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Abstract
In this paper we present an elementary proof of a pointwise radial monotonicity prop-
erty of heat kernels that is shared by the Euclidean spaces, spheres and hyperbolic
spaces. The main result was discovered by Cheeger and Yau in 1981 and rediscov-
ered in special cases during the last few years. It deals with the monotonicity of the
heat kernel from special points on revolution hypersurfaces. Our proof hinges on a
non straightforward but elementary application of the parabolic maximum principle.
As a consequence of the monotonicity property, we derive new inequalities involving
classical special functions.
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1 Introduction

The heat equation is one of the quintessential mathematical models for physical phe-
nomena. Over the years, several properties of this equation had been studied from
different points of view, including for instance: probabilistic, geometric and physical.
In this paper we deal with the fundamental solution of the heat equation, namely, the
heat kernel. In particular, we will focus on certain generalizations, due to Cheeger and
Yau, of the following intuitive result

Theorem 1 ([1–4]) Let M be Euclidean space R
n, the sphere S

n or the hyperbolic
space Hn. Then, for any fixed x ∈ M and time t ∈ (0,∞), the heat kernel G(x, y, t)
is a strictly decreasing function of the geodesic distance d(x, y).

First, note that by means of Fourier analysis one can provide an explicit expression
of the heat kernel in the Euclidean space Rn , namely

G(x, y, t) = 1

(4π t)n/2 exp

(
−|x − y|2

4t

)
,

where the assertion of Theorem 1 follows trivially. However, explicit expressions like
the above are rare. The hyperbolic spaces are exceptions, e.g. for the hyperbolic plane
one gets the following representation

G(x, y, t) =
√
2e−t/4

(4π t)3/2

∫ ∞

d(x,y)

βe−β2/4t

√
cosh β − cosh(d(x, y))

dβ.

In general, distinguishing odd and even dimensional cases, rather involved formulas
are available (cf. [2]). The case of the sphere does not share this good fortune, but
one can use an identity1 expressing the derivative of the kernel in terms of the heat
kernel in smaller dimensions to prove the monotonicity by an induction argument (the
base case can be found in [2, Section 6.3]). Recently, Nowak, Sjögren and Szarek [4]
provided sharp estimates for the heat kernel on the sphere Sn that imply Theorem 1 in
that specific case.

Here we propose a neat, direct and elementary proof of Theorem 1 which is built
on a delicate application of the parabolic maximum principle. Interestingly enough,
the same arguments also apply to more general situations described below, of which
Theorem 1 is a beautiful particular case.

Theorem 2 Let M ⊆ R
n be a smooth, compact and connected hypersurface of revo-

lution around the xn axis without boundary. If x is a point of intersection of M and
the xn axis, then the associated heat kernel G(x, y, t) strictly decreases as a function
of the geodesic distance d(x, y) for any fixed t > 0.

Remark 1 The sameproof covers the noncompact situation even in an intrinsic geomet-
ric setting beyond hypersurfaces ofRn . In connection with this, recall that a celebrated

1 This formula alsoworks in a broader generality for 3-dimensional space formsMk with sectional curvature
k.
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Pointwise monotonicity of heat kernels 209

theorem by Hilbert states that a complete regular surface of constant negative curva-
ture, like H2, cannot be isometrically immersed in R3.

Remark 2 Whenwe compare our approach to that of Cheeger and Yau [3], we strongly
believe that ours is more PDE friendly and falls within a certain canon. Both proofs
rely on the maximum principle, nevertheless. The proof in [3] is more technically
demanding, namely it employs 1-forms and the small time asymptotics of the heat
kernel. Furthermore, it relies on a certain contradiction (obtained using an integral
quantity that is proved to be zero) while ours is more direct.

