = dC", expressions which are again
compatible with the dualisation conditions (3.69). Rescaling the volume
form using (3.96), we find

Hy=H[ =HS = 2—55 gvoly . (3.98)

Vacuum structure

The list of vacua of D = 4 N = 8 supergravity with an electric SO(8)
gauging [73] that preserve at least a subgroup SU(3) of SO(8) was elucidated
in [77]. All of them are AdS. These vacua arise as extrema of the scalar
potential (3.58), in our conventions, and for convenience we have summarised
them in table 3.2. The table includes the residual supersymmetry A and
bosonic symmetry G for each vacuum, as well as its location in the scalar
space (3.53) in the parametrisation that we are using. The corresponding
cosmological constant, given by (3.58), and the scalar mass spectrum within
the SU(3)—invariant sector is also given. See [78] for the bosonic spectra
within the full ' = 8 supergravity. All three supersymmetric points are also
extrema of the superpotential (3.59). On the SO(8) and the Gg points, the
F-terms that derive from the holomorphic superpotential 3.92 also vanish.
It was argued in [30] that some combinations of the four-form field
strengths of the duality hierarchy ought to vanish at critical points of the
scalar potential, thus yielding necessary conditions for critical points. In our
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Part I Chapter 3 — Duality in maximal supergravity truncations

1 Gy 127 (B () —2.12- 1/4
0 SO(7), 0 5'/4 5740 0 0
1 2 2 2
1

0 SUM4). O 1 5 0 1 1
N Go 9"*Vo L2M?
8 SO(8) —24 (=2, =2, =2, =2, —2, —2)
2 UBe —18V3 (3+£V17,2,2,2,0)

11 13

1 Gy _2/;57/32/4 (4i\/g7 SEFSV) 0)
0 SOM, Ex5 (6% —§ -5 -50)
0 soM.  -BE (6% -4 -5 -5.0)
0 SU®4). —32 (6,6 —3,-3,0,0)

Table 3.2: All critical points of D = 4 N = 8 supergravity with electric SO(8)
gauging with at least SU(3) invariance, reproducing the results of [77] in our
parametrisation. For each point we give the residual supersymmetry A and bosonic
symmetry G within the full A/ = 8 theory, their location in the parametrisation
that we are using (upper table), the cosmological constant Vj and the scalar mass
spectrum within the SU(3)-invariant sector (lower table). The masses are given in
units of the AdS radius, L2 = —6/Vy. We have abbreviated U(3). = SU(3) x U(1)..

SU(3)—invariant case, these conditions read
8H(, — (6H +0cqHEY) =0, 8H — (6HY, +0eqHED) 67" = 0. (3.99)

Using the dualisation conditions (3.69), it can be checked that the relations
(3.99) do indeed hold at the critical points summarised in table 3.2.

3.2 The explicit uplift on S”

As discussed in previous chapters, the existence of a consistent truncation
of string theory on a non-trivial compact manifold is a rare phenomenon.
Beyond its intrinsic mathematical interest, this problem is also relevant for
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3.2 The explicit uplift on S7

detailed computations in top-down holographic applications, as the needed
computations can be effectively treated as lower-dimensional.

The tensor hierarchy was introduced in the previous section to maintain
covariance of the field content under E (7). This addition of redundant fields
was observed in [26, 30, 85] to be very well-adapted to show the consistency
of the uplifts of maximal supergravities into string theory. In particular,
it was used to show that massive type ITA on AdS; x S% reduces to the
dyonically-gauged ISO(7) supergravity in [26, 85|, and to provide explicit
details to the proof of consistency of the electric SO(8) gauging uplift to M-
theory on AdSy x S7 in [30]. In this section we review the main results of the
later reference and employ them to discuss the uplifts of the SU(3)-invariant
sector [A] of maximal supergravity on the S”

3.2.1 D = 11 supergravity in 4+ 7 split and the S” truncation
Consider the following ansatz for the M-theory bosons
dsty = Adst + gmn(dy™ + B™)(dy™ + B") ,

A = §Auwpda N da” N da? + §Aumdat Ada” A (dy™ +B™) (3. 100)
+ 2 Aymndat A (dy™ + B™) A (dy™ + B™)
+ %Amnp(dym + B™) A (dy™ + B") A (dy? + B?) ,

with the warp factor

det
A2 = S8 Imn (3.101)
det gmn
for an arbitrary background metric g, homeomorphic to ¢,,,. The presence
of this warping guarantees that the reduced theory is in the Einstein frame,
in analogy to the choice of coefficients in (I.12). This splitting breaks the

eleven-dimensional diffeomorphisms as
GL(11,R) — GL(4,R) x SL(7,R)

(M} . (2, ™) (3.102)

Similarly, the eleven-dimensional gravitino can be split into wﬁ and w,{n, with,
following (1.9), I an index in the 8 of an SU(8) local in D = 11 coordinates.
Using the seven-dimensional Clifford algebra, we can rearrange the latter
fermions as a tri-spinor y//% = %(FGC’_l)[U aK], in the 56 of SU(8) [18,
86].

From a lower dimensional perspective, it proves sometimes useful to
dualise the two-form contributions in (3.100) into scalars. In the context of
the T7 reduction, this is what we saw to be needed to show E7(7)-covariance
of the equations of motion. However, in the spirit of the tensor hierarchy, we
will keep the higher forms and only dualise them at the very end. On the
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Part I Chapter 3 — Duality in maximal supergravity truncations

other hand, to make contact with the D = 4 expressions, we consider the
field redefinitions

c,™ =B, Crmn = Aymn Crwrm® = —Apwm + By Avjm »

Cyupsg = A,u,z/p - B[umBynAp]mn s (3103)
and the generalised vielbeine [86, 87]

VTS = iﬁféeam(cra)u,
(3.104)
‘N/mnIJ = %Ai% [emaenb(crab)IJ + eap(CPa)IJApmn] .
In these expressions, arbitrary local SU(8) rotations ®! ;(x,y) should be
included to allow the generalised vielbeine to be complex-valued, as SU(8)
covariance demands [86, 88]. However, their presence will be understood but
not explicitly included in the following. As usual, complex conjugation is
denoted by a change in the position of the SU(8) indices, e.g. (V7;)* = V1.
The GL(4,R) x SL(7,R) representations of these fields are

GL(4,R) SL(7,R)
generalised vielbeine 7 +21
V15 Vi 1
vectors 7+ 21
c,ms, C"an (3.105)
two-forms 7
C ,Wms
three-forms 1
Coup

and it must be emphasised at this point that their full coordinate dependence
on both xz* and 4™ is kept.

The SL(7,R) representations in (3.105) must be confronted with the
SL(8,R) representations in (3.47). The 8 indices in (3.103) and (3.104)
are written in hindsight to signal the SL(8,R) D SL(7,R) breaking, which
suggests how to relate both sets of fields.

In the previous chapter, the bridge between the fields in four and eleven
dimensions were the structure group invariant tensors corresponding to the
specific supersymmetric background. To relate the fields in (3.105) and (3.47)
we must proceed similarly. In the present context, the background will be the
round S”. This sphere can be defined in terms of the SL(8,R) coordinates
that embed it in R® as

Sapppf =1. (3.106)
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The round metric can also be given in terms of these coordinates as the
pullback of the flat euclidean metric on R® to the (3.106) hypersurface

émn = 9725AB 8mNA8nNB s (3107)

which is invariant under the action of the SO(8) Killing vectors K'{';. In
terms of the u? coordinates, these and their derivatives read

KmAB =29 2 mn [AanMB] ’
(3.108)
KmnAB = 4gi2a[mu[Aan]MB] :
Notice that we have normalised the sphere to have radius g—2.
In terms of these objects, we can perform the reduction of M-theory on
ST by restricting the y dependence of the fields as [30]

ds3(z,y) = dsi(z) ,
Cu™(w,y) = §K™ ap(y) AL (2)
Cromn(,y) = §Kmn*? (y) Apan(@) | (3.109)
Crvm®(@,y) = =g~ (140mp”) (y) By 57 ()
Coup® (2, y) = (aps)(y) Cuvp™ B (2) |

and N
VI (z,y) = SK™ ap(y) nf (y) n] (y) VAP (2)

anlj(xv y) = %KmnAB(y) 771[(3/) U}I(y) f)ABij (z) .

The objects intertwining the SU(8) indices 7 and I respectively appearing in
the D =4 and D = 11 descriptions are the Killing spinors of the background
ST, satisfying n{vﬂ = 5j and nl/n’ = 64. Here, as in (3.104), we have omitted
the scalar-dependent SU(S) rotations [86] needed to gauge fix the generalised
vielbein, which must also be tuned to appropriately align both SU(8) groups.
Explicit expressions can be found in [25, 88].

The history of this truncation ansatz spans more than three decades. In
their seminal paper [25], de Wit and Nicolai proved that the factorisation
of the metric, scalars and vectors was consistent at the level of the N/ = 8
trasformations in D = 4, and further checks on the consistency followed
n [25, 88]. The factorisation of the two- and three-forms in the tensor
hierarchy was put forward in [30], and also verified to be consistent with
supersymmetry. This proves instrumental in obtaining explicit expressions
for the eleven-dimensional metric and three-form in (3.100).

The inclusion of the D = 4 forms and metric in the KK ansatz (3.100)
can be straightforwardly achieved by plugging (3.109) into (3.103). The

(3.110)
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Part I Chapter 3 — Duality in maximal supergravity truncations

relation of the warp factor and purely internal components of the metric
and three-form with the D = 4 scalars is much more subtle. First one needs
to take all possible products between the generalised vielbeine and their
conjugates, and trace over the SU(8) indices. Doing so, the dependence on
the Killing spinors and SU(8) scalar matrices drops out, and the system
reduces to the equations

MABC’DKmABKnCD — 49—2A—lgmn ,
MAB K™ 4pKp®P = 8g7 1A g™ Ay (3.111)
MABCDKmnABquCD = 16A71 (2gm[pgq]n + gTSATmnAqu) )

in terms of the SL(8, R)-covariant blocks in Msn. It is possible to combine
these equations to obtain independent expressions for A, gp,, and Ay, and
after this is done, the full non-linear embedding of maximal SO(8)-gauged
supergravity into M-theory can be given as [30]

st = A7Vdsh + 15972 A% (ta) " (te P )N O MM N Mpoupup Dp D€
(3.112)
and
Ay = paps (CAB+ %AAC/\ ABPA Acp) (3.113)
+ g7 (B + LAY Acp) A paDp® + 3972 Aup ADu ADUE + A

with Du? = du? — g0 AAB 1 , the internal three-form

Ay = =59 A% (t4%) P X}y onr Q"7 04D 11
3.11
x MMN MPQ Mps P Du A Due A Dp®
and the warp factor given by
A7 = L X0 p T X MMN (MPOMps + 7655%) . (3.115)

The internal three-form and the warp factor involve the primed embedding
tensor X4,y = ©),%(to)nT. This ancillary object can be decomposed as
the actual embedding tensor in (3.40), and is taken to have non-vanishing
contributions only in the 36 of SL(8,R) given by 6’45 = papp.

Some comments are in order. First, notice that the relative size of the
geometry in (3.112) is controlled by the D = 4 coupling constant g. The free
limit from the gauged supergravity side corresponds to the decompactification
limit from the higher dimensional perspective. In this limit, we can replace
a large S” by a large T, and the invariance under the full E7(7) is recovered.
This is a general rule that prevents the uplift of gaugings with gauge groups
that are not contained in the ungauged duality group [89].
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On the other hand, at the level of (3.113), it is non-trivial how to express
the truncation in terms of the N' = 8 fields in (3.1), as the tensor hierarchy
potentials enter the expressions directly. This can however be achieved at
the level of the four-form field strength, which can be written as

F(4) = Urptg H(4>U + 9_17'[(3)JI Apr Dp’ + %g_2ﬁ<2)IJ ADp' ADp + dAgs.

(3.116)
Employing the dualities in (3.51), the four-form can thus be unambiguously
expressed in terms of the fields appearing in the Lagrangian (3.36). Let us
remark the highly non-trivial fact that, upon taking the exterior derivative
of (3.113), all the derivatives and products of tensor hierarchy forms nicely
combine into the covariant field strengths in (3.48).

3.2.2 SU(3)-invariant truncation

We now want to particularise the uplift of the entire A’ = 8 gauged super-
gravity in (3.112)-(3.116) to the SU(3)-invariant subsector in section 3.1.2.
This will allow us to make contact with previous literature, thus checking
the uplifting formulae, and to obtain a new consistent truncation of D = 11
supergravity to minimal D = 4 N = 2 gauged supergravity which does not
follow from any obvious group theory argument.

In the present case, the embedding coordinates u, A =1,...,8, which
define the S7 as the locus (3.106) in R® can be suitably branched into
representations of SU(3). Under SU(3), the 8, of SO(8) breaks down as
8, =+ 3+ 3+ 1+ 1. In maintaining an explicitly real notation, it is thus
convenient to split R® = RS x R?, and the indices as A = (i,a), with
i=1,...,6 and a = 7,8 respectively labelling the first and second factors.”
The D = 11 uplift of the SU(3)-invariant sector utilises the tensors d;;, JZ-;)
(real) and Qij}c (complex) that define the natural Calabi-Yau structure of
RS, See (B.9) for our conventions. Inside R®, these tensors are respectively
invariant under SO(6), x SO(2), SU(3) x U(1)? and SU(3) x U(1)., where
SO(2) rotates the R? factor in R® = R% x R2. Indices on R® and R? are
raised and lowered with ¢;; and d4, respectively.

As before, only the D = 4 metric, the scalars, and the electric gauge
fields in the SU(3)-invariant restricted duality hierarchy (3.52) enter the
D = 11 metric d3?;. In order to express the result, it is useful to introduce a

symmetric matrix hgy of D = 4 scalars and its inverse as®

he (<F Z oy (Y2 -z
Z e (Y?2+2%))” -z e )’
(3.117)

"The index i in the 3 @ 3 of SU(3) should not be confused with the fundamental index
of the local SU(8) index in D = 4.

8This matrix hep should not be confused with the metric Ay, on the hypermultiplet
scalar manifold.

o7



Part I Chapter 3 — Duality in maximal supergravity truncations

and the following combination of D = 4 scalars and coordinates p’, u?,
Ay =Y it 4+ X hay p®u® . (3.118)

With these definitions, the embedding into the D = 11 metric in (3.112)
reads

ds? = % XV AT a4+ g2 f A (D Dy + 2% () D Dy

-2 3pyv—1y—1 -2 (6) @ 7 be,,a 2
g2 XYY — X) A] (YJZ.]. [iDp + hayep Duc) } ,
(3.119)
where € is the totally antisymmetric symbol with two indices, and the
covariant derivatives are defined as

Dyl = dp' — g AV T4 Du® = du® — g A%y, . (3.120)

For generic values of the D = 4 scalars, the metric (3.119) enjoys an SU(3) x
U(1), isometry.

Moving on to the D = 11 three-form A, all the D = 4 fields in the
tensor hierarchy (3.52), except for the metric, enter its expression. A long
calculation shows that (3.113) becomes

Ay = Chiip’ + Cop p1® — Lg7[(Ba® + 2A'A Ay) 635 + 4B2J£;)] A ptDyd
+ %gil [Bab — AN Ayd,, + B eab] A ptDpb
+ 59 P ANIY DU AD + 597 Ag A e D A D’ + A, (3.121)
where the internal three-form A reducing from (3.114) reads
A=—g ALt [% ey Xy J;;)uiDuj A €qp D A Dpi®
+ %X i ( YJ;;)uiDuj + habebcuaDuc) A J,S)Duk A Dyt

— 1 (ViRe Q) + VaIm Q%) A p' Dy? A Dy

+ 1—12 e* X (vl Re QS}C + vg Im QS}C)DM A Dy A Duk} .
(3.122)
Here, we have defined the shorthand functions
1= ¢+ pse (CZ 4 LYY, e =l — pse (Y —(Z), (3.123)

and one-forms

Vi= (Y —(Z)Du" +e*(Dp®, Vo= (CZ+C(Y)Du" —e**¢ Dpb.
(3.124)
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The field strength four-form F(4) = dfl(g) is computed to be
ﬁ’<4) = H(14) ,uiui + H&I; Lhalty — 1—12g_1 [H(g)aa 0ij + 4H(23) J<6)] MD/H
+3 ig71 [Hg’; + H(3> e ] A prg Dpy + %gﬂflml A JZ-(j Dyt A Dy
+ %9721’[(2)0 A €ap D™ A Dﬂb
+ 3972 P AT e XTI I Dl Ay Dyt
+ e2? (’Uz Re QS}@ —ov;Im Qi;’}c) W' Dp? A D } A H(OQ)
— ig‘2 Afl [2X62‘P XY p® (XJ;?DM A Dp? + e*Peq, Du® A D,ub)
— 4x €2 pp Dk A (YJ;;)uiDuj + h%ew uaDub)

+e¥X (vg ReQ”k V1 ImQUk) WDyl A Dp } /\H(12)

+ dAgcalars - (3.125)

In this expression, H} s H (‘fg, etc., turn out to reproduce the D = 4 four-,
three- and magnetic two-form field strengths (3.63)-(3.64) of the restricted
tensor hierarchy (3.52). This provides a D = 11 crosscheck of the D = 4
calculation of section 3.1.2. The terms that contain the electric two-form
field strengths H, 2)> H! (2)» come from the vector contributions in the covariant
derivatives Dy’ and Du® in (3.122). Finally, dAgcalars contains two types
of terms. The first type includes contributions of covariant derivatives of
D = 4 scalars, wedged with three-forms on the internal S7. The second
type includes internal four-forms with coefficients that depend on the D =4
scalars algebraically only. The presence in /l@ of JZ;”, Q( ijk and hgp breaks
the symmetry of the full D = 11 configuration to SU(3), in agreement with
the symmetry of the D = 4 model.

The above expressions provide the complete embedding of the SU(3)—
invariant, restricted tensor hierarchy (3.52) into D = 11 supergravity. As
such, these expressions contain redundant D = 4 degrees of freedom. As
argued below (3.116), these redundancies can be eliminated at the level of
the D = 11 four-form field strength by making use of the D = 4 duality
relations. Indeed, regarding the tensor field strengths in (3.125) as shorthand
for the dualisation conditions (3.67)-(3.69), equations (3.119), (3.125) then
express the embedding into D = 11 supergravity exclusively in terms of
the dynamically independent (metric, electric-vector and scalar) degrees of
freedom that enter the D = 4 Lagrangian (3.54).

In particular, the Freund-Rubin term (the first two contributions on the
r.h.s. of (3.125)), can be simplified by using the identities (3.70), (3.73) that
relate the dualised four-form field strengths (3.69) to the scalar potential
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(3.54) and its derivatives:
Hy pap + HE papy, = — 45 [V + 3 (i = Bpap®) k*[Ho) 0.V
(WD - G RV (3126)
+ V2T (KB + KV [F]) 3uV} voly .

At a critical point, the terms in derivatives of the potential drop out and the
Freund-Rubin term becomes proportional to the AdS4 cosmological constant,
in agreement with the general N/ = 8 discussion of [30]. See also [90] for a
related discussion.

The uplifting formulae (3.119)-(3.122) simplify by imposing a symmetry
enlargement, carried over to D = 11 by restricting the D = 4 fields to the
previous subsectors studied in section 3.1.2. We now turn to the description
of these subsectors in terms of the intrinsic S7 angles that are best adapted
to making the relevant symmetry apparent in D = 11. See appendix C for
some relevant geometric structures on ST,

SU(3) x U(1)*-invariant sector

For the SU(3) x U(1)*-invariant sector (3.74), the embedding formulae for
the D = 11 metric, (3.119), and three-form, (3.121), (3.122), become

ds? =e ‘le/?’AQ/gd +g [ 72/3A§/3da2 + X1/3A;1/3 cos® ads®(CP?)
+ e X~ 2/3A2/3A Lsin? avcos? a (D7_ + 0)?

+ X200 AT (DY + AsA7! costa (Dr- + a))z} ,
(3.127)

Apy =C cos? o + Cqy sin®

+ 597" sin2a (4Br7 + AT A Ay = 3A° A Ag) Ada
— Lg7%sin2a (A; + 3A49) A da A Dip_

+ %g_z cosa Ay A [cosa JW —sinada A (D7_ + o’)]

+ %g*?’X(aZ"OX’1 sin2ada A DY_ A (D1— + 0)

— g3 xe** AT costa (DT_ + o) A TP

—-qg- Xez‘pA cos® acos 2 D AN J© . (3.128)

In these expressions, o, 7_, 1_ are angles on S’ whose relation to the
constrained coordinates u of R® is given in appendix C. The covariant
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derivatives for the last two are
Dy =dip_ — gA°, Dr_ =dr_+g(A° + AY). (3.129)

The line element ds?(CP?) and the two-form J® respectively correspond to
the Fubini-Study metric, normalised so that its Ricci tensor is six times the
metric, and the Kahler form, with potential one-form o such that do = 2J®,
on the the complex projective plane. Finally, A1, Ao and Ag are the following
functions of the S7 angle o and the SU(3) x U(1)?-invariant, D = 4 vector
multiplet scalars

A; = Xsin? o + €2? cos® a,
Ay = % [sin4 a+ (62‘p +2x%e® + 6_2“DX2) sin? a cos® a + cos® a] ,
Az = (X2 + X2e4‘p) sin? a + e*? cos® o .
(3.130)

with A; being simply the particularisation of (3.118) to the present case.
The field strength corresponding to (3.128) can be computed to be

F(4) =2g {2 (e“” cos® a + e %X sin® a) + Xe_‘P} voly
+ g1 sin2a (xdp — €2¢x * dx) A do
—1g7? [sin 2a (H1 + 3Ho) A da A D
—2H; A (cos2 aJ® —sinacosada A (D1 + a)) }
+ 397 %xe* [X’l sin2ada A (HO A (D7— + o)+ (H° + H') A Dy_)
—2A7 cost o (HY + HY)Y A T + 2A7! cos? arcos 20 HO A J<4>}
+ %g*S e?? X2 sin 2a [2)( dp — (X — 2)dx} Nda AN DyY_ N (D1— + o)
+g e {AIQ (DT—+0) A { —2x(A1 + X) sina cos®a da
+ cos*a <2X sin®a dy + (62‘p cos’a — (X —2) sin2a) dx)]
+ Al_QDz/J_ A [ — %X sin 2« <462“" costa + X (sin2 2a + 2 cos 204) ) da
+ cos?ar cos 2a (2)( sin®a dy + (62‘p cos’a — (X —2) sin2a) dx)]
+ x X 1sin2a da A Dy_ — 2y AT costar J<4>} AT (3.131)

Here, we have explicitly made use of the dualisation conditions (3.68), (3.69)
for the three- and four-form field strengths, particularised to SU(3) x U(1)2-
scalars via (3.74). The magnetic two-form field strengths Ha, A =0,1, stand
for the dualised expressions (3.67).
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As noted in section 3.1.2, the SU(3) x U(1)?-invariant sector coincides
with the gauged STU model with all three vector multiplets identified. This
was embedded in D = 11 supergravity in [81] (see also [91]), along with the
entire STU model. Our uplifting formulae (3.127), (3.131), obtained instead
from the D = 11 embedding of the SU(3) sector, are in perfect agreement
with (6.22)-(6.24) of [81]. This can be seen by using the D = 4 redefinitions
(3.75), which also imply Hynere = Rihere and Hhere = —Rihere, along with
the S” angle and one-form identifications

Sthere = Qthere T g ) (blthere = w—here )
(3.132)

¢there = d}*here + T here s Bthere = Ohere
or, in terms of the ¢, 7 defined in equation (C.1) of appendix C, ¢1p0pe = — ¥,
Ythere = T-
SU(4)—invariant sectors

While the deformations inflicted on the internal S7 by the SU(3)—invariant
D = 4 fields are inhomogeneous, enlarging the symmetry to SU(4). and
SU(4)s results in the deformations becoming homogeneous.

For the SU(4).-invariant D = 4 fields (3.83), the D = 11 embedding
formulae (3.119), (3.121)), (3.122) simplify to

32 = 399 ds2 4+ g2 [e%‘bds%mi) + e 2e(nlD 4 gA)Z} . (3.133)
Ay =C'+ 397 ' B A7 + gA) + g 2Ag AT
-9 [x JOANMY +gA) — L¢Re QD — L {Im Qﬂ , (3.134)

where ¢, ¢ stand for the expressions in terms of x, ¢, ¢ given in (3.83). Here,
ds?(CP3) is the Fubini-Study metric on CP? normalised so that the Ricci
tensor is eight times the metric, and nf, J?, Q(j) are the homogeneous
Sasaki-Einstein forms on S7 defined in appendix C. The four-form field

strength corresponding to (3.134) reads
Fy = =69¢"+3¢ [~ 1432 + §((? + &) voly
+1g71 e« (CDC = ¢D) A (0 + 94)

-2 2
g (1_X)[ "
9 LX) oy o\ 1— 2 F}/\J
1+ 3x2 X X +
_ g3 [dx ATD A 0D+ gA) — LD ARe QD — 1DE A Tm QSZ)]

— 2973 AT —2g73(CRe QY — ¢Im Q) A (n) + gA),
(3.135)
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with, again, ¢, ¢ written in terms of x, ¢, ¢ as in (3.83). As noted in
section 3.1.2 following [78], the SU(4).~invariant sector of SO(8) supergravity
coincides with the model considered in [83]. Using the redefinitions (3.87)
and straightforwardly identifying our Sasaki-Einstein structure with theirs,
our uplifting formulae (3.133), (3.135) do indeed match (2.2), (2.3) of [83]
when the identifications of their equation (4.1) are taken into account.

The SU(4)s-sector coincides with minimal A/ = 2 gauged supergravity,
(2.35). The D = 11 uplift of this sector can be achieved by bringing the
restrictions (3.84) to the general formulae (3.119)-(3.122) or, equivalently,
by further setting ¢ = y = 0, A' = —A% = if_l, and A; = —3A, in the
uplifting formulae (3.127)-(3.131) of the SU(3) x U(1)? sector. Using the
rescaled fields (3.85) and the D = 4 field strengths (3.86), and combining the
resulting expressions in terms of the Sasaki-Einstein forms J, n” specified
in appendix C, the D = 11 uplift of the SU(4)s—sector can be written as

dsty = §d53+ g2 (ds*(CP2) + (n” + 194)?)
Fuyy=2gvoly —1g?%F AT (3.136)

This coincides with the consistent truncation of D = 11 supergravity down
to minimal A/ = 2 gauged supergravity obtained in [32], with straightforward
identifications. An alternate D = 11 embedding of minimal N = 2 supergrav-
ity based on (3.93)-(3.96) will be given in (3.142)-(3.143) whose consistency
does not follow from group theory arguments in any manifest way.

Go—invariant sector

The D = 11 embedding formulae (3.119)-(3.122) particularised to the Go—
invariant sector (3.91) become, in the relevant set of intrinsic coordinates
described in appendix C,

ds?y = e XAV ds? 4 g2 XPAT Y (22X TP AdB2 + sin?B ds?(S))
A(P,) = (O} sin? B + Cggcos? B + 49~ sin B cos  Brr A dB
+g3x Al_l sin?Ble* X 1AL T A dS
+ X2%sin fcos BRe Q + €2 X sin’AIm Q| , (3.137)

where 3 is an angle on S7, ds?(S°) is the round metric on S% normalised
so that the Ricci tensor equals five times the metric, J and Q are the
homogeneous nearly-Kihler forms on S% and the function A is, from (3.118)
with (C.22),

Ay = X (e 22X? cos?B + €*?sin?B) . (3.138)

63



Part I Chapter 3 — Duality in maximal supergravity truncations

The associated four-form field strength reads
By = —ge X2 “(X —2)X2 4 *(7X — 12)] sin?B
+ et X2 [X3 + 7 (X — 2)] COSZB] voly

—4¢7 ! sinf cos 8 ( % dp — e*fy x dx) AdB
+ ¢ %X 2sin’ B (2xdg0 — (X - 2)dx) ANT NdB
— 297362(’DXXA1_1 sin* BINT
+g¢73 AIQ sin? ﬁ{xX?’ sin?26 dp A Im Q

+ xX sin 283 (Al — 2¢*# X sin? ﬁ) de ANReQ

+ X2dx A [sin2 I5; [€4<P sin? 8 — X (3X — 4) cos? ﬁ] ImQ

+ % sin2f3 [€2¢(3X — 2)sin? f — e 2P X?(X — 2) cos? 8] Re Q]

+ xX sin? BdB A [X sin 26[(649" + X?)sin? B + 2X?2 cos? B] ImQ

— e72[e (367 4 X2)sin? B+ X2 (567 — X2) cos? B Re Q| | .
(3.139)

In order to obtain this expression, we have again made explicit use of
the dualisation conditions (3.68), (3.69) for the three- and four-form field
strengths, particularised to the Go—invariant sector (3.91). The D = 11 uplift
of the various SO(7)-invariant sectors can be straightforwardly obtained
by bringing (3.88)-(3.90) to (3.137)-(3.139). See [90] for a previous D = 11
uplift of the Go—invariant sector.

A new embedding of minimal N = 2 gauged supergravity

It was noted below (3.84) that the SU(4)s sector coincides with minimal
N =2 gauged supergravity. In (3.136), the corresponding D = 11 uplift was
obtained and shown to coincide with the consistent embedding of [32]. It was
also discussed in that section that the SU(3)-sector admits an alternative
truncation to minimal N = 2 supergravity, by fixing the scalars to their vevs
(3.93) at the N' =2, SU(3) x U(1).~invariant point and selecting the N = 2
graviphoton as in (3.94). Bringing these D = 4 identifications to the general
SU(3)—invariant consistent uplifting formulae, we obtain a new embedding
of pure N/ = 2 gauged supergravity into D = 11.

We find it convenient to present the result in local intrinsic S7 coordinates
', 7, o, and in terms of a local five-dimensional Sasaki-Einstein structure
n', J' and €. The former are locally related to the global coordinates 1, T,
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a, defined in (C.1), that are adapted to the topological description of S” as
the join of S® and S!, with « here identified with that in (C.1) and

=9y, T=7 -3¢ (3.140)

The local five-dimensional Sasaki-Einstein structure forms n’, J' and Q' are
related to their globally defined counterparts n®, J©® and Q® discussed in
appendix C and the global coordinate v via

n' =dr' +o0=n"+Ldy, J=J®, Q=000 (3.141)

The real two-form J’ coincides with the Kéhler form on CP?, ¢ is a one-form
on the latter such that do = 2J’ (given e.g. by (C.11)) and the constant
phase ¢'1 in the complex two-form €’ has been chosen for convenience, in
order to simplify the resulting expressions. The primed forms defined in
(3.141) satisfy the Sasaki-Einstein conditions (C.5) and (C.6).

Bringing all these definitions, along with the D = 4 restrictions (3.93)-
(3.96), to the uplifting formulae (3.119), (3.121), (3.122), we find a new
consistent embedding of minimal D = 4 N = 2 gauged supergravity (2.35)
into the D = 11 metric and three-form:

1 6 cos® o
i3, = =273 (142 2/3 | 452 + [2d 24 2% % 1s2(CP?
m=ge ( sin o) ity “ 1+ 2sin s (CF)
18sinacos’a 1+ 8sin* a ( W 3cos? a ,)2]
1+ 8sina L (1+Qsin2a)2 1+88im40417 ’
(3.142)
Ay =C'— — cosaA/\[cosa J' —sinada A '}
(3) 2\/’ n

sin o cos o

1
+ — g3 cos a[da/\lmﬂ'+7,2<2Dw’—3n’> /\Reﬂ’] .
1+ 2sin”«

V3
(3.143)

These expressions depend explicitly on the dynamical D = 4 metric d§i
and graviphoton A. The former only features in ds?; but not in A<3). The
latter appears both in d§?; and in A(g), but only through the gauge covariant
derivative

Dy = dy' + 39A. (3.144)

This singles out 1’ as the angle on the local N = 2 “Reeb” direction and
thus justifies the primed coordinates (3.140) that we chose to present the
result. Two other D = 4 fields enter the consistent embedding through the
three-form (3.143): the magnetic dual, A, of the D = 4 graviphoton, and the
auxiliary three-form potential C*.

The four-form field strength corresponding to A(3) in (3.142) can be
computed with the help of (the primed version of) the Sasaki-Einstein

65



Part I Chapter 3 — Duality in maximal supergravity truncations

conditions (C.5), (C.6). We find

do A Dy’ A Re QY

g g3 [ cos? a (7 — 10 cos 2ar + cos 4ar)

F = 77014 + —
@ 2v/3 V3 (1 + 2sin? a)2
3

6 cos? o 6 sin o cos® «

—————————daAn' AReQY + DY A/ Alm QY
(1+2sin2a)2a " 1+ 2sin® AT

g2 { 4sinacos® a -

FAReQ +%F Ad(cos*an’)| . 3.145
—|—4\/§ - osinta e +% (cosan)] ( )

Again, we have made use of appropriate dualisation conditions, (3.97), (3.98)
in this case, to express the result for the embedding (3.145) into the four-form
only in terms of the independent D = 4 degrees of freedom (the metric d33,
the graviphoton field strength F' = dA and its Hodge dual), that appear in
the Lagrangian (2.35).

The truncation (3.142), (3.145) of D = 11 supergravity down to pure
D =4 N = 2 gauged supergravity (2.35) is consistent by construction. We
have explicitly verified consistency at the level of the Bianchi identities and
equations of motion for the D = 11 four-form: its field equations are indeed
satisfied, provided the D = 4 Bianchi, dF = 0, and equation of motion,
d*F = 0, of the D = 4 graviphoton are imposed. Some details can be
found in appendix D.1. Moreover, these local uplifting formulae are still
valid if, more generally, n/, J', €' are taken to be the defining forms of any
Sasaki-Einstein five-manifold, and ds?(CP?) is replaced with the metric on
the corresponding local Kéhler-Einstein base. This is in agreement with the
G-structures perspective provided in chapter 2, as this truncation can be
recovered from that route as (2.52) with (2.30).

Recovering D = 11 AdS, solutions

Setting the scalars to the vevs at each critical point with at least SU(3)
invariance that were recorded in table 3.2, and turning off the relevant tensor
hierarchy fields, the consistent embedding formulae (3.119)-(3.122) produce
AdSy solutions of D = 11 supergravity. All these D = 11 solutions are
known, so our presentation must necessarily be brief. The main motivation
to work out these solutions is rather to test the consistency of the uplifting
formulae presented in section 3.2.1 (and their particularisation to an explicit,
SU(3)—invariant, subsector). Except for the more involved D = 11 Einstein
equation, the metrics and four-forms that we write below have been verified
to solve the eleven-dimensional field equations. Please refer to appendix D.2
for details.

We present the solutions in the appropriate intrinsic S” angles defined
in appendix C. Also, AdS, is always taken to be unit radius (so that the
Ricci tensor equals —3 times the metric). As a consequence, the metric
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ds?(AdS,) that appears in the expressions below is related to the metric dsi
that appears in the D = 4 Lagrangian (3.54) and D = 11 embedding (3.119)
by a rescaling

dsj = —6Vy T ds*(AdS,), (3.146)

where Vj is the cosmological constant at each critical point given in table
3.2. The Freund-Rubin term is rescaled accordingly with respect to (3.126).

Let us first discuss the supersymmetric solutions. The N' = 8, SO(8)
point uplifts to the Freund-Rubin solution [92] for which the internal four-
form vanishes and the internal metric is the round, Einstein metric ds?(S7),
given in e.g. (C.3) or (C.17). The N = 2, SU(3) x U(1), critical point
uplifts to the D = 11 CPW solution [31]. A local form of this solution
can be obtained from (3.142)-(3.145) by turning off the D = 4 graviphoton,
A =0, F =0, and fixing the metric to ds3 = g 2ds*(AdS4). As a check,
we have verified that the solution in R® embedding coordinates p?, directly
obtained from (3.119)-(3.122), perfectly agrees with the CPW solution as
given in [93]. Finally, the N' =1 Gy-invariant solution can be written, using
(3.137)-(3.139), as

. _ 1 2 sin? 3
At = 97 (8)° (2+c0s28)3 | 51ds*(AdSe)+3d0%+ 550 d82<56>] ,
A 1(25\% -3 V23 sin? B 9
Fuy = 1(3)7 g73 vol(AdSy) + 371(2 1 cos 252 V3sin? BRe Q A dB
—sin B cos B (5 + cos28) Im Q A dB — sin? B(2 + 00525).7/\‘7} ,

(3.147)
with internal three-form potential
g 3sin? B
A=
33/44/2(2 + cos 23

) [% sin 28 Re Q++/3sin? BIm Q+(2+cos Qﬁ)J/\dﬁ} ,

(3.148)
in terms of the nearly-Kihler structure of the S% in S7. This solution was
first obtained by de Wit, Nicolai and Warner [94].

Turning to the non-supersymmetric solutions, the SO(7) critical points
can again be uplifted using (3.137)-(3.139). The SO(7), solution uplifts to a
solution first written by de Wit and Nicolai [95]. In our conventions, we get

5sin’ 3
34 2cos2p
571 g7 vol(AdSy), (3.149)

53 =576 g7 (34 2c0s28)7 |3ds>(AdS,) + dB + ds2(S%)| |

~

Fuy =

0|

while the SO(7). point uplifts to Englert’s solution [96]
1
sty =g % (2)3 [3ds®(AdSy) + ds*(S7)] ,
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4sin* g

Fry = g73-18_vol(AdSy) + ReQAdB —cot BImQ AdB — 1 T?],

255 \/593
(3.150)
with internal three-form
sin? 3 .9 .
A= 2sin“ BIm Q +2F AdS +sin28Re Q| . (3.151)

21/5 g3

In the SO(7). solution, ds?(S”) is, as always, the round, SO(8)-invariant
metric. It should be understood in this context as the sine-cone form (C.23).
Since SO(7). D SU(4)., this solution can also be re-obtained from the SU(4).—~
invariant truncation and written in terms of the homogeneous Sasaki-Einstein
structure on S7. The D = 11 metric is the same appearing in (3.150) with
ds?(S™) now understood as the Hopf fibration (C.17), and the four-form is
given by

- 18
Fop=——
(4) 25\/593

with internal three-form

vol(AdSy) + [zReQ” A — Jj:)/\Jf)}, (3.152)

fg

1
V5 g3

The metric in (3.150) and four-form (3.152) for the SO(7). solution coincide
with (3.11) of [83] upon using the redefinitions (3.87), and makmg an appro-
priate choice for the phase of the complex scalar Yinere = — (Chere + iChere)s

A=—

S[I0 AR +mad) . (3.153)

which is unfixed at the critical point. We obtain perfect agreement with [83]
upon shifting that phase by .

