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a b s t r a c t

The inner part of dense clusters of primordial black holes is an active environment where multiple
scattering processes take place. Some of them give rise from time to time to bounded pairs, and the
rest ends up with a single scattering event. The former eventually evolves to a binary black hole
(BBH) emitting periodic gravitational waves (GWs), while the latter with a short distance, called close
hyperbolic encounters (CHE), emits a strong GW burst. We make the first calculation of the stochastic
GW background originating from unresolved CHE sources. Unlike the case for BBH, the low-frequency
tail of the SGWB from CHE is sensitive to the redshift dependence of the event rate, which could
help distinguish the astrophysical from the primordial black hole contributions. We find that there
is a chance that CHE can be tested by third-generation ground-based GW detectors such as Einstein
Telescope and Cosmic Explorer.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Primordial black holes (PBHs) may have formed in the early
niverse [1–5]. They can be formed by the gravitational collapse
f overdense regions, caused by high peaks in the primordial cur-
ature power spectrum generated during inflation [6–10]. There
re also other mechanisms to produce PBHs through e.g., phase
ransitions [11], scalar field instabilities [12], the collapse of cos-
ic strings [13], etc. PBHs have been studied for decades as

hey may account for all or part of the dark matter (DM) in the
niverse.
There is not yet definite proof of the existence of PBHs, but

ecently, gravitational wave (GW) observation of binary black
ole (BBH) mergers is providing rich information on the BH
opulation [14]. Some analysis based on the mass and rate dis-
ributions [15–21] or spin properties [22,23] suggests that the
bserved BBHs could be primordial origin.
Another approach to probe PHBs is to search a stochastic GW

ackground (SGWB), which can be formed both at the PBH forma-
ion [24–26] and by the superposition of GWs from BBHs [27–31].
he LIGO and Virgo detectors have been improving the upper
imit on the amplitude of SGWB [32], and constraints on PBHs
hrough SGWB have been discussed [33–35]. In the future, the
pgraded version of the LIGO-Virgo-KAGRA detector network [36]

∗ Corresponding author.
E-mail addresses: juan.garciabellido@uam.es (J. García-Bellido),

antiago.jaraba@uam.es (S. Jaraba), sachiko.kuroyanagi@csic.es (S. Kuroyanagi).
https://doi.org/10.1016/j.dark.2022.101009
2212-6864/© 2022 The Author(s). Published by Elsevier B.V. This is an open access a
nc-nd/4.0/).
(and later with LIGO-India) and next-generation GW experiments
such as Einstein Telescope (ET) [37], Cosmic Explorer (CE) [38],
LISA [39], TianQin [40], Taiji [41], DECIGO [42], and so on will
allow us to search SGWBs with greater sensitivities for a wide
range of frequencies.

In this paper, we propose an important additional source of
a SGWB, which is formed by overlapped GW bursts from close
hyperbolic encounters (CHEs). When considering two interacting
BHs, it is possible that BHs will not end up in bound systems
depending on the initial condition but instead produce single
scattering events. GW bursts from such unbounded interacting
systems can be observed by GW experiments and have been
studied in the literature [43–50]. In fact, the dense environment
at the center of the clusters can enhance the rate of events
with an eccentricity near to unity [51], leading to a strong GW
burst. Furthermore, if the interaction is strong enough, they can
produce interesting dynamics, such as spin induction [52,53] and
subsequent mergers [54], etc. If a sufficient number of events
occur in the Universe, they overlap and form a SGWB. We make
the first estimation of the SGWB amplitude from CHEs and discuss
its detectability in future GW experiments, comparing it with the
one from BBHs.

