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We performed microwave spectroscopy of an InAs nanowire between superconducting contacts
implementing a finite-length, multichannel Josephson weak link. Certain features in the spectra, such
as the splitting by spin-orbit interactions of the transition lines among Andreev states, have been already
understood in terms of noninteracting models. However, we identify here additional transitions, which
evidence the presence of Coulomb interactions. By combining experimental measurements and model
calculations, we reach a qualitative understanding of these very rich Andreev spectra.
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Introduction.—Electronic transport phenomena in nano-
structures are typically classified into those which can be
understood in terms of noninteracting quasiparticles, such
as conductance quantization or universal conductance
fluctuations, and those where interactions play a dominant
role, such as Coulomb blockade or the Kondo effect [1]. In
the presence of superconductivity such simplifications are
usually fruitful and have allowed the understanding of
complex transport properties in the regime of multiple
Andreev reflections, when interactions can be neglected [2–
7] or the interplay between pairing and charging effects in
quantum dots with superconducting leads, which can be
analyzed in terms of a single level Anderson model [8–11].
As we show in this Letter, microwave spectroscopy experi-
ments on hybrid superconducting weak links (WLs) are,
however, challenging such idealized pictures.
The physics of a Josephson weak link is governed by the

spectrum and occupation of its Andreev states. Using
circuit-QED techniques [12] it has been explored and
understood in depth for the case of short weak links with
a single conduction channel, as in atomic-size contacts
[13]. Lately, the case of long junctions with several
channels is being addressed owing to the development
of high quality hybrid WLs based on semiconducting
nanowires [14–17]. Because of spin-orbit interaction,
Andreev levels are spin-split for all values of the super-
conducting phase difference δ across the link except at the
degeneracy points δ ¼ 0; π, as schematically shown in
Fig. 1, where the spectrum is given in the excitation
representation. Within a noninteracting model [15], two
types of transition lines are expected in the excitation
spectrum: on the one hand, single quasiparticle transitions

(a)

(b)

(c)

(d)

FIG. 1. (a) Andreev spectrum of a typical finite-length weak
link with spin orbit interaction. Colored arrows highlight the
possible microwave absorption lines depicted in (b). Transition
lines are classified into pair (red) and mixed pair (blue) transitions
and intermanifold (solid green) and intramanifold (dashed green)
single particle transitions. (c) Optical image of the measured
device, with a phase-biased nanowire (NW) weak link [close
view in SEM image (d), with underlying local back gate] placed
close to the shorted end of a microwave readout resonator (full
view in [18]). Left port connected to the gate is devoted to tune
the properties of the NW with a dc voltage Vg and to drive
microwave transitions with a tone at frequency f1.
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(SQPTs), where trapped quasiparticles in the lower energy
Andreev levels are excited into higher ones; on the other
hand, pair transitions (PTs), in which two quasiparticles are
created on the Andreev levels [see arrows in Fig. 1(a)]. The
different transition energies are shown in Fig. 1(b), where
the green lines correspond to SQPTs while the red and blue
ones to the PTs. Lines of the red and green type were
identified in measured spectra and fitted accurately using
such noninteracting models [15,17]. However, mixed pair
transitions in which the two quasiparticles are created in
two different Andreev manifolds [depicted in blue in
Fig. 1(b)] were never identified.
Here we show that this type of transition is highly

sensitive to electron-electron interactions, leading to a
modification of their spectral signatures. In contrast, the
typical shape of the SQPT lines is not affected by
interactions, even though their position with respect to
the PTs can change. To discuss the effect of interactions we
use different models, ranging from minimal ones which can
be solved exactly to an extended tight-binding model where
the effect of interactions is introduced in a perturbative
fashion. This extended model allows us to predict spectra
that have a close resemblance to those obtained in the
measurements.
Experiments.—We present here experimental data taken

from the sample shown in Figs. 1(c) and 1(d). A full-shell
InAs-Al nanowire forms a suspended bridge between the
central line and the ground plane of a NbTiN quarter-
wavelength coplanar waveguide microwave resonator with
resonance frequency fr ¼ 6.6 GHz. The Al shell is etched
over a L ∼ 550 nm-long section, defining a Josephson weak
link [25]. A gate placed under the weak link is dc biased at
voltage Vg. Transitions between Andreev states are driven
by microwaves at frequency f1 applied on the gate, and are
detected as a change in the reflection coefficient of the
resonator. The nanowire shunts the ending part of the

