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Abstract
We study the system
U {M(t)e™}®

n=0’

{m eint };=1_°o
where L and M are boundary values of some outer functions defined in the unit disc. Necessary and suffi-
cient conditions on functions L and M are found so that the system is a Schauder basis in L”(T),1 < p < oo.
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Introduction

We say that a system {z"F(z)}>_ is a Beurling system if F'is an outer function. In his fundamental work [3], Beurling
particularly proved that if F is an outer function from H?(DD), then the system {7"F(z) }o_o 1s complete in the space H*(D),
where D = {z € C : |z| < 1} is the unit disc. This result can be easily extended for the spaces H? (D), 1 < p < oo (see [6]).
In the previous paper [12], we studied questions of representations of functions from the spaces HP(D), 1 < p < oo by
series with respect to Beurling systems. In the present paper, we study the following system of functions

W, = (L™} UMD} (1.1)

n=—o00 n=0’

where L and M are boundary values of some outer functions defined in D. We find necessary and sufficient conditions on
functions L and M so that the system is a Schauder basis in LP(T),1 < p < o0, where T = R/2xZ. Completeness multi-
pliers for a complete orthonormal system and for the trigonometric system have been studied in [4, 5]. Best references
for the study of the trigonometric system are [2, 20]. The paper is divided into two parts. In the first part, we adopt some
results for the spaces H”(T),1 < p < oo, and the second part will be dedicated to the study of the systems e’lk“PL’M, keZ.
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Preliminary results, definitions and notations
Let

HP(T) = {¢ € L/(T) : / d()e™dt = Ofor alln € N},
T

for1 < p < o0. The spaces H?(T), 1 < p < oo are Banach spaces of functions defined on T. The convolution of functions
g,h € L(T) is denoted by

g % h(t) = i / g(O)h(t — 6)do.
T

We would like to define on T the analogue of an outer function on the unit discD = {z € C : |z| < 1}. A holomorphic
function F in D is an outer function if

F(re') = %P0 ¢ e T,
where ¢ is a real-valued integrable function defined on T [3] and

1 + ret?
1 —re®

H.(0) = O<r<1,0€T).

The Cauchy and the Poisson kernels are defined as follows:

+00
C.(0) = Z e 0<r<1,0€T,
n=0
+o0
; 1-72
P.(0) = rlnlean = -
A0 n;oo 1 —2rcos@+r?

An important formula for representation of positive functions is due to G. Szego [8, 19]. In his honour, the analogue of
an outer function on T is called S—function. We say that a Lebesgue measurable function ¢ : T — Cis an S—function if
In|p| € LI(T) and

o) = ¢%|p@)|e’?,  for somea € T, (1.2)

where /(1) = In |@|(7) and the conjugate function of an integrable function g is denoted by g. For any measurable function
w : T — Csuch thatIn |y| € LI(T), we put

Sw)() = lw@)|e™ ™, teT.

The following statement follows from the definition.
Proposition 1.1 Let @ be an S—function. Then, S(@)(t) = € @(t) for some a € T.

It is easy to observe that the following properties also are true:

1 1
S(pw)(1) = S(P)@) - SW)(0);  S(—)@) = . :
Pw ¢ (W) " S0 (1.3)
For a complex-valued integrable function g defined on T, such that In |g(¢)| is integrable, we set
Gg(reit) — eln |g|>‘sH,.(t)‘ (1 4)

Evidently G,(z) is a non-zero holomorphic functioninz € D,G, € H (D) and
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rl_i)rln_ G,(re") = S(g)(1) ae.onT.

We also have that

! / S(§)(1)dt = G,(0) = 3 Jr M0l 2 g, (1.5)
a

2

The class of S—functions in HP(T), 1 < p < cois denoted by HZ(T).

There is a vast literature on this topic (see, e.g. [6, 9, 13, 20] and others). It is well known (see, e.g. [9]) that
In |[f(t)] € L'(T) if f € H'(T). The following fact is an easy consequence of well-known results that can be found in
the literature which we have mentioned earlier.