Finally, the SU(4).—invariant point gives rise to the Pope-Warner solution
[97] in eleven dimensions. Using (3.133)-(3.135), this solution can also be
written in terms of the homogeneous Sasaki-Einstein structure on S7 as

1
ds%l 1/3 3 [%dSQ(AdS4) + dsQ((C[P?’ )+ 277(7) ® 775:)] :
; 9
F(4) 329 VO](ACIS4) — ; [Reﬂ(” A ,','(7) Imﬂ(?) A 77(7)] (3154)

where the internal three-form potential is now

A=1g7ReQ) +Im QY] . (3.155)

I\D\H

We again find agreement with [83]: 3.154 coincides with (3.8) of that reference
when the identifications (3.87) are taken into account and the phase of
Xthere = —%(émm + iChere ), Which is again unfixed at the critical point, is
shifted by 7
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Chapter 4

Introduction:
Weighing ripples of the world

On any compactification of string theory there are several competing scales.
This can already be seen in the spectrum of states of the bosonic theory
compactified on a circle,

K2 R2 , 2 -
:ﬁ‘F?w +E(N+N—2), (4.1)

M? -
where k labels the KK level, as in the invitation, w the winding number
of the string around the compact dimension, and N, N the number of
string oscillators applied onto the vacuum. For o/ <« R?, i.e. when the
characteristic string length is much smaller than the size of the internal
dimensions, the states with non-zero winding or N + N — 2 > 0 are very
heavy compared to the characteristic KK mass scale and thus decouple. This
idea persists in the more interesting superstring theories, where o/ < R?
characterises the regime in which the supergravity approximation is valid,
and is therefore the limit that we are interested in.

In this limit, we can understand the dynamics of the full higher-dimensional
theory from a lower dimensional point of view. This tactic is of special rel-
evance in holography, as KK modes on an AdS;;; solution describe the
spectrum of single-trace operators of the dual CFT, at strong coupling and
large N through the dictionary [98-103]

gravitons/stress-energy : A = %(d +Vd? +4L2M?) ,
p-forms/conserved currents : A = 3(d++/(d—2p)> +4L2M?),
scalars : A = 3(d+Vd?+4L2M?),

C e . . d
grivitini/supercurrents : A = [LM|+ g,

spin-1/2 fields : A = |LM|+ ¢
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where A is the conformal dimension of the CFT operators and M the mass of
the supergravity KK modes.! We normalise with respect to the effective AdS
length L so that the combination LM is dimensionless. The two possible
signs for the scalars [107] correspond to the two roots of L2M? = A(A—3). If
L>M? > —dff +1, only the larger root leads to admissible boundary conditions.

However, in the range —% < L’M? < —% + 1 both boundary conditions are
possible. Notice that for scalar masses below the Breitenlohner-Freedman
bound [104]

d2
-
the dimensions obtained from (4.2) are imaginary, and thus incompatible
with the representation theory of the conformal group.

Operators in a CFT must arrange themselves in representations of the
conformal group SO(2,d), and the conformal dimensions A are one of the
fundamental pieces of information describing these multiplets which are
usually very difficult to determine in strongly interacting field theories.
This is one of the cases mentioned in the invitation where gravity becomes
informative about interesting properties of non-trivial quantum field theories.

On top of a given solution in higher dimensions, the KK masses appearing
in (4.2) can be computed by shifting the background field configuration by
small deformations dp(x,y) and linearising the equations of motion. For
generic solutions of the higher-dimensional supergravities, this computation
is simply out of reach. The main difficulty is that usually these perturbations
couple to the metric and background fluxes in a very intricate way, and it
is very subtle to find the precise combination of perturbations which carry
definite mass. The situation is different if one focuses again on homogeneous
solutions, which can be addressed by group theory methods [108, 109]. This
approach led to the early computation of the complete spectra of M-theory
on the S7 [110] and of type IIB supergravity on the S° [111] maximally
supersymmetric solutions, which can be thought in this context as the coset
spaces (1.1). More recent illustrations of this method can be found in [112,
113], but in general unless both G and H in G/H are sufficiently big, this
computation becomes quickly unfeasible. For this reason, this approach will
not be covered here.

A more general case in which the situation simplifies drastically is when
one focuses on the set of massive gravitons only. On maximally symmetric
backgrounds, these modes decouple from the fluxes [114] and are only sensitive
to the internal metric and warping of the higher-dimensional metric. The
precise form of these perturbations reads

d§2D = AW [(guu(x) + h;w(xa y))dztdz"” + ng(y) ) (4.4)

L*M? > (4.3)

!These formulae were in fact known long before, with A then interpreted as the scaling
dimension of the AdS supergroup so that modes could be arranged in supermultiplets at
supersymmetric solutions. See [24, 104-106].
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with the coordinates and indices ranging as in (I.8). We take the external
metric g, dztdx” = ds?(AdS,) to be the unit-radius anti-de Sitter metric.
The internal d5%(y) denotes a background metric on the n-dimensional space,
where the warp factor ¢24®) also takes values. The perturbation, Py, is
assumed to take the factorised form

with Y(y) a function on the internal space only, and Rt transverse (?“hgf,]:
0) with respect to the Levi-Civita connection corresponding to g, traceless

(gﬂ”hﬁﬁ = 0), and subject to the Fierz-Pauli equation
Onltl = (M?L? — 2)nl!l] . (4.6)
The masses and modes are then related by the differential equation [114, 115]

o~ (D-2)A
LY = —————0p (PG5, V) = MY . (4.7)
Vi
The differential operator appearing here is therefore a warped Laplacian
completely insensitive to the background fluxes. These approach has been
previously used to compute massive spin-2 spectra in a variety of cases with
holographic interest [93, 114, 116-122].

Finally, another interesting case is the class of solutions that uplift from
the vacua of a lower-dimensional maximal gauged supergravity. As in the
study of consistent truncations of chapter 3, duality plays a prominent role in
this context. A systematic way of taking advantage of the duality groups that
appear in the lower-dimensional supergravities are Exceptional Field Theory
(ExFT) [123-130] and Generalised Geometry [45-52, 54, 56|, which are
reformulations of the full higher-dimensional theories in a duality-covariant
fashion that resembles the lower-dimensional counterparts (see [131] for a
recent review). In this duality-covariant language, the consistent truncations
studied in chapter 3 can be expressed as a factorisation of the dependence on
external and internal coordinates by means of a Scherk-Schwarz ansatz [55,
132] generalising (3.109)-(3.110). Given that these reformulations encode
the full higher-dimensional dynamics, their usefulness does not restrict to
consistent truncations, but can also be effectively applied to the study of the
KK tower. This route has received much attention in recent times [133-141]
given the ability of ExFT to recover the masses of modes of all spins in terms
of mass matrices controlled by very limited data.

The rest of this part proceeds as follows. In chapter 5 we employ (4.7)
to analyse the KK spectrum of massive gravitons on the N' = 2 solutions of
M-theory reviewed in chapter 2 which enjoy a U(1)? isometry group. For
the solution which cannot be obtained within the truncation to maximal
supergravity, this analysis reveals interesting structures in the dual theory
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such as the space invaders scenario for the completion of supermultipets [24]
or the apparent protection of operators not saturating the unitarity bound.
In chapter 6 we analyse how, based on SL(8,R) covariance, the spectrum
of KK gravitons can be computed algebraically in terms of the embedding
tensor. To address lower-spin fields, the recent toolkit from ExFT must be
employed, and we first review the basic notions of E7(7) ExFT to subsequently
introduce the KK mass matrices on top of solutions that uplift from D =4
maximal gauged supergravity. Omne of the powerful aspects of this new
method is that, contrary to all others, the fully-fledged uplifts in higher-
dimensions are not needed to compute the spectrum, and in fact many of
the solutions here and in the literature are only known at the D = 4 level.
Finally, in chapter 7 we apply these tools to compute the KK spectrum on
different (families of) solutions in eleven-dimensional and type II supergravity.
Out of the obtained spectra, we discuss the global properties of conformal
manifolds of the CFTs dual to a class type IIB S-fold solutions. Finally, we
also note some intriguing universality properties in the spectrum of massive
spin-2 modes. This universality seems a robust phenomenon in all solutions
analysed so far, but both gravity and QFT understanding are still pending.
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Chapter 5

KK spectrum on the cubic
deformation of ABJM

As emphasised in chapter 4, the Kaluza-Klein modes with spin-2 decou-
ple from most of the details about the higher dimensional configuration
and obey the simple modified-laplacian equation (4.7). The simplicity of
the latter has allowed its solution on a variety of configurations [93, 114,
116-122, 142-144], and the modes thus obtained enjoy a nice holographic
interpretation as the duals of heavier cousins of the stress-energy tensor in
the corresponding SCFTs.

This chapter explores the dual of a relevant deformation of the Aharony-
Bergman-Jafferis-Maldacena (ABJM) [39] SCFT, which describes the world-
volume of a stack of M2 branes at an orbifold singularity. The reformulation
of this theory in N' = 2 language will be recalled in section 5.1, together
with its AdS dual, which is a particularisation of the class of solutions dis-
cussed in section 2.2. The spectrum of KK excitations will be analysed in
section 5.2, addressing first its algebraic structure based on the R-charges
induced by the relevant deformation, and then focusing on the spin-2 sector.
Section 5.3 concludes with comments about some intriguing patterns that
our results exhibit.

5.1 ABJM, its deformations and their duals

The ABJM theory [39] is the superconformal U(N)xU(N) Chern-Simons-
matter gauge theory with A/ = 6 supersymmetry describing the worldvolume
of a stack of M2-branes on a C*/Z;, orbifold singularity. In D = 3 N' = 2
superfield language, its field content comprises gauge and chiral superfields.
The gauge superfields V}' and ]A/g, with a, @ labelling the fundamental of each
U(N) factor in the gauge group, are governed by a Chern-Simons action at
levels k and —k respectively. The matter superfields are (Z*)¢ and (Wa)2,
with A = 1,2, transforming in the (N, N) and (IN,N) of the gauge group as
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well as in the fundamental of two global SU(2)’s. Apart from the standard
kinetic term for the chiral matter, the theory also contains the quartic
superpotential

2
W = %EACeBD tr(ZAWBZCWD) . (5.1)

The theory is manifestly invariant under U(1) g xSU(2)xSU(2). However, for
k = 1,2, supersymmetry is expected to enhance to N' = 8, with the global
symmetry correspondingly upgrading to a manifest U(1) g xSU(4). To make
the theory manifestly invariant under this larger group, t’Hooft monopole
operators [145] must be used, see e.g. [146]. These operators, (Mq)ZiZZ,
carry ¢ units of the baryonic U(1), flux, with U(1), € U(N)xU(N) being
the linear combination of U(1)’s orthogonal to the one corresponding to the
centre of mass of the branes. With the help of these monopole operators,
a new set of chiral superfields 2!/ = (2!, 2%, 23, Z4) in the fundamental of
SU(4) and in the (N, N) of the gauge group, can be introduced related to
the original ABJM ones as

(292 = WHHML, (242 = W2h M) (5.2)

ab’ ab*
The SU(4)-invariant [147, 148] superpotential can then be written as
4T Coaa o] oA o
WZ?(ZI)Z(Z%E(Zg)E(Z‘l)Z [(MT2)e(M™2)08 = (MM )5e] -
(5.3)
Although not manifestly, for £ = 1 the supersymmetry of the model is
increased to N' = 8 [148]. The supersymmetry superalgebra is therefore

OSp(8]4), and the R-symmetry group contained within the superalgebra is
accordingly enhanced to SO(8).

5.1.1 Relevant Superpotential Deformations

For N’ =8 ABJM, the superpotential (5.3) can be deformed by introducing
an operator polynomial in one of the chirals, say Z4. Schematically,

AW = (24P, (5.4)

This deformation preserves SU(3) x U(1), C SO(8), with SU(3) C SU(4)
the flavour group that rotates the remaining 24, A = 1,2, 3, and U(1), the
R-symmetry associated to the manifestly preserved N’ = 2 supersymmetry.

For p = 2 and p = 3, the operator in (5.4) induces a relevant deformation.
In the p = 2 case, it corresponds to the mass deformation introduced in
[147]. Here, we will be more interested in the case in which the deformation
is instead cubic in Z%. In either case, the actual deformations are

p=2: AW =a(ZHA2HM D, (5.5)
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and
p=3: AW =a(Zh)ihh(EhiMm P (5.6)

abc

where « is a coupling constant, and the gauge indices have been contracted
using a monopole operator, making equation (5.4) more precise.

The IR R-charges of the chirals under the R-symmetry group U(1), for
each case can be computed by requiring that the total superpotential, (5.3)
plus (5.6), has R-charge two and that the free energy be extremal [149].
Assuming that the monopole operators are R-neutral, the result for these
U(1)2 and U(1)3 IR R-charges are, correspondingly [82, 150],

p=2: Ri=R(ZYH=1,4=123 R,=R(Z"Y=1, (57)
and
p=3": Ri=R(ZYH=%,4=1,23, Ry=R(Z)=2. (58

The SU(3) flavour group of both the p = 2 and p = 3 IR phases is the same
subgroup of the SO(8) R-symmetry of the ultraviolet (UV) N' =8 ABJM
theory: it is, in fact, the unique SU(3) C SO(8). However, (5.7) and (5.8)
show that the U(1),, R-symmetry groups for p = 2 and p = 3 are different U(1)
subgroups of SO(8): they are different U(1) combinations of the U(1) x U(1)
that commutes with SU(3) inside SO(8), as explained in appendix E.2. The
full (super)symmetry of these IR SCFTs is thus OSp(2[4), x SU(3), with
U(1), € OSp(2[4), having a subscript p = 2 or p = 3 attached to signify
that they are different (super)groups.

It is also useful to look at the deformation at the level of the Lagrangian.
In terms of field components, the chiral superfields can be expanded in the
usual way as [151]

_ ) _ 1 4
zl = Zf+\/§exf+92gf+z'(9w9)auzf—\%eﬂauxfweje?e?mf, (5.9)

with Z7 and x! respectively the dynamical scalars and fermions, and ¢! non-
propagating auxiliary fields. The potential that derives from a superpotential
then reads

OW(Z) 1PW(Z) ;
YAl 5977977 X X + h.c. (5.10)

The auxiliary fields can be integrated out using their equations of motion,
which set them to ¢! = —0W/0Z!, with the potential becoming

L OWZ) W) 1PWZ) 1)
T TozT ozl 2071077 X T 29ziaz7 N N
Therefore, the effect of the deformation (5.6) on top of (5.3) is to augment
the ABJM Lagrangian with the following schematic interaction terms:

¢h+

v_—/d29W(Z)+h.c._—

(5.11)

p=2: AL = %|a!2 ZY 7, + %ax4x4 + h.c., (5.12)
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and
p=3: AL = Yal* (ZH2(Za)* + Lax™*Z* + h.c., (5.13)

where the contractions occur with monopole operators, which we have sup-
pressed to avoid cluttering.

In real notation, Z and x! respectively transform in the 8, and 8. of the
SO(8) R-symmetry group of N' =8 ABJM. Accordingly, the deformations in
(5.12) correspond, up to terms in the ABJM analogue of the N/ = 4 super-
Yang-Mills Konishi operator, to mass terms for the scalars and fermions.
These mass terms have canonical dimension, A =1 and A = 2, and branch
from the 35, and 35, of SO(8). On the other hand, the operators in (5.13)
respectively branch from the 294, and 224, representations of SO(8). These
operators have relevant dimension A = 2 and A = %, and thus do indeed
generate RG flow as expected.

5.1.2 Gravity duals

The relevant operators in (5.12) are dual to scalar and pseudoscalar KK modes
that branch from the 35, and 35, representations of SO(8), respectively.
Both these modes arise at KK level n = 0 in the spectrum of the N’ = 8
AdS4 x S” Freund-Rubin (FR) solution of D = 11 supergravity, dual to
N = 8 ABJM: see [24] for a review and table 2 of [82] for a convenient
summary. As is well-known, a consistent truncation of D = 11 supergravity
on S7 exists [25] that retains all n = 0 KK modes and reconstructs their
full non-linear interactions. The resulting D = 4 supergravity is N’ = 8 and
has gauge group SO(8) [73], and the RG flow triggered by (5.12) can be
described at the level of this truncation.

In contrast, the operators in (5.13) that trigger the p = 3 RG flow are
dual to scalar and pseudoscalar KK modes which arise at KK levels n = 2 and
n = 1. There is no known consistent truncation, maximally supersymmetric
or otherwise, that retains these modes,! and this prevents a purely four-
dimensional description of the flow. For this reason, unlike for p = 2, the
geometry dual to the p = 3 IR SCF'T must be engineered directly in D = 11.
The general class of M-theory solutions involving N' = 2 supersymmetry and
an AdS, factor was analysed in [17] and reviewed in section 2.2. What we
are referring to here as the p = 3 Gabella-Martelli-Passias-Sparks (GMPS)
geometry is a particular solution to their formalism which the authors of
[17] discuss in detail. The p =2 CPW geometry [31] can also be recovered
[17] as a different solution in the same class. The local form of the family of

'Some consistent truncations are known [84, 152, 153] that retain modes up the KK
towers, but not the required ones. For example, the N/ = 2 truncation of [84] keeps
SU(4)s-invariant scalar and pseudoscalar modes from KK level n = 2, dual to irrelevant
operators. A different consistent truncation retaining massive modes has recently been
constructed in [G].
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geometries that encompasses both specific solutions takes the form (2.28) in
section 2.2. In particular, the seven-dimensional internal metric takes on the
local form in (2.28)

. 2 2 ¢2
ds2 = f-a dsz(C]P’g)+af[dr2+ er(d%—i-J)Q
4/1 4+ (1 +r?)a? 16 1+r (5.14)
1+ 72 . fo . 2 '
-t (4
+1—|—(1—|—r2)a2( +1+r2(7—+0))}’

in terms of coordinates 7, ¢, 7. The Kihler-Einstein base in (2.28) has
been chosen as the Fubini-Study metric on the complex projective plane,
normalised so that the Ricci tensor equals six times the metric, and o is
a local one-form potential for the Kéahler form J on CPs, normalised as
do = 2J. Finally, a and f are functions of the coordinate r only, the former
simply a rewrite of the warp factor:

A = ()21 42 4 a7?). (5.15)

These functions are subject to the following system of non-linear differential
equations:

1 1 (ro/ —r2a3)f
f e, el o e

where a prime denotes derivative with respect to . The vectors 0; and 9z are
Killing, and the isometry of the metric (5.14) is manifestly SU(3)xU(1)x U(1).
The former vector defines the local N = 2 Reeb direction corresponding to
the U(1), R-symmetry, and the latter is broken by the internal four-form
F, in (2.28). The internal symmetry of the full D = 11 configuration (2.10)
is thus SU(3) x U(1),.

Each solution f and « to the system of ODEs (5.16) gives rise to an
N = 2 solution to the equations of motion of D = 11 supergravity of the
form (2.28) and (2.29) with (5.15). The two solutions, GMPS and CPW,
of interest here correspond to specific choices of f and a subject to the
boundary conditions

3p

f— — oz———>wr_1+1/p, with w > 0,
r—0 p— 1 r—0
5.17)
2y/1+712 2 (
r—r i %0 (TO - T) ) « ? _ )
0 To =70 TO(TQ 7")

for p = 2 or p = 3. For these choices, the local geometry (5.14) extends
globally over S”. The coordinate r is globally defined and ranges in 0 < r <rg
for a solution-dependent constant rg. The coordinates @ and 7 are only
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Figure 5.1: Comparison between the numerically obtained functions f and « for
the GMPS solution and their respective polynomial, (5.23), and rational, (5.24),
approximations.

defined locally, but can be related to globally defined angles ¥ and 7 of
period 27 via the transformation?

=14, T=F+5(1-1)¢ (5.18)

for p = 2 or p = 3. The global coordinates ¥ and 7 are the angles on the
Hopf fibres of S7 and on the S° inside S7. In terms of the globally-defined
angles, the N' = 2 Reeb vector is

R=2Up +19,=40;. (5.19)

The analytical p = 2 CPW solution [31] is recovered for [17]

f=6(1—1), o= ]—2 ro = 2V/2. (5.20)

70 7”(7“0—7“)7

The p = 3 GMPS solution is only known numerically [17]. We re-derive it
here following [17] in order to calibrate our numerics. The equations (5.16)
can be combined into a single non-linear ODE for f,

1 . , 1w [ se i .
§f(Rf 5f)+§Rf _\/ f(6Rf 4f(1+R)>, (5.21)
in terms of a convenient new independent variable

R=r'/3, (5.22)

2 . 7 ~
In the notation of [17], ¥nere = Yineres There = Tinere ANA Yhere = Y0 pere AN There = Prnere
up to orientation.
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In (5.21), a dot denotes derivative with respect to R. An approximate

solution to equation (5.21) can be found by expanding in Taylor series about

R=0:

9 &, (2187—128¢%) , (19683c—1264ct) ¢ 10

JB) = g =g R s B qoagr6 1 O,
(5.23)

with ¢ an integration constant. Using (5.23), the function « derives from

(5.16) as

o®(R) = 551 [1TT147TR" + 26244c (3R® — 4) — 23328¢”R? — 10368¢°R" — 5056¢" R’
[1264¢" R® + 3456¢° R® 4 11664¢° R* — 6561¢ (3R® — 16) R? — 59049 (R® +8)] .

(5.24)

The approximate analytical solutions (5.23), (5.24) can now be used to kick
off a numerical integration of the system of ODEs (5.16). Imposing the right
asymptotic behaviour near R = Ry, given by (5.17) with p = 3 through
(5.22), the integration constant ¢ and the upper limit r¢ for the variable r

become fixed to
¢~ 2.4998, Ry~ 1.1585 <= rg~1.555. (5.25)

Interestingly, the approximate solutions (5.23), (5.24) found close to R =0
fit the numerically integrated functions very well across the entire range
0 < R < Ry for the value of ¢ in (5.25): see figure 5.1.

5.2 Massive KK modes on the GMPS solution

After reviewing the principal aspects of the configuration to be perturbed,
let us analyse its ripples. This problems is technically very complicated, and
we will content ourselves with drawing some conclusions from group theory
about its structure, as similarly done in [82] for the CPW solution [31] and
focusing on the KK graviton towers. The main observation is that the KK
spectrum displays a space invaders scenario similar to that described in [24]
for the KK spectrum on the squashed S” solution [154].

5.2.1 Algebraic Structure

As remarked in the previous section, the full (super)symmetry group of both
the CPW and GMPS solutions is OSp(2]4) x SU(3), and the KK spectrum
must accordingly organise itself in representations of this (super)group. See
appendix A of [82] for a convenient summary of OSp(2|4) multiplets. On the
other hand, these configurations are connected through an RG flow to the
N =8 AdS, x S” FR solution, whose spectrum at KK level n is organised
in terms of the SO(8) representations

graviton : G,, = [n,0,0,0],
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gravitini : G, = [n,0,0,1]® [n —1,0,1,0],
vectors : V,, = [n,1,0,0] & [n—1,0,1,1] & [n — 2,1,0,0],
fermions : 7, = [n+1,0,1,0] & [n — 1,1, 1,0]
®[n-2101&[n-20,0,1],
[ +2,0,0,0] @ [n — 2,2,0,0] & [n — 2,0,0,0],
pseudoscalars : S, = [n,0,2,0] ¢ [n —2,0,0,2], (5.26)

n

scalars : S;©

where only representations with non-negative Dynkin labels contribute.

This connection implies that the SU(3)xU(1), representations in the
deformed solution must be related to the SO(8) representations in the round
one by branching them under

SO(8) D SU(3) x U(1),. (5.27)

For the gravitons, the result of this branching is

n

—0 ¢
[n,0,0,0] ———— @@@ — Ry (£—2p)+Ra(n—0—2t) (5.28)
=0 t=0 p=0

where R; and Ry are the IR R-charges (5.8) (or (5.7) for CPW) of the
coordinates transverse to the M2-branes. The branchings of the lower spins
in (5.26) are summarised in appendix E.2.

The next step is to allocate fields of different spin but the same SU(3)
charges into OSp(2|4) multiplets. For CPW [31] this exercise was carried out
in [82], and crucially relies on the assignment of R-charges (5.7). Under the
assumption that the allocation into supermultiplets should take place KK
level by KK level, group theory alone was found to narrow down the possible
spectrum of (short) multiplets to two possibilities dubbed scenarios I and II
in [82]. Both scenarios differ by the embedding of the U(1)2 IR isometry into
SO(8), and are related by a triality rotation [143]. The actual calculation of
the KK graviton spectrum [93] confirmed scenario I as the correct choice.

Going through the same exercise for the GMPS solution [17] we find that
we need to relax the assumption that the allocation of SU(3) x U(1)s states
into OSp(2|4) multiplets should proceed KK level by KK level. Otherwise,
the problem has no solution starting from the R-charge assignment (5.8), and
that is not an option. Instead, states entering the same OSp(2|4) multiplet
must be retrieved from different SO(8) KK levels n. For example, states
from higher KK levels are needed to complete Short Gravitino multiplets in
the [1, 0]% and [1, OL% and a Long Vector in the [0, 0], whose states come
mostly from n = 0. Table 5.1 shows a possible distribution of the n = 0
states into OSp(2|4) multiplets that assumes that all needed space invaders
descend from KK level n = 1. Group theory is not enough to determine
whether this or another invasion pattern is the correct one, though.
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Spin | SO(8) SU(3) x U(1)3
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Table 5.1: Possible branching of the A/ = 8 massless graviton multiplet into
Osp(2[4) x SU(3) representations. The symbol ¥ denotes space invader states
coming from higher KK levels.

5.2.2 Spin-2 sector

The spectrum of massive KK gravitons about the CPW solution [31] was
determined analytically in [93]. Here, we pose the analogue boundary value
problem for the GMPS solution [17] and turn to solve it numerically. The
numerical integration can be systematised using the group theory of section
5.2.1, and the complete graviton spectrum can be found. Here we present
the numerical outcomes up to KK level n = 3, out of which analytic results
on the short graviton spectrum and on a specific type of long OSp(2]4)
supermultiplets can be found. This results will be used in section 5.3 to
show that the GMPS metric does not descend from the flat Euclidean metric
on R,

Boundary value problem

As reviewed in chapter 4, we consider the line element
dsty = | (G (@) + Iy (2, y) ) dat*da” + d53(y)] (5.29)
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where we have rescaled for convenience the warp factor and internal metric
n (5.14) as
e =1e28 45t =4ds?, (5.30)

with respect to (5.15) and (5.14). We fix the functions f and « appearing in
the internal squashed and stretched metric on S” and warp factor to those
corresponding to the p = 3 GMPS solution [17] as reviewed in section 5.1.

Accordingly, using (4.7), the KK graviton mass operator associated to
(5.29) reads [114]

1+ (14 1r2)a?
— 39
L=-— fs [ 20 } o O
4 2 1
1 )a [ (1 ) = aas | 0w
9 < Tz )% T 9 T Ra T2a2f v
[ 1+ (1+7r2)a2 §<1+ 1 ) 4(1 +r?) 16 9
[« 81 r2a2f?  9r2a?f
(5.31)
in terms of the global coordinates (5.18) for p = 3. Here, Ogs is the Laplacian
on the round, unit radius S°. With a graviton perturbation of the form (4.5)
subject to the field equation (4.6), the linearised Einstein equation satisfied
by (5.29) becomes an eigenvalue problem for the mass operator (5.31):

r2a?2

LY =L*M*Y. (5.32)

with the combination L?M? being dimensionless.
At this point, we can exploit the SU(3) x U(1), x U(1), isometry of the
metric (5.14) and expand the L—eigenfunction ) as

V=" &my(r) Yem(z,2.7) €Y. (5.33)

lm,j

Here, &, ;(r) is a function of r only and Yy (2, 2, 7) are the S5 spherical
harmonics (with definite U(1), charge)

OgsYom = =Ll +4) Yo, 0rYym =1m Yy, . (5.34)
The quantum numbers in (5.33) and (5.34) range as

¢=0,1,2,..., m=—L,—0+2,....,0—2,0, j=0,%£1, £2, ...
(5.35)
(note that 4 in (5.33) and (5.34) is the imaginary unit). This quantum
numbers follow the structure set by (5.28) under the usual relation m = 2p—¢
and a proper identification of the U(1) charges that will be given in (5.49)
below.
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5.2 Massive KK modes on the GMPS solution

i 0 1 2 3
0 | 0.00 244 578 999
1 | 592 10.00 14.86 20.54
2
3

14.94 20.57 26.94 34.11
27.03 34.13 42.05 50.71

Table 5.2: KK graviton masses LM} ; ,_ ,,— on the GMPS background for a few
values of the quantum numbers k and j, at £ = m = 0, as obtained from figure 5.2.
The KK tower with k£ = 0 corresponds to short gravitons (c.f. (5.51) and below).

The partial differential equation (5.32) thus reduces to the following
Sturm-Liouville problem in &g, ;(r) where, to avoid cluttering, we omit the
quantum number subscripts on &:

34

L2M?¢ = —
¢ dr

4 1 1 2)a?
d + ( —;r)a 0o+ )¢

ra2f3% f-
_|_

4 1 . 812 1 1 )
+§<1+ 7‘2a2>‘]2€+§[§(1 rQaQ) B 7“20z2f]‘]m5
1+ (1+72)a? 16 Lo 4(1+1?) 16 5
_[ fa _871( )_ r2a?2 f2 9r2a2f}m£‘
(5.36)
The normalisable spin-2 modes correspond to the solutions of this ODE such
that [114, 116]

[rf }+

r2a2

70
/ drro? 3¢ < oo, (5.37)
0

supplemented with the fall-offs (5.17) with p = 3 for the metric functions.

Numerics

Solving the ODE (5.36) on the GMPS background entails a non-trivial
numerical integration over a numerical background. We have nevertheless
managed to address the complete graviton spectrum. In this section, we set
up our numerics.

We start by conveniently rewriting the ODE (5.36) in terms of the variable
R defined in (5.22), whereby it becomes

- (gR5a2 —R‘1)£+ (ZL2M2R4042+AJ'2+B€(€+4)+C’m2+Djm>§ =0.
(5.38)
Here we have defined

A=—(R'**+R7?),

= —ZRLIQf*l\/ 1+ (1+ R%)a?,
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Figure 5.2: Wronskian W in (5.48) of the numerical functions ¢¥(R) and ¢f(R) at
R = Ry/2 for £ = m = 0 and various values of j. The masses in table 5.2 correspond
to the zeroes of W. The masses lying in short multiplets are marked with red dots
(c.f. (5.51) and below).

C=-R'af'\/1+ (1+ R5a2?

J

4
4

_ §(R4O[2 + R_2) o 9R—2(1 + R6)f_2 +4R_2f_17

4
D=2 (R'a*+ R?)+6R2f". (5.39)

Next, we obtain asymptotic forms of the normalisable solution to (5.38) close
to each endpoint, R = 0 and R = Ry, of the domain of R. Near R = 0, the
asymptotic form of (5.38) implied by (5.23) and (5.24) depends on whether

the quantum number j is zero or not. For j # 0, the ODE (5.38) close to
R = 0 takes on the form

. 1. i2
g_,_ﬁg_#g:o, (5.40)

where the term in the eigenvalue L?M? drops out as it is subleading. The

ODE (5.40) has solutions

£=aRI + bRV, (5.41)
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5.2 Massive KK modes on the GMPS solution
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Figure 5.3: Numerical eigenfunctions for the modes with masses in table 5.2.

with a, b constants. Compatibility with the normalisability condition (5.37)
requires a = 0 for j < 0 and b =0 for j > 0. When j = 0, (5.38) close to
R = 0 reduces instead to

00+ 4) + £m2)§ ~0, (5.42)

1 2c_o. o 4c
£+E§+<_LM 27 243

3 27

with the constant ¢ given in (5.25). The solutions of (5.42) are now

€ = ado(\/EL2M? — 200+ 4) + J5m?R)
(5.43)

+o¥o(y/2L2M2 — feu(t +4) + Jom2R),

with a, b again integration constants and Jy and Yy Bessel functions. In this
case, normalisability, (5.37), requires b = 0.

Near R = Ry, with Ry specified in (5.25), the asymptotic form turns out
to depend on the quantum number ¢. For ¢ = 0, (5.38) close to R = Ry
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becomes

. 3 1 39,2 29\,
g_f%—R§+RM&r4a<2Lﬂf—31>£—0 (5.44)

This has solutions

oy 2 (452 — 9L2M?) (Ro — R)
T Ro-RZ\\3 Ro
(5.45)
2 (472 — QL2 M2 -
LUk, 2 (452 -9 ) (Ro — R) ’
Ry— R 3 Ry

where u, v are constants and I and K5 modified Bessel functions. If ¢ #£ 0,
then (5.38) close to R = Ry can be approximated to

3 : 1

giRO—R€74(R0—R)2

(e+4)E=0, (5.46)

which has solutions
€ =u(Ry— R)""? + v(Ry — R)~"+4/2 (5.47)

In this case, normalisability requires v = 0 in both (5.45) and (5.47).

Now, the above asymptotic functions near R = 0 and R = Ry can be
used as seeds for the numerical integration of the ODE (5.38). Following
[116], we have performed the integration starting from both ends of the R
interval, in terms of a parameter A that labels the possible dimensionless
squared masses. Denoting the functions obtained, for each A, by integrating
from the left and from the right as £¢&(R) and ¢£(R), the valid solutions to
(5.38) can only arise for the specific values of A for which both ¢X(R) and
¢R(R) are linearly dependent. This requires that the Wronskian,

WX R) = EL(R)EHR) — EX(R) EX(R), (5.48)

vanishes for all R in its range. We choose, without loss of generality, to
evaluate (5.48) at the midpoint of the interval in order to minimise the
accumulated numerical error of each solution, ¢&(R) and ¢f(R). Plotting
W (A, %) as a function of A\ at fixed value of the quantum numbers j, ¢ and
m, the physical masses occur at the zeros of this function: see for example
figure 5.2 for the £ = m = 0 case. The zeroes turn out to form an infinite
discrete set, which we label by a non-negative integer k = 0, 1,2, ... (the first
zero corresponding to k = 0). We have tabulated a few results in table 5.2.
Finally, the eigenfunctions can be plotted numerically: see figure 5.3 for a

few examples.
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5.2 Massive KK modes on the GMPS solution

n| [p,l— p]%(2p7£)+3(,17l72t) dp,1—p LQMnZ,(,t,p Anitp Dual operator Short?
010,00 1 0 3 T2 v
L 0,0, 1 p2 1 T2, c.c. v
(1,013, [0, 1]_ 3 1.76 3.50 T 29y, c.c.
[0,0],4 1 52 B T (24 s=2. cc. v
[1,0]_2,[0,1]2 3 1,68 4.13 T 202,40, cc.
9 /
2 [2,0s,]0,2]_s 6 3.88 3.97 79220y, cc.
[1,0]10,[0,1]_10 3 5.07 4.21 TWzaz4| 5 | cc.
9 9 s
[0,0]0 1 5.92 4.36 T~ 40’292, +b2°Z,)|s—»
[1,1]o 8 4 4 T (292, — L602°Z,) os
[0,0]12 1 10 5 T (23] s, cc. v
[1,0]_s, [0, 1] 3 8.48 477 T 29(24)]s=2, c.c
[2,0]2,[0,2]_» 6 7.27 4.59 T 2029 (2))]s=2, c.c.
5 | 301, [0,3] 4 10 6.36 443 T 202029, coc.
[0,0]..2 1 10.00 5.00 | T (25022124 + bZ°Z.) 2" =, c.c.
[1,0]16, (0. 1] 1 3 9.28 4.90 TD 22|, coc.
[1,0]4,[0,1]_4 3 9.08 487 | T 201 — 52242, + bZ°Z.)|sm0, c.c.
9 9 ta
(1,1, 8 n i T(292, — 107 2°20) 2 =2, c.c.
[2,0]14,[0,2]_14 6 8.02 4.70 T 2z 21y, cc
: : 0) Z (@ 2b) zd 7
(213, [1,2]_s 15 6.60 448 | T (22N Z, - 5" 2D 29Z,)| s, coc.

Table 5.3: The complete KK graviton spectrum on the GMPS solution up to KK
level n = 3. For each state, the SU(3) x U(1)3 representation where it belongs is
shown, along with its degeneracy d,, ¢—p, mass L2M57“7P, and conformal dimension

Apotp. The schematic form of the dual operator is shown, with 7'052) denoting
the IR SCFT stress-energy operator. Masses that correspond to short multiplets
(ticked in the last column) and shadow long multiplets have been given analytically
in (5.51) and (5.62), respectively.

Repeating this process for other values of the quantum numbers j, ¢ and
m, we are guaranteed to sweep over the complete KK graviton spectrum by
the arguments in section 5.2.1. Group theory arguments also allow us to
translate between the set of quantum numbers (k, j, ¢,m), with the quantum
numbers (n, ¢, p,t) adapted to the branching (5.28):

n=2k+|j|+¢, m=2p—/{, j=n—4{4—2t, (5.49)

Finally, it can be checked that the quantum numbers (n, ¢, p, t) that charac-
terise the KK graviton spectrum range as

n=0,1,..., {=0,1,...,n, t=0,1,...,n—¢, p=0,1,...,¢,

(5.50)
in agreement with the branching (5.28). The eigenfunctions, and thus the
schematic form of the dual operators, can be similarly inferred from the
branching (5.28). Table 5.3 summarises our results up to SO(8) KK level
n=3J.
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Analytic results: short and shadow gravitons

In the previous section, we arranged the GMPS graviton spectrum in repre-
sentations of the SU(3) x U(1)3 residual bosonic symmetry of the background.
This geometry also preserves N’ = 2 supersymmetry, so the graviton spectrum
must organise itself into representations of the full (super)symmetry group
OSp(2]|4) x SU(3) (with the U(1)3 R-symmetry contained in the OSp(2|4)
factor). Recall that there are three types of OSp(2|4) multiplets that contain
states up to spin s = 2: massless, short and long. See e.g. tables 8, 9 and 10
of [82] for a summary of their state contents.

From table 5.3 we see that we obtain, as expected, a massless graviton
which is an SU(3) x U(1)3 singlet. In addition to the D = 4 metric and
gravitini, the N’ = 2 massless graviton multiplet contains a vector. A fully
non-linear consistent truncation on GMPS [B] (and on CPW [A, B]) beyond
the linearised analysis presented here exists to this D = 4 field content. This
is in agreement with the general statements of [32, 44].

Inspection of our numerical results also allows us to detect analytically a
tower of short gravitons. We indeed observe that, for every n, our numerical
eigenvalues for the states with SU(3) x U(1)s quantum numbers [0, 0] +r,n,
with Ry given by the R-charge of Z4 in (5.8), are very well approximated by
the analytic expression

L*M? = Ron (Ron + 3) . (5.51)
These states are thus short, since their conformal dimensions
Ay = Ran+3, (5.52)
which arise from (5.51) as the larger solution to the equation
A(A —3) = M?L?, (5.53)
are locked in terms of their R-symmetry charges
R, = £Ron (5.54)

through the relation
A, =R, +3. (5.55)

For these states, the numerically obtained value of the masses has been
replaced in table 5.3 with the analytic value (5.51).

