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Tunable Anisotropic Quantum Rabi Model via a Magnon–Spin-Qubit Ensemble
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The ongoing rapid progress towards quantum technologies relies on new hybrid platforms optimized
for specific quantum computation and communication tasks, and researchers are striving to achieve such
platforms. We study theoretically a spin qubit exchange-coupled to an anisotropic ferromagnet that hosts
magnons with a controllable degree of intrinsic squeezing. We find this system to physically realize the
quantum Rabi model from the isotropic to the Jaynes-Cummings limit with coupling strengths that can
reach the deep-strong regime. We demonstrate that the composite nature of the squeezed magnon enables
concurrent excitation of three spin qubits coupled to the same magnet. Thus, three-qubit Greenberger-
Horne-Zeilinger and related states needed for implementing Shor’s quantum error-correction code can be
robustly generated. Our analysis highlights some unique advantages offered by this hybrid platform, and
we hope that it will motivate corresponding experimental efforts.
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I. INTRODUCTION

A bosonic mode interacting with a two-level system
constitutes the paradigmatic quantum Rabi model (QRM)
employed in understanding light-matter interactions [1,2].
The recent theoretical discovery of its integrability [3]
and the increasing coupling strengths realized in experi-
ments have brought the QRM into sharp focus [4,5]. The
QRM also models a qubit interacting with an electromag-
netic mode, a key ingredient for quantum communication
and distant qubit-qubit coupling [6–9]. Thus, the ongoing
quantum information revolution [6,10] capitalizes heav-
ily on the advancements in physically realizing and the-
oretically understanding the QRM. In particular, larger
coupling strengths are advantageous for faster gate oper-
ations on qubits, racing against imminent decoherence.
Generating squeezed states of the bosonic mode [11,12],
typically light, via parametric amplification has emerged as
a nonequilibrium means of strengthening this coupling and
achieving various entangled states [13–18]. Other related
methods [19,20] that exploit drives to control, for example,
the QRM anisotropy [4] have also been proposed.

Contemporary digital electronics relies heavily on very
large-scale integration of silicon-based circuits. In sharp
contrast, the emerging quantum information technologies
benefit from the availability of multiple physical realiza-
tions of qubits and their interconnects in order for one to
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be able to choose the best platform for implementing a spe-
cific task or computation [6,8,21–24]. Fault-tolerant quan-
tum computing, either via less error-prone qubits [25] or
via implementation of quantum error correction [26–28],
is widely seen as the path forward. A paradigmatic error-
correction code [26] put forth by Shor requires encoding
one logical qubit into nine physical qubits and generat-
ing three-qubit Greenberger-Horne-Zeilinger (GHZ) [29]
and related states. A continuous-variable analog of this
code employing squeezed states of light has been exper-
imentally demonstrated [30]. This has spurred fresh hopes
of fault-tolerant quantum computing and demonstrated the
use of bosonic modes as more than just interconnects for
qubits.

In our discussion above, we encounter squeezed states
of light in multiple contexts. These nonequilibrium states,
which have widespread applications from metrology
[31] to quantum teleportation [32,33], decay with time.
In contrast, the bosonic normal modes—magnons—in
anisotropic ferromagnets have recently been shown to be
squeezed [34] and to embody various quantum features
inherent in such squeezed states [11,35–37]. Being equi-
librium in nature, these modes are also somewhat different
from light and require care when making comparisons.
This calls for examining ways in which we can exploit
the robust equilibrium-squeezed nature of magnons in
addressing the challenges facing emerging quantum tech-
nologies [24,38,39]. The spin qubit [22,23,40] becomes
the perfect partner because of its potential silicon-based
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nature, the feasibility of strong exchange coupling to the
magnet, its reliance on a mature fabrication technology,
and so on.

Here, we study theoretically a ferromagnet exchange-
coupled to a spin qubit. We find that the ensuing
magnon-qubit ensemble combines the various comple-
mentary advantages mentioned above into one promis-
ing platform. We show that this system realizes an ideal
Jaynes-Cummings model, enabled by spin conservation
in a system that forbids counter-rotating terms (CRTs)
by symmetry. If we allow anisotropy in the magnet, the
squeezed magnon [34,35] becomes the normal mode, giv-
ing rise to nonzero and controllable CRTs. The squeezed
nature of the magnon leads further to an enhancement
in the coupling strength, without the need for a nonequi-
librium drive. Considering three spin qubits coupled to
the same ferromagnet, we demonstrate theoretically the
simultaneous resonant excitation of the three qubits via
a single squeezed magnon. Thus, the system enables a
robust means to generate the entangled three-qubit GHZ
and related states that underlie Shor’s error-correction
code [26]. The magnon–spin-qubit ensemble offers an
optimal platform for realizing the QRM with large cou-
pling strengths and implementing fault-tolerant quantum
computing protocols.

