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Unconventional mechanism of virtual-state population through dissipation
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Virtual states are a central concept in quantum mechanics. By definition, the probability of finding a quantum
system in a virtual state should be vanishingly small at all times. In contrast to this notion, we report a
phenomenon occurring in open quantum systems by which virtual states can acquire a sizable population in the
long-time limit, even if they are not directly coupled to any dissipative channel. This means that the situation in
which the virtual state remains unpopulated can be metastable. We describe this effect by introducing a two-step
adiabatic elimination method, which we termed hierarchical adiabatic elimination, that allows one to obtain
analytical expressions of the timescale of metastability in general open quantum systems. We show how these
results can be relevant for practical questions such as the generation of stable and metastable entangled states in
dissipative systems of interacting qubits.
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I. INTRODUCTION

The concept of virtual state in quantum mechanics is of
paramount importance, e.g., in the context of virtual transi-
tions between coherently unconnected states [1–3] or in the
description of scattering processes in quantum field theory
where interactions are mediated by virtual particles [4]. In sit-
uations in which strongly off-resonant “virtual” states mediate
interactions between quasiresonant “real” states, an adiabatic
elimination over the fast degrees of freedom—the virtual
ones—allows one to reduce the dimensionality of the prob-
lem and obtain an effective description of the slow degrees
of freedom, i.e., the real states. This technique of adiabatic
elimination, which can be formulated in several alternative
ways—e.g., the Schrieffer-Wolff transformation [2]—is ubiq-
uitous in the description and design of quantum phenomena,
e.g., quantum optical applications in atomic physics [5–15] or
exotic dynamics in the ultrastrong coupling regime of cavity
QED [16–18]. A significant effort has been made to establish
the mathematical foundations of this technique [19–21] and
its extension to dissipative contexts for its application in open
quantum systems [22–25].

The notion of virtual states can be unambiguously invoked
in a Hamiltonian context whenever the eigenenergies of a bare
Hamiltonian Ĥ0 are grouped in clusters that are energetically
well separated from each other [2]. If we denote these levels
as Ei,α , with the index i labeling states within a cluster, and α

labeling the different clusters, such a condition reads

|Ei,α − Ej,α| � |Ei,α − Ej,β | (α �= β ). (1)

Given a cluster α, the eigenstates |i, α〉 conforming it span
a Hilbert subspace that we denote Hα . Let us now consider
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that the Hamiltonian contains a small perturbation term V̂ ,
yielding a coupling between manifolds that is much smaller
than their energy difference,

|〈i, α|V̂ | j, β〉| � |Ei,α − Ej,β |. (2)

In this case, the resulting energy eigenstates remain clustered
in the same manifold structure, and second-order perturbation
theory allows one to describe the dynamics in terms of an
effective block-diagonal Hamiltonian that does not couple
different manifolds. This means that the evolution of any
initial state belonging to a given subspace, which we denote
the “real” subspace HR, evolves effectively constrained within
that subspace. The remaining manifolds, which are strongly
out of resonance, span the subspace of “virtual” states HV ,
which are effectively unpopulated at all times—hence their
name—but contribute to the dynamics in HR yielding effec-
tive energy shifts and interactions among the “real” states.
This establishes the definition of a virtual state that we con-
sider here: a state very detuned from the subspace where
the dynamics is taking place and weakly coupled to it, so
that its only effect is to provide effective energy shifts and
interactions, without even becoming populated.

In this work, we show that the intuitive notion that a virtual
state remains unpopulated can be false in the presence of
dissipation even if the virtual state is not directly coupled to
any dissipative channel. We unveil an unconventional mecha-
nism by which, in the long-time limit, virtual states acquire a
sizable occupation probability, comparable to that of the real
states, even when dissipative processes only take place within
HR. These findings can be relevant for the understanding and
design of dissipative processes for quantum state preparation
or engineered interactions [26–35].

To study this phenomenon, in Sec. II we start discussing
what is arguably the simplest scenario that can be described
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FIG. 1. (a) Scheme of the system: two quasiresonant “real” quan-
tum states, interacting via a third, strongly off-resonant virtual state.
There is spontaneous decay between the real states. (b) The system
in (a) can describe two interacting two-level systems under coherent
driving at the two-photon resonance, in the rotating frame of the
drive. Decay between real states can be engineered with a cavity.

in terms of virtual states [see Fig. 1(a)]: two quasiresonant
real states, effectively interacting through the mediation of a
third, strongly off-resonant virtual state. Crucially, we enable
a spontaneous decay between the real states, which can be
provided, for instance, by the coupling to a surrounding en-
vironment in a Markovian regime. We show that, contrary to
the familiar intuition, the situation in which the virtual state
remains “virtual”—i.e., unpopulated—is, in this case, only
metastable [36,37], and, in the long-time limit, the system
eventually relaxes to a stationary state where the virtual state
has a sizable population. This process of de-virtualization
occurs through an unconventional mechanism of population
enabled by dissipation. In Sec. III, we introduce a technique of
hierarchical adiabatic elimination (HAE) to obtain analytical
approximations of the time-dependent elements of the system
density matrix and expressions for the characteristic metasta-
bility timescales. In Sec. IV, we provide essential intuition
about the underlying mechanism of population through the
analysis of quantum trajectories [38–40], showing that the
virtual state gets populated due to the non-Hermitian evolution
taking place between quantum jumps. Finally, in Sec. V we
discuss the generality of the HAE technique, showing how it
can be used to describe metastable dynamics in different sys-
tems involving two interacting qubits, where the phenomenon
reported has strong implications for the generation of stable
and metastable entanglement via dissipation [41,42].