From the branching (5.28), the short graviton multiplets can be seen
to correspond to bound states of the energy-momentum superfield and the
operator Z* that is integrated out in the IR. Schematically,

7;%) (ZH", n=0,1,2,..., (5.56)
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Figure 5.4: Comparison between the numerical result for the k = ¢ = m = 0
wavefunctions with j = 1,2, 3, corresponding to short states, and the expected
analytical result: the modulus of (5.57) with (5.59).

where n = 0 corresponds to the massless graviton. Curiously, for the
CPW geometry, the operators (5.56) are also short [93]. Their physical
properties remain as in (5.51)—(5.55) with Ry still given by the R-charge
of Z4, which now takes on the value (5.7). The group theory result (5.56)
is in agreement with our numerics, and in fact allows us to obtain the
corresponding eigenfunctions analytically. The eigenfunction of (5.32) with
(5.31), dual to the operator (5.56), is given by

Yj = (&)e?, (5.57)

in terms of £;(r), which is the r-dependent function &, ;(r) in (5.33) with
j=1,L=m=0and k =0 so that n = 1 via (5.49). The subscript in &;(r)
refers to the fact that this function corresponds to an SU(3) singlet: the
SU(3) singlet at KK level n = 1 in table 5.3. Inserting the eigenfunction
&1(r) and its analytic eigenvalue (5.51) into (5.36) with the above choice of
quantum numbers, the ODE (5.36) reduces to

1
N2 __ 2
(&) = W& . (5.58)
This equation can be analytically solved as
& =r'3=R, (5.59)

in exact agreement with our numerical integration, see figure 5.4. A similar
analysis for CPW leads to & = r1/2.

Our numerics strongly suggest that all other gravitons belong to long
multiplets, with masses M?L? leading to conformal dimensions A through
(5.53) that are above the bound (5.55), A > |R| 4 3. Group theory allows us
to determine the structure of the dual operators as reported in table 5.3, but
in general we can only access the mass eigenvalues numerically. There is an
exception: for a certain series of long gravitons starting at SO(8) KK level
n = 2, we can determine the masses analytically and relate the corresponding
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Figure 5.5: (a): Wronskian at R = Ry/2 of the functions ¢L(R) and ¢R(R)
corresponding to shadow solutions with £ = 2, m = j = 0. A blue dot signals the
expected mass of a shadow octet state. (b): Wavefunction &s(R) for the lightest
shadow mode with ¢ = 2, m = j = 0. The agreement of the numerical result £g with
the background function af is excellent, with the proportionality constant a fixed
to a=2/9.

eigenfunctions to precise metric functions. These modes have SU(3) x U(1)3
charges [1, 1]+ r,(n—2), With Rz again given in (5.8), and are dual to operators
of the schematic form

T9(2 25 - 4082°20) (22, n=23,... (5.60)

In [93] it was observed that the analogue tower of modes for CPW has
dimensions

Ap=(n—2)Ry+4 (5.61)

(with Ry accordingly given in (5.7) above). The authors of [93] suggested
that this apparent protection of the conformal dimensions in terms of the
R-charges for these modes occurs, despite being long, because they are
shadows [155] of the massless vector at KK level n = 0, which lies in the 89
of SU(3) x U(1)a.

Our numerical routine finds a massive KK graviton over GMPS with
quantum numbers ¢ = 2, k = j = m = 0 and mass that can be very well
approximated by the analytic value L?M? = 4. In terms of the quantum
numbers (5.50) associated to the branching (5.28), this state is attained
at KK level n = 2 with quantum numbers £ = 2, p = 1, t = 0. From
(5.53), the conformal dimension of this state is A = 4, which agrees with
(5.61) for n = 2. This suggests that this state lies at the bottom of a tower
of shadow gravitons with dual operators (5.60) and conformal dimensions
(5.61), exactly as for CPW but now with Ry given by (5.8). The numerical
integration confirms this expectation. We do find numerically a tower of
masses that can be very well approximated by the analytic expression

L*MZ=(n—2R+4)(n—2)Ry+1), n=2.3,... (5.62)
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with R as in (5.8). These masses indeed correspond to the conformal
dimension (5.61) through (5.53).

For these shadow gravitons we can also relate their eigenfunctions to
a precise metric function. The eigenfunctions (5.33) corresponding to this
tower of states can be written as

V= €13 Va0V j=0,1,..., (5.63)

where &g(r) is the r-dependent part of the eigenfunction of the lightest state
in the tower, with £ = 2, k = j = m = 0. The subscript in &g(r) refers to
the fact this function corresponds to an SU(3) octet: the SU(3) octet, [1,1],
at KK level n = 2 in table 5.3. In (5.63) we have assumed that the (Z4)7
contributions in (5.60) amount to factors of (r'/3¢*¥)J in the eigenfunction
by virtue of (5.57), (5.59). The function g satisfies the ODE (5.36) for all j
and with the other quantum numbers suitably fixed, with mass eigenvalue
(5.62) with n there related to j and ¢ = 2 through (5.49). This discrete,
j-dependent set of ODEs can be shown to be equivalent to the following set
of two ODEs:

3 1+(1+r2)a2§+ 1
fa 8 ro?f3

Now, the first ODE in (5.64) is the same as the first of the ODEs in (5.16)
that characterise the background geometry. We thus conclude that &g is
proportional to the metric function f. Having used this proportionality, it
can then be shown that the second ODE in (5.64) can be deduced from (5.16).
The complete set of eigenfunctions for the tower of long shadow multiplets
is thus given by (5.63) with £ oc f. See figure 5.5. We have verified that
&s o f also holds for the CPW case, with f now given analytically in (5.20).

fS"‘%fé =0, §s— (rf3¢) =0. (5.64)

5.3 Geometry and spectrum

For all other long gravitons on the GMPS background, we do not have an
argument to fix analytically their mass eigenvalues from our numerical results.
Still, for the triplet, [1,0]g,, of long gravitons at KK level n = 1 we may
ask whether the corresponding eigenfunction is &3 oc 4/f. This suspicion is
based on the previous observation that g o< f, and that the radial part of
the octet eigenfunction should be quadratically related to that of the triplet,
in agreement with the group theory branching (5.28). Figure 5.6 shows that
this is indeed the correct picture, as our numerically integrated &3 perfectly
matches v/f up to a numerical constant. Using the analytic expression (5.20),
it is straightforward to check that &3 oc 4/f also holds for the CPW solution.

It is also easy to verify for the CPW solution that the triplet, &3, and
singlet, &1, radial eigenfunctions at KK level n = 1 are related through the

93



Part IT Chapter 5 — KK spectrum on the cubic deformation of ABJM

1.0f

==
=
<
SS
~

0.8

= 0.67 __ Numerical Result

Y04 -- af
02l —— Expected from (5.65):
&=1/1-&

0.0
00 02 04 06 08 1.0

R

Figure 5.6: The radial wavefunction £5(R) of the triplet of long gravitons at
KK level n = 1. The numerically integrated result is matched by +/f up to a
proportionality constant a = 2/9, but not by the expression that would be expected
if the S7 constraint (5.65) held.

quadratic constraint that realises S” as a geometric locus in R®:
ZcZC + 2,7 = 1. (5.65)

Somewhat surprisingly, this relation does not hold for GMPS, as we will now
show building on our results from section 5.2. To see this, let us assume
(5.65) and reach a contradiction. Equation (5.65) implies

3 < (/1 —&F (5.66)

by identifying the modulus of Z* with & and that of Z¢ with &;. Using
&1 = (r/ro)'/3 as follows from a constant rescaling of (5.59), & o /f as
verified in figure 5.6, and & o &3 oc f as shown in figure 5.5, we conclude
from (5.66) that

-

§gox1— (—)2/3 (5.67)

o
for the octet at level n = 2. Using (5.64), we finally manage to obtain the
following explicit expression for the o metric function:

4

2
o = . (5.68)
273
32| (%) 1]

Remarkably, this expression obeys the correct asymptotics (5.17). Unfortu-
nately, the function « in (5.68) does not satisfy the second ODE in (5.16) for
any value of ryg and thus cannot be the correct GMPS metric function. In
contrast, for CPW the same logic starting from (5.65) allows one to recover
the correct o in (5.20). The failure of the argument for GMPS leads us to
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5.3 Geometry and spectrum

abandon the hypothesis that (5.65) should hold in the latter case. Equa-
tions (5.66)—(5.68) for GMPS are false, as must be the original assumption
(5.65). Indeed, figure 5.6 manifestly shows that (5.66) as derived from the
ST contraint (5.65) does not reproduce our numerical result for &3.

From this discussion, we infer that the GMPS geometry is defined on a
topological S7 that, however, fails to satisfy the relation (5.65) and thus is
not embedded isometrically in R®. Another example of an AdSy x S” solution
for which (5.65) does not hold is provided by the squashed S” of [154].
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Chapter 6

Spectra from maximal
truncations

When the solutions of string theory that serve as background for the KK
perturbations can be obtained from the uplift of a maximal gauged super-
gravity, new methods based on duality have been very recently put forward.
In this chapter, we first discuss in the lines of [C] how the embedding tensor
formalism and the truncation ansétze for maximal gauged supergravities in
chapter 3 can be used to turn the differential equation (4.7) relevant for the
spin-2 sector into an SL(8,R)-covariant algebraic problem.

The full higher-dimensional supergravities can in fact be reformulated in a
manifestly duality-covariant way at the cost of breaking Lorentz symmetry in
higher dimensions. This reformulation is known as Exceptional Field Theory
(ExFT). For lower spins, ExFT proves fundamental, and we review its basics
and application to consistent truncations and spectroscopy in section 6.2,
following [E].

6.1 Spin-2 spectrum from SL(8, R) matrices

We would like to determine the KK graviton mass matrix corresponding to
string/M-theory AdSy solutions that uplift from the SL(8,R) gaugings in
figure 3.1. In [143], an SO(7)-covariant mass matrix was derived for KK
gravitons about solutions that uplift from the ISO(7) gauging. Here, we
extend those results into a mass matrix that is formally SL(8,R) covariant, in
agreement with the covariance that the gauged supergravitites take on using
the embedding tensor formalism [69] particularised to gaugings contained in
SL(S,R) C E7(7).

As discussed before, the KK graviton spectrum can be computed by
considering a perturbed metric of the form in (4.4), with the perturbation
factorising as in (4.5) into a transverse traceless part which only depends on
the external coordinates and satisfies the Fierz-Pauli equation (4.6), and a
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function Y (y) on the internal space. In all previously studied cases where the
solution uplifts from a gauging within SL(8, R), these functions are symmetric
polynomials

yAlmAm :M(Al ..-MAm), m=0,1,2,..., (6'1)

of the R® coordinates p, A = 1,...,8. The latter are formally in the
fundamental of SL(8,R) and constrained as

Oappn® =1, (6.2)
with O4p = dap for the SO(8) gauging, 045 = diag(17,0) for ISO(7), and
045 = diag(1s,0,0) for the [SO(6) x SO(1,1)] x R'?* gauging. Strictly
speaking, the eigenfunctions (6.1) appearing in these gaugings are traceless
with respect to these SO(n)-invariant metrics, but it is often convenient to
retain the traces during the computation.

The KK graviton mass equation (4.7) can be written as a differential
operator in the p4 coordinates by means of the truncation ansitze given
in [26, 30, 156]. In all these cases, the internal metric is related to gauged
supergravity data via (c.f. (3.111))

4972 gmn _ MMN@MAB GNCD KmAB KnCD , (63)

with the vectors K™ 480, = —uf 0,4 related to the Killing vectors of the
round spheres by

K™ap =2K™ 4,05, KmAB = 2gmAeBlo, (6.4)
in terms of the components of the embedding tensor in (3.40)
O p=28ubpp, OO, =25plAPIC, (6.5)

for gaugings within SL(8,R).! For the specific cases considered here, the
choices for 6 and ¢ are given in (3.44)-(3.46).
Then, the operator in (4.7) can be transformed as

9 MNa A 1
Ly = - M"Noypontp

4 ﬁam[

2
= —gZMMN@MAB @NCD KmABam(KnC'Dany) )

(6.6)

upon using Killing equation. When (6.6) acts on the harmonics (6.1), the
PDE (4.7) simplifies into an algebraic eigenvalue problem by reading off an
infinite-dimensional block-diagonal mass matrix,

M? = diag(Mg,, M%), M3, ..., M2, ...), (6.7)

n (6.4), the geometric Killing vectors are understood to have their indices appropriately
restricted. For instance, in the S® case, Kap = {K1s,0} with I, J =1,...,7, and for the
5% x S, Kap = {Kij,0} and K4% = {0, K™} with i,j =1,...,6.
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6.1 Spin-2 spectrum from SL(8,R) matrices

labelled by an SL(8,R) Kaluza-Klein level m. Each block in this decomposi-
tion is a square matrix of size

7
dim M2, = [m,0,0,0,0,0,0]sr,s) = <m$ > . (6.8)

They are given explicitly by the following expressions. For m = 0, expectedly,

Mg, =0. (6.9)

For m =1,
(M(Zl))AB = _QQMMN @MBC @NCA , (6.10)

for m = 2,
(M<22))A]?£2 = —2¢° MMN [@M(B”C @NC(A15A2)‘BQ)+@M(31 (A @NBQ)AQ)} ;
(6.11)

and for m > 3,
(M2)Ay.a, PP = —m g? MY [eM“Bl'c ONC (4,042 . 5y, B

+ (m— 1)@M(31 (A, @NB2A25A3B3 - (5A7,L)Bm) .
(6.12)
Like the bosonic mass matrices of D = 4 N/ = 8 gauged supergravity (c.f.
section 4.4 of [64]), the KK graviton mass matrices (6.9)-(6.12) are quadratic
in the D = 4 embedding tensor and depend on the E77)/SU(8) (inverse)
scalar matrix MM,

Since we have refrained ourselves from removing traces on same-level in-
dices of the KK graviton mass matrices (6.9)—(6.12), the latter are manifestly
SL(8,R)-covariant. Proceeding like this, though, the price one pays is that
every fixed SL(8,R) KK level m > 2 contains repeated physical modes. For
instance, for the SO(8) gauging the spectrum at SL(8,R) level m includes
modes of all SO(8) KK levels n = m — 2s according to

(3]
(m,0,0,0,0,0,0] 2% 7 [m - 25,0,0,0] . (6.13)

S

w3

Il
)

For the other gaugings, there is an even larger overcounting. In the ISO(7)
case, every SL(8,R) level m > 0 formally contains the SO(8) levels n specified
in (6.13), and each of these, in turn, includes all SO(7) levels £k =0,1,...,n

following

n.0,0,0 29" 3™ (k,0,0], (6.14)

k=0
and similarly for the [SO(6) x SO(1,1)] x R!? gauging by branching SO(8)
representations into SO(6) x SO(2), see appendix E for details. The repeated
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Part II Chapter 6 — Spectra from maximal truncations

states can be projected out unambiguously leaving only physical modes by
computing these levels subsequently, e.g. in (6.13)

[m,0,0,0] = [m,0,0,0,0,0,0] & [m — 2,0,0,0,0,0,0] . (6.15)

We also remark that it is the full embedding tensor for the dyonic gaugings,
including the magnetic contributions from ¢4, that enters (6.9)-(6.12) for
these gaugings.

The eigenvalues of the mass matrices (6.9)-(6.12) corresponding to the
critical points in the SU(3) sector of the gaugings in figure 3.1 have been
checked to reproduce the spectra obtained by directly solving the eigen-
value equation (4.7) in each case. This was only possible because of the
availability and relative simplicity of the higher-dimensional solutions in,
e.g. (3.147)-(3.154). There are other cases where solutions of the D = 4
gauged supergravity are known but their fully-fledged uplift has not been
constructed. Despite the existence of the higher-dimensional solution by the
consistency of the truncations, the lack of explicit expressions prevents the
computation of the spin-2 spectra using (4.7) directly. Nonetheless, the mass
formulae (6.9)-(6.12) can still be used in these cases, and the results can be
checked to be compatible with the symmetry of the solutions.

6.2 ExFT spectroscopy

In general, the computation of the masses of KK modes with spin less than
2 is a much harder problem, as they do not decouple from the background
fluxes and mix with one another. Lacking a relatively simple formula like
(4.7), it would be desirable to have mass matrices similar to (6.9)-(6.12)
that applied to other solutions apart from the ones of coset type. Again,
such matrices exist when the higher-dimensional solutions are uplifted from
lower-dimensional maximal supergravities, and their use goes beyond the
cases where these solutions have been explicitly constructed.

The construction of these matrices relies on the language of Excep-
tional Field Theory to describe consistent truncations via generalised Scherk-
Schwarz factorisations, which we now turn to succinctly discuss. Then, we
will describe in detail how to address spectroscopy in this framework. The
discussion in sections 6.2.1 and 6.2.2 mainly borrows from [125] and [28, 132]
respectively. We have included them here to set the notation and introduce
the concepts relevant for section 6.2.3.

6.2.1 Fundamentals of Exceptional Field Theory

We have seen in section 3.1 that the global symmetry group of the maximal
ungauged supergravity organises the different gaugings that the theory allows
by means of the embedding tensor. The full matter content and action of
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6.2 ExFT spectroscopy

D = 4 N = 8 supergravity can also be given in a manifestly duality-covariant
manner by means of the tensor hierarchy. Subsequently, in section 3.2, we
have shown that this tensor hierarchy proves instrumental to provide explicit
oxidation formulae for the SO(8)-gauged theory into eleven-dimensional
supergravity.

One does not need to stop there, but can reformulate the entire D = 11
and type II supergravities in a duality-covariant fashion, and not only the
lower-dimensional truncations thereof. These reformulations, known as
Generalised Geometry [45-54, 56] and Exceptional Field Theory [123-130]
(see also [131] for a review), have provided much insight in the understanding
of string unification.

We are interested here in the E;(7)-covariant formulation of M-theory,
massive type IIA and type IIB supergravities based on a 4+56-dimensional
generalised spacetime. The fields in this ExFT, are the following bosons

{e,ua7 MMN7 Afj\,/[7 B/J,I/éu BMVM}’ (616)

and fermions

{ebu's X"} (6.17)
This set of fields is very similar to the tensor hierarchy found in (3.47)
for maximal D = 4 supergravity, with all bosons (fermions) carrying E7x
(SU(8)) indices and M ;5 = (WVT) ;5 an E7(7)/SU(8) coset representative.
However, in ExFT all of them depend on both external z*, 4 = 0,...,3, and
internal coordinates Y| the latter also in the fundamental of E77).

The theory is constructed to be invariant under both local internal
E7(7) and external GL(4,R) transformations which, similar to the toroidal
reduction of the invitation, combine the group of diffeomorphisms and
gauge transformations of the different differential forms in the D = 10,11
supergravities. The internal transformations act through a generalised Lie
derivative that, on a generalised vector in the 56y of RT x E7(7), is given by

LAVM = ARGKVM — 12 PMNki 8K Aﬁ VN + A&KAK VM ) (6.18)

with AK (z,Y) an E7(7) gauge parameter local in all 60 coordinates, and

pM Nf( ;, the projector onto the adjoint representation of Eq(7
PY5 " = (a) g™ (%)
(6.19)

1 oMK 1 MK AN MK 1 MK
=310y 0; + 1307 0 + (ta)p (09)7 5 — Qg Q77

with the adjoint index & = 1,...,133 raised and lowered with the Cartan-
Killing metric. Similarly, on a tensor Wy in the 133), the generalised Lie
derivative is given by

LaWa = AR Ws —12£,57(%), 5 0, AEW;5 + X0 AN Wa,  (6.20)
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Part II Chapter 6 — Spectra from maximal truncations

with f&/ﬁ the E7(7) structure constants. These definitions guarantee that

fa B&’ (ta) MN and QMY are invariant tensors of weight zero under internal
gauge transformations. The derivatives just introduced define a consistent
gauge algebra only when the coordinate dependence of the fields and gauge
parameters on the internal coordinates is restricted by the section conditions

(ta) Vo 0, =0, Q"o @ay =0, (6.21)

acting in any order on any fields or gauge parameters. The two-form BW I
also needs to be covariantly constrained and compatible with the derivatives
0y, through similar conditions. Finally, the external gauge transformations
take the form of covariantised diffeomorphisms with additional compensating
field-dependent transformations.

The fields in (6.16) and (6.17) carry the following weights under R

a o M . . i ijk
€u MMN AM B/“’ Q@ B,u,u M d)ﬂ X

(6.22)

1 1 1

A 2 4

0

[N
W=

1
2

Requiring invariance under internal and external gauge transformations
given by AM(z,Y) and ¢*(x,Y) completely fixes the dynamics, which can
be encoded into a twisted self-duality condition analogous to (3.9)

~ 1 PSS ~
Fll = —5€ €upo OMN M o FroK (6.23)

and an action
5= /d% @Y e(R+ 9" DM VD, My

o %M]\;[NJ:#VM]:NVN - V(MMNv guu)) + Etop .
(6.24)
Here, the covariant derivatives are given by

Dy=08,—La,, (6.25)

and the vector field strengths involve Stiickelberg couplings to the two-forms
B a, B;w 1+ These forms also appear in the topological term. Given
that the vierbein is an E;(7) scalar of weight %, the Einstein-Hilbert term
is built out of a covariantised Riemann tensor which also includes a non-
minimal coupling to the vectors that assures covariance under local Lorentz
transformations. See section 3 of [125] for further details.

The section constraints (6.21) admit two inequivalent solutions involving
a maximal subgroups of E;(7). The first one, relevant for M-theory, decom-
poses the ExFT fields under GL(7,R) and only keeps dependence under the
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6.2 ExFT spectroscopy

coordinates ¢y in

E7(7) D) GL(7, R)
56 — T3@21,, 921,87, , (6.26)
yMo {U™, Yo, Y™ Ym} -

This decomposition is analogous to the one in section 3.2.1 and provides a
bridge between the fields in ExFT and eleven-dimensional supergravity.

The other inequivalent solution of the section constraints relies on the
decomposition of Er(7) under GL(6,R) x SL(2,RR). In this case,

E7(7) D) GL(6,R) X SL(2,R)

56 — (67 1)+2 D (6,a 2)+1 S, (207 1)0 S5 (67 2)—1 37 (6/7 1)—2 B

YM - {ym’ ymaa ymnpv yma’ ym} ’

(6.27)
and only the dependence on the six 3™ is allowed for the fields. This
decomposition describes the embedding of the full type IIB supergravity
in ten dimensions, with GL(6,R) understood as a subgroup of the ten-
dimensional diffeomorphisms, and SL(2,R) being the S-duality group.

Let us finally note that to account for type IIA supergravity with a
non-vanishing Romans mass, the generalised Lie derivatives (6.18) and (6.20)
must be deformed by an extra non-derivative term [129], which induces
further constraints onto (6.21).

6.2.2 (Generalised Scherk-Schwarz ansatze

The consistent truncations of the eleven-dimensional and type II theories
down to D = 4 maximal gauged supergravities can be described in terms of
a generalised Scherk-Schwarz ansatz generalising (6.3). The dependence on
external and internal coordinates is taken to factorise, with the former carried
by the D = 4 fields and the later by an Eq(7) twist matrix Uy~ (V) and a
scale factor p(Y) [55, 132]. The indices M, N =1,...,56 are understood as
local E7(7) indices, with group transformations acting through the generalised
Lie derivative (6.18). On the other hand, the indices M, N =1,...,56 are
the global E;(7) indices of the lower dimensional supergravity appearing in
chapter 3.

The precise factorisation for most of the fields is given by their index
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structure and the R* weights in (6.22)

G (2,Y) = p(Y) g (),
MM]?(%Y) = UMM(Y)UNN(}A/)MMN@) ; (6.25)
A (2,Y) = p(V) UM (V) AN (@),
Bua(r,Y) = p(Y)2Us" (V) By g(x)
and?
Y (2,Y) = p72(Y) (), X7 (@, Y) = p2 (V) X" (z) . (6.29)

The only exception is the covariantly constrained two-form, whose reduction
is given by

B, YY) = —2p(Y)2(U 5" (V)0 U (V) (t*) * Buy () . (6.30)

The factorisations in (6.28)-(6.30) define consistent truncations if, when
inserted in (6.23) and (6.24), the dependence on Y completely factorises.
This is the case provided that the scale factor and twist matrix satisfy the
consistency conditions [132]

[(U_l)MP(U_l)NéapUQK]gm =pXun™,
A A (6.31)
Ox (U™ =3p7 0gp) U™ =0,

with Xj/n% a constant tensor in the 912 of E7(7) playing the role of the
embedding tensor of the D = 4 gauged supergravity.®> These conditions can
be nicely expressed as a generalised parallelisability condition [55]

Ly, Un = XynTUp, (6.32)

in terms of the generalised Lie derivative acting on the generalised vectors
Uy = p~ (U 1) s of weight 3.

Different consistent truncations are associated to different expressions for
the scale factor and twist matrix in the Scherk-Schwarz factorisation. See
e.g. 27, 28, 132].

Different to the case in section 3.2.1, we fix a gauge in which the SU(8) transformations
of the (4456)-dimensional and 4-dimensional spinors coincide

3This can be generalised to include trombone gaugings, but we will take these compo-
nents of the embedding tensor to be absent in line with footnote 2 of chapter 3.

104



6.2 ExFT spectroscopy

6.2.3 KK mass matrices

Given a background of eleven-dimensional or type Il supergravity specified
by a Scherk-Schwarz ansatz (6.28) and (6.29) and a set of D = 4 fields

{g,uu7 MMN, A/]1V7 Bp,ycw 7¢ui;Xijk} = {g/.tl/v A]\41\77 07 07 07 0}7 (633)

its associated Kaluza-Klein spectrum can be obtained by making the ExF'T
fields depend on the linearised perturbations as an extension to the Scherk-
Schwarz ansatz [133, 134, 137]

) UM (y) o (z,y), (6.34)

) 20" (y) b p(, )

Pui(@y) = p 2 (y) 9 (2,y), X7 (z,y) = p? (y) ¥*(2,y), (6.35)

with the bosonic hy (z,y), jirn(z,y), aﬁf(x,y), b a(2,y), bual(x,y), and
fermionic @Eui(m, y), X% (x,y) fields understood as small perturbations. These
linear perturbations have a natural tower structure when expanded in terms
of the harmonics of the background solution. In fact, the expansion only
requires the harmonics corresponding to the maximally symmetric case, and

the perturbations become simply

h,uu(xa y) = h,UVA(x) yA(y) ’ jMN(xv y) = jM]\_/A(x) yA(y) )
ap (z,y) = a)(2) Y (y), b a(2,9) = buw o™ (@) Y2 (y), (6.36)
b, y) = 0" @) YY) X (2, y) = X (@) YMy)

where A denotes Kaluza-Klein indices in the tower of symmetric traceless
representations of the maximal isometry group the corresponding sphere.
For the present cases, the index A runs over the infinite towers formed by
the symmetric-traceless representations

ST of M-theory : €%, [n,0,0,0] of SO(8) ,
S of massive IIA  : @, [k,0,0] of SO(7) ,
S5 x St S-fold of IIB = Py, Doz [0,4,0], of SU4) x SO(2) .
(6.37)
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These indices are raised and lowered with dxy and their position thus has no
meaning. See appendix E.1 for discussion of this group theory structure.
The choice of Y} as the harmonics corresponding to the configuration
with maximal symmetry translates into the fact that they close under the
action of the relevant Killing vector fields. This leads to the definition of
Tar™* as the (6.37) representation matrices encoded in the twist matrix as

P UNM 0 VN = TR, (6.38)

The properties of the twist matrix (6.32) guarantee that the 73,2* represent
the gauge algebra, with the commutator normalised as

[Tar, Tv] = =Xun" Tp . (6.39)

For the backgrounds in figure 3.1, the matrices T3; can be decomposed into
SL(8,R) blocks given by

Tv = (7?43, TAB) . (6.40)

For the S7 and S% cases, TAZ = 0 and at lowest KK level in the towers
(6.37), the non-vanishing components are

(Tag)c? = 26P 4dpc  for S7,
(Tag)k™ = 26" 40px  for S,

with A,B=1,...,8and I,J =1,...,7. At higher levels, these tensors can
be constructed recursively from (6.41)

(6.41)

(Tar) Ay, BB = (Tar) 4, Pr652 55:]]:’
) (6.42)
()., =k (TM){II{J15}]22 e 51::]% :

where curly brackets denote traceless symmetrisation. Similarly, for the
S5 x S configuration they take the tensor product form

(Tar)ac™® = (Tan) ™ 0% + 6% (Tar)? (6.43)

where the index ¢ = 1,2 is rotated by SO(2), while A ranges in &2 [0, ¢, 0]
with fundamental index i = 1,...,6. The matrices on the r.h.s. of (6.43)
can in turn be defined as

(Taa™ = ((Ta)a™ . (T*P)2¥=0) |
(6.44)
(T = ((Tap)e’ =0, (T4F)4) |
with (Tap)a™ given by
(Tag)iv.i™ = €(Tap) s, ol .60 (6.45)
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in terms of the SO(6), and SO(2) generators
(Ti)e' = 26806, (T™)" =22 e e, (6.46)

with all the rest, (Ti)r!, (Tap)r!, (T9)4 and (T%).%, identically zero.

The equations of motion that follow from (the supersymmetrised version
of) (6.24) are linear and quadratic in derivatives for fermions and bosons
respectively. Introducing the fluctuation ansétze (6.34) and (6.35) with (6.36)
into these equations and linearising in the perturbations, we can easily read
off the mass matrix for each field. Thanks to the choice of the internal
harmonics as those satisfying (6.38) and the consistency of the truncation
(6.32), these matrices are combinations of the embedding and background
tensors suitably modulated by the scalar coset representatives. Schematically,

LMerna ~ X + T, L2M§os ~ X? +XT + 7-2 . (647)
More precisely, the fermion mass matrices are

(LMs)in 5 = ﬁ Aings (LM 1 )ijid tmns = 2V/2 A3 ijkA tmns
(6.48)
with the generalised shift tensors given by [136]

Ajings = Arjoas — 8 (VM (Tar)as
(6.49)
A3 kA imny = A3k imn OAY + \1/745 €ijktmnpg (VP (T )as -
The coset representative (V‘l)ijM and the quantities A1;j, A3ijk,imn Were
already encountered in section 3.1, as they pertain to D = 4 A = 8 gauged
supergravity [69]. As shown in (3.33), these shift tensors are determined by
the N/ = 8 scalar fields and the embedding tensor.
Moving on into the bosonic sector, the KK graviton mass matrix coincides
with the suitable SO(n) restrictions of (6.10)-(6.12), and can be given as [133]

(MZa)as = MM (Ta)a” (Ta)s" (6.50)

Strictly speaking, this is not exactly the same as the mass matrix appearing
in (6.10)-(6.12), as in the latter case there where magnetic contributions
induced by €48 for the ISO(7) gauging. However, these contributions drop
out in the relevant contractions, and both results perfectly match.

The KK vector mass matrix was first presented in SU(8) covariant form
in [137]. The E7(7) covariant result obtained in [134] can be expressed as

(M\Q,ec)MANZ = % <XMA (R|TQXPE U(RIQ + XPZ (R|TQXMA U(R|Q)
X Mjgyp MU MPN (6.51)
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in terms of the quantity
Xuan™> = (XMNP Sy — 12PP %y (722)/\2) . (6.52)

In (6.50) and (6.51), My and its inverse MMYN are the D = 4 supergravity
scalar representatives and XysnT the usual embedding tensor [69]. The
tensor PP n@)/ is the projector given in (6.19) but now for the global E7(7)
corresponding to the lower dimensional maximal supergravity. A mass matrix
for the KK scalar perturbations has also been presented in [137]. Nonetheless,
we will refrain from providing its concrete (fairly involved) expression, as
it will not be used in the following. In fact, if we focus on supersymmetric
solutions, this computation is not needed as the scalar masses can be deduced
from supersymmetry.

The SU(8) form of the KK vector mass matrix (6.51) presented in [137]
can be brought to the form

(MZe) 10 7% = 15 Tan P (Tow 0% + Tew 2" e ) n°F, (6.53)

where néB is the SO(28,28) invariant metric such that the Er (7 coset repre-
sentative can be written as My = VirAVnPnap. In (6.53) we have defined

Tip 57 = Typ® 6% — 12PY5" 4 (Tp)a”, (6.54)

featuring the T-tensor 7’5 BC of D = 4 N = 8 supergravity [69]. The quantity
(6.54) is the dressed version of (6.52), obtained through contractions of the
latter with the E;(7)/SU(8) coset representative and its inverse,

Tin g =V " VN Ve Xy ™™, (6.55)

exactly as for the relation between the X- and T-tensors of D =4 N = 8
supergravity reviewed in (3.30). This makes apparent the equivalence between
the two vector mass matrices (6.51) and (6.53), and also to (4.31) of [137].

On a related note, the vector mass matrix of D = 4 AN/ = 8 gauged
supergravity can be written in terms of the /' = 8 fermion shifts A;;; and
Ao in (3.33), c.f. (4.83), (4.84) of [64]. Similarly, splitting the indices in
the 28 + 28 of SU(8) in terms of fundamental indices as A = ([, [ij]), the
KK vector mass matrix (6.53) with (6.54) takes on the block structure

2 By _ (Mgec)i N lm% (M\gec)ijﬂ Im3 Son
(Mvec)AA - 9 J ) 9 \ijQ o'y (6.56)
(MVCC)ijA ImQ 0 (M ) ISy 5 5AQ

vec

. . ™ N
(MVQeC)ijA i — ((MgeC)UAlmQ> ) (Mfec)ijA ImQ ((M\%eC)Z] lmQ) )
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and

ijA 1 i ; , i ,
(M20)"" ime (‘A[qur‘s[jl]A2 m "+ 3A[2pq[lf42 m]J]pq) %)

vec ImQ = E
(0 Ag T 0 + Ag 11T 0

- 5[[;Ag]m]quPQAQ - A[ijlqui]qAQ)

—12 [%557-]'%/\27-#@7"29 - %5[[;Tm]rAETj]TEQ + %ﬁmAEﬁjzﬂ

_ %TijAEﬁmEQ + i(s“ ﬂsAZTTSEQ} , (658)

Ilm

)ijAlmQ B LA[i larswowll gm) - SAQ

2
(M Qa4 t2ars 2 uvw

vec

1 ; Nuvwl AQ ij 1 AQ

+12 [i (T””Ag’rﬂm _ pImAilse
4 THALTIRR leAZTmiEQ)

1 4ijA Im > 1 _ijpql A >Q
— LA TImEY L ipalmrs Ao } (6.59)

In order to arrive at these expressions, some calculation involving the identi-
ties given in appendix B of [127] is necessary. Against naive expectations, the
blocks (6.58), (6.59) cannot be rewritten exclusively in terms of the combined
KK fermion shifts Aj;p jx in (6.49) above and As;27F* in (2.26) of [136].
This is reminiscent of the situation for the vector mass matrix, (5.27), (5.28)
of [157], of D = 4 N' = 8 supergravity with a trombone gauging, which
cannot be written either in terms of the relevant fermion shifts solely. Indeed,
the “KK embedding tensor” (6.52) does bear some resemblance with the
trombone embedding tensor of [157], along with some crucial differences as
the presence of extra KK indices, which allow for the existence of actions
like (I.2), although defined in higher dimensions and not D = 4.

The KK mass matrices (6.48)-(6.51) reduce to their counterparts within
D =4 N = 8 gauged supergravity (see [64]), and extend those to higher KK
levels. Diagonalisation of these four mass matrices is enough to determine
the spectrum of any supersymmetric AdS,4 solutions to any desired KK level.

All the eigenvalues of the graviton and gravitino mass matrices, (6.50),
(6.48), at a given AdS, vacuum correspond to physical spin-2 and spin-3/2 KK
modes in the spectrum. In contrast, the vector and fermion mass matrices in
(6.51) and (6.48), contain spurious eigenvalues at all KK levels corresponding
to the magnetic vectors (in the former case), along with Goldstone and
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Goldstino states eaten by the spin-2 and spin-3/2 states in the super-Higgs
mechanism upon taking into account the off-diagonal couplings between
modes of different spin.

For the explicit computations, it is useful to observe that the naive eigen-
values of the above mass matrices corresponding to Goldstone modes (ignoring
their off-diagonal couplings) are related to the masses of the corresponding
gravitons and gravitini at the same KK level through

L2M12Goldst0ne = 3L2M22 +6, LM% Goldstino — 2LM% : (660)

Similar relations have also been observed to hold for the KK spectra in other
dimensions (c.f. [G]) and are very helpful to identify the unphysical vector
and fermion states to be removed from the spectra.

The KK spectral techniques discussed in this section, despite only being
roughly two-year old, have already been applied in a variety of cases. See e.g.
[C, E-G] and [134-141, 158]. In the next chapter, we will analyse the results
in [C] and [F] to provide tight consistency checks of these methods based
on compatibility with independent group theory results and the graviton
spectrum based on (4.7) when possible. These analyses will yield interesting
consequences for these examples.
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Chapter 7

Applications

In this chapter, I will particularise the formalism discussed in the previous
sections to specific solutions in ten- and eleven-dimensional supergravity.
We will focus on three different classes. First, in section 7.1 we analyse
the set of N/ = 1 AdS, solutions of M-theory and massive type ITA that
respectively uplift from the SO(8) and ISO(7) gaugings but are not in their
SU(3) invariant sector. The symmetry groups of these solutions are very
small or even empty, and this therefore constitutes a remarkable instance of
the power of the methods explained in chapter 6.

Then, in section 7.2 a two-parameter family of AdS,; N = 2 that uplifts
to an S-fold configuration of type IIB supergravity will be presented, and
its spectrum analysed. This family is holographically dual to the conformal
manifold of a strongly coupled CFT3, and the global structure of this moduli
space at large N can be inferred out of the KK spectrum. Finally, in
section 7.3 we will scan over all known solutions in the SU(3) invariant
sectors of the gauged supergravities in figure 3.1. The spectra thus obtained
point at a curious universality property.

7.1 N =1 spectra in massive IIA and M-theory

In this section we compute the KK spectrum of the solutions of D = 11
supergravity that uplift from the vacua of D =4 N =8 SO(8) supergravity
preserving N' =1 and SO(3) [159, 160] or U(1) x U(1) [161, 162] residual
symmetry, and the solutions of massive IIA supergravity that uplift from
the N' =1 vacua of D = 4 N = 8 ISO(7) supergravity with U(1) (two
of these) [163] and no leftover continuous symmetry [164]. As mentioned
in chapter 6, a powerful feature of the ExFT-based techniques of [133] is
that the resulting KK mass matrices only depend on data of the relevant
D = 4 N = 8 gauged supergravity along with the generators of SO(8) or
SO(7) in (6.41) for the uplifts on S” and S% respectively. None of the
aforementioned AdS, solutions has actually been constructed in fully-fledged
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susy G gV D=4 D=11 Kaluza-Klein susy G g2V D=4 A Kaluza-Klein
solution uplift spectrum solution  uplift spectrum

N=8  50(8) - (73] [92] (105, 110, 165] N=3 S0(3) x SO(3) [167] (168, 169] [134)

N=2 SUB)xU@1) -18V3 [77] 31) 82, 137) N=2 SU®) xUQ) 26 (26] 1

34
N=1 Gy At AL 77 94, 166] 136] N=1 Gy :

[134]
[170] 171, 172) 136]
N=1 S0(3) —55.363855  [159,160]  N.A. [E] N1 ) (4] 72 136]
N=1 UQ1)xU(1) —48 [161,162]  N.A. [E] N1 v _25.607101  [163] NA. E

136,

]
N=1 u(1) —35.610235  [163] N.A. [E]
]

N=1 0 —35.598340  [164] N.A. [E]

Table 7.1: All known supersymmetric AdS, solutions that consistently uplift to
D =11 (left) and massive ITA (right) supergravities from D = 4 A/ = 8 supergravity
with SO(8) and dyonic ISO(7) gaugings, respectively. For every solution it is shown
its residual supersymmetry N, bosonic symmetry G, and D = 4 cosmological
constant V' in units of the gauge coupling g and dyonic parameter ¢ (if applicable).
Our conventions for these differ by a factor of 4 with those of the SO(8) survey
[159], but agree with the ISO(7) survey [164]. Pointers are given to the references
where the solutions were found within D =4 and D = 11 or ITA (if available), and
to their KK spectra.

ten- or eleven-dimensional form.

