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A B S T R A C T 

In this work, we investigate the structural properties, distribution and abundance of � CDM dark matter subhaloes using the 
Phi-4096 and Uchuu suite of N-body cosmological simulations. Thanks to the combination of their large volume, high mass 
resolution and superb statistics, we are able to quantify – for the first time consistently o v er more than seven decades in ratio 

of subhalo-to-host-halo mass – dependencies of subhalo properties on mass, maximum circular velocity, V max , host halo mass,
and distance to host halo centre. We also dissect the evolution of these dependencies o v er cosmic time. We provide accurate fits 
for the subhalo mass and velocity functions, both exhibiting decreasing power-law slopes and with no significant dependence 
on redshift. We also find subhalo abundance to depend weakly on host halo mass. Subhalo structural properties are codified via 
a concentration parameter, c V 

, that does not depend on any pre-defined density profile and relies only on V max . We derive the
c V 

−V max relation and find an important dependence on distance of the subhalo to the host halo centre. Interestingly, we also
find subhaloes of the same mass to be significantly more concentrated when they reside inside more massive hosts. Finally, we 
investigate the redshift evolution of c V 

, and provide accurate fits. Our results offer an unprecedented detailed characterization of
the subhalo population, consistent o v er a wide range of subhalo and host halo masses, as well as cosmic times. Thus, we expect 
our work to be particularly useful for any future research involving dark matter halo substructure. 

Key words: methods: numerical – galaxies: haloes – cosmology: theory – dark matter. 
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 I N T RO D U C T I O N  

n the current standard model of cosmology, � CDM (Aghanim et al.
020 ), the structure of the Universe is formed via a hierarchical,
ottom-up scenario with small primordial density perturbations 
rowing to the point where they collapse into the filaments, walls, and
ventually dark matter (DM) haloes that form the underlying large- 
cale-structure filamentary web of the Universe (see e.g. Frenk & 

hite 2012 ). Galaxies are embedded in these massiv e, e xtended
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M haloes teeming with self-bound substructure, the so-called 
ubhaloes. The growth of cosmic structure begins early, where the 
rst haloes to collapse and virialize are smooth triaxial objects. These
rimordial protohaloes continue to grow, and more massive haloes 
re subsequently formed via merging and accretion of smaller haloes, 
iving rise to a wide spectrum of halo masses, from the mentioned
iny values up to the most massive haloes in the Universe today, with
asses larger than 10 15 M �. 
Numerical simulations have proven to be crucial for understand- 

ng structure formation in the Universe (see e.g. Frenk & White
012 ; Kuhlen, Vogelsberger & Angulo 2012 ). Nevertheless, these 
umerical efforts only co v er a limited range in halo masses and
edshifts (Ando, Ishiyama & Hiroshima 2019 ; Zavala & Frenk 2019 ).
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Table 1. Main properties of the simulations used in this work. Here, N , L , 
m , and ε are the total number of particles, box side length, particle mass 
resolution, and softening length, respectively. 

Name N L m ε

( h −1 Mpc) ( h −1 M �) ( h −1 kpc) 

Uchuu 12 800 3 2000 3.27 × 10 8 4.27 
ShinUchuu 6400 3 140 8.97 × 10 5 0.40 
Phi-4096 4096 3 16 5.13 × 10 3 0.06 
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1 https:// bitbucket.org/ gf cstanf ord/ rockstar/ 
esolving small-scale structures is extremely challenging, as the
ange of lengths, masses, and time-scales that need to be simulated is
mmense. In addition, an e xpensiv e computational effort is required
o generate at the same time massive haloes with large statistics.
his poses a serious challenge for studies particularly focused on

he smallest scales. This is the case not only for purely cosmological
uestions, such as those investigating the dark energy, for which
alaxies are considered as cosmological tracers in different volumes
f the Universe (see e.g. Amendola et al. 2018 ); but also of studies in
he field of astroparticle physics, where a large effort is being made to
lucidate the nature of the DM particle, that could be made explicit
ia an understanding of the minimum halo mass, e.g. Ackermann
t al. ( 2015 ). 

A consequence of the � CDM structure formation scenario is the
xistence of abundant substructure (or subhaloes) within haloes.
tudying the complicated dynamics of these subhaloes within their
osts requires numerical simulations. Unfortunately, state-of-the-art
-body cosmological simulations are not able to resolve the whole

ubhalo hierarchy. Indeed, being limited by numerical resolution,
hese simulations typically simulate subhaloes of at least one million
olar masses, i.e. orders of magnitude abo v e the minimum halo mass
 xpected in man y DM scenarios, and focus on a particular host
alo mass scale, like the Milky Way (Diemand et al. 2008 ; Springel
t al. 2008 ). Furthermore, the finite numerical resolution limiting
uch simulations implies that a fraction of the subhaloes will be
rtificially destroyed. As a result, some basic properties of the subhalo
opulation remain uncertain, despite being a fundamental probe of
he underlying cosmological model. For example, it is unclear if small
ubhaloes survive to the intense tidal forces they are subject to from
heir accretion times to the present and, if so, under which conditions
nd orbital configurations (Hayashi et al. 2003 ; Garrison-Kimmel
t al. 2017 ; van den Bosch et al. 2018 ; van den Bosch & Ogiya 2018 ;
rrani & Pe ̃ narrubia 2020 ; Grand & White 2020 ). In addition to

epresenting a cosmological test by themselves, understanding both
he statistical and structural properties of subhaloes plays a key role
or many other diverse studies, such as gravitational lensing (Vegetti
t al. 2010 ), stellar streams (Yoon, Johnston & Hogg 2011 ; Erkal
t al. 2016 ; Bonaca et al. 2019 ), and indirect or direct DM detection
xperiments (S ́anchez-Conde et al. 2011 ; Fermi LAT Collaboration
015 ; Coronado-Bl ́azquez et al. 2019 ; Ibarra, Kavanagh & Rappelt
019 ).
In this work, we impro v e upon previous studies aimed at charac-

erizing the subhalo population (Gao et al. 2011 ; Rodr ́ıguez-Puebla
t al. 2016 ; Diemand, Kuhlen & Madau 2007b ), by making use of
ata at different cosmic times from the Phi-4096 and Uchuu suite
f high-resolution N-body cosmological simulations (Ishiyama et al.
021 ). More precisely, the superb numerical resolution and halo
tatistics of these simulations allow for a careful and dedicated study
f the dependency of subhalo abundance on halo host mass as a
unction of subhalo mass, maximal circular velocity, and distance
o the host halo centre. In addition, the structural properties of
ubhaloes, codified by subhalo concentration, can be studied in detail
s well. Molin ́e et al. ( 2017 ) investigated subhalo concentrations
 v er sev eral orders of magnitude of subhalo mass for Milky Way-
ized systems. In this work, we extend such previous analyses
o subhaloes inhabiting host haloes with very different masses,
0 7 h 

−1 M � � M h � 5 × 10 15 h 

−1 M �. This will allow us not only
o explore subhalo concentrations up to higher subhalo maximal
ircular velocities, but to also include the dependencies on host
alo mass. Furthermore, no evolution of subhalo concentrations with
osmic time was studied in Molin ́e et al. ( 2017 ) and it is indeed very
carce in the literature as of today (Emberson, Kobayashi & Alvarez
NRAS 518, 157–173 (2023) 
015 ; Ishiyama & Ando 2020 ). Such study will be presented here up
o z = 4 with superb statistics and o v er a large range of subhalo and
ost halo masses. 
The work is organized as follows. In Section 2 we provide an

 v erview of the simulations we use and summarize their most
ele v ant parameters. In Section 3 we present our comprehensive
tudy of subhalo ab undances, radial distrib ution, and concentrations.
ection 4 is devoted to the characterization of the mentioned subhalo
roperties with cosmic time. Finally, we summarize our findings and
iscuss them in Section 5 .