II. MODEL

The first model we study consists of a three-level system
configuration, sketched in Fig. 1(a). The Hilbert space spans
a basis {|1〉, |2〉, |V 〉}, where the states |1〉 and |2〉 represent
two real states, and |V 〉 will play the role of a virtual state,
being strongly detuned from |1〉 and |2〉. We define lower-
ing operators as σ̂i, j ≡ |i〉〈 j| (i, j = 1, 2,V ). The real states
are coupled to |V 〉 with a coupling rate �, and there is an
irreversible decay process within the real subspace, with state
|2〉 decaying towards |1〉 with a decay rate �. This specific �

model could be motivated, for instance, by the description of
a quantum-optical system consisting of two interacting qubits
coherently excited at the two-photon resonance with a Rabi
frequency � [43–46], where the ground state |gg〉 corresponds

to the real state |1〉, the doubly excited state |ee〉 is the excited
real state |2〉, and the symmetric single-excitation state |S〉 =

1√
2
(|eg〉 + |ge〉)—detuned from the two-photon transition en-

ergy due to the interaction between qubits—corresponds to
the virtual state |V 〉. The two-photon decay channel can be
enabled, for instance, by a cavity in resonance with the two-
photon transition [47,48]. A change to the rotating frame
of the drive would directly yield the configuration shown
in Fig. 1(a). The resulting time-independent Hamiltonian is
Ĥ = Ĥ0 + Ĥd , where Ĥ0 is the bare Hamiltonian (h̄ = 1),

Ĥ0 = �1|1〉〈1| + �2|2〉〈2| + �V |V 〉〈V |, (3)

and Ĥd is the Hamiltonian of the driving/coupling term,

Ĥd = �(σ̂1,V + σ̂2,V + H.c.), (4)

where �i (i = 1, 2,V ) denote the free-energy parameters,
where we will assume that �V � �2,�1,� and �2 ≈ �1 ≈
0. We assume that the evolution of the system is governed by
a quantum master equation [49],

d ρ̂

dt
= −i[Ĥ, ρ̂] + �

2
Lσ̂21 [ρ̂] + �V

2
Lσ̂1V [ρ̂], (5)

where the Lindblad term LÔ ≡ 2Ôρ̂Ô† − {Ô†Ô, ρ̂} describes
processes of spontaneous decay. Unless stated otherwise, we
will consider �V = 0, i.e., we assume there is only one process
of spontaneous decay, from |2〉 to |1〉 (the case �V �= 0 will
be considered later only for comparison). The dynamics of
the system can be studied straightforwardly by numerically
solving Eq. (5). Figure 2(a) shows the occupation probabil-
ity of the excited state, ρ2,2 ≡ 〈2|ρ̂|2〉, and the virtual state,
ρV,V ≡ 〈V |ρ̂|V 〉, versus time. One can clearly appreciate the
existence of two distinct relaxation timescales. Within the first
relaxation timescale (t ∼ 1/�), the system behaves according
to the standard intuition regarding virtual states: |V 〉 remains
unpopulated, mediating the interaction between |1〉 and |2〉,
which gives rise to coherent Rabi oscillations between these
two states with a two-photon Rabi frequency �2p = �2/�V ,
damped by spontaneous emission of rate � into a station-
ary state. This situation can be described simply in terms
of a coherently driven two-level system spanned by |1〉 and
|2〉. This stationary regime is, however, metastable, and in
a much longer timescale, which for this particular choice or
parameters is t ∼ 104/�, ρV,V develops a population com-
parable to ρ2,2. Clear evidence of this metastable behavior
in open quantum systems can be found in the spectrum of
eigenvalues of the Liouvillian superoperator L [36,37]. All
of these eigenvalues {λk, k = 1, 2, . . .}—ordered here by their
real values, so that Re(λk ) � Re(λk+1)—have a negative real
part, and the eigenvalue with the largest real part is necessar-
ily equal to zero, λ1 = 0, its corresponding eigenstate being
the steady state of the system. The second largest real value
of the Liouvillian spectrum, Re(λ2), is the Liouvillian gap
[50], and it gives the relaxation time necessary to reach the
steady state, τ2 = 1/|Re(λ2)|. Metastability results when λ2

is well separated from the rest of eigenvalues by a second
gap, so that Re(λ3) � Re(λ2) [36] (here, we assume for sim-
plicity that, as in the case of our model, there is only one
metastable state, rather than a manifold). Then, the system
relaxes to a metastable state in a timescale τ3 = 1/|Re(λ3)|,
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FIG. 2. (a) Dynamics of the excited real state and the virtual state. Solid lines are numerical calculations, dashed lines are analytical
predictions from the hierarchical adiabatic elimination. The dot-dashed line represents a case in which �V �= 0, showing the stabilization of the
metastable state. (b) Liouvillian spectrum, featuring the defining characteristic of metastability in open quantum systems: a metastability gap
between λ2 and λk>2. (c) Same as in (b), with �V = �. In this system, metastability is no longer present. (d) Liouvillian eigenvalues vs � for
�V = 0 (solid, black) and �V = 10−5�2p. Our analytical prediction for the value of the Liouvillian gap λ2 for �V = is shown by a dashed red
line. If �V �= 0, it is seen that metastability disappears when �c < �V . Parameters: �/�V = 0.01; in (a)–(c), �/�V = 10−5. �V is zero unless
indicated otherwise, in which case �V = �.