Together with the complete KK spectra of the D = 11 and type IIA
supersymmetric AdSy solutions summarised in table 7.1 that have been
previously computed in [82, 105, 110, 134, 136, 137, 165], our results exhaust
the spectra for all known such supersymmetric AdS, solutions. We discuss
at length these new KK spectra in the following. The first few KK levels
thereof have been tabulated appendix A of [E] and will not be repeated here.

7.1.1 Salient features of the new spectra

Except for the U(1) x U(1)-invariant vacuum of SO(8)-gauged supergravity
[161, 162] which was reported ten years or so ago, all the other solutions that
we will cover here have been discovered fairly recently. These include another
vacuum of SO(8)-gauged supergravity with residual SO(3) invariance [159,
160]; and, in the dyonic ISO(7) gauging, two vacua with U(1) symmetry
[163] and one more vacuum with no continuous symmetry at all [164]. These
solutions are only known as critical points of the corresponding D = 4
N = 8 gauged supergravities, but associated higher-dimensional solutions
are guaranteed to exist by the consistency of the truncations in figure 3.1.
All these higher-dimensional solutions will be warped, supported by internal
supergravity forms, and equipped with inhomogeneous metrics on the internal
spheres with isometry groups containing the residual symmetry groups G of
their associated D = 4 critical points.

All these AdS, solutions are N/ = 1 and preserve a (possibly empty)
subgroup G of SO(8) or SO(7) in the D = 11 or ITA cases, respectively.
Accordingly, their KK spectra must organise themselves in representations
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of OSp(1|4) x G. For all five cases, we have translated the individual KK
masses into conformal dimensions via (4.2), and we have indeed been able
to allocate these into OSp(1]4) supermultiplets [173] KK level by KK level.
This is a successful crosscheck of our diagonalisations of the mass matrices
(6.48)-(6.51) of the previous chapter. See table 1 of [136] for a summary of
the state content of the OSp(1|4) supermultiplets, which we refer to here
as (M)GRAV, GINO, (M)VEC and CHIRAL. The OSp(1|4) content of the
spectra at lowest KK level, n = 0, is known for all five solutions.!

We recover these results and extend them to higher KK levels, n > 1. In
all cases, we find one and only one massless graviton (MGRAV) multiplet,
arising at KK level n = 0, as expected. Also at level n = 0, and only at this
level, we find a number of massless vector (MVEC) multiplets compatible with
the dimension of the residual symmetry group G of each solution: three, two,
one or none for the solutions with SO(3), U(1) x U(1), U(1) or no continuous
symmetry. For all the solutions, KK level n = 0 is completed with a number
of massive gravitino (GINO), vector (VEC) and scalar (CHIRAL) multiplets.
At every KK level n > 1, all four generic massive multiplets, GRAV, GINO,
VEC and CHIRAL, of OSp(1|4) appear with suitable dimensions Ej for all
solutions. As usual, singleton multiplets are absent in all spectra.

The D = 4 scalar vevs for all solutions under consideration are only
known numerically, except for the U(1) x U(1) solution, where they are
known analytically [162]. Thus, our results for the spectra of all four solutions
different than this one are necessarily numerical. For U(1) x U(1), most of
our results are numerical as well, although we have determined analytically
some masses and dimensions. Some conformal dimensions stand out as
rational or integer within numerical precision. For example, there is a GRAV
with Ey = J in the SO(3) spectrum at level n = 2. The U(1) x U(1)
spectrum also shows a GINO and a CHIRAL, both at n = 2, with £y =3
and Ey = 2 respectively. Perhaps more curiously, the U(1) solution with
g~2¢3V = —35.610235 contains a doubly-degenerate GINO and CHIRAL,
both of them with Ey = 3, and a single GINO with Ey = 4, all of them at
KK level n = 1; in contrast, the U(1) solution with g—2¢/3V = —25.697101
does not seem to contain multiplets with rational or integer dimensions.

Contrary to all previously known cases in table 7.1, it has not been
possible to recover the values of these masses at each solution from a single
formula, at least, of the general type considered in [136]. For gravitons,
the formulae in [136] are naturally associated to geometrical data via (4.7)
provided this equation can be turned into an ODE by expanding the Y

!Strictly speaking, for the D = 11 U(1) x U(1) solution, the n = 0 OSp(1|4) spectrum
does not seem to have been given in the literature, but it follows from the individual mass
states given in [161, 162]. The n = 0 bosonic spectrum for the ITA U(1)-invariant solutions
was given in [174] and allocated into OSp(1]|4) supermultiplets in [164]. The OSp(1]4)
spectrum for the solutions with SO(3) symmetry in D = 11 and no continuous symmetry
in ITA can be respectively found at KK level n = 0 in [160, 164].
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eigenfunctions in spherical harmonics exploiting the isometry of the internal
manifold. Given the little amount of preserved symmetry for the present
solutions, it is not surprising that this cannot be accomplished here.

Let us now be more specific about each one of these spectra, particularly
regarding degeneracies in them. Degeneracy, or lack thereof, in the conformal
dimensions Fy of the generic OSp(1|4) supermultiplets present in the spectra
arises in a way compatible with the additional bosonic symmetry G preserved
by each solution. Accidental degeneracies also occur for the G = U(1) and
G = U(1) x U(1) invariant solutions, as do for the N’ = 2 [134, 137] and
N = 3 [134] solutions of table 7.1, and for the N' =1 cases covered in [136].

D =11 solution with SO(3) symmetry

The only degeneracies that appear in the N’ = 1 spectrum of the D = 11
SO(3)-invariant solution are those demanded by its SO(3) representation
content. In other words, the spectrum arranges itself in OSp(1|4) x SO(3)
representations, with no accidental degeneracies between different represen-
tations, either at the same or across different KK levels. This feature singles
out this solution together with the N' =8 SO(8) solution, as the only ones in
table 7.1 with a continuous residual symmetry and completely non-degenerate
supersymmetric spectrum. Except for the type ITA solution with no resid-
ual continuous symmetry (which exhibits complete non-degeneracy), the
OSp(N|4) spectrum of any other solution with residual continuous symmetry
in table 7.1 contains accidental degeneracies.

Another peculiar feature of the KK spectrum of the N' = 1 SO(3)-invariant
solution is that all the individual states within every OSp(1]4) multiplet have
the same charges, not only under SO(3) (as of course they must) but also,
somewhat unexpectedly, under a larger SU(3) x U(1)s. The actual symmetry
group SO(3) is embedded into this SU(3) as the real subgroup of the latter
(so that the fundamental representation is irreducible), while SU(3) x U(1)s
is embedded into SO(8) through SO(7),, with 8 -+ 1+ 7 and 8,, 8. — 8
under SO(7); so that?

8 —3_2+32+19+ 1, 8,8 —31+3_1+1;+11 (7.1)
3 3 3 3

under SU(3) x U(1)s. This is notable for a couple of reasons. Firstly,
the symmetry group SO(3) is SO(8)—triality invariant as noted in [160];
yet, the KK spectrum shows some preference for the 8;. Secondly, the
spectrum exhibits a qualitative OSp(1]4) x SU(3) x U(1)s structure, even
if this group is certainly not a symmetry of the solution and the spectrum

20ur conventions are such that, at the N' = 8 SO(8) point, the (graviton, grav-
itini, vectors, spinors, scalars, pseudoscalars) of N' = 8 supergravity lie in the
(1, 8s,28,56,,35,,35.) of SO(8), as reviewed in appendix E.1. In these conventions, the
bosonic symmetries of the N = 2 solutions in table 7.1 are, more precisely, SU(3) x U(1),
and SU(3) x U(1), in the SO(8) and ISO(7) gaugings, respectively.

114



7.1 N =1 spectra in massive ITA and M-theory

does not organise itself in representations of this larger group (because of the
SO(3) non-degeneracy just noted). More concretely, the OSp(1[4) x SO(3)
representations in the spectrum branch down from OSp(4|8) via

0Sp(4]8) > 0Sp(1]4) x SU(3) x U(1), > OSp(1[4) x SO3),  (7.2)

so that, in order to form OSp(1]|4) multiplets KK level by KK level, it
is enough to split the SO(8) content at each level only under SO(8) D
SU(3) x U(1)s.

We are unaware of anything similar happening in the KK spectrum of
any other AdS, solution in table 7.1. For example, in the KK spectrum of
the N/ =2 or N = 1 SU(3)-invariant solutions [82, 134, 136, 137], all the
individual states within a given OSp(N|4) supermultiplet have the same
charges under SU(3) (as of course they must). However, different states within
the same OSp(N|4) multiplet will typically lie in different representations of
any larger group containing SU(3), say SU(4) or Go. Of course, this is not
surprising, because these larger groups are not symmetries of these solutions.
In these cases, one can only form OSp(N[4) multiplets KK level by KK level
when the SO(8) in D = 11 [105] or SO(7) in type ITA [134] state content at
each level has already been broken down to the actual residual symmetry
group SU(3). In section 7.2 we will see this Zeeman-like effect happening for
other solutions in type IIB.

D = 11 solution with U(1) x U(1) symmetry

The spectrum for the D = 11 U(1) x U(1)-invariant solution displays frequent
degeneracies 1, 2 and 4 for the OSp(1]4) dimensions, but also 8 and even
3. The former set of degeneracies, 1, 2 and 4, seems natural for multiplets
charged under none, one or both U(1)’s. Any other degeneracy can only
be accidental. For example, the spectrum must contain seven U(1) x U(1)-
neutral GRAVs at level n = 2, as these descend from the 35, of SO(8) [105]
and, under SO(8) D U(1) x U(1) [162],

35, —» 7(0,0) +4(£1,0) + 4(0,£1) + 3(£1, £1) + 3(£1,F1) . (7.3)

However, there are only two non-degenerate n = 2 GRAVs, with dimensions
Ey = % =4.5and EFy =1+ @ ~ 3.2912878. The five remaining singlet
GRAYV multiplets have dimensions Ey = 1 + \/737 ~ 4.0413813 and Ey =

1+ @ ~ 3.6925824 with accidental degeneracies 3 and 2, respectively.

Type ITA solutions with U(1) symmetry

Inspection of the spectra around these solutions shows that, for both type ITA
solutions with U(1) symmetry, the dimensions Ej are either non-degenerate
or doubly-degenerate. An analysis of the U(1) charges present in both spectra
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suggests that OSp(1]4) multiplets with non-vanishing, opposite U(1) charges
are always degenerate. These appear as doubly-degenerate multiplets in
the tables. All non-degenerate multiplets are in turn U(1)-neutral. The
converse is not true, however: some U(1)-neutral multiplets are accidentally
doubly-degenerate.

In order to see this, let us look for example at the spectrum of GRAV
and GINO multiplets at KK level n = 1. The individual spin—2 and spin—3/2
states contained therein have U(1) charges that respectively descend from
the representations 7 and 8 + 48 of SO(7) [134]. Under the embedding
SO(7) D U(1) described in [163],

7—=30)+2(£3) , 8—4(0)+2(£3) , 48 — 16(0)+12 (£3)+4(+1),

(7.4)
in line with the 3 non-degenerate and 2 doubly degenerate n = 1 GRAVs
present in the spectrum of either solution. Each of these spectra also shows
12 non-degenerate and 15 doubly-degenerate GINOs at level n = 1. The
branchings (7.4) are compatible with all 12 non-degenerate GINOs being
U(1)-neutral, 14 doubly-degenerate GINOs being charged, and two further
U(1)-neutral GINO multiplets being accidentally degenerate.

Type ITA solution with no continuous symmetry

The KK spectrum of the type IIA solution with no continuous symmetry
is completely non-degenerate. Indeed the conformal dimension Ej of every
single OSp(1]4) multiplet present in the spectrum is different. This spectrum
thus plays by the book, making no concessions whatsoever to accidental
degeneracies.

We conclude by emphasising that, by N’ = 1 supersymmetry, our results
also contain the KK scalar spectrum above all these solutions, even if we did
not explicitly diagonalise the KK scalar mass matrix.

7.2 S-fold conformal manifolds

The specific AdS/CFT instances with an associated maximal gauged super-
gravity interpretation are few and far between and, for that reason, must
be treasured. All the string theory configurations in figure 3.1 enjoy such
an understanding, with the well-known S” case dual to the ABJM the-
ory reviewed in section 5.1 [39, 175], and the S® configuration dual to the
Guarino-Jafferis-Varela (GJV) super Chern-Simons theory [26].

The proposed holographic dual the N’ = 4 AdSy solution of type IIB
supergravity constructed in [28] is the three-dimensional CFT described in
[176]. This CFT arises as an N = 4 infrared fixed point of the T[U(N)]
field theory of [177], enhanced with an adjoint Chern-Simons term at level
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k, and with its U(N) x U(N) global symmetry gauged with an N' = 4
vector multiplet. This field theory can be also thought to arise as a limit of
four-dimensional AN/ = 4 super-Yang-Mills at a co-dimension one interface
[178, 179]. Contrary to the other supergravity solutions in figure 3.1, the
type IIB configuration of [28] is non-geometric, of the form AdSs x S° x St
with non-trivial SL(2,Z) S-duality monodromy on S!, and with S° and S*
radii related to the gauge group rank and CS level, N and k, in the CFT.
This AdS4 solution can be thought as a limit of a Janus solution of type 1B
[180, 181], compatible with the interface interpretation of the CFT.

As mentioned in section 3.1, this type IIB solution enjoys a maximal
consistent truncation with dyonic [SO(6) x SO(1,1)] x R'? gauge group [75,
76]. The D = 4 gauge couplings g and m = gc are related to N and k. Due
to the consistency of the truncation, the vacua of this gauged supergravity
(all of which are AdS, see [75, 156, 167, 182-184] for examples) give rise to
(non-geometric) AdSy x S® x S' solutions of type IIB, with the S® possibly
fibred trivially over the S'. The above D = 4 N' = 8 supergravity has
an N = 4, SO(4)-invariant critical point [167] that uplifts to the N' = 4
type IIB S-fold solution of [28]. The N = 8 gauged supergravity also has a
two-parameter family of A' =2 AdS vacua [183] continuously connected to
the A = 4 point, with the same cosmological constant as the latter. These
features led the authors of [183] to put forward the interpretation of this
family of AdS, solutions as the holographic realisation of the (necessarily
N =2 [185]) conformal manifold (CM) of the A" =4 CFT of [176].

A convenient subsector of the D = 4 N' = 8 gauged supergravity to
address this family was constructed in [182]. It contains seven scalars, ¢;, and
seven pseudoscalars, x;, i = 1,...,7, that parameterise an (SL(2, R)/SO(2))”
submanifold of Ez(7)/SU(8). A one-parameter family of N = 2 vacua was
identified in [182] (and referred to as Family I in [183]) located, in our
conventions, at

1,1 — —1,—p2 _ ,—p6 _ ,—p7 — L —l,—p3 _ P4 _ =5
c e =c e =e =e =5 € ¢ =e =e =1,
xi=xz=cx, xs=xa=xs=0, x¢=-x1=75. (7.5

The free parameter here is the pseudoscalar y. A second one-parameter
family of N' = 2 vacua was found in [183], where it was named Family II.
This occurs at the locus

Y1 =92 =¢, 6—903 =cC, €_¢6 26_907 = %7 6—904 :e—tps = %e(p

b
X1=x2=x3=0, X6=—X7=%, Xi=xi=1-1ce*, (7.6)

parameterised by the scalar ¢. These families contain the N' = 4 point at
¢ =x=0. In (7.5), (7.6), c = m/g # 0, with g and m the electric and
magnetic gauge couplings of the parent D = 4 N/ = 8 supergravity. We
henceforth set ¢ = 1 without loss of generality. A series of dualities can be
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performed on the E7(7)/SU(8) coset representative corresponding to the vacua
(7.5), (7.6), in order to generate a larger set of vacua with both parameters
(¢, x) turned on [183]. This local family of AdS vacua parameterised by (¢, x)
was proposed in [183] as the holographic CM of the N' =4 CFT of [176] at
large N. Generically, it is still A = 2 (with supersymmetry enhancement
at the A/ = 4 point) and lies outside the (SL(2,R)/SO(2))” submanifold of
[182]. When restricted to this two-dimensional surface, the N' = 8 non-linear
sigma model on Eq(7)/ SU(8) gives rise to the leading contribution to the
Zamolodchikov metric on the CM [183]. This metric is Kéhler and reads,
with our parameterisation,?

ds® = (4 — 2%) [(2 R P dXZ] . (7.7)
The corresponding Riemann tensor and Ricci scalar are

22 (e'? — 12¢%* + 16)
(4 — e2¢)3

Rmnpq = _Rgm[pgq}ny R = (78)

The local D = 4 N/ = 8 supergravity scalars originally range on the entire
real line, but we find the CM construction to be only well defined if the
parameters are restricted as:

D<e*®<2 | 0 < x < %%, and periodic: x ~x + 2 . (7.9)

with T the inverse radius of the S factor of the associated type IIB S-fold
solutions. Within the intervals (7.9), both the metric (7.7) and the curvature
(7.8) are smooth and finite. The Ricci scalar is in fact bounded, —2 < R < %,
and the Riemann tensor vanishes at e?¢ = 2(3—+/5) and in the limit e?# — 0,
with x arbitrary within its allowed interval.

The range of ¢ specified in (7.9) must be enforced already at the gauged
supergravity level, so that the solution (7.6) (with ¢ = 1) is well defined
and singularity-free. This is further confirmed by the KK analysis of section
7.2.1, as only within the range (7.9) for ¢ are the KK spectra on the CM free
from tachyonic modes, as required by supersymmetry. The periodicity in x
cannot be seen at the D = 4 gauged supergravity level, but is an intrinsically
higher-dimensional feature of the corresponding type IIB S-folds, as will be
argued in section 7.2.2.

The CM is generically N' = 2 and U(1)p x U(1l)g—invariant, except
at the locations specified below. Here, U(1)r x U(1)g is the subgroup of
SO(6) ~ SU(4) (the isometry of the round S in type IIB, or the R-symmetry
of the parent dual N/ = 4 super-Yang-Mills) defined by

SU(4) S SO(4) ~ SU(2)1 x SU(2)2 > U(1); x U(1)s, (7.10)

30ur moduli and those in [183] are related as Xnere = Xthere and e~ 2Phere = %(1+<pfhere).
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with SO(4) the real subgroup of SU(4), SU(2); > U(1);, ¢ = 1,2, and
U(1)g and U(1)p respectively corresponding to the diagonal and antidiagonal
combinations of U(1); and U(1)s. Alternatively, U(1)rxU(1)g is equivalently
defined through

SUM4) D SUB) xU(1), D SUR)p xU1)e xU(1)y, D Ul)p x U(1)R,
(7.11)
with 3 = 2@ 1 under SU(3) D SU(2)p; then, SU(2)r D U(1)r and U(1), X
U(1), D U(1)g, so that if p, q, yo are U(1),, U(1)p, U(1)r charges, then
Yo = 3(p — ¢). The SO(6) in (7.10) and (7.11) is in turn embedded inside
the SU(8) compact subgroup of the N = 8 supergravity scalar manifold as
the SO(6), subgroup of the real subgroup SO(8) of SU(8) [140, 186]. The
commutant of SO(6), inside SO(8) will be denoted as SO(2) and is broken
by the type IIB configuration. The labels F' and R in the U(1) and SU(2)
groups above refer to the flavour and R-symmetry of the dual CFTs. An R
label could also be added to the SO(4) in (7.10), but is omitted for notational
simplicity. Note, for later reference, that the embeddings (7.10), (7.11) are
globally defined and independent of the D = 4 supergravity scalars.

The CM exhibits symmetry or supersymmetry enhancements at specific
points. The N = 4 SO(4)-invariant vacuum [167] of the N = 8 supergravity,
which uplifts to the AdSy x S® x ST type IIB S-fold solution of [28] with the
CFT dual of [176] is attained in our parameterisation at

N =4 SO(4) point : ¢=0, x=2%2n",n =0,+1,4£2,... (7.12)

with the SO(4) symmetry group being the one that appears in the branching
(7.10). Strictly speaking, only the n’ = 0 (super)symmetry enhancement to
N =4 S0(4) can be seen at the gauged supergravity level: the periodicity
for |n'| > 1 will be shown in section 7.2.2 out of the spectrum in section 7.2.1.

All other points in the CM are N' = 2, with generic U(1)r x U(1)g
symmetry. The latter is enhanced to the SU(2)p x U(1)g defined in (7.11) at
two specific locations within Family I, (7.5), of [182, 183], which corresponds
to the upper boundary e2? = 2in (7.9). The first such symmetry enhancement
occurs, in our parameterisation, for

N =2 SUQ)pxUl)gpoint1: e*¥=2, x= In', n' even.
(7.13)
Again, only the n’ = 0 realisation is visible in gauged supergravity, and
corresponds to the N’ = 2 SU(2) x U(1) critical point found in [182]. The
second such enhancement occurs at

N=2 SU@2)rxU(l)gpoint2 : e* =2, x=2Zn', n odd. (7.14)

and has no counterpart in gauged supergravity [140] (note the different
ranges of n’ in (7.14) and (7.13)). Of course, the generic U(1)p x U(1)g
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symmetry group of the CM is a subgroup of both enhanced symmetry groups
SO(4) and SU(2)p x U(1)g as indicated in (7.10) and (7.11), but the latter
SU(2)r x U(1)g is not a subgroup of the former SO(4).

There are no (super)symmetry enhancements across the CM other than
(7.12), (7.13) and (7.14). A couple of other notable loci within the CM are
the following one-parameter families. The following locus parameterised by

@,
Family IT : (0 <e® <2, x = Z0n/), 0/ =0,41,£2,... (7.15)

was discussed for n’ = 0 in [183] (see also [187]) and, for this value of
n’, corresponds to the gauged supergravity solution (7.6). Family II is the
geodesic of the metric (7.7) that passes through the N' =4 SO(4) point (7.12)
and ends at the N'=2 SU(2)r x U(1)g point 1, (7.13), with zero winding
number on the cylindrical CM. On the other hand, the lower endpoint of
the ¢ range in (7.9) in this curve is at infinite distance with respect to the
Zamolodchikov metric (7.7). In fact the lower inequality in (7.9) is strict and
the singular locus e?¥ = 0 does not belong to the CM, as will be argued in
section 7.2.2. Family II provides a useful way to visualise the global aspects
of the CM. If the latter is first represented as a rectangle in R? with sides
defined by (7.9), the cylinder is constructed by identifying the geodesics
corresponding to Family IT at x =0 and x = 27” In spite of this periodicity,
the large-N CM in (7.9) non-compact, with infinite volume w.r.t. the leading
contribution (7.7) to the Zamolodchikov metric.

Finally, the following circumference, parameterised by Y, in the interior
of the CM is also interesting

Family IIT: e* =1, 0<y< 2z, and periodic: x ~ x + 2, (7.16)

as the complete KK spectrum on this locus can be given in closed form and
its type 1IB uplift provided. See figure 7.1 for a visual summary of the CM.

7.2.1 KK towers on the two-parameter A = 2 family

The existence of a maximal gauged supergravity description of the AdS,/CFTj3
dualities at hand allows one to apply to the present two-dimensional holo-
graphic CM the ExFT-based KK spectral methods of [133, 136, 137] discussed
in section 6.2. It is noteworthy that the ten-dimensional picture of this con-
formal manifold is unavailable for most of it. However, as mentioned at the
end of section 6.1, this is not required to obtain the spectrum using the new
duality-based techniques.

The spectrum can be labelled by the two independent KK levels, ¢ and
n, appearing in (6.37) respectively associated with the internal S® and S! of
the IIB S-folds. They range as

(=0,1,2,... n=0,%1,£2 ... (7.17)
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Figure 7.1: The large-NN holographic CM. The left plot indicates the location of the
upper boundary (solid black line), Family I (7.5), along with the (super)symmetry
enhanced points: (7.12) in solid (n’ = 0) and hollow (n’ = 1) red, (7.13) in solid
(n’ =0) and hollow (n’ = 1) blue, and (7.14) in hollow green (n’ = 1). The dashed
lines marked as IT and II’ correspond to Family II, (7.15), at n’ = 0 and n’ = 1,
respectively. These two lines are identified per the periodicity (7.9) of x, rendering
the topological cylinder on the right plot. Family III, (7.16), in the interior is also
indicated. The locus e?? = 0 lies outside the CM and is at infinite distance of the
upper boundary w.r.t. the metric (7.7).

At generic N' = 2 points in this two-dimensional holographic CM, the
KK spectrum organises itself in representations of OSp(2[4) x U(1)r, with
U(1)r € OSp(2]|4) and U(1)r defined by either branching rule (7.10) or (7.11).
At the N' = 2 points (7.13) and (7.14) with enhanced flavour symmetry,
the KK spectrum lies in representations of OSp(2|4) x SU(2)p, with the
latter factor defined in (7.11). Finally, at the N' = 4 point (7.12) the KK
spectrum is organised in OSp(4|4) multiplets, with R-symmetry given by
the SO(4) group defined in (7.10). Multiplets of these supergroups whose
superconformal primary has dimension Ey and U(1)g or SO(4) R-charges yo
or (¢1,¢2) will be labelled as

OSp(2[4) x U(1)r : MULTy [Ey, yo; f] ,
OSp(2|4) x SU(2)r : MULTy [Ey, yo] @ [k] , (7.18)
OSp(4]4) : MULTy [Eo, 1,04] |

with f and k the additional U(1)r charge and SU(2)r (half-integer) spin,
common to all states in a given OSp(2|4) multiplet MULT. The subindices
in MULT3 and MULT} are used to distinguish /' = 2 and N' = 4 multiplets.
For the former, we follow the notation and conventions of appendix A of [82].
See also that reference for their state contents. For the N' = 4 multiplets,
we record some relevant aspects in appendix E.3. See also appendix E.1 for
more details on the setup and calculations behind the results reported in
this section. Previous results on the spectra of these solutions may be found
in [140, 167, 182, 183] as well as [C].
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Before diagonalising the relevant mass matrices, we will use this group
theory information to obtain the algebraic structure of the complete KK
spectrum across the entire CM, and then use the latter to obtain explicit
information about the dimensions of the N' = 2 supermultiplets. We provide
closed-form, analytic expressions for the multiplet dimensions of the complete
spectrum at specific loci, and for specific multiplets at all points in the
CM. However, for most of the CM the computation needs to be performed
numerically and we only highlight some aspects here. The complete results
on a lattice of points across the entire moduli space can be found as an
ancillary file of [F].

Algebraic structure of the complete spectrum

The algebraic structure of the complete spectrum at all points in the CM,
including the protected spectrum, is inherited from that at the N' = 4 point.
The KK spectrum at this point was given for lowest KK levels £ =n =0 in
[167] and was extended to all higher levels in [140]. (see also [C] for previous
partial results).

At fixed SO(6), x SO(2) KK levels (¢,n) ranging as in (7.17), the KK
spectrum at the N' = 4 point is composed of OSp(4|4) long graviton multiplets

LGRAV, [Ey, (1, (2], (7.19)

whose scalar superconformal primaries have SO(4) Dynkin labels and dimen-
sions specified as follows. The Dynkin labels correspond to all possible pairs
(£1,02) that appear on the r.h.s. of the following branching under the first
inclusion in the chain (7.10), namely,

[¢/2] ¢~2a
0,£,0] - B EP (¢ —2a—k,k). (7.20)

a=0 k=0

At fixed ¢, each of these (¢ + 1 — [£])(1 + [£]) pairs of integers (¢1,/2)
defines a multiplet (7.19) present in the spectrum if n = 0, or two if n # 0,
corresponding to the two signs of n.* The conformal dimension for each of
these depends on the KK levels ¢, n and on the SO(4) Dynkin labels ¢1, o,
restricted as in (7.20), through the formula

Ey=-1+ \/% + 500+ 4) + (0 + 1) + Lol + 1) + %(27%‘)2 (7.21)

4 This is the only effect of the S* KK level n in the algebraic structure of the N' = 4
spectrum. The spectrum, though, does not come in OSp(4[4) x SO(2) representations
(7.19) with definite SO(2) charge 2n, because different states in a given OSp(4|4) multiplet
carry different charges under the (broken) SO(2), see e.g. table E.3 in appendix E.1. The
St level n also affects the spectrum through the dimensions Ey, see (7.21), with degeneracy
for both signs of n at all other quantum numbers held equal. On the rest of the CM,
similar remarks apply about the dependence of the algebraic structure of the multiplet
spectrum with n. The dimensions also acquire an n dependence, and the sign degeneracy
is lifted for flavoured multiplets.
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The Lh.s. in (7.20) corresponds to the SO(6), representations of the putative
graviton states discussed in appendix E.1. The dimensions (7.21), computed
in [140] using ExFT methods, agree with those that follow from the individual
KK graviton masses found in (3.9) of [C] (with Npere = Jthere). See appendix
E.3 for the state content of the N = 4 multiplets (7.19).

For specific values of the quantum numbers some of the multiplets (7.19)
in the spectrum become short, and split into a SGRAV, (or MGRAV} for
¢ =0) and a SGINOy via (E.17). Specifically, this happens for [C]

n=0, 0y =y = 30, with £ even. (7.22)

Indeed, when (7.22) holds, the dimension (7.21) saturates the ' = 4 unitarity
bound, (E.16) with so = 0.

The algebraic structure of the complete KK spectrum across the entire
CM turns out to be determined by the spectrum at the A/ = 4 point, through
the branching (E.18) of the multiplets (7.19) under

0Sp(4]4) > OSp(2|4) x U(1)p. (7.23)

More concretely, at fixed ¢ and n, the spectrum at an arbitrary point (¢, x)
in the CM contains (1 + H(|n|)) contributions of the form

@ @ {LGRAV2 E(llmz’ymlmzvfm1m2]

mi=—~f1 ma=—/{2

@ LGINO, [E(2>1m27 Ymymas fmyms + 1] @® LGINO9 [E(31m27?/m1m27 Jrmima — 1]
@ LGINO9 [E(41m2; Ymimas fmams + 1] ® LGINO, [E(51m2’ymlm?7 Frnams = 1]
@ LVEC, [E7(76L)1m2 y Ymima; fm1m2]

S LVEC2 [E) 11y s Ymima fmims + 2] @ LVEC [ES) 0 Ymymas frmims

® LVECs [ES) . Ymimas fmams — 2] & IVECo [ELO o fmlmQ]}
(7.24)

for each of the (6 +1-— [g]) (1 + [g]) pairs of integers ({1, f2) defined by the
r.h.s. of (7.20). All of the multiplets in (7.24) are typically long. In (7.23),
the N'=2 U(1)g C OSp(2]|4) R-symmetry and the U(1)p flavour symmetry
are embedded into the N' =4 SO(4) C OSp(4]|4) R-symmetry as indicated in
(7.10) and below that equation. As remarked below (7.11), these embeddings
are independent of the D = 4 supergravity scalars. For this reason, the
R- and flavour charges of the A/ = 2 multiplets in the spectrum do not
depend on the position on the CM. Indeed, the quantities Yy, m, and fom,
in (7.24) that govern these charges are simply given, in our conventions, by
the integers

Ymime = M1 + M2, fm1m2 =my —mza. (7'25)
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SGRAV, [( 42, +(; 0] SVEC; [¢ + 1, £¢; 0]
SGINOo [0+ 5, £(¢+1); 0]  HYPy[¢ +2, £(£+2); 0]

Table 7.2: The protected (short, moduli independent) OSp(2]4) spectrum on the
CM at KK levels n =0 and £ > 0 even. At £ = 0, there is only one graviton and
one vector multiplets, both of them massless.

The dimensions Eyym,, etc., in (7.24) do depend on the moduli (¢, x) and,
except for Family III, do not follow in any obvious way from the N = 4
dimensions (7.21).

At particular points in the CM and for specific choices of quantum
numbers, the dimension of some of the multiplets in (7.24) might saturate
the corresponding N = 2 unitarity bounds. In those cases, these long
multiplets may be formally written in terms of short A/ = 2 multiplets.
In general, though, these accidental saturations will not lead to multiplet
protection: the dimensions will typically remain moduli dependent and the
short multiplets will tend to recombine into long ones. For the concrete
choice of quantum numbers

n=0, |m1 4+ ma| = 20, = 205 = ¢, with £ even, (7.26)

which encompasses the N/ = 4 shortening condition (7.22), some of the
multiplet dimensions in (7.24) both saturate the A’ = 2 unitarity bound and
become moduli independent. This series, labelled by even /¢, is protected in
the sense that the multiplet dimensions are independent of the moduli. The
series includes, at £ = 0, a MGRAVs and a MVEC,, respectively dual to the
energy-momentum tensor and the U(1)r flavour current of the CFT, as well
as two SGINOy’s and two HYP5’s. The latter contain the two real moduli
on the CM, dual to a superpotential deformation [183]. For each ¢ =2,4,.. .,
the protected series includes two of each of the possible short multiplets
of OSp(2]4), with ¢-dependent opposite R-charges. All of these protected
multiplets are U(1)r flavour neutral (the converse is not true, though). See
table 7.2 for a summary.

After these generalities, let us highlight the main features of the spectra
at specific loci within the two-parameter family.

Spectrum on the upper boundary

The complete KK spectrum on the upper boundary, Family I (7.5), of the
CM has already been determined in [140] for all KK levels ¢ and n (see also
[182] for the £ = n = 0 spectrum). Our presentation will therefore be brief.

The main new observation is that the KK spectrum on this locus follows
the algebraic pattern just presented, which is valid across the CM on general
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grounds. At fixed ¢ and for all n, the spectrum of OSp(2|4) x U(1) p multiplets
on the upper boundary of the CM contains contributions of the form (7.24),
with R~ and flavour charges controlled by (7.25). Expressions may be found
for the multiplet dimensions in terms of the quantum numbers, adapted to
the branching (7.10), that appear in those expressions. For example, the
dimension on the upper boundary of the LGRAV, [E,(,?lmm Ymima; frims] D
(7.24) can be written, suppressing the subindices on the Lh.s. for simplicity, as

EM =14 {% + 00+ 4) + S(m1 +m2)® + (2 + (my — m2)x)2
— 5 (Imal+[mal) (jma|+|ma|+2¢ — 26, — 205 + 2) (7.27)

1
“le-tn-m)(-n-6+2)"

As usual, the x dependence is introduced by a non-zero flavour, e.g. fr,m,
in (7.25) for the LGRAVy dimension in (7.27). This dimension saturates the
relevant N = 2 unitarity bound for the choice of quantum numbers (7.26),
and the multiplet becomes short as indicated in table 7.2. For all other
multiplets in (7.24), we also find the protected shortening patterns of that
table and, for generic points in this family with only U(1)r x U(1) g symmetry,
we find no further shortenings beyond the protected ones in table 7.2.

At the points (7.13) and (7.14) on this boundary, the flavour symmetry
is enhanced to SU(2), and the spectrum accordingly recombines into rep-
resentations of OSp(2|4) x SU(2)r [140]. The algebraic structure and the
dimensions (in particular (7.27)) at these symmetry-enhanced points are the
same as in the rest of the upper boundary, only with U(1)r charges now
labelling SU(2) r representations. This reassembling into SU(2)r multiplets
occurs at every fixed S° KK number ¢, with the same (at x = 0) or possibly
different (at xy = 7/T and x = 2w /T) S! KK levels n [140]. Though all these
three (up to periodicity) locations exhibit SU(2)r symmetry enhancement,
only x = 0 and x = 27/T have the same KK spectrum, and this differs from
that at x = w/T" [140]. These SU(2)r symmetry enhancements are somewhat
peculiar from the point of view of the parent N' = 4 point of the CM in the
sense that SU(2)r is not a subgroup of its SO(4) R-symmetry group. The
symmetry breaking from SO(4) to SU(2)r proceeds by first breaking the
former into U(1)r x U(1)g via (7.10) and then recombining back up through
(7.11). In fact, an alternate dimension formula adapted to the quantum
numbers of the latter branching also exists [140]. Similarly to the N' = 4
point, the spectrum on the SU(2)p-enhanced points has (U(1)p-charged)
short multiplets [140] besides the ones in table 7.2: see the discussion around
equation (E.19) in appendix E.3.

Spectrum on Family III

At this one-parameter locus defined in (7.16), which contains the N' = 4
SO(4) point at (7.12), the spectrum can be given in closed form at all KK
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levels. The contributions (7.24) to the spectrum at KK levels ¢ and n take
on the specific form:

A lo
D P {LGRAV2[1+Eg,y;f]

mi=—t ma=—Ls

®LGINOs [L + Ef ™'y f + 1] @ LGINOo [L + E{ ™' y; f — 1]
@ LGINOo[3 + Ef ™ y; f +1] @ LGINO2[2 + EJ ' ys f — 1]
@ LVECs [E], y; f]

@ LVEC:[1 + EJ 2 y; f + 2] ® LVECo [1 + EJ, y; f]

@ LVECo[1+ E{ 72, y; f — 2] @ IVEC, [2 + B, y; ] } : (7.28)

With ¥ = Ymymy and f = fi,m, given in (7.25), and dimensions By m, =
1+ E! , etc., specified as follows. The quantity E(J; that determines the
dimension of a multiplet in (7.28) with U(1)r flavour f is simply obtained
from the N = 4 expression (7.21) with the same ¢, n, ¢1, 5 quantum numbers

by replacing the contribution (29”)2 there as

Bf = =14 \/94+ 30049 + 06+ 1)+ 606+ 1) + L(22 + 1)
(7.29)

At x = 0, the contributions to the spectrum (7.28) with (7.29) straight-
forwardly recombine KK level by KK level into the contributions at the
N =4 point, (7.19) with (7.21), via the branching (??) under the supergroup
embedding (7.23).