 SI MULATI ONS  

e use three large cosmological N-body simulations, and their basic
roperties are listed in T able 1 . T wo of them, Uchuu and ShinUchuu,
omprise the Uchuu simulation suite (Ishiyama et al. 2021 ). The
chuu simulation consists of 12 800 3 dark matter particles co v ering
 comoving box of side length 2.0 h 

−1 Gpc, with resulting mass
esolution of 3 . 27 × 10 8 h 

−1 M �. ShinUchuu is a higher resolution
imulation with 6400 3 particles co v ering a 140 h 

−1 Mpc side length
ox, with resulting mass resolution of 8 . 97 × 10 5 h 

−1 M �. The
emaining simulation refers to a small box but with an extremely
igh resolution, Phi-4096 (Ishiyama et al. 2021 ). This simulation
ses 4096 3 particles co v ering a 16 h 

−1 Mpc side length box, resulting
n a mass resolution of 5 . 13 × 10 3 h 

−1 M �. Table 2 shows the mass
anges that we have used for this work. The subhalo (halo) mass m vir 

 M h ), is defined as the mass contained within the subhalo (halo) virial
adius at z = 0. A resolution cut has been applied to every simulation
n order to get rid of those hosts with less than 700 particles. This
alue has been chosen after performing the necessary checks to find
he smallest values that we can safely use in each case, i.e. once we
av e v erified the (lack of) resolution ef fects for dif ferent v alues of
he minimum number of particles. 

The cosmological parameters of the Uchuu simulations are �0 =
.3089, �b = 0.0486, λ0 = 0.6911, h = 0.6774, n s = 0.9667, and σ 8 =
.8159. Those of the Phi-4096 simulation are �0 = 0.31, �b = 0.048,
0 = 0.69, h = 0.68, n s = 0.96, and σ 8 = 0.83. Both parameter sets are
onsistent with the latest measurement by the Planck satellite (Planck
ollaboration 2020 ), although they are slightly different from each
ther. The largest difference is σ 8 : 1.6 per cent larger in the Uchuu
imulations. Such a small difference has a negligible impact on the
verage concentration of a halo (e.g. Dutton & Macci ̀o 2014 ) and,
hus, we will treat the three simulations as if the cosmology was
xactly the same. 

To find gravitationally bound haloes and subhaloes within the par-
icle data, the ROCKSTAR 

1 phase space halo/subhalo finder (Behroozi,
echsler & Wu 2013a ) was applied. Their mass and maximum

ircular velocity are instantaneous at z = 0 and are calculated using
nly bound particles. The halo and subhalo catalogues and their

https://bitbucket.org/gfcstanford/rockstar/
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Table 2. Minimum and maximum values of maximum circular velocities V max in km s −1 , and masses in log 10 

[ m vir /( h −1 M �)] for both subhaloes (first two columns) and hosts (third and fourth columns, V max, h [km s −1 ] 
and log 10 [ M h /( h −1 M �)]). We have set a minimum of 700 particles for hosts in order to have well resolved 
data; see text for details. 

V 

min 
max , V 

max 
max log 10 m 

min 
vir , log 10 m 

max 
vir V 

min 
max , h , V 

max
max , h log 10 M 

min 
h , log 10 M 

max
h 

Phi-4096 [1.0, 234.9] [4.0, 12.0] [4.5, 371.4] [6.6, 12.6] 
ShinUchuu [4.0, 725.7] [6.3, 13.7] [12.5, 842.2] [8.8, 13.8] 
Uchuu [35.0, 1874.4] [8.8, 15.2] [89.0, 2582.1] [11.4, 15.7] 
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erger trees constructed by CONSISTENT TREES 2 code (Behroozi 
t al. 2013b ) are available on the Skies & Universes site. 3 

van den Bosch & Ogiya ( 2018 ) claimed that cosmological 
imulations suffer from significant o v ermerging due to inadequate 
orce softening, which causes numerical disruption. Such numerical 
isruption can decrease subhalo abundances in cosmological simula- 
ions by up to a factor of 2 (Green & van den Bosch 2019 ). Follow-up
ork by the same author (Green, van den Bosch & Jiang 2021 ) has

hown that the effect of numerical disruption is rather weak compared 
o the previous claim. The impact of numerical disruption was only 
0–20 per cent for subhalo abundances, number density profiles, and 
ubstructure mass fractions. In cosmological simulations, the mass 
esolution rather than numerical disruption is the primary limitation 
hen studying subhaloes. 
These and other works (Errani & Pe ̃ narrubia 2020 ; Amorisco 

021 ) suggest that numerical disruption has only a minor effect 
n subhalo statistics, and a traditional resolution cut (e.g. minimum 

umber of particles) is more important to make robust predictions. 
herefore, we perform a traditional resolution test in this work and 
o not take the effect of numerical disruption into account. 

 SUBHALO  PROPERTIES  

n this section, we will characterize some of the main substructure
roperties as found in the simulations, namely the subhalo mass func- 
ion (SHMF) and velocity function (SHVF), the radial distribution 
ithin the hosts (SRD) and the subhalo concentrations. 

.1 Abundances 

he cumulative SHMF is usually approximated by a power law, 

( > m vir ) = c 

(
m vir 

M h 

)−α

, (1) 

here M h is the mass of the host halo, m vir is the mass of the
ubhalo, c is a constant, and α is the slope, which according to
imulations is found to be in the range 0.9–1 (Diemand et al. 2007b ;
pringel et al. 2008 ), a value that agrees well with theoretical expec-

ations (Giocoli, Pieri & Tormen 2008 ; Blanchet & Lavalle 2012 ).
ome studies also suggest that this slope may depend on the host halo
ass (Hellwing et al. 2016 ). This is indeed in agreement with results

rom semi-analytical models (e.g. Hiroshima, Ando & Ishiyama 
018 ). 
Yet, in practice the SHMF is not perfectly fitted by a power law in

he entire range co v ered by one specific simulation, since it declines
ore rapidly at the largest masses (i.e. there is no substructure with
ass larger than a significant, O(0.1) fraction of the mass of the
 https:// bitbucket.org/ pbehroozi/ consistent-trees/ 
 http://skiesanduniver ses.or g/. 

t  

4

ost), and it decreases at small masses as well because of numerical
esolution effects. 4 

In this regard, a better description of the SHMF is (Rodr ́ıguez-
uebla et al. 2016 ) 

 = ( x/ μ) −αe −( x/ μcut ) 
β

, (2) 

here x = m vir / M h , α represents the slope of the power law and there
re three other free parameters. This expression captures the correct 
ehaviour at the high mass end. 
As subhaloes lose mass due to tidal stripping when orbiting around

he host, the mass parameter for subhaloes, as usually defined with
espect to a given overdensity value, may not be valid and can be
onsidered ill-defined. Instead, the tidal mass is sometimes used, i.e. 
he enclosed mass within the tidal radius, or the radius of the subhalo
fter its interaction with the host tidal forces (Binney & Tremaine
008 ; van den Bosch et al. 2018 ). In the case of the ROCKSTAR
alo/subhalo finder used in this paper, the subhalo mass is defined
ith respect to a given overdensity value applied to only particles
ravitationally bound to the subhalo, ameliorating ambiguity in the 
ass definition. 
In this work, to a v oid complications with the definition of subhalo
asses, we will mainly use the V max parameter instead, representing 

he maximum circular velocity of particles within the subhalo. This 
uantity is more reliable since it is much less affected by tidal
orces (Kravtsov, Gnedin & Klypin 2004 ; Diemand et al. 2007b ),
nd allows us to describe the structural properties of a subhalo
ndependently of any density profile and of the particular definition 
sed for the virial/tidal radius (Molin ́e et al. 2017 ). The cumulative
HVF follows a power law as well, 

( > V max ) = d 

(
V max 

V max , h 

)−α

, (3) 

here V max, h is the maximum circular velocity of the host halo, d
s a free parameter and α is the slope, which in this case is close to
 (Diemand et al. 2007b ; Springel et al. 2008 ; Klypin et al. 2016 ;
odr ́ıguez-Puebla et al. 2016 ). The SHVF also experiences the same
eviations described for the SHMF at the high and low-mass end,
nd can also be described using an expression similar to equation ( 2 ),
here x = V max / V max, h . 
In our analyses, we split the whole data set into different m vir 

nd V max bins with respect to the host halo mass, and use the ratio
etween the subhalo mass and its host mass, which will allow for a
ore optimal comparison between cases. Fig. 1 shows the SHMFs 

f Phi-4096, ShinUchuu and Uchuu for several host halo mass bins,
v eraging o v er all the hosts in each. We e xplain the criteria for our
hoice to define the mass ranges used in this work in Section 3.3 . 