Theorem 2 can be proven even in more general settings. Let us introduce some
definitions before stating this. In a complete Riemannian manifold M of dimension n,
a point p is called a pole if its cut locus is empty (see [5] for the definition of the cut
locus). A manifold is said to be spherically symmetric (around p) if in terms of the
geodesic polar coordinates (ρ, σ ) ∈ (0,∞) × S

n−1, its Riemannian metric ds2 of M
has the form ds2 = dρ2 + A2(ρ)dσ 2. In other words, the rotations around the origin
in Tp(M) become isometries of M under the exponential map.2 Finally, we need some
control on the volume of the surface of balls in order to apply the maximum principle.

Theorem 3 Let M be a complete spherically symmetric manifold with bounded cur-
vature. Let S be the volume of the boundary of the ball of radius ρ in M centered on

a pole p and suppose that ∂2

∂ρ2 log(S(ρ)) is bounded from above. Then the heat kernel

G(p, y, t) based on the pole p, satisfies
∫
M G(p, y, t) dy = 1 and it is a strictly

decreasing function of the geodesic distance d(p, y) for any fixed t > 0.

Remark 3 We have recently been aware of an extension of the results in [4] by the
same authors where they provide sharp bounds for the heat kernels on all compact
rank-one symmetric spaces, cf. [7].

Our last result, also known to Cheeger and Yau, tackles the Dirichlet and Neumann
heat kernels,GD andGN respectively, of a smooth hypersurface of revolutionM ⊆ R

n

with boundary. Recall that GD is the fundamental solution for the Dirichlet heat
operator ∂t −�M (where we denoted by−�M the positive Laplace–Beltrami operator
on M) with the Dirichlet boundary condition, that is, for a fixed x ∈ M , GD(x, y, t)
is the function in (y, t) satisfying

⎧⎪⎨
⎪⎩

(∂t − �M )GD(x, y, t) = 0, (y, t) ∈ M × (0,+∞),

GD(x, y, t) = 0, (y, t) ∈ ∂M × (0,+∞),

GD(x, y, 0) = δx (y), y ∈ M,

where δx is the Dirac delta based on x . Similarly, for GN with the Neumann boundary
condition, that is, for a fixed x ∈ M , GN (x, y, t) is the function in (y, t) satisfying⎧⎪⎨

⎪⎩
(∂t − �M )GN (x, y, t) = 0, (y, t) ∈ M × (0,+∞),
∂
∂n GN (x, y, t) = 0, (y, t) ∈ ∂M × (0,+∞),

GN (x, y, 0) = δx (y), y ∈ M .

2 This kind of manifolds are called “model manifolds with R0 = ∞” in [6] although we shall not employ
this terminology here.
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210 D. Alonso-Orán et al.

Theorem 4 Let M ⊆ R
n be smooth and connected hypersurface of revolution around

the xn axis with boundary ∂M �= ∅. If x is a point of intersection of the relative interior
of M and the xn axis, then the associated heat kernel with Dirichlet boundary con-
dition (resp. Neumann boundary condition) GD(x, y, t) (resp. GN (x, y, t)) strictly
decreases as a function of the geodesic distance d(x, y) for any fixed time t > 0.

Remark 4 An analogous result in the case of theDirichlet heat kernel on a geodesic ball
inside a n-dimensional simply connected space form of constant sectional curvature
was already known (cf. [2, Section 8.3]). Theorem 4 has also been settled (cf. [3,
Section 2]) for model manifolds. The interest of these results originates from the
possibility of comparing the fundamental solutions to the heat equation on general
manifolds with heat kernels of model manifolds.

Plan of the paper

The paper is organized along the following lines: in the next section we present the
proofs of the obtained results where we demonstrate Theorem 2, sketch the proof
of Theorem 3 and infer as a consequence Theorem 1. Section 3 is devoted to show
some consequences regarding inequalities for special functions and some observations
of pointwise properties of the fractional Laplace–Beltrami operator. The article ends
raising a natural question that bonds the decreasing properties of the heat kernel from
a point with its cut locus.

2 Proof of themain results

Note that Theorem 1 is a direct corollary of Theorem 3. The main ideas in the proof
of the latter are in that of Theorem 2. The whole argument relies on an application of
the parabolic maximum principle.