II. ONE MAGNONIC MODE COUPLED TO ONE
QUBIT

We consider a thin film of an insulating ferromagnet that
acts as a magnonic cavity. Considering an applied mag-
netic field H0ẑ, the ferromagnetic Hamiltonian is expressed
as [41]

H̃ F = −J
∑

〈i,j 〉
S̃i · S̃j + |γ |μ0H0

∑

i

S̃iz, (1)

where J (> 0) parameterizes the ferromagnetic exchange
between nearest neighbors, γ (< 0) is the gyromagnetic
ratio, and S̃i denotes the spin operator at position i. We set
� = 1 throughout and identify operators with an overhead
tilde. A detailed derivation of the system Hamiltonian is
presented in Appendix A. We discuss the key steps and
their physical implications here in the main text. Because
of the Zeeman energy, the ferromagnet has all its spins
pointing along −ẑ in its ground state. Employing Holstein-
Primakoff transformations [42] and switching to Fourier
space, the ferromagnetic Hamiltonian is written in terms
of spin-1 magnons [43] as follows:

H̃ F = const +
∑

k

(
ω0 + clJSa2k2) ã†

kãk, (2)

where ω0 ≡ |γ |μ0H0 is the ferromagnetic resonance fre-
quency (on the order of a gigahertz) corresponding to the

uniform (k = 0) magnon mode, a is the lattice constant,
S is the spin, cl is a factor that depends on the lattice
considered, and ãk denotes the annihilation operator for a
magnon with wave vector k. The magnons here have unit
spin, as each of them reduces the total spin in the ferro-
magnet by that amount [43]. The boundary conditions for
small magnets result in a discrete magnon spectrum [44].
This leads to discrete allowed values of the wave vector
k, leaving the Hamiltonian unchanged otherwise. Further-
more, k then labels standing waves instead of traveling
waves. For typical values of J , spatial dimensions in the
micrometer range result in magnon energies differing by a
few gigahertz. Hence, we consider only the k = 0 mode
henceforth, denoting ã0 simply as ã. We may disregard the
higher modes, as we exploit coherent resonant interactions
in this study.

As depicted in Fig. 1(a), the confined electron gas
that becomes a spin qubit is interfaced directly with the
ferromagnet to enable exchange coupling [45–48]:

H̃ int = Jint

∑

l

S̃l · s̃l, (3)

where Jint parameterizes the interfacial exchange inter-
action, s̃l denotes the spin operator of the spin-qubit
electronic state at site l, and l runs over the interfacial
sites. In terms of the relevant eigenmodes, the interfacial
interaction is simplified to

H̃ int = g
(
ã†σ̃− + ãσ̃+

)
, (4)

where g = JintNint|ψ |2√S/(2NF), with Nint being the
number of interfacial sites, |ψ |2 the spin-qubit elec-
tron probability averaged over the interface, and NF the
total number of sites in the ferromagnet. The operators

(a) (b)

FIG. 1. Schematic depiction of three spin qubits exchange-
coupled to one magnon mode. (a) Semiconducting wires hosting
the localized electronic states that constitute the spin qubit are
deposited on top of a thin insulating ferromagnet layer. A direct
contact enables strong interfacial exchange coupling. (b) The
corresponding anisotropic QRM. Three qubits interact with a
single magnonic mode via controllably strong rotating (gR) and
counter-rotating (gCR) terms [Eq. (9)].
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σ̃+,− = (σ̃x ± iσ̃y)/2 excite or relax the spin qubit, which
is further described via

H̃ q = ωq

2
σ̃z. (5)

Thus, our total Hamiltonian becomes

H̃ 1 = H̃ F + H̃ q + H̃ int, (6)

where H̃ F = ω0ã†ã, and the other contributions are given
by Eqs. (4) and (5).

Our system thus realizes the Jaynes-Cummings Hamil-
tonian [Eq. (6)], which conserves the total number of
excitations. This is a direct consequence of spin conser-
vation, afforded by the exchange coupling in our system.
A spin-1 magnon can be absorbed by a spin qubit, flip-
ping the latter from its spin-(−1/2) to its spin-(+1/2)
state. The same transition in the spin qubit, however, can-
not emit a magnon. This is in contrast to the case of
dipolar coupling between a spin qubit and a ferromagnet
[7,41,48–50], which does not necessarily conserve spin.
Further, as numerically estimated below, on account of
exchange being a much stronger interaction, the effec-
tive coupling g in our system can exceed the magnon
frequency ω0, thereby covering the full coupling range
from weak to deep-strong [51–53]. Nonclassical behav-
ior is typically manifested when one starts with ultrastrong
couplings g/ω0 > 0.1 [51,54,55].

We consider the ferromagnet to be isotropic thus far.
However, such films manifest a strong shape anisotropy, in
addition to potential magnetocrystalline anisotropies [41].
We now account for these effects by including the single-
ion anisotropy contribution, parameterized via Kx,y,z:

H̃ an =
∑

i

Kx

(
S̃ix

)2
+ Ky

(
S̃iy

)2
+ Kz

(
S̃iz

)2
.