Note that, for larger host masses, the SHMF is resolved down
o smaller fractions of the host halo mass. In particular, in the best
MNRAS 518, 157–173 (2023) 

 See Section 2 for further discussion. 
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M

Figure 1. From top to bottom, SHMF of Phi-4096, ShinUchuu, and Uchuu 
at z = 0. In each case, the data set has been divided in four according to the 
host halo mass in log 10 [ M h /( h −1 M �)], depicted with different colours in the 
legend. 
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Figure 2. From top to bottom, SHVF of Phi-4096, ShinUchuu and Uchuu, 
at z = 0. In each case the data set has been divided in four according to the 
host halo mass in log 10 [ M h /( h −1 M �)], depicted with different colours in the 
legend. 

Figure 3. Cumulative SHMF for different host halo masses, multiplied by 
the x -axis, i.e. the ratio between the subhalo mass and the host mass in log 10 

[ M h /( h −1 M �)], as indicated with different colours in the legend. The Phi- 
4096 simulation has been used for the smallest bin, in orange; the next three 
bins, in green, red and purple, are obtained from ShinUchuu; the brown bin 
corresponds to Uchuu. 
ases we can resolve down to ratios ∼10 −6 . The same occurs for
he SHVFs, shown in Fig. 2 considering the ratio between V max and
 max, h . In this case, we obtain the presumed power-law behaviour

or ratios approaching 10 −2 at best. For both the SHMF and SHVF,
he expected drop at ratios close to 1 is clearly visible in the
orresponding figures, as well as the flattening at the low-mass and
ow-velocity ends due to resolution effects. The o v erlap between
ifferent host halo masses in each simulation is quite accurate (the
ifferences lie below a factor ∼2) for both the SHMF and the SHVF,
hough some differences can be perceived, especially at the largest
ubhalo-to-halo ratios. 

The dependence of subhalo abundance on host halo mass is shown
n Fig. 3 , where we multiply the cumulative SHMF by the x- axis,
.e. the ratio between subhalo mass and host halo mass, in order
o visually increase such dependency. In this figure, we show results
rom the largest host halo mass bin in Uchuu, the three well-resolved,
ntermediate mass ones in ShinUchuu and the smallest well-resolved
in in Phi-4096, i.e. for each host halo mass we choose the most
ppropriate simulation. Interestingly, we find more subhaloes as
e increase the parent mass. In particular, we find a factor of 2.6
ifference between the SHMF of the largest considered parent mass
nd the smallest at m vir / M h = 0.1. This behaviour, already described,
.g. in Gao et al. ( 2011 ), Ishiyama et al. ( 2013 ), Klypin et al. ( 2016 ),
s now confirmed and quantified to a greater detail in our study.
NRAS 518, 157–173 (2023) 

art/stac2930_f1.eps
art/stac2930_f2.eps
art/stac2930_f3.eps


Subhalo properties revealed with simulations 161

Figure 4. SHMF and SHVF (upper and lower panel, respectively) built from 

Milky Way-like haloes, with masses between 10 11.6–12.6 h −1 M �, in all three 
simulations at once, each represented with a different colour according to the 
legend. Our best-fitting using the parametric function by Rodr ́ıguez-Puebla 
et al. ( 2016 ), and reproduced in the equation ( 2 ), is also shown in both panels 
as a dashed line. At the bottom of each panel, the difference between data 
and model is also shown. 
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Table 3. Best-fitting parameters to the SHMF and SHVF using the parametric 
form of equation ( 2 ) (Rodr ́ıguez-Puebla et al. 2016 ), for the case of MW-size 
host haloes in all our three sets of simulations. The corresponding fits are 
illustrated in Fig. 4 . 

α β μ μcut 

SHMF 1.84 2.91 0.15 0.59 
SHVF 3.91 9.72 0.57 0.92 

Figure 5. SRD of each simulation at the present time, including subhaloes 
into all host haloes. The x sub parameter is the radial position of the subhalo in 
units of the virial radius of its host. To compute each SRD, we average over 
the total number of hosts in that simulation, N host . Six logarithmic equally 
spaced radial bins have been used in each case. 
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In Fig. 4 , we focus on Milky Way-like hosts using all simulations
t once to find the SHMF and SHVF best fits when described
ith the parametric function of Rodr ́ıguez-Puebla et al. ( 2016 ),

nd reproduced in the equation ( 2 ). To perform the corresponding
ts, we consider the regions of the SHMF and SHVF where we
nd either a power-law (towards low subhalo masses) or an abrupt 
ecay (at the high-mass end). The technical tool to perform such 
ts was the Python built-in function curve fit from SCIPY . In
articular, the adopted subhalo mass ranges in units of the host halo
ass are [7.24 × 10 −7 , 1.32 × 10 −3 ], [0.0014, 0.041] and [0.035,

.91] for Phi-4096, ShinUchuu, and Uchuu, respectively; and the 
orresponding V max intervals are [0.031, 0.14] and [0.14, 0.94] in 
nits of the host halo V max for Phi-4096 and ShinUchuu (the Uchuu
ange was already co v ered by ShinUchuu). Our resulting fits are also
hown. The found best-fitting parameters are provided in Table 3 . The
greement among the simulations is noticeable, and the best-fitting 
unction matches reasonably well –for the SHMF, the differences are, 
t most, ∼20 per cent for Phi-4096 and ShinUchuu, and ∼40 per cent
or Uchuu; for the SHVF, they are less than ∼10 per cent for Phi-
096 and ShinUchuu and up to ∼50 per cent for Uchuu – o v er nearly
even and two orders of magnitude in subhalo-to-host-halo mass 
nd velocity ratios, respectively (see residuals in Fig. 4 ). The Uchuu
umulative SHMF as a function of the subhalo mass defined at the
ime of first accretion and for different host haloes mass bins is
resented in Ishiyama et al. ( 2021 ). As a reference, they also show the
odr ́ıguez-Puebla parametrization (Rodr ́ıguez-Puebla et al. 2016 ) 
sing the Bolshoi Planck/MultiDark Planck simulations (Klypin et al. 
016 ). The slope at the low-mass end has no significant dependency
n host mass. This is in agreement with our results shown in Fig. 1 .
ur slope α values also agree well with those reported in previous
orks (Diemand et al. 2007b ; Giocoli et al. 2008 ; Springel et al.
008 ; Blanchet & Lavalle 2012 ; Klypin et al. 2016 ) for both the
HMF and SHVF. 

.2 Radial distribution 

e have also studied the distribution of subhaloes within their hosts.
n this case, we consider all subhaloes in each simulation at z =
, and use 6 logarithmic radial bins within the hosts in terms of
 sub = r sub / R vir, h , where r sub is the location of the subhalo in terms of
istance to the host halo centre, and R vir, h is the virial radius of the
ost. 
The subhalo radial distributions (SRDs) at the present time are 

hown in Fig. 5 for each simulation. In this figure, we show the
umber of subhaloes in each radial bin, divided by the total number of
osts. Our SRD results confirm that most subhaloes are located in the
utskirts of the host (although the subhalo number density is higher as
e approach the centre). Remarkably, we have subhaloes lying inside 
ne thousandth of the virial radius of the host. Also, as expected, a
MNRAS 518, 157–173 (2023) 
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Table 4. Minimum values of masses in log 10 [( m vir /( h −1 M �)] for subhaloes 
and haloes, log 10 [( M h /( h −1 M �)]), and their corresponding minimum values 
of circular velocities in km s −1 , considered for the study of concentrations in 
Phi-4096, ShinUchuu, and Uchuu at redshift z = 0. Note that these values 
differ from those shown in Table 2 to a v oid the impact of resolution effects 
on c V values; see text for details. 