Proposition 1.2 For any f € H'(T),
f@ =F@ - SEQ@,
where F € H*(T) and |F(t)| = la.e.onT.

Given f € HY(T), we can recover a non-zero holomorphic outer function in D by the Poisson integral. If ¢ is a non-
negative integrable function such that In ¢ € L!(T), then ¢ is the modulus of a function from H'(T) (see, e.g. [9], p.53).
If1 < p < o0, we use the previous assertion for ¢'/? to deduce a similar proposition for a function in H”(T). The case
p = o is studied in [9]. Thus, the following statement holds.

Proposition 1.3 Let g be a Lebesgue measurable function g . T — C such that S(g) € LP(T),1 <p < o0.
Then, S(g) € HP(T).

Set

N(T) = {% : g,heH“’(T)}.

It is clear that In |f(¢)| € L'(T) if £ € N(T). The analogue of the following result is well known in D. We give the proof
because it is short.

Theorem 1.1 HY(T) c N(T).

Proof Let f € H'(T). Set

fo(t)={f% it gy <!

1 if  |f(@®] < 1.

By Proposition 1.3, we have that S(fy) € H*(T). On the other hand, f - S(f,) € H*(T). Hence, f € N(T). O
By the above theorem, we establish

Proposition 1.4 Let p € H'(T) and lety € H'(T). Then,% e N(T).

Proof By Theorem 1.1, we have that

?, 41
d) = —3 v=—,
o3 %]
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where ¢,y € H®(T) and ¢,, w, € H*(T). On the other hand, by Proposition 1.1 and (1.3), we deduce that for some
peT

i S(yy)
ety = 5y = 292
14 S(y)
Thus,
Q :eiﬂli — eiﬂl M
% S(y) $,5(wy)
— iﬂz ¢15(sz) — eiﬁz d)lS(Wz)’
S()S(yy) S(dawy)
where f, € T. O
We also have
Theorem 1.2 Forany p,1 <p <
LP(T)NN(T) = HP(T).
Proof Let ¢ € LP(T) and
¢ = %h)’ where g, h € H®(T)

By Proposition 1.2, we have that g(¢) = G()S(g)(¢), where G € H®(T) and |G(7)| = 1a.e. on T. Hence, by (1.3), we deduce

o) = 20 _ GOS0
St)@®) Sy

Thus, S(%) € [P(T) and by Proposition 1.2 it follows that ¢ € HP(T). The inclusion H?(T) C LP(T) n N(T) holds by
Theorem 1.1. O

= G(r)S(;%)(r).

The closed linear span in a separable Banach space B of a system of elements X = {x,}%°, C B is denoted by spang(X).
A system X = {x;}%  is complete in B if spang(X) = B.

Beurling’s approximation theorem [3, 6] in the H”(T), 1 < p < oo spaces have a simple formulation. We give its proof
for the completeness of the exposition.

Theorem 1.3 Let p € [1,+00) and let f € Hf('[F). Then, the system {f(t)e" }® ols complete in HP(T).

n=

Proof Consider the case p > 1. We assume that there exists g € H” (T),1/p + 1/p’ = 1such that
/f(z)e""f%dt =0 forallneN,={0,1,2,...}. (1.6)
T

If we put p(t) = f(¢) - % then ¢ € H'(T). By Proposition 1.4 and Theorem 1.2, it follows that

g(t) = 0 HP'(T).