which will eventually evolve into the actual steady state in a
time τ2 � τ3. The system we consider here exhibits precisely
this clustering of eigenvalues characteristic of metastability,
as can be seen in Fig. 2(b) where we confirm that τ3 ∼ 1/�

and τ2 ∼ 104/�. The steady state value of the virtual-state
occupation probability can be computed analytically, yielding

ρss
V,V = �2(�2 + 4�2)

2�2(�2 + 6�2) + �2�2
V

. (6)

In the limit �2 � ��V , this expression indeed yields a
sizable population ρss

V,V ≈ 1/3, clearly establishing that the
virtual state will get populated in the long-time limit.

III. HIERARCHICAL ADIABATIC ELIMINATION

To have an estimate of the survival time of the metastable
state, it would be desirable to obtain an analytical expression
of λ2. A direct analytical solution for the time evolution of the
density matrix through the diagonalization of L is not readily
available. Nevertheless, it is clear from our previous discus-
sion that there is a hierarchy of timescales, which suggests that
a series of adiabatic elimination techniques could be applied.
(i) The shortest timescale is clearly governed by Hamiltonian
dynamics, evidenced by a fast oscillatory evolution of the
density matrix elements. This oscillatory dynamics stabilizes
into a steady state in a timescale of the order τ3 ∼ 1/�. In
these timescales, the population of |V 〉 plays the role of a
fast variable: |V 〉 mediates effective interactions within the
real subspace, i.e., it plays the role of a virtual state that can
be eliminated within a purely Hamiltonian evolution. This is
the first adiabatic elimination that we will perform. (ii) The
longest timescale is characterized by a very slow evolution of
|V 〉. In this long timescale, the relaxation of the real variables
in a time 1/� occurs almost instantaneously, meaning that one
can treat the real variables as the fast variables in a dissipative
sense, i.e., they relax quickly into a time-dependent quasis-
teady state that follows the slow evolution of ρV,V . This can
be described in terms of a second adiabatic elimination. Note
that a direct application of standard adiabatic elimination tech-
niques in a dissipative context, e.g., the projection-operator

method [25,51], would directly eliminate the virtual subspace,
and thus it would fail to capture the mechanism that populates
this state in the long-time limit. We present instead a two-step
method, which we label hierarchical adiabatic elimination
(HAE).

A. First adiabatic elimination

Our starting point is the set of differential equations de-
scribing the evolution of the elements of the total density
matrix, obtained from Eq. (5) as

ρ̇V,V = 2� Im[ρ1,V − ρV,2], (7a)

ρ̇2,2 = −�ρ2,2 + 2� Im[ρV,2], (7b)

ρ̇1,V = i�V ρ1,V + i�[1 + ρ1,2 − 2ρV,V − ρ2,2], (7c)

ρ̇1,2 = −(�/2)ρ1,2 + i�[ρ1,V − ρV,2], (7d)

ρ̇V,2 = −(i�V + �/2)ρV,2 − i�[ρ1,2 + ρ2,2 − ρV,V ]. (7e)

Based on the assumption that |�V − �i| � |�| (i ∈ {1, 2}),
we perform an adiabatic elimination consisting in setting
ρ̇1,V = ρ̇V,2 = 0. In the limit �V � �, the resulting effec-
tive equations that govern the dynamics of the real subspace
become

ρ̇2,2 ≈ −�ρ2,2 − 2�2p Im[ρ1,2] + � �2p

�V
ρV,V , (8a)

ρ̇1,2 ≈ −�/2 ρ1,2 + i�2p(2ρ2,2 + ρV,V − 1), (8b)

where we defined a two-photon Rabi frequency, �2p ≡
�2/�V . These equations can be solved considering ρV,V as
a time-independent parameter with a fixed value (i.e., ρ̇V,V =
0). A natural choice would be to set ρV,V = 0. In that case,
Eqs. (8a) and (8b) simply describe the dynamics of two res-
onant levels coupled via a second-order process with a Rabi
frequency of �2p with a standard decay, e.g., the regime of
coherent two-photon driving of the transition |gg〉 ↔ |ee〉 in
the case of a two-atom system depicted in Fig. 1(b). Such
a two-level system dynamics describes accurately the short-
timescale oscillatory dynamics of Fig. 2(a), where the initial
state was set to be |1〉. From now on, we focus on the
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strong-driving limit � � �2p; otherwise, the system is over-
damped and will basically remain in the ground state |1〉.