V 

min 
max log 10 m 

min 
vir V 

min 
max , h log 10 M 

min
h 

Phi-4096 7.0 6.4 7.0 7.0 
ShinUchuu 38.0 8.8 40.0 9.3 
Uchuu 180.0 11.0 270.0 11.6 
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5 We apply the following condition: R vir, h > r sub + r vir . For the Uchuu 
simulation, we found that ∼20 per cent of all subhaloes are o v erlapping, this 
value decreasing to ∼10 per cent and ∼2 per cent in the ShinUchuu and the 
Phi-4096 simulations, respectively. 
arger number of subhaloes is obtained in the innermost parts of
he host for the simulations with better numerical resolution, that is,
 smaller minimum subhalo mass. In particular, we find roughly a
actor 10 more subhaloes in Phi-4096 than in Uchuu at x sub = 10 −3 ,
nd still a factor 5 more subhaloes in ShinUchuu compared to Uchuu.

.3 Concentrations 

here is no consensus today on the most accurate way to describe
he DM density profile of subhaloes. Although it is possible to study
he distribution of DM particles inside subhaloes using simulations,
he innermost region cannot yet be satisfactorily modeled due to
umerical resolution (see e.g. the discussion in Diemand & Moore
011 and Green & van den Bosch 2019 ). In addition, it is well
nown that tidal stripping remo v es mass from the outer parts of
ubhaloes, causing the distribution of DM to fall abruptly there and
hen the virial radius of subhaloes is not well defined (Ghigna et al.
998 ; Taylor & Babul 2001 ; Kazantzidis et al. 2004 ; Kravtsov et al.
004 ; Diemand, Kuhlen & Madau 2007a ; Diemand et al. 2007a ;
pringel et al. 2008 ). As a consequence, the subhalo concentration
annot follow the formal definition used for halo concentration, c 
 

R vir, h / r −2 , i.e. the ratio of the halo virial radius, R vir, h , and the
adius r −2 at which the logarithmic slope of the DM density profile
d log ρ
d log r = −2. 

An alternative way is to define the subhalo concentration inde-
endently of the adopted density profile. This can be done, e.g. by
xpressing the mean physical density, ρ̄, attained within the radius
orresponding to the maximum circular velocity, R max , in units of
he critical density of the Universe (Diemand et al. 2007b ; Diemand
t al. 2008 ; Springel et al. 2008 ; Molin ́e et al. 2017 ), 

 V = 

ρ̄( R max ) 

ρc ( z) 
= 2 

(
V max 

H ( z) R max 

)2 

, (4)

here ρc ( z) and H ( z) are, respectively, the critical density
nd the Hubble parameter as a function of redshift, H ( z) =
 0 

√ 

�m , 0 (1 + z) 3 + �� 

≡ H 0 h ( z). We note that there exists an
asy way to relate this c V with the more familiar c 
 

, so that a
omparison with halo concentration before subhalo accretion can
lso be made, see e.g. Diemand et al. ( 2007b ), Molin ́e et al. ( 2017 ).
ther important reason to use the c V definition is that V max is achieved

t a radius R max that does not fall within the inner regions subject to
esolution problems (for a typical NFW profile (Navarro, Frenk &

hite 1996 , 1997 ), for instance, V max occurs at R max = 2 . 163 r −2 ,
nd the relation does not vary drastically for other profiles). 

Table 2 provides the V max and mass ranges co v ered by our set
f simulations for both host haloes and subhaloes at z = 0. In
rder to determine the subhalo concentrations using the definition
n equation ( 4 ), we apply additional, specific cuts on the subhalo
aximum circular velocity in order to a v oid numerical resolution

ssues. These cuts are based on that found in the R max –V max parameter
pace: the expected behaviour of the R max –V max relation is almost
inear as was studied in other works (see Xu et al. 2015 ; Zavala &
renk 2019 ). We a v oid the V max values at which this behaviour is no

onger fulfilled (see Appendix A for further details). After applying
hese pre-selection cuts on the data, the minimum values of V max 

sed in the determination of c V for each simulation at redshift z = 0
re presented in Table 4 , together with the corresponding minimum
alues of the subhalo and halo mass. 

In order to carefully study the dependencies of the subhalo
oncentrations with on both V max and distance to the host halo
entre, we implemented three radial bins within the virial radius
f the host halo, following Molin ́e et al. ( 2017 ). The innermost radial
NRAS 518, 157–173 (2023) 
in contains subhaloes at a distance x sub < 0.1 from the host halo
entre (bin I), while the second and third radial bins are defined as
.1 < x sub < 0.3 (bin II) and 0.3 < x sub < 1 (bin III), respectively. 
Then, for each radial bin, we grouped subhaloes in bins of V max and

btained the medians of c V . The bin sizes chosen to co v er the entire
 max range of each simulation are the same. In Fig. 6 , we show the
edian c V ( V max ) values and the standard error of the median found

or Phi-4096, ShinUchuu, and Uchuu. Different colours correspond
o the three radial bins, as indicated. Altogether, the y co v er the
ubhalo maximal circular velocity range between V max � (7 − 1500)
m s −1 (or equi v alently, ∼ (4 × 10 6 − 3 × 10 14 ) h 

−1 M � in mass).
ote that distinct haloes may still o v erlap and subhaloes are not
ecessarily fully contained within their hosts. In order to discard
uch o v erlapping subhaloes, we only consider those for which their
irial radius r vir , is fully contained by the virial radius of the host. 5 

Remarkably, the figure shows an excellent agreement between the
imulations, also in the o v erlapping V max values. F or comparison,
e also show the concentration of field haloes obtained using

he same definition considered for subhaloes (equation 4 ). As in
revious works, we confirm that subhaloes exhibit, on average, higher
oncentrations than field haloes of the same mass (Ghigna et al. 2000 ;
ullock et al. 2001 ; Ullio et al. 2002 ; Molin ́e et al. 2017 ; Ishiyama &
ndo 2020 ). More precisely, we find that c V subhalo values can be
p to a factor ∼3 larger than those of field haloes of the same V max 

for the innermost radial bin and smallest V max of both subhaloes
nd haloes in Phi-4096 and ShinUchuu), typically being between a
actor ∼ 1.5 and 2.5 (its exact number depending on the exact V max 

onsidered and distance to host halo centre). For Uchuu, the ratio
etween subhalo and halo c V values is typically lower and, indeed,
ever reaches a factor 2. We conclude that the differences between
alo and subhalo concentrations decrease as V max (or, equi v alently,
he mass) increases. 