It is instructive to write the above expressions for a few particular cases.
The lowest lying, £ = n = 0, case contains simply (¢1,¢2) = (0,0), and
becomes

MGRAV;[2, 0; 0] & SGINOz[3, +1; 0]
@ LGINO2 [11/9 +2x2, 0; £1] @ LGINOa[1 + 11/9 +2x2, 0; +1]
@ LVECs[2 + 1/9+8x2, 0; +2] & LVEC,[2, 0; 0]
® LVEC;[3, 0; 0] ® MVEC,[1, 0; 0] @ HYP,[2, £2; 0], (7.30)

after writing all possible long multiplets at the AN/ = 2 unitarity bounds
in terms of short ones. This agrees with the gauged supergravity result,
(4.3), (4.4) of [183] with pinere = 1, after some dimensions there are square-
completed. In (7.30) and elsewhere, a flavour or R-symmetry charge with
+ sign indicates the existence of multiplets with both charges. The short
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multiplets in (7.30) are those appearing in table 7.2 for £ = 0. In agreement
with the general discussion, the dimensions of all flavoured multiplets develop
a x dependence and thus the multiplets remain necessarily long. Not all long
multiplets are flavoured, though, and those that are not have y-independent
dimensions.

Spectrum at generic points on the interior

Away from the origin and the upper boundary, the spectrum on the CM
remains organised for all £ and n strictly in the collections (7.24) of OSp(2]4) x
U(1)r multiplets with moduli-independent charges controlled by (7.25). The
multiplet dimensions typically depend on both moduli.

Diagonalising analytically the KK mass matrices at generic locations of
¢ and x requires formidable computer power even at first S° KK level £ = 1.
The tower with ¢ = 0 and n arbitrary is still tractable analytically, and so
are the first few KK levels of the graviton mass matrix. We report on these
results here. More generally, we have resorted to numerics to obtain the
multiplet spectrum on a (Euclidean) lattice on the CM, with the database
provided as an attachment to [F].

The spectrum at lowest, £ = n = 0, levels has already been computed
from gauged supergravity at generic points in the CM [183]:

MGRAV; (2, 0; 0] & SGINO;[3, +1; 0]

& LGINO, [% — s+ %\/6*280 (2+ 62<P)2 + 2e2¢x2, 0; :I:l}

@ LGINO, [; + 54+ %\/6_2‘19 (24 €20)% 4 2e20%2, 0; :l:l}

& LVEC, [; + \/—g + de=20 4 2e202,0; iz] & LVEC, {; +1/3 +2e2,0; 0]

& LVECs [; +4/2 —2e2, 0; o] & MVEC;[1, 0; 0] @ HYP,[2, £2; 0] .
(7.31)

with the shorthand s = %\/2 — e2¥. This reduces to the £ = n = 0 spectra on
the upper boundary, [140, 182], and on Family III, (7.30). It also contains
the protected multiplets of table 7.2 at £ = 0 and no other short multiplet.
The dimensions of all the long multiplets depend on ¢, and also on x for
flavour-charged multiplets.

Still at £ = 0 but now at all n, (7.31) extends into the following tower of
generically long multiplets:

LGRAV,[3 + 1, 0; 0]
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@ LGINO; [§ — s+ B, 0;+1] @ LGINO; [§ — s + 35 ,0; —1]
& LGINO; [5 + s+ 85 ,0;+1] @ LGINO [5 + s + 35 ,0; —1]
@ LVEC; [5 + 87, 0; 0] ® LVEC; [ + 85, 0; 0] & LVEC; [§ + f4, 0; 0]
@& LVEC, [3 + 87, 0; +2] @ LVEC, [2 + 85, 0; —2] , (7.32)

where we have introduced the shorthands

=4+ bt ()"

Le=2¢ (2 + 62“’)2 + %62“" (2%” + X)2 ,

~~
H
S~—
[\
Il
N

(B2 = 4+ 3 [(3) 2] £t — o g 2e2e(2 - e20) ()
B = 1+ 265 + 5 (32)°,
(6;:)2 =—1 +4€ 289+ 1 2@ (2;71 :l:2X)2 ) (733)

These dimensions allow for no point in (7.9) such that all values are rational
for any n, and this therefore excludes the presence of a free point.

At n = 0, the multiplet content (7.32) with (7.33) reduces to (7.31). It
also reproduces the £ =0, n =0,+1,42,... towers at the upper boundary,
(4.25) of [140], and on Family IIT when e¢?# = 2 and €2 = 1, respectively. In
particular, as ¢ — 0, x — 0, the multiplets in (7.32), (7.33) yield

LGRAV, [1 4 81,0;0] — LGRAV, [; + 19+ 2(2m)°) o o] ,
LGINO, [1 — s+ B7,0;+£1] — LGINO, [g\/i 0; ﬂ]

LGINO; [} + s+ f5,0;+1] — LGINO, [1+; 2;;”)2,0;11],
LVEC; [§ + 85,0;0] — LVEC, §i1+% 9+2(2;")2,o;0],

LVEC; [ + 84,0;0] — LVECs |4 +1 9+2(2;;”)2,0;0],

LVEC; [1 + 5F,0;+2] — LVEC, |3 +1 9+2(2;”)2,0;i2],

(7.34)
and thus reproduce via (E.18) the £ =0, n = 0,+1,... tower at the N’ =4
point, (7.20) with £ = #; = f5 = 0. When €2 — 2, x — 0, the multiplet
content instead reproduces the £ =0, n = 0, %1, ... tower at SU(2)p point 1,
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(7.13), in agreement with [140]. This occurs through the recombinations
LGRAV; [§ + $1,0;0] — LGRAV, [; +3 9+2(2;")2,0} ® [0],
LGINOg [ £ s+ B85, 0; +1]
LGINO; [3 £s+35,0;—1

LVEC, [ + 85,0;0]
LVEC2 =+ B4,0;0

} —  2LGINO, [;+ 2+(2;”)2,0]®[5],

} - 2LVECQ[§+ 147+(2;;")2,0]®[0],

LVEC; [§ + S5, 0; +2]
LVEC; [$ + 35, 0;0] —  LVEGC, [; +4/5+ (29")2,0] ® (1],
LVEC; |5 + 85 ,0; —2]

(7.35)
in the notation of (7.18), as usual. In our conventions, the U(1)r C SU(2)p
charges are normalised to be integers so that, for example, the [3] of SU(2)p
breaks into +1 U(1)r charges.

For the tower £ = 1 with any integer n, we can provide analytic expressions
for the dimensions of the LGRAVy multiplets contained therein. From (7.20)
and (7.24), these gravitons are controlled by the SO(4) labels (¢, ¢2) given
by (1,0) or (0,1). Altogether, the multiplets are

2 x LGRAV,[2 + 71, 0;0]
& LGRAV [ + 13, +1;+1] ® LGRAV, [ + 5, +1; 1]
® LGRAV,[S +95, —1;+1] @ LGRAV, [ + 45, —1;-1],  (7.36)
where we have defined
()’ = Z+7 [P +1], (09)2 = Fre (3 £x)?. (737)

It is again instructive to see how these expressions reduce to the known
towers on the points with enhanced (super)symmetry. At the SO(4) point,
all of the multiplets in (7.36) degenerate with dimension

Eo=4+/3 + (3)2. (7.38)

This agrees with (7.21), with ¢ = 1 and (¢1,¢2) = (1,0) or (0,1) there.
At the SU(2) point €2 = 2, xy = 0, the graviton multiplets (7 36), (7.37)
recombine as

LGRAV;[% +71,0;0] — LGRAVy[f + /%
LGRAV; [§ + 7, +1;+1]
— LGRAV,[3 + (/%
LGRAV,[5 475, +1;—1]
(7.39)
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— LGRAV — LGINO — LVEC - — LGRAV — LGINO — LVEC

Figure 7.2: /' = 2 multiplets at KK levels £ =1 and n = 0,...,3 on Family II at
x =0, with T' = 27.

again matching the result in [140].

Moving up in S° KK level, the multiplet content at the tower ¢ = 2
and any n follows from the (¢1,¢2) pairs (0,0), (1,1), (2,0) and (0,2) in
(7.24). Analytic expressions for these graviton multiplets where given in
[F], reducing appropriately again to the previously obtained formulae at the
points with enhanced (super)symmetry.

For low values of the KK levels up to ¢ = |n| = 3, we have recomputed
numerically the spectrum of graviton multiplets at a grid of locations in
the CM, and our results agree with the analytic expressions above. We
have also determined numerically on this grid the remaining contributions,
from LGINOy’s and LVEC,’s, to the KK spectrum at those levels. The
complete results were presented in separate files in [F] (see appendix A
therein). Here, we only provide figures 7.2 and 7.3 as graphical summaries
of those calculations, on the representative one-parameter locus on the CM
corresponding to Family II at x = 0. These plots show the dependence on
the modulus ¢ of the dimensions of all long graviton, gravitino and vector
OSp(2[4) multiplets present in the spectrum at S® levels £ = 1 (in figure 7.2)
and ¢ = 2 (in figure 7.3), for various choices of the S' KK level n.

Our numerical results across the interior of the holographic CM are
compatible with the shortening patterns of table 7.2. Reciprocally, we do
not see any other accidental shortenings taking place, at least on our grid.
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— LGRAV  — LGINO — LVEC — LGRAV  — LGINO — LVEC

e N=1 SU(2)r 2 N=1 SU2)r

Figure 7.3: AN/ = 2 multiplets at KK levels £ =2 and n = 0,...,3 on Family II at
x =0, with T" = 27.

At level £ = 2 we indeed see moduli-independent multiplet dimensions given,
within numerical precision, by the integers specified in the table. Curiously,
we also see other integer multiplet dimensions arising on certain loci of the
CM, although these should not be regarded as particularly significant, as
they were obtained for fixed T' = 2w. For example, at fixed €2 = % and all
X, there is a (flavour neutral) LVECs with dimension Ey = 3 that arises at
KK levels £ = 0 and n = 2. This multiplet contains classically marginal,
A = 3, scalars which, however, cannot become exactly marginal because the
multiplet lies above the unitarity bound and thus must be long. Also on
this locus, and on the e*¥ = g, x free locus, there are LGRAV,’s arising at
(¢,n) = (2,2) and (¢,n) = (1,3), respectively, with Ey = 4. The latter locus
has an LVECs with Ey = 6 at ({,n) = (3,3), and there is also a LVECy
with Ep = 4 at (¢,n) = (2,2) on the family e2? = % with x free. The points
(e?%,x) = (£,0) and (¢*,x) = (5,1) have LVECy’s with Ey = 5 and Ey = 7,
arising in both cases at (¢,n) = (3,1). This list is presumably not exhaustive.
Finally, in the region 1 < e?? < 2 for all ¥, all relevant or marginal, A < 3,
scalars arise at KK levels up to £ = 2: at KK levels ¢ = 3, all scalars have
dimensions A > 3 for all n. For 0 < €2# < 1, there are A < 3 scalars even at
¢ = 3. Our numerical calculations fix T' = 2x for simplicity, but the results
do not differ qualitatively from those with the more realistic k-dependent
choices for T' in [28, 176].
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Our numerics show that for all values of the parameters within the ranges
specified in (7.9), the KK spectra are well behaved. As the singular limit
e?? = 0 with y arbitrary is approached, the multiplet dimensions become
independent of x even for flavoured multiplets. The dimensions also become
independent of the S' KK level n. For example, from (7.32), the ¢ = 0
spectrum on this asymptotic locus becomes, for all n = 0,£1,+£2,...,

MGRAV; (2, 0; 0] & SGINOz[5, +1; 0] @ 2 x LGINOz[e ¥ + ..., 0; +1]
@ LVECs[2¢7% + ..., 0; 2] @ LVEC,[1(1 +V/33), 0; 0]
® 2 x MVEC;[1, 0; 0] & 2 x HYP,[2, +£2; 0] , (7.40)

after again writing all the multiplets at the N/ = 2 unitarity bound as short.
The dimensions of the flavour-neutral multiplets reduce to finite constants,
but those with flavour f appear to grow without bound as |f|e™%. This
is apparent from (7.40) for the £ =0, n = 0,+1,£2, ... tower (the ellipses
in (7.40) denote subleading terms with respect to that behaviour), and is
further confirmed at higher ¢, at least for the graviton multiplets, by the
e?# — 0 limit of (7.36). Note also that (7.40) contains an infinite tower,
n=0,+1,42, ..., of massless scalars, vectors and gravitons.

7.2.2 The holographic conformal manifold

On the interior of the conformal manifold, it has not been possible to establish
in general the analytical functional dependence of the KK dimensions either
on the modulus ¢ or on the quantum numbers ¢, ¢1, ¢5 (or possibly others).
However, the dependence on x of the dimension of a multiplet with flavour
charge f arising at S! KK level n is always locked into the combination (c.f.
(7.33) and (7.37))

(3 + )" (7.41)

across the entire CM. This combination was noted in [140] to hold for the
KK spectrum on Family I, but it does extend at all other points in the CM.

There are two immediate consequences of the y-dependence (7.41) of the
multiplet dimensions. Firstly, a multiplet in the spectrum is flavour neutral
if and only if its dimension is independent of the modulus x. Secondly,
the dependence (7.41) establishes the periodic behaviour of the multiplet
dimensions in x advertised in (7.9) and depicted in figure 7.1. Indeed, for
all fixed S° KK level £, the dimension of any given multiplet with flavour f,
evaluated at y = yo and S' KK level n, coincides with the dimension of the
same multiplet evaluated at x = xo + 2% and S! level n/, with

n=n-f. (7.42)

Such integer n’ always exists given n and f because, as (7.24), (7.25) show,
the flavour charges are also integer (in our conventions). As noted in footnote
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4 of this chapter, only the dimensions, but not the multiplet content (7.24)
itself, depend on n. For this reason, the entire contribution (7.24) to the
spectrum at KK level ¢ goes back to itself as x ranges from 0 to 27/7". Only
the S KK level needs to be readjusted as y reaches each endpoint of its
cycle. As remarked in [140], this mixture of KK levels is reminiscent of the

‘space invaders scenario’ described in [24] and also encountered in chapter 5.

To see how this mechanism works, let us analyse the recovery of the
N = 4 point [167] in detail. At x = 0, (7.30) reduces to the £ = n = 0
spectrum at the A/ = 4 point [167], branched out under (7.23) into N = 2
representations through (E.24). At x = 27/T the N = 4 spectrum at lowest
KK levels is also reproduced, but with reshuffled S' levels. In order to make
this more apparent, it is convenient to extract the KK tower with ¢ = 0 and
n=0,+1,4+2, ..., for Family III (7.28), (7.29). The result,

LGRAV,[$ + 11/9 +2(252)% 0;0]

@ LGINO, [21/9+2(222 + )%, 0; +1] ® LGINO[1 + 11/9 +2(Z2 + x)*, 0, +1]
® LVEC, [1 + %\/9 +2(22 +2y)%,0;42] ® LVECy [ + 11/9 4+ 2(222)%,0; 0]
®LVEC, [2 + 11/9+2(222)°0;0] @ LVEC, [ — & + $1/9 +2(22)?,0;0],

(7.43)

reduces to (7.30) at n = 0 and extends that equation to all other n. Here and
elsewhere, the presence in a multiplet of two labels with + signs indicates
the existence of two (not four) multiplets with correlated upper and lower
signs (note incidentally that, at |n| # 0 fixed, each of these appears twice like
any other multiplet, once for each sign of n). All the multiplets present in
(7.43) are generically long, and the dimension of those with non-zero U(1)p
charge develops a x dependence, as usual. At xy = 0, (7.43) reproduces
the £ =0, n =0,%+1,42,... tower at the N’ = 4 point, (7.19)-(7.21) with
¢ = {1 = {3 = 0 therein, through the branching (E.18). At x = 27/T, (7.43)
also recombine into N' = 4 multiplets through (E.18), possibly retrieved from

different KK levels n. For example, the LGINOo [%\/9 + 2(2’%” + X)Q, 0; j:l]
multiplets in (7.43) are indeed long at x = 0, but at x = 27/T become
massless for KK levels n = F1. For that value of x, these join the flavour-
neutral (and thus y-independent) MGRAV32[2,0;0] and MVECs[1,0; 0] that
arise at level n = 0 in (7.30) into an MGRAV4([1,0,0] through (E.24). See
figure 7.4 for a graphical account of these ‘space invasion’ patterns.

By the above analysis, the supermultiplets on Family III recombine into
N = 4 supermultiplets at both endpoints of the x range (7.9). It is also
informative to look at the individual states contained in those multiplets,
and see how two gravitino states become ‘massless’ (or rather, acquire AdSy
mass mL = 1 so that their dimension becomes A = 3) at y = 27 /T, thus
enhancing the generic N/ = 2 supersymmetry on Family III to N' = 4. Four
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LGRAV, [+ + %mo 0]

-_ LGINO[ £4/9+8(%),0:+ 1]
Lerav [+ 1y/or2(%)0.0] LaINO,[2,0:- 1]
[5.0:

! 7 o, 5
LGINOy [ 3/9+2(3F) 0% 1] LaINO, [1+24/9 +8(2)%.0:+ 1]
LaINoy[14+44/9 +2(%)%, 02 1] LGINO, [£,0;— 1] =
WEG,[4 + 14/9+2(2)%.0:x2] WEG,[4 + 14/9+8(2)%0:42]

2 ] =R

WEG,[L +44/9+2(2)%,0: 0] WEG, [+ + /9 +2(%)7,0,-2] s
3 1 21\2 .

WEC[3 +5/9+2(5)",0: 0] WEG,[L +44/9+2(2)%.0: 0]

WEG, [+ + 19 +2(%)".0: 0]

(n=1y=0)

WEG(3 +34/9+2(2)%,0; 0]

Wee, [+ + 1\ fo+2(%) 0 0]

MGRAV, 2, 0; 0] MGRAV,[2,0; 0]
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s
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WEC(3 + 24/9+2(2)%,0: 0]
WEG -1 + 21 /9+2(Z) .0, 0]

Figure 7.4: ‘Space invasion’ patterns for the reassembling of the OSp(2]|4) x U(1)p
multiplets present in the KK spectrum on Family III, (7.16), within the CM at
KK levels £ = 0, n = 0,+1,42, ..., into OSp(4|4) multiplets at the same S° level
¢ =0 but possibly different S* level n, at x = 0 (left) and x = 27/T (right). The
boxes correspond to the multiplet content in (7.28) with ¢; = ¢5 = 0 and n fixed
as indicated. Black lines connect y-independent, flavour-neutral ' = 2 multiplets.
Blue and red lines respectively connect A/ = 2 multiplets that need to be retrieved
from one or two higher (or lower) S KK levels.
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3.0 (1,1) +(1,0)

25 o o

20 2.0 R ==

0.6 2
xT/2m x T/2m

(a) Gravitini (b) Vectors

Figure 7.5: Dimensions A (dashed blue lines) of individual gravitino (left) and
vector (right) states with flavour f in the spectrum on Family III, at KK levels
£ =0, n =1, as functions of x. The solid red lines stand at the massless threshold.
At x =0, the SO(4) representations from which the flavoured states branch down
are shown.

KK vector states must also become massless, A = 2, in order for the bosonic
symmetry to get enhanced from U(1)r x U(1)g to SO(4). The evolution
with x of these gravitino and vector mass eigenstates on Family 111, as they
arise from the diagonalisation of the £ = 0, n = 1 mass matrices of [134,
136], is depicted in figure 7.5. The left plot indeed identifies one gravitino
with flavour f = —1 that branches out from the (3,1) SO(4) mode with

252
A=1+4/9+ QTL; at x =0 (and T' = 27 in the plot), and reaches xy = 27 /T
with A = % The other relevant gravitino, not depicted, has f = 1 and
becomes massless at n = —1. A similar story unfolds for the vectors on the

right plot. Two vector states (superimposed in the plot) with flavour f = —1
branch out from the (1,0) 4 (0,1) of SO(4) at x = 0 and become massless
at x = 2w /T. Two more vectors, not depicted, with flavour f = 1 become
massless for n = —1, while the two vectors that gauge U(1)r x U(1)g stay
massless all along.

Type IIB uplift of Family III

Some aspects of the holographic CM, like the symmetry enhancement (7.14)
and the periodicity in x determined through the KK spectra cannot be seen
in D = 4 gauged supergravity, which has fixed n = 0, but are an intrinsic
feature of the fully-fledged type IIB ten-dimensional solution. Determining
the type IIB uplift of the entire two-parameter family of D = 4 gauged
supergravity vacua of [183] is beyond the scope of this work. Previously
known uplifts into type IIB S-folds of points or loci in the holographic CM
include that of the N' =4 SO(4) point [28], the N’ = 2 SU(2)r x U(1)gr
point [182], and Family I [140]. Here we will give the uplift of Family III
to explain the N' =4 SO(4) (super)symmetry enhancements (7.12) under
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complete cycles of x.

The type IIB uplift of any solution of D =4 N =8 [SO(6) x SO(1,1)] x
R!2_gauged supergravity may be obtained using the ExFT approach reviewed
in section 6.2.2 with the explicit formulae of [28]. However, we have not
followed this route to obtain the type IIB solutions corresponding to Family
III. Instead, we have used the following reverse engineering approach. Firstly,
we wrote an educated guess for the ten-dimensional metric, and confirmed
it by reproducing the graviton sector of the KK spectrum of section 77
using the formalism of [114]. Secondly, we wrote ansétze for the remaining
supergravity fields, and enforced the type IIB field equations on the full
configuration. In retrospect, the successful reproduction of the graviton
spectrum for Family IIT using [114], together with the fact that all KK modes
close into OSp(2]|4) x U(1)r representations, provides a solid crosscheck on
our implementation of the ExFT spectral techniques [133, 136, 137] presented
in section 6.2.3.

In order to write the type IIB solutions, it is convenient to employ the
same coordinates, n on S' and (r,0;,¢;), i = 1,2, on S°, used in [28] to
express the N' = 4 SO(4)-invariant solution. These coordinates range as

0<n<T, 0<r<1, 0<6<T  0<¢;<2m, i=12.
(7.44)

In particular, n and ¢; are periodic with periods T and 2,
n~n+T, Qi ~ Qi +2w, i=12. (7.45)

It is also helpful to introduce the following y-dependent one-

er = d¢ — xdn, ez = dpa + x dn, (7.46)
and two-forms
v = 11% sin 0, df, A ey, Vo = 31:;; sin @ dfs A es . (747)

The relative signs in (7.46) have been chosen to match the flavour group in
(7.10), but any other choice of signs will also yield a solution of the equations
of motion by reparameterisation invariance.

With these definitions, the type IIB uplift of D = 4 Family III of vacua
can be written as follows. The metric reads

2dr?
1—1r2
2(1 —r?)
3 —2r2

ds?y = L2A" [dsQ(AdS4) v 2dn? +

)2 (7.48)

+1—i—2r2

and the self-dual five-form is

[d@% + sin6, e%] + [dﬁ% + sinfy e%ﬂ ,

4
Fy = L* {6 V014/\(§7’d7'—d77>+ > drAviAve+ 8ry/1 — r? vl/\vg/\dn] .

6
V1—12
(7.49)
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Here, ds?(AdS4) and voly are the metric and volume form on unit radius
AdSy space and L is related both to the electric gauge coupling g of the
D =4 N = 8 supergravity as L? = % ¢~ 2, and to the dual gauge group rank
N as L* ~ N upon flux quantisation. The warp factor depends only on the

coordinate r,

A= ((1 +2r2)(3 - 27«2)) , (7.50)

N

while the dilaton and axion depend also on 7:

b V2y/(1 4 2r2)(3 — 2r?)
~ (34 2r3)cosh 2n + 4r2sinh 2’

(7.51)
_ 4r?cosh 2y + (3 + 2r?) sinh 2n
@ (34 2r3) cosh 2 + 4r2sinh 2

Finally, the Neveu-Schwarz and Ramond-Ramond three-form field strengths
are

(3 4 2r?)
(1+2r2)
1 (5 —2r?) r
+ 31 ¢" ((3—2r2) mdr/\'vg— \/1—7“2v2/\dn)} ,
Fgy = Fyy — CoyHe (7.52)

H, :4L2[—ZTi e " ( dr—rdn) A V1

where

(3+2r?)
(1+27)

2
1o, ((5=2r%) r B —
+ 3¢ <(3_2r2)md7’/\v2 V1—r2vs Adn }
(7.53)

Fy) = 4L* [3-% e ( dr —r dn) A vy

We also note the following expressions for the two-form potentials,
By = 4L2( e v — 31 el\/1 —1r2 1;2) ,
Crp = 4172 (3_% e rv; — 37 ¢l V1—r2 vz) , (7.54)

such that H) = dB, and Fz) = dC.

We have verified that (7.48)-(7.53) solve the equations of motion and
Bianchi identities of type IIB supergravity, as given in e.g. appendix A of
[188]. This configuration thus defines a one-parameter family, labelled by
the constant y, of non-geometric S-fold solutions of type IIB supergravity.
At both endpoints of the interval in (7.44) for the S! coordinate 7, the fields
(7.51), (7.52) charged under SL(2,R) (or SL(2,Z) in the full string theory),
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are related by an SL(2,R) (or SL(2,7Z)) S-duality transformation, exactly as
in [28, 176]. Further, as argued in the first of these references, supersymmetry
is not upset by the uplifting process as long as such S-duality transformation
lies in the hyperbolic SL(2,Z) conjugacy class. Thus, the type IIB solution
(7.48)-(7.53) inherits the generic N' = 2 supersymmetry of the D = 4 Family
IIT solution it uplifts from. It also contains the N'=4 SO(4) point at x =0
and at the other locations specified below.

The type IIB solution (7.48)-(7.53) depends on the parameter x only
through the one-forms (7.46) (and the two-forms (7.47) via their dependence
on the former). For all values of x and the specified coordinate ranges (7.44),
the solution extends globally over S® x S!, with the S® trivially fibred over
St. At x = 0, our solution reduces to the ' = 4 SO(4)-invariant solution on
S5 x St (3.35)-(3.41) of [28], upon identifying P, ZP, p = 1,2, 3 there as

{yl . V2. y3} =r{cosf;, sinfcos¢pi, sinb;sing;},

{Zl, z2, 23} =V 1—r2{cosfy, sinfscospy, sinfbssingpy}.

This is the type IIB counterpart of the fact that the D = 4 Family III reduces
to the four-dimensional N’ = 4 SO(4) vacuum of [167] when x = 0. For
this value of y, the brackets in the internal portion of the ten-dimensional
metric (7.48) become the round metrics on two two-spheres, Si2 ,1=1,2. In
turn, the two-forms (7.47) become the volume forms vol(S?), up to overall
functions of r. The x = 0 metric on S° is thus a deformation of the round,
Finstein metric on the join of the two Siz, i = 1,2, such that only the
SO(4) ~ SU(2); x SU(2)2 subgroup of SO(6) in (7.10) is preserved. Each
SU(2); rotates each S?, for i = 1,2. The SO(2) isometry of S! is broken by
the supergravity fields.

When x # 0, the symmetry of the solution (7.48)—(7.53) generically
reduces to the U(1); x U(1)2 defined in (7.10), with U(1); generated by 0y, for
i = 1,2. Equivalently, the generic symmetry when x # 01is the U(1)pxU(1)p
group generated by the diagonal and anti-diagonal combinations

(7.55)

Or = 8¢1 + 8¢2 , Op = 8¢1 - 3@ , (7.56)
as specified below (7.10). Interestingly, the change of coordinates

¢1_>¢/1:¢1_X777 ¢2—>¢/2:¢2+X77) (757)

with n, r, 6;, i = 1,2, untouched, can be used to eliminate y locally from
the solution. Generically, though, the change (7.57) is not globally well
defined, i.e. is not a diffeomorphism, and does not generically allow one to
eliminate y globally. For specific values of y, the change (7.57) is globally
well defined: these are the values that render ¢} periodic, ¢} ~ ¢, + 2.
Given the periods (7.45) of the original coordinates, this induces a periodic
identification x ~ x + 27 /T such that, for x = 27n’ /T, with n’ integer, the
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solution (7.48)-(7.53) becomes diffeomorphic to the y = 0, N’ = 4 SO(4)
solution. This explains the compactness of the y direction for Family III
observed below (7.43).

7.3 Universality of traces

The mass formulae discussed in section 6.2.3 lead to spectra which exhibit
a curious phenomenon of universality. In this section we will first use the
explicit higher-dimensional solutions available at the SU(3)-invariant sector
of the D = 11 and type II uplifts of the gaugings in figure 3.1 to crosscheck
again the mass matrices in chapter 6 using the alternate approach based on
equation (4.7). Precise combinations of these masses, which we name traces
following the intuitions of chapter 6, are shown to be common to different
solutions of different theories when they preserve the same (super)symmetry
at the gauged supergravity level. The discussion is extended for lower-spin
fields for the first time, where this form of universality is still present.

7.3.1 Graviton spectra in string theory

The KK graviton spectrum about the AdS4 solutions of D = 11 supergravity
and type IIB supergravity that uplift from critical points of SO(8) supergrav-
ity and dyonic (SO(6) x SO(1,1)) x R'? supergravity with at least SU(3)
symmetry can be computed using (4.7). Around the solutions of massive
type ITA that uplift from the dyonic ISO(7) gauging this computation was
performed in [143], and we bring here their results for convenience.

We find it useful to collect here some facts about the SU(3)-invariant
sector of the three different gaugings of D = 4 N = 8 supergravity consid-
ered in the following. The field content is of course the same for all the
gaugings considered but the interactions differ. The SU(3)-invariant sector
contains three scalars, ¢, ¢, a, and three pseudoscalars y, (, 5 . All these are
coordinates on the submanifold (3.53),

SU(L,1)  SU@2 1)
U(1) ~SU@) xUQ)

(7.58)

of E7(7/SU(8), with the first factor parametrised by (i, x), and the second
by (¢,a,(,C). The Lagrangian in this sector is (3.54), with the precise form
of the minimal (D¢, etc.) and non-minimal (Ras, Zas) couplings of the
scalars to the vectors not needed in the following. The most relevant object
for us is the scalar potential V', which fixes the radius L of its AdS4 vacua
(for which V < 0 at a critical point) as

6

L= ——.
Vo

(7.59)
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N Gy x e* e ? a ¢ ¢ Vo

3
0 S0@6), 0 % 1 0 0 o %2
0 SUB) x & (-a)V' a 0 0 — 82

Table 7.3: All critical loci of D = 4 N' = 8 [SO(6) x SO(1,1)] x R!2-gauged
supergravity with at least SU(3) invariance. All of these are AdS. For each point we
give the residual supersymmetry A and bosonic symmetry Gy within the full N’ =8
theory, their location in the parametrisation that we are using and the cosmological
constant Vy. The N' = 0 SO(6),, vacuum is the x = a = 0 point of the N' = 0 SU(3)
critical locus.

The potential is different for each gauging. For the SU(3)-invariant sector of
the purely electric SO(8) gauging [73], the potential in our conventions was
already given in (3.58). For the dyonic ISO(7) gauging the, SU(3)-invariant
potential reads [74]

V = 6g° [%e4¢*3¢X3 20 (XQ(Y 1) - XY) 4e¥ (3XY(Y 1) - 2Y2)}

1
— gmy e3Pt [G(Y L 1) 422X 1)] + me o, (7.60)

Finally, the SU(3)-invariant potential [156] for the [SO(6) x SO(1,1)] x R!?
gauging is

V = 6g%® [SXY(Y 1) - 2Y2} +6gmyeSPTH(Y — 1) [1 — e ¥ (Y2 4 22) }
+ %mZe?’“’ 14T (V2 22) -2 (V2 2y 4 2Y) (7.61)

In these potential, as in (3.44)-(3.46), g and m are the electric and magnetic
gauge couplings of the parent N/ = 8 supergravities. For the latter two
gaugings at hand, these can be set equal, m = g, without loss of generality
[76], which we have done. We have also employed the shorthand notations
in (3.56) for frequent combinations of the scalars.

The AdS vacua of the SO(8), ISO(7) and [SO(6) x SO(1,1)] x R? A/ =8
gaugings that preserve at least the SU(3) subgroup of those gauge groups
were respectively investigated in [74, 77, 156]. In our conventions, these
correspond to extrema of the scalar potentials (3.58), 7.60 and (7.61). The
location of these vacua in scalar space, in the notation that we are using,
can be respectively found in table 3.2, table 3 of [74] (with labels + there
replaced with labels v here), and table 7.3.
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M-theory configurations

The class of AdS, solutions of D = 11 supergravity [16] that we are interested
in was the subject of section 3.2.2. These solutions are invariant, both in
D =4 and in D = 11, under a number of subgroups of SO(8) larger than
SU(3), and display supersymmetries N' = 0,1,2,8. See table 3.2 for a
summary. The entire spectrum about the Freund-Rubin NV = 8 SO(8)-
invariant AdS4 solution [92] has long been known [105, 110, 165] (see also [24]
for a review) thanks to its supersymmetry and homogeneity. The spectrum
of gravitons about the N' = 2 SU(3) x U(1)-invariant solution [31] is also
known [93]. Here we compute the graviton spectra for the four other AdSy
solutions in this sector.

The starting point for our analysis is the local geometries presented
in section 3.2.2. In order to simplify the calculations, we will focus on
two disjoint further subsectors with symmetries Go and SU(4),. larger than
SU(3). We will obtain the graviton spectra for arbitrary constant values of
the D = 4 scalars in those sectors. Finding the actual spectra about each
individual solution will simply entail an evaluation of those formulae at the
corresponding scalar vevs.

Gga-sector The Go-invariant sector of the D = 4 SO(8) supergravity is
attained from the SU(3) sector through the identifications (3.91). It contains
an SL(2,R)/SO(2) dilaton-axion pair (¢, x), and its uplift was given in
(3.137). The warp factor and internal d = 7 geometry that feature in (4.7)
are given by

€2A _ €—¢X1/3A§/3L2 ,
(7.62)
ds? = g L7 (P X T0dB2 4 AT sin? Bds(S7) ) .

Here 3 is an angle on S7, with 0 < 8 < 7, and ds?(S°) is the round Einstein
metric on the unit radius S The dilaton ¢ appears explicitly in (7.62) and
the axion x appear both explicitly and through the combinations X defined
in equation (3.56) and

Ay = X (e*sin® B+ e 2? X% cos” ) . (7.63)

The geometry (7.62) is in fact invariant under the SO(7), that rotates the
round S%. When y # 0, the symmetry of the full D = 11 configuration is
broken to Gg by the supergravity four-form field strength (3.139).

For the class of geometries (7.62), the differential equation (4.7) becomes

e X305 + 6cot B0g) + e ¥PA1sinT? g |V = —g M?Y, (7.64)

where Ogs is the S Laplacian. Using separation of variables,

V=71, (7.65)
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where f = f(53) depends only on 3 and ) are the S® spherical harmonics,
D56yk = (]{7 + 5)yk , (7.66)

the PDE (7.64) reduces to an ODE for f(f),

X3 (f"(B)+Geot Bf'(8) —e P Arsin ™ Bk(k+5)f(8) = —gT*M>f(B),

(7.67)
where a prime denotes derivative with respect to 5. Finally, it is convenient
to introduce a further change of variables,

u = cos’ 3, flu)y=01- u)%H(u) . (7.68)

The independent variable w now ranges in 0 < u < 1, covering this interval
twice given the range of 5 below (7.62). In the variables (7.68), the differential
equation (7.67) takes on the standard hypergeometric form

u(l—u)H"+ (¢c— (1+ay +a_)u)H —ara_H =0, (7.69)

with

=1k+3)FiV9+ e X 3g2M2+ (1 — e X 2)k(k +5),
) (7.70)
€=z
The two linearly independent solutions to (7.69) are given by the hyper-
geometric functions

oFi(ar,a_,c;u) and uw' 9P (1+ay —c,l4+a_ —c,2—cu). (7.71)

Both solutions are regular at u = 0 for all values of the parameters (7.70). At
u = 1, however, regularity imposes restrictions on the parameters. Regularity
of the first solution in (7.71) demands a4 = —j with j a non-negative integer.
Bringing this condition to (7.70), we find a first tower of KK graviton squared
masses:

9 ME = X2+ k)2 + k4 6) +e PX (e —e X )k(k+5).

(7.72)

The corresponding eigenfunctions are given by (7.65), (7.68), with H (u)
given by the first choice in (7.71), namely

J N
. +k+3)s s
Vayjk = Vi sin® g Z(—l)S <Z> (‘7<1)) cos® B (7.73)
s=0 2/8
(no sum in k), where

, ifs=0

1
(x)8:{$($+1)~--(x+3—1) , ifs>0 (7.74)
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is the Pochhammer symbol. Regularity of the second solution in (7.71) at
u = 1 in turn requires 1 + a4y — ¢ = —j, with j again a non-negative integer.
Bringing this condition to (7.70), we find a second tower of KK graviton
squared masses:

97MG i = € X3 (24 14E) (2 +14k+6)+e P X (7 —e P Xk (k+5) .

(7.75)
The associated eigenfunctions are now given by (7.65), (7.68), with H(u)
given by the second choice in (7.71):

S (%)s

The eigenvalues (7.72) and (7.75) actually correspond to a unique tower
of KK graviton masses. This is made apparent by introducing a new quantum
number n defined as

J N
Vyjk = Vi sin® 8 (=1)* (]> Ukt ds oo B. (7.76)
s=0

B { 25+ k , for the first branch (777)

| 2j+1+k , for the second branch.

In terms of (n, k), (7.72) and (7.75) can be combined into the single KK
tower:

g_2Mg’k = e X3n(n +6) + e PX (e — e X)) k(k+5), (7.78)
which is our final result. The quantum numbers range here as
n=0,1,2,..., k=0,1,...,n. (7.79)

Only n ranges freely over the non-negative integers, due to its definition
(7.77)) in terms of the non-negative but otherwise unconstrained integer j.
The range of k is limited to k < n by (7.77). At fixed n, the eigenvalue (7.78)
occurs with degeneracy

Dy7 = dim [k, 0,0]s0(7) , (7.80)

where, more generally, Dy n is the dimension of the symmetric traceless
representation [k,0,...,0] of SO(N),

Din = <k+]]j_1> — (k‘:]f;?’) (7.81)
= e @k + N =2)(k + N =3)(k+ N —4)- (k+2)(k +1),
for £ > 2 and
Doy =1, Dy =N, forall N =2,3... (7.82)
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It is also useful to note that

Dypn-1=DpnN—Dp_1,n, foralln=1,2,... andall N =2,3...

(7.83)
The eigenfunctions (7.73), (7.76) can be similarly combined into
[nTik] n—k n—k
— 0k s [T} ([T] tEA34hak)s e
nk = V&S -1 cos Tk 3
st 3o ()L :
(7.84)

where [-] means integer part and we define the symbol h,, j, as

2 1 , n—k odd (for the second branch).
(7.85)
At fixed n and k, the eigenfunctions (7.84) span the [k, 0, 0] representation
of SO(7),. Moreover, it can be checked that these eigenfunctions at fixed n
actually span the full symmetric traceless representation [n, 0,0, 0] of SO(8).
In other words, the eigenfunctions (7.84) turn out to be simply the SO(8)
spherical harmonics of S7, branched out into SO(7),, representations through

B = 11—k — 2 [n — kz] _ { 0 , n—k even (for the first branch)

,0,0,0 *23" S [k,0,0. (7.86)
k=0

This is consistent with the quantum number ranges (7.79). This is also
compatible with the internal geometry (7.62) being topologically S7: it can
be continuously deformed into the round SO(8)-invariant geometry by setting
¢ = x = 0. These arguments suggest that the spectrum (7.78), (7.84) is
in fact complete. Thus, the quantum number n can be regarded as the
Kaluza-Klein level in (6.37), as it coincides with the unique integer that
characterises the KK spectrum of the N' = 8 SO(8)-invariant Freund-Rubin
solution.