B. Second adiabatic elimination

While the usual approach when eliminating a virtual state
is to indeed assume ρV,V = 0 for all times, we have already
seen that this approach is eventually bound to fail, since ρV,V

develops a sizable population within a characteristic timescale
τ2 � 1/�, which, crucially, is orders of magnitude longer
than the relaxation time of Eqs. (8a) and (8b). This suggests
that we can make a second adiabatic elimination based on this
separation of timescales. From the first adiabatic elimination
conditions (ρ̇V,i = 0) and Eq. (7a), we can obtain a differential
equation for ρV,V that is a function of itself and the real-
subspace elements, i.e., ρ̇V,V (t ) = f [ρV,V (t ); ρ1,2(t ); ρ2,2(t )]
(see Appendix A 2 for a full expression). The second adia-
batic elimination consists in substituting ρ1,2(t ) and ρ2,2(t ) in
that equation by their corresponding steady-state solutions of
Eqs. (8a) and (8b), ρss

1,2(ρV,V (t )) and ρss
2,2(ρV,V (t )), which are

obtained for a given ρV,V = ρV,V (t ). This yields a dynamical
equation that only depends on ρV,V (t ), i.e.,

ρ̇V,V (t ) = f
[
ρV,V (t ); ρss

1,2(ρV,V (t )); ρss
2,2(ρV,V (t ))

]
. (9)

In this approximation, ρ2,2 and ρ1,2 act as fast variables that
relax into a time-dependent stationary state that follows the
slow evolution of ρV,V . Solving this differential equation, one
obtains ρV,V (t ) ≈ ρss

V,V (1 − e−�ct ), where we have defined the
relaxation rate

�c ≈ 3��2

2�2
V

, (10)

obtained under the assumption �2p � � (a full, more cum-
bersome expression that does not require that assumption is
provided in the Appendix A 2). Equation (10) is the desired
expression that gives us the survival time of the metastable
regime, and thus it must correspond to the Liouvillian gap,
�c = |Re(λ2)|. We have checked that this is indeed the case in
Fig. 2(d), which depicts the spectrum of eigenvalues of L as a
function of �, showing a perfect match between our analytical
expression of �c and λ2. A similar comparison versus both
� and � is shown in Appendix B. We also note the perfect
matching between exact results and analytical solutions of the
dynamics in Fig. 2(a), where we used the full expressions in
Appendix A 3. Further comparisons between exact results and
analytical expressions, including approximated ones such as
Eq. (10), are shown in Appendix B.

IV. MECHANISM OF POPULATION

We will now provide some insights into the dissipative
mechanism that populates the virtual state. To do so, we per-
form an analysis from the perspective of quantum trajectories
using the method of quantum jumps [38–40]. Inspection of
individual trajectories—see, e.g., the example of Fig. 3(a)—
reveals that the virtual state gets populated through non-
Hermitian evolution between quantum jumps—the effect of
a jump is, in fact, to strongly decrease the population of the
virtual state. This can be understood if one considers the in-
formation about the system leaked to the environment during

(b)

(a)

FIG. 3. (a) Population of the virtual state through non-Hermitian
evolution between quantum jumps. (b) Conditional evolution when
no jumps take place. Red line: probability of no jump. Blue dashed
line: population of the virtual state conditioned to no jumps, show-
ing that, in this case, it reaches its maximum possible value. Blue
straight line: population of the virtual state for the general evolution.
Parameters: �/�V = 0.1, �/�V = 10−3, �2 = �1 = 0.

a time interval with no jumps [52]. When no jump occurs,
the system is logically more likely to be in a state that cannot
emit, i.e., either |1〉 or |V 〉. However, since |1〉 is resonantly
coupled to |2〉 to second order in perturbation theory, a system
in |1〉 will eventually evolve into |2〉 and lead to a jump.
In other words, as a period without a jump becomes longer,
|V 〉 becomes the most likely state, and the system is updated
accordingly, increasing its population. This purely dissipative
mechanism will slowly accumulate over time, explaining the
population buildup of the virtual state in our system. This intu-
ition is further confirmed by computing a conditional density
matrix for the particular trajectory in which no jumps occur at
all; see Fig. 3(b). In this particular scenario (whose probability
decreases over time, as is expected), the population of the vir-
tual state saturates to its maximum possible value, confirming
that the non-Hermitian evolution in the absence of jumps is
responsible for the population of the virtual state.

This mechanism would be completely disrupted if there
were additional dissipative channels involving the virtual
state. We can consider this situation by setting �V �= 0 in
Eq. (5), thus including a channel of spontaneous emission
from the virtual state to the ground state. The ratio between
decay rates, �V /�c, will determine whether virtual-state pop-
ulation occurs or not. When �V � �c, dissipation from |V 〉
outcompetes the mechanism of population, and one recovers
the simple dynamics in terms of a driven two-level system,
as can be seen in Fig. 2(a). Consistent with this, there is no
longer a Liouvillian eigenvalue corresponding to a metastable
state– - as shown in Figs. 2(c) and 2(d)—as �V becomes
comparable to �c, λ2 is pulled towards values ∼�, and the
metastability gap disappears. The calculation of �c thus al-
lows us to establish a minimum value for �V to guarantee
that the unconventional population of virtual states does not
take place. This is relevant for situations in which this effect
is undesirable, as can be seen in the case of protocols of
dissipative cooling into entangled states [29–33].
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FIG. 4. Entanglement formation in systems of two coupled
qubits. (a) Formation of metastable entangled state in the system
sketched in Fig. 1(b), surviving for a time τ2 ∼ 1/�c. Parameters:
�/�V = 10−5, �2/�V = 0. (b) Stabilization of the entangled anti-
symmetric state in the two-qubit system sketched in the inset. The
evolution is perfectly described by the HAE. Parameters: �/� = 1,
δ/� = 0.01, �γ/� = 0.01.