At this point, it becomes desirable to provide an approximation that
escribes the dependence of the median subhalo concentrations on
he distance to the host halo centre and the subhalo maximum circular
elocity. As in Molin ́e et al. ( 2017 ), we propose a parametrization
or the c V ( V max , x sub ) relation, based on the results abo v e, 

 V ( V max , x sub ) = c 0 

[ 

1 + 

3 ∑ 

i= 1

[
a i log 10 

(
V max 

km s −1 

)]i 
]

× [
1 + b log 10 ( x sub ) 

]
, (5) 

here c 0 = 1.12 × 10 5 , a i = { −0 . 9512 , −0 . 5538 , −0 . 3221 } and
 = −1.7828. 
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Figure 6. Median subhalo and halo concentration parameter c V (equation 4 ), as well as standard error of the median as a function of V max (or virial masses, m vir , 
along the x -axis on the top) as found in the Phi-4096 (squares), ShinUchuu (triangles), and Uchuu (diamonds) simulations (Ishiyama et al. 2021 ). Both, V max 

and m vir are directly computed from the simulation data, i.e. no relation was adopted to convert from one to another. Results for subhaloes are shown for three 
different radial distances to the centre of the host halo. From top to bottom: the innermost bin I (red symbols), intermediate bin II (magenta) and the outermost 
bin III (green); see figure legend and main text for details. We also include the results for field haloes, represented by black symbols. Solid lines correspond to 
our fits, both for main haloes (black line) as given by equation ( 6 ), and for subhaloes (coloured lines) as in equation ( 5 ) for each of the three radial subhalo bins. 
For comparison, we also show the parametrization in Molin ́e et al. ( 2017 ) for both field haloes and subhaloes in similar radial bins (dash–dotted lines). 

 

m
s  

w
a  

t  

t  

(  

t  

2
d
M
i
i
V
a  

p
c  

w
t
t
o

6

i
u

d  

w  

m
a  

m  

s  

t  

b  

a
1  

t  

(
 

w  

S

c

w  
In Fig. 6 we show the results of this fit together with the
edian concentration values from Phi-4096, ShinUchuu and Uchuu 

imulations, for all the radial bins considered in our work. The fit
orks well in the subhalo V max range 8 km s −1 � V max � 1500 km s −1

nd the subhalo x sub range 0.02 � x sub � 1.0, its accuracy being better
han 5 per cent at all V max values within this range and distances to
he host halo centre. For comparison, we also show the Molin ́e et al.
 2017 ) parametrization with the dashed lines obtained with data from
he VL-II (Diemand et al. 2008 ) and ELVIS (Garrison-Kimmel et al.
014 ) N-body simulations. We recall that these simulations only 
escribe substructures in MW-like haloes, ∼[7 × 10 11 – 2 × 10 12 ] h −1 

 �, and provide subhalo data up to V max � 30 km s −1 for the
nnermost radial bin (red symbols), V max � 60 km s −1 for both the
ntermediate radial bin (magenta) and the outermost one (green), and 
 max � 70 km s −1 for haloes; 6 while in this work we are considering
ll host haloes (yet with V max values abo v e the corresponding cut)
rovided by the Uchuu and Phi-4096 simulations. These, we remind, 
o v er a very wide halo mass range, ∼[10 7 − 8.8 × 10 14 ] h −1 M �,
hich explains the observed differences between both the new and 

he old parametrizations. Our fit has a similar V max behaviour to 
hat in Molin ́e et al. ( 2017 ) below V max � 100 km s −1 ; ho we ver, the

 v erall normalization is different for each radial bin. This is due to the

 In Molin ́e et al. ( 2017 ), in order to reduce the uncertainties when extrapolat- 
ng outside the range probed by the VL-II and ELVIS simulations, the authors 
sed BolshoiP simulation (Klypin et al. 2016 ) results for more massive haloes . 

w
s  

a  

f
a

ependence of the subhalo concentration on the host halo mass (as we
ill see below) when the analysis is performed for different host halo
asses and distances to host halo centre. When these dependencies 

re not taken into account, both fits coincide in the range of subhalo
asses ( V max ) co v ered by the simulations used in Molin ́e et al. ( 2017 ;

ee Section 4.2 ). In this work, we do not include the dependence of
he subhalo concentration on the host halo mass in our fit, which will
e explored in detail in a future study. Together, both ShinUchuu
nd Uchuu simulations co v er high V max values (40 km s −1 � V max �
500 km s −1 ), which allows us to provide a fit reaching values more
han an order of magnitude abo v e the ones probed in Molin ́e et al.
 2017 ) with superb statistics. 

Similarly to what has been done for subhaloes in equation ( 5 ),
e obtain a fit for field haloes based also on data from Phi-4096,
hinUchuu, and Uchuu (black symbols in Fig. 6 ), 

 

h 
V ( V max , h ) = c 0

[ 

1 + 

3 ∑ 

i= 1

[
a i log 10 

(
V max 

km s −1 

)]i 
]

, (6) 

here c 0 = 7.21 × 10 4 and a i = { −0 . 81 , −0 . 47 , −0 . 27 } . The fit
orks well for 7 km s −1 � V max, h � 1500 km s −1 , with an error

maller than ∼4 per cent within this range for all V max values. In
ddition, this fit agrees with the one provided in Molin ́e et al. ( 2017 )
or V max, h � 200 km s −1 , for which range Phi-4096 and ShinUchuu
re used. Ho we ver, we find important dif ferences at higher V max, h 
MNRAS 518, 157–173 (2023) 
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Table 5. Best-fitting values of the parametrizations for the concentration parameter for subhaloes as a 
function of V max and x sub at z = 0 as well as its dependence on V max and redshift. We also provide the 
parameters of our fit for haloes ( c h V ).

c 0 a 1 a 2 a 3 b d 

c V ( V max , x sub ) [equation 5 ] 1.12 × 10 5 −0.9512 −0.5538 −0.3221 −1.7828 –
c V ( V max , h ) [equation 6 ] 7.21 × 10 4 −0.81 −0.47 −0.27 – –
c V ( V max , z) [equation 7 ] 1.75 × 10 5 −0.90368 0.2749 −0.028 −5.52 3.2 

Figure 7. Median subhalo concentrations and corresponding standard errors of the median, as found in the Phi-4096, ShinUchuu, and Uchuu simulations. The 
left-hand panel shows the median c V as a function of V max (subhalo virial masses along the x-axis on the top), while the right-hand panel is for c V as a function 
of x sub . We show results for subhaloes residing in different bins of host halo masses (coloured symbols). The values within square brackets in the upper right 
corners indicate the considered ranges of host halo mass in log 10 [ M h /( h −1 M �)]. Note that c V ( x sub ) values (right-hand panel) corresponding to the same bin of 
host halo mass do not need to coincide. They were obtained from different simulations and so, implicitly calculated in a different V max range. 
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alues already probed by Uchuu. 7 The best-fitting values for the two
arametrizations of the concentration described abo v e are indicated
n Table 5 . 

We also paid special attention to the dependence of subhalo
oncentrations on host halo mass in Phi-4096, ShinUchuu, and
chuu. We present our results in Figs 7 and 8 . In the left-hand
anel of Fig. 7 we show the medians of c V as a function of V max 

or different host halo masses, while the right-hand panel shows c V 
s a function of x sub . Different colours correspond to different bins
n host halo mass, as indicated. In the figure, host haloes as well as
heir subhaloes were selected to co v er the whole halo mass range
rovided for each simulation once our pre-selection cuts specified
bo v e were applied to the data (see Table 4 ). The moti v ation to
efine the host halo mass ranges used in this work is twofold.
n one hand, we wanted to perform our analysis using same M h 

ntervals for each simulation – whenever possible – in order to have
esults to compare with between the different simulations. We also
anted to use similar bins throughout the entire paper to both unify

nd simplify potential comparisons among different sections, thus
he host halo mass bins we choose for the study of concentrations
orrespond to some of those already considered for the study of
ubhalo abundances (see Section 3.1 ). On the other hand, we found
t convenient to include a mass bin corresponding to MW-like haloes
i.e. log 10 [ M h /( h −1 M �)] = [11.6,12.6]). As we see, the mass ( V max )
anges used to study the concentrations for each simulation are
NRAS 518, 157–173 (2023) 

 Note that, in Molin ́e et al. ( 2017 ), c h V values in such an extreme V max range
ere obtained from c 
 

and not from V max and R max ; see equation ( 4 ). 