N0

Hence, g is a constant function. This means that fT f(6)dt = 0, which contradicts the condition (1.5). If p = 1, then there
exists g € L*(T) such that (1.6) holds and the following condition
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/ e*e(t)dt =0 forallk € N.
.

is not true. The rest of the proof is similar to the case p > 1 and we skip it. O

The following results were obtained by the author in the recent paper.
A system X = {x; }2 ) C Bis called minimal, if there exists a system X* = {¢, }* | C B*, such that

¢,(x) =96, (mkeN),

where 6, is the Kronecker symbol (6,, =0 if n#k and &, =1). The system X*is called dual to X. If X is a
complete and minimal system in B, then the dual system X* is unique [14]. A set ¥ C B* is called total if

nx)=0 forall ne¥

if and only if x = 0. A system X = {x;};2,) C Bis an M—basis in B if X is complete and minimal in B and its dual system
X*1is total.
The following theorems were proved in [12]

Theorem 1.4 Let p € [1,+c0) and let f € H,(T). The system {e™'f (1)} is an M—basis in H?(T).

That the system { e }* o is minimal in H”(T,w),1 < p < oo was mentioned in [11] without proof. A complete and minimal

n=|

system X = {x;};2, C B with the dual system X* = {¢, },2 ) C B* is uniformly minimal if there exists C > 0 such that

Ixlgllgillgs <C  forall ke N,.

Theorem 1.5 Let f € HY(T) for some 1 < p < 0. Then, the system {ei”’J‘(t)}Z":O is uniformly minimal in HP(T), if and only
if[f17" € HY(T).

Theorem 1.6 Let f € HSl (T). If the system {e"’"f(z‘)};'l":0 is uniformly minimal in H' (T), then[f]™' € H®(T). If[f]™! € H*(T)
and the partial sums of its Fourier series are uniformly bounded in the C(T) norm, then the system {e"’”F*(t)}fl"=0 is uni-
formly minimal in H'(T).

For our study, we need to know the dual system to { e?f(z) 172, in Theorem 1.5. By S[¢](z), we denote the Fourier series of a
function @ € L'(T). By (1.5), we know that co(f) #0,if f € HSI(TT). Foranym € N

m

Sul@l) = 3’ c@e,  cg)= % / P(0)e™dp.
T

j==m

Let f € HS1 (T) and assume without loss of generality that c,(f) = 1. We set

Ff(z) = Z cj(f)z’ z €D,

J=0

which is a non-zero holomorphic function. Hence, [F f(z)]‘1 is also a holomorphic function in D :
[F@I™"' =) b7 zeD.
j=0

‘We have that
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k

Y by =0 forall keN and byy=1. (L.7)
j=0

SetTy(f,t) = land forn € N

n—1

T,(f.0)=e"+ Y b, "  1eT. (1.8)
v=0

By (1.7), we obtain that if j € Nyand j <n

n—j
€L / T (f, dt = 1 / (NPT (f, pdt
2 Jv T

2z Jv 5

n-j
Ck(f)bf,n—j—k = 5//1 (19)

k=0

It is clear that the above integral is equal to zero if j > n.
An integrable non-negative function on T is called a weight function. We say that a weight function w is in the class
A,(T), p > 1if there exists C, > 0 such that for any interval / C T

L/w(t)a’t i/w(t)_rﬁdt - <cC
1 J; 11 J; -

Sometimes it is called Muckenhoupt’s condition [15].
If f € HY(T) for some 1 < p < oo and @ € HP(T), as it was shown in [12], the partial sums of the expansion of ¢ with
respect to the system {e™f () }°2 o can be represented by the formulae

0,1 =fDOS,[of 1) meN,. (1.10)

A function g € L”(T,w),1 < p < 0if g : T — Cis measurable on T and the norm is defined by

el = < /T |g<r>|Pw<z>dz>" < +oo.

The trigonometric system with different multipliers
The sufficiency of the following theorem was proved in [12].

Theorem 2.1 Let1 < p < oo and let f € HY(T). Then, the system {ei”’]‘(t)};'l"zo is a Schauder basis in HP(T) if and only if
1P € A,(T).