V. GENERALITY OF THE HAE AND ITS IMPLICATIONS
FOR ENTANGLEMENT GENERATION

The HAE method introduced in this work can be a valuable
tool to obtain analytical insights about metastable dynamics
in open quantum systems. This can have strong implications
for quantum technological applications such as the generation
of entanglement in dissipative quantum systems. To illustrate
this, we now apply the HAE to describe entanglement gener-
ation in two different systems displaying metastability.

First, we consider entanglement generation in the system
of two interacting qubits already described in Fig. 1(b), which,
as noted before, maps into the three-level model discussed so
far in this text, assuming that the occupation of the antisym-
metric state |A〉 ∝ (|eg〉 − |eg〉) is completely decoupled from
the dynamics and remains equal to zero. This map between
models allows us to use the density matrix elements estimated
with the HAE—cf. Fig. 2(a)—to compute the concurrence and
quantify the degree of entanglement between the two qubits
[53–56]. The results are shown in Fig. 4(a), evidencing the for-
mation and stabilization of entanglement at short timescales
t ∼ 1/�, due to the coherence built between the states |ee〉
and |gg〉 via the two-photon drive. Notably, this entanglement
is long-lived, but metastable, and its survival time is given
by 1/�c, i.e., the relaxation rate obtained in Eq. (10) via the
HAE. The unconventional population of the virtual state |S〉
thus destroys entanglement in the long-time limit.

Next, we consider another two-qubit system, sketched in
the inset of Fig. 4(b). In this case, qubits experience collec-
tive decay with rate �, inducing transitions |ee〉 → |S〉 and
|S〉 → |gg〉. Furthermore, each qubit is driven with the same
Rabi frequency �, but each of them is detuned from the drive
frequency by an absolute value δ with opposite sign. This

system, which was introduced in Refs. [41,42] in the context
of chiral waveguides, is described by the Hamiltonian

Ĥ =
√

2�(|S〉〈gg| + |ee〉〈S|) + (δ − i�γ/2)|A〉〈S| + H.c.,
(11)

with � = 2(γR + γL ) and �γ ≡ γR − γL, where γR and γL

describe decay into right and left propagating modes, re-
spectively. The corresponding decay channels are sketched in
Fig. 4(b); we observe that the state |A〉 is not coupled to any
dissipative channel. This configuration was shown to stabilize
in the long-time limit to the fully entangled dark state |A〉
provided � � �γ , δ, as we show explicitly in Fig. 4(b). The
application of HAE to describe this system follows exactly
the same reasoning detailed in Sec. III, with |A〉 playing the
role of the “virtual” state that gets populated over time. In-
deed, one can observe that, if one diagonalizes the driving
term proportional to � in Eq. (11), only two of the three
resulting eigenstates are coherently coupled to |A〉, and both
are detuned from it by values ±2

√
2�, so that the condi-

tion � � �γ , δ implies that, at a Hamiltonian level, |A〉 is
expected to play the role of a virtual state. The mechanism
of unconventional population of a virtual state is therefore
responsible for the formation of entanglement in the long-time
limit.

Applying the technique of HAE, we are able to establish
the timescale of formation of the entangled state, which is
given by

τ ≈ 24�2

�(4δ2 + �γ 2)
. (12)

The analytical results obtained from the HAE method match
perfectly the exact calculations, as shown in Fig. 4(b). In
the limit (δ,�γ ) → 0 we find τ → ∞, meaning that the
metastable state becomes the steady state, as reported, e.g.,
in Ref. [57].

VI. CONCLUSION

We have shown that, in open quantum systems, off-
resonant virtual states can get populated in the long-time limit
even if they are not connected to any dissipative channel,
meaning that the regime where the virtual state is not pop-
ulated is metastable. We introduce a method of hierarchical
adiabatic elimination that approximates the dynamics and pro-
vides analytical expressions of the lifetime of the metastable
state. Our method can be applied in a variety of metastable
open quantum systems to obtain valuable insights into ques-
tions such as the dissipative stabilization of entangled states.
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APPENDIX A: FURTHER DETAILS ON THE
HIERARCHICAL ADIABATIC ELIMINATION

Here, we elaborate on all the steps involved in the hier-
archical adiabatic elimination technique. Let us recall that,
as an example, we consider a Hilbert space of three states,
H = {|1〉 , |2〉 , |V 〉}. Here, |1〉 and |2〉 represent the “real”
states, and |V 〉 is an off-resonant state that plays the role of

a virtual state that mediates the interactions between |1〉 and
|2〉. The evolution of the elements of the density matrix are
given by Eq. (7a)–(7e).

1. First adiabatic elimination

The first stage of the dynamics can be completely described
within the real Hilbert subspace, HR = {|1〉 , |2〉}, after an
adiabatic elimination of the virtual state. More specifically,
this adiabatic elimination consists in setting ρ̇1,V = ρ̇V,2 = 0.
This is done under the assumption that the energy difference
between the real and virtual subspaces is much larger than the
coupling rate, i.e., �V � �. Thus, by substituting the virtual
coherence terms by their steady-state values, the system gets
described by the following differential equations:

ρ̇1,2 ≈
(

−�

2
+ ��2

(i� − 2�V )�V

)
ρ1,2(t ) − i�2

�V
+

(
− 2�2

� + 2i�V
+ i�2

�V

)
ρ2,2(t ) +

(
2�2

� + 2i�V
+ 2i�2

�V

)
ρV,V (t ), (A1a)