8

f
m
w
F

maller than those corresponding to subhalo abundances. In this way,
e consider the former as a reference to define the host halo mass

anges. Once we fixed the mass interval corresponding to the MW-
ike haloes, for Phi-4096 we split the remaining data to study subhalo
oncentrations into two equal size logarithmic bins (log 10 [ M h /( h −1

 �)] = [7.0,9.3], [9.3,11.6]). We also adopt these mass bins in both
hinUchuu and Uchuu for the reasons e xplained abo v e. The last bin

n ShinUchuu corresponds to the most massive host haloes (log 10 

 M h /( h −1 M �)] = [12.6,13.8]) which was also used for Uchuu. In
he latter, still one more bin is possible and necessary to co v er the
igh-mass end, log 10 [ M h /( h −1 M �)] = [13.8, 15.7]. We note that,
n the case of subhalo abundances, we included one extra bin for
he less massive host haloes in each simulation, i.e. log 10 [ M h /( h −1

 �)] = [6.6,7.0], [8.8,9.3], [11.4,11.6] for Phi-4096, ShinUchuu,
nd Uchuu, respectively. 

Interestingly, we found that, at a given V max , subhaloes are system-
tically more concentrated when they lie inside more massive haloes.
imilar results are found when comparing subhalo concentrations as
 function of distance from the host halo centre for different host
alo mass bins (right-hand panel of Fig. 7 ). 8 

The origin of this interesting result may be linked to the physical
rocesses that yield the formation and evolution of haloes and
heir substructure. The density perturbations from which haloes
 In this case, the comparison between c V values should be made individually 
or each simulation, i.e. c V values corresponding to the same bin of host halo 
ass but obtained from different simulations do not need to coincide, as they 
ere implicitly calculated in a different V max range (see left-hand panel of 
ig. 7 ). 
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Figure 8. Median subhalo parameter c V , and the standard error of the median as a function of x sub as found in the Phi-4096 (left column), ShinUchuu (middle 
column), and the Uchuu (right column) simulations. Each panel shows the results for subhaloes inside a given host halo mass range, as indicated, depicted for 
three different bins of V max . 
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orm are not independent with on each other. During collapse, 
erturbations are typically affected by the surrounding density field, 
n such a way that the most massive haloes tend to form in higher
ensity regions and less massive host haloes will form in low 

ensity ones (Doroshkevich 1970 ; Despali, Tormen & Sheth 2013 ). 
ikewise, subhaloes inside these massive haloes would also have 
 higher ratio between their mean densities and ρc ( z), leading to
igher concentrations (see equation 4 ) than subhaloes of the same 
ass –or equi v alently, V max – hosted by less massi ve haloes in less

ense environments. In addition, subhaloes inside massive haloes 
ill be affected by stronger tidal disruption at a fixed distance, 
aking them more compact than subhaloes residing in less massive 

osts. As a result, the former will have smaller R max than the latter
nd the enclosed mean subhalo density, codified in c V (equation 4 ),
ncreases (Diemand et al. 2007b ; Kuhlen, Diemand & Madau 2008 ;
pringel et al. 2008 ). Other e xplanations may hav e to do with the
ost probable orbits subhaloes may take in the most massive hosts

ompared to the less massive ones (see e.g. Jiang et al. 2015 ). For
he moment, though, these are just reasonable conjectures that could 
xplain, at least partially, the results. Further work will be necessary
o understand the physical origin of our findings, which will be done
lsewhere. 

Finally, we extended this study on the dependence of subhalo 
oncentration on host halo mass and distance to the host halo centre
y dissecting further the effect considering different V max bins. We 
how the results in Fig. 8 . The five host halo mass bins adopted in this
gure were deliberately chosen so that they roughly match the mass
cale of dwarf galaxies (log 10 M h � [7.0, 10] h −1 M �), Milky Way-
ike haloes (log 10 M h � [11.5, 12.5] h −1 M �), galaxy groups (log 10 M h

 13 h −1 M �), and galaxy clusters (log 10 M h � [14, 15] h −1 M �). The
aximum V max values shown in each panel are the maximum ones

orresponding to each chosen M h interval. For each case, we have
ivided the log V max interval in three bins of equal size for each M h 

ass range and simulation. As can be seen from the resulting values
hown in the plot legends, there are no subhalo V max intervals co v ered
y more than one simulation and so it is not possible to use a fixed set
MNRAS 518, 157–173 (2023) 
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Figure 9. SHMF of the Phi-4096, ShinUchuu and Uchuu simulations, from left to right, and for different host halo masses, growing from top to bottom. In each 
panel different redshifts, from 0 to 4, are shown in different colours according to the legend. The x -axis in each panel represents the ratio between the subhalo 
mass and its host mass. 
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f bins across all panels. For ShinUchuu and Uchuu, we can see that
he dependency of c V on V max increases as the mass of the host halo
ncreases and, more importantly, as the range of probed V max values
ets broader. Indeed, we find no significant dependence of c V on V max 

or subhaloes in Phi-4096 (except perhaps in the intermediate host
alo mass bin considered), the reason being the comparatively small
 max range co v ered in this case. Overall, the behaviour of the data in

he different panels of Fig. 8 can be well understood by the implicit
ependence of c V on V max , shown e.g. in Fig. 6 : at the lowest V max 

alues, i.e. those probed by Phi-4096, such dependence is weak and
hus similar c V values are expected in all cases. As the host halo mass
ncreases and we start probing larger V max subhalo values, the c V –
 max dependence becomes stronger, power law-like. This, coupled
ith the broader V max bins used for ShinUchuu and Uchuu, translates

nto a significant and appreciable change of c V values in the middle
nd right-hand panels of Fig. 8 , especially for the case of the largest
ost halo masses and/or the broadest V max ranges considered. Note,
lso, that the results shown in Fig. 7 are in good agreement with those
ound in Fig. 8 , this way reaffirming our conclusion that subhaloes

at a given V max – within more massive host haloes possess, on
verage, higher concentrations than those residing in less massive
nes.
NRAS 518, 157–173 (2023) 

S

 E VO L U T I O N  O F  SUBHALO  PROPERTIES  

I TH  COSMI C  TI ME  

.1 Abundances and radial distribution 

 fundamental issue to understand in detail the process of structure
ormation in our Universe is the evolution of abundances and
oncentrations of subhaloes o v er cosmic time. This is a purely
ravitational problem where accretion, mergers, dynamical friction,
nd tidal stripping take place and, as such, is ideally suited for N-body
imulations. Thanks to the large volume, high mass resolution, and
uperb statistics of the simulations used in this work, we can analyse
he evolution of subhalo properties with redshift in great detail for
ifferent host halo masses. We expect haloes of a given mass to
ontain more subhaloes at earlier times since subhaloes in present-
ay haloes fell into their parent systems more recently. Different
orks have found this trend using cosmological simulations (Gao

t al. 2004 , 2011 ; Ishiyama et al. 2013 ). 
The redshift dependence of the SHMF and SHVF obtained from

ur set of simulations are shown in Figs 9 and 10 , respectiv ely. F or
ach simulation, we have binned the data in three different host mass
ntervals and repeated the bins used in Section 3 . We found that the
HMF evolves weakly with redshift in all three simulations. 
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Figure 10. SHVF of the Phi-4096, ShinUchuu and Uchuu simulations, from left to right, and for different host halo masses, growing from top to bottom. In 
each panel different redshifts, from 0 to 4, are shown in different colours according to the legend. The x -axis in each panel represents the ratio between the 
subhalo V max and its host V max . 
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9 In the case of ShinUchuu we use haloes and subhaloes with V max ≥ 38 km s −1 

at z = 0, V max ≥ 34 km s −1 at z = 0.5, V max ≥ 25 km s −1 at z = 1 and V max 

≥ 20 km s −1 at z = 2 and 4. For Uchuu, we consider subhaloes with V max ≥
180 km s −1 for z = 0, V max ≥ 150 km s −1 for z = 0.5, V max ≥ 130 km s −1 for 
As we did for z = 0 in Fig. 3 , we also checked that, at each
edshift shown in Figs 9 and 10 , more massive hosts possess a larger
umber of subhaloes. We note that for the most massive host haloes
onsidered we obtain the e xpected power-la w behaviour of the SHMF 