Proof We give only the proof of the necessity. Assume that the system {ef (D)}, 1s a Schauder basis in H”(T). Then, it
is uniformly minimal in H”(T) and by Theorem 1.5 it follows that [f]~! € H?'(T). Thus, for some C » > Oindependent of ¢

If - Sulef M = lo,l@llly < Cllglly  ¥m €N,

The last inequality yields (see, e.g. [17], p.40)

If - (@f ™) * Pl < Collglly,  for0<r<1.
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We need the following lemma for the proof.

Lemma2.1 Letg € [’(T)and h € HP (T), where 1 < p<oo.ThenforO<r<l1,teT
1 /g(@)h(H)Pr(t —0)do = 1 /g(H)P,.(t — G)dOL/h(G)P,(t — 0)do.
271' T 27[ T 27T T

Proof For z = re",|z| < 1and any k € N, we have

+co +00
i /T g™ P (1 — 0)d6 = Z (9™ =7 Z ¢(9)7.
jm=oo jm=o

Hence, for any m € N

m

m +oo
1 ; ‘
= /T 2(0) ; e (MNP (1=0)d6 = ¥ e Y ci(g)7.

k=0 j=—o0

Which yields

€ / 2(Oh(O)P,(t — 0)dd = lim 1 / g(G)ch(h)eikaPr(t—G)dO
2 T k=0

T Jr m—+c0 27T

+o00 +o0
=Y o Y ¢i(@)d =hxP(1)- g P).
k=0

j==o0
Let w(6) = Rep(0). By Lemma 2.1, we easily check that

lwf * P < (@f H*P(t))] O<r<liteT.
Thus, for any real-valued w € LP(T)

- wf ™) # Pl < Byliwll,  for0<r<1,

where B, > 0 is independent of . Afterwards, it is easy to see that the same inequality holds for any y € L7(T). If we
set w(7) = |f(1)?, then it follows that for some B, > 0 independent of g € L(T, w)

g * Pllyprw < Bollgllpaew — for0O<r<1,
By [7, 17], we finish the proof. O
Let L,M € H?(T),1 < p < oo. Consider the system of functions (1.1). From Theorem 1.5, we deduce
Theorem 2.2 Letl <p < andlet L,M € Hg’(T). Then, the system ¥, is an M—basis in LP(T).

Proof Suppose that the system ¥, ,, is not complete in L7(T). Then in the dual space L7 (T), there exists a non-trivial
¢ € L (T) such that

/ LOe"gdt =0 neN

T

and
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/ M@)e™p(tydt =0 neN,.
T

From the above relations, it follows that L¢p € H'(T) and Ma is not a constant and is a H'(T) function. Afterwards, by
Proposition 1.4 and Theorem 1.2, we obtain that ¢ € H”'(T) and E € H” (T). Which can happen if and only if ¢ = const.
Thus, M = const, which contradicts the condition that ME is not a constant function.

Let us show that the system

{T_,(L,n)}!

n=—oo

Ul{T,M,n}> 2.1
is dual to ¥} ;,. We have that for any j € N
/eith(t)ei”’dt =0 foralln €N,.
T
Thus from (1.7), it follows that for any k € N

/ T (L, t)yM(t)e™dt =0 for alln € N,
T

For any j € Nby (1.9), we obtain that

1 / e VLT (L, dt = 1 / et L(OT, (L, tydt = 5, Vn € N.
27[ T 277 T J

The rest of the proof of the minimality of the system ¥} ,, is clear. It remains to check that the system (2.1) is total. Assume
that it is not true. Then for some non-trivial w € L”(T) such that

/u/(t)Tn(L, Hdt=0 neN
T
and
/z,u(t)Tn(M, ndt=0 neN,
T

The relations on the last line are equivalent to the following conditions: /T w (e ¥'dt = 0 for all j € N,,. Using the fact
that fv w(t)dt = 0, we deduce that /T w(e*dt =0 Vk € N.Hence, w(f) =0a.c.onT. O

By the above result and Theorem 1.5, we obtain

Theorem 2.3 Let1 < p < coand let L,M € H'(T). Then, the system W}y is uniformly minimal in LP(T), if and only if the
functions [L]7", [M]~! € HY' (T).