SU(4).~sector The SU(4).-invariant sector of SO(8)-gauged supergravity
contains three pseudoscalars: x, (, C~ . In the Iwasawa parametrisation of the
appendix, the SU(3)-invariant dilatons ¢, ¢ become identified in terms of
the pseudoscalars via equation (3.83). With the understanding that ¢, ¢
depend on the independent fields ¥, C, C~ , the former can be conveniently
used to parametrise the SU(4).-invariant sector, as the resulting expressions
are more compact. The embedding of this sector into the D = 11 warp factor
and internal metric [78] given in (3.133) read

24 = e39te 2 , ds2 = g72L72 |e7297%ds* (CP?) + e 3% (dip + 0)2}
(7.87)
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Here, ds? ((CIP’3) is the Fubini-Study metric on the complex projective space,
o a one-form potential for the Kahler form on the latter, and 0 < ¢ <27 a
coordinate on the Hopf fibre of S7. Away from the SO(7).-invariant locus,
(3.89), where the symmetry is enhanced accordingly, the geometry (7.87) is
invariant under SU(4). x U(1), with U(1) generated by dy. This U(1) is
broken by the D = 11 supergravity four-form (3.135).

The D = 11 configuration (7.87) is homogeneous: the warp factor depends
only on the D = 4 scalars and not on the S” coordinates, and the metric ds2
corresponds to a homogeneous stretching of the S” geometry along its Hopf
fibre. Therefore, the differential equation (4.7) simplifies for this geometry as

|:(e3<p — 2092 4 06 |V = —g M2 Y, (7.88)

with (g the Laplacian on the round, Einstein metric on S7. The solutions
of (7.88) are accordingly given by the SO(8) spherical harmonics on S7,
branched out into representations of the SU(4). x U(1) symmetry group of
(7.87) and (7.88) via
SUM). xU(1) w—
[n,0,0,0] ——— [r,0,n — r|op—n , (7.89)
r=0

with the subindex indicating the U(1) charge. More concretely, the S”
spherical harmonics, in the [n, 0,0, 0] of SO(8), split according to (7.89) as

b1..bp—r a1 ar

Vnr(2,2) = Cay..an 22 2y B (7.90)

n—r ?

for
n=012..., r=0,1,...,n. (7.91)

In (7.90), 2! = p! + iu?, etc, are complexified embedding coordinates of R®
constrained as d4p uAuB =1, with A,B=1,...,8, and calma,«bl'"bn—r is a
constant tensor in the [n — 7,0, 7] of SU(4). The functions (7.90) obey

OseVnr = —n(n +6)Vn.r . OpYnr = —(n=2r)Vnr,  (7.92)
and thus satisfy the differential equation (7.88) with eigenvalue
g_zMgﬂ, = equﬂon(n +6)+ (63“0 — 62¢+‘p)(n — 27“)2 . (7.93)
This occurs with multiplicity
dny = dim[r,0,n—rlgy) = 1—12(n—|—3)(7“+1)(7“+2)(n—7“+1)(n—7“+2). (7.94)

To summarise, the complete spectrum of the eigenvalue equation (7.88)
is (7.93), (7.90), with the quantum numbers ranging as in (7.91). The
eigenvalues (7.93) have multiplicity (7.94) and the eigenfunctions (7.90) are
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simply the S7 spherical harmonics split into SU(4). x U(1) representations
through (7.89). The eigenvalues have been given in terms of D = 4 scalars.
The massive KK graviton spectra about D = 11 AdS, solutions in this sector
are obtained by fixing the D = 4 scalars to the corresponding vevs. Like in
the case of the Gg sector, the integer n is identified with the KK level by an
argument similar to that put forward below (7.86).

Type IIB

We now move on to compute the graviton spectrum about the AdS4 solutions
of type IIB supergravity recently obtained in [156]. These geometries, in the
same class as addressed in section 7.2 arise upon consistent uplift [28] on an
S-fold geometry of AdS, vacua of D = 4 N = 8 gauged supergravity with
dyonic [SO(6) x SO(1,1)] x R'2 gauging [75, 76]. Again, we will focus in this
section on solutions that preserve at least SU(3) symmetry classified in [156].
We will compute the generic graviton spectra for arbitrary constant values
of the SU(3)-invariant scalars of the D = 4 supergravity.
The type IIB geometries under consideration are given by [156]

A =VYe? L%,
67‘10

VY

The geometry inside the last parenthesis extends globally over a topological
S5, with d82((C]P’2) the Fubini-Study metric on the complex projective plane
within S° and 0 < 7 < 27 the Hopf fibre angle. The local one-form o’
is a potential for the Kéhler form on CP2. The sixth internal coordinate
n will be taken to be periodic, n ~ n + T, with T a positive number.
The ten-dimensional geometry (7.95) also depends on the SU(3)-invariant
scalars both explicitly and through the combination Y defined in (3.56). For
general values of the scalars, the geometry (7.95) displays an isometry group
SU(3) x U(1); x U(1),, with the U(1), factor broken by the type IIB fluxes.
In particular, the type IIB fields charged under the S-duality group SL(2,R)
undergo a monodromy transformation as n crosses through different periods
[28]. The type IIB metric is neutral under S-duality and thus insensitive to
this transformation.

Like (7.87), the type IIB embedding (7.95) is homogeneous. Accordingly,
the differential equation (4.7) reduces for this geometry to

(7.95)

1
22 27 -2 20 7,2 22 "2
dsg = g L™ |VYe “Pdn” + \F(ds (CP*) 4+ Y(dr + o) )}

202 4+ € (1 = Y2 + efY Dss]y = —g MY, (7.96)

where gs is the Laplacian on the round, Einstein metric on S°. The
complete set of eigenfunctions Y = )y, ,, that solve (7.96) can be taken to
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satisfy
Dssyf,p,n = _E(E =+ 4)yé,p7n y azyf,p,n = _(E - 2p)2y€,p,n y
2 . (7.97)
8ny€,p,n = _(Tﬂn) y@,p,na
for
(=01,2,..., p=01,....0, n=0-+1+2, .., (7.98)

with ¢ and n unconstrained and p constrained by ¢ through p < ¢. In
other words, the eigenfunctions Yy, come in representations of SU(3) x
U(1), x U(1),, and are explicitly given by products of harmonics on the S*
generated by 0, and spherical harmonics [0, £, 0]sy(4) on S branched out
into representations of SU(3) x U(1), via

l
SU(3)xU(D),
[0,6,0] "0 N [p, £ — pley (7.99)

p=0

Bringing (7.97) to (7.96), we find the eigenvalues
G IME,, = ePY UL+ 4) + (1 - Y)(£—2p)2 + ¢ (25)%,  (7.100)

occurring with degeneracy

2dim[p, £ —plsyz) =@+l —-p+1)(£+2) , ifj#0.

(7.101)
In summary, the complete eigenvalue spectrum of equation (7.96) is
(7.100) with the eigenfunctions )y, described above and with the quantum
numbers ranging as in (7.98). The eigenvalues (7.100) have multiplicity
(7.101), and have been given in terms of D = 4 scalars. The massive KK
graviton spectra about D = 11 AdS4 solutions in this sector are obtained by

fixing the D = 4 scalars to the corresponding vevs, as we will see next.

{dim[pyﬂ—p]sms) =i+ )(l—p+1)(+2) , ifj=0
lpj —

Graviton masses at the solutions

Using the previous results for the M-theory and type IIB configurations, as
well as [24, 93, 143], we can write down the KK graviton spectra about the
AdSy solutions of the ten and eleven-dimensional supergravities that uplift
from critical points with at least SU(3) symmetry of the three D =4 N =8
gauged supergravities in figure 3.1.

In M-theory, the spectrum above the AdS, solutions with at least Go
symmetry and at least SU(4), symmetry can be obtained by particularising
(7.78) and (7.93), respectively, to the scalar vevs given in table 3.2. We have
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Solution Mass Degeneracy

N =8,80(8) L2M?=4in(n+6) dy = Dps

LEETEC A A R il b S (AR AR

N=1, G L2M2 ) = 3n(n +6) — Fk(k +5) dpje = Diz

N =0,80(7), L>*M2, =3n(n+6)—2k(k+5) dp g = Dy

N =0,80(7). L2M?=Zn(n+6) dy = Dpg

N=0,SU4). L*M2,=3n(n+6)— &(n—2r)? dpr=3n+3)(r+1)(r+2)n—r+1)(n-r+2)

Table 7.4: The KK graviton spectra of AdS, solutions of D = 11 supergravity that
uplift from critical points of D = 4 N' = 8 SO(8)-gauged supergravity with at least
SU(3) symmetry. See (7.81) for the notation Dy n. The quantum numbers range as
in (7.102).

brought these results to table 7.4. In order to exhaust the KK graviton spectra
of AdS, solutions of D = 11 supergravity that uplift from critical points
of D =4 N = 8 SO(8)-gauged supergravity with at least SU(3) symmetry,
the table also includes the spectrum [24] about the A/ = 8 Freund-Rubin
solution [92] and the spectrum [93] about the SU(3) x U(1).~invariant AdSy
solution [31, 77]. The latter is given as in [143], with fhere = Pthere + Gthere-
The corresponding multiplicites are also given in the table, and the quantum

numbers range as

n=0,1,2,..., rk=01,....n, £=p,....p+7r, p=0,1,...,n—1.

(7.102)
The only quantum number that is free to range unrestricted over the non-
negative integers is n, all the others being bound by it. This is consistent
with the interpretation of n as the SO(8) KK level in (6.37). At fixed KK
level n, the degeneracy of the N =8 SO(8)-symmetric spectrum is broken
into representations of the isometry group of the internal metric. This may
be larger than the symmetry of each solution, as the fluxes will further break
the isometry to the actual symmetry quoted in the table. Similarly, the
eigenfunctions corresponding to each solution are simply the S” spherical

harmonics branched out into the representations of the relevant group.

For convenience, table 7.5 imports from [143] the KK graviton spectra of
AdSy solutions of massive ITA supergravity that uplift from critical points of
D =4 N = 8 dyonic ISO(7)-gauged supergravity with at least SU(3) symme-
try. The table includes the squared masses in units of the corresponding AdS

radius L, as well as the multiplicites. In this case, the quantum numbers’
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Solution Mass Degeneracy

N=2,U@3), I*M,,=3k(k+5)—300+4)+5(l—2p)° drep=3p+1)(—p+1)(+2)

N=1, Gy LM} = Sk(k+5) dy, = Dz
N=1,80B) L*MZ,, =3k(k+5)— H0l+4)— 5 —2p)® drep=35p+1)(E—p+1)(+2)
N=0,80(7), L*M}=2k(k+5) dy, = Dy
N=0,80(6), L*MZ,=k(k+5)—30(+4) dp = Dyg
N=0, Gy L2ME = 1k(k + 5) dy = Dyr

Table 7.5: The KK graviton spectra of AdS, solutions of massive ITA supergravity
that uplift from critical points of D = 4 N = 8 dyonic ISO(7)-gauged supergravity
with at least SU(3) symmetry, taken from [143]. See (7.81) for the notation Dy, .
The quantum numbers range as in (7.103).

ranges are

k=0,1,2,..., £=0,1,....k, p=0,1,...,¢0, (7.103)

with knere = nin 143 Again, k is the only quantum number that is unre-
stricted. For this reason, k can be interpreted in this case as the SO(7) KK
level in (6.37). The eigenfunctions are now the S% spherical harmonics split
into representations of the internal isometry group. This again may be larger
than the symmetry of each solution given in table 7.5 because the fluxes may

further break the isometry to the actual symmetry of the full solution.

Finally, we turn to the spectrum of gravitons corresponding to the type
IIB AdS, S-fold solutions that uplift from critical points with at least SU(3)
symmetry [156] of D = 4 N = 8 supergravity with (SO(6) x SO(1,1)) x R*?
gauging. These are found by bringing the corresponding vevs, collected in
our conventions in table 7.3, to equation (7.100). The results are summarised
in table 7.6. The KK graviton spectra are sensitive to the period T of the
S-folded S'. The eigenfunctions are products of S° harmonics, possibly
branched out into SU(3) x U(1), representations, and U(1), harmonics. This
U(1), is broken by the IIB fluxes.

The masses and degeneracies in tables 7.4-7.6 perfectly match the one
obtained through the algebraic route discussed in chapter 6 for every solution.
In the following, the SL(8, R) formulation of section 6.1 will prove particularly

useful to formulate the universal properties identified in the spectra.
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Solution Mass Degeneracy
N=1,8U@B) LM, =30(+4)— Z((—2p)* + 550 dpy

N =0,80(6), L*MZ,=30(+4)+%n? dgn = (2 = 60) Dy
N=0,SU(3) LM, = 3((+4) + %n? o = (2= 600) Deg

Table 7.6: The KK graviton spectra of AdS, S-fold solutions of type IIB supergravity
that uplift from critical points of D =4 N =8 (SO(6) x SO(1,1)) x R'?-gauged
supergravity with at least SU(3) symmetry. See (7.81) for the notation Dy y and
(7.101) for dg . The quantum numbers range as in (7.98).

7.3.2 Universality in SU(3)-invariant sector

When regarded as vacua of their corresponding D = 4 N = 8 gauged
supergravities, the AdS solutions under consideration with at least SU(3)
symmetry tend to exhibit the same mass spectrum of scalars, vectors and
fermions within their D = 4 supergravities. This is the case for all these
solutions, except for the two N = 0, SU(3)-invariant critical points of ISO(7)
supergravity and the ' = 0, SU(3)-invariant critical locus of (SO(6) x
SO(1, 1)) x R'? supergravity, as shown in table 7.7. The question that we
would like to address in this section is whether this situation persists for
higher KK modes. The spectrum of gravitons computed for these solutions
and recorded in tables 7.4-7.6 shows that this universality is indeed lost at
higher KK levels: the KK gravitons do have completely different masses for
all the solutions considered.

However, as we will now show, universality is still maintained, though in a
milder form that is not apparent from the individual mass values. It turns out
that certain sums of KK graviton masses weighted with their multiplicities
do remain universal. This is the case at least for solutions in the same or
different N' = 8 gaugings with the same symmetry and whose spectra within
the D = 4 supergravity are the same. Specifically, if two AdS, solutions of
D = 11 supergravity or type II supergravity uplift from critical points with
the same supersymmetry N < 8, the same symmetry G D SU(3) (possibly
embedded differently into the gauge group) and the same spectrum within the
D = 4 N = 8 gauged supergravities, then there exist infinitely many discrete
combinations L? tr an), n=1,2,3,..., of graviton masses weighted with
their multiplicities that are the same for both solutions. This statement was
first observed for the N' =2 SU(3) x U(1)-invariant solutions in [143]. Here

we will extend that result to all other solutions with at least SU(3) symmetry
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(Super)symmetry SO(8) ISO(7) (SO(6) x SO(1,1)) x R'?  same spectrum?
N =8, 50(8) v X X -
N=2,U@3) v v x v
N=1,Gy v v X v
N=1,SU@3) X v v v
N =0, S0(7) v v x v
N =0, SO(6) v v v v
N =0, Go X v X -
N =0, SU@3) x v v x

Table 7.7: Possible residual (super)symmetries, regardless of their E7(7y embedding,
of AdS vacua in the SU(3)-invariant sector of the three different gaugings that we
consider.

in the gaugings of figure 3.1, summarised in table 7.7. With the hindsight
gained in chapter 6, the notation L?tr Mfm, relates to the fact that the
combinations in question correspond to traces of the (infinite-dimensional)

KK graviton mass matrix at fixed KK level n.

More concretely, for the M-theory solutions we define L?tr M(Qn) to be
the sum of the squared masses in units of the corresponding AdS radius L,
weighted with the corresponding multiplicity as given in table 7.4. The sum
is taken at fixed KK level n and over all other quantum numbers ranging as
in (7.102). For example, using this prescription, one obtains for the N/ = 8

SO(8) solution [143],

L2 tr M?

&y =L*M}dy=14Dy_110. (7.104)

In the last step, we have made use of the definition (??) as a shorthand for the
resulting 8th degree polynomial in n. Similarly, for the N' =2 SU(3) x U(1)..

solution, we have [143]

n n—rp+tr

LPte M2, = L2 "> M2, duper =2 Dyino- (7.105)
r=0 p=0 ¢=p
Proceeding similarly, we compute the quantities L? tr an), n=12,..., for

the KK graviton spectra summarised in table 7.4 for D = 11 AdSy4 solutions
that uplift from critical points of D =4 N/ = 8 SO(8) supergravity with at
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least SU(3) symmetry. We obtain:

N =8, S0(8) . L% tr M2

oy =14Dn_110 ,

N=2,SUB)xUQ1). : L*trMZ =38Dy 110 ,

N=1, G c LPtr M2 =% Dp 110 .
(7.106)
N =0 y SO(?)U : L2 tr M(Qn) = %4 anl,lO N
N =0, SO(7). c LPtr M2 =% Dy 110
N =0, SU4). D LPtr M2, =% Dn110

In particular, the two SO(7)-invariant solutions have their residual symmetry
embedded differently into the SO(8) gauge group as SO(7), and SO(7)..
They have the same mass spectrum within D = 4 N' = 8 SO(8) supergravity,
according to table 7.7. Their KK graviton spectra are different, though,
according to table 7.4. But as can be seen from equation (7.106), the quantity
L?tr M2,
The quantities L? tr M(Qk)
with at least SU(3) symmetry that uplift from critical points of dyonic ISO(7)

is the same for both solutions for all n.

for the KK gravitons of massive ITA solutions

supergravity were computed similarly, for £ = 1,2,..., in [143]:

N=2,8U3)xU(), : L*trMj =5LDy 1,9 ,
N=1, G t LPtr MG, =2 Dy
N =1, SU(®3) c LPtr My, =2 Dpy g
(7.107)
N =0, S0(7), c LPtr MG =% Dpry
N =0, SO(6), c LPtr MG, =3 Dyyy
N =0, Gy t LPtr MG, =21Dy 9

Here, we have again made use of the notation Dy, ny defined in (7.81) as a
shorthand for the degree-7 polynomial in k that apparears in the r.h.s.’s.
Now, recall from (6.37) that & and n can respectively be regarded as the
KK levels in massive IIA and D = 11. At first KK level, the quantities
L? tr M2_, in (7.106) and L? tr M2, in (7.107) can be checked to match, by
virtue of the first relation in (7.82), for solutions with the same symmetry
group regardless of the embedding of the latter within the corresponding
gauge group. For example, for the D = 11 SU(3) x U(1).. solution [31] and the

massive ITA SU(3) x U(1), solution [26], [L? tr MZ ]11p = [L* tr M Jua = %,
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at n = k = 1, as already noted in [143]. Inspection of (7.106) and (7.107)
confirms that similar matches occur at KK level one, n = k = 1, for the
D = 11 and massive ITA solutions with common (super)symmetry N = 1,
G, and N =0, SO(7), and ' = 0, SU(4) ~ SO(6).

Further, there is still matching at higher KK levels n > 1 in D = 11 and
k > 1 in massive ITA, provided a prescription is adopted to relate n and k.
This prescription is precisely (6.14), so that the D = 11 KK level n formally
contains all ITA KK levels k = 0,1,...,n. Using this, it follows from (7.106)
and (7.107) that

n

SOILP e Mg Jua = [LP 0 M2 Jup,  n=0,1,2,..., (7.108)
k=0

for all the solutions that we are considering with the same symmetry and
supersymmetry in massive IIA and D = 11. Here, L? tr M<20) = 0 corresponds
to the massless graviton, for both the D = 11 and type IIA cases, as well
as for the IIB cases below. These sums are related to the mass matrices
in section 6.1, as we will discuss momentarily. To see this, it is convenient
to further add different SO(8) levels in (7.108) a la (6.13). It immediately
follows that

[

3
S

]m 2s [
[L? tr MG, Jua = » [LPtr M2, . ], m=0,1,2,...,

s=0 k=0 =0
(7.109)

again for all solutions with the same (super)symmetry. The sums in (7.109)
obviously run over repeated number of states, both in ITA and in D = 11.
In (7.108), there are no repeated D = 11 states on the r.h.s., but the sum in
the Lh.s. does run as well over repeated states in IIA. These overcounting
issues can be avoided by subtracting two adjacent KK levels as in (6.15) or,
using the identity (7.83),

(L2 tr M2 Jua = [L? tr M2 Jup — [L2 tr MZ, plup,  n=1,2,...,
(7.110)
for solutions with the same (super)symmetry. This relation was already
shown to hold in [143] for the A/ =2 SU(3) x U(1) invariant solutions. Here,
we have extended this result to all other AdS solutions in the SU(3)-invariant
sectors of SO(8) and ISO(7) gauged supergravities with the same symmetry

and supersymmetry.
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The situation is similar, though slightly different, for the type 1IB AdS,
S-fold solutions that uplift from D = 4 A" =8 (SO(6) x SO(1,1)) x R*2-
gauged supergravity. According to table 7.7, this supergravity also has
critical points with the same symmetry G O SU(3) and supersymmetry
as other critical points of the SO(8) and ISO(7) gauging: N = 0 SO(6),
N =1SU(3) and N = 0 SU(3). The former two have the same spectrum
within their corresponding D = 4 supergravities, while the latter does not.
For this reason, we will only be interested in the former two vacua. Both
for the N/ = 1 SU(3) and the N' = 0 SO(6) ~ SU(4) solutions there are
combinations, [L2 tr M (Qn)]HB, of the eigenvalues in table 7.6 that match the
quantities [L? tr M (2/c>]II A and [L? tr M(Qn)]llD for the solutions with the same
symmetry for a certain choice of the period T. The tilde in [L?tr M(QM]HB
is taken to signify that, in this case, the combinations also involve negative
weightings. More concretely, consider the following quantities for the type

IIB solutions with the quantum numbers fixed as indicated:

L
N=1,8U@) : wMj=[> Mgp,nd&m]\g:ld
p=0 n=
- [sz,ndﬁ,p,n] ‘E:p:O, - [sz:nd&pvn] |€=p=0,
n=-—1 n=+1
N =0, SO(6), : trM(l) = [Mﬁ%ndf,n] ’gzld
n=
~[MEyden]| =0, = [MEndin]| =0, -
n=-1 n=+1
(7.111)

These quantities involve sums of mass eigenvalues, weighted with their
degeneracies as given in table 7.6, and affected by a + or a — sign depending
on whether n = 0 or n # 0. Plugging in the expressions given in the
table, the quantity L? tr M(Ql) for the N/ = 1, SU(3) solution evaluates to
6—35 if T = 27, matching the quantity L? tr M, (21) for its counterpart type ITA
solution at KK level k = 1, given in (7.107). Similarly, L? tr ]\Zf<21> for the
N =0, SO(6), solution evaluated using the expressions given in table 7.6
gives % for T = 27. This again matches the quantity L? tr M, (21) at KK level
k =1 given in (7.107) for the N' = 0, SO(6), solution of massive IIA. It also
matches L? tr M2 at KK level n = 1 given in (7.106) for the D =11 N =0,
SU(4). solution. Although it is not as clear cut in the type IIB case, it will
be argued that the states that enter the sums in (7.111) also belong to KK
level m =1 in an SL(8)-covariant sense. The formal analytic continuation

n' = in, with i> = —1, removes the minus signs in (7.111). Under this
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analytic continuation, relations similar to (7.108) and (7.109) relate these
formal sums at higher KK levels for these type IIB solutions to their D = 11
and type IIA counterparts.

The covariant mass matrix perspective

As discussed above, the graviton states that enter the sums defining the
universal traces correspond to the decompositions of SL(8, R) representations
in (6.13) and (6.14) for the solutions in M-theory and massive type IIA. The
trace of the SL(8,R) level m = 1 graviton mass matrix (6.10),

trM(%) = —g2./\/lMN @MAB @NBA, (7.112)

thus reproduces the KK level-one traces discussed in (7.106) and (7.107).
Particularising (7.112) to each specific critical point with at least SU(3)
symmetry of the SO(8) and ISO(7) gaugings, making use of the relevant
embedding tensors, and again trading ¢ for L2, all the r.h.s.’s of (7.106)
and (7.107) with n = 1 and k& = 1 are reproduced. For example, using
the appropriate embedding tensors and vevs, we find that (7.112) evaluates
to 3¢, both for the SU(3) x U(1). point of the SO(8) gauging and for the
SU(3) x U(1), point of the ISO(7) gauging, once that g? is replaced with
the relevant L2. The trace relation (7.109) is a direct consequence of (7.112)
and the overcounting feature mentioned in section 6.1.

Interestingly, the mass matrix (6.9)-(6.12) also reproduces the KK gravi-
ton spectrum of the SO(4) solution of section 7.2 and the ones in table
7.6 for type IIB S-folds with period T' = 27 that uplift from vacua of the
(SO(6) xSO(1, 1)) x R'? gauging, provided the U(1),, quantum number n is an-
alytically continued as n’ = in, with 2 = —1. The origin of this analytic con-
tinuation can be put down to the fact that the SL(8)-covariant graviton mass
matrix formula (6.9)-(6.12) actually sees the compactified U(1),, as the non-
compact SO(1,1) factor in the D = 4 gauge group (SO(6) x SO(1,1)) x R'2.
From a IIB perspective, this factor is associated to a hyperboloid uplift [28].
In any case, the (analytically continued) spectra of the type IIB S-folds can
be also organised in SL(8,R) KK levels m = 0,1,... through the branching

[

b

]m 2sm—2s—/
SO(6 )><SO(1 1)

[m,0,0,0,0,0,0]5,(s) [€,0, 0025 —¢—2p -

@
Il
o

/=0 p=0
(7.113)
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This approach contains redundant states that can be projected out as dis-
cussed below (6.13). It would be interesting to determine if (6.9)-(6.12) can
be modified in such a way that the KK graviton spectra of vacua of the
SO(8) and ISO(7) gauging are still obtained, and the physical spectra of the
compactified S-folds is recovered as well.

The mass matrices for the lower-spin fields, (6.48) and (6.51), rendered
by ExF'T allow to extend these considerations to fields other than massive
gravitons. Table 7.7 shows that at lowest level n = k = 0 the spectra for all
modes tend to coincide, and we have checked that whenever this happens, the
milder universality of sums like the ones relevant for the gravitons remains
higher up in the tower modulo some provisos relating different gaugings that

will be discussed in future work.
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Conclusion and outlook

This thesis has addressed the relevance of the Kaluza-Klein problem in
string theory, focusing on new methods applied to consistent truncations and
Kaluza-Klein spectroscopy. For the dimensional reductions, we have seen in
chapter 2 that, in line with the recently proved [44] conjecture of [32], for
every N' = 2 AdS, solution of M-theory, there exists a consistent truncation
to minimal A = 2 gauged supergravity in D = 4 such that the lower-
dimensional supergravity fields enter the eleven-dimensional configuration
coupled to the G-structure tensors which control the undeformed geometry.
For the general class of solutions in [17], consistency has been checked in
all detail in section 2.3, including Einstein’s equations and supersymmetry
variations. See appendix A for further details.

These supersymmetric AdS configurations have a clear holographic sig-
nificance, and their construction has sometimes been anticipated out of field
theory intuition based on RG flows. This was precisely the case for the
cubic deformation of ABJM, whose IR fixed point is dual to the GMPS
solution reviewed in section 2.2. The operator spectrum of this strongly
coupled SCFT was studied in chapter 5 by means of the dual KK towers.
The analysis of the spectrum of massive gravitons and N' = 2 supermultiplets
around this solution has exhibited some of its non-trivial global properties,
as the fact that its metric cannot be isometrically embedded in R®.

Besides supersymmetry, the other main resource to study consistent
truncations and spectroscopy is U-duality. This has been the main focus
of chapter 3, where the notions of tensor and duality hierarchies have been
introduced and used to study both four-dimensional maximal supergravity
and its gaugings, and how these can be oxidised into higher-dimensional
theories. Chapters 6 and 7 have then followed this route with in introduction

of Exceptional Field Theory, which reformulates the full higher-dimensional
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theories in a duality-covariant way. Apart from the insight that this re-
formulation has granted on string duality itself, from the practical side it
has sourced major breakthroughs in the construction of consistent trunca-
tions via Scherk-Schwarz factorisations, and the more recent obtention of
KK spectra on warped inhomogeneous compactifications with fluxes even
on configurations with little or none preserved (super)symmetry or even
non-geometrically patched. This last topic was until very recently unap-
proachable, and some of the works during the graduate research that has
culminated in this dissertation can be counted among the first to develop
and employ this approach [C, E-G].

The methods discussed in this thesis will doubtlessly provide new tools to
address a variety of problems currently under inspection by the high-energy
physics community. Some of these problems lie in the framework of the
Swampland Conjectures [189-191] (see [192, 193] for recent reviews). Among
this complex net of conjectures, there are a few that have been already
directly tackled using the new KK exceptional machinery. As mentioned in
section 7.2, the absence of a free CFT point in the N' = 2 conformal manifold
dual to the S-fold solutions can be seen from the fact that at no point in this
locus all operators carry rational conformal dimensions (see e.g. (7.31) for
the complete spectrum at levels (¢,n) = (0,n), and (7.36) for the gravitons
at levels (¢,n) = (1,n)). Moreover, from the Zamolodchikov metric (7.7)
and the range of the scalars in (7.9), it follows that this conformal manifold
is non-compact. Both of these facts are in tension with the CFT distance
conjecture [194], which claims that every conformal manifold in string theory
should be compact and always contain a free point. Other ideas that have
been fruitfully informed by spectroscopy results are the conjectured absence
of scale separation in string theory [195], and the non-susy AdS conjecture
[196]. Both of them can be understood as inducing bounds on the spectra of
string theory configurations. The first can be stated as saying that for every

configuration of string theory there are modes in the KK spectrum such that
LM ~ O(1).

This is indeed the case for all the solutions addressed in this dissertation.
Regarding the stability of non-supersymmetric AdS vacua, one of the first

uses of the ExF'T tools showed that the KK spectrum of scalar modes up in

the tower can contain tachyonic modes even if there are none in the lower-

dimensional truncation [135]. However, there are also non-supersymmetric
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solutions in massive type IIA and type IIB uplifting from the maximal
supergravities in figure 3.1 whose perturbative spectrum is completely free
from instabilities [138, 141]. The lack of tachyonic modes does not guarantee
the absence of non-perturbative decay channels such as bubble nucleations
[197, 198] or brane-jet instabilities [174, 199]. However, some of these channels
have also been discarded for a few of them [141, 174].

Some of our results can also find application beyond high-energy physics.
The consistent truncations studied in Part I allow for holographic under-
standing of systems which can be of interest in theoretical condensed matter
(CMT) via the AdS/CMT correspondence (see e.g. [200-203]). Some novel
directions in this context include Janus solutions describing interfaces in CF'T
[178, 204-206], and Q-lattice and susy-Q [207, 208] constructions breaking
Lorentz invariance. The latter have been employed to construct RG flows
of boomerang type [209, 210] such that the field theories in the UV and
IR coincide, posing a conundrum about the counting of degrees of freedom
from a Wilsonian perspective. Another interesting holographic application
of these consistent truncations related to counting of degrees of freedom in

RG flows are the flows across dimensions constructed in [60, 211, 212].

There are a number of questions left open by our results. In order to
keep these conclusions as concise as possible, let me focus on only two of
them. Regarding the N' = 2 configuration of chapters 2 and 5, the fact that
the GMPS vacuum is only known as a numerical solution and that only its
spin-2 spectrum has been addressed is clearly unsatisfactory and deserves
further attention. A humble step in this direction would be obtaining the
precise way in which the space invaders arrange themselves to from N = 2
supermultiplets. A most promising tool to achieve this are the fugacities
briefly mentioned in appendix E, as they provide an organised way of keeping
track of which states need to be subtracted for multiplet completion or
(super)Higgsing.

The second point concerns the universality properties discussed in sec-
tion 7.3. Despite already observed in a sizeable number of examples so as to
regard it as a robust phenomenon, it completely lacks understanding from both
the supergravity and the field theory sides. It would therefore be desirable to
extend this analysis to solutions of other (possibly non-maximal) gaugings,
and figure out what distinguishes the solutions in table 7.7 which exhibit
universality from the ones which do not, such as the N = 0 SU(3)-invariant
points of dyonic ISO(7) [74] and (SO(6) x SO(1,1)) x R'? supergravities
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[156], who do not have the same spectrum within the D = 4 supergravities
nor the universal traces higher up in the graviton KK tower.

From both these questions, it is manifest that a natural direction for the
near future is how to extend the results that apply to maximal supergravity to
non-maximal theories. This has already been done for a class of half-maximal
D = 3 theories that can be embedded into half-maximal supergravity in six
dimensions [G], where an entire family of non-supersymmetric AdS3 solutions
were found which are completely stable at the perturbative level. These
methods are also being extended to other dimensions and supergravities with
varying amounts of supersymmetry, such as the §(4) solution [213-215] in
D =6 [J]. Another interesting direction to pursue in the near future would
be the inclusion of o’/ corrections in the computation of the KK spectra,
which would be relevant to further assess stability issues or the properties of
the conformal manifolds dual to the S-fold familes of section 7.2.

In the longer term, one might hope that these exceptional formulations
shed light in how to achieve a non-perturbative definition of M-theory. Some

proposals in this direction have appeared in [216-222].
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Conclusiones y perspectiva

Esta tesis ha abordado la relevancia del problema de Kaluza-Klein en teoria
de cuerdas, centrandose en nuevos métodos aplicados a truncamientos consis-
tentes y espectroscopia de Kaluza-Klein. Para las reducciones dimensionales,
hemos visto en el capitulo 2 que, de acuerdo con la recientemente probada
[44] conjetura de [32], para cada solucién N = 2 AdS, de la teoria M, existe
un truncamiento consistente a supergravedad gauge N' = 2 minima en D = 4
tal que los campos de la supergravedad en dimensién inferior entran en la
configuracién once-dimensional acoplados a los tensores de G-estructura que
controlan la geometria no deformada. Para la clase general de soluciones
en [17], la consistencia se ha verificado con todo detalle en la seccién 2.3,
incluidas las ecuaciones de Einstein y las variaciones de supersimetria. Véase

el apéndice A para maéas detalles.

Estas configuraciones AdS supersimétricas tienen una clara relevancia
en holografia, y su construccién ha sido en algunos casos anticipada por la
intuicién de teoria de campos basada en flujos de renormalizacién. Este fue
precisamente el caso para la deformacién ctibica de ABJM, cuyo punto fijo
en el infrarrojo es dual a la solucion GMPS recapitulada en la seccién 2.2. El
espectro de operadores de esta SCFT fuertemente acoplada se ha estudiado
en el capitulo 5 mediante las torres KK duales. El analisis del espectro de
gravitones masivos y supermultipletes A/ = 2 en torno a esta solucién ha
sacado a descubierto algunas de sus propiedades globales no triviales, como

el hecho de que la métrica no puede ser embebida isométricamente en R.

Aparte de supersimetria, el otro recurso fundamental para estudiar trun-
camientos consistentes y espectroscopia es U-dualidad. Este ha sido el foco
del capitulo 3, donde las nociones de jerarquias tensoriales y jerarquias de
dualidades se han introducido y han sido utilizadas para estudiar tanto
supergravidad maximal en D = 4 como sus posibles gaugings, y cémo es-
tos se pueden oxidar a teorias con mas dimensiones. Los capitulos 6 y 7
siguen esta ruta con la introducciéon de FEzceptional Field Theory, que es
una reformulacién de las teorias con dimensiones extra al completo de una
guisa covariante bajo dualidades. Ademas de haber ahondado nuestro en-
tendimiento de las dualidades en teoria de cuerdas per se, desde un punto de
vista practico, esta reformulacién ha traido consigo grandes avances en la
construccion de truncamientos consistentes via la factorizacién de Scherk-

Schwarz, y mas recientemente la obtencion de espectros KK sobre soluciones
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inhomogéneas, con warping y flujos, e incluso en los casos en los que poca o
ninguna (super)simetria es preservada o la solucién estd construida mediante
parcheamientos no-geométricos. Esto ultimo era impensable hasta hace muy
poco, y algunos de los trabajos durante la investigacién predoctoral que ha
culminado en esta disertacién se cuentan entre los primeros en desarrollar y
emplear este acercamiento [C, E-G].

Los métodos discutidos en en esta tesis van sin lugar a dudas a pro-
porcionar nuevas herramientas con que afrontar multitud de problemas
actualmente en el punto de mira de la comunidad de fisica de altas energias.
Algunos de estos problemas se circunscriben al campo de las Conjeturas de
Ciénaga [189-191] (véanse también las resenas [192, 193]). Dentro de esta
compleja red de conjeturas, algunas han sido ya directamente abordadas
usando la nueva maquinaria excepcional de espectroscopia KK. Como se
menciond en la seccién 7.2, la ausencia de una CFT libre dentro de la var-
iedad conforme N = 2 dual a las soluciones S-fold se sigue del hecho de
que no hay ningin punto dentro de este locus tal que todos los operadores
tengan dimensiones conformes racionales (véanse, e.g. (7.31) para el espectro
completo a niveles (¢,n) = (0,n), y (7.36) para el espectro de gravitones a
niveles (¢,n) = (1,n)). Ademads, de la métrica de Zamolodchikov (7.7) y el
rango de valores de los escalares en (7.9), se sigue también que esta variedad
conforme es no compacta. Estos dos hechos estan en tensién con la CFT
distance conjecture [194], que afirma que toda variedad conforme en teorfa de
cuerdas debe ser compacta y siempre contener un punto libre. Otras ideas
que han sido fructiferamente informadas por resultados en espectroscopia
son la conjeturada ausencia de separacién de escalas en teoria de cuerdas
[195], y la non-susy AdS conjecture [196]. Ambas conjeturas inducen limites
en los espectros de las compactificaciones de teoria de cuerdas. La primera
puede ser formulada como la afirmacién de que para toda configuraciéon de

teoria de cuerdas existen modos en el espectro KK que cumplen
LM ~ O(1).

Esto es desde luego cierto en todas las soluciones estudiadas en esta dis-
ertacion.

En cuanto a la estabilidad de vacios AdS no supersimétricos, uno de los
primeros ejemplos de uso de las herramientas de ExF'T mostré que el espectro
de modos escalares en las torres KK puede contener modos taquiénicos incluso

si estos no aparecen en el truncamiento dimensional [135]. Sin embargo,
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también existen otras soluciones no supersimétricas en tipo ITA masiva y tipo
IIB que originan de las supergravedades maximales en la figura 3.1 cuyos
espectros perturbativos estdn completamente libres de inestabilidades [138,
141]. La ausencia de modos taquiénicos no garantiza la ausencia de canales
de decaimiento no perturbativos como la formacién de burbujas [197, 198] o
las inestabilidades brane-jet [174, 199]. No obstante, algunos de estos canales

también han sido descartados para algunas de estas soluciones [141, 174].