Proof of Theorem 2 Thanks to the symmetry around the xn axis, the heat kernel
G(x, y, t) is a function 	 only depending on the geodesic distance from x to y,
ρ = d(x, y), and the time variable t , that is, G(x, y, t) =: 	(ρ, t). This symmetry
also justifies expressing the homogeneous heat equation on M for smooth3 functions
u : (0, L) × (0,+∞) → R which depend only on the geodesic distance and the time
variable as [6, Section 3.2]

∂t u(ρ, t) − ∂ρρu(ρ, t) − ∂ρ

(
log(S(ρ))

)
∂ρu(ρ, t) = 0 (1)

for all ρ ∈ (0, L), t > 0, where L denotes the geodesic distance from x to its
antipodal point, and S(ρ) denotes the volume of the boundary of the ball of radius ρ

3 Recall that, for example, any function u : (0, L)×(0, +∞) → Rwhose up to first order weak derivatives
are locally square integrable and which solves (1) in the weak sense is indeed of class C∞ in (0, L) ×
(0, +∞); see for instance [8, Theorem 7 in page 390] and the comments below it. Hence, the smoothness
assumption is not really necessary here, we introduce it only for the sake of simplicity in the exposition.
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Pointwise monotonicity of heat kernels 211

in M centered at x . Differentiating (1) with respect to ρ we obtain

∂t (∂ρu) − ∂ρρ(∂ρu) − ∂ρρ

(
log(S(ρ))

)
(∂ρu) − ∂ρ

(
log(S(ρ))

)
∂ρ(∂ρu) = 0. (2)

Near x we see that ∂ρρ(log(S(ρ))) behaves like in the euclidean case. This provides
the approximation −(n − 2)ρ−2 for ρ near zero. By continuity and compactness we
conclude that ∂ρρ(log(S(ρ))) is bounded from above in (0, L) if M is compact. With
this at hand, we define

λ := supρ∈(0,L)∂ρρ

(
log(S(ρ))

)
,

c(ρ) := λ − ∂ρρ

(
log(S(ρ))

)
,

v(ρ, t) := e−λt (∂ρu)(ρ, t).

(3)

By the previous considerations, we have that λ ∈ R and c ≥ 0. Now, since ∂t (∂ρu) =
eλt (λv + ∂tv), from (2) we get

0 = λv + ∂tv − ∂ρρv − ∂ρρ

(
log(S(ρ))

)
v − ∂ρ

(
log(S(ρ))

)
∂ρv

= ∂tv − ∂ρρv + b∂ρv + cv = (∂t + L)v,
(4)

where we have set b(ρ) := −∂ρ(log(S(ρ))) and L := −∂ρρ + b∂ρ + c.
Our first target is to show that 	(·, t) is a nonincreasing function on [0, L] for all

t > 0. In order to do so, let us regularize the heat kernel G employing a family of
functions {χε(x, ·)}ε>0 that satisfy the following properties: they are smooth, radially
symmetric (i.e. χε(x, y) =: gε(ρ)), and decreasing from x , their integral over M
equals one, and they concentrate around the fixed point x ∈ M as ε tends to zero.
Notice that this family is, in particular, an approximation of the Dirac delta centered
at x . Let us now introduce the aforementioned regularization of the heat kernel

Gε(x, y, t) :=
∫
M

χε(x, z)G(z, y, t) dσ(z),

where dσ denotes the volume form on M . By construction, Gε satisfies the heat
equation in the variables (y, t) and the initial condition χε(x, ·). Moreover, since
G is smooth for t > 0 and χε is also smooth, we deduce that Gε is smooth up
to t = 0. In addition, due to the radial symmetry of M with respect to x , and of
χε , Gε(x, y, t) only depends on the radial coordinate ρ = d(x, y) emanating from
x and on t , hence we can write Gε(x, y, t) =: uε(ρ, t). In particular 2uε(ρ, t) =
Gε(x, expx (ρe1), t) + Gε(x, expx (−ρe1), t). Then ∂ρuε(0, t) = 0 for t > 0 and a
similar argument at the antipodal point shows ∂ρuε(L, t) = 0. Therefore, if we set
vε := e−λt∂ρuε , taking u = uε in (3) and v = vε in (4) we deduce that, for every
T > 0,