2. Stochastic background of GW

First, we briefly provide the formulations for calculating the
SGWB spectra. The amplitude of a SGWB is commonly charac-
terized by Ω ≡ (dρ /d ln f )/ρ , where f is the frequency in
GW GW c
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he observer frame, ρGW is the energy density of GWs, and ρc ≡

H2
0/(8πG) is the critical density of the Universe with G being

he Newton constant. We use the Hubble constant normalized by
0 = 70 h70 km/s/Mpc. For a SGWB of point source origin, the
W spectrum is commonly computed by

GW(f ) =
1
ρc

∫
∞

0
dz

N(z)
1 + z

dEGW
d ln fr

, (1)

where fr = (1+ z)f is the GW frequency in the source frame and
dEGW/d ln fr is the GW energy emission per logarithmic frequency
bin in the source frame. Here, N(z) is the number density of GW
events at redshift z and given by

N(z) =
τ (z)

(1 + z)H(z)
, (2)

where H(z) is the Hubble expansion rate and τ (z) is the merger
rate per unit time per comoving volume, in units of yr−1Gpc−3.
The merging rate depends on the two progenitor masses m1 and

2, and for a broad mass distribution of BHs, τ (z) should be
eplaced by

(z) =

∫ ∫
dm1

m1

dm2

m2

dτ
d lnm1 d lnm2

, (3)

where dτ/(d lnm1d lnm2) is now the merging rate per logarith-
mic mass interval.

2.1. Binary BHs

There are two different channels for PBH binary formation.
Early formation of gravitationally bound objects due to the tidal
torques from other PBHs takes place before the matter-radiation
equality [55,56], while in the late Universe, where the cluster-
ing of PBHs becomes important, PBH binaries can be created
by dynamical capture [57,58]. It is still unclear which gives the
dominant contribution as it depends on the mass distribution of
PBHs and the clustering nature of PBHs [28]. Here, however, we
describe the BBH formation through the latter mechanism since
it is closely related to CHE.

Let us consider an interaction of two BHs where the masses
are m1 and m2, their relative velocity at infinity is v0, and the
impact parameter b and the eccentricity e are related by b =

GM/v2
0)

√
e2 − 1 whereM = m1+m2. The condition that a binary

BH pair forms by a close encounter is that the energy loss due to
GW emission exceeds the kinetic energy E∞ = 1/2µv2

0 where
≡ m1m2/(m1 + m2) is the reduced mass. The energy loss by

the GW emission is given by

∆E = −
8
15

G7/2

c5
M1/2m2

1m
2
2

r7/2min

f (e) , (4)

(e) ≡
1

(1 + e)7/2

[
24 cos−1(−1/e)

(
1 +

73
24

e2 +
37
96

e4
)

+

√
e2 − 1

(
301
6

+
673
12

e2
)]

, (5)

where rmin is the distance of closest approach, which can be
expressed in terms of v0 as rmin = (GM/v2

0)(e− 1). Consequently,
he condition E∞ ≤ |∆E| gives [57,58]

(e) ≥
15
16

M2

m1 m2

c5

v5
0

, (6)

G(e) ≡
f (e)

(e − 1)7/2

=

⎧⎪⎨⎪⎩
425π
4

(e2 − 1)−7/2 for e ≈ 1 ,

37π
(e2 − 1)−3/2 for e ≫ 1 .

(7)
8 f

2

When Eq. (6) is satisfied, two BHs can become bounded and
form a BBH. They orbit around each other with an almost periodic
elliptical motion, emitting periodic GWs which carry energy out
of the system. This leads to a progressive decrease of the distance
between BHs and, eventually, to their merger. However, it has
been shown that, in the dense environment, a third BH interacts
with the BBH within its evolution, breaking the binary system and
avoiding the merger [59–61]. Thus, the possible scenario of BBH
formation is that they are formed at the cluster center, and those
who are ejected to the outskirt of the cluster eventually merge
and emit GWs.

The cross-section for BH encounters is given by the impact
parameter b and can be written as σ = πb2 = π (GM/v2

0)
2(e2−1).

y substituting (e2 − 1) which satisfies the condition Eq. (6) with
he approximation of e ≈ 1, we obtain the cross-section for
orming a BBH

BBH
= π

(
340π
3

)2/7 G2M10/7(m1 m2)2/7

c10/7v18/7
0

. (8)

This gives the rate of forming one BBH as τind = n(m)vPBHσ BBH,
here n(m) is the number density of PBHs and vPBH = v0/

√
2

is the PBH velocity. For PBHs clustered in dense halos, using
the local density contrast δloc, we can write the number density
as n(m) ≡ δlocρDM/m, with the mean DM cosmological energy
density ρDM = ΩDMρc where ΩDM ≃ 0.25 is the density
parameter for DM.