Our assumed general form for the anisotropy allows us to
capture all possible contributions to the uniform magnon-
mode Hamiltonian and provides design principles for
choosing the right material. The specific cases of shape
anisotropy [34,47] and magnetocrystalline anisotropy in
specific materials [56] are adequately captured by our gen-
eral considerations, and have been detailed elsewhere [34,
47,56]. If we retain only the uniform mode, the anisotropy
contribution above results in the following magnon Hamil-
tonian:

H̃ F = Aã†ã + B
(
ã2 + ã†2) , (7)

where A ≡ |γ |μ0H0 + KxS + KyS − 2KzS and B ≡
S(Kx − Ky)/2. For typical physical systems, both A and
B are in the gigahertz regime and are determined via the
applied field and the anisotropies as delineated by the

expressions presented above. The ensuing Hamiltonian,
Eq. (7), possesses squeezing terms proportional to B,
which, unlike in the case of light, result from the magnet
trying to minimize its ground-state energy while respecting
the Heisenberg uncertainty principle [35]. The new eigen-
mode, dubbed a squeezed magnon [34], is obtained via a
Bogoliubov transform ã = cosh rα̃ + sinh rα̃†, resulting in

H̃ F = ω0α̃
†α̃, (8)

where we continue to denote the eigenmode energy as
ω0, and we now have ω0 = √

A2 − 4B2. Further, the
squeeze parameter r is governed by the relation sinh r =
−2B/

√
(A + ω0)2 − 4B2. The stability of the ground state

requires ω0 > 0 and (A + ω0)
2 > 4B2. Thus, while the

physical system in question allows values of A and B out-
side this domain, our assumption of a uniformly ordered
ground state becomes invalid in that case. We confine our
analysis to the case of a sufficiently large applied field H0
such that the system harbors a uniformly ordered ground
state. The limit of a divergent squeezing r is neverthe-
less within the domain of applicability. A detailed analysis
of squeezing resulting from shape anisotropy shows it to
be a strong effect [34,47], with sinh r being of the order
of unity for typical experiments. It can be much larger
for small applied fields, or when the magnet is close to
a ground-state instability, or when a magnet with strong
magnetocrystalline anisotropy is chosen. Further, the anal-
ysis above shows that breaking the symmetry in the plane
transverse to the equilibrium spin order yields a squeezing
effect, while a uniaxial anisotropy does not contribute to it.
In the new eigenbasis, we obtain

H̃ int = gR
(
α̃†σ̃− + α̃σ̃+

) + gCR
(
α̃†σ̃+ + α̃σ̃−

)
, (9)

where gR = g cosh r and gCR = g sinh r. The interaction
now has both rotating (proportional to gR) and counter-
rotating (proportional to gCR) terms [Fig. 1(b)].

Our system can be analyzed in terms of two differ-
ent bases: using a spin-1 magnon (represented by ã) or
a squeezed magnon (α̃). The latter is the eigenmode and
comprises a superposition of odd-magnon-number states
[Fig. 2(a)] [34,35,57,58]. Since a spin-1 magnon is associ-
ated with a physical spin flip in the magnet [42], the inter-
action in Eq. (4) still comprises absorption and emission of
magnons (ã) accompanied by transitions in the qubit. On
the other hand, in the eigenbasis, the qubit is now interact-
ing with a new bosonic eigenmode, the squeezed magnon
(α̃), via an interaction that includes rotating and counter-
rotating terms [Eq. (9)]. Therefore, in the eigenbasis, our
system accomplishes an anisotropic QRM [4,5] [Fig. 1(b)
and Eqs. (5), (6), (8), and (9)]. The squeeze parameter
r, tunable via the applied field and the anisotropies [59],
further enhances the coupling strength and controls the rel-
ative importance of the rotating and counter-rotating terms:
gR = g cosh r and gCR = g sinh r.
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FIG. 2. Schematic depiction of the transition |1, ggg〉 →
|0, eee〉. (a) The squeezed magnon comprises a superposition of
odd-magnon-number states. This composite nature enables its
absorption by an odd number of qubits. We focus on the case
of three qubits. (b) An example pathway that takes the system
from containing one squeezed magnon and three ground-state
qubits (|1, ggg〉) to zero squeezed magnons and three excited
qubits (|0, eee〉) via a series of virtual states. The first transition is
effected by a CRT and is indicated by a dashed arrow. The right
scale indicates the state energy, assuming ω0 = 3ωq.