⎧⎨
⎩

∂tvε + Lvε = 0 in (0, L) × (0, T ),

vε(0, t) = vε(L, t) = 0 for all t ∈ (0, T ),

vε(·, 0) = ∂ρgε ≤ 0 in [0,L].
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212 D. Alonso-Orán et al.

Recalling that L = −∂ρρ + b∂ρ + c with c ≥ 0, by the weak maximum principle [8,
Theorem9 in page 392]we see that vε ≤ 0 in [0, L]×[0, T ]. Taking now T → +∞we
get that ∂ρuε(·, t) = eλtvε ≤ 0 for all t > 0,whichmeans that uε(·, t) is nonincreasing
for all t > 0 and all ε > 0. Finally, sinceGε(x, y, t) → G(x, y, t) for t > 0 as ε → 0,
we have 	(ρ, t) = limε→0 uε(ρ, t) and, thus, 	(·, t) is a nonincreasing function on
[0, L] for all t > 0.

Our goal now is to show that 	(·, t) is indeed a strictly decreasing function on
[0, L] for all t > 0. This will mean that, for every t > 0, the heat kernel G(x, y, t) is
strictly decreasing as a function of the geodesic distance ρ = d(x, y) emanating from
x , which is the claim of the theorem.

Take u = 	 and v = e−λt∂ρu as in (3). Since u satisfies (1), we have (∂t +L)v = 0
by (4). Also, we already know that ∂ρ	(·, t) ≤ 0 for all t > 0, which yields v ≤ 0
in [0, L] × (0,+∞). Therefore, given t0 > 0, if we set w(ρ, t) := v(ρ, t + t0), w

solves
{

∂tw + Lw = 0 in (0, L) × (0,+∞),

w ≤ 0 in [0, L] × [0,+∞).

We will show that if t0 is small enough then w < 0 in (0, L) × (0,+∞). Arguing by
contradiction, assume that w(r , τ ) = 0 for some (r , τ ) ∈ (0, L) × (0,+∞). Since
w ≤ 0 in [0, L] × [0,+∞), we deduce that w attains a nonnegative maximum over
[0, L] × [0, τ ] at the interior point (r , τ ). Then, since c ≥ 0, the strong maximum
principle [8, Theorem 12 in page 399] yields that w = 0 in [0, L] × [0, τ ], which
leads to ∂ρ	 = 0 in [0, L] × [t0, t0 + τ ]. In particular, 	(·, t0) is constant on [0, L].
By taking t0 small enough in the definition of w, we get a contradiction with the fact
that 	(ρ, t) = G(x, y, t) tends to the Dirac delta centered at x ∈ M as t → 0 (and
hence 	(·, t0) is not constant for t0 > 0 small enough).

Oncewe know thatw < 0 in (0, L)×(0,+∞), we deduce that ∂ρ	 < 0 in (0, L)×
(t0,+∞) and, as t0 can be chosen arbitrarily small, we conclude that ∂ρ	(·, t) < 0
for all t > 0. Therefore, 	(·, t) is a strictly decreasing function on [0, L] for all t > 0.
The theorem is finally proven. ��
Remark 5 The previous proof still applies dropping the compactness condition if we
can assure that ∂2

∂ρ2 log(S(ρ)) remains bounded from above and decays at infinity. The
proof of the next result requires to justify the decay condition for the noncompact case.