The total merger rate per comoving volume can be obtained by
multiplying the number of PBHs in the comoving volume. Note
that we multiply the averaged number density n(m)/δloc rather
han the clustered one n(m) in order to obtain merger rate in the
pc volume. By taking into account a mass distribution of BHs,
he total merger rate is given by [28]

dτ BBH

d lnm1 d lnm2
=

1
δloc

σ BBH vPBH n(m1) n(m2)

14.8 yr−1Gpc−3h4
70

(
ΩDM

0.25

)2 (
δloc

108

)
(9)(

v0

10 km/s

)−11/7

f (m1) f (m2)
M10/7

(m1 m2)5/7
,

here f (m) is the logarithmic mass function of PBH, such that
dm/m f (m) = fPBH ≤ 1. Here, fPBH is the fraction of DM made
f PBH, and we assume fPBH = 1 for simplicity. Typical values for
0 are a few tens of km/s and δloc can be taken of order 108, as in
ef. [28].
For the energy emission, we follow the formalism of [62],

hich includes the contributions of the inspiral, merger, and
ingdown parts of the BBH waveform. The energy released to GWs
for e = 0 and no spin) is given by

dEBBH

d ln fr
=

(πG)2/3m1 m2

3c2M1/3 f 2/3r F(fr ) , (10)

here F(fr ) is the function to describe the deviation from the
requency dependence of the inspiral phase f 2/3r (see [62,63] for
he detailed functional form).

Assuming that the merger rate is constant in time, the redshift
ntegration of Eq. (1) can be reduced to a simple form. For ΩM =

.31 (density parameter of matter), we find
∞

0

dz
(1 + z)4/3H(z)

= 0.76H−1
0 . (11)

Then, setting F(fr ) = 1, the energy spectrum for the low-
requency inspiral regime can be estimated as
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BBH
GW (f ) ≈ 2.39 × 10−13 h70(

ΩDM

0.25

)2 (
δloc

108

)(
v0

10 km/s

)−11/7 (
f
Hz

)2/3

(12)∫
dm1 dm2

f (m1) f (m2) (m1 + m2)23/21

(m1 m2)5/7
,

ith mi in solar masses.
We can refine the analysis by assuming a redshift dependence

f the merger rate, τ BBH
∝ (1 + z)β , with exponent 0 < β <

.28 [35,60]. In this case, it can be shown that the low frequency
art of the spectrum gets enhanced by at most a constant factor
.9, slightly modifying the shape of the spectrum near the peak.
owever, the slope at low frequencies stays at f 2/3 and the cutoff
t high frequencies remains invariant.

.2. Close hyperbolic encounters

In the dense environment at the center of the cluster, a large
raction of BH encounters does not end up producing bounded
ystems, but rather produces a single scattering event. These
ncounters have got less attention than BBHs, but in fact, CHE
hould be more common at the inner part of BH clusters [51], and
hey emit GWs, which should be considered both for individual
vents [47,48] and for their contribution to the SGWB.
If a pair of BHs do not satisfy the condition Eq. (6), then the

wo BHs pass away, and it becomes a CHE event. The cross-section
s again given by σ = πb2 = π (GM/v2

0)
2(e2 − 1), but this

ime, we do not have the condition imposed on the eccentricity
oming from Eq. (6). Thus, apart from the BHmasses, we have two
arameters v0 and e for CHE. Then the total event rate is given by

dτ CHE

dm1 dm2
=

1
δloc

σvPBHn(m1)n(m2)

25.4 × 10−8 yr−1Gpc−3 h4
70

(
ΩDM

0.25

)2 (
δloc

108

)
×

f (m1)
m1

f (m2)
m2

M2

m1 m2

e2 − 1
(v0/c)3

. (13)

ote that here again we have multiplied the averaged number
ensity to obtain the total rate (see Appendix for further discus-
ion). The relative velocity v0 can be related to the semi-major
axis as a = GM/v2

0 , which from now on will be used instead of
v0. We will also include the factor (1+z)β in order to parametrize
a possible time dependence of the event rate.