III. ONE MAGNONIC MODE COUPLED TO
THREE QUBITS

We now exploit the squeezed and composite nature
of the magnonic eigenmode to generate useful entangled
states [35]. As depicted in Fig. 2(a), the composite nature
of the squeezed magnon should enable joint excitation
of an odd number of qubits. Considering the paramount
importance of generating such three-qubit GHZ states [29]
for Shor’s error-correction code [26], we consider three
qubits coupled to the same squeezed-magnon eigenmode:

H̃ 3 = H̃ F +
∑

n=1,2,3

(
H̃ n

q + H̃ n
int

)
, (10)

with the individual contributions expressed via Eqs. (5),
(8), and (9). For simplicity, we assume the three qubits
and their couplings with the magnet to be identical. The
qualitative physics is unaffected by asymmetries among
the three qubits, which are detailed in Appendix B. Hence-
forth, we analyze the problem in its eigenbasis, employing
a methodology consistent with a previous investigation of
joint photon absorption [60].

We are interested in jointly exciting the three qubits
using a single squeezed-magnon eigenmode, a transition
denoted as |1, ggg〉 → |0, eee〉. To gain physical insight,
we first analyze this transition within the perturbation-
theory framework detailed in Appendix B. While the tran-
sition is not possible via a direct process [first order in the
interaction Eq. (9)], it can be accomplished via a series
of virtual states. As the transition requires an increase in

the total excitation number by 2, at least one of the virtual
processes needs to be effected via CRTs, thus requiring a
nonzero squeezing r in our system. The shortest path to
effecting the transition consists of three virtual processes,
but its amplitude is canceled exactly by a complementary
path, as detailed in Appendix B. Hence, the lowest nonva-
nishing order for accomplishing this transition is 5, with
an example pathway being depicted in Fig. 2(b) [61]. As
detailed in Appendix B, several such paths contribute to
the overall transition amplitude. The energy-conservation
requirement on the initial and final states necessitates
ω0 ≈ 3ωq.

Guided by intuition from the perturbative analysis, we
now study the system [Eq. (10)] numerically using the
QuTiP package [62,63]. Unless stated otherwise, and for
simplicity, we employ gR = gCR = 0.1ωq in our analy-
sis. A numerical diagonalization of the total Hamiltonian
in Eq. (10) yields the energy spectrum, as depicted in
Fig. 3(a). To understand it, let us first consider the simpler
case of zero qubit-magnon coupling. In that case, the spec-
trum should contain eight (23) flat curves, corresponding
to the different excited qubits and zero squeezed-magnon
occupation. Two triplets of these overlap, resulting in four
visually distinct flat curves. The same three-qubit spec-
trum combined with N squeezed magnons yields the same
four visually distinct curves, now with a slope of N . Let
us turn on the qubit-magnon coupling now. For the small
but finite coupling considered in Fig. 3(a), we see the
typical one-excitation Rabi splitting around ω0 ≈ ωq that
results from a direct process. Around ω0 ≈ 2ωq, we see
crossings between different levels [64]. A coupling here
is forbidden, as only an odd number of qubits can be
excited by one squeezed magnon [Fig. 2(a)]. The apparent
crossing around ω0 ≈ 3ωq is in fact an anticrossing, man-
ifesting a small Rabi splitting between the states |1, ggg〉
and |0, eee〉 [see Fig. 3(b)]. This is the transition of inter-
est, and the effective coupling responsible for it can be
expressed as

H̃ eff = geff (|1, ggg〉 〈0, eee| + |0, eee〉 〈1, ggg|) , (11)

where geff = (gCRg4
R − 0.3g3

CRg2
R)/ω

4
q is obtained by fit-

ting (almost perfectly) its gR,CR dependence predicted by
the perturbative analysis to the Rabi splittings obtained
via numerical diagonalization. In carrying out this anal-
ysis, we numerically find the resonance condition, which
occurs around ω0 ≈ 3ωq, and evaluate the Rabi splitting.
Hence, the expression for geff above is valid for ω0 ≈ 3ωq.
The comparison between the squeezed-magnon occupa-
tion, the single-qubit excitation, and the three-qubit cor-
relations plotted in Fig. 3(c) for Rabi oscillations around
ω0 ≈ 3ωq confirms the joint nature of the three-qubit
excitation.
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(a) (b) (c)

FIG. 3. Numerically evaluated spectrum and dynamics of three qubits coupled to one magnonic mode [Eq. (10)]. (a) Energy spec-
trum evaluated assuming gR = gCR = 0.1ωq. The green rectangle encloses the typical one-excitation anticrossing (ω0 ≈ ωq). The circle
highlights crossings around ω0 ≈ 2ωq, as only an odd number of qubits can be excited [Fig. 2(a)]. The square emphasizes the weaker
three-excitation anticrossing around ω0 ≈ 3ωq, which results from finite squeezing and the resulting CRTs. (b) Enlargement of the
three-excitation anticrossing that stems from the transition depicted in Fig. 2. The red dashed lines depict the spectrum evaluated
assuming gCR = 0, leaving the rest unchanged. (c) Zero-detuning system dynamics around ω0 ≈ 3ωq with the initial state |1, ggg〉.
The squeezed-magnon occupation (blue solid line) and single-qubit excitation (black solid line) manifest typical Rabi oscillations.
The nearly perfect overlap between the single-qubit and three-qubit (red dashed line) correlations confirms the joint nature of the
three-qubit excitation in these Rabi oscillations.