La aplicacién de algunos de nuestros resultados puede trascender la fisica
de altas energias. Los truncamientos consistentes estudiados en la Parte I
permiten comprender holograficamente sistemas que pueden ser de interés
en fisica tedrica de la materia condensada (CMT) via la correspondencia
AdS/CMT (véase e.g. [200-203]). Algunas nuevas lineas en este contexto
incluyen las soluciones de tipo Jano que describen interfaces en una CFT
[178, 204—206], y construcciones de tipo Q-lattice y susy-Q [207, 208] que
rompen la invarianza Lorentz. Estas tltimas han sido empleadas en la
construccién de flujos de renormalizacién de tipo boomerang [209, 210] tales
que las teorias de campos en el UV y el IR coinciden, generando un enigma
sobre el conteo de grados de libertad desde una perspectiva Wilsoniana. Otra
aplicacion holografica interesante de estos truncamientos consistentes también
relacionada con el conteo de grados de libertad en flujos de renormalizacion

son los flujos entre dimensiones de [60, 211, 212].

Nuestros resultados dejan algunas cuestiones abiertas. Con objeto de
mantener estas conclusiones concisas, me centraré en solo dos de ellas. Re-
specto a las configuraciones N’ = 2 de los capitulos 2 y 5, el hecho de que la
solucion GMPS sélo se conozca numéricamente y sélo su espectro de modos
de espin-2 haya podido ser abordado hasta el momento es claramente insat-
isfactorio y merece atencién futura. Un humilde paso en esta direccién seria
obtener de manera precisa el modo en que los space invaders se organizan
para formar supermultipletes AV = 2. Una herramienta prometedora para
este propdsito son las fugacidades mencionadas brevemente en el apéndice E,
ya que proporcionan una manera organizada de llevar la cuenta de qué
estados necesitan ser empleados en formar multipletes of participar en el
(super)Higgsing.

El segundo punto se refiere a las propiedades de universalidad discu-
tidas en la seccién 7.3. A pesar de que han sido observadas en un buen
numero de ejemplos y pueden por tanto ser consideradas como un fenémeno

robusto, carecen completamente de comprensién tanto desde el punto de
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vista gravitatorio como desde la teoria de campos. Seria por ende deseable
extender nuestro andlisis a soluciones de otros gaugings (posiblemente no
maximales), y desentranar qué distingue a las soluciones en la tabla 7.7 que
exhiben universalidad de las que no, como es el caso de los puntos N =0
SU(3)-invariantes de las supergravedades gauge con gaugings ISO(7) diénico
[74] y (SO(6) x SO(1,1)) x R'? [156], que no comparten el mismo espectro
ni dentro de la supergravedad D = 4 ni las trazas arriba en la torre KK.
Ambas cuestiones sugieren que una direccion natural para el futuro
préoximo es extender nuestros resultados para supergravedades maximales
a teorfas con menor supersimetria. Fsto se ha llevado a cabo ya para una
clase de teorias semi-maximales en D = 3 que pueden ser embebidas en
supergravedad semi-maximal en seis dimensiones [G], lo que ha llevado al
descubrimiento de una familia entera de soluciones AdSg no supersimétricas
completamente estables a nivel perturbativo. Estos métodos también se estdn
extendiendo a otras dimensiones y supergravedades con distinta cantidad de
supersimetria, como la solucién f(4) [213-215] en D = 6 [J]. Otra direccién
interesante para emprender en el futuro préximo es la inclusién de correcciones
o en el calculo es espectros KK, que podria ser relevante para escudrinar
mas a fondo las cuestiones de estabilidad o las propiedades de las variedades
conformes duales a las familias de soluciones de tipo S-fold de las seccién 7.2.
A largo plazo, cabe esperar que estas reformulaciones excepcionales
arrojen luz en cémo obtener una definicién no perturbativa de Teoria M.

Algunas propuestas en esta direccién incluyen [216-222].
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Appendix A

Consistency of the
truncation in chapter 2

A.1 Consistency of Equations of motion

Assuming that the background geometry (2.10) satisfies the D = 11 field
equations (I.1) and imposing their D = 4 counterparts (2.34), the KK ansatz
(2.37) also solves the D = 11 field equations provided the unknown forms X,
Y on the background geometry obey the restrictions (2.40)—(2.44). Equation
(2.42) must in turn yield the D = 4 Einstein equation. Let us derive these
equations and show that X and Y given in (2.45) solve them.

In order to do this, it is convenient to split the hatted form F,, in (2.39)
into a background contribution, F{,, in (2.10), plus a D = 4 graviphoton

contribution using i¢ Fy = ||£||:
F(4) =Fu — %/—1 NigFy . (A1)

The unknown forms X and Y can be similarly split. For calculation purposes,
however, it is more convenient to sweep the ||£|| factors under the rug and

write

X=¢eNigX+ X, Y=¢NiaY +Y, with g X =igY =0,
(A.2)
where é = di) + A — gA and é* is the dual vector such that ig«é = 1. We
thus have

dX = (dA— gF)Nige X —éNdig X +dX | (A.3)
and similarly for dY. With these definitions, it is now straightforward to see
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Appendix A — Consistency of the truncation in chapter 2

that G4 in (2.37) obeys
G o) = —%F NieFly — %A AdicF
_gF A [(dA CgFY Nig X —eAdig X + df(}
—gx F A [(dA —gF) NigY —eNdipY + dﬂ . (A4

on the D = 4 field equations (2.34) for F. Imposing dG,, = 0 and requiring
that the terms linear and quadratic in F' and x4 separately vanish, we arrive
at (2.40). These equations imply X = X, Y =Y, which we set henceforth.

We next move on to the four-form equation of motion. We fix the
orientation such that vol;; = 2 voly Avoly, with voly = €? A el A €2 A 3
and [17]

vol; = —e* A nell = —Ey A Ey A Es A vol(gsu(2)) » (A.5)

in terms of the frame introduced in footnote (2) with g4 taking the role of
gads,- In the following, the Hodge operators x11, x4, x7 are understood to be
associated to the volume forms corresponding to gi1, g4 and g7, with g4 the
metric in (2.37) and g7 as in the vacuum solution. With these conventions,
using the torsion conditions (2.19)—(2.21) and the D = 4 field equations
(2.34) of the graviphoton, we compute

— m
d %11 Gy = voly Ad (632 %7 Fly)) — gF A (anue% vol(gsu() A Ea A Eg)

—g*4F/\ [(d.A—gF)63A/\i§*7X—é/\d(€3A/\ZE*7X)]

NS

FA[(dA—gF)e™ Nigxr Y —eNd (2 Nigxr V)]
(A.6)
We also find
Gy A Gy = 2mvoly A Fuy — 29Fu AN(FAX +x4F AY)
+ 20 F A FAXAY +@PFAFA(XAX -Y AY).
(A.7)
Putting (A.6) and (A.7) together, we obtain the set of equations in (2.41).
Finally, we deal with the Einstein equation. In a frame {é4} for the
metric in (2.37), g11 = napé? ® é5, we obtain the following components of
the Ricci tensor:

~ 2 — —
Ricas = ¢ 2% {Ricaﬁ - %H&HQFMFW — 9(0,A0"A + VaV“A)naﬁ} ,
Ricay = ¢ { =S|V, Fa}
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A.1 Consistency of Equations of motion

2
Ricy, = e_QA{Ricab i %ng%ga(sgbpwmﬁ

+9[0aABA — Vo VA — (DDA — VeVEA)S 1] } , (A.8)

where we have split the global indices A = («,a) with a = 0,...,3 and
a =4,...,10. In these expressions, Ric,g and Ricy, are the external and
internal Ricci tensors in tangent space. In the same frame, the components
of the four-form in (2.37) can be read off to be

Gaﬂwd = m€_4A€o¢575 » Gabcd = 6_4AFade )
_ ) (A.9)
Ga,@ab = _ge_4A [FaBXab + %eaﬂw5Fv6Yab]7

with €123 = 1. The tangent space components of the right-hand-side of the

Einstein equation follow from the trace-reversed stress-energy tensor

1 1
Tap =15 (GACDEGBCDE - 1277ABG2) ; (A.10)

where T = Typé? ® éB, and read

1 2 B B 2 _
8T = —omPas + T (X2 + V) Py FyY = T FA(X? +2Y7)
fF T E L, XegY v FH PO X Yl
- 4 v(a€B) uv “xed - 24770466,uup0 cd )
BT =0,
eSAT _ 1 F F cde i’f] F2
ab 2 acdeL’b 12 ab
2
+ %FQ [G(XachC - YacYbC) - T]ab(X2 - YQ)}
2
_ 1
+ %EyupaFw/FpU {3(Xacyvbc + Yachc) — Nab XchCd:| + §m2 Nab -

(A.11)

Equating (A.8) and (A.11) we obtain equations (2.42)—(2.44) of the main
text.

We have thus shown that the system of equations (2.40)—(2.44) is equiva-
lent to the D = 11 Bianchi identities and equations of motion (I.1) evaluated
on the KK ansatz (2.37), when the D = 4 graviphoton’s field equations in
(2.34) are imposed. Let us now verify that X and Y given in (2.45) solve
these equations and that, for this choice, (2.42) reduces to the D = 4 Einstein
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equation written in (2.34). The contribution in (2.40) that is linear in F,
combined with the fact that X = X, implies

1, 1
dX = —igF = —7d (¢ VI=[€21) | (A.12)
where we have used (2.22) to compute the inner product with £. Thus,
1
X = —Ze?A«/l— 2T +6, (A.13)

for a closed two-form d. As for Y, we see from the torsion condition (2.19)
that a natural ansatz for it that is free from legs along E' and is closed (in
fact, exact), is

Y = ke*® (Js — ||€|| B2 A E3) (A.14)

for some constant k. The forms X, Y in (A.13), (A.14) solve, for all closed
0 and k, the conditions (2.40) coming from the D = 11 Bianchi identity.

The four-form equations of motion, (2.41), fix § and k. First, the seven-
dimensional Hodge duals of (A.13), (A.14) need to be worked out. We
get

’L'g *7 X = Hi’egA\/ 1-— ||f||2J1 N Ey N Eg + ig *7 0,
ig %7 Y = —k[[&][e*> (Ba A E3 — [[€]|J3) A Js .
Using (A.13)-(A.15), and (2.23) for d.A, the set of equations (2.41) becomes,

after some rearrangement,

(A.15)

{k‘5||(1+4k)J3AE A B3+ [\|§||2(1+4k) (kQ—llﬁﬂ Jl/\Jl}

+= (5/\< 1oa 1—]\5\%)0

(A.16)

1 1 .
! (k T 4) el T=TEPL A Ba A Es

1
—|—63A |:4i§ *7 0 + /i'(Jg — H§||E2 VAN E3) A 5:| =0,
(A.17)

):| J3/\J3/\E2/\E3—5/\F(4)

+
(k + > end[eS2(1—|E)P) A A L] =0,
(A.18)
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A.1 Consistency of Equations of motion

4 1
i£*7(5/\ |:J3+ <3H§” — ) EQ/\E3:| — fé/\d(egAigﬂw(S) =0.

€1l 4
(A.19)

m

317

It is now easy to see that all these equations are satisfied for the (very

possibly, unique) choice
§=0, k=-1. (A.20)

The expressions (2.45) for X and Y that we brought to the main text
correspond to (A.13), (A.14) with (A.20). At this point we have shown
that X and Y thus defined solve the equations (2.40), (2.41) implied by the
Bianchi identity and equation of motion for the D = 11 four-form. Let us
see that these are also compatible with the restrictions (2.42), (2.44) implied
by the D = 11 Einstein equation. These equations can be further simplified
by noting the following relation between m, A and the AdS4 cosmological
constant:

9(0, A0 A+ V,VOA) — 1e764m? = —12. (A.21)

Next, reading off the tangent space components of X, Y in (2.45), we can

compute the following contractions

1
XacVy = —1oV/1 = [[€]|2e% [030] — 000, + da0; — 6207]

XX = S (U ) (516 + 0305 + oBob +070t] . (A22)

1
YooY P = e [510] + 0708 + 630% + 810% + 1€2(6205 + 51°)] -

Using these expressions, and assuming that the undeformed internal Einstein
equations hold, we find that the internal components (2.44) of the Einstein
equation vanish automatically for all values of the graviphoton F. Similarly,

the external components (2.42) of the D = 11 Einstein equation become

. 2/ 1 -
RlCaIB + 12 7706,3 = % <Fa’yF/@Fy — 477a5F2> . <A23)

This coincides with the Einstein equation that derives from the D =4 N =2

gauged supergravity Lagrangian after a rescaling,
Ga=49""ga (A.24)
of the four-dimensional metric.
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Appendix A — Consistency of the truncation in chapter 2

A.2 Consistency of Supersymmetry variations

As discussed in the main text, for the ansatz (2.46) the internal components
of the D = 11 gravitino variation (I.3) under supersymmetry identically
vanish on the KK ansatz (2.37), and the external components reduce to the
supersymmetry variations for the D = 4 N = 2 gravitino, (2.36).

Let us first address the internal components. Using the gamma matrix
decomposition (1.7) and the G, components (A.9), some calculation allows

us to write

— n 1 7 1 7.\ ¢ c
00y =0"Wo —ge A/Q{Fmpﬁ”@ﬂ) [—Skawim—gka(wi) ® X

6—3A 7 de 6—3A 7 \C de. c
+ T8Xde¢i QYa Xi — KXde&bi) QYa X
6_3A R e €_3A 7\ C e.c
_TX%% @Y X + ?Xae(i/}i) XY Xy
—3A —3A

_ e _
15 Yaehi ® v %xi — T8Yde(¢i)c ® valex¢

— e
+F; (0" ®1) {

3N o—3A B
BT Yaethi @ Yxi + vYae(wi)c ® WeXf] } ) (A.25)

where we have defined F}. = %elgm)\ﬁ’”’\ and k, = %fa = %Hf”tsag. Here, 6°0,,
is the tensor product of 1; with the left-hand-side of the first equation in

(2.14), and thus vanishes. In the following, it is useful to note that

5a6'y§p6 = _ipa6705 ) Eaﬂ'yép'ﬂs = _27;pozﬁ/75 > Eaﬁﬂ/épﬁ’yé = 6ipaps ,
(A.26)
and
pa’C = p**pa — 20153 (A.27)

Using these relations, equation (A.25) can be further simplified into

_ 1, - .-
OWa = —ge 2 Fy (0" @ 1) | —chathi ® xi — Sha(i) @ X

38 . JEETN ) ]
+ KXCM/% ® Yo" X — KXde(wi)c ® Ya“Xi
YN -3 B
— g Xaei @YX + 5 Xae (i) ©@7°XF
- —3A - —3A
e - ie -
- 48 Ydewi X 'YadeXi - Tyde(wi)c@)?’)/adexg
je 34 - e ie 38 T \e e.c
+TYaewi @Y Xi + TYae(T/}i) @YX | - (A.28)
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A.2 Consistency of Supersymmetry variations

Acting with Py = %(Il + p5) @ 1, we get that §¥, = 0 if, and only if, the

following projection holds,
( Bk 4 e (X — Vi) (2% — 455576));@- —0, (A.29)

independently for ¢ = 1, 2. Introducing the explicit expressions (2.45) for X
and Y, some algebra allows us to massage the relation (A.29), for a = 8, into
(2.47) and, for a # 8, into (2.48) of the main text. These projections can
be checked to be fully compatible with the SU(2)-structure that defines the
background geometry, without giving independent restrictions on the Killing
spinors x;. As an instance of how this works, the projector (2.47) gives rise

to a bilinear

%5 [I€13® +9°10) + VTP = 277) = (5" +9°7)] -

= el (3(=illel) + allel) + VT = TP (- 2iv/T— [ETP) — i(-2) .
(A.30)

with x4+ = %(Xl +ix2), and where we have used (B.2), (B.3) of [17]. This
vanishes identically.

Next, we turn to the external variations of the gravitino. Particularising
(I.3) to external indices, employing the basis (1.7) for the Dirac matrices,
and extensively using the underformed Killing spinor equations (2.14), we

can write

gHEII

5‘I’M—6A/2{Vu¢i®xz‘—ﬂu¢i®xf Fu0°9; @ ¥¥x

+ %vbkjcg;ﬂzi & 'chXl gHgH u¢z ® Vgxi
2|1 112 —3A
g lEll” 5 = " ge - ok 7

- 1”28”14qu%1- ® Xi = T (FocXbe + FiYie) pu”“thi @ /"
92”5”6_3A 1 R % e, 7. be

+ TAM (FéeXbc + FﬁeYE)C) P wz QY8 Xi
ge=3 - ~ .

T (FunXde + FiYae) P @ EXZ} +m.c.

(A.31)
From (2.24) of [17] and Lex = Vex + 1Va&7%x (see [223]), we find that
Lex1 = —2x2 and Lexo = 2x1, so that

1€ Vsx1 + Vaksy™x1 = —2x2 1€ Vsx2 + Vakpy™xe = 2x1 . (A.32)
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Bringing these relations to (A.31) and using the D = 4 Dirac matrix relations
(A.26), (A.27) to get rid of the F}. terms, we obtain

gl!fH

5W, = eb/? {v#@h ® Xi — Pu(ti)° ® Xi — Fupp’i © 7%

i o —3A B
- geijAuwi X Xj — T8F56 [Xbc (Péepu + 2P666,u)¢i
+2iYe (0" pp — p‘seeu)d_}i} ® vbcxz} +m.c. (A.33)

where e, are the frame components. We can now use the G-structure
compatible projections (2.47), (2.48) to further simplify the result. Using
them, (A.33) becomes

i o
ﬁfijAuwi ® X;j

5\IIH = eA/Q {V,Lﬂz}l & Xi — pu(@z_)l)c ® Xi — 9

16F5€ 00 Outi ® xz} + m.c. (A.34)

At this point, we recognise one more projection, (2.49) of the main text, that
may be imposed to relate the internal spinors x; to their charge conjugates
X;. This projection is, again, fully compatible with the original Killing spinor
equations (2.14) and does not constrain the background geometry any further.
Using (2.49) along with (x$)¢ = x; and (pu¥i)¢ = pm) (¥:)¢, equation (A.34)
finally yields

0w, = B2 {Vpﬂ/}z pu(ﬂ)@) 61] uw + 16Fdep Pu €ij (w )¢ }®X1+m C.

(A.35)
If the external components ¥, of the D = 11 gravitino and the D = 4
gravitini wi'z are related as in equation (2.50) of the main text, then (A.35)
reproduces the supersymmetry variations (2.36) for the gravitini of D =4

N = 2 supergravity, after the metric rescaling (A.24) is taken into account.
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SU(3) subsector of maximal
SO(8)-supergravity

In chapter 3 we focused on the truncation of the D = 4 A/ = 8 SO(8)-gauged
supergravity and the corresponding class of solutions in D = 11 supergravity

to the subsector invariant under
SU(3) C SO(8) C Ex(7). (B.1)

In the SL(8,R) basis, the generators of this E;7) can be given as t4”
and tapcp, with ta? = 0 and tapep = tABCD]- In the fundamental
representation broken into 28 @ 28’ pieces, they take the form

1
(taP)cp®l = 4(5[305554 + §5§555> , ta®1P pr = —[ta®]er?,
(tABCD)EFGH = 15€ABCDEFGH tapcp)PFH = 26BEEH .

(B.2)
The hatted generators of chapter 6 are defined in exactly the same way.
The generators of the SO(8) C SL(8,R) C Ey(;) subgroup can be taken
only out of the t4Z. They can be chosen as

TAB = Qt[AC(SB]C . (B3)

The generators of SU(3) € SO(8) can then be taken to be Az, @ = 1,...,8,
defined as

M =Ty — Tos, Ao = —Ti3 — Toy, A3 =Tig — Ts4,
My = Tig — Tos, As = —Tis — Tog Xe = T36 — Tus ,
M=-Ts~Tie,  As= (T2 + T4 —2T56). (B.4)
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These generators indeed close into the SU(3) commutation relations
[)\&’AB] = Qf&B;y )\:/, (B5)
with dea = f[dm] Gell-Mann’s structure constants,
fizz =1, f458:f678:§7
frar = fies = foae = fosr = faas = fare = & .

Inside E;(7), the SU(3) generated by (B.4) commutes with SL(2,R) x
SU(2,1), with the first factor generated by

(B.6)

Ho= -1t/ =3t,"), Ey=3J9%9%t;;0,, Fo=35 9]0 0,
(B.7)
and the second factor by
Hy=—t7" +ts°,  Hy=J""t7,
Eip = —V2ImQ©@9% ¢ 00 Bio = —V2Re QO ¢, 48, By = —V21t57,
Fi1 = V2Re QO ¢,00 Fig = —V2Im QO ¢, 00 Fy = —V2t,5.
(B.8)
These are the numerator groups in the scalar manifold (3.53). In (B.7)
and (B.8) we have split the indices as I = (i,a), with ¢ = 1,...,6 in the
fundamental of SO(6), and a = 7, 8, by effectively identifying the fundamental
of SL(8,R) with the 8, of SO(8). We have employed the SU(3)-invariant
Calabi-Yau (1,1) and (3,0) forms
JO = el2 31 4 56 QO = (e! +ie?) A (€3 +iet) A (€5 +ieb), (B.9)
on R% C R®, with e'? = da® A da?, etc, and 2? the RS Cartesian coordinates.
We have also introduced the Levi-Civita tensor ¢y, in the R? C R® plane
spanned by the 7,8 directions. Indices 7,7 and a, b are raised and lowered
with d;; and dgp. The generators (B.7) and (B.8) indeed commute with each
other and respectively close into the SL(2,R),
[Ho, Ey] =2 Ey, [Hy, Fo] = -2 Fyp, [Eo, Fo] = Ho, (B.10)

and SU(2,1) commutation relations,

[Hi, Ho| = [Hy, E] = [Hy, F3] = [Fy;, 2] = [Eyy, Eo] =0,

[H1, E1;) = Eq, [Ho, Evi) = =3€ijE1j, [Hy, E2) = 2Es,

[H1, F1;) = —En,, [Ho, Fi;) = =3¢ F1j, [Hy, Fy) = —2F,
[Ev1, Ero] = —V2Es, [F11, Fio] = V2E;, [Eo, Fo] =2H,,

[Bvi, Fij]l = 0iHy + €ijHa,  [Ev, Fo] = V2ei;F1;,  [Ba, Ful = V2 EEfBE}iS
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with, here and only here, ¢ = 1,2. The generators of the maximal compact

subgroup of SU(2,1) are

V2

Ky=E,—F—---H Ki=-L(En-F
0 2 — F2— 5 Ha, 1 \/g( 11 1) , (B.12)
K2EL8(E12—F12), K3E—ﬁ(E2—F2)—iH2,
and close into the SU(2) x U(1) commutation relations
[Ko, K;] =0, (K, Ky| = €2y K, x=1,2,3. (B.13)

It is also interesting to note that the three different U(1)’s with which
SU(3) commutes inside the SO(8) subgroups SO(6),, SU(4). and SU(4), are

respectively generated by

U, :  —=J7, (B.14)
U)e = ="t +3a%t", (B.15)
U = =AJ7t7 +36°t,", withAeR, A#1. (B.16)

With these details, the SU(3)—invariant bosonic field content and its
interactions described in section 3.1.2 can be constructed from the parent
N = 8 supergravity. Per the analysis above, the SU(3)-invariant scalar
manifold is (3.53). A coset representative is

V= e_XEOe_%‘PHUe%mEQ*CE“*EEm)e_d)Hl , (B.17)

and the quadratic scalar matrix that enters the bosonic Lagrangian is M =
VYT, The metric on (3.53) that determines the scalar kinetic terms in
the Lagrangian (3.54) is then reproduced through —éDM A *DM~L. For
reference, the SL(2,R) x SU(2, 1) Killing vectors of this metric, normalised
to obey the commutation relations (B.10), (B.11), are

k[HO] = 28@ - 2X8x ) k[EO] = 8)( ) k[FO] = 2Xa<p + (6724,0 - X2)8x )
(B.18)
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and
k[H)] = g — 2ad, — (D¢ — Oz, k[Hs) = 30, — 3CO;,
KEu] = 500, —20),  K[Bisl = J5(C0a +20;),  k[Es] = V20,

BIF2] = V2 (a0 — e 7422 = Y2)0, — (aC — e 20Y)0 — e 2((Z + V) |

75 (€05 + (a¢ = e722(Y)00 — 3 (477 = (* +3(%)0¢ + 2(a + <§>8<~) :

KlFis] = 25 (COp — (al + €720V )0, + 2(a — CO), + (4e ™2 +3¢2 — ()0 )
(B.19)
Moving on, we need to specify how the SU(3)—invariant tensor fields in
(3.52) are embedded into their N/ = 8 counterparts. As detailed in (3.47),
the restricted A/ = 8 tensor hierarchy contains 28’ electric vectors A5,
28 magnetic vectors flAB, 63 two-forms B4P and 36 three-forms CAZ , in
representations of SL(8,R) [30]. In order to determine the embedding of the
SU(3)-invariant vectors A%, Ap, A = 0,1, into their N = 8 counterparts, we
note that SU(3) commutes inside SO(8) C Er(7y with the U(1)? generated, in
the notation of (B.8), by (Es — F2) and Hj or, equivalently, by K* and K3
defined in (B.12). These are the Cartan generators of the maximal compact
subgroup SU(2) x U(1) of the hypermultiplet scalar manifold. Splitting again
the /' = 8 index as below (B.8), A = (i,a), and fixing the normalisations

for convenience we have the following embedding into the N' = 8 vectors,

AT = A g A% =AY Aij = 341 i Ay = Ao €qp -

(B.20)
Similarly, for the two-form potentials we define
Bi= -+ B 267 + B2 Bl=1BL-1B%}  (B.21)
and for the three-form potentials,
ci=cté, CcP=C%. (B.22)

Additionally, the gauge covariant derivative acting on the scalars reduces
toD=d+ %g(k‘[Eg] — k[F»]) A° — g k[H3] A', and this in turn reproduces
(3.55) upon use of the relevant Killing vectors in (B.19).
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Geometric structures on S’

There are various sets of intrinsic coordinates that prove useful to understand
the symmetries of the different M-theory configurations in section 3.2, each
of them adapted to different geometric structures on S”. The expressions
below have been used to particularise the general SU(3)-invariant consistent
embedding formulae (3.119)-(3.122) to the further subsectors and AdSy

solutions discussed in section 3.2.2.

C.1 57 as the join of S! and a Sasaki-Einstein S°

The first set of coordinates solves the constraint (3.106) by splitting pu?,
A=1,...,8, as

pi=cosapt, i=1,...,6, p’ = sinacos, u® =sinasiny,
(C.1)
with 0 < a <7/2,0<4% <2, and ji*, i = 1,...,6, defining in turn an S°,
i.e. subject to the constraint d;;/i’fi’ = 1. The intrinsic coordinates (C.1) are
adapted to the topological description of S7 as the join of S® and S!, for

which the round, Einstein, SO(8)-invariant metric,
ds*(S7) = 045 du’tdp® (C.2)
on S” displays only a manifest SO(6), x SO(2) symmetry,
ds?(S87) = da® + cos® a ds?(S°) + sin® a dyp? (C.3)

with ds?(S°) = d;; dji'dii/ the round, Einstein metric on S® normalised so
that the Ricci tensor equals four times the metric. This S® comes naturally

equipped with the Sasaki-Einstein structure (n®, J® Q®)) endowed upon it
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from the Calabi-Yau forms J©® Q®© (B.9), on the R® factor of R® = R x R?
in which S® is embedded,

n? =JPRdE, IO =3I dE AR, QO = SO BldE A dRb
(C4)
These satisfy
JONQP) =0, %J(E’)AJ“)/\n“) = %Q@/\Q(E’)/\n(s) = vol(S%), (C.5)
and
dn® =2J® dQ® = 3in® A QO (C.6)

It is also useful to relate the Calabi-Yau forms J©® and Q©® written in terms
of constrained R® coordinates u? = (uf, %), i =1,...,,6, a = 7,8, to the
intrinsic S7 coordinate o in (C.1) and Sasaki-Einstein forms (C.4):
Ji(?uiduj = cos?an®,
i Jl-(;)dui Adp? = cos’a J® —sinacosada An®
: Q;?}g/ﬁduj Adpt = cos?a QO
: Qi;’}cd,uz Adp? Adpk = icosPa Q® An® —sinacoslada AQ® . (C.7)
The round metric ds?(S°) in (C.3) naturally adapts itself to the Sasaki-

Einstein structure (C.4) when written as
ds*(S°) = ds*(CP?) + (d7 + 0)?, (C.8)

with ds?(CP?) the Fubini-Study metric on the complex projective plane,
normalised so that the Ricci tensor equals six times the metric, 0 < 7 < 27
an angle on the S° Hopf fiber, and ¢ a one-form on CP? such that do = 2J®
with J® the Kéhler form on CP?, so that n® = dr + ¢ and J® = J®. For
completeness, we note that ds2(CIP’2) can be written in terms of complex
projective coordinates &%, i = 1,2, as

dsQ((CPQ) _ d¢; Elfi _ (gidfi)gﬁjdf_j) (C.9)

L+ &eh (1 +&€F)?

by introducing complex coordinates on R® = C3 through

~1 -2 1 itel =3 .~4 1 iT¢2 =5 -6 1 i
+iu” = —F——e , +ipu = —F——e R ‘i = —c .
po V1+&6:€ ¢ ks V14+&£ ¢ o 1+£:&
(C.10)
In these coordinates, the one-form o in (C.8) reads
; id_, _ _‘d )
o= v M ) (C.11)

2 14§
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C.2 57 as a homogeneous Sasaki-Einstein space

A second set of intrinsic coordinates on S” can be chosen that adapt them-
selves to its two natural, homogeneous seven-dimensional Sasaki-Einstein

structures. These descend on S7 from the Calabi-Yau forms J{, Q% on RS,

JE = JO© £ T8 = 12 4 3 | 56 4 T8
QP = QO A (" £ied) = (e! +ie?) A (2 +iet) A (€® +ie®) A (e +ie®),
(C.12)

that are invariant under SU(4), for the + sign and SU(4)s for the — sign. In
terms of the constrained coordinates p4, A =1,...,8, that define S7 as the

locus (3.106) in R, the Sasaki-Einstein structure forms induced on S7 are

e =L phdn", I = 5 g dpt A dp® (C.13)
QP =10P, pop pdp® A dpC A dp®
These are subject to
(0.14)
and
dny =2J7 ,  dQY =4iny AQY . (C.15)

The seven-dimensional Sasaki-Einstein structure (C.13) is related to its

five-dimensional counterpart (C.4) and the angles (C.1) through

nf = CoS an(" 4+ sin adl/J,
Jg) = cos’a J® +sinacosada A (dp Fn®),
Q(i” = e cos?a [da + i cosa sina(dy F 17(5))] AQE) (C.16)

The round metric on S” adapted to seven-dimensional Sasaki-Einstein

structure reads, similarly to (C.8),
ds?(ST) = ds*(CP2) + (dyps + 04)°, (C.17)

where ds?(CPY) is the Fubini-Study metric, normalised so that the Ricci
tensor equals eight times the metric. The + refers to two different embeddings
of CP? into S7, with isometry group SU(4). C SO(8) for the + sign and
SU(4)s € SO(8) for the — sign. The angles 1)+ have period 27 and the
one-forms o1 in (C.17) obey dox = 2J5” so that ) = dips + o4 It is also
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useful to make manifest the CP? that resides inside (CIP’?E, which is equipped
with the complex projective coordinates ¢, i = 1,2, that appear in (C.10)
and the metric (C.9). This can be achieved by writing

1, .2 cosa i(hatre) el 3, .4  COSC i(hr47e) ¢2

nwtipt = ——e f, utpt = —=e ga
V14 &E V1+&i&

pd 4 ipb = _OBY ietrs) , p +ip® = sina etV (C.18)

V1+&E
where 71 are angles of period 27. The metrics ds?(CP3.) and one-forms o

inside the round S” metric (C.17) can be written in terms of the coordinates
(C.18) as

ds*(CP3) = do® 4 cos? a ds*(CP?) + cos® asin? a (dre + 0)?,  (C.19)
and
ot = cos’a(drs + o), (C.20)

with ds?(CP?) and o respectively given by (C.9) and (C.11). The round S7
metrics (C.3) with (C.8) and (C.17) with (C.19) are of course diffeomorphic:
they are brought into each other by the change of coordinates

Y ==+¢s, T=Ty+ Pt (C.21)

C.3 97 as the sine-cone over a nearly-Kihler S¢

A third and final set of intrinsic angles on S7 is better suited to describe
the solutions with at least Go symmetry. First split the p4, A =1,...,8, as
pA = (ut, p®), with T =1,...,7, and then let

pt =sinpgot, u® = cosf3, (C.22)

where 0 < 8 <, and 7', I =1,...,7, define an S% through the constraint
01307107 = 1. In these coordinates, the round metric (C.2) takes on the local

sine-cone form

ds?(S87) = dB? + sin® 5 ds*(S°) , (C.23)

where ds?(S®) = 61y dir*di’? is the round, Einstein metric on S normalised
so that the Ricci tensor equals five times the metric. This S is naturally

endowed with the homogeneous nearly-Kéhler structure! (7, Q) inherited

!The typography we use for the nearly-Kéhler forms on S°® differentiates them from the
Calabi-Yau forms (B.9) on RS. For that reason, we omit labels ¢ for the former. Similarly,
we omit labels (™ for the associative and co-associative forms on R”.
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from the closed associative and co-associative forms,

w — 6127 + 6347 + 6567 +€135 o 6146 236 245

e’ —e
= 1234 4 1256 | (3456 | (1367 4 1457 | 2857 _ 2467 (C.24)
on the R” factor of R® = R” x R in which S% is embedded:
J = L 7 di? A di¥
1 7 ST\ 7~3 A 7oK A g-L (C.25)
Q= 6 (wJKL _ZTZJIJKLV )dl/ ANdD® N dr- .
The nearly-Kéhler forms are subject to
TAQ=0, ONQ=-2TANT AT =—-8ivol(5°), (C.26)
and
dJ =3ReQ, dImQ=-2JNJT . (C.27)

It is also useful to note the following relations between the associative and co-
associative forms 1, ¢) written in constrained R® coordinates u4 = (uf, u®),
the ST coordinate 3 in (C.22), and the nearly-Kihler forms (C.25):

Srptdp’ A dpf A dp® = —sin*B T A dg,
%wIJKd,U/I Adp? Adpf =sin®BRe Q + sin?3 cos 3T Adf,
%?;IJKLMICZ,U,J AdpE A dpt = —sin*BIm Q
ilBIJKLdMI Adp’ A dpS Adpt = 5 sin?3 7 AT +sin®8 cos BIm Q A df.
(C.28)

Finally, the following relations hold between the associative and co-associative
forms on R® = R” x R and the Calabi-Yau forms R® = R x R:

Yorptdp? A dp = 9w dpd A dp” 4+ 5T 1+ Re Q) i) dppd A dyiF

1,

%wIJKdlLLI Adp’ A du® = %Re QSL dpt A dpd A dpF + %J;;?)dui Adpd A duT,

sUrmaptdp’ A dpf A dpt = 3I0 TPt dpd A dpt A dy!
+ %Im QSL (/f du” — %,Lﬂd,ui) Adp? A dpk
(C.29)
These expressions come handy to derive the Go—invariant consistent uplifting
formulae (3.137)-(3.139) from the general expressions (3.119)-(3.122). They
are also useful to rewrite the solutions (3.147)-(3.151) with at least Go
symmetry in the form (D.6)-(D.12), in order to verify that they satisfy the

equations of motion.
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Appendix D

Checks on D =11 field
equations in the SU(3) sector

In this appendix we provide a detailed account of the consistency of the

minimal A/ = 2 truncation and the AdSy solutions presented in section 3.2.2.

D.1 Consistency of the minimal N = 2 truncation

We have explicitly verified at the level of the D = 4 field equations that the
restrictions (3.93)-(3.98) define a consistent truncation of the SU(3)-invariant
theory (3.54) to minimal N' = 2 gauged supergravity (2.35). In turn, the
consistency of the D = 11 embedding of the entire SU(3) sector described
in section 3.2.2 guarantees the consistency of the new uplift of minimal
N = 2 supergravity given in (3.142)-(3.145). We have nevertheless checked
consistency explicitly at the level of the Bianchi identity and the equation of
motion of the D = 11 four-form 13'(4) = dfl(3>,

The configuration (3.142), (3.145) does solve the D = 11 field equations
(D.1) provided the Bianchi identity and the Maxwell equation for the D = 4

graviphoton,
dF =0, dxF =0, (D.2)

are imposed.
It is straightforward to see that the D = 11 Bianchi identity is satisfied.
Hitting (3.145) with the differential operator we obtain, after using (D.1)

and the algebraic and differential conditions for the local five-dimensional
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Sasaki-Einstein structure (3.141) (that is, (C.5), (C.6) written for the primed
forms 0, J" and '),

da A (gF ARe€Y + 3Dy ATm Q' A n’)

-3 [COSQQ(7 — 10 cos 2a + cos 4a)
e

dFyy = 4=
G (1+ 2sin’a)?

sin a cos®av 3sinacosPor -
460y | ———— | daADY A ANImQY + g———F5—F A ’/\Imﬂ’]
a(1+2sin2a) vAn g1+2sin2a K
L [wa <Smo‘c?szo‘>daAFAReQ’GSinO‘(fOZSQFAImQ’An/} .
243 14 2sin” « 14 2sin“ o
(D.3)

Terms with the same form dependence cancel each other, thus leading to
dF 4y = 0.

Moving on to the equation of motion, we find it useful for the calculation
to introduce the obvious frame that can be read off from (3.142),

(1 + 2sin? 04)1/3 o
21/3\/§ €5
21/6 cos o

éP = ( 5 )1/6 e, with e a vierbein for ds?(CP?),
g (1+2sin”«

jaye?

with & a vierbein for ds3 ,

s _ 20 (14 2sin? )'?

V3g

0 21/6\/§sinacosa(1+2sin2a)1/3 ,
e = 1/2 n,

da,

g (14 8sin*a)

10 (1 + 8sin? a) 1/2 D/ Jeos?a
‘ _21/3\69(1+2sin2a)2/3 v _1+881n4an)

(D.4)
with =0, 1, 2, 3 and p =4, 5, 6, 7. Using this frame, the Hodge dual of
Fl reads

. 3%g_3 cos*a
3 _

~8910 ! /
=7 O OANT AT
(14 2sin? a)?

4) —
_ 2_% . 3_% g‘l (1 + 2811120()2/3 cos® o voly A SN ImQY

(SR
[N

2756 - “teos?a (7 —10cos2 do) ——
n 3729 " cos 014/(37 0 cos 2c +1/(:205 a) ol A& A Re !
(1 + 2sin? a) (1 + 8sin* a)
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3 o5 _
372275y 1cos30z(74/—3 100052@—1—6()15/;1@)@/\(%10/\1%9,
sin a (1+251n2 a) (1+8$in4 a)

72 .
S111 & COS™ (¢ —
g FEASMOA ReQY —

+ \/§(1+281D204) 2v/3

o

3 —2 2
CcCos“(x  — R
9 F/\€8910 A 4

wlot

. 3_% gt (1 + 8sin? a)1/2 costa

+ :
(1+2sin2a)"/?