ρ̇2,2 ≈
(

−� − 4��2

�2 + 4�2
V

)
ρ2,2(t ) − 2�2

� + 2i�V
ρ1,2(t ) − 2�2

� − 2i�V
ρ2,1(t ) + 4��2

�2 + 4�2
V

ρV,V (t ). (A1b)

In the limit �V � �, we can simplify them and obtain a more familiar set of equations,

ρ̇1,2 ≈ −�

2
ρ1,2(t ) − i�2p[1 − 2ρ2,2(t )] + i�2pρV,V (t ), (A2a)

ρ̇2,2 ≈ −�ρ2,2(t ) − 2�2pIm[ρ1,2(t )] + �

�V
�2pρV,V (t ). (A2b)

These equations resemble those that would correspond to a two-level system driven with a Rabi frequency, �2p ≡ �2/�V , and
a decay rate �. The only addition is an extra term related to the virtual population, ρV,V . However, this term evolves in a much
slower timescale than ρ1,2 and ρ2,2, so in these equations it can be treated as a time-independent parameter with a fixed value. At
the beginning of the evolution, we may set ρV,V = 0. The time-dependent analytical solutions of these equations are well known
and can be found in any quantum optics textbook,

ρ2,2(t ) ≈ 4�2
2p

�2 + 8�2
2p

[
1 − e−3�t/4

(
cosh(κt ) + 3�

4κ
sinh(κt )

)]
, (A3a)

ρ1,2(t ) ≈ −2i�2p�

�2 + 8�2
2p

[
1 − e−3�t/4

(
cosh(κt ) +

(
κ

�
+ 3�

16κ

)
sinh(κt )

)]
, (A3b)

where κ ≡ 1
2

√
�2

4 − 16�2
2p. One can clearly see that, for these equations, the relaxation time towards a stationary state occurs in

a timescale ∼1/�.

2. Second adiabatic elimination

In much longer timescales than 1/�, ρ2,2 and ρ1,2 can be considered as “fast” variables, since they relax to a steady state in
a very short time. This allows us to perform a second adiabatic elimination: from Eqs. (A2), it is clear that, if we assume that
ρV,V will be virtually unchanged in a timescale ∼1/�, we could take it as a time-independent parameter and obtain a stationary
solution for ρ2,2 and ρ1,2 that is dependent on the fixed value of ρV,V . This quasisteady state will adiabatically follow any slow
change of ρV,V taking place in a much longer characteristic timescale. The expression of this ρV,V -dependent steady state can be
obtained by solving a linear system of equations of the form M̂ · �ρ + �b = 0 for the vector �ρ = {ρSS

2,2, ρ
SS
2,1, ρ

SS
1,2}, where M̂ and �b

are given by

M̂ =

⎡
⎢⎢⎣

−�
(

1 + 4�2

�2+4�2
V

)
− 2�2

�−2i�V
− 2�2

�+2i�V

− 2�2

�−2i�V
− i�2p −�

(
1
2 − i�2p

�−2i�V

)
0

− 2�2

�+2i�V
+ i�2p 0 −�

(
1
2 − ��2p

i�−2�V

)

⎤
⎥⎥⎦, (A4)

�b =

⎛
⎜⎝

4��2

�2+4�2
V

2�2

�−2i�V
− 2i�2p

2�2

�+2i�V
+ 2i�2p

⎞
⎟⎠ρV,V (t ) +

⎛
⎝ 0

i�2p

−i�2p

⎞
⎠. (A5)
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By solving this linear system, we obtain a set of equations for the quasistationary values of ρ2,2 and ρ1,2 that depend on the
population of the virtual state at any given time,

ρSS
2,2[ρV,V (t )] = 16�4

(
�2

V + �2
)

�4�2
V + 32�2

(
�2

V + �2
) + 4�2

(
�4

V + 3�2
V �2 + �4

)

+ 4
[
�2�2

V �2 − 4�4
(
�2

V + �2
)]

�4�2
V + 32�2

(
�2

V + �2
) + 4�2

(
�4

V + 3�2
V �2 + �4

)ρV,V (t ),

(A6)

ρSS
1,2[ρV,V (t )] = 2�2

[−i��V
(
�2 + 4�2

V

) − 2��2(� + 4i�V ) − 8�4
]

4�2
(
3�2

V �2 + �4
V + �4

) + �4�2
V + 32�4

(
�2

V + �2
)

+ 4�2[2��2(� + 4i�V ) + ��V (� + i�V )(2� + i�) + 12�4]

4�2
(
3�2

V �2 + �4
V + �4

) + �4�2
V + 32�4

(
�2

V + �2
) ρV,V (t ).