Next let us show the proof of Theorem 3:

Proof of Theorem 3 The proof follows the same lines as the previous one. Since the
boundedness of ∂2

∂ρ2 log(S(ρ)) is part of the hypothesis, we just need to provide an
exponential decay of the radial derivative ofG(x, ·, t). Under the geometric hypothesis
in the statement Cheng, Li, and Yau have shown already that, for t ∈ [0, T ),

|∇G(x, y, t)| ≤ CT t
(n+1)/2e−cd(x,y)2/t ,

for some constants c,CT > 0 independent on the distance d(x, y) (cf. Theorem 6,
[9, Section 4] p. 1055). This is enough to ensure the decay at infinity to finish the
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Pointwise monotonicity of heat kernels 213

argument. Observe that one may use the maximum principle on a space-time box
B(r) × [0, T ], then the maxima should be achieved at the boundary t = 0. Indeed,
the heat equation prevents a maximum to be achieved in t = T ; on the other hand one
can extend the box to be a band by letting r tend to infinity (i.e. M × [0, T ]) since the
boundary terms tend to zero (due to the exponential decay at infinity model that the
aforementioned bound provides). ��
Remark 6 The proof of Theorem 4 is completely analogous to the one of Theorem 2.
Indeed, for Dirichlet heat kernels one observes that GD(x, y, t) ≥ 0 in the interior
and it vanishes at the boundary. This shows that its radial derivative is less than or
equal to zero at the boundary, the rest of the proof is analogous. On the other hand, for
the Neumann heat kernel the boundary replaces the antipodal point and the Neumann
condition on the boundary replaces the radial derivative that vanishes at the antipodal
point.

3 Consequences regarding special functions and the fractional
Laplace–Beltrami operator

In this section, we will present certain consequences of the aforementioned theorems
regarding inequalities about classical special functions. To conclude we will also
show some observations about pointwise properties of the fractional Laplace–Beltrami
operator.

For that purpose, let us first recall that a function F : R
+ −→ R is said to be

completely monotonic if (−1)n F (n) > 0 for n ∈ Z≥0. The central result about them
is Bernstein’s theorem [10, Section IV.12] stating that any completely monotonic
function F can be written as F(u) = ∫ ∞

0 e−tu dμ(t) for some nonnegative measure
dμ.

If M is as in Theorem 2, with the notation employed there, we have the spectral
expansion (e.g. [11, Lemma 2.1])

G(x, y, t) =
∞∑
k=1

e−λk tϕk(x)ϕk(y)

with ϕk normalized eigenfunctions of the Laplace–Beltrami operator −�M cor-
responding to the eigenvalues λk . Combining the conclusion of Theorem 2 and
Bernstein’s theorem we deduce

Corollary 5 Let M and x be as in Theorem 2, and F a completely monotonic function
such that the following series converges absolutely

∞∑
k=1

F(λk)ϕk(x)ϕk(y).

Then it defines a strictly decreasing function of the geodesic distance d(x, y).

123



214 D. Alonso-Orán et al.

By definition, the kernel of the heat equation with the spectral fractional Laplace–
Beltrami operator is (see [12] for the S2 case)

G(x, y, t) =
∞∑
k=1

e−λα
k tϕk(x)ϕk(y) with 0 < α ≤ 1.

As the function F(x) = exp(−xα) is completely monotonic for 0 < α ≤ 1, we
conclude at once

Corollary 6 For M and x as in Theorem 2, consider the fractional heat equation
ut + (−�M )αu = 0 with 0 < α ≤ 1 and (−�M )α the spectral fractional Laplace–
Beltrami operator on M. Then, its fundamental solution decreases as a function of the
geodesic distance d(x, y).

This generalizes to other operators if the symbol has a completelymonotonic deriva-
tive because a simple calculation [13] shows that if F ′(x) is completely monotonic
then exp(−t F(x)) is also completely monotonic for all t > 0.

For some particular manifolds M , there exists a full description of the eigenvalues
and eigenfunctions in terms of special functions. In these cases, taking derivatives,
Corollary 5 can be read as the positivity of some weighted sums of special functions.
We exploit this relation for a compact manifold, for a manifold with boundary and for
a noncompact manifold to get some inequalities involving averages of some classic
special functions which seem to be new.