In the case of CHE, the energy emitted per logarithmic fre-
quency bin is given by [46,48]

dECHE
GW

d ln fr
= ν

dEGW
dν

=
4π
45

G3m2
1m

2
2

a2c5ν0
ν5Fe(ν) , (14)

here we have defined ν ≡ 2πν0 fr and ν2
0 ≡ a3/GM . The

requency dependence can be approximated by [47]

5Fe(ν) ≃
12F (ν)

π y (1 + y2)2
e−2ν ξ (y) ,

F (ν) = ν2 (
1 − y2 − 3 ν y3 + 4 y4 + 9 ν y5 + 6 ν2y6

)
,

ξ (y) = y − tan−1 y ,

y =

√
e2 − 1 . (15)

n order to perform the redshift integration of Eq. (1), we define
he following function

[y, x0] ≡
π

12

∫
∞

0
dz

ν5 Fe(ν)H0
√

ΩM

(1 + z)2H(z)
(1 + z)β

≃
πx5/2−β

0
∫

∞

dν ν3/2+βFe(ν)
12 x0

3

=
2x5/2−β

0

(2ξ )3/2+β

1
y(1 + y2)2

×[
2(1 − y2 + 4y4) ξ 2 Γ

(
−

1
2

+ β, 2x0ξ
)

+ 3y3(−1 + 3y2) ξ Γ

(
1
2

+ β, 2x0ξ
)

+ 3y6Γ
(
3
2

+ β, 2x0ξ
)]

, (16)

here we have defined x0 ≡ 2πν0f so that ν = x0(1 + z)
nd Γ is the upper incomplete gamma function. We find that
he function follows xα

0 ∝ f α at low frequencies, where α =

in{2, 5/2 − β}. This is one of the key features of the CHE
ontribution to the SGWB: a measurement of the slope of the
ow-frequency tail would provide information about the redshift
ependence of the event rate, unlike for BBH, which only shifts
he amplitude without changing the slope. Since astrophysical
nd primordial black holes have very different event rates as a
unction of redshift, this could help distinguish between them.

For the subsequent discussion, we will focus on the constant
vent rate case β = 0. This allows us to simplify the previous
ntegral as

[y, x0] ≃ 2 x20 e
−2x0ξ (y)

⎛⎝1 − y2 + 4y4 +
3
2
x0y6

ξ (y)

y (1 + y2)2

⎞⎠ . (17)

e can see that this function peaks at around xpeak0 ≃ 1/ξ (y)
and decays as exp(−2x0ξ (y)) at higher frequencies. Using the
approximation of ξ (y) ≈ y3/3 for y ≪ 1, the peak frequency
can be estimated as

fpeak ≃ 43Hz
( y
0.01

)−3
(

M
200M⊙

)1/2 ( a
0.1 AU

)−3/2
, (18)

nd thus depends on the intrinsic properties of the CHE (M, a, e).
Putting all of this together and redefining I = 2 x20 y

−1

exp[−2x0ξ (y)] Ĩ , so that Ĩ is of order unity at low frequencies, we
find

ΩCHE
GW (f )

≈ 9.81 × 10−13 h70

(
ΩM

0.3

)−1/2 (
ΩDM

0.25

)2

×

(
δloc

108

)( a
0.1 AU

)(
f

10Hz

)2 ( y
0.01

)
×

∫
dm1

100M⊙

dm2

100M⊙

f (m1) f (m2) e−2x0ξ (y) Ĩ[y, x0] . (19)

For the peak frequency (18), we can approximate
CHE
GW (fpeak) ≈ 3.6 × 10−13 h70

×

(
ΩM

0.3

)−1/2 (
ΩDM

0.25

)2 (
δloc

108

)( a
0.1 AU

)−2

×

( y
0.01

)−5 m1

100M⊙

m2

100M⊙

m1 + m2

200M⊙

. (20)

For instance, by taking m1 = m2 = 300M⊙, a = 5AU and y =

2×10−3, we find ΩGW(fpeak) ≈ 1.2×10−11 at the LIGO frequency
band, fpeak ≈ 26 Hz. On the other hand, m1 = m2 = 300M⊙,
a = 5 × 107AU and y = 10−5 yields ΩGW(fpeak) ≈ 3.9 × 10−14 at
the LISA frequency band, fpeak ≈ 6.7 mHz.