(A7)

Notice that after the first adiabatic elimination, the differential equation that governs the dynamics of ρV,V became

ρ̇V,V (t ) ≈ − 4��2

�2 + 4�2
V

ρV,V + �2p�(i� + 2�V )

�2 + 4�2
V

ρ1,2 + �2p�(−i� + 2�V )

�2 + 4�2
V

ρ2,1 + 4�

�2 + 4�2
ρ2,2. (A8)

We can then substitute the pseudostationary values of ρ1,2 and ρ2,2 into this equation, and we obtain a differential equation for
ρV,V (t ) that is a function of itself, i.e., ρ̇V,V (t ) = f [ρV,V (t ); ρSS

1,2[ρV,V (t )]; ρSS
2,2[ρV,V (t )]]. Namely, the differential equation for the

virtual-state population becomes

ρ̇V,V (t ) = 4��4(�2 + 4�2)

χ
− 4

[
12��6 + �3�2

(
�2

V + 2�2
)]

χ
ρV,V (t ) (A9)

with

χ ≡ �4�2
V + 32�2

(
�2

V + �2
) + 4�2

(
�4

V + 3�2
V �2 + �4

)
. (A10)

Solving this equation, we obtain an analytical expression for the evolution of ρV,V (t ),

ρV,V (t ) = ρSS
V,V (1 − e−�ct ), (A11)

where ρSS
V,V stands for the steady-state value,

ρSS
V,V = �2(�2 + 4�2)

�2
(
�2

V + 2�2
) + 12�4

, (A12)

and �c stands for the relaxation rate,

�c = 4
[
12��6 + �3�2

(
�2

V + 2�2
)]

χ
, (A13)

which gives us an analytical estimation of the Liouvillian gap. We can reduce this equation under the assumption �V � �,�

and the effective strong-coupling regime �2p � �. In this situation, the relaxation rate reduces to

�c ≈ 3��2

2�2
V

, (A14)

which is the expression shown in the main text.

3. Summary of analytic expressions for the time-dependent density matrix elements

Once we know the analytic expression for the time-dependent virtual-state population, the remaining equations are easily
computed:

ρV,V (t ) ≈ ρSS
V,V [1 − e−�ct ], (A15a)

ρ2,2(t ) ≈ ρSS
2,2

[
1 + 4�4

(
�2 + 4�2

V

) − �4�2
V + 16�6

4�2
(
3�2

V �2 + �4
V + �4

) + �4�2
V + 32�4

(
�2

V + �2
)e−�ct

]
, (A15b)

ρ1,2(t ) ≈ ρSS
1,2

[
1 − 2i�2(�2 + 4�2)[2��2(� + 4i�V ) + ��V (� + i�V )(2�V + i�) + 12�4]

��V
[
4�2

(
3�2

V �2 + �4
V + �4

) + �4�2
V + 32�4

(
�2

V + �2
)] e−�ct

]
, (A15c)
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ρ1,V (t ) ≈ ρSS
1,V

[
1 + 2�2(�2 + 4�2)

[ − 2i��2
(
�2 + 6i��V + 2�2

V

) + �2�V
(
�2 + 4�2

V

) + 8�4(3�V − 2i�)
]

�(��V − 2i�2)
[
4�2

(
3�2

V �2 + �4
V + �4

) + �4�2
V + 32�4

(
�2

V + �2
)] e−�ct

]
,

(A15d)

ρ2,V (t ) ≈ ρSS
2,V

[
1 − (�2 + 4�2)

[
�2�2

V (� + 2i�V ) − 4�4(� − 6i�V ) + 4i��V �2(� + i�V )
]

4�3
(
3�2

V �2 + �4
V + �4

) + �5�2
V + 32��4

(
�2

V + �2
) e−�ct

]
, (A15e)

where ρSS
i, j (i, j = 1, 2,V ) are the steady-state density matrix

elements,

ρSS
2,2 = 4�4

�2
(
�2

V + 2�2
) + 12�4

, (A16a)

ρSS
1,2 = − 2i��V �2

�2
(
�2

V + 2�2
) + 12�4

, (A16b)

ρSS
1,V = ��(−��V + 2i�2)

�2
(
�2

V + 2�2
) + 12�4

, (A16c)

ρSS
2,V = − 2i��3

�2
(
�2

V + 2�2
) + 12�4

. (A16d)

The stationary values of ρ2,2 and ρ1,2 reached in the
metastable regime are the long-time limit of Eqs. (A3a) and
(A3b),

ρM
2,2 = 4�2

2p

�2 + 8�2
2p

, ρM
1,2 = −2i��2p

�2 + 8�2
2p

. (A17)

APPENDIX B: VALIDITY OF THE DIFFERENT
APPROXIMATIONS OF THE LIOUVILLIAN GAP �c

In this Appendix, we analyze in further detail the valid-
ity of the estimations of �c via the HAE under different
approximations. In Fig. 2(a), the general expression for �c

in Eq. (A14) was used in order to compute the analytical
curves for the population dynamics, instead of the reduced
expression shown in the main text, Eq. (10). It is therefore
interesting to offer a comparison between both expressions
and clarify their regimes of validity, particularly when the
condition �2p � �—assumed for the derivation of the sim-
plified expression for �c—no longer holds. We remind the
reader that �c is the relaxation rate towards the steady state,
and therefore it is expected to correspond to the Liouvillian
gap.

Figure 5(a) shows an exact calculation of the Liouvillian
gap versus � and �, compared to the estimations of �c

given by Eq. (A14) (full expression) and Eq. (10) (simplified
expression). This calculation confirms that both expressions
provide a good approximation of the Liouvillian gap when the
assumption �2p � � holds, as can be seen in the lower-right
section of Fig. 5(a). For �2p < �, the simplified expression
of �c slightly deviates from the exact value, although the
difference is not dramatic. The eigenvalue crossing that occurs
when � � �2p [see Fig. 2(d)] manifests as a kink in the
Liouvillian gap, which is not captured by any of the analyt-
ical expressions obtained from the HAE (this is, however,
an overdamped regime not expected to yield any particu-
larly interesting dynamics). We note that, even in the regime

�2p < �, the simplified expressions of �c still provide a very
good approximation of the timescale of relaxation towards the
steady state, as shown in the example of Fig. 5(b).