resonator, hence defining a superconducting loop that
allows phase biasing the junction: the flux Φ through this
loop imposes the phase difference δ ¼ 2πΦ=Φ0 across the
weak link (Φ0 ¼ h=2e). We hardly exceeded the magnetic
field of 2 μT required to reach δ ¼ 2π. The coupling
between the nanowire and the resonator results from the
inductance shared by the loop and the resonator.
We concentrate here on a series of spectra measured as a

function of phase δ and drive frequency f1, taken succes-
sively in a narrow range of gate voltage (Fig. 2). The gray
scale represents the change of one quadrature of the
measured signal when the drive signal at f1 is applied.
Both measurement and drive tones are applied simulta-
neously, the first one being at the resonator frequency fr.
Each pixel corresponds to averaging over 150 ms. In the
series, certain generic features are observed. There are
groups of four lines, such as the ones highlighted in green,
which cross at phase 0 and π, and are identified as SQPTs.
One also finds regular, almost sine-shaped lines, high-
lighted in red, attributed to PTs. Finally, there are groups of
four lines highlighted in blue. They remain grouped
together as the gate voltage is changed, never cross each
other, and like pair transitions they have a minimum at
δ ¼ π. However, they have peculiarities, for instance the
“camel back” shape seen for the topmost blue line at
δVg ¼ −13.8 mV. As discussed below, these lines can be
attributed to mixed pair transitions, in the presence of
Coulomb interactions in the nanowire.
Estimations on e-e interactions and their effect.—

Coulomb interactions in the nanowires are strongly
screened by the nearby metallic electrodes, by free charges
in the nanowire and by the substrate. They can thus be
approximated by a contact potential

V̂ ¼ 1

2

X

σ;σ0

Z

WL
drdr0Ψ†

σðrÞΨ†
σ0 ðr0Þuðr − r0ÞΨσ0 ðr0ÞΨσðrÞ

ð1Þ

FIG. 2. Experimental results showing microwave two-tone spectra as a function of phase difference (δ) for a sequence of decreasing
gate voltages Vg ¼ 5.563 Vþ δVg. The colored lines on the right half of the spectra are guides to the eye indicating what we identify as
single quasiparticle (green), pair (red), and mixed pair (blue) transition lines. Note that a second group of SQPT is visible around
20 GHz; it likely corresponds to single quasiparticle transitions from the first to the third Andreev doublet (not highlighted here).
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where uðr − r0Þ ¼ u0δðr − r0Þ is nonzero only for r; r0 in
the junction region and ΨσðrÞ are the field operators for
electrons with spin σ in the wire. As we discuss in detail
below in the text and in the Supplemental Material (SM)
[18], we model the wire as a planar quasi-1D geometry.
Within this model a rough estimate of the u0 parameter for
the experimental situation in Fig. 1(c) yields a value of the
order of 3 eV nm2.
Some insight on the effect of interactions on the energy

of Andreev excitations can be obtained by considering the
analysis of Ref. [26] for an isolated mesoscopic grain. In
that work it was shown that an interaction as in Eq. (1) leads
to an effective exchange interaction −JS⃗2, where S⃗ is the
total spin. The exchange energy is given by J ∼ 2u0=A,
with A ≈ 0.1 μm2 the area where the states are localized,
leading to J ∼ 60 μeV (i.e., ∼10 GHz). As suggested in
[27], such an interaction would lead to a splitting of a group
of four mixed pair transitions at δ ¼ 0 into a degenerate
triplet at lower energy and a singlet state lying roughly 2J
above. Although this rough analysis fails to explain the full
breaking of the degeneracies and the observed complex
patterns, one can clearly observe in Fig. 2 a tendency of the
lines highlighted in blue to group into a set of three lower
lines and one higher line, which is reminiscent of a singlet-
triplet splitting.
Tight-binding model.—A rather simple multichannel

tight-binding (TB) model describing some of the observed
features in the Andreev levels absorption spectrum was
introduced in Refs. [17,28]. It corresponds to a discretized
version of the model in Ref. [15] and is given by