We start with the Legendre polynomials Pn . Many authors have considered inequal-
ities involving Pn and its derivatives (see [14]). Arguably the cleanest is Fejér’s
inequality

∑N
n=0 Pn(x) > 0 for −1 < x < 1 that we still find in recent research

[15]. There are several classic results by Hilb, Stieltjes, and other authors [14] show-
ing intricate oscillations of Pn(x) and P ′

n(x) when n and x vary and it is a theoretical
obstacle to get general simple inequalities. Here we use Corollary 5 and the link
between the Legendre polynomials and spectral expansions on the sphere to get a neat
result.

Corollary 7 Let F be a completely monotonic function such that F(x) = O
(
x−σ

)
for

some σ > 2. Then,

∞∑
n=0

(2n + 1)P ′
n(x)F

(
n(n + 1)

) ≥ 0 for − 1 ≤ x ≤ 1.

Thanks to the identity (1 − x2)(2n + 1)P ′
n(x) = n(n + 1)

(
Pn−1(x) − Pn+1(x)

)
,

see [16, 8.914.2], the previous corollary can also be rephrased in terms of a sum of
Pn .

Proof It is well known [17, Section VII.5] that the eigenvalues of the Laplace–
Beltrami operator on S

2 are λn = n(n + 1) with n ∈ Z≥0 and λn has multiplicity
2n + 1 with corresponding eigenfunctions Pm

n (cos θ) cos(mϕ) with 0 ≤ m ≤ n and
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Pointwise monotonicity of heat kernels 215

Pm
n (cos θ) sin(mϕ) with 0 < m ≤ n, where Pm

n are the associate Legendre polyno-
mials and (θ, ϕ) are the usual spherical coordinates. Using the spherical harmonic
addition theorem [16, 8.814] we have that the series in Corollary 5 is

∞∑
n=0

(2n + 1)Pn(cos θ)F
(
n(n + 1)

)

(see [17, SectionVII.5.4] for the details) where 0 ≤ θ ≤ π gives the geodesic distance.
From the bounds |Pn(cos θ)| ≤ 1 and |P ′

n(cos θ)| ≤ P ′
n(1) = n(n + 1)/2 (see [14,

(7.33.8)]) and our hypothesis F(x) = O
(
x−σ

)
, the series can be differentiated term

by term. The result follows because Corollary 5 implies that it is decreasing in θ . The
inequality at the end points follows by continuity. ��

Now we are going to deduce an inequality for a sum of Bessel functions. It is
not strictly a consequence of Corollary 5 because we are going to impose Dirichlet
conditions but the proof keep the same scheme appealing to Theorem 4 instead of
Theorem 2.

Corollary 8 Let F be a completely monotonic function such that F(x) = O
(
x−σ

)
for

some σ > 5/4. Then,

∞∑
n=1

zn J1(znr)

J 21 (zn)
F

(
z2n

) ≥ 0 for 0 ≤ r ≤ 1,

where J1 is the Bessel function of order 1 and {zn}∞n=1 is the sequence of positive zeros
of J0, the Bessel function of order 0.

Proof Consider the heat equation ut − �u = 0 in the unit disk D ⊂ R
2 under the

Dirichlet boundary condition u(∂D, t) = 0. It is well known that the radial eigen-
functions of �u satisfying the boundary condition are J0(znr). Then by separation of
variables the radial solutions are of the form [18, Section II.34]

u(r , t) =
∞∑
n=1

ane
−z2n t J0(znr).

On the other hand, we have the Fourier–Bessel series expansion [18, Section I.17]

f (x) =
∞∑
n=1

an J0(znx) with an = 2

J 21 (zn)

∫ 1

0
s f (s)J0(zns) ds.