FANONT AT, (D.5)

where 8910 = &8 A 9 A ¢10. Computing the differential of (D.5) with the
help of the Sasaki-Einstein conditions satisfied by n’, J’ and ', as well as
Fuy A iy from (3.145) and putting everything together, we find that the
D = 11 equation of motion in (D.1) is indeed satisfied on the D = 4 field
equations (D.2).

D.2 D =11 field equations on the AdS, solutions

The AdS, solutions that we brought to section 3.2.2 are obtained from the
consistent uplifting formulae (3.119)-(3.122) by turning off the relevant tensor
hierarchy fields, fixing the D = 4 scalars to the vevs recorded in table 3.2, and
fixing the R® embedding coordinates u?, A =1,...,8, in terms of various
sets of intrinsic angles on S7 discussed in appendix C. The particular choice
of intrinsic coordinates for each solution was made on a case-by-case basis,
as specific sets of coordinates are more suitable than others to highlight the
specific symmetry of a solution. While this is obviously the best approach
for the sake of presentation, it is definitely inconvenient to check the D = 11
equations of motion, as one would also need to proceed on a case-by-case
basis for each solution.

In order to check that the D = 11 equations of motion hold it is more con-
venient to proceed differently. Firstly, leave the D = 4 scalars as temporarily
unfixed constants, and make a choice of intrinsic S7 coordinates (regardless
of whether they would be well adapted to specific sectors). For this purpose,
we have chosen the intrinsic coordinates (C.1). The D = 11 metric and
four-form then get expanded in terms of the global five-dimensional Sasaki-
Einstein structure n®, J®, Q©® specified in appendix C, with coefficients
that depend on the D = 4 scalars along with the S7 angles o and 1. Secondly,
plug these expressions into the D = 11 field equations (D.1) and obtain, with
the help of the Sasaki-Einstein relations (C.5), (C.6), the set of equations
that the coefficients must obey for the D = 11 equations to hold. Finally,

187



Appendix D — Checks on D = 11 field equations in the SU(3) sector

verify that these equations are satisfied when the D = 4 scalars are fixed to
the critical points recorded in table 3.2.
Proceeding this way, we find that the D = 11 metric (3.119) can be

written in terms of the intrinsic angles (C.1) as

ds3, = A71ds3 + ds?,
ds? = —2(Gyda + God) n® + (Gs + G4) ()2 + G4 ds*(CP?)
+ Gy da® +2Ggdady + Gy dip? (D.6)

where both the warp factor,
Al = e e X1BAYE (D.7)

given by A; in (3.118) with (C.1), and the coefficients of the internal metric
ds% depend on the S7 angles o, 1 and the D = 4 scalars:

G =2 - 1e % sina cos®a (X — V) (2ae*® cos 2y — sin2¢(—Y? — Z2 4 ¢%?)) } :
Gy = 27 [e"2sin%a cos?a (X — V) (ae™® sin 2 + sin2y (Y2 + 22) + €2 cos?e)) } :

Gs =127 _Ycos4oz(Y—X)] ,

Gy = ar [ X2 sina cos?a e 2(# 1) (ae4¢ sin 2¢) 4 sin®y (Y2 4 Z2) 4 e1? coszw)
+ XY cos4a] ,
Gs = ?—;{XY sin®ar cos’a — 6—14 sin? 2a(62¢(C2 + 52) + 4) (e2¢(C2 + 52) — 462“")(2)
+ X2%sintq e 2(¢t9) (ae4¢ sin 21 + sinzz/) (Y2 + Z2) + et 00321/))
+ e~ 4% cos®a [ — 2ae*® siny cosy) + cos>y (Y2 + Z2) + ¢ sin21/1}
X [Sin2a (ae4¢ sin 2¢) + sin®y (Y2 + Z2) + ¢ COSz’L/J) + cos?a 62(“"“’)} } ,
Gg = &7 [e=4% sina: cosa (— ae? cos 29 + sing cosp (—Y? — Z% + e4¢))}
X [sinQa (ae4¢ sin 2¢) + sin1) (Y2 + Z2) + e4¢ 60821/}) + cos’a 62(W+¢)} ,

Gy = A1 g2, (ae4¢> sin 2¢p + sin®¢ (Y2 + Z2) + ¢ C082¢)]

x [sin?a (ae'® sin 2¢ + sin®yp (Y2 + Z2) + €' cos®y)) + cos’a 62(“"+¢)} .
_ (D.8)

Turning off the D = 4 tensor hierarchy fields (except for the local three-

form Cpr = C! = C7" = O® whose 1r6le is merely to serve as a local potential
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D.2 D =11 field equations on the AdSy solutions

for the Freund-Rubin term) in the three form (3.121), its pull-back on S7
induced by (C.1) reads

Ay = Cpr 4 Lida Adp An® + (Lyda + Ly dy) A J®
+ (Lyda+ Ly dip) ARe QP + (Lg da + L7 dip) A Tm Q%
+ (LsIm Q® + LoRe Q2 + L1g J®) A . (D.9)

The coefficients here are given by

A3
_@

+ sinasin 2« (X — Y)e2(“’+¢) (6290)(2 -Y + 1) (ae4¢ sin 2¢ + sin?¢) (Y2 + Z2) )

Ly x sin v cos?a P4 [€4¢ cos?1)
-2 (X2 sina (ae4q5 sin 2¢) + siny (Y2 + Z2) + et cosgw) + Y2 cos’a 62(“’+¢))

X (cos ae?#t9) 4 ginatan o (sin*y (Y4 2Z°) + Ze2 sin 2y + ¢ cos4)) )} 7
Ly = ?—; [ — xe ?7* X sina cos’a (sind) costp (—Y?— 7%+ e*) — Ze?? cos 21/))]
X {X sin’ar (ae®? sin 29 + sin®y (Y2 + Z%) + €*? cos®y) + Y cos’a 62(@+¢)} :
tan o sin ¢ (Y2 + Z%2 4+ 2Ze*? cot ) + e*® cot2w)

Ly—— L
3 Ze29 cos 21p —sintpcost) (—Y2 — Z2 + e4?) 2

Ly= % X cos?ae 39729 {X sin®a (e cosyp + sing) (CY +¢2))
+ €% cos’a (56243 sinty + cosyp (CY — Q:Z))}

X [X sin’a (ae4¢ sin 2¢) + sin?ey (Y2 + ZQ) + et (30521/)) +Y cos’a 62(“’”’)}

e2?((e?? cos ) + sinep ((Z — (Y))

Le — —
O X (sin2p (Y2 = Z2 4 ¢19) — 2Ze20 cos2¢)
9 cos’a (cosw (CY +(Z) — Ce*?sin ¢)
Lg = —— | e 2 X sin%a + _ _ 5,
sin 2 ¢e?? costp +sint) (CZ — CY)
Ce2? costh 4+ CY siny + CZ sinep
Ly =— L

Ce2¢ costh — (Y siny) + (Z sinyp
Ls=—e"2°X L;,
Ly =—e"2°X Ly,
Lig = ?—; ( —e¥xY (30520[) [XY costa
+ X2 sin’a cos?a e 2ete) (ae4¢ sin 21 + sin®) (Y2 + Z2) + e? coszzb) } .

(D.10)
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Finally, the D = 11 four-form F(4) = dfl(3) is

F(4) = Uvoly +da Adip A (f1 J® + fReQ® + f3Im 9(5))
+ (fada+ f5dip) AReQ® AQ® + (fsda+ frdy) ANIm QS An®
+ (fg da + fo d'Lﬂ) AT AR + f1o TP AT (D.11)
where the Freund Rubin term is given by Uvoly = H<14>/L,~ui + H&l;uaub
evaluated on (C.1) and on the D = 4 dualisation conditions (3.69). The

functional coefficients in (D.11) can be written in terms of the coefficients
(D.10) of the three form (D.9) as

fi =201 + OaLs — OyLo, fo=3L4+ daLs,
Jo=0aLs — 0yLy, fr=3Ls+ dyLs,
f3 = 0aL7 — OyLsg, J8 = O0aL1o,
fa=—3L¢ + Oaly, fo=0yL1o,
f5 = —=3L7+ 0yLy, Ji0 =2L1o.

The Bianchi identity dﬁ'(4) = 0 amounts to the following relations:
3f3+ Oafs — Opfs =0, —3f2 + Oafr— Oypfe =0,
Oafi0 —2fs =10, Oafo— 0yfs =0, Opfio—2f9 =0.

Of course, these conditions are automatically satisfied by construction for all

(D.12)

values of the D = 4 scalars upon using (D.12).
We next compute the Hodge dual of the F<4> given in (D.11) with respect
to the D = 11 metric (D.6). We obtain

(p1da+ padip + p3m®) A TP + (pyda + ps dip + ps ™) A Re QP
+ (prdo+ pgdp + pgm®) ANImQ® + p1g da A dip A 77(5)} ,  (D.13)

with coeflicients

p1= %;2 [1G1 = foGs + fsGe | » P = AG:,Q [5G1 — faGa2 — f2G3 — f2G4} :
P2 = %;;2 J1G2 — foGe + fsGr |, D7 = AG:,Q [3G1— f7Gs + feGG] )

>
b

p3 = AG:,Q foG1 — fsG2 — [1Gs — 1G4|, ps = f3Ga — f7Ge + f6G7} :

Q
<

Py = %;;2 f2G1 — f5G5 + f1Gs ]|, Po = Agj f2G1 — f6Ga — f3Gs — f3g4} )
Ps = AG:/Q f2G2 = [5G + faGr| P10 = _ZGX§4 fio-

(D.14)
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Here,

Gy = \/—G7G% + 2G2GeG1 — G3G% — G4GE — G3G5 + G3GsGr + G4G5Gr

(D.15)
is related to the volume element corresponding to the internal metric ds% in
(D.6). With these definitions, the equation of motion in (D.1) for the D = 11

four-form becomes equivalent to the following conditions:

Ufi + Oap2 — Oyp1 + 2p10 =0, Ufe + Oapo +3ps =0,
Ufa+ Oaps — Oyps =0, U fr 4 Oppo + 3p5 =0,
Ufs + Oaps — Oypr =0, Ufs+ 0aps =0,
Ufs+ Oaps —3p7 =0, Ufo + Oyps =0,
Ufs + Oypps — 3ps =0, Ufio+2p3=0. (D.16)

We have verified that equations (D.16) hold when the D = 4 scalars are
evaluated at any of the critical points collected in table 3.2. We have also
checked that all the metric and four-forms for the explicit AdS4 solutions
written in section 3.2.2 can be brought to the form (D.6)-(D.12), with the help
of the relations given in appendix C. Thus, the explicit AdSy4 configurations
of section 3.2.2 do indeed solve the D = 11 field equations (D.1).
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Appendix E

Group theory compendium

E.1 Structure of the KK spectra from N =8

The KK spectra of the solutions of M-theory, massive ITA and type IIB which
include a topological S”, S%, or S® x S' can be respectively organised in terms
of quantum numbers of SO(8), SO(7) or SO(6), x SO(2) following (6.37).
We denote these groups here as Goung and note that it is not necessary that
the equations of motion enjoy a solution preserving that much symmetry,
but only that such a point exists in the scalar manifold (e.g. at the scalar

origin in an adequate parametrisation).

The individual states of definite spin in these spectra come in representa-
tions of the symmetry group G C Gy oung of the actual solution. The modes
lying at the bottom of the KK towers correspond to the linearisation of the
D = 4 N = 8 gauged supergravity fields. In particular, the G representations
present at this level are obtained by branching the D = 4 N = 8 fields under
SU(8) D SO(8) D Ground 2 G- In this appendix we record the intermediate

Ground representations that appear in this branching.

In general, the algebraic structure of the spectrum at higher KK levels is
obtained by the following two-step process. Firstly, tensor representations of
the gauged supergravity fields (tables E.1 (left), E.2 (left), and E.3 (upper)
below) with the symmetric-traceless representation in (6.37) that the massive
gravitons furnish and remove Goldstones and Goldstini. The resulting
representation content is summarised for convenience in tables E.1 (right),
E.2 (right), and E.3 (lower) below. Secondly, branch under G C Gyoyng. This
algorithm has already been applied in different instances e.g. [105, 134, 140],
and tables E.1 and E.2 are taken from [24] and [134].
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E.1.1 SO(8) towers

In the M-theory case, the spectra are labelled by a single independent KK

level n ranging as

n=0,12,... (E.1)

spin SO(8) irrep SO(8) Dynkin labels spin SO(8) Dynkin labels

2 1 [0,0,0,0] 2 [n,0,0,0]

3 8 [0,0,0,1] 3 [7,0,0,1] @ [n —1,0,1,0]

1 28 [0,1,0,0] 1 [n,1,0,0] & [n—1,0,1,1] @ [n — 2,1,0,0]

1 56, [1,0,1,0] i n+1,0,1,0] ® [n—1,1,1,0] & [n — 2,1,0,1] & [n — 2,0,0,1]
o+ 35, [2,0,0,0] 0" [n+2,0,0,000[n—2,2,0,0]& [n—2,0,0,0]

0~ 35, [0,0,2,0] 0~ [7,0,2,0] & [n — 2,0,0,2]

Table E.1: States in SO(8) representations at KK levels n = 0 (left) and n = 1,2,...
(right) in the KK towers for AdS4 solutions of M-theory that uplift from D =4 N =38
electrically SO(8)-gauged supergravity. Representations with negative Dynkin labels are

absent and need to be crossed out. Taken from [24].

E.1.2 SO(7) towers

In the massive type IIA case, the spectra are labelled by a single independent
KK level k ranging as

k=0,1,2,... (E.2)

spin SO(7) irrep SO(7) Dynkin labels spin SO(7) Dynkin labels

2 1 [0,0.0] 2 [%,0,0]

3 8 [0,0,1] 3 [£,0,1] + [k — 1,0,1]

1 2147 [0,1,0] + [1,0,0] 1 [k, 1,0) 4+ [k — 1,0,2] + [k — 2,1,0] + [k + 1,0,0] + [k — 1,1,0] + [k — 1,0,0]

i 48 + 8 [1,0,1] +[0,0,1] 1 k+1,0,1] + [k —1,1,1) + [k — 2,1,1] + [k — 2,0,1] + [£,0,1] + [k — 1,0,1]
0+ 2741 [2,0,0] + [0,0,0] o0+ [k +2,0,0] + [k, 0,0] + [k — 2,2,0] + [k — 2,0,0]

0~ 35 0,0,2] 0~ 5,0,2) + [k —1,1,0] + [k — 2,0,2]

Table E.2: States in SO(7) representations at KK level k = 0 (left) and k = 1,2,...
(right) that compose the KK towers for AdSy solutions of massive ITA that uplift from
ISO(7) supergravity. Representations with negative Dynkin labels are absent. The tables
exclude some 07 states of D = 4 supergravity that are always Higgsed away. Taken from
[134].

E.1.3 SO(6), x SO(2) towers

In the type IIB case, the spectra are labelled by two independent KK levels

£ and n ranging as

(=0,1,2..., n=0+1+2 ... (E.3)
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spin SO(6),xSO(2) irrep SO(6),xSO(2) Dynkin labels
T (6) (2) irrey (6) (2) Dy
2 1o [0,0,0]o
3 4, +4, [1,0,0]; +[0,0,1] 1
1 150+ 19+ 62+ 6_2 [1,0, 1] + [0,0, 0] + [0,1,0]2 + [0,1,0]_»
1 201 +20; +4;+4 3+43+4 [1,1,0]-y +[0,1,1]y + [1,0,0]; + [1,0,0]—3 + [0,0,1]5 + [0,0,1] 4
o+ 20) + 14+ 19+ 14 [0,2,0]9 + [0,0,0]4 + [0,0,0]o + [0,0,0]_4
0~ 150 + 10_5 + 10, [1,0,1]o + [2,0,0]_2 + [0,0,2]5
spin SO(6),xS0(2) Dynkin labels
2 [0,4,0]2n,
3 [1,6,0]2n41 +[0,£ = 1, 1an41 + [0, €, 1]2n—1 + [1,£ — 1,0]2,—1
1 (1,4, ]2 + [2,£ = 1,0)2n + [0,€ — 1,2]9, + [1,£ — 2,1]25, + [0, 4, 0],
+[0,£41,0)2n42 + [1,£ — 1,1]2n42 + [0, £ — 1,0]2p42 + [0,€ + 1,0]2n—2 + [1,£ — 1, 1]2p—2 + [0,£ — 1,0]2n12
3 [1,€+1,0]20—1 + [0,£, 12p—1 + [2,€ = 1, 1]2p—1 + [1,€ = 1,0]2p—1 + [1,€ — 2,231 + [0,£ — 2,1]2,—1
+[0,€+1,1an41 + [1,€, 0241 + [1,€ — 1,2)0511 + [0,€ — 1, 1opp1 + [2,€ — 2, 19511 + [1,€ — 2,0]2041
+ [1,€,0]2n—3 + [0,£ — 1,1]2n—3 + [0, £, 1]2n43 + [1, € — 1,0]2p43
(U (0,£+2,0]2n + [1,£, ]2, + [0, £, 0]2n + [2,£ — 2, 2)2n + [1,€ — 2, 1]2p + [0, € — 2,0]2, + [0, €, 0]2n44 + [0, £, 0]2—a
0~ (2,6,0]2n—2 + [1,£ — 1, 1]on—2 + [0,£ — 2,2]05—2 + [0, £, 2]on42 + [1,£ — 1, Lopi2 + [2,£ — 2,0]2n42

Table E.3: States in SO(6), xSO(2) representations at KK levels (¢,n) = (0,0) (above)
and £ =0,1,2,...,n € Z (below) in the KK towers for AdS, solutions of type IIB that uplift
from D =4 N = 8 [SO(6) x SO(1,1)] x R**-gauged supergravity. SO(6), representations
are given in terms of SU(4) Dynkin labels, and SO(2) charges are given as subscripts.
Representations with negative Dynkin labels are absent and need to be crossed out. The

tables exclude some 0T states of D = 4 supergravity that are always Higgsed away.

E.2 Embedding SU(3)xU(1), into SO(8)

The internal bosonic symmetry group SU(3)xU(1),, with p = 2 for CPW
and p = 3 for GMPS, is embedded into SO(8) via

SO(8) 2 S0(6), x SO(2) O [SU(3) x U(1)] xSO(2) D SU(3) x U(1), . (E.4)

Under the first two steps in the branching (E.4), the three basic irreps of
SO(8) split as

8, — di1+41 — 3u L+ _h+H1o h Tl 1y
8 — 4_%-1-4% — 3(%7_%)—%3(_%,%)+1(_17_%)+1(+17%)

The IR R-symmetry group U(1), is the combination of the U(1) that com-
mutes with SU(3) inside SO(6), and the SO(2) that commutes with SO(6),
inside SO(8) which leads to the allocation of R-charges (5.8) for p = 3 and

(5.7) for p = 2. Assigning the transverse M2-brane coordinates to the 8, we
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thus require that, under the third and final step in the branching (E.4),

8U—>3R1+§—R1+1R2+1—R27 (EG)
with
2p — 2 2
Ry = . Ry=Z. E.7
3 p (E.7)

For completeness, we note that

oa \

1

1
Lemitrs) 0 (o) T M eRirR) T

8 — 31 —%(3R1+R2)’

ol

8 — 3 + +1 +1, . (E.8)

—3(Ri+R2) | “3(Ri+R2) | 5(3Ri—Ra) | 3(~3Ri+Ra)

Taking tensor products and (anti)symmetrisations of (E.6), (E.8), an
arduous calculation allows us to find the branching under SU(3)xU(1),, of
the SO(8) representations (5.26) that characterise the KK spectrum at the
N = 8 point. We obtain'

G, = [n,0,0,0]
n n—€ £
SU(3)xU(1)
SUE00n, PBlb. =) ropiraonios (B
(=0 t=0 p=0

Gn = [n,0,0,1]® [n—1,0,1,0]

SUB)xU(1)g

e

n n—f £ 1 1-k k

DODDD+1-k—a t—p+k=t_p ok s0iomiy

=0 t=0 p=0 k=0 a=0 b=0 +Ry(n—f—2t—k+1)
n—1ln—1-¢ ¢ 1 1-k k

b @ @ EB pP+1—k—a l=p+k—bl g op r2arantl)
¢=0 t=0 p=0 k=0 a=0 b=0 +Ra(n—f—2t+k—3)

(E.10)

Vo= [n,1,0,00®[n—-1,0,1,1] ® [n—2,1,0,0]

SUB3)xU(1)r
—_

n (A.6)—(A.11) we have renamed SU(3) x U(1), as SU(3) x U(1)r in order to avoid
confusion with the Dynkin label p.
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n n—{f ¢ 1
EB @ @ [p+a, £ —p+Dbl_g, (1—2p+2a—2b)
¢=0 t=0 p=0 a,b=0 +Ra(n—L0—2t)
n n—{0{+1 1 n
S @ @ @ [p, L —=p+1]  _Rie-2pr1) & [0, 0] Ry (n—20)
¢=0 t=0 p=0 k=0 +Ro(n—€—2t—2k+1) /=0
n—1n—1-¢ ¢ 1 2—a—ba+b
® @ @ [p+ ¢, £ —p+dl_R,(t—2p+3a+3b+2c—2d-3)
(=0 t=0 p=0a,b=0 c=0 d=0 +Ro(n—0—2t+a—b—1)
n—1n—1—¢ ¢+1
& @ [p, £ =p+1] _R (—2p+1)
(=0 t=0 p=0 +R2(n—0—2t—1)
n—2n—2—¢ ¢ 1
® B P p+a, £—p+bl_g—2pr20-20)
(=0 t=0 p=0a,b=0 +Ra(n—0—2t—2)
n—2n—2—¢¢+1 1 n—2
© P B t—p+1 _peapy S0 0rym-2e-2)
=0 t=0 p=0 k=0 +Ra(n—€—2t—2k—1)  yp—q
(E.11)

Fn= [n+1,0,1,00®[n—1,1,1,00@ [n—2,1,0,1] & [n — 2,0,0, 1]

SU3)xU(1)r
n+ln+1—0 ¢ 1 1-k k
@@ EB p+1-k—a, g_p_‘_k_b]—R1(€—2p—k—2a+2b+%)
¢=0 t=0 p=0 k=0 a=0 b=0 +R2(n—£—2t+kz+%)
n—1ln—1-¢ 1 { g+12—q
oD D PDODD+a {-r+Vp s sz
(=0 t=0 ¢=0 p=0 a=0 b=0 +Ro(n—0—2t— q_f)
n—ln—1-¢ 1 {+1 q 1l—gq
S @ @ @ p+a £+1—-p+ b]le(Z72p73q+2af2b+g)
¢=0 t=0 k,q=0p=0 a=0 b=0 +R2(n—€—2t—2k—q+%)
n—1 1 q 1—q
D @@ [a, 0] R1(2-3¢+2a—2b)+Ra(n—20—q—1)
(=0 ¢=0 a=0 b=0
n—2n—2—/ q+1 2—q

Dlhtalt—p+ bR, (¢-2p—3g+20—26+3)
=0 +R2(n7672t+q73

q
@ [p+a, £+1—p+ b]—R1(€—2p—3q+2a—2b+%)
(=0 t=0 Fk,q=0p=0 a=0 b=0 +R2(n7572t+2k+q7%)
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k
@ p+l1-k—a, t—p+k-— b]fR1(€f2pfk72a+2b+%) ’
(=0 t=0 p=0 k=0 a=0 b=0 +R2(n7572t,k,%)

(E.12)

St = [n+2,0,0,0]®[n—2,2,0,0[n—2,0,0,0]

n+2n+2—4 /£
@ [p, £ = Pl_Ry (6—2p)+Ro(n—t—2t+2)
(=0 t=
n—2n—2—40 2 q f¢+q 2—q
® @ @ @ [p+a, £+q—p+0bl R (e+q—2p+2a—2b)
¢  t=0 ¢=0 k=0 p=0 a,b=0 +Ra(n—0—2t4+q—2k—2)
n—2 1
e DD D [ 4 sriay @EB EB R
¢ k=0 a,b=0 +R3(n—20-2) 0 kp=0 +R2(n—2£—2k—1)
n—2n—2—4 /{
©® @ [pv l— p]—Rl(€—2p)+Rz(n—€—2t—2) ) (E]'S)

S, = [n,0,2,0]® [n—2,0,0,2]

n

SUB)xU(1)r

_—

n n—f 2 L 2—k k

EB @ @ @ @ [p+a, £ —p+ b]—Rl (6—2p+3k+2a—2b—3)

£=0 t=0 k=0 p=0 a=0 b=0 +Ra(n—f—2t+k—1)
n—2n—2—0 2 y4 —k k

& @ EB [p+a, £ —p+ bl_R,(t—2p+3k+20—20-3) -
=0 t=0 k=0 p=0a=0 b=0 +R2(n—€—2t—k—1)

(E.14)

E.3 N =4 supermultiplets

As explained in section 7.2.1, the algebraic structure of the KK spectrum
across the holographic CM (7.9) is inherited from that at the A/ = 4 point.
Thus, it is useful to collect some aspects of OSp(4|4) representation theory.

More concretely, in this appendix we give the explicit state content of
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E.3 N = 4 supermultiplets

the multiplets present in the N' = 4 spectrum. We also give some relevant
shortening conditions and branching rules under (7.23) into N/ = 2 multiplets.

The general representation theory of OSp(4|4) has been laid out in [224].
The states that compose a given? MULT} representation of OSp(4]4) carry
definite SO(4) R-charges. In our conventions, these are labelled with half-
integer Dynkin labels (41, ¢3). Unfortunately, the generic expressions for
the OSp(4]4) multiplet contents given in [224] do not work well for scalar
superconformal primaries or low values of ({1, ¢2), where many states are
actually absent and need to be sieved out. These are the cases relevant to
our analysis. Here, we will determine the state content of the OSp(4|4) long
graviton multiplet (7.19) for all possible values of the Dynkin labels on a
case-by-case basis. Only multiplets with integer (¢, ¢2) enter the KK spectra
of interest in this paper. Once we got down to business though, it only took
a finite amount of additional pain to get the strictly half-integer cases as
well. Similar remarks apply to the OSp(3|4) representation theory contained
in [224]: see appendix B of [134] for complete listings.

It is useful to start by listing the possible Lorentz spins, [s] = 0, 3,1, %, 2,
and SO(4) Dynkin labels, (¢1, ¢2), that subsequent powers QP, p =0,1,...,8,
of the OSp(4|4) supercharge @ may have. The result is:

1& Q% - [0] (0,0),

Q&Q : 3 (3:3)
QQ&Q(S . {[1] (1’0)+(0 1 )
0] 1,1) 4 (0,0) ,

[ﬁ] (l’l) ’

Q&Q {2 22 (E.15)
] G+ (33 +(5:3)
2] (0,0),

Q' : <] (1,1)+(1,0)+(0,1),

[0] (2,0) +(0,2) + (1,1) + (0,0) .

Together with the fact that the action with () increases the conformal

2As in the main text, we use the acronym MULT, to refer to a generic multiplet of
OSp(4]4). We specifically denote long and short graviton and short gravitino multiplets as
LGRAV,4, SGRAV,4 and SGINOy4. These respectively correspond to the multiplets denoted
in [224] as L (with jehere = 0), A2 and By. Graviton and gravitino OSp(4]4) multiplets have
scalar, sop = 0, superconformal primaries, and gravitino multiplets are necessarilyshort.
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dimension by %, the information summarised in (E.15) is the basic building
block to find out the state content of the long graviton multiplets (7.19) of
OSp(4]|4). For a (scalar) superconformal primary with Lorentz and SO(4)
spins sgp = 0 and (¢1, ¢3) and dimension Ey, the descendants have all possible
Lorentz spins [s] shown in (E.15), and lie in the SO(4) representations that
result from tensoring row by row the representations listed in (E.15) with
(€1,£2). Finally, the dimension of the p-th descendant is Eo + 5.

For easy reference, the outcome of this exercise for all (¢1, f2), with 1 > {5
without loss of generality, is listed in tables E.4-E.13. The table entries show
the spin and SO(4) charges, in the format [s](1-%2) of each possible state in
the multiplet. The corresponding dimensions A are given next to each entry,
and these are grouped as descendants of the superconformal primary at the
top of each table. An entry of the form [s](1+a42%0) denotes four states in
total (this differs from the convention adopted, in a different context, in the
main text: see below (7.43)). Also, negative Dynkin labels are not allowed,
and the corresponding states must be removed as they are actually absent.
These spurious states only occur in tables E.10-E.13. Table E.13 is valid
at face value for all £1,/s > 2, with all entries therein present. The same
table is also valid for ¢; = % for either or both ¢ = 1,2, but the states at level
Q* with negative Dynkin labels need to be discarded. Similar comments
apply to tables E.10-E.12. Tables E.4-E.12 involve fewer states compared to
table E.13 and, without going through the constructive algorithm specified
above, it is not obvious which states must be crossed out in table E.13 to
recover tables E.4-E.12. Only tables E.4, E.7, E.9, E.10, E.12 and E.13
play a role in the KK spectra described in this paper. The remaining tables
necessarily involve strictly half-integer SO(4) labels for the superconformal

primary and are only included for completeness.

The dimensions Ey and Dynkin labels (¢1,¢3) of the (superconformal
primary of the) OSp(4|4) multiplets constructed with the above algorithm

must respect the unitarity bound

Ey>sog+01+0+1, (E.lﬁ)

with sg = 0 for the graviton multiplets listed in the tables. The multiplets

undergo shortening when the bound is saturated, in which case they split
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into short graviton and gravitino multiplets as:
LGRAV,[l1 + 05 + 1,41, 5]

— SGRAVy[l1 + 0o+ 1,41, l3] + SGINOy[ly + b + 3,41 + 1, b5+ 1] .
(E.17)
See [224] for the state contents of these N' = 4 short multiplets for specific
values of ({1, 03).

It is also useful to give the splitting of the above N = 4 graviton multiplets
under the supergroup embedding (7.23) into N' = 2 multiplets of definite
U(1)F flavour charge. The U(1)r R-symmetry group of OSp(2]4) and U(1)p
are the subgroups of the SO(4) R-symmetry of OSp(4|4) specified in (7.10)
and below that equation. Branching accordingly the SO(4) representations
of the states in tables E.4-E.13, recombining them into OSp(2[4) multiplets
using the N = 2 tables of appendix A of [82], and keeping track of the flavour
charges, we obtain

LGRAV, [Ey, f1, 6] =

@ GB {LGRAV, [Bo + 1, Ymyma fonima)

mi=—4L1 ma=—{3

® LGINO, [Fo + 3, Ymuma i frnimz + 1] & LGINO [Eo + 3, Ymymas frnims — 1]

® LGINO2 [Eo + 5, Ymimas frms + 1] © LGINO2 [Eo + 3, Ymymas fmums — 1]

& LVEC, [ Eo, Ymymy} fmims |

® LVEC2 [Eo + 1, Ymymss frims + 2] ® LVEC2[Eo + 1, Ymymy} frmams)

® LVEC2 [Eo + 1, Ymyma; fruma — 2] ® LVECa[Eo + 2, Ymima; frmyms) } ,
(E.18)

With Ymim, and fim, given in (7.25). When Ej saturates the N' = 4
unitarity bound (E.16), the N' = 4 multiplet on the Lh.s. of (E.18) becomes
short as in (E.17), and the underlined N' = 2 multiplets on the r.h.s. at
(my = —f1,mg = —l3) and (my = ¢1, mg = {3) shorten as well. The case of
interest to this paper has, in particular, £; and /> further restricted to be
equal, as in (7.22), in the short multiplets. With this further restriction, the
relevant A/ = 2 multiplets in (E.18) that undergo shortening are thus

LGRAV, [€ +2 + ¢, £4;0] (E.19)
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— SGRAV, [¢ + 2, ££;0] & SGINOo [ + 3, £(¢ + 1);0] ,
LGINO [ + 3 + €, +4;+1] (E.20)
— SGINOz[¢ + 2, +6,+1] & SVEC, [€ + 2, £(€ + 1);+1]
LGINO [( + 3 + ¢, +4; —1] (E.21)
— SGINOg [0 + 3, +£0; —1] & SVEC, [ + 2, £(£ + 1); -1] ,
LVEC;[¢ + 1 + €, +4;0] (E.22)
— SVEC [ + 1,44;0] & HYPy[€ + 2, +(¢ + 2);0] , (E.23)

as in (7.26). Only the flavour-neutral short multiplets here make it to the list
of protected multiplets in table 7.2. The short flavoured multiplets appear
accidentally in the spectra of the SO(4) and SU(2)r points, joining other
multiplets into SO(4) and SU(2)p representations. An extreme case of the
shortening conditions occurs when the graviton becomes massless. In this
case, we have the following splitting of a massless N’ = 4 graviton multiplet

into N/ = 2 massless ones:

MGRAV[L,0,0] = MGRAV,[2, 0; 0] & MGINO,[3, 0; £1] & MVEC3][1, 0; 0] .
(E.24)

We conclude with the observation that the multiplicities, the (supercon-
formal primary) U(1)g charge, and the (overall) U(1)r flavour charge of the
N = 2 multiplets that compose LGRAV, [E0,€1,€2] according to (E.18) can
be also retrieved in the following manner. Introducing fugacites v and z
for U(1)g and U(1)p, define for each multiplet on the r.h.s. of (E.18) the

functions

4 2
mt_m s 1 (@)™ ()
LGRAV> LVEC, LVECs (ux)el (%)ZQ (1 _ um) (1 . %)
Bl i (w4 1) [1— (ux)? [ (9)2

YLaIiNO, = YLGINO, =

T () (1) (1 ) (1 1)

e _ @ +a+1) [1- (un) T ()]

S @) () () (1)

with VE&E}WQ corresponding to the LGRAVy’s with dimension Fy + 1, etc.

VIVEC, =

: (E.25)

Expanding these functions at fixed ¢; and ¢5 in powers of v and z, the
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multiplicity m, R-charge yo and flavour charge f of a multiplet can be read

off from the term m u¥zf in the expansion of its associated function v.

EO [0}(0,0)
Q B+l 2
Q* Ey+1 [0 4o
0] 1)+[0)©:0)

@ Eo+3 [
1
2
Q* Ey+2 [2J00

[ D+ O+ 1Y
[0 O [0)(©2-+[o] D+ [0)*©

Q@ Eo+5 |

Q6 Ey+3 [1}(1,0) 4 [1](0,1)
(0} D+{0] 0

@ m+i B

Q¥ Ey+4 [0]©9

Table E.4: States in the long graviton supermultiplet LGRAV4[FEj, 0, 0].
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E, [O](%,o)
Q Eo+} Ht242)
Q? FEy+1 [1](%»0)441](%’0% [1](% 1)
[0](%*1)+[0](%’1)+[o](% 0)
@ B+ {04l
110G 420302 1302 11 (03) 11 (02)
Q' Ey+2 [2(20)
[1](%71) +2 [1](% 1)+[1](%’0)+[1}(% )
[0](%70)+ [0}(% 0)+[0](% 2)+[0](% 1)+[0}(% 1)+[0}(% )
¢ m+i By
11242302 1302 13 02) 1y (02)
Q° Ey+3 [1](%0)441](% 0) 4 [1](% 1)
[o](%vl)ﬂo](% 1)+[0](% 0)
Q" Bo+} H2)4d)
Q® Fo+4 [0](%*0)

Table E.5: States in the long graviton supermultiplet LGRAV4[Fy, 1,0].
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Q2

Q3

Q4

Q5

QG

Q7
QS

Ey
Eo+ 3
E0+1

Eo+3

E0+2

Eo+32

Eo+3

Eo+ %

E0+4

[0](%%)

m@
0

310D+ 1 O+3)0 D430
[2]ZV4[3)ED4[1]@ 0411024 311D 4211(1,0) 42110, 1) 1 [1)(0,0)

2)(22)
1G04 234 33 3)
0132+ 10033 1033 121032 4 210)(33) 4 270 (3:2)

(0,0)

©.2) 4 3[4)4 D 42[11(1,0) 421101 1 [1)(0,0)

BIED+EIO+EV+3
[31® D+ 510+

NERINARIUEIPAIR)
0GB b 20

10D+ 1O+ 3O+ (00

o3

Table E.6: States in the long graviton supermultiplet LGRAV4[Eo, %, %]
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Q2

Q3

Q4

Q5

QG

Q?
QS

Eqy
Eo+ 3
Ey+1

3
E0+§

Ey+2

Eo+ 3

Eyp+3

Eo+ §

Ey+4

[0+ ]t +
[0V + [t D +

Nl= N
Nl NI

[T I3V
Nl NI

@0 + [1©0
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Table E.7: States in the long graviton supermultiplet LGRAV4[Fy, 1, 0].
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Table E.8: States in the long graviton supermultiplet LGRAV4[Ey, 1, 1].
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Table E.9: States in the long graviton supermultiplet LGRAV4[Fo, 1, 1].
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Table E.10: States in the long graviton supermultiplet LGRAV4[Eo, ¢1,0], with ¢; > 2.
For ¢ = %, the negative Dynkin label at the Q* level is absent.
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Table E.11: States in the long graviton supermultiplet LGRAV4[Ey, ¢1, 3], with & > 3.

For ¢, = %, the negative Dynkin label at the Q* level is absent.

210



E.3 N = 4 supermultiplets

EO [0](&71)

Q Ey+} [%](M%%) + [%](M%s%)
Q*> FEy+1 [1](Zli111) 4 [1}(51,2) 4 2[1](5171) 4 [1](51,0)

[0](11i1,2) + [m(llil,l) + [0](21i1,0) + [0](11,2) =+ 2[0}(51,1) + [0](&,0)
@ E+y
1 15 13 11
3) + [%](flifﬁ) + 3[%](‘51%75) + 2{%}(“575)
Q* Ep+2 [2JD

] (6142,1) + 2[1] (61£1,1) + [”(Zlil 0) +92 [1](&,2) + 3[1}(51 1) + 2[ ](2170)

1
[ ]ZliQ 1) [ }(Z]ilj + 2[0]([1i1,1 + [0}(€1i1,0) 4 [ ]( s + 2[0]([1,2)
+ 40D 4 (0] 0)

Q° Eo+% [2]([1i% %) + [%](/ :t%,%)
[2](51 % %) + [%](é i% %) + [%](eli%,g) n 3[ ]( % %) n 2[%](51%7%)

Qb‘ Eo+3 [l](élil,l) + [1}(21,2) + 2[1](£1¢1) + [1}(41,0)
[0](lli1,2) + [m([lil,l) + [0}(€1i1,0) + [0](5172) + 2[0}(21,1) + [0](51,0)

Q" Eo+1 [%](Zli%%) + [%](Zli%’%)

Q® Ep+4 [0]¢D

Table E.12: States in the long graviton supermultiplet LGRAV4[Eo, ¢1, 1], with ¢ > 3.
For ¢ = %, the negative Dynkin label at the Q* level is absent.
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Table E.13: States in the long graviton supermultiplet LGRAV4[Eo, £1, £2], with £1, £2 >

%. For ¢; = %, negative Dynkin labels at the Q* level are absent.
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