H0 ¼
X

i;τ;σ

ðϵi;τ − μÞc†i;τ;σci;τ;σ þ txc
†
i;τ;σciþ1;τ;σ

þ σαxc
†
i;τ;σciþ1;τ;σ̄ þ

X

i;τ

Δici;τ;↓ci;τ;↑

þ
X

i;τ;σ

tyc
†
i;τ;σci;τþ1;σ þ iαyc

†
i;τ;σci;τþ1;σ̄ þ H:c:; ð2Þ

where c†i;τ;σ creates an electron on longitudinal site i,
transverse site τ, and with spin σ; ϵi;τ denotes the on site
potential, tx;y and αx;y are spin-conserving and spin-flip
hopping amplitudes in the longitudinal and transverse
direction, respectively, and Δi is the pairing amplitude
which we choose to be zero for the sites describing the wire
and Δe�iδ=2 for the left and right superconducting electro-
des, respectively. This model can be adapted to include the
effect of interactions in the central normal region N by
adding a Hubbard-like term Hint ¼

P
i∈N;τ Uini;τ;↑ni;τ;↓

while assuming perfect screening in the superconducting
regions. Here, ni;τ;σ ¼ c†i;τ;σci;τ;σ. Setting a given value for
the lattice spacings in the x, y directions, ax;y, one can get
estimates for all the model parameters appropriated for
InAs wires coupled to Al leads by discretizing the con-
tinuous model [18]. Additionally, the Ui value, taken as a

constant U in the normal region, is related to the above u0
estimate by U ∼ u0=ðaxayÞ. One can also define an effec-
tive charging energy of the normal region when discon-
nected from the leads Eeff

c ¼ u0=AN , where AN denotes
its area.
This model cannot be solved exactly in the presence of

interactions. However, we can get insight into their effect
on the subgap states by considering the infinite gap limit
ðΔi → ∞Þ [29] and restricting the normal region to four
sites only. Such a four-site model is a minimal one that can
account for the multichannel character and the finite length
of the junction while being amenable to exact diagonaliza-
tion including the Hubbard terms. The effect of the
superconducting pairing in the leads projected into the
central four sites [denoted by α ¼ L, R (left, right) and
τ ¼ � (top, bottom)] leads to the following effective
pairing model [18]:

Hpairing¼
X

α;τ¼�
Γs;αc

†
α;τ;↑c

†
α;τ;↓

þ i
X

α

Γt;αðc†α;þ;↑c
†
α;−;↑−c†α;þ;↓c

†
α;−;↓ÞþH:c: ð3Þ

where Γs;α and Γt;α are effective singlet and triplet pairing
amplitudes for the α ¼ L, R sites arising from the combi-
nation of s-wave pairing and spin-orbit interactions in the
multichannel leads. We do not expect that the scaling used
to determine the parameters in Eq. (2) would hold for such
a minimal system. However, setting reasonable para-
meters (e.g., ϵi;τ=2 ¼ Γs ¼ −tx ¼ −ty and Γt ¼ αx ¼ αy ¼
0.8Γs), we get the results shown in Fig. 3 for the effect of
interactions on the transition lines which have some
resemblance with the experimental observations.
As expected, interactions lift the degeneracy of the

mixed pair transitions (blue lines in Fig. 3) at δ ¼ 0 and
π. Moreover, in contrast to the simple argument based on

(a) (b)

FIG. 3. Transition lines within the four-site model without (a)
and with (b) the effect of Coulomb interactions. Within this
model effective singlet and triplet pairing, characterized by
parameters Γs and Γt, arise by assuming Δ → ∞ in the leads.
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the emergent exchange interaction, which splits the tran-
sition lines into triplet and singlet [27], there is a complete
splitting of the four lines. This is due to the presence of a
significant spin-orbit interaction which breaks spin
symmetry.
On the other hand, the intermanifold single particle