To compute the fundamental solution we can choose the following approximation of
the identity: f (r) = (πε2)−1 if 0 ≤ r < ε and 0 otherwise. It is clear that formally
we get the coefficients an = π−1 J−2

1 (zn) when ε → 0+, simply using J0(0) = 1.
Then the fundamental solution should be
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216 D. Alonso-Orán et al.

u(r , t) =
∞∑
n=1

J0(znr)

π J 21 (zn)
e−z2n t .

By Theorem 4, for any given t , it defines a strictly decreasing function of r ∈ (0, 1).
Using Bernstein’s theorem, we can replace e−z2n t by F(z2n) and the result, under
our hypothesis on F , is differentiable term by term because

√
t J0(t), n/zn and(√

zn J1(zn)
)−1 are uniformly bounded, indeed the last two sequences tend to 1/π

and to −√
π/2, respectively [16, 8.548, 8.541.1]. This can be used to show, by direct

computation, that u(r , t) is indeed the fundamental solution we were seeking. The
derivative of the resulting expression must be nonpositive and using J ′

0 = −J1, the
proof is complete. ��

We finish with a result involving the classical Mehler (conical Legendre) function
P−1/2+iv . The Mehler–Fock transform involving P−1/2+iv is a kind of hyperbolic
version of the Fourier transform, and then the following result has the same flavor as
some old results by Bochner and other authors (e.g., [19,20]) in the Euclidean setting.

Corollary 9 Let F be a completely monotonic function such that F(x) = O
(
x−σ

)
for

some σ > 5/4. Then

∫ ∞

0
F

(
1

4
+ v2

)
P ′−1/2+iv(cosh r)v tanh(πv) dv ≤ 0 for r > 0.

Proof The heat kernel in the hyperbolic plane H2 is (see [21, (3.37)])

1

2π

∫ ∞

0
e−( 14+v2)t P−1/2+iv(cosh r)v tanh(πv) dv.

Again, Bernstein’s theorem allows to replace the exponential by F
( 1
4 + v2

)
keeping

the monotonicity of the result, assured by Theorem 3 or Theorem 1, which must have
a nonpositive derivative. The convergence of the integral and the differentiation under
the integral sign is justified thanks to [16, 8.723.1], with the trivial estimate O(1) for
the hypergeometric function, and the fact that 	(iv)/	(1/2 + iv) ∼ v−1/2 leads to
P ′−1/2+iv = O(v1/2). ��

Let us now proceed to the observation regarding local representations for fractional
operators. Recently, great attention has been paid on the study of problems involv-
ing fractional and non-local operators. In particular, the fractional Laplace–Beltrami
operator on manifolds appears in the study of different type of models such as free-
boundary problems [22], porous medium equations [23], the Yamabe problem [24]
and game theory, as they are related to stochastic Lévy flights [25]. In the Euclidean
space or tori, it is a well-known consequence of Fourier analysis that the fractional
Laplacian can be written as a singular integral operator (cf. [26]) which combined with
elementary algebra provides useful pointwise estimates (cf. [27]). In the case of com-
pact manifolds, an explicit integral representation for the fractional Laplace–Beltrami
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operator was only recently shown in [28] (cf. [12,29] for the sphere). This new repre-
sentation turned out to be essential in the proof of global existence of solutions to the
surface quasi-geostrophic equation on the sphere (cf. [30]). Unfortunately, compared
with the Euclidean case, the explicit representation contains an error term that makes
it less powerful when pointwise control is needed, cf. [28]. As a consequence, sev-
eral properties that are straightforward to check using the integral representation in
the Euclidean case, as the maximum principle property or the positivity of the kernel,
requiremore involved proofs. However, in the case of the unit sphereSn , an application
of the decreasing property of Theorem 1 provides the following remark

Corollary 10 Let α ∈ (0, 1). There is a function kn,α : [0, π ] −→ R
+ such that

kn,α(0) = 1, d(x, y)−n−αkn,α(d(x, y)) is decreasing for d(x, y) ∈ (0, π), and

(−�Sn )
α f (x) = cn,αP.V.