 v er nearly sev en orders of magnitude in m vir / M h in the case of Phi-
096, six for ShinUchuu and five for Uchuu (bottom panels of Fig. 9 ).
n the case of the SHVF, these subhalo-to-host mass ratios roughly
orrespond to 2.5, 2, and 1.5 orders of magnitude in subhalo-to-host
 max ratio, respectively (bottom panels of Fig. 10 ). In all cases, the

ndices of the power laws (see equation 2 ) agree well with expec-
ations, e.g. the obtained values range between 1.8 and 1.9 for the
HMF. These power-law indices seem to be independent on redshift. 
We also studied the evolution of the SRD with time. The SRD has

een built using the same four host halo bins used in Section 3.1
bo v e, when calculating the SHMF and SHVF at z = 0, with six
ogarithmically equispaced radial bins between x = 10 −4 and 1. We 
how the obtained SRDs for different redshifts in Figs 11 , 12 , and
3 for Phi-4096, ShinUchuu, and Uchuu, respectively. In addition to 
nding, for each SRD, the same o v erall behaviour already shown in
ig. 5 for z = 0, the panels of Figs 11 –13 just reflect the well-known
ierarchical character of DM halo build-up in � CDM in different 
ays, with smaller haloes and their subhaloes forming first, and then 
ore massive haloes and their subhaloes only existing at more recent 

imes. In general, we find a larger number of subhaloes in larger hosts,
s expected. In each of these figures, the lower right-hand panel shows 
he time evolution of the SRD built from all subhaloes in the simu-
ation, independently of host halo mass. Overall, we find more sub-
aloes at later times, especially in the innermost regions of the hosts.

.2 Concentrations 

he redshift dependence of subhalo concentrations in our simulations 
as also been studied in detail. In Fig. 14 we present the V max -
 V relation, the latter obtained as in equation ( 4 ) at five different
edshifts, z = 0 , 0 . 5 , 1 , 2, and 4. For each redshift, we show median
 V values and corresponding errors for Phi-4096, ShinUchuu, and 
chuu. The same resolution criteria implemented for the cuts in 
ection 3.3 for z = 0 have been applied to the V max values of both
aloes and subhaloes in each simulation. As a result, we show the
oncentration of subhaloes with V max abo v e 7 km s −1 for z = 0,
 km s −1 for z = 0.5, and 5 km s −1 for z = 1 , 2, and 4, which are
he cuts applied on the Phi-4096 simulation. 9 We see the expected 
MNRAS 518, 157–173 (2023) 
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M

Figure 11. SRD of the Phi-4096 simulation for different host halo masses (shown with different colours according to the legends) and different redshifts. From 

top to bottom and left to right, from z = 0 to z = 4. The last panel on the bottom right shows the resulting SRD without distinction on host halo mass. 
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esult that the median subhalo concentration declines with increasing
ass and redshift. The shape of the V max - c V median relation also

volves with redshift. Indeed, for z > 1, we find this relation to
atten and to remain practically constant (or even slightly increasing)
t the highest masses. Similar results were found for haloes where
n upturn or flattening in their concentrations was obtained at high
ass and redshift (Zhao et al. 2003 ; Gao et al. 2008 ; Zhao et al.

009 ; Mu ̃ noz-Cuartas et al. 2011 ; Klypin, Trujillo-Gomez & Primack
011 ; Prada et al. 2012 ; Correa et al. 2015 ; Diemer & Kravtsov 2015 ;
NRAS 518, 157–173 (2023) 

 = 1 , 2 and V max ≥ 170 km s −1 for z = 4. In this case, the subhaloes reside 
n host haloes with V max, h ≥ 270 km s −1 at z = 0, V max.h ≥ 160 km s −1 at 
 = 0 . 5 , 1 , 2 and V max, h ≥ 170 km s −1 at z = 4. 

s  

u  

h  

d  

e  
lypin et al. 2016 ; Rodr ́ıguez-Puebla et al. 2016 ; Child et al. 2018 ;
iemer & Joyce 2019 ; Ishiyama et al. 2021 ). The reason for this
pturn is uncertain. A possible explanation is related to the precise
tatistics of the highest density peaks (Klypin et al. 2011 ; Child et al.
018 ; Ishiyama et al. 2021 ). Non-equilibrium effects have also been
roposed, since haloes in the upturn are those with the largest masses
t any given moment and, thus, are known to grow very fast (see e.g.
udlow et al. 2014 ). Yet, analyses from simulations reveal that out-
f-equilibrium effects may not provide a convincing explanation,
ince selecting relaxed haloes only increases the magnitude of the
pturn (Prada et al. 2012 ). Other works see no upturn using relaxed
aloes and focus on discussing differences in methodology when
eriving concentrations and corresponding relations with mass (or
qui v alently, V max ) and redshift (Ludlow et al. 2012 , 2014 ; Angel
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Figure 12. SRD of the ShinUchuu simulation for different host halo masses (shown with different colours according to the legends) and different redshifts. 
From top to bottom and left to right, from z = 0 to z = 4. The last panel on the bottom right shows the resulting SRD without distinction on host halo mass. 
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t al. 2016 ; Hellwing et al. 2016 ). Here, we prefer not to perform
 detailed analysis of subhaloes in this potential upturn or plateau 
t high masses and redshifts, and postpone its discussion to future 
ork. 
The data and results shown in Fig. 14 for different redshifts allow

s to obtain a parametrization for c V as a function of V max and z for
ubhaloes, 

 V ( V max , z) = c 0 

[ 

1 + 

3 ∑ 

i= 1

a i 

[
log 10 

(
V max 

km s −1 

)]i 
]

×
[
( 1 + z ) b ( 1 + d z ) 

]
, (7) 

here c 0 = 1.75 × 10 5 and a i = { −0 . 90368 , 0 . 2749 , −0 . 028 } , 
 = −5.52, d = 3.2. This fit works well – with an error smaller
han ∼5 per cent – in the subhalo V max range 7 km s −1 � V max

1500 km s −1 for z = 0, 6 km s −1 � V max � 1700 km s −1 for
 = 0.5, 5 km s −1 � V max � 1350 km s −1 for z = 1, 5 km s −1

V max � 400 km s −1 for z = 2, and 5 km s −1 � V max �
50 km s −1 for z = 4. Our fits for different redshifts as given
y equation ( 7 ) are shown in Fig. 14 as solid coloured lines. The
olin ́e et al. ( 2017 ) parametrization is also shown for comparison

t z = 0. Here, and for the reasons already explained in Sec-
ion 3.3 (Fig. 6 ), we obtain a slope similar to that in Molin ́e et al.
 2017 ), yet with differences at high maximum circular velocities 
 V max > 150 km s −1 ).

As mentioned abo v e, in this work we do not study in detail
he properties of those subhaloes lying in the c V plateau at high
edshifts and masses. Thus, we do not include their corresponding 
MNRAS 518, 157–173 (2023) 
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Figure 13. SRD of the Uchuu simulation for different host halo masses (shown with different colours according to the legends) and different redshifts. From 

top to bottom and left to right, from z = 0 to z = 4. The last panel on the bottom right shows the resulting SRD without distinction on host halo mass. 
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edian concentration values in the data set that we used to obtain
ur best-fitting parameters. Instead, we provide here constant c V 
alues for the plateaus at redshifts 2 and 4, depicted as a thin dashed
orizontal line in Fig. 14 . Both are the result of simply e v aluating
ur parametrization of equation ( 7 ) at the maximum V max considered
or each redshift: c V (400, 2) = 47.98 and c V (150, 4) = 15.56,
espectively. 