IV. DISCUSSION

Our system enables the transition |1, ggg〉 → |0, eee〉
with an effective coupling strength geff [Eq. (11)], or equiv-
alently the Rabi frequency, that is tunable via the magnon
squeezing: gCR = g sinh r. Bringing the system into reso-
nance to enable a Rabi oscillation for a fraction of a cycle
can be exploited to robustly generate three-qubit GHZ
and related entangled states, (|ggg〉 ± |eee〉)/√2. Conve-
nient generation of these states is central to Shor’s error-
correction code [26] and thus of great value in achieving
fault-tolerant quantum computing. Such three-qubit entan-
gled states can be generated on contemporary quantum
computers via sequential one- and two-qubit gate oper-
ations [65–67]. In theory, and for ideal gate operations,
our suggested method appears not to offer any advantage
over such sequential gate operations executed on state-
of-the-art quantum computers. However, each two-qubit
gate operation entails applying an exact pulse that, in turn,
depends on the qubit frequencies and their coupling to
the bosonic mode. Further, such sequential operations nec-
essarily create an asymmetry between the three qubits,
since one of them needs to be addressed in the end. In
the presence of decoherence, this can compromise the
quality of the GHZ states achieved in practice. Finally,
sequential operations are bound to take a longer time to
generate the desired GHZ state, which reduces the time
available for other computations, given that decoherence
limits the total time available. In contrast, capitalizing on
energy and spin conservation, our proposed single-pulse
method is intrinsically robust against any qubit asymme-
tries and perfectly synchronizes the excitation of the three
qubits. This resilience of our suggested method comes
because there is a unique resonance condition around

ω0 ≈ ωq1 + ωq2 + ωq3 for the single pulse needed. Since
the three qubits need to absorb the energy of one squeezed
magnon together, their GHZ-state generation is automati-
cally synchronized.

Being a fifth-order process, geff is evaluated to be small
for the parameters employed in our analysis above (gR =
gCR = 0.1ωq). However, notwithstanding our choice of
parameters, which is motivated by a comparison with per-
turbation theory, the proposed system can achieve very
high bare couplings g [Eq. (9), gR, gCR > ωq], such that
the higher-order processes are not diminished and geff
becomes large. An increase in the coupling strength and the
relevance of higher-order processes, however, has its trade-
offs. While some of these higher-order processes merely
renormalize the qubit and magnon frequencies, thereby
not affecting the phenomena discussed here, others can
bring the independent existence of the magnon and qubit
subsystems into question. Thus, depending on the desired
application, an optimal value for geff needs to be chosen.
The key benefit of the proposed system is the wide range
of geff that it admits. Spin-pumping experiments yield
interfacial exchange couplings [Eq. (3)] Jint ≈ 10 meV
between various (insulating) magnets and adjacent metals
[68–70]. Assuming the qubit wave function to be localized
in five monolayers below an equally thin ferromagnet and
an interface comprising 100 sites, we obtain a bare cou-
pling rate [Eq. (4)] g ≈ 0.005Jint ≈ 80 GHz, significantly
larger than typical spin-qubit and uniform-magnon-mode
frequencies.

In general, one can design a system (e.g., by choosing
the ferromagnet thickness) to have a desired bare coupling,
and exploit the squeezing-mediated tunability in situ. The
latter effect, although an interesting and useful property of
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the system, may not be needed in a specific application,
given that deep-strong coupling could be achieved without
this enhancement. In particular, our example of choice, the
generation of GHZ states, need not exploit this enhance-
ment effect.

Our proposal for leveraging intrinsic magnon squeezing
in generating entanglement via a coherent process is com-
plementary to previous incoherent interaction-based pro-
posals [36,48,71,72]. The latter typically necessitate dia-
batic decoupling of qubits from the magnet after achieving
an entangled state. Our proposal thus uncovers an unex-
plored and experimentally favorable avenue for exploiting
the squeezing intrinsic to magnets.

V. SUMMARY

We demonstrate that a magnon–spin-qubit ensemble can
realize an anisotropic quantum Rabi model with coupling
strengths that make it feasible to reach the deep-strong
regime. This system is shown to capitalize on various
unique features of squeezed magnons hosted by mag-
nets. These include squeezing-mediated coupling enhance-
ment, tunable anisotropy of the Rabi model, and conve-
nient synchronous entanglement of three qubits. Thus, the
magnon–spin-qubit ensemble provides a promising plat-
form for investigating phenomena beyond the ultrastrong
regime and implementing error-correction codes.
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APPENDIX A: SYSTEM HAMILTONIAN

In this section, we derive the Hamiltonian describing our
magnon–spin-qubit ensemble. First, starting with the ferro-
magnetic spin Hamiltonian, we obtain a description of the
magnonic mode. Then, we specify the spin qubit. Finally,
we derive the interfacial exchange-mediated interaction
between the two subsystems.