FIG. 5. (a) Liouvillian gap in terms of �/�v and �/�v . Solid
black lines are exact computations, dashed black lines are analyt-
ical predictions from the relaxation rate, Eq. (A13), and dashed
white lines are analytical predictions from the approximated relax-
ation rate, Eq. (10). The solid red line divides the figure into the
two-photon weak driving regime (left) and the two-photon strong
driving regime (right). (b) Dynamics of the virtual population at
two different regimes: strong driving �2p/� = 10 and weak driv-
ing �2p/� = 10−1. Solid lines correspond to numerical calculations,
dashed lines are analytical predictions from the hierarchical adiabatic
elimination considering the complete relaxation rate, indicated in the
figure as ρHAE

V,V , and the approximated relaxation rate, indicated in the

figure as ρ
HAE-approx
V,V . Parameters: (b) �/�V = 10−5; strong driving,

�/�V = 10−2; weak driving, �/�V = 10−3.
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FIG. 6. (a) N real states in a quasiresonant energy manifold inter-
acting with a single virtual state. (b) N real states in a quasiresonant
energy manifold interacting with M virtual states.

APPENDIX C: APPLICATION OF THE HIERARCHICAL
ADIABATIC ELIMINATION TO ARBITRARY SYSTEMS:

COMPUTATIONAL COST

In this work, the hierarchical adiabatic elimination method
has been applied to two specific systems with a small Hilbert
space. Here, we discuss the implications of applying this
technique in systems of arbitrary size, focusing in particular
on the computational cost associated with the technique.

Let us assume that we aim to describe a general system
with N quasiresonant real states and M off-resonant virtual
states, as is sketched in Fig. 6. These states span a basis {|i〉}
with i = 1, . . . , N + M, where we assume the indexes are
organized such that the first N states are the real states, and
the last M states are the virtual ones. To make explicit that one
index corresponds to a virtual state, we will use the notation
|Vj〉 ≡ |N + j〉, with j = 1, . . . , M.

Formally, computation of the dynamics would imply solv-
ing (N + M )2 − 1 coupled differential equations for the all
density matrix elements ρi, j = 〈i|ρ̂| j〉, excluding one of the
diagonal elements that can be eliminated by applying the con-
dition Tr[ρ̂] = 1. Let us discuss the different steps involved in
solving the dynamics of such a system by means of the HAE.

1. First adiabatic elimination

At the first stage of the HAE, we set the derivative of real-
virtual coherences to zero,

ρ̇i,Vj = 0, (C1)

where i = 1, . . . , N and j = 1, . . . , M. In total, there are a
number Nc = 2M × N of these terms. The first adiabatic elim-
ination consists of solving the Nc equations (C1) for these Nc

variables.
The solutions are expressed in terms of the remaining

N2 + M2 − 1 variables, corresponding to all the populations
and coherences within the real and virtual subspaces, respec-
tively, reduced by 1 due to the population normalization.

2. Second adiabatic elimination

The second step of the adiabatic elimination corresponds
to solving for the steady-state dynamics within the real sector,
leaving the M2 variables of the virtual sector as fixed, time-
independent parameters. Therefore, one has to solve a linear
system of equations of the form

Ŵ · �ρ + �b = 0, (C2)

where Ŵ is a matrix of dimension (N2 − 1) × (N2 − 1), and
�ρ, �b are vectors of dimension (N2 − 1). Here, �ρ corresponds
to the flattened density matrix of the real sector, i.e.,

�ρ = (ρ1,1, ρ1,2, . . . , ρN,N−1)T, (C3)

where element ρN,N is not included since it is removed by
applying the population normalization condition. Similarly,

�b = �̂�ρV + �μ, (C4)

where �̂ is an (N2 − 1) × M2 matrix, �ρV is the vectorial
representation of size M2 of the density matrix of the virtual
sector, and �μ is a vector of dimension (N2 − 1). The stationary
solution of this coupled system will take the functional form

�ρSS = �ρSS[�ρV (t )]. (C5)

The solution of this linear system of N2 − 1 equa-
tions allows us to write the set of differential equations that
governs the dynamics of �ρV (t ) with the following functional
structure:

�̇ρV = f [�ρV , �ρSS[�ρV (t )]]. (C6)

This can be written as a standard matrix differential equa-
tion of the form �̇ρV = Â · �ρV (t ) + �B, where Â is a matrix of
dimension M2 × M2, and �B is a vector of dimension M2.

3. Summary

In summary, given N real states and M virtual states, the
method of HAE allows us to write an effective, linear differ-
ential equation for the M2 slow degrees of freedom (the virtual
sector) after performing the following calculations:

(i) Solving a linear system of 2M × N equations.
(ii) Solving a second linear system of N2 − 1 equations.
The availability of manageable closed-form expressions

for the final differential equation and the associated eigen-
values will depend strongly on the complexity of the initial
problem and will not always be guaranteed. However, let
us stress that, even in the case in which closed-form ex-
pressions are difficult to obtain, the HAE can prove to be
computationally useful, since it would allow us to reduce the
computational cost of numerically computing the Liouvillian
gap from diagonalizing an (N + M )2 × (N + M )2 matrix to
diagonalizing an M2 × M2 matrix.
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