Eq. (20) indicates the intuitively expected behavior that we get
larger SGWB amplitude for larger mass, smaller semi major axis,
and smaller y (eccentricity close to unity). These parameter values
would be distributed on a wide range and in principle we should
marginalize them over for obtaining the SGWB spectrum. Here,
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Fig. 1. Comparison of the SGWB spectrum originating from BBHs and CHEs,
both for β = 0 (solid) and 1.28 (dashed). We also plot the power-law integrated
sensitivity curves of several GW detectors for a signal-to-noise ratio of 10 and
an observation time of 1 year, following the formalism in [64]. For the BBH
curves, we take m1 = m2 = 100–300 M⊙ and v0 = 30 km/s. The CHE curves
orrespond to the same range of masses with a0 = 5AU, y0 = 2 × 10−3 for
10 Hz, and a0 = 5 · 107AU, y0 = 10−5 for the mHz range. For all cases, we

ake σa, σy = 0.1, σm = 0.5, and fPBH = 1. For a smaller fraction of PBHs, the
W spectral amplitude simply scales as ΩGW ∝ f 2PBH .

or simplicity, we assume a log-normal distribution of median
0/a0/y0 and its variance σm/σa/σy.

.3. Comparison between both cases

In order to understand the differences between the BBH and
HE cases, in Fig. 1, we plot the GW spectra. We have marginal-
zed over mass distributions centered at 100–300M⊙, in order
o show reasonable contributions in both the LISA and LIGO
requency bands. However, one could in principle consider other
ass ranges or distributions. As illustrated by Eqs. (18) and

20), higher masses will produce greater backgrounds peaking
t higher frequencies, while the opposite will be true for lower
asses.
The first thing we notice in Fig. 1 is that the SGWB spectrum

rom CHEs is steeper than the one from BBHs, which could be
educed from the frequency dependence of Eqs. (12) and (16). In
he case of the constant merger rate (β = 0), the SGWB spectrum
nherits the f 2 dependence of the spectrum of the individual
event at low frequencies, while the individual BBH spectrum has
the f 2/3 dependence. One possible physical interpretation is that
a CHE emits a single burst of GWs, whereas the ones from a BBH
are essentially periodic with increasing frequency. It is, therefore,
natural that the BBH case has a broader spectrum in frequency.

In addition, we can see the different behavior of the BBH and
HE tails when merger rate increases towards high redshift. As
as mentioned before, the change of the BBH curves with β is

just an overall enhancement up to a factor 3.9, whereas the CHE
curves notably modify their slopes. This sensitivity of the CHE
background to β is very relevant, since the rate dependence on
redshift is one of the features that distinguish astrophysical from
primordial black holes [62]. Therefore, a measurement of the tail
of the CHE background could provide useful information about
the relative abundance of both populations.

For the LIGO frequency range, with modest values of the
parameters, the CHE spectrum can reach ET and CE sensitivities,
as can be seen in Fig. 1. Although the CHE contribution is below
the BBH curves, note that the destruction of the binary system
in a dense environment, which could lower the GW amplitude,
is not taken into account. Note also that some BBH events with

a large signal can be detected individually and subtracted from

4

the data [65], which may allow us to probe the other SGWB
component below the curve. This may also be the case for the
more modest CHE curves in the LISA range even if they fall below
its sensitivity curve, given the expected improved sensitivity of
the LISA-TianQin/Taiji networks [66–68].

More restrictive parameters are needed in order to produce
a relevant CHE background in the LISA frequency band. This
difficulty can easily be understood if we rewrite Eq. (20) in terms
of the peak frequency,

ΩCHE
GW (fpeak)≈4.4 × 10−13 h70

×

(
ΩM

0.3

)−1/2 (
ΩDM

0.25

)2 (
δloc

108

)(
fpeak
50 Hz

)4/3

×

( y
0.01

)−1 m1

100M⊙

m2

100M⊙

(
m1 + m2

200M⊙

)1/3

. (21)

We can thus see that, for fixed masses and eccentricity, the
maximum amplitude ΩCHE

GW (fpeak) grows with f 4/3peak. Therefore, with
modest parameters as the CHE curves in the LIGO range, the
amplitude of the background decays significantly if we try to
translate the curve to the LISA range. On the other hand, however,
this is a hint that the SGWB from CHE may play an important
role in higher frequency ranges, such as the ultra-high frequency
(UHF, MHz–GHz) band for which there are good prospects of
detection in the future [69].