1. Magnonic mode

Taking into account the Zeeman energy, ferromagnetic
exchange, and a general anisotropy, the ferromagnet is

described via the spin Hamiltonian

H̃ F = |γ |μ0H0

∑

i

S̃iz − J
∑

〈i,j 〉
S̃i · S̃j

+
∑

i

[
Kx

(
S̃ix

)2
+ Ky

(
S̃iy

)2
+ Kz

(
S̃iz

)2
]

,

(A1)

where the applied magnetic field is H0ẑ, γ (< 0) is the
gyromagnetic ratio, J (> 0) is the exchange energy, 〈i, j 〉
denotes a sum over nearest neighbors, and Kx,y,z param-
eterize the magnetic anisotropy. While the anisotropy
may arise due to dipolar interactions or magnetocrys-
talline single-ion anisotropies, our assumed general form
encompasses all such symmetry-allowed contributions that
can contribute to determining the uniform k = 0 magnon
mode [47].

Assuming the Zeeman energy to dominate over the
anisotropy, we consider all spins to point along −ẑ in the
magnetic ground state. We may express the spin Hamil-
tonian in Eq. (A1) in terms of bosonic magnons via the
Holstein-Primakoff transformation [42] corresponding to
our spin ground state,

S̃j + =
√

2Sã†
j , (A2)

S̃j − =
√

2Sãj , (A3)

S̃jz = −S + ã†
j ãj , (A4)

where S̃j ± ≡ S̃jx ± iS̃jy , ãj is the magnon annihilation
operator at position j , and S is the spin magnitude. In
addition, we need the Fourier relations

ãj = 1√
NF

∑

k

ãke−ik·rj , (A5)

ãk = 1√
NF

∑

j

ãj eik·rj , (A6)

where NF is the total number of sites in the ferromagnet
and ãk is the annihilation operator for the magnon mode
with wave vector k. Employing these Holstein-Primakoff
and Fourier transformations in Eq. (A1), we obtain the
magnonic Hamiltonian

H̃ F = const +
∑

k

[
Akã†

kãk + Bk

(
ã†

kã†
−k + ãkã−k

)]
,

(A7)

where Ak ≡ |γ |μ0H0 + KxS + KyS − 2KzS + 4JS [3−(
cos kxa + cos kya + cos kza

)]
and Bk ≡ S(Kx − Ky)/2.

In obtaining the exchange contribution to Ak, we assume

064008-6



TUNABLE ANISOTROPIC QUANTUM. . . PHYS. REV. APPLIED 16, 064008 (2021)

a simple cubic lattice with lattice constant a. In the long-
wavelength limit, i.e., akx,y,z � 1, the cosines can be
approximated by parabolas.

As discussed in the main text, we retain only the uni-
form mode corresponding to k = 0 in our consideration of
the magnon–spin-qubit system. This is justifiable because,
for small dimensions of the magnet considered here, the
allowed wave vectors k correspond to magnon energies
separated from the lowest uniform mode (with an energy
of a few gigahertz) by at least several gigahertz. Thus,
we may disregard such high-energy modes when con-
sidering coherent resonant interactions, as we do in this
paper. Further diagonalization of Eq. (A7), considering
only the uniform mode, via a Bogoliubov transformation
is described in the main text.

2. The spin qubit

We consider our spin qubit to comprise a confined elec-
tronic orbital that admits spin-up and spin-down states.
Considering a lifting of the spin degeneracy by, for exam-
ple, an applied magnetic field, the spin-qubit Hamiltoniam
may be expressed as

H̃ q = const + ωq

2

(
c̃†
↑c̃↑ − c̃†

↓c̃↓
)

, (A8)

where, considering a negative gyromagnetic ratio and an
applied magnetic field along ẑ, ωq (> 0) is the qubit
splitting. We further introduce the notation

σ̃z ≡
(

c̃†
↑ c̃†

↓
)(

1 0
0 −1

) (
c̃↑
c̃↓

)
≡ c̃†

σ zc̃, (A9)

where an underline identifies a matrix. With this notation,
and dropping the spin-independent constant, the spin-qubit
Hamiltonian is expressed as

H̃ q = ωq

2
σ̃z. (A10)

With the notation defined in Eq. (A9), σ̃+ ≡ (σ̃x + iσ̃y)/2
becomes the qubit excitation operator, while σ̃− ≡ (σ̃x −
iσ̃y)/2 is the qubit relaxation operator.