∫
Sn

f (x) − f (y)

d(x, y)n+2α kn,α(d(x, y)) dvol(y). (5)

The main improvement of this result in comparison with the one obtained in [28]
for general compact manifolds, where the operator is expressed as a similar principal
value up to an operator that gains derivatives, is the absence of the latter.

Proof By the definition the heat kernel G(x, y, t), we have that

e−t�Sn f (x) =
∫
Sn

G(x, y, t) f (y) dvol(y), and
∫
Sn

G(x, y, t) dvol(y) = 1. (6)

Using the semigroup-formula (cf. [12, Section 7.1])

(−�Sn )
α f (x) = 1

	(−α)

∫ ∞

0

(
f (x) − e−t�Sn f (x)

) dt

t1+α
, (7)

combined with (6) and changing the order of integration it yields

lim
ε→0

∫
Sn\Bε (x)

( f (x) − f (y))
∫ ∞

0
G(x, y, t)

dt

t1+α
dvol(y). (8)

Notice that in order to apply Fubini’s theorem, we have subtract a small ball of radius
ε with ε → 0+. This limit is the principal value from the statement. For large times,
the heat kernel is comparable to a constant, this is c ≤ G(x, y, t) ≤ C (cf. [4]).
Alternatively, one can show the upper bound using Hörmander’s L∞ bound coupled
with the exponential decay of the coefficients. To deal with small times, one can either
invoke the sharper estimate for G(x, y, t) in [4, Section 1] or use the heat kernel
parametrix expansion (cf. [30, Section 2], [2, Section 6] or [31, Section 1]) to check
that the singularity in (8) is of order −n − 2α. Combining both ingredients one can
readily obtain

∫ ∞

0
G(x, y, t)

dt

t1+α
= kn,α(d(x, y))

d(x, y)n+2α
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for some function kn,α which only depends on the distance d(x, y), n and α. Moreover,
we can assure that G(x, y, t) is positive and decreasing as a function of d(x, y) ∈
(0, π) by Theorem 1 applied to the sphere. ��
Remark 7 Following the ideas sketched in Corollary 10, an interesting question is
whether this observation could be extended to cover the case of compact hypersurface
of revolution (as an application of Theorem 2) or complete spherically symmetric
manifold with bounded curvature (as an application of Theorem 3).

4 Final remarks

If the manifold is not spherically symmetric, one cannot hope a monotone behavior
on the geodesic distance. For instance, for the flat torusR2/(Z× LZ) with L > 1, the
heat kernel based on the origin is

1

L

∑
n,m∈Z

e−4π2t(n2+m2/L2)+2π i(nx+my/L) = 1

4π t

∑
n,m∈Z

e−
(
(n−x)2+(Lm−y)2

)
/4t

,

where the equality follows from the Poisson summation formula. It is apparent that
it decays faster in the second coordinate. On the other hand, in this example we can
separate the variables and for y fixed the kernel decreases when 0 < x < 1/2 and, in
the same way, it decreases when 0 < y < L/2 for x fixed. Any radial derivative is
a combination of these, which shows that the heat kernel on a torus is decreasing in
any radial direction departing from the origin up to the boundary of the fundamental
domain.

It seems natural to try to decide whether there is a region with this monotonicity
property in an arbitrary manifold. Notice that, in such a case, the region would depend
on the initial point due to the possible lack of symmetries. An inspection of the sphere
and the standard torus seems to suggest that, for every point, the monotonicity should
hold up to its cut locus. This might be a by-product of some wishful thinking. On the
other hand the sphere is, in some sense, the worst case scenario because the south pole
is heated through every geodesic coming from the north pole. Perhaps an interesting
context to start the study of these difficult questions is that of the hyperbolic Riemann
surfaces, defined by 	\H2 with 	 a Fuchsian group. The constant curvature and the
connection with the arithmetic theory of automorphic forms could be of some help in
some compact and noncompact examples. As a matter of fact, the heat kernels for tori
are theta functions, which are prominent examples of automorphic forms.
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