transition lines (solid green lines in Fig. 3) do not split at
δ ¼ 0; π but are rather shifted to higher energy. These
crossings are protected by time reversal symmetry which
leads to a Kramers degeneracy [30] for odd states even in
the presence of interactions. The shift to higher energy can
be understood as a consequence of level repulsion between
the lower and upper Andreev manifold when coupled
through the Coulomb interaction. In contrast, no
Kramers degeneracy is granted for even parity excitations,
which explains the splitting of the mixed transitions. It
should be noticed that the ground state parity remains even
within this interaction range (no 0-π transition). An analysis
of the phase diagram for this model is given in the SM [18].
To go beyond this four-site model we use the eigenstates

of Eq. (2) calculated for the case of three chains in the y—
and multiple sites in the x—directions to write the inter-
action Hamiltonian Hint in terms of the Bogoliubov oper-
ators γn. This is performed through the inverse Bogoliubov
transformation ci;τ;σ ¼

P
n≥1 u

n
i;τ;σγn þ vn�i;τ;σγ

†
n, where n ≥

1 refers to states with positive energy and uni;τ;σ (v
n
i;τ;σ) are the

electron (hole) -like coefficients of the noninteracting wave
functions.
Assuming weak interactions, we may project Hint to the

subspace of states with zero (jGSi), one (γ†njGSi), and two
(γ†nγ

†
mjGSi) quasiparticles on the Npr lowest energy levels

(i.e., n;m ≤ Npr). Because of parity conservation we end
up with effective Hamiltonians in the even and odd sectors

that can be diagonalized exactly. An analysis of the range of
validity of this approximation is given in the SM [18].
Using such a procedure, we searched for a set of parameters
that reproduce at best the central spectrum of Fig. 2, in
which the full dispersion of the lines highlighted in blue is
visible. The result is shown next to the data in Fig. 4. Most
features of the experiment, both for the relative frequencies
and for their shape, are essentially reproduced. In particu-
lar, the camel back dispersion of the upper mixed pair line
around phase 0, absent in a noninteracting model, is
captured. It should be mentioned, however, that these
spectra are extremely sensitive to microscopic details in
the potential profile, which are completely unknown for an
actual experimental realization. In the other panels of
Fig. 4, we show how the spectrum evolves when changing
only the Coulomb interaction strength. As in the case of the
four-site model, the most remarkable effect of interactions
is to lift the degeneracies of the mixed pair transition lines
at δ ¼ 0; π (blue lines in Fig. 4) and to shift the intermani-
fold single particle lines (green lines in Fig. 4) to higher
frequency without breaking their characteristic shape.
It is worth stressing that the multichannel character of

realistic nanowire weak links is essential to understand the
shape of the pair transition lines measured experimentally.
Indeed, the set of parameters which gives the closest
resemblance with the data corresponds to a case with
two open channels such that the phase curvatures of the
two lowest Andreev manifolds have the same sign [18].
Such a property cannot be obtained with a single channel
model, which gives manifolds with alternating curvatures
[31]. Finally, notice that here, as for the case of the four-site
model in Fig. 3, the interaction strength, although suffi-
ciently large to produce sizable effects in the transition
lines, is still too weak to produce a transition into the π

FIG. 4. Evolution with the weak link effective charging energy Eeff
c of the spectral lines as a function of phase difference as obtained

from the extended TB model with 31 sites in the x direction (11 in the normal region) and three transverse chains, describing a junction
with length ∼550 nm and width ∼200 nm [detailed parameters in [18] ]. Full lines correspond to the main inter-SQPT (green), lowest
PT (red), and mixed PTs (blue). The faint lines correspond to secondary transitions (i.e., from the first to the third or from the second to
the third manifolds, intramanifold, and higher PTs). Excitations up to Npr ¼ 12 are included in the effective interacting Hamiltonians.
Rightmost panel is the data of the central panel of Fig. 2.
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phase as has been observed in the case of quantum dots
coupled to superconducting leads [32–34].
Conclusions.—We have shown that a complete descrip-

tion of the microwave spectrum of semiconducting nano-
wire Josephson junctions must include Coulomb
interactions in addition to spin-orbit multichannel coupling.
This is more clearly evidenced by the splitting of mixed
pair transitions around 0 and π phase difference. Despite
the strength of the required interactions not being enough to
drive these systems into a π phase, as is usually the case in
the quantum dot regime, the high sensitivity of circuit-QED
techniques allows us to reveal their presence in actual
devices.

All raw data in the publication are available at [35].
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