3. Exchange coupling

The magnon and spin qubit are considered to be coupled
via an interfacial exchange interaction parameterized via
Jint [45–47],

H̃ int = Jint

∑

l

S̃l · s̃l, (A11)

where l labels the interfacial sites, S̃ denotes the fer-
romagnetic spin operator, and s̃ represents the spin of
the electronic states that comprise the qubit. We wish to

express the interfacial Hamiltonian in Eq. (A11) in terms
of the magnon and qubit operators. To this end, S̃l can
be expressed via magnon operators using the Holstein-
Primakoff and Fourier transforms [Eqs. (A2)–(A6)]
already described above. We now discuss the representa-
tion of s̃l in terms of the qubit operators σ̃x,y,z [Eq. (A9)].

Following quantum-field-theory notation for discrete
sites, the spin operator at a given position r can be
expressed in terms of ladder operators at the same position:

s̃(r) = 1
2

∑

s,s′=↑,↓
�̃†

s (r)σ ss′�̃s′(r), (A12)

where σ = σ xx̂ + σ y ŷ + σ z ẑ, with σ x,y,z being the Pauli
matrices. The local ladder operators can be represented fur-
ther in terms of the complete set of eigenstates labeled via
an orbital index t:

�̃s(r) =
∑

t

ψt(r)c̃ts, (A13)

where ψ(r) is the spatial wave function of the orbital and
c̃ts are the ladder operators for each spin-resolved orbital.
Employing this relation, Eq. (A12) becomes

s̃(r) = 1
2

∑

s,s′,t,t′
ψ∗

t (r)ψt′(r)σ ss′ c̃
†
tsc̃t′s′ . (A14)

Since, for our spin qubit, we are interested in only one
orbital out of the complete set, we allow only one value of
t and thus drop the index t in accordance with our previous
considerations in Eq. (A8):

s̃(r) = 1
2

∑

s,s′
|ψ(r)|2 σ ss′ c̃†

s c̃s′ , (A15)

= |ψ(r)|2
2

c̃†σ c̃, (A16)

=⇒ s̃l = |ψl|2
2

c̃†σ c̃, (A17)

where ψl is the wave-function amplitude of the qubit
orbital at position l.

The interfacial interaction in Eq. (A11) is now simplified
to

H̃ ints = Jint

∑

l

[
S̃lz s̃lz + 1

2

(
S̃l+s̃l− + S̃l−s̃l+

)]
, (A18)

where S̃l± ≡ S̃lx ± iS̃ly and s̃l± ≡ s̃lx ± is̃ly . Employing
Eq. (A17) together with Eqs.(A2)–(A6) and retaining only
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the uniform magnon mode, the interfacial Hamiltonian is
simplified to include two contributions:

H̃ int = H̃ int1 + H̃ int2. (A19)

The first contribution is our desired magnon–spin-qubit
exchange coupling,

H̃ int1 = JintNint|ψ |2
√

S
2NF

(
ã†σ̃− + ãσ̃+

)
, (A20)

where Nint is the number of interfacial sites and |ψ |2 ≡(∑
l |ψl|2

)
/Nint is the qubit electronic state wave function

averaged over the interface. The second contribution,

H̃ int2 = −SJintNint|ψ |2
2

σ̃z, (A21)

renormalizes the spin-qubit energy and can be absorbed
into ωq [Eq. (A10)].

APPENDIX B: DERIVING AN EXPRESSION FOR
THE EFFECTIVE COUPLING WITH

PERTURBATION THEORY

Here we look at the Hamiltonian describing three qubits
coupled to the same squeezed-magnon eigenmode, as
described in the main text. We assume the interaction
terms, H̃ n

int, to be small compared with the rest of the
Hamiltonian, H̃ 0 = ω0α̃

†α̃ + ∑
n=1,2,3(ωqn/2)σ̃ n

z , and cal-
culate the effective coupling geff between the two states
|1, ggg〉 and |0, eee〉 using perturbation theory. The inter-
action term, H̃ n

int, is given by

H̃ n
int = gRn

(
α̃†σ̃ n

− + α̃σ̃ n
+
) + gCRn

(
α̃†σ̃ n

+ + α̃σ̃ n
−
)

. (B1)

The relevant virtual processes can be shown as paths from
|1, ggg〉 (blue) to |0, eee〉 (red) on a grid of “number of
magnon excitations” and “number of qubit excitations.”
The rotating term (drawn as a full line) keeps the total num-
ber of excitations constant, while the counter-rotating term
(drawn as a dotted line) changes the total number of exci-
tations by two. The detailed expressions for each diagram
are calculated using a diagrammatic approach presented in
Ref. [73].