3. Conclusions

In this paper, we have proposed a new source of SGWB from
CHEs. We have computed the SGWB spectrum from a super-
position of GWs from CHE events and compared the amplitude
with the one from BBHs. We have seen that they have different
frequency dependencies, which would help to distinguish the two
different origins when detection of SGWB is made. Furthermore,
as shown in Fig. 1, we have found that there exist combinations of
parameter values that can make the CHE contribution detectable
by future GW interferometers, especially with ET, CE or UHF
experiments and with more difficulty in the LISA range.

In addition, we discovered that a change on the event rate
dependence on redshift translates into a change of slope for the
CHE contribution of the low-frequency tail. This is something that
does not happen for BBH and opens the possibility to probing the
time evolution of the event rate.

As we have discussed, formations of BBHs and CHEs strongly
depend on the clustering nature of the PBHs. Current cosmo-
logical observations have not yet provided a clear picture of BH
distribution in the Universe. Detection of SGWB would provide
new implications on the BH evolution. Note that, although we
have focused on SGWB from PBHs in this paper, GWs from as-
trophysical BHs (ABHs) also form a SGWB, and we would observe
the incoherent sum of all SGWB. Given the fact that the event
rate evolves differently with time for ABHs and PBHs, the slope
of the tail of the CHE background could serve to disentangle
both contributions and derive their relative abundance. The com-
bination of other information from further investigation, such
as spectral shape [35,70,71], anisotropy [72–74], and popcorn
feature [75,76], will also help to obtain implications on the origin
of BHs.

As a final remark, although we have made an estimation using
the simplified picture, where we assume uniform over density
region with the parametrization of δloc, our work can be extended
to incorporate a more detailed clustering profile of PBHs. Besides,
we could consider more realistic distributions of the CHE param-
eters, such as semi-major axis and eccentricity. In fact, we have
observed that when we make the log-normal distribution of the
parameters wider, the spectral shape changes dramatically, and
the peak amplitude tends to get enhanced. We leave the detailed

analysis for future work.
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ppendix. Clumping factor

The clumpiness of PBH halos is an important factor for enhanc-
ng the merger rate of CHE, and accordingly, the GW amplitude.
e see in Eq. (13) that the enhancement is by δloc, instead of δ2loc

ndicated by [47,48]. The difference arises because we multiply
he individual merger rate by the averaged PBH density instead
f the local density for obtaining the total merger rate.
Let us derive the dependence of ∝ δloc in another way. In

ur setting, the density contrast in a halo is uniformly described
y δloc, while some articles [44,50] estimate the event rate by
aking into account the halo profile and halo number density.
he analogy can be seen in the gamma-ray background from DM
nnihilation. In [77], the clumping factor is defined as CX (z) ≡

ρ2
X ⟩z/⟨ρX ⟩

2
z , and given by

X (z) =
(1 + z)3

⟨ρX ⟩
2
z

∫
∞

MH min

dMH
dn(MH , z)

dMH

∫
d3rρ2

X (M, r) , (22)

here ρX (MH , r) is the DM density profile, ⟨ρX ⟩ is the averaged
M density in the Universe, and dn(MH , z)/dMH is the comoving
umber density of halos in the mass range of MH ∼ MH + dMH .
Let us apply this formula in our setting where the DM density

s constant within a halo and the density profile is described as
X (MH , r) = δloc⟨ρX ⟩z ≡ ρH (for r < rH ) with rH being the halo
ize. Assuming that all the halos have the same mass MH , the
olume of a halo is given by VH = MH/ρH = MH/(δloc⟨ρX ⟩z),
nd the number density of halo is n(MH , z) = ⟨ρX ⟩z/MH ≡ nMH .
pplying them to (22), we can find the clumping factor is δloc as
he following,

X (z = 0) ∼
1

⟨ρX ⟩
2
z
nMHVHρ2

H

=
1

⟨ρX ⟩
2
z

⟨ρX ⟩z

MH

MH

δloc⟨ρX ⟩z
(δloc⟨ρX ⟩z)2

= δloc (23)
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