From Theorems 2.2 and 2.3, we easily obtain

Theorem2.4 Letl <p < oo,k € Zandlet LLM € Hf('l]'). Then, the system

eikt‘PL’M — {mei(n+k)t}—l

n=-—oo

U {M(t)ei(n+k)t }:;0

is an M—basis in LP(T). Moreover, if1 < p < oo, the system eik"I‘L’M is uniformly minimal in LP(T), if and only if the func-
tions[L]™!, [M]~! € HP' (T).

When p = 1 by Theorem 1.6, we have
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Theorem2.5 LetL,M € H Sl (T andletk € Z. If the system e"k"I’L! v is uniformly minimal in L' (T), then [L]~", [M]~' € H®(T).
Moreover, if [L]7L, [M]~! € H®(T)and the partial sums of the Fourier series of the functions [L]7Y, [M] 'are uniformly bounded
in the C(T) norm, then the system ¥ 1. IS uniformly minimal in LY.

The following lemma was proved in [12]

Lemma 2.2 Let feH!(T) and geH'(T), where 1<p<o and
Then, S,[fg1(0) = ¥_c/(Ne’S,_[81(t) for any n € Ny,

+-=1, pP=cc if p=1.

T -
E\

Theorem 2.6 Letl <p < oo,k € Z and let LLM € H‘:(T). Then the system e"k"I‘LM is a Schauder basis in LP(T) if and
only if [L|P, IM|P € .AP(T).

Proof By Theorem 2.4, we know that the system e/’ W} s is complete and minimal in LP(T). For any n € N, we set

-1
By ,(t,0) =L(t) )’ €MT_(L,0)

k=—n

=m Z E okt
k=1

n n
+ L(p) 2 e Z Fk_je_”“
T

=L(1) S,[L~" = 11()
+L(0) Y, "8, [L-11(0)
j=t
Let g € L(T) be a real-valued function and let g, be its projection on H?(T). By Theorem 2.2, it follows that
/gH(H)BZn(t, 0)d0 =0 neN.
. .
Hence, forany n € N

AL 1810 = 5= / 8(6)B],(1.0)d6 = A} [g — g,1(0).
T

‘We have that

A; I8 = gul(0) =L(1) )" c_i(®)e™ S, [L-"1(0)
j=1

=L(1) )" ¢(g)e” s, [L71](r)
j=1

J

=L(1) ) ;@ = gme 'S, IL110)
j=1

=L(1) S,[(g — g)L111).
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The last equation is obtained by Lemma 2.2. In a similar way, we deduce (see also [12])

By, (t,0) =M(1) ) ¢ T (M, 0)

k=0
n k
=M(t) Z e Z byije ™
k=0  j=0
n n

=M(1) Y Y by e
=0 k=j '
=M(1) Y e"0S, [M~1(0).
j=0
We set
1
Ay algl®) =7 / 8(0)B,,,,(1,0)do
T JT

=M(1) ) ¢(g)els, IM~1(0)
j=0

=M(®S,[guM~"'1(t) = M(®)S,[g;M 1),

Let u(¢) = |L(t)|?, and let v(r) = |M(¢)|?, then by a well-known weighted norm inequality [7] (see also [10]) we finish
the proof of sufficiency because the conditions of Banach’s theorem [1] hold in our case. We will give the proof of the
inequality
[ sora<c, [1sora.
T T
where C,, > 0 is independent of g. Indeed,
/ A 8Ot = / A Ig - g0 dt
T T
= / L) S,[(g = gL~ 1)t
T
=/ 1S,[(¢ = gL~ 1) u(t)dt
T
<A, / I[g(1) — gu(OILMO] ™" P u(r)dt
T
=A, / lg(t) = gu()Pdt
T
<C, / lg(@®)|Pdt.
T
The proof of the necessity follows by Theorem 2.1. O
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