1. Third-order perturbation theory

We start by applying perturbation theory to third order.
The two third-order diagrams are shown in Fig. 4. For
general qubits, these two diagrams result in the effective
coupling

FIG. 4. Diagrams connecting |1, ggg〉 (blue) and |0, eee〉 (red)
via virtual transitions to third order. Counter-rotating processes
are represented by dashed lines.

g(3)eff =
∑

i,j ,k
i�=j �=k �=i

[
2gCRigRj gRk

(−ω0 − ωqi)(−ωqi − ωqj )

+ gRigCRj gRk

(ω0 − ωqi)(−ωqi − ωqj )

]
, (B2)

where the sum is over all qubit permutations.
If we assume that the qubits are identical (gCRi =

gCR, gRi = gR,ωqi = ωq), all qubit permutations are equiv-
alent, and the sum can be carried out by counting qubit
permutations:

g(3)eff = 3gR
2gCR

3ωq − ω0

ωq
(
ω0

2 − ωq
2
) . (B3)

As we can see, the two paths cancel at resonance, i.e.,
ω0 = 3ωq. Moreover, it can be shown from Eq. (B2) that
the third-order term cancels when ω0 = ∑

i ωqi. The result
of pure third-order perturbation theory is therefore zero.

2. Fifth-order perturbation theory

Since the third-order result is zero and there are no
fourth-order paths, we move on to fifth order by drawing
all fifth-order paths from the initial state |1, ggg〉 (blue) to
the state |0, eee〉 (red). We use the result that the third-order
term cancels at resonance to note that pairs of diagrams

FIG. 5. Example of fifth-order diagrams that cancel if ω0 =
3ωq. Pairs of two third-order diagrams with an additional loop
on a shared vertex that is not the initial vertex fully cancel
at resonance. Counter-rotating terms are represented by dashed
lines.
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(a) (b)

(d)(c)

(e) (f) (g)

FIG. 6. Relevant diagrams that
connect |1, ggg〉 (blue) and |0, eee〉
(red) via virtual transitions to fifth
order. Counter-rotating terms are
represented by dashed lines.

such as the ones in Fig. 5, i.e., the two third-order dia-
grams with an additional loop on a shared vertex that is
not the initial vertex, also fully cancel at resonance.

All remaining diagrams are shown in Fig. 6. Diagrams
(a) and (c) cancel partially but not fully, and give the
contribution

g(5a)
eff + g(5c)

eff =
∑

i,j ,k,l
j �=k �=l�=j

[(
2gCRi

2

(−ω0 − ωqi)

) (
2gCRj gRkgRl

(−ω0 − ωqi)2(−ωqi − ωqj )
+ gRj gCRkgRl

(ω0 − ωqi)2(−ωqi − ωqj )

)]
. (B4)

Similarly, for (b) and (d),

g(5b)
eff + g(5d)

eff =
∑

i,j ,k,l
j �=k �=l�=j

[(
gRi

2

(ω0 − ωqi)

) (
2gCRj gRkgRl

(−ω0 − ωqi)2(−ωqi − ωqj )
+ gRj gCRkgRl

(ω0 − ωqi)2(−ωqi − ωqj )

)]
. (B5)

The contributions from diagrams (e), (f), and (g) are

g(5e)
eff =

∑

i,j ,k,l
i�=j �=k �=i

6gCRigCRj gRkgCRlgRl

(−ω0 − ωqi)(−2ω0 − ωqi − ωqj )(−ω0 − ∑
n ωqn)(ωql − ∑

n ωqn)
(B6)

g(5f )
eff =

∑

i,j ,k,l,m,n
i�=j �=k �=i

l=i,j
m=l,k

n�=m n=l,k

6gCRigCRj gCRlgRmgRn

(−ω0 − ωqi)(−2ω0 − ωqi − ωqj )(−ω0 + ωql + ωqk − ∑
p ωqp)(ωqn − ∑

p ωqp)
, (B7)

g(5g)
eff =

∑

i,j ,k,l
j �=k �=l�=j

6gCRigRigRj gRkgRl

(−ω0 − ωqi)(−2ω0)(−ω0 − ωqj )(−ωqj − ωqk)
. (B8)
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If we now assume that we are at resonance and that the
qubits are identical (gCRi = gCR, gRi = gR,ωqi = ωq, and
ω0 = 3ωq), the sums can again be carried out by count-
ing qubit permutations. The total effective coupling to fifth
order is then

g(5)eff = −9
(
3gCR

3gR
2 − 8gCRgR

4
)

32ωq
4 . (B9)

3. Additional corrections

As we have seen, the third-order contribution to the
effective coupling is zero when ω0 = 3ωq. However, if we
are interested in the details of the (anti)crossing, there is
an additional detail we need to consider. The perturba-
tion causes the energy levels to shift, which causes the
(anti)crossing to take place at a small shift away from
ω0 = 3ωq.

By applying second-order perturbation theory (at ω0 =
3ωq) to the energies of the two relevant states, we find that
the crossing takes place at

ω0 = 3ωq + 3gCR
2

2ωq
− 3gR

2

ωq
. (B10)

Inserting this into the third-order effective coupling,
Eq. (B3), and keeping terms of up to fifth order in gCR/R
leaves us with [74]

g(3)′eff = 9
(
gCR

3gR
2 − 2gCRgR

4
)

16ωq
4 , (B11)

where the prime indicates that the effective coupling is
evaluated at the (anti)crossing.
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