 SUMMARY  A N D  C O N C L U S I O N S  

n this work, we have studied in detail the subhalo population using
 combination of state-of-the-art N-body cosmological simulations,
amely the large-scale Uchuu simulation suite and the Phi-4096
xtremely-high resolution simulation. The superb subhalo statistics,
NRAS 518, 157–173 (2023) 
ogether with both the large volume and high-mass resolution
escribed in Section 2 , allowed us to characterize both the abundance
nd structural properties of subhaloes o v er various decades of the
ubhalo-to-host-halo mass ratio, for the first time consistently for
ost haloes of very different masses (seven, six, and four orders
f magnitude, for example, for MW-size hosts, galaxy groups, and
alaxy clusters, respectively). First, in Section 3 we dissected the
bundance of subhaloes as well as their distribution within the hosts
nd concentrations as a function of mass, subhalo maximum circular
elocity and distance to the host halo centre at z = 0. We also
nvestigated the dependency of these subhalo properties on host
alo mass. Then, in Section 4 we analyzed the evolution of all
hese dependencies with cosmic time, reaching z = 4 with yet great
tatistics. 
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Figure 14. Median subhalo concentration c V , and the standard error of the median as a function of V max (virial masses along the x-axis on the top) as found in 
the Phi-4096, ShinUchuu, and the Uchuu simulations. Results for subhaloes depicted at different redshifts are shown. From top to bottom: z = 0 (red symbols), 
z = 0 . 5 (violet), z = 1 (blue), z = 2 (light blue), and z = 4 (gold). Solid lines correspond to our fits (coloured lines) given by equation ( 7 ) for each of the 
fiv e considered redshifts. F or redshifts 2 and 4 and at the highest V max values, we use a constant c V value in each case (thin dashed lines); see text for details. 
As a reference, we also show at z = 0 the Molin ́e et al. ( 2017 ) parametrization (dash–dotted line), derived only from subhalo data in Milky-Way-like hosts. 
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In particular, in the context of subhalo abundance, we built 
he differential subhalo mass function in the range between 10 4 

nd 10 15.2 h −1 M � and for host halo masses 10 6.6 and 10 15.7 h −1 

 �. We also derived the subhalo velocity function between 
 and 1874 km s −1 , and for host haloes with maximum circular
elocities between 4.5 and 2582 km s −1 . The radial distribution
f subhaloes within their hosts was also obtained using subhaloes 
ocated at distances as deep as just ∼0.1 per cent the virial radius
f the host. Subhalo concentrations, c V , were calculated in our work
ndependently of any pre-defined density profile and built only in 
erms of the more physical V max and R max parameters, this way 
 v oiding any potential issues from having tidally-stripped profiles 
or subhaloes. A more rigorous data selection was also applied in 
his case in order to a v oid resolution issues at the smallest considered
cales. Even with our highly-demanding quality cuts, we were able 
o obtain concentration results for subhaloes with masses in the 
ange 10 6 –10 14 h −1 M � residing in host haloes with masses 10 7 –
0 15 h −1 M �. All together, our careful simulation analysis work 
ade it possible to extend, by several orders of magnitude in mass,

oth at the high- and low-mass ends, previous results on subhalo 
bundances and concentrations. The main results of our work can be 
ummarized as follows. 

(i) The slopes of both our SHMF and SHVF are in agreement
ith previous results and expectations, and show no dependence on 

edshift. This SHMF depends weakly on host halo mass (see Fig. 1 ).
ore precisely, at z = 0 we find up to a factor ∼2–3 more subhaloes
n galaxy-cluster-size haloes compared to those in dwarf-galaxy-size 
osts. All three simulations are in good agreement with each other,
ur SHMF best-fitting parameters agreeing well with the simulation 
ata at better than ∼20 per cent for Phi-4096 and ShinUchuu, and
40 per cent for Uchuu; for the SHVF, the differences are less than
10 per cent for Phi-4096 and ShinUchuu, and up to ∼50 per cent for
chuu (see Fig. 4 ). We also find more subhaloes at higher redshifts

or the same host halo mass (see Figs 9 and 10 ).
(ii) In addition to beautifully showing in detail the well-known

ierarchical assembly of structures with time as it happens within 
he standard cosmological scenario, our study of the SRD with 
edshift, illustrated by Figs 11 , 12 , and 13 , confirms the exis-
ence of a larger number of subhaloes in more massive hosts, as
xpected, and shows no significant variation of this number with 
ime. Also, as time evolves, subhaloes fall deeper into the inner
arts of their hosts. We stress that, in this work, we were able
o follow the evolution of the SRD with unprecedented detail and
onsistently o v er more than sev en decades in subhalo mass, for
ubhaloes located as deep as just 0.1 per cent of the virial radius of 
heir hosts. 

(iii) Qualitatively, and as already presented in previous works,
e found the subhalo concentration (i) to slowly decrease with 

ncreasing subhalo mass and (ii) to significantly increase towards the 
ost halo centre for subhaloes of the same mass (Fig. 6 ). For the first
ime, we consistently characterize the c v −V max relation for subhaloes 
n the wide range 7–1500 km s −1 , and provide a new parametrization
hat includes the dependence on distance to host halo centre. This
MNRAS 518, 157–173 (2023) 
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arametrization represents a significant impro v ement with respect to
he one presented in Molin ́e et al. ( 2017 ), that was based on subhalo
ata only from Milky-Way-like hosts. In particular, we found the
nnermost, less massive subhaloes in our simulations to exhibit c v 
alues up to a factor ∼3 higher than those located in the outermost
egions of their hosts, being this difference of just a factor ∼1.5 for
he most massive subhaloes. 

(iv) Interestingly, we found subhaloes of the same mass to be sig-
ificantly more concentrated when they reside inside more massive
osts (Fig. 7 ). We found no explicit mention to this effect in the
revious literature. 
(v) The redshift dependence of subhalo concentrations in our

imulations showed the expected result that the median of subhalo
oncentrations declines with increasing both the subhalo V max and
edshift. Yet, at the highest considered masses and for redshifts
bo v e one, we found that the concentration flattens and then remains
ractically constant – or even increases slightly with subhalo mass
Fig. 14 ). In our work, we provided the first accurate fit (equation 7 )
or the time evolution of subhalo concentrations for a large range of
ubhalo V max values and valid at least up to z = 4. 

The results in this work offer an unprecedented, detailed charac-
erization of the DM subhalo population. Improving our knowledge
bout the latter is of prime importance since subhaloes represent
mportant probes of the mass accretion history and dynamics of host
aloes and thus, ultimately, of the underlying cosmological model.
e also expect our results to be particularly useful to shed light on

he actual role of subhaloes in dark matter searches. Indeed, some of
he results in this work can be critical in this re gard, as the y represent
 qualitative leap with respect to previous numerical efforts in this
ame direction. 
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PPENDI X  A :  SELECTI ON  CUTS  O N  SUBH ALO  

A X I M U M  C I R C U L A R  VELOCI TI ES  

n this Appendix, we detail the criteria we used to define and
pply additional and specific cuts on the subhalo maximum circular 
elocity data in order to a v oid resolution issues that may impact the
etermination of the subhalo concentrations. 
Fig. A1 shows the V max –R max relation for all subhaloes found at

edshift z = 0 for each simulation used in this work. The expected
ehaviour of this relation is almost linear as was studied in different
orks (see e.g. Springel et al. 2008 ; Xu et al. 2015 ). We show both the
edians and the expected linear V max –R max behaviour found for each

imulation after fitting the data to a linear function. In this figure we
an see that the Vmax values at which the V max –R max relation is
o longer linear are those below the ones given in Table 4 . After
pplying the cuts, from Fig. A1 we see that the resulting data is in
ood agreement across all the simulations of our suite in the interval
here their V max values o v erlap. 
As a double check, we calculated the concentrations of the sub-

aloes with V max values below the cut chosen for each simulation. We
ound that their behaviour is non-physical, with the concentrations 
ecreasing as Vmax decreases from the values just below our cuts. 
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